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Introduction 


These two complete translations of Euclid's Elements cover the first English 
translation of the Elements of Euclid by H. Billingsley and the last credible 
translation into English by Sir Thomas Heath in SVG, Scalable Vector Graphics 
as part of my study material towards making at least a fair first correct 
grammar book based on factual information processing by the human mind. 
All of information is processing is derived from the simplest definition of a 
thing, a relative constrained by correlatives, i.e., binary. Every possible system 
of grammar is simply a method of utilizing binary recursion for memory 
management so that a mind can become the most powerful life support system 
possible. 

Binary recursion produces exactly four basic systems of Grammar, 
Common Grammar, Arithmetic, Algebra and Geometry. The Elements by Euclid 
is an early attempt to discover and make plain this Grammar Matrix by which 
a mind functions. 


Doing the OCR on these two books was a challenge. Conventional OCR 
programs could do at least the work by Heath, but due to the age, condition, 
and state of grammar at the time, they could no handle Billingsley nor could 
they preserve the SVG file format, they simply turned the works into bitmap 
images. OCR had to be done by either Adobe or by Foxit. After experimenting 
with both, it worked out that I had to use both during certain phases of the 
project, but in terms of OCR, Adobe could not OCR any better than programs 
written over a decade ago, while Foxit OCR was superb, which may be its only 
saving grace. 

The age and condition of Billingsley does not make for the best of results in 
SVG and I may be working on the images for some time meaning that, if I get 
around to it, toughing up the graphics more than I did at this time. 

The work on my grammar book can be found on the Internet Archive under 
Universal Language in a PDF portfolio. I am the author who demonstrates 
many things in geometry historically called impossible, Geometry is a simple 
binary analog system of Grammar. 

The transformation of these works was done by my very limited 
understanding and use of Inkscape 1.01 which is a free and freely available 
program. 
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Imprinted at London by Lohn Daye. 


$a The Tranflator to the Reader. 





Sp Here is (gentle Reader) nothing 
mE (the word of Gad onely fet apart) 
which fomuch beautifieth and a- 
~ || dorneth.thefoule_ and minde_ of 
2)| m4, as doth.the knowledge of good 
| artes and [ciences : as the know- 
ledge of natural and morall Pbi- 
ej lofophie .. d beonefettetb before 
E our eyes, the creatures of Gad, 
both in the heauens aboue,and in the earth beneath :inwhich as 
in aglafre, we beholde the exceding maicftie and wifedome of 
God, in adorning and beautifying them as we fee : in gening vn- 
to them fach wonderfulland manifolde proprieties, and naturall 
workinges, and that fo diuer[Iy and in fuch varietie : farther in 
maintaining and conferuing them continually, whereby to praife 
and adore him, as by SPaule we are taught. The other tea- 
cheth vs rules and preceptes of vertue,how; in common life g- 
monge/? men, we ought to walke vprigbtly :sobat dueties per - 
taine toour [elues, whatpertaine to tbe gouermment or good or- 
der both of an houfholde, and alfoofacitie or common wealth. 
The reading likewsfe of hiftories ,conduceth not a litle,to the ad- 
orning of the foule ¿r minde of man „a ftudie of all men comen- 
ded : by it are feene and knowen the artes and doinges of infinite 
wife men gone before vs. In hiftories are contained infinite ex- 
amples of beroicallvertues to be of vs followed,and horrible ex- 
amples of vices to be of vs efchewed . Many other artes alfo 
there are which beautifie the minde of man: but of all other none 
do more garnifhe (x beautifie it, then thofe artes which arecal- 
led Mathematicall. Unto the knowledge of which ine nan can 
attaine, without the perfette knowledee and inflrutlion of the 
principles,groundes,and Elementes of Geometrie . But per- 
Get, feth 





$@ The Tranflator to the Reader. 


felh to be inftrufted in them, requireth diligent fludie and rea- 
ding of olde auncient authors. eAmongeft which,none for a be- 
ginner isto be preferred before the moft auncient P hilofopher 
Euclide of Megara. For ofall others he hath in a true me- 
thode and infle order, gathered together whatfoener any before 
bim bad of thefe £lementes written: inuenting alfo andadding 
many thinges of bis owne : wherby he hath in due forme accom- 
pe the artesfirft geuing definitions principles, ér groundes, 
wherof he deduceth his Propofitions or conclufions,in fuch won- 
derfull wife, that that which goeth before , is of nece[tie requi- 
red to the proufes of that which followeth . Sothat without the 
diligent fludie of Euclides Elementesyit i$ impoffible to attaine 
unto the perfette knowledge of Geometrie, and confequently of 
any of the other Mathematical ferences . Wherefore confide- 
ring the want C7 lacke of Jach good authors hitherto in our Eng- 
lifhė tounge, lamenting alfo the negligence, and lacke of zeate 
to their countrey in thofe of our nation, to whom God hath geuen 
toth knowledge, cy alfo abilitie to tranflate into our tounge,and 
to publifhe abroad-fuch good authors,and bookes ( the chiefe in- 
firumentes of all learmnges ) : feing moreouer that many good 
wittes both of gentlemen and of others of all degrees, much de- 
forous and fludious of thefe artes, and feeking for them as much 
as they can, foaring no paines, and yet fruftrate of their intent, 
by.no meanes attaining to that which they feekeo: Ihaue— for 
their fakes with fome charge > great tranaile, faithfully tran- 
flated into our vulgare touge,¢ fet abroad in Print , this booke 
of Euclide. Wbereunto I baue added eafte and plaine decla- 
vations and examples by figures, of the definitions . Inwhich 
booke alfoye fhailin due place finde manifolde additions, Scho- 
lies, Annotations and Inuentions: which [bane gathered out of 
many of the moft famous (x chiefe Mathematiciés , both of old 
time,and in our age: as by diligent reading it in courfe, ye r 
We 
os 


4 The Tranflater co the Reader. 


well perceaue . The fruite and gaine which I require for thefé 
my paines and trauatle,fhall be nothing els, but onely that thon 
gentle reader , will gratefully accept tbe Jame + and that thou 
mayeft thereby receaue fome profite:and moreouer to excite and 
flirre up others learned, todo the like, ¢ to take paines in that 
behalfe. By meanes wherof,our Englifhe tounge fhall no leffe be 
enriched with good Authors , thenare other ftraunge tounges: 
as the Dutch, French, ftalian , and Spanifhe : in ee 
are red all good authors in a maner, found amonge/t the Grekes 
or Latines. W hich is the chiefefl caufe, that amongeft the do flo- 
rifhe Jo many cunning and fkilfull men, in the innentions of 
firaunge and wonderfull thinges, asin thefe our dates 
we Jee there do . Which frute and gaine if Tattaine 
vnto, it /ball encourage me hereafter, in Juch like 
fort to tranflate , and fet abroad fome other 
good authors, both pertaining to religion 
( as partly I hane already done) and 
alfo pertaining to the Mathe- 
maticall Artes. Thus gentle 
reader farewell. 


Ci) ejf 





Wu TO THE VNFAINED LOVERS 
of truthe , and conftant Studentes of Noble 
Sciences LOHN DEE of Londonbartily 


wifheth grace from heauen, and moft profpe- 


vous fucce[fe in all their honeft attemptes and 
exercifes, 


Iuine Plato, the great Mafter 
of many worthy Philofophers, 
and the conftant auoucher, and 
| pithy perfwader of Vnum , Bo- 
num ,and Ens: in his Schole and 
Academie, fundry times (befides 
his ordinary Scholers) was vifited 
ofa certaine kinde of men, allured 
by the noble fame of Plato, and 
the great commendation of hys 
pio ound and profitable doétrine. 
ut when fuch Hearers,after long 
harkening to him, perceaued, that 
the drift of his difcourfes iffued 
out, to conclude, this zu , Bo- 
num,and Ens, to be Spirituall,Infi- 
— — nite; Æternall , Omnipotent, &c. 
Nothyng beyngalledged or expreffed, How, worldly goods: how, worldly digni- 
tie:how,hcalth,S trégth or luftines of body: nor yet the meanes,how amerueilous 
fenfibleand bodyly blyffe and felicitie hereaftermight be atteyned: Straightway, 
the fantafies of thofe hearers,were dampt:their opinion of P/ato,was clene chaun- 
ged:yeahis do&rine was by them defpifed:and his fchole , no morc of thein vifi- 
ted. Which thing,his Scholer, Ariffotle,narrowly cófidering,founde the caufe ther- 
of,to be, For that they had no forwarnyng and information,in generall , whereto 1 
his do@trine tended.For,fo,might they haue had occafion,cither to haue forborne 
his fchole hauntyng : (if they,then,had mifliked his Scope and purpofe ) or con- 
{tantly to haue continued therin:to their full fatiffaction : iffuch his finall (cope & 
intent , had ben to their defire . Wherfore, Ariffotle,euer,aftet that,vfed in brief,to 
forewarne his owne Scholers and hearers , both of what mattet ; and alfo to what 72 
endc,he tooke in hand to fpeake, or teach . While I confider the diuerfe trades of > 
thefe two excellent Philofophers (and am moft fure,both, that P/ato right well, o- 
therwife could teach : and dir Ariftotle mought boldely , with his hearers , haue 
dealt in like forte as Plato did)I am in no litde pang of perplexitie : Bycaufe, that, 
which I miflike,is moft eafy for me to performe (and to haue Plato for my ex4ple.) 
And that,which I know to be moft commendable: and (in this firft bringyng,into 
common handling,the U4rtes Mathematicall)to be moft neceffary: is full of great 
difficultie and fundry daungers. Yet,neither do I think it mete, for fo ftraunge mat- 
ter(as now is ment to be publifhed)and to fo ftraunge an audience, to be blundy, 
at firftput forth ,withouta peculiar Preface : Nor (Imitatyng Ariftotle) well can I 
hope , that accordyng to the amplenes and dignitie of the State Mathematicall ,1 
am able,either playnly to prefcribe the materiall boundes : or precifely to expreffe 
the chief purpofes , and moft wonderfull applications therof. And though Iam 
fure ; that fuch as did (hrinke from P/ato his {chole , after they had percciued his fi- 
4 nall 








Iohn Dée his Mathematicall Preface; 


nall conclufion, would in thefe thinges haueben his moft diligenthearers ) (o infi- 
nitely mought their defires,in fine and atlength, by our Artes Mathematical be fa- 
tifhied)yet,by this my Praeface & forewarnyng , Afwell all fuchsmay (to their great 
behofe)the foner, hither be allured:as alfo the Pythagoricall, and Platonicall perfect 
{choler,and the conftant profound Philofopher, with more eafeand {pede , may 
(like the Bec,) gather,hereby,both wax and hony. 
Wherfore,feyng I finde great occafion (for the caufts alleged,and farder, in re- 
» fpect ofmy Art CAtatbematike general! ) to vfe a certaine forewarnyng and Prxfacc, 
» Whofe content fhalbe,chac mighty,moft plefaunt,and frutefull Mathematicall Tree, 
The intent of with his chiefarines and fecond (grifted) braiinches: Both,what euery one is , and. 
this Preface. alfo, what commodity,in generall,is to be looked for,afwell of griffas {tockeAnd 
» forafmuch as this enterprife is fo great, that,to this ourtyme, itneuer was (to my 
» knowledge) by any achieucd : And alfo itis moft hard , in thcfe our drery dayes, 
» to fuch rare and ftraunge Artes,to wyn duc and common credit : Neuertheles , if, 
for my fincere endeuour to faufhe your honeft expectation , you will but lend me 
your thakefull mynde a while:and,co fuch matter as,for this ame,my penne (with 
Ípede)is hable to deliuer, apply your cye or care atrenufely : perchaunce , at once, 
and for the firft falutyng,this Preface you will finde a leffonlong enough, And ci- 
ther you will,for a fecond (by this ) be made much the apter: or fhortly become, 
wellhable yout felues, of the lyons claw , to coniecture his royall fymmetric, and 
farder propertie . Now then,gentle,my frendes, and couttrcy men, Turne your 
eyes,and bend your myndes to that doctrine , which for our prefent purpofe, my 
fimple talencis hable to veld you. 
l| chinges which are,& hauc beyng, are found vndera triple diuerfitie genetall. 
For,either,they arc demed Supernatural, Naturall,or,of a third being. Thinges 
Supernaturall, ate immateriall, fimple, indiuifible,incorruptible, & vnchangcable. 
Things Naturall, are materiall,compounded diuifible,corruptible, and chaungea- 
ble. Thinges Supernaturall,ate,ofthe minde onely,comprehended: Things Natu- 
rall,of che fenfe extcrior,ar hable to be perceiued.In thinges Naturall,probabilitic 
and coniecture hath place: But in things Supernatural chief dem6ftration,& mof, 
fure Scienceis to be had. By which properties & compara(ons of thefc two, more 
cafily may be defcribed, the ftate,condition, nature and property ofthofe thinges, 
which,we before termed ofa third being: which;by a peculier name alfo,are called 
Thynges Mathematicall.For,thefc,beyng (in a maner)middle, berwene thinges fu- 
pernatura!l and naturall:are not fo abfolute and excellent,as thinges fupernaturals 
Nor yet fó bafe and proffe,as things naturall: But are thinges immateriall : and ne- 
uertheleffe,by materiall things hable fomewhat to be fignified . And though their 
particular Images , by Art,are aggregable and diuilible : yet the generall Formes, 
notwithftandyng,are con(tant,vn chaungeable,vntrafformable,and incorruptible. 
Neither of the fenfe,can they;at any tyme,be percciued or iudged, Nor yet for all 
that,in the royall mynde of man, firt conceiued.But,furmountyng the imperfedtió 
of coniecture,weenyng and opinion:and commyng fhort ofhigh intellectuall có- 
ceptid,are the Mercurial fruite of Dizneticall difcourfe,in perfect imagination fub- 
fittyog. A metuaylous newtralitie hane thefe thinges Mathematical and alfoa 
ftraunge participatió betwene thinges fupesnaturall,immortall,intellectual, fimple 
and indiuifible:and thynges naturall, tortall,fenfible,compounded and diuifible. 
Probabilitie and fenfible profe, may well ferue in thinges naturall:and is commen- 
dable:In Mathematical reafoninges,a probable Argument, is nothyng regarded: 
nor yet the teftimony of fenfe,any whit credited : But onely a perfect demonftra. 
tion, of truthes certaine,neceflary,and inuincible:vniuerfally and neseláryly S 
cluded: 


USI 


Tohn Dec his Mathematical Preface. 
dluded:is allowed as fufficientforan Argumenrexa&ly and purely Mathematical. 5» 

Of Mathematicalithinges are two pūncipall.kindestnamely, Number and Atag- Number. 
nitude, Numberwe define,to be,a certayne Mathematicall Same,of Waits. And,an woreshe worde, 
Fnit, is chat thing Mathematicall, Indiuifible, by. participation of fore likenes of Vær, exprefe 
whofe propetzy,any thing, which is in decde,oris counted Qne;may refonably be "* ae — * 
called One. We account an Yxit, a thing Mathematicall, though it he no Number, : ui me bann 
and Aſo indiuiſible: becauſe, of lt, materially, Number doth confit which , princi+ 44, commonly, 
pally, is athing Mathematuall. Magpitude is a thing Machematicall, by participation, etim Sed, 
of fomc likencs of whole nature, any thing is iudged long, broade, or thicke «A Magnitude, 
thicke Magnitude we calla Solide, or a Body, What Magnitude fo tuer, is Solide er.” 
Thicke,is alfo broade,& long.A braade. magnitude,we call a Superficies or a Plaine. 

Euery playne magnitud e,hatlialfo Jength. A long magnitude, we terme a Line. A 

Line is neither thicke nor broade, büt onely long r Euery certayne Line, hath two 

endes: The endes ofa lineare Porte: called. A Poiztjis a ching Matbématicall , indis A points 
vifible,which may hauc a certayne determined fituation , Ifa Poynt mouc from a. » 
determined fituation , the way-wherein it-moued;is alfo a Ling: mathematically 
produced. whereupon, of theauncient Mathematiciens,a Line is called the race or 4 Line. 
courfe of a Point. A Poynt wedetinc, by thename ofa thing Mathematicall: 

though itbe no Magnitude, and indiuifible.: becaufe itis the propre cnde,and 

bound ofa Line : which isa true Magnitude. And Magnitude we may define ta be Magnitude. 
thatthing Mathematicall,which is diuifible for eucr,in partes diuifibtc,tong,broade 

or thicke, Therefore though a Poynt be noic Maguitude, yet T erminatinely we tec? 

ken ita thing Mathematicall(as I fayd)by reafon itis properly the end ,and bound 
ofaline. . . MESE. AL. CHA lt — 

Neither Number, nor Magnitade,haue any Materialitie. Firlt,we will confidet 

of Number and of the Science Mathematicall., to it appropriate;called Arithmetthes 
and afterward of Magnitude,ind his Science; called Geometrie, But that name cona 
tenteth menot: whéreofa wordt two:hereaftes hall be fayd .:How Immareriall 
and free from all matter ; Reaberis, who dottrnot perccaue? yea, who dothinot _ 
wonderfully wóder at it'Eoryhzither pure-E/euerir; nor Ariffoteles; Quinta Effentiaj 
is'bable to rue fotN umbér,as his propre matter - Nor yet the puritie artd fimple 
nés of Subftance. Spiritual! or Amgelicall:,:will be found propre enough thereto; 
And therefore the great & godly Philofopher Awétsvs Boetius, ſayd. Omnia quæcunq; 
«primaua rtrum narurá caufirü£befuht, Numerorum videntur rátiont formata. Hoc inim 
fuis principale Yy aninto Conditores Biemplar. Frat ts AU thingés (which from 
the ‘very, firkt griginall bemig: of thingey’) Raue bene framed and made’) 
do appeare:to'be Formed by the reafon of. Nuinbers > „For this was the 
princtpall example or patterue.m the minde of the Creator -.,_ O confor- 
table alliremenr, O rauifhing perfwafion, to-deale,with a Science, whofe’ Subica, 
is fo Auncignt fo pure.fo excellentfo fyrmoupting.all creatures,fo vied of the AL- 
mighty and incomprehenfiblewildome ofthe Creacor, in the diftingt creation of 
all creatures:in all their diftinct partes, properties, natures, andvertyes, by order; 
and moftabfolutc number,broughy,from Neshing,to the Formaliti¢ of their being 
ang ftate. By Numbers propertie therefore, ofvs,by all poffible meanes,(to the pers 
fection of the Science ).leayned, wesmay bath winde.and draw our {clues into the 
isward and deepe {earch and vaw, of all creatures. diftinct verrues,natures, proper: 
tios,and Forres: And allo, farder, arife,clime,ascend,and mount vp (with Specula. 
viue winges ).in fpirit, to behold in the Glas of Creation, the Forme of Formes, the 
Exemplar Number ofall.chipges; Nwwerable:both vifible and inuifible : mortall and 
Y id . feu s immortall 





IohnDéehis Mathenmaticall Przface. 


* immoitall,Corporall and Spirituall,Part of this profound and diuine Science;had 


Ano, i488. : ] 
WPyoo. Conduſions, in all inde of Scjences,openly to be difputed oftand among 
" thereft, in his Concluftons Mathematicall, (in the eleuenth Conclufion ) hath in 


Joachim the Prophefier atteyned-vnto:by Numbers Formall,Naturall,and Rationall, 


- forfeyng,concludyng,and forfhewyng great particular euents , long. before their 


comming.His bookes yet remainyng,hcreef,are good profe: And the noble Earle 
of Mirandula, (befides that,)a (uthcientwwitnefle:that Loachim,in his prophefies, proce- 
ded by n0 other way, them by Numbers  ormall.And this Earle hym felte,in Rome,*fer 


Latin, this Englith féntence.By Nambers,a way is had , to the fearchyng out,aud under- 
flandyag of euery thyng, hable tobe knbiven . For the verifying of which Conclufion , I pro- 
mife toaunfiere to the 74. Quefiianssunder written by the way of Numbers. Which È 6- 
clufions,I omit here to rehearfe:afivell auoidyng: fiperfuous prolixitie:as , by- 
caule loannes.Picus,workes ; are-commionily had.’ But,in any cafe, would wiih that 
thofe Conclufibns were red diligently’, and perceiued of fuch,as are earneft Ob- 
feruers and Confiderets of the conftant law. of nübers:which is planted in thyngs 
Naturall andSupernaturall:andis: preferibed to all. Creatures, inuiolably to be 
kept.For,fo,belides many other thinges.i; in thofe Conclufions to be marked,it 
would apeare; how fincerely,8¢ within ny boundes,] difclofé the wonderfull my- 
fteries,by numbers;to be atteyned vnto. "uite eph re ; 
Of my former wordes,cafy.itis to be gathered, that Number hatha treble ftate: 
‘One, in the Creator:an otherin euery.Creaturé(in re{pect of his complete confti- 
cution: )aud the third, in Spiritual andAAngelicall Myndes,and in the Soule of ma. 
In the firt and third tate ANoeniber ; i$ termed Ngwber Nwnbrgne... But in all Crea« 
tures ,otherwife, Number,is termcd Nuber Numbred. And in our Soule, N úber bea- 
reth fuck’a fwaycsapd hath furis anaffinitie rherwirh: that (omé.oftlicold PAZ»fz- 
io taught, atannfouk,to beaNambe\vmouyne it ee. And in dedc,in vs; though it 
ea vcry Accident: yetfüch ad Accident is;that before all Creatures. it had per- 
fbétbeyng,in cheiC ieator,Sémpitctnally. NamboriNumbryng cherfore;is the difcre» 
tion difcerning,and.diftincting ofithinpes. But in God rhe Creatór ; This difere- 
tionjitrthe beginnyng;produced;orderly and.diftin&ty all dünges. Ror his Nør- 
Syyng,then, washis Greatyng of allithinges. Arad: his Continuall Numbryng , of alk 
thinges;is the Confeniation of chein in being: And;wherc and when he will lacke 
An ¥yut:thereand chenythat particular thyng fhalbe-Difcreated Iere I ſtay. But our 
Seucrallyng,diftindyng,and. Nwmdbryng,createth pothyhg: bucof Multitude.cons 
lidered,maketh-cawaine and difting¢ determination... Andalbeitthefe thynges be 
paighiy and trurhès of great unportagce , yer( P byte infinite goodnes ofthe Al- 
mighty Termerte, Artificial Methods and eal Wáyssare made , | y which the - 
fous PhilofSphetntay wyd here this Riuerifh 14a this Mountáyné oPCóh — > 
tíon:and motcthéa X79 desplitiat: As dalfosthotph Number, bed thyng To fma 
materiall fo dluiie and xtethtlbyetby degrees by lideand lide, rewchyng ford] 
aríd'applyingfome lilienesofizs Rif to thingts Spitituall:and then;bryngyng ix 
lower,to thynpesifentibly paceiuedtas ofa montentinye founde trerated: then to 
theteaft thyripés tibftinay be len nünferible: Atid at lengch; (rnoft groffely,) co a 
tiiülticude ofany corporal thyesesfeZh.or feliiand f6;of thefe gróffe znd fenfible 
thynges, we are trayned to leatnẽ a ecrraine Image ot likenesot nüinbets : and to 
vſ᷑ Atte in them to our pleaſure and ptoffit. So gtofſe ĩs our conuetſation, and dull 
is our apprelienfion: vhlle mortall Senſe, in vs ruleth tne common wealtli ofoüe 
litle world:Hereby we fay, Three Lyons;are thréesor a Terzarie: Thteè Egles, are 
thtce,or a T eparie. NN hüch* T érsarics , are eché;the Pnion, knot,and — 
three dilcrete and diftin@ Vnits.Thatis,we may in eche Ternaric , thrife , feuerally 
pointe,and fhew a part,one,one,and One. Where, in Numbryng,wefay O sal 
ree, 

2 





Iohn Dee his Mathematical! Preface. 


Three . But how farre,thefe vifible Ones , do differre from our Indiuifible Vnits 
(in pure Arithmetike,principally confidered)no man is ignorane . Yetfromthefe 
grofle and materiall thynges,may we be led vpward,by degrees fo;infonnyng our 
rude Imagination,toward the côceiuyng of Numbers,abfolutely(:Not fuppofing, 
nor admixtyng any thyng created, Corporall or Spirituall,to {upport,conteyne,ot 
reprefent thole Numbers imagined: ) that atlength, we may be hable, to finde the 
number ofour ownc name , gloriovfly exemplified and repiftred in the booke of 
the Trinitie moft bleffed and xternall. 

But farder vnderftand,thac vulgar Practifers,haue Numbers > Otherwife, in fun- 
dry Confiderations:and extend their name farder,then to Numbers , whofe leaft 
partisan zit.For the common Logift,R eckenmafter, or Arithmeticien, in hys v- 
fing ofN umbers:of an Vnit,imagineth leffe partes:and calleth tiem FraZions. As 
ofan Vat , he maketh an halfe,and thus notcth it. andfo of other, (infinitely di- 
uerfc)partes ofan Jpit.Yea and farder,hath, Fractions of Fractions. oc. A nd,foraf- 
much,as, Addition , Subftrattion , Multiplication, Diusfjon and Extrattion of Rotes,are 
the chief,and fufficient partes of Avithmetike » which is , the Science that demonfiras Arithmecikes 
teth the properties,of Numbers,and all operatios ,in numbers to be performed: How often, 5, 
therfore,thefe fine fundry fortes of Operations, do, for the moft part,oftheirexc- » Note. 
cution,diffcrre from the fiue operations of like generall property and naine,in our 55 
Whole numbers practifable,So often , (for amore difting dogtrine ) we,vu learly 5, 
accountand name it,an other kynde ot Arithmetike. And by this reafon:the Con- + 
fidcration,doétrine,and working,in whole numbers onely: where, ofan /zit,is no "y 
leffe part to be allowed: is named(as it were)an Arithmetike by iclelfe. And foof 
the Arithnuetike of Fradtions.In lyke forte,the neceflaty,wonderfull and Secret doc- 
trine of Proportion , and proportionalytie hath purchafed vnto itfelfea peculier 2, 
maner of handlyng and workyng:and fo may feme an other forme of Arithmetike. 
Moreoucr,the Affronomers,for {pede and more commodious calculation haue de- 2, 
uifed a peculier maner of orderyng núbers abour theyr circular motions, by Sexa- 
genes,and Sexagefmes.By Signes, Degrees and Minutes &c . which commonly is 
called the Arithmetike of Astronomical or Phificall Frattions. That, haue I briefly no- 
ted,by the name of Avithmetike Circular. Bycaufe itis alfo vied in circles,nct Affro- 
nomicall.¢c.Practile hath led Numbers farder , and hath framed th em,to take vpon 4 : 
them , the fhew of Magnitudes propertie: Which is Incommenfurabilitieand Irratio- 
nalitie. (Forin pure Arithmetike,an Vnit,is the common Meature ofall Numbers.) 
Aad,here,Nabers are become,as Lynes,Playnes and Solides: fome tymes Ratio- 
nall, fome tymes Irrationall. And haue propre and peculier chara&ters, (as V3} y &. 
and fo ofother. Which is to fignifie Rote Square , Rote Cubik:and {fo forth: )& propre 
and peculier fafhions in the fiue principal partes: Wherfore the pra&ifer eftemcth 
this,a diuerfe Arithmetike from the other. Praétife bryngeth in,here,diuerfe com- 
poundyng of Numbers: as fome tyme,two,thrce,foure(or more) Radicall nübers, 
diverfly knit,by fignes, of More & Lefle:as thus V3? 12 Ve. 15 Orthus $$ 19 
T V 1224/82. &c. Ard fome tyme with whole numbers, orfra&ions of whole 
Number,amég themi:as 20 T 824. C0164-33—V 3? 10, Ir8? 444-12 H Eg. 
Andfo, infinitely , may hap the yarietié. After this : Both the one and the other 
hath fractions incident:and{o is this Arithmetike greately enlarged, by diuerfe ex- 
hibityngand vie of Compofitions and.mixtynges . Confiderhow, I(beyne defi- 
yous to.deliuer the ftudentfrom error and Cauillation)do giuc to this Praltife,the 
name ofthe Avithmetike of Radicall numbers: Not,of Irrationall or Sard Numbers: 
which other while, are Rationall : though they haue the Signe of a Rote before 

0j. ^ them, 
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them, which, Arithmetske of whole Numbers moft vfuall , would fay they had no 
fuch Roote:and fo account them Surd Numbers:which, generally {poké, is vntrue: 
as Euclides tenth booke may teach you. Therfore to call them, generally , Redicall 
‘Numbers, (by reafon of the figne -prefixed,)is a {ure way:and a futficient generall 
diftinction from all other ordryng and vfing of Numbers: And yet ( befide all 
this) Confider : the infinite defirc ofknowledge , and incredible power of mans 
Search and Capacitye:bow,they, ioyntly haue waded farder ( by mixtyng offpc- 
culation and practife)and hauc found out , and atteyned to the very chief perfec- 
tion(almoft)of Nw»bers Pratticall vfe.Which thing,is well to be perceiued in that 
great Arithmeticall Arte of Zquation : commonly called the Rele of Cof. or Alge- 
bra. The Latines termed it, Regulam Rei cy Cenfus , thatis , the Rule of the thyng 
and bis value. With an apt name : comprehendyng the firftand laft pointes of the 
worke . And the vulgar names , both in Italian , Frenche and Spanifh,depend(in 
namyng it,)vpon the fignification ofthe Latin word, Rer: A thing:vnlealt they vfe 
the name ct CAlgebra.And therin(commonly)is 2 dubble crror. The one,of them, 
which thinke it to be of Ceber his inuentyng : the other of fuchas callit Algebra. 
For, firlt,chough Geber for his great {killin Numbers,Gcomerry,Aftronomy , and 
other matuailous Artes , mought hauefemed hable to haue firlt deuifed the fayd 
Rule:and alfo the name carryeth with ita very nere likenes of Geber his name : yet 
true itis,that a Greke Philofopherand Mathematicien,named Diophantus , before 
Geber his tyme,wrote 13.bookes therof ( of which , fix are yet extant : and I had 
them to * vfe;ofthe famous Mathematicien,and my great frende, Petru CMontan- 
reus :) And fecondly,the very name,is Algiebar,and not Algebra:as by the Arabien 
Auicen may bc proued: who hath thefe precife wordes in Latine,by Andreas Alpa- 
ges(moft perfect in the Arabiktung ) fo tranflated. Scientia faciendi Algiebar & 
Almachabel. i, Scientia inueniendi numerum ignotum per additionem Numeri, cr diuifio- 
nem c> aquationem.Whichis to fay: T'he Science of workyng Algiebar and Ale 
machabel,thatis,the Science of findyng an vnknowen number , by Addyng ofa 
Number, & Diuiſion & aquation.Here haue youthe name : and alfo the prin- 
cipall partes of the Rule,touched. To name it,7 Pe rale,or Art of Bquation,doth fig- 
nifie the middle part and the State of the Rule. This Rule, hath his peculier Cha- 


. ra&ers:and the principal partes of Arithmetike,to it appertayning,do differre from 


the other Arithmeticall operations. This Arithmetike, hath Nibers Simple,COpound, 
Mixt:and Fra@ions,accordingly. This Rule, and Avithmetike of Algiebar,is fo pro- 
found, fo generall and fo(in maner ) conteyneth the whole power of Numbers 
Application pra&icall: that mans witt,can deale with nothyng,more proffitable a- 
bout numbers : nor match , with a thyng , more mete for the diuine force of the 
Soule,(in humane Studies,affaires,or exercifes)to betryedin. Perchaunceyou 
looked for, (long ere now;)to haue had fome particular ne oreuidentteftimo- 
ny of the vfe,proffitand Commodity of Arithmetike vulgar, in the Common lyfe 
and trade of men. Therto,then,I will now frame my felfe: Butherein great care I 
hauc, leaftlength offundry profes , might make you deme , that citherI did mif- 
doute your zelous mynde to vertues fchole : or els miftruft your hable witts , by 
fome,to geffe much more. A profe then, foure,fiue,or fix, {uch , will I bryng , as 
any reafonable man,therwith may be perfuaded,to lone & honor, yea learne and 
exercife the excellent Science of Avithmetike. 

And firlt:who,nerer at hand, can bea better witneffe of the frute receiued by 
Arithimetike,then all kynde of Marchants ¢ Though notall;alike, either nede itor 
vfe it. How could they forbeare the vie and helpe ofthe Rule, called the Coren 
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Rule?Simple and Compounde:both forward and backward? How mightthey 
mifle Arithmeticallhelpe in the Rules of Felowfhyp: either without tyme, or with 
rymevand betwene the Marchant & his Factor? The Rules of Bartering in wares 
onely:or part in wares, and partin money, would they gladly want ? Our Mar- 
chantventurers , and Trauaylers ouerSea , how could they order their doynges 
iuftly and without loffe , vnleaft ccrtainc and generall Rules for Exchaüge of mo- 
ney,and R echaunge,were,for their vie,deuifed ¢ The Rule of Alligation,in how 
fundry cafes,dorh it conclude for them, fuch precife verities,as neither by naturall 
witt, nor other experience,they,were hable, elstoknow ? — And(with the Mar- 
chant then to make an end ) how ample & wonderfullis the Rule of Falfe pofiti- 
ons efpecially as itis now, by two excellent Mathematiciens ( of my familierac- 
quayntance in their life tiime)enlarged ¢ Imeane Gemma Frifius,and Simon lacob. 
Who can either in brief conclude , the generall and Capitall Rules? or who can I- 
magine the Myriades of fundry Cafes,and particular examples,in Act and earneft, 
continually wrought,tried and concluded by the forenamed Rules,onely?^ How 
fundry other Arithmeticall practifes ,are commonly in Marchantes handes,and 
knowledge: They them felues,can,at large,teftifie. 

The Mintmatter,and Goldfinith,in their Mixture of Metals, either of diuerfe 

kindes,oy diuerfe values:how are they, or may they,exactly be directed , and mer. 
uailoufly pleafured,if Arithmetike be their guide? And the honorable Phificias, 
will gladiy confeffe them felues , mach beholding to the Science of Arithmetike, 
andthat fondry wayes : But chiefly in their Are of Graduation , and compounde 
Medicines. And though Galenus, Anerroi, Arnoldus , Lullus , and other haue pu- 
blifhed their pofitions , afwell in the quantities of the Degrecs aboue Tempera- 
ment, asin the Rules, concluding the new Forme refulting : yeta more precife, 
commodious,and eafy Method,is extant:by a Countreyman of ours(aboue 200, R. Bs 
yeares ago)inuented. And forafnuch as Lam vncettaine , who hath the fame: 
or when thatlitle Latin treatife, (as the Author writit, ) fhall come to be Printed: 
(Both to declare the defire I haue to pleafure my Countrey,wherin I may : and al- 
fo,for very good profe of Numbers vfejin this moft fübtile and frutefull', Philofo- 
phicall Conclufion, ) I entend in the meane while , moftbriefly,and with my far- 
der helpe,to communicate the pith therofvnto you. 

Firft defcribea circle : whofe diameterlet bean inch . Diuide the Circumfe- 
rence into foure equall partes. Fró the Center, by thofe 4.fetions,extend 4.right 
lines : eche of 4.inches anda halfe long : or of as many as you lifte,aboue 4.with- 
outthe circumference of the circle : So that they fhall be of 4.incheslong (atthe 
leaft)without the Circle .Make good euident markes,at euery inches end. Ifyou 
lift, you may fubdiuide the inches againe into 10. or 12. fmaller partes,equall. At 
the endes of the lines, write the names ofthe 4. principal elementall Qualities. 
Hoteand Colde , one againft the other. And likewife (2495 and. Drj, one againft 
the other. And in the Circle write Temperate. Which Temperature hath a good La- 
ticudc : as appeareth by the Complexion of man. And therefore we haue allow- 
ed vnto it, the forefayd Circle : and nota point Mathematical or Phyficall. 

Now, when you hauc two thinges Mifcible , whofe degrees are * truely *Take fame 
knowen : Of neceihitie, either they are of one Quantitie and waight, or of diuerfe. part of Lullas => 
Ifthey be of onc Quantitie and waight: whether their formes,be Contrary Qua- ‘connfayle in 
lities, or of one kinde (but of diucrfe intentions and degrees)or aT emperate, anda his booke de 
Contrary , The forme refulting of their Mixtsre,is in the Middle betwene the degrees of Q.Effensia, 
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the formes mixt. As for example,let 74 be Meifi in thefirft degree : and B, Dry 
in thethird degree. Adde r. and 5. that maketh 4 : the halfe or middle o£ 4.is 2. 


*Noit, This 2.is che middle, equally diftant from A and B ( for the * Temperament is coun- 


Note, 


tedaone . And for it, you mult put a Ciphre, if at any time, it bein mixture), 


HOTE 
c 


MOIST 
qAUd 
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Counting then from B, 2.degrees , toward o£: you finde it to be Dry in the firt 
degree : Sois the Forme refulting of che Mixture of 4,and B, in our example. I will 
ecue youan otherexample. Suppofe, you haue two thinges,as C,and D : and of 
€, the Heateto be in thc 4.degree : and of D, the Colde, to be remiffe,euen vito 
the Temperament. Now for C you take 4: and for D,you takea Ciphrei: which, 
added vnto 4, ycldeth onely4. The middle,or halfe, waereof, is 2. Wherefore the 
Forme ve{alting of C ,and D, is Hote in the fecond degrce: for, 2. degrees,accoun- 
ted from C, toward D , ende iufte in the 2. degree ofheate. Of the third ma- 
ner, I will geue alfo an example:which let be this : I haue a liquid Medicine whole 
Qualitie of heate is in the 4-degrec exalted : as was C, in the example foregoing: 
andan other liquid Medicine I haue ; whofe Qualitie, is heare, in the firt degree. 
Ofcche ofthefe, I mixta like quantitie : Subtra& here,the leffc fró the more : and 


| the refidue diuide into two equall partes : whereof, the one part, either added to 


theleffe,orfubtracted from the higher degree, doth produce the Regie ofthe 
orme 
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Forme réfulting,by this mixture of C,and £ . As,ifftom 4. ye abate 1.theré refteth : 

3.the halfe of 3.is 1-- ; Addeto r.thisi—- - youhaue2+ . Or fubtractfrom 4. 

this 1— : you haue likewife 2-- remayning. Which declareth , the Forme reſul- 

ting, to be Heate, in the middle of the third degree. i 

v^ Putifthe Quanrities oftwo thinges Commixt, be diuerfe, and the Intenfi- |, The St- 
ons ( of their Formes Mifcible ) bein diuerfe degrees , and heigthes: ( Whether cond 
thofe Formes be of onc kinde, or of Contrary kindes , or of a Temperate anda |, Ryle, 
Contrary , What proportion is of the leffe quantitie to the greater; thefame fhall-be of the ,, 
difference which is betwene the degree of the Forme re{ulting, and the degree of the greater’ ., 
quantitie of the thing mifcible, to the difference, which is betwene the fame degree of the ,, 
Formerefulting,and the degree of the lefve quantitie. As for example. Lettwo pound ,, 

of Liquor be geuen, hote in the 4.degree: & one pound of Liquor be geuen, hote |, 
in the third degree . I would gladly know the Forme refulting,in the Mixture of 
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thefe rwo Liquors. Set downe your nübers in order , thus. 





Now by the rule of Algiebar, hauc I deuifed avery eafie,| €. 2. Noic. 4. 
briefe, and generall maner of working in this cafe . Letvs| ` | 
firft, fuppofe chat Middle Ferme refulting , Xo be ze : as that | 
Ruleteacheth. And becaufe (by our Rule, heregeuen) as} t. r. | Hote. 3. 


the waight of t.is to 2: So is the difference betwene 4.(the 

degree of the greater quantitie ) and 172 + to the difference betwene 1ze arid 5: 
(the degreeofthe thing, in leffe quatitie. And with all, ze , being alwayes in a cer- 
taine middell, betwene the two heigthes or degrees) . For the firft difference, L fet 
4—12e : and for the fecond, I fet 1ze —3 . And, now againe, I fay, as 1.is'to 2.fois 
4—1¢ to1z2—3. Wherforc, of thefe foure proportionall numbers, the firftand 
the fourth Multiplied,one by the other,do inake as ‘much, as the fecond and the 
third Multipliedthe onebythe other. Let thefe Multiplications be made accor- : 
dingly. And ofthe firftánd the fourth we haue 1ze —3.and ofthe fecond & the v 
third, 8 —2ze /Wherfore ; our Equation is betwene xe —3: and 8—27¢ .Which 

may be reduced;according to the Atte of Algicbar:as,here,adding 3.to eche part, 

geueth the Bquation,thus,1ze —11—27¢ . And yet againe,contracting, or Redu- 

‘cing it: Adde.to-€che part, 22 : Then haue you 3g equall to 11 : this reprefen- 

ted 3ze —11. Whereforejdiuiding r1.by 5: the Quotientis 3 the Valew of our 

32e Cofk,or Thing ,firftfiippofed. And thatis the heigth, or Intention of the Forme 

efulring : which is,Heate, in two thirdes of the fourth degree : And here I fet the 

‘fhew of the worke in conclufion, thus. The proufe hereofis eafie-by fubtracting 

3.from 3 *+,refteth ese uie AE TE 

=. .Subtracte the Satta aie — 

Jame heigthofthe | 6 | Hote, | a 
Toone sefelone, li ge es Bs Veh 
(which is 3) fro veas Bi [o drefulting. 
Api then refteth-s: | kun Hote... 3. E 

-You fee, that < — — 

dé double to. 2; : ` i I — 
a$ 2. k. is double to i. t. So fhoulditbe : by the rule here geuen · Note. As you ad- 
ded to cchepart of the /Equation, 5 : fo i£ E fitft added to echepait ze, it wotild 








hex 








fiand, 33—82. And now adding to ec 
‘~~ And though T, here, fpeake oncly oftwa thyngs Micible: and moít common- 
ly,mothen th ree,foure,fiuc or fix,(&c,)are to be Mixed: (and in one C ompourd 
> p i i * iiij. to 


€ páit 5 : you haue(as afore) 52e —1t: 


Note, 


Tex. 
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to be reduced: & the Forme refultyng of the fame, to fcrue the turnc)yet thefe Ru- 
les are fufficient:ducly repeated and iteráted.In procedyng firft, with any two:and. 
then, with the Fonne Refulting,and an other:& fo forth; For, the laft worke, con- 
cludeth the Forme refültyng of them all-1 nede nothing to fpeake , of the Mixture 
(here fuppofed) what it is. Common Philofophie hath defined it , faying, Mixtio 
eff mifcibilium, alteratarum , per minima coniunctérum,Vnio. Euery word in the de- 
finition, is of great importance. I nede notalfo {pend any time,to fhew, how, the 
other manner of diftributing of degrees,doth agree to thefe Rules. Neither nede I 


' of the farder vfe belonging to the Croffe of Graduation (before defcribed) in this, 


3: 
> 


> 


x 


place declare,vnto fuch as are capable of that,which I haue all ready fayd. Neither 
yet with examples fpecifie the Manifold varieties, by the forefayd two gene- 
rall Rules,to be ordered. The witty and Studious,here,haue fufficient: And they 
which are not hable to atteinc to this,without liucly teaching ,and more in pacti- 
cular: would haue larger difcourfing,then is mete in this place to be dealt withall: 
And other(perchaunce)with a proude fauffe will difdaine this litle:and would be 
vnthankefull for much more . I therfore conclude : and with fuch as hauc modeft 
and eameft Philofophicall mindes,to laude God highly for this:and to Meruayle, 
that the profoundeft and fubtileft point, concerning Mixture of Formes and Quali- 
ties Naturall,is fo Matchctand maryed with the moft fimple,eafie,and fhort way of 
the noble Rule of Algsetar. Who can remaine , therfore voperfuaded,to loue,a- 
low,and honor the excellent Science of Avithmetike? For,here,you may perceiue 
that che lide finger of Arithmetike,is of more might and contriving;then a hun- 
derd thoufand mens wittes,of the middle forte , are hable to perfourme, or trucly 
to conclude, with out helpe thereof. ] 

Now will we farder,by the wife and valiant Capitaine,be certified, what helpe 
he hath;by the Rules of Arithmettke-in one of the Artes to him appertaining: And 
ofthe Grekes named Texlio. Thatis , the Skill of Ordring Souldiers in Battell ray 
after the beft maner to all purpofes.This Artfo much dependeth vppon Numbers 
víe,and the Mathematicals, that A4anus ( the beft writer therof, ) in his worke,to 
the Esoperour Hadrianus , by his perfection, in the Mathematicals,(beyng greater, 
then other: before him had,) thinketh his booke to paffe all other the excellent 
workes, written of that Art,vnto his dayes.For,ofit, had written Eneas : Cyneas of 
Theffaly: Pyrrhus Epsrota:and Alexander his (onne:Clearcbus: Paufaniae : Euangelus: 
Polybius familier frende to Scipio : Eupolemus: Iphicrates , Poffidonsus:and very many 
other worthy Capitaines , Philofophers and Princes of Immortall fame and mc- 


‘mory:Whole fayreft doure of their garland (in this feat’) was 4rithmetike : anda 


litle perceiuerance,in Geometricall Figures. Butin many other cafes doth W47ith- 
metike ftand the Capitaine in great ftede. As in proportionyng ofvictayles , far 
the Army, ¢ither remaining ata ftay : orfuddenly to be encreafed with acertaine 
numbet ofSouldiers:and for a certain tyme.Or by good Artto dimini(h his com- 
pany,to make the victuals,longer to ferue the remanent, & for a certaine determi. 
ned tyme: ifnede fo.require. And fo in fundry his other accountes , Recke- 
ninges,Meafurynges,and proportionynges,the wife,expert,and Circumf{pect Ca- 
pitaine will affirme the Sciencc of Arithmetike, to be one of his chief Counfaylors, 
directersand aiders, _ Which thing (by good mcanes)was euident to the Noble, 
the Couragious , the loyall , and Curteous John, late Earle of Watwicke. Who 

was a yong Gentleman, throughly knowne to very few. Albeit his lufty valiant. 

nes,force;and Skill in Chiualrous feates and exercifes:his humblenes,and frende- 

lynes toall men, were thinges, openly , of the world perceiued. But what rotes 
(otherwife,)vertue had faltened in his breft, what Rules of godly and poner 
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life he had framed to him felfe: what vices, (in fome then liuing)notable, he tooke 
great care to e[chew: what manly vertues , in other noble men, ( fiorifhing before 
his eyes, he Sythingly afpired after : what prowelfes he purpofed and mentto a- 
chicue : with what feats and Artes,he began to furnifh and fraught him felfe >for 
the better feruice ofhis Kyng and Countrey,both in peace & warre. Thefe(I lay) 
his Heroicall Meditations , forecaltinges and determinations, no twayne , (I 
thinkc) befide my felfe,can fo perteCtly,and truely report. And therforcyin Con- 
{cience,I count it my part,for the honor,preferment, & procuring of vertue (thus; 
briefly) to haue put his Name, in the Regilter of Fame Immortall. 

To our purpole. This /oba,by one of his actes(befides many other:both in En- 
gland and Fraunce,by me,in him noted. ) did difclofe his harty loue to vertuous 
Sciences:and his noble intent,to excell in Martiall prowefle: When he,with hum- 
ble requeft,and inftant Solliciting:got the beft Rules (either in time paft by Greke 
or Romaine,or in our time víed:and new Suatagemes therin deuifed ) for ordring 
of all Companies, fummes and Numbers of né,(Many,or few) with one kinde of 
weapon, or mo, appointed: with Artillery,or without:on horfebacke, or on fote: 
to giue, or cake onfet : to feci many, being few : to fee few,beingmany. To 
marche in battaile or lornay: with many fuch feates,to Foughten ficld,Skarmoufb, 
or Ambubhe appartaining: And of all thefe,liuely defignementes (moft.curioufly) 
to bein velame parcheinent defcribed: with Notes & peculier markes,as the Arte 
requireth:and all thefe Rules,and defcriptions Arithmeticall , inclofed ina riche 

‘Cafe of Gold, he vfed to weare about his necke : as his Iuell moft precious , and 


This noble 
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Counfaylour moft trulty . Thus, 4rithmecike,ofhim,was fhrynedin gold: Of [karle of aa. 


Numbersfrute, he had good hope. Now, Numbers therfore innumerable, in 
Numbers prayfe,his fhryne thall finde. . 

© What nede I, (for farder profe to you) ofthe Scholemafters of Iuftice , to 
require teftimony:how nedefull, how frutefull , how fkillfulla thing 4rithmetike 
is? I meane,the Lawyers ofall fortes. Vndoubredly,the Ciuilians,can meruaylouf- 
ly declare:how,neither the Auncieng Romaine lawes , without good knowledge 
of Numbers art,can be perceiued : Nor (Luftice in infinite Cafes without due pro- 
portion, (narrowly confidered,)is hable to be executed. How Iufily, & with great 


yeares of age: 
having no if- 
fue ty kis 
wife: Daugh- 
ter to the 
Duke of So. 
merlet. 


knowledge of Arte,did Papinianus inftitutea law of partition , and allowance , be- 


twene man and wife after a diuorcez But how Accurfius, Baldus, Bartolus lafon, Alex- 
under and finally Alciatus, (being otherwife, notably welllearned)do iumble,geffe, 
and erre,from the equity,art and Intent of the lawmaker : Arithmetike can dete, 
and conuince: and clerely, make thetruthto fhine. Good Bartolus , tyred in the 
examining & proportioning of the matter:and with Accurfivs Gloffe, much cum- 
‘bred:burlt out,and fayd: Nulla eft in toto libro ; bac gloffa difficilior : Cuius computatio- 
nem nec Scholaftici nec Dottoresintelligunt. gc. Thais: In the whole booke s there 
is no Gloffe harder then this: Whofe accoumpt or reckenyng , neither the Schoe 
lers nor the Doéfours bnderftand.¢xc. What can they fay of Iulianus law „Si 
3ta Scriptum.cre.Of the Teftators will iuftly performing, betwene the wife , Sonne 
and daughter ¢ How can they perceiue the equitie of Aphricanus Arithmeticall 
Reckening,where he treateth of Lex Falcidiae? How can they deliver him,from his 
Reprouets : and their maintainers : as Joannes , Accur {ius Hypolitus and Alciatus? 
How Iuftlyand artificially, was Africanus reckening made-Proportionating to the 
Sommes bequeathed,the Contributions of eche part ? Namely, for the hundred 
prefently receiued,17 — And for the hundred, received after cen monethes,1z 
<i which make the 30: which were to be c6tributed by the legatarics to the heircs 
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For,what propottion,roo hath to 75:the fame hath 17 + to 12 5. : Which is Sef- 
quitertia: that is,as 4,to 3. which make 7. Wonderfull many places, in the Ciuile 
law,require an expert Arithmeticien,to vnderltand the deepe Iudgemér,& Iult de- 
terminatié of the Auncient Romaine Lawmakers. But much more expert ought 
hetobc, who fhould be hable , to decide with equitie,the infinite varietie of 
Cafes,which do,or may happen , vnder euery one of thofe lawes and ordinances 
Ciuile. Hercby,eafely,ye may now coniedture: thatin the Canon law: andin the 
lawes of the Realine (which with vs , beare the chief Authoritie ) , Iuftice and e- 
quity mightbe greately preferred,and (kilfully executed, through duc fkill of A- 
nithinetike,and proportions appertainyng. The worthy Philofophers , and prui- 
dent lawinakers(who haue written many bookes De Republica: How the beft ftate 
of Common wealthes might be procured and mainteined, ) haue very well deter- 
mined of Iuftice : (which , notoncely , isthe Bafe and foundacion of Common 
weales:but alfo the totall perfection of all our workes, words, and thoughtes: )de- 
fining it,to be that vertue,by which,to euery one,is rendred, thatto him appertai- 
neth. God challengeth thisat our handes,to be honored as God: to beloued, as 
a facher : to be feared as aLord & mafter. Our neighbours proportio, is alſo preſ- 
cribed of the Almighty lawmaker:which is , to do to other , cuen as wc would be 
‘dosevato. Thee proportions, are in Iuftice neceflary:in duety,commendable: 
and ef Common wealihes, the life,(trength, ftay and florifhing. Criftorle in his 
Evhtkes (to fatch the fede of Iuftice,and light of direction, to vfeand execute che 
famc) was fayne to fly to the perfection,and power of Numbers : for proportions 
Aritimeticall and Geometrical. P/aro in his booke called Epinomis ( which boke, 
is the Threafury ofall his do@rine)where,his purpofe is,to {eke a Science, which, 
when aman had it,perfeétly:he might feme,and fo be,in dede,Wife. He,briely,of 
other Sciences difcourfing, findeth them, not hable to bring it to paffe : But of the 
Science cf Numbers, he fayth. Tila que numerum mortalium generi dedir,id profecto ef- 
ficiet. Denm autem aliquem, magit quam fortunam, ad falutem noſtram, boc munus nobis 
arbitror contuliffe Cre. Nam ipfum bonorum omnium Authorem, cur non maximi boni, 
Prudentia dico, caufam arbitramur? T hat Science ;verely which hath taught mane 
kynde namber ,fhallbe able to bryng itto paffe. And, I thinke acertaine God, 
rather thin fortune ,to baue ginen vs this gift, for our bliffe. For why fhould 
we not Iudge him,who is the Author of all good things ,to be alfo the caufe of the 
greaics? good thyng namely Wifedome? There,at length,he proueth Wifedome 
to be areeyned , by good Skill of Numbers. With which great Teftimony, and the 
manifold profes , and reafons , before expreffed , you may be fufficiently and fully _ 
perfuaded : of the perfect Science of Arithmetite,to make this accounte: That of 


- ali Sciences next to Theologie,it is moft diuiné mnoft pure,moft ampleand generall, 


mott profounde , moftiudiie ,moft commodious and moft neceffary. —Whofe 
nexr Sifter, is the Abfolute Science of Magmitudes:of which (by the Direction and 
aide of him,whofe Aagnitude is Infinite,and of vs Incomprehenfible ) I now en- 
tend , fo to write , that both with the CMultitude,and alfo with the Magnitude of 
Mcruaylous and frutefull verities , you ( my frendes and Countreymen ) may be 
frird vp, and awaked, to behold what certaine Artes and Sciences, (to our vn- 
{pcakable behofe)our heauenly father, hath for vs prepared, and reuealed,by fun- 
dry Philofophers and CMatbematiciens. i 
BOth, Number and Magnitude , haue a certaine Originall fede, (as it were ) ofan 
incredible property : and of man , neuer hable, Fully , to be declared . Of 
Number , an Vnit,and of tagnitude,a Poynte,doo feeme to be much like Orig 
n 
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nall caufes : But the diuerfitie neuertheleffejis great. - We defined an Yait, to 
bea thing Mathematicall Indiuifible : A Point , likewife , we fayd to be a Ma- 
thematicall thing Indiuifible . And farder , thata Point may haue a certaine de- 
termined Situation: that is, chat we may affigne,and prefcribe a Point,to be here, 
there, yonder. &c. Herein, (behold ) our Vnit is free, and can abyde no bon- 
dage, or to be tyed to any place, or feat:diuifble or indivilible. Agayne , by rea- 
fon,a Point may hauc a Situation limited to him. a certaine motion,therfore (to a 
place;and from a place) is to a Point incidentand appertainyng. Butan /ziz,can 
notbe imagined to haueany motion. A Point,by his motion, produceth , Ma- 
thematically,a line: (as we fayd before)which is the firft kinde of Magnitudes,and 
moft fimple: An /#it,can not produce any number. A Line, though itbe produ- 
ced of aPoint moued,yet, it doth not confit of pointes : Number , though icbe 
not produced of an mit, yet doth it Confit of vnits ,asa materiall caufe. Bue 
formally, Number,is the Vnion, and Vnitie of Vnits . Which vnyting and knit- 
ting, is the workemanthip of our minde:which,of diftinét and difcrete Vnits , ma- 
keth a Number: by vniformitie, refulting ofa certaine multitude of Vnits-And fo, 
euery number, nay haue his leaft part,giuen-nainely,an Vnit:But not ofa Magni- 
tude, (no,not of a Lyne,)the leaft part can be giué:bycaufe,infinitly, diuifion ther: 
of,may be conceiued. All Magnitude, is either a Line,a Plaine, ora Solid. Which 
Line,Plaine, or Solid, of no Senfe,can be perceiued, nor exactly by hid. (any way) 


Namben 


reprcfented: nor of Nature produced: But, as ( by degrees ) Number didcometo -- 


our perceiuerance: So,by vifible formes,we are holpen to imagine, what our Line 
Mathematical, is. What our Point,is.So precife,are our Magnitudes , that one 
Line is no broader then an other:for they haue no bredth : Nor our Plaines haue 
any thicknes.Nor yet out Bodies;any weight:be they neuer fo large of dimcnfió. 
-Our Bodves,, we can haue Smaller, chen either Arte or Nature can produce a- 
ny : and Greater alfo, then all the world.can comprehend. Our. leaft Mag- 
nitudes, can be. diuided into fo many partes , as the greateft. As,a Line ofan 
inch long, ( with vs) may be diuided into as many partes, asmay the diame- 
ter ofthe whole world , from Eaft to Weft :.orany way extended: What priui- 
ledges ;aboue all manual Arte,and Natures might,hane our two Sciences Ma- 
‘thematicall?to exhibite,and to deale with thinges offüch power, liberty, fimplici- 
ty; puritie,and perfection? And in them fo certainly,fo orderly;fo precifely to pro- 
'cede:as,excellentis that workema Mechanicall Iudged , who nereft can approche 
to the feprefenting of workes, Mathematically demonftrated? And our two Sci- 
ences,temaining pure,and abfolute, in their proper termes,and in their owne Mat- 
ter:to haue,and allowc,onely fuch Demonftrations , as are plaine , certaine , vni- 
uerfall, and of an zternall veritye This Sciencé of Magnitude,his properties,con- 
ditions,and appertenances : commonly,now is,and from the beginnyng , hath of 
all Philofophers , ben called Geomtesrie « But,veryly,with a name to bafe and fcant, 
for a Science offuch dignitieandamplenes. And,perchaunce,, that name,by c6- 
mon and fecret confent,ofall wifemen, hitherto hath ben fuffred to. remayne:that 
it might carty with ita perpetuall memorye, of the firftand notableft benefite, by 
that Science, to common people fhewed : Which was , when Boundes and meres 
of land and ground were loft, and confounded(as in Egyp?,yearely,with the ouer- 
flowyng of Nélus,the greateft and longeft riuer in the world ) or , that ground be- 
queathed, were to beaffigned:or, ground fold, were to be layd out : oi- (when dif- 
order preuailed)that Commós were diftributed into feucralties.For, where, vpon 
thefe & fuch like occafids,Some.by ignoráce, fome by negligéce, Some by fraude, 
and fome by violence, did wrongfully limite,meafure; encroach,or challenge ( by 
aj. pretence 
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pretence of iuft content, and meafüre) thofe landes and groundcs : greatloffe,di(- 
quictnes,murder,and warre did (full oft)enfue: Till,by Gods mercy, and mans In- 
duftrie, The perfect Science of Lines, Plaines, and Solides (like a divine Iufticier,) 
gaue vnto euery man, his owne. The people then,by this art pleafured,and great- 
ly relieuedjin cheir landes iuft meafuring:& other Philofophers, writing Rules for 
land mealuring-betwene them both, thus,confirmed the name of Geometria,thatis, 
(according to thc very etimologie of the word)Land meafuring. Wherin, the peo- 
ple knew no farder,of Magnitudes vfe,but in Plaines:and the Philofophers, of thé, 
had no feethearers, or Scholers-farder to difclofe vnto , chen of Aat , plaine Geome- 
trie. And though, thefe Philofophers, knew of farder vfe,and belt vnderftode the 
etymologye of the worde,yet this name Geometria,was of them applyed generally 
to all fortes of Magnitudes : vnleatt, otherwhile, of Plato, and Pythagoras : When 
they would preci(ely declare their owne doctrine, — Then, was * Geometria, with 
them,Srudium quod circa planum verfatur. But, well you may perceiue by Enclides 
Elementes , that more ample is our Science , then to meafure Plaines:and nothyag 
leffc cherin is tought(of purpofe)then how to meafure Land.An other namc,ther- 
fore,mult nedes be had, for our Mathematicall Science of Magnitudes : which re- 
gardeth neither clod,nor turff:neither hill,nor dale:neither earth nor heauen: but 
is abfolute Megerhologia:not creping on ground , and daffeling the eye, with pole 
perche,rod or lyne-bucliftyng the hart aboue the heauens,by inuifible lines , and 
immortal beames -meteth with the reflexions, of the light incomprehenfible: and 
fo procureth Ioye,and perfection vnfpeakable. Of which true vfe of our ege- 
shica,or Megethologia, Diuine Plato feemed to haue good ta(te,and iudgement:and 
(by the name of Geometrie ) fo noted it:and warned his Scholers therof: as,in hys 
feuenth Dialog, of the Common wealth,may euidently befene. Where (in La- 
cin)chusitis:right well tranflated: Profefo,nobis hoc non negabunt, Quicung, vel pau. 
lulum quid Geometria Zuflârurt, guin hac Scientia „contrà, omnino fe babeat, quàm de ea 
loquuntur , qui in ipfa verfantur . Yn Englifh,thus. Verely( fayth Plato yybofoeuer 
baue ( but euen very litle )tasied of Geometrie will not denye vnto vs this : but 
that tbis Science is of an other condicion quite contrary to tbat which tbey that 
are exercifed init , da Speake ofi it. And there it followeth, of our Geometrie, 
Quid queritur cognofcendi illius grasia,quod femper eft non Cy cius quod oritur quandog, 
CF interit.Geometria,eins quod eft femper, Cagnitto ft. Astellet igitur(6 Generofe vir) ad 
Veritatem animam:atġ ita,ad Plo iphandem priparabit cogitationemyut ad fupera con- 
uertamus qua yumnc,cuntra quàm deret ad inferiora dejjcimus. dy . Quam maxim igitur 
precipicndum eſt, vt qui praclarifsimam hanc babitát Civitatem,nullo modo,Geometriam 
fferaant. Nam cr que piu propofitum quodam mado effe videntur haud exigua 
fon. cele taut nedes be confeffed (faith Plato ) T hat ( Geemetrie} is learned 5 for 
the knowyne of that , whichis euer:and not of that, which ,in tyme,both is bred 
and is brougbt to an ende.tzc.Geometrie is tbe knowledge of tbat which is euer» 
leftyng.It will lift vp tberfore(O Gentle Syr ) our mynde to the Veritie ; and by 
that meanes jt ill prepare tbe T bougbt ,to the Philofophicall loue of wifdome: 
that we may turne or conuert toward heauenly thinges(sorbmynde and rheught which 
now otherwife then becommeth vs ;we cast down on bafe or inferior things.ere. 
Chiefly, therfore, Commaundement muft be giuen , that fuch as do inhabit this 
moft honorable (itie by no meanes , deipife Geometrie. | For euen tbofe thinges 

[dono ky ir which m manner , feame to Le , befide tbe purpofe of Geometrie : are of. 
no 
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no fmall importance . (7c. And befides the manifold vfes of Geometric, in matters 
appertainyng to warre,he addeth more,offecond vn putpofed frute, and commo- 
ditye,arrifing by Geometrie:faying:Scimus quin ctiam,ad Difciplinas omnes facilins per 
difcendas sntereffe omnind,atrigerit ne Geometriam aliquis,an non. Gc. Hancergo Do- 
Grinam, fecundo loco difcendam Iunenibus flatuansus . That is. But alfo we know, 


that for themore eafy learnyng ofall Artes it importeth much , whether one 
haue any knowledge in Geometrie or no. «re. Let vs therfore make an ordi» 
nance or decree , that this Science , of young men fhall be learned in the fecond 
place. This was Disine Platohis ludgement,both ofthe purpofed , chief, and 
perfect vie of Geometrie: and of his fecond,dependyng , deriuatiue commodities, 
And for vs, Chriften men,a thoufand thoufand ino occafions are, to haue nede of 
the helpe of * Ategethologicall Contemplations - wherby,to mayne our Imagina- , 2 t 
tions and Myndes, by lide and litle,to forfake and abandon, the groffe and corrup- cosa cls dh 
tible Obie&es,of our vtward fenfes:and to apprehend , by fure doctrine demon- Jhake i he 
ftratiue, Things Mathematicall. And by them, readily to be holpen andcon- carthly name, 
du&ed to concciue , difcourfe , and conclude of things Intellectual, Spiritual, of Geometric. 
xterna!l and fuch as concerne our Bliffe euerlafting : which, otherwife ( without 

Speciall priuiledge of Illumination, or Reuelation fró heauen ) No mortall mans 
wyt(naturally) is hable to reach vnto,or to Compaffe. And,veryly,by my fmall 
Talent(from aboue)I am hable to proue and teftifie,that the lirterall Text,and or- 

der of our diuine Law,Oracles,and Myfteries,require more {kill in Numbers,and 
Magnitudes : then(commonly) the expofitors haue vetered : but rather onely (at 

the moft)fo warned : & fhewed their own want therin.(To name any, is nedeles: 

and to note the places,is,here,no place: But if I be duely af ked,my an{were is rea- 

dy.) And without the litterall, Grammaticall,Mathematicall or Naturall verities of 

fuch places , by good and certaine Arte,perceiued,no Spiritual fenfe ( propre to 

thofe places,by Abfolute 7 heologie) will chereon depend. No man,therfore, can ,, £9 
doute , bat toward the atteyning ofknowledge incomparable , and Heauenl 
Wifedome: Mathematical Speculations,both of Numbers and Magnitudes: are 
meanes,‘aydes, and guides:ready, certaine and neceflary. Fromhenceforth,in , 
this my Preface,will I frame my talke,to Plato his fugitiue Scholers:or, rather , to 
fach, who well can,(and alfo wil,)vfe their veward fenfes,to the glory of God,the 
benefite of their Countrey,and their owne fecretcontentation , or honeft prefer- 
ment, on this earthly Scaffold. To them,] will orderly recite, defcribe & declare 

a great Number of Artes , from our two Mathematical fountaines , deriued into 
the fieldes of Nature. Wherby , fuch Sedes , and Rotes , as lye depe hyd inthe 
groüd of Nature,are refrefhed,qoickened,and prouoked to grow, fbote vp, floure, 
and giuc frute,infinite,and incredible, And thefe Artes,fhalbe fuch , as vpon Mag- 
nitudes properties do depende,more,then vpon Number. And by good reafon 
we may call them Artes,and Artes Mathematical Deriuatiue : for (at this tyme)I 41 Arte, 
Define An Arte,to be a Methodicall coplete Doctrine, hauing abun- 

dancy of fufficient,and M matter to deale with,by the allow- 

ance of the Metaphificall Philofopher : the knowledge whereof,to 

humaine ftateis neceffarye.Andthat Iaccount, An Art Mathemari- 44r Mathe 


call deriuatiue , which by Mathematicall demonftratiue Method, —— 
in Nübers , or Magnitudes,ordi.th and confirmeth his doctrine, as 
much & as perfe&ly , as the matter fubieét will admit. And for thar, 
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I entend to vfe the nameand propertie of a Mechanicien,otherwife,then (hitherto) 
it hath ben vfed,I thinke it good,( for diftin&tion fake) to giue you alfo a briefdef- 
cription, what I meane therby. A Mechanicien,or a Mechanicall work- 
man is he , whofe fkill is , without knowledge of Mathematicall 
demonftration , perfectly to worke and finifhe any fenfible worke, 
by thé Mathematicien principall or deriuatiue, demonftrated or de- 


monftrable. Full well I know,that he which inuenteth, or maketh thefe de- 
monftiations,is generally called 4 /peculatine Mechanicien : which differreth no- 
thyng froma Mechanicall -Mathematicien. So, in reſpect of diuerſe actions, one 
man may haue the name of fundry artes:as,fome tyme,ofa Logicien , fome tymes 
(in the fame matter otherwife handled)ofa Rethoricien | Ofthefe trifles,I make, 
(asnow,in refpect of my Preface, {mall account: to fyle thé for the fine handlyng 
offubtile curious difputers .In other places ,they may commaundeme,to giue 
good reafon:and yet,here,I vill notbe vnreafonable. i 

Firft,chen,from the puritie,abfoluzenes,and Immaterialitie of Principall Geo- 
metric, is that kinde of Geometrie deriued , which vulgarly is counted Geometrie : 
andis the Arte of Meafuring fenfible magnitudes, their iuft quatities 
and contentes . This, teacheth to meafure,cither at hand: and the practifer, to 
be by the thing Meafured : and {o ,by due applying of Cumpafe, Rule, Squire, 
Yarde,El!,Perch,Pole, Line, Gaging rod,(or fuch like inftrument)to the Length, 


- Plaine, or Solide meafured, “to be certified, either of the length, perimetry, or di- 
. ftancelineall: and this is called, Mecometrie . Or*to be certified of the content of 


any plaine Superficies : whether it be in ground Surueyed, Borde, or Glaffe mea- 


. fured,or fuch like thing ; which meafuring,is named Embadometrie .*Or els to vn- 


detftand the Soliditie,and content of any bodily thing : as of Tymber and Stone, 
or the content of Pits,Pondes, Wells, Veffels {mall & great,of all fafhions. Where, 
of Wine, Oyte,Beere,or Ale veffells,8cc,the Meafuring,commonly, hath a pecu- 
lier name-and is called Gagizg . And the general! name of thefe Solide meafures, 
is Stereometrie. Or els,this vulgar Geometrie, hath confideration to teach the prac- 


- tifer, how to meafure things,with good diftance betwene him and the thing mea- 


v m 


w 


Note, 


Note, 


_ fured : and to vnderftand thereby, either *how Farte,athing feene(on land or wa- 


ter)is from the meafurer: and this may be called Apomecometrie: Or,how High or 
depe,aboue or vider the leuel of the meafurers ftading,any thing is,which is fene 


- onland or water, called Hypfometrie." Ox , itinformeth the meafurer , how Broad + 


any thing is,which is in the meafurers vew:(0 it be on Land or Water, fituated:and 
inay be called Platometrie . Though I vie here sg condition, the thing meafured, to, 
be on Land, or Water Situated: yet, know for certaine; that the fundry heigthe of 
Cloudes, blafing Starres, and of the Mone , may (by: thefeimeanes) haue their di- 
ftances from the earth : and, ofthe blafing Starres and Mone,the Soliditie (afwell 
as diftances)to be meafured; But becaufe, neither thefe things are vulgarly taught; 
norófa common practifci fo ready to be excited * I,rather,let fuch meafüresbe 
reckened incident to fome of our other Artes, dealing with thinges on high,more 
purpofely, then this vulgar Land meafuring Geomewie doth : as in Per(peétine and 
CAtronomie; Oc « ' . ; EE : . 

F thefe feates ( Farther applied ) is Sprong the feate of Geodefie , or. Land 

Meafuring: more cunningly to meafüre'& Surucy Land, Woods, and Waters, 
afarté of. More cunningly, fay ? But God knoweth (hitherto) in thefe Realmes 
ofEnglandand Ireland ( whether through ignorance or fraude, I can not tell ‚in 
cuery particular ) how great wrong and iniurie hath (in my dme)bene committed 


by 
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by vntrue meafuring and furueying of Land or Woods, any way . And, this I am 
füre:that the Value of the difference, betwene the truth and fuch Surueyes,would 
hauc bene hable to haue foüd (for euer) in eche of our two Vniuerfities,an excel- 
lent Matheinaticall R cader:to eche;allowing(yearly)a hundred Markes oflawfull 
moncy oí this realme:which,in dede;would feme requilit,here,to be had (though 
by other wayes prouided for) as well,as,the famous Vniuerfitic of Paris, hath two 
Mathematical! Readers : and eche,ewWo hurdreth French Crownes yearly, of the 
French Kinges magnificent liberalitie oncly. Now,againe, to our purpofe retur- 
ning : Moreouer, ofthe formerknowledge Geometricall,are growcn the Skills of 
Geographie , Chorographie , Hydrographie , and Stratarithmetrie . 

Geo graphie teacheth wayes,by which, in füdry formes,(as Spberike, Plaine. 5, 
or otliet),the Situation of Cities, Townes,Villages, Fortes, Caftells, Mountaines, 5» 
Woods,Hauens;Riuers, Crekes,& fuch other things,vpó the outface of the carth- ,, 
ly Globe (either in the whole,or in fome principall méberand portion therof cé- ,, 
tayned )may be defcribed and defigned, in cómenfurations Analogicall to Nature 5, 
and veritie:and moft aptly to our vew,may be reprefented.Of this Arte how great ;; 
pleafure,and how manifolde commodities do come vnto vs,daily and hourely: of 
moft men, is perceaued . While,fome, to beautihe their Halls,Parle:s, Chambers, 
Galcries,Studies,or Libraries with: other fome,for thinges paft, as batrels fought, 
carthquakes, heauenly fyringes,& fuch occurentes,in hiftories mentioned: therby 
liuely,asit were, to vewe the place,the region adioyning, the diltance from vs: and 
fuch other circumftances. Some other,prefently to vewe the large dominion of 
the Turke : the wide Empire ofthe Mofchouite: and the litle morfell of ground, 
where Chriftendome(by profeffion)is certainly knowen. Litle,l fay,in rclpe&te of 
thereft. &c. Some,cither for their owne iorneyes directing into farre landes: 
orto vaderftand of other mens trauailes. To conclude, fome, for one purpofe : 
and fome,for an other, liketh,loueth,gerteth,and vfeth, Mappes, Chartes,& Geo- 
graphicall Globes. Ofwhofe vie, to fpeake fufficiently, would require abooke 
peculier. - 


Chorographie feemeth to be an. vnderling, and a twig, of Geographie: 
and yetneuerthelefle, is in practife manifolde, and in vfe very ample. This tca- 
cheth Analogically to defcribe a finall portion or circuite of ground, with the con- 
tcntes: not regarding what commenfuration it hath to the whole, or any parccll, 
withoutit, contained . Butin the territory or parcell of ground which it taketh in 
hand to make defcription of, itleaueth out (or vndefcribed) no notable , or odde 
thing, aboue the ground vifible.  Ycaand fometimes , of thinges ynder ground, 
geueth fome peculier marke ! or warning : as of Métrall mines, Cole pittes, Stone 
quarries. &c. Thus,a Dukedome,aShiere,a Lordfhip, orleffe, may be defcribed 
diftin@ly . Bus marueilous pleafant, and profitable itis, in the exhibiting to our 
eye, and commenfuration, the plat of a Citie, Towne, Forte, or Pallace , in true 
Symmetry : notapproching to any of them : and out of Gunne fhot.&c. Hereby, 
the Architect may furnifhe him felfe,with ftore of what patterns he liketh : to his 
great inftruction: even in thofe thinges which outwardly are proportioned: either 
fimply in them felues : or refpe&tiucly,to Hilles, Riuers, Haucns, and Woods ad- 
ioyning. Somealfo, terme this particular defcription of places , T. opographie. 

Hydrographie,deliuereth to ourknowledge , on Globe or in Plaine, 
the perfcà Analogicall defcription ofthe Ocean Sea coaftes , through the whole » 
world : orin the chicfe and principall partes thercof : with thelles and chiefe »: 
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particular places of daungers, conteyned within the boundes,and Scacoaftes de- 
{cribed : as, of Quickfandes, Bankes, Pittes,R ockes,Races, Countertides,Whorle- 
pooles.&c. This, dealeth with the Element of the water chiefly : as Geographie 
did principally take the Element of the Earthes defcription ( with his apperte- 
nances ) to raske. And befides thys , Hydrographie , requireth a particular 
Regifter of certaine Landmarkes (where matkes may be had)from the fca,well ha- 
bleto be fkried, in what point ofthe Seacumpafe they appeare,and what apparent 
forme,Situation,and bignes they haue, in refpestc of any daungerous place in the 
fcajor nere vnto it, aligned: And in all Coaftes, what Mone,maketh full Sea-and 
what way, the Tides and Ebbes, come and go,the Aydrographer oughtto recorde. 
The Saundinges likewife : and the Chanels wayes:their number,and depthes or- 
dinarily, at ebbe and flud, ought the Hydrographer , by obferuation and diligence 
of Meafuring, to haue certainly knowen. And many other pointes,are belonging 
to perfecte Hydrographie and for to makea Rutter, by : of which,I nede not here 
fpeake : as of the defcribing,in any place, vpon Globe or Plaine, the 32.pointes of 
the Compafe, truely : (wherof,, fcarfly fourc,in England , haue right knowledge: 
bycaufe, the lines therof, are no ftraight lines, nor Circles.) Of making duc pro- 
ic&tion ofa Sphere in plaine.Ofthe Variacion of the Compas, from true Northe: 
And fitch like matters (of great importance, all ) I leaue to Ípeake of in this place: 
bycaufc,I may feame(al ready )to haue enlarged the boundes,and duety ofan Hy- 
dographer, much more,then any man (to this day hath noted,or prefcribed , Yet 
am I well hable to proue,all thefe thinges , to appertainc , and alfo to be proper to 
the Hydrographer. The chiefvfe and ende ofthis Art, is the Art of Navigation: 
butit hath other diuerfe vfes : euen by them to be enioyed , that neuer]acke fight 
ofland. A : 


Stratarithmetri €, is the Skill, (appertainyng to the warre,, ) by whicha 


man can fet in figure,analogicall to any Geometrical figure appointed, any certaine 


number or funine of men: of fucha figure capable: (by reafon of the v{uall fpaces 
betwene Souldiers allowed : and for that, of men,can be made no Fractions. Yet, 
neuertheles,he can order the giuen fumme of men , for the greateft fuch figure, 
that ofthem, cá be ordred)and certific, of the ouerplus: (ifany be)and ofthe next 
certaine füznme,which,with the ouerplus,will admita figure cxa&tly proportionall 
to thefigureatfigned. By which Skill,alfo,ofany army or company ofimen : (the 
figure &fides ofwhofe orderly ftanding;or array,is knowen)he is able to expreffe 
the iuft number of men, within that figure conteined: or(orderly ) able to be con- 
teined. * And this figure,and fides therof, he is hable to know : either beyng by, 
andathand:orafarre of. Thus farre,{tretcheth the defcription and property of 
Stratarithmetrie : fafficient forthistyme and place. It differreth from the Feate 
T atlicall, De acitbus inffruendis bycaufe , there, is neceffary the wifedome andfore- 
fight,to what purpofe he fo ordreth the men : and Skillfull hability , alfo , for any 
occaíion,or purpofe , to deuife and vfe the apteft and moft neceffary order’, array 
and figure of his Company and Summe of men . By figure, meane: as,either ofa 
Perfect Square, Triangle , Circle , Ouale , long fquarc , (of che Grekes itis called Etero- 
raskes ) Rhombe, Rhomboid, Lunular, Ryng, Serpentine, and fuch other Geometricall 
figures: Which, in warrcs,haue ben , and are to be vfed : for commodioufnes he- 
ceffity,and auauntage &c. And no finall fkill ought he to haue , that fhould make 
true reportor nere the truth, ofthe numbers and Summes,of footemen or horfe- 
men ,ia the Enemyesordring. A farre of, to make an eftimate , betwene nere 
termes of More and Leffe,is nota thyng very rife , among thofe that gladly ue 
o 
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doit. . Great pollicy may be vfed ofthe Capitaines,(artymesfetesandin places ,,5; 
conuenientJas to vfe Figures , which make greateft thew , of fo manyas hehath: s 
and vfing the aduauntage ofthe threekindes ofv[uall fpacest ( betwenefooternen hes eet 
orhorfemen)to take the largeft: or when he would feme to haue few, (beyng ma- thi Fare Bar Uy 
ny:)contrarywife;in Figure;and fpace. The Herald,Purfeuant, Sergeant Royall, 7,77 ripen Cle, 
Capitaine , or who foeucr is carefull to come nere the truth herein '; befides the — — 
Tudgenient of lus expert eyeyhis {kill of Ordering Tacticall, the helpe of his Geo- — 
metrical! inftrument: Ring, or Staffe Aftronomicall : (commodioufly framed for 752,52. netu 


cariage and vfe ) He may wonderfully helpe him felfe , by perfpe&tiue Glaffes.In 772, 2:4 


ean ferue dre. nd 
which, (Itruft) our pofterity will proue more fKillfull and expert , and to greater 7/7 /;. 
purpofes , tbenin thefe dayes, can(almoft)be credited tobepoffible. — ^— -> ance 4 
Thus háue lightly paffed ouer the Artificiall Feates,chiefly dependyng vpon 


and. that for Baz- 
vulgar Geometrie : & commonly and generally reckened vader the name of Geome- 777,25, oc 
grie. Bucthereare other(very many) Wethodicall Artes , which, declyning from fee | He Seamer 
the purity , fimpticitic,and Immateriality,of our Principall Science of. Magnitudes: 
do yet nevertheles vfe the great ayde , direction , and Method of the fayd 
principall Science , and haue propre names , and diftin& : both from the Science 


of Geometrie , (from which they are deriued)and one from the other. As Per- 
fpe&tiue, Aftronomie , Mufike, Cofmographie, Aftrologie,Statike, 
Anthropographie, Trochilike, Helicofophie, Pneumatithmie, Me- 
nadrie, Hypogeiodie, Hydragogie, Horometrie, Zographie, Archi- 
tecture, Nauigation , Thaumaturgikeand Archemaftrie. I thinke it 
neceffary , orderly , of thefe to giue foe peculier defcriptions : and withall, to 
touch fome of their commodious vfes , and fo to make this Preface , to be alittle 
{wete,pleafant Nofegaye for you:to comfort your Spirites, beyng almoftout of 
courage, and in.de{payre , (through brutifh brute ) Weenyng that Geometrie,had 
but fered for buildyng ofan houfe,or a curious bridge,or the roufe of Weftmin- 
Ster hall ; or fome witty pretty deuife , or cngyn , appropriate to a Carpenter,ora 
Toyner &c. That the thing is farre otherwife , then the world , (commonly)to this 
day,hath demed,by worde and worke , good profe wilbe made. 


A mong thefe Artes, by good realon, P erfpectiue ought to be had , ere 
of Aftronomicall Apparences , perfect knowledge can be atteyned, And bycaufe 
‘of the prerogatiue of Light , beyng the firltof Gods Creatures: and the eye, the light 
of our body, and his Senfe moftmighty,and his organ moft Artificiall and Geome- 
tricall: At Perjpectine,we willbegyn therfore. Perf; pectiue,i san Art Mathe- 
maticall,which demonftrateth the maner,and properties, of all Ra- 
diations Direé&t,Broken ,and Reflected. This Defcription, or Notation , is 
brief:burit reacheth fo farre,as the world iswyde. Ieconcerneth all Creatures, 
all Adtions , and paffions, by Emanation ofbeames perfourmed. Beames,or na- 
turalllines , (here) I meane , not of light onely, or of colour (though they,to eye, 
giue fhew;witnes,and profe , wherby to ground the Arte vpon )but alfo Soke 
Formes bosh Subftantiall, and Accidental , the certaine and determined a¢tiue Ra- 
diall emanations. By this Art(oimiitting to {peake of the higheft pointes) we may 
vfe our cyes,and the light;with greater pleafiye:and perfecter Iudgement:both of 
things;in lightfeen;& of other: which by like order of Lightes Radiations, worke 
and produce their effectes. We may be afhamed,to be ignorant of the caufe,why 
fo fundry wayes our eye is deceiued,and abufed:as, while the eye weeneth a roüd 
Globe or Sphere (beyng farre of)to bea fatand plaine Citcle,and fo likewife iud- 

b,j. geth 
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geth a plaine Square, to be roüd:fuppofeth walles parallels,to approche,a farre of: 
rofe and floure parallels;the one to bend downward , the other torife vpward,at a 


- litdediftancefrom you. Againe , of thinges beingin likcfwiftnes ofi mouing ,to 


thinke thc nerer,to moue fafter:and the farder, much flower, Nay, of two thinges, 
wherofthe.one(incompambly)doth moue fwifter then the other , to deme the 


© flower tomoue very fwift,8 the other co ftand: what an error is this,ofour eye? Of 
~ the Raynbow, both of his: Colours, of the order of the colours, of the bignes of it, 


4 marneilous 


Glafe. 


SWP. 


Gr 


the place and heith of it, (&c)to know the caufes demonftratiue, is it not pleafant, 
is it not neceffaryzoftwo or three Sonnes appearing: of Blafing Sterres : and fuch 
like thinges : by naturall caufes , brought to paffe , (and yet ncuertheles , offarder 
matter, Siguificatiue ) is it not commodious for man to know the very true caufe, 
& occafion Naturall 7 Yea,rather,is it not,greatly, againft the Souerainty of Mans 
mature, to be fo ouerfhot and abufed , with thinges (at hand ) before his eyes? 
as with a Pecockes tayle , and a Doues necke : or a whole ore, in water, hol- 
den to feme broken .' Thynges, farre of, to feeme nerc: and nere, to feme 
farre of . Small thiuges , to [eme great : and great, to feme fmalf. One 
man, to feme an Army:. Or a man to becurftly affrayed of his owne fhad- 
dow .. . Yeafo much,tofeare;thatjif you;being(alonenere a certaine glaffe ; and 
proffer,with dagger or fword,to foyne at the glaffe , you fhall fuddenly be nfoued 
to giite backe(in maner) by reafon ofan Image, appearing in the ayre, betwene 
you & the glaffe, with like hand, fword or dagger, & with like quicknes , foyning at 
your very cyeslikewife as you do atthe Glafle. Straunge,thisis,to heare of: but 
more meruailous to behold, then thefc my wordes can fignifie. And. neuerthe- 
leffcby demon(tration Opticall, the order and caufe therof, is certified: euen fo,as 
theeffectis confequent.. Yea,thus much more,dareTtake vpon me;toward the fa- 
tiflying of thenoble courrage,that longeth ardently for the wifedome of Caufes 
Naturall:as to let him vnderftand, that,in London ,. he may with his owne eyes, 
haue profe of that,which I haue fayd herein. A Gentleman,(which,forhis good | 
feruice , done to his Countrey, is famous and honorable : and for fkill in the Ma- 
thematicall Sciences, and Languages, is the Od man of this land. &c. ) euen he,is 
hable:and(I am fure)will, very willingly, lec the Glaffe, and profc be fene:and fo I 
(here) reque(t him : for the encreafe of wifedome , in the honorable : and for the 
ftopping ofthe mouthes malicious : and repreffing the arrogancy ofthe ignorant. 
Ye may eafily gefle, what I meane. This Art of Per/ecfine,is ofthatexcellency, 
and may bc led,to the certifying,and executing offuch thinges ,as no man would 
eafily beleuc: without A@uall profe perceived. I fpeake nothing of Naturall Phi- 
bofophie,which,without Perjpeéfixe, can notbe fully vnderftanded , nor perfectly at- 
teined vnto. Nor, of dfronomie:which,without Per/pectine,can not well be groun- 
ded : Nor Afirologie , naturally Verified, and auouched. That part hereof,which 
dealeth with Glaffes(which name,Glafle,is a generall name, in this Arte, for any 
thing, from which,a Beame reboundeth) is called Catoptrike : and hath fo many v- 
fes,both merueilous,and profhitable: that,both,it would hold me to long , to note 
thcrin the principal conclufions,all ready knowne: And alfo(perchaunce) fome 
thinges,might lacke due credite with you: And 1, therby, to lecfe my labor:and 
you,to flip into light Iudgement*,Before you haue learned fufficiendy the powre 
of Nature and Arte. 


Now, to procede: Aftronomie,is an Arte Mathematicall which 
demonftrateth the diftance , magnitudes , and all naturall motions, 


apparences,and pafsions propre to the Planets and fixed Sterres : for 
any 
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any time paft,prefent and to come: in refpect of a certaine Horizon, 


or without re[pect of any Horizon. By this Arte we are certified ofthe di- 
ftance of the Starry Skye,and of eche Planete from the Centre of the Earth: and of 
the greatnes of any Fixed ftarre fene, or Planete,in relpect of the Earthes greatnes. 
As , wearc [ure ( by this Arte) that the Solidity , Maffines and Body ofthe Sonne, 
conteineth the quantitie of the whole Earth and Sea,a hundred thre {core and 
two times , leffe by + one eight patte of the earth. But the Body of the whole 
earthly globe and Sea,is bigger then the body ofthe Mone , three and forty times 
leffe by + ofthe Monc. Wherfore the Sone is bigger then the cone , 7000 
times, leile, by59 2% thatis , precilely 6940 biggerthen the c4fone. And yet 
the vnfkillfull man, would iudge them alike bigge. Wherfore,of Necefsiry,the 
on¢ is much farder from vs,then the other, The Sonne, when heis fardeft from 
the carth(which,now,in ourage,is,when heis in the 8 degree,of Cancer)is , 1179 
Semidiamcters of the Earth,diftante. And the ~Vone when fhe is fardeft froin the 
carth, is 68 Semidiameters ofthe carth and — The nereft , that the Mone com- 
meth to the earth, is Semidiaineters 52 L The diltance of the Starry Skyeis , fr6 
vs,in Semidiameters of the earth 20081 + Twenty thoufand fourefcore , one, 
andalmofta halfe. Subtraét from this,the cones nereftdiftance,from the Earth: 
and therof remaineth Semidiameters of the earth 20029 + Twenty thoufand 
ninc and twenty and a quarter. So thicke is the heauenly Palace , that the P/z- 
netes haue all their exercife in,and moft meruail oufly perfourme the Commaüde- 
ment and Charge to them giuen by the omnipotent Maieftie- of the king of kings. 
This is thae, which in Genefis is called Ha Rakia. Confiderit well. The Semidia- 
meter of the earth, cóteineth of our common miles 3436+ three thoufand,foure 


hundred thirty fix and foure eleuenth partes of one myle:Such as the whole earch 
and Sea, round about, is21600. One and twenty thoufand fix hundred of our 
myles.Allowyng for euery degree of the gtcateft circle,thre {core myles. Nowif 
you way well with your felfe but his lide parcell of frute d/ronomicall as con- 
cerning the bignefle, Diftances of Sonne, Mone, Sterry Sky,and the huge maffines of 
Ha Rakia, will you not finde your Confciences noued, with the kingly Prophet, 
tofingthe confeffion of Gods Glory,andfay, The Heanens declare the ite 


ry of God,and the Firmament (a Ratie] fheweth forth tbe workes of bis bandes. 
‘And fo forth, for thofe fuc firlt ftaues,of that kingly Pfalme. Well,well,Icis time 
for fome to lay hold on wiledome,and to Iudge truly of thinges: and notfo to ex- 
pound the Holy word,all by Allegories : as to Negleét the wifedome, powre and 
‘Goodnes of God,in, and by his Creatures , and Creation to be feen and learned. 
By parables and Analogies of whofe natures and properties,the courfe of the Ho- 
1y-Scripture,alfo;deelareth to vs very many Myfteties. The whole Frame of Gods 
Creatures, (which is the whole world, )is to vs,a bright glaffe: from which, by re- 
flexion ,reboundcth to our knowledge and percéiuerance , Beames , and. Radiati- 
ons-reprefenting the Image of his Infinite goodnes,Omnipotécy,and wifedome. 
And we therby, are taughtand perfuaded to Glorifie out-Creator,as God:and be 
thankefull therfore . Could the Heathenittes finde thef2 vfes,of thefe moft purc, 
beawtifull.and Mighty Corporall Creatures:and fhall we,after thatthe true Sonne 
ofi rightwifenefle is rifen-aboue the Horizon,of our tem porall Hemifpherieand hath 
fo abundandy ftreaincd into our hartes,the direct beames of his goodnes , mercy, 
and grace: Whofe heat All Creatures feele ; Spirituallárid Corporall: Vifible and 


Note. 


I, 
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Inuifible-S hall we(I fay)looke vpon the Heauen,Sterrer,and Planets;as an Oxe and 
an Affe doth: no furder carefull or inquifitiue,what they are: why were they Cre- 
ated, How do they execute that they were Created for’Seing,All Creatures, were 
for our fake created :_ and both we,and they, Created, chiefly to glorifie the Al- 
mighty Creator: and that, by all meanes,tovs poffible. Noliteignorare({aith Plato 
in Epinomis) Aftronomiam, Sapientiffimit quiddam effe. Be ye not ignorant, Aſtro- 
nomie to be a thyng of excellent wifedome, «Afironomie,was to vs,trom the be- 

inning commended,and in maner commaunded by God him felfe.In afinuch as 
fe made the Sonne, Mone, and Sterres,to be to vs,for Signes,and knowledge of Sea- 
fons,and for Diftinctions of Dayes,and yeares, Many wordcs nede not. Burl 
wifh,euéry man fhould way this word,Signes.. And befides that, conferre italfo 
with the renth Chapter of Hieremre. And though Some thinkc , that there,they 
haue foünd arod: Y et Modeft Reafon; will be indifferent Iudge, who ought to be 
beateri therwith,in refpect of our purpofe. — Leauing that : I pray you vnderftand 
this:that without great diligence of Obferuation , examination and Calculation, 
their periods and courfes (wherby Diſtinction of Scafons,yearcs,and New Mones 
might precifely be knowne)could not exactely be certified . Which thing to per- 
fonne,is that Art, which we here hauc Defined to be Affronomie. Wherby , we 
nray haue the diftin& Cour(e of Times ,dayes,ycares, and Ages: afwell for Conti- 
deratió of Sacred Prophelies,accomplifhed in due time,foretold - as for high My- 
fticall Soleinnities holding: And for all other humaine affaires , Conditions , and 
-coucnantes , vpon certaine time , betwene man and man : with many other great 
vies: Wherin, (verely) ,would be great incertainty, Confufion,vntruch,and bru- 
ti(h Barbaroufnes: without the wonderfull diligence and {kill of this Arte : conti- 
nually fearning,and determining Times,and periodes of Time ; by the Record of 
the heanenly booke , wherin all times are written - and to be read with an 4/lrono- 
Hitall Staffe,in tede ofa fe(tue. 


: Mulike,ofMotion, hath his Original caufe : Therfore , afterthe motions 


mof fwiftjand moft Slow,whieh are in the Firmament,of Naturé performed:and 
vnderthe Astronomers Confideration now I will Speake of an other kinde of Motion, 
producing found, audible,and of Man nutmerable. Au/ike I call here that Science, 
wbich of the Grekes is called Harmenice. Notmedling with the Controuerfie be- 
twenc the auncient Harmonifles,and Canoniftes. Mutike is a Mathematicall 
Science, which teacheth,by fenfe and reafon, perfectly to iudge, and 
ordercthe diuerfities of foundes,hyeand low. Altronomie and Muſibe 
aré SiRers faith Plato. As for Affronomie, che eyes:So, for Harmonious Motion the 
cares were made. Butas Astronomie hath a more diuine Contemplation , and có- 
rhodity,then mortall eye can perceiue. : So,is Mufike to be confidered,that the 
* Miride may be preferred,before the eare.. And from audible found , we ought 
to altemde , to the examination : which numbers are Harmonions,and which not. 
Andwhy,cither, the ohe aré: of the otherare not. I could atlarge,in the heauenly 
* motions and diftances , defcribé’a meruailous Harmonie , of Pythagoras Harpe 
with eight ftringes. Alfo,fomwhat might be fayd of Mercurius* two Harpes, 
echte of foure Stringes Elementall. And very ftraunge matter,might be alledged 
ofthe Harmonie to our” Spiritual part appropriate. As in Prolomaus third boke, in 
the fourth and (ixch Chapters may appeare .* And what is the caufe ofthe apt 
bond¢,and frendly felowfhip,ofthe Intelle&uall and Mcntall part o£vs , with our 
groffe&ccornmptible body:buta certaine Meane, and Harmonious Spends tig 
os ot 
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both parsicipatyng,cr of Loth(in a maner)refultyng: In the® Tune of Mans voytt;andalfó 9, 
* she found of Infirument,what might be fayd, of Harmonie: No common Muficien — g, 
would lightly beleue.But of the fundry Mixture(as I may terme it) and concurfe, — 72D, 
diverfe collation,and Application of thefe Harmonies: as of thre foure,fiue,or mo: Readin Ax 
Maruailous haue the efrectes ben: and yet may be founde,and produced the like: Pi i 
with (ome proportionall confidcration for our time,and being : in refpe& ofthe P * 
State, of the thinges then: in which, and by which, the wondrous cffectes were 5,6 and 
wrought. Democritus and T hecphrastus affirmed, that,by tMufike, gricfcs and di- 7 chapters, 
feafes of the Minde,and body might be cured,or inferred. And we finde in Re whereyon 
corde,that 7 erpander, Avion,l[menias, Orpheus, Amphion, Dauid, Pythagoras, Empedo.. fhall hare 
eles, Afclepiades and T imotheus,by Harmunicall Confonácy haue done,and poe mi occasion 
to pas,thinges,more then ineruailous ,to hereof. Ofthem then, making no far- f nid S ie 
der difcourfe,in this place : Sure I am, that Common Mujike, commonly vied, is ies 
found to the Muficiens and Hearers,to be fo Commodious and pleafant , That if commonly it 
I would fay and difpute,but thus much: That it were to be otherwife vfed , then it thought: 
is,I ficuld finde more repreeuers, then I could finde priuy,or {kilfull of my mea- 
ning. In thinges therfore evident,and better knowen,then I can expreffe:and fo 
allowed and liked of, (as I would with,fome other thinges,had the like hap) I will 
{pare to enlarge my lines any farder,bur confequently follow my purpofe. 

Of Cofmographie,1 appointed briefly in this place, to geuc you fome 
intelligence. Cofmographie,is the whole and perfeét defcription of 
the heauenly,and alfo elemental parte of the world , and their ho- 
mologall application , and mutuall collation neceffarie.. This Att, 
requireth Astronomie , Geographie , Hydiographieand Myjfike. Therfore ,it isno 
ſmall Arte,nor fo fimple , 2s in common practife , itis(ilightly)confidered. This 
matcheth Heauen, and the Earth,in onc frame;and aptly applicth parts Correfpó- 
dent:So , as, the Heauenly Globe;ti3y (in pra&tife).be duely defcribed vpon the 
Geographical , and Hydrographicall Globe. * And there, for vsto confideran 
Figquinoftiall Circle , an Ecliptike line , Colures, Poles, Sterresin their true Longitudes, 
Latitudes,Declinations,and Verticalitic-alfo Climes,and Parallels:and by an Hoe 
rizonannexed,and revolution of thecarthly Globe(as the Heauen, is, by the Pri- 
savnant,caried about in 24.2quall Houres) to learn the Rifinges and Settinges of 
Sterres (of Yirgill in his — of Hefrod:of Hippocrates in his Medicinal Sphare, to 
Perdicca King of the Macedonians: of Diocles,to King Antigonus , and of other fa- 
mous Philofophers prefcribed)a thing neceffary, for due manuring ofthe earth, for 
Nanigation, for the'Altcration of mans body:being,whole,Sicke,wounded,or bru- 
fed. By the Reuolution , alfo , or mouing ofthe Globe Cofmographicall, the 
Rifing and Setting of the Sorine: the Lengthes,of dayes and nightes : the Houres 
and times (both nighrand day Jare knowne:: with very many other pleafantand 
neceflary vices.» Wherof, fome are knownc:but better remaine,for fich to know 


and vfe:who of a fparke oftrue fire,can make a wondetfull bonfire; by applying of 
duematter,duely. 


Of Aftr ologie, hete I make an Arte, feuetall from Aſtronomie not 
by new deuife, but by good reafon and authoritie : for, Aftrologie,is an Arte 
Mathematicall , which reafonably demonftratcth che operations 
and effectes, of the naturall beames, of light, and fecrete influence: 
of theSterres and Planets :. in euery element and elemental! body: 

b.iii- at 
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atalltimes , in any Horizonaffigned. This Arteisfurnithed with ma- 
ny othergreat Artes and experiences: As with perfe&e Perffecfiue, Alironomic, 
Cofmographie, Natural Philofophie of che 4.Elementes,the Arte of Graduation,and 
fome good vnderftading in CMwfike : and yet moreouer, with an other great Arte, 
hereafter following, though I, here, fet this. before, for fome confiderations me 
mouing. Sufficient ( youfee ) is the ftuffe, to make this rareand fecrete Arte,of: 
and hard enough to frame to the Conclufion Syllogifticall . Yet both the mani- 
folde and contunuall trauailes ofthe moft auncient and wife Philofophers,for the 
atteyning of this Arte : and by examples of effectes , to confirme the fame : hath 
left vnto vs fufficient proufe and witneffe - and we,alfo,daily may perceaue, That 
mans body, and all other Elementall bodies, are altered, difpofed, ordred, pleafu- 
red, and difpleafured, by the Influentiall working of the Sunne, Mone,and the other 
Starres and Planets . And therfote,fayth Ariffotle, in the firft of his Metcorologicall 
bookes, in thefecond Chapter: E/f autem neceffario Mundus tite, fuperzis latronibus 
forè continuus: Vt, inde, vis eins vniutr(a vegatur . Ea fiquidem Caufa rima putanda 
omuibus efl, undesmotus principium existit. Thatis : TF bis (elemental) World iso 
necefSitte, almoft, next adioyning,to the heauenly motions : T hat,from thence, 
all bis vertue or force may be gouerned. For that is to be thought the firft Canfe 
Ynto all: from which, the beginning of motion,is. And againe,in the tenth 
Chapter. Oportet igitur (j horum principia fumarans , G caufas omnium fimiliter. 
Principium igitur vt PENA CO emniu primum , Circalus tlle cft,in quo 
manifefte Solis latio, Gre. And{o forth. His Meteorolozicall bookes, are full of argu- 
mentes, and effectual demonttrations,of the vertue, operation, and power of the 
heauenly bodies, in and vpon the fower Elementes, and other bodies,of them 
(either perfealy,or vhperály ) compofed. And in his fecond booke, De Genera- 
viome Cr Corvuptione’,in thetenth Chapter. |Quocirga e prima latio, Ortus gy Interi- 
tus caufa non eft: Sed obliqui Circuli latio : ea namg, Cy continua efl, cy duobus motibus fit: 
In Englifhe,thus. Wherefore the bppermost motion , is not tbe caufe of Genes 
ration and Corruption, but the motion of the Z odiake : for , tbat , botb,, is cone 
tinuall ,and.is caufed of two mouinges. And in his fecond booke,and fecond 
Chapter-ofhys Phy/ikes. Homo namá, generat hominem, atg, Sol. For Man( fayth he) 


and the Sonne; are caufe of mans generation. Authorities may be brought, 
very many : both of 1000.2000.yea and 3000. yeares Ántiquitie : of great Philo- 
Sophers, Expert, Wife, and godly men, for that Conclufion: which,daily and hourc- 
Ty, we irién may difcerne and perceaue by fenfe andrcafon : All beaftes do feele, 
and fimply thew, by their actions and paffions, outward and inward: All Plants, 
Herbes, Trees, Flowers, and Fruites . And finally, the Elementes,and all hinges 
‘ofthe Elementes compofed, do geue Teftimonie (as Ariffotle fayd ) that theyr 
Whole Difpofitions, vertues, and naturall motions, depend of the A€tinitie of 
__ the heavenly motions and Influences. Whereby, befide the fpecificall order and 

«forme due tb cuery feede: and befide the Nature, propre to the Indiuiduall Mae 
trix, of the thing produced : What fhall be the heauenly Impre/Sion., the perfe 
and circum|pelte AStrologien hath to Conclude. Not onely (by Apotelefmes) rà iri, 
"batby Natürall and. Mathemnaticall demonftration à /iér.— Whercunto ; what 
Sciences are réquifite ( without exception ) I pardy haue here warned: Ánd in my 
Propedesmes ( befides other matter there difclofed ) [haue Mathematically furni- 
fhed vp the whole Method : To this our age,not fo carefully handled by any, that 


Cuer 
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cuerIfaw,orheard of. I was, (for " az.yeares ago) by certaine earneft difputati- * 4555.1 s 48 
ons,ofthe Learned Gerardus Mercator ànd MntoninsGogana, (and other, ) therto fo. and 1549.5 
prouoked:and(by my coüftantand inuincible zeale to the veritic)in obferuatións Lez. 
of Heauenly Inflencies¢to the Minute of time, )than,fo diligent: And chiefly by 

the Supernaturall influence,from the Starre of Iacob,(o directed: That any Modeft 

and Sober Siudent,carefully and diligently feking forthe Truth, will both finde 

& céfeffe, therin,to be the Veritie,of thefe my wordes: And alfo become a Reafo- 

nable Retoriner, of three Sortes ofpeople: about thefe Influentiall Operations, 

greatly errio from the trutn. Wherof, che one ,is Light Beleuers,the other, — Nore. 
Light De pil ers and the third Light Practifers. — Thefirft, & mo(t cómon 

Sort, thinke" the Heauen and Sterres,to be anfwerable to any their doutes orde- . i. 
fires: which is not fo:and,in dede,they,to much,ouerreache. The Second forte 

thinke no Influential vertue ( fró the hcauenly bodies ) to beareany Swayin Ge- — 2. 
ncration and Corruption, in this Elementall world. And to the Suane , Mone and 
Sterres(being fo many,fo pure,fo bright , fo wonderfull bigge , fo farrcin diftance, 

fo manifold in their motions , fo conftant in their periodes . &c .) they affignea 
flcight,fimple office or two, and fo allow vnto thé(according to their capscities as 

much vertue,and power Influentiall,as co the Signe of the Swnne, Mone, and feuen 

Srerrcs, hanged vp (for Signes )in London, for diftinétion of houfes , & fuch grofle 
helpes,in our wordly affaires: And they vnderftand not(or will aot vnderftand) of 

the other workinges,and vertues af the Heauenly Sunne, Mone, and Sterres : not fo 
much,as the Mariner,or Hufband man : no, not fo much,as the Elephant doth, as 

the Cynocephalus , as the Porpentine doth : nor will allow thefe perfect , and incor- 
ruptible mighty bodies, fo much vertuall Radiation, & Force , as they {ee ina litle 

peece of a Magnes ftone:which, at great diftance,fheweth his operation. And per- 
chaunce they thinke,the Sea & Rivers (as the Thames ) to be fome quicke thing, 

and fo to ebbe,and flow, run in and out, of, then felues,at their owne- fantafies. 
Godhelpe,Godhelpe. Surely,thefe men,come to fhort : and cither arc to dull; 

or willfully blind:or,perhaps,to malicious .' The third man, is the common and 

vulgare Affrolugien,or Practifer: who, being not duely artificially and perfe@ly — 3. 
furnithed:yet,either for vaine glory,or gayne: orlikeafimple dolt, & blinde Bay- 

ard; borb-in matter and mancr,erreth:to the difcredit of the Wary , and modelt 4- 
Sirologien:and to the robbing of thofe moft noble corporall Creatures,of their Na- 

tural Vereue:being moft mighty : moft beneficiall to all elemenrall Generation, 
Corruptiorfand the appartenances : and moft Harinonious in their Monarchie: 

For which thinges,being knowen,and modeftly vfed: we might highly,and conti- 

nually glorifie God,with the princely Prophet, faying. 7 he Heanens declare 


the Glorie of God: who made the Heau£s in bis wifedome: bo made tbe Sonne, 
for to hane dominion ofthe day : the Mone and Sterres to haue dominion ofthe 
nyght: whereby, Day today vttereth talke: and night ,to night declareth knows 
ledge.Prayfe him,allye Sterres and Light. Amen. 
JN order, now foloweth , of. Statike ,fomewhat to fay, what we meane by 
that name:and what commodity,doth,on fuch Art, depend. Statike ,is an 
Arte Mathematicall; which demonftrateth the caufes of heauynes, 
and lightnes of all thynges : and of motions and properties , to hea- 
uynes and lightnes belonging. And for afmuchas, by the Bilanx , or Ba- 
lance(as the chief(enfible Inftrument, ) — of theſe demonſtrations may 
„iiij. be 
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bc had:we call this Art,Syatihe-thatis,the Experimentes of the Balance.Oh, thatmen 
wit, what proffit, (all maner of wayes)by this Arte might grow, to the hable exa- 
» miner,and diligent practifer. Thou onely,knowelt all thinges precifely (O God) 
» who halt made weight and Balance,thy Iudgement:. who hatt created all thinges 
o> in Number, Waight, and Meafure:and haft wayed the mountaines and hils in a Ba- 
> lance:who halt peyfedin thy hand , both Heauenand earth. We therfore war- 
» ned by the Sacred word,to Confider thy Creatures:and by that con(ideration, to 
>» wynne a glyms (as it were, ) or faddow of perceiuerance , that. thy wifedome, 
_ » might, and goodnes is infinite,and yn{peakable,in thy Creatures declared: And 
»» being farder aduertied ,by thy mercifull goodnes , that three principal[ wayes, 
_ » wereofthe,vfed in Creation ofall thy Creatutes, namely , Number, Waight and 
` » Meafare, And foras much as,of Number and Meafure,thé two Artes(auncient, fa- 
>» mous,and to humaine vfes moft neceflary, ) are, all ready, fufficiently knowen and 
` » extant; This thirdkey , we befeche thee (through thy accuftomed goodnes,) 
» thatit nay come to the nedefull and fufficicnt knowledge,offuch thy Serüauntes, 
> asin thy workemanthip,, would gladly finde;thy true‘occafions (purpofely of the 
» vfed) wherebywe fhould glorific thy name,and fhew forth (to the weaklinges in 
» faith) thy wondrous wifedomc and Goodnes. ` Amen. 
Mernaile nothing at this pang (gadly fread,you Geride and zelous Student.) 
An other day, perchaunce¢,you will perceiue, what occafion moucd me. Here, as 
now,] will giue you fome ground , and withallfome fhew , of certaine commodi- 
ties, by this Arte arifing. And bycaufethis Arte is rare , my wordes and practifes 
might be to darke : vnleaft you had fome light,holden before the matter:and that, 
beft will be,in giuing you,out of Archimedes demonftrations,a few ptincipal Con- 
clufions;asfoloweth. . I y 5 ` 


v» 


~ 


vs 


(dee mE 
"TheSuperficies of euery Liquor, by icfelfe confiftyng , and in 

quyet, is Spharicall : the centre whereof , is the fame , whichis the 

centre of the Earth. 

2. 


If Solide Magnitudes, being of the fame bignes, or quátitie, that 
any Liquor is,and hauyng alfo the fame Waight : be let downein- 
tothe ae Liquor, they will fetcle downeward,fo,that no parce of 
them, fhall be aboue the Superficies of the Liquor : and yet neuer- 
theles they will not finke vecterly downe,or drowne. 


3- 

Ifany Solide Magnitude beyng Lighter then a Liquor , be let 

downe into the (ame Liquor , it will fettle downe,fo farre into the 

fame Liquor,that fo great a quantitie of that Liquor, as is the parte 

of the Solid Magnitude, fettled downe into the fame Liquor : is in 
Waight,zquall,to the waight of the whole Solid Magnitude. 


4 
Any Solide Magnitude , Lighter then a Liquor , forced downe 
into 
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into the fame Liquor , will moue vpward , with fo great a powet, 
by how much , the Liquor hauyng aquall quantitie to the whole 
Magnitude, is heauyer then the {ame Magnitude. 


$. Pe A M 

Any Solid Magnitude,heauyer then a Liquor,beyng let do wne 
into the fame Liquor, will finke downe vttedy : And wilbein that 
Liquor , Lighter by fo much , asis the waight or heauynes of the 
Liquor, hauing bygnes or quantitie,zquall to the Solid Magnitude. 


— | 
Ifany Solide Magnitude , Lighter then a Liquor , belet downe 


into the fame Liquor , the waight of the fame Magnitude,will be, 
to the Waight of the Liquor. ( Which is eq uall in quantitie to the 
whoie Magnicude,)in that proportion , thac the parte , of the Mag- 
nitude fettled downe,is to the whole Magnitude. 


BY thefe verities , great Errors may be reformed, in Opinion of the Naturall 

Motion of thinges, Light and Heauy.Which errors,are in Naturall Philofophie 
(almoft ) of all mé allowed:to much trulting to Authority-and falfe Suppofitions. 
As,Of any two bodyes, the heauyer, to moue downward fafter then 
the ligh ter, Thiserrorjs notfirítby nie Noted: butby one Jobs Baptist de Be- 
nedicia. Thechief of his propofitions,is this: which feemeth a Paradox. 

If there be two bodyes of one forme, and of one kynde, xquall in 
quantitie or vnzquall , they will moue by zquall fpace, in zquall 


tyme:So that both theyr mouynges be in ayre , or both in water : or 
in any one Middle. 


Hereupon , in thefeate of Gunnyng cerai- e good difcourfes ( otherwife) 
may receiue great amendement,ind furderance. — In the entended purpoft , alfo, 
allowing fomwhatto the imperfection of Nature : notaunfwerable to tlie preci- 
fenes ot demonttration.  Morcouer,by the forefaid propofitions ( wifely vfed.) 
The Ayre, the water,the Earth, the Fire, may be nerely,knowen,how light or hea- 
uv th: y arc (Naturally ) in their afigned partes: orinthewhole. And then,to 
thinges Elementall, turning your practife: you may deale for the proportion of the 
Elementes ,inthe thinges Compounded. Then, to the proportions of the Hu- 
mours in Man: their waightes: and the waight ofhis bones,and Ach. &c, Than, 
by waight,to haue confideration ofthe Force of man,any maner of wav: in whole 
orin part. Then,may you, of Ships water drawing , diucrfly,in the Sea and in freth 
water, haue pleafant confideration - and of waying vp of any thing , fonken in Sea 
orin freth water &c. And (toliftvp your head a loft: ) by waight,you may, as 
precifely,as by any inftrumencels,meafure the Diameters of Sonne and Mone gre, 
Frende, I pray you , way thefe thinges,wich the iuft Balance of Reafon. And you 
will inde Meruailes vpon Meruailes: And efteme one Drop of Truth ( yea in 
Naturall Ph ilofophic) more worth, then whole Libraries of Opinions, vndemon- 
ftrated:or not aunfwering to Natures Law,and your experience. Leauing thefe 


cJ. thinges, 


nD. 

The Cutting ej 4 
Sphare accordii. ta 
any proportion af- 
ficned „may by thit 
propefition be dne. 
Mechanically 
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wor te a certayne 
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A common 
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thinges,thus:I will giue you two or three, light practifes, to great purpofe : and fo 
finifh my Annotation Staticall. In Mathematical matters , by the Mechaniciens 
ayde , we will behold, here, the Commodity ofwaight. Make a Cube,of any 


Tp one Vniforme : and through like heauy ftuffe: ofthe fame Stuffe,make a Sphere 
"i ow the pro- or Globe,precifely,of a Diameter zquall to che Radicall fide of the Cube. Your 


portion, be- ftuffe,may be wood, Copper, Tinne, Lead,Siluer.&c. (being,as I fayd,of like na- 
twenethe ture , condition, and like waight throughout.) And you may, by Say Balance, 
Cube, and the. haue prepared a great number of the fmalleft waightes : which, by thofe Balance 
Sphare can be difcerned or tryed-and fo,haue proceded to make you a perfcét Pyle, com- 
pany & Number of waightes: to the waight offix,cight,or twclue pound waight: 
mott diligently tryed,all.And ofeuery one , the Contentknowen, in your leat 
waight,thatis wayable. (They that can not haue thefe waightes of preciftnes: 
may,by Sand, Vniforme,and well dufted,makc them a number of waightes,fome- 
what nere precifenes : by halfing euer the Sand : they fhall , at length, come toa 
leaft common waight. Therein, I leaue the farder matter,to their dilcretion,wlioin 
nedefhall pinche. — The Venetians con(ideration of waight , may feme precile 
1.D. enough:by eight defcentes progrefsionall,* halfing , froma grayne. Your Cube, 
*For, fo, bane Sphxre,apt Balance,and conuenient waightes, being ready -fall to worke. x. Firſt, 
Jet 255. way your Cube.Note the Number ofthe waight. Way,after that, your Sphere. 
KS ^* — Notelikewife;the Nüberofthe waight.If you now Énd the waight of your Cube, 
S to be to the waight of the Sphere,as 21. is to 11: Then you fee, how the Mechani- 
cien and Experimenter , without Geometrie and Demonftration, are (as nerely in 
effect)tought the proportion of the Cube to the Sphere : as I haue demonftrated 
it,in the end of the ewelfth boke of Euclde. Often, try with the fame Cube and 
Sphere. Then,chaunge,your Sphxre and Cube,to an other matter: or to an other 
bignes : till you haue made a perfect vniuerfall Experience ofit. Pofsible itis, 

that you shall wynne to nerer termes,in the proportion, 

When you haue found this one certaine Drop of Naturall veritie,procede on, 
to Inferre,and duely to make affay,of matter depending. As, bycaufe it is well de- 
monftrated , that a Cylinder, whofe heith , and Diameter of his bafe,is equall co 
the Diameter of the Sphare , is Sefquialter to the fame Sphere (thatis,as 3. to 2:) 
To the number of the waight of the Sphzre,adde halfe fo much,as it is : andfo 
haue you the number of the waight ofthat Cylinder. Which is alfo Compre- 
hended of our former Cube:So,that the bafe of that Cylinder, isa Circle defcri- 
bed in the Square , which is the bafe of our Cube. Butthe Cube and the Cy- 
linder,being both of one heith , haue their Bafes in the fame proportion , in the 
which,they are, one to an other, in their Malsines orSoliditie. But,before,we 
haue two numbers, exprefsing their Mafsines , Solidities , and Quantities , by 

>The weponion of waight: wherfore,we haue * the proportion of the Square,to the Circle, infcribed 
Crlemjinted, in thefame Square. And fo are wefallen into the knowledge fenfible, and Expe- 
rimentall of C¢rchimsedes great Secret: of him, by great trauaile of minde , fought 
eTeSpas; f  andfound. Wherfore,to any Circle giuen, youcan giue a Square zquall : * as 
peg T haue taught,in ny Annotation,vpon the firit propolition of the twelfth boke, 
*TeaySque — And likewife,to any Square giuen,you may giue a Circle equal: *If you defcribe 
CUu a Circle,which fhall be in that proportion, to your Circle inícribed, as the Square 
is to the fame Circle-This,you may do,by my Annotations, vpon the fecond pro- 
pofition of the twelfth boke of Euciide , in my third Probleme there, Your dili- 
gence may come toa proportion,of the Square to the Circle infcribed , nerer the 
truth;then is thc proportion of 14.to 11... And confider, thatyou may begyn at 
the Circleand Square, andfo come to conclude of the Sphere,& the C p 
i their 
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their proportion is:as now , youcame from the Spharre to the Circle. For,of Sile 

uer,or Gold,or Latton Lamyns or plates(thorough one hole drawé,as the manet 

is)it you make a Square figure: & way it:and then, defcribing theron, the Circle in . 

feribed: & cut of, & file away, precifely (to the Circle) the oucrplus of the Square: 

you fhall then,waying your Circle, fee, whether the waighe of the Square , be to 

your Circle , as 14. to 11. AsI haue Noted, in the beginning of Euclides ovclfth 
boke.&c.afterthis refort to my laft propofition,vpon the lalt ofthe twelfth. And 

there,helpe your felfe,to the end. And, here, Note this, by the:way . That we Note 
may Square the Circle , without hauing knowledge of the proportion,of the Cir- oe E of 
cumference to the Diameter: as you haue here perceiued. And otherwayes — * 
alfo, I can demonftrate it.So that,many haue cumberd them felues luperfluoully, |. ofthe 
by trauailing in that point firft , which was not of necefsitie,firft : and alfo very in- proportion be- 
tricate. And eafily,you may, (and that diuerfly) come to the knowledge of the weze Cir- 
Circumfcrence:the Circles Quantitic , being firft knowen. Which thing,Ileaue cuwference 

to your confideration:making haft to defpatch an other Magi(trall Probleme: and 474 Diame- 
to bring it,nerer to your knowledge,and readier dealing with,then the world(be- “> A 
fore this day,)had it for you;thae I can tell of-And thatis, 4 Mechanicall Dubblyng ^ 
of the Cube:@rc. Which may, thus,be done: Make of Copper plates or Fyn. Te Dubble 


< . à . : : Ci » 
piates,a fouríquare vpright Pyramis,or a Cone: perfectly fafhioned lis by 


in the holow,within . Wherin, lecgreat diligence be vfed , to ap- Afechanicall: 
proche (as nere as may be) to the Mathematical perfection of thofe depending vp=`: 


: f on Demon- =" 
figures.. Art their bafes,let them be all open:euery where, els, moft aration Må- 


clofe,and tuft to. From the vertex, to the Circumference of the bafe tbematical. 
of che Cone: & to the fides of the bafe of the Pyramis :Let 4.ftraight 


lines be drawen, in the infide of the Cone and Pyramis : makyng at These et 
their fall,on the perimeters of the bafes , equall angles on both fides Ver Toit 


them felues „with the fayd perimeters. Thefe 4.lines ( in chePyra- — 
mis: and as many, in the Cone) diuide: one, in 12. æquall partes: and 

an other, in 24. an other, in 60, and an other, in 100. (reckenyng vp 

from the vertex.) Orvfe other numbers of diuifion , as experience 

fhall teach you. Then,* fet your Cone or Pyramis, with the vertex —— 
downward , perpendicularly , in refpeét of the Bale.(Though it be —— 


Situations bein al 


otherwayes,it hindreth nothyng.) So lee thé moft ftedily be ftayed. PM 

Now, ifthere be a Cube, which yqu wold haue Dubbled.Make youa prety Cube «city are 

of Copper, Siluer, Lead, Tynne, Wood, Stone, or Bone. Or els make a hollow jamami 

Cube,or Cubik coffen, of Copper, Siluer, Fynne,or Wood &c. Thefe,you may 

fo proportió in refpc& ofyour Pyramis or Cone, that the Pyramis or Cone, will 

be hable to conteine the waight of them, in water, 3. or 4. times:atthe leaft: what 

ftufffo cuer they be made of,Lct not yout Solid angle , at the vertex,be to fharpe: 

buc that the water may come with eafe,to the very vertex,of your hollow Cone or 

Pyramis.Put one of your Solid Cubes in a Balance apt: take the waighttherof ex- ÉD: 

actly in water. Powre that water, (without loffe ) into the hollow Pyramis or *% sia mt wee 

Cone,quietly; Marke in your lines, what numbers the water Cutteth: Take the terrayehar and 
| waight ofthe fame Cube againe : in the fame kinde of water , which you had be- 7» vecl 

fore : putthat "alfo, into die Pyramis or Cone,where you did put the firſt. Marke 77" 


Miti: [ er Core. EU yon 
Dow againe, in what number or place ofthe lines, the water Cutteth them. Two "/«- 


cij. wayes 
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vayes you may conclude your purpoſe: it is to wete, either by numbers or lines. 
By numbcrs : as,if you diuide the fide of your. Fundamental! Cube into fo 
many æquall partes, asit is capable of, conueniently, with your eafe, and pre- 
cifenes of thediuifion , For, as the number ofyour firit and leffe line (in your: 
hollow Pyramis or. Cone,) is to the fecond or greater (both being counted 
from the vertex ) fo fhall the number of the fide of your Fundamentall Cube, 
beto the nüber belonging to the Radical fide,of the Cube,dubble to your Fun- 
damentall Cube: Which being multiplied Cubik wife,will fone thew it felfe,whe- 
ther itbe dubble or no , to the Cubik number of your Fundamentall Cube. By 
lines,thus; As your leffe and firft line,(in your hollow Pyramis or Cone,)is to the 
fecond or greater, fo let the Radical fide of your Fundamétall Cube,be to a fourth 
proportionallline , by the 1 . propofition,of the fixth boke of Euclide . Which 
fourth line, fhall be the Rote Cubikor Radicall fide of che Cube, dubble ro your 
Fundamental Cube : which is the thing we defired. For this,may I ( with ioy) 
fay,£YPHKA, EYPHKA, EYPHKA: thanking the holy and glorious Trinity : hauing 
greatcrcaufetherto , then* Archimedes had — the fraude vſed in the 
Kinges Crowne, of Gold):as all men may eafily Iudge : by the diuerfitie ofthe 
frute following ofthe one,and the other. Whcre I {pake before, ofa hollow Cu- 
bik Coffen-the like vfe,is of it:and without waight. Thus. Fill it with water, preci- 
{ely full,and poure that water into your Pyramis or Cone. And here note the lines 
cutting in your Pyramis or Cone. Againe,fill your coffen,like as you did before. 
Put that Water,alfo,to the firt. Marke the fecond cutting ofyour lines. Now, 
as you proceded before, fo muft you here procede .* And ifthe Cube,which you 
fhould Double, be neuer fo great: you hauc, thus, che proportion (in finall ) be- 
twene your two litle Cubes: And then,the fide, of that great Cube(to be doubled) 
being the third , will haue the fourth, found, to it proportional : by the 12.0f the 
fixth of Euclide. 7 
Note,that all this while,I forget not my firt Propohition Staticall here rehear- 
fed: thar, the Superficies of the water,is Sphencall. Whcrein,vfeyour difcretion: 
to the firft line adding a fall heare breadth,more:and to the fecond,halfea heare 
breadth more,to his length. For,you will eafily perceaue, that the difference can 
benogreatet, inany Pyramis or Cone , of you to be handled. Which you hall 
thus trye . For finding the fmelling of the water aboue lenell / Square-ttie Semidiame- 
ter, from the Centre ofthe earth,to your firt. Waters Superficies. ‘Square then, 
halfe the Subtendent ofthat watry Superficies ( which Subtendentmuft haue the 
equall partes of his meafure, all one, with thofe ofthe Semidiameter of the earth 
to your watry Superficies ) : Subuacte this fquare,from the firit : Ofthe refidue, 
take the Rote Square. That Rote,Subrraéte froin your firft Semidiameter of the 
earth ro your watry Superficies : that, which remaineth, is the heith of the water, 
in the middle, aboue the leuell. Which,you will finde, to be athing infenfible, 
And though it were greatly fenfible,” yet, by helpe of my fixt Theoreme vpon the 
lait Propofition of Euclides twelfth booke, noted : you may reduce all,to atrue 
Leuell . But, farther diligence,of you is to be vfed,againft accidentall caufes of the 
waters fivelling:as by haning(fomwhat)with a moyft Sponge,before,made moyft 
your hollow Pyramis or Cone, will preuent an accidentall caufe of pulling: &c. 
Experience will teach you abundantly : with great eafe, pleafure,and cémoditic. 
Thus, nay you Double the Cube Mechanically, Treble it, and fo forth, in any 
proportion. Now willI Abridge your paine, coft, and Care herein. Without all 
preparing ofyour Fundamentall Cubes : you may (alike) worke this Conclufion. 
For,that,was rather a kinde of Experimental demftration, then the fhorteft e 
an 
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andall, vpon one Mathematicall Demonftration depending . Take water (as » 
much as conueniendy will (erue your turne : as I warned before of your Funda- » 
mentall Cubes bignes ) Way it precifely . Put that water, into your Pyramis or » 
Cone. Ofthe fame kinde of water, then take againc, the fame waight you had » 
before : put that likewife into the Pyramis or Cone. For, in eche time, your mar- » 
king of the lines, how the Water doth cuc them, fhall geue you the proportion be- » 
twen the Radical fides,ofany two Cubes,wherof the one is Doubleto the other: 9 
working as before I haue taught you: *fauing that for you Fundamentall Cubehis Note.” £) 
Radicall fide: here,you may take a right line, at pleafure. 

Yetfarther proceding with our droppe of Naturall truth : you may (now) Togiue Cubes 


geue Cubes,one to the other, in any proportio geué: Racionall or ir- gi din 
rational] : on this maner.Makea hollow Parallelipipedon of Copper or Tinnc: ee 
with one Bafe wating, or open:as in our Cubike Coffen. Fré the botrome of that Ratsnall or 
Parallelipipedon,raife vp,many perpendiculars,in euery of his fower fides. Now if /rarsenall. 
any proportion be affigned you, in right lines: Cut one of your perpendicuiars(or 
aline equall to it, or leffe then it ) likewife: by the 10.0f the fixth of Euclide. And ,,_ 
thofe two partes, fet in two fundry lines of thofe perpendiculars ( or you may fet ,, 
them both, in one line ) making their beginninges,to be, atthe bafe : and fo.their 
lengthes to extend vpward . Now, fet your hollow Parallelipipedon, vpright, 
erpendicularly,fteadie. Poure in water, handíomly, to the heith of your fhorter_,, 
fine . Poure that water, into the hollow Pyramis or Cone. Marke the place of ,, 
therifing. Settleyour hollow Parallelipipedonagaine . Poure water into it: ,, 
vnto the heith of thefecondline , exactly . Poure that water * duely into the ,, * Empty- 
hollow Pyramis or Cone : Marke now againe, where the water cutteth the fame ,, ing the 
line which you markedbefore. For, there, as the firt marked line, is to thefe- ,, fif. 
cond : So fhall the two Radicall fides be, one to the other, ofany two Cubes: 
which, in their Soliditie, fhall haue the fame proportion, which was at the firft al- 
figned : were it Rationall or Irrationall . 

Thus,in fundry waies you may furnifhe your felfe with fuch ftraunge and pro- 
fitable matter:which,long hath bene withed for. And though it be Naturally done 
and Mechanically : yer hath ita good Demonftration Mathematicall . Which is 7% 4epenfratien, 
this :Alwaies ,you haue two Like Pyramids : or two Like Cones, in the proporti- #¢Cubesand the 
ons alfigned ; and like Pyramids or Cones,are in proportion,one to the other, in ^ 
the proportion of their Homologall fides (or lines) tripled. Wherefore, ifto the 
firit, and fecond Lines, found in your hollow Pyramis or Cone, you ioyne a third 
anda fourth, in continual! propértion : that fourth line, fhall be to thc firft, as the 
greater Pyramis or Cone, is to theleffe : by the 33.of the eleuenth ofEuclide . If 
Pyramis to Pyramis, or Cone to Cone, be double, then fhall* Lineto Line, be ,, ^.^: 
alfo double, &c. But,as our firlt line, is to the fecond,fo is the Radicall fide of our Pluk ine 
Fundamentall Cube,to the Radicall fide of the Cube to be made, or to be dou- 7, ret 


fo confider how, ne 
bled : and thcrefore,to thofe twaine alfo, a third and a fourth line , in continuall thea 
proportion, ioyned : will geue the fourth line in that proportion to the firlt,as our "6 Cmesvies ^ 
fourth Pyramidall, or Conike line, was to his firft: but that was double, or tre- — 
ble, &c. as the Pyramids or Cones were, one to an other (as we haue proued) ther- 
fore, this fourth, ſhalbe alſo double or treble to the firſt, as the Ppramids or Cones 
were onc co an other: But our made Cube,is defcribed of the — in proporti- 
on,ofthe fower proportionalllines : therfore* as the fourth line,is to the firlt, [0 *8y rbe s.0fthe ee 
is that Cube,to the firft Cube : and we haue proued the fourth line, tobe to the uum “Y 
firft, as the Pyramis or Cone, is to thePyramis or Cone : Wherefore the Cube is 
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to the Cube,as Pyramis is to Pyramis, or Cone isto Cone. But we* Suppofe Py- 
ramis to Pyramis,or Cone to Cone, to be double or treble.&c. Therfore Cube,is 
to Cube,double,or treble,&c. Which was to be demonftrated.And of the Paralle- 
4 lipiped6,icis evidér , that the water Solide Parallelipipedons,are one to the other, 


resfin fjor whole as their heithes are,feing they haue one bafe . Wherfore the P yramids or Cones, 


dunt. 


* Note this 
Corollary, 


*The great 


Commodities 


following of 
thefe new In- 


wentiont. 


G* 


Sach isthe 
‘Fruite of the 


made of thofe water Parallelipipedons,are one to the other,as thc lines are(one to 
the other) betwene which, our proportion was afligned . But the Cubes made of 
lines, after the proportié of the Pyramidal or Conik Aomologall lines,are one to the 
other,as the Pyramides or Cones are , one to the other ( as we before did prouc) 
therfore,the Cubes made, fhalbe one to the other,as the lines afigned,are oné to 
the other: Which was to be demonftrated. Note. * This,my Demonftratió is more 
generall,then onely in Square Pyramis or Cone: Confider well. Thus, haue I, 
both Mathematically and Mechanically,ben very long in wordes:yet (Ttruft)no- 
thing tedious to them,who, to thefe chinges , are well affe&ed. And verily I am 
forced (auoiding prolixitie)to omit fundry fuch things,eafie to be practifed: which 
to the Mathematicien,would bea great Threafure : and to the Mechanicien,no 
finall gaine.*Now may you, Betwene two lines giuen finde two middle 
proportionals,in Continuall proportian.: by the hollow Paralleli- 
pipedon, and the hollow Pyramis, or Cone. Now,any Parallelipipedon 
rectangle being giuen:thre right lines may be found,proportionall in-any proper- 
tion afigned,of which, fhal be produced a Parillelipipedon, zquall-to the Paralle- 
lipipedon giuen.Hereof,I noted fomwhat,vpon the 36.propofition,of the ri.boke 
of Euclide. Now,all thofe thinges,which Vitruuins in-his Archite&ure;fpccified 
hable to be done, by dubbling of the Cube-Or, by finding oftwosmiddle propor- 
tionall lines, betwene two lines giuen,may gafely be performed... Now, thatPro- 
bleme, which I noted vnto you,in the end of my Addition, vpoa-the-34.0fthe 11. 
boke of Euclide, is proued pofsible. Now, may.any regülarbody,;be'Tranflormed 
into an other,&c. Now, any regular body:any Sphere, yea any Mixt Solid : and 
(that more is) Irregular Solides, may be made(inany proportié affigned)like vnto 
the body, firltgiuen. Thus,ofa Manneken, (as the Dutch Painters terme it)in the 
famė Symmetrie , may a Giantbe made: and that,wieh any gefture,by the Manne- 
ken vied: and contrary wife.Now, may you , ofany Mould, or Modell ofa Ship, 
make one,of the fame Mould (in any affigned proportion) biggerorleffer. Now, 
may you,of any" Gunne;or little peece of ordinaüceymake an other, with the fame 
Symmetrie (inall pointes) as great,andas little,as you will,Marke that:and thinke 
onit. Infinitely, may you apply this, fo long fought for,and now fo 
eafily concluded : and withall,fo willingly and frankly communi- 


cated to fuch, as faithfully deale with vertuous ftudies. Thus,can the 
Mathematicall minde,deale Speculatiucly in his own Arte: and by good meanes, 


Mathemati- Mount aboue the cloudes and fterres : And thirdly,he can, by order,Defcend,to 


call Sciences 
and Artes, 


frame Naturall thinges, to wonderfull vfes:and when he lift, retire home into his 
owne Centre: and there,prepare more Meanes,to Afcend or Defcend by : and, 
all,to the glory of God , and our honeft delectation in earth. 

Although, the Printer , hath looked for this Præface,a day or two , yet could I 
notbring my pen from the paper , beforeIhad giuen you comfortable warning, 
and briefinftru&tions,of lome ofthe Commodities,by Statike,hable to be reaped: 
In the reft,I will therfore,be as brief,as it is pofsible-and with all,defcribing them, 
fomwhataccordingly. And that,you fhall perceiue,by this, which in order com- 

meth 
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meth next. For,wheras, it is fo ample and wonderfull, that,an whole yeare lon £ 
one might finde fruitfull matcer therin,to {peake of:and alfo in prattife,is a Threa- 
fure endeles:yet will I glanfe ouer it, with wordes very few. 


THis do call An thropographie. Which isan Artreftored , and of 
my preferment to your Seruice. I pray you, thinke of it , as of one ofthe chief 
pointes, of Humane knowledge. Although itbe,but now, firlt Cofirmed, with this 
new name : yetthe matter, hath from the beginning, ben in confideration of all 
perfec Philofophers. Anthropographie,is the de(cription of the Num- 
ber,Meafure, Waight, figure, Situation, and colour of euery diuerfe 
thing,conteyned in the perfe& body of MAN : with certain know- 
ledge of theSymmetrie , figure , waight , Characterization, and due 
locall motion,of any parcell of the fayd body, afsigned: and of Na- 
bers,to che fayd parcell appertainyng. This,is the one part ofthe Defini- 
tion,mete for this place: Sufficient to notifie, the particularitie, and excellency of 
the Arte:and why itis, here, afcribed to the Mathematicals. Yfthe defcription 
of the heauenly part of the world,had a peculicr Art,called Aftronomie : If the de- 
{cription of the earthly Globe, hath his peculier arte,called Geographie. If the Mat- 
ching ofboth, hath his peculicr Arte,called Cofmographie: Which is the Defcriptió 
of the whole,and vniuerfall frame of the world : "Why fhould not the defcription 
of him,who is the Leffe world:and,fró the beginnin g,called Microcoſmus(that is. 
The Lefse World. )And for whofe fake, and feruice,all bodily creatures els, were 
created : Who,alfo, participateth with Spirites,and Angels:and is made to the I- 
mage and fimilitude of God:haue his peculier Artzand be called the Carte of Artes: 
rather, then, either to wanta name,or to haue to bafe and inpropre a name ? You 
mutt of fundry profeffions,borow or challenge home , peculier partes hereof:and 
farder procede: as,God, Nature , Reafon and Experience fhall informe you. The 
Anatomiftes will reftore to you,fome part: The Phyfiognomiftes,fome: The Chy- 
romantiftes fome.The Metapofcopiftes,fome: The excellent, Albert Durer,a good 
part:the Arte of Perfpectiue,will fomwhat,for the Eye,h elpe forward : Pythagoras, 
Hipocrates,Vlato,Galenus, Meletins, 8 many other (in certaine thinges ) willbe Con- 
tributaries. “And farder,the Heauen,the Earth,and all other Creatures,will cche 
fhew,and offer their Harmonious feruice , to fill vp,that,which wanteth hereof: 
and with your own Experience, concluding : you may Methodically regifter the 
whole,for the pofteritie : Whereby, good profe will be had, of our Harmonious, 
and Microcofmicall conftitution. The outward Image,and vew hereof: to the Art 
of Zegraphie and Painting, to Sculpture , and Architecture : (for Church;Houfc, 
Fort,or Ship) ismoft neceffary and profitable : for that, itis the chiefe bafe and 
foundation ofthem . Lookein * Vitruuius, whether I deale fincerely for your 
behoufe, orno. Lookein Albertus Durerus, Dt Symmetria humani Corporis. Looke 
in the 27.and 28. Chapters,of the fecond booke, De occulta Philofophia . Confi- 
der the Arke of Noe. And by that, wade farther. Remember the Delphicall Oracle 
NOSCE TEIPSYM ( Knowe thy felfe ) fo long agoe pronounced:offo 
many a Philofopher repeated : and ofthe Wifeit attempted : And then, you will 
perceaue, how long agoe, you haue bene called to the Schole, where this Arte 
mightbelcamed. Well. 1am nothing affrayde,of the difdayne of fome fuch, as 
thinke Sciences and Artes, to be but Seuen. Perhaps,thofe Such,may,with igno- 
rance, and (hame enough, come fhort of them Seuen alfo : and yet neucrtheleffe 
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they can not prefcribe a certaine number of Artes:and in eche,certaine vnpaffable 
boundes,to God,Naturc,and mans Induftrie. New Artes, dayly rife vp: and there 
was no fick order taken,that, All Artes, fhould in one age,or in one land, or of one 
man,be uiade knowen to the world. Let vs embrace the giftes of God , and wayes 
to wifedome , in this time of grace , from aboue , continually beftowed on them, 
who thankcfully will receiue them: Et bonis Omnia Cooperabuntur in bonum. 


Trochilike, is chat Arc Mathematicallwhich demonftrateth 


the properties of all Circular motions , Simple and Compounde. 
And bycaule the frute hercof,vulgarly receiued,is in Wheles, it hath che name of 
Trochilike: asa man would fay,Whele Art.By this art,a Whele may be geucn which 
fhall moue ones about, in any tyme affgned . Two Wheles may be giuen, 
whofe turnynges about in oncand the fame tyme, (or equall tymes) , fhall hauc, 
one to the other, any proportionappointed. By Wheles, may a. ftraightline be 
defcribed : Likewife,a Spirall linein plaine,Conical! Seétion lines,and other Irre- 
gular lines, at pleafure, may be drawen. Thefe, and fuch like, are principal! Con- 
clufions of this Arte : and helpe forward many pleafant and profitable Mechani- 
callworkes: As Milles,to Saw greataad vcry long Deale bordes , no maa being 
by. Such bauelfcenein Germany : andin the Citie of Prage : in thc kingdome 
of Bohemia : Coyring Milles,Hand Milles for Corne grinding: Andall maner of 
Milles,and Whcle worke: By Winde, Smoke, Water, Waight, Spring, Man or 
Bea(tamoued. — Takein your hand, Agricola Lere Metallica : and then shall you 
(in all Mines) perccaue, how great nede is, of Whele worke.By Wheles,ftraunge 
wotkes and incredible;are done: as willjin other Artes hereafter, appeare. A won- 
derfull example of farther poffibilitie, and prefent commoditie , was fene in my 
time, in acertaine Inftrument:. wbich by the Inuenterand Artificer(before) was 
folde for xx. Talentes of Golde:and then had(by miffortune)receaued fome iniu- 
rie and hurt: And one Janellus of Cremona did mend the fame, and prefented it vn- 
to the Emperour Charles the fifth. Hieronymus Cardanus, can be my witneffe, that 
therein, was one Whele, which moued, and-that,in {uch rate,thar,tn 70c0.yeares 
onely, his owne periode fhould be finilhed A thing almoft incredible : Buthow 
farre,! keepe me within my boundcs: very many men(yetaliue) can tell. 

H elicofophie, is nere Sifterto Tzochilike : and is, An Arte Mathema- 
ticall, which demonftrateth the defigning of all Spirall lines in 
Plaine , on Cylinder , Cone , Sphere , Conoid , and Spharoid, and 
their properties appertayning . The vfe hereof, in Usrchitedture ,and di- 
verfe Inftrumentes and Engines,is moft neceffary. For,in many thinges, the Skrue 
worketh the feate, which. cls,could not be performed . By helpe hereof , itis 
* recorded, that,where all the power of the Citie of Syracufa,was not hable to 
moue acertaine Ship(being on poe) nightie Archimedes, fetting to , his Skruifh 
Engine , caufed Hiero the king , by him fel, ateafe,to remoue her, ashe would. 
Wherar, the King wondring 1 Amo TRUTHS THs MuNpAs.mEP AaVTOS, Aprinnd Myerr TriseuTioy. 
From this day, forward ({aid the King ) Credit ought to be ginen to _Archimedes, what 
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_and as they are ioyned to the Elementes nextthem. This Arte ,to the 
Naturall Philofopher,is very proffitable: to prouc, that acum , or Emptines is not 
inthe world. And that,all Nature, abhorreth it fo much: that, contrary to ordi- 
nary law,the Elementes will moue orftand. As,Water to afcend:rather then be- 
twene him and Ayre,Space or place thould be lett, more then (naturally) that qua- 
titic of Ayre requireth,or can fil, Againe,Water to hang,and not defcend:rather 
then by defcending,to leaue Emptines at his backe . The like;is of Fire and Ayre: 
they will defcend:when, cither, their Cótinuitie fhould be diffolued:or their next 
Elementforced from them. | Andas they will notbe extended,to difcontinuitie: 
So,will they not,nor yce of mans force,can be preft or pentjn fpace , notfüfficient 
andaunfwcrable to their bodily fubftance.Great force and violence will thcy vfe, 
to enioy their uaturall rightand libertie. Hereupon, two or three men together, 
by keping Ayre vnder agreat Cauldron, and forcyng the fame downe, orderly, 
may without harme defcend to the Sea bottome : and continue there a tyme &c. 
Where, Note,how the thicker Element(as the Water)giueth place to the thynner 
(as,is the ayre: and receiucth violence of the thinner,in maner.&c. Pumps and 
all maner of Bellowes, haue their ground of this Art: and many other ftraunge dc- 

^ uifes,As,Hydraulica,Organcs goyng by water. &c.. Of this Feat, (called common- 

ly Paieumatica, ) goodly workes are extant, both in Greke,and Latin. — With old 
and learned Schole menjt is called Scieztia de pleno Qr vacuo, 


Menadrie, is an Arte Mathematicall, which demonftrateth, 
how, aboue Natures vertue and power fimple: Vertue and force 
may be multiplied : and fo, to direct, to lift, co pull to , and to put or 
caft fro , any multiplied or fimple , determined Vertue, Waight or 
Force: naturally ,not,fo , directible or moueable. Very much is this Art 
furdred by other Artes : as, in fome pointes, by Perpectine: in fome, by Statike : in 
fome,by Trochilike:and in other,by-Helicofophie-and-Pneumatithmie. By this Art, 
all Cranes, Gybbettes,& Ingines to lift yp , oro force any thing,any maher way, 
are ordred: and the certaine caufe of their force,is knowne::, -A‘s,the force which 
one man hath with the Duche waghen Racke:therwith,to fct vp agayne,a mighty 
waghentaden,belng ouerthrowne. The force of the Croflebow Racke, is certain- 
ly,here,demonftrated. The reafon, why one m4, doth with 4 leauer,lift that,which 
Sixe men, with their handes onely, could not, fo eafily do. By this Arte,in our 
common Cranesin London , where powreis to Crane vp, the waight of 2000. 
pound:by ewo Wheles more (by good order added ) Arte concludeth, thatthere 
may be Craned vp 200000.pound waight&c.So well knew Archimedes this Atte: 
that he alone,with his deuifes and engynes, (twife or thrife){poyled and difcomfi- 
ted the whole Arny and Hofte of the Romaines, befieging Syracufa, Marcus Mar- 
ellus tbe Conful, being their Generall Capitaine. Such huge Stones, fo many, with 
fuch force , and fo farre, did he with his engynes hayleamong them, out ofthe 
Citie. And by Sea likewife : though their Ships might come ro the walls of Syra- 
«ufa , yet hee vtterly confounded the Romaine Nauye.. What with bis mighty 
Stones hurlyng:what with Pikes of* 18 fote long,made like fhaftes: which he for- 
ced almoft a quarter ofa myle. What, with his catchyng hold oftheir Shyps , and 
hoyfing them vp aboue the water , and fuddenly letting them fall into the Sea a- 
gaine: what with his* Burning Glaffes:by which he fired their other Shippes a far- 
of:what,with his other pollicies,deuifes, and engines, he fo manfully acquit him 
felfe : that all che Force,courage,and pollicie of the Romaines(for a great feafon) 
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could nothing prcuaile,for the winning ofSyracufa. Whempon, the Romanes 
named Archimedes, Briareus,and Centimanus. Zonaras maketh mention of one Pro- 
elns,who {0 well had perceiued. Archimedes Arte of \Menadrie, and had: fo welline 
uented of his ownc , that with his Burning Glaffes, being placed vpon thewalles 
of. Ee ;hemultiplied fo the heate af the Sunne,and dirc&ed'the beames of 
thefame again(t his enemies Nauie with füch force , and fo fodeinly ( like lightc- 
ning)that he burned and deftroyed both manand ship. And Dion {pecifieth of 
Prifcus,a Geometricien in Byfance,who inuented.and vied fondry Engins, of Force 
multiplied : Which was caufe, that the Besperour Seuerus pardoned him, his life,af- 
ter he had wonne Byfance: Bycaufe he honored the Arte , wytt, and rare induftrie 
of P7ifcus. But nothing inferior to the inuention of thefe engines of Force,was the 
inuention of Gunnés. Which, from an Englifh man,had the occafion and order 
of firft inuenting:though in an other land,and by other men, it was firlt executed.. 
And they that fhould {ee the record, where the occafion and order general, of 
Gunning,is firft difcourfed of, would thinke:that,finall thinges,flight,and cómon: 
comming to wifemens confideration,and induftrious mens handling , may grow 
to bc offorce incredible. ; 


ogclodie, isan Arte Mathematicall, demonftratyng,how, 
vnder the Spherical Superficies of theearth, at any depth , to any 
p linc afsigned(whofe diftance from the perpendicular 
of theentrance: and the Azimuth, likewile,in refpect Pike faid en- 
trance, is knowen) certaine way may be prafcribed and gone: And 


‘how, ary way aboue the Superficies of the earth defigned , may vn- 


der earth,at any depth limited , be kept : goyng alwayes , perpendi- 
cülarly vider the way, on earth defigned : And, contrarywife,Any 
Way, (ftraight or craked , )vnder the earth, beyng giuen : vppon the 
veface,or Superficies of the earth,to Lyne out the fame : So,as, from 
the Centre of the earth , perpendiculats drawen to the Phere! 
Superficies of the earth , fhall precifely fall in the Correfpondent 
pointes of thofetwowayes . This , with all other Cafes and cir- 
cumftances herein , and appertenances , this Arte demonftrateth . 
This Arte, is very ample in vanetie of Conclufions : and very profitable fundry 
wayes to the Common Wealth. Theoccafion ofmy Inuentingthis Arte;wasat 
the requeft oftwo Gentlemen;who hada certaine worke(ofgaine)vnder ground: 
and theirgroundes did ioyne ouer the worke : and by reafon of the crokednes, 
diuers depthes, and heithes ofthe way vnder ground , they were in doubt, and at 
centroucrfie, vnder whofe groudd, as then, the worke was . The name onely (be- 
fore this ) was of me publifhed, De Jtinere Subterraneo: Therelt,be at Gods will. 
For Pioners, Miners, Diggers for Mertalls, Stonc, Cole, and for fecrete paffages 
vnder ground, betwene placeand place (asthis land hath diuerfe ) and for other 
purpofes,any inan may eafily perceaue, both the great fruite of this Arte, and alfo 
in this Arte, the great aide of Geometrie. 

Hydragogie, demonftrateth the poffible leading of Water by 
Natures lawe , and by artificiall helpe , from any head (beinga 
Spring, ftanding, or running Water ) co any other place aign ed. 
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Long, hath this Arte bene in vfe : and much thereof written : and very marueilous 
workes thercin, performed : as may yet appeare,in Italy:by the Ruynes remaining 
ofthe Aqueductes. In other places, of Riucrs leading through the Maine land, 
Navigable many a Mile. And in other places, of the marucilous forcinges of Wa- 
terto Afcend . which all,declare the great fkill,co be required ofhim,who fhould 
in this Arte be perfecte, for all occafions of waters poffible leading. To {peake 
of the allowance of the Fall, for euery hundred foote: or of the Ventiils (if the wa- 
ters labour be farre,and great) I neede nor ; Seing, at hand (about vs )many expert 
men can fufficiently teftific, in effeéte, che order : though the Demonftration of 
the Neceffitie thereof they know not :. Nor yet, if they fhould be led, vp and 
downe, and about Mountaines, from the head of the Spring:and then,a place be- 
ing affigned : and of them, to be demaunded, how low or high, that laft place is, in 
re[pecte of the head, from which (fo crokedly, and vp and downe ) they be come: 
Perhaps,they would not, or could not, very redily,or nerely affoyle that queftion. 
Geometrie therefore, is neceffary to Hydragogie. Ofthe fundry wayes to force wa- 
ter to afcend , cyther by Tympane, Kettell mills, Skrue, Ctefibike, or {uch like : in yi- 
truuius, Agricola, (and other,)fully,the maner may appeare . And fo,thereby,alfo 
be moft euident,how the Artes, of Pneumasithmie,Helicofophie, Statike , T vochilike, 
and Menadrie, come to the furniture of this,in Speculation, and to the Commo- 
ditie ofthe Common Wecalth,in practife. 


Horometrie, is an Arte Machematicall, which demóftrateth, 


how tall times ipee the precife v(uall denominatió of time, 
may beknowen,forany place affigned . —Thefe wordes;are finoth and 
plaine eafie Englifhe, but the reach of their meaning,is farther, then you woulde 
lightly imagine. Somme part of this Arte, was called in olde time, Guomonice: and 
of late,Horologiographia: and in Englifhe,may be termced,Dialling . Auncientis 
the vfe, and more auncient,is the Inuention. The vfe,doth well appeare to haue 
bene (at the leaft) adoue two thoufand and three hundred yeare agoe : in* King 
«Achaz Diall, then,by the Sunne,fhewing the diftin@ion oftime. By Sunne, 
Mone,and Sterres,this Dialling may be performed,and the precife Time of day or 
nightknowen. Butthe demonttratiue delineation of thefe Dialls, ofall fortes, 
requireth good {kill,both of Aitronomie,and Geometrie Elementall,Sphzticall,Phe- 
nomenall,and Conikall. Then,tovfethe groundes of the Arte, for any regular 
Superficies, in any place offred : and (in any poffible apt pofition therof ) theron, 
to defcribe (all maner of wayes ) how, vfuatLhowers, may be ( by the Sunes fha- 
dow ) truely determined : will be found no fleight Painters worke. So to Paint, 
and prefcribe the Sunnes Motion,to the breadth ofa heare. In this Feate(in my 
youth ) [ Inuented a way,How in any Horizontall,Murall,or /Equino- 
&iall Diall,&c. Atall howers(theSunne fhining)the Signeand De- 


grec afcendent,may be knowen. Which is a thing very neceffary for 
the Rifing of thole fixed Sterres : whofe Operation in the Ayre, is of great might, 
euidencly. I (peake no further,of the vfe hereof. But forafinuch as,Mans affaires 
require knowledge of Times & Momentes,when, neither Sunne,Mone,or Sterre, 
can be fene: Therefore,by Induftrie Mechanical, was inuented, firſt, how, by Wa- 
tet,running orderly,the Time and howers mightbe knoweri:whereof, the famous 
Crefibivs, was Inuentor : aman, of Vitrunins, to the Skie (iuftly) extolled. Then, 
after that, by Sand running, were howers meafured : Then, by Trochilike with 
waight: And of late time, by Trochilike with Spring : without waight. All thefe, 
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by Sunne or Sterres direétion (in certaine time ) require ouerfight and reformati- 
on, according to the heavenly A.quinodtiall Motion: befides the inaqualitie of 
their owne Operation. There remayneth (without parabolicall meaning herein) 
among the Philofophers,a more excellent, more commodious,and more maruei- 
lous way, then all thefe : ofhauing the motion of the Primouant (or firtt equino- 
Gtiall motion,)by Nature and Arte, Imirated: which you fball ( by furder fearch in 
waighticr ftudyes ) hereafter,vnderftand more of. And fo, itis tymeto finifh this 
Annotation,of Tymes diftinction,vfed in our common, and priuate affaires: The 
commoditie wherof,no man would want, that can tell, how to beftow his tyme. 


Zogr aphie,is an Arce Mathematicall,which teacheth and de- 
monftrateth , how , the Incerfeétion of all vifuall Pyramides , made 
by any playne afsigned, ( the Centre, diftance,and lightes beyng de- 


termined ) may be, by lynes,and due propre colours, reprefented. 
A notable Arte, is this:and would require a whole Volume,to declare the proper- 
ty thereof: and the Commodities enfuyng. Great {kill of Geometrie, Arithme- 
teke,Per{pectiue,and Anthropographie,with many other particular Artes,hath the Zo- 
grapher,nede of, for his perfection. For, the moft excellent Painter,(who is but the 
propre Mechanicien, & Imitator fenfible, of the Zographer) hath atteined to fuch 
perfe@ion,that Senfe of Man and beaft,haue iudged thinges painted, to be things 
naturall,and not artificiall: aline,and not dead. This Mechanicall Zographer(com- 
monly called the Painter)is meruailous in his fkill:and feemeth to haue a certaine 
diuine power: As,of freades abfent,to makea frendly , prefent comfort: yea, and 
of frendes dead,to giuea continual , filent prefence : not onely with vs , but with 
our pofteritie, for many Ages. And fo procedyng, Confider, How, in Winter,he 
can thew you,the lively vew of Sommers Loy,and riches:and in Sommer, exhibite 
the countenance of Winters dolefull State,and nakednes.Cities, Townes, Fortes, 
Woodes, Armyes, yea whole Kimgdomes (be they neuer fo farre , or greate ) cari 
he, with eaf¢,bring with him, home(to any mans Iudgement ) as Paternes liuely, 
ofthe thinges rehearfed. In one little houle, can he,enclofe(with great pleafure 
of the beholders,)the portrayture lively,ofall vifible Creatures,either on eatth,or 
in the carth,liuing:or in the waters lying,Creping,flyding,or fwimming: or of any 
foulc,or Ay,in the ayre fying. Nay,in refpect of the Searres,the Skic,the Cloudes: 
yea, in the fhew ofthe very light it felfe (that Diuine Creature) can he match our 
eyes Iudgement,moft nerely, — Whata thingis thiszthinges not yetbeing,he can 
reprefent fo , as,at their being, the Picture fhall feame (in maner)to haue Created 
them. Fo what Attificer, is not Pi@ure,a great pleafüre and Commoditie7 Which 
of them all,will refufe the Direduon and ayde of Pi&ure The Architect,the Gold- 
finithand the Arras Weauer: of Pidture,make great account. Ourliuely Herbals, 
our pottsaitures of birdes, beaftes,ancl fithes : and our curious Anatomies,whict 
way,are they moft perfcétly made, or with molt pleafure,of vs beholden? Is it not; 
by Pi&urc onely? And if Pi&ure , by theInduftry ofthe Painter, be thus commo- 
diousand meruailous: what fhall be thought of Zographie,the Scholematter ofPi- 
&ure,and chief gouernor? Though I mencion not Scu/peure,in my Table of Artes 
Mathematicall : yet may all men perceiue,How,that Pséfure and Sculpture are Si- 
{ters germaine:and both, right profitable , ina Commé wealth.and of Sculpture,af- 
wellas of Picture,excellent Artificers haue written great bokes in commendation. 
Witnelfe I take, of Georgio Vafari,Pittore Aretino: of Pomponius Gawricus: and other. 
To thefe two Artes, (with other, )is 2certaine od Arte, called A/thalmafat, much 
beholdyng: more, then the common Sculptor Entayler Keruer, Cutter, Graner, Foun- 
der, 
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Ar chitecture,to many may feme not worthy, or not mete, to be reckned An obiection. 
among the Artes Mathematicall.To whom,I thinke good,to giue fome account of 
my fo doyng.Not worthy, (will they fay,)bycaufe itis but for building,ofahoufe, 
Pallace, Church;Forte,or fuch like,groffe workes.And you,alfo, defined the Artes 
cMathematicall,to be {uch,as dealed with no Materiall or corruptible thing:and al- 
fo did demonftratiuely procede in their facaley , by Number or Magnitude . Firft, 
you fee,that I count,here, Architecture, among thofe Artes Mathematicall, which The Anfwer, 
are Deriued from the Principals : and youknow,, thatfuch,may deale with Na- 
turall thinges,and fenfible matter. Of which , fome draw nerer,to the Simple and | ry 
abfolute Mathematicall Speculation,then otherdo. Andthough,the Architect » 
procureth, enformeth, & direéteth,the Mechanicien,to handworke, & the building ,, 
a&uall, of houfe,Caftell;or Pallace , and is ehiefTudge of the fame : yet, with hirh | | 
felfe(as chief after and Architect, ) remaineth the Demonftratiue reafon and | 
caufe, of the Mcchaniciens worke: in Lyne,plaine, and Solid : by Geometrical , A- i 
rithmeticall,Opticall, Muficall, AStronomicall,Cofmographicall (8 to be brief) by all the s 
former Deriued Artes Mathematicall, and other Naturall Artes, hable tobe confir- 
med and ftablifhed.If this be fo:then, may you thinke,that Architetture, hath good 
and dueallowance , in this honeft Company of Artes. CMatbematicall Deriuatiue. 

I will,hercin,craue Iudgement of two molt perfect Architedfes : the one , being Vi- 
truuins, the Romaine : who did write ten bookes thereof,to the Emperour dugu- 
Stws (in whofe daies our Heauenly Archemafter, was borne ) : and the other, Leo 
Baptifta Albertus, a Florentine : who alfo publifhed ten bookes therof . — Archi- 
tellura (fayth Vitruuins) eit Scientia pluribus difciplinis Cy varis eruditionibus ornata: 
cuins Iudicio probantur omnia, qua ab ceteris Artificibus perficiuntur optra . That is. 
Architecture, isa Science garnifhed with many do€trines & diuerfe 
inftructions : by whofe Iudgement, all workes, by other workmen 
finifhed, are Iudged . It followeth.Ea nafcitur e Fabrica, d Ratiocinatione. Cc. 
Ratiocinatio autem ef, qua,res  fabricatas,Solertia 4c ratione proportionis, demonſtrare at, 
explicare porelt . Architetture groweth of Framing and Reafoning.exc. Reas 
foning is that which of thinges framed ,with forecaft and proportion: can make 
demonStration, and manifeft declaration . Againc. Cim,in omnibus enimre- 
bis, tim maxime etiam in Architettura, hac duoinfunt : quod fignificatur, cr quod ſigni- 
feat . Significatur propofita res, de qua dicitar : hanc autem Significat Demonfiratio, rati- 
onibus doctrinarum explicate’. Forafmuch as-, in all thinges: therefore chiefly 
in Architelture, thefe two thinges are : the thing fignified: and that which fige 
nifieth. -The thing propounded , whereof. we Jpeake,is the thing Si nified. 
But Demonftration expreffed with the reafons of diuerfà doétrines doth fignie 
fethe Jame thin 1g- Akter that.7 literatus fit , peritus Graphidos,erudisus Geometria, 
€ Optices non ignarus : inftruttus Avithmetica:hiflorias complures nouerit , Pbilofophos 
diligenter audiuerit: CMnficam [Giuerit: Medicine mon fit ignarus, refponfa Iurifperitorió 
nouerit: Aftrologiam, Calig, rasjoues cognitas ‘habeat An Architeet (fayth he) os ght 
to vnderſtan d Languages jta be { kilfull of Painting, well inftruéted in Geomes 
trie, not iguorant of Per/pedtiue , furnifhed with Avithmetike bane knowledge 
of many Inftories, and diligently haue heard Philofophers, haue Skill of Mu 
Sike, not ignorant of Phy/tke, know the aunfiveres of Lawyers and haue Aftros 
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nomie, and the courfes CaleStiall , in good knowledge. He geueth rcafon, or- 
derly, wherefore all thefe Arces, Doctrines,and Inftructions, are requifite in an cx- 
cellent Architect... And (for breuitie) omitting the Latin text, thus he hath, 
Secondly, it is bebofefull foran Architeé to haue the knowledge of Painting: 
that he may the more eafilte fafhion out, in patternes painted , the forme-of what 
worke he liketh. And Geometrie, geuethto Architecture many helpes : and first 
teacheth the Vie of the Rule, and the Cumpafse: wherby (chiefly and eafilie) the 
defcriptions of Buildinges, are defpatebed in Groundplats: and the directions of 
Squires, Leuells,and Lines. Lakewife by Per[pettine the Lightes of the heaz 
uen,are well led,in the buildinges : from certaine quarters of the-world. By 
Arithmetike the charges of Buildinges are fummed together : the meafures are 
expreffed, and the hard questions of Symmetries, are by Geometrical Meanes 
and Methods difcourfed on. exc. Befides this of the Nature of thinges(-which 
in-Greke is called guowroyia ) Philofophie dotb make declaration . Which, itis 
neceffary, for an Architeét, with diligence to have learned : becaufe it hath mas 
ny and diners naturall queftions : as fpecially, in Aqueduétes. For in their 
courfes, leadinges about, in the lenell ground, and in the mountinges , the natu 
vall Spirites or breatbes ave ingendred diuers wayes : The hindrances , which 
they caufe, noman can helpe, but he which out of Philofophie, hath learned the 
original caufes of thinges. Likewife, who foener fhallread Ctefibius or Ars 
chimedes bookes (and of others who haue written fuch Rules \can not thinke,as 
they do: vnleffe be fhall kane receaued of Philofophers , iuftruttions in thefe 
thinges . And Mufike he muft nedes know : that. he may haue ynder Standing, 
both of Regular and Matbematicall Muftke: tbat be may temper "well his Baz 
lifles , Catapultes and Scorpions. «zc. — Moreouer tbe Brafen Veffels which in 
"T hbeatres ave placed by Matbematicall order in ambries yonder the Steppes: and 
the diuerfities of the foundes (whichj Grecians callsxé« ) are ordred according 
to Muficall Symphonies ez Flarmonics:being diftributed in J Cirenites, by Di- 
ateffaron Diapente, and Diapafon. T hat the conuenient doyce, of the players 
found ,-whé it came to thefe preparations made in.order , there being increafed: 
with y increafing might come more cleare C7 pleafant to} eares of the lokers on. 
«c. And of Aftronomie js kuowz  EaftWeSt South and Nortb. T be fafbioni 
of the beauen , the Azquinox , the Solfticie, and the courfe of the flerres. Which 
thinges vnleafl one know:be cannot. perceiue any thyng at all,the reafonof Hoe 
rologtes. Seyng therfore this ample Science is garnifhed , beautified and flored, 
with fo many and fundry [ kils and knowledges:1 thinke ,tbat none can iufHy ac- 
count them fetues Architet¥es yof the fnddeyne. But they onely who from their 
childes yeares ,afcendyng by thefe degrees of knowledges, beyng fostered vp with 
the atteynyng of many Languages and Artes „hane wonne to the high T aberz 
nacle of Avchiffure.tz c. And to wbom Nature bath giuen fucb quicke Circum. 
fpection Jbarpnes of witt, and Memorie that they may be very abfalutely fhill: 
fullin Geometrie , Aftronomie , Mufike, and the reft of the Artes Mathemati. 


call- 
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call:Such furmount and paffethe callyng and ftate, of Architeétes: andare bes, A Mathe- 
come Mathematiciens.cx-c. And they.are found feldome, As, in tymes paft , was, maricien, 
SAviftarchusSamius:Philolaus and Archytas ,T arentynes: Apollonius Pergpus: 
Eratofthenes Cyreneus: Archimedes and Scopas Syracufians. Who alfo,lefe to . 
theyr pofteritie many Engines and Gnomontcall workes: by numbers and natwe. 
rall meanes nuented and declared. 
Thus inuch, and the {ame wordes (in fenfe)in one onely. Chapter of this Incé-. 
parable Architect Vitrunius fhall you.finde.And ifyou fhould , but take his bokein: 
your hand,and flightly loke chorough iyou would fay ftraight way: Thisis Geo- pitywniu;, 
metrie, Arithmetike, AHronomic, Mufske, Antbropograpbie, Hydragagit, Horometrie.@rc. 
and(to cóclude)the Storehoufe ofall workmahhip . Now, |lervs liften to our other. 
Tudge;our Florentine, Zeo.Baptifte:and narrowly confider,how he doth determine 
of Architelture. Sed anteg ultra progrediar.cre. But before I proc ede any further: 
(fayth he) rhinke,that Iought to expreffe , what man I would haue to bee ale. 
lowed an Architeét. . For Iwill not bryng in place a Carpenter : as though you 
might Compare him to the Chief Mafters of other Artes. For the hand of the 
- Carpenter Js the Architeé#es Inftrument. But I-will appoint tbe Architet? to be m pn an 
that man who batb tbe [Kill ( by a certaine and merunailous meanes and way, } 7": 
both ın minde and Imagination to determine: and alfo in worke to finifh : what i 
"workes fo euer „by motion of ree and cuppling and framyng together of bo ,, 
dyes may molt aptly be (ammodtous for the -worthieft Vfes of Man. And that he ,, 
may be able to performe thefe thinges, be hath nede of atteynyng and knowledge 
of the beft and moft worthy thynges. ec. T he whole Feate of Architetture m 
buildyng confifteth in Lineamentes and in Framyng. And the whole powee 
and { ksll of Lineamentes,cendeth to this: that the right and abfolute way may, 
he had ,of Coaptyng and igyning Lines and angles:by which ,the face of the buila 
dyng ov frame,may be comprehended and concluded. And it is the property of 
Lineamentes ,to prefcribe pnto buildynges and euery part of tbem an apt place, 
c7 certaine nkber : a worthy maner and a femely order : that , {0,9 whole forme 
and figure of the buildyng ,may reft in the very Lineamentes.erc. And Wwe may * The Im- 
prefcribe inmynde and imagination the whole formes,* all materiall [ftuffe bes sri pg 
Ang Secluded. Which point we fhall atteyne ,by Notyn ig and forepointyng the an» nd E 
les and lines, by a fure and certaine diretfion and connexion. Seyng then ,thefe 
thinges , are thus: Lineamente, fhalbe the certaine and conStant prefcribyng, What, Linea- 
conceiued in mynde: made in lines and angles:and finifhed with a learned minde " "^ 
and'wyt. — Wethankc you Mafter Baprift, that you hauefo, aptly brought your ,, 
Arte , and phrafe therof , to haug fome Mathematical perfection : by certaine or- 5, Note. 
der, naber, forme, figure, and Syrmetrie mentall: all naturall 8 fenfible ftuffe feca »» 
part. Now,then,itis cuident,(Gentle reader)how aptely and worthely , I haue 
preferred Architecture, to be bred andfoftered vp in he Dominion of the percles 
Princeffe , CMathematica : and to beanaturall Subiect ofhers. — And the namc of 
Architecture, is of the principalitie,which this Science hath, aboue all other Artes. 
And Plato affinnéth , che Arcbitelf to be Mafler ouer all,that make any workc. 
Wherupon,he is neither Sujth;nor Builder: non leparatcly, any Artificer: but the 
: ` iiij. Hed, 


Iohn Dee his Mathematicall Preface. 


Hed,the Prouoft , the Dircéter,and Iudge of all Artificiall workes, and all Artifi- 
cers.For,the true Architeé?,is hable to teach, Demonftrate,diftribute,defcribc , and 
Tudge all workes wrought. And he,onely,fearcheth out the caufes and reafons of 
all Artificial! ehynges. Thus excellent,is Architefure:though few (in our daycs)at- 
teyne thereto : yct may notthe Arte,bc otherwife thought on, then in very dede 
itis worthy. Nor we may not,ofauncient Artes,make new and imperfect Definiti- 
onsin our dayes:for {carfitie of Artificers : No more,than we may pynche in,the 
Definitions of Wifedome,or Honeftie , ox of Frendefbyp ox o£ Iuflice .' No more will 
I confent,to Diminifh any whit,of the perfection and dignitie , ( by iuft caufe ) al- 
lowed to abfolute Architecture. Wnder the Direction of this Arte , arc thre ptin- 
cipall,neceflary Mechanicall Artes. Namely , Howfing , Fortification and Naupegic. 
Howfing, lvndcvftand,both for Diuine Seruice,and Mans common vfage: publike, 
and pnuate.Of Fortification and Naupegie, ftraunge matter mightbe told you: But 
perchaunce,fome will be ryred,with this Bederoll, all ready rehearfed: and other 
fome, will nyccly nip my groffe and homely difcourfing with you : made in poft 

haft : for Fearc you fhould wante this true and frendly warnyng, and ta(t giuyng, 

ofthe Power Mathematicall. Lyfe is thore, and vnecreaine : Tymes are periloufe: 

&c. And {till the Printer awayting, formy pen ftaying: All thefe chinges,with 

farder matter of Ingratcfulnes, giue me occafion to paffe away , to the other Artes 

remainyng, with all {pede pofsible. 


Tuc Arte of Nauigation, demonftrateth how, by the (horteft 
good way, by the apteft Direétid ,& in the fhorteft cime, a fufficient 


- Ship,betwene any ewo places (in pafTage Nauigable;)afsigned:may 


be coduéted: and in all ftormes,& naturall difturbances chauncyng,. 
how, to vfe the beft pofsible meanes , whereby to recouer the place 
firſt afsigned - Whatnede, the Mafter Pilote, hath ofother Artes , here before: 
recited, it is cafie to know:as, of Hydrographic, Alfronomie, Astrologie „and Horome- 
trie .: Prefuppofing continually,thc common Bafejand foundacion ofall: namely 
“Arithmetike and Geametrie. So thathc behable to vndcrtand;and ludge his own 
neceffary Inftramentes,and furniture Neceffary: Whether they be pertectly made 
or no:and alfo can, (ifnede be) make them, hym felfe. As Quadrantes, The Aftro- 


_ nomers Ryng,The Aftronomers ftaffe, The Aftrolabe vniuerfill. An Hydrogra- 


"dno. 1559, 


phicall Globe.Charts Hydrographicall,truc, (not with parallcli Meridians). The 
Common Sea Compas: The Compas of variacion: The Proportionall,and Para- 
doxall Compaffes(of nc Inuented, for our two Mofcouy Matter Pilotes, at the re- 
queft of he Company) Clockes with fpryng: houre,halfe houre,and three houre 
Sandglaffes: & fundry other Inftrumétes: And alfo, be hable,on Globe, or Playne 
to defcribe the Paradoxall Compaffe : and ducly to vfe thc fame,to all maner of 
purpofes, whereto itwas inuented. And alfo, be hable to Calculate the Planetes 
laces for all tymes. 
Moresucr ih Sonne Mone orSterre(or without)be hable to define the Lon- 
gitude & Latitude ofthe place,which heisin: So thatthe Longitude & Latitude 
of the place,from which he fayled, be giuen: or by him, be knowne.whcreto,apper 
tayncth expert meanes,to be certified eucr, of the Ships way . &c. And by qe 
ing the Ring Settyng , Noneftedyng , or Midnightyng of certaine tempeftuous 
fixed Sterres : or their Coniundtions ,and Anglynges with the Planetes , &c.he 
oughtto haue cxpert conie&ure of Stormes , Tempcftes ; and Spoutes: and fuch 
lyke Meteorological effectes,daungerous on Sea. For(as Plato pues ae 
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opportunitate temporum prefentire, non minus rti militari, quim Agriculture, Nauiga- 
tionid, conuenit. To forefee the alterations and opportunities of tymes,is conute 
nient , no lefe to tke Art of Warre , then to Haf bandry and Nauigation.And 
befides fuch cunnyng meanes , more evident tokens in Sonne and Mone, ought 
of hym to be knowen: fuch as(the Philofophicall Poéte)Virgslius teacheth, in hys 
Georgikes. Where he fayth, 
: Sol WA C exoriens d quum fe condet in vndas, 
Signa dabit Solem certifima figna fequuntur crc. 


— Nam fape videmus, 
Ipfius in vultu varios errare colores. 

"Ceruleus, pluuiam denunciat igneus Euros. 

Sin macula incipient rutilo immifcerier igni, 
Omnia tum pariter vento nimbifg, videbis 
Feruere: non illa quifquam me notte per altum 
Ire, neq, a terra moueat conuellere funem. Ce. 
Sol tibi figna dabit Solem quis dicere falfum 
Audeat? ———— Gre. 


And fo of Mone, Sterres, Water, Ayre, Fire, Wood, Stones, Birdes,and Beaftes, 
and of many thynges els,a certaine Sympathicall forewarnyng may be had: fome- 
tymes to great pleafure and proffit, both on Sea and Land. Sufficicntly, for my 
prefent purpofe , i¢doth appeare, by the premiffes , how Mathematical, the Arte of 
Nauigation, is:and how it nedeth and alfo vfeth other Mathematical Artes: And 
now, ifI would go aboutto fpeake of the manifold Commodities, commyng to 
this Land, and others, by Shypps and Nawigation , you might thinke , that I catch 
atoccafioris, to vfe many wordes , where no nedc is. 

. Yetthisonethyng may I, (iuftly) ay. In Nauigation none ought to haue grea- 
ster care,to be (killfull,then our Engith Pylotes. And perchaunce,Some, would 
morc atecmpe:And otherSome,more willingly would be aydyng, if they wift cer- 
tainely, What Priuiledge,God had endued this Land with,by reafon of Situation, 
moft commodious for Nanigation, to Places moft Famous & Riche. And though, 
(of* Late) a young Gentleman,a Courragious Capitaine , was in a great ready- 
'nes;with good hope, and great caules of perfuafion,to haue ventured, for a Dif- 
couerye, (cither Wefferly, by Cape de Paramantia : ot Efterly , aboue Noua Zemla, 
and the Cyremiffes and was;at the very nere tyme of Attemptyng , called and em- 
ployed otherwife(both then,and fince,)in great good feruice to his Countrcy , as 
the Irifh Rebels haue * tafted: Yet,] fay, ( though the fame Gentleman, doo not 
-hereafter,deale therewith)Some one,or other, fhould liften to the Matter: and b 
gocd aduifeand difcrete Circum{pection , by little, and little, wynne to the TA 
cient knowledge of that Trade and Voyage: Which , now, I would be fory, 
(through Carelefneffe, want of Skill; and Courrage, ) fhould remayne Vnknowne 
andvnheardof. Seyng, alfo,weare herein, halfe Challenged, by the learned, by 
halfe requeft,publilhed. Therof,verely, might grow Commodityc, to this Land 


chiefly, and to the reft ofthe Chriften Common wealth, farre paffing all rich 
-and worldly Threafure. > palling all riches 


_Thaumaturgike,is that Art Mathematical, which giueth cer- 
taine orderto make ftraunge workes , ofthe fenfeto be perceiued, 


and of men greatly tobe wondred at. By fundry meanes, this Wonder- 
workeis wrought, Some,by Preumatithmie . As the workes of Ctefibius and Hero, 
Aj. Some 


Georgic, t. 
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Someby waight.wherof T mau fpcakcth.Some,by Stringes ftrayned,or Springs, 
sherwith Imitating lively Motions.Some, by othee meanes,as the Images of Mer- 
curie:and the brafen hed,made by Albertus Magnus, which dyd feme tofpeake.Bors 
thins was excellencin thefe feates. To whom,Cafiodorus writyng,fayth. Tour pur 
pofe is to know profound thynges:and to fhew meruayles. By-the dipofition of 
Jour Arte, Metals do low : Diomedes of braffe , doth blow a T rumpet loude-ia 
brafen Serpent biffetb:byrdes made , [ing [wetely.. Small tbynges we vebearJe 
of you who can Imitate the heauen.erc. Ofthe ftraunge Selfmouyug, which, at 
*Anno.1551 Saint Denys, by Paris, * I faw, ones or twile ( Orontius beyng then with me, in 
: Company)Jit were to ftraunge to tell. But fomehaue written it. Aid yet, (Ihope) 
itis there,of other to be fene.And by Per/pecfine alfo flraunge thinges,are done. As 
partly (before)I gaue you to vnderftand in Per/peétine. As, to fee in the Ayre, a loft, 
thelyuely Image of an other man , either walkyng to and fro : or ftandyng Rill. 
Likewife, to come into an houfe , and there to {ee the linely thew of Gold, Si!uer 
or precious ftones:and commyrig to take them in your hand , to finde nought but 
Ayre.Hereby, haue fome men (1n all other matters counted wife ) fouly ouerfbot 
Dehisque thë felucs:mifdeaming of the meanes. Therfore fayd ClandinzCuleflinas. Hodie meag- 


Mundo mi- na literature vi vs CY magne reputations videmus , opera quedam quafi miranda fupra 
rabiliter euc- É 


Mit: cy Natură putare: de quibusin Per|etfina dofus caufam faciliter veddidifft That is./N omm 
a dayes We fee Jome men, yea of great learnyng and reputation, to I. udge certain 
workes as meruaylous abone the power of Nature: Of which workes one that 
were fhillfull in PerSpelzine might eafely hane ginen the (aufe. Of Archimedes 

Tw. 1, Sphare,Cicero witnefleth. Which is very ftraunge to thinke on. For when Archie 

medes(fayth he)did faften in a Sphere tbe mouynges of the Some, Mone,and of 
the fine other Planets he did,as tbe God -which(in Timeus of'Plato) did make 
the world. T hat one turnyng, [hould rule motions moftynlike jn flownes,, and 
finiftnes. | Buca greater caufe of meruayling we haue by Claudianus report hercof. 
Who affitmeth this Archimedes worke,to have ben of Glaffe. And difcourfeth of ic 
moreatlarge:whichIomit. The Doue of wood, which the Mathematicien Ar- 
chytas did make to flyejis by —Agellins ipoken of Of Dedalus {traunge Images, Plato 
reporteth. Homere of Vulcans Selfmourrs, (by fecretwheles)leaucth in writyng . Ari- 
fforlejia hys Poktikes,of both, maketh'mention. Meruaylous was the workeman- 
- ‘fhyp,of late dayes,performed by good fkill of Trochilike. dc. For iu Noremberge, 
A Aye of lernjbeyng let out of the Artificers hand,did(as it were) ly about by the 
geftes,at the table,and at length,as though it were weary , retourne to his mafters 
handagayne. Moreouer, an Artificial Egle , was ordred , to Ay out of the fame 
Townc,a mighty way,and thata loftin the Ayre, toward the Emperour comming 
thether:and followed hym,beyng come te the gate of the towne.” Thus, you fee, 
7 * what, Arte Mathematicall can performe,when Skill, will, Induftry, and Habili 
ry, are duely applyed to profe. ] 

o fpes ANd for thefe,and fuch like marueilous Actes and Feates, Naturally, Mathe- 

Apologericalt, Marically,and Mechanically, wrought and contriued : oughtany honef(t Student, 
and Model Chriftian Philofopher,be counted,& called a Coniurer ? Shall the 
folly of Idiotes, and the Mallice ofthe Scornfull, fo much preuaile, that He, who 
fecketh no worldly gaine or glory at their handes : But onely,of God,the threafor 
ofheaacnly wifedome,& knowledge of pure veritie : Shall he (I fay) in the meane 

fpace, .: 
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fpace, be robbed and fpoiled ofhis honeft name and fame ? He that feketh ( by S, 
Paules aduertifement ) in the Creatures Properties ,and wonderfull vertues, to 
finde iufte caufe, to glorifie the £ternall,and Almightic Creator by : Shall that 
man, be (in hugger mugger ) condemned, as a Companion of the Helhoundes, 
anda Caller, and Coniurer of wicked and damned Spirites¢ He that bewaileth his 
great want ottime fufficient(to his conrentation)for learning of Godly wifdome; 
and Godly Verities in : and onely therin fetteth all his delight : Will that má lcefe 
and abufe his time, in dealing with the Chiefe enemie of Chrift our Redemer: the 
deadly foe of all mankinde : the fubtile and impudent peruerter of Godly Veritie: 
the Hypocriticall Crocodile: the Enuious Bafilifke, continually defirous, in the 
twinke of an eye, to deftroy all Mankinde, both in Body and Soule, eternally ¢ 
Surely (for my part,(omewhat to fay herein) I have not learned to make fo brutith, 
and fo wicked a Bargaine. Should I, for my xx.or xxv. yeares Studie : for two of 
three thoufand Markes {pending : fcuen or eight thoufand Miles going and trauai- 
ling,onely for good learninges fake : And that, in all maner of wethers : in all ma- 
ner of waies and paflages : both carly and late : in daunger of violence by man : in 
daunger ofdcítru&ion by wilde beaftes : in hunger : in thirft : in perilous heates 
by day, with toyle on foote : in daungerous dampes of colde,by night, almoft be- 
reuiag life : (as God knoweth): with lodginges, oft tunes, to finall eafe : and fom- 
. time to leffe fecuritie. And for much more (then all this) done & fuffred, for Lear- 
ning and attaining of Wifedome : Should I ( I pray you) forall this,no otherwife, 
nor more warily : or (by Gods mercifulncs ) no more luckily, haue fifhed, with fo 
large,and coftly,a Nette, fo long time in drawing (and that with the helpe and ad- 
uife of Lady Philofophie,& Queene Theologic) : butat length, to haue catched, 
and drawen vp,*a Frog ? Nay,a Deuill ¢ For,fo,doth the Common peuifh Pratler 
Imagine and Iangle: And,fo,doth the Malicious fkorner,fecretly wifhe,& brauely 
and boldly face down,behinde my backe . Ah,what a miferable thing, is this kinde 
of Men ¢ How greatis the blindnes & boldnes,of the Multitude, in hinges aboue 
their Capacitie ¢ What a Land : whaca People : what Maners : what Times are 
thefe ¢ Are they become Deuils,them felues: and,by falfe witneffe bearing againft 


* A pronerb, 
Fayre filbt, 
and caught a 
Frog. 


their Neighbour, would they alfo, become Murderers ¢ Doth God,fo long geue: 


them refpite, to reclaime them felues in, from this horrible flaundering of the gilt- 
leffe : contrary to their owne Confciences : and yet will they notceafe ¢ Doth the 
Innocent, forbeare the calling of them, Iuridically to aunfwere him,according to 
the rigour of the Lawes : and will they defpife his Charitable pacience? As they, 
againft him, by name, do forge,fable,rage,and raife (launder, by Worde & Print: 
Wili they provoke him, by worde and Print, likewife, to Note their Names to the 
World : with their particular deuifes, fables, beaftly Imaginations, and vnchriften- 
like flaunders 7 Well: Well. O (youfuch ) my vokinde Countrey men . O vn- 
naturall Countreymen . O vnthankfull Countreymen . O Brainficke, Rahhe, 
Spitefull,and Difdainfull Countrey men .. Why oppreffe you ine, thus violently, 
with your flaundering of me : Contrary to Veritie : and contrary to your owne 
Coníciences ^ And, to this hower, neither by worde, deede, or thought, haue 
bene,any wav;hurtfull,damageablc;or iniurious to you,or yours * Haue Lo long, 
fo dearly, fo farre,fo carcfully,fo painfully,fo daungcroufly fought & trauailed for 
the learning of Wifedome,& atteyning of Vertue : And in the end(in youriudge- 
mét)am I become,worfe,then when I bega¢ Worfe,thé a Mad man? A dangerous 
Member in the Common Wealth: and no Member of the Church of Chrift? Call 


you this,to be Learned ? Call you this,to bea Philofopher ? anda lover of Wife. ` 


dome? To forfake the ftraight heauenly way : and to wallow ín the broad way of 
Aj. dam- 
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damnation ? To forfake the light of heauenly Wifedome: and to lurke in the dun- 
geon of the Prince of darkeneffe ? To forfake the Veritie of God,& his Creatures: 
and to fawne vpon the Impudent, Craftie,O bftinate Lier, and continuall difgracer 
of Gods Veritic, to the vecermoft of his powcr ? To forfake the Life & Bliffe Ztcr- 
nall :.and to:cleaue vnto the Author of Death eueilafting ? that Murderous Ty- 
rant, molt gredily awaiting the Pray ofMans Soule ? Well : Ithanke God and 
our Lorde Lefus Chrift, for che Comfort which I haue by the Examples of other 
men, before my time: To whom,ncither in godlines of life, nor in perfection of 
learning, Iam worthy to be compared : and yct, they fultained the very like Iniu- 
ries, thatI do: or rather, greater. Pacient Socrates, his Apologie willtchtifie : Apu- 
leius his Apologies, will declare the Brutithneffe ofthe Multitude .  Loannes Picus, 
Earle of Mirandula, his Apologie will teach you, of the Raging flaundcr ofthe Ma- 
licious Ignorantagainfthim . Zoannes Trithemius, his Apologie will {pecifie, how 
he had occafion to make publike Proteftation : as well by reafon 5fthe Rude Sum- 
ple: as alfojin refpe&t offuch;as were counted to be ofthe wifeft fort of men. Ma- 

» ny could I recite : Bucl deferre the precife and determined handling of this mat- 
IF * v ter: being loth to dete the Folly & Mallice of my Natiue Countrey men.*Who, 
» fo hardly, can difgeft or like any extraordinary courfe of Philofophicall Studies: 
» notfalling within the Cumpaffe of their Capacizie : or where they are notinade 
» ptiuie of the true and fecrete caufe, of fuch wonderfull Philofophicall Feates. 
Thefe men, are of fower fortes, chiefly. The firlt, I may name, Vaine pratling bu- 
fie bodies : Thefecond , Fond Frendes : The third, Imperfettly zelous: and the fourth, 
Malicious Ignorant . To cche of thefe (briefly;and in charitie ) I will fay a word 

x, ortwo, and[o returne to my Preface. Vaine pratling bufie bodies, vfe your idle 
affemblies,and conferences, otherwife, then in talke of matter, either aboue your 
Capacities, for hardneffe : or contrary to your Confciences, in Veritic .  Fonde 

2, Frendes, leaue of, {0 to commend your vnacquainted frend,vpon blinde affection: 
As, becaufe he knoweth morc, then the common Student: that, therfore, he mult 
needes be fkilfull, and a dcer, in fuch matter and maner, as you terme Coniuring. 
Wecning,thereby, you aduaunce his fame : and that you make other men, great 
marueilers of your hap, to haue fucha learned frend . Ceafe to afcribe Impietie, 
where you pretend Amitie. For, if your tounges were true, then were thatyour 
frend, Yntrue, both to God,and hisSoucraigne. Such Frendes and Fondlinges, 1 
flake of, and renounce you : Shake you of, your Folly. Zmperfeé#ly zelous,to you, 

3+ do I fay: that (perhaps) well, do you Meane : But farre you miffe the Marke : Ifa 
Lambe you will kill, to feede the flocke with his bloud. Sheepe, with Lambes 
bloud, haue no naturall. fuftenaunce : Nomore, is Chriftes locke, with horrible 
flaunders , ducly edified. Nor your faire pretenfe, by fuch rahe ragged R heto- 
rike,any whit,well graced. But fuch,as fo vfe me,will inde a fowle Cracke in their 
Credite. Speake that youknow : Andknow, as you ought : Know not,by Heare 
fay, when life lieth in daunger. Search to the quicke,& let Charitie be your guide. 

4. Malicious Ignorant , what fhall I fay to thee ? Prohibe linguam tuam amalo. A de- 
ratione parcite lingua. Canfe thy toung to refraine fro euill. Refraine your toung 
from | flannder . Though your tounges be fharpned, Serpentlike, 8 Adders poy- 
Pfal.t4o. fonlyein your lippes : yet take hcede,and thinke,beties, with your elfe, Vir lin. 
guofes mon ftabilietur in terra. Virum violentum venabitur malum , donec pracipjtetur. 

For,fure Lam, Quia faciet Dominus Indicium afflithi : Cr vindictam pauperum. 

Thus, I require you, my affured frendes, and Countrey men ( you Máthemati- 
ciens, Mechaniciens,and Philofophers, Charitable and difcrete) to deale in my 
bchalfe, 
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behalf, with the light & vntrue tounged, my enuious Aduerfaries,or Fond frends. 
And farther, I would wifhe, that at leyfor, you would confider,how Bafilius Mag- 
nm, layeth Mofes and Daniel; before the eyes of thofe, which count all fuch Stu- 
dics Philofophicall ( as minc hath bene ) tobe vngodly , or vnprofitable. Waye 
well S.Stephen dis witnelle of AMofes. Eruditus ei Mofes omni Sapientia /Egyptiorit: 
Qr erat potens in verbis dr operibus fuis . Mofes vas instrutfed in all mauer of vife- 
dome of the AZgyptians : and be was of power botb in. bis "wordes , aud "workes. 
You fee this Philofophicall Power & Wifcdome,which Mofes had,to be nothing 
mifliked of the Holy Ghoft. Yet Plinius hath recorded, Mofesto be a wicked Magi- 
cien . And that (of force) mutt be, either for this Philofophicall wifedome,learned, 
before his calling to the leading ofthe Children of 7frae/ : or for thofe kis won- 
ders,wrought before King Pharao, after he had the conducting of the I/raclites. As 
concerning the firft,you perceaue, how S.Stephen, at his Martyrdome ( being full 
of the Holy Ghoft) in his Recapitulation of the olde Teftamenr, hath made men- 
tion of Mofes Philofophie : with good liking of it: And Bafilins Magus alfo, aucu- 
cheth it, co haue bene to. Mofes profitable (and therefore, I fay, to the Church of 
God, neceflary). But as cécerning Mofes wonders,done before King Pharao:God, 
him felfe, fayd : Vide vt emnia offenta, que po[ui in manu tua , facias coram Pharaene. 
See that thou do all thofe wonders before Pharao, which I hane put in thy hand. 
Thus, you evidently pend rafhly,P gius hath tlaundered. Mofes, of vayne 
fraudulent AZagike, faying : EF Cr alia Magices Fattio, a Mofe, lamne,c> lotape, Iu- 
deis yendens : fed multis millibus annorum pofl Zoroastrem.cc. — Let all fuch , there- 


fore, who, in Iudgementand Skill of Philofophie, ate farre Inferior to P/izie, take , 


good heede, leaft they ouerfhoote them felues rafhly , in Iudging of Philofophers 
Straunge Actes :and the Meancs,how they aredone. But, much more,ought they 
to beware of forging, deuifing, and imagining monftrous feates, and wonderfull 
workes, when and where, no fuch were done : no, not any fparke or likelihode,of 
fuch,as they, withoutall fhame, do report. And ( to conclude ) moft of all, let 
them be afhamed of Man, and afraide of the dreadfulland Iufte Iudge: both Fo- 
lifhly or Malicioufly to deuife : and then,deuiliíbly to father their new fond Mon- 
fters on me : Innocent, in hand and hart : for trefpacing either againft the lawe of 
God, or Man, inany my Studies or Exercifes, Philofophicall, or Mathematicall: 
Asin due ame, I hope, will be more manifeft. 


^ Now endI,with Archemaftrie. Which name, is notfo new,as this 
Arte is rare.For an other Arte,vnder this,a degree(for {kill and power) hath bene 
induced with this Englifh name before. And yer,this,may ferue for our purpofe, 
fufficiently,atthisprefent. This Arte,teack.th to bryng to aétuall ex- 

" perience fenfible,all worthy conclufions by all the Artes Mathema- 
ticall purpofed, & by true Nacurall Philofophie concluded: & both 
addeth to them a farder (cope,in the termes of the fame Artes , & al- 
fo by.hys propre Method,and in peculier termes, procedeth , with 
helpe of the forefayd Artes , to the performance of complet Expe- 
riéces, which of no particular Art, are hable(Formally)to be challen- 


ged. Jf you remember,how we confidered àArebitethure, in refpect of all com- 
mon handworkes : fome light may you haue,therby,to vnderftand the Soucrain- 
ty and propertie ofthis Science. Science Tinay call it rather, then an Arte:for the 
excellency and Mafterfhyp ithath , ouer fo many , and fo mighty Artes and 
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Sciences. And bycaufe it procedeth by Experiences,and fearcheth forth the cauiles 
of Conclufions,by Experiences: and alfo putteth the Conclufions them felucs, in 
Experience,itis named of fome, Scientia Experimentalis. The Experunentall Scie 
ence. Nicolaus Cufanus termeth itfo, in hys Experimentes Statikall, Andan other 
Philofopter ,of this land Natiue ( the foure of whofe worthy fame, can neuer dye 
nor wither ) did write therof largely, at the requet of Clement the fixt. The Arte 
carricth with it, a wonderfull Credit: By reafon, itcertefieth , fenfibly;fully,and 
completely to the vtmoft power of Nature,and Arte. This Arte,certifieth by £x- 
perience complete and abfolute : and other Artes,with their Argumentesand De- 
monftrations , períuade:and in wordes,proue very well their Conclufions. * But 
wordes,and Argumentes,are no fenfible certifying: nor the fulland finall frute of 
Sciences practifable. And though fome Artes,haue in them, Experiences,yetthey 
arc notcomplcte, and brought to the vetermoft,they may be ftreeched vnto,and 
applyed fenfibly. As for example:the Naturall Philofopher difputeth and maketh 
goodly fhew ofreafon: And the Aftronomer,and the Opticall Mechanicien, put 
fome thynges in Experience: but neither, all,that they may:nor yet fufficiently, and 
to the vtinoft,thofe,which they do, There,then,the Archemajler fteppeth in,and 
leadeth forth on , the Experiences , by order ofhis doctrine Experimentall , tothe 
chief and finall power of Naturall and Mathematicall Arces,Oftwo or three men, 
in whom, this Defcription of Archemastry was Experimentally verified, I haue read 
and hard:and good record, is of their furch perfection. So that,this Art, is no fan- 
tafticall Imagination: as fome Sophifter, might, Cum ſuis Inſolubilibus, makea flo- 
rifh: and daflell your Imagination:and dafh your honeft defire and Courage, from 
beleuing thefe thinges, fo vnheard of,fo meruaylous,& of {uch Importance. Well: 
as you will. [have forewarned you I hauc done the part of a frende:I baue diſchar- 
ged my Duety toward God: for my finall Talent, at hys moft mercyfull handes re- 
ceiued. To this Science,doth the Science Alnirangiat,great Seruice. Mufe nothyng 
ofthisname. Ichaunge notthe name, fo ved, and in Print publifhed by other: 
beyng a name, propre to the Science. Wnder this ,commeth 4s Sintrillia, by 
Artephius, briefly written. But the chief Science, of the Archematter , (in this 
world)as yetknowen , isan other (asit were) OPTICAL Science: wherof, 
the name fhall be told(God willyng)when I fhall haue fome, (more iuft)occafion, 
therof, to Difcourfe. 

Here, I muft end , thus abruptly ( Gentle frende, and vnfayncd louer of honeſt 
and neceffary verities.) For,they,who have(for your fake, and vertues caufe)re- 
quefted me,(an old forworne Mathematicien) to take pen in hand : ( through the 
confidence they repofcd in my long experience:and tryed fincerity) for the decla- 
ryng and reportyng fomewhat,of thefruce and commodity, by the Artes Ma- 
thematicall,to be atteyned vnto:euen they, Sore agayntt their willes , are 
forced, for fundry caufes, to fatiffie the workemans requeft, in endyng forthwith: 
He, fo fcareth this, fo new an attemprt,& (0 coftly: And in matter fo flenderly (he- 
therto)among the common Sorte of Studentes,confidered or eftemed, 

And where I was willed, fomewhat to alledge,why, in our vulgare Speche,this 
part ofthe Principall Science of Geometrie, called Euclides Geometricall Elementes; 
1s publifhed,to your handlyng : being vnlatined people, and not Vniuerfiric 
Scholers : Verily, I thinke it nedeleffe. . 

Fot,thc Honour, and Eftimation of the Vniuerfities, and Graduates, 
is, hereby, nothing diminifhed . Seing, from, and by their Nurfe Children, you ' 
receaue all this Benefite : how great foeuer it bc. : 

Neither 
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Neitherare their Studies, hereby, any whit hindred. No more, then thedralian 
Vniuerfities,as Academia Bonouieufis Ferrar ienfis, Florentina, Mediolanenfis, Patauena, 
Papienfis, Pernfina, Pifama, Romana Senenfis, or any one of them, finde them felues, 
any deale,difgraced, or their Studies any ching-hindred , by Frater Lucas de Burgos 
or by Nicolaus Tartulea, who in vulgar Italian language,hauc publifhed, not onely 

* Euclides Geometrie, cut of Archimedes lomewhat : and in Arithmetike and Practica 
Geometrie, very large voiumes, allin their vulgar fpeche. Norin Germany haue 
the famous V zinerfittes, any thing bene difcontent with Albertas Durerus,his Geo- - 
metricall Inttitutions in Dutch: or with Gulielmus Xylander, his leamed tranflation 
of the firlt.ixe bookes of Euclide, out ofthe Greke into the high Dutch . Nor with - x 
Gualterus H . Fiffius, his Geometricall Volume : very diligen dy tranflated intothe . 
high Dutch tounge, and publifhed. Nor yerthe /aiserfities of Spaine, or Portu- 
gall, thinke their reputation to be decayed : or fuppofe any their Studiesto be hin- ~- 
dred by the Excellent P. 2Xonzins, his Mathematicall workes,ia vulgare fpeche by 
him putforth. Haue younot, likewife, in the French tounge, the whole Mathe- 
maticall Quadriuie ? and yet neither Paris, Orleance,or any of the other Vniuer- 
fities of Frauncc, at any time, wirh the Tranflaters,or Publithers offended : cr any 
mans Studie thereby hindred? 

And furely, the Common and Vulgar Scholer (much more, the Gramarian) 
before his comming to the Vniuerfitie, thall (or may)be, now (according to Plato 

^ his Counfell) fufficiendy infiructed in Arithmetske and Geometrie,for the better and 
eaficr learning of all maner of Philofophie, Academucall,or Peripateticall. And by that 
meancs, goe more chercfully, more fkilfully,and fpedily forwarde, in his Studies, 
there ro belearned.And,fo,in leffe time,profite more,then (otherwife) he fhould, 
or could do. : j 

Alfo many good and pregnant Englihe wittes, of young Gentlemen,andof 4 
other, who neuer intend to méddle wirh the profound fearch and Studie of Philo- 
fophie (in the ziwerfitierto be learned ) may neucrtheleffe, now, with morc eafe 
and libertie, haue good occafion, vertuoufly co occupie the fharpheffe of their 
wittes : where,els (perchance ) otherwife,they would in fond exercifes, {pend ( or 
rather leefe) their time : neither (eruing God : nor furdering the Weale,common 
or priuate. 

And great Comfort, with good hope, may the Vziwerfities hane, by realon of 
this Englifhe Geometrie,and Mathematicall Preface that they (hereafter) 
fhall be the more regarded, efteemed, and reforted vnto. For, when it thall be 
knowen and reported, that ofthe Mathematical Sciences onely,(ach great Commo- 
dities are enfuing (as I haue {pecitied ) : and that in dede, fome ot you vnlatined 
Studentes, can be good witneffe,offuch rare fruite by you enioyed (thereby ) : as 
either, before this,was not heatd of : or els,notfo fully credited: Well,may all men 
coniecture, that farre greater ayde,and better furniture,to winne to the Perfection. 55 
ofall Philofophie,may in the Vniuerfities be had:being the Storehoufes & Threa- Vninerfities. 
{ory of all Sciences, and all Artes, neceffary for the beft, and moft noble State of 
Common Wealthes. — * 

Beſides this, how many a Common Artificer, is there, in theſe Realmes of 6. 
Englandaud Ireland, that dealeth with Numbers,R ule, & Cumpaffe : Who,with 
theirowne Skill and experience,already had, will be hable (by thefe good helpes 
and informations) to finde out,and deuife,new workes, (traunge Engines. and In- 
ftrumentes : for fundry purpofes in the Common Wealth ? or for priuiate plea- 
fure ? and for the better maintayning of their owne eftate ? I will not (therefore) 


» 


` 
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fightagainft myne owne fhadowe. For,no man (Iam fure) will open his mouth 
againit this Enterprife. No ma (I fay) who either hath Charitie toward his brother 
(and would be glad of his furtherance in vertuous knowledge) : or that hath any 
care & zeale for the bettering of the Comon ftate of this Realme.Neither any, that 
miake accompt, what the wiler fort of men ( Sage and Stayed ) do thinke of their: 
Tonone-( therefore) will] make any Apologize, for a vertuous acte doing : and for * 
comending,or ferting forth, Profitable Artes to Englith men,in the Englith toung: 
»» But, vnto God our Creator, letvs all be chankefull : for that, £s he of bis Good: 


» nes by his Powre , and in his -wifedome , hath Created all thynges, in Number, 


Go» Waight and Meafure:So, to vs , ofhys great Mercy , he hath rcuealed Mcanes, 
” whereby , to attcyne the fufficient and neceffary knowledge of the forefayd hys 
? three principall Inftrumentes : Which Meanes , I haue abundantly proned vnto 
you, to be the Sciences and Artes Mathematicall. < 
And though I haue ben pinched with (traightnes of tyme: that, no way,I could 
fo pen downe the matcer(in my Mynde) as I detcrmined : hopyng of conuenient 
layfüre .— Yetifvertuous zealejand honeft Intent prouoke and bryng you to the. 
readyng and rs of this Compenidious treatife,I do not doute, bur,as che 
veritie therof(accordyng to our purpofe ) willbe cuident ynto you : So the pith 
and force therof , will perfuade you : and the wonderfull frute therof,highly plea- 
fureyou. And that you may the cafier perceiue,and better remember , the prin- 
The Ground cipall pointes, whereofmy Preface treateth , I willgiue you the Groundplate 
placrofchis ofmy whole difcoure,in a Table annexed:from the firlt to the laft,fomewhat Me- 
Prefaceina thodically contrived. . a = 
Table. If Haft, hath caufed my poore pen,any where , to tumble : You will, (Iam 
fure)in part of recompencc, (for my carneft and fincere good will to plea, 
fare you)., Confider the rockifh huge mountaines, and the perilous 
| vinbeaten wayes,which ( both night and day , for the while ) it 
^ .hathtoyled and labored through,to bryng you this good 
Newes,and Comfortable profe,of Vertues frute. 
So,I Commit you vnto Gods Mercyfull direction , for the reft : hartely 
befechyng hym, to profper your Studyes,and honeft Intentes: . 
to his Glory, & the Commodity of our Countrey., Amen. 


Written at ny poore Honfe 
At Mortlake. ` 
. Anno. $7 o Februarij.g. 
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In thinges Supernatu = 
rall, aternall, &æ Diuine- 


Sim p l E Which dealeth with poe onely : aad demonftrateth all their properties and apper- 7 





í 3 NEA 
enances : Where, an Fn fs Indinifible, By Application ,Alcens ; 
i ding. The Ike Pjer 
Mixt, which with aide of Gem ee 
a Which With aide of Geometrie principall , demonftrateth fome «Arithmetica Con- Cations are, 
elufion, or Purpofé, Puno The vfe In thinges Mathema- | ( though ina 
whereof, 15 < ticall: Wwithaue farther \, degree lower) 
. f either, Application. in the Artes 
[Simpl C Which dealeth with Magnitudes, onely : and demonStraeth all them properties, paffi- ] . Mathema- 
ons, and appertenances : Whofe Point, is Indiuiſible. In thinges ‘X aturalt: | tical) Deri- 
both Subftatiall,o Ac- | uatiue. 
cidentall Vifible, & In- 
" . I . wifible.cc.By Appli 
Mixt » Which With aide of eAritlmetike principall,demonftrateth fome Geometricall purpofe:as on —* | 


EVCLIDES ELEMENTES. 
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i . 
Arithmetike, (Arithmetike of moft vfuall whole Numbers: And of Fractions to them appertaining. 
vulgar : which | Arithmetike of Proportions. i 
confidereth< Atithmetike Circular. 
Arichmetike of Radicall Nabers:Simple,Compound, Mixe: And of their Fractions. 
[Atichmelike of Coshike Niibers: with their Fractions: And the great Arte of Algiebar. 











(All Lengthes. — Mecometrie. 
At hand'— < AllPlaines: As, Land, Borde, Glalfe,&c. Embadometrie, 
| All Solids: As, Timber,Stone,Veffels 8c. Stereometrie. 
Geometrie, 
pulgar:which teas | 
cheth Meafuring. ; How far Ye, from the. Meafurer , any Geodefie : more cunningly te 
$ ' | thing is: of him fene,on Land or Water: called Meafure and $uriey Landes, 
pomecometrie. i Weeds Wateri-dye. j 
—— Ofwhich | Geographie. 
With difláce | How high or deepe, from the leuelt | t€ Srowen 
from the thing of the Menfurers Handing , any thing is: the Feates 
EMIT Scene of hyve on Land er Water : called. (C7 Artes of Chorographie. 
Hypfometrie. 
| 
Hydrographie. 
* H ow br oad »4 thing ts, which is in the 
: Meafurers vew : foit be fituated on Land or 
Water : called P la¢ometrie. Stratarithmetrie. 
Per fr pectiue, Which demonftrateth the msaners and properties of all Radiations:Direlte, Broken, and Reflekted. 


Aftr ONOMI1C,———_ WhichdemonStrateth the Distances, Magnitudes andal N aturall motions, Apparences and Paffions , proper tothe Planets aud 
fixed Starres:for any time, paft, prefent, and to come : in refpetle of a certaine Horizonor Withont refpelle of any Horizon, 


Mufi ike Ó 7———- Which demonftrateth by reafón and teachetb by ifenfe,perfettly to indge and order the dinerfitie of Sonndes , hie or bw, 


C ofmographie 577. Which, Wboly and perfeftly maheth defeviption of the Heanenly,and alfo Elementall part of the World : and of theft parses,makerh 
bomologall application, and mutuall coharion neceflary. 
Aftrologie, 


Which reafonably demontrateth the operations and effettes of the natnrall beamses of light,and fecrete Influence of the "Planet and 
fixed Starres , in enery Element and Elemental body : ut all times, in any Horizon affigued. 





Stauke, Which demsonftrateth tbe canfes of beauinet and lightnes of allthinges : and of the motions aud properties ta beanines and lightnes 


belonging. 


Anthrop o graph 1e Which deftribeth the Nicber, Meafare,Waight, Figure Sitnation,and colour of enery divers thing contained inthe perfette body of 
AL AN sand geneth certaine knowledge of the Figure,Symmetrie, Watght,Charallerization,& dae Locall motion of any perce 

" of the fayd body affigned : and of numbers to the faid percell appertaining. 

Tr ochilike > Which demson]lrateth the properties of all Circular motions: Simple and Compound. 





Helico ſc o p h ie — Which demonffrateth the defigning of all Spirall lines : in Plaine,on Cylinder.Cone, Sphere, Conoid, and Sphavoid : and their proe 
perte 


P neumatithmie, — Which demonftrateth by clofé hollow Geometrical figures (Regular and Irregular ) the ftraunge properties ( in motion or lay )of 
the Water,-Ayre,Smoke,and Fire,in their Continustie,and as they arc toyned to the Elemences next them. 


Menadr 1¢,———__ which demonftrareth,how, aboue Natures Vertue, and power fimple : Vertue and force,may be multiplied : and fo to dirette,t0 
lift, to pull to, and to pus or caft froany multiplied, or fimple determined Vertue, Waight, or Force: naturally, not, fo, direttible, or 

er moneable. 
Hyp ogeio di C,—— Which demonftrareth how ,vnder tbe Spharicall Superficies of the Eavth at amy depth, to any perpendicular line aſſgned (whoſe di- 


Stance from the perpendicular of the entrance : andthe Azimuth likewife, invefpette of the fayd entrance is kmowen ) certaine way, 


H d . may be preferibed and, gone Gc. 

y rag Oo gte >T Whihdemonfirateth the pofible leading of water by Naturer lw and by artificial helpe, from any hcad( being Spring, flanding ev 
running Water ) to any otber place affigned. 

Horometrie 9 Which demovfirateth bow,at all tinet appointed, tbeprecife ufnali denomination oftime,may be kuowen,for any place affigned, 


Zo Ta hie ——— Which demonftrateth and teacheth how, tbe Interfettion of all vifuall Pyramids,muade by any plaine affigned( the Center dift ance, 
? J Py any P 8 
and lehtes being determined ) may be,by lines,and proper colours reprefented. 





Architecture,— Which is a Science garnifhed with many dotkrines,and diners Inftruttions : by Wwhofe indgement,all workes by other workenen fini 
fhed, are sudged, 
Nauigation š Which demonStrateth, how, by the Shorteft good Way,by the apteft direlion and in tbe [hovteFl time:a fufficient Sbippe, betwene a- 


ny thro places (in paffage nanigable )afigned, may be condulled:and in allfHormes and natural disturbances channcing how toufe 
] the belt poffible means to reconer the place first affigned. 
Th aumaturgike y^ Which gentib certaine arder to make fframnge Workesf the fenfe to be perceined:and of men greatly t0 be Wwondred at. 


1 Archemaftr. 1€, —— Which teacheth to bring to attuall experience fenfible all worthy conclufions,by allthe Artes Mathematicall purpofed : and by true 
Natural philofophie concluded: Aud both addeth to them a farder Scope , in the termes ef the fame Artes: and alfo , by bis proper 
Method andia peculiar termes, procedeth with helpe of the forfayd Artes,tothe performance of complete Experiences: which, of no 
part viar Arte,are bable( Formally )o be challenged, t 





q lhe firftbooke of Eu- 


clides Elementes. 


Nrursrrest 200k eis intreated ofthe moft be argument 





fimple, eafic, and firft matters and groundes of Geo- of rhe fx 
metry, as, namely, of Lynes, Angles, Triangles, Pa- — 
rallcls, Squares, and Parallelogrammes. Firſt of theyr 
definitionsfhewyng what they are. After that it tea- 
& cheth how to draw Parallel lynes, and how to forme 
| diucifly iguies of three fides,& fourc fides,according 
to. the varietie of their fides, and Angles : & cépareth 
them all with Triangles ,& alfo together the one witt 
the other. In italfo is taught how a figure of any 
forme may be chaunged into a Figure of an other 
s forme. And for thatit entreateth ofthefe moft com- 
mon znd generali chynges , thys booke is more vniuerfall then is the fccondc, 
third,or aay other, and therefore iuftly cccupieth the firft place in order : as that 
without which, the other bookes of Ewclide which follow , and alío the workes 
of others which haue written in Geometry, cannot be perceaued nor ynderftan- 
ded. And forafmuch as all the demonftrations and. proofes of all the propofiti- 
ons ia this whole booke, depende of thefe groundes and principles following, 
which by reafon of their playnnes neede no greate declaration, yet to remoue al] 
(be itneuerfo litle) obfcuritie, there are here fet certayne fhorte and manifefs 
expofitions of them. yx 
i i 8 
te» Defmnitions. 
1. Afigne or point is that which hath no part. . Defnitinoof 
«poynt, 


The better to vnderftand what mancr of thing a figne or pointis,ye muft note thar 
the nature and propertie of quantitie(wherof Geometry eptreateth Jisto be deuided, 
fo that whatfoeuer may be deuided into fundry partes,is called quantitie.but a point, 
althoughit pertayne to quantitie, and hath his beyng in quantitic, yetisit no quanti- 
tic,for that it cannot be deuided. Becaufe(as the definition faith) it hath no partes in- 
to which it hhould be deaided.So thata pointe is the leaft ching that by mindeand vn- 
derftanding can be imagined and conceyued : then which,there can be nothing leffe, 
asthe point A in the margene. A. 


Afigne or point is of Pahagoras Scholers after this manner defined: Apoynt isan Definition of 
«nitie Which batb pofition. Nübers are conceaued in mynde withoutany forme & figure, pr dtr 
and therfore without matter wheron to receaue figure, & confequently without place ithagoras 
andpofition. Wherfore vnitic beyng a part of number;hath no pofition, or determi- 
nate place. Wherby it is manifeft,that number is more fimple and pure then is magoi- 
tude,and alfo immateriall: and fo vnity which is the beginning of number, isleffe ma- 
veríall then a figne or poynt, whichis the beginnyng of magnitude.For apovntis ma- 
teriall, and requireth pofition and place,and therby differeth from vnitic. 


eee 000 x Alime is length without breadth. , Definition of 
ane, S 
There pertaine to quantitie three dimenfions, length,bredth,& thicknes,or depth: 
and by thefe chrc arc all quátities meafured & made known, There are alo, according 
* Bj. rp 
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to thefe three dimenfions, three kyndes of continuall quantities : alyne, a fuperficies, 
or plaine,and a body. The firft kynde,namely,a line is here defined in thefe wordes, e£ 
dyne is length Without breadth. A point, for that itis no quantitie nor hath any partes into 
which it may be deuided, but remaineth indiuifible,hath not,nor can haue any of thefe 
three dimenfions. It ncither hath length, breadth,nor.thickenes.Butto aline,which is 
the firft kynde of quantitie,is attributed the firft dimenfion, namely, length, and oncly 
that for it hath neither breadth nor thicknes,but is conceaued to be drawne in length 
onely,and by it,it may be deuided into partesas many as ye Jift,equall,or vnequall.But 
as touching breadth it remaineth indiuifible. AsthelyneAB, whichis onely drawen 
in length, may be deuided in the pointe C equally, or in the 
point D vnequally,and fo into as nany partes as ye lilt, There 
are alfo of diucrs othergeuen other definitions of alyne: as A cD $ 
thefe which follow. . 

<A lyne is the mouyng of a poynte,as the motion or draught ofa pinne or a penne to your 
fence maketh alyne, e 

Agayne, A lyne is a magnitude haning one onely pace or dmerfion, namely, length Wwantyng 

breadth andthicknes. 


3. be endes or limites of a lyne are pointes. 


Fora line hath his beginning from a point,and likewife endeth in a point: fo that by 
this allo it is manifeft,that pointes, for their fimplicitie and lacke of compofition, ace 
neither quantitie,nor partes of quantitie,but only rhe termes and endes of quantitic. 
Asthe pointes e4, 2, arc onely the endes of the line 4B, and no partes thereof , And 
herein diffeceth a poynte in quantitie, from vnitie in number: 
for thatalthough vnitie bethe beginning of nombers, and no 
number(as apointis the beginning of quantitie,and noquan- A B 
titie Jyet is ynitie a part of number,For numbet is nothyng els 
buta colle&ion of vuities,20d therfore may be deuided into them, as into his partes. 
Buta pointis no part of quantitie,or of a lyne: neither is alyne compofed of pointes,as 
number is of vnities.For things indiuifible being neuer fo many added together, caa 
neuer make a thing diui(ible,as an in(tant in time,is neither tyme,nor part of tyme,but 
only the begianing and end oftime,and coupleth & ioyneth partes of tyme together. 





4 Aright lyneis that which lieth equally betwene his pointes. 


As the whole line ef B lyeth ftraight and equally betwene the poyntes 4 B without 
any going vp or comming downe on eyther fide. 

Campanus and certain others,define aright linethus: A B 

"A right line isthe fhortest extenfion or dranght thats or may 
be from one poynt to ax other. eArchimedes detineth it thus. 

A right line is the foortest of all lines, which bane one and the felf fame limites or endes: whichis 
in maner al one with the definiué of Campanus.As of all thefe lines ABC,ADC,AEC, 
AF C,which are all drawen from the point A, to the 
poyntediCas Campanus (peaketh, or. which haue the 
felf fame limites or endes,as Archimedes {peaketh,the 
lyne ABC, beyng aright line,is the fhorteft. 

Pilato defineth aright line after this maner: Arighe 
line is that Whofe middle part fhadoweth theextremes. As if , 
you put any thyng in the middie ofa rightlyne,you fhall not fce from the one ende to 
the other,which thyng happeneth not in a crooked lyne. The Ecclipfe of the Sunne(fay 
Aftronomers) then happeneth,when the Sunne,the Moone, &our eye arein one right 
line.For the Moone then being in the midft betwene vs and the Sunne, caufeth it to be 
darkened. Diuers other define aright line diuerfly,as followeth, 

eA right lyne is that which ftandeth firme betwene his extremes, : 

Agayne,A right liaess that Which With am ether line of lyks forme cannot máke ^ figure 

= gayne; 








of Euclides Elementes . Fol.2. 


Agayne,ed right lyne is that which hath not one part in a plaine fuperfictes, andan other erected 
en high. 

— right lyne is that, all whoſe partes agree together with all his other partes, 

Agayne, 4 right lyne ts that, whofe extremes abiding cannot be altered. 

Euclide doth not here define a crooked lyne,for it neded not. It may eafely be vnder- 
ftand by the definition ofa right lyne, for euery contrary is well manifefted & fet forth 
by hyscontrary.One crooked lyne may bemore crooked then an other,and from one 
poyntto another may be drawen infinite crooked lynes: but one right lyne cannot be 
righter then an other, and therfore from one pointto an other, there may be drawen 
but oncright lyne.As by the figure aboue fet; you may fee, 


5 Afuperficiesis that, which hath onely length and breadth, 


* A fuperficies is the fecond kinde of quantitie, and to it are attributed two dimenfi- 
ons, namely length, and breadth. Asinthe fuperficies ef BCD, 
whofe length is taken by the lyne 4B, orC D, and breadth bythe p~ 
lyne AC. or BD: and by reafon of thofe two dimenfions a fuper- 
ficies may be deuided two wayes, namely by his length, and by hys 
breadth,but not by thickneffe,for it hath none.For,that isattribu- 
ted onely to a body,which is the third kynde of quantitie,and hath 
all three dimenfions, length, breadth, and thickues,and may be de- 
uided according to any of them, — 
Others define a fuperficies thus: Aſuperficies is the terme or ende fa body. As a line is the 
endeand terme ofa fuperficies, 





6  Extremes of afuperficies,are lynes. 


Astheendes,limites,or borders of alyne,are pointes,inclofing the line: fo are lines 
the limites, borders,and endes inclofing a füperficies, As in the figure aforefayde you 
maye fee'the fuperficies inclofed with fourelynes.The extremes or limites of a bodye, 
are füperficieffes, And therforc a fuperficies is offomc thus defined: A faperficies is that, 
which endeth or inclofeth a body: as isto be fene inthe fides ofa dic, or of any other body. 


2. 4 plaine fuperficies is that ymbicb lietb equally betwene bis lines. 


As the fuperficies A B C D lycth equally and fmoothe betwene B 
the two lines AB, and C D: or betwenethetwolines AC, and 
8D: fo that no patt therofcyther fwclleth vpward;oris depre(- | 
fed downward.And this definitió niuch agreeth with the dcfini- [pu E 
tion of a right linc. A rightlinelicth cqually betwene his points, D 
anda plaine füperficies lyeth equally betwenehislynes, Others define a plaine fuper- 
ficies after this maner: 

A plaine fuperficses,is the fhortest extenfion or draught from one lyne to an other:like as aright 
lyneis the thorteft extenfion or draught from one point to an other, 

Enclide al(o leaueth out here to (peake ofa crooked and hollow fuperficies,bccaufe it 
may eafely be vnderítand by the diffinition ofa plainc fuperficies,being hys contrary, 
And euen as from one point to an other may be drawen infinite crooked lines, & but 
one right line,which is the thorteft: fo from one lyne to an other may be drawen infi- 
nite croked fuperficieifes,& but one plain fuperficies, which is the fhorteft;Here muft 
you confider when there is in Geometry mention made of pointes,lines,circles,trian- 

_gles,or of any other figures,ye may not conccyue of them as they bein matter, as in 

` woode, in mettall, in paper, orin any fuch lyke, for fo is there nolyne,burt hath fome 

breadth,and may be denided:nor points, but that hal haue fome partes, and may alfo 

be deuided,and fo of others,But you muft conceiue them in mynde,plucking them by 

“imagination from all matter, {o (hall ye vnderftande them truely and perfc@ly,in their 

owne nature as they are defined, As a lyne to be long, and not broade:anda poynte ta 
B. ij. be 
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be fo little,thatit íhall haue no part at all, z 

Others otherwyfe define a playne fuperficies:c/ pleine fuperficies is that, Which is firmly 
Set betwene his extremes as before was fayd of aright lyne. 

Agayne,e/4 plaine Juperficies is that vnto all whofe partes a right line may Well be applied, 

Again, A plaine (uperficies is that Which is the fhortes of al faperficies wbich hane one & the Self 

extremes: AS a right line was the fhorteft line that can be drawen betwene two pointes, 

Againe. playne fuperficies is that, whofe middle darkeneth the extrenses, as was alfo fayd of 
aright lyne. 


8 A plaine angle is an inclination or bowing of two lines the one to the otber 
and the one touching the other and not beyng direé#ly ioyned together. 


« Asthe B c 

two lines | — 

AB, & B N 

C inclinc D | \ 

the one 

to the o- | | A NT 
A c 1 

ther,and E 

touch the 


one the other in the point B, in which point by reafon of the inclination of the fayd 
lines,is made the angle 4 BC.But ifthe two lines which touch the onethe other,be 
without allinclination of the one to the other,and be drawne dire@ly the oneto the 
other, then make they not any angle atall,as the lines CD, and D E,touch the one the 
other in the point D, and yet as ye fee they make no angle. 


g And if the lines which containe tbe angle be rigbt lynes,then is it calleda 
rightlyned angle, 


Asthe angle 4B C,in the former figures,is a rightlined angle, becaufe itis contai- 
ned of right lines : where note,that an angle is for the moft part defcribed by thre let- 
ters,of which the fecond or middle letter reprefenteth the very angle, and therforeis 
fet at the angle. 

By the contrary,a crooked lyned anglc,is that which is contained of crooked lines, 
which may be diuerfly figured, Alfo a mixt angle is that which is caufed of them both, 
namely, ofa rightline and a crooked, which may alfo be diuerfly figured, asin the fi- 
gurcs before fet ye-may (ee. There are of angles thre kindes, aright angle,am acute an- 
gle,and an obtufe angle, the definitions of which now follow. 


10 VV ben aright line ftanding vpona right line maketh the angles on esther 
[ide equall:chen either of thofe angles ts a right angle. And the right lyne 
which ftandeth erefled, is calleda perpendiculer line to that vpon which 
it ſtandeth. 


As vpon theright line C D, fuppofe there do ftand an other line A 
A B, in {ach fort,that ic maketh the angles on either fide therof e- 
qual! : namely,the angle 4B Con the one fide equall to the angle 
4B Donthe other fide: then is eche of the two angles 4 B C,:and 
ABW aright angle,and the line 4 B,which ftandeth ere&ed vpon 
the line CD, without inclination to either partis a perpendicular 
line,commonly called among artificers 4 plumbelyne. c B 3 


11 Anobtufeangle is that which is greater then aright angle. 
As 


of Euclides Elemente: . 


As theangle C B E inthe example is an obtufe angle, for it is 
greater then the angle 44 B C, which is a rightangle,becauíeit con 
tayneth it,and containeth moreouer theangle ABE. 


u Anacuteangle is that which lefe then a right angle. 


Astheangle EB D inthe figure before putis an acute angle,for 


Fol.3. 


A E 


c P 


that itis leife then the angle 4 B D, which is a right angle, forthe right angle contai- 


neth it,and moreouer the angle ABE, 


y Alimite or terme,ts the ende of enery thing. 


Foras much as ofthinges infinite (as Plate faith) there is no {cience, therefore mutt 
magnitude or quantitie(wherof Geometry entreateth)be finite,and haue borders and 
limites to inclofe it,which are here defined to be the endes therof. Asa poiatis theli- 
mite or termc ofaline,becaufe it is thend therof : A line likewife is the limite & terme 
ofa fuperficies:and likewife a fuperficies is the limite and terme of a body,as is before 


declared, 


14 A figure is that, which is contayned vnder one limite or terme,or many. 


As the figure 4 is contained vnder one limit, 
which is the round line, Alfo tbe figure B is con 
tayned vnder threeright lines. And the figure C Cc 
vnder foure,and fo of others, which are their li- 
mites or termes. 


15 Acircle is aplaine Figure contents vnder one line, which is called a cire 
cumference,vnto which all 4ymed drawven from one poynt within the figure 
and falling vpon the circumference therof are equall the one to the other, 


As the figure here fetis a plaine figure, tharis a figure without groffenes or thick- 


nes,and is alfo contayned vider one line,nainely, the crooked lyne 
B C D,which is the circumference therof, ithath moreonerin the 
middle therofa point, namely the point ef, from which, all the 
“Tynes drawen to the fapertieies,are equal: as the lines AB, AC, A 
D, and other how many foeuer. 
Ofall figures a circleis thc moft perfe&, and therfore is it here 
firft defined, 





m 
r 


D 


16 And that point is called the centre of the circle, asis the point A, which is 


Jet in the middes of the former circle. 


For the more eafy declaration, that all the lines drawen from the centre of the circle 


to the circumference, are equall,ye muft note,that although a line 
be not made of pointes: yet a point, by his motion or draught, de- 
{cribethaline, Likewife a line drawen,or moued, defcribeth a fu- 
perficies: alfo d (uperficies being moued maketh a folide or bodie, 
Now thé imagine the line 4 B, (the point 4 being fixed)to be mos 
ucd about ina plaine fuperficies,drawing the point J continually 
about the point eZ, till itreturne to the place where it began firft 
tomeue: fo thall the point B,by this motion, defcribe the circum- 
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ference of the circle and the point e being fixed,is the centre of the circle, Which ir 
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all the time of the motion of the line, had like diftance: from the circumference,name- 
ly the length of the line 4 B.And for chat al the lines drawn from the centre to the cir, 
cumference are defcribed of that line,they are alfo equal vntoit, & betwene théfelucs, 


17 A diameter of a circle, ts aright line, which drawen by the centre thereof, 
and ending at the circumference on either fide, denideth the circle into 
two equall partes, 


As the line B 4 Cin this circle prefent is the diameter,becaufe D 
it paffeth from the point B, of the one fide of the circumferéce, . — 
to the point C, on the other ſide of the circumference, & paſſeth 
alſo by the point A being the centre of the circle. And moreo- 
uer it deuideth the circle into tuo equall partes: the one,name- 
ly BD C,being on the one fide of the line, & the other namely, 
BE C,on the other fide, which thing did Thales Miletins (which 
brought Geometry out of Egiptinto Grece) firft obferue and i 
proue, For ifa line drawen by thecentre,do not deuide a circle into two equal partes: 
all the lines drawen from the centre to the circumférence fhould not be equall. 





1s. A femicircle,is a figure which ts contayned vnder the diameter, and yne 
der that part of the circumference which is cut of by the diametre, 


Asin theciccle ABCD the figure B AC is a femicircle,becaufe A 
itis contained of the right line B GC,which is the diametre,and 
of the crooked line B AC, being that part of the circumference, 3 
which is cut of by the diametre Z G C. So likewife the other part e 
of the circle namely B DC, is a {emicircle as the other was, 

D 


19 A feEtion or portion of a circle, is a figure whiche is contayned vnder a 
jn 2 anda parte of the circumference, greater or leffe then the 
emicircle. 


Asthe figuree4 BC, inthe example, is afe@ion ofa circle, & p 
is greater then halfe a circle,and the figure 4D C,is alfo a fecti- 
en ofacircle,and is leffe then a femicircle.A fe&ion, portion, or 
part ofacircleis all one, and fignifieth fucha part which is ei- 
ther more orleffe, then a femicircle: fo thata (emicircleis not ^ 
here calleda fe&tion or portion ofa circle, A right lyne drawen 
from one fide of the circumference ofa circle to the other, not 
pa(fyng by the centre, deuideth the circle into two vnequall p 
partes,which are two fe&ions,of which that which contayneththe centre is called the 
crreater feGion,and the other is called the leffe fe&ion. As in theexample,the part of 
the circlee-fB C,which containeth init the centre E,is the greater fection, being grea 
ter then the halfe circle: the other part namely eg D C, which hath not the centre in 
it,is thelefle (e&ion of thecircle,being leffe then a femicircle. 


A c 


zo — Rightlined figures are fuch which are contayned vnder right lynes, 


As are fuch as followeth,of which fome are contayned vader three right lines, fome 

vnder foure,fome vnder fiue,and fome ynder mo, : 

21 Thre fided figures,or figures of threfydes,are fach which are contaye 
ned vader three right lines, As 


of Euclides Elementes. Fol.4. 


As the figure in the example 4 BC,is a figure of three fides, 
becaufe itis cótained vnder thre right lines, namely,vnder the A 
lines ef 8,8 C,C A. k I 

A figure of three fides, or a trianele, is the firft figurein 
order of all right lined figures , and therfore of all others itis 
firít defined, For vnder leffe chen three lines, can no figure be 
comprehended. 


B c 
22, Foure fided figures or figures of foure fides are fuch, which are contained Defnirien of 


; : re fided 
'ynder foure right lines. d 
As the figure here fet,is a figure of foure fides for thatit is có- A B 
prehended vnder foure right lines,namely,A B,B D,D C,C A. > - 
Triangles,and foure fided figuresferue commonly to many v- | | 
fesin demonftrations of Geometry . Wherfore the nature and... — —— 5 
properties of them,are much to be obferued, the víeofotherfi- * 
gures is more obfcure, 
i ; Doria 
23. Many fided figures are fuch which baue mo fides then foure. — 


Right lined figures hauing mo ſides then foxer, by continual adding of ſides may be Mu-- 





X — 
infinite. Wherfore to define them all ſeuerally, according to the number of their fides, 
ſhould be very tedious, ot rather ĩmpoſſible. Therfore hath Euclide comprehended thé 
vnder one name, and vnder one diffinition: calling them many ſided figures, as many 
as haue mo ſides then foure: as if they haue fiuc fides,(ixe, feuen, or mo, Here note ye, 
that cuery rightlined figure hath as many angles,as it hath fides, & taketh his denomi- 
nation afwell of the number of his angles,as of the number of his fides. Asa figure cO- 
tained vnder three right lines,of the number of his three fides, is called a thre fided fi- 
gure :euen fo ofthe number of his three angles,it is called a triangle. Likewife a figure 
contained vnder foure right lines, by reafon of the numberof his fides, is called a foure 


fided figure : and by reafon of the number of his angles, itis called a quadrangled fie 
gure,and fo of others, : 


24. Of three fided figures or triangles, an equilatre triangle is that, which Definition of 
hath three equall fides, "impe 
Trianeles haue their differences partly of their fides, and 
prey oftheirangles. As touching the differences of their 
ides,there are tarce kindes.For either all thre fides of the tri- 
engleareeqqall,or two onely are equall, & the third vnequal: 
‘or elsafl chee dre vtiequalithe dné to the other, The firft kind A 
of triangles, namcly,that which hath three equall fides,is molt / 
fimpleand eafich to be knowen:andis here firftdefined , and x 
= B.iiij. is 





Gui 


Definirion of 
an Sofceles, 


Definition of 
xt Scalesum, 


An Orthiponi- 
wm tziangle, 


As Ambligoni- 


am triangle. 


E Oxigonie 
ynstrisngle, 


- The firt Boke 


-is called an equilater triangle,as the triangle eat in the example, all whofe fides are. of 


one length. 


25. lfofceles jis a triangle, which hath onely two fides equal. 


The (ccond kinde of triangles 4 
hath two fides of onelength,but 
thechird fide is either longer or 
fhorter thé theothertwo , as are 
the triangles here figured, B,C,D 

In the triangle B,the two fides 
A E and E Fare equal the one to 
the other,and the fide .4 F,is 16- 
ger then any of them both: ?Likewife in the triangle € the two fides G Hand H K,are e- 


quall,and the fide G Kis greater.Alfo in the triangle D,the fi fides L Mand M Niare e- 
quall,and the fide L Nisthorter, 









H 


26. Scalenumis a triangle whofe three fides are all ynequall. 


As are the triangles E,F, in which thereis no 
one fide cquall to any of the other,For in the tri- 
angle E,the fide 4 Cis greater then the fide BC, 
and the fide A Cis greaterthé the fide AB. Like- -- 
wile in the triangle F,the fide D H,is greater thé 
the fide'D G,and the fide D G,isgreaterthenthe ©. 
fideG A, B —c G H 


27. /gaine of triangles an Ortbigonium or a rightangled triangle, is a tris 
an ngle which hath aright angle. 


Asthere are three kindes of triangles, by reafon ofthe diucrfitie 
of the fides, fo are there alfo three kindes of triangles,by rea(on of 
the varietic of the angles. For every triangle either containeth one 
right angle, & two acute angles : or one obtufe angle, & two acutes 
orthree acute angles : foritisimpoffible that one triangle fhould 
containe two obtufe angles,or two right angles, or one obtufe ana 
gle.and the other a rightangle. AII which kindes are here defined. c > 
Firfta rightangled triangle whiche hath initaright angle. As the 
triangle B C D,of which the angle B-C D,is a right angle. 


28. Anambligonium or an obtufe an — triangle, is a triangle ‘which bath 
.  anobtufe angle. 


Asis the triangle, whofeangle 4C — A 
D,isan obtufe angle. andis alfo a Scales +": 
non,hauing his three fides vnequall : the 
triangle E, is likewife an Ambligonion, 





whofeanegle FG /2,is an obtufe angle, E 
& is an Ifofceles, having two ofhis fides 
equall,namely F GandG A. G H- 


2y. Anoxigoninm or an acuteangled triangle, i is a triangle which hath al 
his ilias angles acute. 


> 


As 
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As the triangles 4,2,C,in ehe example;al 


whole angles are acute-of which 4 is an e- 

quilatertriangle, £, an lfofccles, and C a 

Scalenon.An cquilater triangle is moftfim.— . 

ple, and hath one vniforme conftrué&ion, 

and therfore all the angles of itarecquall, À 


and neuer hath in it eithera right angle,or 

an obtufe: but che angles of an Ifofceles or a Scalenon, may di- 

uerlly vary. Itis alfo to be noted that in comparifon of any two A 
fides of a triangle, the third is called a bafe. As of the triangle 

AB Cin refpeét of the two lines 4 Band 4 C,the line B C,is the 

bafe: and in re{pe@ of the two fides 4 Cand C B,the line 4 B,is 

the bafe, and likewyfein refpe of the two fides C B & B A, the 

line 4 C,is the bafe, 


5 c 
30 Of foure fyded figures, a quadrate or [quare is that, whofe fydes are es ect fa: 
quall and his anglesright, 


As triangles haue their difference and varietie by reafon oftheir A 


fides and angles: fo likewife do figures of foure fides,take their varic- p 
tie and difference partly by reafon oftheir fides, & partly by reafon 
of their angles,as appeareth by their definitions. The four fided figure 
ABCD isafquare ora quadrate, becaufeitis aright angled figure, 
al hys angles are rightangles,and alfo all his four fides are cquall. D o 


~ 3 Afigure on the onc fydelonger,or (quarelike, or as fome callit,a long Definition ofa 
Jquareyis that wbicb bath rigbt angles,but batbnot equall fydes, -elparo 


Thisfigure agreeth with a (quare touchinghis angles,in — , P 
that either of them hath right angles, and differeth from it 
onely by reafon of his fides,in that the fides therofbe note- 
quall,as are the fides of afquare. As inthe example,the an- 
gles of the figure ABCD, are right angles, but the two fides 
thereof 4 E , and CD, arelonger then the other two fides © D 
e CR D. 


i 3 2 Rombus( or a diamonde )is a figure hauing foure equall ſydes, but it is s — y 
p. 2 ne rightangled. Dinmond fgure 


This figure agreeth with a fquare, as touching the equallitie of 
Jines, but differeth from itiu that it hath not right angles, as hath 
the fquare.As of this figure;the foure lines 4 2,7 C,C'D, D A, bee- 
quall,but the angles therofare'not right angles. For the two angles 
ABCand ADC,are obtufe angles greater then right angles, & the , 
other two angles B A D and B C D, aretwo acute aneles leffe then 
two right angles. And thefe foure angles are vet equall to foure right 
angles: for,as much as the acute angle wanteth of a right angle, fo 
much the obtufe angle excedeth a right angle, 





Ci, Rhombaides 
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diamondiite f- 33 Rhombaides(or a diamond like )is a figure, whofe oppofite fides ate e» 


INS quall and wbofe oppofite angles are al[o equall, but it hath neither es 
quall fides nor right angles. 


Asin the figure 4 B C D,all the foure fides are not 
equall,but the two fides 4 B and C D,being oppofite — —7 
the one to the other;alfo che other two fides AC and a 
B D,beingallo oppofite, are equall the one to the o- 
ther.Likcwife the angles are not right angles,but the 
angles C 4B, and C D B,are obtufe angles,and op- 
pofite and equall the one to the other. Likewyfe die 
angles 4 B'D,and AC D,are acute angles,and oppo- /- 
fite,and alfo equall the one to the other. — —— 


tables. 


Trapexiaor 34 Allother figures of foure fides befides thefe are called trapexia,cr tables, 


Such are all Agures,in which is obfecued no equallitie of fides 
nor angles: as the figures 4 and B,in the margét, which haue nei- — 
ther equall fides,nor equal angles,but ace deed at all aduen- | A 
ture without obíeruation of order, and therefore they are called NM / 
irregular figures. 


Defoitionef 35 Parallel or equidiflant right lines are fuch, which 








Teralil lint, being in one and the felfe fame fuperficies, and pros 
duced infinitely on both fydes, do neuer in any part 
. ^ Concurre. A 5 
As are the lines 44 B,and C D jin the example. * $ 
c D 





Sy Peticions or requeftes. 


1 Fromany point to any point,to draw aright line. 


After the definitions, which are the firft kind of principles,now follow petitions, 
war Peticie which are the fecondkynd of principles: which are certain general fentences,fo plain, 
opare, & fo perípicuous, thatthey are perceiued to be true as foone as they are vttered;& no 
An man that hath butcommon fence,can,nor will deny them, Of which, the firft is that, 

which is here fet. As from the point «4,to the point 8, who wil de- 

ny,but eafily graunt that a right line may be drawn?For two points : 
how/foeuer they be fetare imagined to bein one and the felfe fame A- ` -B 
plaine fuperficies,wherfore from the one to the other there is fome : 
fhorteft draught,whiche is a right line.Likewife any two right lines howfoeuer they be 
fct, arc imagined to bein onefüperficíes, and therefore from any one line to any one 
line,may be drawen a fuperficies. : 


2 Toproducearight line finite, /traight forth continually, : 


: | 

Asto draw in length continually the right line AB, who will 
not graunt? For there is no magnitude fo great, but that there 4 c 
niay bea greter,norany fo litle,but that there may bea dames 
aune 
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aline is a draught from one point toan other,therfore ftom the point B, which is the 
ende of the line &/ B,may be drawn a line to fome other point,as to the point C, and 
from that to an other,and fo infinitely. i 


3 Vponanycentreandat any diftance,to defcribe a circle. 


A playne (uperficies may in compaffe be extended infi- — 
nitely: as from any pointe to any pointe may be drawen a ÉL S 
right line,by reafon wherof it cómmethto paffethatacir- — / — 
cle may be deſcribed vpon any centre and at any ſpace or — 
diſtance. As vpon the centre A and vpon the ſpace A B, ye 4 ys N 
may defcribe the circle B C, & vpon the fame centre,vpon \ 
the diftance 4 D,ye may defcribe the circle D Z,or vppon \ \ P4 
the fame centre vicenda tothediftaunce 44 F,yemay — A 
defcribe the circle F G, and fo infinitely extendyng your Nes 12 
fpace. 


4 All right angles areequall the one to the other. 


This peticion is moft plaine, and offrethitfelfeeventothe 4 
fence. For as muchasaright angleis caufed of one rightlyne 
falling perpendicularly vppon an other,and no one line can fall 
more perpendicularly vpo a line then an other: therfore no one 
right angle can be greater thé an other:neither do the length or 
fhortenes ofthe lines alter the greatnes ofthe angle,For in the 
example, the right angle 4 B C,thoughit be made of much lon- 
gerlinesthen the right angle D E F whofe lines are much fhorter, yet is that angle no 
greater then the other.For ifye fet the point £ iuft vpon the point B, then thal cheline 
£ D,euenly and inftly fall vpon the line 4 B,and theline E F, (hall alfo fall equally vpon 
the line B C,and fo thal the angle D E F,be equall to the angle 44 2 Cor that the lines 
which caufethem,are of like inclination, 

It may euidently al(o be fene at the centre ofa circle, For if 
ye draw in a circle two diameters, the one cutting the other in 
the centre by right angles, ye fhall deuide the circle into fowre 
equall partes,of which eche contayneth one right angle, fo are 


all the foure right angles about the centre of the circle equall. WM 








5 WV hen aright line falling vpon two right lines,dotb make on one c the 
JSelfe fame fyde, the two inwarde angles leffe then two right angles, then 
{hal thefetworight lines beyng produced at length concurre on that part, 

in which are the two angles lefe then two right angles, 


As ifthe right line 4 B,fall vpon two right lines, 
namely,C D and E F,fo thatit make the two inward 
angles on the one fide,as theangles DH I& FIH, 
leffe then two right angles (as inthe example they 
do) the faid two lines C D, and EF, being drawen 
forth in légth on that part, wheron the two angles 
being leffe thé two right angles con(ift,halat légth 
concurre and meete togetiicr: as inthe point D,as 
itis cafie to (ec, For the partes of the lines towardes D F,are more enclined the one ta 

Cj. the 
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the other,then the partes of the lines towardes C E are. Wherfore the more thefe parts 
are produced the more they fhall approch neare and neare,till at length they fhal mete 
in onc point. Contrariwife the famelines drawn in légth on the other fide,for that the 
angles on that fide,namely, the angle C H Band the angle E / A,are greater then two 
right angles, fo much as the other two angles are leffe then two right angles, fhall ne- 


uer mete,but the further they are drawen,the further they fhalbe diftant the one from 
the other, 


6 That tworight lines include not a fuperficies, 


Ifthelines AB and AC,being right lines, fhould inclofe 
a fuperficies, they mufte of neceflitie bee ioyned together at B 
both the endes,and the fuperficies mutt be betwene thé.Ioyne 4 
them onthe one fide together in the pointeA, and imagine 


the point B to be drawen to the point C; fo fhall the line 4B, 


fall on the line 4 C,and couerit,and fo be all one with it, and neuer inclofe a {pace or 
fuperficies, 


c 


$a» Common fentences. 


1 Thinges equallto one andthe felfe fame thyng: are equall alfo the one 
_ tothe other, 


Whatceemmon 0 After definitions and petitions, now are fet common fentences,which are the third 
fentencesare. gad laft kynd of principles.Which are certaine general propofitiós, commonly known 

ofaltmen,of them(elues moft manifeft & cleare,& therfore are called alfo dignities not 
Difference be. able to be denied ufany.Peticions alfo are very manifett,but not fo fully as are the c6- 
smene peticions MON fentences,and therfore are requited or defired to be graunted. Peticions alfo are 
E3 common fin- morc peculiar to the arte whereof they are: as thofe before putare proper to Geome- 
renen try: but common fentences are generall to all things wherunto thoy can be applied, 

Agayne, peticions confiftin aGions or doing of fomewhat moftealy to be done: but 

common fentences confit in confideration of mynde, but yet of fuch thinges which * 

are mottealy to be vnderftanded, asis that before fet. 

As if the line A be equallto theline B,And if the line C B 

be alfo equallto theline B, then of neceffitie the lines Ss 

Aand C,fhalbe equal the one to the other,So isit in all A c 

fupcrficieffes,angles,& numbers,& in all other things 

(of onc kynde) that may be compared together. 





—— —— ———À 


2. Andif ye adde equall hinges to equall thinges:the whole fhalbe equall, 


Asif theline 4 B be equal to the line C D, & tothe 4 
line A B,be added the line B E,& to the line C D,be 
added alfo an other line D F,beingequaltotheline œ 
B E,fo that two equal lines,namely,B E,and D F,be 
added to two cquall lynes 4 B,& C D: then hhal the m 
whole lyne ef E, beequall to the wholelyne CF, and (o of all quantities generally. 





D 


à 
— — 





3 Andif from equall tbinges,ye take away equall tbinges: tbe tbinges res 
mayning fhalt be equall, 


As 
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Asif from the two lines 4B and C D, being 
equal,ye take away two equall lines namely, E B A ——— 
and FD, then maye you conclude by this com- 
mon fentence,that the partesremayning,name- © 
ly, 4 E,and C F are equall the one to the other: 
and fo of all other quantities, 








4 Andif from vnequall thinges ye take away equall thinges: the thynges 
which remayne [ball be vnequall, — 


Asifthe lines 4B,andC D, be vnequall,thelinee4B,beyng 4 > EVS 
longer then the line CD, & if ye take frõ them two equall line,s, — — 
as È B,and F D:the partes remayning,which are the lines e4 E 
and C F,fhall be vnequall the one to the other,namely, the lync a 
A E hall be greater then the line C F,which isencr true in all quantities whatfoeuer, 


^ 
` 
9 





5 Andifto vnequall thinges ye addeequall thinges: the whole fhall be vn- 
equall. = 


Asif ye haue two vnequal lines,namely, 4 Ethe greater,and , E B 
€ Ftheleffc,& if ye adde vnto thé two equalllines, E B & FD, — A 
then maye ye conclude that the whole lines compofed are vn- — — 
equall: namely, that the whole !yne eAJ/ 2, is greater then the 
whole line C D,and fo of all other quantities. 





6 Thinges which are double to one and the felfe fame thing: are equall the 
one to the other, 


Asif the linee4 B bedoubletothelineZ F,andifalfothe 4 3 
line C D,be doubleto the fame line E F: thémay you by this... 7———— ———— ——- 
common fentence conclude,that the two lincs Jj B,& C D, E F 
are equall the one to the other,Andthisistrucinall quanti- — g p 
ties,and that not only,when they are double, but alfo if they 
be triple or quadruple, or in what proportion foeuer it be of 
the greater inequallitie. Which is when the greater quantitie is compared to theleffc. 





7  Thinges which are the balfe of one and the felfe fame thing-are equal the 


one to the other. 


As ifthe line 4 B,be the halfe of the line E F, and ifthe lyne 











C D, bethe halfe allo of the fame line E F: then may ye con- é $ 

clude by this common fentence,that the two lines e4 B and E F 
C D, areequallthe one to the other. Thisis alfo true in all 
kyndes of quantitie,and that not onely when it isa halfe, but € - D 





alfo ifit bc a third,a quarter, orin what proportion foeuer it 
be ofthe leffe in equallitie. Which is when the letfe quantitie is cópared to the greater, 


S$ Thinges w hiRgree together: are equall the one tothe other, 





Such thinges are fayd to dgree together,whiche when they are applied the one to 
the other: or fet the one vpon thé other, the one excedeth not the other in any thyng, 
Ciij, As 


What proporti- 
on of the grea- 
ter inequality a 


What proporti- 
on of the leffe 


qnequalitie s, 


Whata l'ropo- 
[monis 


Propofitions of 
rwo fortes, 


What a Pro- 
blemes., 


BM hata Thee- 


nus d. 
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Asifthe two triangles 4 BC, and DEF, wereapplied 


I A D 
theoneto the other,and the triangle 4B C, were let v- j 

pon the triangleD E F,if then the angle 44, do iuftly a- 

gree with the angle D,and the angle Z with the angle E, 

and alfo the angle C, with the angle F: and moreouer if 

the line 4 B,do iuftly fall vpon the line 2 E,and theline 

41C,vpon the line ‘D F, and al(o the line B C, vppon the 

liac E £, fothaton eucry part of thefe two triangles, 

B e E F 


there is iuft agreement, then may ye concludethat the 
two triangles are equall. 


9  Euerywheleis greater then bís part. 


As the whole is equal to all his partes taken together, fo is it grea- 
ter then any one part therof.Asifthe lineCB bea partoftheline 4 4 c B 
B,then by this commen fentence ye may conclude that the whole 


line 4 B, is greater then the part, namely,thé the line CB,And this 
is generalliu all chinges. " 


— 






He principles thus placed &ended,now follow the propofitions, which 
are (cntences fet forth to be proued by rea(oning and demonftrations, 
and thetfore they ate agayne repeated in theend of the demontftration, 
“maf, For the propofition is euer the conclufion, and that which ought to be 
Ze proued. es 


Propofitions are of two fortes, the one is called a Probleme, the other a Theoreme; 


AProbleme,is a propofitioti which requireth fome a&ion,or doing: as the makyng 
of (ome figure, or to deuide a figure or line,to apply figure to figure,to adde figures to- 
gether, or to (ubtrah one from an other,to defcribe,to infcribe,to circum{cribe one fi- 
gure within orwithout another, and fuche like. As of the firft propofition of the firft 
booke is a probleme, which is thus: Upon aright line genen not being infinite,to deferibe an e- 
quilater triangle,or a triangle of three equallfides .. Forinit, befides the demonftration and 
coatemplation of the mynde,is required fomewhat to be done: namely, to makean 
eqailater triangle vpon a linegeuen. And inthe ende of euery probleme, after the de- 
monftration, is concluded after this manner, Which is tbe shing, which was required to be 
done 


A Theoreme,is a propofition which requireth the fearching out and demonftration 
of fome propertic or paflion of (ome figure: Wherin is onely {peculation and contem- 
plation of minde,without doing or working of any thing, As the fifth propofition of 
the firt booke,which is thus,e-47 //ofceles or triangle of to equall fides hath bis angles at the 

bafe,equall rhe onc to tbeother,ezc. isa Theoreme.For in itis req uired only to be pro- 

ued and made plaine by reafon and demonftratió, that thefe two angles be 
equall,without further working or doing. And in the ende of euery 
Theoreme,after the demonftration is concluded after this ma- 
ner, Which thyng Wasrequired to be demoniivatedor proued. 
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Se» The firft Probleme. The firft Propofition. 


Upon a right line geuen not beyng infinite, to defcribe an e- 
quilater triangle,or a triangle of three equall fides. 









NERAST Uppofe that the right line genen be AB. 
4 — “At # required vpon the line A B, to defcribe an es 


4 quilater trianglenamely,a triangle of tbree equall 
3) fides.Now therfore making the centre the pomt A 
ve Nand the {pace A B,deferibe( by the third peticion) 
asi a circle BC D:and agayne (by the fame ) makyne 
the centre the point Band the fpace BA, de/cribe 
another circle ACE. And(by the firft peticion) 
RINE SBE from the point C,wherin the circles cut the one the 
other draw one right line to the point A,and an 
other right line to the point B.And fora/muche 
as the point A isthe centre of thecircleC BD, 
therfore (by the 15. definition tbe line A C is e2 
quall to tbe line A B : Agayne forafmuch asthe |D A BE 
point B is tbe centre of thecircle C AE, thers 
fore (by the fame definition) the line B C is ea 
quall to the line B A,Andit is proued, that the 
line AC 15 equall to tbe line A B : wberfore eiz 
tber of tbefe lines C A and C B, is equall to the 
line A B; but thinges which are equall to one and the fame thing are alo equall 
the one to the other( by the firft common fentence )wherfore the line C A, alfo 
is equall to the line C B, VY herfore thefe three right lines C A,A B, and B C 
are equalthe oneto the other VV herfore the triagle AB C isequilater VV her» 
fore vppon the line A B, is defcribed an equilater triangle 4B C.VV berfore 
Vppon a line geuen not being infinite, tbere is defcribed an equilater triangle, 
VV hich isthe thing, which was required to be done. 


Atriangle orany otherredtilined figure is then {aid to be fet or defcribed 
vponaline,when the tine is one of the fides of the figure, 


This firft propofition is a Prebleme)becaufc it requirech acte or doyng, namez 
ly,code(cribea triangle. And this is co be noted,thateuery Propofition, whether it 
be a Probleme,or aT heoreme,commonly containeth in it 4 thing gcnen,and a thing requie 
redto be fearched ont: although it be not alwayes fo, And the rhing cenen,is euer {er be- 
fore the thing reqitired.[n forme propofitions there are more thengs geué then onc, 
and mo thinges required then one,1n fome there ts nothing geven at all, 


Moreouer eucry Probleme & Theoreme, beyng perfect and abfalute, ought to 
haue all thefe partes namely . F iri the Propofition,co be proucd. Then the expofition 
C.iiii. which 


Conddruction. 


Demonſtratiu 


Thing geuen, 
Thing required 


Propofition. 
Eapoſſtion. 


Determination. 


"Cenflenction. 


Derzerfiration. 


Conclefron. 


Cafè. 


The thinggenen 
dn this l'ra- 
bleme, 

The thing 
required. 

The propofition. 
The expofition. 
The determi- 
marion. 

The confiructsa 


The demonfira- 
tien. 


The persicular 
concluſion. 


The Grinerfall 
conclefion. 


The note where 
by sts kpowne 
go bea Pro- 
bleme, 

No caſe in thy⸗ 


propofition . 


Three kindes of 
deninfiration, 
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which ts che explication ofthe thing geuen. After that followeth the determinati, 
whichis the declaration ofthe thing required. Then is fet the construction of (uche 
things whichare neceffary ether forthe doing of the propofitid,or for the demó 
ftration, Afterward followeth the demonstration, which is the reafon and proofe of 
the propolition, And laft ofall is put the conclufion,which is inferred & proued by 
the demonfration,and 1s euer the propofition,Butall thofe partes are not of ne- 
celfitie required in cucry Probleme and T heoreme,But che Propofition, demonstra. 
tion and conclufion, avc neceffary parces ,& can neuer be abfenc: the other partes may 
foinctymcsbeavay, 


Further in diuers propofitions,tbere happen divers cafes: whicharenothing 
els,buc varieticof delineation and conftrudtion, or change ofpoficioa, as when 


pointes, lines, fuperficielfes, or bodies are chaunged. V Vhich thingesbappen to 
diners propcfitions. 


Now then in this Probleme,the thing geuen,is the line geué: the thing required,ro be 

ferched our is,howvpé thar line to deferibe an equilater triangle, The Pre- 
position ofthis Probleme is, Upon a righe line genen not beyng infinitesto defcribe an equilater tri- 
angle. 

T he expofition is ,Suppofe that the vight line geuen be 4 B, and this declarech oncly 
the thing genen. T he determination is, Jt is required vpon the line A B, to defiribe an equilater 
triangle: tor therby as you Cee,is declared onely rhe thing required.T he conſtruction be- 
ginnech at theſe words, Nov therfore making the cẽtre the voimt A. & the foace AB, deferibe 
(by che third peticion)a cixcle &c, and continueth vntil you cometo theſe vordes, And 
forafmuch ai the poist A Gc. F ov chethertoare defcribed circles and lines, neceſſatye 
both for the doyng ofthe propoficion, andal(o for che demonftration therof, 
V Vhich demonftration bezinneth atthele wordes: e4nd forafrsuche as the point A s the 
centre of the circle C B D gc: And {o procedeth till you come to thefe wordes,WVber- 

fore upon the line A Bis defiribed an equilater triangle A BC.For yacill youcomethether, 
is,by groundes before fetand conftructions had,proved,and made enident, that 
the triangle made,is equilater.and theninthefe wordes,wherfore upon the line cA B, 
ts deféribed an equilater triangle BC,is put the ficft cenclufion,F or cheze are common- 
ly in euery propofiiion two conclufions: the one perticulcr,the other vniuecfal: 
and from the fict you co to thela(ít. And this isthe firftand pecticuler conclufi- 
on for chat icconcludeth, tchat vponthelyne A B is delcribed ao cquilater uiá- 
gle,which isaccording to the expoficion,after it,followeth the aft and vniuerfal 
cenclefion Wherfove vpon aright line genen not being infinite is defcribed an equilater triangle. For 
whether che linc geucn be greacer or leffe chen thys lyne, the fame conftru@ids 
and demonftrations prouethefameconclufion. Laft ofallisadded this claufe, 
Which is the ching which Was required to be done: wherby as we hauc before noted,is de- 
clared,chac this propofition is a Probleme and not aT heoreme. as for varietie ofca- 
fes in this propolition there is none, for that che line geuen,can haue no diuerfi- 
ticof poficion. 

As you haue in this Probleme (ene plainelye (et foorthe the thing geuen, and the 
thing required,moreoucr the propofition,expofition determination construction, demonftration, 
aud conclufion( which are generall alfo to many other both Problemes and T beoremes ) 


fo may you by the example therot diftin® them,and fearche them our in other 
Froblemes,and allo Thzoremes. ` 


"This al(o is to be noted,that thereare three kyndes ofdemonftration, The 
oneis cailed DemeniIatio aprieri, or compofition. The other is called Demevífrario 
«pofteriori. 


of Euclides Elementer. - Filo. 


apofleriori,or te(olution. Andche third is a demonftration leadyng to animpol-. 
fibilitie, e 


A demonftration aprieri,or compofition is,when in reafoving, from the prin- 
ciplesand firft groundes,ve paffe difcending contiovally ,till after many reafons 
made,we comeat the lengih to conclude that,which we firit chicfly cotend. And 
this kinde of demonftrationy (eth Euclide io his bookes tor the moft pare, 


A demonttration « posferiori,or refolutionis,when contrariwife inreafoning, we 
paffe from the laft conclulion made by the premiffcs.aud by che premiffes of the 
premiffes,concinually afcending,til we come co the firkt principles and grounds, 
which are indemonftrable,and tor they r {implicity can fuffcr no farther relolu- 
tion 

" Ademonftration leadyng toan impoffibilitie is thatargument, whole cd- 
clu(ion is impoffible: that is,when icconcludech direstly againft any principle, 
or againft any propolicion before proved by principles, or propofitious betore 
proued, 

Premiffes in an argument, are propofitions goyng before the conclufion 

by which the conclufionis proued, 


Compofition paffeth from the caule co che effect, or from thinges fimple to 
thinges more compounded. Refolucion contrariwife pallech from thinges com- 
pounded to thinges morc fimple,or from the effe& to thecaufe, 


Gompofition or the firft kynde ofdemonftration, which pafferh from the, 
principles,may eafely be fene in this firft propolition of Euclide, Thedemon- 
! ftration wherotbeginaech chus, Andfora(much. as the point A is thecentre of 
theciccle C B D,therforetheline AC;is equal tothe linc AB.This reaien(you: 
fec)taketh hisbeginnyng ofapriaciple, namely ,ofthe definition otacircle.And: 
this is thefirít reafon, Agaynefora(muchas B isthecentreofchecircle C A E, 
therfore the line B C is equall tothelyne BA: which is the (econd reafon. And 
1t was before proued that thelyne A C is equall to thelinc A B, whecforecither 
ofthefe lines © A & C B isequal to thelyn¢ A.B-and this isthechird read, But 
, things which are equall co one & the felfe fame chyng, arc alfo equall cheoae to 
the other. V V berfore the line CA is equaltotheline CB. andrhis isthefovrth 
argumenc. V Vherfore thefe chrec lines C A,A B,and B Care equall rhe oneto 
the other which is the conclufon,and thething tobe proved, - 

: You may alfointhe fame firft Propofitió,eafely take an exiple of Refolucio? 
vfinga contrary order patfyag backvard fró the laft conclufió of the former de- 


Demonflration 
4 Priors jor coma 


pofitson. 
4 


Demonfiration 
a poftersors or 
refolution, 


Demanftratsoe 
lending to an 


phpoffiliiy. - | 


Premuffes what 
they are. 


"An example of 
compofition i= 


the firft propofi2 


ton, 


Tirft reafon. 
Seeond reafon. 
Third reafen. 
Fourth reafon. 


Cenoinfion. 


Example of re- 


monítration; ril you cometo tle firít principle oc ground wheron it began, For P 
ss n Se e e Ps , | repo[usos: 
rhelaft argument or realon ig compofition,is the firft io Re(olution: se the fic(l, 77, Pr 


1n compoliriop,is thelaft io re(olution,T hus'tberfore muft ye procede, The ery 
angle A B,C is contained ofthreeequall right lines,namely,A B, A C,and E C, 
and cherfore icisan equ later triangle by thedefinition ofan equilater triangle: 
“and this tsthe-firftreafon, That the three neste equall, isthys proucd. The 
dines A € and CB are equall to the line A B,wherfore they gre cquall che one co 
the other: and thisis the feeond reafon. Thatthclines AB aud B Care equal aś 
‘thus proued: Thelines A B aid ARC, are drayen from the centre ofthe circle A 
Ç E;to the ċircamfereoçe ofrhe. lame: wherforethey are equall by the deñoitió 
ofacicclerand this is che chird ceafon, Likewile char thelines A C and A B, are 


A: — * a he xd os D., . equall 
— 


furſt txſen. 


Second reafin, 
Thirdreafcn. 


Fourth reafen 
which 1s the end 
ofthe whole roa 
ſelution. 


Mom to deferibe 
en Ififeeles 
rung le. 


Hew ro deferibe 


-a Scalenuin. 


- The firft Boke 


- equall,is proued by the famereafon.Forthe lines A C aad A Bare drawn from 
the ceatre ofthe ciccle BC D: wherforethey are equall by the fame definition: 
ofa circle: this 1s the fourth reafon or fillogifme, And chus is ended the whole 


refolucion: for thatyouarecemetoa principle, which is indemoftrable, & can 
not becefolued, 


Ofa lemonftratíonleading to ap impofhbilitie,or to anabfurditie, you may 
havean example 1n the fourth propoficion ofthis booke, 


e/fn addition of Campanus, 


Bv nowe if vpon the fame line geuen, namely, e4 B, ye wil defcribe the other two 
kinds of triangles, namely,an //ofceles ora triagle of two equal fides, & a Scalenon,or 
a triangle of three vnequall fides.Firlt for the defcribing of an /fofcelés triangle produce 
the linc 4 J on ether fide,vnull it concur with the circumferences of both the circles 
in the poietes D and 7 and making the centre che point 4,defcribea circle HF Gac- 
cording to the quátity.of theline AF, 
Likewite making the centre the poynte 
Z defcr.be a circle 2*2 G according to 
the quantitie of the line 8D. Now thé 
zhe(ecircies fhalicut the one the other 
in two poyntes, which let be 47,and G; 
And let the endes oftheliue geuen be 
ioyned with one of the (ayd fz&ions by 
two righilines,which let be et Gand 8B 
G. And forafinuci:e as_thefe twolines 
AAP and A Dare drawen fré the centre 
ofthe circle C'D E vnto the circumfe- 
&cetherof,tberfore ar they equal; Like 
wife.the lines 8 Aand B F, for that they 
re drawen from thecentre of the cir- 
cle ELA CF tothecircumference ther-; 
of are equal,And forafmuch as ether of 
thelincse4 Dand & Fis equall'fothe 
line 48, therfore they are equal theohe | 





- tothe other,Whertore putting the line_A B comé to thé both, the whole line BD fhal- 


be equali to the whole line ezf F.But B D isequalto 2 G,for they are both drawen fr6 
the cétre of the circle77 D G to thc circumferéce therof.And likewife by the fame rea- 
fon the line Æ Fis equal to the line A4 G. Wherfore by the cómó fentéce the lines 4.G 
and BG zre equal the one to the other,and either of them is greater then the line 4 B, 
for that either of che two lines BD andc Fis greater then the line 43, Wherfore v- 
ponthe line geuen is delcribed an S/ofeles or triangleoftwoequaillides.. 00, 

Ye may alfo defcribe vpon the felfe fame line a Scalenon , ox triangle of three vne- 
quall fides, ifby two right lines, ye foyne both the endes of the line geuen to fome dhè 
point that is iu the circumference of one of the two gredter circles,fo that that poynt 
benot in one of the two fections,and that the line D F-do not concur with it, whenit 


is oncitherfide produced contiauallye and direéllyc,For let the poynte Kbe takehia 


the cizcumference of the circle Z D.G,andletit not bein any ofthe fections , neyther 
lettheline D F concur with it,whenitis produced continually and dirc&ly vnto the 
circum ference therof,And draw thefe lines A Kand B K,and the line e4 K fhal cut the 
circumference oftbe circle H FG . Let itcut itin thé. poynte L: mow then by the 
common fentence the line 7 Kfhalbe equal to the line e¥ L,for(by the dcfihitión of 
cizcle)theline B Kiscquall tothetine B G,andthe line 4 Lis equall to the line 46 
which is equal to the line 8 G,Wherfore the line «A4 Kis greater then'theline 2-K alid 
by the fame reafon maye it be proned that theline B Kis greater then the line &Af B, 
À è Wherfore 
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Wherfore the triangle AB K confifteth of thrce vpequal fides. And fo haue ye vpòn the 
line genen,defcribed all thekindcsoftrianglés, . : — 
Thls is to be noted that ĩt a man wvill mechãnically and res 
dely not regarding demonftratica vpona linc geucn defccbe. 
atciangle ofchrec equall (ides, he oecdechaot co defccibe che 
whole forcíayd circle,butonely alitue part of eche: namely, 
wherethey cur the one the other,and fo frown che point, of the 
fe&ion to draw the linesto theeudes ofiheline.geuen, As in 
this figure here put, I 





And likevife,ifv ponthe(2idliaehe will défcribeatrian. —^— GL. 
gle ofcvo equall fy des, let him extende checompa(fe accor- AW SU 
ding tothe quantitie chat he will haue the iy-de to be, whether 
longer then the line geuen or fhortec: andloiltaw oncly ali- 


the point of the [e€tion draw the lines to the ende of the line 
geuen. asiathe figureshercpur, Note chat inthis che two 
fy des muft be fuch, that bey ng ioyned together, they belon- 
ger then the liac geuen, : 
and fo alfo i£vpon chefayd righcline he vill defcribea 
triangle ofthree vnequal (y des,let him extend che compaffe, 
Firft, according to the quautitie that he vil! hauc onc ofthe 
vnequall fy des to bz, and fo draw alittle pact of the circle,& 
thenexcend ir according to che quautitierhat he wil hauc the- 
othervnequal fyde co be,and draw hikewy [ea little part ofthe 
circle, and chat done, from the point o£the.[(e&ion dray the ; 
lines to the endes of the line geuen,as inthe figure here put, Notethat in this the 
two (ides muft be (uch,that checircles de(cribed accoiding to their quatitie may 
cut the onc-the other, £ T^ 


"— fa be/fecond Probleme. The ſecond Propoſition. | 


Frba point geuen,to draw a right line equal toa rigbtline veuen. 


tle part ofechecircle where they cucthe one che other, x fró X 









is requiredfro 
ithe point A,to 
arawea right 

Tx 


xx Lyne equall to 
GPSS the lite BC. - 
W (by the firf? peticia)) from the 
point A to tbe poynte B arigbt line A | 
(B: and vpon tbe line A B defcribe(by - 
the firft propofitio) an equilater tria 
angle and let the fame be DAB and 
extčd,by the fecond petició theright 
lines DAG DA, to the poyntesE 5707 
D, ad c 00i, E 
f al 
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How to deferibe 
an equilater tré 
angle vedily €$ 


` mechanically, 


How to deferibe 
an Ifofceles trie 
angleredsly, 


Hew to defcribe 
a Scalenum tria 


angle redil, 


Conſtructiou. 


Demonfir ation: 


- the circleC G H,therfore(by thers, 


The firt Booke 
and Fc (by tbe third peticio)making the centre Band the /pace BC defcribe a 
circle CG H: € againe( by the fame )making the centre D and the pace DG 
defcribea circle GKL, And forafs 


much asthe pointe Bis the centre o 


definitia) the line BC is equal to the 
line BG:and forafmuch as the poynt 
Dis checentre of the circleG KL: 
therefore( by the fame )the line DL 
is equal to the line D G:of which the 
lineD Ais equall toa line D B(by 
the propofitio going before) wherfore 
the refrdue namely,tbe line A L is es 
qual to the refiduz namely tothe line 
BG(by the third common fentence ) 
And tis proucd that the line BCis ee 





. quall to tbe lime 'B G.VV berfore eytber of thefe lines A Lc BCir equal tothe 
> dine BG But things which are equall toone andthe fame thing are alfo equall 


‘Two thinges ge- 
"wen in this pro- 


pofition. 
Fower cafesin 


this propofirion. 


The fir cafe. 


Ibe fecowd cafe: 


The third cafe. 


‘As for exaple,ifit were in the point C, which 


the one to the other(by the fivft comma fentence. )VVherfore the line AL ises 
qual tothe line BC VV berfore from the poynt geue,namely, A,is drawn a right 
line AL equall co the right line geuen BC: which was required to be done. 


, - Of Problemes and Theoremies,as we haue before noted,fome haue no cafes at all; 

which are thofe which haue onely one pofitionand conftruction:and other fome haue 
many and diuers cafes: which are fuch propofitions which haue diuers defcriptions & 
conítru&ions,and chaunge their pofiions. Of which forteis this fecond propofition, 
which is alfo a Probleme. This propofition hath two thin ges geuen:Namiely,a pointe, 
and a line:the thing required is,that from che pointe geuen wherefoeuer it be put, be 
drawen a ine equall to che line geuen. Now this poynt geuen may baue diuers pofitiós 
For it may be placed eyther withoutthe right linc geuen,or in fome point in it. I£ it be 
withoutit, either itis on the fide of it,(o that the right line drawen from itto the ende 
of the right line geueni maketh an angle:or els itis put directly vnto it,fo that the righe 
dine geuen being produced fhall fall vpon the point geuen which is without,But if it be 
in the line gcuen,then either itis in one of the endes orextreames thereof : or in fome 
place betwene the extremes.So are there foure diuers pofitions of the poyntin refpe& 
of theline. Wherupon follow diuers delineations and conitruGions, and confequent- 
ly varietie of cafes. 


For the fitft cafe the figure before put,ferueth, 


To the fecond cafe the figure hereon the 
fide (et belongeth. Andas touching the or- 
der both of conftru&ion and of demonftra- 
tion it is all one with thefirft, 


The third cafe is eafielt of all, namely, whé 
the poynt geuenis in one of the extreames. 
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is one of the extreames of theline#C. Thea 
making the centre the poynt C,and the {pace 
CB defcribeacircle B L G:and fromthe cen- 
tre C drawe 2 line vnto the circumference, 
whichlet the C L,which by the definition of. 
aciccle,fhalbe equall to the line geuen BC, 
The fourth cafe as touching conftru&ion 
herein differeth from the two fir(te , for that 
whereas in thé you are willed to draw a right 
line from the poynt geuen,nainely , 4,to the 
poynt 8 which is one oftheendes of the line 
gcu&hcre you fhal notnede to draw that line, 
for that it is already drawen,As touching the 
reft,both in conftru@ion and demonftration i 
you may proceedeas in the two firlte. Asit is 
manifelte to fce in thys figure here on the fide 
ut. 
$ This propofition for the playnes & eafi- 
nes thereof,{eemeth to be as it were a princi- 
ple,and may eafly mechanically be done. For 
opening the compaffe to the quantitve of the 
line geuen, and fetting on foote of it fixedin 
the poynt geuenand marking with the other 
another poynt wherfoeuerit fall, & fo by the 
firft peticion drawing a rightline fró the one 
ofthofe poyntes to the other, the fayd righte 
line fhall beequall to the rightline geuen: yet 
in deede is itno principle, for that it may by 
demonftration be proued: but principles can 
not be proued,as we haue before declared. 


Se T be3. Probleme. — The3.Propofition. 


Two vnequal right lines being geuen,tocut of from the grea- 
ter,a right lyne equal to the lefíe. 








IV, ppofe that the two vnequal right lines geuen be A Ber 
G of which let the lyne A B be the greater. Ic is requis 
red from the line A B being the greater, to cut of a right 
E line equal to the right line C, which ts the le/Se line-drawt 
Nin ( by the fecond propofition fro the point A a right line 
yl equall to tbe line C and let tbe fame be AD:and making 

















peticion) acircle DEF, And forafmuche as the 
point Aus the centre of} circle D E F, therfore A 
Eis equal to A D but tbe line C is equal to the line 
AD.VV berfore either of tbefe lines A E and C is 
equall to 4 D, wherfore tbe line A E is equallto | 

the line Cywberfore two vnequáll vigbt lines bemg Jo 
geuen, namely, A B and Ctbere is cut of from AB X ‘ 
being 9 greater, aright line 4 E equall to the lefe s) — 2 

lyne, namely, to C: which wat required tobe done. D ij. This 





S debe centré A andthe fpace AD deferibe (by ihe third 


The fourth cafe. 


This propofition 
though st be Gen 
ry eafie to be 
done mechanie 
cally yet smo 
principle, 


ri 


Two thisgei pe- 
geni this pro- 
phlition, 

Diners cafes in 
ww. 


The frf esfe. 


T be fecond cafe. 


The third cafe, 


The fourth cafe 


The fifth cafe. 


The fest cafe. 


E e Fhe frit Booke ... 


This propofition,whichis a Probleme,hath two thinges geuen, namely two 
vnequall right lines: the thing required is,fromthe greater to cut ofa line equal 
to theleife, Ic bath alfo diuerscafes. Forthe lines geuen eit her are diſtinct th'one 
from the other:orare toy ned cogether at oneóftlicit endes: ar they cutcheonc 
the other, ortheonecutteth cbe ocherin one of the extreames. V Vhich may be 


‘two way es. For cther che greater cutteth the leffe,orthe leffethe greater, Ifthey 


cut the one che other,ertherecl cuttech ch'other ipto equall partes : « 
quall partes : or the onc into cquall partes ;and the other into vnequall pattes. 
V Vhich may happen inewo forts, for the greater may be cutintgequall partes, 


andcheleffeinco vnequill partes: or contrariwife, 


s e. 

When the vnequall lines geuen are diftin@ the‘one from the other, the figure be- 
fore put ferueth. UE — 

Ifthey be ioyned together at one of theit "^" 
ends,itis eafic to do.For making the centré that’: 
end where thcy are 10yned together , &the fpace, 
the leffcline,de(cribe a circle: whiche thall ofne2~ 
ceflitic (by tne definition of a circle ) cut of from.” 
the greater linc aline equall to theleffe line , asi’. 
is playne to fec in the figure here put. DE iy 

Butiftheonecut the otherinoneoftheexs —.... 
tremes.Asforexaple :Suppofethatthevnequall | 
right lines geucnbe 4 Band C D,of which let the,;, .. 
line CD bethe greater : And let the line.C Dcut. . >; 
the line 4 BinhisextreameC. Thenmakingthe: . 
centre Aand the fpace 44 B,defcribeacircle BF... + 
And vpon thelinc AC defcribe an equilater tris .: 
angle( by the fir which letbe AEC:& produce. | 
the lines E A and E C.And againe making the cé- ~~" 
tre E and the/pace£ EF defcribe a tittle G F.Like- $3 /.-. 
wife making the tentre C and:the fpace C G,def-? ^ 
cibe a circle G L,Now forafinuch as theline EE. /. « 
T equall to che line E G (For Eis the centre) off 
which the line E is equall to the line EC : ther- 
fore the refidue A Fis equalito thé refidue CG. 
Buethelinex4Fisequall tothe line 4B,for 4 - 
rsthe centré, wherefore alfo theline CG is equal, 
tosheline 48. But the line CG is. lf equall to 
thelince C Lyforthe point Cisthe centre. Where24 s i: £N UL a 


Y 


fote the line 4215 equall to the line C L. Wheres. t ,,.. P. Xy 
fore from the line C D is cutof«fieliiéC L which" 7 +: bs 


isequall folic line 4 B. Pew ML vitse 
3 ^ 


e0XecseQ à 0 uW«V ol 739a. s 
j Dutnawlet.C 2 bc leffe then 4 and letitcut 442, D 2 B 
v4. ` : pee >$ IU aM a e d c 

b his extreaime C ;. Now then cyther it cuttethitiqthe 

middeft or notin the middett.Firfletit cutitia the ntid Cum 

deit:then C Dis ether thc halfe'of 4 8,& Io jsz4C'équal >. ep 

to CD, X nud 

Oritisleffe then thehalfe : and then, máking the. , 

centre C & the fpace C D defcriBea/ciecle;which flidlleut: V; 

of from the line 4 Z a line equal toppe lineg Diii 31 7. 
Oritis greater then the half. And thé vnto thepoint,.. 

A put the line A F equall to thedine'C D; by theilecond. * | 

And making the centre 4 & thefpace-4 F de(cribe a cir: 

cle, which (hall cue of from the line A B a line cyuall-to;:. \, 

theline A4 F,thacis,vntothe lingC D, Sa Buts. 

fn ARCS — e. A 


sui S'd > UE 
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Buti£the line C D do not cut the line 47 in — 
the midft: C D thal either be the halfe of the line 
A B:or greater then the halfe, or lefle .1f CD be 
the halfe of 4A Z,or lefle then the half of A B,thé 
making the centre C,and the (pace C D defcribe 
a circle whiche hall cut of from the line AP a 
line equal to the line CD, 





T he feuenth 64 
eight cafes, 


Bur ifit be greater then the halfe,then againe 
vnto the point e/f putthelinc 4 F equal tothe 
line C 'D (by the fecond propofitió: ) & making 
thecentre Z1, and the fpace A4 F defcribea circle 
which fhall cut of from the line 4 2 aline cquall 
to the line e4 F,thatis,to the linc CD. 


The ninth cafe, 





Butifthey cut thé one the other as the lines C The tenth cafa. 
D& AB do.Thé making the cétre Z & the fpace 
B Adclcribeacircle A F,& draw a line from the 
point to the pointC,& produce it to thepoint 
F.And forafmuch as the two right lines B F and 

€ D are vnequall,and the line C D. cutteth the 
line B F by one of his extreames, thereforeitis 4 
poffibleto cut of fromC D alinc equall tothe - 
line B F.Forhow to do it we haue before decla- 
red, whereforcitispoffible from zhelineC Dto. - 
cutofaline equall totheline 4 B:0:.4 B and 

B F are equall the one to the other. : 





This isto be totzdthat in all.thefe caíesja man may bothas toüchynig COB2. /m«lriefeca- 
ftruétion and demonttration,procede as in the firft cafe, For it is poffible in. any — ne 
pofition to put to the ende of the greatér lynealine cquall to the leffe lytic, and Ponin afiha 
fo makyng the centre the fayd ende,and the {pace the lefe line,to defcribe a cits frf cafe wil 
cle, vhich fhall cut offro tnc grextec ]yne a lyne equall to the line put , namely, fom, 
to the leffe line geuen,as it is aianitelt co feeiathe fipures partly here vader fcr, 
and, partly in the beginning ofthe other fide put, 

> - ` F è 
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Thi Prope. — líamanwillmc- 
(in, shoghe chanically and rediz 
Hb ']y dothispropofiris 
moh eafie so 
bz done me- on, noc regardyng 
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fo fet'on foote ther- 
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of the greater lyne d ipta 
geuen, andwith the " P 
other foote marké a pointe in the (aid greater line;which fhall cutte of from che 
greateclinea line eqiiall to che leffe. The cafines of doing wherot may caufe this 


oh aN propelicion alfo'to feeme vnco [ómétó be'rathera principle,thena propofition, 
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Ffehere be two trianglessof which two fides of th one be equal 

totwofides of the other eche fide to his corre/pondentfide,and 

:— bauing alfoon angle of the one equal to one angle of the other, 

namely, that angle which ts contayned vader the equall right 

\ Lines: the bafe alfa of the one fhall be equall to the bafe of the 

X. otber,and tbe one triangle fDall be equal to the otber triangle, 

and the other angles remayning [hal be equall to the other an- 

glesremayning,the one to the other, under which are fubten- 
ded equall fides. 


th un 
— Suppofe 


of Eutlides Elementos. Fol.x3. 


$ YAW pple that there be two triangles A BCer DEF hae 
O; s ja two fides of the one,namely A Bland AC, equall to 

io ides of the other,namely,to'D E and DF the one to 
the other,that s,A Bto D E,and AC to DF :hauyng als 


Te \fo the angle B A Cyequall to the angle E DF. Then I fay 


PF) ASN that the bafe alfo B C i equall toy ba[e EF: ry the trie 





Bly |jangle A BC,is equallto tbe triangle D E F:and y the os 
ther angles remainyng are equall to the other angles rez 
mayning the one to tbe otker ynder which are fubtended equall [ydes:that is, 
the angle ABC is equallto the angle DEF, and y tbeangle A C B is equall to 
to the angle D E E.For the triangle ABC exz 
aétly agreyng with the triangle D EF, and the A 
point A being put vpa the post Der the right A 
line A B vpon the right line D E, the pointe B 
alfo fhall exačtly agree with the pointe E: for 
that( by fuppofition )the line AB is equal to the 
line D E. And the lne A B exaftly agreeyng 
Dith the line D Ethe right line alfo AC exatts 
ly agreeth with the right line D F, for that(by. E RE a 
Juppofition the angle B.A Cis equall to che ans 
gle ED F.And forafmuch as the right line AC is alfo(by fuppofition) equall to 


DemoniFration 
leading toun 


abfurdities 


the right line DF, therfore the pointe C exa€ily agreeth with the pointe F. Ao 


gaine forafmuch as the pointe C exaétly agreeth with the poynte F, and the 
point Bexattly agreeth with the point E: therefore the baje B C hall exactly 
agree with the bafe E F,For if the point Bdo exacth agree with the point E, 


and tbe point C with tbe poit F and the bafe B C do nat exaGly agre wyththe — 


bafe E F, tben two right lines domclude a fuperficies: which (by the to.coman 

Sentence )isimpoffible VV berfore the bufe B Cexaltly agreeth w the bafe EF, 
and therforeis equall vnto wt. VV berfore the whole triangle ABC exalily az 
greeth with tbe whole triangle DE Fer therfure(by the x, common fentence) 
is equall vnto it. And (by the fame) the other angles remayning exactly agree 
with the other angles remayning and areequall the one to the other: that is,the 
angle ABC to theangle DE F, and the anole AC B tothe angle DD FE, If 
therfore there be two triangles of which two [ides of tbe one, be equall to two 
JSydes of the other eche to bis correfpondent fide,and baning alfo one angle of the 
one equall to one angle of tbe other, namely,tbat angle whicb is céntayntd vn2 
der the.equall right lines: the bafealfo of the une fhall be equall co the bufe of the 
other aud tbe one triangle fhall be equal to the otber triangleyand the otter ans 
gles remainyng (hall be equall tothe other angles remayning, the one to the oc 
ther ynder which are fubtended equall fydes: whiche thing was required to be 
demonftrated. p 


This Propofition vhich is a Thcoreme;hath two things gcucn: namely,the 
` Ea equality 


Two thinges ge~ 
wen inthis proz 


Pofittan, 


‘Three thinges 
required in it. 
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gual to an other 
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fidem pat. 


How one trian = 
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wan other. 

What the felde 
er area of a tri- 

angle is and f 
of an) rectilined 
fiere. ' 

Waat the cir- 
custe or copaffe 

of a triangle ity 

and fo ES ofa- 
ny reBilined fi- 
“ure. 


The fr5t Booke 


equality oftwo fides of he one criangle, to two fides ofthe other triangle, and 
the equalitie of two angles contay ned vnder the equall fy des, 1n icalfo are thre 
thinges required. The equality ofbafe to bae: the equality of fieldto field: and 
the equality of che other angles ofthe onc triangle to the other angles of theoz 
ther criangle,vndec which are fubtended equall fides, 


One fide ofa play ne figure is equall to an other, and fo generally one right 
lyne is equallto another ; whenthe one being applied to the other, theyr ex- 
tceames agrecrogether. For otherwife cuecy .righte lineapplied co any right 
lync,agceeth cherwich:but equall right lines only, agree in the extremes. 


One reftilined angle is equall co an other reétilined. angle, when one of the 
fides which comptehendeth the one angle,being fet vpon oncof the fides which 
comprehendeth che other angle,the other lide of rhe oneagrceth with the other 
fy de of the other, Andthat angle is the greater, whofe (yde falleth without: and 
chat the leffewhofe (ydefalleth within, 


V Vhereas in this propofition isput this particle echero bis corveffondent fide, (ia 
ftedc wherofofcea times afterward 1s vfed chus phraleshe one to the other Jir is ofne- 
ceffity fo put. For otherwifetwo fy des ofone triangle added together ,may be c- 
quall to two fydes ofan other triangle added together,’ and the angles alfo con- 
tay aed vnder the equall fy des may be equali: and yet thetwo triangles may not- 
withitanding be vnequall, V V herenote that a triangle is (ay d vo bc cquall co aa 
otker triangle, when the field or area of the one is equall to che area ofthe othec. 
And the area of acriangle,is chat {pace,which is contayned withia che fydes ofa 
triangle, and the circuice or compaffe of atriangle is a linecompofed ofall the 
fides of a triangle.and fo may you think ofall other rectilined figures, and now 
to proue that there may be two triangles,two fydes ofone of hich being added 
together may be equall to two fy des ofthe other .ded cogether,and cheangics 
contayned vider the equall fydes may be equall, ard yet notwithftanding che 
two-triangles vnequall, Suppofe that there be two reétangle triangles: namely, 
AB Cy,and D E F,andlet their righcangles be B A C and E D F. And inthe tri- 
angle A B C let the fyde A B be3. and the fyde A C 4, which both added toge- 
ther make 7. 7 

And in the A 4 c D 4 
triagle D. E 
F,let the fide 
DE be2,and 
the fide D F 
bes, vhiche 
added toge - 
ther make al 

o the B * 

Piin one tciangle added cogether,are equall to the fides of the other triã⸗ 
gleadded together, Y erare both the triangles vnequall and alfo their bafes. For 
the acea ofthe triangle A B C is 6.and his bafe is 5. andthe area ofthe triangle 
D £ F is 5: and hisbafe fi 29. So thac co haue the areas oftwo triangles to be e- 
quall,ít is cequifite that all che fy des ofthe two triangles be equall, eche to hys 


P 





«orteípondent fy de, Tt happeneth alfo (ornety mes in triangles, that the areas of 


- them beyng equa!l their fy des added together fhallbe vnequall. And conttari- 


wife 


of Euclides Elementes. (Fun. 


vi(e,thei fides beyng equall,their areas be vnequall.s ín the(c figures here put 


it is plaine to fee, In the firft ‘Z. 
example the areas of the two iz , 
triangles arc equal,for they are 18 

echec 12,and the fides in ech ad- 

ded together are vncquall, for — 5 


in che one triangle the fides ad- 

ded together make 18. and in 

the other they make 16. But in 4 4 
the fecondexáple the areas of 

thecwo triagles ace vnequal, 


5 
18 
for theoncis 12,and ch'other 12, 
is 15, But the fides added toz 18 
gether in eche are equall, for i ; é c 
ineche they makey8. - s íi | : 
+ Thacangle is (aid to fub- 
3 3 


y 
tendafideofatriagle,which 4 4 

is placed dire&ly oppofite, 

& againſt chat (ide, That Gde 

al(o ts fayd to (ubcendan an- 

gle,which is oppofiteto the angle. For euery angle ofa triangle is contayned of 
two fy des of the triangle,and is fubtended co the third fide, E 





This is thefirft Propofition in which is vfeda demon(tration leading toan 
abfurditie,or an impoffibilicie, V V hich isa demonftration that proueth not di- 
reétly the thing entended, by principles , orby thinges before prouedby chefe 
principles:but prouech thecontrary therofto be impoffible, & fo doth indire&- 
ly proue the thing entended, I I 


— sap The 2 ‘Theoreme. The 5-"Propofition. 
efn Jfofceles,or triangle of two equal ides,hath his angles at 
the bafe equall the one to the other.eAnd thofe equal fides be- 
ing produced,the angles which are vnder the bafe are alfo e- 
-  guall the one tothe other. — 


ARS ppofechat ABC beatriangle of two’ -** 
S equal! fydes called Ifofceles , Vive 

RRX )4 de 4'B equall to tbe fide AC. And 
p (b) tbe fecand peticio) produce the lines 
ABS AC dircétly toy points Dex E,The Lay, 

tbat $ angle ABC is equal to the angle ACB:and y 

5 angle C B-D is 2d toth’angle BCETakein 

the lme B D a point at all aduentures,andletthe — F 


Ej. fim > 





How an angle 
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« fide : and a fide 
«n angle. 


Thispropofition 
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Deamfraticn, 


The firft Booke 


fame be P and( by the third propofition)from tbe greater. line, namely, 4E, 
ent ofa line er toAP — eee — 
let the fame be AG: and draw a right line fro the 
point F to tbe point C,and an otber from tbe point 
G to the point BLNow then for as muche as AF is 
equallto AG,and A Bis equall to AC, therefore 
thefe two lines F A and AC are equall to tbefe two 
lines G.A and AB, the one tothe other, and they 
containe a common angle namely, that which is co» 
tained ynder F AG: wherfore (by the fourth pros 
pofition)the bafe F Cis equall to the bafe GB: and 
the triangle A F C is equall to the triangle AG B and tbe other angles remste 
ning are equall to the other angles remaining the one to the otber,vnder which 
are fubtended equal fides: that isthe angle A C Fis equall tothe angle A BG, 
and the angle AF Cis equall to the angle AG B, And forafmuch as the whole 
line AF is equall tothe whole line AG,of which the line A Bis equal toy lyne 
AC, therfore the refidue of the line A F namely the line B F jis equal to tbe reo 
fidue of the line A G,namely,co the lineCG (by the third common fentence) 
And itis prowed that C Fis equal to BG. Now cherfore thefetwo BE FC 
are equallto thefeewoC G and G Brhe one to the other, and the angle BF Cis 
equall to tbe angle C G 'Byand they haue one bafe namely, B C common to them 
Bath; w berfore (by tbe 4. propofition) tbe triangle B FC is equalt to tbe trio 
angleC GB, and the other angles remaynyng are equall to tbe other ane 
gles remaining eche to other, vnder which are fubtended equall fides VVhere 
fore tbe angle F BCisequall co the angleGCB, and tbe angle BC Fis equall 
totheangleC BG, Now forafmuch as the whole angle ABG is equall to tbe 
Whole angle A C F(as it hath bene proued of which the angle CBG is equal to 
the angle BCF: therfore the angle remayning: namely,A BCis equalltotbe 
angle remaining ,namely,to AC B(by the therd common fentence)And they ar 
the anglesat the bafe of th» triangle AB C, nd itis proued tbat tbe angle FB 
Cis equall to the angle G CB and they are angles vnder the bafe. VV herforea 
triangleof two equall (ides bath bis angles at the bafe eine the one to} other, 
And thofe equall fides being produced,the angles which are vnder the bafe are 
alfo equall tbe one to the other: which Was required to be proued. 
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fides of the triangles A F-C and A G B & alfo the {ydes ofthe triágles B F C & 
C GB run fo one withinan other,therfore L hauc here put thé diftin&ly,namez 
ly,the triangles F A C and B r C ononefyde of the figure of che propofitid & 
the triangles AGB andC G B on the other fyde:o that you may wich leffe la- 
bor fee the demontftracion playnely, 


That ta an Ifofceles triangle,the two angles aboue che bafe areequall,may 
orherwifc be demonftrated without drawing lines beneath che bafe fomwhat alz 
tecing the conftru@ion, Namely ,drawing the lines within the triangle , whiche 
before were without itatter this manner. 


Suppofe that 4B Cbe an Ifolceles triangle:and in the line 

A Brakea point at all aduentures,and Set the (ame be D, And 
from the line AC cut ofaline eqnallto the line 44 D. Which 
let be 4 E,And draw thefe right lines B £,D C,and‘D E, Now 
forafmuch as in the triangles,.4 B E,and AC D, the fide 4 Bis 
equall to the fide 4 C,by fuppofition , and the fides A D and 
AA E are alfo equall by conftru&ion and the angle at the poynt 
Ais common to them both: therfore, by the fourth propoliti- 
on,the bafe B Eis equall to the bafe D C.And,by the fame, the 
angles remayning of the one triangle are equall to the angles 
remayning of the other triangle. Wherefore the angle 4 B Eis 
equal co the angle 4 CD.Againe forafinuch as in the triangles B c 
B'D E,and C E D thc fide D Z is equall to the ide E C, and the 
fide B E to the fide D C,and the angle D B E is equal to the an- , 

le EC D,and the bafe D E being common to both triangles is equall to it felfe:there- 

ore thc angles remayning of the one triangle, are equall tothe angles remayning of 
the other triangle. Wherfore the angle ED B is equall to the angle D E C: & che angle 
DEB isequalto the angle E DC,And forafmuch as the angle E D B is equal to the an 
gle D E C, fró which are taken away equall angles DEB,& ED C, therfore by the c6- 
mon fentence the angles remayning,namely,B D C and C E B are equall: Andasit was 
before manifeft the fides 8 D and D Care cquallto the fides C Eand E J theone to the 
other,thatis,ech to his correfpondent fide : and the bafe 7 Cis common to both the 
triangles:wherfore the angles remayning areequallto the angles remayning the one 
to the other,vnder which are fübtéded equall fides. Wherfore the angle D 2 Cis equall 
tothe angle EC B.For the line D C (ubtendeth the angle D 7 C,and the line E 2 fubté- 
deth the angle E C B:which two lines are as we haue before proued equall. Wherfore 
in an Ifofccles triangle,the angles at the bafe are equall , though the right lines be not 
produced, 





To proue this alfo,there is an other demonftration of Pappus much fhor: 
ter which needeth no kind of addition ofany thing acall:as followeth, 


Suppofe that 4 B C be an Ifo(celes triangle ,& let the fide 
AB be equall to the fide ef C.Now then vinderftand this one A 
triangle to be as it were two triancles.And thus reaíon  For- 
afmuch as inthe two triangles 4B Cand ACB, B is equal 
to AC& ACto A B,therfore two fides of the one are equall 
to two fides ofthe other, ech to his corre(pondentfide, & the 
angle J ACis equall to theangle C A B , foritis oneand the 
felte fame angle, Wherfore by the 4.propofition the bafe CB 
isequall to the bafe B C , and the triangle e4 BC is equall to 
the triangle AC B:and the angle 4 B C is equall to the angle \B 
AC B,andtheangle 4C B cotheangle 4BC:forvnderthem "g^ ~~~ ge 
are fubtended equall fides namely,the lines 4 B & 44 C. Wher 
forein an I(cfceles triangle,the angels at the bafc are equall. 

E, iit, The 


An other demé- 
[ration inuen- 
fcd by Proclus. 
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The old Philofopher Thales Milefius was the firlt inuenter ofthis fifth propofiti- 
on,as alfo of many other. ; 


Sap 7 be third T beoreme. — Tle ſixt Propofition, 


]fa triangle bauetwo angles equall the one to the other : tbe 


fides alfo of the Jame, which fubtend the equall angles, fhalbe 
equal the one to the other. 


Whales Milefiws 
‘the inuentor of 
Chis prepofition. 


Vppofe that A BC bea triangle, baning the angle ABC 
lequall to the angle ACB. Then Tfay that the fide AB 
e| t equall to the fide AC For if the fide AB be not equal 
P ito theide A Cythen one of them is greater . Let A'Bbe 

A interne by the third propofitien, from AB bee 












Corftra ion. 


ling the greater cut ofa line egual to the lefe line which. 


Sr 
as Jis AC And lee the fame be DB , And drawe a line from 
emonftration the poynt D tothe poynt Now fora/muchas the A 
latas has fide DB is equall 5 the fyde AC,and the line B s 
we’ Cis common to thé both: therefore thefe two fydes 
4) Band BC are equall to tbefe tYofydes A C c 
CR theonetothe other. And the angleDBCis 
by fuppofytion equall to cheangle ACB. VV hers 
fore(by the 4 propofytion ) the bafe DC is equal 
‘to the bale AB:¢7(hy the fame )the triangle DB 
Cis equall to the triangle AC B:namely, theleffe — e 
‘triangle ynto the greater t riagle which is impofsi E 
ble VV bo fore tbe [yde A Bes not vnequal to the fide AC. VV herfore it is e⸗ 
qual.If therfore a triangle baue tYoo angles equall the one to the other:the fydes 
-alfo of the fame, which fubtende the equallangles , (hall be equall the one to the 
other: which was required to be demonftrated, 








he chiefef anà Geomerrieis oftentimes vledconuerfion of propofitions,as this propos 
piper BER the conuerfe of che propofition next before, T he chiefeft and moftpro: 
fj HEN per kind ofconuetfion is,vhen that which was the thing fuppofed in the former 
sare. propofition,is the concluGon ofthe conueríc and íecond propofition : and cons 
trary wile thac which was concluded in the firft,is the thing fu pofed inthe fee 

cond as inthe fifth propofition ic was fuppofcd che two fides ofa triangle to be 

equal the ching coucluded is, that che two angles atthe bale are equall & in this 

propofition which is the coouerfe therofis fuppofed that theangles atthe. bafe 

be equall, V V hich in thc former propofirion was the conclufioa, And the con. 

clufion is,chat che two (ydes fubtending the two angles are equall,which in the 

former propofition was the fuppofition, T his is chc chiefeft kind of conuec(ion 


iiformeand certayne. j ET 
viiifor dcertay Lap Eon Ed 
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There is an other kind of converfon, bur not fo full zconuerfion nor fo per- 
fet as the firftis, V Vhich happeneth ia compoled propofitions, that is, in fuch, 
which hauc mo fuppofitions chen one,and paffe from chefe fuppofitions to onc 
conclufion. In thecónuerfes offuch propofitiós,you paffe from theconclufion 
of the firft propofition, with one or mo of che (uppofitions ofthe fame: & con- 
clude fome other fuppofition of the felfe firkt propofition: of this kinde there 
are many in Euclide, T herofyou may haue an example tn the 8. propofition be- 
ing the conueríe of the foucch. Thisconuerfion is nor fo vniformeas the other, 
but more diuers and v ncertaine according ro the multitude of the things geueny 
oríuppofitions inthe propofition. 


But becaufe in che fifth propoficion thereate two conclufions, the fitft. that 
the cwo angles atthe bafe be equall: the fecond,that the angles vnder the bafe ace 
cquall: this is to benored,chac this fixe propofition ts the conuerle of the lame 
fitth as touching the firft conclufion onely.. You may iniike maner make a con- 

I : à ; 
uerfe of the (ame propofition touching the {econd conclufiontherof, And chac 
after this maner, : 

He two fides of a triangle beyng produced,if the angles under the bafe be equall,the faid triangle 

Jhal be an Iofceles triangle. Lo which propofitió chc fuppotition ts thac the angles 
vnder the bale are equall: which iathe fifth propofition was the conclufion: & 
the conclufion inthis propofition 1s,chacche two fides ofthe triangle are equal, 
which in the fife propofition was the {uppotition, Buc now for proofeof the faid 
propofition: 

Suppofe that there bea triangle A BC , & letthe 
fides e4 B,and e4 Cbe produced to the poyntes D A 
and G , and let the angles vnder the bafe be equall, 
namely,the angles 2 B Cjand GC 8 . Then 1fay chat 
the triangle 44 Cis an Jfofeles triangle. For takein 
theline 44 D a point which let be E.And vnto thelinc 
BE pucthelineC F equall(by the 3.propolitio ).And 
draw thefe lines E C,B F,and E F. Now forafmuch as 
B Eis equall toC F, and B Cis common to thé both, 
therfore thefe two lines & E & B C,are equall to thefe 
twolines C F and C 2 theonetotheother, & thean- 
gle E B Cis equall to theangle F CS by fuppofition. 
. Wherfore(by the 4.propofition ) the bafe ofthe one 
is equall to the bafe of theother,and the one triangle 
is equal tothe other triangle , & the other angles re- 
mayning are equal vnto the other angles remayning, 
the one to the other,vnder which are {ubtended equall fides, Wherfore the bafe ECis 
equall to the bale F B,and the angle B ECco the angle CFB , andthe angle C 2 F to 
the angle B CE,But the whole angle E B Cis equall to the whole angle FCB, of which 
theangle F B Cis equall to the angle ECB : wherefore the angle remayning EB Fisc« 
quall to the angle remayning FC E.But the line B Eis cquall to the line C F,& cheline 
B F tothe line C E,and they contayne equall angles: wherfore-by the fame fourth pro- 
pofition the angle B E Fis equall to the angle C F E, Wherforc by this fixt propofition 
the fide ef Eis equallto the fide A F:of whiche B £ isequall toC F, by conftru@ion: 
wherfore(by the third common fentence) the refidue 4B isequall totherefidue AC 
Wherfore the triangle 4 B Cis an J/ofeeles triangle.If therfore the two fides ofa trian- 
gle being produced the angles vnder the bafe be equall,the fayd triangle fhall be an /- 
JSofccles triangle:which was required to be proued. 





This moreouer is to be noted,that in this propofition there may be an other cafe: 
for in taking an equall line to ef C from 4 B,you may take it from the poynte e aad 
Ei). not 


Another kind of? 
conuerfion not fa 
perfect as the 
fe. 


Two contlufiont 
sn the fifth prés 
poſicion. 


The fint propo- 
fitson isthe cona 
nerfe a1 ttu- 
ehmg tbe rft 
tonclufion crelye 
The conuer{e ad 
touching the jes 
cond conclufions 


Comfrudion, 


Demonhrations 


Another cafe in 
this fixe propofi- 


tion, 


Demonfiration 
leading to an 
abfurdirie. 


The firft Booke 


not from the poynt 2, And yet though this fuppofition 
alfo be put the felfe fame abfurdity will follow. 


For fuppole that 4 C be equall to 4 D:and produce 
xhelinc C eA to the poynt E:and puttheline A4 E equall 
to the linc D B(by the third propofition )wherefore the 
whole line C E is equall to the whole line 4 B ( by the fe- 
cond common fentéce ) Draw a line from the poynt Eto 
the point Z.And fora(muchas theline Af B is equall to 
theline E C, and the line 7 Cis common to them both, 
and theangle 4 C 2 is fappofed to beequallto thean- 
gle 4B C:Wherfore(by the fourth propofition ) the tri- 
angle ZB Cis equalltothe triangle 48 C, namelye,the 
whole to the part: which is impoffible, 





5àp T be 4. T beoreme. — The 7. Propofition- 


Fffrom the endes of one line, be drawn two right lynes to any 
potnte:therecan not fro the felt fame endes on tbe [ame fide, be 
drawn two other lines equal to the two fir/t lines, the one to the 
other, vnto any other point. 


sively Or if tt be poftible: chen from the endes of one ex the felf 
| fame right line, namely,A B, from the pointes(1 fay) A 
SN VE and B,lee there be drawn tworight lines ACandC Bro 
= ir the point C; andfrom tbe [ame endes of the line A B, let 


* 


there be drawen two other right right lines AD and D 
















% YB eguall to the lines A Cand C B. tbe one. to the other, 
FEIN PELN ts eche to his corre/pondent line,and on one and the fame 
fide and toan other pointe, namely, toD:fothat 
let C 4 be equallto (D 4 beyng both drawen from c D 
one end, that is, let C B be equall to /D Bybee X 
yne bothalfo drawn from one ende that is B.And \ 

(by the firft peticion) draw aright line from the \ 

point Cto the punt D.Now fotafmucb as A Cis es 7 

qual to A D,theangle AC Dalfo is(by the s.proe / \ 
pofition Jequall to theangle ADC: wherfore the / N 
angle ACD is lefe thë the angle BDC, VV here A 5 
foretheangle BC Dis much le/se then the angle 

BDC. Againe forafmuchas BC is equallto BD, and therfore alfo the angle 
BC Dis equallto the angle BD CAnd itis proued that it is much lefe thenit: 
which és impofsible If therfore from the endes of one line, be drawen two rigbt 
lines to any pointe: there can not from the felfe fame endes on the fame fide, be 
drawen two other lines equall to the two fir/t lines, the one to the other,vnto ae 
ny other poirit: VV bich was required to be demonftrated, In 


of Euclides Elementos. Fol.17. 


In this propofitionthe conclufion isa negation, which very rarely happe- 
n&h in the matherhaticall artes, Fór chey euer forthe molt part vfe co conclude 
affirmatiuely ,& noc negaciuely. Fora propofitió voiuerfall affirimatiue is moft 
agreable xo {ciences as faith Z4rdfforle;and is ofit (elfe (trong, and nedeth no nega- 
tiue to his proofe, Buran vniuerfall propofition negatiue mutt of neceſſitie haue 
to his proofe an affirmatiue, For of onely negartue propofitions there canbe no 
demonftrations,And therfore (ciences vfing demonftration, conclude affirma- 
tiuelySand very fcldome vfe negatiue conclufions. 


Sape fn otber demonftration after Campanus. 


Suppofe that there be a line 4 B, from whofe ends 4 and 2, C D 
let there be drawen two lines 4 Cand J Con one fide , which let 
concur in the poynt C,Then I fay thacon thc fame fide there can- 
not be drawen two other lines,from the endes of the line 4B, 
which fhall concur at any other poynt,fo that that which is drawé 
from the point J hhall be equall to the line 4 C,and that which is 
drawen from the point B fhalbe equall to the line B C, For ifit be 
poffible,let there be drawn two other lines on the felfe fame fide, A B 
which let concurre in the point D,and lec the line 4 D be equall to the line 4 C, & the 
line B D equallto the line B C.Wherfore the poynt 2 shall fall either within the trian- 
gle AB C,or without,For it cannot fallin one of the fides, for then a parte fhould be e- 
quall to his whole. If therfore it fall without; then either one of the lines A Dand DB 
fhall cut one of the lines A Cand C B,or els neither thall cut neythec . Firfte Ict one cut 
the other and draw a right line from C to.D.Now forafinuch as inthe triangle ACD, 
the two fides 4 Cand 4D areequall,therfore the angle ef CD is equall to the angle 
A D C,by the fifth propofitió: likewife forafmuch as in the triagle BC D,the two fides 
B Cand B Dare equall,therfore by the fame, the angles BC D & B'D Care allo equall. 
Add forafmuch as the angle B DCisgreterthétheangle ADC, F 
it foltoweth that the angle BC D is greater then the angle ACD, E 
nainely;the part greater then the whole:which is impoffible. 

But if the point D fal without the triangle 48C (o that the lines 
cut not the one the other,draw a line from D to C. And produce 
the lines-B D & BC beyond the bafe C D, vnto the points E & F. 
And forafmuch as thelines 4 Cand AD are equall, the angles 4 
C Dand A DC hhallalfo be equall, by the fitch propofition : tike-, 
wife for afinuch as the lines B Cand B Dare equal, the angles vn-_ 4 B 
der the bafe,namely,the angles F'D Cand ECD are equall, by 
the feconde part ofthe fame propofition . And foras much asthe angle E C D isleffe 
then theangle AC D:::It followeth that the angle F DCisleffe théthe angle 4 DC; 
which is jmpoffible:for that theangle 4 D Cis a part of the angle F D C.And the fame. 
inconvenience will follow ifthe poynt D fall within the trianglee 4 BC, 


SwThefftTheoreme.  The8.Propofition. 





Iftwo trrangles bane two fides of th'one equall tatwo fides of 


the other,eche to his corre/pondent fide, ¢x baue al[o tbe bafe 
of the one. eguall to the bafeof ihe other : they fhal haie alfo 
thé angle contained under the equall right lines of the ane,e- 


Negatine concls 

fions rarely Gfed 
in the mathema 
tical artes. 


Diuers cafes in 
this demenftra- 
tion, 


Firft cafes 


Second café. 


quall to the angle contayned sonder the equallright lynes of 


theother, Fa. Suppofe 


Demonfration 
leading toan, 


vnpe[jsbility 


Roda es. 


77 F, For if the bafe BC do exaétly ae 
> gree with the bale F BE, but the fides 


This propofirion 
asthe conuerfe 
of the fourth, 
but not the chez 
fh nd of con- 


werfion. 


The fir t Booke 


y ppofe that there be two triangles AB Cand D EF 
À let thefe two fides of the one AB and AC,be equall to 
JERN (hele two fides of tbe otber (D E,and D F ech to bis cor» 
er e/pondent fide, thatis,A Bto D E,and AC,to D F, ex 
DS LS p T — C be equal to the bafe of 
> VI) N33] the other namely to E F.Then Lfay,that the angle ‘BA 
SS TERI) Cis equallto tbe angle —— t triangle ABC exe 
aftly agreing With thé triange DE -` 
F andthe point B being put vponthe 
point E and tberigbt line B Cypon 
the right line & F: che. point C fhall 
exatHy agree with the paint F (for 
the line B Cis equall to the line BF) 
And BC exaftly agreeing with EF 
tbe linesalfo B A and AC fhall ex2 f] 
aétly agrée with the lines ED OD 








BB Aer A Cdoonotexatllyagree | 
tbe fides É D e» DF bit differ as F 
G ex G Fda thé from endesofone.. = | ahs 
Iyne fhalbe drawn two right lines to a poyiit,cz from tbe felf fame endes on tbé 
fame fide [balbe dran two otber lines,equal to the two firfl limes jj onie to tbe o2 
ther and yuto an other poynt:but that is impo/Sible,(by the feuenth propofitio) 
VV berfóre the bafe B Cexa&ly agreeing with the bafe EF the fides alfo B A 
and AC do exatily arre with the fides ED and D FVV hér fóre alfo tbe angle 
3B 4C fhallexatily azrew tbe angle ED F and therfore [ball alfo be equalto 
it If thes fore two triangleshaue two fides of the one eqiiallto two fides of the 
other ech to bis correfpondent fideand baue alfo the bafa fy one equall to the. 
bafercf the other:they fhali haue alfo tbeanglecantayntd.ynder tbe equallrigbt 
lines of the one equall to the angle ath vader the ¢qdall right links ‘of the 
other: which was requived tobe proued. © 0707000 UTR 





J a DPA NT. cg 
This Theoreme is thé conuerfe of the fourth , buvitisdot the'chicfelt and 
prioctpail kind of conuertion, For it curmeth nog the whole fuppofition into the 
—R toA,and che whble conclufion into the {uppottton, Bot the'fourth pros 
posits whofe conuetfechis is,is.a cOpoyid: rheorene,paning two thinks geué 
or {appofed which arechele:the one,thargiwa fides of he one tridgle be equal to 
two [ides of che other cerle: th'orhep dat the ample cotawied o? the rwo ties of 
ch’q Beis equal 10 che angtecontained of the two fides of th'one: but hath\agaon- 
eft aghes onething cequired, whithe ts, thac the baleof the one,is «qual to the 
bale ofibeother, Now mthis 8; propofstió, being elie cortyetfe che soRQliat che 

bafe of che one is equal co the bale of ch’other,1s che (uppofition,ortbc uiligg gez - 
ué; vhich in the former propofitió was the conclufió. And chísythat twó f 2 of 
the 


of Euclides Elementes. Fol. is. 


the one are eqnall to two ſides of tbe other, isin ihis propoſition alſo aſup⸗ 
pofition,tike asic was in che former propofition;(o thac it isa thing geusn in ci¢ 
ther propolitioa, The conclufion ofthis propofition 1s that the angle enclofed 
of therwo equail fides ofthe one triangle is equall to the angle eoclofed of the 
two cquall (ides of the other triangle: which in the former propolition was one 
of thethings geuen, 


Philoand hisfcholas demonftrate this propofition without che helpe ofthe 
former propofition,in this maner, 


— roy ae - 


Suppofe that there be two triangles 42 Cand D EF, hauing two fydes of the one 


equall to two [ydes of the other, namely, B and AC equallto DE and D F,.-the oe 
to the other, & the bafe B Cequatto the bale EF. And for thatthe bafe B Cis equall 
to the bafe E F, therfore the one being applied to the other they agree , Place the two 
tridgles 4 BC& DE Finone & the felf {ame plaine fuperficies,& apply the bafe of the 
one to the bafe ofthe other:But yet fo that the triagle A BC be fet one the other fide of 
the right line £ F,that the top of the one may be oppofite to the top of the other. And 
in ftead of the triangle ABC put the : A pe Be ts D 
triangle E F G as in the figure, And let 
D E be equall to E Gand D Fto FG.. 
Nowe then by this meanes fhall hap- 
pendiuers cafes, For the line FG may 
fall dire@tly vpo the line D F,orit may: 
fo fall that itmay make with the line 
DF an angle within the figuresor with 
aut. ¥ ats 


4 





Firft let it fall dire&lye. And foraf-. 
muche as thelineD E is equall to the 
liné EG,and D EG, isoncrighteline? — i yanam 
therfore D E'G isan Ifofceles triãgle: 
and ſo, by the fifth propoſition, che an- 
gle at rhe point D is equal to tlie angle 
at the poynt G:which was required to t 
be proued, : : 


t 


i 
Bat ifit fall not dire&ly , but make with thelineD ^' — v3: 
Fan angle within the figure, drawe a line from Dto G, \ : 
Now forafmuch as.E D and E G arc equall,2nd theline 
D Gis the ba(e:therfore by the fifth propofitié, the an- 
gleE D Gis equall tothe angleEGD.. Agayne fotaf- 
much as D Fis equall to F G,and:D G is the bafe : ther- 
fore by the fame, the angle F D G is equal to the F G D: 
and it was proucd that theangle E D C. is equall to the 
angle E G D:wherfore thewholeangle E D F is equal to 
Ar, whole angle RGB: whiche was required to be pro- 
ued: i = 





; Butifthe line FG make withthe line DF an angle 
without the figure:draw a right line without the figure 
F.ij. from 





An other demd- 
ffration inueno 
ted by Philo. 


After this de- 
monftratic thre 
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. Phfitien, 


The fir cafe, 


The fecond cafe. 


The third. cafe, 


ConthraBion, 


Deminfiretion. 





The firft Booke 
‘from the poymtD to the poynt G. And forafmuch as D E and EG areequall ,and DG 
isthe bafe,therfore by the fifth propofition,the angles ED G and DG E are equall.A- 
D 


g 


‘gaine fora(muchas D Fis equall to F G,and D Gis the bafe, therfore,by the (ame,the 
ahple F D Gis equalfto the angleF GD . Anditwas proued that the whole angles E 
DG &DG Eareequall theone to the other: wherfore the angles remayning EDF &. 
EG Fare equall the one to the other, which was required to be proucd, . 


SeThe 4.Probleme. The 9-Propofition. 
To deuidea rettiline angle geuen into two equall partes. 


LAW ppofe that the reétiline angle geuen be B AC, It ts rea: 
quired to deuide the angle B. A C into two. equal partes, 
In tbe line 4B takea point at all aduentures, c let tbe. 
e| fame be (D. Afnd( by the tbird propofition )from the lyne 
AC cutteof tbeline AE equalltoAD, And (by the. 

SY 'fir S peticion ) draw aright line from the point D tothe: 
t8 7 y point E. And( by the p propofition )vpon the line D B: 


deferibe an equilater triangle and let the fame be DF E, and(by the firfl petie’ 
4 


cion) drawe a right line from the poynte A to a 
the point F. Then I fay that the angle BA Cis by 

$ lined F deuided into two equa! partes.For fora 
afmuchas AD is equall to 4 E, and A Fis cümon, 
to them both:therfore thefe two D A and AF are 
equall to tbefe two E. Aand A Fate one to theo» 
ther But( by the firfl propo[itton ) the bafe D Fis 
equall to the bafe E F:wberfore( by the 8, propos 
fition )theangle D A F és equal to the angle FAB, E 
VV berfore tbe reBiline angle geuen namely, B. z 
A Cis denided into rwo equalpartes by the right line A F:VV hich was requis 
redto be done, um 





nU. 


In this propofition is not taught to deuide a tight lined angle into mo partes 
then two: albeit to deuidc anangle (o it bea right anglejinto three paccesy it te 
- : not 


of Euclides Elementes. Fol.19. 


Leis impof- 


not hard, And itis taught of Fitellio in his firft boke of Per{pedtiue,the 28,Propo- fole to dewide 


fition,por co deuidean acutcangle into thtec equal partes is(as faith Precls/) rm- 
poffiblc:vnlesitbehy the helpejofother lines which are ofa mixt nature, Which 
ching Nicomedes did by fuch lines which are called Concordes lince,who firft ſerche d 
out the inuention,nature,8z properties offuch lines, And others did itby other 
meanes,as by the helpe of quadranclines inuented by Hippias & Nicomedes.Ochers 
by Helices or Spital lines inuented of Archimedes. But thele are things of much dif 
ficulty and hardnes,and aothere to be intreated of, 


Hereagainft this propofition may ofthe aduerfary be brought an xinftance. 
Forhe may cauill that chehed of the equilater triangle thal] not fall betwene the 
tworphtlines,but in one ofthem,or without them both.As for example, 


Suppofe that the angle to be deuided into two 
equal partes be B AC, and inthe line Bef take 
thepoynt D ,and vnto the line D Aput the line 
A Eequal(by the third propofition. )JAnd draw a 
line fro D to E,And vpon the line DE defcribe(by 
the fitft) an equilater triangle,which let be DFE. 
Now then if it be poffible that the point F do.not 
fal betwene thelines 44 B & 4 C,then it thal fal e- 
thecin the line 42 or AC, or without them both. 
Suppofe that the point F befall vpon line 4B, fo 
that let D F E be an equilater triangle.: Wherfore 
the line D Fis equal to the line F E: & the angles 
atthe bafe are equall, namely, the angles EDF 
andDEF. Wherefore the wholeangle DEC is. 

reater then theangle ED F.  Againe forafinich 3s ef D isequallto AE, therefore 
AD Eisan Ilofceles triangle. Wherefore (by the fifth propofition ) the angles.vn- 
der the bafe are equall, Wherfore the angle D EC is equall tothe angle E DB. Borit 
was alfo greater: which is impotfible.Whetfore thetop of the equilater criangle cdnot 
bein the right line A B.And in like fortal(o may we proue that it cánot be in the right 
line A4 C, Wherfore fuppofe that it be without.them both,ifit be poifible. Andforat- 
muchas D Fis equal to F E,the angles atthe bafe azc equal;namely tlie angles DEF & 
E D F. Wherfore the angle D E F is greater then the angle E-DE.Wherfore theangle D 
ECis much greater then theangle E D F.Butitisalfo equal vnto it. For they are angles 
vnder the bafe D E of the Ifofceles triangle.4 D E-Which is iinpoffib'e . Wherforethe 
poynt F hall not fall without the two right lines on that fide .” And in like forte may we 
proue thatit hall not fall without them on the other fide . Wherfore iz thall of neceffi- 
ty fall betwencthem:which was required to be proued, 


A 
í 





There may alfo in this propofition be diuers cafes.ifit (o happen thatthere 
be n0 {pace vnderthe bale DE to defcribe an equilater triangte,but that ofnecef- 
fitie,you muft defcribe it on the {ame fidethat the lines AB and A C are, For 
then the fides ofthe equilater triangle eitherexa&ly agree with the lines AD 
and A E, ifthe faid lines A.D and AE beequall with the bale DE, Or they fall 
without themr,ifthe lines A D and A E beleffe then the bafe DE. Or they fall 

` within them,ifthe laid lines be greater thea the bafe D E, 


MR 


Firftlet them exa&ly agree, And let'D A4 E bean equilater triangle.And in the fide 

A D take the poynt G, And from the fide A E cut of a line equal to the line 4 G( by the 

third propofition )which let bc 4 A.And draw thefe right lines G E,H D and G Hand 

AF.Now forafmuch as 4D is equal to 4E,and AG vnto 4H, therfore thefe two lines 
Fi, , D Aand 


an acute re- 
Giline angle in- 
to three equall 
partes without 
the helpe of 
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of a mixt naa 
fure. 


X 4p inflance it 
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Dinars cafes in 
this propofition, 


The fr" cafè, 


The ſecond caſe. 


The third cufe. 


Ta decide a 
reltime angle 
ento rwo egual 
paris Meckani- 


«ally . 


fore by the fixt propofition , the bafe GF isc- 


‘fore the angle G A F is equall tothe angle HA 


gle DAGiscquall tothe angle EA G wherefore 
the 


The fir Boke 


D A and A Hare equall to thefe two lines EA 
and AG:and they contayne one and thefelfe 
fame angle, Wherfore by the fourth propofi- 
tion,the angle G D His equal to the angle H E 
G.And the bafe'D His equall tothe bafe E G. 
But the line D G is equal to the line EH: wher 
fore agains by the fourth propofition , thean- 
gle EGH « equalltotheangleD HG. Wher: 


qualto che bafe H F-And fora(much as A His 
equall to A G,and A F is commontto thé both, 
and the bafe G F is equall to the bafeH F, ther 





F.Whereforcthe angle G AH is deuided into 


‘two equali partes: which was required to be 


done, — — E 
Batifthe fides of thc equilater triangle fall withoutthe right lines B 4 & A C,as do 
thelines D F &E F,thédcawalinefrom F to.A & produce thelinc FA to the point G. 
Now foraftnuch as the lines D F and F Eare equal, — í 
& the line FA is common to them both, & the ba- aa 
fes D A and A Eareequall: therfore(by the eight) T 
the angle D F Ais equal to the angle EFA, Againe 
fora(much as D Fand F E. areequall'; and FG, is 
common to them both, and they containe equall ' 
angles (asit hath bene proued) therefore (by the ` 
fourth)the bafe D G.is equall to the bafe G E. And 
forafmuch as A D isequall toA E,and A G is com- 
mon to them both, Therfore(by the eight)thean- 


angle D A Eis deuided into two equall partes: 
Which was required to be done. 





Butif the fides of the equilater triangle fal with- AE — 
intherightlines B A and A C, as dothelines DF — ` ~ 
ànd F E,then againe draw aline from A to F, And 
forafmuch as DA isequall to A E,and A Fis com- 
Ion to them both,and the bafe DFis equalto the 
bzfe F E:therfore theangle D A F is( by theeight) 2 
equall to theangle E A F, Whereforethéangleat — '^7 f 
the point A is deuided intotwo equallpartes,how - | 
focaer the equilater triangle be placed: which was 
‘required to be done, 





^ This isto be noted, that if? man will mez- P f> E 
‘chanically or readily, oot regardyog demon: «.. i & ane: 
ftration, deuide theforefaid re&tilineangle B ` >> Umen ounl 
AC, and fo any other re@ilineangle geven whatloeuer, ers Reds 


iato two equall partes;he (hall acede onely with one oz 
peaing of thecompaffe taken atall adueatures to marke 
the tvo pointes D and E,which cut of equal partesofthe 
lines A Band A C;howfoeuerthey happen, and fo ma- 
king the centres the tvo points Dand E, todefcribetwo 
circles according to the openyng ofthe compaffe« and 
from tae point Á to theiriateríc&ion, which let be the 
point P to draw arightline: which thall dcuidethe an- 
gleB A C into two equall partes, And here note, that 
you fhail not nede to draw the circles all whole but oncs 
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ly a portion where they cut theonertié oth: As io ifii ire here inthe end of 


"uerum 
the other fide put. reng 
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Todenide a right line genen being finite;into two'eguall: 
partes. —— 


edel 
== 











— 
V ppofe that the right line genenbe A B. Itug required to deuide the 
line A Binto two equal partes. Defcribe( by the fir ft propofitton )vp- 
on the line.A Ban equilatertriangle and let the fame be A BC: And 






ids on beng os, cCarüsusss 
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e by the fornter propofition)deuide tbe ancle ,4 C B into two aghal 
ow. i ak 


MM Sataf 


partes by the right line CD. Then I fay that the 
right line AB is deuided into two equall partes in EBE 
the poynt D.For forafmuch as ( by thefirft propos > 5: 
fition)AC is equalltoCB , andCD ts commonto . ~: 
tbé both:tberfore tbefe two lines AC CIDatees 2:7 
qual to tbéfe two lines BCes- CD, one to yother, i. 
and tbe anole AC (Dis eqnallto tbe angle BC D: F 
VV berfore(by the 4,; — )the bufé A Dis y^ 
equqtothé bafe BADyVEereforethe rigbte linea 7 p 
geuen A B is deuided into two equall partes in tbe vest 5i. 5 
poynt D:which was required to be dones... isti oou 
T he) epo Ae ud ^r — nie ir 

Apollonius tcacheth to deuidea rightlIinébeihg finite into two equal páttes. 
after thts manner, va df Dba Ew ae ally Audi rnia 
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] c : : wet Tk GA Yous sos otis AW Oe shoud ghz 
{cride a circle. Again maxing the ciel ES 4 EM s po SE MANY: 
the poynt B & the fpaceB A de(ctibeart s tp sass vid nba 
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onssrawtherightline €, which let. e oe E 
cat d REA parche pointe Theme aD Aad UN [ufo gs sys 
(3j niat the aight Wind CD deatdech-ehes wlwaibSqieg s by ys 
— two —— m NUM ye Tnm aeunés 
aint.E-Ear draw thefexightbmes.D4, 4 esl eL EE 
PORE ASA CP. WISCR BA ES ARA AABE eh NU Met ey dre una Ro 
the centres to the circumferences of equall circles.And forafinuch as thelines Gud & 
"4D are equall to the lines C B and 8 D,and tàe liae C Dis common to cither of them: 


thetefors,hj he eighttbtosnls «d G5P34 taualifio the angle A. CD: Asin ferafmuch 
ap tbe ling C Bis common aohelines «d G'aad e ow bich prs Ali qhe one to the o- 
thef therfore rhefe vio ies. íC and € are equal to thele twolines 5 Candee the 
Oné to the other, and tHey contayné equull Anctes avit hth bene proved: Whetefore: 
by the 4. propui ion NI BAEI H Sedal dote Gale B Uf V herefore thélide22 De 
deuidéd into two equall partes in the poynt E:which was required to be done. 

F.iiii. By 





Cenſiruclion. 


zy). Demonfiration, 


Aout) 


cw erst 
An other Way te 
deside a right 
line being faster 


V jnuented by Aq 
Sad, pollonins. 


A _ Lhefirft Booke 
By this way ofdeuiding a rightJine, into two 
'equall parts inuented by Apollonius, itis manifeft, 
that ifa man wil mechanically or redely noc confi- 
dering the demonftratió,deuide the (aid. rightline, 
and fo any right line geuen whatloeuer, into two e- 
uall: partes he nedconely t» marke the poyntsof 
the interíe&tions ofthecitcles, & to draw aine fró 
the (ayd interfe&ions, which fhall deuide the right 
line geuen into two cquall partes : asin the figure 
here put. 


Sap Tbe 6. Probleme: 55 ben Propofition. 


7 ‘pon aright line geuen, torayfe vp from a poynt geuen in the 
Same line a perpendicular line. ` 


V ppofe that the right line geuen be A B,er let the point 
init geuen be C.It is required from the poynte C torayfe 
pr ¥p voce the right ine A Ba perpendicular line , Take 
Exin the line 4 C apoynt átalladuentures, cv let tbe [ame 
NI be D,and( y tbe 3 iprópofition ) put ynto D Can equall 
Ij] line C E. And by the fir/t propofition )vpon tbe line D E. 
Adeſtcribe an eduilatér trian gleF'D E, € draw aline frà 
FtoC, ThenIfay that vntotheright linégeuen ..— 
AB, and from the poynte in it geuen , namely,C is 
ray/ed vp a perpendicular line FC. For forafmuch 
as DCisequal to CE,e the lime CF istómonto © F 
. them both:cherfore thefe two D C and C Fyaret» 
qualco thefe two EC er CF, the one to the other: 
« : and( By tbe firf propofition)t be bafe D F is equal : 
tothe bafe EF: wherefore (by theg propofition) 
the angle D C Fis equallto tbe angk E CF :and^ - P c ES 
they be fide angles: But whe a right line landing . 
vpona right line doth make the two fide angles aqual the one to the other ether 
ef thofe equall angles is( by the,to,definition)a right angleses theline fanding 
vpon the right lines called a perpedicular lure.VV herfore the angle DC Fem, 
thangle FC Eareright angles VV herfore vnto the right line geu A B> frö - 
the puynt init Cis, nayled vp a perpendicular line CF: which was required to be 
done. uea oe daome ber galba litup ao dhori OAD 4 
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of Euclides Elementes. Fol.. 


lyre, without producing therightlyne, thavalfo may wellbee done after thy s 
Inancr, ^ 


Suppofe that therighz line gcuen be 4 B,& let 
the point in it gcuen be in one of the endes therof, 
namely,in A. Andtakein the line 4f B a pointat all 
aduentures,andlet the fame be C. And from the 
faid point raife vp (by the forefaid propofition) vn- 
to 4 Ba perpendiculer line which let beC E, And 
(by the 3.propofition) from the lineC E cut of the 
line C D cquall to the itne C_4.And (‘bythe 9.Pro- 
pofition )denide the angie AC D into two equall 
partes by the line C F, And from the point D raile 
vp vnto theline C E a perpédiculerline,D F,which 
let concurre with thelineC F inthe point 7, And 
drawearight linc from F to A. Then I fay that the 
anple atthe pojnt 2 is arightangle. For, foral- 
muchas D Cisequall to Ceg, and CF iscommonto them both,and they containe e- 
quall angles(for the angle at the point Cis deuided into two cquall partes) therefore 
( by the4. Propofition) theline D F is equall totheline FA, and fo the angle atthe 
point Ais equal to the angle at the point D, But theangleat the point D isarightan- 
gle.Wherfore alfo te angle at the point is a right angle.Wherefore from the point 
-4 vnto theline AZB,is ratfed vp a perpendiculer line 4F,without producing the line .4 
B. Which was required to be done, i 





Appolloniusteacheth to rayfe vp vnto a line geuen,fcom a point in it geucn, 
a perpendiculerline,after this maner, ` . 


Suppofe that the right — RE 
line geuen be 4 B. And lu | 
lecthe point init geué, 
be C,Andin the line ef 
C,takca point at all ad- 
uétures,& ct thefame 
be D. And fró thelync 
C Z,cut ofaline equall, T... 
to theline C D, whiche ^| 
Jet beG@E: and makyng 
the ‘centre D,and the 
{pace D E, defcribe a 
circle. And againe ma- 
king the centre C,& the 
fpaceED, defcribe an... Yon —F 
othér circle, and let the point oftheir interfe&ion be F. And draw a rightline from F to 
C. Theb Ifày that the line £ C ís ere&ed perpendiculerly vntothe line 4 B. Fordrawe 
thefeliries F D and F E: which fhal by the definition of a circle be either of them equal 
tà theline DE; and therfore (by the firftcommoa fentence) are equall the oneto the 
other,Butthelines D Cand CE are by confttu&ion equalljznd theline F Ciscommon 
to them both. Wlierforé the aneles alfo at thé point Care equal (by the 8 ptópofitió:) 
Vherfoté tliey atc rightárteles, Wherfore :theline C Fis ere&cd perpendiculerly vnto 
the lined B from the point Q«ayhich wasequired to be done- e 


IN Bee c o Se s oium o 

-By this way oferedting a perpenditulét line inuented by Appollonius, it ís 
al(p mantfelt thar fa man vill mechanically, without dcmonftration, erect vnto 
t ice uA dx os YS tei LT Gi d X 
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Ax other tafe sm 
this propofiticn, 


Conitrultion, | 


Demonfiration. 


An other may 
o erelt a peroſ- 
dicular line sn 
wented by dpe 
polonirs. 
Conſtiuctien. 


re 
n 


Demonſtratiom 


Horw to er? a 
perpendi slar 
dtc nec bad 

UM 


Conffredhion. 


Demonftration. 


The fir ft Boke 


a line geuen froma point geuéin ita perpendi- 
culer line: henecde onely on either fide of the 
pointe geuen, to cut of equall lines : andfo ma. 
king either ofthe endes ofthe faid lines (either 
ofth’endes I fay which haue not one point cds 
mon to themborth) the centres, and the {pace 
both che lynes added together, or wider then 
both,or at the left wider thé one of them,to dez 
{cribethole portions ofthe circles where they 
cut the one the other,and from the point ofthe 
interle&tion to the point geuen,to — — 
which thall be perpendicular voto the lyne ges 
wé: asin the figure here put it is manifeft to lec, 


The 7.Probleme. T bea. Propofition. 


| 


Vutoa right line geuen being infinite , and from a point geuen 
not being in the fame line,to dram a perpendicular line. 


ac Et the right line geuen bes 
ROS ing infinite be A. Be let y 
NSA point geuen not being in the 
—— haid ie 4 Bybe Ch is ree 
7 SN quired from the point geu£, 
ZA namely,C,to draw vnto tbe 
right line geuen A B apero 
pendiculer line.Take onthe à 
other {yde of the line AB (namely, on that fyde 
wherein is not tbe pointe C) a pointe at alladuens . 
tures and let tbe fame be D. /fnd making tbe centre C,and the fpace CD, dee 
Seribe(by the third peticion a circle,and lee the fame be E F G,which let cutte 
the line AB in the pointes E and G.And (by the x,propofition) deuide the lyne 
EG into ewo equal partes in the point F.And(by the fir/t peticion )draw chefe 
right lines,C G,C Fland C E.Then 1/ay that vnto tbe rigbt line geuen 4B, 
from the point geuen not being in it,namely,C, is drawen a perpendiculer lyne 
C H.For fora[much at G His equallto HE, and H Cis common to them both: 
therfore thefe two /ydesG Hand H Car equal tothe/e two fydes EH oH 
C the one to the other: and (by the ig definitio )tbe bafe CG is equal to the bafe 
C E: wher fore( by the 3.propofition )the angle CHG is eguallto the angle C 
H E: and they are fyde angles: but whan a:right line flanding vpon aright line. 
maketh the two /yde angles equall the one tothe other, either of thofe equal ane 
glesis( by tbe vo.definition) a right angle , and the line ftanding vpon tbe fayde 
right line is called a perpendeculer lme.VV berfore vnto the right line gent AB, 
and {rows the point geuen C, Which isnot in the line A B,isdraton a perpendicus 
ler line CH: which was required to be done, This 
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of Euclides Elementes. Fol.22. 


This Probleme did Oenopides firlt finde out,confidering the neceflary vie therz 


ofto the ftudy of Aftronomy, 


iv There are tvo kindes ofpetpendiculer lines: wherofone isa plaine perpenz 
diculer lyne;the other isa (olide, A plainc perpendiculer line is, when the point 
from whence theperpendiculer lioe 1s drawen, 15 1n the fame plaine fuperficies 
withche line wheruato it isa perpendicular. A folide perpendiculer linc is, whé 
thé point, from whence the perpendicultt is drawne,is on high,and without the 
plaine fuperficics,So that a plaine perpendiculer line is drawento aright line: 8% 
4folide perpendiculer line isdrawn to a (uperficies, A plaine perpendiculer line 
cavfeth right angles with one onely line, namely, with chat vpon whome it fal- 
lcth. But a folide perpendiculer line caufeth righcangles,not only with oneline, 
but wichas many lynes as may be drawn in that — the touch therof, 
This propofition ceacheth to draw a plaine perpendiculer line, for itis drawn to 
onc line, and {uppofed cobe in the felfe fame plainc fuperficies. 


+ There may bein this propofition an 
other cafe,For if it be fo, that on theo- 
ther fide of the line e^ B, there beno 
{pace to take a pointe in but onely on 
that fide wherein is the point C, Then 
take (ome certaine point in the line e£ 
B which let be D.And making the cen- 
tre the point C, and the {pace C D, de- 
fcribea part ofthecircuimference ofa 
circle,whichlet be D E F:which let cut 
the line A Bin thetwo pointes D and 
F,And deuide theline DF into twoe- A D H P B 
quall partesin the poynt H. And draw 
thefe lines C D, CHand CF, And for- 
afmuch as D HiscqualtoH F,and . 


CHiscommontothem both, and s 
CDisequalltoCF(bythers.de- ' ZE 
finition:)therfore the angles at the 

point Hare equal the one to the o- c 


ther(by the 8,propofition:) & they 
are fide angles, wherefore they are 
right angles, Wherfore the line C 
H isa perpendiculer to theline D 
F.Butifithappenfothatthecircle A H 
whichis defcribed do not cutte the 

]yne, but couche it; then takyng a 

point without the point E, name- 

ly,the point G,and making the centre the point C,and the (pace CG, defcribea part of 
the circumference ofa circle: which fhall of neceffitie cutthe line AB: and fo may you 
proceede as yon did before. As you fec in the fecond figure, 


3&7 Pe 6.T beoreme. — Then, Propofition. 
When aright line landing vpon a rigbt line maketb any an- 


gles: thofe angles [ball be either two rigbt angles,or equall to 
tworight angles, 


B 


Gy. Suppofe 


Ocnopides the 
Sef inmenter of 
this probleme. 
Two Undesof 
perpendsculer 
Ime namely e 
plaine perpendia 
culer line anda 


folide. ' 


This propofitiom 
feachetb to 
dram « playne 
perpendiculer 
line. 

An other cafe in 
this propofitson. 


Confiruftion, 


Demosflratien, 


The firt Booke 
V ppofe that the right line A B ftanding vppon the right 
line C D do make thefe angles C B Aand A B D. Then 
m L/ay, that tbeanglesC B Aand AB D are eytber two 
Eniright angles,or els equall to tworiebt angles-If tbe angle- 
p ES a ER theangle ABD: then are they two- 
N By [right angles( by the tenth difinition.) But if not ,raife vp. 
— aA (by the ax propofition re ey line C Dod 
UMP the pointe geuen init, namely, Ba perpendsculer line B E.VV herfore( by the- 
x definition )theangle C B E and E B (D areriobt angles, Now forafmucb as 
the angléC B E,isequall tothefe two anglesC BA and ABE, put the angle’ — 
EBD common to them both:wherfore the anglesC BE and EB D,are equal. 
to the/z three anglesCB A,A B E,and EB'D,Agayne forafmuch as the angle. 
DB A is equall vnto thefe two angles D B Eand EB A,put the angle ABC 
common to them both: wherfore theangles DBA — — 
‘and ABC,are equal to thefe three angles, DBE, 
EBA,and ABC. Andit is proued that the ane 
glesC B Eand EB Dare equal to the felfefame 
three angles: but thinges equall toone c the felf 
Jame thingyare alfo(by the firft commé fentence ) | 
equall tbe one to tbe otbe.VV berfore the angtes C 
(B Eand EB Dare equall to tbe angles DBA čo | — 
ABC, But the anglesCBEandE BD aretwo D B c 
vigbt angleszwberfore alfo tbe angles (D B 4: and 
A BC are equal co two rigbt angles. VV herfore wbena right line flanding va 
pon aright line maketh any angles: thofe angles fhalbe either two right angles, 
or equall co two right angles: which was required to be demon/trated. 
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Aa othet demonftration after Zelitarius. 


Suppofe that the right line 4 B do ftand vpon the right line CD. Then I fay,that the 
n ether de- . twoangles 4 B Cand 42 D, areeither two right angles,or equal to tworighr angles, 
ca For if 4B be perpédiculervnto CD: théisit manifefl,that they are rightangles(by the 
r l'eltarim. mes iile AE ? 5 5 y 
conuerfion ofthe definition )But ifit incline towardes the end C,then( by the 1 1,pro- 
pofition )from the point B,ere& vnto theline C D a perpendiculer line B E,By whiche 
conftru&tion the propofitió is very manifeft,For forafmuch as theangle 4 B D is grea- 
ter then the rightangle D B Eby the angle 4B E, and : ` 
the other angle ABC is leffe then the right'angle C E 
B E by the felfe fame angle ABE: if fromthe greater A 
bee taken away the excefie, andthe fame bee added to 
the leffe,they {hall bc made two right angles, That is,if 
from the obtule angle 4 BD betakenaway the angle 
e/4 B E there fhal remayne the rightangle'D 8 Ex And 
then if the fame ángle 442 E be added to theacute an- 
gle C B A, there (hall bee made the right angle C 5 E. 
Whercfore itis manifeft,tbarthe two angles, namely, 
the obtufe angle eB D,& the acute anglee4BC,are — B dq 
eguallto the tworightangles C3 Eand D E: which 
was required to bc aei e The 





of Euclides Elementer. Fol.ꝛʒ. 
Me 7. Theoreme. The 14. Propoſition. 


Ffunto aright line, and toa point in the fame line,be drawn 
two right lines, not both on one and the [ame fide,making the 


fide angles equal to two right angles : thofe two right [ynes 


all make durettly one right line. 
SE Nto theright line A B e A 
toh pointin it B, letthere > - | 
Al be drawn tworighttines B | 
j Gand B DD, wito vontrary E 
Ali fides, making tbe [yde an- 
2 V elesnamely A BCer AB 
D,equall to t%o right ane 
gles. ThenLfay,thaty right € B D 
lines BD and BCmake both one right line. For 
if C Band B D donot make both one right line let l 
the right line BE be fo drawn to BC,that they both make one right line, Now 
forafmuch as the right line AB ftandeth vpon the right line CB E, therfore the 
angles AB Cand A BE are equall to tworight angles (by the 1 3.propofition) 
But (by fuppofition) the angles A BCand ABD are equall totwo right ana 
gles wherfore the angles CBA,and A BB, are equall to tbe angles C B A, and 
ABD:takeaway the angle A BC, which 1s common tothem both VV berfore 
the angleremayning AB E,is equall to the angle remaining ABD, namely, 
the lefe co the greater, which is impo/Sible VV berefore the line BE is not fo dia 
reéily drawento BC, that they both make one right line. In like forte may Wwe 
prone,tbat no otber line, be[ides B 'D, can fo be drawne.VV berforc tbe lines C 
/B and B (D make both one right line Iftherfore vnto a right line,cx toa point 
in the fame line,be drawn two rigbt lines not both on one and the fame fide,mas 
king the fide angles equall to two right angles: thofe two lines (hal make direéte 
by one right line: which was required to be proued. ` 
m e Aaother deinonftration after Pel:tarins. 

Suppofe that there be a right line 4 B, vnto whofe pointe B, let there be drawen 
two right lines C B and B D,vnto contrary fides:and let the twoangles C B A,and D B 
44 beeither two right angles, or equall to two right angles , Then L fay , that the two 
lines CZ and B D , do make dirc&ly one right line, 
namely,C D. Forifthey do not,thélet Z E be {o drawn 
vnto C Z,that they both make dire&ly onerightline A 
CBE: whith ihall paffe either abouc the line A D, or i 
vnderit , Firftlet it paffc aboucit.And foras much as | 
the two angles C B and AZE,arc(by the fornier pro- 
pofition) equall to tworight zngles, andare apart of i 4 
the two angles, C B and 442 D:but theangles CB.A P 
and.A B D are by ((uppofition)equall alfo totwo righz v 
' anglesttherefore thé parteis equal] to thewhole which 
is ampoflible. And the like abfurditie will followifCB © B p 
G.iii. E 
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Demoultiaitis 
heading tu am 
al ſurdae. 


An ether de- 
morftration afz 


4 


ter Pelitariuz, — 


The firft Booke 


E paffe vnder the line B D:namely,that the whole thalbe equall to the part:which is 
allo impoflible, Wherefore C D is one right tine: which was required to be proued. 


The8.Theoreme. The 15.Propojition. 
Ff two right lines cut the one the other: the hed angles fhal be 


equal theone tothe other, © 







Sa V, ppofe that thefe two right lines AB and CD, docat the one the os 
KIS ther in the point E, Then I fay, that the angle A E Cis equall to the 
KS angle D EB, For forafmuch asthe right line AE, /tandeth vpon the 
=E right line DC, making thefe angles CE A,and A ED: therefore(by 
the 13, propofitio)the angles CE A,and AE D,are equallto two right angles. 
Agayne forafmuch asthe right line D E,ftandeth 
ypon the right line AB, making thefe angles 4 N 
ED, and DE Bitherfore( by the fame propofitie 

vn )the angles A E D and D E Bare. equall to 
two right angles. aadit is proued, thatthe angles 
CEA,and A ED, are alfo equall to tworight ane ; 
ales. VV berfore tbe angles CEA,and AED,are 
«quall to the angles A ED and DEB. Takeas f 
ay tbe angle A ED which is common to them. '? 
both. VV herefore the angle remayning C E A,is 
equall to tbe angle remayning D E 'B, And in like fort may it be proued , that 
the anglesC EB,and DE A are equall the one co the other . If therefore two 
right lines cut the one tbe otber,, the bedangles (halbe equall the one to theo» 
ther: which was required to be demonstrated. 










Demonhration. 





Thaler Milefius T hales Milefius the Philofopher was the firft inuenter of this Propofition, as 


T witnelfeth E»demiw, but yctit was firit demon(trated by Ewclide. And 10 it there is 
pofition. , no conftru&tion at all, For the expofition ofthe thing gcué,is (ufficientinough 
No confrufion tor the demonttration, E : 

in this propofi- Hed Angles,arcappofite angles ,caufed ofthe interlection{of two right lines: 


gn, 


Whetbedan- — and arc fo called,becaufe the heddes of the two angles are ioyned together in 
gare. one pointe, 


The conuerfe of this propofition after Pelitarins, 


Jf foyer righe lines being drawn from one point, do make fower angle, of which tbettoo oppe- 


i —— fite angles are equall: the two oppofite lines halbe draWen diretHy and mak one right line. 


whis propofitia af 
ter Pelitarius. 
Suppofe that therebe fower right lines A B, A C, A D, and AE, drawen from the 
poynt A,making fower anglesat the point A: of which let the angle B A C be equall to 
theangle D A E, and theangle B A D ro the angle C A E. Then I fay, thatBE and CD 
are onely two right lines: thacis,the ewo rightlines B A and A E arc drawen diens 
an 


of Euclides Elementes. Fol.24. 


and deo make one tight line, and likewife thetwo right 
lines C 44 and 4 D are drawen directly ,and do make one 


MR 
right line. For otherwi(e ifix be poifible, let £ Fbeone 8 7 
right line, and likewife let C G beoncrightline.Andfor- — . 
almuch as therighttine E A ftandeth vpon the right line 
CG, therefore the two angles E AC and E AG, are ( by 
V 


the 13 propofition ) equall to two right angles. And for- 
a(much as the right line GA ftandeth vpon the right line 


(A 
EF: therefore (by the felfe (ame) the two angles E A G fr. 
and F AG,are allo equall to two right angles. Wherefore 
taking away the angle E A G, which is common to them 
both, the angie E 4C,thall ( by the thirde common fen- 
: S 
C E 


tence) be equall to the angle F A G: but the angle E A C 

is fuppofed to be equall to the angle B A D . Wherefore 

the angle B A D isequallto the angle F AG, namely a 

partto the whole: which is impoflible. And the felfe 

fame abfurditie will follow, on what fide foeuerthe lines be drawen, Wherefore B Eis 
onc line,and CD alfo is one lines which was required to be proued. 


The fame conuerfe after Proclus. 


Jf unto aright line, and to a point thereof be drawen two right lines, not on one and the fame fide, 
in fuch fort that they make the angles at the toppe equal: thofe right lines fhalbe drawen asrethly one 
t0 the other, and {hal make one right line. 


Suppofe that there bea rightline A B,and take a pointin in C.And ynto the point 
init C, draw thefe two right lines C D and CE ynto contrary fides, making the angles 
at the hed equal, namely, the angles 4 CDand BCE, Then fay, that the lines (D 
andC Eare drawen dire@ly,and do make oneright line. For forafmuch as the right 
line C D ftanding vp6the right line .4 B,doth make the angles D C 4and D C B cquall 
to two right angles (by the13 propofition:)andtheangle DC 4. ,, 
is equall to the angle BC E:therefore the angles DC Band B (CE B 
are equal to two right angles. And forafmuch as vnto a certayne 
rightline Z C,and toa point thereofC,are drawen two right lines 
not both onone and the (ame fide, making the fide angles equall c 
to two rightangles, therefore (by the 14‘propofition ) the lines 
C DandC Earedrawendire@ly, & do make one rightline,which 
was required to be proued. A E 


The fame may alfo be demonftrated by an argument lea- D 
ding to an abfurditie. For if CE benot drawen dire@ly to £ 
C D, {o that they both make one right line, then (ifit bee 
poffible) let CF beedrawne dire@ly vnto it. Sothatler D A 
CF be oferight line. And forafinuch as the two right lines 
AB and D F do cutte the one the other, they make the hed Z 
angles equall (by the 15. propofition) Wherefore the an- A 
gles AC DandB CF are equall : but (by fuppofition) the 
angles ACD and BC E are alfo equall. Wherefore (by 
thefirft cominon fentence) the angle Z C £ is equall to the F 
angle BC F: namely,the greater to the leffe : which is ím- \ 
poffible. Wherefore no other rightline befides CE is dra- 
wen dire&ly to C D. Whercfore the lines C and C £ are / X 
draiven dire Gly,and'make one right line:which was requi- A 
red ta be proued. «e "s 5 
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= equali to fowcr right anges, For they’ 


‘ The firft Booke 


Of this fiuetench Propofition followeth a Corvolary, VVhere notethata 
Coroilary is a Propofition, whole demonttration dependeth ofthe demonftration 
ofan other Proposition, and it appeareth fodenly, as it were by chance offering 
it felfe voto vs: andtieretore is reckoned as lucre orgayne. The Corolary which 


followeth of this propofition, 1s thus, 


Tf fever right lines cut the one the other: they make fower angles eqnall to fower right angles, 


This Corollary gaue great occafion to finde out that wonderful propofition in 


uented of Pithagoras which is thus, 


Only three kindes of figures of many angles, namely an equilater triangle, aright angled figure, 


of fower fides, and a fi 


e 
f : 
avon st point their angles touching the fame point. 


Enery angle of an cquilarer triangle contay- 
neth two third partesof a vightangle : fixe tymes 
two thirdes ofa rightangle make fower eight anz 
gics. V Vherefore fixe equilatcr triangles fill the 
whelc face aboura point which is equal to fuwer 
right angies,as inthe 1,figure.alfo euery angle of 
aretangle quadrilatcr figure isa rig htanglé: wher 
fore fower otthem fill the whole {paceas inthe 2. 
fizgure,Euery angle ota fixe angled figure. is.equal 
to arightanglt, and moreover toa third part ofa 
right angle. Buta rightangle;anda third partofa 
right angle,také chre times;make 4.ríght angles: 
wherefore three equilater fixeangled figures fill 
the vholc fpace about a point: which fpace(by 
this Covrollar) ) is equall to fowec right angles: as 
in the third figure, Any. other figure of many ſids, 
howfoeuer you ioynethé cogether ac the angles, 
fhal cicher want offower angles,orexceede them. 
By this Corvollary allo itis manifeftthat ~~ 
it mo thea cwo lines, that is, three, or 
tower, or how many foeuer do cucthe 

one the other in one point, allthe an-' 7) 
gles by them made atthe point fhalbe "7. 





fill che placeoffowerrightangles.And 
itis al(o manyfett, chat the angles by 
thoferight lines made are double in. '4 : 
nuaber co the righelines which cutte: ho 
theone the other, So that iftherebe ^ :/ 
cwo lines which cut the one the other,- 
théace there madcfower angles equall ' 


zu ba 


cofower rightaogles: butifthre, thea. 5: 


gure of fixe fides, hauing equal fides and equal angles, can fill the whole Space 
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are. there made fixe angles ; iffower; eightaagles,and fo infinitly For cuer the 


miultitude, or number of ofthe angles is dubled co the multitude 
kaes which cur the one che other. And as the angles increafe in m 
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ultitude , to 
dimuufü 
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diminifh they in magi aide, For thatthat-which is deuided is always oncand 
ehe fele fané thing, ndifely, tower rightangles, Bi me | I 
` COM PGF Ea I Puz 


$m The 9-Theoreme. i The t6. Propofition. 

W benfoeuer in any triangle, the lyne of one. fyde ts drawen. 

forth in length: the oytwarde angle fhall be greater then any 

one of the two inwarde and oppofite angles. — 
y. B: Che produced votó. the point \ 


» 
Do" MN 
o Tbe Lfay, that the outwarde 


angle AC Dyisgreater then any one of} two 
inward and oppofite angles that is then the 
angle CB Ayor then theangle BAC.Denide 
the line AC (by the to.propofition) into two é 
equall partes in tbe point E. And draw a line 
from tbe point B to tbe point E. And (by the 

2. peticion) extend BE tothe point F. And 
(by the 2, propofition) vnto the line B E put 
an equall line E F, And(by the feft peticion) ' 
drawa line from F to C:and (by the z.petict» D : 
on) extend the line AC to the point G.Now forafmuch as the line A E,is equall 
to tbe line EC, and B Eis equall to EF: therfore thefe two fides A Eand EB, 
are equall co thefe wo fides CE and EF, the ene to the other: and the angle A 
E B,is (by the 15, propofition ) equall to theaugle FEC, for they are hed ane 
gles: wherefore (by the 4. propofition) tbe bafe A B is equall to tbe bafe F C: 
And the triangle AB Eis equall to the triangle F E C:and the other angles ree 
mayning areequall to the other angles remaynsmg,the one tothe other,ynder 
which are fubtended equall fides. VV hevefore the angle B A Eis equall to the 
angle ECF, Buc the angle EC Dts greater then the angle EC FV Vherefore 
the angle AC D,ts greater then the angle BA C, In like fort alfo if tbe line B 
C be deusded into two equall partes may it be proved, that the angle BC G,that 
is, theangle ACD, is greater thenthe angle A BCVVhenfoener therforein 
any triangle, the line of one fide is drawen forth in length: the outward angle 
foalbegreater then any one of tbe tYo inward and oppofite angles : which was 
required to be demonitrated. 


D 


E: 


V'gyofe that d B bea triangle: 
«c let one of 5 fides tlierof hames p B 










Another demonftration after Pelitarius, 


Soppoft that the triangle genen be 4 BC, Whole fide 4B let be produced vnto 
Hj the 


Cenfroft im, 


Demonfiration. 


Another De 
monflration afe 
ter Politariut, 


dis Thefirft Booke - 


the point D. Then I-fay; that che angle DB Cis greater then either of the angles BAC 
and .4C B,Forforafmuch as the two lines 4C and B C doconcurre in the point C,and 
vpon thein falleth the line 4 B:therefore(by the conuer(e of the firft peticion)the two 
inward angles on.one andthe felfe-fame fide,are leffe . 

then two right angles, Wherefore the ángles 4 B C and 


C ABareletfe then tworightangles:but the angles.A I c 
B C and D B C arc (by the 13 propefition) equal to two 
rightaneles . Wherefore the two anales 4 B Cand DB: 


'€ are greater then the two anglese4 BCand BAC. 
Wherfore taking away the angle e4 B Cwhichis com- 
mon to them both, tberc (liall;be left the:angle DBC 
greater then the angle B AC .And bythe fame reafon, 
foralmuch as the two lines B Aand CA concurre in the 
point 4,and vppon them falleth the right lineC2,the ^ A B D 
twoinward angles 472 Cand 4C 2 arc leffe then two * "7, 

right angles.Bucthe angles ef B Cand D B Care equall to two right angles. Wherfore 
the two angles A B C and D B C,are greater then the two angles 48 C & AC B. Wher- 
fore taking away the angle «4 BC,whichis common to them both, there thal remaine 
the angle D BC greater thenthe angle 4CB: which was required to be proued. 





Hece is to be noted, chat when the fide ofatriangle is drawen forth, the angle 
ofthe triangle which 1s vextthe outwatdangle, is called an angle inorder vato 
it: and the other twoangles ofthe triangleare called oppofiteangles vno it, 


A Correllary Of this Propofition followeth this Corrollary, thatit is not poffible that from one & 
folowing of tix the felfe (ame point (hould be drawen to one and the felfe fame right line, three equall- 
propofitsor, rightlines, For fromone point, namely, A, ifit be 

pofible,let there be drawen ynto the rightline BD, A 


thefe three equall right lines e4B,AC,& 4 D,And 
forafmuch as A Bis equallto 4C,the angles at the 
bafe are( by the fifth propofition Jequall.Wherfore 
the angle 4 B Cis equal to the angle 4C B.Agayne 
forafinuch as AB is equallto 4 D,the angle ABD 
is (by the famc) equall to thc angle A DB : but the 
angle 4 7 C wasequall to the angle AC B. Where- 
fore the angle AC Bis equall tothe angle ef DB: 
namely,the outward angle to the inwarde & oppo- 
fite angle: which is impoffible.Wherfore from one 


and the felfe fame point,can not be drawn toone & B c D 

the (elfe (ame right linethree equall rightlynes: 

which wasrequired to be proued. 

By this Propoficionalfo may this be demonftrated,that ifa right line falling 

As other Cor- y s 3 : 
tolary fole-  vpontworight lines ,do make thc outward angle equall co the inward and oppo- 
ong alfa ofthe fice angle,thofe right lines fhall not make a criangle;neither fhal they concurre, 
feme For othecwife one & the felfe fame angle fhould be both greater, and alfo equal: 


which ts impoffible,As for example. 


Suppofe that there be two right lines 4B andCD, and vypon them let the rightline. 
BE fall, making the angles 4 BD andC D E equall.Then I fay,that the right lines 4B 
and C D fhallnot concurte.For i£ they concurre,the fore(aide angles abidyng equall, 
namely,the angles C'D E and 4B D: Then fora(much as the angle C D E is the out- 
ward angle itis of neceffitie greater then the inward and oppofite angle, &itisalfo e- 
qual vnto it:which is impoffible. Wherfore if the faid lines cécurre,thé fhal not the an- 
gles remayne equall, but the angle at the point D thall be encrcafed.For poet AB 

abiding 
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abiding fixcd yon fuppofe the Lne CDtobemoued , -~ 
ynto it,fo that they concurre,the fpace and diftance : 
in the angle wlll be greater: forliow much more C 
D approcheth to e¥ B,fo much farther of goeth it 
from D £, Or whether C D abiding Sixed,you ima- 
gine the line è% B to be moned vato it, {o that they 
concurre,the angle 24 BD willbe leffe, for there- 
with all ic co:nmeth-nere vntothe lines CD& BD, 
Or whether you imagine either of them to be mo- 
bed the oneto the other, you {hall finde that the 
line ef B comming neere to C.D, maketh the 
anglee4 BE lefle,and CD going farther from DE 
by reafon of his motion to the line B D,maketh the E 

angie C D Eto increafe. Wherefore itfolloweth of : 

neceffitie,chat if it bea triangle,and that the right lines ef B and C D do concnrre;the 
outward angle alfo (hall be greater then the inward and oppofite angle. For either the 
inward and oppofite angle abiding fixed,the outward is increafed: or the outwarde a- 
biding fixed ,the inward and oppofiteis diminifhed: orels both of them being moued 
till chey concurve,the inwarde is diminifhed, and the outwarde is more increafed:And 
the caufe hercofis the motion of the right lines the one tending to that parte where it 
diminifheth the inwarde angle, the other tending to that part where. it inceeafeth the 
outward angle. A 





-— Sy Tbeto. T beoreme. Tha. Propofition. 


Fn euery triangle,twoangles, which two foener be taken, are 
lefe then two right angles. = Mert dA ' s 


— pfe iat ABC bea s t. 
ETT | triangle, Then Ifayetbat .. ..: 
Sto anvles of tbe [a)d tris 
mgle ABC, which tho: =" 
i qqanglis fotuer be takengve 

A Y leffecbé two-right angles... 
| or SEA 7j Extend(bytbe 2.peticio) ^ 7 * 
SET tes the line BC, to the point ` — - — 

D, And forafmuch as (by tbe propofition going e ate 
before) tbe outward angle of tbe triangle 4 B C, namely , the angle ACD is 
greater then the inward and oppofite angle AB C: put the angle A CB comma, 
to them both: wherefore theaugles AC Dand- ACB are greater then the ane: 
les 48 Cand B C A But(by the v2 propofitoiz) the angles AC 'Dand AC B 
are equall to two right angles, V/-herefore the angles.A BC and BC A are 
lefse tben two right angles. In like fort alfo may we prove, that the angles B A 
Cand ACB are lefe then two right angles rand aljo that the le AB 
AB Care lefse then two right angles. VV kerefore in enery triangle two ana 
8les, wbich two foeuer be taken,are'leffe then two right angles:which bas res 
quired tobe proued, te nO ee 
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This may alfo be demonftrated without thehelpe ofthe former propofition, 
by the conuer(e ofthe fifth petition, and by che 1j. propofition as you (aw was 
done in the former afters Pelstarins. 


It may alfo be demonftrated without producing any of the fides of the tris 
angle,atter this maner. 

Suppofe that there a be triangle ABC.And in the fide B C take a pointat all aduen- 
tures,and let the fame be D, and draw the line A D. And forafmuch asin the triangle 
ABD, the fide B Dis produced, therefore ( by the former propofition ) the outward 
angle ef D C,is greater then the inward and oppofite angle A B D.Agayne forafmuch 
as in the triangle A'D C, the fyde CD is produced ,therefore(by the fame) the outward 
angle A D B,is greater then the inwarde and oppofite 
angle ef C D : buttheangles at thc point. D arc equall A 
to two right aneles( by the 13.propofition: )wherfore 
theangles 4B Cand AC Bare lefle thentwo right an- 
gles. And by the fame realon may we proue that thean 
gles B ACand BCA areleffe then two right angles,if 
we takea poynt in the line e4 C, and draw a right line 
from itto the point 8: and fo alfo may it be proued 
that the angles Ce^£ B and eA BC are lefle the two 
tyghtangles,, if there be taken in the lyne 4 Ba point, 
and from it bea line drawen to the point C, — — 

B ? 

By this propofition alfo may be proued this Corrollary ,that from oneand 
the felte fame point to one andthe felfe fame right line,can noc be drawea two 
perpendicular lines, 

For ifit be poffible, from the point A,let there be drawen 
vnto the right line B C,two perpendicular lines 4 3, and 4C: A 
whercfore the angles 42 Cand eA C B are right angles, But \ 
forafinuchas 4 B Cisa triangle.therefore any two angles ther- 








of are (by this propofition ) leffe then two rightangles,Where- 
fore the angles’ A.B Cand AC Bare leffe then two right angles: 


but they arc alfo equallto two right angles,by reafon 4B and 
eALC are perpendicular lines vpon J C: which is impoffible. 
Wherefore from one and the felfe lame point cannot be drawé 


toone and the felfe fame line two perpendicular lines; which 
was required to be proucd. B c 


T be n. T beoreme. — d be 8. Propofition. 
In euery triangle, to tbe greater fide is Jubtended the grea- 
ter angle. 


STIL" ppofe that ABC be a 
q triangle, baning tbe [ide A 
C greater then thefide A 
E B. Then I fay that the ane 
gle ABC is greater then 
X) the angle B CA , For fore 
Mb/much as A (Cis greater 

“th A B put(by tbe 3.pro- 
pofition) vato A B anequall line A D. And (by 







A 
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the fir ft peticion) draw a line ftom the point Bto the point D. And forafmnch Demonfratiom 
as the outward angle of the triangle DB C, namely, tbe angle /1 D B isgreaa 

ter then the inwardand oppofiteangle DCB (by the 16 propofition, )buc (by 

the 5. propofition) theangle AD B isequall tothe angle A BD, for the /yde 

A Bus equall to the fyde AD: therefore the angle ABD is greater then the 

angle AC B.VVberefore the angle AB Cis much greater then the angle AC 

8.VV. berefore in euery triangle, to tbe greater [yde is fubtended the greater 

angle: which was required to be proued, 

C Another te- 


monffration af> 
ter Prophyrins. 


You may alfo proue the angle at the point B greater then the angle at the point 
(the fide 4 C being greater tren tle fide A B Jif from the line 4 C you cut of a linec- 
quall to the line <4 B, beginning at the point C,as before you begaune at the point 4: 
and that after this manner, Let the line D C be equall to the line 
e4 B and draw theline BD: and produce e4 B to the point E: A 
and put the line B E equal to the line 4 D. Wherefore the whole 
line A E is equall to the whole line 4 C:draw aline from Eto C, ion 
And forafmuch as 44 E is equal to 4C, therfore the angle AEC 
is alo equall to the angle 4 (-E (by the 5.propofition:) but the 
angle A B Cis greater then the angle ef E C,For one of the fides 
ofthe triangle C B E, namely, the fide 8 Eis produced , and fo 
the outward angle ef B C is greater then the inward and oppo- 
fite B EC (by the 16 propofition:)wherefore the angle c4 BC is 5 X 
much greater then the angle e4 C B : which was required to be c 
proucd. Í 

E 
, ,Notethat that which is here fpoken in this propofiti. . Tivi 
on,is to he vnderítanded in onc and the felf (ame triangle, For itis poffible that fpoken im this 
-one and the felfe fame angle may be (ubtended ofa greacerline,and ofa leffe line: Propefirren isro 
and onc and the (elfe fame right line may fubtend a greater angle , anda lefe an- s PA RA 
gle.Asfor example. Jaje jame tri- 
Suppofe that there be an Ifofcelestriangle 42 C, & angle. f 

in the fide 4B take the point D atall aduentures: & fró A 

the line 4 Ccucof(by the 3.propofition) thelyne 4 E 
equall to che line -4 D.And draw a right line from D to 
E,Wherfore the right lines DE and BC do fubtend the 
angle at the point 4, & of them the one is greater, and 
the otherleffe. And after the felfe fame manner a man 2 v 
may put infinite right lines greater & leffe, fubtending 
thc angle at the point 4, 

Agayne fuppofe that 4 BC be an Ifofceles triangle. 
And let B C be lelie then either of the lines B.4 and AC, 
And vpon B C de(cribe (by the fizft an equilater trian- 
gle BC D.And drawaline from Ato D,‘and produce it 
tothe point £. And forafmuch asin the triangle 4 B A 
D,the outward angle 3 D E,is greater rhen the inward 
& oppofite angle B-AD( by the 16.propofition )And by 
the fame in the triagle 4CD,the outward angle CDE, is 
greater then the inward & oppofite angle CA D:ther- 

ore the whole angle B D C is greater thë the whole an- 
gle B AC.And oneand the felte (ame right line fubten- \ 
deth both thefe angles,namely,the greater angle & the 
lefe, And itis alio proued,thatgreater right lines 
êr leffe [ubtende one and the lelfe ſame angle, But in B E c 
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Oneand the (clfe fame triangle one right line fubtendeth oneangle,and che great 


rightlineeuer fubtendcth the great angle i 
ille pope od: leg ng sand the leffe the leffe,as it was proued 


The 12.Theoreme. Ther9.Propofition. 


Fneuery triangle, under the greater angle is fubtended the 


- greater fide. 
Yes Vppofe that A BC be a triangle, hauyn 
Y. 2 
3 the angle A BCgreater Bente uie B T 
- C A/D ben fay tbattbe fide ACis greater 
then} fide A B.Fer if not,thé the fide AC is erber 
equal to 5 fide AB, or els it isle (fe theit.The fide A 
Cus not equalto 5 fide AB, for then(by the B. pro» 
pofttion )y angle A BC fhould beequall to tbe án* 
fle ACB: but (by fappofitto) ée is not, VVheres 4 c 
fore tbe fide AC is not equall to tbe fide 4 B. And 
the fide AC can not be lefe then the fide AB, for then the angle ABC [boulde 
be leffe then the angle AC D(hy the propofition next gayng before), But (by 
Suppofitionit ts not) VWherefore the fide AC is not leffe then the fide AB, 
VV herefore the fide AC is greater then the fide A B, VV berefore in euery trie 
angle,. ynder the greater angle is fubtended the greater fide: which was requis 
red tg be demon/trated. 





This propofition is the conuerfe of the propofition next going before. V V her: 
foreas you fee,that which was che conclufión in the former,is in this che (uppo- 
ficion,or thing geuen:and that which was there the ching geuen,is here the thing 
required or conclufion. And it 1s proued by an argument leading toan impoffiz 
bilitiejas cominonly all conuerfes arc. - 


Proctus demontteateth this propofition after an other way: butficfthe putteth 
this XA umptíolloving, 


If an angle of a triangle be deuided into two equal partes, and if the line which demideth it being 
drawen to tbe bafe , do deuide the farne into tpo onequall partes :the fides whieh contayne that angle 
halbe unequail, and chat fhalbe the greater fide, Which fallerh on the grater fide of the bafe,and that 
the leffe which falleth on the leffe fide of tbe bafe. ' 


Suppoíe L4 B C to be atriangle;and(by the 9. propofition)deuide the angle atthe 
point 4,into two equall partes, by the rightfine 4D. and let the line 4D deuide tle 
bale B C, into two.vne qual partes, and. let the pace C D be greater then the parte B.D. 
Then I fay,that the fide 4 Cis greater thei the fide 4B. Produce the line 4 Dto the 
point Z,and (by the third Jpuctheline D E équall to the line D A4. And fora(much as 
D Cis by fappotition greater then DB, pur (by the 3.propofition )D F equal to B.D, 
and draw aline fré Eto F,and produccitto the point G, Now fora(inuch ás. AD ise» 
quallto E D and D Bis equall to D F, therfore inthe two triangles 4B D,and EF D, 
two fides of the one are equall to two fides. of the other, echetohis correfpondent 


fide; and (by the 1 5. própofitjon) they contayge equall angles, namely, the Hea añe 
gles 
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gles : wherfore (by the fourth propofi- 
tion) the bafe B A is equall to the bafe A 
E F:and theangle D E F is equall to the 
angle D A B, But the angle D AG is by 
conftruction equall to the fame angle D 

A B: wherefore (bythe firt common 
fentence ) the angles E AG and AEG 
are equall, Wherefore (by the 6. propo- g 
fion ) the fide 4G is equall to the fide E 
G.Wherfore the fide 4 Cis greater then 
the fide E G.Whereforeitis much grea- 
ter then the fide E F.Burthe fide E Fis 
equall to the (ide A B, as it hath bene 
proued. Wherefore the fide A Cis grea- 
ter then the fide 44 2; which was requi- NE 
red to be proued. 





,. This aflumptbeing put,this Propofition is of Proclus thus demonftrated, 


Suppofe A B Cto beatriangle, hauing hisangle at the point B greater then the an an orher de- 
gleat the point C, Then I fay that the fide 4 Cis greater then the fide AB.Deuide the monfrarion afa 
line BC into two equall partes in the point D,and draw aline from A to D. And pro- rer Prosim, ` 
duce the line 4 D to the point £: and put the line D € equall to the line 4 D,and draw 
a line from Z to E. Now forafmuchas BD isequallto DC, and 4 Dis equall toDE 
therefore in the two triangles 4 D C and B D E,two A 
fides ofthe onc are equall to two fides of the other, ech 
to his correfpondent fide, and they containe equall an- 
gles (by the 15. propofition): wherefore (by the fourth 
propofition) the bafe BE is equall to the bale AC, and 
the angle D Z Eis equal to the angle at the point (-De- 
uide alfo th'angle ABE into two equal parts by the line 


BF: wherforethe line E F is greater then the line FA. B c 
Aud fora(much as in the triangle 4 B E,the angleatthe 
point Z is deuided into two equall partes by the right 


line Z F, and the line E F is greater then theline AF: XY 
therefore by the former Affumpr the fide BE is greater E 
then the fide B A; but the line B Eisequall to the line 4 C. Wherforethe fyde 4C is 
greater then the fide eA B: which was required to be proued, 


7 bei. beoreme.. T beao. Propofition. 


In euery triangle two fides, which two fides foeuer be taken, 
are greater then the fide remayning. 


Vuppofe that ABC be a 
triangle, Then Lfay that 

two fides of the triangle A . 
|| BC, which two fides poes 
Auer be taken are greater: 
Athen the fide remayning 
BY, | that is, the fides BA and 
AC are greater then the 


Hü, — 





Contra aem. 


Oemonſttion. 


— 
‘An other dems» 

firañson withe 
ost producing 


ese of the fides, 


An other De- 
monfiratien, 


ieu. - Thefrit Booke | 


Side B Cand the fides A Band BC then the fide A C: and the fides A C and B 
then the fide B.A,Produce (by the 2.peticion )the line B A.to tbe point D. And 
(y the third propo[ition )vnto tbe line A C put an equall line A D; and drawe 
a line from the pomt D to the pointe C. And foraf« 4 

much as the line D Ais equall to the line AC, theres 
Jore(by the 5 propofition )the angle AD C,is equall 
tothe angle dC D.But the angle BCD is greater 
then the angle AC D,therefore the angle B C D is 
greater then the angle ADC. And forafmachas D 
C B is a triangle, hauing the angle BCD greater 
then the angle 4 D C,but( by tbe 1s, propofitton)yns 
der the greater anole is fubtended the greater fide: e 
wherfore D B is greater tben b C. But tbe line D 
Bis equallto the mes A4 B and A C( for tbe lme A ID is equall to tbe line AC) 
wherfore the fides B Aand AC, ave greater then the fide BC. And in like forte 
inay we prone that the fides A Band BC are greater then the fide A Ceo that 
the fides B Cand C A aregreater then the fide A BVV berforeineuery trians 
gle two fides which two fides focuer be taken,are greater then the fide remay» 
ning: Which was required to be demonftrated, 





This Pcopofition may alfo be demonftrated without producing any of the 
fides, atter this maner. , ] 


Suppofe A BCto be triangle, Then I fay, that thetwo fides A B and AC are grea? 
ter then the fide Z C: deuide the angle at the point A (bythe 9. propofition)into two 
equall partes by the right line e4 £. And fora(much asin the triangle B E,the out- 
ward angle A EC is greater then the angle B e4 E (by 5 
the (6 propofition),and the angle B AE is put to be A 
equall tothe angle E A C,therefore the fide AC is grea- 
ter then the fide CE, And by the fame reafon the fide 
AB is greater thé the fide B E,Forin the triangle A E C 
tke outward angle 44 E B, is greater then the angle CA 
E,that is then the anale £ A B, Wheretorealfo the fide 
AA B is greater then the fide BE.Wherfore the fides AB 
and AC are greater then the whole fide 8 C. And after 7 


the fame maner may you proue touching the other 
fides alfo, Ht eie ma c 
B ES c 


The fame may yetalfo be demonftrated an other way. 


Suppofe 44 B C tobeatriangle. Now if 4 BC bean 
equilater triangle, then without doubt any two fides A 
thereof are greater then the third, Forthe three fides 
being equall any two fides of them are double to the 
third.But ifit bean Ifofceles triangle, either the bafe is 
leffe then either of the equall fides or ít is greater. Ifthe 
bafe beleffe, then againe two of them arc greater then 
the thirde, but if the bafe be greater: let B C being the 
ba(e of the Ifofceles triangle ABC be greater thé either — 
ofthe ſides AB & Ac and from it cut of ( by the z3.pro- ` E G 
T» poſition 
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pofition ) 4line’equalf to any one of the other fides, whiche let bee B E,and dtawe 
a live froni Ato £.And forafmuch.as inthe triangle A E B,the angle 4 E Cis an out- 
ward angle: therefore itis greater then the ane’ AE (by the 16. propofirion).And. 
by the fanie tcafon,the angle 4 & 2 is greater then the angle CAE, Wherefore the an-, 
gles at the point E are greater then the whole angle at the pointe 4. But the angle BE 
‘Aisequal tothe angle B.A-E (by the $; propofition) for A Z is put to be equall to B? 
£. Wherefore the angle remayning 4 E (is greatet then the angle C AE. Wherefore- 
alfo the fide AC is greater then the fide E (. But the fide 4 B is equall to the fide BE. 
Wherefore the fides 4 B and c^ Care greater thenthe fide BC,, 

But if the triangle A B C be aScalenum, let the fide 
AB be the greatelt, and let -4C be the meane, and BC 
the leait. Wherefore the greateft fide being added toa- 
ny one of the two fides muftnedés be greater then. the 
third, For ofit felfe itis greater then any of them. But 
if AB being the greateft,you would proue the fides AC 
and C B to be greater then it, Then as you cidin the I- 
foceles triangle, cut of from the greateft a linc equall to 
one of them, and from the point Cto the point ofthe — g 
interfe&ion draw arightlinc,and reafon as you did be 4 E zB 
fore by the outward angles ofthe triangle,and you ihal * 
haue your purpofe. 





This propofition may yet moreouer be demonttrated by an argument lea- 
ding to an ab(urditie, and chat after chis manner, 


Suppofe ABCto beatriangle. Then I fay that the 
fides A B and 4 C,aregreaterthen the fide BC, For if 
they be not greater,they are either equallorleffe. Firlt | B 
let them be equall,and from the line BC cut of the line 
B Eequallto the line 4 B( by the 3,propofition) wher- 
fore the refidue E Cis equall to 44 C.Now fora(much as 
44 Bisequall to B E they fubtend equall angles. Like- 
wife forafmuch as e4 C is equall toC E they fubtend e- 
qual angles.Wherfore the angles which are at the point 
E are cquall to the angles whiche arc at the pointe v, | * 
which is impoflible( by the 16.propofition ). Ale 





But nov let the fides 4B and A‘ beleffethen the A 
fide B C,and from theline BC cut of (by the 3.propofi- 
tion)the line B Dequall to the line 4 B,and likewile fro 
the fame linc B C cut of the line C E equall to the line 4 
C. And forafmuch as A B is equall to B D, the angle 7 
D Aalfoisequall tothe augle B.A D (by the fifth pro- 
pofition).Againefora(muchas eA C is equall to CE, 
therefore(by the fame) the angle CE Ais equall tothe / 
angle E e4 C. Wherefore thefe two angles B D A and 7 










E Aare eqnallto thele two angles B e4 Dand EAC, 
Agayne forafmuch as the angle 8 D A is the outward 
— ase ADC, MARE itis greater then® D.. E c 

the angle . For it is greater then the angle 'D e4 C { by the 16.propofíti 

by the fame realon,forafmuch as C E eA is ilie the sotaad aneli cea te 
E, therefore it is greater then the angle B A D (foritis greater then the angle 8 4E ) 
Wherfore the angles B D AandC E Aare greater then the two anglesB A Dand EA 
C.Butthey werealfo proued equall vnto them : which is impoffible. Wherefore the 


fides 4B and Z4Careneither equall co the fide 2 C. leffe chen i g 
fo allo may itbe proued cibo silos did eee Breas nt 
Li, A 


aio other demos 
Pr ation leading 
Po an abfurditio 


The firft Booke 


Aanias A nian may alfo morebriefely demonttrate this propofition by Campanus 
fration by the ACAriition ofa right line, which as we hauebefore declared is thus: 4 right line is 
difnitionofa the fborreft extetifign or drawght that itor may be from ont point to another. Wherfore any one 


wight line, fide ofa triangle, fot that itis aright lite drawen from fome one point to (ome 
otheróne pointjis ofneceffitie fhorterthen the other cwofides drawcn from and 
toths lame pointes, Misi ee ; 
WA Mar lus Uadishu da — 
Datall hinges Epicurus and fuchas followed himderided this propofition, not counting it 
manifefitethe worthy to be added inthe number ofptopoficions of Geometry for che us 
— thereof, for that it is manifcft euen to the feafe, But nor all ee manifeft to: 
vesfonandGn- fenfe, are (traight wayes manife(t to ceafon ánd vnderftanding. Yt pertay aeth to 


deritanding, — onethatisa teacher offciences, by profe add demonftration to render a cez-; 


tayne and vndoubted reafon, why itfo appeareth to the(enfei and in, that oncly; 
confiftech {cience. - — — P 
yt 


= Ther4.Theoreme, Therr.Propoftion. 


Ff from the endes of one of the fides of atriangle, be drawen 
to any point within the fayde triangle two night lines. thofe 
right lines fo drawem, [halbe lefe then the two other jides of 
sitcom thetriangte, but fhall containe tbe greater angle, 


iV ppofe that ABC bea . ‘ 5 
777 | trianglezand fro tbe endet 
SAI of the fide B Cnamely,frd 


ROSA A 
MNA UP ithe pointes Band C, let p : 
Ero PQ ithere be drawan within y : 
FEY Sy ieriangle t% 0 right lines B c NC ; 
7 Ag YD and CD to} point D. / \ 
<< Then Lfay, that che lines / 
4 * 


(B D and C D are leffe tbe tbe ctber fidesofthe — * 
triangle, namely, then the fides BA. and AC.and that the angle which they 
contayne, namely, BDC, isgreacer then the angle BAC, Extend ( by the 
Leminftrasin, Jocond peticion) the line BD to the point E, And forafmuch as(by the 20.proe 
pofition) in ewery triangle tbc to fides are greater then the fide remayning, 
therefore the two fidrs of the triangle AB E, namely, the fides A Band AE, 
are greater then the fide E B. Put the line ECcommon to them both, VV heres 
fore the lines B A and Care greater then the tines BE and EC,Againe fors 
afinuch as (by the fame )in the triangle C ED, the two fides C E and E D, are 
rater ten y fide DC, put y line DB common to them both: wherfore 5 lines 
C E and E Byare greater then the linesC Dand D B. But it is proued that the 
limes B Aand AC,are greater then the lines B E and E CVV bevefore tbe lines 
B Aand AC,are much greater then the lines BD and DC, Agayne forafmuch 
as 


x 
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as (by the 1 6, propofition ) in euery triangle, tbe'outard angle is greater then: 
the inward and oppofite angle, therefore the osit ward angle of the triangle C 
DE, namely, BD C,is greater then the angle C E D. YV herefore alfo (by the. 
Jame) the outward angle ofthe triangle ABE, namely, the angle CE Bis 
greater tben the angle B A C. But it is prout tbat tbe angle B DCissreater 
then the angle CE B.VV. berfare the angle BID Cis mucb greater.then the ane 
ale BA CVV bereforc if from the endes of one of the fides ofa triangle, be dra» 
Ien to any point within the fayde triangle two righe lines: thofe right lines fo" 
drawn fhalbe le/ve then thetwo other fides-of the triangle’, but [ball contayne - 
the greater angle: which was required to be detioniirated, 


In this propofition is expreffed, that the two right lines drawen within the 
triangle haue their beginning at the extremes of the fide of ths tciangle, For fró 
the one extreme of the fide of the triangle,and fróm fomeonepoint of the fame 
fide,may be drawen two right lines within the triangle, which fliall belonzer ché 
the two outward lines: which is wonderfull and feemeth ftraunge, that two right 
lines drawen vpona parce of aline,fliould be greaterzheo two rightlines-drawen 
vpon the whole linc, Aad agay nc icis poffible trom the one extreme of tlie fide 
ofa triangle,andfrom fomeore point ofthz (amefid?to drawe two right lynes 
within che triangle which fhall contain¢an angle teffe then theang]e contayned 
vnder the two outward lincs, > 


As touching the firft pare, 


Suppofe 4 8 C to bea re&ansi 
gle triangle; whofe right angle lec 
be at the point B, Andin the fide 
BCrakea pointatal aduentures,. 
which let be D: and draw a righe ` 
line fró A to D Wherforethe line 
4 Dis greater then theline 43 
(by the 19,propofitié) Froni the. 
line A D cutof (by the thirde) 2 
linggquall to the line 4 B,which.- 
letbe D E.And dcuide thelinc E 
A into two equall partes in the 
point F( by the 10.propofition ) 
PRG alinefró Fro C. Now 

orafmuch as 4 F Cisa triangle,therfore the lines A F and F Care reat é i 
AC( by the former propofition ):but fF is equal to F E:wherforethe Mud TE 
and arare greater thee the line A candthe line D & is equallto theline A B Wher. 

1 ines F Can are greater t i i à S 
are drawen within the triangle 4 BC.thcon En ddnde and they 


ir int ne from one extreme of the (i i 
Other from 2 pointin the faine fide BC: whiche was required to be pró ede —— 





5 


As touchyhg the feconde parte; Supp ] 

— touchydg el de ppoſe A BCto bee an Iſoſce- 
les ttiangle, and'letthe bafe thereof namelye, BC bee greater then either So 
equall fydes, and from the lyne B C'outte of a line equall to the lyne ZZ'(by the 
third propofition) whicheletbee 2 D : and drawe alinc from of toD : andinthe 


Lij, lins 


PC 7 hefefiBooke.. 


linee D.takea — cu c I vL LEN pu ees 
let be E, & drawalinefrom Cto E. Now for- ToS E 
aſmuch as the line B, ĩs equal to the lynes CÁC ng ah 
D.therfore(by tbe fife propofition)the angle. x» ES : 
B A D is equali to the angle 8 D A Andfor- ..... . 
almuch asin the triangle E D C the angle E D ` 
Bis an outwarde angle,therefore (by the 16, _ 
propofition) itis greater thentheinwardand. . ^. . 
oppofitéangls D E C. Whercfore theangle 2 ., 
A Dis greater then the angle DEC.Wherfore P 
theangle B AC is much. greatéethen the an-^ 
gle D £C: abd theapgle BA Gis cóntained o£.. .. 
the outward rigħt lines 8 Aand AC, andthe : 
angle D E Cis contayned of thc inward tight ' 
Jines D Eand E C: which was required to — 










— meanes ofthis r a m 
tion 2l(orsidefcribed tha ky.nd- genns 2E cud 
oftriangles, which comtayneth..-. 5 | «i 2 
fourcfides,Asfor example,dius.: = h 
figure A B C,Foritis.cotained, .-..- - ot 
of ower fides BA,A.C,CE, se F 


E B. But it hath oncly three agp, ,. 
gles,one at ihe pointB,another | 
atthe põ iut and the third at 
thepoint C, V Vherefore this 
prefentfigure A B C is a qua- 
drilater rríacgle: which ofolde 3 
philofophers hath cucr bene counted wonderfult, 
And here is to be noted, that there is difference be- 
twene a threc fided figure, and athreeangled figure, 
For.sot cucry figure hauing three angles hath alfo 
onely threc fides,as itis platne co fce in this figure, ‘ 
Likewife it4$not all on „a figure to haue tower fides, 
andfower angles, For.afoure fided figure may haue : i 
onely threangles,as in the former figure: anda foure iv 
ang) led figure may haue foei freti asin this figure loving And foofallotbee ` 
gures. . 








pores jns 





IAT 


2 Th Probe ‘Thess Proof — | 


Gf * right Enes wbich areequallto thre right lines gent, 

to make a triangle. But it beboueth two of thofe lines, which 

- ta foeuer be taken;to be greater then the third. For that i in 

| RES Nen two ro fides, which smo fides foener be taken, are 
"aee di grea- 





| PBE 
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greater then the fide remaynings 


MS V'ppofe that the three right 
lines gene be A,B,C:of which 





^17 let tivo of them, Which two 

foeuer be taken, be greater then the 
third, that is , let the lines A,B, be 
greater then the line C, andthe lines 
A,C,then the line B,and the lines B, 
C, then tbe line A. It is required of 
three right lines cquall £0 theright : 
lines A,B,C,camake a triangle, Fake 
aright line bauing an appointed ende 
on the fide D, aud being infinite on 
the fide E. And(by the 3, propofitis. 
op.)put vnto the line A,an equall line - oe . 
M Fand put ynto tbe line B,an equall line F Gand vato ) line C,an equall line 

G:H. And making-the centre F and the [pace D F,defcribe (by the 3. peticio) 

acircleD KL. Agayne making the centre G,and the [pace G H, defcribe (by 

the fame )a circle H K L:and let the point of theinterfection of the fayd circles 

be K,and(by the firft-peéticion draw a right line from the point K to ) point F, 

€» an other from tbe point K to tbe point G, Then Lfay,that of thre-right lines 
equall to tbe lines A,.B,C,is made a triangle K FG, For forafmuch asthe point Demenffrative 
F is the centre of the circle DK L, therefore (by the ws. definition) the line F 

D is equall tothe line F K, But the line Ais equall ta tbe line F D V Vherfore 

(by the fir ft common fentence) £be line F Kis equall to tbe line 4. Agayne for- 

afmucb as tbe point G,is the centre of the circle L KH, therefore(by the fame 

definition) the line G K is equall to the line G FE But the line C isequallto the 

line G H: wherefore (by t be firl common fentence) tbe line K G 1s equallto 

the line C.But the line FG is by fuppofition equal to the:line B: wherefore thefe 

three right lines G F,FK, and K Gre equall to tbefe tbree riobt lines A,B, 

C. VV berefore of three right lines, that is, K F,FG, and G K , which are 

equall tothe thre right lines genen,that is to A, B, Ciis made a triangle K FG: 


Confinfion, 





c 





d 


Which was required to be done. 


An other conftruétion,and demonftracion after Fluffates, 


Suppofe that the three right lines be e/£,B,C. And ynto (ome one ofthem,namely, yis 
to C,put anequallline D E,and(by the (econd propofition)from the point E,draw the ‘demon(tration 
line E G,equall to the line Z: and (by the fame) vnto the point D put. the line D H e- after Fluffares. 
qual to the line 4.And making the centre the point E, & the {pace E G,defcribe a cir- 
cle F G : likewife making the centre the point D, and.the fpace D H , defcribe an o- 
ther circle £7 F: which circles let cutte the one the other in the point F. And draw 


RA Lüj thefe 


SS eat 


Ge fances in this 
Probleme, 


Fork inflance, 


Second initsnce 





che circle L A,therefore the line 


thele lines DF and EF. Then I faye > —— n F 
that DF Eisa triangle delcribed of ~ ~ — — 


3. right lines cqualito the right lines 
4,8,C For fora(much as the line DH 
is equall to the right line 4, the line 
DF, hall alfo be equali to the fame 
tight line .4,(Forthat thelines DA 
and D F,are drawen fró the centre to 
the circumference ).Likewife foraf- 
muchas EGis equallto E F(by the 
5. definition) and the right line B is 
equall to the fame right line E G:ther E 4d 
fore the right iine EF is equallto the ; Sad Tt. 

right line Z : but the right line D E, A fae CAE NETUS j 
was putto beequall to the right line VL Roe Ni ety wa ee PS Os 
C.Wherfore of three right lines E D,D F, and # E,which are equal to three right lines’ 
geuen, e£, B,C, is de(cribed a triangle: which wasreguiredtobedone;- N^ a 
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wore ge. 
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Ua de 





— SUME iz 
In this propofition theaduerfary pacadueature will cauili,that the circles 
fhall notcut the one che other (which thing Eatlide putteth them to do) Butnow* 
ifthcy cutce not the one che other, either they touch the one the other,or they" 
ace di(taunte che ore from the cthec . Fitfti£itbe poſſible let them tooche the! 
one tie other;asin the figure heire puc (tbe conflruction whereof anfwereth to, 
the coftruciian of Enchde). i 5 — 
, AndferafmuchasFisthecen. , 
tre of the circle D'K,therfore the 7 
line DFisequattothe line FN. 
And forafinuch as the point G,is , 
thecentte of the circle AL,ther- 
fore theline AG; isequall tothe 


ayy ^M Sty 












Tine G 4, Wherefore thefe two 5 
lines DF, andG H, arcequallro, 
one line, namely, to FG, But: z á 


they wete put to be greater then * 
it:forthelines DF,FG, and GX , 
H, were put to be equull to the V 
lines -4,B,C,euery two of which `^ 
are fuppoled'to be greater then S: 
the thirde: wherefore they are ;.- 
both greater; and allo equall,, 
which is impofftble, Agayneifit . ; 
be poffible;lee the circles bedi- fms ; nr 
ftant the onc from che other, as: z 
arethe circles DKand H L.And 
fora(much as Fis the centre of 
the circle D K, therfore the line 
D F isequal to tke line FN, And 
forafmuch as G is the centre of 
H Gis ediall to the line:G: Afi | 
wherefore the whole line FG is 
greater then the two lines D F; ` 
andG A, (for the line F G,exce- 
deth the tines D F, and G H, by 
the line N M )butit was fuppoe | 
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fed that the lines D.F and  G are greater then: the line FG : as‘ alfo: it was fuppofed - 
that the lines and €,were greates then the line (for the. line D Fis put to be equal) 
to thé line 4, and the line F G ta the line B, and theline HG tq the line C. ) Wherefore , 
they are both greater and alfo equall: which is impoffible. Wherefore the circles ney- 
ther tooch the one the other, nor are diftant the one from the other. Wherefore of ne- 
ceffitie they cut the one che other: which was required to be proued. 


The 9. Probleme. The 23-Propofition. 


Upon aright line geuen,and to a point init geuen: tomake a 
retliline angle equall to a retliline angle geuen. 


5 V ppofe y the right line ge- — 
S uc be AB, € let ) point in = 
(| it geuen be A. And let alfo 
i "tbe re£liline angle geut be 
1DC H.lt is required vpon the right 
line geuen A Band to the point init 
geuen Ato make a reĉtiline angle es 
quall to the re&liline angle geuen D 
CH, Take in either of the lines CD 
and CH a point at alladuentures e 
let the fame be Dand E.And( by the a s 
first peticion ) draw a right line fr 
D to E Andof thre right lines AF, 
FG and G A which let be equall to 
the three right lines geuen,that is toC D,D E;and EC,make (by 5 propofition ks 
goyng before )a triangle and let tbe [ame be AFG; fo that let tbe lime CD. be e Zr 
quall to the line AF, and the line C E to the line A Gand moreouer the lyne D 

E tothe line F G.And forafmuch às thefe two lines D Cand CE are equall to. Demenfration. 
thefe two lines FA and AG, tbe one to tbe otber and tbe bafe DE is equall to 

tbe ba[e F G:tberfore (by the 8. propofition) the angle D C E is equall to the 

angle FAG VV herfore vpon the right line geuen A B,and to tbe point init ges 

uen namely A is made a rettiline angle F A G,equal to the reciline angle geuen 

D CH: which was required to be done. 






E z _ Conftrnfion. 


An otherconftruétionand demonftration after Proclus, 


Suppofe that the right line geuen be 4 B:& let the point init geuen be Z,&letthe |, 
rectiline angle geué be C D E, It is required vpó the right line geue 4 B,& to the point firatim qud A 
in itgeué Ato make 2 re&lineangle equal to the re&tiline angle geué C.D E, Drawe a ‘monffration P 
line fró C to E. And produce theline 44 B on either fide to the points F and G.Andyn- ter 2reclas. 

iui, t9 


Mn otber De- 


senfr.st rn af- 


bas Pelataciwt. 


— ThefirstBooke ` 


tothe line CD,put the line Ff equal,& vrto theline DE let the line 43 be equal, & vn- 
tothe line EC pur the line BG equal. And making the cétre the point 4,& the {pace AF, 


eferibe a citcle K F.And agayne making the centre 


ANP 





SO 


the point B and the [pace BG dee 


Tas 





— 


ly 


(cribe an other circle G L: which thal of neceftitie cut the one the other.as we haue be- 
fore proucd.Let them cutche one the otherin the pointes M & N.And draw thef: right 
linesAN, AM, BN, and B M. And fora(much as F A isequall to A M:andalfo to À N. 
(by the definition ofa circle)but C D isequall to F A,wherfore thelines AMandA N 
arceche equall to the liae D C.Agaync fora(inuch as B G,is equallto B M,and to B N, 
and ZG is cquall to C E:therfore either oftheíelines B.M and B N is equall to the linc: 
C E. Battheline B A isequallto thelinz D E, Wherforethe(e two lines BA & A M,are 
cquall to theíe two liaes D Eand D C,the onto the other,and the bafeB M is equal to 
the bale C E. Wherfore( by the 8.propoíition)the angle M A B,is equall to theangleat , 
the point D.And by the fame reafon the angle N A B,is equall to the fame angle at the, 
point D.Wherfore vpoa theright line geuen A B,and tothe point inic geuen A, is de- 
{cribed a reQiline angle on either fide of the line 4 B: namely,on one fide the re@iline’ 
angle N AB,and on the other fide the re&iline angle M A B,eithet of which is equall to 

: thereiline angle gcuen C D E: which was required to be done, 


Au other conftruction alfo,and demonftrationafter Pelitarius. 


. Suppofe thar theright line geuen be 4 2: and let thc point init geuen be C, and 
let theregiline angle geuen be DE F. [cis required vpon the line geuen 4B,and to the 
point init geuen C,to de(cribe a re&iline angle equall to the reStiline angle geuen DE 
F.Produce the liae F Eto the point G: and from the point E ere&(by the t t. propofi- 
inc E H,which ifit exa&ly agree with the lyne- 


tion )vuto the line G F a perpendiculer | 


ED,then was the angle geué a right 
angle.Wherfore if from the pointe C 


you ereGe a perpendiculer line vnto . 
the line A B,that fall be done which’ © 


was required to be done Butificdo 
not,then from the poine H, erect vn- 
to the line AW E,a perpendiculer lyne 
ADD, whiche being produced (hall 
(oy the fifth peticion)concurre with 
theline E D being alfo produced: for 
the angle DEA isleffe then a right 


ar zle(whenas GEHisarightangle). — 
Wherefore lze them concurre in ther. A 


ài 





oint D,aud fo is made the triangle |, 


: DF H.After thz (ame maner fró toe 


€ BG E 


^ 


F 


fa 
se 


gu 


a 


vk 


. poistgenen C,ered yuto theline 4 Z a perpendiculerline C X; which let be equall to 


oy aul 


the 


of Euclides Eleménter. Fol.33. 


thé perpetidicalar line EH(by the 5 .propofition):and fróm the point Kere& vntothe: 
line K C;a pecpendiculer linc K L,whiche let be equall to the perpendiculerlyne H D. 


And draw aline from C to Z.Then Lfay thatthe angle L C B,is equall to the angle ges 
uen D-E F.¥ot the two triangles #E D and KC L,are (by the fourth propofition) e- 
qual, and equilater the one to the other: and the two angles LCK and ‘DEH are equal, 
And the two angles'BCK and FEH are equal, for either of them is a right angle, Wher- 
fore ( by the 2,common fentence }the wholeangle L C B, is eytuall to the whole angle D 
E F.Which was required to be done. ^ I 
And ifthe perpendiculer linechaunce to fall without the angle geucn namely jif 
the angle geven bean acuté angle, the felfefame manner of demonftration will 
ſcroe: bucauely thac in ftede of the fecond common fenrence, mutt be vfed the 
3.cominon fentence. — — 2 "ATA ` 


AS DU ] ake ` — 


Appollonius putteth anothec conſtruction & demonſtration of this propoſitiõ: 
which (though the demonftration thereof depende of propofitions put in the 
thirdbooke; yet for that che conftru&ion'is very-good fer him that wil redely, 
and mechanically, without démenftration, deícribe vpon a line geuen, and toa 
point initgeuen, are&ilíncangle equall co à re&iline angle geuén) Ithought 
not amife here to place it, And itisthus,. e 
(onpkT OC 20 0 way goa bo À 
Suppofe that the redtiline angle geuen beC D E, and let the right line geuen be 
AB, andletthepointinit ~ : 
geuen bee. Take in the. 
line CD,a point at all ad- 
ventures , which let be Fins “7. 
And making the cétrethe /.->- 
point.D, and the fpace D [ . 
F, defcribea circle F G,cut . | 
ting the line D£, in the: V 
pointG, and draw a ryght 
line from F toG, Likewile 
fromthe line AB, cut of 
aline equall to the line D 
F,which letbe 4H. And 
making the cétre the point 
^4, and the fpace A H de- n ‘ 
feribe a circle H K, and from the point 4,fubtend ynto the circumference ofthe circle 
aright lyne equall tothe rightline FG , whichelecbee Z K : and drawea right lyne 
from Ato K. Then I (ay thatthe angle A K, is equall to the angle C D E. The proofé 
ven now omitte for thatit dependeth of the 2 8 and 27 propofitions of the third 
ooke. 


Butnow.as I fayd, by this you may very redily, and mechanically, without demon 
ftration, vpon4 line geuen, and to a point init geuen defcribe a rc&iline angle equall 
to a reĝiline angle genen. For ` 
inthe reGiline angle geué, you 


Dp T A - * 
neede oncly to marke the two f : ; 
pointes, where the circumfe- | 
rence of the circle cutteth the | x ` 
lines contayning the angle ge- z G ^ 

F. E 4 H : 





uen: as the points Fand G: and 

likewife to marke in the line ge- 

uenasin 4B,thepoint H,&ío . c Re B ‘ 

making the centre the point 4,according to the {pace AH (which is potto be equalta 

FD)defcribe a peece of a circumfergnce on that fide that you wil haue the angle to be, 

asfor example the circumference H K,and opening your compaffe to the wideth fronz 
Ki. the 


Another cons 

Siruttion E dea 
monfiratio af- 
tor Appilienian 


— Dd 


How to do this 
propofition redé= 
4y and mechani 
cally, 


QOenspidei the. 


Seh inuenter of 
hin propofition. 


CenRruftion. 


Demepffration, 


The firft Booke 
ehe point F, to the point G, fet one foote thereof fixed inthe point H, and’ marke the- 
point where the other foote cutteth the fayde circumference , which point let be. Kj 
And from that point to the point &4, draw a right line:and fo fhall you haue deſctibed 


at the point_4,an angle equal to the angle at the point D.Asin the figures in the end 
of the other fide put. ‘ : 


Ocanopides was ihe fierft inucater of this propofition as wicneffezh Eudemius, - 
Thers.Theoreme The 24.Propofition, a 

Ff two triangles hane two fides of the one eguall to rwofides of 
the other, ech tohis correfpondent fide and if tbe angle cotat- 

ned under the equall fides of the one, be greater thenthe an> 

gle contayned under theequall fides of the other: the bafe alfa 


| of tbe fame, fhalbe greater then tbe bafeoftbeother. — 
SZEZLZZAV ppofe that there bet wo triangles AB C,and D EF, 

Fe ||bauing twa fides of the one, that is, AB and AC, e- 
quall to two fides of the other, chat is,ta DE, and DF, 
ech to bis corre/pondent fide:that id AB,to the 
ide D E,and the fide AC to the fide DF and fuppofe 
ASM that the angle BAC begreater then the angle EDF, 
d ay n T faye that the bafe BC, is greater then the bafe 
i EF, For forafmuch as the angle B AC is greater tben 
the angle ED F,make (by the 23 oppien) 

on the right line D E , and to tbe point in it geu£ ID, 
anangleEDG equall to the angle geuen BAC. 
And toone of thefe lines that ts, ether to.4C,or D 
F put an equall line D G. And(by the fir peticio) 
draw aright line from the point G, tò the point E; 
and an other from che point F, to the point G. And 
Sforafmuch asthe line A Bisequallto theline D E, B 
and the line A C to tbe line ID G,tbe oneto yotber, C 

and the angle B A Cis (by conftruction) equall to z — 
the angle ED G, therefore (by the 4,propofition) the bafe BC, is eguaR tó 






A D 





the bafe E G.Agayne for as much as the line DG is equallto tbe line DF there 


(by the 5, propo/ition the angle DG F, is equall to the angle D F GYV beres 
fore tbeangle ID FG is greater tben tbe angle E G FYV herefore the angle E 
F Gis much greater then the angle EG F, 4nd — at EFG isa triane 
gle, bauning the angle E FG greater then the angle E G F,and (by the 18.proe 
polition ) vnder the greater angle is fubtended the greater fide , therefore the 
Jide EG isgreater then the fide EFE But the fide E G is equall to the fide BC: 
Dherefore the fide B Cis greater then tbe fide E F, If therefore two n veles 
; i i ] ane ` 


` 


of Euclides Elementes. Fol.34- 


haue two fides of the one equall totwo fides of the other, eche to bis correfpons 
dent fide, and if the angle contayned ynder the equall fides of the one be greae 
ter then the angle contayned vnder the equali fides of the other : the bafe alfo of 
the fame fhalbe greater then the Eafe of the other : which was required to be 
proued. 


In this Theoreme may be three cafes, For the angle € DG, being put equall to the 
angle B AC, and the line D G,being put equall to the line_4 C,and a line being drawen 
from E to G, the line E G hall either fall aboue'the line G F, or vponit,or vnderit. Es- 
€lidet demonftration ferueth, when the line G E falleth aboue the line G F, aswe haue 
before manifeltly (eene. 

Butifit fall vpon it,as ih this figure here put. 
Then forafmuch as the two lines 4B and 4C,are 


A 
equal to the twolines D Eand D g,the one to the 
other, and they contayne equall angles by con- 
ftru@ion: therefore (by the 4. propofition) che 
bafe BC, isequail to the bafe E G : but the bale E 
G, is greater then the bafe E F : wherfore alío the 
bafe B C,is greater thenthe bafe E F : which was 
required to be proucd, s 
dE V $ | 

A 

| | 

B > 


But now let the line EG, fall vader the line £ = 
F,as inthe figure here put.And forafmuch as thefe 
twolines 48, and AC, are equall co thefe two D 


lines D Eand DG, thc one to the other, and they 
contayne equall angles, therefore. (by the 4. pro- 
ofition)the bafe B Gis equal to the bale E G.And 
‘orafmuch as within the triangte DEG, the two 
linnes D F and F E,arefet vponthe fide D E:ther-. 
fore (by the 21.propofition)the lines D F and F E 
areleffe thea the outward lines DG and G'E: bue 
theline D Gis equal to theline D F.Wherfore the 
line G E is greaterthen thc lite F E. ButGE ise- 
quall to B C.Wherefore the line B Cis greater thé 
theline E F,Which was required có be proued. 





E 


This third cafe may alfo another way be demonftrated.»roducce the lines D Fand 
DG, which areequal, vnto the points 1n 
Kand H:and draw alinefrom £ to G: . A 
wherefore ey the fecond pärt of the 
fifth propofition)theangles.K F G and 
FG H,whichare ynder the bale FG, 
are equall:therefore the angle E FG is 

reater then the angle FG:-&,Wherfore 
y the 18 propofition ) the fide E G is 
greater thenthe fide E F: butthe bale 
BC is cqual vnto the bafe E G:Where- 
forc the bafe BC, is greater. then the 
bafe E F : Which was required to bẹ 





B 


proud, ^. c i 
*~ It may peradueotuce feme, that Euclide (hould herein this propofition baue 
proucd.that not onely the bafes of the trianglesare vnequall,butalfo that the az 
reas of the (ame are vnequall: for fo in the fourth propofition, after he had pro- 

Kyu, ued 


Threecsfes iu 
this preyzftica, 


The firft cafe, 


Second cafes 


Third cafe. 


An other dez. 
monffration 
the third cafe. 





Why Euelide 


here proucth 


The fi Boke. 


ued the bafe tobe eqiall, he proued alfo the arcas to be equall, But hereto may 
bean(wered, that in equall angles and bafessand vnequall angles and bales, the 


wer che areasof confideration is not like, For the angles and bales being equall, the triangles al- 


Lhe triangles ro (o fh 


be Gnequall, 


After the 37. 

Hrepofition yon 
Jal fede rhe 
comparifon of 
sartangles, whofe 
Sides beixg 
equal ber ban 
fand angles 
at the roppe 
ura Guequall, 


Demonftration 
Leading 2 ah 
abfurdit). 


all ofneceflitie be equall, but the angles and bales being vnéquall, the areas 
fhall not ofnecefitie be equall, For thé criangles may bothbe equall and vne- 
quall : and chat may be the greater,whiche hathe the greater angle,and the grea- 
tec bale, and it may alfo be the lefe. And for that caufe Euclide made no mencis 
on of the comparifon of the trafights, V V hereofthis alfo moughtbe acat(e,foc 


that to the demooftration thereof are required cértayoe Propofitions concer. 


ning parallel lines, which we arenotas yetcome voto, Howbeit after thé 37. 
propolition ofthis booke you (hal find the comparifon of the areas of triangles y 
which hauc their fides equall, and their bafes and angles at the toppe vaequall, 


Ther6.Theoreme. The 23.Propofition, 


Jftwo triangles bane two ſidet the one equall totwo ſidet 
ofthe other, eche to his correfpondens fide and if the bafe of 
the one be greater then the bafe ofthe other: the angle alfo of 
tbe [aine cótayned vorider tbe equall ripbt lines fhall be grea- 
ter then the angle of the other. à 


12 ppofe that there be two triangle), A,B,C, ^ 
Uv DEF, hauing two fides of th one,that O4 A 
is,4 B,and AC equall co. (Wo fides of the 0+ 

ther that is to D E, and (D F,ecb to bii éorrefpóris 

dent fide namely the fide A B to tbe fide DF, ‘and 

the fide AC to the fyde DF. Bat let the bafeB C 

be greater then the bafe EF, Tht Lfay, that the ans: 

gle BACis greater then the angle EDE, For if g M 
not, then isit elther ecqtall atést, br lefe then it: Po BT 
But theangle BAC isnot equall to theang ED x 3 
F: for if it were equall,the bafe alfo B C Jhould(by the 4-propoftion} be equal 
to the bafe E F; but by Juppofition it is nat. VV herfore e angle 8 ACi mot ta 
quall to the angle E D F Neither alfo is thë angle. BAC left then the angle B. 
DF: for then fhould the bafe BC be lefe thé the bafe EF(by. the former prae 
pofition ) But by fuppofition it is not VV berforėj ahgle BAC isnor life bey 
angle E DEAnd itis already proned,thatit ts nof equall yatoiztpberforé 9 an 
ele B 4 Cis greater then the angle E DF, If therfore two triangle bane two. 
fides of the one cquall to two fides of tbe other, eche to his eorveſpondent f 
ifthe bafe of the one be greater then the bafe of the other, the angle al/o of thé 
fürhe contaytied Vnder 5 equal right lines hall be greater the the angle of theos 


ther: which was required to be pruned, This 


M 





of Eveclides Blementes. Fo. 
f AR conGer, 
This propofition is plaine oppofirets thé eighic,ds is the Couerfe ofthe fdure sre pels 
and twenty which went before, snditis proted(as commonly all conuerfes are). /sdrectly de~ 
by arcaion leading to an ablurdicie, But it may after Meneltus Alexandrinus be ee. 
demonuftrated directly after chus manet, e flrettim after 
AMMenelaws Alex> 
andrinws, 


Suppofe that there be two triamgles ef BC& D 

E F:haomg the two fides A 8 and e4 C equal to thë Á a 
two fides'D E and'D F,the one to the other:and let 
the bafe BC be greater then the bafe E F. Then / fay 
that the angle at the point Z,is greater thé the an 
gle at the point D.For from the bafe BC eut of ( by 
the thirde Ja lineeqnall to the bafe € F, and let the 
fame be B G.And vpon the line GB and to the point 
B pat( by the 23 ,propofition)an angle equal to the 
angle D E F; which let be G B H: and let the line B 
£H be cquall to the line D E.And drawe a lyne from 
H to G,and produce it beyend the point G: whiche 
bcing produced fhall fal cither vppon the angle Z1, 
or vpon theline A B,or vpon the line 4 C, Firft lec 
it fall vpon the angle 4. And fora(much asthefe two 
lines B G and B Hare equall to thefe two lines E F 
and E D,the one to the other,and they contayne e- 
quall angles(by con(tru&ion)namely,the angles G S i 
B Hand D E F; therfore( by the 4.propofition)the bafe G H is équallto the DF, and 
the angle B H Gto the angle E D F.Agayné fora(much as the line B His equall to the 
line B 4(for the line A B is fuppofed to be equafto the line D E, vnto which line the 
ine BH isput equal ) therfore( by the 5.propofition)the angle 3 H A is equal tothe 
angle BAH:wherfore alfo the angle E D F is equal tothe angle B 4 H,Butthe angle E 
A Cis greater then the angle B_AH:wherfote aflo the angle 3 A Cis greater then thè 
angleE DF. . bo 





Diner: cafe s n 
this demorfira- 
tion, 


Fur tafa.; 





Second cafe, 
But now letit fall vpon the linee 4B in the 
point K, and drawe aline from to H. And for- 
afinuchas thefe two lines 7 G and BH are equall co 
thefe twolines E F and ED,the one to theothcr,& 
they containe equalangles(by conftru&ion)name- 
ly,the anglesG BH andD EF: therfore (by the 4. 
propofition)the bale G His equall to the bafe D F, 
and the angle B HG to the angle EDF.Agayne for- 
afmuch as in the triangle B A H,the fide BA is equal 
to the fide B H,therfore (by the 5 .propofition) the - 
angle B A H is equal to the angle B H A.But the ån- 
gle BH Ais greater then the angle B H G:wherfore 
alfo the angle BAH is greater then the angle ÉHG.- 
Wherfore the angle B A Cis much greater then the 
angle B H G.Butitis proued that the angle BHG is 
&quall to the angle atthe point D. Wherefore the 
angle B A Cis greater then the angle at the pointe 
D: Which was required to be proned, 





$ i he line H Third cafe. 
Éut now füppofe that the line HG beyng produced doo fallvpponthelineeC, zs 


namely,in the point K. And agaync draw ako a line from c4 to H.And forafmuch as A 
Gis equall to E F,and B H,to E D,therefore thefe two lines B G and B Hare cquall to 
thele two lines E F and E D,the one to thé other,and (by conftru&ion )they contayne 
equal angles,namely,the angles GBH and FED,Wherfore ( by the foutth propofitió ) 

K. iii. the 


The fir Booke 


the bafe G His equal to the bale D F: & th'an 
gle BH Gis equall to th’angle E D F,And for- 
afmuch as G His equall to D F,and DF ise- 
quall to A C: therfore G H allo is equall to A 
C. Wherfore H K is greater then AC, where- 
fore H K is much greater then A K.Wherfore 
(by the 18. propofition) the angle KAH is 
greater chen theangle KH A. Agayne foraf- 
muth as B Ais equalto A BY for B His putec- 
quall to D E,whichis by (uppofitioa equal to 
AB) therfore(by the 5. propofition )-thean- 
gle B H A is equall tothe angle B A H, Wher- 
fore the whole angle B HK is leffe then the 
whole angle B A K, Butit hath bene proued, 
that the angle BH Kis equall to the angle at 
the point D,wherfore the angle B 4 Cis grea- 
terthentheangle at the point D, which was 
‘required to be proued, 


A D 





H 


Hero Mechanicus alfo demonftrarcth ican other way, and that by a dire& 
‘demoattration, 
ae hae k Suppole that chere be two triangles ABC 
— pei aud DEF, hanyng the two fides AB, and A 
chassus, ` C,equallto the two-fides D E, & D F, the one 
to the other, andletthe bafe JC, be greater 
then the bale E F.Then I (ay,that the angle ae 
the point.4, is greater then the angle atthe 
oint D. Fer fora(much as BC, is, greater thé 
E F,produce E F to the point G , and put the 
line E G, cquall to theline 2 C. Likewife pro- 
duce the line D E to the point H, and put the 
line D H, equall to theline D F, Wbetefore 
making the centre the point D,and the fpace 
D Fdzícribe 4 circle;and it (ha!l paffe alo by 
the»oint £Z.Let the (amecircle be F K H.And 
fora(ímuch as 44 C aad A Bare greater thé BC 
(by the 29.propofitió)& thelines 4B '& AC, 
ar equal to the line ££, & the line BC is equal 
to the line E G. Therefore theJiae E His grea 
ter then theline EG, Wherefore making the 
«centre the point £ and thefpace EG defcribe 
A circle,and it fhafl cuc the line E H, Let the 
fame circle be GK: and from the common 
feGió of tbe circles, which let'be the'point K, 
draw thefe cightlines K D and K E; And for- 
aftnuch as the point D is the centre ofthe cir- 
cle 47 K F, therefore( by the 1 5, définition thelipe D K;is equall ro the line D H,that 
is vnto the line A C, Agayne forafimuch as E isthe centre ofthe circle G K, therefore 
the line E Kisequalto theline EG,thatis,to the line 8 C.And foralmuch as thefe twa 
lines AB and A C,are equall co thefe two lines D Eand D X,and the bale B Cis equal 
to thebafc E K(for E K jsequall to EG (by the 1 5.dcfinition) & EGisputtobeequal 
to B C). Wherefore( by the 4. propofitión)theangle B 4 Cis equal to the angl: ED K. 
But the angle E D Kis greater then theangle ED F :wherefore ally the angle 2 AC i$ 





5 


greater then the angle £ D Fzwhich was required to be proued. 


The 


of Euclides Elementes. Fol.36. 
The17.Theoreme. The26.Propofition: 


Gf two triangles baue two angles of tbe one equall toto an -- 
gles of the other ech to bis corre[pondent angle,and baue alo 


one fide of tbe one equall to one fide of the other , either that 


Jide which lieth betwene the equall angles, or that whichis; 
Jubtended under one of the equall angles: the other jides alfo: 
of the one,{halbe equail to the other fides of the other, eche to’ 


his correfpondent fide,. and the other angle ofthe one [halbe 
cquall to the otber angle of the other. 


PS V ppofe that there be two triangles AB 


Cand D EF, hbauing two angles of the A ? 
A one, thatis,the angles 4 BC,and BC A, A 
: equall to two angles of the other, thatis, G 
to tbe angles D E F and E F Dyech to bis correfpo 

dent angle that is the angle ABC, to the angle D 
EF,and the angle BCA to theangle EFD and one 
fide of the one equal to one fide of y other, firft that 

fide which lieth betwene the equal angles , thatis, © 

the fide BC,tothe fide EF. The I fay that the other 
fides alfo of tbe one fhalbe equall to the other fides of the other ech to his corres 
Jpondent fide, that is,the fide A B,tothe fide D E and tbe [ide A C,to the fide 
DF and the other angle of the one,to the other angle of the other, that is, the 
angle BAC totheangle E D F For if the fide A B be not equal to rhe fide D 
E,the one of themis greater, Let the /yde A B be greater : and (by the 3.propo 
fition) vnto the line D E, put an equall line GB,and draw a right line from the 
point G,toche point C. Now forafmuch as the.line GB, is equall to tbe line D 
E, end the line BC to the line E F therefore thefe two lines GB and BC, are 
equall to tbefe two lines D E and E Fthe one tothe other,and the angle GBC 
is (by fuppofition ) equal to the angle D E F.VV berefore (by tbe 4, propo[ys 
tion) the bafe G Cis equal co the bafe D F andthe triangle GCP is equal to 
the triangle D EF,and the angles remayning are equallto the angles remaya 
ning vnder which are fubtended equalTfydes VV berefore the angle GC B is e« 
guall to the angle DF E.But the angle DFE is fuppofed to be equall to the an 
gle BCAVV herefore( by the firft common fentence )the angle BC Gis equal 
tothe anole BC A, the leffe angle to the greater: which is imposible VV here- 
fore the line A B is not vnequall to tbe lime DE.VV berefove it is equall And the 
the line B C is equall to tbe line E F:now therefore there are two [ydes A Band 
King. BC 





a 
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Demonfiration 
leading to an 
abfurditie, 


poe - Thefirst Booke 
BCequall to two fjdes D EandE F, the one to theother,and the angle ABC, 
fs equall to tbe angle D E F.VV berefore( by tbe a.propofition )the bafe A Cis 
equall to tbe bafe D Fyand tbe angle remayning B AC is equall to the angle re 
mayning ED F, , , . 
Agayne Juppofe that the [ydes fubtending the equal angles be equall: the 
onc to tbe other det tbe fyde I fay 4B be equall totbefyde D E; "T ben agayne l 
Jay, that the other [ydes of the one are equall to:the other (ydes of ghe other , ech 
to bis correfpondent fyde tbat ít tbe fyde 4C ta tbe fyde D F,and the fyde BC 
to the fyde EF: and moreouer the angle remayning, namely, ‘BAC, is equall 
to theangle remayning, that is, to tbe angle E DE; For ifthe /yde BC be not 
equall to tbe fyde E F the one of them is greater: let the fyde BC, if it be poſſi- 
ble , be greater. And (by the third propofytion) vato the line EF, put an 
equall line B Hand drawe a right line from the point [A to the point H, Aud 
forafmucb as tbe line B. Fd is equall to tbe line E. E, and tbeline A B tothe 
line D E,tberefore tbe[e two [ydes 48 and B Hare equall to tbefe two [ydes 
D Eand EF, the one to the other,and they containe . . 
equallangles VV berefore (bythe a.propofition) the A 
baje A Fl is equall to the bafe D E,and the triangle. 
AB His equall to the triangle D E Fand the ana: 
gles remayning are equall to.tbe anoles remayning, 
nder which ar fubteded equat fydesVV berfore the 
angle BH Ais equallto the angle EF D. But the 
angle EF Dis equall to the'angle BC Af, VV bert» : Z i 
foretkeangle B H 4 is equal to tbeangle B C 4,9 HERES F 
VV berefore the outward angle of} triangle A HC, 
uamely,tbe angle B Fl /f,is equall to tbe imvard and oppofite angle namtly to 
the angle HCA, which( by the (6 propofition) is impofible.V Vberfore tbe [yde 
E Fisnot vnequall to tbe fyde BC, wherefore it is equall, Andthe fyde A Bis 
eJuall to5 [yde D E:whereforethe/e two fydes A‘Band BC,are equall co thefe 
two fydes D E and E F the one to the other, and they contayne equall angles: 
VV herfore( by the 4.propofitton )tbe bafe A C is equall to the bafe D F-and the 
triangle A B C,is equall to the triangle D E F,and the angle remayning names 
bythe angle B ACis equall to the angleremayning, that ss,to tbe angle E DF. 
If therefore ewo triangles bane two angles of the one equall to two angles of the 
other, ech to bis correfpondent angle and baue alfo one fyde of the one equall to 
one fyde of the other, esther that fyde which lieth betwene the equall angles, or 
that which is fubtended vnder one of the equall angles: the other /ydes alfoof 
the one fhalbe equall tothe other fydes of the other, eche to his correfpondent 
fide,and che other angle of the one (halbe equall to the other angle of the other: 
Which was required to be proued. a 4 





VVhereas inthis propoficion it is fayde; that triangles are equall, which 
bauing cwoangles of the onc equall to two angles ofthe other,the one tothceo- 
T ther, 


of Euclides Elementes. Fol.37. 


ther, haue alfo one fide ofthe one equall to one fide of the other, either chat fide 
which lieth becwene the equall angles, or that fide which fubrendeth one of the 
equallangles:this is tobe noted that without that caution touching the equall 
fide,che propofition fhall not alwayes be true. As for example. 


Suppofe that there be a reangle ttianple 47 C,whofc right angle let beat the 
point Z,& let the fidc B C bc greater théthe fide 2 44:and producethe line 4 Bfró the 
point Z to the point D.And vpó the right line 
B C & tothe point in it C, make vnto the angle c 
B A C an equal angle(by the 2 3. propofition), 
which let be £CD,& let the lines BD & CD,be 
ing produced cécurrein the point D.Now thé 
there are two triangles 4 B C,and BCD,which 
hauc two angles of the one equall to two an- 
gies of the other,the one to the other,namely, 
the angle e/7 8 Ctotheanele DBC (forthey 4 B F D 
are both rightangles ), & the angle B AC, to 
the angle BC D( by conftruction and haue al- 
fo one fide of the one equall to one fide of the other, namely, the fide B C, which is có- 
mon to them both. And yet notwithftanding the triangles are not equall : for the tri- 
anelc 7 D Cjis greater then the triangle 4 B C.For vpoh the right line Z C, and to the 
pointin it C,defcribe an angle equall to the angle 4 C B:whichlet be FC B( by the 23. 
propofition ).And forafmuch as the fide B C was fuppofed to be greater then the fide, 
AB, therefore (by the 18,propofition) theangle P A Cis greater then the angle B C 
A, wherefore alfo the angle B C D is greater then the angle BCF. Wherefore the tri- 
angle B C D is greater then the triangle B (F. Agayne foralmuch as there are two trie 
angles A B (and B C F,hauing two angles of the one equal to two angles of the other, 
the one to the other,namely,the angle 4B C to the angle F B C(for they are both right 
angles)andtheangle AC B to the angle FCB(by conftru&ion),and one fide of the one 
is cquall to one fide of the other, namely,that fide which lieth betwene the equall an- 
gles,thatis,the fide B Cwhich is common to both triangles. Wherefore (by this pro- 
pofition) the triangles 4 B Cand FB Care equal-But the triangle D BC is greater thé 
thetriangle F B C. Wherefore alfo the triangle D B (is greater then the triangle 4B 
C.Wherefore the triangles 4B Cand D BC,are not equall-notwithftanding they haue 
two angles of the one equall to two angles of the other, the one to the other, and one 
fide of the one cquall to one fide of the other. 


The rea(on wherofis, for thatthe equal fide in one triangle, {ubtédeth one of 
the equal] angles,and in the other lieth betwenethe equal angles. So that you fee 
that itis ofnecelfitie that the equall fide do in both tciangles,either fubtend one 
of the equall anglcs,or lie betwene the equall angles, 


Ofthis propofition was Thales Milefius the inucntor, as witneffeth Eude- 
mus in his booke of Geometrical] enatrations, 


The18.Theoreme. The27-Propofition. 


Ifa right line falling upon two right lines,do make the alter- 
nate angles equall the one to the otber : thofe two right lines 
are parallels the one to the other. 


Lj. Suppofe 


Thales Milefims 
the smuentcr of 


shit propofition. 


The firSt Boke 


TLV ppofe that the right line E Ffalling vppon thefe two right lines AB 
Ree) yyand CD,do make the alternate angles namely,tbe angles A E Fe»: E 
FD equall the one to the other, Then I fay that A B isa parallel line to 
CD. For if not, thenthefe lines produced fhall 
mete together either on the fide of Band D or on 
Demorprarim the fyde of Acr CLet them be produced therfore, 
s and let them mete ifit be po/stble on the [yde of B 
and D in tbe point G. VV berfore in tbe triangle 
G EF the outwardangle A E Fis equal to the sn- 
ward and oppofite angle E FG, which (by the is. 
propofition as impoffible.V V berfore the lines AB 
and C ID beyng produced on tbe fide of B and D, 
fhallnot meete.In like forte alfo may it be protied tbat they (ball not mete on the 
fide of AandC, But lines wbicbe being produced on no [yde meete topetber are 
parrallell lines(by tbelaft definition: )wberfore A B is a parrallel line toC D.If 
therfore a right line falling vpon two right lines,do make the alternate angles 
equall tbe one to tbe otber: tbofe two ripbt lmes are parallels. tbe one to tbe o» 

ther: which was required to be demonstrated. 












Thisworde al- This worde alternate is of Euclide in diuers places diuerfly taken: fomtimes 
teroare fein Fora kind officuation in place,and fomtume for an order in proportion, in which 
dimer'fol’ — Gonification he vieth it inthe v.booke,and tn his bokes of numbers. And in the 
— ficſt ſignification he vſeth it here in this place, and generally in all hys other 
AS bokes,hauing to do with lines & fguies Aud thofetwo angles he calleth alter- 
Which angles nate,which beyng both contay ned within two parallel or equidiftant lynes are 
a: calledaters neicherangles inorder, not are on the one and felfe fame fide, but are feperated 
— the one from the other by the line which falcth on the two lines: the one angle 
bey ng aboue,and che other beneach. 


Ther9.Theoreme. The28.Propofition. 


aright line falling vpon two right lines,make the outward 
Viri n — and p» angle on one and tbe 
Jame [yde,or the inwarde angles on one and tbe [ame [yde, e- 
quallto wo rigbt angles:tbofe tworigbt lines [ball be paral- 
lels the one tothe other. , 


ESANI ppofe that the right line EF, falyng vppon thefe two right lines 
^ RA AB andC Ddo make the outward angle EGBequall to the inward 
SKA and oppofite angle G H D,or do make the inward angles on o and 

— the 






of Euclides Elementos. 


the fame.fide,that is, the angles BG H andGHD 
equaltto two right angles-T ben I fay tbat tbe lyne A 
Bis a parallel line to the lyne C D For forafmucbas 
the angle E G Bis( by fuppofition )equall to.tbe ane... 
gle G H Dad tbeangle EG B is(by tbe 1 5.pro» 
pofition)equall to the angle AGH: therfore che an · 
gle AG. H isequall tozbe angle G.F1 D : and tbey €. 
are alternate angles.VV herfore( by the 27-propofis —.. /. 
tion) A Bisa parallellinetoCD, = rA peret A 

- Agayne forafinuch'as the angles BG Hand G H Dare( by fuppofition Jes 
quall to tworight angles r (by the 1;,propofttion the angles A G H and BG 
H are alfoéquall to two rigkt angles, wherefore the angles AG H and B G 
H , are equall to tbe angles BG HandG HD: takeaway the angle BG H 
whichis common to them both VV herfure.the angle remainyng namely, AGH 
is equall to the angle remayning,namely,toG F1 D,And they are alternate ans 
gles. VV herfore(by the former propofition) A Bisa parallel line to CD, If 
therforea right line fallyng vpon two right lines, do make the outward angle es 
quall to the inward and oppofite angle on one and tbe ame fide,or the inwarde 
angles on one and the fame fide equall to two right angles thofe two right lines 
shall be parallels the one to the other: which was required to be proned, 


x e 
Ptolomeus demonftrateth the fecond part of this propofition, namely, that 
thetwo inward angles on one andthe fame fide being equall,the right lines are 
paceilels,afcerthis manner, 


Suppofe that there be two right lines 4 Band C D,and let a certayne right line E 
FG H cuttethemin fuche farte, that 
itmake the angles BF G andFGD e- 
quall to two right angles. Then I fay, 
that theeright lines e£ J and C D are 
parallel lines,that is,they fhall not con- 
curre.For if it be poffible,let the lines B 
Fand G D being produced concurre in ` 
the pointeK, Nowe fora(mucheas the 
rightline E F itandeth vppon the right 
line A B,therfore(by the 13.propofiti- 
on )itmaketh the anglese4 F E,and B 
F Ecquallcotwo right angles: likewife forafmuch as theline F G ftandcth vpó the line 
C D,therfore( by the fame propofition jit maketh the angles CG F and D GF equallto 
two right angles. Wherfore the foure angles B FE,e4 F £, CG F, and'D G F arc equal 
to foure rightangles: of which the two angles B F Gand F G D are(by fuppofition) e- 
quall to two right angles,wherfore the angles remaining,namely, e4 F Gand CGF are 
alfo equall to two right angles.If therfore the right lines F B and G D being produced 
(the inward angles being equall to two right angles )do concurre, then fhall the lynes 
F AandG C being produced concurre. For the angles 4 F GandCG F are equall to 
two right angles,For either the right lines fhall concurre on cither fide, or els on nei- 
therfide.For that on either. fide the angles are equall to two right angles, Wherefore 
let the right lines F Aand G Cconcurre in the point L,Wherefore the two right lines 
LAFKandLCGK do comprehenda fpace, which (by the 6. peticion ) isimpolit. 

L.ij. ble, 








Demonfrration 


Another demin 
ration of the 
Second part of 
thas propefitson~ 


after t'tolomene 


Demonfiration 
heading to ue 
⸗mpoſſ.bility. 
Ent part, 


gesond part. 


Third part. 


The firft Booke 
ble.Wherforeitis not poffible that the inward angles being equal to two rightangles, 


theright lines fhould concurre, Wherefore they are parallels: which was required to 
be proued. — 


The 20. Theoreme. The 29. Propoſtiom. 

Aright line line falling vppon two parallel right lines : ma- 

keth the alternate angles equall the one ta the other: and al- 

Jothe ourwarde angle equall to the inwarde and oppojite an- 

gle on one and the fame fide: and moreouer the inwarde an- 

gles on one and the fame fide equall ta two right angles, 
Vppofe that vpon he(é parallel lines A Band C Dido fal 
theright line EF, Then I fay that the alternate ane 

ples which if maketh, namely , the angles AG H and 






PENG H D,areequallthe one 
a PNM eo the atber:andy the outs 
RS) ‘ward angle EGB is equal 
"Alto the inwarde and oppoe 
J "fiteangle on the fame fide, 
amely,toy angle G H D.and y the inward an- 
MP Be Bic endi felfe fame fide tbat is the ane 
gles BG HandGH Dare g: fo e right 
les.For if tbe angle AG Fl be not equalto the 
— 6 Dike a of them is — theangle AG H be‘greater. And 
forafmuch as the angle AG Hisgreater then the angle GHD, put the angle 
BG Heommi to thé both.VVberfore} angles AG Hand BGH, are greater 
the} angles BG Her GHD. But by yi3. propofito) angles AG H B 
G Hare equallto tborigbt angles, wherfore 5 angles BGH c GHD areleffe 
thé ewo right angles, But (by) 5:peticion) if vpotwo right lines do falla right 
line making) inward angles on one and} fame [ide efie she two right angles, 
thofe right lines being infinitly produced mu/t necdes at. length mecte an the 
fide wherin are the angles leffe the eworight angles. VV herfore the right lines 
A Band C D being infinitely produced will at j length meete,But they: cannot 
meete, becaufe they are parallels( by fuppofition )-wberfore tbe angk A GH 
not vnequall tothe angle GHD: wherfore it is equal. 
And the angle A G His(by thes, propofition )equallto tbe angle E G Bi 
VV berfore (by the firfl common fentence) theangle E C B is equallto tbe an» 
PME angle BG Fi common to them botbwberfore tbe angles EG D 
and BG Hyre equall to tbe angles BG Hand C H D.But the e e GB 















of Euclides Elementes. Fol.39. 


and BG H are(by the 13, propofition Jequall to two rizbt angles, VV berefore 
theangles BG H and GHD are alfo equali o two: rírbt anglei. Ifa. lyne 
therfore do fall vpo two parallel right lines:it maketh thealterhateangles equal 
the one co the other:and alfo the outward angle equallta, thé inwa řd-and oppo⸗ 
fite angle on ont and tbe [ame fide: and moreene? the inward anglès on one and 
rheJame fyde equall-to two right angles: whiche was. required tà be demon? 
firated, — "eura < 


ete AURA) 2 
du TAS. t 
- —V E NS 
2 i s RS envy » 


This propoficion is che conuerle ofthe two propofitions. next going before. — 
For,that which in either ofthem js the thing (ought,ór céclufion,is ig this the Edid. 
riitig geuen;or fappofitiory And contratiwife the thiriges which in them were 7,555, 
geuen orfuppofitions are inthis proued,and até daelefions, — — 


Pelisarim aftet chis propofition addeth this witty conclufiow, t 


Jf to right lines which cut. two parallelines do betwene tbe fa ide parallel lines concurre in 4 as addition of 
poine , and-make the alternate angles equallyor the outward angle equallto tbe inward and oppofite Pelitarim. 
angle on the fame fide cr finally the two saward angles on one.and the felfe fame fide eqnallto two righè 


angles sthofe two right Imes are drawen directly and make one right jine. 


Suppofe that there be tworightlines eB and C B,which let cut two parallel lines 
D E and FG: and let A B cut the line D Ein the poiht Hand let C B cue the line FG in 
the point K:& let the lines A B & C B,concurre betwene the two parallel lines DE & 
FG in the point B : andlettheangle DA Bbee- - 
qual to the angle.B K G:or let the angle 4 H D be 
equall to theangle BK F: orfinally let the angles 
BAD andB KF be equal to two right angles, Thé 
I fay that the two lines 4B and BC are drawen di 
redtly,,and do make one right liné: For if they be 
not,then produce 4 vnti! itcut FG id thepoiut , 





L.and let AL be oneright line,and fo fhal bemade Demunfratin 
the triangle B Z ‘K, Now chen ( by the firft part of Sadeng tr 20, 
this 2 9.ptopofition)the angle D HB (halbe equal :" — — 


to the alternate angle G^L B:but(by fuppofition ) UCET 
the angle D H Bis equall tothe angle 5 KG, Wherefore the angle B L Gis equall to 
the angle B K L, namely, the outward angletothe inwarde and oppofite angle:which . 
(by the 16.propofition Jis impoffible. : 
Morcouer (by the fecód part of this 29. propofitió )the angle A H D fhalbe equal 
to the angle B L K, namely, theoutward angleto the inward and oppofiteangle on 
oneand the fame fide, But the fame angle 4 HD is (uppoled-to be equall tothe angle 
BK Fiwherefore the angle B K Fis cquall to the angle B L-K,Which (by the felfe fame 
16. propofition) is impoffible, se — 
Laftly fora(much as the angles 7 FD and B KF are fuppofedto be equall to two Third part. 
right angles, & the angles BH D & BL Kate alfo by the laft part of this 29 propofiti- , 
on equal to two right angles, thercfore the angle B K F fhalbe equal to the angle.B L K:. - 
which agayne by the (elfe (ame 16-propofitionis impotfible, 


The21.Theoreme The 30.Tropofition. 
Right lines which are parallels to one and the fele fame 
right line:are al(o parrallel lines the one tothe other. 
I Lj, Suppofe 


Second pare. 


Dersarfration. 


As ahar cafe iw 
shas Prableme, 


As bstFsen. 


e 


yam. 


Thefirft Booke 


AV ppofethat theferight lines 
4 BandCD,be parallel lines 
" to tberigbt line EF. 'ThenI 
Say that the'tine.A Bisa parallel line 
to€ D,Let there fall vpon thefe thre 
lines a right lineG H K, dndforaf- 
much as the right line GHK, falleth 
Yppon thefe parallell right lines AB 
and E Fytherfove( by tbe propofition 
going before )tbe angle AG H is e» 
quall to the angle GHF.Agayne fore 
afmuch as the right lineG K_falleth 
vppon thefe parallel right lines E F 
and CD, therefore (by the fame) the 
angle GHF is equallto the angleG K D.Now then it proned that the angle A 
G H isequall toy angle G FÍ F, and j tbe angle G K/D is equall to tbe angle. 
G H F, V? berfore tbe angle 4 G K is equall to tbe angle GK ID, And they 
are alternate angles:wherfore AB is a parallel line to C D Right lines therfore 
which are parallelsto one and the felfe fame right line,are al/o parallel lines the 
ene to the other: which was required to be proued. 





Euclide in the demonftration of this propoficion, ferreth the two parallel 
Sines which are compared to one,in the extremes , aad the parrallel to whome 
they arc compared,he placeth ia the middle, for the cafier demonftracion . Ic 
may alfo be proucd cuen by apeincipleoncly, For if they fhoulde concurce oa 
any onefide,they fhould concurrealfo with the middle line,and fojfhould they 
not bc parallels vato it,which yet they are {uppofedto be, 

Buc ifyou willaltectheirc pofition and placing andferthat line co which you 
will cOpare the other twodines aboue,or beneath: you may ve the fame demon 
{tration which you bad before,As for example, 


Suppofe that the lines 42 and C D be 
garallelsto the line ££: andlet both che 
lines 4 B aud C D , be aboue, and letthe 





line EF be beneath,and aotin the middeft. Boa e — 

Vpon which Jet the right line GH X fall. 

And forafmuch as either of the angles KY c H D. 
D and H G B isequall to the angle H KE, / 

(for they ar alternate angles )therforc they E SK T 

are (by thc firft common fentence )equall + 


the one to the other.Wherefore( by the 28 
propofition)the right lines 4B and €F, 
are parallels. 


Bathere ifa man will obie& thac the lines EK and K F, are parallels ynto 
the line C D,and therefore are parallels the one tothe other, VVe will aofwere 
that the lines E K and K Fare partes of one parallel line,and are nottwo parallel 

— lines, 


of Euclides Elementes. 


Fol.4.0. 


liaes,For parallel lines ar vnderftándedto be produced infinitly BucE K being 
producedifalleth vpou K F,Whercforc.it is onc and the felfe fame with it, and 
not an other, Wherelore al] the partes ofa parrallel line are parallels, both tothe 
right line vnto which the whole parallel linetsa parallel,and alo to al the parts 
ofthe fame right line, As'the lincEK 152 parallel vnto HD,andthe line K Eto 
the line C H. Foritthey‘be produced énfinitly ,they will neuer concurre, 


Howbcit there are fome which like not, thattwo di(tia& parellel'lincs, 
fhould be taken and counted for one parallel line: for thacthe continuall quan- 
tity namely ,theline is cutafonder,andceffeth co be one, V Vherefore they fay, 
that there ought to be cwo diftin& parallel lines compared to one. And therfore 
they adde to the propofition acorreétion, in this maner, Two lines being parallels to 
one line: are either parallels the one the other or els the one is fet direEl ly againfte the other fo that if 


they be produced they fhould make one right line. As for example, 


Suppofe thatthe lines C D and E F be parallels to one and the felfe fame line AB, 


and leg them not be parallels the one to theother. ThenI 
fay,that the two lines CD & E F,are dire&ly fet the one to 
theother. Forforas much as they are not parallel lines, 
letthem concurrein the point G, And fromthe point G 
draw a line cutting the line 42 in the point H.Now by the 
former propofition the angles 4 HG & HGC are equall 
totwo right angles, but by the fame propofitio, the angle 
AH Gjsequallto the alternate angle H GF, Wherefore 
theangles HG Cand HGF are equal totwo right angles. 
Wherefore (by the 14 propofition )thelines C G and FG 
are drawen dire@ly and make one right line, Wherfore al- 





A H B 
e T 


D 


fo the lines C Dand E F are fet dire&ly the one to the other: and being produced they 


will make one right line, 


$897 be 1o.Probleme,. I be y Propofition. 


By 4 point geuen,to draw unto aright line geuen, a parallel 


line. 





Ei V ppofe tbat the point geuen be 
Ago poole point g 
A A andket the right line geuen be p 


geuen, namely A,to draw vuto the right 
line B C,a parallel line. Take in the line 
B C'a point at alladuentures, and let the 
fame be D.and (by the fir/t peticio draw 
aright line from the point A, tothe point 
D,And (by the 23 .propofition) vpon the 
right line geuen A D,and to the point in 


it geuen A make an angle DAE, equallto B ? 


the angle geuen ADC, And (by the 14, 


=< BC. Ie is required by the point / 


im 





c 


propofition )put vuto tbe line 4 E tbe line AF. directly, in fuch forte that they 


Lui. 


both 


Parallellines 
are &nder(lan- 
ded to be prodwe 
ced infinitely. 


Conirudiem. 


ConftruBion. 


Demanfiration. 


The fir t Boke 


both make one right line. And forafmuch as the right line A D falling vpon the 
right lines BC and E F,doth make the alternate angles namely, EAD, and A 
DCequall one to che other,therfore(by tbe 27. propofition) EF is a. parallel 
line co B CVV herfore by the point genen,namely A,is dratone to the right line 
geuen BCa parallel line E AF: which was required to be done, 


This propofition is to be vnderftanded ofa point geuen without the line ge- 
uen,and in {uch force alfo chat the fame line geuen being produced, doo not fall 
vppon the pointe geuen, 


The22.Theoreme. The32,Propofition. 


Ff one of the fydes of any triangle be produced : the outwarde 

angle that it maketh,is equal to the two inward and oppofite 
angles.eAnd the three inwarde angles of a triangle are equall 
to two right angles, 


Foe AV ppofe j ABC be a triangle, 
N c produce one of y fides there A 
(| of namely CB tothe pointe D. . 

"Then Ifay, that the outwarde 

angle ACD isequall to the twoinwarde 

and oppofite angles C A B ABC. and 

the three inwarde angles of the triangle, 

thatis,the angles ABC, BC A,andC A 

B are equall to two right angles. For(by 

the propofition going before rayfe vp fra 

the point C,a parallel tothe right line A p c D 
Band let the fame be CE, Aud forafmuch 

as A Bisa parallel to C E and vpon tbem falletb tbe right line AC: therefore 
tbe alternate angles B 4 Cand AC E are equall the one to tbe other, Agayne 
forafmuch as A Bisa parallel vntoC E,and vpon them falleth the right line B 
D, therfore the outward angle EC Dis (by the 29. propofition) equal to the 
inward andoppofiteangle A BC, Andit ss proned that the angle AC Eis equal 
to the angle B A Ci wberfore tbe whole outwarde angle A C Dis equall co the 
tro inward andoppo[ite angles thatis,to tbe angles B A4 Cand A B C.Put tbe 
angle AC B common to them both, VV herfore the angles ACDand AC B,are 
equall to thefe tbree angles ABC, B C Aand B AC. But the angles ACD & 
AC Bare equallto two rigbt angles(by tbe v. propofition):wberfore tbe angles 
AC 8, CB A, and C A Bareequall to two rigbt angles, If therfore one of the 
fides of any triangle be produced, the outward angle that it maketh, is equall to 
the tYo invard and oppofite angles. And the three inwardangles of a. triangle 
are 
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are equallto two right angles: which was required to be demonftrated, 


Euclide demonftrateth either part ofthis compofed Theoreme, by drawyng frd 
oneangle ofthe triangle a parrallel line co one ofthe fides of the fame triangle, 
withoutthe triaagle, Either part therof may alfo be proued without drawyng of 
a parallel line withoutthe triangle, only chaunging the order of the thinges re- 
quired or conclufions. For Euclide firft proueth that the outwarde angle ofatri- 
angle(one of his fides bey ng produced) 1s cquall tu che two inwardeand oppofite 
angles: and by that he proueth the fecond part: namely ,that the 3. 1nward angles 
ofatriangleare equall to two right angles,But here itis contrariwife. For firft is 
peouedthat the three inward angles ofa triangle are equall to two right angles, 
and by that is proued che other part ofthe Theoreme, namely, that one fide ofa 
triagle beyng produced, the outward angle is equal to the two inward and oppo- 
fiteanzles,Aod chat afcer this maner, 


Suppofe that there be a triangle 4BC,and produce the fide BC to the point E.And take 
in the line B Catala point anentures which let be F: 

& draw aline from 4 to F.And by the point F drawe A D 

vnto the line 4 Ba parallelline (by the former pro- 
pofition)which let be F D, Now forafmuch as F D is à 
a parallell vnto 4 Z,and vpon them falleth theright 

line A F,and alfo the right line BC,therfore the alter- / 

nate angles are equall,and alfo the outward angle is 

equall to the inward angle. Wherefore the whole an- / 

gle A F Cis equallto the angles F ABaad ABF.And 

by the (ame reafon(ifby the point Fwedrawaparal- $ F c E 
lellineto the line 4 C) may we proue that the angle 

AFBisequalltotheanglesF A C,and 4C F.Wherforethetwoangles 4 F2 & AF C 
arc equall to the three angles of the triangle 48 C.Butthetwoangles 4F B & AFC 
are(by the 13. propofition equall to two right angles, Wherfore alfo the three angles 
of the triangle 4B Care equallto two right angles. 

Butthe angles 4C Fand-4C Earealfo (by the 13. propofition) equall to two 
right angles. Take away the angle 4C F which is common, wherfore the angle remai- 
ning,namely the outward angle 4 C Eis equall co the two angles remaining, namely, 
to ee inwarde and oppofite angles 438 Cand C 4: which was required to be 
proued, 


Eudemus affirmeth that the latter paccofthis Theoreme, The three angles of a 


triangle are equall to rworight angler,was fir(t foundout by P. thagoras,whofe demon: 
{tration thereof is thus, 


Suppofe that there be a triangle 4 B C:and by thepoint 4, draw (by the former 
propofitton)vnto the line 2 C,a parallelline, which let be D E.And forafmuch asthe 
rightlines BC and D Eare parallels,and vpon them falleth 
the rightlines 4 B and 4C,therefore(by the 29. propofiti- D A E 
on) the alternate angles are equall. Wherefore the angle D 
A Bisequalltothe angle 4 BC,and theangle E-ACtothe 
angle.4 C B. Adde theangle B 44 C common.Wherefore the 
angles D 48,B AC,C AE, thatis,theanglesD AB and B. P c 
AE,namely,two angles equal to two rightangles,are equal 
to thc thre angles ofthe trianglecz B C. Wherfore the thre angles of a triangle are c- 
quall to two right angles:which was required to be proucd. " 


The conuerfe of this propoficicn is thus, 
Mij. if 


Another de- 
monffration, 


The latter part 
ofthis Theo. 
remefirft found 
eut b) l'ithagua 
Tas, 

The demonflraa 
tion thereof af 
ter him, 


The conuerfe of 


thus propofition. 


Demonffration 


of the firft part 
ef the canuerfe, 


Demonftration, 
of the fecond 
part of the con- 


werfe, 


A Corrollary. 


Ewery right lie 
med figure isre- 
folued in trie 
angles, 

A triangle is 
the firft of alfi- 
gere. 

Ince bow many 
triangles a fi- 
gure may bere- 


ſolued. 


T he firft Booke 


Ifthe outward angle of a triangle be equall to the two inward angles oppofite againft itone of the 
fides of the triangle is produced, and the line without the triangle, is drawen direttly to the fide of the 
triangle,@ maketh one right line With st.And if the thre inward angles of arelliline figure be equal 
to tWo right anglesstbe [ame retliline fi igure is a triangle. 


Suppofe chat there be atriangle 4BC-and let the outward angle A C D be equal to 
the two inward & oppofite angles 4B Cand C.AB.Then 
Ifay that the fide J Cís produced to the poynt D. And 
that BC Dis one rightline.For fora(much asthe angle 
ACD is equal to the two inward & oppofite angles,adde 
the angle 4 CB common, Wherefore the angles A C D 
and AC Bare equal to the three angles of the triangle 4 
B C.But the three angles of the triangle A BC are equall 
to two right angles. Wherefore alfo the two angles ACD 
and AC Barc equal to two rightangles. But if vnto a 
rightline,and to a point in the (ame line bedrawen two B es" up 
right lines,not both on one and the fame fide, makin 
the fide angles equal to two rightangles:thofe two right lines fhal be drawé dire@ly, 
and make one right line(by the 14.propofition. )Wherefore the right line C is dra- 
wen dirc&ly to tie line C D, and fo is B C D onerightline: which was required to be 

roued. 
P Agayne fuppofe that there be acertayne reAilinefigure 4B C,hauing onely three 
ang’es, namely, at the pointes 4,2,C: which angles let beequal to two right angles 
Then I fay that ef BC isatriangle.Firlt 4C isoite tight 
line. Fordraw thelineB D. And fora(much Kein either A 
ofthe triacgles 4 8 Dand D B C, the three angles are c- 
qual to tvo right angles,of which theaneles at the points 
e/4,B Care equal to two right angles, Wherefore the an- 
gles remayning, namely, 4 D B and C D B are equall to D 
two right angles. Wherefore( by the 1 4.propofition) the 
line D Cis fer direAly tothe line D A, Wherefore the fide 
A Cis one right line.And in like fort may we proue that 
the fide A4 Bis one right linc,and alfo that the fide BC is B c 
onerightline, Wherefore the figure ef B Cis a triangle: 
which was required to be proued, 


A 


By the fecód part of this 29.propofitió namely three angles of a triangle ave equal 
to tworight angles, may ea(ely be knowen, tohow many right angles, the angles 
within any figure baning right lines and many anglesare equall. Asare figures 
offower angles of five angles offixe angles;and fo confequently: and infinitly, 
And this is tobe noted ,that every rightlined figure is 1efolued into triangle, 
For thata triangle is the fickt ofall figures. Fortwo lines accomplith no figures 
V Vherfore how many fides the figure hath ,into fo many criangles may it be Ic- 
folued, fauing two,As if the figure haue fower fides, itis refolued into two trian- 
gles, if ic haucfiue fides, into 3.triangles:if6 fides into 4, triangles, and fo con- 
{equently and infinitly. And it is proued chat the three angles ofeuery triangle 
ate equalltotwo right angles. V Vhereforc ifyou multiply the number of the 
triangles,into which the figure is refolued, by two, you fhall haue che num- 
bec of tightangles, co which theangles of the figure are equall, Sothe angles of 
cuery qua irangled figure areequall to 4,right angles, For itis compofed oftwo 
triangles, Aud the angles ofafiue angled figureare equal to 6.rightangles, for it 
is compofed of three rriangles and fo forth in like order. 


The redieft and apteft maner to reduce any reétiline figure into SHADE en is 
thus 
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thus,From any one angle of the figureto every other angle (of the fame) beyng 
oppofite vnto it, drawea right line,(o fhall you haue all the triangles of that fi. 
gure defcribed, 
Inaquadrigle, | 

from one angle | 

you can drawe 

but onelyne to 

the oppofite an L 
gle,by which ie 

is deuided into 

two triangles 

only, Ina pen- 

tagon figu re, 

from one angle 

youmay draw 

lines to two op 

polite angles, 

and (o you fhal 

haue three triangles. In an Hexagon,y ou may from one angle draw lines tothre 
oppofitcangles,and fo fall you hauc 4, triangles. In an hepcagon, from one aa- 
gle may be drawne lines to foure oppofite angles,and [o fha) there be fiue trian- 
gle. Aad [o confequently ofthe reft, As you fec in the figures here fer, 





This thing may alfo be thus expre(Ted. In any figure of many fides,the num- —— 


, ` s to know rhe nie 
ber ofthe angles ofthe figure doubled, is the nüber ofthe right angles to which ber ofrighr ae 


the angles ofthe fizucc are equall,fauing foure, As for example, p bae which 
Let there be an hexagon figure A B C DEF, and withinittakea pointatall VE 
aueotures,namcely G, And drav from the (ame point gual, 


to every one ofthe anglesa tight line, & fo fhal there 
be comprehended 1n the figüreto many triangles, as 
thereareanglesinthefamc. V Vhereforeby this 3». 
propoficion all thc angles of thee triangles rakentos 7 
gcther;are equall to double fo many righeangles, as 
there Peangles in the figure, V V.herefore forafmuch 
as thereare fixe triangles, there are twelue right ans 
glcs.Butall the angles ar the point G arc equall to 4, 
right apglesby che 13.pcopofition, V V herefore take 
away foure cut oftwelue,and there ceft eight, V Vhee 
fore the fixe angles in the Hexagon figure are equall tocight right angles, 





By that which hath now bene declared, it foloweth chacall the angles ofany fi- Mu 
gure hauing many fides,caké together, are equal to twile (o many rightangles, mer Cerallery, 
as the figure is iothe rea or order of figures,a triage is the firft Azure in order, I 
& his angles are equa) totwo right angles which are cwife one.A quadrangle is Z^ nte ce 
the fecond figure in order, V Vherfore his angles are equal to fower right angles, ed 
which are twile two, The order offigures is gathered ot the fides. For tfyoutake quadrangle 
two fromthe number of the fides ofa figure,the number of the fides remayning, 1” /<*4, and 
is thenumber of the order ofthe figure. As if you will know, how many inorder fee pee dh. 
15a fizure offixc fides:from fix(whichis thenumbet of hisfides)takeaway (Wo, of figuresingaa’ 
aud there vill remaine foute, V Vherforca figute oífixe fidesis thefourth figure "reds, 


Ma, in 


An other Core 
voller), 


An other Core 
follar], 


an ether Core 
solary 


An other Cor- 
ealory, 


The firft Booke 


inthe order of figures, Phen double foure,fo fhall you haue cighr, V Vherefare: 
the angles therof are equall to eight righcangtes,And fo ofall other figures, 


Hereby alfoicis manifeft,thatthe ourwardanglesof any figure of many fides 
taken together,are cquall to foure right angles,For the inwarde angles together 
with the ourward angles,are equall to twife (o many right anglesas there be an- 
gles in the figure(by the 13,propofition But the inward angles are equal cocwrfe 
fo many rightangles, asthere be angles in the figure, fauyng foure: as it was be- 
fore declared, V Vherfore the outward angles are always equal to foure right an? 
gles, As for example, 

Suppofcthat there be a pentagon,A B C DE,And produce the fine fides ther- 
ofto the points F,G,H,K,L.Now(by the13, — 
propofitió)the wwo angles at che point A (hall EN 
be equal ro two rightangles .and(by the fame) sf 
the two angles at the pointe B fhall be alfo e- 
quall co two right angles, And fotaking every 
cwoangles,they fhall bein all equall to tenne 
righcangles. V Vherfore takyng away the in- 
ward angles, whiche(as hath betore bene pro- 
ued) are cquall co fixe righteangles, the out- 
wardangles fhall be equall to fower sight ans 
gles,And fo ofall other figures, 





Icisalfo manifeft,chat euery peotagó, which is fo defcribed that ech fidetherof 
dcuideth two ofthe other fides, hath his fiue angles equall to two right angles, 


For fuppofe that ABCDE: be fuch a pentagon asis there required fo that let the fide 
AC cut the fide B E in the point G:& lec the fide AD, cue A 
the fame fide Z £ in the peint F. Now thé by this propo- 
fition the angle A F G fhalbe equall tothe two angles at c/ \e 
the point 7 and D:namely,the outward angletothe two P 
inward and oppofite angles.And by the famereafon the 
angle F G Ais equal to the angles at rhe points C and E 
which arein the triangle CE G.But the two angles AFG 
and FG A,together with the angle at the point 4, are e- 
quall to two right angles(by this propolition ).Where- 
fore the fower angles at the pointes, B,C, D,E, together 
with the angle at the point 4,areequaltotworight an- C p 
gles:which was required to be proued, 


By this propoficion alfo itis manifelt,that cuery angle ofan equilate trian= 
gle is two chird partes ofa right angle,Aad that in a triangle of two equall fides 
having aright angle at the coppe,cither ofthe cwo angies at the bafe is the balle 
otasightangle, And ina criangle called Scalenum,fuch a Scalenii(I fay) which 
is made by the drawght ofa perpendicular line from any one of theangles of aa 
equilacer triagleto the oppofite fide therof,oneangle isa right angle,an other is 


' two third parts ofa right angle,namely that angle which wasalfoan angle of the 


equilarer criangle,wherfore ofneceffity the angle remaining ts one third part of 

arightangle, For the three angles ofatriagle mult be equall to two right angles. 

Moreouer by this propofition it is manifeft that ifthere be two triangles, 

and iftwo angles of the one be equal to two angles of the other:the angle remai- 
| ning 


of Euclides Elementes. Fol.45. 


ning fhaltalfo be equall co the angle remayntng Fer foralinuch as thtec ang'es 
ofaay tríaugle are equal to three angles ofaay other triangle (for thatin ech the 
three angles arc equal co two right angles): Effrom ech triangle be taken away 
the rwo equall angles ,che angle remay ning fhall (by the ;. common {enrence)be 
equall to the angle remay ning. 


Andhere I thinke it good to fhew how to dewide a cight angle into three c- 
quall partcs for that che demon(tration thereof dependeth ofthis prapofitian, 


Suppofe that there be a right angle A4 2 C,contayned of the right lines 4 and B C1à 
in the line B C,takea pointatall aduentures,vhich let be 
D.An: vponthe line 2D de(cribe( by the firft)an equila- 
ter triangle BD E,And(by the 9.propofition)deuide the 
angle D & E into two equall partes by theright line BF. 
Then / fay that the right angle_4 BC is deuided into thre 
equal parts bythe rightlines B E and B F.For forafinuch 
as E B Dis an equilater triangle,therfore as hath before 
bene declared, the angle E£ B Dis two thirde partes ofa 
right angle. But the whole angle AB C, isa rightangle. 
Wherfote the angle remaining,namely, ABE is one third 
part ofa right angle.Again forafmuch as the angle E2'D, 
is two third partes of a right angle, andit is deuided into two equall parts by the right 
Ine B F,therefore either of thefe two angles E BF & F B D is one third part ofa righe 
angle,Wherefore the three angles 4B €,EB F and F B Dare equallthe one tothe o- 
ther. Whercfore the right angle 4 B Cis deuided into three equall partes by the right 
lines B E and B F:which was required to be done. 


T be o3. T heoreme. The33.Propofitians 





Two right lines iayning together on one and the fame fide, 
two equall parallel lines: ave alfa them felues ezuall the one 
tothe other, and alfo parallels. 


CA > V ppofe that AB and CD be 
SN ; right lines equal, and parallels: ; 
QC) Xand let thefe tworightlines A (>? 
Cand BD ioyne the together, 
the one on the one fide,andthe other on 
other fide.Then Ifay that the lines AC 
ex B D are both equall,e alfo parallels. 
Draw (by tbe firfl peticion ) a rigbt line 
from tbe point B to tbepoint C, And fore 
afmuch as A Bis a parallelto C D, and 
Ypo tbem fallctb tbe vigbt line B C, ther» 
fore the alternate angles ABC and BC s 
D, are equall the one to the otber (by the 29. propofition). And forafmuch as 
theline ABis equailto the lineC D,and the pee is — ie both, 
Myii. theres 






D 


Hov to denide 4 
right angle into 
three equall 
partes, 
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therefore thefe two lines A B and B C,are equallto theft two lines BCandC 
D,and the angle AB Cis equall to the angle BCDVVherfore (by the 4.pro» 
propofition) the bafe B D is equall to the bafe AC,and the triangle AB C is e- 
quall to tbe triangle BC D,and the angles remayning are equall co the angles 
remayning the one to the other vnder which ave fubtended equall fides, wheree 
fore tbeangle AC Bis equall to tbe angle CB D , and the angle B ACto the 
angle BD CAnd forafmuch as vpon thefe right lines AC and BD falleth the 
right line BC making the alternate angles,that is the angles ACBandC BD, 
equall the one co the other, therefore (by the 27.propo/ttion) the line ACisa 
parallel to the line B D. Andit is prouedthat it is equall vntoit . VV berefore 
two right lines sayning together onone and the fame fide two equall lines which 
are parallels are alfo tbemfelues equall the one to the other and alfo parallels: 
which as required to be proued. 


T be 14.7 beoreme.. 1 bes4. Propofition. 
Jn parallelogrammes the fides and angles which are oppofite 


the one to the other, are equall the one to the other, and their 
diameter deusdeth them into two equall partes. 






a (SGV ppofe that ABC D be aparallelogramme and let the diameter thers 
New of be B CThen fay that the oppofite fides and angles of tbe parallelo, 
es ‘gramme ACDB are equall the one tothe other and |j tbe diameter BC 
deuideth it intotwoequall partes, For forafe 2 

mnch as A B isa parallel line yntoC D,and ve B 
pon them falleth a right line BC: therfore (by 

the 29.propofition the alternate angles ABC 

and BC Dare equall the one tothe other, A- 

gayne forafinuch as ACisa parallelline to B 

D,and vppon them falleth the right lyne BC: 

therfore (by the fame) the alternate angles, 

that is,the angles AC BandC BD are equall 

the one tothe other. Now therfore there are 

tivo triangles ABC and BCD, bauing twoane © D 
gles of tbe one, namely, the angles 4B C and A C B equall to tYwo angles of tbe 
other that is,to the angles BC DandC BD, the one to the ether and one fide 
of the une equal to one fide of the other namely that [de that lieth betwene the 
equall angles, which fyde is common ta them both namely the fide BC.VVhere 
fore (by the 26. propofition) the other fides remaining are equall tothe other 
fidesremaining the oneto the other sand the angle remaining is equa! to the ane 
gle remayning VV hetfore the fide A Bis equall to thefideCD,and the m AC 
o 
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to tbe fide B De» tbe angle B A C isequal to tbe angle B 'D C And fora[much 
as the angle 4B Cisequalto tbe angle BC D,and the angle CB Dto the ans 
gle ACB: therfore (by the fecond common fentence ) the whole angle A B D 
ss equall tothe whole angle ACD, And itis proued that the angle BACis es 
quall to tbe angle C D 'B.VV berfore in parallelogrammes, the fades and angles 
which are oppafite are equall the one tothe other, I fay alfo that the diameter 
therof deuideth it into tio equallpartes.For fora[much as AB is equallto CD, 
and BCis commen to them both therfore thefe two A Band BCare equall to 
thefz tva BC and C D and the angle 4 B Cis equal to tbe angle BCD V V her 
fore (by the 4.propofition ) tbe bafe A Cis equa!l to the bafe B D and the triz 
angle 4 B Cis equall to tbe triangle B C D.VV berfore tbe diameter B C des 
nideth the parallelogramme A BC Dintotwo equall partes: which is all that 
Was required to be proued. 


In this T heoreme,are demonftrated three paffions or properties ofparalles _, 

x . re pafsions of 
logrammes. Namely,thatcheir oppofite fides are equall; chattheir oppofite ans jerelolegrcmes 
8 y» T PP x , q PP P olegram 
gles are equall:and that the diameter deuideth the parallelogrammce into two €- demifrared in 
quall partes, V Vhich is true inall kindes ofparallelogrammes. There atc fowec | "P^ Thoreme. 

; : z Fower kindes of 
kindes of parallelogrammes,a fquare, a figure ofonc fide longer then chc other, paralelo- 
a Rhombus,or diamond figure,and aRhomboides or diamondlike figure. And grammer, 
here isto be noted,thatın chofe parallelogrammes, all whofe ang'es ar right an- 
gles(as is a (quare,and a figure onthe one fide loager)the diameters do noconly 
deuide the fiz:rre into two equall partes,but alfothey are equal che one to the o- 
ther,As for example. 

Suppofethat ABCD beafquare, A 


` B A B 
orafigure on the one fidelonger,and 
draw in it thefe diametres A D and B 
C.And forafmuch as the line A B ise- 
quallto theline C D (by the definitió 
ofa fquare,and ofa figureon the alfo 
one fide loger)& theline 4C is com- 
mon to thé both : therfore two fides 
of the triangle 4 B Care equal totwo - 
fides of the triangle 4 C Dthe one to 
the other, andthe angles which they S- ©- p : 
c D 


contayne are equall, namely, the an- ` 
gles B AC & ACD, for they are right angles. Wherefore the bafes namely, the diame- 
ters .4 Dand BC,are( by the 4: propofition Jequal, 

Butin chole paralletogcames whofe angles are noc rightangles,as isa Rhom- 
bus,and a Rhomboides,the diameters be ever viequall. As for example. 

Suppofe that ABC D be | x 

a Rhombus,or a Rhombaides 
and drawe in it the(e diame- 
ters AC and B D. And foraf- 
muchas A Bisequallto CD, 
and B Cis common to them 
both, & the angle 4 B Cis not 
equallto theangle B C D ( by 
the definition of a Rhombus 
and alfo of a Rhombaides ) 





Mii, there 


The conuerfe of 
this propofition 
after Proclus, 


A Corollary ta- 


keront of. *' -'- 


The fir ft Booke 


therefore (by the 24.propofition) the bafes alfo are ynequall, namely, the diameters 
ef Cand B D. 


Agayne.In parallelogra mmes of equall fides ,as are a fquare, anda Rhomz 
bus,the diameters do not onely deurde the figures into two equall partes, but 
alfo chey deuide che angles into two equall partes, 


For fuppofe that there be a {quare or Rhombus A B C D, and draw the diameter e/f 
D.And foralmuch as the fides 4 B and B D are e- 


qual! to the fides 4 Cand C D(for the figures are 


p 
equilater ) and the augles A B D and 4C D are < R 
equall(for they are oppofite angles ) and the bafe A 
A Discommon to both triangles, Therefore (by D 
the fourth propofition)the angles BAD & CAD 
c D s 


are equall,and fo alfo arce the angles Z D A and C 
D Aequall. Wherfore the angles B A Cand C D B 
are denided into two equall partes, 


Butin parallogrammes whofe fides are not equall,fuch as are a figure on the 
one fide longer,and a Rhombondes itis not fo, 


For fuppofe 4 B C Dtobeafigureonthe one 
fidelongeror a Romboides, And draw the dia- 


A B B 
meter ce D,And now ifthe angles B A Cand CD 
B,be deuided into two equall partes by the dia. 
meter Z4 D,then forafmuchas the angle CAD 
is (by the 29.propofition) equall to the angle 4 
D B,the angle alfo B.A D thal be equal to thean- D 
gle 4 D B(by the firft common fentence). Wher- | 
fore allo the fide A B is equall to the fide B D( by 

c D 

c 


the 6.propofitié ).But the fayd (idesare vnequal: 
which is impoifible.Whecefore thcangles B AC 
and C D B atenot deuidedinto two equall partes. 


The conuerle of the firft and (econd part ofthis propofirion after Proclus: 
Jf areHiline figure whatfoener hane his oppofite fides and angles eqnall : then is a parallelograme. 


For (up pote that 4B C D be fucha figure,namely,which hath his oppofite fides 
and angles equall.And let the diameter thereof be e4 D. 
Now forafmuch as, the fides AB and B D are equall to, B 
to the fides D Cand eA C, and the angles which they có- 4 
tayne are equail, and the bafe 4 D is common toech tri- 
angle,therefore( by the 4.propofition )the angles remay- 
ning are'equall to the angles remayning,vnderwhich are 
fubtended cqual fides. Wherfore the angle B /4 D is equal 
to the angle 4 D C,and the angle 4 D B to the angle C4 
D.Wherefore (by the 27. propofition ) the line 4 Bisa 
parallel to the line C'‘D,and the line 44 C co the line B D, 
Wherefore the figure 4 B C D isa parallogramme:which 
was required to be proued. 


A Corrollary takenout of Fluffates, 
eA right line cutting a parallelogramme Which Way fotuer into two equall partes , [hall alfo de- 
nide the diameter thereof intotwo equall partes, 5 
or 


of Euclides Elementes. Fol.45. 


For i£ it be poffiblelet che right line G C deuide the parallclogramme 44 £ 2 D into 
two equal partes, but let it deuide the diameter D E into two vnequall partes in the 
point J. And ct the part / E be greater thenthe pare / D,And ynto theline/ D put the 
i i 


B 


ne/ O equall(by th3. propofitió). And by the 
point O,draw vnto thelines 4Dand B E apa- E LG 
tallelline O F(by che 5 r.propofition,) Where- 
fore in the triangles F O /and C DJ, two angles, 
of the oneare equal to two angles of the other, 
namely,theangles/O F and J DC ( bythe29, 
propofition),& the angles F J O &-C J D(by the 
15.propoliti6),& the fide [D is equal to the fide 
1 O.Wherefore (by the 26.propofition)thetri- — A c D 
angles are equall.Wherefore the whole triangle 
£1G is greater then the triangle D / C.And forafmuch as the trapefium G B D Cis fup- 
ofed to be the halfe of the parrallelograme,and the halfe of the fame parallelograme 
is the triangle E B D (by this propofition),From the trapefium GB D Cand the trian- 
le EB Dwhich are equall,take away the trapefium G B DJ whichis common to them 
oth,and the refidue namely, the triangle D I Cíhalbe equall tothe refidue,namely, 
to the triágle £/6:butitis alfo leffe(as hach before ben proued ):which is impoffible. 
Wherefore aright line deuiding a parallelogramme into two equall partes, fliall not 
deuide the diameter thereof vnequally. Wherefore it (hall deuide it equally:which was 
required to be proued. 





An addition of P elitarius, 
Betwene so right line: being infiniteand making an angle genen ; te place a lint equal to a 
line genen sn fach ferte,that it hall make With ore of thofé lines an angle equall ta «n other angle gen 
wen, Now st beboneth that the s\wo angles genen be leffe then two right angles. 


Suppofe that there be two lines 4 Band 4C,making an angle geuen B4 C:and let 
them be infinite on chat fide where they open one from the other, And let the line 
geuen beD, and let the other angle geuen be E. 

And letthe two angles 4 and E be leffe then 


H B. 
two right angles ( otherwife there coulde B AC 
not be madea triangle,as itis manifeft by che 17 5 
propofition). Itis required betwenethe lines f 
B and 4C to place a line equallto the line gcuen 
D,which with one of them asfor exáple with the 

—— —K c 


line 4 C,may make an angle equal to theangle ge A 
uen E, Now then vpon the line e£ C and to the 


pointin ite4,make anangle. equall to the angle E 
geué E( by the 23, propofition), whichletbe C4 
F.And produce the line F Aon the otherfideof p — — 


the point Ato the point G:and let 4G be equall 
to the line genen D (by the 3. propofition ). And 
by the point G,draw (by the 3 1. propofition) a parallel line to the line e#C, which let 
be G Hand produce it vntil it concurre with the line 4 B:which concurfelet be inthe 
pe agayne by the point Æ draw the line HX parallel ynto the line GF. which 
et cut theline A C in the point K, Then Ifay that che line H K is placed betwene the 
lines 4B & 44 C &is equall to the line D.And that the angle at the point X is equall to 
the angle geuen £, For forafinuch as(by conftru&ion) 4 G H K isa parallelogramme 
the line K H is equall to the line 4 G(by this propofition ), Wherefore alfo itis equall 
to the line D, And forafmuch as the line «4 Kfalleth yppon the two parallel lines, F G 
and K H,therfore the angle 4 K His equal to the angle F A K(by the 29.propofitid ) 
for that they are alternate angles. Wherfore alfo the fue angle at the point K isequal 
to the angle geuen £. Wherefore the line 4 K being placed betwene the two lines 4B 
and <4 C,and being equall to the line D,maketh the angle at the point K equall to the 
angle geuen E: which was required to be done. 


Though this addicion of Pelitarius be not fo muche pertayniog to the 
N.i, propo- 
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propofition:yetbecaufeit is witty and (emeth fc hxc difficult, i 
POACEAE y omewhar dificult, I chought i 


The2s.Theoreme. The 35.Propofition. 


Parallelogrammes con/ifting uppon one and the fame bafe, 
and in the felfe fame parallel lines, are equall the one to th 
otper. e 







Ex Vppofe that tbefe paralelos -- 
S grammes 4 BCDand EB. 4 
Syn: CF do confift vpon one and | 
=E the fame bafe,that is, vppon 
BC,and in the felfe fame parallel lines,’ 
thatis AF,and BC.Then I fay, that the 
parallelograme ABCD isequal tothe 
arallelcorame E B C F.For forafmuch 
as ABC Disa parallelogramme, thers 
fore (by the 3 4.propofition) the fide A 
D,isequallto the fide BC, and by the 





fame reafon alfo the fide EF isequall to 


the fide BC,wherfore ADis equallto p c 

E Fand D E is common to them bot. : 

VV berfore the whole line A Eis equall tothe whole line D F And the fide A B 
is equal toy fide D Cwherfore thefe two EA and AB are equall t6 thefe two 
FD and DC, the one to the otber:and y angle FDC is equal to the angle EAB, 
namely,the outward angle to 5 inward angle( by § 29,propo/ttio): wher fore(by $ 
4 propofition )the bafe E Bis equall to the tafe FC, and the triangle E A Bis 
equallto the triangle FD C.Take away the triangle DG E, which isconmon 
to them both,VV berefore the vefidue,namely,the erapefium A BG Dis equall 
tothe refidue, that is,to the trapefium EG CF,Put the triangle GB C commo 
to them both VV berefore the whole parallelogramme ABC Dis equall tothe 
whole parallelogramme EBC F.VV berefore parallelogrammes confifting vpe 
on one and the fame bafe,and in the felfe fame parallel lines are equal the one to 
the otber:which was required to be demonftrated. 


i Parallclogrammes are fayde to be ia the felfe (ame parallel lines, when clieir 
bafes,and the oppofite fides vnto chem, are oneand the felie (ame lynes wyth 
the parallels, 


In this propofition arethree cafes, ForthelineB E may cutte the line A F, 
cither bey ond the point D,or tn the point D,or on this fide the point D , When 
; IC 
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itcutteth the line A F beyond the point D tlie demonftration before put fer- 
ueth, 


Bot ifthe line B E do cutte the line 4 Fid The fecond cafi 
the point D,then forafmuch as ( by the former 
propofition)the triangle B CD or BC Eis the 
halfe of either of thefe para lelogrammes A BC 
"Dand EBCF ( for inthe parallelogramme 4 
BCDthediameter B D maketh the triangle B 
D Cthe halfe of the fame parallelogramme,and 
in the parallelogramme E A CF the diameter 
E Cor D C maketh the felfe fame triangle 82 
Cthe halfe of the parallelograme EB CF )ther- 
fore(by the 7.common fentence)the parallelo- 
grammes 4BCDandEBCFareequall, ^ 


But if theliue BE do cutte the lyne efF 5. Tbe rkird cafe, 


on tliis fide the point D’ yhen foraímuchas ey- 

ther of the lines A D and É F is equall to the 

line B C,therefore by the firft common fentence 

they are equall the one to the other. Whercfore 

takingaway ED, which is‘’common to both, 
the refidue e E fhalbe equall to the refidue:D- 
F. Agayne forafmuch as (by the 5 4. propofitio) 

theline 247 is equall.totheline C D, and. (by 

the 27. propofition)the angle E A B is equal to. 
theangle FD C: thetfore ( by the 4. propófi-- 
tion) :the triangles EB*A and FC D are equa), 

Adde the trapefium C D Ẹ B common’to them! 
both tand fo (by the feconde common fenz 
tcnce Jthe two para[lelogranuues eA 8 C D'and. 
EBC Ffhalbe equall:. which was. required to 

be proued, Š 
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$89 T be 16.'I beoreme, The 36.Propofition. 


Parallelogrammes conjifting upon equail bafes, and in the 
Jelfe ame parallel lines are equall the one to the other. 


SAV ppofe that thefe parallelogrammes ABC D and EFG H do confift 

Festi vpon equall bafes,tbat is , vpon BC and F G,and in the felfe fame parals 

— lel lines,that is,4 Fl and B G,T ben Ifay that tbe parallelogramme A 
BCD i equall to tbe parallelogramme E FG H.Draw aright line from the “sim 
point B to the point E andan other from the point C to the point H, And fore 
afmuch as B C is equall to FG, but F Gis equall to E H, therfore BCalfo is ee 
quallto E H, and tbey are parallel lines , and the lines B E andC H ioyne 
them together. but twa right lynes ioynyng together two equall right 


Je lines 


Demonfiration 


Three eafes in 
this propofito, 


The firf cafe. 
Euery caf? may 
buppen jenen 
dimer mayet, 


LIS 


3 


The ff Boole 
linesbeing parallels, aretbemfelues 
alfo (by tbe a 3. propofition) equall 
the one tothe other, and. parallels. 
VV berforeE BCH is a parallelos 
gramme andis equall to tbe paralle» 
lograme ABCD. for they haue both | 
one and ) fame bafe that is, B C. And. 
are in felfe [ame parallel lines chat 
ts, BC e EH, And by fame reafon. 
alfo the parallelograme EFGH ise~ | 
qual to tbe parallelograme EB CH; 4 
VVherforethe parallelogram AB Z 
CD is equal to theparallelograme E. B Ç F G 
F G H.VV berfore parallelogrames. 
confifling vppon equall bafes and in tbe felfe fame purrallel lmes, ave eauall tbe 
one to tbe otherzwbich was required.to be proued, 





Ta this propofition allo are th reecafes, For «he equall bafes may either bevr- 
terly feperatedafonder: or they may touche ar one of the endes: orthey may 
haue one part common to them both, 

Euclides demonftration ferueth when the bafesbe veterly feperated a fonder, 
V Vhich yet may happen feusn diuets wayes,Por the bafes being {eperated af5- 
dex, their oppofite fides allo may be veterly feperated a fonder bey ond the point 
D,as the fides A Dand E H in the firft figure, 

Orthey may couche cogether in an¢-ofche endes, andrhe whole fide may be 
bey ond the point D,as the fides A Dand E H do in the fecond figure, 

Or one part may be beyond the peine D, andan other parc commonto them 
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both ,a sin the third figure,the fides A Dand E H hauethe part ED common to 
them both, : 

Orthey may iu(tly agree the one with thieother,thacis;the pointes À andD 
may fall vponthe pointes Eand H: as in tbe fourth figure. ; 

Or the fide A D being produced on this fide the point A,part ofthe oppofite 
fide vnto the bale F G may be on this fidethe point A,andanother patt may be 
common vith the line A D,as inthe fifth figure, 

Or one ende ofthe fideE H may light vpon the pointe A, and the whole fide 
on this fide of it: As in thefixt figure, 

Orthe faid fide E H may vecerly be feperated a (onder onthis fide the pointe 
A,as in che feuenth figure, 


And the two other cafes alfo may inlike maner haue feuen varitttes: as In 
the figures here vnderneth andon the other fide of this leafe fet ic is manifelt. 
And here is to be hoted,thac inthefe ehree cafes and in all their varieties alfo,the 
con(tru&ion & demonttration put by Euclide(namely ,the drawing of lines fro 
the point B tothe point E & frotrithe pointe C to the point H,and fo prouing 
itby the formec propofition) will fecue onely in thc fourth varietie ofech cafe, 
there nedeth no farther coaftruction: for that theconclufion ftraight way follos 
weth by the former propofition, 
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5897 be17.T beoreme, — Tbe y7 Propoſition. 


Triangles confifImg vpon oneand tbe felfe ame Lafe and in 
the felfe fame paralles:are equal the one to theather. 


S V ppofe that tbefe triangles A B Cand D B C do confit 
7 GO ypon ont and tbe fame afe namely, B C and in tbe felfe 

Wy ANUS S fame parallel lines that is, AD and BC. Then I fay, 
N GARY that the triangle A BCis equall to the triangle BDC, 
E — eC (Produce (by the 1. peticion ) tbe line A D on ech fide to 
e A the pointes E and F. And (by the 31, propofition) by the 
IC A j point B,draw vnto the line C Aa parallel line BE and 
(by 5 fame) by the point C, draw vnto the line B Da pas 



























Deinfratin.. vile] line CF.VV berefore EB C A. 


aud D B (CFare parallelogrammes, 

And the parallelogramme EB('A, © A D F 
is (bythe35. propofition) equall to 

the parallelogramme DBCF, For x 

they confift yppon one and the [elfe 

Jame bafe, namely, BC, and are in 

the felfe fame parallel lines, that is, 

B (and E F, But the triangle A B C 

is (by the 3 4- propofitio)tbe balfe of 

the parallelogramme E DCA, for 

the diameter AB deuidetb it into two 

equall parts:to(by the fame)the trio B c 

angle D B Cis tke halfe of the pae 

allelogramme (D B C F. for tbe diameter ID (deuideth it into two equall parts; 
but tbe balues of tbinges equallare alfo equalltbe one to. the other ( by tbe 7. 
comninn fentence ), wherefore ehe triangle ABCis equall to the triangle DB 
(VV berefore triangles confiting vpon one and tbe [elfe [ame bafe and in the 
fele [ame parallelszare equall tbe one to tbe otber : which was required to be 


demonftrated. 
Thole 


of Euclides Elementes. Fol.48. 


Thole triangles are (aide to be contayned within the (elfe fame parallel lines, 
which hauing cheir bafes in onc ofthe parallel lines,haue thzie coppes in the 
other. 


Hereas I promifed will I thew out of Ptoclus the comparifor of two trian- 
gles,which hauing their fides equail hatte the bales aiid angtes atthe toppe vues 
quall, And firit I {ay thatthevacquall angles.at the toppe being equall to two 
right angles,the triangles (halbe equall. As for example, 


I Suppofe that thefe two triangles 4B Cand D E F haue two fides ofthe one;name- 
ly, AB ahd 4 C,equall to two fides ofthe other, namely, to D E and D F, eche to his 
correfporident fide,that is, 4 B to D E,ánd AC to D F,andlet the bale BC be greater 
then the bale EF: and fet the angle at the point eZ be greater then the angle zt thie 


point D.Butlet the faydeangles at the: pointes 44 and D, A 

be equall to two right angles. Then I fay that the triangles — 
ABCandD E Fate equail. Fot foraſmuch as the augle B ⸗ c 
A Cis greater then the angle E D F,vpon the line E D,and 


tothe point D de(cribe (by the 23. propoficion) an angle 
equall to the angle Bf Cwhich let be ED G:and pur the 
line D G equallto the line 4C: and draw a line from E to 


— 
Gand an otter from F to G: and produce the lines E D & H 
F D beyond thc poynt D to the pointes Æ and K.Now for i 
afmuch as the angle B ACis equall to the angle ED G, | 
t 


andthe angles & A Cand E D F areequall to two right an- 
gles,theretore the angles EDG and EDF are equall to 
two rightangles.But theangles ED G and K DG,arealfo 
equal to two right angles:take away the angle FDG com- 
monto them both:whereforetheangle remayning EDF - 
is equall to the angle temayning.G D K.But the angle ED’ - 
Fis equall to the angle D K (by the t j;propofition)for E 

they are hed angles. Wherefore the angle GD K is equall 

totheanglc H D K.And forafinuch as in the triangle G D F the outward angle G D H 
is(by the 3 2.propofition)equal to the two inward and oppofite angles at the points G 
and F:which two anglesalio are(by the 5.propofition) equall the one tothe other: 
for the line D G is by conftru&ion equali to the line £4 C, namely, to theline D F. 
Wherefore the angle G D H is double both to the angle at the point G,and to the an- 
gle at the point F.Bucthe angle G D His alfo double totheangleG D K (for the an- 
gic G-D Kis proued to be equall to the angle K DH) wherefore the angle at DGF 
ssequall to the angle G D K: and they ate alternate angles, Wherefore (by the 27. 
propefition) the line D E is 4 parallel to the line £ G. Wherefore the triangles G DE 
and F D.E arc yppon one and the felfe fame bafe, namély, D E, and in the felfe fame 
paralicllines D E and G F . Wheretore by this propofition they arc equall. But the tri 
angle G D E 15 byconftru&ion equall to the triangle 44 8 C. Whetefore alfo the tri: 
angle D EF is equallto the triangle f 2 C : which was required to be proued, 





But now let theanolés 8 4 C and E D F be greater then two rightangles: &let 
the angle at the point £ be greater then the angleat the point D,as it was before. Thé 
Hay thatthe triangle A 2 C is letfe thenthetriangle D E F. Letthe fame conktruãion 
beherethat was in thé former. And forafmuch as the angles B AC and E'D F, that is 
theangles E D Gand ED Fare greaterthen tworight angles, but the angles E DG 
and C D K arc equallto two right angles: take away the angle FD G which is common 
to them both. Wherefore the angle remayning,namely,EDF is greater thé the angle 
remayning,namely,thert GDX: thatis,theangle KD H(which by the 15, propofition 
is equallto the angle E D F Jis greater then theangle G D K, wherefore the angleG D 
H is more then double tothe angle G.D K: butthe angle 6 D H is double to thean- 
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gle D GF, as was before proued, Wherefore the 
angle GDKisleffe then the angle DGF, Vnto the 
angle G D K put(by the 23,propofition) the an- 
gle DG Lequall: and produce theline G LZ vill it 
concurre with theline E F in the pointe L. And 
draw aline from D to L.. Whercfore(by the 2 7, 
propolition)G L is aparallelline to D E,for that 
thc alternate angles DG LandG D Kare equal. 
Wherfore the triangles G D E and L D E are (by 
this propofition Jequal(for they confift vpon one 
and the [elf fame ba(e,namely,DE, and are in the 
felfe (ame parallel lines,namely,£ D and G L)But 
the triangle L D Eis leffe then the triangle FDE, 
Wherfore alfo the triangle G D E isleffe themthe 
triangle F D E, Butthettiangle G 2 E iscqualto 
the tciangle 42 C. Wherfore the triangle 42 C 
isleffe then the triangle'D E F; which was requi- 
red to be proued. 


Butnow let the angles B 4 Cand EDF beleffe 
then two right angles: and agayne let the angle 
at the pointe A be greater then the angle at the 
point D.Then / fay thatthe tridgle A B Cis grea- 
ter then the triangle D E F.Letthe (ame conftru- 
&ió beal(o here that was in the two former, And 
forafmuch asthe angles B ACand E DF,thatis, 
the angles EDG & E DF, are lefle then two right 
angles,butthe angles EDG and GD Kare equal 
totwo right angles, take away the angle F DG 
which is common to them both, wherefore the 
angle remayning,namely, ED Fisleffethen the 
angle remayning,namcly,then G D K:thatis,the 
angle H D K( which by the 15. propofition ise- 
quali to the angle E D F)isleife then the angle G 


B c 








e F 


D K.Wherfore the whole angle G D H is lefe then double to the angle G D K.Buticis 
double to the angle D G F(as before it was proued ): wherfore the angle GD Kis grea- 
ter then the angle D G F. Put the angle D G Lequall to the angle GD K (by the 23. 
propofition Jand produce the line G L till it concurre with the line E Fallo produced, 
&let the concurfe bein the point L.And draw a line from D to L.Andfor as much as 
theangle D G L is equall to the angle G D K, and they are alternate angles, therefore 
the line G Lis a parallel to D E(by the 27.propofition ). Wherefore (by this propofiti- 
on Jthe triangles G D Eand L D Eare equal: butthe triangle L D E is greater then the 
triangle F D E,and the triangle G D E is equall tothe triangle 4 BC. Wherefore the 
triangle ef B C is greater then the triangle D E F: which was required to be proucd. 


q be 28.1 beoreme. — d be 38 "ropofition, 
Triangles which con ff vppon equall bafes, and in the felfe 


Jame parallel lines are equall che one to the other. 


7 
— YI 


\/es that is,ypun BC and E Fand in the felfe fame parallel lines that is 


sd. ppofe that tbefe triangles A B Cand D E F doconftfl vpon equal ba» 
‘BF and A D.Then Lfay that the triangle 4 B C is equall to tbe trian» 


gle 
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gle ABC is equall to the triangle D EF,Produce (by tbe fecond peticion) tbe ——— 
line AD on eche fide to tbe pointes G and H, And (by the 3 1. propoſition) by 

the point B dra we vnto C Aa paral- 

lellime 'BGand(by tbe Jame ) by tbe 4 D ü 
pointe F drawe ynto DE a parallel E —ñ— 
line FH. VVberfore G BCA and Demintfratios, 
DEF Hare parallelogrammes.But 

the parallelograme GBCA ts (by the 

36 propofitton )equal to tbe paralle- 

logramme D EF H,for tbey confit \ 

vponequall bafes,that is, BCand E 
F, and are in the felfe fame parallel 

lines thatis, BF andG H, But (by | 
the sa propofition) tbe triangle 4B 

Cis the balfe of the parallelogramme 
G BCA, for the diameter A B deuis 
deth itinto wo equall partes:and the triangle D E F is( by the fame )the halfe 

of the parallelogramme D EF H,, for the diameter F D deuidetb it into two es 

gual partes,But the halues of chinges equall are (by the common fentence )e# 

gual the one to the other. VV herfore the triangle A BC is equall tothe triane 

gle D E F. VV herefore triangles wbich confit vppon equall bafes, and in the 

felfe fame parallel lines are equall the one to the other: which was required to 

be proued. 

Pia thispropofition are three cafes. For the bafes ofthe triangles either haue 7% ei» 
one patt common to them both or the bafeofthe one toucheth che ba(e of the "propin: 
other oncly in apoint: or tbeirbafes are vtterly (cuereda funder, And ech of Ech of thefe co 
thefe cales may alfobe diuerfly as we before hau fenein parallclogrammescon sz i/o may be 
fitting on equall bafes,and being in the felfe fame parallellines,So thathe which 4e). 
diligently aoteth chevartety thac vas there put touching them, may alfo eafely 
frame thefame vatictieto ech ca(e in this propofition, V V herefore I thinke it 
nede!cs here co repeats the fame agayne:for how foener thebafes be puc, or the 


toppes he manner ot conftrudion and démonttration here put by Euclide will 
ferue:namely ,to draw parallel lines co the fides. 


b cE F 


RÀ 


An addition ofPelitarius, 
To denide a triangle geuen snto two equall partes. 
Brg qup An addition of 


Suppofe that the trianglegeuen to be deuidedintotwo H A K rehnensntt 
equall partes be 4BC.Deuide one of the fides therof, A — 
namely,B Cinto two equall partes (by the 10. propo- / sal pertel 
fition Jin the point D, And draw a line from the point D 
to the point 4,ThéI faythat the two triangles 4B D & i s 

AC Darc èqual,which is eafy to prouc(by the 38. pro- a 

pofition) af by the point 4 we drawevnto the line 8 Ca P 

paraf'el line (by the 5 1 .propofition ),whicb let by E K: e 


Bn 


7 
for fo the triangles 4B D and ADC, confifting vppon LA 
equal bafes 5D & DC,and being in the felfe fame paral- 4- 
lellines 77 X and B C are of neceffitie equall.The fefe B D c 

Oa. fame 





Nose, 


Another addi- 
tion of Pelita- 
ena. 


Conſtruction. 


Demonſtration 


7 beftr/l Booke 


fame thing alfo wil happen ifthe fide B 4 be deuided into two equall parts in the point 
E,aud fo be drawen a rightline from the point E,to the point C. Orifthe fide AC be 
deuided into two equall partes in the point F,and (o be drawen a right line from the 
point Ftothe point 2:which is in like manner proued by drawing parallel lines by the 
pointes B,andC, to the lines B Aand AC, 


__ And fo by this you may deuide any triangle into fo many partes asare fig- 
nified by any number thac is euenly euen: as into 14. 16. 32. 64. &c. 


Another addition of Pelitarius. 


From any point genen in one of the fides of a triangle,to draw a line which ſhal deuide the trian- 
gle into two equall partes. 


Let the triangle geuen be BC D:and let the point genen inthe fide BC be A. Itis 
required from the point 4 to draw aline which thal deuide the triangle B CD into two 
equall partes. Deuide the fide B Cinto two cquall partes in the point Z. And drawea 
right linc from the point 4 to the point D.And(by the 
31.propofition ) by the point £ draw vnto theline AD 
a parallel line E £ : which letcutte the fide DCinthe t 
point F,And draw aline from the point Ato the point 
F Then I fay that theline f F deuideth the triangle 2 
C D intotwo equall partes: namely, the trapefium A B 
D Fisequallto the triangle 4C F.Fordrawalinefrom — 
E to D,cuttingtheline 4 Fin the pointG.Nowthenic b 
is manifcft ( by the 38.propofition) that the two trian- 
gles BE DandC € D are equall (ifwevnderftand a line 
to be drawen by the point D parallel to the line B C,for 
the bales B Eand EC arcequal).Thetwotrianglesalfo D EF and AE Fare (by th 
37-propofition) equall:for they confift vpn one and the felfe fame bale EF, andare 
in the felfe ame parallel lines 4 D and E F. Wherefore taking away the triangle E F G 
which is cOm6 to thé both, the triangle 4 E G fhalbe equall to the rriangle DFG :wher 
fore voto either of thé adde the trapefi CF G E,and the triangle ACF fhalbe equal ta 
the triangle DEC. But the triangle D E Cis the halfe part of the whole triangle BC D 
wherefore the triangle ACF is the halfe part of the fame triangle B (-D.Wherfore the 
rcfidue,namely,the trapefium 42 F D isthe other halfe ofthe fame triangle. Where- 
fore the line A F deuideth the whole triangle BC D into two equall partes: which was 
required to be done. 





34 7 be29. T beoreme. — T be 39. Propofition. 
Equall triangles confifting ypon one and the fame bafe, and 
on one and tbe fame fide : are alfo in tbe felfe Jame parallel 


lines. / 


V ppofe tbat thefe two equall triangles A B Cand D B Cdo confift vpe 
ASSY pon one and the fame bafe namely, B Cand on one andthe fame fide. 
uma "Thé I fay tbat tbey are in tbe felfe (ame parallel lines. rae a right. 
line from tbe point A to the point DNow I Jay that AD is a parallel line to. 
B C. For ifnot , then (by the 31. propofition) by the point A drawe vnto the 
right line B Ca parailetline A E,and draw aright line from tbe point E to tbe 
point 
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point C, WW herfore} triangle E B Cis 
(by 5 x7.propofitio equal to the triangle 
ABC, for they con/i/ vpon one and the 
Jelfe fame bafe namely, BC and are in 
felfe fame parallels, that is, A E and B 
C. But the triangle D BC ss (by fuppos 
fition ) equall to the triangle A BC, 
VV herfore the triangle DB Cis equal 
to the triangle E B C, the greater vnto 
the lefSe: which is impofsible. VV heree 
foretheline AE, is not aparallel to 
the line B C,And inlike forte may it be 
proued that no other line befides A D is e 
a parallel line toB Cywberefore AD is B 

a parallel line to B C.VV berfore equall 

triangles confiHing vpon one and the fame bafe, and on one and the fame fide, 
are alfo in tbe felfe fame parallel lineszwbicb was required to be proued, 





This propofition is the conuerfe of the 37.propofition,And here istobenoted | Tho Therem, 
thatifby the point A,you draw vnto the line BC a parallel line,the fame fhal of — 
nece(fitie either light vpo the point D,or vader it,or aboue it. Ifitlight vpo it, 52532? 
then is chat manifelt which is required: bucifit light vnder it,then foloweth that : 
abfurditiewhich Euclide puttech,aamely, chat the greater triangle is equall to 
the lefe: which felfe (ame abfurditiealfo will follow, ificfall aboue the point D. 

As for example, 


Suppofe that thefe equall triangles 47 Cand D 8 C do confit vppon onc and the 
felfe fame bafe  C,and on one and the fame fide. Then 7 
fay,that thcy are in the felfe fame parallel lines,and that 
a right line ioyning together their toppesis a parallel to 
the bafe B C.Draw aright line fr6.4 to D.Nowifthisbe 
nota parallel to the baíe B C,let 4€ be a parallel vnto it, 
and let A £ fall without the line AD, And produce the 
line 8 D till it concurre with the line 4 Ein the pointe E 
and draw alinc from E to C.Wherfore the triangle e4 B 
Cisequal to thetriangle E B C:but the triangle 4B Cis 
equall to the triangle D B C:Wherfore the triangle E BC 
is equall to the triangle D BC, Namely,the whole te the 
part:which is impoflible.Wherfore the parallel line fal- 
Jeth not without the line 4 D. And Euclidehath proued 
that it fallech not within. Wherfore theline 4 Disa pa- 
rallel vnto the line BC, Wherfore equall triangles which c 
are on the felfe fame fide, and onone and the felfe fame B 
bale,are alfo in the felfe fame parallel lines: which was required to be proued. 


E 





An addition ofFluffates, 

The (elfe fame alfo followeth in parallelogrames.Forifvponthe bale ABbe sn addition f 
fet on one & the fame fide thefe equal parallelogrames ABCD & ABG E,they Flefares. 
fhall of vecelficiebe in the (elfe fame parallel lines,For ifnot,butone ofthem is 

Ovi, fet 


Thefirft Booke 


fet cyther within or without, let the parallelo- 
grameB F being equall to the parallelograme A 
BCD be fet within the fame parallel lines: 
wherefore the fame parallelograme B F beyng e- 
quall co theparallelogcame A B CD (by the 35. 
propofition) (hall allo be equall to theother pa- 
rallelograme A BGE (by the firft common fen- 
tence) For the parallelograme A BG Eis by fupz 
pofition equall to the parallelogrammeA BCD; 
whetfore the parallelograme B F being equall to 
the parallelograme A B G E, the parte (hall bec e- 
qualtothe vhole,which is abfucde. The fame 1n. ; 
conuenience alfo will followe, ifit fall vithout, B 4. 

V V hetefore iccan neither fall within nor with: PS 

out, V Vherfore equall parallelogrames beyng vpon onc and the felfe fame bafe 
and on onc and the (ame fideare alfo in che felfe (ame paralellines. .— 





An addition of Cam panus. 


Jf aright line deuide two fides of a triangle into two equall partes: ‘it hall be equidiftanr nto 
the third fide. 


Suppofe that there be a triangle A B C: and letthere bee a rightlyue DE, 
which let deude the two fides A Band BC into two equall partes in che pointes 
DandE Then I fay that the line D Eis a parallel to the line = 
C, Drave thefecwo lines A Eand D C, Now then imagining 
a line to be drawne by the point E parallel totheline A B, the 
triangle B DE fhall (by the 38.propofition) bee equall to the 
triangle D A E(for theic two bafes A D and D Bare putto be 
equall)And by the [amerea(on the triangle B D Eisequallto ? 
the triangle C E D. V Vherfore (by the firft commonfentéce) 
the triangles EA D andE C Dare equall,and they are erected 
on one and the (eife (ame bale,aamely ,DE,and on oneand the 
fame fide. V Vheretore(by the 39,propofition) they areinthe 4 c 
{elte [ame parallel lines, and the line which ioynethtogether 
their toppes is a parallel ço their bafe. V V herfore the lynes DE and A C arc pa- 
rallels : which'was required to be proued, 


5a» T beo. T beoreme, The 40.Propofition. 


Equall triangles confifling opon equall bafes, and in one and 
tbe fame fide: are alfo in the felfe fame parallel limes. 


AV ppofe that thefe equall triangles ABC and CD E do con/ift vppon es 
FES bafes, that is, vyppon BCand CE, and on one and the fame fyde, 


É namely on the fide of A. Then I fay that they are in the felfe Jame parals 
lel 
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lell lines, Drawe by the first peticion a 
right line from the point A to the pointe 
‘D. Now I fay that AD is a parallel line 
to B E,For if not,tben (by tbe y. propos. 
fition)by tbe point A draw vnto the line 
B Eaparallelline AF. And drawe a 
right line from the point F to the pointe - 
E,VV herfore( by the ss, propofitsa the 
triangle B ACis equall to the triangle 
CF E for they conf:/? vpon equel bafes, 
thatis BCandC E,and are in the felfe 
Jame parallel lines,namely, B Eand A 
F But by fuppofition che triangle AB B 
C is equal to the triangle CDEV V hers 
fore the triangle D'C Eis equall to tbe triangle FCE namely, tbe greater vnto 
the leffe which is impoffible.VV bevfore A F is not a parallel line toB E, And 
in like forte may Ye proue tbat no otber line befides A D is a parallell line to B 
EVVherfore AD is a parallellyneto BE Eyuall triangles therfore confifting 
vppon equall bafes and in one and the fame fide:are alfo in the felfe fame pa? 
rallel lines: which was required to be proued, v 
This propo(ition istheconuer(eot the 38, propoGtion,And iathisas in the 
former propofition, ifthe parallel line drawen by the point A, Mould not palle, 
by the poinct D; it muft paffe eycher beneath it,oraboue ic, Euclide ferceth forth 
oacly che ab(urdity which fhould follow tfte palle beaeathit: bur che felfc (ame 
ab(ucditicalfo wil tollow ific fhould paffeaboue it: as itis not hardto fee by the 
gathering thereofin che tormer propofition,And therefore here I omitte it, 


The31.Theoreme. The 41.Propofition. 

If aparallelograme cv a triangle hane one <o the felfe fame 

.. bafe, andbe inthe felfe fame parallel lines : the parallelo- 
grame fhalbe double to the triangle. 





NA ppofe that the parallelos p D A 
i Ad grame ABC D and tbe tri, 
2 tra, angle EB C baue one ev tbe 










. Jame bafe namely, B C, and 
lee thé be in the felfe fame paralle! lines, 

namely,BC ez A EThe Lfay,that the ed 
parallelograme ABCDis double to the N 

triaucle B E C/Draw(by tbe firft peti 

cion) a rygbt line from tbe pointe A to 

j pointe CVV berfore (by tbe y». propos 

Qi, — fion -— e B 





ConfiruGion, 


Demonftration 
leading to an 
abfurditie, 


This propofition 
1s the connerfa 
of the 38. pree 
pofitis, 


DemunlIratiom. 


Tos caſes in 
tbir propoftion. 


A corollary. 


The felfe fame 
demonftration 
will ferue if she 
triangle €$ she 
paralelograme 
be pon equali 


bofe, 


The conuerfe of 


this propofitiom. 


Thefirst Booke 


fition) the triangle ABC is equallto E D A 
the triangle EBC; for they are vppon 

one and the felfe fame bafe BC, andin 

the felfe Jame parallell lines BC and E 

A: but theparallelograme ABCD is 

double to tbe irit ABC(by the 3 4. 

propofition )for che diameter thereof A 

Cdeuideth st into ewo equal parts: wher 

fore the parratlelogramme ABCD is 

double to the triangle EB CIf therfore 

a parallelogramme and a triangle baue E B 
ont and tbe felfe [ame bafe, and bein the felfe fame parallels , tbe parallelo 
grame Mwall be double to tbe triangle: which was required to be proued. ii 


This propoficion hath two cafes, Foc che bale beyng one,the triangle may 


haue his toppe withourthe parallsiograme, or within,The firft cale is demon- 
ftrated ofthe author,The fecond cafe is thus, 


Suppofe that there be paralleloorame 42 C D,andlet A E B 
the triangle be E C D, either of which lec haue oneand the 


` felfe fame bale, namely, C D, and let chem be in the felfe 


fame parallel lines C D and 4B, and let the toppe ofthe 
triangle E C D,namely,the point £,be within the paralle- 
lograme ABC D,Then J fay chat the parallelograme 4B 
CDis double to the triangle ECD. Draw aright line fro 
the point A to the point D.Now fora(muchas the paral- 
lelograme A BC Dis double to the triangle AC D (by the 
34-propolition): and the triangle ef DC is equall to the 
triangle € D C (by the 57.propofition ). Therfore the pa- Y 
rallelogramme 44 B C Dis double to the triangle € C D: c TD 
which was required to be proued. > 


By this propofition it is manifeft chat if che bale be doubled, the triangle ez 
rc&ed vppon it fhalbe equall to che parallelogramme. 


And ifthe bafes oft'ie triangle and of the parallelogramme be equall , che 
(elfe fame demonftration vill [erue if you drawe che diameter of che parallelo- 
grame, For the criangles being equal, the parallclogramme which is double to 
the onc, fhal alfo bedouble to the other, And thetriangles mu(t nedes be equall 


(by the 38. propofition) for that their bafes are equal and for that they are ia che 
{elfe fame parallel lines, ` 


The conuerlcofthis propofitionis thus, 
Af aparallelogramme andatriangle haue one and the felfe fame bafe,or equall bafes the one to 
the other,and be defcribedon one and the fame fide of the bafe : if the parallelogramme be double ro 
the triangle,tbey (halbe im the felfe fame parallel lines. 


For if they be not,the whole thalbe equall co his parte, For then the roppe 
of the triangle muk nedes fall either withinthe parallel lines or without, an 
whether 
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whether ofboth foeuer it do, one and the felfe fame impoffibilicie will follow, 
ifby thetoppe of the triangle be drawen vato the bale a parallel line. 


An other conuerfe ofthe (ame propofition, 

If a parallclogramme be the double of atriangle, being both within the felfe fame parallel lines: 
then are they upon one and the felfe (ame bafe,or upon equal bafes.For 1f tn that cafe their bas 
{es fhould be vnequal, chen might ftraight way be proued, that the wholc is e- 
quall to his pare: which is impoffible, 


Atrapefium hauing two fides onely parallel lines,is eyther more then dou- 
ble, or leffe then double toa triangle contay ned within the (clfc fame parallel 
lines and hauing one and the {el fc fame bale with che trape(ium;or table. Tuft the 
dou ble it cannot be,for then ic fhould bea parallelogramme. A trapefium haz 
wing two fides parallels hath ofneceffitie the one ofthem longer thenthe other: 
for if chey were equail then fhould the orher two fides enclofing them be ailo e- 
quali (by the 33,propofitton,) Lfthe greater fide of the trapefium be the bafe of 
the triangle,then fhal the crapefium be leffe then the double ofthe triangle And 
ifthe Leffe fide of the trapefiumbe the bale ofthe triangle then fhall the crapefi- 
um be greater then the triangle. 


For fuppofe that 42 CD beatrapefium,and let 
two fides thereof, namely, AB and CD be parallel 
lines,and let the fide 247 beleffe then the fide C D, & 
produce the fide 4B infinitlye on the fide Bto the 
point F.And let the triangle EC D hauc one and the 
felfe fame bafe with the trapefium, namely, the line 
CD, Then I fay that the trapefium 4 BC D is leffe thé 
the double ofthe triangle E C D.For put theline 4 F 
equall to thcline C D ( by the 3.propofitió)and draw 
alinc ftom D to F, Wherefore A C D F is a parallelo- 
gramme (by the 33. propofition) . Whercfore (by 
the 5 4 propofition )itis double to the triangle ECD. 
Buc the trapefium 4 B C Dis a part of the parallelo- 
gramme AC D F.Whercfore the trapefium ABCD 
ts leffe then the double of the triangle ECD: which 
was required to be proued. i 





Agayne let the triangle haue to his bafe the fide 
AB.Then I fay that the trapefium ABC Dis grea- 
ter then the double of the trianglee#EB.For from 
the fide CD cut of the line C F equall to the line 4B 
(by the 3. propofition).And drawa line from B to 
F, Wherfore (by the 33.propofition) e£ 2 C Fisa 
parallelogramme: and sherefore is (by the 34.pro- 
pofition ) double to the triangle c£ EB. Where- 
fore the trapefium e£ B C D is more then the dou. 
ble ofthe triangle e E 2 :-which was required to 
be proued. 





O.iij. The 


An other cene 
nerfe ofthe 
feme prapefiris. 


Comparifon of a 
triangleanda 

trapefinms being 
pon one €9 the 
felfe fame bafe, 
and in the felfe 
feme parallel 


lines, 


When the greas 
ter fide of the 
trapefium isthe 
bafe of the trie 
angle, E 


When rhe lefe 
fide isthe bafe, 


T Le firi Booke 
The .Probleme. The 4.2.propofition. 


Vnto a triangle geuen,to make aparallelograme equal, whofe 
angle fhall be equal to a rethiline angle i f ^ 





Wppofe tbat tbe triangle geuen be A B C, and let the 
A irectiline angle geuen be D, It us required that vnto the 
NN triangle AB C there be made a parallelograme equall, 

LA [whofe angle fhal be equall to the reftiline angle geuen, 
say UNG mamely,to the angle D.Deuide( by the to,propo/itio )the 
E ‘line B Cinto two equall partes in the pointe E. And(by 

SUZ) the firkt peticion) draw a right line from the point A to 

the point E. And( by the 23. propofition) vpon the right 

line geuen E Cand to the point in it 

geuen E,make the angle C E Fequal 

to tbe angle D, And( by tbe 31. pro» 

pofition) by the point A draw nto 

the line EC a parallel line A H: and 

let the line E Fcut the lme AH in 

the point F.and( by the fame )by the 

oint C, drawevntothe line EFa 

parallel linc C G.VV berfore FECG 

non 4 parallelograme, And fora/muche 
Pemunfiratin 1, B Eis equall to E C therfore (by 
the 38.propofition) the triangle A 
B Eis equall to the triangle A EC, 
for they confift vps equal bafes that 
is BE and EC, andare inthe felfe fame parallel lines namely, BCand A H. 
VV berfore the triangle AB Cis double to the triangle AEC, And che parallee 
lograme C EFG is alfo-double'to the triangle A EC: for they haue one & the 
Jetfe fame bafe namely, E C: and are in the felfe fame parallel lines,that.is,EC 
and AH VVherfore the parallelagrame F E CG is equall tothe triangle A.B 
Cyand bath the angle C E Fequall to the angle geuen D, VVherefore vnto the 
triangle geuen A 'B Cis made an equàll parallelograme,namely,F ECG, whofe 
angle C E Fis equall tothe angle geuen.D: which was required to be done,’ ` 


on mic 









ConfiruBion. | / 
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The conuerſe ofthis propoſition after Pelitatius. x 
The conuerfe of : ; . 3 
thi former prow Unto aparallelogramme geneh, to make a triangle equal, hanyng an angle equal to a relliline 
pofition. angle genen. 4 E 
Suppofe that the parallelograme geuen be 4 B C'D, and let the angle geuen be E. 


Itis required vnto the parallelo&tame 14 Z C D to make a triangle equall hauyng an 
angle 
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angle equal to the ahgleZ.Vpon 
the line CD and tothe pointe in 


it C deícribe (bytle23. propo- 4 * P 

pofition) anangle equallto the . 
angle E; which let be D C F: aud 

let the line C F cut the line c4 B x 


being produced, in the point F: 
and produce the line C D(which 
is paral'cl to the line 4 F) to the 
point G.And put the line DG e- 
qualltothelineC Dand drawa 
line from F to G. Then Z fay that 
the triangle C F G is equal to the 
parallclograme ABCD. For for- 
a(much as(by the 38. propofition) the whole triangle C F Gis -doubleto the triangle 
C D F. Aud(by the 41.propofition)the parallelograme 4 BC D is double to the fame 
triangle C D F: therfore the parallelográme 44 J C D and thetriangle C F Gare equall 
the one to the other: which was required to be donc. 


c D £ 


T be 32.1 beoreme. The 43.Propofition. 
Jneuery parallelograme,tbe fupplementes of thofe paralielo- 


grammes which are about the diameter are equall the one to 
the other. 





KS lof be A C: arid about the diameter A Clet'tbefeparallelogrames E 
NON Xand G Fcon[isi; and let the [upplementes be B K and K D, Then I 
=E ay that the Jupplement B Kis equall to the fupplement KD. For 
forafmuchas ABCD is a parallelograme 
and the diameter therof is AC, therfoie, P i H A 
(by the 3 4,propofition) the triangle A i 
BCisequall to thetrianole ADC, Ae 
gayne forafmucb as A EK H isa pas 
rallelograme,and tbe diameter therof is 


AK, , therfore (by tbe fame) the triane | 
| 





pr V ppofe thatiA BC D be's parallelograme,and let the diameter thers 





gle AE K is equallto the triangle AH 

K. And Ly the fame reafon alfo tbe tri- 

angle K FC is equallto tbe triangle K * 

G C.Andforafmuch as tbe triangle A E 

Kis equall tothe triangle 4 Fl K , and 

the triangle KFC cto the triangle NG c G B 

C, therfore the triangles AE Kand K_ 

G C are equall to the triangles A H K, 

and KFC: and the whole triangle A BCis equalltothe whole triangle AD 
Pj. C. 


How parallelo 
gammes are 


(<y4e 10 confifte 
about a dia- 
merer, 


Sapplement: C$ 
Complementcs. 


Three cafes in 
this Theoreme. 


2 be frrff cafe. 


TLefecond cafe. 


Thethird cafe. 


The firft Booke 


C: wherfore the refidue namely,the fupplement B K is (by the 3, common feno 
tence) equall to the refidue namely,to tbe fupplement K D . 7 herefore in ee 
uery parallelogramme, the fupplementes of thofe parallelagrammes whicbe are 
about us diameter, are-equall tbe one to the other: whiche was required to be 
pronea, 


Thofe parallelogrames are fayde to confift aboura diameter which haue to 
theit diameters partof the diameter ofthe whole and great parallelograme, as 
in the example of Euclide, And fuch parallelo- 
grames which have notto their diameters part 
ofthe diameter ofthe greater parallelograme, | 
are fay de not to coafift about the diametec, For . 
théche diaméterofrhegreatet parallelograme 
cucceth the fide ofthe leffe cáray ned wychin it. 
As in the parallelogramme 44 J,the diametet CD, 
cutteth the fidc E ZZof the parallelogramme C E. 
Wherefore the parallelogramine C£ is not about p B 
one and the felfe fame diameter with the parallelo- 
grammeC D. 





Supplementes or Complementes are thofe figures which withthe two pa- 
rallelogremmes eccompli(h che whole patallelogramme. Although Pelitarius 
for diftin ion fake putteth a difference betwene Supplemences and Comple- 
mente, Thie parallelogrammes about the diameter he callech Complementes, 
the other two figures he callech Supplementes, 


.. TLhis cheoceme hath three cafes onely, For the parallelogrammes which 
confift about the diameter, ey ther touch tlic one the otherin a point: or by acer 
tayri¢ parte of the diamecec are [eucred the one from the other: or els they cutte 
the one the other; For theficft cafe is the example ofEuclide before fert, The les 
cond cafefs hus. 


Suppofe that A B be a parallelograme: 
whofe diameter let be C D : and aboute tbe 
fame diameter let thele parallelográmmesC — A E c 
Kand D L confift:and betwene thé let there. 1 à 
be acertayne part ofthe diameter, namely, 
LX.Then I fay that the two fupplementes 4 
GLKE&BFKL Aare cquall. For wemay 
as before(by the 3 4.propofition )proue chat 
the triangle 4C D, is equall tothe triangle 
BC D,and the triangle E C K to the triangle 
KC F,andalfo thetriangle DG Ltothetri- G 
angle D H L, Wherforetherefidue,namely, 
the fiue fided figure AGL KE is equall to 
the refidue,namely, to the fiue fided figure B — 
FKLH:tharis,theonefupplement tothe D H s 
other:which wasrequired to be proued, 





But now fuppofe +4 B to bea parallelogramme,and let the diameter thereof be 
C D:and tet the onc of the parallelogrammes aboutit be E CF L, and let the ocher be 
‘ DGKZ, 
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DG KH,ofwhich let the one cut. the other. 
Then I fay that the (upplemegtes F Gand EH 
are cquall.For forafimuchas the whole trian- 
gle‘DGK is equal to the whole triangle DAK 
(by.the 34. propofition ),and part alfo of the 
one,namely, the triangle K L.47is equal to 
art of the other,namely,to the triangle KL 
N (by the fame), for LK is a parallelograme : 
therefore the refidue,namely,the Trapefium 
"DLN Hisequallto the refidue, namely, to 
the trapefiû D L MG: but the triangle ADC 
1s equal to the triangle BC D, and in the pa- 
rallelograme EF, the triangle F C L is equall 
tothe triangle EC L,and the trapefium DG - - -L 
MLis(asithath bene proued) equall to the, — P H B 
trapefium DA NL. Wherefore therefidue, 
namely, the quadrilater figure G F is equall to the refidue,namely, to the quadrilater 
figure E H,that is,the one {upplement to the other:which was required to be proued. 





Thisis to benoted that in ech ofthofe three cafes it may fo happen, that the 
parallelogrammes aboute the diameter fhall not haue one angle common wyth 
the vhole parallelogramme,as they hauein che former figures,But yet though 
they haue not,thc felfé (ame demonf(tcation wil ferue, as itis playne to fec inthe 
figures here vnderneath put,Foralwayes, if from thinges equall be taken away 
thinges equall the refidue fhalbe equall. 


A — — 





This propofition P elitarius callech Gnomicall, and mifticallfor that ofit i 
(fayth he) {pring infinite demonftrations and vies ingeometry.Andhepucceth 7/)/prepelitien 


; called Gnernical 
the conuerfe thereof after this manner, and miftical. 


Ifa parallelogramme be denided into two equal fupplementes,and into two complements What- The connerfe of 


Soener: the diameter of the ewo complementes fhall be fet direltly, and make one diameter of the this propofition. 
whole parallelogramme. 


Here is to be noted as l before zœ; aed that peli tarius for diftin&ion 
fake putterh adifferencebetweng fupplementes and complementes which diffe- 
rence,for chat I haue before declared, I shall not neede hereto repete agayne, 


Suppofe that there-bea paraiiclogramme ABC D, whofe two equall fupplements 
let be.4 EF G and F A DK,and letthe two complementes thereof be GF CK and EB 
F H:whole diameters let be C F and F'B. Then Lay that C F Bis oneright linc, and is 
the diameter of the whole parallelogramme ABCD; forifitbe not, then is there an 


P.ij. other 


Contraltion. 


T he firft Boke 


other diamerer of the whle parrallelogramme,which let 
be CLB being drawen vnder the diameters C F and F B, 
and cutting the line GH in the in the point L'And( by the 
31.propofition ) by the point L,draw vnto the line A4 C 
aparallel line M L N.And fo aretherein the whole paral- 
Ielogranme 42 C D twofupplements AMGLandLH 
N D,which by this propofition fhalbe equall the one to 
the other. For that they are about the diameter CLB. 
But thc (upplement 4 E F Gis ( by fuppofition) equall 
to the fupplement F H D K:and fora(muchas FHD Kis 
greater thenLH DN, AEF Gallo halbe greaterthen A 
MGL,namely,the part greater then the whole:which is 
impoffible. And by the fame reafé may it be proued,that 
the diameter cannot be drawen aboue the diameters CF 
and FB. Whercfore CFBis one diameter ofthe whole parallelogramme ef BCD: 
which was required to be proved. 





C KN D 


5» T be 12. "Probleme. The 44- Tropofition. 


Uppon a right line geuen,to applye a parallelograme equall 
toa triangle geuen, and contayning an angle equall to a rec- 
tiline anglegeuen, 


Foe dV Ppoft tbat tbe right line geuen be A B and let the triangle geuen 

hee be C,and let the reétiline angle geuen be D.Itis required vpon the 
S el 

AS NGA 


right line geuen AB, to applye a parallelogramme equal to the triana 
— ole P C qudcontayning an angle equall to tbe rectiline angle geo 
u£ D /Defcribe( by tbe 44, propo[ition ) j 
edi rene BO E ea n s Ka r= K 
angle C, andhauing the angle BG Fes 
quall to theangle D.And vnto the line E 
Bicyne the line A Bin [uch fort that they 
make both one right line. And extend the 
line FG Leyond the point G to tbe poynte S VAN 
H, And( by tbe v. propofition)by tbe point H A L 
A drawe to eitber of tbefe lines BG and : 
EFa parallelline A H. And (by the firft M 
peticion draw aright line from the point 
Heo the point B. And forafmuch as vpon 
the parallel lines 4 Fl and E F falletb a certayne right line FF, therefore( by 
tbe x9 propofition )tbe angles 4 FI Fand H FE are equall to two rigbtangles: 
wherefore the angles B H GandGFE are leffe thentwo right angles : bat if 
vpon two right lines fall a right line making the inward angles on one and the 
Jame 
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fame fide leffe then two right angles, tbofe right lines being infinitly produced 
frall at the length mete on that fide inwhich are the angles leffe then two right 
angles(by the 5, peticion). VV berfore the lines F Band FE being infinstly 
produced will at the length mete,Let tbem be produced e let them mete inthe 
point K.And (bythe 31 propofition) by the point K draw to either of thefe lines 
E A and F Ha parallel line K L.And (by the 2.peticion) extend the lines H 
A and GB till they cocurre with the line K L in the pointes L and M.VV bere; 
fore H UKFis aparallelogramme,and the diameter thereof i. Fl Kt and ae 
bout the diameter H K are the parallelogrammes AG and M E , and the fup» 
plementes are L'B and BF; wherefore (by the 43, propu/ition )the /upplement 
L Bis equall to tbe Supplement BF: but by conftruttion the parallelograme BF 
is Seali the triangle C:wherefore aljo the parallelogramme L. B is equall to 
the triangle C, 4nd forafmuch as the line F His a parallel to the line KL, and 
vpon them lighteth the line G M, therefore (by the 27, propofition ) tbe angle 
FG Bis equall to the angle BML,But the angle FG Bis equallto the angle 
D, therfore the angle BML is equal tothe angle D.VVberfore vpo the right 
line geuen A Bis applied che parrallelograme L B,equal co the triangte geuen 
Cyand contayning tbe angle B ML equal to the re&liline angle geuen D: which 
yas required to be done. 


Applications of [paces or figures co lines with exceffes or wantes is (fayth 
Eudemus) an auncient inuention of Pithagoras. 


V Vhenthe fpace ot figure is ioyned co the whole line, thé is che figure fayd 
to be appliedto theline.Bur if the length of che [pace be longer then the line, thé 
it ss faydeto exceede: and ifthe length of the figure be fhorcer then the line, (o 
that part of the line remayneth without the figure de(eribed, then is it fayde 
to want, 


In this probleme are three thinges geuen,A right line to which the applica. 
tion ismade,whichhere muft be chc one fide ofthe parallelogramme applied. A 
triangle whereunto the parallelogramme applied mult bee equall : and an angle 
whecunto the angle of the parallelograme applied mutt be equall, And ifthe an- 
gle geuenbea rightangle thé fhal the parallelograme applied bc either a (quare, 
or a figure on the one fide longer, But ifthe angle geuenbeanobtufe oran 
acute angle, then fhall the parallelograme appliedbe a Rhombus or diamond fi- 
gure,or els a Rhomboides or diamondlike figure, 


The conuerfe of this propofition after Pelitarius, 


Upon aright line £enen,to applie unto a paraliglograme yeuen an equall triangle hanyag añ m- 
gle equall to an angle genen. 


Suppofe that the right line geuen bee B,and let the parallelograme geueh be C 

DE F,and let the angle geuen be G. It is required vpon the line 4B to delcribea trid- 

glc equall to the parallelograme C D E F,hauing an angle equall to the angle G. Drawe 

the diameter C F & produce C D beyond the point D to the point A. And put the line 
: P.iij. DH 


Demonftration 


Applications of 
[paces with ex- 
eeffc1 0r wanti 
an auncient ina 
vention of Pi- 
thagoran 

How a figure 


fade to be ap- 
pried toa line, 


Three hinges 
genen in this 


propofition, 


The conuerfe of 
shus propofition. 


Comlruction. 


Demonffration: 


Thefirst Booke 


D H equallto the line C D. And 
draw aline from F to H. Now thé 
(by the 4 r.propofition) the triá- 
gleC HF isequallto the paralle- 
lograme CD EF. And(by this 
propofition)vppon theline e B 
defcribe a parallelograme 48 KL 
equall to the triangle C A F,ha- 
uing theàngle 47 Z equaltothe 
angle geuen G: and produce the 
line B L beyonde the pointe L to 
the point M.And put the line LM equall to the line B L,and draw a line from A4 to M. 
Then I fay:that vpon the line 4 2 is defcribed the triangle 4 B M,which is fuch a trian- 
gleas is required. For(by the 4t.propofition)the triangle 4 8 Mis equal to the paral- 
lelogramme 4 B K L(for that they are betwene two parallel lines B Mand 4 K, & the 
bale of the triangle is double to the bafe of the parallelogramme):but 4B K Lis by 
con(tru&ion equall to the triangle C H F:and the triangle C47 is equall to the pa-. 
rallelograme C D E F.Wherfore (by the firt common fentence) the triangle 4 BM is. 
cquallto the parallelograme geuen CD E F,and hath his angle AB M equal to the ad- 
gle geuen G: which was required to be done. 








c D H 


4 bevy Probleme. — d be45 Propojttion. 
AT o defcribe a parallelograme equal to any retliline figure ge- 


uen and contayning an angle equall to a rettiline angle gene. 






send ppofe that the reétiline figure geuenbe A BCD,and let the reétiline 
angle gen? be E,It tsrequired to defcribe a parallelograme equall to the 
==" rebtiline figure geuen ABCD, and contayning an angle equal to the rea 
Ailine angle geuen E.Draw(by the fir/t peticion)a right line fro the point D to 
tbe point B. And (by tbe 42.propofition)ynto the triangle 4 B D defcribe an e» 
quall parallelograme F H bauing bis angle FK H equall to tbe angle E, And 


(by the 44,0f the firft) ds the right X 2 

line G H apply the parallelogramme 

G Vadis the P ash BBC hae pe 

uing bis angle G FIM equalleo the | / 

angle E. And forafmuch as eytber of | F o L 

tbofe angles:H K,Fand G.H M is ; 

equall to tbe angle E: therefore tbe 

angle HK Fis equallto tbe angle 

G HM: puttbe angle K H G com». P C 

monto them both, wherfore the ans 

gles FK HandK HGare equall \F 

to the angles K HG and G H M. — 2 

but the angles FRH and HG K 

are (by the :9,propofition) equall to 

tworight angles VV herfore the angles K 1G and G H Mare equall T two 
right 
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right angles.Now rben Vntoa riebt line G Hand to a point in the fame Hare 
drawen two rigbt lines K Fl and Fl M not botb onone and the fame fide, mae 
king the fide angles.equall to two right angles, VV berfore( by tbe va. propofitis 
on)tbe lines K, FI and H:M make dire€tly one right line,And fora Jmuch asy? 
pon tbe paralle| lines K M and F G falletb the right line FAG, therefore the 
alternate aagles M F1.G and H1 G Fare (by tbe 29 propofition )equalltbe one 
to the other: put the angle HGL common to them both VV herfore the angles 
MHG and HG Lare equall tothe angles HG F and HG L. But the angles 
MHG gr HG L are equallto two right angles (by §.29.propo/ition), VV her- 
forealfo she angles Fl G Fand HG L are equall to to rigbt angles. VV ber» 
fore (by the va.propofition) the lines FG and C L make dire£lly one right line. 
And forafmuch as the line K Fis (by the 24.propofition) equal to che lyne HG, 
andit is alfo parallel vnto it: and tbe line FIG is(by tbe fame) equall to the line 
ML, therfore (by the firft common fentence) the line F K is equall to tbe [ne 
ML, and alfoa parallel-vnto it (by the 3 0.propo/ition), But the right lynes K_ 
Mand F L ioyne them together VV her fore (by the 3 3 propofition) the lines K 
M and F Lare equall the on to tbe other and parallel lmes.VV berfore KFLM 
isa parallelograme.And fora/much as the triangle A B Diseqnal to the parals 
lelograme F Hand the triangle D B C to the parallelogramme G M ; tberfore 
the whole vetiline figure ABC Dis equall to the whole parallelograme KFL 
M.VV berfore tothe rettiline figure geuen ABC Dis made an equall parallee 
grame K FL M wbofe angle F K M is equal to tbe angle geuen,namely,to E: 
which was required to be done. 


_ The rectiline figure geué is in the example of Euclide ts a parallelograme,But 
if che reGiline figure be of many fides,as of 5.6 .0r mo,thé muft you refolue t':c 
figure into his triangles,as hath bene before taught inthe 32, propoficion. And 
thé apply a parallelograme equal to cuery triangle v pon a linegeué;as before in 
the example of theauthor.And the fame kind of realoning wil (erue that was be 
fore, only by rea(é ofthe multitude oftriangles,y ou thall haue neede of otrenes 
repetició ofthe 29,and r4. propofitiós.to proue that the bafes ofal the parallelo- 
grames made equall to all the triangles make one right line, and fo alfo of the 
toppes of the faid parallelogrames,Pelitarius addeth vnto this propofition this 
Problemcfollowing, .. Ai 

Two unequal rettiline faperficicces beyng gewen,to find out the exceffe of the greater aboue the leffe. 


Suppofe that 


there be two vne- . i S0. 0€ D Go 
qual! re@iline fu- i 

perficieces A & B L 

ofwhichler Abe | n x 
thegreater, Jt is : 
requiredtofinde | 4 E F 

out the excele of 

the luperficies 4 


aboue the fuper- 
ficieces B. De- 
Ícribe(by the 44. 

; P.iiij. pro- 


Anaddition of 
elitarius, 


The first Booke 


propofition)the paralelograme CDE Fequallro the reGtiline figure 4,contayning a 
right angle.And produce the line € D beyond the point D to the point G. : & put the 
line D j equall to theline C D. And againe (by the 44.propofition) vpon theline D G 
defcribe the parallelograme D G H K'equall to the re&iline fieure Z, and hauyng the 
angle DG Karightangle.And produce the line K H beyond the point H,vntillit cutte 
theJine C E inthe point L| Then I fay that HL E F, is the exceffe of the re&iline figüre 
ef aboue the reüiline figure Z.For firt thàt C GKL isa patallelogramme it is mani- 
felt, neither nedcth it to be demonttrated.And forafmuch asthe lines C'D aud DG are 
by {uppofition equal and cither of them is.aparallel to K L,therfore(by the 36,propo- 
fition )thetwo parallclogrames C H and D K are equall.And fora{much as D K is fup- 
pofed to be equall to the re&iline figure 2,€ H alfo (hall be equall to thie fame reGiline 
figure Z.Wherfore forafmuch as the whole parullelograme C.F is equall to the rc&iline 
figure e4,and LF is the exceffe of C F aboue D Lor D K,itfalloweth that L F is rhe ex- 
cefe of the re&iline figure ef aboue the reQiline figure B : whiche was required to be 
done.: 


Another moreredy way, 


Letthe parallelograme C D E F remayne equall tothe re@iline figure A, & produce 
the line C D beyond the point D to the pointeG. And vpoù the line D G delcribe rhe 
pacallelograme D G H K equall to there&iline figure B. And producethe lines EC & 
H K beyond the points C and K till they cotícurre in thepoiucL. And bythe pointe D 
draw the diame- 
tec LDM, which 
Jet cutte the line 
H G beyng pro- 
duced eide 
the pointe G in 
thepoint M, & 
by the pointe M 
drawe vnto the 
line H La paral- 
Yel MN cuttyng the line EL in the pointe N: and by that meanes is HLM Na paralle- 
lograme. Then / fay that N F is the evceffe‘of the reGiline figure e4 aboue the re&iline 
figure B.For fora(much as the parallelograme H Dis equall to the reGiline figure B, 8 
the fupplementes H Dand D N ar (by the 43.propofition ) equall : therfore D N allo 
is equall to the re&iline figure B,which re&ilinefigure D N being taken avay fró the 
parallelograme CF (which is fuppofed to be equall to the re&iline figure 44) the refi- 
due N F hhall be the ezceffe of the reiline figure 24 abouc the re&iline figure 2: which 
was re juired to be done, 





The 14.Probleme.. The 4.6.Propofition. 
Uppon a right line geuen,to defcribe a fquare. 


V ppofe that the right line geuen be A Blt is requsred vpo the right 

| line AB,to defcribe a fquare.V pon the right line AB, and from a 
point in it geuen,namely, A,rayfe vp (by the w.propofition) a pere 
—————" pen diculer line AC. And (by the 3 .propo/ition) vnto AB put an ee 

quall line A'D. And (by thex-propofitiqn) by the point D drawe vnto A Ba 

parallel line D E, And (by the fame) by the point B drawe vnto A D a 
ine 
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line BE,WVberefure ADE Bis apa” ¢ 
rallelogramme.VV herefore the —— Seat 
is equal co the line:D, B,.and theline As. D + 
Dtotheline BE: but the line ABises 
quall to the line A Dwkerefore tbe[e fü 
wer lines BA AD DEEP, are equal 
she one tothe other, Wherefore the pac, 
rallelogramme ADE Beonfifteth ofe> ` 
quall fides , I fay alfo that it ss re£langle, ,. 
For forafmuch asvpon the parallellines.Ai.- 4 
Band DE falleth aright line AD:theree! `~- 
fore(by the 2 9.propofition) tbe angle ; B. 
AD and AD Eare eqùal to two right angles:but the angle BA Disa right 
angle VV herfore the angle A D Ealfoisa right angle, But inparallelogrames 
the fides and angles which are oppofite are equall she one tothe other(by the 3 4 
propofition).VV berefore the two oppo/ite.angles AB Eand BE Dare ech of 
thema right angle.VV berefore the parallelograme AB E Dis rettangle:ex it 
is alfo proued tbat itis equilater, VV-berfore st is aſquare, it is defcribed ype 
on theright line genen.A Bz wbich was.required to be done, 


B 





To defcribe a 
Square mecha- 


acaly i 


- This is to be notėd čhátifyou wili mechanically and redily, nę? regarding demô- 
ftration defcribe a fquare ypon aline genen,as vpon the line ef Baiter that you hauc 
erc&ed the perpendiculechine CA vpontheline42,and. (c 207 
put the line A E equall to the line A B : théti open your 
compaffeto the wydth ofthe line AB or AE, & fetone {E 
foote thereofin the point £,and defcribe a peece ofthe ` D 
circumference ofa circle:and againe make the centre the 
point B,and defcribe alfo a piece of the circumference of 
a citcle,namely,in fuch fort that the peece of the circum- 
feréce of the one may cut the peece of the circumference 
of the other, as in the point D: and from the point of the 
incerfection, draw ynto the points E & Bright lines: & fo 
fhalbe de(cribeda fquare.As inthis figure hereput,wher- — 4 B 
in Zhaue not drawen-the lines E D and D B, that the pee- 
ces of the circumference cutting the ane the other might the plainlier be fene. - 





e Anaddition ofProclus, 
If tbe lines vypon Which the fquares be deferibed be equall,the fauares alfo are equal, 
An addition f 
Vreoci, 


Suppofe that thefe right lines E 
ABandCD beequall, &ypon C 
the líne 4B deícribe a fquare 4 
B EG:and vpontheline CD dc- 
{cribe a fquareC D HF. Then I 
fay thatthe two {quares ABE 
G & CDHF are equal, For draw 
thefe rightlines GZ and H D. 
And forasmuch as the right 
lines 4 Band C Dare equall,& 
thelinese4 Gand HC are alfo 
A B 
equall,and they contayne eqaul : 
Qj. angles 


The co vuer ſe 
sher x. 


Conſtruction. 


The fir/t Booke 


angles,namely,right angles (by the definition of a [quate)therefore( by the 4. ptopo- 
fition )the bafe B Gis equall to the bale D.And the triangle 48 G isequail tythe 
triangle C D H.Whercfore the doubles ‘6f the faide ttiatigles are equal. Whetefore 
the fquare A E is equall to the (quare C Fiwhich was requirtd to be proued. 


The conuertfe tbereofis thus, 
Pfthe fquares be equall: tbe lines alfo vppon Which they are defceibed are egual. 


Suppofc that there be two equal (quaes A F and C Gdeféribed vpon the lines A 
B & B (Thé I fay,that the lines 4 B and B,C are equall.Put théline.4 2 dire@ly. tothe 
line BC,that they both make on rightline,And 
forafmuch as the angles are right angles,ther- 
fore alfo(by the 14. propofition) the right line 
FB is fet direGly to the right line BG. Drawe 
thefe right lines FC, AG, AF, and C G.Now for 
afmuch as che (quiare AF is cqualto the (quare 
CG,the triangle alfo 4 F B (hàlbe equall to the 
triangle CBG: pucthe triangle BC F cómonto 
them both. Wherforethe whole triangle AC 
F is equal! to the whole triangle C F G.Where. 
fore the line 4 Gis a parallel vntothe line CP 
(by the 38, propofitid): for the triangles confit 
vpon one and the felfe fame bafe, namely C F. 
Againe forafinuch as dither of thefe angles AF 
G & CBG isthe halfe ofaright angle, therfore 
(by the 27.propofition )the line AF is a paral- C 
Jeltothe line C GWherfore tie rightlinc z4Fisequal to the right line CG( for the op- 
ofite (ides ofa parallelograme are cquall ). And fora(much as.there are two triangles 
448 F and B C G,whofe alternate angles are.equall; namely, the angle 44 £ E to thean- 
gle BGC, andthe angle B 44 F to theangle BC Gand one fide of theone i5 equali to 
one fide of the other,namely,the fide which lieth betwene tbc equal angles,that is,che 
fide A Fto the fide CG, therefore (by the 26.propofition) the fide 4 B is equal to the 
fide B C,and the fide B F to the fide BG, Wherefore itis proued that the fquares of the 
lines F and C G being equall;their fides alfo (halbe equall: which was required to be 
proued. I ' 





He Tbe 33. TT beoreme.. The47.Propofition, 
In vetlangle triangles, tbe [quare wbiche is made of tbe fide 
that fubtendeth the right angle,is equal to the fquares which 
are made of the fides contayning the right angle. 


MIKA that A B C be aretlangle triangle, bauyng the 
angle BAC aright angle, The I fay y the fquare which 
is made of tbe line «BC is equall to tbe fquares which are 
made of 5 lines AB and AC: Defcribe( by  46-propofis 
| Q tion) vpon line (B Ca [quare BDCE and (by y Jame) 
xi rvpon tbe lines B 4 and A C defcribe the fquarés ABFG 
^ land ACK H,Andty the pomt A draw (by tbe ys, pro» 
= pofition) to either of tbefelynes BID and C E. a parallel 


line 
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line AL And (by the first peticion ) draw a vigbt lyne from tbe point A to tbe , 
point Dand an other from the point Cto the point E.And forafmuch as tbe ane Denwonftrarign 
glesB ACand B AG are right angles therfore vitoa right line B A, and toa 

point init geuen A, aredrawen two 
right lines A Cand AG, not both on 
one and the fame fide, makyng the 
two fide angles equall to two right 
angles. wherfore(by the 14. propoffe 
tion)the lines AC and AG make dis 
reéily one right line.And by the fame 
reafon the lines B Aand A H make 
alfo dire&lly one right linc, And fore 
afmuch asthe angle D B Cis equall 
to theangleF BA (for either of thé 
isa right angle )put theangle.A BC 
common to them both: wherfore the 
whole angle D BA is equall tothe 
whole angle F B C.And forafmuch as thefe two lines A Band B D are equal to 

thefe two lines B F and B C,the one to the other,andthe angle D B Ais equal 

tothe angle F BC: therfore(by the 4.propo/ition )the bafe A Dis equall tothe 

bafe F C and the triangle 4 B Dis equall tothe triangle FBC, But(by the 31. 
prea parallelogranime BL is double to the triangle A BD, for they 

haue both one aud the fame bafe, namely, BD, and arein the felfe fame parals 

lel lynes, that is, BD and AL and (by the fame ) the fquare G B is double to 

the triangle FBC, for they baue both one and the felfe [ame bafe, tbatis, B 

F, and are in the felfe fame parallel lynes, tbat is, FB and GC, But tbe dou. 

hles of thinges equall, are (by thefixte common fentence) equall the one to 

the other. VV herfore the parallelograme B Lis equall tothe [quare G B, And 

in like forte if (by the fir/t peticion) there be drawen aright line from the point 

Ato the point E,and an other from tbe point B to tbe point K, we may prone y 

the parallelograme C L is equal to tbe [quare FIC. V berfore tbe whole quare 

BD ECis equall tothe two fquaresG B and H C.Dut tbe [quare BD E Cis 

defcribed vpon tbe line B C,and tbe [quares G B and H C are de[cribed vppon 

the lines BA AC. wherfore the fquare of the fide BC, is equal to the fquares 

of the fides BA and AC VV berefore in reEtangle triangles, the /quare whiche 

is made of the fide that fubtendeth the rightangle,is equal to the (quares which 

are made of the fides contayning therightangle: which was required to be des 

monflrated. 

This moft excellent and notable Theoreme was firft inuented of the greate rin h 
philofopher Pithagoras,who forthe exceeding toy conceiued of the jnuention: fA eee 
therof,offered in facrifice an Oxe,as recorde Hierone, Proclus, Lycius, a Vi. “Prepefirion, 
trüutüs. Aud it hath benecommoóly calledofbarbarous wtitecs ofthe latter time 


Dulcarnon, 
Qiii. An 





An addition of 
Leltarins, 


An other aditió 
of Pelstarins. 


Another additi — 


on of Pelitarins, 


The frft Booke ` 


Ah addition of P elitarius, 
To reducecwo vrequall (quares to two equall fquares, 


Suppofe that the fquares o£ the lines e4 B and AC be vnequall.It is required to re- 
duce them to two eyọuall fquares.Zoyne the two lines e4 B and A Cat theirendes in 
fuch fort that they make a rightangle B A C. And draw aline from B to C. Then vppon 
the two endes B and Cmake two angles eche of which may be equal to halfe aright an- 
gle (This is done by ere@ing vpon the line B C perpé- 
diculer lines,from the pointes B and C: and fo (by the 
9. propofition) deuiding eche of the right angles inta 
two equall partes): and let the angles B C D and CBD 
beeither of thé halfe ofa right angle, And let the lines 
B DandCDconcurre in the point D. Then /fay that 
the two (quares of the fides BD and C D,are equall to- 
the two (quares of the fides 4B and 4C.For(by thes 
propotition)the two fides D 7 and D Care equall,and 
theangle at the pointe D is (by the 32. propofition) a 
right angle. Wherefore the (quare of the fide 7 C is e- 
qual to the (quares of the two fides D Band DC (bythe 47.propofition) :butitis alfo 
equall to the fquarcs of the two fides 4B and 4 C(by the (elf fame propofition) wher- 
fore; by the common fentence the {quares of the two fides B D and D C are equall to 
the (quares of the two fides 4B and 44 C: which was requiredto be done. 





An otheraddition of Pelitarius, 


Jf two right angled triangles haue equall bafts.the fquares of the two fides of the one are equall 
to the fquares of the two fides of the other. A f fda TS 


This is manifolt by che former conftru@ion and demonftration, 


An other addition of Pelirarius, 


T wo vnequall lines being genen, te know bow much thefquare of the one is greater then the 
fquare of the ober, 


Suppofe that there be two vnequal lines 4 Band B C:of which let AB be the grea- 
ter.Itis required to fearch out how much the {quare of 4B excedeth the {quare of B 
C.Thatis /wil finde out the fquare, which with the {quare of the line BC thalbe equal 
to the fquare of theline 4 2. Puc the lines 4 
Band BCdirc@ly, that they make both one 
rightline:and making the centre the point B, 
and the {pace B.A defcribe a circle ADE.And 
produce the line eAf C to the circumference, 
ahd letit concurre with it in the point £, And 
vpon the lyne 4 E and frô the point C ere& 
(by the 1 r.propofition) a perpendiculerline 
€ D which produce tillit concurre with the 
circumference inthe point D: & draw aline 
from B to D.Then / fay,that the (quare of the 
line CD,is the exceffe of the {quare of the line 
AB aboue the fquare ofthe line B C. For for- 
a(much as in the triangle BC D,the angle at 
the point Cisarightangle, the fquare ofthe 
bafe BD is equall to the (quares of the two 
fides 8 C and C D(by this 47.propofition).Wherefore alfo the (quare of the line AB 
is equall to the felfe fame {quares of thelines BC and CD. Wherefore the fquare of 
the line BC is fo much leffe then the fquare of the line 4 B,as is the {quare of theline 
€ Diwhich was required to (earch out, 
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An other addition of Pelitarius. 
The diameter of a fq uare being gewen,to gene the fquare thereof. 


Fol.59. 


This is eafie to be done, For ifvpon the cwo endes of the line be drawen two 


halfe right angles,and fo be made perfe& thc triangle then (halbe defcribed half. 


ofthe (quare;the other halfe whereotalfo 1s after the fame manner cafic to be des 


{cribed, 


Another aditi 
of Pelitarins, 


Hereby it is manifefl that the fquare of the diameter is denble to bas f mare Whofé diameter it 4. 4 Cerrollar). 


The34.Theoreme. The 48. Propofition. 
Ifthe fquare whichis made of one of the fides of a triangle, 


be equall to the fquares which are made of the two other [ides 
of the fame triangle: the angle comprehended under thofe 


two other fides is a right angle. 





AV ppofe that A BC be a triangle,and let the [quare which is made cf one 


RSX of the fides there namely of the fide B C. be equal to the fquares which 





are made of the fides BA and AC.Then I fay that the angle B AC ita 


right angle, Rayfe vp(by the v.propofitió )from tbe point A ato the right line 
A Ca perpendicular line A D, And (by the thirde propofition) vnto the line A 
B put an equall line AD, And by the firSt peticion draw aright line fromthe 


point D to the point C. And forafmuch as 
the line D Ais equall to the line AB, the 
Square which is made of the line D A is ee 
quallto tbe [quare wbiche is made of the 
line AB Put the fquare of the line AC, 
common to them botb. VV berefore the 


Squares of the lines D 4 and AC are equal C 


to the fquares of tbe lines B A and AC, 
But (by the propofition going before) the 
Jquare of the line DC is equal to 5 [quares 
of the lines. AD and AC,(For the angle 
DACisarightangle) andthe /quare of 


B 


BC is(by [uppofition) equall to tbe /quares of 4B and A C, VV berefore tbe 
Jquare of D Cis equallto tbe (quare of B C: wherefare tbe fide D Cis equall to 
the fide BC, And (orafmuch as AB is equall to A D and AC i; common to them 
both, therefore thefe two fides D Aand AC are equall to thefe two fides BA 
and AC, the one tothe other, and the bafe D C is equal to the bafe BC.where 
fore (by the 8, propofition )the angle D ACis equal to the angle (B 4 C.But the 


angle D AC isavightangle wherefore al[o tbe angle 
Q. 


BACisaright angle. If 


theres 


This propofition 
asthe conuerfe 


of the former. 


An other De- 


monflration af- 


ter Pelitarius, 


. Thefirt Booke 


therefore tbe quare Which is made of one of the fides of a triangle, be equall to 
the [quares which are made of the two other fides of tbe [ame triangle, tbe an» 


ale comprehended vnder thofe two other fidesis a right angle. which was ree 


quired to be proued. 


This propofition is the conuerle ofthe former,a dis of Pelitacius demon- 
{trated by an argument leading to an impoffibilitie after this maner, 


Suppofe that ABC bea triangle: & let the {quare of the fide AC,be equal to the fquares 
of the two fides 4 Band BC.Then/ fay that the angle at the point B,which is oppofite 
to the fide AC, is a right angle.For if the angle atthe point 


B be nota right angle, then fhal it be eyther greater or leffe c 
thé arightangle. Firft let it be is greater, And let the angle J 
DBCbe aright angle, by erecting from the point 2 a per- 7 | 

pendicular line vnto theline 8 C( by the r1, propofition) | 

which let be Z D: and puttheline B Dequall to the lyne | 

A B (by thethicde propofition), And drawe.a line from (^ 


to D, Now (by theformer propofition) thefquare of the 
fide C D fhalbeequall to the (quares of thetwo fides B D 
and EC : whereforealfo to the (quares of the two fides B D 
Aand BC. Whercfore the bale CD fhalbe equall to the 
bale C A, when astheir fquares are equall : which is con- 
trary to the 24.propofition.For forafmuch asthe angle.4 4 B 
B C is greater then the angle D BC, and the two fides 4B 
and BC are equa!lto the two fides D B and BC, the onc to the other, the bafe C A (hall 
be greater then the bafe C D,Itis alfo contrary to the 7.propofition, for from the two 
"endes of one & the fame line, namely, ftó the points B & Cíhould be drawn on 
one and the fame fide two lines D and D Cen ding at the pointe D, c- 
quall to two other lines B84 and A C drawen from the fameendes ` 
and ending atan other point, namely,at A,which is impof- 
fible.By the fame reafon alfo may we proue thatthe 
whole angle at the pointe B is not lefle then a 
right angle. Wherfore it isa tight angle: 
which was required to be proued. 


C) 
q be ende of the fir/t booke of Euclides Elementes, 





«lhcíecondbookcofEu- se. 


clides Elementes. 


N this fetond booke Euclide theweth ; what fs à The argument 
\ Gnomé,arda right angled parallelopradime, Alfo ofthe fecond 
in thisbebke are {ct forth the powers of lines; déni- Phe. 
& ded euenly add vneuenly; diid ‘of lines ailded one to 
«4772 an other. Thepower ofaline , is the (quáre of the What isthe 
4/7) fame line: chatts, a{quaré, every fide of which is e. power ofa 
quall to thé line, So that here ate [et forth the quali. ^"** 
ties and ptopricti¢s of the (quares and tight lined fi- 
BX gures,which are made of lines & oftheir parts. The pany compi- 
f) Arithmetician allo out ot this booke gathéretli maz dious rules of 
J ny compendious rules of reckoning,and mauy rules reckoning ga- 
f wei allo of Algebra,with the equatids theretn vied, The *heredone of 
groundes alfo of thofe rules are forthe. moft part by this (ccond booke' demon. my bookeand 
{trated; This booke moreoucr contayneth two wonderfull propoficions, one of tali A4 es 
an obtufeangledtriangle, andthe other ofan acute:vhich with the ayde of the. 5,4, 8 
47.propofition ofthe firft booke ofEuclide, which is ofa rectangle triangleyot Tro wonder. 
how great force and profite they are in matters ofaftronomy they knowe which full propofiti~ 
haue trauayled intvat arte, V Vhetefore if this booke had nonc other profite be 3 in tbis 
fide, oaely forthefe 2, propofitions fake it were diligeacly to be embraced and coke, 
ftudied; 








The definitions. 
Farf defini- 


1. Enery reftangled parallelogramme, is fayde to be contayned ssn, 
under two right lines comprebending aright angle. 


A parallelogramme is a figure cffower files, whole two oppofite or contraz Whatapas 
ry fides are cquall the one tothe other. There are of parallelogrammes fower "aHelogramme 
ky ndes, a (quare, a figure of one fide longer,a Rombus or diamond, anda Rom- Hu Juli 
boides or diamondlike figure,as before was fay de in the 33,definition of thefictt of parallelo- 
booke. Of hele fower fortes, the {quare and the figure of one fide longer arc grammes, 
oncly right angled Parallelogrammes; for that all cheir angles ace right angles, 

Andeither ofthem is contayned (according to this definition) vadertwo right 
lydes which concurre cogether and caule the right angle,and containe the lame, 
Of which two lines the one is the length of the figure, & the other the breadth. 
The parallelogramme ts imaginedto be made by che draught or motion ofone 
ofrhelincs into the length ofthe other,Asiftwo numbcrs fhoulde bé mulupli- 
ed the one into the other, As the figure ABC D isa parallelograme, and 19 
fay de to be contayncd vnderthetwo right lines A B and A C,which contayne 
cheright angle B A C,or vader thetwotightlinesA Cand 4 B 

C D, for they likewifecontaynethe rightangle A C D: of. |^ 

which 2,lines che one,namely,A B isthe length, and theo. 

ther,namely ,AC is the breadth.And if we imagine the line ¢ D 
AC tobe drawen or moucddire@ly according to the légth 


Qiii, of 


Second do- 
fiiuon, 


` The fecond Booke - 


of the line A B,or contrary wile the line A B to be moucd dire&tly according to 
the length o£ the linc A C, you fhall produce che whole re&angle parallelo- 
gramme AB € D which is fayde co becontaynedofthem: eucn as onc number 
multipligd by an other producetha plaine and righte angled (uperficiall num- 
bergas ye [écin thefigure hete fet, where the number of fixc 5 

or fixevníties, is multiplied by the number of fiue orby. « + + +- 

fiuc vüities: of whichimultiplicationare produced 30,which 
number being fer down¢ and deferibed by-his vnities repre- 
fenceth a playucanda rightangled nügber, V Vhereforee- " 7,5 * ^, 
uen as equall numbers multipled by equal pumbers produce - « - - s 
numbers equall the one to the other; fo rectangle parallelo- 
grames which are comprehended vnderegyual lines acc equal 
theone to the other. — — 


2. [neueryparallelogramme , one oftbofe parallelogrammes, 
which foeuer it be, which are about the diameter , tügetber 
with the two fupplementes,is called aG namon. 


Thole perticuler parallelogrames are‘fay deto beabouc the diamcter of the 
arallelograme, which have the fame diameter which-the- whole parallelograme 
adi AvwHüpplemeores are [uch which are without che diameter ofchie! whole 
parallelogram as ofche parallelogcame ABCD the partial or pecticulet paral. 
elogrames G K C F and E B K Haare parallelogrames about the diameter, for 
that ech of them hath for his diameter a part ofthe diameter ofthe whole paral. 


A 





lelogramme. As C K and K Bthe perticuler diameters, are partes of the line 
C B,vhich is the diameter of che whole parallelogramme, And the two paralle- 
logrammes AEG K and K H F D,are {upplementes,becaufe they are wy chout 
the diameter ofthe whole parallelogcamme,namely ,C B, Now any one ofthole 
partiall parallelogrammes about che diameter. together with che two fupple- 
mentes make a gnomon, Ás the parallelograme E B K H, with thetwo fupple- 
mentes A EG K and K HF Dimake the gnomon FGEH. Likewile the paral- 
lelogramme G K CF with che fame two fupplementes make the gnomon E H 
k G.And this diffinicion ofagnomon extendeth it felfe, and is generall to.all 
kyndes of parallelogcammes, whether they be {quares or figures ofone fide lon- 
ger or Rhombus or Romboides, To be fhorte, if you take away from the whole 
parallelogramme one ofthe parciall parallelogrammes which are about the di. 
ameter 
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ameter whether ye will, the reft of the figure isa gaomon, 


Campa eatter the lait propofition of the firft booke addeth this propofitió, 
T wo fquares being genen, to adioyne to one of them a Gnomon equall to the other fquare:which, for 
thar as then it was not taught what a Goomon is,l there omitted, thinking that 


it might more aptly be placcáhere.The doingand demon(tration wherteot, is 
thus. 


Suppofe that there be two (quares 44 B and C D: vntooneof which, namely , vnfo 
AB,itis required to addea Gnomon equali to the other fquare, namely, to C D. Pro- 
duce the fide B F of the {quare AB di- 
re&ly to the point E.and put the line F H g 
Eequallto the fide of the fquare C D. 1 
And draw aline ftom E to 4.Now then 
forafmuch as E F Ais a re&angle trian- 
gle,thercfore(by the 47. of the firft) the 
{quare of the line E 4 is equall to the 
fquares ofthe lines E F & F4. Butthe 
fquare of the line EF is equall to the 
{quare CD,& the (quareofthefideFA B Fc E 
is the fquare 24 8. Wherefore the (quare 
ofthe line 44 E is equali to thetwo fquares C D and 4 B,Butthe fides EF and F Aare 
(by the 21. ofthe firit) longer then the fide e4 E,and the fide F A is equallto the fide 
£ B. Wherforethe fides E P and F Bare longer thé the fide 4 E, Wherefore the whole 
line B Eis longer then theline 4 £,From the line 7 E cutofaline equallto the line A 
E,whichlet be BC,And (by the 46.propofition ) vpon theline BC defcribe a ſquare, 
which let be BCGH: which thalbe equal to the {quare of the line 4 E,butthe (quare of 
the line 4 Eis equal to the two fquares 4 B and D C.Wherefore the fquare BCG H is 
equal to the fame fquares. Wherfore forafmuch as the (quare B CG H is compofed of 
the (quare o4 B and ofthe gnomon F G A H, the fayde gnomon (halbe equall vnto 
the fquare C 2:which was required to be done. 


1n 





Another more redy way after Pelitarius, 


Suppofe that there betwo {quares,whole fides let be e4B 
and BC, [tis required vnto the fquare ofthe line A42 to adde 
agnomon equall to the (quare of the line B C.Set the lines ef 
Band B Cin (uch fore that they make aright angle ABC, And 
draw a line fró A to C.And vpo the line AB defcribe a{quare 
which let be 4 B'D E.And produce the line B A to the point 
F,and put theline 2 F equall to the line AC. And vpon the 
line B F defcribea {quare which let be B FGH: which’ thalbe 
equal to the fquare ofthe line 4 C,whé as thelines 7 F and A CDH 
Care equalsand therefore it is equal to the fquares of che two B 

lines 4B and 8 C, Now forafmuch as the (quare 8 F G His made complete by 
the {quare A B D E and by the gnomon F € G D,the gnomon F EGD (halbe 
equal to the (quare of the line B C:which was required to be done. 


SMa 


Rj. 





«A propofition 
added by Cams 
pane after the 
laf propofiti- 
on cf the first 
booke, 


T he fecond Booke 
$a» The1.Theoreme. The1.Propofition. 


Ff there betwo right lines, andiftheone of them be denided 
into partes howe many foeuer : the reflangle figure compre- 
hended under the two right lines ,is equall to the rettangle ft- 
gures whiche are comprehended under the line vndeunided, 
and under enery one of the partes of the ather line. 


Uppofe that there be rwo right lynes eA 
and B Cand let one of them, namely, BC be deuie 
ANY ded at alladuentures in the pointes Dand E,Then 
) I fay that the re€tangle figure comprebended vn- 







LW gle figurecomprebended vnder the lines A,andB 
d) Dc vnto tbe re&angle figure which is cóprebeno 
oy SAG ded vnder the lines Aand D E, and alfo vnto tbe 

Conflruftion, Kirst S ee reEFangle figure which is comprebended vnder the 
lines 4 and E C, For from the pointe Brayfe vp (by the 11,of the fir/t) vnto the 

right line B Ca perpendiculer line B F,Cr vntothe g 

line A (by the third of tbe firSt) put the line BG e« 

quall, and by the point G (by thez 1, of the fir/t) 

dra a parallel line nto the rigbt line (B Cand let 

the fame be G M ,and( by the felfe fame )by points 

D, EandC, draw nto theline B G. tbefe parallel 

Demoftratió lines ID K, E Land C H. Now tben tbe parallelo- 
grameB Fis equallto thefe parallelogrammes B 

K,D L,and E F.But the parallelograme B His 

equall ynto that which is contayned ynder the lines A and BC, (For it iscoms 

prebéded vuder tbe lines GB e BC,and the line G Bis equal vnto the line A) 

And the parallelograme B K isequall to that which is contayned vnder the lines 

Aand B D: (for it is comprehended vnder the line GB and B D and BG is ea 

quall vnto A) And the parallelograme D L is equall to that which is contayned 

vnder the lines A and D E( for the line DK, that is,BGis equal ynto A) And 

moreouer likeYife the parallelograme E His equall to that which is contained 

vnder tbe lines Aeg EC, VV berfore tbat which is comprebéded vnder 5 lines A 

€ BC is equall to that wobich is comprebended vnder the lines A €» BD, & vn⸗ 

to y whichis comprebéded vnder the lines A and D E, and moreoucr vnto that 

which is comprehended vnder the lines Aand EC If therfore there be tworight 

lines,and if the one of them be deuided into partes bow many foeuer the retano 


_ gle 
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Lle figure comprehended ynder the two right lines is egual to the rectangle fie 
gures which are comprehended ynder the line vndeuided and vnder euery one 
of the partes ofthe other line: which was required to be demonstrated. 


Becau(e chatall the Propofitions of chis fecond booke forthe moft partare 
true boch in linesand ia nuaibers, and may be declaredby both: therefore haue 
I haue added to euery Propofitton conucnientaumbers (or the manifc(tation of 
the fame. Aadto the end the (tudiousand diligent reader may the more fully 
perceaue and vnder(taad che agcementofchis atto Geometry with the fcience 
of Arithmetiqae,andhow nece & deare filters they are together,(o that the one 
cannot vithout greatblemifh be without chc other, l haue here alfo ioyned a 
littlebooke of Arithmetique written by one Barlaam, aGrecke authour aman 
of greate‘knowledge, In whiche booke are by the authour demonftrated 
marly of the felfe fame propcieties andpafions in number, which Exchde in 
this his fecondboke hath demonttrated in magaitude,namely the ficit ten pro- 
pofitions as chey follow in order. V Vhich is vadoubtedly greacplea(urc to có- 
fidec,alfo greac increale & furniture ofkao wledge. V V hote P copofitiós are [et 
orderly after che propofitiós of Exclidz, eucry one of Barlaam corcefpodent to the 
fame ofEuclide. And doubtles it is wonderful co (ee how thefe two cótrary kynds 
of quantity quantity difcrete or number,and quantity continual or magaitude 
(which are che fubie&tes or matters of Aricdimicique and Geometry ) fhoulde 
haue in them oncand the fame proprieties commonto them both in very ma- 
ny points,and affeious, although noc io all.Fora line may tn fuch fort be de- 
vided, that what proportion the whole hathto the greater parte the fame hall 
thegreater pate haue co the le(fe; Butthat can not be in number. For a number 
cannot (o bedeuided,thatthe whole numberto the greater part thercof, fhall 
haue that proportion which the greater parthath to the leffe , as Iordane very 
playnely proueth in his booke of Arithmecike , which thynge Campane 
alfo (as we (hallafterwardinthe 9, booke after che 1$. propofition fee) proucth, 
Andas touching che(e tenne ficlte propofitions of the feconde booke of Eu- 
clide,demonftratedby Barlaam ín nu:nbers,they ate alfo demóftrated of Cam- 
pane after the i5, propofítioa oftheg. booke, who(íe demonítrations I mynde 
by Gods helpe to fetforth wheal thal comete the place. They are alfo demó- 
ftrated of Lordane that excellèt learned authour in the firft booke of his Acith- 
metike. Inthe meane cy me [ choughcic noc amiffe here to (et forth the demon- 
ftrations ot Barlaam, for that they geue great light co the feconde booke of Eu- 
clide, befides the ineftimable plea(uce; which they bring to the ftudious confide- 
rec,Andnow to declare the firft Proposition by numbers. I haue put thts exam- 
ple following. ] : 


Take two numbers the one vndeuidedas 74,the other deuided into what pattes 
and how many youli(t,as 37. deuided into 20. 10.5. and 2:which altogether make 
the whole 37. Then ifyou multiply che number vadeuided, namely, 74, into all the 
partes of the number deuided asinto 20. 10. 5.and 2.you (hall produce 1480, 740, 
370 .148.which added together make 273 8:which (elf numberis alfo produced if you 
multiplye the two numbers firft geuen the onc into the other.As you feein the exam- 
ple on the other fide fet. i 


f i. Mule 


Barlaam, 


Barlaam, 


T he fecond Booke 











] f 74 37 
Multiplication of the whole 1480 20 
nüber vndeuided into the 749 10 
partes of the whole num- 370 5 
ber deuided. | 148 2 
2738 the number produced of the one 
whole number into the partes of 
the other whole number 
Multiplication of the one 74% 
whole number into the o- 37 equall to 
ther, — 
518 
22222 
e 273 JUN the number produced of the 


. fame whole into the other whole 
So by the aide of this Propofition is gotten a compendious way of multiplication by 
breaking of one of the numbers into his partes: which oftentimes ferueth to ereat víe 
inworking, chiefly in the rule of proportions. The demonftration of which prop ofition 
followeth in Barlaam. But firft are put of the author thefe principles followins, 
g Principles. 7 

1. A number isfayd to multiply an other number: Wwhenthe number multiplied i j 
Added to it felfe,as there be ie in the number Which mult iplietb: wherbyit ie 
2e Which tbe number multiplied meafereth by the vnities which are in the number which mul- 
tiplieth. | 
T And the number produced of that amuleiplicarion is called a plaine or fuperficiall number. 

3. eA fquare number is that which is produced of the multiplicatian of any number into it felfe. 
4. Excry leffe number compared to a greater is fayd to be a part of the greater, whether the lefe meas 
fare rhe greater,or meafure it not. 

5. Numbers, whome one andthe felfe fame number meafureth equally, that it,by one and the felfe 
fame number are equall the oneto tbe other, 
6. Numbersthat art equemnltiplices to one and the fefe famenumber that is Which contayne one 
and the fame number equally and alske,are equall the one to the other. 
The first Propofttion, 
T wo numbers beyng geuen, ifthe one of them be deuided into K 

any numbers how many fòener: the playne or fuperficiall number T T 
which is produced of the multiplication of the two numbers f | 


genen the one into the other [hall be equall to tbe fuperficiall ni- 8 
bers which are produced of the multiplication of tbe number not 
deuided into enery part of the number denided. 

Suppofe that there betwo numbers A B and C. And I 


deuide the number A B into certayne other numbers 
how many focuer,asinto A D,D E,and EB, Then I fay 
that the fuperficiall number which is produced of the 
multiplication ofthe number Cinto the number e4 B ] 8 
is equall to the fuperficiall numbers which are produ- 
ced ofthe multiplication ofthe number Cinto the nú- 
ber A‘D,and of Cinto D E,and of C into E B. For lct F 
be the fuperficiall number produced of the multiplica- | 
tion of the number C into the number 4 B,and let GH 8 


Wm. A >” 
— 

EN 
T 





9 





be che fuperficiall number produced of the multipli- |4 = | 

cation of Cinto 4D : Andlet H / be produced of the 

multiplication ofC into D E: aud finally of the multi- i 
plication of Cinto F B let there be produced the num- © A F G 


ber 
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ber / K.Now forafinuch as.4 B multiplying the numberC produced the number F: 
therefore the number C mea(ureth the number F by the vnities which are in the nnm- 
ber 4B. And by the fame reafon inay be proued that the number C doth alfo meafure 
the number G ZZ,by the vnities which are in the number e D,and thatlit doth mea- 
fure the number HZ by the vnities whichare in the nüber D F and finally that it mea- 
fureth the number / K by thevnities which are in the number E B. Wherefore the nü- 
ber C mea(ureth the whole number G K by the vnities whichare in the number 48. 
Butic before meafured the number F by the vnities which are in the number 48,wher 
fore either of thefe numbers F and GX is equemultiplex to the number C. But num- 
bers which are equemultiplices to one & the felfe fame numbers areequall che one to 
the other (by the 6.definition ). Wherfore the number Fás equallto the number G K. 
Butthe number Fis the fuperfciall number produced of the multiplication of the nit- 
ber Cinto the number 4 B: and the number G K is compofed of the fuperficiall num- 
bers produced of the multiplication of the niber C not deuided into euery one of the 
iih Gers 4 D,D E,and E B. If therefore there be two numbers geuen and the onc of 
them be deuided &c. Which was requíred to be proued. 


The2.Theoreme. The. Propofition, 


Tf a right line be deuided by chaunce, the rettangles figures 
which are comprehended under the whole and euery one of 
the partes , areequa! to the [quare whicheis made of the 
whole. zi 








Kopp V ppofe that the right line AB be by chaunfe dee 
Sh mie in tbe.point C Then 1 fay that tbe reflane 
8 gle figure comprehended vnder ABand BC toz 
SSH gether with the reftangle comprehended vnder 
A Band AC is equall ynto tbe [quare made of A B, Des 
fcribe (by the 4.6.of the first ) vpon A Ba [quare 4 D E B; 
and (by the 31 of the fir/t) by the point Cdraw a line parals 
lel vnto either of thefe lines A Daud B E,and let the fame be CF. Now is the Demonfirasië 
parallelogramme AE equallto the parallelogrammes AF and C E, by the firSt 

of this booke. But A E is the Jquare made of AB. And AF is the reétangle 
parallelogramme comprebended vnder tbe limes B A and A C: for it. is compre» 

hended vnder thelinesD Aand AC: but the line AD is equallvntothe line A 

B, And like wife the parrallelogramme C Eis equall to that which iscontayncd 

vader the lynes ABand B (: for the line BE is equal ynto the line AB.VV her- 

forethat which is contayned vnder BA and AC together with that which is 

contayned vnder the lines A Band BC, isequall to the fquare made of the line 

AB If therefore aright line be denided by chaunce,the rectagte figures which 
are comprehended vnder the whale , and euery one of the partes,are equal to 
the /quare which ts made of the whole: which was required tv be demonstrated. 






Conftrnttion, 





An other demonftration of Campane. 
R iü, Sup- 


Barlaam. 


The fecond Booke 


Suppofe that the line 4 B be deuided into 
the lines 4C,C D,and DB, Then! fay that the 
{quare of the wholeline 4 B,which let be AE 
BF, is equal to the re@angle figures which are 
contayned vnderthe whole andeuery one of 
the partes : fortake the line X,which let bee- 
qual to the line AB,Now then by the firft pro- | 
pofition the re@angle figure contained vnder | 
the lines 4 Band K,is equallco the re@angle | 


| 
| 
Jw 


figures contayned vnder the line K and althe 

partesofthe line 4B. But that whichis con- 

tayned vader the lines Kand AB isequall to | 
pat en le 

B 


the (quare of theline 4 2, and the re&angle ri 


— ⸗⸗⸗ 


e 


figures contay ned vnder the line K and al the D 


partes o£ 4 B, are equall to the rectangle fi- 
gutes coütayned vnder the line 4 B and all the partes of the line AB: for the lines 44 
B and K are equall: wherefore that is manifeft whichwas required to be proued. 


Ancxample of chis Propofitionin numbers. 


Take a number,as tr.and deuide it into two partes,namely, 7-and 4: and multiply 
Tr,into 7,andthen into 4,and there fhalbe produced 77.and 44:bothwhich numbers 
added together make r2 t. which is equall to the (quare number produced of the mul- 
tiplicatioa of the number r r.into himf(elfe,as you fee in the example, 


cMültiplicationofthewhole, c — rr II 
into his pattes. ] — —— 
77 7 
— 4 J. 
121 the number produced of the 
. whole into his partes. 
Multiplication ofthewhole rr equal to 
into himfelfe, Ir 
11 
1 11 
121 \the number produced of the 
whole into him(felfe, 


The demonftration whereof foll oweth in Barlaam, 
The fecond-Propofition, 


Ifanumber geuen be denided into two other numbers: the fuperficiall numbers, which are pro» 
duced of the multiplication of the whole into either part added together are equallto the [quare num- 
ber of the Whole number geuen. 


Suppofe that the number geuen be 4 2:and let it be déuided inco two other num 
bers AC andCB. Then] fay that the two fuperficiall numbers » which are produced 
of the multiplication of A B into 4 C,and o£ A B into BC, thole two fuperficiall num- 
bers (I fay) beyng added together, fhalbe equall to the fquare number produced of 
the multiplicatió of the number 4B into it felfe.For let the number e4 B multiplying 


it felfe produce the number D, Let the number 4 Calo multiplying the number 4 B 
produce 
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produce the number E F:agaynelet the numberC B multipli- 
ing the felfe fame number 44 2 produce the number F G. Now 
fora(much as the number eA C muttiplying the numbet eA í 
produced the number EF: therefore the number e4 B meafu- | 

reth the number E F by the vnities which are in 4 C.Againe for- | 
afmuchas the number CB multiplied the number 4 B,and pro 

duced the number F G: therfore the number 4 2 mea(ureth the 

number F C by thevnities which are in the number C B.But the 

fame number 245 before meafured the number EFby thevni- ®© | F 
ties which are in the number AC. Wherefore the number 44 Z 

meafureth the whole number £ G by the vnities whcih are in 44 

B,Farther forafmuch asthe number-4B multiplying it felfe pro * 

duced the number D: therefore the number 74 Z meafureth the C 26 
number D by the vnities which arein himfelfe, Wherfore it mea 

fureth either of thefe numbers,namely,the number D,( and the 

number E G,by the vnities which are in himfelfe. Wherfore how 

multiplex the number D is tothe number 42, fo multiplexis * 

the number EG to the fame number 4B. But numbers which 

are equemultiplices to one and the felfe fame number,are equal 

the one to the other, Wherefore the number D is equall to the 

number E G.Andthe number Dis the fquare number made f 4 p B 
the number A B,and the number E Gis compofed of the two fu- — ' 

perficiall numbers produced of 4 B into B C, and of B Ainto A 

C. Wherefore the fquare number produced of the number 24 2 

is equall to the fuperficial numbers,produced of the number A Binto thenumber BC, 
and of A Binto AC, added together.If therefore a number be deuided into two other 
numbers &c, which was required to be proued. 


ST he3.Theoreme. The3.Propofition. 


Hf aright line be deuided by chaunce:the reflangle figure cö- 

rebended under the whole and one of the partes ,ts equall to 
the rettangle figu: e comprehended under the partes,¢o* vnto 
the /quare which is made of the forefaid part. 


GV ppofe that the right line geuen A B be deuided by chaunce in the 
point CT ben 1 fay that the rectangle figure comprehéded vnder the 
{lines A Band B Cis equal vnto the reftangle figure comprehended 
—— vader the lines AC andC Band alfo vnto the fquare which is made 






of the line BC. Defcribe(by the 46 of the firit )vponthe line BCa [quare CD Conftenttion 


ERB: and (by the fecond peticion extend E D ynto F. And by the point ‘A draw 
(by the 31.0f the fir/t)a line parallel ynto either of thefe linesC D and BE, and 
let the fame be AF, Now the parallelos g c 
grame A Eis equall ynto the paralleloe 
grammes A DandCE,And A E is the 
reflangle figure comprehended vnder (d 
tbe lines A B and B C,For itis compre» E D F 
hended vuder the lines A Band BE, 

RR ii. but 


Demonftratio 


Barlaam. 


The fecond Booke 


which line BE it equall vnto the line BC, And the parallelograme A Dis es 
quall to that which is contayned vader the lines AC andC B: [^ tbe line D Cis 
equallvnto the line CB. And D Bis the quare which is made of tbe lyne C B. 
VV berfore the re&angle figure comprebended vnder the lynes A B and BC is 
equall to the re&langle figure comprebended vnder tbe lines AC andC B ep als 
fo vnto tbe (quare which is made of the line BC, If therfore a right line be dee 
uided by chaunce, the rectangle figure comprebended vader the whole and one 
of the partes,is equal to the rectangle figure comprehended vnder the partes, 
and vnto the [quare which is made of the forefayd part: which was required to 
be proued, 


Anexampleofthis Propofition in numbers, 

Suppofe a number,namely,14.to be deuided into two partes 8.and 6. The whole 
number t4.multiplied into 8.on¢ of his partes,produceth 112: the partes 8, & 6.mul- 
tiplied the onz iato the other produce 48,which added to 64(which is the (quare of 8. 
the former part of the number Jamounteth alfoto 112: whiche is equall to the former 
fumme.As you fec in the example. 


Multiplication of the whole 14 8 
intoone of his pattes, | 8 i 6 the partes. 


112 the number produced of the 


whole into one of hispartes. 





Multiplication of the one 8 
partinto the other, 6 
— equal to 
48 48 
64 
Multiplication of the for- g !!* Cehenumbercompofedofthe 
mcr part into it felfe, 8 one partinto the other, and 


ofthe former partinto him- 
64 felfe, 





The demonftration hereof followeth in Barlaam, 


The third propofition. 


Jf anumber geuen be denided into two numbers: the fuperficiall number whici is produced of 
the multiplicavion of the Whole into one of the partes,is equall to the faperficiall number which it proe 
ducedof the partes the one into tbe ot ber and to tbe (quare number prodmced of the forefayd parc. 


Suppofe thatthe numbergeuen be 44 Z;which let be deuidedinto two numbers 4 
Cand C B,Then 7 (ay that the fuperficiall number whicheis produced of the multipli» 
cation of the number e4 B into the number B C, is equall to the fuperficiall number 
which is produced of the multiplication of the number 4 Cinto the number C B,and 
to the {quare.number produced of the number C B-For let the number e4B multipli- 
eng the number CB produce the number D.And let the number AC multiplieng the 
number CB produce the number E Frand finally let the number C B multiplieng him- 
felfe produce the number FG. Now forafmuchas the number 48 mulriplieng the 

number 
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number CB produced the number D.Therfore the number C d 

B meafürcth the number D by the vnities whiche are in the Sg 
number 4 P.Agayhe fora(much as the number 4 C multipli- 

cd the number C Z,and ptoduced the number £ F, thetetore 

the number C Z meaf(ureth the nüber EF by the vnities which 


are 1n A C.Agayne fora(much as the number C Z multiplied it 4 
felfe and produced the number FG: thertorethenumberCB : B5 

ineafurcth the number £ G by the vnities which arein it felfe, P 
But as we haue before proued the felfe fame nüber C B mea- Í l 


fureth alfo the number E F by the vnities which ate,in the nü- 
ber A4 C,wherfore the number CB meafureth the whole num- 
ber £ G by the vnities which atein the number 48, And it al- LG (2 





fo mea(ureth tne number D by the vnities whiche are in the 
number B, Wherforc the number C B equally meafürcth ei- 

ther numbet,namely,the number D,and the number EG. But — , 
thofe numbers whomc oneand the felfe fame number mcafü- — T 
reth equally, are equall the onetothe other, Wherfore the 
number Dis equall to the number E G.But the number D isa 
fuperficiall number produced of the multiplication of the 
number 4 B into the number B C,and the number E Gis the i 
fuperficial number produced of the multiplication ofthe ni- = A D E 

ber 4C into the number C2,and of the fquare of the number 

CB,Wherfore the (uperficial number produced of the multi- 

plication of the number 4 B into the number C Bis equal tothe fuperficiall number 
produced of the number 4 C into the number C B, and to the fquare of the number C 
B.Iftherfore a number be deuided iato two numbers,the fuperficiall nüber &c:which 
was required to be prcued, 





The 4.Tbeoreme. The 4. Propofition, \. 


lf a right line be deuided by chaunce, tbe fquare whiche ts 
made of the whole line is equal tothe [quares which are made 
of the partes, ¢x nto tbat retlangle figure which is compre- 
hended vnder the partes twife. 


| V ppofe that the right lyne AB be bychaunce deuided in the pointeC. 
ESD T ben Hfay that tbe fquare made of tbe line 4 B is equall vnto y [quaes 
ms which are made of the lines ACandC B, and vnto the reftangle figure 
contained vnder the lines ACandC BewifeDefcribe  ; Conftrattion. 
(by 9.46.0f the firSE) vpon the line ABa fquare ADE A 
fB : and draw a line from B to D, and( by tbe 3 vof the. y) 
firft)by the point C draw a line parallel ynto either of 
thefe lines A Dand B Ecutting tbediameter (B D in 
the poine Gand let the fame be CF, And(by the point 
G (by the felfe fame) draw a line parallel. ynto eyther L 
of thefe lines AB and D E, anid let the fame be H? gt 
Ky And forafmuch as tbe line C Ris.aparallel vnto. ; Demouftratié - 
S.i. the 
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theline A D and vpon tbem falletb a vig bt line B ID tberfore(by tbe 2 9.of tbe 
firfithe outward angle CG B is equall nto the inward and oppofiteangle A 
D B,But the angle A D Bis (by the 5, of the fir/t) equal vnto theangle AB 
D: for the fide B A is equall vnto the fide AD (by the definition ofa /quare). 
VVherfore the angle CG Bis equall vnto the angleG BC: wherfore( by the 6, 
of the firft )the fide BC is equall vnto the fide CG. But C Bis equall vntoG K, 
and C C is equali vnto K Br berfore G K is equall vnto K,B. VV ber(ore tbe 
figure CG K B confiftech of foure equal fides,t fay alfo that it isareétangle fie 
gure.For forafmuch as CG isa parallel ynto PY vpon thé falleth aright line 
CB, therfore(by} sof tbe 1, the angles KB C,andG CB are equal nto two 
right angles ‘But the angle K BC is aright angle, wherfore an BCG is alfo 
aright angleVVherfore(by the 3 4,0f the fitit the angles oppofite vnto them, 
namely,C G K , and G K Bare right angles, VV herforeC G K Bisa rettans 
gle figure. And it was before proued that the fides are equall.VVherfore it isa 
fquare,andit is defcribed ypón tbe line B C. And by the fame reafon alfo H Fis 
a quare andis deferibed vpon the line H G,that is,ve à c 
pon the line ACVVherfore e HF andCK 1—4 
are made of the lines 4 C and C 'B. And forafmuch as. 
the parallelagrame AG is (by tbe 43. oftbe firfl) ès 
dial ynto ie parallelogramme oe AG s 
which is contayned ynder AC and CB, for CGis equal 
ynto C B ywherfore G E is equall to tbat which is cons 
tained vnder A C and C B, VV berefore AGaud GB. P nis 
areeguall vnto that which ss comprehended vnder A i 3 
Cand C B.twife. And tbe fquares H Fand C K are made of the lines ACand C 
BVVherfore thefe foure rectangle figures HF,CK AG, and G E are equall 
vuto the /quares whiche aré made cf the lines AC andC 'B,and to tbe reftangle 
figure which is comprehended vader the lines AC andC B twife.But the rette 
angle figures HF, C K, 4G,and G Eare the whole rectangle figure ADEB 
which is che (quare made of the line A BVV herfore the fquare which is made 
of the line AB is equal tothe fquares which.are made of the lines A CandC B, 
and vnto tbe reclangle figure which is comprehended vader the lines A Cand 
C Bewife If therfore aright line be deuided by cbaunce, tbe [quare Whiche is 
made of the whole line,is equall to the fquares which are made of thé partes e 
ynto the reEtangle figure which ss comprehended vnder the partes ¢wife:whicb 
was required to be proued, 





Sap edit other demonfiration. 


I fay chat the fquare of theline-ABiseguall vnto the fquares whithe are 
made of the lines AC andCB, ex vnto.the rectangle figure which is comprehi 
ded ynder the lines AC and CB tWife. For.tbefelfe [ame difcription abiding for» 


afmuch 
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afmuch as the line AB is equall vnto 5 line AD, 5 angle ABD is(by the 5. of the 
fir) equall vnto tbe angle AD B. And forafmucb as tbe three angles of euery 
triangle are equal to two rightangles (by the 3 2.0f the firit).therefore } three 
anoles of the triangle A BD,namely,the angles ADB,D 5 A and B A Dare 
equall co two right angles.But the angle B AD isa right angle,wherefore the 
angles remayning A B D and AD B, are equall vnto one right ancle:and they 
are equal oneto the other, wherfore either of thefe 
angles AB Der A D B,is tke halfe ofa right angle, 
And the angle BCG is aright angle , for itis equall ,; 
vnto the oppafite angle at the pome A (by the 29.0f 
the firit) VV herefore the angle remayning CG Bis 
the halfe ofa right angle. VV herefore the angle CGB 
is equal vuto theangle CBG: wherefore alfo tbe fide 
B Cis equall vnto the fide C G.Bus BCis equall vnto 
G K, and CG is equal vnto B K,VV berefore tbe fi» 
gureC K confiftesh of equall fides:and in it isa right angleC BK .VVkeree 
fore C Kisa /quare,and is made of the line BC. And by the fame reafon H F 
isa fquare,and is equall vnto that /quare which is made of the line A (.VV here: 
fore € Kand H Fare [quaresyand are equal co thofe{quares which are made 
of the lines ACand CB. And forafmuch as AG is equall vnto EG:and AGis 
that which is contayned ynder AC andC B,for GC is equal vnto C B: wheres 
fore EG alfo is equallto that which is coprebended vnder AC and CB: wheree 
fore AGand EG are equall nto that reftangle figure which is comprehended 
ynder AC, and C B twife. And CK ,and H F are equal vnto the [quares which 
are made of A ( and (B: wherefore CK, HF,AG, and GE are equal vn- 
to thofe {quares which are made of A Cand C Band nto that retlangle fieure 
Which is comprehended vnder A CandC Bewife. But CK,HF,AG, andG E 
are the whole (quare A E which is made of A 'B,VV berefore tbe [quare wbich 
is made of A B,ts equall to the /quares which are made of AC andC B, and vn- 
tothe reftangle figure whichis comprehended vnder ACand C B twife: which 
was required to be demonstrated, 





Hereby it is manifeft that the parallelogrames which confift abont the diameter of a fquare mufi 
nttdei be fquaret. 


This propofition is of infinite vfc chiefely in (urde numbers,By helpe of it is 
made in thé additio & fubftra&ion, alfo multiplicat;ó in Binomizls & refidu- 
als, And by helpe hercofalfo is demonítrated that kinde ofequation, which is, 
when there are three denominations in naturall order , or cqua.ly diftant, and 
two ofthe greater denominations ate equall to the thirde being lefe On chis 
propofition 1s grounded the extraction of {quare roots,Aad many other things 
arcalío by it demonftrared, 


S.¥, An 


A Corollary. 


Barlaam, 


The fecond Booke 


An example of this Propofition innumbers, 


Suppofe a numbernamely,17.to be deuided into two partes 9. and 8, The whole 
number 17.multiplied into himíclfe,produceth 289.The (quare numbers of 9. and 8. 
ace 8 1. and 64: the numbers produced of the multiplication of the partes the onc in- 
to the other twife are 72, and 72: which twonumbers addet to the fquare numbers 
of 9.and 8.namely,to 81. and 64. make alfo 289.which is cquall to the fquare number 
ofthe whole number 17. As you fcein the example, 


The multiplication of the4 17 9 
whole into himfelfe. 17 g the partes of the whole 
119 
17 


289 ~~ ¢the number produced of the 
whole into himfelfe. 





The multiplication of cche 9 
part into himfíelfe, 9 
81 equall to 
8 8r 
8 64 
— 7: 
64 72 
^ 289 the number compofed of eche 
The multiplication ofthe 9 artinto himfelfe,and of the one 
one partinto the other 8 into the othertwile. 
twife, — 
2 
9 
: 8 
" 


The demonftracion wherof followeth in Barlaam, 


The fourth Propofttion, 
Ifa number geuen be denided into ro numbers: the fqnare number of the whole,is equall to rhe 
Square numbers of the partes, andto the fuperficiall number which is produced of the multiplication 
ofthe partes the one into the other wife. 


Suppofe that the number geuen be 42: which let be deuided into two numbers 
4 C and C B. Then I fay that the fquare number ofthe whole number 42,is equall 
to the (quares ofthe partes,tbatis,to the (quares ofthe numbers e4 Cand C B,and to 
the fuperficiall number produced of the multiplication of the numbers ACand CE the 
oneinto the other twifc. Letthe fquare number produced of the multiplication of 
the whole number 4B into bim(elfe be D. And let CA multiplied into himfelfe 
produce the number E F: And (3. multiplyed into it fclfelet it produce G H: and fi- 
pally ofthemultiplicatió ofthe numbers 44 C and CJ the one into the other cwile lee 
there be produced cither of thefe fuperficiall numbers F G and H K. Now forafmuche 
as the number e7 C multiplyinzit (elf produced the number E F: therefore the num- 
ber £C mea(ureth the number EF by the vnities which are init (elfe, And focafinuch 
asthenumber C 2 multiplyed the aumber C 4 and produced the number — DAS 

or 
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fore the number AC meafureth the nitber F G by the vnities 
whiche are in the number C Z. Butit before alfo meafured 
the number £F by the vnities which arein it felfe. Where- 
fore the number 4 B multiplying the namber AC produ- 
ceth the number E G.And theretore the number EG is the 
fuperficiall number produced of the multiplication of the 
namber B 4 into the number e/f C, And by the fame rea- 
fon may we proue that the number G X is the fuperficiall B 
number produced of thc multiplication of the number 4 B 

into the number BC.Farther the number Dis the (quare of | 
the number 4 B.Butifa number be deuidec into two num- 7] 64 
bers, the (quare of the whole number is cquall to thetwo \ 
fuperficiall numbers which are produced of the multipli- A 
cation of the whole into either the partes (by the 2, Theo- | 
reme.) Wherefore the (quare number D is equall to the fa- 

perficiall number E K. Butthe number EK iscompofed of < 

the fquares ofthe numbers 4 Cand C B,and ofthe(uperfi- —' | 

cial number which is produced of the multiplication of the | 
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| 
nüber 44 C and C B thc onc into theother twife: & the num- 
ber D isthe fquare of the whole number 42. Wherfore the | 
fquare number produced ofthe multiplication ofthe num- A4 D 
ber ABinto himfelfe, is equall to the fyuare numbers of 

the partes, that is,to the (quare numbers of the nübers 4 C 

and C B,and to the fuperficiall number produced of the multiplication of the num- 
bers A Cand CB, the one into the other twile, Iftherefore a number geuen be deui. 
ded into two numbers &c.Which was required to be proued, 


The 5.Theoreme. The 5.Propofition, 
Ifa right line be deuided into two equal partes, Co into two 
vnequall partes: the rečtangle figures comprehended vnder 
the ynequall partes ofthe whole together with the fquare of 
that which is berwene the fettios,is equal to the quare which 
4s made of the balfe. 


"Td Vppofe that tbe rigbt line AB be denidedinto two equall partes in the 
RN port C,and into two ynequall partes in the point D.T hen I fay that the 
== reEtangle figure comprebended vnder AD and D B together with the 
[quare which is made of C D, is equall to the fquare which is made of CB, Dee Conftratfion, 
fcribe (by the 46. of the first) 
vpponC B a fquare, and let tbe 
[ame be C EFB. And(by the 
firft peticion )drawe a line from 
E to B.And by y point D drawe 
(by the 3 of the fivfl ) a line pa» 
rallel vntoech of thefe lines CE 
and BE cutting thediameter B 
E in tbe point H, and let fame 
be DG. Andagayne(by the felfe 








Demonfiratio 


The fecond Booke 


fame) by the point Fdrawea line parallel vnto eche of thefe lines A B and 
EF and let tbe fame be K O: andlet KO be equall vuto AB, And againe 
(by the felfe Jame )by the point A draw a line parallel vnto either of thefe lines 
CL and BO, and let the fame be A K. And forafmuch as (by tbe 43.of the 
firft the fupplement CH is equall to the [upplemét F1 F.put tbe figure DO có» 
mon vuto them both, VV herefore the whole figure C O is equall to the whole fiz 
gure DF.But the figure CO is equall vnto the figure AL, for 5 line AC is equall 
vnto the line CB. VV herefore the figure AL alfo is equal vnto the figure D F. 
Put the figureC H common vnto them bothVV herfore the whole figure AA 
is equal ynto the figures DL and D F. But A His equall to that which is co 
tayned vader the lines A Dand D B,for D His equall vnto D B.And the fi- 
gures F D c DL are tbe Gno- 
mon MN X VV berfore j Guo» A c D B 
mon M N X ii equall to that 
which is contayned vnder AD 
and D BPut the figure LG co» 
mon vnto them both, which is ea 
qual to the fquare which is made 
of CD, VV berefore the Gnoma 
M N, X and tbe figure L C are 
equall to tbe re£langle figure co» 
prebended vader A DandD Band ynto the fquare which is made of C.D, But 
the Gnomon MN X, and the figure L G are the whole [quare C EF B whick 
is made of B C, VV berefore the re£langle figure comprehended vnder AD and 
D B, together witb tbe quare which is made of C Dis equall to the [quare 
which is made of C B, If therefore a right line be dewided into two equall parts, 
and into two vnequall partes the rectangle figure comprebended wnder the vn- 
equallpartes of tbe Whole tozetber with the (quare of that which is betwene 
the feEtions, is equall to the quare which is made of the halfe: which was requie 
redto be proued, 





This Propofition al(o is ofgceate vfe in Algebra. By it is demonftrated 
that equation whercta the greatelt and lealt kare&es or numbers are equall ta 
the middle. l 


An example of cbis propofition in numbers, 


Take any numberas 20: and deuide it into two equall partes 10.and 10. and then 
into two vnequall partes as 13. and 7.And take che differéce of the halfe to one of the 
vnequall partes whichis 3. And multiply the vnequall partes, that is,13 and 7.che one 
into the other,which make 91,take alfo the fquare of 5 which is 9. and adde itto che 
forefayde number 9 1:and fo (hall there be made 100. Then multiply the halfe of tho 
whole number into him(cl£ chat is, takethe (quare of to.which is 100. which isequal 
to the number before produced of the multiplication ofthe vnequal parts the one in- 
to theother,& of the difference iuto it (elfe which is alfo 100.As you (c in the cam ple. 

Ne 
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The whole euen number. ~ 16 i }eheequall pattes 
: : Yehe vnequal! partes 
3 $The difference of ohe of 
the vnequal partes to the 
halfe, 
; 13 
Multiplication of the vn- 7 
equall partes the oneinto = 
the other. 9! gt 
9 
m the hüber cotipofed of thé mul- 
Multiplication of the dif- 3 tiplication ofthe vnequal partes 
Ference into it felfe. I9. ' theone into tlie other, & ofthe 
9 difference into it felfe 
equall to 
Multiplication of thc half 19 
into it felle. : 10 
160 [| che number produced of the 
halfe into it felfe. : 


The demonftration wheroffolloweth in Barlaam, 


The fifth propofition. 


Tf an enen number be denided into two equall partes and againe_alfo into tWwo unequal partes! 

the fisperficiall number which is produced of the multiplicarion of the unequall partes the one into 

the other together with thefquare of the number fet betwene the parts, is equalto the /quare-of halfe 

the number. aede 5 
Suppofe thar 4B be aneuen number : which let be 

detiided into two equall numbers 4 Cand CB,and into E 

two vnequall numbers 4.Dand D B.Then 7 fay;that the 

{quare number which is préduced of thé multiplication 

of the halfé number CB into it felfe,is equal| to the fu- 4: 4 

petficiall number produced of the multiplication of the i 

ynequall numbers 4.D aad DB the one. int& the other,. e. | 

and to the fquare number produced ofthe number C D B ' 

which is fet betwene the fayde vnequall partes. Let the 

{quare number produced of the multiplication of the 4 

halfe umber C Z into it felfebe E . And let the fuperfi> 


ciall number produced of the multiplication of the vne- iD M 
qual nübers A D and D B the oneinto the other,be the 16| $2 
K 


' 


M 


number FG:and let the (quare of the number DC which 
is fet betwene the partes be G H, Now fotafmuch asthè hC 
number B Cis deuided into the numbers BD and DC} ` 
therfore the {quace of the number B C rhat is, the num- 
ber E,isequall to the fquares of the numbers Z D and D 4 4 
C,and tothe fuperfcialt number whichis compofed òf. - ' 
the multiplication ofthe numbers J D and D C theone | 
into theothertwife,( by thea4.propofition ofthisboke) ^ *- E 
Letthe fquareofthe number £ D betheuumber K L;& “4 
let N X be the (quare ofthe number D C: and finally of 

S. iii. the 
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the multiplication ofthe numbers 2D and D C theoneinto theothertwifelet be pro 
duced either of the(e numbers L A and M N. Wherefore the whole number KX iş 
eqùall to the number £.And forafmuch as the number BD multipliyng it felfe produ- 
ced the number K L,therefor it meafureth it by the vnities which are in it feife, More 
ouer forafmuch as thenutnber C D multiplying the number J'D produced the num- 
ber L M, therefore al(o D 3 mealturetli L 44 by the vnitieswhich are :n the number C 
D: burit before meafured the number K L by the vnitic$ which arc in it felfe, Where- 
fore the number D B meafureth the whole number K Miby the ynities which are in C 
2. Buctthe number C B is equall to the numberC 4, Wherefore the number'DB mea- 
fureth the number K 44 by the vnities which are in C 4. Agayne forafmuch as the nü- 
ber CD multiplivng the number D Z produced the number 74 N:thereforc the num- 
ber D B meafíureth the number 74 A by the vnities which are in the number C'D:but 
it before meafured the number KM by the vnities which are in fhe number 4C.Wher 
fore thenumber Z D mea(ureth the whole number KN by the vnities which are in the 
numbere4 D. Wherefore the number F Gis equall to the number K N. For numbers 
which are equemultiplices to one and the felfe fame number, are equall the one to the 
other.Butthe number.G H isequall to the number N X: forcither ofthem is fuppo- 
fed to be the fquare.of the number C D.'Wherefore the whole number K Xisequall to 
the whole.number F 4, But the number K X is equall to the number E. Wherefore alfo 
the number F His equall to rhe number E.And the number F Ais the fuperficial num- 
bet produced of the multiplication of the numbers 4 Dand DB the one into the o- 
ther together with the fquare ofthe number DC.And thenumber E is the (quare of the 
number C B.Wherforc the fuperficiall number produced of the multiplication of the 
vnéqual partes AD and 'DBtheone into thé other,togethér with the (quare of the'nü- 
ber D C which is fet betwene thofe vnequallpartes,is equall to the fquare of the num- 
ber CB,which is the halfe of che whole number 4 B.1f therfore an euen number be de- 
uided into two equall partes, &c, which was required to be proued. 


5ap T be 6.1 beoreme. The 6. Tropofition. 


Jf'a right line be deuided into two equal partes,and if onto it 
be added an otber right line diretlly,the retlangle figurecon- 
tayned under the whole line with that which is added,¢> the 
line which is addedtsogether with the fquare whichis made 
ofthe halfe, is equall to the quare which is made of the halfe 


line and of that which is added as of one line. 


|” ppafe that the righte 
line AB be deutded in 
k to two equall partes in 

== j point C: € lec there 
added vnto it an otber rigbt. line 
DB diretlly,that is tofayywbich 
being ioyned vnto A B make botb 
one right line A D. "Then I fay, 
tbat tbe re£langle figure compre 
bended vuder .A D and (D Bytos 
gether 











of Euclides Elementes. Fol. 69. 


gether with the [quare wbiche is made of BC is equall to tbe fquare whiche;is 
made of D C.Defcribe( by tbe 46.of the v. )vpon C D a [quare C EF Dand (by 
the firft peticion draw a line from D to E:and (by the s1,of the first) by y point 
B draw aline parallel vnto either of thefe lines EC DE, cutting the diamee 
ter D Ein the point Hand let the fame be BG, co (by the felf [ame )by y point 
H draw to either of thefe lines A D and E Fa parallel line K, M: and moreoner 

by the pointe A drawealine pas 7 
rallel to either of thefe lines CL 

and D M: and let the fame be A 

K.And forafmucb as AC is eqnall 
nto C Bytherfore (by the 3 6, of 
the fir/t) the figure A Lis equal 
Ynto the figure CH. But(by the 

43.0f the firft )C His equal ynz 

the figure HF, wherfore A Lis 

equallvnto HF, Put the figure 

C M common to tbem both, wher 

fore the whole line A Mis equal 

Ynto tbe gnomon N X 0,But A 
Mis that which is contayned vnder A D and D B: for D Mis equal vnto DB: 
wbherfore the gnomon N X O,is equall vnto tbe re&langle figure contained vno 
der ADand D B.Put the figure LG common to them both, which is equal to 
the [quare which is made of CB, VV berefore the rettangle figure which is cone 
tayned vuder 42D and D B together with the (quare which is made of C Bis eo 
quall to tbe gnomon N, X 0 and ynto LG, But the gnomon N XO and LG 
are the whole [quare CE F D which is made of C D, VV berfore tbe ve&tangle 
figurecontayned ynder AD and D Btogether with the [quare wbich ismade 
of C Bis equall to tbe [quare which is made of C D.If tberfore a tigbt line be de- 
uided into two equall partes, and vnto it be added an other right line diretily: 
thereftangle figure contayned vnder the whole line with that which is added, 

and the line which is added, together with the fquare which is made of the halfe, 
is equall to the fquare which ss made of the halfe line and of that whichis added 
as of one line: which was required to be demonstrated. 





By this Propofition(be(ides many other vfes) is in Algebra dcmonftrated 
that equation wheria the two leffe numbers be equall to the number of the greaz 
teft denomination, 


An example of this propofitionin numbers, 


Take any even number as 18.and adde vnto it any other number as 3 .which make 
inall 2 1.And multiply z t. into the number added, namely, into 3, which maketh 63. 
Take alfo the halfc of the whole cuen number,that is,of 18.which is 9,And multiply 9. 
into it felf which maketh 81.which adde ynto 63 .(the number produced of the whole 
cuen numbcr,and the number added into the number added) and you (hal make 144. 

T.i: Thea 
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Then adde 9.the halfe ofthe whole euen number vnto 3.the number added which ma. 
keth 12,And multiply 12.into it felfe,that is,take the [quare of 12 which is 144.which 
is equall to the number compofed of the multiplication of the whole number and the 
number added into the number added,and of the fquarc of the number added, which 
i5 alfo 144.As you feein the example. 


The whole euen number. 18 
Thenumber added, 3 
21 thenumber compofed of the whole number,& 
thc number added. 










The halfe ofthe whole. 9 
The number added. 3 


—— 


12 thenumber compofed of the halfe and of the 





number added. 
Multiplication of the 2I 
whole &the number ad- 
dedinto the number ad- 
ded, 63 63 
: 1 








Multiplicatié of thehalfe o 144 the nüber compofed ofthe whole 
into it felfe, 9 and the number added into the 
i} |— number added and of the {quare 
81 ofthe halfe 
Multiplicatió ofthe halfe 12 equall to 
and the number addedin 12 
to it felfe, — 
Jf | 24 
12 
144 the fquare number made of the 


number compofed of the halfe and 
the number added, 


The demonftration wherof followeth in Barlaam, 


The fixe Propofition. 


Jf «n euen number be denided into two equall numbers,and unto it be added fome other number? 
£be fuperficiall number Which is made of the multiplication of the number compoféd of the whole nä- 
ber and the number added, into the number added, together With the [quare of the balfe number, is 
equallto the fquare of the number compofed of the halfe and the number added. I 


Suppofe that 4 B bean even number,and let it be deuided into two equallnum- 
bers 4 Cand CB: and vntoitlet there be added an other number B D. Then /fay thac 
the füperficiall number produced ofthe multiplication of the number A'D into the 
number D B is equallto the (quare ofthe numberC D. Forletthe fquare number of 
the number CD be the number E,and let the fuperticial number produced of the mul. 
tiplication ofthe number 4 D into the number D B be the nua:ber F G-and finally let 
the fquare number of CB be the number G H. And forafmuch as the {quare of the na- 
ber CD is(by the 4.propofition Jequall to the (quares of the numbers D B and BC to- 
gether with the fuperficiall number which is produced of the multiplication of the 
numbers D Band B Cthe one into the other twile, Let che (quare of the number BD 
be the number K L: andlet the (uperficiall numbers produced of the multiplication 
ofthe nuaibers D B and BC the one into the other twife be either of thefe Rusia 
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LM and M Ni and finally let the quare ofthe number 2 C be the number N X. Wlier- 
fore the whole number K X (hall be equall to the (quare ofthe number C D. Bat the 
Íquare ofthe number C Dis the number E. Wherforethe number K X is equall to the 
number £. And forafmuch as the number B D multiplieng it felfe produced the num- 
ber KL: therfore the number B D mea(ureth the num- 

ber KL, by the vnities which are init felfe, but it allo ms) «dee 
mealureth the number LM by the vnities which are in S Hoo (A 
the number C J, Wherfore the number D Z meafureth 

the whole number K M by the vnities which are in the 3 a 
number C D. The nüber D J al(o meafureth the num- C. ON 
berM N by the vnities which arc in thenumber C 2: & p | 

the number C Z is equall to the number C A by fuppo- I 
fition.Wherfore the number D 7 meafureth the whole * 
number K N by the vnities which are in the number 4 4 
D.Butthe number D 2 doth alfo meafure the number 








FG by the vaities which are inthe number 4D: for s. 
by fuppofition thenumber FG isthe fuperficiall num- ~ “f 9 40 12 
ber produced of the multiplication ofthe numbers 4 
Dand DB the one itito the other, Wherfore the num- 3 +h Ly 
ber F Gis equall tothe number K N. Butthe number 
H Gis equall to the number N X : for either of them is 
the fquare number ofthe number CB, Wherefore the - t6 
whole number F /7 is equall to the number KX: and 2 
the number K X is proued to be equall to the number 
E, Wherfore the number F A (hall al(o be equall to the 4 
number E,And the number F H is the füperficiallnum 
ber produced of the multiplication ofthe numbers 4 
Dand D Btheone into the other,together wyth the 
Íquare ofthe number C Z; and the number Eis the fquare of the number CD, Where 
fore the fuperficiall number produced of the multiplication of the numbers ef Dand 
D B che one into the other, together with the fquare ofthe number CZ, is equall to the 
{quare of the number C D./fcherfore an euen number &c, 





tu — 


5 
` 


The 7.Theoreme. The 7.Propofition, 


Ff aright lyne be denided by chaunce, the fquare whiche is 
_ made of the whole together with the [quare whichis made of 
onc ofthe partes is equall to the reflangle figure which is cõ- 
tayned under the whole and the [aid parte twife, and to the 
Square which is made of the other part. 


SV ppofe that tbe right line A B be deuided by chauncein the point C, 
SY Then Lfay that the Jquare which is madeof AB, together with the 
avare which is made of B C,is equal vnto tbe rectanyle'figure which 
I is contayned vuder the lines A Band B C t'wife and vnto tbe fquare 
which is made of A C.Defcribe( by the 46.of tbe firft ) vppon A B a [quare A 
DE B,and make complete the figure ,And forafmuch as (by the 43,0f tbe firfl ) 
the figave A Gis equal vato the figure G E.Put tbe figure C F common to thé 
E T.j. bocth; 






JA 
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both: wherfore the whole figure A Fis equall to the whole figure C E;'VV bere 
fore the figures AFandC E are double to the figure A F.'But tbe figures 4 F 
and C E are tbe gnomon K L M and tbe quare C F: wherfore the gnomon K 
L M and tbe [quare C F is donble to the figure 
A F. But the double to A Fis that which is cone 
tayned vnder A Band BC ewife, for BFis e+ 
quallynto BC VV herfore the gnomon KL M 
and tbe /quare C F is equall ynto tbe rectangle 
figure contayned vnder AB and B C twife Put 
the figure D G common vnto them both, which 
is tbe [quare madeof AC, VVherfore the gnos 
mon KL M and the fquaresBG andGD are 
equal vnto there€tangle figure whichis contais — p P 
ned yader 4B «9 BC t'wife ex vntotbe [quare 

which is made of AC,But the gnomon KLM ye tbe fquares BG, c7 (DG are $ 
whole [quare BAD E € 5 part or [quare C Fywbich fquares are made of the 
lines AB «e of BC,tberfore y [quares which are made of AB cr BC are equall 
vnto the retlaucle figure which is contayned vnder AB and B Cewife and alfo 
vnto the fAuare of AC.Iftberfore a rigbt line be deuided by cbaunce:tbe quare 
whichis made of the whole together with the fquare which is made of one of the 
partes is equallto tbe re&langle figure whichis contayned vnder the whole and. 
the fayd part twife and to the fquare which is made ofthe otber parte : wbicbe 
Was reguired to be demonstrated. 





Fluffates addeth vnto this Propofition this Corollary, 


T he fquares of two unequall lines do exteede the rettangle figures contayned under the faid lines 
by the fquave of the exce[fe wherby the greater lyne excedetb theleffe. 


Forifthelinec4 B be the greater,and theline BC the leffe,itis manifeft thac the 
{quares of A Band BC are equall to the rectangle figure contayned vnder the lynes 4 
B and 7 Ctwife, and moreouer to the fquare of the line 4 C,wherby the line A B exce- 
deth theline £C, 


By this propofition molt wonderfully was foand out the excraction of roore 
{quares in irrational! numbers,befide many othcr ftraunge thinges. 


An example of this propéfition in numbers. 


Take any numberas 13.and deuideit into two partes as into 4,& 9. Take the fquare 
of 13. whichis 169, takealfo the fquare of 4. whichis 16.and adde thefe two fquares 
together which make 1 8 5.Then multiply the whole number 13. into 4. the forefayde 
part tvife,and you (ball produce 52.and 52: takealfo the fquare of the other part,that_ 
is,of 9.which is 8t.And addeitto the produes of 13.into 4.twife,thatis,vnto 5 2.and 
$2. and thofe three numbers added together fhall make 185. whichcis equall to the 
number compofed of the (quares of the whole and of one of the partes, which is alfo 
185.As you fee inthe example, Sic 
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Thewhole” ~~ 1 {: pares of the whole, 
Multiplication of the 13 ` 
whole into it felfe, 13 
39 
13 
69 169 
"S 16 
Multiplication of oné of ; 
thc Diis intoit felfc. 4 155 (Thenumber tothpofed of 
— the fquares of tlie whole, 
16 and of onc of the partés 
13 
s t equall to 
"Multiplicationof the 52 q 
whole into che forefayde 
patt twiſe. 13 
a 5 
gz 
$1 8 
Multiplication of the o- | 9 195 thénumbér compofed of 
ther Part into it (clfc, 9 the whole into the fore- 
— ſaid part twiſe, and of the 
| 81 {quare of the other part, 
t 


The demonftration «heroffolloweth in Barlaam, 


The feuenth propofition. 


Ifa nimbe be denidedinto tiwo numbers: the fgnare of the whole inumber together with the 
Square of one of the partes, is equalltothe fuperficiall number produced of the multiplication of the 
whole number nto the forefasd pare tWife together with the quare of the other part. -~ 


Suppofe that the number eB be deuided into the numbers /£ C and C B, Then / 
fay that the fquare numbers ofthe numbers J 44 and AC are equall tó the fuperficiall 
number produced ofthe multiplicatió ofthe number B A into the number JC twile, 
together with the fquare of the number Z C.For foralmuch as( by the 4.ofthis booke) 
the (quare of the number A B is equall to the (quares of the numbers B Cand C Aand 
tothe fuperficiall number produced ofthe multiplication ofthe numbers B C and C 
A the one into the other twile: adde the (quare of the number eA C common to them 
both. Wherfore the fquare ofthe number el B together with the (quare of the num- 
ber 4 Cis equall to two (quares of the numbet 4 C and to one fquare ofthe number C 
B,and alfo to the fuperfictall number produced of the multiplication of the numbers 
BCandC Athe one into the other twife. And forafmuch as the fuperficial number pro 
duced of the multiplication of the numbers B.A andC 4 the one into the other once, 
is equall to the fuperficiall naber produced of the multiplication of B C into C A once, 

` nd to the fquare of the number C A(by the third of this booke ):therfore the number 

produced of the multiplication of B Ainto e4 C twileis equallto the number produ- 

ced ofthe multiplication of B Cinto C Atwife,and alfo to two fquares of che number C 

A. Addothe fyuare number of BC common to them both.Wherfore two fquares of the 

number e+’ C and ons fqnare of the number C B together with the fuperficiall number 
Tij. pro- 


v 


— — 


T he fecond Booke - 


duced of the multiplication of B C into C A twile are equall to the fuperficiall number 
produced of the multiplication of the number BA into the number AC twile toge- 
ther with the (quare of the number C B.Wherfore the (quare.of the number 44 B togc- 
ther with the (quare ofthe nüber 44 C is equal to the fuperficial nüber produced of the 
multiplication ofthe number B A into the number A C twile,together with the fquare 
of the number CB, If therfore a number be deuided into two numbers &c. which wae 
required to be demonftrated. 








8 
b D 
[: 64 thefquareofthe whole 42 
| 64 prthefquateófthe whole EX nequa ofthe part 4C 
z! 89 
j 5 8o the fuperficiall number 
i ial — a 
TS a5 ethe {quare of the part — thelquare oftheother part 2.0, 
| 89 
8 3 
5 5 
$j 40 40 
\ : 
8o the fuperfcial number produced of the multiplication of the 
whole into the parttwife 
3 
pne 
A 9 the (quare ofthe other part. 


The8.Theoreme. The8.Propofition. 


Ifaright line be deuided by chauce,the reflangle figure com- 

rebended ynder the whole and one ofthe partes foure times, 
together with the [quare which is made of the other parte, is 
equal tothe fquare which is made of the whole and the fore- 
Jaid part as of one line. 


ZV ppofe that there be a certayne right line AB, and let 

‘it be denided by chaunce in the point C. Then 1 fay that 
NN tbe re£langle figure comprebended ynder A Band BC. 
TEN foure tymes together with the [quare which is made of 
h VELA Cis equallto the fquare made of A Band BC as of one 

BE) RW JineExtend the line AB (by thefecond peticion). And 
‘(by the third of the firft) vnto CB put anequall lyne B 

i — — — D, And (by the 4,of the firft) defcribe vppon AD a 
fquare AE F D, And defcribe a double figure. And fora[much as C Bis equall 


vato BD, bat C Bis equall ynto GK, (by the34,of the feft) and likewife BD 
5 
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is equal vnto KN, wherefore G K alfo isequallynto. KN': amd by tbe. fame 
reafonalfoP R, is equall vnto R O.And forafmuch as BC is equall vnto B D, 
and G K vnto K N, tberfore (by tbe 3 6.of the firi) tbe figure CK, is equall 
vnto the figure K D,and the S 
figure G R is equall ynto the 
figure R N. But (by j gof) ` 
1.)the figure C.K is equall yn 
tothe figure RN: for they 
are the fupplementes of the 
parallelograme CO. VV hers 
forethe figure KD alfois ez 
quall vnto the figure NR; 
VV herefore thefe figures D 
K,CK,G RRN,are equall 
the one to the other VV heres 
fore thofe foure are quadrue 
pleto tbe figure C K; Agayne 
forafmuchasC Bisequalyne y. 
toBD,but BD is equall yne 
to B K that is,ynto CG.And B . 
C Bis equall ynto G K that is vntoG P: therforeC Gis equall yntoG P, And 
Jorafmuch as CG is equallvnto G P and P Ris equall vnto RO, therefore the 
figure AG is equallvnto the figure MP and the figure P L is equall vnto the 
figure R F.But the figure MP is(by the 43, ofthe first) equallvnto tbe fieure 
PL, for they are the (upplementes of the parallelogrammie ML: wherfore the 
figure alfo AG is equall ynto the figure RF, VV herfore thefe foure figures A 
G,MP,?P L,and R F are equall the one to the other: wherfore thofe foure are 
quadruple to the figure AG.And st is proued,that thefe foure figures CK,KD 
GR,RN, are quadruple to the figure CK.WV herfore the eight figures which 
contayne tbe gnomon S T V are quadruple tothe figure AK. And fora/much 
asthe figure A Kis that wich is contayned vnder the lines A Band BD, for 
the line BK 4s equall vnto the line B D: therfore that whiche is contayned vn» 
der the lines A B and BD foure tymes is quadruple vnto the figure AK. And 
it is proued that the gnomon S TV is quadruple to AK. VV her fore that which 
is contayned vnder the lines A Band BD foure tymes is equall vnto the gnome 
STV Put the figure X Hwhich is equall to the [quare made of A C common 
vnto them both.VV herfore the rectangle figure comprebended vnder the lines 
A Band BD foure tymes together with the fyuare which is made of the line A 
Cis equallto the gnomon ST Vand vnto the figure X H, But the gnomon S 
TV: and the figure X Hare the whole fquare A E F D, which is made of A 
D : wherfore that which is contayned vnder the lines A Band BD foure times 
together with the/quare which is made of AC, isequall to the /quare bd it 
iij, made 


A 
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made of A D. But B Dis equall vnto B C.VV berfave thereElanle figure cone 
tayned foure tymes vnder AB and BC together with the fquare which is made: 
of A C,is equall vnto tbe fquare which is made of A D,that is,ynto that whiche 
is made of A B and B Cas of one line, If therefore a right lyne be denided by 
chaunce, the reétangle figure comprehended vnder the whole and one of the 
partes foure tymes,together with the fquare which is made onthe other part, is 
equall to the {quare which is made of the whole and the forefatd part, as of one 
line, which was required to be demonstrated. De d 
ehm An example of this Propofitionin aumbers. — . Payee 
Take any number 35 17.and deuide it into two partes,as into 6.and 11. And multi- 
ply 17.into 6.namely oncofthe partes foure tymes, and you fhall produce 102. 102. 
102.and 102,Take alfo the fquare of 1 1 the other part,whichis 121: and adde it vnto 
the fourc numbers produced of the whole 17.into the part 6.foure tymes,& you thal, 
make 5 29.Then adde the whole number 17.to the fore(íaid part 6. which make 23. & 
take the fquare of 23, which is 529. which is equallto the number compofed of the 


whole into the fayd part foure tymes, aud of the fquare of the other part, which nume 
ber compofed isalío 529.As you fee inthe example. 


yeti 














es q X ia Y partes of che whole 
17 — 
6 
102 
17 
6 
eee 102 
Multiplication of the í 
Whole into one ofthe ' 7 
partes foure times, i 
I02 102 
102 
17 102 
6 102 
102. Y? 
— o ( thenumber compofed ofthe 
a 9? whole into one of the partes 
II foure tymes, & of the {quare 
— — '| oftheother part 
Multiplication of thc o- II $ 
ther part into it felfe. 11 
121 
Addition of the whole in- 17 equal to 
to the part. 6 
23 
Multiplication of the nú- 23 
ber cópofed ofthe whole | 23 
and the fore(aid part into — 
i 169 
it felfe. 6 
C — the ſquare of the number cõ- 





poſed of the vhole & the fore 
faid part. ~ The > 
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The demonftration wheroffollowcth in Bariaam, 


The eight propofition. . 

Jf a number be deuided into tio numbers the faperficiall number produced of the muitiplication 
of the whole into one of the partes foure tymes together with the (quare of the other parte,isequall to 
the quare of the number compofed of the whole number and the forefayÁ part. : 


Suppofe that the number 44 2 be deuided into two numbers ACand C B. -Then Z 
fay that the fuperficiall number produced of the multiplication of the number 4 Bin 
to the number C J foure tymes together vith the [quare of the number 4 C,is equall 
to the (quare of the number compofed of the numbers 4 B & C B. Forvnto the num- 
ber B Clet the nuinber 2 D beequall. Now fora(much asthe (quare ofthe D 
number A Dis equal to the {quares of che numbers 4B and 5 D,& to the 
fuperficiall number produced of the multiplication of the numbers 4B & 2 | 
B Dthe onc into the other twile( by the 4,of this booke) And the numb er T 
B Dis equall to the number, C: thereforethe (quare of the number 4 D 
is equall to the {quares of che numbers 4 B and BC, and to the fuperficiall c 
numbcr produced of the multiplication of the numbers &/£ 8 and BCthe | 
oneinto the other twife,But the fquares of the numbers 4 Band B Care e- 
quall vnto the (uperSciall number produced of the multiplication of the 6 | 


w 


numbers A B and BC the one into the other wife, and to the fquare of A 
C(by the former propofition) Wherfore thc (quare ofthe number 4 Dis 
equall to the (uperficial number produced ofthe multiplication ofthe nü- i 
bers AB and BC theone into the other foure tymes,and tothe fquare of 

the number e4 C.But the fquare ofthe number e4 D isthe fquare ofthe 4 
number compofed ofthe numbers 4 Band ZC: for the number B Dis e- | 
qual to the number J C.Wherfore the (quarc of the number compofed of the numbers 
AB and B Cis equall to the (uperficiall number produced of the multiplication of the 
numbers 4 B and B C the one into the other foure tymes, & to the (quare ofthe num- 
ber 4 C,/f therfore a number be deuided into two numbers, &c.- 


8 8 8 8 
2 2 2 2 


— — — — 


16 16 16 16 


64. the ſuperficiall number produced of the multipli- 
cation ofthe numbers 2447 and B Cthe oneinto | 
6 the other foure tymes. 
6 : 
736 the (quare of 4C, 


19 
10 


100 thefy uare of the number 
compofed of 4 2 and 8 C. 


64. the(üperficial nüber produced of the multiplicatió made 4.times 7 
36 theíquare number of AC. 


. 100 


U.i. The 


7 be fecond Booke 
The9.Theoreme. d he o Prapofition. 


S$ Ifa right line be denided into two equall partes, and into 

two vnequall partes, the quares which are made of the vne= 
quall partes of thewhole,are double to the fanares which are. 

és made of the halfe lynezana of that lyne which is betwene the 
io fettions. uM E | 
: Al V ppofe tbat a cevtayne right line A B-be denided into two equal 
fax partes in the pointe C, and into two vneqnall partes in the pointe D. 
" ^| T'ben Ljay that tbe [quares wbicb are made of tbe lines A D and D 
~ B are double to the quarts wbiche are made of tbe lynes 4 Cand C 





Confirntlion. D. For(by the f iof tbe 


Demonilra- 
ton. 


firfhereét from} point. -- > — 
CtotherightlneABa © ~ >e > E 
perpendiculer line C E, A 
AndletC E(by the 3.0f 
the firSt) be put equall 
nto either of thefe lines 
AC @CB: and(by the 
ferfl peticio) dram lines - 
from Ato E, and from 
Eto B And (by the 31. 
of the first) Ey the point ` 
D draw vntò the line EC a paralel lyne and let tbe fame be DF: and (Ly the 
Jelfe fame) by che point F draw vnto A B aline parallel andlet the fame be FG, 
And (by the firit peticion draw a line from Ato F, And forafmuch as ACisee 
quall buto C E tberfore( by tbe 5.of the first) tbe angle E.A Cis equal vto tbe 
angle C E A. And fovafmucb as the angle at the point Cis a right angle: therfore 
theanglesremayning EA Gand AE C,are equall ynto one right angle, wheres 
fore cche of thefe angles EAC and AE Cisthehalfe of aright angle, And by 
the [ame reafon alfo eche of thefe angles EBC and C E Bis the halfe ofa right 
angle.VV herfore tbe whole angle AE Bis aright angle And forafmuch as the 
angle G EF ts the halfe of a right angle,but EG Fis a right angle. For(by the 
29.0f the firft jit is equall vnto the inward and oppofite angle that is,ynto EC 
B: wherfore the angle remayning E F Gis the balfe ofa right angle, VV here» 
fore( by the 6 common fentence )the angle G E Fis equal vnto the angle EFG. 
VV berfore alfo (by the 6.0f the fur/t)the fide E.C ir equallvnto the fide F G.A» 
game forafmnuch.as the angle at the point B is the halfe of a right angle,but tbe 
angle FD Bis aright angle for it alfo( by the zs of tbe firft ) is equall vnto tbe 
inward 


f 
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inwarde and oppofite angle EC B. VVherefore the angle remayning BF Dis 
the halfe of a right angle. VVherfore the angle at the point Bis equall 'ynto the 
angle D FB. VVherfore (by the 6. of the first ) the ide D F 1s equall ynto the 
fide DB. And forafmuch as A Cis equall'ynto C E, therfore the {quare which 
is made of A Cis equall ynto the [quare which is made of CE. VV herefore the 
Squares which are made of C A and C E are double to the fquare whichis maile 
of AC. But (by the 47- of tbe first) tbe [quare which is made of E A ts equall to 
the {quares which are made of A C and C E (For tbe angle A C E ts a right ane 
gle) wherefore the [quare of A E. is double to the [quare of AC. Agayne fora/- 
much as E G ys equall'ynto G F,, tbe fquare therfore which is made of E G is es 
qual to the quare which is made of G F. VV herfore the ſquares which are made 
of G E and G F are double to tbe quare which is made of G F. But (by the 47. 
of the fir) tbe [quare which is made of E F is equall to tbe [quares wbicb are 
made of E G and G F. VV bevfove tbe quare which is made of E F is double to 
the (quare which is made of G F. But G F is equall'ynto C (D. VV berefore the 
Square which is made of 
EF is double to the 
Square which is made of 
CD. And the fquare 
whiche is made of AE 
is double to the [quare 
whichis made of AC. 
VV herefore the fauares 
which are made of A E 
and EF are double toy 


Jquares which are made A C D B 


of ACand CD. But(by 

the 47. of the firt the [quare which is made of AFis equal to the [quares which 
are made of A E and EF (For angle AE Fis aright angle). VV herfore the 
Square which is made of AF is double to the {quares which are made of AC «y C 
D.But (by the 47- of the firft )y [quares which are made of AD and D F are en 
quall to y {quare which is made of A F.For y angle ot y point D is a right angle. 
VVherfore the {quares which are made of A D and D F are double to 5 {quares 
which are made of AC andC D. But ID F is equall'ynto fD B. VV berfore tbe 
Jquares wbich are made of 4 D and 'D B, are double to the [quares which are 
made of AC andC D. If therfore aright line be deusded into two equall partes 
and into two ynequall partes the {quares ‘which are made of the ynequall partes 
of the whole are double to the fquares which are made of the halfe lyne, and of 
that lyne ~which is betwene the fettions: which as required to be proued. 





g An example of this propofition in numbers. 
Take any cuen number as 12.Añd devide it firft equally as into 6.and 6, & then vn- 
.. equallyasinto 8,& 4.And take the difference of the halfe to one of the ynequal partes 
: Vj, which 
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whichis 2.And take the {quare numbers of the vnequall partes 8,and 4,which are 64, 
andi 6:and adde them together, which make 80, Then take the {quares of the halfe 6, 
and of the differéce 2: which are 35,and 4: which added together make 40.V nto which 
number,the number compofed of the {quares of the virequall partcs,whicle is 80, is 
double.As you fec in the example, i 














The whole, 
"ne : : the equall partes ] ; 
~ ^ 
3 * the vnequall partes 
g 4 v» P. ^ 
: 8 3 the difference ofthe halfe to 
T - 8 one of the partes 
Multiplication ofeche 64 x 
Ynequal part into himfelf, — 
1 64 (the number compofed of the 
sy een’ F — ^ i6 fquares of the vncqual partes 
i 1 
8o ! 
6 
6 
d 
Multiplication cf the half 6 oie 
. and ofthe difference cche — 
into himſclte. 2 36. 
2 4 
40 the number compofed of the 
4 fquares ofthe halfe,and of the 
difference. 


The demonftration wheroffolloweth in Barlaam, 
The ninth Propoſition. 


Ifa number be deuided into tWo equall numbers,and againe be deuided into two inequall pertes: tbe 
Square aumbers of the uneguall numbers,are double tothe [quare Which is made of the multiplicati- 
ón of the halfe number into it ſelfe, together with the ſquare whiche it made of the number ſet be- 
tWene tbem. ; 

For let the number e4 B being an even number be deuided into two equall numbers 
AC&CB: & intotwo vacquall niibers 4D and D B.Then / fay chat the quare num- 
bers of A D and ‘D B,aré double to the (quares which are made of the multiplication 
ofthe numbers 4C and C D into themíelues. Forfora(muchas the number Zl Z is an 
even number,and is denided alfo into twò equal numbers 4 C and C 5, and afterward 
intotwo vnequal nübers 44 D and D Z :therefore the (uperficial naber produced of the 
multiplicatió of the nübers 4D & DA,th'one into thc other together with the (quare 
of the number ‘D C,is equal to the {quare of the number A4 C( by the fift propofition 
Wherfore the fuperficiall number produced ofthe multiplication of the numbers 4D 
and D B the one into the other twife, together with two fquares of the number CD, is 
double to the fquare of the numbere#C, Fora(much as alfo the number 4 B is deui- 
ded into two equal nuinbers ef Cand C B therfore the fyuare number of 4 Bis qua- 
drupie to the {quare number produced of the multiplication of the number ef C into 
it felfe(by the 4.propofition).Moreouerforalthuch as the fuperficiall nuniber produ- 
ced of the multiplication ofthenumbers A D &'D B the one into the other twie to- 
gether,with two fquarcs of the nuniber D C,is double tothe fquare number of CA. & 
P forafmuch 
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forafmuch as there are two numbers, of.whiche the one is quadruple.to 
one and the felfe fame number, and the other is double to the fame hum 
ber: therefore that number whiche is quadruple fhall bedoubleto that 
number whiche is double. Wherefore the (quare of the number 4 B is 
double to the number produced ofthe multiplicatió ofthe numbers er 
D and D B the oneintothe othertwi(e together with the two fquares of. 
the number D C, Wherfore the number which is produced of the mul- 
tiplication ofthe numbers 4 D and D B the one into the other twife, is 
leffe thé halfe of the (quare ofthenumber 4 B by the two fquaresofthe — 7 
nambers D C.And fora(much as the nüber produced of the inultiplica- 
tion of the nabers A D & D B theoneintothe other twi(e, together with 

the nüber cópofed of thc fquares ofthe numbers 4 Dand 2 Bis(by the 
4.propofitioí)cquall to che fquare ofthe number 44 7 i therfore the nü- 

ber compofed of the fquares of the numbers 4 D & D Z is greater then 

the halfe of the [quare nübct of? E, by thetwo fquares of the number 

D C.And thefquare ofthe number eA 2 isquadruple:to the fquare of 5 
the number 44 C, Wherfore the uuniber compofed of the fquares of the 
numbers A D and D B is greater then the double of the fquare of the 
number 44 C by two fquares of the number D C. Wherfore the faid num- 
beris double to the fquares ofthe numbers 4C and C, Jfthercforc a 
number be deuided &c,which was requiredto be demonftrated, 


9 


> —Ó 
a 


2 


3 
3 2 


64 theíquarcofthevnequallpart 4 D. 4 the fquarcofthe vnequall part 8 P 
5. 
1$ 60x 
25 thefquare ofthe halfe AC. 





3 
3 


9 the (quare of CD,namely,of the number (et betwene. 


25 
9 


34. thc fquares of thc halfe,and of the number fet betwene. 


64 68 à. 


4 34 
L 68 the (quares of the vnequall partes. 


Theio.Theoreme. The to. ropofition. 


Ifa right line be denided into two equal partes, & unto it be 
added an other right line direttly:the quare which is made of 
the whole ¢ that which is added as of one line, together with 

V.iij. the 


€onfirnclion. 


Demenstra- 
tion. 


The fecond Booke 


the {quare whiche is made of the lyne whiche is added, thefe 
two fquares(L fay Jare double to thefe (quares namely,to the 
Jquare which ts made of the halfe line c7 to tbe [quare which 
is made of the other balfe lyne and that whiche is added , as 
of one Lyne, e 


aod Vppofe that a certaynevight line A (B be deuided into wo equall partes 
I E lin the point CAnd vntost let there be added an other right line directs 
2a ly namely,BD, The I fay,that the fquares which are made of the lines 
A Dand DB are double to the (quares which are made of the lines A Cand C 
D. Rayfevp (by tbe wu, of the first) from the point Cynto the right line ACD 
4 perpendiculer lyne,and let the fame be CE. And let C E (by the 3,of the fir/t) 
be made equall ynto either of thefe lines AC andC B. And (by the fir/t petitie 
on) draw right lines from E to 4,aud from E to B. And( by the 31, of the firt) 
by the point E, draw a line parallel vnto C (D and let tbe fame be E F.And( by 
felf Jame)by tbe point D draw a line pavallel vnto C E and let tbe fame be DF. 
Andforafmucb as vpon tbefe parallellines C E e (DF ligbtetb a certain rigbt 
lme E F,tberfore(by tbe 2 9.of tbe firft the angles CE Fand EFD are equal 
puto two right angles VVherfore the angles F E Band EF D are lefe then 
tworight angles,But lines produced from angles leffe then two right angles( by 
the fifth peticion at the length meete together. VV berfore the lines EB and F 
D beyng produced on that fide that the line B Dis, will at the length mecte tos 
Lether. Produce them and let them meete together in the point G, And (by the 
firfl peticion’)draw aline from Ato G, And forafmuch as the line AC is equall 
ynto tbe line C E, the angle l 
alfo A E Cis (by the s. of tbe : 
firft equall vato the angle E 
AC, And tbe angle at 5 point 
Cis arigbtangle.VV berfore 
eche of thefeangles EACE 
and AEC is the halfe ofa 
right angle. And by the fame 
reafoneche of thefe angles C 
EB, and EBCis the balfe 
ofa right angle VVherefore 
the angle AE B is a right angle. And forafmuch as the angle E BCis the halfe 
of a right ancle,therfore(by the ts. of the first)the angle D BG isthe half ofa 
ricbt angle.But ) angle B D Gis aright angle(for it ts equal vnto the angle D 
CE, for they are alternate angles VV berfore the angle remaining DG B is the 
halfe of a right angleVV berfore (by the 6 common fentence of the fir/t)the ane 
gleDG Bis equall tothe angle D BG,VV berfore (by the 6 of thefir/t) the 


ide 
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BD isequall vntothe fide GD. Agayne forafmuch as the angle EG Fi tbe 
- halfe of aright angle: and the angle at the pointe Fis aright angle: for (by the 
34-of the firit) it is equall ynto the oppoftte angle EC 'D. VV herefore the angle 
remayning F E Gis the halfe of aright angle. VV herfore the angle EG Fits e- 
quall to the angle F EG. VV herfore (by the 6. of the fart the fide ,F E is equall 
Ynto the fide FG. And forafmuch as E C is equall ynto C A , tbe [quare EL 
which is made of E C is equall to tbe [quare wbich is made of C A. VV herefore 
the fquares which are made of C Eand C A are. double to the [quare which is. 
made of AC. But the [quare which is made of E A is (by the 47. of tbe first) ei 
quall vnto the ſquares vhich are made E C and C A. VV herefore tbe [quare 
whichis made of E A is double to the [quare which is made of AC. Agame forè 
afmuch as G F 1s equall ynto E F,the [quare alfo which is made of G F is equall 
to the [quare which is made of F E. VV herfore tbe fquares which are made of G 
F and E F are double to tbe [quare which 15 made of E. F. But (by the 47: of the 
first) the fquare which is made of EG is equall to the [quares which are made 
of G F and E F. VV berefore 
the [quare which is made of 
E G is double to the fquare . 
which is made of E F.But E 
F isequall yntoC D, where 
fore [quare which is made 
of E G is double tothe [quare 
which ismade of CD. Aud 
tt is proued the {quare which _ 
is madeof E A i5 double to 
the fquare which is made of ME > 
AC. VVherfore the [quares which are made of A E and EG are double to the 
Squares which ave made of AC and C D. But( by the 47- of ths ivt) tbe fquare 
which is made of AG ts equall to th ee which are made of AE and EG.. 
VV herefore the [quare which is made of AG is double to the [quares which are 
made of A C and C ID. But ynto the [quare whiche-is made of AG are equall 
the [quares which are made of A D and D G. VV herfore the fquares which are 
made of A D and DG are double to the fquares which are made of AC and D 
C. But D G is equall'vnto D BIV herfore the fquares which are made of A D 
and D B.are double to the [quares which are made of AC and DC. I, If therfore. 
aright line be deuided into two equall partes, and vnto it be added an other lyne 
directly, the fquare which is made of the whole and that which is added, as of 
one line together with the [quare which is made of the line which is added, thefe 
tico [quares (I fay ) are double to thefe fquares, namely, to the [qnare which is 
made ofthe halfe lyne, and to the {quare which is made of the other halfe lyne 
and that which is added as of one lyne : wbich was required to be proued. 


` 





e 
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g An other demonstration after Pelitarius. 
Viii. Suppofe 


T he fecond Booke 


Suppofe that the lyne A B be deuided into two equall pattes in the poyute C. 
And vnto it let there be added an other right lyne dire&ly, namely, B D. Then I fay 
that the (quareof AD together with the fquare of BD is double to the fquares of A 
Cand CD, i 

Vpon the wholeline A D defcribe a fquareA D EF.And ypon the halfe lyn? A C de~ 
fcribe the (quare A C G H.And produce the fides GH and CH till they cut the fides E 
F & D F,wherby fhalbc defcribed the figure H L K F,which thalbe the fquare of theline 
CD :as (by the Corollaty of the 4, of this boke,& by the 34.Propofition of the 1.)itis 
manifc(tif we draw the diameter C D, For the lyne K Fis equali to the line C D. And 
making alfo thc lines H M and H N equall to cither of the(e lynes A Cand C B, drawe 
the lynes M O and N P cutting the one the other right angled wile in the point Q. Ei- 
ther of which lynes let cutthe fides of thefquare A D: : 
E Fin the pointes O and P.Now it nedeth not to proue 
that the figure H Qis the (quare ofthelyneA C,feyng 
that it isthe (quare of theline C B : as the figure QF is 
the fquare ofthe linc B D : neither al(o needeth it to 

proue that the paralleloerame H P is equall to either of 
the fupplementes E HandH D : nor that the fupple- 
mentes N O and Q L arc equall, For all thisis manifeft 
euéby theforme of thefigure,for that all theangles a- 
bout the diameter acc half right angles, & the fides are 
equall,Wherfore if we diligently marke of what partes 
the (quare HF which is the fquareof C D, is compo- 
fed,we may thus rea(ó. Forafmuch asthe wltole quare — 4 c BP? 

E Dis compofed of the two {quares A H andH F and of 

thetwo fupplementes EH and H D,we inuftproue that : 

thefe (upplementes with the (quarc Q E(which is the fquare of the line B D) arc equali 
to thetwo (quares A H and H F, For then fhall we prouethat thefe two fquares AH & 
H F taken twile are equall to the whole fquaré D É together with the fquare of QF, 
which thing we tooke firft in hand to proue,And thus do I proue it. l 

The Supplement E H is equall to the parallelograme HP. And the fquare A H to- 
gether with the Icffer fupplemér, N O,is equall to the other fupplemée H D (by the firft 
common fentence fo oftentymes repeted as is neede) wherfore the two fupplementes 
E H and H D arc equall to the (quare A H and to the Gnomon KHLP Q Q. I£therfore 
vnto either of them be added the fquare Q E : the two (upplementes EH and H D to- 
gether with the (quare of Q F (hal be equal to the fquare A H, &to the Gnomon KHL 
P Q O and to the (quare Q F.Bat thefe three figures do make the two (quares A Hand 
H F.Wherforc the two fupplementes EH and H D together with the fquare Q F ate c- 
qual! to the two fquares AH and H F,which was the fecond thing to be proued.Wher- 
fore the two [quares A H and H F beyng taken twile are equall to the whole (quare D 
E together with the (quare of Q F. Wherfore the fquare D E together with the fquare 
QFis double to the {quares A H and H F: which was required to be proued, 





q An example of this Propofition in numbers. 


Take any euen number as 18: and take the halfe of it which is 9. and vnto 18. the 
whole,adde any other numberas 3.which maketh 2 1. Take thefquare numberof a 1. 
(the whole number and the number added) which maketh 441. Take alfo the fquare 
of 3 (the number added) which is 9. which two (quares added together make 450. 
Then adde the halfe number 9, to the number added 3, which maketh 12, And take 
the (quare of 9.the halfe number and of 12, the halfe number and the number added 

- which [quares are 81, and 144. and which two fquares alfo added together make 235; 
-nto which fumme the forefayd number 450, is double, As you fecin the example. 
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( Thewhole, .3 18 x 
` The number.added. 3- 9 T the halfe- 
21 
P 21 
2t 
21 
Muttiplication ofthe whole and 42 
the number addedinro himfelf, — 
441 
441 
| Multiplication ofthe number 3 9 
added, into himfelfe. 3 450 The number compofed of 
‘9 the fquare of the whole & 
the number added and of 
Multiplication of the halfe in- 9 the fquarc of the number 
to himfelfe. 9 added, 
81i ' & double to 
Multiplication of the halfe, & 12 $1 
the number added into it felfe, 12. 144 
34 a25 the number compofed of 
— the {quare of the halfe and 
144 ofthe fquare of the halfe 


and the number added. 


The demonftration wheroffolloweth in Barlaam, 


T he tenth Propofition. 


Jf ax euemmomber be deuided into two equall nombers , and unto st be added any other nomber: the 
Square nomber of the whole nomber compofed of the nober and of that whichis added , and the 
Square nomber of the naber added:thefe ewo fquare nobers( I fay )added together „are double to 
thefe fquare nombers namely to the fquare of the halfe nomber, and tothe {quare of the nomber 
compofed of the halfe nomber and of the nonsber added, 


Suppofethat the nomber 24 B being 2n euen nomber be deuided into two equall 
nombers AC and CZ : and vntoitlet beaddedan other nomber BD . Then I fay, that 
the fquare nombers ofthe nombers 4D and: DB are double to the (quare nombers of 
e4C andCD. For forafinuch as the nomber AD is deuided into the nombers -4B and 
BD: therefore the fquare nombers of the nombers 44 and DB are cquallto the fu- 
perficiail nomber produced of the multiplication of the nombers 4D and DB theon 
into the other twife, together with the {quare of the nomber 4B( by the 7 propofitió) 
But the {quare of the nomber 4B is equal to fower fquares of either ofthe nombers 
AC or CB (for ACis equall to the nomber CB): wherfore alfo the {quares of the nom- 
bers 4D and DB are equall to the fuperficiall nomber produced of the multiplication 
of thenombers AD and DB the one into the other twife, and to fower fquares of the 
nomber BC or CA, And forafmuch as the fuperficiall nomber produced ofthe multi- 
plication of the nombers 4D and DB the one into the other, together with the (quare 
of the nomber CB, is equal to fquareofthe nomber CD( by the 6 propofitid): therfore 
the nomber produced of the multiplication of the nombers 4D and DB the one into 
the other twife together with two {quares of the nomber CB,is equall to two fquares 
ofthe nomber CD . Wherefore the {quares ofthe nombers 4D and DB are equall to 

X. two 


The fecond Booke.. 


two fquares ofthe nomber CD, and to two {quares of the nomber 4C . Where- 

fore they are double to the fquares of the numbers AC and C D. And theíquàre 

of the nomber eZ D is the fquare of the whole and of the nomber added : And 
D the fquare of 22 is the (quate ofthenombe r added:the fquare alfo of the nomber CD 
T is the (quare of the nomber- compofed of the halfe and of the nomber added : If there- 
fore an enen nomber bedeuided.&c, Which was required to be proned, 
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| 3 
7 64 thefquareof 4D 4 thefíquareof D B 
| 
5 5 
5 
25 the fquare of C D,namely,òf the number compofed ofthe halfe and 
i ofthe number added, 
"à 25 } 64^ l 
5 — e 2a r ks ho 
| 9 the (qusre ofthe halfe 4C, 34 [ 68 434 2s 


A : S&T her, Probleme, Then. Propofition. 


To deuide a right line genenin fuch fort, that the restangle 
figure comprehended ynder the whole and one of the partes, 
JPall be equall onto tbe fquare made of the other part. 


V ppofe that the right line geuen be AB. Now itis required to deuide 
the line A Bin fuch fort, that the reftangle figure contayned ‘pnder 
K J the whole and one of the partes, fhall be equall vnto the fquare which 
SS is made of the other part.Defcribe (by the 46. ofthe fih) dpon AB 
Conttrnttion. A quare 4B CD. And ( by the 10.0f the T = 
firft ) deuide tbe line A C into two equall i f 
partesin the point E,and draw a line from | 
(B to E. And (by tbe fecond petition extend 
C A vnto the point F. And (by the 3. of the j 
firft put the line E FequallyntojlneBE. P SA 


H 
And (by the 46.of the first Yvpon the line A 
F defcribe a fqusre FGA H.. And (by the > 
z. petition extend GH nto the point K. 


Then I fay that the line AB is deuidedin j 

the point H in fuch fort, that the reftangle 5 

figure which is comprebéded ynder A B and 

BH is equallto the [quare which is made of 
Demonftrati’ AH. For fora[much as the right line AC 

is deuided into two equall partes in the poynt 

E, and *ynto it is added an other right line 
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AF. Therefore (by the 6.of the fecond) the reftangle figure contayned vnder 
C Fand F A together with the [quare which is made of A E is equall to y [quare 
which is made of EF. But E F'is equall'ynto E'B . VVherefore the rettangle 
figure contayned ynder C F,and F A together with the [quare which is made of 
E. A is equall to tbe [quare which is made of EB. But (by 47. of the firft ) 
yuto the [quare wbich is made of E B ave equall the {quares which are made of 
(B A and A E . For the angle at the poynt Ais aright angle . VVherefore that 
which is contayned ynder C F and F A, together with the (quare which is made 
of AE, is equall to the fquares which aremadeof BA and AE. Take away 
the (quare which is made of AE which ts common , to them both: VVherfore 
the re€tangle figure remayning contayned ‘ynder C F and F A is equall nto 
the {quare which is made of AB. And that which is contained ‘ynder the lines 
C F and F A is the figure F K . For the line F A is equall ynto the line FG. 
And the quare which is made of 4B. is the figure 41D . VV berefore tbe fie 
gure F K is equall ynto che figure AD . Take away the figure A K which 
ts common , to them both. herefore the refidue,namely,the figure FH is 
equall ynto the refidue namely, ynto the figure HD . But the figure H Dis 
that which is contayned vnder the lines AB and BAH, for AB 1s equall pne 
to BD. And the figure F His the quare which is made of A H.VV herfore 
the reftangle figure comprehended ‘pnder the lines AB and B H is equall to 
the [quare vvhich is made of the line H A.VVherefore the right line genen AB 
is deuided in tbe point HL ym fuch fort tbat tbe ve&langle figure contayned vnder 
AB andB His equall to the fquare which is made of AH: which was required 
to be done. à 


Thyspropofition hath many fingular vles . Vpon it dependeth the demonftration Many and 
of that worthy Probleme the 1o.Propofition of the 4.booke : which teacheth to de- /inguler vfes 
fcribean Ifofceles triangle,in which cyther ofthe angles atthe bafe (hallbedoubleto ofthis papo- 
the angle at the toppe . Many and diuers vies of aline [o denided fhall you finde inthe (tion. 
13.booke of £uchide. 


Thys is to be noted that thys Propofition can not as the former Propofitions Thi 
of thys fecond booke be reduced vnto numbers . For the line EB hath vnto the ;;,,. pu 
line A E no proportion that can be named, and therefore it can not be expreffcd. be relat ïs 
by numbers. For forafmuch as the {quare of EB is equall to the two fquares of to numbers. : 
A B and AE (by the 47.0f the firft) and A E is the halfe of A B, therefore the 

line B E is irrationall. For euen as wo equal! (quare numbers ioyned together 

can not make a fquare number : fo alfo two fquare numbers, of which the oneis 

the fquare ofthe halfe roote ofthe other, can not make a fquare number. As by 

an example . Take the fquare of 8. which is 64. which doubled, that is, 128. ma- 

keth notafquare number. So take the halfe of 8. which is 4. And the {quares of 

8.and 4. which are 64.and 16. added together likewyfe make nota {quare num- 

ber . For they make 80. who hath no roote {quare . Which thyng mutt of neceifi- 

ue be ifthys Probleme fhould haue place in numbers. 

Bucin Irrational numbers itis true,and may by thys example be declared. 


Xi. Lee 


Demonstra- 
tion. 


which are made of CD and D B are equall 
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Let 8,be fo deuided, that that which is produced of the whole into one of his partes 
thall be equall to the fquare number produced of the other part. Multiply 8,into him 
felfe and there thall be produced 64. thatis,the {quare -4 BC D. Deuide 8, into two 
equall partes thatis,into 4 , and 4.astheline e/£ E or EC. And multiply 4.into hym 
felfe,and there is produced 16, which adde vnto 64, and there fhall be produced 3o: 
whole rooteis /% 80: which is the line E B or the line E F by the 47. of thc firft, And 
forafnuch as the line E Fis / 3? 80, &the lyne E Ais 4, therfore the lyne ef F is V3? 
80—4.And fo much fhall the line AH be.And cheline B H fhall be 3 —V 2p 80—4,that 
is,12—/%* 80, Now thé 12— 37 80 multiplied into 8 thal be as much as 73? 80—4. 
maltiplied into it felfe.For of either of them is produced 9 6—4/5120. 


5a» T be u. T beoreme. — The12.Propofition. 


In obtufeangle triangles, tbe [quare wbicbis made of tbe fide 

Jubtending the obtufe angle,ss greater then the [quares which 

are made of the fides which comprehend the obtufe angle, by 

`> theretlangle figure, whichis comprehended twife vnder one 

of thofe fides which are about the obtufe angle , vpon which 

being produced falleth a perpendicular line sand that which 

is outwardly taken betwene the perpendicular line and the 
obtufe angle. 


US A |'ppofe that ABC be an obtufeangle triangle haning 
S ) E the angle BAC obtufe and from the point B(by the 12. 
aN of tbe fivft draw a perpendicular line'ynto C 4 produced 

! — PR ` 
' REN and let tbe fame be BD. Then Ifay that the [quare 
CIA M -which is made of the fide BC, is greater then the [quares 
2 D —— SS 
MER 
















N “which ave made of the fides BA and AC,by the rettan- 
e, gle figure comprehended ‘ynder the lines CA and AD 
twife. For forafmuch as the right line CD is 
by chaunce deutded in the poynt A, therefore B 
(by the 4. of the fecond ) the fquare whichis 
made of C D is equall to tbe [quares which are 
madeof C A and AD and'ynto the veflangle 
figure contayned 'ynder C 4 and AD twife. 

Put the [quare which is made of DB coms 
mon vnto them both. VV herefore the fquares 





to the [quares which are made of the lines CA, — € ^ D 
AD, and D B,and vnto the rectangle figure 

contayned ‘onder the lines CA and 2D twife . But (by the 47.0f the firft the 
fquareswhich is made of CB is equall to the fquares which are made of. — 
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CD,and DB. For the angle at the pot D isa vight angle. And “onto the 
Jquares which are made of AD and DB (by the felfe fame ) is equall the 
fquare which is made of A B.VVherfore the {quare which is made of C'B,1s e- 
quall to the {quares which are made of CA and AB and nto the rettanzle fi- 
gure contayned ynder the lines C Aand AD twife. VV berfore 5 [quare which 
is made of C B, is greater then the fquares which are made of CA and AB by 

the retangle figure contayned vnder the lines CA and AD twife. In obtufe- 

angle triangles therefore the quare which is made of the fide fubtending the ob« 
tufe angle,ts greater then the {quares which are made of the fides vyhich com= 
prehend the obtufe angle by the rectangle figure which is comprehended twife 

‘vader one of thofe fides which are about the obtufe angle, vpon which being pros 

duced falleth a perpendiculer lyne,and that which is outwardly taken betwene 

the perpendiculer lyne and the obtufe angle: which was required to be demone 
firated. 


Of what force thys Propofition, and the Propofition following, touching the 
meafuring ofthe obtufeangle triangle and the acuteangle triangle, with the ayde 
of tie 47.Propofition of the firlt booke touching the rightangle triangle, he fhall 
well perceaue,which fhalt at any timeneede the arte of triangles in which by thre 
thinges knowen is euer fearched out three other thinges vnknowen,by helpe of 
the table ofarkes and cordes. : 


Their.Theoreme. Thei3.Propofttion. - | 


St» In acuteangle triangles,the fquare which is made of the 

fide that fubtendeth the acute angle,is leffe then the {quares 
which are made of the fides which comprehend the acate an- 
gle,by the retlangle figure which is coprebended twife under 
one of thofe fides which are about the acuteangle, upd which 
falleth aperpendiculer lyne, and that whichis inwardly ta- 
ken betwene the perpendiculer lyne and the acute an gle. 


P" Peale — (BC be an acuteangle triangle ha» 

yuyng tbe angle at ) point B acute cr ( by tbe 12.0 
e the Folia the dint A draw A: ie lyne A 
C a perpendiculer lyne AD. Then I fay that the  fquare 
"which is made of tbe lyne AC is lefe then the Jquares 
Which are made of the lyne CB and B A ,by the rectangle 
figure conteyned pnder tbe lines CB and B D twife. For 
forafmuch as the right lyne B C is by chaunce deuided in 
the point D, therfore (by the 7. of the fecond )the  fquares 
Xij. which £-——4 


A 


Demonfiratio 


A Corollary. 


This Propof- 
tion true in all 


Kindes of 


sriangles. 
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which are made of the lines CB and BD ave equall to the retangle figure cone 
tained pnder the lines C B and D B twife and^pnto the [quare "whiche ismade 
of line C'D . Put the [quare which is made of tbe line (D A common *ynto them 
both. VT berfore the fquares "which are made of the lines CD , BID andfD 
Aare equall nto the reĉtangle figure contayned vnder 

the lines C Band BD twife,and bnto the  fquares which A. 

are made of A D and D C.But to the fquares whiche are 

made of the lines B (D and (D A is equal y quare which is 

made of the line AB: for th'angle at j pont Dis aright 

angle. And'ynto tbe {quares whiche are made of the lines 

A Dand D Cis equall the {quare-whiche is made of the 

line A C(by the 4-.0f 3 firft ):wherfore the fquares which 

are made of the lines C Band B A are idla the [quare 

which is made of the line A C,and to that which is contaie 

ned 'pnder the linesC Band BD twife . VVherforethe 5 D e 
Square which is made of the line AC beyng taken alone jig leffe then the  fquares 
which are made of the lines C D and B A by the rectangle figure , whichis cone 
tained ynder the lines CB and B D twife . In rectangle triangles therfore the 
fquare which is made of the fide that fubtendeth the acute an agle is leffe then the 
Jquares wbich are made of the fides which comprehend the acute angle , by the 
rectangle figure which ts comprehended twife bnder one of thofe fides ‘which are 
about the acute angle, vpon which falleth a perpendicular line , and that which 
is inwardly taken betwene the perpendicular line and the acute angle: which was 
required to be proued. 


g A Corollary added by Orontius. 


Hereby is eafily gathered that fuch a perpendicular line in re&angle triangles 
falleth of neccffitie vpon the fide ofthe triangle, thatis, neyther within the trian- 
gle,nor without. Butin obtufeangle triangles it falleth without,and in acutcangle 
triangles within . For the perpendicular line in obtufeangle triangles, and acute- 
angle triangles can not exactly agree with the fide of the triangle : for then an ob- 
tufe & an acuteangle fhould be equal to a rightangle,contrary to the eleuenth and 
twelfth definitions of the firftbooke . Likewife in obtufcangle triangles it can not 
fall within,nor in acuteangle triangles without : for then the outward angle ofa 
triangle fhould be leffe then the inward and oppofite angle,which is contrary to 
the 16.0f the firlt. 

And this is to be noted, that although properly an acuteangle triangle, by the 
definition therof geué in the firft booke,be that triangle, whofe angles be all acute: 
yet forafinuch as there is no triangle,but chat it hath an acute angle,this propoliti- 
onis to be vnderftanded, & is true generally in all kindes of triangles whatfoeuer, 
and may be declared by them;as you may eafily proue, 1 

e 


of Euclides Elementes. Fol.80. 


T he 2. Probleme. The 14.Propofition. 
Vnto a retliline figure geuen,to make a [quare equal. 


Y a gj V ppofe that the rectiline figure genen be A . It is required tomakea 
Lh hed 






Into the rectiline figure A an equall rectangle parallelogramme BC 
D E. Now ify line B E Le equall'ynto tbe line E ID then is y thyng 
done -whiche was required : for ynto the z 

rectiline figure A ts made an equal | [quare c 

BD.But if not one of thefe lines'B Eez 

is ED the greater. Let BE be the greae 

ter,and let it. be produced ynto y potnt F. 

And{ by the 3 .of the fir]l) put nto E D 

an equal line E F . And( by the io. of the / 

ft) deuide the line B F into two equall D E 
partesinthepoint G. And making the 

centre the pomt G „and the Space G B or 

GF deftribe a femicircle BHF. And F 

(by thes. peticion )extendthelneDE 

"pnto ) point H. And(by the s-peticton ) A 

draw a line from G to H. And forafmuch 

as the right line F Bis desided into two 

equall partes in the point Gand into two ‘dnequal partes in tbe point E. therfore 
(by the 5. of the fecond Jehe rectangle figure comprehended vnder the lines BE 
and EF together with the fguare which ts made of the line EG, ts equall to the 
Jquare which is made of tbe line GF. But the line G Fis equall ynto the line G 
H. VV hberfore the rectangle figure comprehended vnder the lines B E and EF 
together with the [quare which is made of the line G E is equall to fquare which 
is made of the line G H.But "ynto the (quare which is made ofthe line G Hare 
equall the fquares whiche are made of the lines HE andG É ( by the 47. ofthe 
first VVherforey Which is contained nder j lines B E and E F together with 
J fquare which is made of G E is equall to ġ fquares which are made of HE and 
G E.T ake away the fquare of the line EG common to them both . VV berfore 
the rectangle figure contained vnder the lines BE čr E F is equall to the (quare 
which ts made of the line EH. But that whiche is contained bnder the lines B 
Eand E Fis the parallelogramme B D, for the line E F is equall ynto the line 
E DVV herfore the parallelogramme B 2D is equall to ) [quare "wbiche is made 
of the line HE . But the parallelograme BD is equall'ynto the rectiline figure 
4. VV berfore y rectiline figure A is equall to the [quare which is made of Si line 
FE .VVherfore vnto the rectiline figure geuen A , is made an equall | [quare 
defcribed of tbe line E which was required to be done. 


q The ende of the fecond Booke 


of Buclides Elementes. 





Jquare equal nto the rectiline figure A. Make(by the 45. of $ frft) Conftrnttion. 


Denosflratió 


The argument 
ofthis bookes 


The firfl defi- 


nition. 


Why cireler 
take their 
equality of 
their diame- 
fen or femi- 
diameters. 


q The died booke of Eu- 


clides Elementes. 











His third booke of Euclide entreateth 


A ofthe moft perfect figure, which is a circle. Where- 
| fore it is much more to be eftemed then the two 
tdi bookes goyng before, in which he did fet forth the: 
R moft fimple proprieties of rightlined figures . For 
3 fciences take their dignities of the worthyaes ofthe 
matter that.they entreat of.But of al figures the circle 
yis of molt abfolute perfection,whofe proprieties and 
c x ) pafsions are here fet forth,and moft certainely demó- 
G mPa AS ftrated . Here alfo is entreated of right lines fübtcn- 
—— ES ded to arkes in circles: alſo of angles ſet both at the 
circumference and at the centre ofa circle ,and of the varietie and differences of 
them. Wherfore the readyng of this booke , is very profitable to the attayning to 
the knowledge of chordes and arkes.It teacheth moreouer which are circles con- 
tingét,and which are cutting the one the other : and alfo that the angle of contin- 
gence is the leaft ofall acute rightlined angles:and that the diameter ina circle is 
the longeft line that can be draweninacircle. Fartherin it may we learne how, 
three pointes beyng geucn how foeuer(fo that they be not fet ina rightline),may 
be drawen a circle paffing by them all three. Agayne,how in a folide body , as in a 
Sphere,Cube,or fuch lyke,may be found the two oppofite pointes . Whiche is a 
thyng very neceffary and commodious : chiefly for thofe that fhall make inftru- 
mentes feruyng to Áftronomy;and other artes. 


Definitions, 


Equall circles ave fucb,whofe diameters are equall, or wbofe 
lynes drawen from tbecentres are equall. 


The circles A and B ate equal,if theyr diameters, namcly,E F and C D be equallzor if 
their femidiameters , whiche are lynes drawen from thecenter to the circumference; 
namely A F and B D be equall. 


; The reafon why circles 


take theyr equalitie , of the e- 
qualitie of cheir diameters or 
femidiamcters is , for that a 


circle is defcribed by one re- 

uolution or turnyng about of : 7 { 

the femidiameter, hauing one / 

ofhis endes fixed. Asifyou 

imagine the lyne A E to haue . 

his one point namely A faftened,and the other end namely E to moue — till 
1 


of Euclides Elementes. Folgi. 


it cometothe placewhere itbegi to moue , itfhal fully defcribe the whole circle, 
Wherefore if the femidiameters bee equall the circles of neccifitye muftalfo be 
equall: and alfo the diameters, EOM 


By thys alfo is knowen the definition ofvnequall circles, Definition of 
*ynequall cire 
Circles whofe diameters or femidiameters wve uneqnall, are alfo unequaR , end that circle eto 
which hath rhe greater diameter or feosidéameter, is the greater circle: and that circle which bath 
che leffe diameter or fermidianseter, ja the leffe circle, 






As the circle L M is greater 
then the circle IK, for thatthe 
diameter L Mis greater then the 
diameter I K:or for that the femi- 
diameter G Lis greater then the 
fcmidiameter H I, 


k 





eA right line isfayd to touch a circle which touching the cir- Snodig» 
cle and being produced cuttetb it not. i 


AstherightlyncE F drawen from the point E , and paffyng by a point ofthe circle; 
nainely ,by the point G to the point F on- 
ly toucheth the circle G H,and cutteth ie E c 
not,nor entrcth within it.For a rightline E 
cntryng within a circle,cutteth and deui- K E 
deth the circle, As the right lyne K Lde- 
uideth and cutteth the circle KLM, and 
cotreth within it: and therfore toucheth 
it in two places . But a rightlyne tou- 
chynga circle,which is commonly called 
a cóungent lyne,toucheth the circle once H A - Wi tontipent 
ly inonepoint, finr. 


+  Grcles arefayd to touch the one the other,which touching the Tiid dfai 
one the other cut not the one the other, 2 


As the two circles AB and BC touch the 
one the other . For theyr circumferences 
touch together in the poynt B , But neither of 
themcutteth or deuideth, the other. Neither 
doth any part of the one enter within the oe 


ther.And fuchatouch of circles is euer in one The tourhof 
poynt onely : which poynt onely is common circles is euep 
to them both , As the povnt B isin the confee èn one poin 
rence ofthe circle A Band al(ois iü the cireü-. ently, , 


ference of the circle BC, 


Aaj. Circles 


Circles may 
touch toge- 
sher two me- 
ger of wayete 


Fourth defi- 
anion, 


Fifi defini- 
HO. C 


— ThethirdBooke 


, Circles may touch together two maner of wayes, cither ourwardly the ang 
wholy without the other : or els the one being contayned within the other. 


As the circles D E and DF : of which the one D E contay- 
neth the other , namely D F: and touch theone the other in 
the poynt D:and that onely poynt is common to them both: 
neither doth the one enter into the other . Ifany part of the 
ene enter into any part ofthe other,then the onc cutteth and 
deuideth the other , and toucheth theone theather notig 
one poyntonely as in the other before , but in two pointes, 
and hauc alfo a fuperficies common to them both. As the cir- 
cles G H Kand H LK cutthe onc tlie other intwo poyntes 
Hand K:and the one entreth into the other : AL- 
fo the faperficies H K is common to them both: 
For itis a partof thecircle G4 K , and alfo it isa 
partofthecircle Æ L K. 











Right lines in acircle are fayd to 
be equally distant from the cen- 
tre,when perpendicular lines drawen from the centre 'ynto 
thofe lines are equall. And that line ts fayd to be more di- 
Skant,vpon whom falleth the greater perpendicular line. 


A c 


Asin the circle e£ BCD whofe centre is E,thetwo lynes | f 
- 4 BandC D hauc equall diftanec ftom thecentre E : bycau(e 
thatthe lyne EF drawen from the centre E perpendicularly 
vpon the lyne 4 B,and the lyne E G drawen likewife perpendi- 
Jarly from the centre E vpon the lyne C D arc equall the one to 
theother . Butia the circle Æ KL M whole centreis N the 
lyne H K hath greater diktance from the centre N, then hath 
thelyne L M : for that the lyne O IN. drawen from the centre 
N perpendicularly vppon the lyne H Kis greater then thelyne 
AC whichis drawen fró the centre N, perpendicularly vpoa 
the lyne L e., ; 





So likewile inthe other figure thelynes 4B and D Cin the 


| eirclee4 BC Dare equidiftant fromthe centre G,bycaufe the 


lynesO GandG P perpendicularly drawen from the centre G 
vppon the fayd lynes.4 8 and D Care equall . And thelyne, 
A Bhath greater diftance fromthe centre G then hath the 
thelyne EF, bycaufe thelyne OG perpendicularly drawen 
from the centre G to the lyne f Z is greater then the lync ÆA 
G whiche is perpendicularly drawen from the centre G to the 
lyne E F. 





B C 


A fetlion or fegment ofa circleyisa figure coprebended ynder 


aright line and a portion of the circumference of a circle. 
l as thke 


| of Euclides Elementes. Fol.82, 
Asthe figure 4 Cis a fe&ion of a-circle 


bycaufeitis comprehended vnder the right 2 E 


lyne AC aud thécircumferencéóf a circle A a 2 2j ^ 
B C .Likewifethe figure D E Fis afe&ion of — 
a circle , forthatitis comprehended vnder p F 


theriglit]yne D F, andthecircüfercace DE. 
F. Andthe figure A B C for that it cótaineth 

within itthe centre ofthecircle iscalled the ^ obs 
greater fection of acircle: and thefigute D E Fis the leffe fection of a circle, bycaufe 
itis wholy without the centre of the circle as it was notedinthe 16. Definition of the | 
firt booke, Era ` 


e/fn angle of a feĉlion or fegment,, is that angle whichis con- sie defni- 
tayned ynder aright line and tbe circuference of tbe circle, — "^ 


As the angle AB Cin the fe€tion AB Cis an angle ofa fec- 
tion , bycaufe it is contained ofthe circumference B. A C and 
therightlyneBC . Likewife the angle CBD isan angle of the B 
fc&ion B D C bycaufe itis contayned vnderthe circumference c 
B D C,andtherightlyneB C. And thefe angles are commonly . 
called mixte angles, bycaule theyare contayned vnder a right Mixt angles 
lyne anda crooked . And thefe portions of circumferences are 
commonly called arkes, and theright lynes are called chordes, . Arkes. 
or right lynes fubtended, And the greater fection hath ever the D Chordes. 
greater angle,and the leffe feGtion the leffe angle, 


A 


v: Anangle ts fayd to be ina feftion, whe in the circumference is seeps ce: 
taken any poynt,and from that poynt are drawen right lines from 
tothe endes of the right line which is the bafe of the fegment, ' 
the angle whichis contayned under the right lines drawen 

from the poynt, 1s (Lfay)[ayd to be ananglein a fettion. 


As theangle AB Cis an anglein thefe&ion AB C , bycaufe B 
fromthe poynt B beynga poyntinthe circumference A B Care 
drawen two rightlynes B Cand B A to theendes of the lyneA C 
which is the bafe of the fe&ion AB C . Likewife the angle A D C 4 
is an angle in the fe&ion A D C,bycau(e from the poyrit D beyng 
jnthe circüference A D C are drawen tworight lybes,namelv,D 
C &DA totheendesofthe rightline A C whichis alfo the bafe ' 
tothe fayd fe&ion A D C:So vou fee, itis not all one to fay, an ans . 
gle ofa fe&ion,and an anglein a fe&ion.An angle ofa fection có- Difference 
fifteth of the touch of aright lyne anda crooked’. And an angle d 
in a fe&ion is placed on the circumference, and is contayned of two right lynes. Alfo — — 


the greater ſection hath in it the leſſe angle, and the leffe fe&ion hath in it the greater T — 
angle. ‘ 





But when the right lines which comprehend the angle dore- Bight defe 
ceaue any circumference of-acircle,tben that angle 1s fayd to. "i" 


_., -be corre/pondentsand to pertaine to that circumference. 
» & o : Aa ij. Asthe 


Ninth defi- 


witon. 


Tenth defini- 


tion. 
Two defini- 


tions. 


Ff. 


Second. 


“The third Booke | 


As therightlynes B A and B C which containe the angle A B. 
C,and receaue the circumference A D Ctherforc the angle AB 
C is fayd to (ubtend and to peftaine to the circüference A D C, 
Aud ifthe right lynes whiche caufe the angle, concurrein the 
centre of a circle : then the angle is fayd to bein the centre ofa 
circle, As the angle E F D is fayd co be in the centre ofa circle, 
for that it is comprehended of twa right lynes F E and F D: EC 
whiche concurre and touch in the centre F. And this angle likewile 
fubtendeth the circumference EG D: whiche circumference allo, T 
is the meafure of the greataes ofthe angle E F D, 





D 


t 

 ASetlor of acircleisÇan angle being fetatthe S—< ` 
centre of a circle) a figure contayned ynder the right lines 
which make that angle and the part of the circumference re- 
ceaued of them. i 


As the figure A B C is a fe&or ofa circle, for thatit hath an angle i 
at the centre,namely the angle B A C,& is cótained ofthe two right; 


lynes A Band A C ( whiche contayne that angle and the circumfe. \ 


' rence receaued by them, 


c 


Y | 
Like fegmentes or fetlions of a circle are tbofe , which baue 
equall angles,or in whom are equall angles. 


Here are fet two definitions of like feGions of 


acircle. The one pertaineth to the angles whiche > 
are fetin the centre of the circleand receaue the 
circumferéce of the fayd fe&ions:the other per- 
taineth to the angle in the fe&ion, whiche as be- 
fore was fayd is euer in the circumference - As if 
theangleBA C , beyng in the centre A and re- . 8 C 
r F K e. 


ceaued'of the circumference BL C be cquall to 

the angle FEG beyng alfointhe centre E and 

receaued of the circumference F K G, them are the two fe&ionsB C Land FGK lyke 
by the firlt definition. By the (ame definition alfo are the other two ſections like, name- 
ly BC D,and F GH, for that the angle B A Cis-equall tothe angle FEG, 


Alfo by the fecond definition if B 


' beyng in the fection BCG be equall 
~ to the angle E H F beyng in the fc&ió 
. EHE thetwo fe&ioris BCG and EF 


| D 
AC beyng an angle placed in the cir- A 
cumference of the fe&ion B C A be e- t E 
„angle E D F beyng an angle in thẹ fe- ER P 
&ion EFD placedin the circumfe- ` 
- rence, there are the two fections BC 
A,and EF Dilyke the one to the o- 
ther , Likewife alfo if the angle B G C 
6 
= 


Harelyke. And fois it of angles beyng equall in any poyntofthecircumference. — ' 


Euclide 


of £uclides Elementet. Fol.83. 


Euclide defineth not equall Sections:for they may infinite wayes be defcribed. 
For there may vppon vnequall rightlynes be fet equall Sections (butyetin vne- 
quall circles) For from any circle beyng the greater, may be cut ofa portion equall 
to a portion ofan other circle beyng the leffe. But when the Sections are equall, 
and are fet vpon equall right lynes , theyr circumferences alfo fhalbe equall . And 
rightlynes beyng deuided into two cquall partes , perpendicular lynes drawen 
from the poyntes ofthe diuifiori tò the cir- 
cumferéces (halbe equall. Asifthe two fe&i- 
ons AB Cand 'D E F, beyng fet vppon equall 
ryghtlynes AC & D F, beequall : then if ech of 
the twolynes 4 C & D F be deuided into two e- 

uall partes in the poyntes G and Z7, & from the 

ayd poyntes be drawento the circumferences 
two perpendicular ]ynes B. Gand E H ,thc (ayd 
perpendicular lynes fhalbe cquall, . 


AE ec 





5g T bev. Probleme. — 1 bet. Propofition. 


Tofinde out the centre ofa circle genen. 







AN Vppofe that there bèa circle genen ABC. te is requis 


E qd c, $ v ^ 120 
\ ) ET red to finde out the centre of tbe circle AB C. Draw in it 
A Lew, N aright line at all aduentures, and let the fame be AB. 
oR ; 
RACE ZH 
2 

















x HEN| And (by the 10. of the firft) denide the line A Binto two 
SSA WEN equallpartes in tbe poynt D. And( by the 11.0f the fame) 
WF [ fro the poynt D raife vp pnto A Ba perpendicular line 


A 
MA Q 













g 


E —— | D C,er( by the fecond petition extend D Crntos point 
E. And (by the 10. of the fir/t) denide l 
the line C E into two equall partes in 
the poynt F. Then L fay that the point 
F is the centre of the circle ABC. For 
if it be not let Jome other point namely 
G be the centre. And (by the firft peti» 
tion draw tbefe vight lines G AG ID, 
and GB. And forafmuchas AD is . 
equall'yuto D B, and D G. is common 
‘ynto thé both, therefore thefe two lines 
AD and DG are equall to thefe two 
lines GD and D B, the one to the other and ( by the 15. definition of the firft) 
tbe bafe G A is equall to the bafe GB. For they are both drawen from the cene 
tre G to the circumference : therefore( by the 8. of the firft) the angle ADG 
as equall to the angle BDG. But when aright line ftanding vpona right line. 
maketh the angles on eche fide equall the one to the other , eyther of thofe angles 
` (by the 10. definition of the firfl ) és a right angle. VVherefore the angle BDG 
* - eres ^ fai is 4 











Why Fui 
Gefineth not 
equall Setti- 
ent. 


Conftruflion, 


Demonſita- 
tion leading 
to animpof- 
fibilitie, 


Correlary. 


Demonflra- 
zi leading to 
an impofhbi- 


bitie, 


ThethirdBooke 


is aright angle : but3 angle FD B is alfo a right angle by conftruttion. VKhers, 
fore(by the 4.. petition )the angle F D Bis equall to the angle BD G,the grea- 
ter to the leffe , which is importe VP berefore the poynt G is not the centre of. 
the circle A BC. In like wife may we proue that no other poynt befides F is the, 
centre of the circle ABC. VV berefore the poynt F is the centre of the circle’ 
ABC: which was required to be done. ' 


Correlary. 


Hereby it is manifell that ifin acircle aright line dodeuide 
aright line into two equall partes,and make right angles oneche 
Side : in thatright line which deuideth the dei line into twoe- 
quall partes is the centre of the circle. i 


SæT hei Theoreme, Thes Tropofition. 


Ifin tbe circuferenceof a circle be takë two poyntes at allad- 


uentures : aright line drawen from the one poynt to the other 
Shall fall within the circle. 







Es P ppofe that there be a circle ABC. Andin the circumference thera 

'of,let there be takë at all aduentures thefe two poyntes Aco B, T hen 
2 A V fay tbat a rigbt line drawen from A toB fhall fall -within the circle 
S&N 1 B C.For if it do not, lec it fall without the circle as the line A EB 
doth which if it be pofsible imagine to be aright line. And(by the Propofition 
going before take the centre ve circle and let tbe fame be D. And( by the firft 


^o petition )draw lines from D to Aand from D toB. Andextend D F to E. And 


‘or afinuch as (by the 15. definition of y fir; . 
p: 2 equall bs DB. —— (n n 
gle D A E is equall to tbe angle (D B E. And 
for afmuch as one of the fides of tbe triangle 
D AE, namely the fide AEB is produced, 


therefore ( by the 16. of the firft ) the angle 
D EB, is greater then the angle D A EBut 


‘the angle DAE is equall vnto the angle 
DBE .VVherfore the angle D E Bis grea DE. 
«ter tben tbeangle D B E.. But (by tbe18.of DL 
the firft) bnto the greater angleis fubtended X , 
the greater fide . VVherefore the fide D Bis 
“greater then the fide D E. But(by the Y5. definition of the firft the line DB 5 
es | equall 


of Euclides Elementes. Fol.84.. 


equall'vnto tbe line DF. VV herfore the line D F is greater then the line D E, 
namely, the leffe greater then the greater: which is impofsible VV herforea right 
line drawen from Ato B falleth not without the circle. In like fort alfoimay $e 
prone that it falleth not in the circumference : VVherefore st falleth within tbe... 
circle . If therefore in the circumference of a circle be taken two poyntes at all ade 
uentures: aright line drawen from the one poynt to the other {hal fall within the 
circle: which was required to be proued. 


5a9T be 2.1 beoreme. — Thes. Tropofuion. 


If in acircle aright line pafting by the centre do deuide ano- 
ther right line not pafsing by the cetreinto two equall partes: 
it hall denide it by right angles. 4nd if ít deuide tbe line by 
right angles jit fhallalfo deuide the fame line into two equall 


partes. à 


EN Vppofe that there be a circle ABC, and let there be init drawen The fft par 
Sd a aright line pafsing by thecentre, and let the fame be CD, deuidin 1g ofthis Propo» 
fo an other right line AB not pafsing by} centre into two equall partes fition, 

J inthe poynt FT hen I fay that the angles at the poynt of the denifion 
are right angles. T ake (by firft of the third) _ Conflruttion. 
the centre of the circle ABC, and let the fame ae 
be E. And( by the firft petition ) drame lines > 
from E to A «7 from E to B. And for afmuch Demongra- 
as the line A Fis equal 'vnto the line FB and PN ` 


the line F E is common to them both, therfore 
thefe two lines EF and F.A are equall "pnto P 
thefe two lines EF & FB, And the bafe EA 


is equall’pnto the bafe E B(by the 15. defini 

tion of the fir/t). VV herefore( by the 8. of the 

firft) the angle AF E is equall to the angle 

B F E. But when a right line Standing vpon a righe line doth make the angles 
on eche fide equall the one to tbe other ,eytber of tbofe angles is (by tbe vo.definse 
-tion of the firft )a right angle VV herfore either of thefe angles AF E,¢7 BF E 
‘as aright angle VV herefore the line CD pafsing by the centre, and deniding the 
dine AB not pafsing by the centre into two equall partes maketh at tbe point of. 
the deuifion right angles. 

But now fuppofe that the line CD do deuide the line AB in fuch fort that it The fend 
maketh right angles. T hen Lfay that it deuideth it into two equall partes, that pes conuevfé 
tsy the line AF isequall ynto the line F B. For the fame order of conftruction 7 jd 
sremayning for afmuch as the line E. Ais equall'ynto tbe line E B( by the v5. de- — 

Aa.iij. finition 


Dementira- 
tion leading 
£0 4n tripo- 

Abilitie. 


Lhe third Booke 


frnition of the firft). Therefore tbe angle. E. A F is equall'vnto the angle E BF. 
(by the 5 ofthe firft). And theright angle A FE is (by the 4. „petition ) equaB 
tothe right angle BF E. VV herefore there are two triangles E AF,e7 E BF 
bauing two angles equall to two angles c7 one fide equal to one fide, namely the 

* fide E F which is common to tbem both and fubtendeth one of the equall angles , 
wherefore (by the 26. of the fir/t) the fides remayning of the one are cquall ne - 
to the fides remayning of the other .VVherefore the line. AF is equall nto the 
line FB. If therefore ina circle avight line pafsing by the centre do deuide an 
other right line not pafsing by the centre into two equall partes , it fhall denide it 

_ by right angles, And ifit deuide the line by right angles it fhall alfo denide the. 
Jame line into two equall partes : which was required ta be demonftrated. 


SeT he3. Theoreme. a The 4.Propofttion. 


Ifin a circle tworight lines not pafing by the centre, deuide 
the one the other : tbey [ball not denide eche one the other 
into two equall partes. a 


ane Vppofe that there be a circle ABCD, and let there bein it drawen twe 
BNP right lines not pafsing by the centre and deniding the one the other, and 
eet the famebe AC and BD, which let denide the one the other in the 
poynt E. T hen I fay that they deuide not eche T J 
the one the other into two equall partes . For if 
it be pofsible let them deutde eche the one the 
other into two equall partes, fo that let AE be 
- equall'ynto EC,er B E^pnto E D. And take 
the centre of the circle ABCD , which let 
be F. And( by the firft petition ) draw a line 
from F to E . Now for a[much as a certaine 
right line F E paffing by the centre deuideth 
an other line A Cnot pafSing by the centre into 
two equall partes it maketh where the deuifr- 
on is right angles ( by the 3. of the third ). VV herfore the angle F E Aisa right 
angle. Againe for afmuch as the right line F E, pafSing by the centre  denideth 
the right line BD not pafSing by the centre into two equall partes therefore( by 
the fame )it maketh where y deutfion is right angles VV berfore the angleF EB 
is aright angle. And itis proued that the angle FE Ais aright angle. VVher- 
fore( by the 4. petition ) the angle F E Z2 is equall'ynto the angle F E B namely 
the leffe angle pnto tbe greater : which is impofSible. VV herefore the right lines 
A C and B /D deuide not eche one the other into two eqnall partes. If therfore in 
a circle two right lines not. pafSing by the centre, denide the one the other , al 
Cin | he 
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fall not deuide eche one the other into two equall partes : whith was required 7] 
be demonftrated. 


` In this Propofition are two cafes.For the lines cutting the one the other,do ey- 


Two cafes in 


ther,neyther of them paffe by the centre,or the one of them doth paffe by the cen- this Propo- 


tre,& the other not. The firtt is declared by the author. The fecond is thus proued. 


Suppofe that in the circle ef BC D the line 
ED paíling by the centre doc cut the line ezC 
not pafling by the centre. Then I fay that the lines 
«4 C and 8 D donotdcuidetheone the otherin- . . 
to two equall partes, For by the former Propofi- 
tion the line B D paffing by the centre and deui- 
ding the line eC into two equall partes, it hall 
alfo deuide it perpendicularly. And for a(muchas +- 
the line 4 C deuideth the line B D into two equall 
partes & right angled wile:therfore by the Correls 
lary of the frft of chys booke,the line eAf C paffeth 
by the centre of the circle : whichis cótrary to the 
fuppolition. Wherfore the lines e^£ C and B Ddo 
not deuide the onc the other ínto two equall 
partes : which was required to be proned, 





saoT he 4. Theoreme: The 5. Propofition. 


Jf two circles cut the one the other,they haue not one and the 
fame centre. 


CRY ppofe that thefe two circles 
Er ABC, and CBG do cut the 
one the other in the poyntes C 
and B. Then I fay that they haue not 
one (7 the fame centre.For if it be pofi» 
Lle let E be centre to them both. And( by 
the firft petition ) draw a line from E to 
C. And draw an other right line EFG 
at all aduentures. And for a[(mucb as tbe 
poynt Eis the centre of the circle ABC, 7 
therefore ( by tbe 15. definition of the 
first the line E Cis equall nto the line 
EF. Agayne for afmuch as the poynt Eis the centre of the circle C BG, theree 
Sore( by the fame definition )the line EC is equall 'ynto the lineEG. And itis 
proued that the line E Cis equall vnto the line E F : wherefore the line E F alfo 
is equall ynto the line E G namely the leffe^pnto tbe greater : which is impofsia 
ble. VVherfore the poynt E is not the centre of both the circles AB Cer C BG. 
In like fort alfo may we prone that no other poynt is the centre of both the fayd 
circles, 
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PDemonſtra- 


tion. 
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l touchyng the one the other, may touch eyther within or 
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circles If therefore two circles cut the one the other , they haue.not one and the 
fame centre : which was required to be proned. 


S@The5.Theoreme, 7 T he 6.Propofition, 


If two circles touch the one the other , tbey baue not one and 
the fame centre, 


Vppofe that thefe two circles AB C CD E do touch the one the other 


f : 
inthe poynt C. T hen I fay that they hane not one and the fame centre. 


gi 


"For if it be poffible let tbe point F be centre vnto them both. And (by the 





fivfl petition )draw a line from F to C : and 
drawe the line F E B at all aduentures. 
And for afmuch as the poynt F is the cena 
tre of the circle AB C,therfore( by the 15. 
definition of the first the line F Cis equall 
‘pnto the line FB. Agayne forafmuch as. 
the poynt Fis the centre ofj circle CD E, 
therefore (by the fame definition) the line 
FC is equallynto the line FE. Andstis 
proned,that the line F Cis equall ‘nto the 
line F B,wherefore the line FE alfois e» 
quall dnto the line FB, namely the leffe 
pntoy greater: which ts impofSible VV here 
fore the poynt-F is not the centre of both the circles ABC and CDE. In like 
fort alfo may Wwe prone that no other poynt is the centre of both the fayd circles, 
If therefore two circles touch the one the other : they haue not one and the fame 
centre: which was required to be demonftrated. 





In thys Propofition are two cafes : for the circles 


without I£they touch the one the other within, then is it 
by the former demonftration manifeft, chatthey haue not 
.both one and the felfc fame centre. It is alfo manifeft if 4 
they touch the one the other without: for that euery cen- 
treis in the middeft ofhys circle. 





ST he 6. Theoreme. = The 7-Propofition. 


Ifin the diameter ofa circle betaken any poynt „which is nos 
^ — the 
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the centre of the circle, and from that poynt be drawen vnto 
the circumference certaineright lines : the greate§t of thofe 
lines fhall be’ that line wherein is the centre , and the left 
hall be the refidue of the fame line. And of all.the ather lines, 
that which is nigher to the line which paſſeth by the centre t 
greater then that which ts more disant. And from that point 
can fall within thecixcle onech fide.of the leash line onely two. 
equall right lines. 









OK Vppofe that there be acircle ABCD: and legthedsameter thereof 
K 88 be AD . And take in it any poynt befides the centre of the circle and 
[ RAKS let the fame be F.And let thecentre of the circle( by the. 1.. of third) 
= be the poynt E. And from the poynt:E let. there, be drawen ‘nto the 
circumference ABCD thefevight lines FD, FC, and EG. Then Lfay that 
the line F Ais the greateft : and the line : 
FD is the left. And of the other lines, 
tbe line FB is greater then the line FC, 
and the line FC is greater then the line 
FG. Drawe (by the firft petition )thefe. 
right lines BE,CE, andG E. And for 
afmuch as( by the 20. of the firft Jin enee, 
ry triangle two fides are greater then 
the third, thereforey lines E Band EF 
are greater then the vefidue , namely 
then the line FB. But the line AE is eo 
qual vnto the line BE (bythe 15.defi, 
nition of the firft). VWherefore the lines BE and EF are.equall vnto the line 
AF VV herefore the line AF is greater then then the lne BF. Agayne for 
afmuch as the line B E is equall'ynto C E (by tbe 15. definition of the  firft )and 
the line F E. i5 common 'ynto them both therefore thefe two lies BE and EF 
are equall pnto thefe two C Eand EF. But the angle BE F is greater then.the 
angle C E F.VVherefore (by the 24.0f the firft) the bafe BF is greater then 
the bafe CF: and by the fame reafon tbe line C F is greater then the line FG. 
Azayne for afmuch as the lines G Fand FE are greater then the line EG ( by 
the 20.0f the firft). But (by the 15 definition of the firft )the line EG is equall 
‘ynto the line E D : VV herefore the lines G F and F E are greater then the line 
E D take away E F which is cómon to thé both ywbevfore y refidue G F is grea» 
ter then therefidue FD: V. Vherefore the line F Ais the greatest and the line 
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is greater then the line FG: Now alfo I fay that from the poynt F there can be 
drawen onely two equall right lines into the circle ABC D oneche fide of the 
leaft line namely ED . For (by the 23. of the firft) vpon the right line genen 
EF and to the poynt in it namely E, make vnto the angle GE F anequall ane 
gle F E H: and(by tbe firft petition )draw a line from F to H. Now for afmuch 
as (by the 15. definition of tbe firft ) tbe line E C is equall'ynto tbe line E H, 
and the line EF is common pnto them both, therefore thefe two lines GE and 
EF are equall'ynto thefe two lines HE and E F, and (by conftruction ) the 
angle GEF is equall'ynto the angle H E F . VV berefore(by the 4.of y firft) 
the bafe FG is equallvnto the bafe F H.. I fay moreouer that from the poynt 
F can be drawen into the circle no other right line equall'vnto the line FG . For 
if it poffible let the line F K be equall'ynto the line F G. And for afmuch as F K, 
15 equall'ynto F G . But the line F H is equall'ynto tbe line F G , therefore the 
line FK is equall'ynto the line FH. VV herfore the line which is nigher to the 
line which paffeth by the centre is equall to that which is farther of, which we 
haue before proued to be mpofsible. 

Or els it. may thus be demonftrated. 
Draw (by the firft petition) a line from 
E to K : and for afmucb as (by y 15. dee 
finitis of 9 firft) j line GE is equall'ynto 

J line EK andthe line F Eis common 
to them both and the bafe GF is equal 
‘ynto the bafe F K, therefore (by the 8. 
of thefirft) theangle G E Fis equall to 


— esl 





_ theangle KEF. But the angleG EF »[H 
i is equall to the angle HEF .VVherce 


fore (by the firft common fentence ) the 

angle HEF ts equall tothe angle KE F the leffe’ynto the greater : whichis 
impo/Sible.VVherefore from the pont F there can be drawen into the circle no 
other right line equall nto the le G F. V, Pme but one onely . If therefore 
in the diameter of a circle be taken any poynt which is not the centre of tbe cire 
cle,and from that poynt be drawen nto the circumference certaine vigbt lines: 
thc greateft of thofe right lines [Pall be that wherein is tbe centre: and the leaf? 
shall be the refidue. And of all the other lines that which is nigher to the line 
‘which paffeth by the centre is greater then that ‘which is more diftant. And from 
that poynt can fall within the circle on ech fide of the leaft line onely two equall 
right les : which was required to be proued. 


g A Corollary. 

Hereby itis manifett, that ewo right lines being drawen fró any one poynt of 
the diameter,che one of one fide,and rhe other of the other fide, if with the diame- 
ter they make equall angles,the fayd two rightlines are equall. As in thys place 
are the two lines FG and FH. 

qi he 
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Jfwitbout a circle be taken any poynt,and from that poynt be 
draven into tbe circle unto tbe circumference certayne right 
lines of which let one be drawen by the centre and let the re 
be drawen at all aduentures : the greateft of thofe lines which 
fallin the concauitie cr hollownes of the circumference of the 
circle,ix that which paffeth by the centre : and of all the otber 
lines that line which ws nigher to the line which paffech by the 
centre is greater then that which us more diftant.But of thofe 
right lines which end in the conuexe part of the circumfe- 
rence,thatis the di whichis drawen from the poynt to the 
diameter : and of the other lines that which ts nigher tothe 
leat is alwaies leffe then that which is more diftant. And from 
that poynt can be drawen onto tbe circumference on ech fide 
of the leaft onely two equall right lines. mM 


[S27 y the circle genen be ABC, 
AE E withouty circle A BC, take the 
zx point D : and fro 9 fame point draw 
certain rigbt lines into circle "nto tbe cire 
cunfevence, c7 let thé be ID A,'D E,DF, 
ez (D C«z let y line D A paffe by) centre.. 
Then I fay, of y right lines which fallinthe 
concauitie of. circumference AE F C,y is, 
withing circle,y greateft is y which paſſeth 


by 5 centre that is, D A. And of thofe lines 


which fall vpony conuex part of » circumfee 
vence ,y left is J which is drawen fro $ pomt 
D vntoy end of > diameter AG. And of the 
right lines fallmg win the circumferéce, the 
line D Eis greater. then y lne D Fez the 
line DF is greater theny line DC. And of. 
the right lines which end in} canuex part of 
the cercumference y is, without circle that 


"which is nigber-vnto D G 5 left js alwayes leffe then y which is 





more diftat that 


isthe lhé DK is leffe then the line D L and the line D L is leffe then the line 
“DH. Take(by the firft of the third )ehe centre of the circle ABC, and let the 


8j. fena 


Confiralliso. 
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The frit pert Jame be M: and (by the firft petition) drawe thefe right lines M. EM E,MC, 
ofthis Propo- MH, M Land M K . And for afmuch as (by the 15: definition of the firft) 


fition. 


Second part. 


Third part. 


the line AM is equall pnto the line EM, ptit tbe line M ID: common to them 
both. VV bercfore the line A D 15 equall yntothe lines EM and M D . But 
the lines EM and M D are (by the 20. of the firft) greater then the line E ID: 
Wherefore the line AD alfo is greater then the iue E. D . Agayne for afmuch 
as (by the 15. definition of the firft) the. line ME is equall ‘pnto.the line M F;, 
put the line MD common to them both : VV herefore the lines EM and M D 
are equall to the lines F M and M D and tbe angle EM D is greater then the 
angle FM D : VVherefore (by the 19. of the fir/t) the bafe ED 15 greater then 
tbe báfz FID . In like fort alfo may we proue that the line FD is greater then 
the line C ID . VV bereforé tbe line D A is tbe greate/t and the line D Eis grea- 
ter then the line D F, and the line DF is greater then the line DC. 

And for afmuch as ( by the 20. of the 

firft) she lines M K and K Dare greater . 
then the line MD. But (by the 15. definie - 
tion. of the firft) the line MGis equall yn» 

to the lne MK . VY berefore the refidue 

K 9D is greater then y refidue G (D.VV ber» 
fore the line G Dis ra then the line KD. 
And for afmuch as from the endes of one of 
the fides of the triangle MLD „namely, 
M D are drawen two right lines M.K and 
KD meeting within the triangle therfore 
(by the 21. of the firft) the lines M-K_and 
K D are leffe then the lines ML LD, 
of which the line M K is equall nto. the 
line ML . Wherefore the refidue DK 

is leffe then the refidue DL . In like fort 
alfo may We proue that the line D Lits leffe 
then the line DH . VVherefore the dine 4 : ; 
DG isthe left, and the line DK is leffe then the line D L, and the line DE 
is leffe then the line DH. fo I 

* Now alfo I fay thát from tbe payt (D can be drawen pnto tbe circumference 
ón eche fide of DG the leat onely twoequall right lines. Vpon the right tine 
MD, and mnto the poynt init M make (by the 23. of the firft)"pnto the ane 
gle KMD anequall angle D MB. And (by the firft petition ) drawea line 
fron D toB. And for afmuch as ( by the 15cdefinstion -of the first ) the lme 
MB isequall'vnto theline M K put the ine MD tommon to thé both where 
pore thife two lings MK and M Dare equallto thefe two lines B Mand MD 
-the one-to the other, and the angle K M D is ( by the 23. of the firft) equall to 
athe angle BM D.;¥Vherefore( by the 4. of the firit ) the bafe D Kis equall 





tothe 


` 


of Euclides Elementes. 


. to the bafe DB. 

Now I fay that from the poynt D on 
that fide that the lne D D is, can not be 
drawen ‘pnto the circumference any other 
line befides DB equall ynto the right line 
DK For if it be pofSible let there be drawen 
an other line befides D B,and let the fame 
be DN. And for afmuch as the line D K 
is equall'ynto the line DN. But ‘bnto the 
line D K is equall the line DB.T herfore 
(by the firft common fentence )the line D B 
is equall vnto the line DN . VVherefore 
that whichis nizher pnto DG the least is 
equall to y which is more diftant : VV hich 
we haue before proued to besmpofsible. 

Or it may thus be demonStrated. Draw 
(by the firft petition ) a line from M to N: 
And for afinuch as ( by the 15. definition of 
the firft) the line KM is equall ynto tbe 


line MN and tbe line MD is common to them both. And the bafe K D ise 
quall to the bafe D N (by fuppofttion ) therefore( by the 8. of the ‘firft) the ane 
gle KMD 15 equal tothe angle DMN But the angle KM Dis equall to 
the angle BM D.Wherfore the angle BM D is equall to the angle NMO, 
the leffe nto the greater: which ts impofsible. Wherefore from the poynt D p 
not be drawen ynto tbe circumference AB C on eche fideof 'D G. the left, more 
then two equall right lines. If therefore without a circle be taken any poynt and 
from that poynt be drawen into the circle Vito the circumference certaine righe 
lines of which let one be drawen by the centye,and let tbe vest be drawen at all 
aduentures * the ereateft of thofevigbt lines-which fallin $-concauitie or bollowe 
nes ofi the circumference of the civéle'ts that which pafs eth by the tentre. And of 
call theotber lines „that line whichis nigher to theline hich paffeth by tle cene 
tre us greater then that whicbas more distant; Butofi thofe right lines which end 
in the conuexe part of the circumference , that line i5 tbe lt which is drawen. 
from the poynt to the dimetient Sand of the other lines that which is nigher to 
the leaft is alvayes leffe then that shich ix morédiftant . And from that poynt 
can be drawen ynto the circuinferénce on ech jide‘of the left only two equall right 


ines : whith was required to be próued. 


Thys Prapofition is called commonly in old bookes amongeft the barbarous 


Cauda Panonss, thats, the Peacockes taile. 


gA Corollary. 


Fol.88. 
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Hereby itis manifeft,that the right lines,which being drawen from the poynt “4 Lerehar. 
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geuen withoutthe circle, and fall. within the circle, are equally diftanr from the 
leaft,or from the greateft (which is drawen.by the echtre) are equall the one to 
the other : but contrarywyfe ifthey be vnequally diftant,whether they lightwpon 
the concaue or conuexe circuinferefce of the circle,they arevnequall, © ^ ^ 


5a» T he 8.1 beoreme. — Lhe 9.Propofition. 
If within a circle be taken a poynt „and from that poynt le 


drawen vnto the circumference moe then two equall right 
Linessthe poynt taken is the centre of the circle. 





VY ppofe that the circle be-A BC, and within it lee there be taken the 
f ont 1D. And from D let there be drawen ‘ynto the circumference 
a 4 B C moe then two equell right lines, that is, D 4, B, and (D C. 

= T hen I fay that the poynt D is the centre of the circle AB C. Drap 
(by the firft petition ) thefe right lines i 
AB and BC:and( by the 10. ofthe > 
firft ) deuide thé into two equall partes 
in the poyntes E and F: namely, the 
line AB in. the pont E, and the hue 
BC wn the poat F.: And draw j lines 
ED and ED, and{by the fecond pe» 
tition Jextend the lines ED andFD ` 
‘an eche fide to the poyntes K ,G,and 
HL : And for afmuch as the line AE 
gseguall ontathe lne EB and theline > 
ED ds common. to tbem botly tbere- n 7 vow 
forethefe two fides AE and ED are equal nto thefe two fides. BE ; aud 
ED ; and ( hy fuppofstion) the bale D A is equall to the bafe DB. Wherfore 





(by the S. of the firft) the angle AED is equall to the angle BED. Wherfone 


other of thefe angl AED and BED is-4 right angle- Wherefore the lèse 
C. Kodenideth 3 hug AB into. two equall parterand maketh right angles. And 
for afinuch as, if th a circle right hye desude-au other right line into two egual 
partes.in fuch fort that it mukethelfg right angles yi2u5 line that. denideth 1s the 
centre of the cnvcle( by the Corvedlary of the firfkaf the third): E herfore (by the 
fare Correllary) 1a the line — (greco esi ABE: And (bythe 
Jane reafon )may we prone that in 9 line Fh fess thecentre of thecirgle A BL, 
andthe right lines GK „and H Lhaueno other poynt common to them botb 
befides the piynt’ D2 Wherefore'the poynt Diisthe centre ofthe arcle ABC. 
If therefore within a circle be taken a poynt and from tbat potnt be drawen vnto 
the circumference more then two equall right liges, the poynt taken is the centre 


of the circle: which was required to be proucd, j 
3 a 
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B LU AMEN CS segn othir demonstration: ee — = i S5 > — My 

sabina BS, Aaa iana AA MBNA ap i old. n s 
» Li ohare bé — tbe circle: ui the. pom D. And — ae pont: An other de- 
Diet sharé Educ ufi arcunfercucemore then tivo equall right Imes. monfratien 
namely, DA, D B, and D CT ben 1 fa fay thatthe — D is the centre oft the a — 
circle. For if not, then if it be poftible — A Bek ee piel 
let the point E be the centre :.and draw ae . blitie, 
a line from D to E andextend D E to 
the poyntes F and G, Wherefore the. 
line FG i$ tbe diameter of the arcle ^ 
ABC. And for afmuchasin FG the 
diameter of the circle ABC is taken 

a poynt, namely D, which is not the 
centre of that circie 5 the refore t by the 
7. of the trird ) the bine (DO: y greas 
teft, and the line D C is greater then (a OREO he ut 
He tine D Byin the lige DDii greas eoe a es vs vedo 
tea then the line D A. But the lines D C, DB, D Aare e alfo equall (by fappof 
tion): which is impofsible W. herefore the pont E is not the centre of the circle 
ABC. And in like fort'may*ve prone that no other poynt befides D. Wherefore 


the py py. Dis the centre. oft the qrcle.A B C: : Which Was required to be MO" 


iM Nos, WET WV OE 





yoy 


ve cietes, Theoreme,” — be to. "Propftion, 3° — a E 





Nie nw. 7. NS, ASAI AS 


— 





A circle cuttetb not a circle in in — pointes t then two. H" ^ 


, v n : 
eet Or if it Le pofsible let the circle AB Ç cut the circle DE: Em mo pointes Dereonfire- 
feat! then two,that is n B,G,H jc E ‘And drawe lines froB toG,and from tion leadixe 
UON E 


E to H. And bj j 16. of the fi ‘fu few either "t tha lines B G G B H uu 







into two equall partes in y pointes 
Kand L. hil b the 11, of the 
fefe) from the poynt. K raife vp 
‘ynto j line BH a perpendicular 
line Ke and likewife from the 
pont L rafe vp vntoy line BG 
a Jprrpeudiadar. line L Mya ved .S 
extend the line U K tothe pont” 
A,and LNM to the poyntes 

x and E. And for a nct asp. 
the circle BÓ, the right lne 

AC denideth the righ tine BAH - 
bj poca Moarte? DA maketh? vight angles, therfore byi tbe 3 of the third) 


tes b.i. in the 





An other de- 
monfirction 
ofthe fame 
leading alfo 
£0 an mpfi- 
bilities 


AC. And thefe two right lines 


T be third Booke 
inthe line AC isthe centre of the circle ABC. Agayne,for {much asin the 
Jelfe fame circle A BC the right line NX, that is,the line ME, denideth the 
right line BG into two equall partes and maketh right angles ,therefore( bythe 
third of the third ) n tbe line IN: I istbe centre Jie circle ABC, And itis. 
proued that it is alfo in the. line: 


AC and NX meete together in 

no other poynt befides O. Wheree 

fore the poynt O is the centre of 
the circle ABC. Andin like fort 

may Wwe proue that the poynt O is 

the centre of the circle DEF. 

Wherefore the two circles ABC 
and DE F deuiding the one the 

other baue one and tbe fame cen- 

tre :which(by tbe 5 -of tbe third ) 

is impofSible. A circle ae cutteth not acirclesn moe poyntes then two: which 
was required to be proued. 





s¢ An other demonftration to proue the fame. 


* Suppofe that the circle ABC do cut the circle DG F im mo poyntes then two, 
that isin B,G,F and H. And (by the firft of the third) take the centre of the 
circle A BC and let the fame be the poynt K.. And draw thefe right lines KB, 
KG, and KF. Now for afmuch as 
Within the circle DEF ts taken acere 
taine poynt K „and from that poynt are 
drawen Ynto the circumference moe then 
two equall right lines, namely , K B, 
K G,and K F: therefore (by the 9. of 
the third) K_ isthe centre of the circle 
DEF. And the poynt K_1s the centre 
of the cirtle ABC. Wherefore two cira 
cles cutting the one the. other haue one 
and the fame centre : which( by the 5 .of 
the third )is impofSible. A circle therfore . 
cutteth not acirclein moe pointes then tivo: which was required to be deno 
firated. 





tap T he Yo. T beoreme, — T be wi. Propofition. 


Ifewo circles touch the one the othér inwardly , their centres 
being 
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beinggeuen saright- line ioyning together theircentres and 
1 produced will fall vpon the touch of the circles. ` 


SGV ppofe that heſeſoo äredes ABC, and ADE do touch the one the 
P other in the poynt A. And (by the firft of the third) take the centre of 
ae" theeircle 4B C and let the fame be F: and likemife » centre of the circle 
4D E md let tbe fame be G, Then I fay that aright line drawen from F toG, Demonlra: 
and.bemg produced will fall mpon.tbe poynt f » For tf uot then, if it be pofSible ` tion leading 
letst fallas theline FG DF dotb . And draw tbefe right lines A Fx A G: are 


Conſiruction. 





A 


Now for.afmachus the lines, A Gyand 
GE are (by thežo. of thefirst) greas 
ter then the line FA, that iš, then the 
line F H, take away the line G F which 
is common to them both. Wherefore the 
refidue AG is greater then the refidue 
G H. But tbe line D C is equall'ynto 
the line G A ( by the 15. definition of. 
the firft). Wherefore the line G D is 
greater tben y line G H : the leffe then 
the greater: which is impofsible. Where 
fore aright line drawen from the poynt : E — 
F tothepaynt G and produced falleth not befides the poynt A, which is} point l 
of the touch: Wherefore it falletb'ppon the touch, . If therefore two circles touch 

the oneg other inwardly their centres being genen a right line tayning together 

their-centres.and produced, will fall pon the touch of the circles ; which was res, 

quired to be proued. Y. er 


A 


n 





* 


x 
x An other demonftration to proue the fame. 


But now let it fallas GF C faleth and extend ý line G FC to the poynt H: Another de- 
and drawe thefe right lines A Gand A F . And for afmuch as the lines AG and monfiration 


GE are (by the 20. of the fir ft) greater then the line AF. But the line AF is — 


equall vntothe le CF, that ic, vnto the lme FH. Take auay the line FG toan mpofii- 
common to them both . W berfore tbe vefidue A G is greater then j refidueG H, Hints 
that is the.line G.D is greater then the line G H: the leffe greater then y grea⸗ 


ter: which is inpoſo ible” i . 

Which thing may al(o be proued by the 7.Propofition of this booke.For fot stmuch ; 
astheline H C is the diameter ofthecircle A B C,&initistaken a poynt which is not TE: 
the centre,namcly the poynt G, therefore the line G A is greater then theline GH by Jirated by an 


the fayd 7.P'ropofition. Buttheline G Disequall to theline GA (by the iti 
r y the definition of ‘4, à 
a circle).Wherefore the line G D isgreater then the line G H, namely, the part greater ee 

. x ¥ g 6 E 


then the whole:-which isimpoffible. 


— | Bbi. $T be 


[CR 


Laine demon- 


ſurdititie. 


— 
Demonflva-. 


#16 leadinp to 


an tmpoffibi- 


dese. 


. à Thethird Boske: 
oso day! T be us Tbepreme.ss. Kheuz, Propofirigny e 


— * See gE ye Oe eG 
SOF UNS NO CUM eg oo OUI UN AE 39 s 


— Q Je "Ne . 
Iftwo circles touch the one the other outwardly,a right line 
Sa EE — 
si- drawen by tpeixcentres [ball paffe by-the toucbu 35 (524 


Chr eed E ; 











S01 35 x Paes ak “es Sh vot Pr 
Vppoſt that theſe twocircles AB Cand AD E do touch the ates 
AY ther outibardly im tbppoyst At: Andthy the third of the third) take the 

=! centroof the circle ABC said let the fame be the poynt F Sand kkewlfe 
the centre of hacircle ADE, and letthe fanie be'the [int GP ben fay ‘that 


\ 





aright line drawen from the poynt F to the poynt G hall paffe by the poynt of 
the touch namely by the poynt A. For if not, then if it be pofsrble,; let it poffe s 
the right line FC DG doth. And COMM n is ua gba s Doa 
draw theferight lines AF AG. | TBI Qe V pem ARMIS icu 
And for afinuch as the poynt Fis shap ed Ns 
NC 


the centre of 5 circle AB C,ther- 
fore the line FA ts equall vnto | 
the line FC. Againe for afmech  \ V ov We Bp ee 
as the poynt G 1s the centre of the’ 2 = Serres À SET MC S 
circle ADE , therefore the line ; p s 
G A is equall to the lme G ID. 4nd ee D Wen 4l ss n ee 
And it 1s proued that the line F Ais equall to the ine’ F C.. Wherefore the lines 
FifundA G arceguall vnto the lines F Cand G D.: wheréfore the whole line 
EG is greater thenthe lines\R A aid AG . But itis alfo leffe (by the 20. of the 
frefde which isimpofsible.Wherfore aright line drawen from the poynt F tothe 
poynt G shall palfe by. the poynt of the touch namely, by the poynt A . If therea' 

ore two circles touch the one the other outwardly, aright line dvawen by their 
centres fhall paffe by the touch : which was required ta be demonftrated. : 


a y7 


(Mdb. v : 





nn 


i 


qn other demonftration after Pelitarius. 


Bente tat. 


. Tr 


É S. AGNES A . — Wo $e . 
An otberdezs y Suppofe that the two circles 1A É C and D E.F. do touch the.one the other out- 


mon(lration | - 
afrer Pelita- 


pati leading 


«tfo to an ab». (as. the aduerfary affirmeth) draw... 


ſurditie. 


wardly in the poynt : And let G be the centre of the circle ef BC: From which 
poynt produce by thetouch of tlie circles the line G 4 to the póynt F ofthe circuni- 
- ference DEF . Which'fora(miuchgsicpaffeth not by the.centre of the circle D ER. 

| — TAR 


T Eia ei a — OU 
from the fame centre G an otber ^ 7.77 ` 


righrline G K, which if it bepofi. © : 
blik leť paffe by the centre of the cir- 
cle D EF ‚namely, by the poynt Æ: 
cutting. the circumference e4 B C^. F 
inthe poynt B, & the circiference . . 
DE Finthe poynt.D ;& let the óp- 
. pofite poynt therof be in the ‘point 
K. And for afmuctiasfró the poynt F 
G taken without the circle D E F ts i E 
drawen the line G K palling by the centre #7, and fró the (ame poynt is drawen Poan 
7 other, 







Kh oD 


` 
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otherline not paffing hy the centre,namely,theline @ F . Taerefore (oy tie. 8. of thys 
booke) the outward part GD ofthe line GK thall be leffe then the outward part GA 
oftheline GF.Burthe line G Ais equall to the line G B . Wherfore theliae G D islefle 
then.the line-G B,namely,the whole leffe then the part: which is abfurde. 


1397 be 12. Theoreme. The 13. Propoſuion. 


Acircle can not touch another circle in moe pontes then: 
one whether they touch within or without., 


Or ifit be poffible let tbe circle AB C (D touch y circle EB FID 
3 v{t inwardly in moe poyntes then one,thatis in D and B.T ake. 
SES Ay (by the firft of the third )the centre of the circle AB C (D and let: 
aN the fame bey point G:.and likewifey centre of the circle EBFD,’ 
3 and let the fame bey poynt H.W herefore( by the 11. of | dor 
aright linc drawen from the poynt G to the poynt Hand produced vill fall vpe 
on the poyntes Band D : let it fo faltas the line B G HD doth. And for afmuch' 
as the poynt G is the centre of the circle AB C D; therefore (by the 15. definiti 
on of the firft ) the line BG isequall to — 
the line DG. Wherfore the line B Gis Sr dowd 
greater then then the line HD: Where 
fore the line B His much greater then 
theline HD . Agayne for afmuch as 
the poynt His the centre of the circle 
EBFD, therefore (by the fame definie 
tion ) the line BH 1s equall to the-line 
H 0D : and it ts proued that itis ninch 
greater then it : which is impofsible. A 
circle thenfora can not touch a orsleins 
wardhein moe, poyntes then one. 








Noid Way whit neither puawaidly 
apy: a eikcle toricketh..a) cirdle Emer 
fontes tben onc. For if it be pofSible let 
the circle A C K touch y cirde AB COD 


outinardly in moe poyntes thone, that" 


is in A and C : And (by thefrft petition )dvaio a line-from ‘thepoynt A tothe. 
poynt C. Now for. afmuch ás in 9 cireamference oft either of the circles AB CD, 


and AC K are taken two poyntes.at all aduentaves namely, A and C therefore 
(Ly the fecondl of the third) a right Yine toning together thofe:poyntes Shall fatt 


within both the circles. But it fallech within the cick ABCD yen Without the 


circle AC K: whichis abſurde, Wherefore a circle foal not touch a circle oute 


wardly in ntoc pointes then one and it is prowed'y neither alfoinwardly. here 


forc a arcle Amnat touchan other circle-in moe poyntes then one; whether they 
touch 


Of circles 
which touch 
the one the 
other inwarg- 
hy. 


Of circles 
which touch 
the one the 
other out- 
rardly. 


Lhe third Booke 
touch within or without : which was required to be demonftrated. 


g -An other demonstration after Pelitarius and Fluffates. 


«An other de- Suppofe that there be two circles ABG and A D G,which ifit be poffible,Jettouch 
asonfZration the one the other outwardly in moe poyntes then one, namely, in A and G . Ler the 
after Pelita- centre ofthe circle AB G bethe poynt I, and let the centre of the circle A D G bethe 
riss & Flaf- poynt K, And draw aright line from the poynt I tothe poynt K, which TUNE the 12 
fates,ofcirctes of thys bookc ) fhallpatfe both by the. 
Which tooch poynt- Anand by the poynt G: whiclris 


the ane the not poffible : for then two right lines 
other out- fhould include a fuperficies,contráry ro... 
Varaly. thelaft common fentence. It may al(o be 


thus demonftrated.Draw a line from the. . 

centre-Ito the centre K,which fhall paife — 

by one of the touches, as for exampleby ^ 

the poynt A. And draw theferightlines - 

GK and GI, and fa’ thall be made a.tri- 

‘ angle, whole two fides G K and GI hall not be greater then the fide IX: whichis 
contrary tothe 20; óf the firft. 


"Putnowifi it be poflible, let the forelayd circle ADĠ touch the circle A B c E 
Of circles ly iy ‘moe poyntesthen one,nainely;in the pointes AandG: and let the centre of the’ 
which tooch Circle ABG be the poynt I, as: before i andlet - 
theone the . the centre ofthe circleADG be the poynt K,as _ 
other ih allo before. And extend aline from the poynt I 
wardly. to the poynt K:, which fhall fall vpon the touch : 
(by the 11. of thys booke). Draw alfo thefe lines - 
KG, and IG. And forafmuch a3 theline K Gis 
equal! tothe line K A(by the «5.definition ofthe * 
firit) adde the line KI common to them both. ` 
Wherefore the wholeline AI is equallto thetwo T 
lines K Gand KI: but vntotheline Ais equall 
the line IG (by the definition ofa circle), Wher-^^ 
forein the triangle IKG the fide IG is notieffe:,” 
then the two fides IK and KG: whichis con- Kea s a. 
trary to the 29. ofthe firít, ae od — 


The iz, Theoreme. ` The 14. Propofition. 
In a circle, equall right lines,are equally dy iftant from the ce- 


‘tre. And lines equally distant feom, — are — the 
onetothe other. ~> mo 





os 


N 





we AS 











D e ues 

The fir part 3€ Vopoft that there p a circe. Me NM E ee aye 
of shis Theo- x V h CR and tet. there bein it T 
reme: ears T Ayawen’ thofe equal right, lines... = : v i 
ABand C D. hen Ufa thal ey are "Shu v| on A oto 

Confiruttion equally diftant, from, the centre. T. ake(by -. | AN 


thef ft of | the third xe. centy. tofi ýhe cira; 
cle AR CD, -andlet the, fie kej poynt. 


E, And (by. the Axe the tire ch 
point E: drau-ynto the lines AB A CD. 


pue perpendicular 
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perpendicular lines EF and EG. And (by the firft petition ) draw thefe right. 
lines A Eand C E. Now for afmuch asa certaine right line EF drawen by the 
centre cuttetha.certaine other right line AB not drawen by the centre „in fuck 
fort that it maketh right angles therefore (by the third of the third ) it deadeth 
it into two equall partes. Wherefore the line A Fis equall to the line F BWher- 
fore the line AB is double ta the line AF: and by the fame réafon alfo the line 
CD is double to the line CG. But the line A Bis equall to the tine CD. Wher- 
fare the line AF is alfo equal to the line CG, And for afmisch as (by the 15.de- 
finition of the firft) the line A E. 1s equall to tbe line EC, therefore the [quare 
of the line E C is equallto the [quare of tbe line A E . But pnto tbe [quare of the 
line A E,are equall(bytbe 47. ofthe fiv ft the fquares of the lines AF & F E: 
for the angle at the poynt F is avigbt angle . And (by felfe fame )to the [quare 
of the line EC are equall the fquares of the lines EG and © C: for the angle at 
the pont Gis aright angle. Wherefore the [quares of the lines AF andF E 
are equall to the [quares of the lines CG and GE: of which the [quare of tbc 
line AF is equall to the [quare of the line A e 
CG: for the tine AF isiequall to the line | 
CG. Wherefore( bythe third common 
entence )the [quare remayning, namely, 
the fquare of the line F E, is equall to the 
fquare vemayning namely, to the fauare 
of the line EG Wherefore the-line E F 
ss equall ta theline E G . But right lines 
are fayd to be equally ‘diftant from y cen» 
tre, when perpendiculay lines drawen fro -~n 5 - 
the centre to thofe lines, are equall (by the 4. definition of the third). Wherfore 
‘the lines AB and CD are equally diftant front the centre. es 
But now fuppofe that the right limes 4 B- and CD. be equally diflant from 
the centre that is let the perpendicular line EF be equall to the perpendicular 
line EG. Then I fay that the line A B.$s equalt to the lige C D. For the fame 
order of conftru€tion remayning ,we may.13 like fart prone that the line AB is 
double to the line A F, and that the line CD 1s dauble to the line CG, And for 
afmuch as tbe line AE 1s equall to the line CE, for they are drawen from § cen- 
tre to the circumference, therfore the  [quareof tbe line 4 E. isequall to $ [quare 
of the line CE. But (by the 47. of the first) to the [quare ofi the line AE are 
equall the fquares of the lines EF and FA „And (by the felfe fame ) to § fquare 
of the line C E. ave equall the [quares of the lines EG and GC .Wherfore tie 
Squares of the lines EF and F Aare cquall tothe fquares of the lines EG and 
GC, Of which the fquare of the line EG ieguall to the [quare of the line E F, 
for the line EF is equall to the line EQ. Wherefore (by the third common fene 
tence) the (quare remayning namely the [quate of the line AF, is equall to the 
(quare of the line CG . Wherefore the pie AE is egual onto the line CG: But 
ME 4 M 
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D'emontfra- 
tiva. 


Demons ra- 
tios. 


The fecond 
pare which ss 
she connerfe 


of tbe pofi, 


sAn otber de- 
eson[lration 
of the frst 
pert afier 
Campane, 


Confiruction. 


The third Booke 
the line AB is double to the line A F, andthe line C D is double to the line 
CG. Wherefore the line AB is equall to the line CD . Wherefore in acircle 


equallright [mes are equally diftant from the centre. And lines equally diftant 
pois the centre are equall tbe one to y other : which was required to be proned. 


cA $ Another demonstration for the firft part after Campane. & 
Suppofe that therc bea circle &/f B D C,whofecentrelet be thepoynt E. And draw 
init two equalllines 24 J and C D. Theu L(ay that they arc equally diftant from the 
centre; Draw from the centre vnto the lines 4B 
and CD, thefe perpendicular lines E Fand £G, 
And(by the 2. part of the 3. of this booke )the 
line 4 B (hall be equally deuided in the poynt F, 
andthe line CD {hall be equally deuided inthe 
poynt G. And draw thefe rightlines E A,EB, 
£C, and ED. And forafmuch as in the triangle 
a4 EB thetwo fides «4 B and AE are equall 
to the two fides CD and CE of the triangle 
CED, &the bale EB is equallto the bale E D, 
thercfore (by the 8. of the firft) the angle at the 
point A (hall be equall to the angle at the point 
C . And forafmuch as in the triangle A EF the 
two fides AE and AF are equall to the two 
fides CE and CG ofthe triangle C E G, and the 





angle E 4 F isfequall to theangle C E C, therefore(by the 4. ofthe firft)the bafe E F ia 
equall to the bafe E G : which for a(much as they are perpendicular lines, therefore the 
lines 4B & CD are equally diktant fró thocentre,by the 4.definition of this booke. 


æT he 14. Theoreme.. The 15.Propofition. 


.^ Jnacircle,the greateft lineis the diameter, and ofallother 
lines that line which 1s nigher to the centreis alwayes greater 
-—\ then that line which is more diftant. 






iV ppofe that there be `a circle 
ABCD, and let the diameter | 
fs" thereof be the line AD and let 
the cèntre thereof bëthe poynt E-And> 
pnto the diameter AD let thelineBC . 
be nigber then tbe line FG. T'hénTfay |- 
that tbe line AD is tbe ereatefl; and ^ |- 
the line BC is greater then 5 line FG, 
Draw (by the 12. of the first) from the 
centre E to the lines BC and FG per: 
pendicular lines EH and EK. And 
for afmuch as the lineBC is nigher vne 
to the centre then the line FG therfore 


. 
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(by the 4. definition of the third) the line E K_is greater then the line E H. 

And (by the third of the forft) put vnto the line EH an equallline EL. And 

(Ey the 11. of the firft) from the point L rasfe vp vnto the line E K 4 perpene 

dicular line LM’: and extend the line LM to the poynt N . Aud( by the first. 

petition ) draw thefe right lines, EM, EN, EF, and EG, And for afmuch as. 

the line EH isequall tothe line EL , therefore (Ly the 14.0f the third, and’ Demenflras 
bythe 4. definition of the fame ) the line BCts equall to the line MN. Againe ays 

for afmuch as the le AE isequallto - cS 

the line EM and the line ED tothe 
line EN, therefore the line AD ise 
guall to the lines ME and EN... But 
the lines M Eand EN are(by tle zc. 
of the firt) greater then the line MN. 
Wherefore the line ADis greater thei 
the line MN. And for afmuch as thefe 
two lines ME and EN are equall to 
thefe two lines FE and EG ( by the 
15. definition of the firft )for they are 
drawen from the centre to the circumfe 
rence and the angle M E IN. is greater 
tben tbe angle F EC , therefore( by tbe 
24. of the firft) the bafe MN is greater then the bafe FG. But it is proued 
that the line M'N is equall to the line BC: Wherefore the line B Calfo is greas 
ter then the line FG . Wherefore the diameter AD is the greateft,and the line 
BC isgreater then the line FG. Wherefore in acircle,the greatest line is the 
diameter and of all the other lines that line which is nigher toy centre is alwaies 
greater then that line which is more diftant : which was required to be proucd. 





An other demonftration after Campane. 


Inthe circle ef BC D,whofe centre let be the poynt E, draw thefe lines, 4 B, AC, 

e4 D,F Gand HK, of which let the line e4D oc the diameter of the circle. Then I fay An other de- 
thatthe line 4 D isthe grezteftofallthe lines) - _ monflration 
And the other lines eche of the oneis (o much after Cam- 
greater thea ech of the cther,how much nigber pane, 
jtisvnto thecentre. loynetogether the endes 
of all thefe lines with the centre, by drawing 
the(¢rightlines E /,EC,EG,E K,E H,and EF. 
And (by the 20. of the firft) the two fides E F 
and EG ofthe triangle E F G, fhall be greater 
then the third fide FG . And forafmuchas the 
fayd fides E F & EG are equall to the line AD 
(by the definition ofa circle) therefore the line 
e4 D isgrcater then the line FG. And by the 
fame realon it is greater then euery onc ofthe 
reftof the lines,if they be put to be bafes of tri- 
angles; for that excry twofidesdrawen frothe =. — 


Cc.j. centre 





Go i e 


«entre are equall co the lipe ef D. Which is 
the firft part of che Propofition. Agayne for af- 
much as the two fides E F and EG ofthe tri- 
angle E£ G,are equall to the two fides E A 
and E K ofthe triangle E Æ K, and the angle 
F EG is greater then the angle H E K,therfore 
(by tle 24.ofthe firt) thebafe FG is greater 
then the bafe H K.And by the fame reafon may 
irbe proued, thatthe line 4C is greater then 
theline 42. And fois manifelt the whole Pro- 
poſition. 


£a T be 15. T beoreme. ` The 16. Propofition. 





Tbe third Booke 


If from the end of the diameter of a circle be drawena right 
line making right angles: it fhall fall without the circle: and 
- betwene that right line and the circumference can not be 
drawen an other right line : and che angle of the femicivele is 
greater then any acute angle made of right lines but the o~ 


ò 


cher angle is leffe then any acute angle made of right lines. 










D 
R 
X] 








within the ciycle.as the line AC doth, 
and draw a line from the point D to the 
point C. And for afinuch as (by the 15. 
definition of the firft) the line D Ais 
equall to the line DC, for they are 
drawen from the centre to the circum» 
ference, therefore the angle DAC is 
equall to the angle AC D. But the ane 8 
gle DACis( by fuppofition ) aright 
angle: Wherfore alfo the angle ACD 
is aright angle . Wherefore the angles 
D AC and AC D,are equall to two 
right angles : which (by the 17. of the 
frf) is impofible . Wherefore aright 


. 


line diawen from the poynt A, making Wi s 
Jhall not fall within circle. In like fort alfo may Wwe proue, that it falleth not in 


MA. d 


V ppofe that there be acirele ABC: whofe centre let be the point D, 
«S and let the diameter therof be AB. T hen I fay} aright line drawen 
l KS from the poynt A, making with the diameter AB right angles fhall 
Tar a fall without the circle. For if it donot,then if it be pofsible , let st fall 





th thediameter AB right angles, 


the 
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the circumference . Wherefore it falletb without ,as tbe line A E dotb. 


I fay alfo that betwene the right line AE, and the circumference ACB, 
can not be drawen another right line. For if it be pofSible,let the line AF fo be 


drawen. And (by the 12. of the firft) from the poynt D draw nto the line FA 
a perpendicular line DG. And for, afmucb as AG D is a right angle , but: 


DAG is leffe then aright angle, therefore (by the 19.0f the firft the fide A D 


is greater then the fide DG . But the line D A is equall to the line DH, for 
they are drawen from the centre to the circumference. Wherefore the line D H. 
is greater then the line (D G: namely,the leffe greater then the greater :. which, 
is impofsible. Wherefore betiene the right line AE and the circumference 


ACB, can not be draiven an other right line. 

I fay moreouer, that the angleof ." 
the femicircle contayned ynder $ right 
line A B and tbe circiiference C H A, 
is greater then any acute angle made of 
right lines. And the angle remayning 
cótayned 'ynder y circumference CH A 
and the rigbt line A E jis leffe then any 
acute angle made of right lines. For if B 
there be any angle made of right lines 
greater then that angle whichis cons 
tayned ynder the-right line BA and 
the circumference C HA, or leffe then 
that which is contayned bnder the cirs 
cumference C HA andthe right line 
AE then beewene the circumference C H A and theright line A E,there fhall 
fall avight line which maketb the angle contayned ynder tbe right lines, greas 
ter then that angle ~which 1s, contayned vnder the right line B A andthe cire 
cumference CH A, and leffe then the angle which is contayned vnder the cire 
‘cumferencerC HA and the right line AE. But there can fallno fuch line, as 
at hath before bene proued.Wherfore no acute angle contained ynder right lines, 
is greater then the angle contayned ynder the right line BA and the circumfes 
vence:C HA, nor alfa leffe then. the angle contayned ‘onder the circumference 
GH A andthe line AE.. J— 

Slo sat. SpCorrelary. 
— Sys» XO 7. E f j ie 
* Hereby itis mantfefl tbata perpendicular line drawen fro the 
end of the diameter of a circle touchetb the circle:and that aright 
line toucheth a circlein one boynt onely.Forit was proued(by the 





2.0f the third \that a rightdine drawen [rom two pointes taken in. 


Cc.ij, the 


. Setond part, 


Third part. 


Conſiructiou. 


Demonilra- 
RIOR. 


An addition - 


. ED toĵ line EB, for they are drawen 


_ The third Booke 
the circumference of acircle, fhall fall within the circle. Which 


was required to be demonftrated, 
SwThe 2. Probleme. The 17. Propofition, 


Froma pont -geuen,to draw aright line which fhall touch 4 
circle geuen. 






AV ppofe that the poynt.geuen be A,and let the circle geuen be BCD. 
M 2 t t is required from the poynt A to draw a right line which fhall touch 
lt ra.) the circle BED ~ Take (by the firf of the third ) the centre of the 
~~~ cirèle,and let the fame be E. And( by the firft petition )draw the rizht 
line AD E, And making the centre E, and the Space AE, defcribe (by 5t ird 
petition )a circle AF G. And from the poynt D raife mp( by the 11 of the firft) 
"puto the line E. A a perpendicular line D F . And (by the firft petition) drawe 
thefelines EBF and AB. ThenI 
Jy, that from the point A is drawen 
tothe circle BCD aiouch line AB, 
For for afmiuch as the point E is the 
centre of tbe circle BC D, and alfo of 
the circle A FG, therfore the line EA 
is equall to the line EF, and the line 






from the centre to the circumference. 
Wherefore to thefe two lines A E and 
EB, are equall thefe two lines EF ar 
E D, and the angle at the poynt E is 
common to them both : Wherefore ( by 5 
rhe 4. of tbe firft) the bafe D Fis equall to the bafe Z B,and 5 triangle D EF 
is equall to the triangle E B A, and the reft of the angles remayning tothe reft 
of the angles remayning . Wherefore the angle E D Fis equall toy angle EB A. 
But the angle EDF ts aright angle: Wherfore alfo the angle EB A is aright 
angle, and the line EB is drawen from the centre. But a perpendicular Tne 
drawen from tbe end of tbe diameter of a circle toucbeth tbe circle (by y Corellae 
ry of the 16. of the third ). Wherefore the line AB toucheth the circle BCD. 
Wherfore from the point genen namely, A , is drawen 'ynto y circleveut B C D, 
a touch line A B: which was required to be done. - 


I q An addition of Pelitarius, 
Vnto a right lyne which cutteth a cirdle, to drawe a parallel line which fhall 





of Pelitarins» touchthecircle, 


Suppofe 
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;. Suppofethat the rightlyae A B docutthe circle AB Cinthe poytites Aand B, It. is 
requited todrawe vntothelineA Ba parallel lyne o ` ` r À a 
which fhall touche thecircle: Let the centre of the ——— 
circie be the point D.And deuide the lyne A Binto 
two ¢quall partes in the point E, And by the point 
E and by the centre D draw the diamet:r C DEF, 
Aed from the point F(which is che ende of the dia- 
meter) rayle vp( by the 11.0f the Arlt) vato che dia- 
‘meter C E a pecpendicularline G FH. Then I fay 
Sthacthelyoc G F Hi (which by the correllary of .he- 
16.0f thisbooke toucheth the circle) is a parallel 
vnto theline A B.For forafmuch as therightline C 
F fallyng vpon either of thefelines AB & GH ma- This Prg- 
keth altthe angies at che point E right angles (by bieme emra- 
the 3.of this boke Jand the two anglesatthe point c dioni fer ika 
Fate fuppofed to be rightangles: thetfore( by the infersésag cod 
"29,0f the firit) the lines A B and G H are parallels: which was required to be done.And ctrenmsert- 
this Probleme is very commodious for the infcribing or circumfcribing of figures in bing oy rgures 
or about circles. sn or abone 


cirelei. 
The 10. Theoreme. The i8. Propoſttion. 


Ffa right iyne touch a circle ,and from the centre to the touch 
be drawen aright line, that right line fo drawen fhalbe a per- 
pendicular lyne to the touche Lyne. 





TV ppofe that theright line DE do touch the circle ABC in the point Demorfira- 
(RC And take the centre of the circle ABC, and let the fame be F. And +0" exasig 
KX fa Ey tbe fir] petition from the poynt F tothe poyntC drawe aright dine od 
SS Mine FC. Then I Say,that C Fis a perpendicular line to D E.For if 
not draio( by the 12.0f the fir/t) from the 
poynt F tothe line D E a perpendicular A 
line FG. And for afmucb as tbe angle 
FGC is aright angle, therefore the angle 
GCF is an acute angle: Wherefore the 
angle FG Cis greater theny angle FCG, 
but "pnto the greater angle is [ubtended 
the ereater fide( by tbe 19. of the firft). 
Wherefore the line FCis greater then the 
dine FG. But the line F C is equall to the 
line FB, for they are drawen from the 
centre to the circumfercnce: Wherfore the 


















‘line FB alfois greater then thelineFG, > c G E 
namely the leffe then the greater: which ts impofsible. Wherefore the line F Gis 
not a perpendicular line "pnto the line D E. And in like fort may we proue that 
no other line is a perpendicular line nto y line D E befides the line F C: Where 

“fore the line EC is a perpendicular line to DE. If therefore a right line touch 


Coty. -a circle; 


An other de~- 
monſtration 
after Oran- 
AL, 


Demonftra- 
sion leading 
so an impof= 
fibilitie. 


— ~The third Booke 


a circlézez from) centre tos touch be drawen a right line,y right line fodrawen 
[hall be a perpendicular line toy touch line: which was required to be proved. 


g An other demonftration after Orontius. 


Suppofe that the circle geuen be ABC, which let the rightlyne D E touchin thẹ 
point C, And let the centre of the circle be the ' 
point F,And draw a right line from F to C. Then 4 
] fay that the line F Cis perpendicular vnto the — 
line DE. Fot if the line FC be not a perpẽdiculer B odis RR. 
vnto the line D E, then, by the conuerfe of the x. 
defi nition of the firft boke,the angles D CF & F 
C E (bal be vnequall: & therfore the one is grea- 
ter then a right angle,and the other is letfe then 
arightangle, (Forthe angles DC FandFCE 
are by the 13.0f the firft equal! to two right an- 
gles) Let the angle FCE, ific be poflible,be grea- 
ter then aright angle, thatis, lecit be an obtufe 
angle.Wherfore the angle DC F thal be an acure 
angle, And forafmuch as by fuppofitiótheright z S 
line D Etoucheththe circle ABC, therefore it s E 
cutteth not the circle, Wherefore the circumfe. 
sence BC falleth betwene the right lines D C & C F: & therfore the acute and reGtiline 
angle D CF hhall be greater then the angle of the femicircle B CF which is contayned 
vnder the circumferéce B C & the rightline C F,And fo fhall there be geué a re&iline & 
acute angle greater then the angle of a (emicircle: whichis contrary tothe 16, propo- 
fition of this booke.Wherfore the angle D C Fis not lefle then aright angle,In like fore 
alfo may we proue that it is not greater then aright angle,Wherfore itis a right angle, 
and therfore alfo the angle F C Eisa right angle, Wherefore the right line F C is a per- 
péndicular vnto the right line D E by the 10.definition of the firit: which was required 
to be proued, 


ES 14.T beoreme. J be19. Propofition. 


` Ffaright lyne doo touche acircle, and from the point of the 
touch be rayfed vp unto the touch [yne a perpendicular lyne, 
inthat lyne fo rayfed op is tbe centre of the circle. — - 


Fe of that the right line D E do ^ 
jS touch the circle A B Cin the point 

DESC And from C raife pp( by y 1.of 
the firft onto the line D E a perpendicus 
lar line CA. Then I fay, that in the line 3 
CA isthe centre of the circle. For if not, 
then if it be pofSible, let> centre be withe 
out tbe line C A as in y poynt F. And (by 
the firft petition ) draw aright line from C 
to F. And for afmuch as acertaine right 
Uine D E toucheth the circle ABC and 
‘from the centre to the touch is drawen a 
right line C F, therefore (by the 18. of the third) FC is a perpendicular p 5 








D ws cese . E 
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D E. wherefore the angle FC Eis aright angle. But the angle ACE is alfa 
aright angle: Wherefore the angle FC E is equall to the angle AC E,namely, 
the leffe vnto the greater: which is impofsible Wherefore the poynt F is not the 
centre of the circle ABC. And in like fort may Wwe proue , J it is no other where 
but in the line AC. If therefore aright line do touch a circle and from the’point 
of the touch be raifed bp "pnto tbe touch line a perpendicular line , in that line fo 
raifed vp is the centre of the circle which was required to be prowed, ` / 


1&7 be 18, Theorems The 20. Propoſition. 


In a circle an angle fet at tbe centresis double to an anglefet. 5 .- 


at the circumference , fo that both the angles haue to their 
bafe one and the fame circumference. | 


TM 
d 


IERS 






V ppofe that there be acircle ABC, and at the centre thereof namely, 
o the poynt Eleth angle B E C be fet 7 at the circumference let there 

3 O be fet the angle B A C, and let them both haue one and the fame bafe, 

= ‘namely the circumference BC, Then I fay, that the angle BEC is 

double to tbe angle B AC. Draw y right . A 

line A E and (by tbe fecond petition )ex 

tend it to the poynt F. Now for afmuch 

as the line AE is equall to the ine EB, 

for they are dramen from the centre 'ynto 

the circumference, the angle EAB ises é 

quallto the angle EB A( by the5 .of tbe D 

firft ). Wherefore the angles E A Band 

EB A are double to the angle E AB. 

But ( by the 32.0f the fame ) the angle N 

BE F is equall to the angles E AB and A 

EBA: Wherefore the angle BEF is B 

double to the angle EAB. And bythe 

fame reafon tbe angle F E C is double to tbe angle E AC. Wi herefore the whole 

angle BEC is double to the whole angle B AC. : 

_ Againe fuppofe that there be fet an other angle at the circumference , and let 
the fame beB DC. And( by the firft petition )draw a line from D to E. And (by 
the fecond petition Jextend the lime D E ‘ynto the poynt G. And in like fort may 
we proue,that the'angle G EC is double to the angle E D C. Of which the an- 
gle G EB is double to the angle E D B. Wherfore the angle remayning BEC 
is double to tbe angle vemayning B ID C. W berfore in a circle an angle Jet at tbe 
centre 45 double to an angle fet at the circumference fo that both the angles haue 
to their bafe one and tbe [ame circumference : which was required to be demon» 


Strated. oe 
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Two cafes 

in thys Proa 
pofitionthe . 
one when the 
angle fet at 
the circumfe- 
rence inclu- 
detb she cene 
fer, 


Demonftra- 
sion. 


The other 
whe che fame 
angle fet at 
the circumfe- 
renccinclu- 
deth not the 
center, 


Conſtrvetion. 


De monſtra- 
tson. 


Three cafes in 
shis Propefi- 
rione 

`- Thefirst cafe. 
"The fecond 
cafe. 


p A be third Dooke ^ 
Xe STk 10. Tharine The 21. Trop ſtion. 


un acirclethe angles which confist in one and the fe Ife ane 
fon or figment, are equali the one to the other. 


x 


T y [there bea — 458 C Dc intbe EN of B AED, 

wZ let there confift tbefe angles BAD and BE D.Thenl ‘fay, that the 

Ne angles BAD and B E (D are equall tbe oneto the other. T'ake(by tbe 
firft ofthe. third ) the ceutre of the circle 
ABCO,and let the fame be the point F. > 
And(by the firft petition \draw thefe lines . 
BF and FD. Now for afmuch as the 
angle BF D is fet at the centre, and the 
angle BAD at the circumference , and 
tbeybaue both one-and y [ame bafe name» 
by, the circumference B BC D, therefore the 
angle B FD is (by tbe Propofition going 
before) double to the angle BAD: and 
by the fame reafon the angle BF D is al- 
fo double ta the angle B ED.wher efore 
C by. the 7. common fentence )the angle 
BAD isequall tothe angle BED ! wherefore ina circle the angles which 
confifte in one and the felfe, ¢ fame fegment are equall the one to the other £ which 
Was dr ice to be proued. 





Tn this propofition arc thrce cafes,For theaneles confifting in one and the felf fame 
fegnienz,the (cemcnt may either be greater théa femicircle, or leffe then a femicircle, 
or elsialt afemicigcle,For the firlt cafe the demonftration before put feructh, 


But now fuppofe that the angles Be D 
and B E D doconfilt in the fe&tió B 47D, which 
let be leffe then a femicircle.Euenin this cafe al- 
‘fo Lfay that the angles -B A D and B E Dare e> 
quall.For draw a right line froin A to E. And let 
the lines 4 D and Z E cutte the one the other in 
the poynt G, wherefore the fegment c4 C Eis 
greacer then a femicircle, And therfore by the 
firit part ofthis propofition the angles whiche 
arein it, namely, theangles 48 Eand E D 44 
are equall theone to the other. And fora(much 
asin the triangle ef BG the inward and oppo- 
fiteanglese4BG and G AB are equall to the 
outwarde angle 8 G D, and by the fame reafon 
the two angles E D Gand G E D of the triangle 
-D EG are equall to the felfe (ame outward angle 
B G D.Wherfore the two angles A B G and G A 
B arecquall to the two angles £ DGand GE D 





by the 
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by che firft commé fentenee.From which if there 
be taken equallangles, namely, 48 G, and E'D 
G, the angle remainyng Z 4G (hallbe equall to 
the angle remaynineg D £ G,that is,theangle 8 A 
D to the angle D E B( by the third common fen- 
tence) which was required to be proued, | 





The felfe fame conftru@ion and demonftrati- 8 (~~~ —~-——_- p The thindeatt 
on villalfo (erue,if the angles were fet ina femi- F € ba eases 
circle as itis playne to fee,in the figure here fet. 

/ s 


fap The 10. T beoreme, — The 22. Propofition. 


If within a circle be de[cribed a figure of fower fides, the an- 
gles therofwhich are oppojite the one to the other, are equall 
to two right angles. 







SR Vppofe tbat there be a circle A B C ID and let there be defcribed in it 
o QUI a figure of fower fides namely, ABCD. T hen Lfay,that the angles 
Opi thereof which are oppofite the one to the other are equall to two right 
— angles. Draw (by the firkt petition) thefe right lines AC and BD. C, mios 
N t p — as (by the 32. of the ſirſt) the three angles of enery triangle are 
equall to two right angles: therfore y three angles oſ the triangle ABC, namely, Demonſi- 
d ABLABC A BC A T po s f : ‘ = tiom * 
two right angles . But (by the 21. of the 
third) the angle CAB is equall to the 
angle BDC for they confifl in one and 
the felf fame [egmét , namely,'B A 'D C. 
And (by the fame Propofition ) thean- 
le AC Bis equali to the angle A DB, 
for thèy coñfiftin one añd the Jame fega A. 
ment ADC B . Wherefore the whole 
angle A'D C is equall to y angles B.AC 
and ACB: put theangle ABC coms ` \ 
mon to them both. Wherefore the angles BN, n ‘5 
ABCBAC, and AC B,are equall to — 
the angles. ABC and ADC. But the 
angles ABC, BAC, and ACB, are equall to two right angles. Wherefore 
the angles ABC and ADC are equal to two right angles. And in like fort 
alfo may Wwe proue,that the angles BAD and DCB are equall to two right 
angles. 


D 
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demonflrated 
by Pelitarius. 
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tion leading 
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angles. If therefore within a circle be defcribed a figure of fower fides s ihe ane" 


gles thereof which are oppofite the one toy other, are equall to two right angles: 
which was required to be proued. : 


589 be 21. T beoreme. — The 23. Propofition. 


Upon one and the felfe fame right line cannot be defcribed 
two like and vnequall fegmentes of circles falling both on one 
sid the felfe fame fide of the line. 


Orif it be pofsible,let there be deftribed ‘vpon the right line AB 
€ wo like or ynequall fettions of circles namely, ACB«z ADB, 
U R Eia E falling both on one and the felfe fame fide of the line AB. And 
l pars (Ly the firft petition) drawe the right line ACD, and( bythe 
PS third petition ) drawe right lines from Cto B, and from D to B. 
And for afinuch as the fegment ACB : 
is like to the fezment AD B: and like j 
Jagmites of circles are they which hane — 
eguall angles ( by the 10. definition of 
the third ). VY berefore the angle ACB 
is eguallto the angle AD B, namely, 
the outward angle of $ triangle CD B 
tothe inward angle : which( by the 16. 
of tbe firfl ) is impofSible.W herfore vps TE 
on one and the felf [ame vigbt line can not be defcribed two like «y 'pnequall fege 
mentes of circles falling both on one «s the felfe fame fide of the line: which was 


required to be demonftrated. . 









A B 


Here Campane addeth that vpon one and the felfe fame right lyne cannot be 
deféribed two like and vnequall fe&tions neither on one and the felfe fame fide of, 
the lyae,nor on the oppofite fide. That they can not be defcribed on one and the 
felfe faine fide, hath bene before demonftrated,and that neither alfo on the oppo- 
fire fide,Pelitarius thus demonftrateth. n 


| Let the fe&ion A B C befet vppon the ]yne A C,and vpon the other fide Ict be fet 
the fe&ion A D C vppon the felfe fame lyne AC, = 
and 4ct the fe&ion A D C belyke vnto the fe&i- 


on A BC. Then I faythat the fe&ions A B C andA / " 
D C being thus fet are not vnequal.For ifit be pof- 
fible let the fection A D C be the greater, And de- A le à : 


uide theline A C into two equal partesin the point 
E.And draw theright lyne B E D deuiding thelyne 
A Criglitangled wife, And draw thefe rightlynes A 
B, CB,A D and C D. Andfora(much as thefe&ion 
A D Cisgreater then the fe&ion A B C, the perpen 
dicular lyne alío E D fhal! be greater then the per- 
pendicular lyne EB : as is before declared in the 
ende ofthe definitions of this third booke, Wher- | 





fore 
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fore from the lyne E Dcut of atyneequaltte thelyne EB: which tet be EF. And draw 
theferight lynes A F and C F.Now then(by-the 4,of che firt the triangle A E B (hall be 
equall to the triangle. A E'F,and the angle E.B A (hall beequall tothe angle EFA. And . 
by thé (ame téafon the anale EB C fhall be equal to the angle EFC. Wherefore the 
whole angle AB Cis-equall to the whole angle A F C.But bythe 21. of the firft,the an- 
gle A F Cis greater thenthe angle A D C.Wherfore alfo the angle A B C is greater then 
the angle A D C, Wherefore by the defiuition the fections AB Cand A D Care not 
lyke,which is contrary to the fuppofition, Wherefore they are pot lyke and vnequall; 
which wasrequiredto beproued. — ` 


tao Tbe 22. Theorme,— The 2 4 Propofition. 
Like fegmentes of circles defcril ed uppon equail right lines, 


< are equall the one to the other. 
RAE ppofe that vpon thefe equall right lines AB and CD be defcribed 
Sei like fegmentes of circles namety, AEB and CFD. Then Lfay, 
77 that the fegment AEB 1s equall to the fegment CF D . For putting 
the fegment AE B vpon the fegment CF D and the poynt A vpon $ poynt C, 
and the right line AB vpon the right line C D , the poynt B alfo [hall fall vpon 
the poynt D, forj line A Bis equall to the line C D. And the right line AB exe 
a&ly agreing "with 2 i 
the right lineCD,y c 
fegment alfo A EB 
frall exaktly agree 





with the fegment Demonfiva- 
CFD. For if the tion — 
i: . K toan impofe 
right line AB do A | B c. D  fibilities 


exaĉlly agree with 
theright line CD, : 
and the fegment A EB do notexatlly agree with tbe fopment CF D, but dif. 
fereth as the fegment CG D doth: Now( by the 13. of the third) a circle cutteth 
not a circle in more pointes tben two but tbe circle C G ID cutteth 5 circle C FID 
in more pointes thé two that is n tbe points CC and IDzwbich is by the fame) 
impofsible .Wherefore the right line AB exattly agreing with the right line 
CD, the fegment AEB fhall not but exaltly agree with the fegment CF D: 
Wherefore st exaftly agreeth with it, and is equall'ynto it . Wherefore like fege 
mentes of circles defcribed vpon equall right lines are equall the one to the other: 
which was required to be proued. - 


This Propoficion may alfo be demonftrated by the former propofition. For ifthe fe- 
Gions A E B and CF D beinglike and fet vpon equall righclines A 2 and C D, thould 
be vnequall,then the one beyng put vpon the other, the great: r (hall exceede the leffe: 
but the line 4 Bis one line with the line C'D: fo that therby tha! follow che contraty of 
the former Propofition, 


254. Pelitartus 


An other dea 


monflration. 


An other de- 
monfiratid af- 
ser Velitarius. 


Conflru Bien. 


Three cafes in. 


this Propoft- 
tion. 


The firt cafe. 


Demonfira- 
dion, 


The third Booke ` 
Pelitarius demonstrateth this Propofition an other way. 


Sup pofe that there be two right lines ef B & C D which let be equall : and vpon thé 

let there be fet thefc like fe&ions 4 B K,and C D E. Then I fay that the faid fe&ions are 
equall.For i£not,thenlet C E D be the greater fe&tion. And deuide the two lines e4 B 
and C D into two equall partes,thcline 44 
Binthe pointe F, and theline CD intbe K 
pointG.and erect two perpendicular lines 
F Kand G E,And draw thefe right lines 44 
K&KB:EC,ED. And forafmuchas the 
fe&ion C E Dis the greater, therefore che 
perpendicular linc G Eis greater then the 
perpendicular F X: From thelyneG E cut 
of alineequall to theline FK,whichletbe 4 F B G 
G H:anddraw thefe right lines C Hand H 
D.And forafmuch asin the triangle e4 K ; 
F the two fides A F and F Kare equall to the two fidesCG&GH of the triangle C H- 
G,and the angles at the pointes F and G are equal (for that they are right angles) ther- 
fore( by the 4.0f the firft)the bale A Kis cqua'l to the bale C Aand the angle A KF to 
theangle C H G,And by the fame reafon the angle B K Fis equallto the angle DAG. 
Whertore the whote angle 4 K 2 is equallto the wholeangle CH D.But the angle CH 
Dis greater then the angle C E D by the 21.of the firft,Wherfore alfo the angle A K'D 
is greater then theangle CE D.Wherfore the fc&ions are not lyke, which is contrary 
to the fuppofition. 


T hez. Probleme. The25.Propofition. 


E 





G D 


eJ feginentof a circle beyng genen to defèribe the whole cir- 
cle of the Jame fegment. 


ENG V ppofe that 9 fegment geuen be 
(Ost; tis d o deinde B n 
S the whole circle of the fame fege P. id 
ment ABC. Deuide (by the 10. of the 
firft)the line A C into two.equall partes . 
in tbe poynt (D . And (by tbe vi. of the = c 
Jane) from the poynt D raife vp puto 
the line AC a perpendicular line B D. 
Vnd (by tbe first petition ) draw a right : / 
line from A to B.Now then the angle AB D being compared toy angleBAD, 
is either greater then it or equall pnto it,or leffe then it. 
First let it be greater. And (by the 23 of tbe fame Yypon the right line B.A, 
and ‘vnto the'poynt init A, make'ynto the angle AB D an equall angle BA E. 
And{ by the fecond petition extend tbe line B D ‘nto the poynt E. And( by the 
firfl petition ) draw a line from E to C. Now for afinuch as the angle ABE is ee 
quall tothe angle B AE, therefore (by the 6 « of the firft )the right line E Bis 
equall to the right line AE. And for afmuch as the line AD is equall to y line 
DC, and the line D E is common to them both: therefore thefe two lines A a 
an 


E 


of Euclides Elementes. Fol.g9. ` 


and D E, are equall to thefe two lines CD and D-E the one tothe other. And 

the angle AD E is( by the 4.. petition ) equall to the angleC DE, forvither of ; 
them ıs aright angle Wherefore (bythe 4.. of the firft ) the bafe AE is equall r 
to the bafe CE . But it is proned,that the line AE is equall to line B E.Wher» 

fore the line BE alfois equatl to the line CE, Wherefore thefe three lines A E, 

E B,and EC,are equall the one to the other. Wherefore making the centre E, 

and the Space cither AE, or EB, or E C, defcribe ( by the third petition)a arr» 

cle,and it fhall paffe by tbe poyntes 4, B, C .W berefore there is defcribed the 

whole circle of the fegment geuen.. And itis manifest, that the fegment ABC 

is leffe then a femucircle, for the centre E. falleth without it. 






ward be like demonftration aio Will LOW. 5 S Thefetond 
Jirue sf the angle ABD be egualto t © SAT ATNI -esfè 


the angle BAD. For the line AD 


being equall to either of thefe lines, | b^ bat 
(B I), and DC, there are threé lines, | : DX 

DA,D Band DC, equall the one to pak ex 

tbe other . So tbat.the point D fhallbe [, | vagis shied ah 

the centre of the circle being complete, A D y Des 


and ABC fhall bea) femicircle. | : 

But if the angle ABD be leffe then the angle. Bo, The third 
BAD, then (by the 23. of the firft) vpon the right ` eoa, Uf 
king BA, and tito the point in it 4, make pnto tbe 
angle ABD anequall angle -withiny fegment ABC. 
And fo the centre of the.circle fhaltfall mj line D B, ~ 
and it fhall be the pornr E: and ‘thefegment ABC \/—~ |”. 
JPall be greaterthen ajemicircle-bergfore a fegment. EY m Cons 
being yenen there is defcribed the whole circle of the fame fegment : which was 
required to be done. po RE * ; — 






ro; 


SHS alae: 
| jv i FA l 
i "M . 2L 2 num etwhr I 
* Herebyiti manife[l,tbat in à femicircle tbe angle BAD maw 
is equal to the angle D'B A: but in a fethon lefe then a femicir- 
F —— ara T Ai 
cle, tts leffe.:in afethou greater then afemictrclesit is greater. 
. 305566 EL TIL 
‘There is alogmother generall-way tofindeoutthe «^^ 7 o zii 
forefaid centre, which will (erue indifferently forany — i e; 
ſection whatſocuer: And thatis thus. Make in the ci- NV Nord 
cumférence geuen or fc&ion.A B Eshree portes atall / 3 
auedthres whichilet be 24,B,C, And draiw sliefe lines 44. / 
Bend B C(bv the firft peticion)'And(by the ro.of the-/ . 
firft) devide into two equall parteséither of the fayde 
lines, the line e4 Bin the point D; &théline BCinthe (E 
point E. And (by the 11. o£theficfyiftóax the poiotés zc; 
Dd.je: D and 


suc 


rolag, o 0n 








An other 
mort ready 






Pad a Neurtabs o 


Demonjlra- 
toe, 


Thethivd Booke 


Dand E rayfe vp vintothe lines 4 B.and B C perpendicular lynes D F and EF. Now 
forafmuch as either of thefe angles 8 D Fjand BEF isa righit angle, a right line produ- 
ced front the point D to the point E, (hall deuide either of the faid angles 1 and foraf- 
much.asit falleth vppon thc rightlines 'D F and £ F,it (hall makethe inward aneles on 
one and the felfe fame fide, namely, the angles DEF * 

and ED Fleſſe theo tuo right angles. Wherefore (by pum 

the fifrpeticion)thelines D F and EF beingproduced — ^^ 
fhalticoncurre, Let them concurre in the point F. And 
forafniuch asacertaine rightline D F denideth acer- p^ 4 ES s 
taine right lyne e4 Binto two equall partes and per- / VÉ LN 1 » 
pendievisily, hator (by the corollary ofthe firk of x LN ig 
this booke)in theJine D Fische centre ofthe circle,& (Zor — N 

by the [ame realon the centre of the felfe fame circle A 

fhalbe in the rightlinc E F. Wherfore the centre ofthe — 
circle whcrof 44 8 C isa fe&ion,is in the point F,whichis commó to either of thelines 








` D Fand É F.Wherforea fc&ion of acircle being geué,namely,the fetion 4B C,there 


‘An addition. 


x 
, 


"o 


Ait other con- 
firuction and 
demo» flration 
ofthis Propo- 
fition after, 


Campane 


edat 





' B Dareequidi(tant. Then the line G E, being applyed 


is defcribed thecircle of the fame fe&ion: which wasrequiredto bedone/— - 5 

And bv this lat generall way if there be geuenthrec pointes, fet howfoeuer, fo that 
they. be not ail three in one rightline,a man may defcribe acircle which fhall paffe by 
all the (aid three pointes. For as in the example before put, if you fuppofe onely the 3. 
pointes 4,8,C,to be geuen and not the circumference 4 BC to be drawen,yet follow- 
ing the elfe fame order you did before, thatis,,draw aright line frome to Band an 
other from B to C and deuide the faid right lines into two equall parts, in the points D 
and E,and cre& the perpendicular lines D F ayd E Fcutting the one the other in. the 
point F,and draw aright line from F to B:aad making the centre the point F, and the 
{pace F B deferibe a circle,and it fhall paffe.by the pointes 4 & C: which may be pro- 
ued by drawing right lines from-A to F,and from F toC. For forafmuch as the two 


V^ files d Dand DF ofthe criangle 4 D Fare equaltto the two fides BD and D F of the: 


triangle B/D:FY.for by fuppofition the line ef Dis equall to theJine DB, and the lyne 
DF is cotnmon to them both) and the angle A‘D Fisequallto theangle 2 D F .(for 
they arg both right angles Jtherfore(by the g.of thefirlt the bafé' A F'ts eqnall to the 
bafe 8 F.And by che fame reafonthe line F C is equall to theline F 2. Wherefore thefa. 
thre¢ lines F .4,F B and F Care equal! the one tothe other. Wherefore makyng ‘the 
centre. the point F and the (pace B,it thalf alfo paffe by the pointes. 4 andC, Which’ 
was rcquired to be donc. This ptopofition is very neceflary for many things as you fhal 
akerwardges o o ox oo PERPE — ve 3 
Campane putteth an other way, how to defcribe the D 
whole circle of a fe&ió geuen. Suppofe that the fe&ion PPS 
be AB, [cis required to defcribe the whole circle of the 
fame (e&ion.Draw in the fection twolines atall aduen- 
tures AC and B D:which deuide into two equal parts 
ACin the point Z,and B D in the pointe F.Then from 
the twopointes of thc deuiflons draw within the fe&i- 
on two perpendicular lines ÉG and F H which let cutte: ; 
elé cne theother in the paint X, Añdthe centre.of the : 2. 
circle fhall be in either of the faid perpendicular lincs — 
by tliecorefizr) ef che fiféGFthis booke. Wherforc the point K ís the centre of dire dt? 
cle: which wasrequired to be done. . i 
Butifthelines £G & F A do net cunthe one theo-' 
cher, but make one right line as dothG@ Alin the fecod 
figure: which happeneth when thetwolines £C and C 





23 





to eitlier part of the circumference eeuen,, fhall: pafe 

by the centre of the circle by the felfe fame Corollary: 

For thelines E.G and F H cannot beequidiftant, For 

then one and che felf (ame circumference fhould hane if 

two centres,Wherfore the line 4G, being deuidedin- A v B 
SS to 


of Euclides Elementes. 


to two equall partesin the point K,the faid point K thall be the centre of the feQion. ~ 


Pelitarius here addeth a bricfe way how to finde out the centre ofa circle,which 


is commnonly vied of Aruficers. 


à 


EU 


Suppofe thar the circumference be A B C D,whofe centre it is required to finde out, A ready wey 
Take a point in the circumference geven which let beA, yppon which de(cribea circle 
with what openyng of the comipatle you will,which letbe EFG. Then take an other 
pointin the c.reumference geuen which let be B, vpon which defcribe an other circle 


. with the fame opening of the ccmpafic thatthe cire 
cle E F G was defcribed; and lecthe fame be EHG, . 
which lctcut the circic E F Gin the two pointes E 
and. (Ihauenochirz drawenthne whole circles, 
bütoncly tholc partes'of them which cutthe one 
theother for auoyding of confufion ) And drawe 
trom chofe centres thefe right lines AE, BE, AG, 

" and B G,which foure lines Ihall be equall, by reafon 
they are femidiameters of equall circles, And draw 
arichtline from A to B, and fo fhall there be made 

- two Ifofceles triangles A E Band A G B vnto whom 
thcline A Bisa common bafe. Now then deuide the 
line A B into two equal partes in the poine K which 
ruft nedes fall betwene the two circumference E F 
Gand EHG, otherwale the part fhould be greater 
then his whole, Drawe aline from Eto K and pro. 
duce it tothe pointG. Now you fee that there are 
two Ifofcefes triangles deuided into foure equall 
triznglesEAK, EBK,GAKandGBK. For the 


two fides A Eund A K of the triangle AEK are equalltothetwofides BE andBK o 





f 


the triangle B E K,and the bale E K is common to them both, Wherefore the two an- 
glesat the point K ofthe two triangles A E K and B EK ate by the 8.ofthe firft equall: 
and therfore aré right angles. And by the fame rea(on théotheranelesatthe poynte K 
ave right angles Wherforc E G is one rightlyne by the 14. of che firlt. Which foraf- 
much asit ceuideth the line 4 B.perpeüdicularly, therefore it paffeth by the center by 
by the corollary of the fitt ofthis booke. And fo if you take two other poyntcs,namee 


Cand D in the ciccumference geuen;and vpon thé 
deícribet wo ciccles cuttyng the one the^other in 
the pointes Land M, and by the aid poyntes pro- 
duce a right line, iz fhall cutre thelyae E G beyung - 
produced in the pointe N, which (hall be the cen- 
tre of che circle by the fame Corollary of the firk 
of this booke,1f you imagine the right line C D to 
be drawen and to be deuided perpendicularly by 
.thelyneL M, which it muft neede$ be as we haue 
bcfore proned. And here note that to do this me- 
€hanically not regardyng demonftration , you 
necde onely to marke the poyntes where the cir- 
cles cut the one the other,namely, the poyntes E, 
G,andJ.,M, and by thefe poyntesto produce the 
lises E G and LM till they cut the one the other, 
and where they cut che one the other, thereis the 
‘centre of the circle,as you fee herein the feconde 
figure. i i 





to finde one 
the center of 4 
cie commóa 
ly vfed a- 
mongſt arsi- 


hen. 


Conflrntlion. 


Demonira- 
tons 


P The third Booke = | 
5a9T be 15.1 beoreme. —. 1 ben. Propofition ; 


Equall angles in equall circles confifl in equall circuferences, 
whether the angles be drawen from the centres,or from thc 


circumferences. 
‘ AS centres namely,the pointes G and. H, let there. be drawen thefe equall 
NS? angles BG Cand E HF: and likewife from their circumferences thefe 
equall angles BAC and EDF. Then Lay, that the circumference BKC 
i5 equal to the circumference ELF . Draw (by the firft petition) right lines 
from B to C, and from. E to F. And for afmuch as the circles. ABC and DEF 
are equall,the right lines alfo drawen from their centres to their circumferences, 
are (by the firft definition of the third ) equall the one to the other . Wherefore 
thefe two lines BG an ‘ 
GC,areequall tothefetwo ~ #4 
lines E Hand HF. And 
the angle at the poynt G is 
equall to the angle at the 
point H: — (by the 
-4..0f the firft the bafe BC 
is aed ia E Land 
jor afmuchbus tbeangle at |... OK T : 
the poynt A is equall to the-angle at the point 'D, therefore the fegment BAC 


` 
i} 


V ppofe that thefe circles ABE and DE F,be equall. And from their 








vis like to the fegment E D F. And they are defcribed vpon equall right lines BC 
cand EF. But like fegmentes of circles defcribed vpon equall right lines, are (by 


the 24. of the third )equall the one to the other. Wherefore the fegment BAC 
is equall to the fegment EDF. And the whole circle A BC is equall toy whole 
circle DEF. Wherefore (by the thiré-common fentence ) the circumference ree 
mayning B K C is equall to the cireumference;remayning EL F . Wherefore 
equall angles in equall circles confif inequallcireumferences whether the angles 
be drawen from the centres or from the circumferences: which was required to be 
demonstrated. EDD 


porq sis a 





tap The . Theoreme. The 27. Propofition. 


* - eo oolp. ; ! 

In equal circles the angles which. confiftin equal circumfe- 

rences,are equall the one to the other , whether the angles be 
drawen from the centres,or from the circumferences, 

Aie dE Suppofe 


of &uclides Elementes. ———— Folios. 

ccs Vppofe y thefe circles ABC,and D E F, be equall. And vpon thefe 
X a ace of the fame een BCand E 5 
S X ) let there confift thefe angles BG Cand EHF drawen from the cena 
ESES tres and alfo thefe angles BAC and ED F drawen from the cire 
cumferences . Then I fay, that the angle BG C is equall to the angle EH F, 
and the angleB AC tothe angle EDF, If the angle BG C be equall to the an- 
gle EHF, then it is manifest,that the angle BAC is equall to 9 angleE DF 
‘(by the 20. of the third ).Butif the angle BG C be not equall toy angleE HF, 
then isthe one of them greater then the other. Let the angle BGC be greater 
And (by the mE 
23.0f the firft) 

“dpon the right 

` line BG,and 

"ento tbe point. 
‘geuen init G,! 
make nto the. 







A 





angle EHF’ NA ; 
* equall an» N AS \ 
gle BGK But ! i x V 
(by the 26, of E~ É 

J third )equall . 


angles in equall circles confift vps equall circumferences whether they be drawer 
fromthe centres or from the circumferences, Wherefore the circumference B K 
isequallto the circumference EF. But the circumference E F is equall to the 
circumference BC: Wherefore the circumference B K alfo isequall to the cire 

cunference B C , the leffe to the greater : whichis impofible .Wherfore the ane 
Lle BGC is not vnequall to the angle E HF: Wherefore it is equall. And (by 

the 20. of the third )the angle at tbe point A is the halfe of the angle BG C:and 

(by the fame ) the angle at the point D is the halfe of the angle E HF. wheree 
fore the angle at the point A is equall to the angle at the point D, Wherefore in 

equall circles the angles which confif? in equall circumferences are equall tbe one 
‘ to the other whether the angles be drawen from the centres or from the circumfee 
` rences : Which as required to be proued. 


5apT be 25. Theoreme. The 28. Propofition. 


Inequall circles, equall right lines do cut away equall cir. 
cumferencessthe greater equall to the greater ,and the lefve e- 
quall to the lefe, "E : 


zd — Odij. Suppoſe 


Demonfiva- 
tion leading 
80 an impof= * 


— fibulitie, 


Conflrutfion. 


Demeoanílra- 
biona 


d s desbid Bike ^ ^ 


mie Mppofe thar ebefe circles ABC, and DEF, be egirall.. And in them let 
3 i there be drawen theft dquall richt tines. BCand EF, whichJet cut away’ 
thefe cirtumfererite: B.A Cand D EF being the greater alfa thefe 
tircuntferences BGC andE HF being the loffe. Then 1 fay;that the greater 
circumference BAC is eqnall to the greater circnmference E DF. and the leffe 
eivcimnference BG C is egnat tothe tefe circumference E HF. Take (by the 
Ff of the third )the centres of the circles and let tbe fame be tbe pointes. K and 
L.. And draw thefe right hes, KB, KC, LE, and LF. And for afmachas 
the circles are equal herfore( by the fir/t definition of the third) the lines which 
y Eg Pa E F — 


are drawen frà the "cens 


The connerfe 
of the former 
Propofition. 


Conftru ction 


Demonstra- 
pon, 


tres ave equal. Wheres 
fore thefetwolinesBK 4 
and K C,are equall to `} » 
thefe tivo lines E Land 
LF. And (by ſuppoſiti- 
on )the bafe BC ts equall 
to the baf EF. W herez ` 
fare(by the off fft) | 
the engte B KCC iséquall totbe angle E L F . But (by tbe 26.0f the third) 


eiguall axeles drawen fram tbe centFas confift vpon es circuntferences.Whers 





fore the circumference BG Cis equall to the circumference E HF; andy whole 
tircle ABC is equall to the whole circle DE F . Wherefore the circumference 


remayning BA C, is(by the third common fentence) equall to the circumference 


remayning EDF. Wherefore in circles equal right lings do cut away equal 
circumferences, the greater equall to the greater and the leffe equall to thet t. 


“which was required to be proued. `` 


Á equali circles,under equal circumferences ave fubtended 
cquallright line. a B XE 
fen 3 V ppofe that thefe circles ABC and D EF,be equall. And in them 
NN Y let there be taken thefe equall ciréumferences', BG C'and E HE: 
l ad drame thee rigbt lines BC and E¥; ‘Then I Jay, that the right 
SSeS line B Cis equall to the right line EF. T ake (by the firft of 9 third) 
the čenttes of the circles , and let them be the pointes K, and L, and draw thee 
right lines K B, KC, L E,L F.,And for afmuch as the circumference B GC 
is equall ta the circumference EH F ,theangleB K€ is equall to yangle ELF 
(by the 27. of the third). And for afmuch as tbe circles ABC and D E Fare 
eguall theone to theother therefore ( by be fef definition of the third Jike x 
MU UE Pho whic 





of &uclides Elementes. Fol. ioꝛ. 
bhithe save 
vut fim 
the centres 
‘are equal. 
pr hercfore:. 
3théfe ) lines 
BK: and 

UCC are es 
P 
thefe y.lines 
LE aid 

LF, er they 
comprehend equall angles . Wherefore (by 





WC 
the 4. of the firft) the bale BC ive 
quall to the bafe EF .Wherefore tn equall circles pndeér equal circumferences, 
are fubtended equall right lines : which was required to be demonftrate. 

Se The 4: Probleme. Lhe 30. Propofition, 
- } To denide acircumfererice gener into two equall partes. 
= V ppofe that the circumference genen be ADB. Itis — to de- 


Jide the circumference AD B inti two equall partes. Draw aright 
K] line from A to'B. And (by the 10. of | the firft) denide the line AB 
= into two eguall partes in the point C. And ( by the i. of the first from 
thepoint Cray/e vp vto A.B a perpendicular line.C D. And draw thefe right 
lines A D tind D B-And forafmuch as thé line A Cis equall to the line C B ey 
thelineC Dis common tothem both, theres  . -- 2, | — 
fore theſe two lmes AC and ¶ D areè equall 
to thefe tiva lings B C and C D And by the 
4 -peticion ) the angle f C D is equall to the 
angle BCD, for either of them is a right 
ři ct angle IP Ber fort (by the 4. ofthe first) 


the bafe AD is equal to the bafe D B. But 





7T 
D: 


A 





equall right lnzes do cut away equall cixcum= : 5 

ferences the greater equall to the greater. 7 

the leffe equal to the lefse (by the 28. of the third) Aud either of thefe circume 
ferences A D and D Dis lese thea a femicircle Wher fore the circumference A 
D is equallto the circumference DBW herfore the circumference geen 15 denie 


ded into two egual! partes: Which Was required to be done. 
sT he 27.Theoreme. The yi. Propa/ition, 


Ynacircle an angle made in the femicirele is a right angle: 


"Dd iu. but 


. Conftructions 


Demonflra- 
tion, 


The firkk part 
of this Toco- 
vene, 


“ThethirdBooke . 
but an angle made in the fegment greater then the femicercle 
is leffe then a right angle,andan angle made in the fegment 
leffe then the femicircle, is greater then aright angle. And 
moreouer the angle of the greater fegment 1 greater then a 
right angle: dibe nal of tbe leffe fegmentis leffe then a 
right angle. ] 






Fp pofe that the circle be AB C D and let the dimetient of | the circle be 
ithe right line BC, and the cétre therof the point E. And take in the fee 
“micircle a point at all auentures and let the fame be D. And draw thefe 
right lines B 4,4 CAD and D CT hen: i 
fay that the angle in the femicircle BAC, 
namely, the angle BAC is a right angle. 
And the angle AB Cwhich is in the fegment 
ABC being greater then the — is 
lefse then aright angle. And the angle AD 
C which is in the fegment AD C being lefse 
then the femicircle is greater thia right ana 
gle Draw a line from the point A to the point 
E,and extend the line B A pnto the point F. 
And forafmuch as the line BE is equall to 
‘the line E AL, (for they are drawen s the 
centre to the circumference) therfore the ane 
gle EAB is equall tothe angle EB A (by 
the 5.of the firft). Againe forafmuch as the 
line A Eis equall to the tine EC, the angle 
AC Eis (by the fame Jequall to the angleC A E.Wherfore the whole angleB A 
Cis equal! to thefe two angles ABC and AC B.But the angle F AC which is 
an outward angle of the triangle ABC is (by the 32. of the firft) equal to the 





-two angles A BCer AC Bwherfore the angle B.A Cis equall to the angle Fa 


d i c namely ,A B C and 'B A C are leffe then tworight angles , and the angle B 


‘bird pos. ~ 


winthe femicircle BACis aright Gs 


ACWherfore either of them is aright angle. Wherfore the angle BA C which 


c 


s. Ind forafmuch as (by the 17. of the firi) tbe tio angles of the triangle A 

A Cis aright angle.T herfore the angle 4B Cis lefSc then a right angle and it 
isin the fegment A BC which is greater then the femicircle. 

And forafmuch as in the circle there is a figure of foure fides, namely, AB 


CD. But if within a circle be deferibed a figure of foure fides, the angles therof 


- which are oppofite the one to the other are equall to two right angles (by the 22+ 
-of thethird ) therfore (by the fame) the angles ABC and ADC areequal 


| te 
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to two right angles But the angle A BCis lee then aright angle Wherfere the 


angle remayning AD Cis greater then aright angle, and it is in a fegment 
which is lefe then the femicircie, l 

Now alfo I fay that the angle of the greater fegment, namely, the angle The foarth 
‘which is comprehended vader the circumference A BC and the right line A C pert. 
is greater then aright angle and tbe angle of the leffe fegment comprebended 
bader the circumference ADC, and the 
right line A C is lefe thë aright angle which 
may thus be proned. Forafmuch as the angle 
comprehended vnder the right lines BA and 
ACisaright angle, therfore the angle come 
prebended "ynder the circumference ABC 
and the right line A C is greater then aright 
angle: for the whole is euer greater then his 
part (by the 9. common fentence. “ 5 

Againe forafmuch as the angle compres | 
hended vnder the right lines AC and AF 
is a right angle , therfore the angle come 
prebended pnder the right line CA and the 
circumference ADC As lefSe then a right ane 
Lle W herfore n a circle an angle made in the 
Jemicircle is aright angle, but an angle made n : 
in the fegment greater then the fenucircle is lefe then aright angle and an ane 
gle made in the fegment lefse then the femicircle, is greater then a right angle. 
“And moreouer the angle of the greater fegment is greater then aright angle: er 


the angle of the lefe fegment is lefe then a right angle: which was required to 
be demonftrated, -—- | : 


The fft and 
last pars. 





An other demonStration to proue that the angle BA Cis aright angle.Fore Another De-. 
afmuch as the angle AE Cis double to the angle B A E (by the32. of the firft) monfTration 
‘for it is equall to the two inward angles which are oppofite. 'But the inwarde ane ‘4° d 
les are (by the s. of the firSt) equall the one to the other and tbe angle A EB is [ada ⸗ 
double to the angle E AC. Wherfere the angles AE Band A ECare double to "8't angie. 
‘the angle BAC. But the angles AEBand AEC are equall to two right ane 
gles: Wherfore the angle BA Cis a right angle. Which was required to be dee 
-wonstrated. 


N 


t 


f&»Correlary. = 


Hrereby it is manifeft,that if in a triangle one angle be equall A cort. 
tothe two other angles remayning the [ame angle is a right 
Ee ^ angle: 


ALS > 


‘An addition 
"of Pelstarins. 


Demonflra- 5 
sionlea ding 
tu an abjnrdi- 
se 


An addition 
of Campane, 
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angle: for that the fide angle to that one angle (namely, the 
angle which is made of the jide produced without the trian- 


gle) isequall to tbe [ame angles, but when tbe fide angles are 


_ eguall the one to the other,they are alfo right angles. | 


0 


q An addition of Pelitarius. : P 


Ifin a circle be infcribed a rectangle triangle , the fide oppofite vato the right 
angle fhall be the diameter of the circle. — E e LOUP 

Suppofe that inthecircle ABC be infcribeda |" 9o NS 
redangle triangle A B C, whofeangleatthepoint (^5: 35 1. 


B let bea right aagle. Then I fay,that the fide A C Te T 
YU > 


isthe diameter of the circle. For if not, then (hall I — 
the centre be without the line AC,as in the point fo 
E. And draw aline from the poynt A to the point — 


LEN 


—u 






— 


E,& produce it to the circumference to the point 
D: andlet AE D be the diameter: and drav aline 
from the point B to the point D. Now(by this'3 i. * S 
Propofitió) the angle A B D fhall be a righrangle, — 
E 








and therefore (hall be equall to the right angle pos \ 
ABC,namely, the part to the whole : which is ab- 

furde. Euen fo may we proue, thitthecentre isin f 
no other where but in theline A C. Wherfore A C — 
is the diameter ofthe circle : which was required 

to be proued. I 


f An addition of Campane. ` 


By thys 31. Propofition,and by the 16. Propofition of thys booke, itis mani- 
feft,that although in mixt angles,which are contayned vnder a right line and che 


circumference of'a circle,there may be geuen an angle leffe & greater then a right 
angle,yer cari there neucr be geué an angle equall to a right angle.For eucry fecti- 


on ofa circle is eythera femicircle, or greater then a femicircle,or leffe,but the an- 


gle ofa femicircle is by the 16.0f thys booke, leffe then a right angle, and fo alfo is 


tocanple of a leffe feAtion by thys 31.Propofition : Likewife theangle ofa greater 
fection, is greater then a right angle, a5 it harh in thys Propofition bene proued. 


— $T be 38. beoreme. — T be yy. Tropofition. 


Ifa right line touch a circle,and from thetouch be drawena 


S right line cutting the circle: the angles which that line and 


the touch line make,are equall to tbe angles which confftin 
tbe alternate fegmentes cf tbe circle. 3 


Tzu Vppofe that tbe right line E F do touch the civcle ABC D in the 

Z| point B: and from the point B let there be drawen into the circle 

ABCD a right line cutting the circle ,and let the Jame be B D. 

= Then I fay, that the angles which the line BD together with i 
: touc 







of Euclides Elementes. Fol.104. 


touch line E F do make, are equall to the angles which are in the alternate fez 

mentes of the circle that is, the angle FB D is equall to the angle which confi 
fteth nthe fegment BAD, and the angle E BD is equall to the angle which 
confiteth in the fegment BC D .Raife vp (by the 11, of the firft from y point. Confusion. 
Bvnto the right line EF a perpendicular line BA. And in tbe circumference 

BD take a point at all aduentures, and let tbe fànie bé C. And draw thefe right 

lines AD, DC,and CB. And for afmuchas a certaine right ine E F tow — 
cheth the circle ADC in the point B; and from the point B-where.the touch is, ~~ 

is rafed bp vuto the touch line a. perpene soc " 

dicular BA. T herfore( by the 19. of the 
third) in tbe line B A is the centre ofthe . - 
circle ABC D.Wherfore} angle A DB 
being in the femtcircle, is( by the 31.ofthe  / 
third) aright angle . Whereforethe ane 
gles vemayning BAD and ABD, are 
equall to one rt, ght angle. But the angle 
AB F is aright angle. Wherefore the an= 
gle ABF is equall to the angles BAD 
and ABD. Takeaway $ angle ABD 
which is common to them both. Wherefore 
the angle remayning D B F,is equall to 
the angle remayning BAD, whichisin ~, > 
the alternate fegment of the circle. And for afmuch as in the circle is a figure of 
fower fides pramely, AB CD, therfore( by the 22. of the third) the angles which 
are oppofite the one to tbe other ark equal to.tworight angles. Wheror the arà 
gles B A D and B C DD, areequall to two rigbt angles .'But the angles D BE 
and D B E ,areal[o equall to two right angles. Wherefore the angles DBF 
and DBE, are equall to the angles BA D and BCD, Of which we haue 
proued that the angle BAD isequall to the angle D BF. Wherefore the ane 
gleremaynmg DBE, is equal to the angle remayning DCB, which is in the 
alternate fcgment of the circle namely ,in the fegment D C B.If therfore aright 
line touch a cirele and from the touch be drawen a right line cutting the circle: 
the angles-which that line and the touch line make ; are equall to y angles which 
cpufift inj alternate fegmentes of the circle : which pas required to be proued. 





a(n thys Propofition may be ewo'cafes . For the ling drawen from the touch and Two cafes in 
gutting the circle, may eytherpaffe by the centre or not. Ifit paffe by the centre, this Propofi- 
thei is itmanifett (by the 18. of thy’s booke) that itfalleth perpendicularly ypon 0. 
tie touch line,and deuideth the circle into two équalf partes, fo that all ché angles 
irreche femicircle;are by thé former Propofition fight angles, and therfore equall 
to the alterhate angles made by the fayd perpendicular line and the toucliline.Ifit 

affe not by the centre, then followe the conftruction and demonftration be- 

ore put. i : 


ia» 7 be 


Tox : 


Three tafesin 
this Propoh- 
tion. 


The fir cafes 
Conſtruction. 


Demonſtya- 
20", 


Thefecond 
esfe, 


The third Booke 
S The s- Probleme. The 33.Propofition, 


€ Y pon 7 right lyne geuen to defcribe a fegment of acircle, 
coy ich ball contayne an angle equal] toa rettiline angle geue. 
















ial” bp ofe that the vigbt line geuen be A B and let the retliline ancleye: 
LOW sten be C. It is required pon tbe right line geut A Bto defcribe a fege 
DX ment of a circle^wbich [hall contayne an. angle equall to thè angle C. 
: "Now tbe angle C is either an acute angle; or arabe angles or án ob: 
tufe angle. nfo eee. Gee Aas 
Firft, letit beanacuteangleas 0770 27 NS d 
in the firft defeription.And(bythbe23 |. 7 MO ee ees 
of the firft) vpon the right line AB 
and tothe point in it Adefcribe an’ > 
angle equal to tbe angle C, and let the ^ 
Jame be D A B. Wrberfore tbe anyle. - 
(D AB isanacute angle. From.the 
point A vaife mp( by tbe v. PPR) i 
puto the line AD a perpentdiculer 
line A E. Zud (by tbe 10. of the fir/t) i 
deuide the line 4B into two équall ^ ©: E 
artes in the point F. And (Ly the 11. — 


the ſame) from the point F vaife yp ‘ynto-. the line AB a pe 











3 
“TNO L0 su 


l rpendicalar bne 
EG, and dyno wine from G to B. And forafmuch as the line AF is equallto tha. 
line Y. dnd tb? line FG is commón to them borh, therfore thefé- two lines AF 
wid EGare eqaall to thefe tws lines F Band FG:and tbe angle A FG is (by. 
the 4. petición )equall to tbe angle G F B. Wherfore( by the 4. of the fame) the 
bafe AG isegiiall to the bafe GB. Wherfore making the centreG and the fpace 
GA deferibe (by the 3 petition ) à circle and it'fball paffe by tbe point B : de» 
foribe fuch acivcte é let the fame be A BE. And draw a line from E to B.Now. 
forapiniches from the ende of the iameter AE, namely, from the point A is 
drawen.a right line A D.making'to gether with the right ine. AE aright ane 
gk therfore( bythe correHaryof thes. of the third.) the line AD toucheth the 
circle 4 Ty E sind fora [much ay acertaine vigbt tine- AD. toucheth the cirċlè 
AB E, from the point A where the touch is,is drawen into y circle a certaine 
right line A'Bi therfore( by the 32: of the third) the angle D ABis equall to the 


“angle AE Brwhich is in the altéynate fegment of the circle. But the angle DAB 


is equall to the angle C,wherfare.the an igle C is equall to the angle AE Bwhere, 
fore vpon the right. line genen.A, Bis-defcribed a fegment of a circle which cone. 
tayneth the angle AE B,whichis.equall tothe angle geuen namely to C... c7 
“22 -Butnow /uppofe that the angle Che aright angle. It is againe required “be. 
i “ pon SCE 
SA 
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pon the right line A Bto defcribe a feg» 


ment of a circle, which fhall contayne an 
angle equal to the right angle C.Defcribe E 
againe ypon the right line A B and to tbe 
point init Aan angle BAD equal to the 
reEtiline angle geuen C (by the 23. of the | 
first) as it ts fet forth in the fecond de- " B 
Seription.And (by the 10.0f the first) de- 
uide the line A B into two equall partes 
in the point F. And making il: centre the 
point F and the [pace F Aor F B defcribe | 
(by the 3 - peticion ) circle AEB. Where P 
fore thevight line AD toncheth the cire 
cle AEB: for that the angle BAD is aright angle.W berfore y angle B AID 
is equall to the angle which is in the fegment A E B, for the angle whichis in a 
Jfemicircle is aright angle(by the 31. of the third) but the angle B.A D is equal 
to the angle C. Wherfore there is againe defcribed ppon the tine AB a feginent 
of a circle namely, A E B which containeth an angle eguall to the angle geuen 
PE inaw fapofa that the angle C bean obtnfe angle V pon theright ue AB 
Eut now fuppofe that the angle C bean obtufe angle.V pon the right line 
and to the n n A defcribe (by the 23. of heat) an angle Bu D equall 
to the angle C: as itis in the third defcription, And from the point Arayfe vp 
nto tbe line A D a perpeudiculer line A E 
(by the 11. of the firft) And agayne by the E E 
10, of the irit ) deutde the line A B into two 
equall partes in the point F. And from the 
point F razfe vp yuto the line A B a perpt- 
dicular line F G (by the 11. of tbe fame) c7 
drawe a line fromG to B. And now foraf: 
much as the line A Fis-equal to the line FB, I 
and tbe line FG is common to them both, Q 
therfore thefe two lines A F-and FG are ez A » 
quall to tbefe two lines «B F and FG: and. . 
the angle A FG is (by tbe 4 . peticion ) equall to the angle B FG : wherfore (by 
the 4. of the fame ) the bafe AG ts equall to the bafe G B.Wherfore making the 
centre G and tbe [pace G A — by the 3. peticion )a circle and it fhall pafe 
by the point D: let it be deftribed as the circle A EB is. And forafmuch as from 
the ende of the diameter A E1s drawen a perpendiculer line 4 D therefore (by 
the correllary of the 16. of the third ) the line AD touchetb the circle A E Ber 
from the point of the touche namely, A 1s extended the line AB.Wherfore (by 
the 32. of the third ) the angle B.A D is equall to the angle A HB which is in 
the alternate fegment of the circle. But the angle BA D is equall to the angle C. 
za Ee.j. Where 
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The third 
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Confiruttion. 


Demenfita- 
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ConflruBlion. 


Demonflra- 


Hou, 
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- of the touche namely, B, is drawn to the ` 


` (by the3z-ofthe third )the angle FB C is 
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Wherefore the angle which is in the fegment A HB is equall to the angle G. 


_ Wherfore vpon the right linegeuen A B,is defcribed afegment of a circle.A 
‘ B,which contayneth an angle equall to the angle geuen, namely, C : which was 


required to be done. 


aj The 6.Probleme. The TN Propofition. 


From actrcle geuen to cut away a festion which/hal containe 
an angle equall to a rettiline angle genen. l 


EN Vppofe that the circle geuen be A Cand let tbe reFliline angle geuen 
S fL | be D. It is required fro the circle A B C-to cut away a fegment which 
| 
Pall contayne au angle equa!l to the angle D. Draw( bythe 17-0f the 
rr third) a line toiiching the circle, and let tbe fame be EF: and et it 
touche in the point B. And (by the 23. of 
the fir ft) vpon the right line EF and to 


the point init B defcribe the angle FBC 
equal tothe angle D. Now forafniuch as 
a certayne right line E F toucheth the cire 
čle AB C in the point B: and frora j point 


circle chrtaine right lnie BC; therefore 


equallto the angle B /£C which isin the 
alternate fegment. But the angle FBC is 
equall tothe angle D.wherfore the angle = . > I . 
(B AC which con(iteth in tbe fegment B A4 Cis equal to the angle D. Wheres 
fore from the circle geuen.A BC 55 cut away a fegment BAC, which containeth 





à 


(s an angle equall to the re€tiline angle geuen: which was required to be done. 


Thea — The 35-Propofition. 


«\, [fin acircletworight lines do cut the one the otber,the rect- 
xi: angle parallelograme comprehended under the fegmentes or 
*\e parts of the one line is equall to the rettangle parallelograme 
= comprehended Under the fegment or partes of the other line. 





Y Etthe circle be ABCD, andinit let thefe two right lines AC and 

AEK B D cut the one the other in the point E.T hen Lfay that the rectangle. 

AAC parallelogramme contayned vnder the partes AE and EC is equall to 
Pe j Aen the 
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the reftangle parallelogramme contained yuder the 
partes D Eand EB.For if the line AC and BD 
be drawen by the centre then is it manife/t that for 
as much as the lines 4 E and E Care equall to the 
lines D E and E B by the definition of a circle, the 
re&angle parallelograme alfo contayned ynder the 
lines A E. and E C is equallto y vetlangle paralle- 
lograme contained vnder tle lines D E. and E B. 
But now fippofe that the lines 4 C and D B be 
not extended by the centre and take(by the v. of the third ) tbe centre of the cir- 
cle A B.C ID and let the fame be the point F, and from tbe point Fdraw to the 
right lines AC and D B perpendicular lines FG and F Hi (by the y2, of the 
first) and draw thefe right lines F B,F C and FE. 
And forafmuch as a certaine right line F G drawen 
by the centre cutteth a certaine right line AC not 
drawen by the centre in fuch forte that it maketh ae 
right angles, it therfore deutteth the line AC into S 7S 4 


_ two equall partes (by the 3. of the third ). Wherfore SS 
the line AG is equall to the line GC. And forafz W 
B 









much as the right line AC is deuided into two e= e 
quall partes in tbe point G, and into two ‘bnequall 
partes in the point E: therfore (by the 5. of the fecond) the rectangle parallelo 
gramme contained ynder the lines A E and E. C together with the fquare of the 
Jine EG is equall to tbe fquare of tbe line G C. Put the [quare of the line GF 
common to them both wherfore that which is contained vnder the lines AE &r 
EC together with the fquares of the lines EG andG F is equall to the fquares of 
the lines G Fey G C.But'ynto) [quares of ) lines EG tz GF is equally [quare 
of ) lime F E (by the 4.7.0f the firit ):and to tbe fquares of the lines GC andGF 
is equall the [quare of the line F C (by the fame) Wherfore that which is contate 
ned ynder the lines A E and E C together witb the [quare of the line F E is es 
quall to tbe [quarc of the line FC. But tbe line F Cis equall to tbe line FB. For 
they are drawen from the centre to the circumference. Wherfore that which is 
contained ynder the lines A E and EC together with the fquare of the lyne FE 
is equal to the {quare of the line F B. And by the fame demonstration that which 
is contained vnder the lines D E and EB together with the (quare of the line F 
E is equailto the fquare of the line FB. Wherfore that which is contained Yn- 
der the lines A E and E Ctogetber with the [quare of tbe line EF is equall to 
that which is contayned ynder the lines D) E and E B together with the [quare 
of tbe line E F. T'ake away the qnare of tbe line FE whichis common to them 
both Wherfore the reftangle parallelogramme remayning which is contayned 
onder the lines A Eand E Cis equall to the reEtangle parallelo gramme remaye 
ning, which is contayned bnder the lines D E and EB. I f therefore in a circle 
two right lines do cut the one the other: the retangle parallelogramme compres 
4 i PB £e. yj. l Fended 


Two tafesin 
this Propofi- 
tion. 


. Fw cafes 


Demanflra- 
Bion. 


The fecond 
cele. 
Confiructions 


Demonflra- 
dion, 


Three eafesin 
this i'ropofi- 
teft. 


The third 


cafe. . 


is equali to the fquare oftheliae Z F. Butvnto : A 
xliziquarc ofthcline 8 P, ace equall thc fquares \ 
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bended onder the fegmentes or parts of the one line is equall to tbe reHlangle pas 
rallelograme comprehended ‘nder the fegmentes or parts of the other line: which 
"pas required to be demonstrated. 


In thys Propofition are three cafes: For eyther both the lines paffe by the cen- 
tre, or neyther of them paffeth by the centre : or the one paffeth by the centre and 
the oiber not. The two frit cafes are before demonfirated. + 


But vow let one of the lines onely, namely, theline eC paffe by the centre, which 
ler be the poyne F, and let it cut the other line, namely, 2 D,inthepoynt E, Now 
then thelin2 4C deuideth theline B D eytherintotwo equall partes,orinto two vn- 
cquall partes . Eyritlet it deuide it into two equall partes: Wherefore[al(o it deuideth it 
rightangled wyfe bythc 3. ofthysbooke. Drawe aright line from B to F. Where- 
fore BEF isarighrangled triangle . And for afmuch as therightline 4C is deuided 
into two equall partes in the poyni F,& into two vnequall partesjn the poynt E . Ther- 
fore the rectangle figure contayned vnder the D 
lines zzi E and EC together with the (quare af — — 
the linc E F, is cquall tothe ſquare of the line FC T : ae 
(by the 5. of the fecond). But vinto the fquare of So — 
the line #C is equall the (quare of the line BF. fo, te 
(for that the lines F B and F Care cquall). Ther- / «| Y 
lore thatwhichis cGtayned vnderthelines 4E ; 
and E C together with the Iquare of the line E F, 

| 
' 
I 


ofzheiines B Eand EF (tythe 47. ofthe firt). 


Wherefore that which is contayned vnder the |. Z 
tines oA FE and EC together vith che (quare of ` J 
rheline E E, isequall to the (quares of the lines — 
LEand EF. Take away the ſquare of the line = 
ZF whichis common to them both : Wherefore that which remayneth, namely, that 
whichbis cantayned vndert the lines eA E and EC, isequallto the tefidue, namely, to 
rhe fquareeftheline 8 E. But the fquare of the line 2 E is that which is contained vn- 
decr t&elines 7 E and E D : for (by fuppofition) the line Z E is equall to theline E D. 
Wherefore that which is contayned vnder the lincs A E & EC,is equall to that which 
is contayncd vnder the lines B E and E Di which was required co be proved... - 
But naw Jet the line eC palling by the centre, dx 
deujde. the line 2D not paffing by the centre,vn- 
equally in the poynt E. And fro the poynt E raife 
vp vnto the line efC a perpendicularline EA, 
which produce on the other fide tothe poynt G.. 
Wiieretpre (by the 3. of this booke) the line £ A 
js equal] to the line EG. Wherforeas we haue be- 
fore proued , that which is contayned vnder the 
lines 44 E andi EC, isequall to that which is con- 
tayncd vnder thelines GE & E H : butthat which 
3s contayned vnder tbe lines B E and E D, isalfo 
equall to that which is contayned vnder the lines 
G Eand EX, by the fecond cafe of thys Propofiti- 
on : Wherfore that whichis contayned vnder the : 
lines ef E and EC, is equall to that which is con- 2. siu 
rayned ynder the lines B E and ED : which was agayne required to be proued. ~. 





Amongeft all the Propofitions in this third booke,doubdes thys is one ofthe 
chiefeft, For it ferteth forth vnto vs the wonderfull nature of acircle . So that by 
nf bs it 


of Euclides Elemerites. 


Fol, 107, 


it may be dane many goodly concluftons in Geometry , 45 fhall afterward be de- 


¢lared-when occafion fhall {eruc. 


ST he 30.Theoreme. The 36. Propofition. 


If without a circle be taken a certaine point, and from that 
point be drawen tothe circle two right lines, fo that the one of 
them do cut tbe circle, and tbeother do toucb. the circle : the 
rettangle parallelograinme whichis comprebended vnder the 
whole right line which cuttech the circle, and that portion of 
the fame line that lieth betwene the point and the vtter cir- 
-ctiference of the circle, is equall to the /quare made of the liae 


that toucheth the circle. 


TIV ppofe that the zu be AB Gi and without the fame circle take a» 


D let there be drawen to the. circle.two right lines DC A and DB, 


s jo." Pho) l 
S ^ Iny point at all aduentures and let the fame be D. And from the point Conftrutticn. 
Ny 


= and let the right line DCA cut the circle AC Bin the point Cand 
lee the right line BD touch the fame. Then I ay, that the reftangle paralleloe 
gramme contayned ynder tbe lines AD and DC, is equall to the fqnare of the Tiwotafesin 


tne BD. Now the line DC A is either drawen by the centre or not, 


zo Firil let it be drawen by the centre. And (by 
the furft of the third )let the poynt F be 5 centre of 
the circle ABC, and drawe aline from F to B. 
‘Wherefore the angle F BD is aright angle. And 
‘for afmuch as 5 right line AC is deuided into two 
equall partes m the poynt F and ynto it is added 
"direftly aright line C /Dtberfore( by tbe 6 - of tbe 
fecond) tbat which is contayned "ynder the lines 
AD and. DCtogether with tbe fquare of y line 
LF, is equall to the fqauare of the line FD. But 
athe line F Cis equall to the line F B, for they. are 
drawen from the centre toy circumference: Where 
fore that which is contayned ynder the lines AD 
sand D C together with the (quare of the ine FB, 

is equall to the [quare of the line FD.But $ | [quae 
of the line FD, is (by the 47. of the fft ) equall 
tà the Jquares of the lines FB and B D ( for the 
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angle FBD is aright angle.). wherefore that which is contayned ‘bnder the 


v 


hnes AD and DC together-with the Jquare of the line F B, is equall to the 
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fauares of tbe lines FB and BD. Take away the fquare of the ineF B which 
is common to them both. Wherefore that which remayneth, namely, that-which 
is contayned 'ynder tbe lines A/D and D C, is equall to the [quare made of the 
line DB which toucheth the circle. I TR 
But now fuppofe that the right line DCA be 
not drawen by the centre of the circle ABC. And 
(by the first of the third) let the point E be y cene 
tre of the circle 4B C. And from 9 poynt E draw 
(by the 12.0f the firft) vnto the line AC a pere 
pendicular line EF ,and draw thefe right lines 
E®B,EC,and ED. Now the angle EF D isa 
right angle . And for a[much as a certaine right 
line EF dvawen by the centre cutteth a certayne 
other right line A Cnot drawen by the centre, in 
fuch fort that itmaketh right angles , it deuideth | 
it (by J third of the third) into two equall partes. 
Wherefore the line A F is equall to the line FC. | ; 
And for afmuch as the right line AC is deuided ~j 4 
into tipo equall partes in the poynt F tz bnto it is ^ 
added dire£Hy an other right line making both 
one right line , therefore (by the 6.of tbe fecond) " 
that which is contayned ynder the tines D Aand DC together with the fquare 
of the line F C, is equall to tbe [quare of tbe line F D: put the [quare of the line 
F E common to them both. Wherefore that which ts contayned ‘bnder the lines 
D Aand DC together with tbe [quares of the lines CF and FE, ts equallto 
the fquares of the lines F Dand F E . But to the fquares of the lines FD and 
F E, is equall tbe fquare of the line D E( by the 4:7.0f the firft ) for the angle 
EF Disarightangle. And to the (quares of the lines CF and FE, is equall 
the [quare of the line C E (by the fame ). Wherfore that which ts contayned vn- 
der the lines ADand DC together with the fquare of the line EC, is equall to 
the fquare of the line ED. But the line EC 1s equall to the line E B: for they 
are dace rom the centre to the circumference. Wherefore that which is cons 
tayned vnder the lines AD and DC together with the [quare of the line EB, 
is equall to the [quare of the line E.D . But to tbe [quare of the line ED are ee 





< qual the fquares of the lines E Band BD( by the 47. of the firit) for the ane 


gle EBD isa right angle: Wherefore that whichis contayned bnder the lines. 


A Dand DC together with the fquare of the line EB, is equall to the {quares 


ofthe lines E Band BD. T ake away tbe [quare of tbe line EB "whichas come 
mon to them both: Wherefore the refidue, namely, that which is contayned'yn- 
der the lines A Dand DC, is equall to the fquare of the line DB. If therfore 
without a circle be taken a certaine point, and from that poynt be drawen to the 
circle two right lines, fo that the one of them do cut the circle,and the other - 
. — i 
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foncbtbetirelez He reBlaniple? parallelogramme which is comprehended vnder 


the-whole vight line which cuttethithe circle and that portion of the fame line 


shat lieth.betwene the poynt-and the vtter circumference of the circle,ts equall to 
the [quare made of the line that toucheth the circle: which was required tq be 


demonjftrated. D 
/ | f T wo Corollaries out of Campane. 





If from ons andthe felfe fame poynt taken Without a circle be diawen intothe circle lines how 
many foener : the retlangle Parallelogammes cortayned vnatr enery one of them and hye outward 
part, are equail the one to the ether. . 

And thys is hereby manifeft, for that euery one of thofe rectangle Parallelo- 
gramtnes are equall to the {quare of che line which is drawen from that poynt and 
coucheth the circle by thys 36/Propofition . Hereunto he addeth, 

Uf wo lines drawen from one and the feife fme point do touch a circle, they are egual the one to 
tbe other. . 

Which although it necde no demonftration, for that the {quare of eyther of 
themis equellto that which is contayned vndcer the line drawen from the fame 
poynt and hys outward part : yet he thus proueth it. 

Suppofe that there be acircle BCD, whofe 4 
centre let be E, and without it take the point 4. ae 
And from the poynt 4 drawe two lines 4B and JN 
e/f D, which let toüch the circle in the poyntes Á[ 07 
Band D. Then I fay,that they are equall. Draw 
thefe rightlines E 8, E D,and AE . And by the 

:28, of thys booke ,eyther of the angles at the 
.poyntes Band 2 isa right angle. Whereforc(by 
the 47. of the firft) the (quarc of the line eAf E, 
is equall to the two fquares of the lines A B and 
» EB: and by the (ame reafon,to the two fquares 
‘ ofthelines AD and ED. Wherefore the two 
fquares of thelines 442 and E B, are equall to 
the two fquares ofthe lines e D and £ D.And ` 
cforalmuch as the fquares of the lines EB and 
.E Dare eqüall, therefore the two other fqnares 
ofthe lines AB and .4 D arealfo equall.Wher- 
*féretheline 4 B is equall to the tine 4 D:which 
_was required to be prowed. 
7. Thefamemay be proued an other way : Draw aline from Bto D. And (bythe s.of 
sehe firk) the angle E B D isequall totheanele.E D B . And forafmuch as the two an- 
-gles AB E and e4 D E are equall,namely,for that they are right angles : if you take 
_ from them the equall angles E B D & E D B, the two ather angles remayning, namely, 
"the angles A B Dand A D B fhaltbe equalt. Wherefore( by the 6.ofthe firít) theline 
AB iscqualltotheline 4D. . | ` 
s . ` g Hereunto alfo Pelitarius addeth this Corollary. 

Prom a poynt geuen wit hour aà circle, cam be drawen unto a circle onely two touch lines. 

x, „The former defcription remayning,Ifay that from thé poynt A can be drawen vnto 
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- D avight line touching tbe circle ABC „and 
let the fame be DE. And ( bythe firft of the 
fame) let the point F be the centre of the circle 


The third Booke * - 


thecircle 2 CD. no more touch lines, but the twolines 4B and 4D. For ifitbe pof- 
fible, Jet A F allo bein the former figure a touch line,touching the circle in the poynt 
F.And p rawe a line from Eto F,And the angle arthe point F (hall be aright angle, by 


the 18.o0f this booke: Wherefore it is equallto the angle E 8.4, whichis contrary-to 
the 20. 0f the firlt. í 


— or os 3 
~ This may alfo be thus proued . For afmuch as all the lines deawen from one andthe 
felfe fame poynt & touching a circle are equall,as we haue before proued;but the lines 


e7 Band AF can not be equall, by the 8. Propofition of this booke, therefore the line 
24 F can not touch the circle Z C D. : 


58 be 31. beoreme. — T he 37. Propofition. 


. Jfnitbout a circle be taken a certaine point , andfrom that 
re point be drawen to the circle two right lines ,of which,the one 
doth cut the circle and the other falleth vpon the circle, and 

v oviBat in fucb fort,that tbe rettangle parallelogramme which is 
cotayned vnder the whole right line which cutteth the circle, 

and that portion of the fame line that leth betwene the point 

and the ytter circumferéce of the civcle is equall tothe [quare 
iade of the line that falleth vpon the circle z then that line 
ibat fo falleth upon the circle fhall touch the circle. 


y Et the circle be ABC: and with- 
Ar out the fame circle take a point , and 
gS Net the fame be Der from the point 
SEYE D let there Le drawen to the circle 
ABC two right lines DCA and DB: and 
let DC Acut the circle, and D B fall vpon the 
circle. And that in fuch fort, that that which 
is contayned vnder the lines AD and DC, 
be equall to tbe fquare of the line DB. Then 
I fay, that 9 line D Btoucheth the circle A BC. 
Drawe (by the 17. of the third) from the poynt 






ABC: and draw thefe right lines FE, FB, 

and FD .Wherfore the angle F E D is aright 
angle. And for afmuch as the right ine DE 

toucheth the circle ABC and the right line DCA cuttetb the fame, therfore 

(by the Propofition going before ) that which is contayned ynder the ines. AD 

and D C,is equall to the [quare of the line DE. But that which is rentaga 

Á UE E C E s aum 
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aeider the tines AD and DC, is fuppofed to be equalt to the fquare of the line 
DB. wherefore the [quare of teline D E ts equall to the ae of the line 
DD, Wherefure alfa the lime DD E iy equali to the line DB. And the line FE 
is equiadl to the kine FB, for they ave drawen from the centre to circumference. 
Nou thetefire ele tiwo lines BE and EF are equal ta thefe two lines D B 
and BF, and F'D 1s ¢common bafesa them both. Wherefore (by the 8. of the 
firit) the angle D E F is cquall tothe angle DBF. But the angle D E Fisa 
right angle. Wherefore alfo the angle DBF is aright angle. And) line FB 
being produced , fball be tbe diameterofthe circle . But tfjrom the end of the die 
ameter of a circle bé didiven a vicht line making right angles , the right line fo 
drawen toucheth the circle (by thé Correllary of the 16. of the third). Wherfore 
the right line D B.teucheth the circle ABC. And the like demonftration will 
férne if the centre be in the line AC. If therefore without a circle be taken a cere 
taine point and from that poynt be drawen to the circle two right lines , of which 
the one doth cut the circle and the other falleth vpon the circle, and that in fuch 
fort, that the rectangle parallelogramme "which is contayned 'ynder tbe whole 
right line which cutteth the circle and that portion of the fame line that lieth be- 
tiene the poynt and tbe tter circumference of the circle is equall to the fquare 
made of the line that falletb pon the circle:then the line that fo falleth vpon the 
circle fhall touch the circle : which was required to be proued. 


y Amother demonſtration after Pelitarius. 


Suppofe that there be a circle B C D, whofe 
centre let be E:and takea point without it,name- 
ly, A: And fr6 the poynt 4 drawe two right lines 
AB D,and AC: of which let_4B D cut the circle 
in the poynt B,& let the other fall vpon it.And let 
that which is.contained vnder thetines ef Dand 
A B,be equal tothe {quare of the tine AC. Then I 
fay, thatthe line 4C toucheththe circle . For 
firttiftheline 4B D do paffe by the centre, draw 
the rightline CE. And (by the 6, of the fecond) 
that which is contayned vndcr the lines 4 D and 
A B together with the (quare of theline E B,that 
js, with the fquareofthe line EC(for thelines 
£ B and EC are equall) is equall to the fquare of. 
the line 4 E . But that whichis contained vnder 
the lines e4 D and A B,is {uppoled to be equall 
to the {quare of the line e4 C : Wherefore the 
{quare of the line 04 C together with the fquare 
ofthe line CE, is equall to the fquare of the line 
4A E. Wherefore(by the laft ofthe firft) the angle 
at the point Cis a right angle.Wherfore (by the 
gf this boke) theline 24 C toucheth the circle, 
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But if thelíne 43 D doo not paffe by the centre, drawe fromthe point ef the line 
AD, inwhich let be the centre E.And forafinuch as that which is contained vnder this 
whole line and his outward part, is equall to that which is contained vnder the 
linesezf D and B by the frit Corollary before put, therefore the fame 
is equall to the (quare of thelinee-4C, wherefore the angle ECA isa 
right angle as hath before bene proved inthe firft part of this 
Propofition.Aud therfore the line 4 C toucheth the circle: 

Which was required to be proued, 


0) 


$m The ende ofthe third booke 
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q The fourth booke of Eu- 


clides Elemeites: 


HIS rovnvH, 500 x r intreateth ofthe infcrip- 
N tion & circumftription of rectiliae figures: how one 
Ves! right lined figure may be infcribed within an other 
right lined figure,and how a right lined figure may 
be circumfcribed about an other right lined figure,in 
fuch.as may be infcribed and circumfcribed within 







2X fo be inferibed or circumfcribed within or about the 
j other. Alfo it teacheth how a triangle, a fquare, and 
\jJ certayne other rectiline figures being regular may be 
6° infcribed within a circle. Alfo how they may be cir- 
cumfcribed about a circle.Likewife how a circle may 
be infcribed within them. And how it may be circumfcribed about them.And be- 
caufe the maner of entreatie in this booke is diuers from the entreaty of the for- 
mer bookes,he vfeth in this other wordes and termes then hevfedinthem. The 
definitions of which in order here after follow. 


$a Definitions. 
Ar. tiline figure ts fayd tobe infcribed ina rethiline figure, 


when euery one of the angles «f the infcribed figure tonc beth 


euery one of tbe fides of tbe hgure mberin it is infcribed. 
"As the triangle AB Cis in(cribedio the triangle D EF, becaufe that euery angle of 


the triangle infcribed namely the triangle e/f B C toucheth euery fide of the triangle 
within which it is de(cribed namely, ofthe triangle DEF, As the angle CA4B coucheth 





C 





thefideE D ‘theangle 4B Croncheth the fide DF, anid the angie ACB toucheth the 
fide E F.So likewile the (quare AB C'D is (aid to be infcribed within the (quate EFC 
Ff for cucry angle of it toucheth (ome one fide of the other. So alfo the Pentagon oc 
fiuc angled figure e4 D C.D E isinferibed within the Pentagon or fiue-angied figure 
EG HI K, Myou lce imthefigutés.--- : 


" Likewife 
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Likewife a rettiline figure is faid to be circumfcribed about a 
retfiline figure, when euery one of the fides of the figure cir- 
cum/cribed, toucheth euery one of the angles of the figure aa 
bout which itis circum/cribed. 


Asin the former de(criptions the triangle D E F is faid to be circumfcribed about 
the triangle 4 B C,for thaceuery fide of the figure circum(cribed,namely,of the trian- 
gle'D E F toucheth every angle of the figure wherabout itis circum({cribed.As the fide 
D F ofthe triangle D E F circum/(cribed,touchech the angle 4 B C of the triangle ABC 
about which it is circum(cribed:and the (ide E F toucheth the angle B C4,and the fide 
C Dtoucheth the angle C A B.Likewi(e vnderitand you ofthe fquare EF G H which is 
circum(cribed about the fquare A B C D: foreucry fide of the one toucheth fome one 
fide of the other. Eué fo by the fame reafon the Pentagon F G 1 Kis circumícribed a- 
bout the Pentagon 4 BCD E, as you feein the figure on the other fide. And thus may 
you of other re&iline figures confider. 


By thefe two definitions it is manifeft,that the infcription and circumfcription 
of reétiline figures here fpoken of, pertayne to fuch rectiline figures onely, which 
haue equall fides and equal] angles,which are commonly called regular. Iris alfo 
to be noted that re@iline figures only ofone kinde or forme can be infcribed or 
circum{cribed the one within or abourthe other. As a triangle within or about a 
triangle: A fquare within or abouta {quare: and fo a Penragon within or about a 
Pentag6, & likewife of others of one forme.Bur a triangle can not be infcribed or 
circumfcribed within or aboute afquare : nor a (quare within or about a Penza- 
gon.And fo of others of diuers kyndes. For euery playne rectiline figure hath fo 
many angles as it hath fides. Wherfore the figure in(crided muft haue fo many an- 
gles as the figure in which itis in{cribed hath fides : and the angles of the one (as 
is fayd) muft touche the fides of the other.And contrariwife in circumfcription of 
figures, the fides of the figure circumfcribed muft touch the angles of the figure a- 
bout which itis circumfcribed. 


Arettiline figure is fayd to be infcribed in a circle,when ene- 
ry one of the angles of the infcribed figure touchetb the cir- 
cumference of the circle. 


A circle by reafon of his vniforme and regular diftance which it bath from the 
centre to the circumference may eafily touche all the angles of any regular recti- 
line figure within it: and alfo all the fides of any figure without it. And therfore a- 
ny regular rectiline figure may be infcribed within it,and alfo be circumfcribed a- 
boucit. And agaynea circle may be both infcribed within any regular reétiline f 
gure,and alfo be circumf{cribed aboutrit, . — 

Asthe triangle A4 B Cis in(cribed in the circle A B C : for that euery angle toucheth 
[ome onc pointe of the circumference of the circle. As the angle C4 B of the triangle 
A B C toucheth thc point ef o£ the circumference of the circle. And Mirsdg rere c 
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of the triangle coucheth the pointe B ofthc circumfc- 

rence ofthe circle. And alfo the angle AC B of the tri- ZN 
angle toucheth the pointe C of the circumference of 

the circle, In like manner the fquare 44 D E Fisinfcri- 

bed in the fame circle 4 B C : for that ceuery angle of 

the fquare infcribed,toucheth (omeone poynteof the. F 


circle in which itis infcribed. And fo imagine you of X / 
reQilined figures. c A— B 
i \ — E 
eA circle is fayd to be circumfcribed i The foursh 


definition. 


about a rettiline figure, whe the cir- 

cumference of the circle toucheth euery one of the anoles of 
à . 2 à o el 

thefigure about which itis circumfcribed. 


Asin the former example of the third definition. The circle 4 D EF is circum(crí- 
bed about the triangle A4 B C,becaufe the circumference ofthe circle which is circum 
fcribed touchcth euery angle of the triangle about which itis circum(ctibed : namely, 
the angles C 4B, AB C,and BC A. Likewile the fame circle 4 D EF is circumfcribed 
about the (quare 4 DE F by the (ame definition,as you may (ee, 


A circle is fayd to be inſcribed inaretliline figure, when the The ffi de- 
circumference cf the circle toucbetb euery one of tbe fides of f" 

the figure within which itis infcribed. 

Asthecitcle 4 PC Disinfcribed within the triangle 

EF G,becaufe che circumference of the circle toucheth 

euery fide of the triangle in which itis infcribed: namely 

the (ide ÉF in the point £, and thefide G Fin the pointe 

C,andthe fide G £ in the point D. Likewife by the fame 


teafon the fame circle is infcribed within the fquare 77. 
KL. And {o may you indge of other re@iline figures. 


ae — — < L- 
A retlilined figure is faid to becircuma SE © KF 
: uu The fixt de- 
feribed about a circle, when euery one of tbe fides of tbe fi^. vim. 
gurecircumf. ribed toucheth the circumference of the circle. 





Asin the former figure of the fift definition,the triangle E FG is circum(cribed a- 
bont the circle A B C D tor that euery fide of the fame triangle beyng circum(cribed 
toucheth the circumference of the circle;about which itis circumfcribed, As the fide 
E G of the triangle E F Gtoucheth the circumference ofthe circle in the point D: and 
the fide E F toucheth itin the point & : and the fide G Finthe point C.Likewife alfo the 
Square H I K Lis circum(cribed about thecircle 47 C D, for euery onc of his fides 
toucheth the circumference of the circle, namely, in the pointes 24,2,C, D, And thus 
confider of all other regular rightlined figures (for of them oncly are vnderftanded 
theíe definitions) to be circumfcribed abouta circle, or to beinfcribed within a cise 
é: or of a circle to be ticeumfcribed or in(cribed about or within any ofthem. 


T. 
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m A right lyne 1s fayd to be coapted or applied in a circle, when 
finitions the extremes or endes tberof fall oppon tbe circumferenceof 
tbe circle. | 


As theline E Cis fayd to be coapted orto beappli- 
cd ta the circle 4 B C For that both his extremes fall 
vpon the circumference ofthe circle in the pointes B 
andC, Likewife theline'2 E, This definitionis very 
neceffary,and is properlytobe raken of any lyne ge- 
uen to be coaptcd and applicd ipto a circle, fo.cátit 
exceede not the diameter ofthe circle gcuen, 





T'he 1. Probleme. . .The 1. Propofition. 


In a circle geuen to apply aright line equall vnto aright line 
geuen, which excedeth not the diameter of a circle. 


‘|| Vppofe that the circle genen:be A BC, and let the-right 
line genen, exceding not the diameter of the fame circle, 
i be D. Now it is required in the circle geuen ABC to ape 
ply aright line equall ynto the right line D. Draw the 
ANG! diameter of the gircle ABC, and let the fame be BC. 
| Now ifthe line BC be equall "pnto tbe lime D , then is 
. AS, FJ that done which was required . For in the circle genen 
dai ABCisapphedarightlinė — T 
pron. (B C equall'pnto y right line. 
Firfleafee D. But if not, then is the 
line B C.greater tben y line 
Sendel Q) And( by the third of the 
(0 first )put mito the line D an 
equall line CE. And making 
the centre C,and the space 
CB, defcribe.( by the third 
petition )a circle EG F cuts. 
ting the circle ABC in the — 
poit Fer draw a line from i ; x 
CtoFE . And for afmuch as D 
DUM © tbe point C is y centre of the i 
ii circle EGE, therefore ( by — | — 
the 13..definition of the firft) the line CF. is equall vnto the line CE. But the 
[ine C E is equall vnto ihe line D. Vberefore(by the firſt common ſentence) Hos 
ne 
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line CF alfois equal nto the line D. Wherefore in the circle geuen A8 C, is 
applyed aright line C A equall ynto the right line genen D:-which was requis 
red to be done. ^ 


Se The 2. Probleme. The 2. Propofition, 


Ina circle geuensto defcribe a triangle equiangle unto atri- 
angle geuen. 






“5 V ppofe that the circle genen be ABC: and let the triangle geuen be 
— D E F. Now it is required in the circle geuen A BC to defcribe a triz 
XJ angle equiangle ynto the triangle geuen DEF. Draw ( by tbe v7. 
='of the third) a right line touching the circle A BC,and let the fame be 
GA H,and let it touch in the point A. And (by the 23- of tbe fife) nto right 
line A H and nto the point init A, defcribe an angle HAC equall vnto the 
angle DEF. And (by the felfe fame) vnto the right line AG, and pnto the 
point in it A, make an an= 
gleG AB equall ynto the 
angle DFE. And draw 
aright line from B to C. 
And for afmuch as acer 
taine right line GAH 
toucheth 5 circle ABC,» 
and from the point where 
it toncheth, namely, A, is 
drawen into the circle a 
right line AC, therefore 6 a H 
( by the 31. of the third) 
the angle FH AC is equall'ynto the angle f BC which isin the alternate fegs 
ment of the circle. But the angle H AC is equall to the angle D E F. Wherfore 
the angle ABC is equall to the angle D EF. And by the fame reafon, the ane 
gle AC Bis equall to the angle DFE. wherefore the angle remayning ,B AC, 
is equall vnto the angle yemayning ,E D F. Wherefore tbe triangle ABC is e- 
quiangle ynto the triangle D E F. And it is defcribed in the circle geuen A BC. 
Wherefore in a circle geuen, is defcribed a triangle equiangle ynto a triangle gee 
nen : which was required to be done. : 


5&9 T be 3. Probleme, — The3. Propofiion. 





eAbout acircle geuen,to defcribe a triangle equiangle vntoa 
triangle geuen. " 


à 


Fy. = Suppofe 


ConSfruflion. 


- Demonftra- 


sion. 


Confivuftion. 


Demonflra- 
lto 


Another way 
after Pelita- 
rius. 


Conſtruction. 


The fourth Booke 


xi Vppofe y tbe circle geuen be ABC and let the triangle geuen be D EF. 
i Sw Itis required about tbe arcle AB C to defcribe a triangle equiangle yn« 
LOSS the triangle D EF. Extend the line EF on ech Jide tothe pontes 
Gand H. And (by the firft of the third ) take the centre of the circle ABC and 
let the fame be the point K. And then drawa right line K B. And (by the 23, 
of the firft) vnto the right line K B andvnto the point init K_, make an angle 
BKA equal pnto the angle D E Gand likewife make the angle B K C equall 
‘nto the angle D F HL. And (by the 17. of the third )draw right lines touching 
the circle A, B,C, in the pointes A, B,C: And let ) fame be LAM, MBN, 
and NCL. And for afmuch as the right lines LM, MN, & N L, do touch 
the circle ABC inthe pointes A,B,C, and from the centre K nto the pointes 
A,B,C, are drawen right lines K A, K B, and K C,therefore the angles which 


are at the pointes A,B,C 


je dl N H 
are right angles ( byy 18. / F 
of the third), And for af: j X 
much as the fower angles N m 
of the fower fided figure -a \ ] 
1 * x 2 Á NC 
A M BR araequall'ynto — A m ND 
fower vigkt angles : whofe / MESA CUN UE 
angis KAM, e KBM, ie \ i X G 
are iwo right angies: there JS. NS i JON 
T / N 
fore theangles remayning — ose aN 
AK B,and AM B,are ~ T = 


equall to two right angles. 

And tbe angles D) EG 7 (D E F,, are( by the 13. of the firft Jequall to two right 
angles. Wherefore the angles 4 KB, and AM B,are equall pnto the angles 
DEG, and DE F: of which two angles the angle A KB is equall 'ynto the 
angle DEG: Wherefore the angle remayning, A M B, ts equall ‘nto the ane 
gle remayning, DE F. In like fort may it be proned, that the angle L N M, is 
equall to the angle D FE.Wherfore the angle remayning M L N ,is equall ne 
tothe angle remayning EDF. Wherefore the triangle L MN, is equiangle 
‘bnto the triangle DE F: and it is defcribed about the circle A BC. Wherefore 
‘about acircle genen is defcribed a triangle equiangle nto a triangle genen: 
which was required to be done. 


q An other way after Pelitarius. 


Inthecircle AB C infcribea triangle GHK cquiangle to the triangle E D F (by 
the former Propofition) : fo that let the angle at the poynt G be equall to the angle D, 
and let the angle at the point H be equall tothe angle E: andlet alfo the angle atthe 
poynt K beequall co the angle F. Then drawe the line LM parallel to the line GH, 
which let couch the circle inthe poynt A ( which may be done by the Propofition ad- 
ded of the fayd Pelitarius after the 17. Propofition) . Draw likewyfe theline MN pa- 
rallel vnto the line HK and touching the circle ia the poynt B: And alfo draw ME 


I 
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LN parallel vnto the line 
GK and touching thecir- 
cle inthe poynt C. And 
thefe three lines fhall vn- 
doubtedly concurre,as in 
the poyntes L,M,andN, 
which may eafily be pros 
ued , if you produce onei- 
ther fide the lines GH, 
G K, and H K, vntill they 
cut thelines LM,LN,and 
MN, inthe poyntes O,P, 
Q.R,S,T. Now I fay, that 
the triangle LMN circü- 
{cribed about the circle 
ABC, is equiangle to the 
triangle DEF . For it is 
manifeft,that it is equian- 
glevntothetriágle GHK, — ~> 

by tbe proprietie of parallel lines . Fortheangle MT Q isequall to the angle at the 
poynt G of the triangle GH K (by the 29. of the firft) and therefore alfo the angle ac 
the poyne L, is equall to the felfe fame angle at the poynt G (for the angle at the point 
L,is bythe fame 29.Propofition, equall totheangle MTQ_). And by the fame rea- 
{on theangle art the poynt M,is eyuall to the angle at the poynt H ofthe felfe fame tri- 
angle : and the angle at the poynt N, to the angle at the poynt K . Wherfore the whole 
triangle LMN,is equiangle to the whole triangle G H K:Wherfore alfoit is equiangle 
tothe triangle DEF : which was required to be done, 


B F 





N 


SeeThe 4. Probleme. The 4. Propofition. 
In a triangle geuensto defcribe a circle. 


i V ppofe that the triangle geuen be AB C.Itis required to defcribe a cire 
[cle in the trian gle ABC. Dentde( by the 9. of the first the angles AB 

SIC and AC B into two equall partes by two right lines BD and CD. 
And let thefe right lines meete together in the point D. And (by the 12. of the 
fir ft) from tbe point D draw nto the right limes AB, BC and CA perpendie 


Demon tras 
tion. 


Conftrnctions 


cular lines namely,D E,D F,and DG. And forafmuch as the angle ABD is —— 


equall to tho angleC BD, and the right angle 
BE Dis equall'vnto the right angle BF D. A 
Now then there are two triangles E BD and 
FBD hauing two angles equall to two angles, 
and one fide equall to one fide, namely, BD 
which ts common to them both, and fubtendeth 
one of the equall angles. Wherfore( by the 26.0f 
the first) the rest of the fides are equall ‘ynto 
the vesl of the fides. Wherfore the line D E. is 
equall'ynto the line D F : and by the fame reae 
fer alfo the line DG is equall vntoy line DF. 





Ff. i. Where 


Demonflra- 
tion leading 
to an impof- 
Abiiitie. 


Toree caſes in 
tins Propofi- 
tishe 


The first cafe, 


The fourth Booke , 


Wherfore thefe three right lines ID E, D Fez 
DG are equall the one to tbe otber( by the first 
common fentence ). Wherefore making tbe cene 
tre tbe point (D and the pace D E, or D For 
(D G deferibe a circle and it will pafse through 
the pointes E,P,G, and will touchy right lines ^ 
AB,BC,andC A. For tbe angles made at the 2) 
pointes E,F,G,are right angles . For if y circle 
cut thofe right lines tben fro the end ofthe diz > 
ameter of the.circle fhall be drawen a right line , E 

; : $ 5. B T c 
making two right angles e falling within the 
circle : which is impoffible , as it was manifeft (by the 16. of the third). Wheree 
fore the circle defcribed,D being the centre therof,and the [pace therof being eis 
ther D E,or D F or DG „cutteth not thefe right lines AB, BC, es C A. hera 
fore (by the Corollary of the fame ) it toucheth them and the circle is deftribed ine 
the triangle ABC. Wherfore in the triangle genen ADC, is deftribed a circle, 
EFC: whith was required to be done. l 


| 1a 7 be s. Probleme. — d Le 5. Propofition. 


eAbout a triangle geuensto defcribe a circle. 


— 





(AV ppofe that the triangle geuen be ABC. It is required about the trian 
i| ox ele A BC to defcribe a circle. Deuide ( by tbe 19. of the first) the right 
Sines AB and A Cinto two equall partes in the pointes D-and E. And 
from the pointes D and E (by the 11. of the firft rayfe mp vnto the lines A Bez 
A Ctwo perpendicular lines D Fand E F.Now thefe perpendicular lines meete 
together cither Within the triangle A BC or in the right line B C or els without 

the right lne BC. em 
.— First let them meete together ~within 
tbe triangle in the pont F. And (y  firft 
peticion) drawe right lines from F to B, 
from F to C,and from F to A. And foraf- 
much as the lyne AD is equall vnto the 
line D B andthe line D Fis common dna 
to them both and maketh the angles on ech 
fide of him right angles therfore( by tbe 4. 
of the firft )the bafe A F is equall vnto the 
bafe FB. In like forte may we proue that 
the line C Fis equall vnto the lyne AF. 
Wherfore the line F B is equall vnto the — 
line C F.Wherfore thefe three right lines F A,F B,and FC are equall the one d 
ed rey me the 
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ghe other Wherfore making tbe centre tbe point F and the [pace F Ao FB,or Ţ 


F C defcribe a circle and it fhall pafse by the poyntes A BC. And fo there is a cire 
cle defcribed about the triangle A BC,as ye fee in the firft defcription, 7 
But now fuppofe that the right lines : 
D Fand EF do meete together-vponthe ` 
right line BC in the point Fas it is in the 
Second defcription and draw a right lyne 
from A to F, and in dike forte:may we 
prone that the poynte F is the centre of 
the circle defcribed aboute. the triangle ® 
ABC. 
But now fuppofe that the right lines 
DF and E F do meete together without 
‘the triangle A BC in the poynt F.Agame 
as tt is in the third defcription draw right 
lines from F to A from F to B and from P to 
C. And forafmuch as the lne AD is equall 
nto the line DB, and the lme D Fis comz 
mon nto them botb and maketb a. vigbt an» 
Lle on eche fide of him wherfore( by the 4. of 
the first )the bafe A F is equall vnto the bafe 
BF. And in like fort may Wwe proue that the 
line C F is equal'ynto tbe line A F.Wherfore 
agayne making F the centre, and tbe [pace F 
Aor FB, or FC, defcribe a circle and it fhal 
pafe by the pointes A,B,C, and fois there a circle defcribed about the triangle 
ABC, as ye fee tt isin the third defcriptionWherfore about a triangle geuen is 
eſcribed a circle: vhich was required to be done. i 








$æ rrelary. 


Hereby itis manifef,thatwhen the centre of the circle fal- 
leth within the triangle,the angle B AC being in a greater 
Jegmentof acircle is lefke thé aright angle. But when it fal- 
Leth vpon the right line B Ctbe angle B AC being ina femi- 
circle isaright angle. But when the centre falleth without 
the right line B Gthe angle B AC being in a lefe Segment of 


acircle,ts greater then aright angle W hei fore alfo when the 


angle geuenis leffethen aright angle, tbe rigbt lines DF 


Ff.ij. and 


The fecond 


cafe, 


The third 
tafe. 


Confliutlion. 


Demon {tras 
bioh 


Conſteullion. & 


The fourth Booke 


and E F will meete together within the fayd triangle. Bue 
- when itis aright angle they will meere together ‘ypon the line 

BL. But whe itis greater then aright angle,they will meete 
| together without tbe right line BC. 


3& be 6. Trobleme. — d be 6. Propofition, 
Jn acircle genen,to defcribe a/quare. 


VEG ppofe that the circle geuen be ABCD. Itis required inthe circle A 
V B CD to defcribe a quare. (Draw in tbe civcle 4B C ID two diameters 


av^ making right angles and let tbe fame be AC and B D , and drawe right 
lines from .A to B. from B to C from C to D, A : 


and from D to A. And forafinuch as the line 

B Ets equall onto the line E D (by the 15. 

definition of the firft ) for the point E is the 

centre. And the line E Ais common to then 

both making on eche fide a right angle: thera $ p 
fare (by the 4. of the firft) the bafe A Bis e 

quall nto the bafe AD. And by the fame 

reafon aljo either of thefe lines B.C and CD 

is equall to either of tlefe lines A Band A D: 

wherefore ABC ID is a figure of foure equal " 
fides.I fay alfo that it is a reftangle figure. For forafmuch as the right lineBD 
is the diameter of the circle AB C D therfore the angle B A D beyng in the fee 
micircle is aright angle (by the 31- of the third) And by the fame reafon enerp 
one of thefe angles ABC,BCD andC D Aisa right angleWherfore the foure 
Jfided figure A BC Dis areftangle figure,and it 1s proved that it confifteth of 
equall fides Wherfore (by the 30. definition of the fir/t) it is a fquare, and it is 
defcribed in the circle A BC D: which was required to be done. 





The 7.Probleme. The 7.Propofition. 


eAbout a circle genen,to defcribe a fquare. 










AY ppofe that the circle genen be ABC D.Itis required about the cire 

kf cle ABC D to deftribe a fquare. Draw in the circle ABCD two 

Dfl diameters making right angles here they cut the one the other, and 

== let the fame be AC and BD. And by the pointes A,B,C,D, draw 
| o 
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(by the 1-7. of the third) right lines touching 
the circle ABC D and let the jame be FG, 
G H,H K ,and K F.. Now fora[much as 
the right line FG toucheth the circle ABCD. 
in the point £, and from the centre E to the 
poiat A obere the touch ii is drawen aright 
line EA ,thevfore( by the 18 -of the third )the ® 
angles at the point A are right angles and by | | 
the Jame reajon the angies which are at the | j! 
pointes B,D arc aijoright angles. And ES S | 
forafmuch as tbe ancle A EB isa rigbtans — Luci ied 
lec the angle E BG is alfoa right angle, 
therfore (by the 28. of the first the line GH 
is a parallel vto tbe ine AC: and by the fame reafon the lyne A C is a parallel 
wnto the hne F.K. In like forte alfo may we proue that either of thefe lines G F 
and [1 K is a paralicl ynto the bneB E D. Wherfore thefe figures G K_, GC, 
AR ,F'B,and B K are parallelogrames. Wherfore (by the 34. of the firft the 
line Fis equall ynto the line H K , and tbe line G His equall ynto jhe line F 
K. Aad forafmuch as the line AC is equall ynto the hne BD, but the line AC 
is equall nto either of thefe lines G Hand F K : and tbe line B Dis equall to 
either of thefe lines G Fand H K.Wherfore either of thefe lines G H and F K_ 
is equail to either of thefe linesG Fand HK. Wherfore the figureFG HK. 
conftfleth of foure equall fides. I fay alfo that it is a re&kangle figure. For foraf- 
much as G BE Ais a parallelogramme, and the angle A EB 1s aright angle: 
therfore (by the 34. of the first) the angle AG Bisa right angle. In like forte 
may we prone that the angles at the poyntes H, K , and F are right angles. 
Wherfore FG H Kis a ređangle foure fided figure and it is proued that it cons 
Sistech of equall fides: wherfore it 1s a quare and it ts defcribed about the circle 
A 8 C D.Wherfore about a circle geuen is defcribed a [quare : which was requis 
red to be done. 


| 
t 


Demonſits- 
tion, 


< 


EN 3 
A 


— — — 





Las T be 8.Probleme. The 8.Propofition. 


fua fquare geuen,to defcribe a circle. 


mW .4B C D to defcribe a circle. fDeuide (y tbe 10. of the fft) eitber of. Confirnttion, | 


— 


en V ppefe that the [quare geuen be ABC D. — Te is required in tbe fquare 





^ tbefe lines AB and AD into two equall partes in the pointes E and F. 

And by the point E (by the 31. of the firit) draw a line E H parallel ynto either 

of thefe lines ABand DC: and (by the fame) by the point F draw a line F K. 

paralel wuto either of thefe lines AD and BC. Wherfore euery one of thefe fiz Demeaftre- 
gures 


Conlin ion. 


Demonflra- 
fion, 


T he fourth Booke 


gues AK , KB, AH, HD, AG,GC, BG, andG D is a parallelograme, 
and the fides which are oppofite the one to the other, are (by the 34- of the first ) 
equall the one to tbe other. And forafmuch as tbe line A Dis equall puto the line 
APB „and the halfe ofthe line AD is the line 
AE, and the balfe of the line AB, is the line 


AF, therefore the line A E is equall'yntothe ~r 

line AF: wherefore (by the fame) the fides | ` 

which are oppofite are equall. Wherefore the \ 
G 








line F Gis equal'ynto the line E G.In like fort 
may we prone that either of thefe lines G H, = |. 
and G K is equall to eitber of thefe lines FG 
aud G E. Wherfore (by the first common fens 
tence) thefe foure linesG E,GF, GH, and 
G Kare equall the one to the other. Wherfore | 
making the centre G and the [pace eitherGE, 8 H c 
or G FG Hr G K , deftribe a circle and it 

Will pafe by the pointes E, F, H, K and will touche the right lines AB, BC, 
C D and D. A.For the angles at tbe pointes E,F,FI,K , avevigbt angles.For if 
the circle do cut the right lines AB, BC,C D and D A, then tbe line whichis 
drawen by the ende of tbe diameter of the circle making right angles fhould fall 
within the civcleywhich is impofSible (by the 16. of the third )Wherfore the cens 
tre being the poynt G and tbe [pace beyng GE,or G F orG H, or G K ifa cirs 
cle be defcribed it fhall not cut the right lines AB, BC,C D,and D A. Wheres 
fore it hall touch them. And it is defcribed in tbe [quare AB C D: wherefore in 
a [quare geuen is deftribed a circle : which was required to be done. 


Swe Theg. Probleme. 7 be 9. Propofition. 
| About a [quare geuen to defcribe a circle. 








4V ppofe that the fquare geuen be AB A 
SN — tis — dou the [quare NN 

mx A BC D to defèribe a circle. Drawe 
right lines from AtoCand from DtoByer f. 

let them cut the one the other in the poynt E: E 

And forafmucb as the line D A is equall yn- z = 
to the lyne AB, and the line A C is common 

nto them both therfore thefe two lines D A 

and A C are equall'ynto thefe two lynes (B A 

and AC, the one to the other. And the bafe 

D Cisequall vnto the bafe BC. Wherefore s 

(by the 8. ofthe firft) the angle D A Cis equall'vnto the angle B A C. Wheres 
Jore the angle D AB is denided into two eguall partes by the line AC. y in 
ike 
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Gike fore may we proue that enery one of thefeangles ABC,BCD, andCD A 
is deuided into twovequall partes bythe right lines AC and DB. And foraf> 
muchas the mgle D A Bis eqnall ato the anole A B C, and of the angle D A 
(B theangle E A B isthe halfe and ofthe angle ABC the angle EB Ais the 
halfe:T herfore the angle EA Bis equall nto the angle EB A: wherfore (by 
the 6. of the firft) the fide E Ais equall ynto the (ide E B.In like forte may we 
proue that either of thefe right lines E Aand E B is equall ynto either of thefe 
lines E C and E D.Wherfore thefe foure lines E A,E B,EC,and ED are ee 
quall the one to the other.Wherfore making the centre E, and the fpace any of 
thefe lines E A, EB, EC, or ED. Defcribe a circle and it will paffe by the 
pointes A,B,C,D, and fhall be defcribed about the [quare ABCD, as it ts 
euident in the figure.A B C D.  berfore about a [quare geut is defcribed a cire 


cle: which as required to be done. 


qr A Propofition added by. Pelitarius. 


Suppofe that the (quare ef BC D becir- 
cumfcribed about the circle E FGH, whofe 
centrelet be K. And let the poyntes of the 
touches be E,F,G,H. And drawingthefe two 
diameters £ G, and F H, and thefe right lines 
EF,FG,GH,and H B,there fhall be iofcri- 


bedin thecircle a fquare £ AG H (by the fixe - 


ofthis booke ). Then I fay, that the fquare 
e7 ACD,ts double to the fquaree EFGH, 
Fox forafmuch as the fide eB of the greater 
fquare,is(by the 3 4.oF the firft)equall to F H, 
which isthe diameter of the effe (quare : but 
the fquare of F H is double to the fquare 
whole diameter it is, namely, to the fquare 
EFGH (bythe 47. of the firlt) . Wherefore 
allo the (quare of e4 B whichis «4 BC D, is 
doublç-ĉo the fquare E:F G E : which was re- 
quired'to be proued. 


n „bys may alfo be demonftrated by the equalite of the triangles and fquares 


- contayned.in the great {quares, 


ANS: 





th. ee 


. Tainake a triangle.of two equall | fides called Ifofceles which 
Jhall haue eyther of the angles at the bafe double to the o~ 


ther angle. 


Fol.us. 


B 


e^ fquarc circumfcribed about a circle, is double to the [quare snferibed in tbe fame circle. 





3a The to, Probleme, -.. Theto. Propofition. . 


Take 


A Propoftion 
edded by Pe- 
litarin — ^ 


The fourth Boke 


=S Ake aright line at all adventures which let be MB ez (by vi-of. 
AES the fecond ) let it be fo deuided in y pointe C, ¥ the reftangle figure 
S gd, comprehended'pnder the lines AB and'B C be equall'ynto j quare 
GE which is made of the line AC. And making the centre the point A, 
© the fpace AB, defcribe 
(4y the 3. peticion) a circle 
BDE, and (bythe 1. of 
the fourth )into the circle B 
DE apply aright line BD 
equall to the right lyne AC 
which is not greater then 
tbe diameter of tbe circle B 
D E. And draw lines from 
AtoD and from D to C. 
And (by the 5. of 3 fourth ) 
about the triangle AC D 
defcribe a circle AC DF. 
Demonflra- And forafmuch as the reti» 
eis angle figure contained Yne 
der the lines AB and BC 
is equal to the fquare which is made of the line A C:( For that is by fuppofition) 
But the line A Cis equall pato the line BD. Wherfore that which is contayned 
vnder the lines A Band BC is equall to the (quare which is made of tke line B 
D. And forafinuch as without the circle AC D Fis taken a poynt B, and from 
Bynto thecrcle 4C D F are drawen two right lines BC A,and BD, in fuch 
Sort that the one of them cutteth the circle and the other endeth at the corcumfes 
rence,and that whith is contained ‘onder the lines AB and BC is equal to the 
Square which is made of tbe line B D therfore (by the 17. of the third) the line 
BD toucheth the circle AC D F. And forafmuch as the lme BD toucheth in ^ 
the point D and from D where the touche ts ,ts drawen aright line D.C, theree . 
fore (hy the 32: of the fame) the angle B D C. is equall^ynto tbe angle DAC, 
which is in y alternate fegment of § circle. And forafmuch as 9 angle BD Cis ee 
qual to FangleD A C,put the angleCD A common vnto thé bath.wherfore 
J whole angle BD A is equal to thefe two angles C D Ayer D AC. But vnto 
anglesC D Aw D A Cis equalt the outward angle BC D( by the 32.0f the 1.) 
Wherforey angle BD Ais equal pnto}y angle BC D.But5 angle BD Ais (by 
J 5.0f the firft) equal ynto thé angle C BD, for (by the s. definition of 9 firkt) 
the fide A U it equall nto the fide A B: wherfore (by the 1. common fentence) 
the angle BB Ass equal ynto the angleBC D. Wherefore thefe three angles 
BO A,DB A,and BCD are equall the one tothe other. And forafmuch as 
the angle DB Cis equall ynto the angle BC D ,the fide therfore BD is equall 
vto the fide D C. But tbe line B D is by fuppofition equall'vnto the m CA. 
— Where 





ConfruBion. 
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Wherfore the line A C alfo is equall'ynto tbe lyne CD. Wherfore alfo (by tbe 5. 
of the first) tbe angle C D Ais equall'ynto tbe angle (D 4 C. berfore the ane 
gles CD A and D A Care dauble to the angleC AD. But the angle BCD is 
equal! ynto the anglesC D Aand D AC. Wherfore the angle BCD is double 
to the angie C A D.But the angle BC D is equall to either of thefe angles BD 
AGDB AWherfore either of thefe angles BD Aw DB Ais double to the 
angle D A B.Wherfore there is made a triangle of two equall fids ABD hauing 
either of y angles at the bafe D B,double to the angle remayning: which was re+ 
quired to be done. "E — — 

Here Campane addeth, that thetwocircles ACD and B DE, do cut the onethe o- 
ther : and that the circle eZ CD cutteth of fram the circle B D E an arke equall to the 
arke B'D, and thatthe circle B D E cneteth of fromthe circle e#CD an arke equall 
to the arke D C. 

The firft pact is manifeft . Forifthcleffe do notcutthe greater but touch itas in 
the poynt D . Then (by the 1 1. ofthe third) the centre ofeither of them fhall be in one 
line,namely, in thcline 4 D : forthatin itis thecentre ofthe greater circle,and in the 
felfe flame isthe poynt ofthe touch . Wherefore (by the 31. of the third) the angle 
c4CD isaright angle. And therfore(by the 13.of the firft)theangle DC 2 isaright 
angle: and fo {hall the angle 4 B D be aright angle(for it is equall toghe angle DCB, 


asithath bene proued ) which (by the 32. of the firlt) is impoflible, Wherefore they 
fhall cutthbe one the other asin : 


the poyntes D & E. Now Ifay, 
that the arke E D ofthe greater 
circle,is equall to the arke D 57 
and that the. arke E D ofthe 
leffe circle, is equall to the arke 
pec, m . 
: Draw the(e right lines £ A, 
EC,& E D.Now thé(by the 27. 
OF rhe third) the foure angles ~ 
DECCEA,DAC,& ADC, . | 
are equall: for that the arkes. -. 
CeA and CD are equall (by |` 
the 28.0f the fame). Wherfore" : |. 
the whole angle A E D is dop- 
bleto the angle 7 4 D,& ther-. 
fore is equall to either of the 
angles 44 2 Dand .4 D B. Aüd 
forafmuchas theangle AED |. 
is equall to the angle ADE . 
(bythe 5. ofthefirft ) forthae ` 
the lines ef D, andeZE are . S 
drawen from the centre, there fore the two angles atthe pointes E and D of thetrian- 
gle AED, thall be equall tothe two angles at the poyntes D and B of the triangle 
A DB: and therefore the angléremayning of the one at the poynt f, fhall be equall 
to the angle remayning of the other at the fame point A (by the 32z.0f the firft). Wher- 
fore(by the 25:0f the third) the arke ED of the greater circle, is equal to the arke D B: 
And by thefainethe arke E D of theleife circle, is ¢quall to the arke DC: which was 
téquitedtobeproüed. — 77757. I22 o E i 
^^ Here Pelitagiut noteth, thatin euery fuch Ifofceles triangle'as.in thys place is 
the triangle A B D (namely,eyther of whofe angle at the bafe,is double to the an- 
gleat the toppe) the angle at the toppe, as in thys example,the angle at the poynt 
Á is one third partofa right àrigle; and moreauerone fift part ofathird ofa right 
angle : thatis, two fift partes of one rightangle : and to be briefe, one fift part of 
; Gg j. two 





Certaine ads 
dirions of 
Campane. 


The first part 
demonstrated, 


The fetond 


5 part demone 
” (tated, 


A Propofition 
added by Pe- 
tarilius, 


T he fourth Booke ` 


two right angles.And either ofthe angles at the bafe,is two fift partes oftwo right 
angles, or foure fift partes of one rightangle , Which fhall manifeftly appeare, i£ 
we deuide two right angles into fiuc partes . For then in thys kinde of triangle. the 
angle atthe toppe fhall be one fift part, and eyther of the two angles at the bafe 
fhall be two fift partes. 3 


Thys alfo is to be noted, thatthe line ef C is the fide of an equilater Pentagon to 
be infcribed: in the circle ACD . For by the latter conftru&ion itis manifeft,that the 
three arkes 4C,C D,and D E, of the lefle circle,are equall . And forafmüch as by the 
fame it is manifeft that the two lines e/ D and A E are equall,the arke allo .4 E (hall 
be equallto the arke A D (by the 20.ofthethird) . Whercfore their halfes alfo.are e- 
quall . Iftherefore the arke AE be (by the 30. of the third) deuided into two equall 
partes, the whole circiiference 4C DE A shall be deuided into five equall arkes. And 
fora(much as the lines fübtending the fayd equallarkes are-(by the 29.0f the fame) e- 
quall,therefore euery one of the fayd fides hall be the fide of an equilater. Pentagon : 
which was required to be proued . And the fame line 4C fhallbethe fideofan equila- 
ter ten angled figure to be inícribed inthecircle B DE : the demonftrátion wherof. 
I omitte, for thatit is demonftrated by Propofitioas following. ee E 


q A Propofition added by Pelitarius. 


Upon aright line geuen being finite, to defcribe an equtlater and eqniangle Pentagon figure. 


Sup pofe that the right line geuen be 4B, vpon which itis required to defcribe ay 
equilarer and equiangle Pentagon. Vponthehine 4B defcribe ( by the 23. and 32, 
of the firít) an Ifofceles triangle .4 BC equiangle to the Ifofccles triangle delcribed by 
the former Propofition : namely, let the angles C AB and CB A, atthe bafe 4 B, be 
equal! co the two angles A B Dand 4 DB inthe formerconftruion : fothat eyther 
of them thall be two fift partes of two right angles,and the angle atthe toppe, namely, 
the angle C, fhall-be one fift part . Then denide theangle C into two equall partes by 
drawing the right line CD. And vpon theline 4C, and vnto the poyntA, defcribe the 


. angle C AD equall to theangle eA CD, by drawing theline 4 D, which line ADlet 


concurre with the liae C D, inthe poynt D: and that within the triangle e4 B C, fof 
the line C D being produced, fall fall vpon the bafe 44 Z,. ^ ^s 
and the line 4 D vpon the fide ZC . And draw aline from ` 
thepoynt D to the poynt 2 , And fora(inuch as inthe » 
triangle e/£ CD thetwo angles Aand C areequall,ther- 
fore(by the 6. ofthe firft) thetwo fides D and C D are 
equall . Againe fora(much as the two fides CB and CD 
ofthetriangle CB D, are equall to the two fides CA and 
CD ofthe triangle «4 C D, and the angle C of the one, 
is equall to tbe angle C of the other ( by conftru&ion) 
therefore (by the 4. of the firft) the bale D B is equallto 
the bafe D_A,and (o is equall to the line DC. Wherefore 
(by the 9. of the third) the poynt D (hail be she centre of | 
the circle defcribed about the triangle e4 BC. Deferibe 
the (ayd circle and letit be AB ECF. Now thenthean-— 
l€ AD B isdouble to the angle ACD ( by the 20. of : 
Eli chird) .Whereforethe angle 24D B maketh two fift partesof two right angles,that 
is, onc fift part of foure rightangles . And for afmuch as the {pace about the centre D: 
is equal to foure ríghtangles,then ifthe fayd (pace bedeuided into fiue angles equall 
to tbe angle A D B, namely,into fiue fift partes,by drawing the right línes D E &.D F, 
which with thelines D'4;D B, and DC, will caufe the fayd fpace to be.deuided into 
fiüe equall partes, and if alfo there be drawen theferightlines «Af F,F C,C E,and E Bz 
there (hall be defcribed a re&ilinePentagon figure &/4 3 EC F, which (hall. be equila- 
ter, by therule ofa circle and of a circumference,and helpe ofthe 4.Propofition of us 
ut — A ] ` chs 
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frk: and fall alfo be equiangle (by the 4. and 5. ofthe fame) . For the fiuc angles 
cA B,E C,F, are deuidéd ech into ten equall partes:which was required to be done. 
*° Y£we-confider well itiys demonftzation ofPelitariüs;it will not be hard for vs, 


vpon aright line geuen to defcribe the réft of the figures whofe infcriptions here- 


after followe. i 
5a» T be ut. Probleme. The. Prepofition. 


In a circle geuen to tefcribe a pentagon figure equilater and 
equiangle. 
x7 Vppofe that the circle genen be ABCDE, Itis required in the circle 
JOSS ABC D Eto infcribe a figure of fine angles of equall fides and of e 
=! guall angles. ake (by the propofition going before) an Lfofceles trian 
gle FG Hha. A woe 
uing eyther of 
the angles aty 
bafe GH dou, 
ble to the other 
angle, namely, 
*ynto tbe angle y | 


^ 


F. And(by the 
2. of y fourth ) 
in the circle E. | 
BCDE ins 
ſcribe a triane 
gleACDee (à 
quiangle ‘nto sg 
the triangle F - 
G H. So that let the angle C AD be egual to the angle Ees the angle AC D 
vnto the angle G and likewife the angle CD A to the angle H. Wherefore eye 
ther of thefe angles ACD, andCD A is double tothe angle CAD. Deuide 
(by the 9. of the fir5t) either of thefe angles AC D,andC DA into two equal 
partes by the right lines C Eand DB: and draw right lines from A to B, from 
BtoC fromCto D „from D to E and from Eto A. And forafmucb as eitber 
of thefe angles AC (D , and C D 4 is double to tbe angle C AD: and they are 
deuided ito two equall partes by the right lines C Eand DB, therfore the fiue 
angles D AC, AC E,E C 'D,C (D B, and B D A are equall the one to the ùe 
ther. But equal angles (by the 26. of the third) fubtend equal circumferences. 
Wherfore the fiue circumferences AB,BC,C D,DE, and E Aare equall the 
one to j other. And (by 5 29. of 3 fame ) vnto equal circumferences are [ubtéded 
equal right lines-wherfore 5 fine right lines AB,BC,(D, DE, ex EA are equal 
J one to the other. Wherforey figure A BC D Ehanin 1g fiue angles is equilater. 
Now alfo I fay that it is equiangle.For forafmuch as the circumference AB 


Gg.y. 15 








Nee | 


Conifrutlion, 


Demonflra- 
tions 
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is equall to the circumference DE, put the cirexmference BCD common Phe 
to them both.Wherfore the -whole circumference A BCD is equall to the whole 
circumference E DCB: and vpon the circumference A BC D conjfisteth the 
angle AED, — 
and vppon tbe 
circumference 
EDCB, con- 
Sifteth the ane 
gle BAE. 
Wherefore the y 
angle BA Eis 
equall to y an» 
gle AED (by 
the 27. of the 
third) and by 
the fame reas 
fon enery one 


of thefe angles 


ABC,andBCD,andCD E, is equall to euery one of tbefe angles B AE and 
A E D. Wherfore tbe fiue angled figure AB C D E s equiangle, and it is pro» 
ued that is alfo equilater.Wberfore im a circle gemen is defcribed a. (igure of fiue 
angles equilater and equiangle: which was required to be done, 


<< E e 


DN E 





o — g An other way to do the fame after Pelitarius. 


Suppofe that the Ifofceles triangle defcribed by the former Propofition,be D E F, 

An other way {> charlet cyther of the angles E and F be double to the angle D : And let the circle gee 
#9 dothefame ven be ABC: thecé- i 
after Pelita- ere wherof let be X- ' M 
Fee And vpon the centre - 
K de(cribe the angle 

B KCequalltoone of 

the angles E or F of 

the ttiangle DEF. 

And draw a right line 

from B to C. Then! 

fay,that the line BC 

is the fide of the Pen- 

tagon figure to bein- 

feribed in the circle 
ABC.Deuide the an- 

cle BKC into two c- 

quall partes by draw- 

ing the diameter e4 - 

KL. And draw thefe 

rightlines B.A & AC. 

Now théitis manifeft 

(by the 20. of the 

third) that the angle 
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BK Cisdouble tothe whole angle Be4C.Wherefore the whole angle BAC is equalt 
to the angle 2, vnco which angle, the angle BKC allo is double. And forafmuch 
as inthe triangle AB-Kthetwoalgles and B are (bythe 5. of the firft) equal (for 
thelines K 4 and. XZ are.drawen from the centre) therefore (by the 32. of the fame) 
the outward angle BK Lis double to evther ofthe inward angles K 44.5 and K J 44, 
And by the fame reafon,the angle CK L is double to eyther of the angles K 4C and 
KC AWherfore forafmuch asthe two angles atthe poynt Kare equall, tke two an- 
gles Aand B of the triangle AB K, are equall tothetwo angles AandC of the trian- 
gle AC K,thconc tothe other: and therefore (by the 26. ofthe firít) therwo bales 
e4Band AC are equall. Wherefore 4 BC isan Mofceles triangle . And forafwich 
asthe whole angle BAC is equall to theangle D, the two angles remayning eA $C 
and ACB, hail (by the 32.0f the firft) be equall to the two angles remayning E & F. 
Wherefore the triangle 4 BC isequiangle to the triangle DEF. And now you may 
procedein the demonftration as you did in the former, imagining firft the lines BG 
and CA tobe drawen. 


Here itis a pleafant thing to beholde the varieti¢ of triangles : for in the trian- 

fe A BC either of the angles at the point A is one fift part ofa right angle, Wher- 
by is produced the fide of a ten angled figure to be infcribed in the {elf fame circle: 
Which is manifeft ifwe imagine the lines BL and LC to be drawen. For the 
arke B C is deuided into two cquall partes in the poynt L (by the 26.0f the third). 
So then by the infcription ofan equilater triangle, is knowen how to infcribe an 
Hexagon figure, namely, by deuiding ech of the arkes fubtended vnder the tides 
of the triangle into two equall partes . And fo alwayes by the fimple number of 
the fide,is knowen the double thereof : as by afquare is knowen an eight angled 
figure : md by an cight angled figure a fixtene angled figure. And fo continually 
in the reft. 


Pelitarius teacheth yet an other way how to in(cribe a Pentagon. Take the fame cir» 
cle that was before, namely, &Af B C, and the fame triangle al[o D E F. And ( by the 17. 
ofthe third) drawtheline &74 eAf IN. touching the circle inthe poynt 4. And vpon 
thelírie e Af: addto the poynt 24, defcribe ( by the:2 3. ofthe firft ) the angle 74248 
equall to oneofthefe two angles Eor F (eytherof which, asitis mauifeft,is leffe then 
a right angle ) by drawing the right line eA B : whicli let cut the circumference inthe 
poynt B. Agayne ,vpon the linc 4X and tothe poynt in it 4, defcribe the angle 
RAC equalitothe angle AZ AB, by. drawing the right line AC: which let cut the 
“circumference in the poynt C, And draw aright line foni BtoC. ThenIfay,that 5 C 
isthe fide of a Pentagon figure to be infcribed in the cítclc ABC, Which is manifelt, 
we deuidethearke A Biüto twocquall partes in the poynt Æ, and draw thele right 
lines f Hand BH, and if alfo we deuide the arke AC into two equal partes inth: 
poyot G, and draw thefe right lines 4G and CG. For taking the quadrangle figure 
AB CG,itis màuife(t(by the 32. of thethird) thartheangle 245 C isequallto the al- 
térnate angle N A Cyand therfore is equall to the angle £.Likewife taking the quadrans 
gle gure ACB A, the angle ACB fall be equali.to the alternate angle M A B, and 
therefore is equall to the angle F. Wherefore (by the 32. ofthe firít)as before, the tri- 
angle ABC is equiangle to the triangle D EF : And now may you procede in the de- 
sponftrátion as you did in the former, 
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Fx id Vppofe that tbe circle genuen be ABC D E. It is required abont the cire 
4 cle AB CDEtodeftribea figure of fine angles confifting of equal fides 
=" and of equall angles . Take the pointes of the angles of a fiue angled 
figure defcribed (by the 11. of the fourth) fo that by the propofition goyng bee 
fore,let y circumfertces AB,BC,CD,D E, and E A be equall the one to the o» 
ther. And by the pointes A,B,(,D,E, draw( by the 17. of the third )right lines 
touching the circle, and G 

let the [ame be G H, H 
K,KL,LM,andM 

G. And(by the x of the 

third )take the centre of 

the circle let the fame 3 77 
be F. Anddrawe right. : 

lines from Fto B, from \ / Y 
F to K, from F to (, \ ~ 
from F to L, and from 
FtoD. And forafmuch — 
as the right lyne K L, \ * 


toucheth the circle AB ` we ES 











= 


ge E 


and from the centre F 
"nto the point. (C where K c L 
the touche i5 is drawen a D TU ie RN 
right line F (: therefore (by the 18. of the third )F (Cis a perpendicular line pui 
to L.wherfore either of the angles which are at the point (1s aright angle, 
and by the fame reafon the angles which are at the pointes D and B are right 
angles. And forafmach as the angle F C Kis aright angle; therfore the [quare 
which is made of F K is (by tbe 437. of tbe first) equall to tbe fquares which are 
made of F (and (K. And by the fame reafon alfo the [quare which is made of 
PK is equall to the [quares which are made of FB and ‘BK. Wherefore the 
fquares wbich are made of F (Cand (CK, avc equall to the fquares which are 
made of FB and B K of which tbe [quare whichis made of F (1s equall to the 
Jquare which is made of F B. Wherfore the [quare which is. made of C K is ee 
quall to the fquare whichis made of BK .Wherfore the line 'B K is equall onto 
the line C K. And forafmuch as F Bis equall' ynto F Cand F Kis common to 


fa 


them both tberfore tbéfe iwo 'B Fand F K are equall to tbefe t»o CF«g EK, 
And the bafe B. K is equall'vnto tbe bafe C K. W berfore( by the 8.of the first) 
the angle B F K is equall yntothe angle K FC: and tbe angle BKE tothe 
angle F KC. Wherefore the angle BEC is double to the angle KFC. And the 
angle B K Cis double.to the angle F K C. And by the fame reafon the, angle C 
F D is double to che angle F Land tbe angle D L C i$ double to tbe angle F 
L Ç. nd fora[much as tbe circumference B (C is equall ynto the circumference 


$a C D, 
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(D, therfore (by the 27. of the third) the angle B F (_ ts equall to the angle C 
FD. And tbe angle-B F C is double to tbe angle K F C and tbe angle DFC is 
double tothe angle L FC, wherfore the angle K F Cis equall vnto the angle L 
FC. Now ther there are two triangles F K C and F LC ,hauing two angles e« 
quall to two angles and one fide equall to one fide namely ,F C,-which is common 
t6 them both.w lerfore( by the 26. of the third,the other fides remayning are e» 
quall puto the fides remayning and the angle remayning ‘bnto the angle remays 
ning Wher fore theright line K Cis equall to the right lineCL, and the angle 
FKCtotheaugle FL C. And forafmuch as KC is equall toC L: therefore 
K Lis double to K C and hy the fare reafon alfo mayit be proued that HK, 
is double to BK. And forafmuch as it is proued that BK ts equall ynto KC, 
and KL is double to KC, and HK double to BK, therfore HK is equall 
ynto K L. In like fort may we proue ¥ exery one of t thefe lines HG,G Mz M 
L is equall vnto either of thefe lines HK and KL. Wherefore the fine angled 
figure 6 HKL M isofequall (ides. I fay alfo tbat it is of equall angles. For 
forafinnch as the angle F KC is equall ynto the angle FL C, and it is proned 
that the angle H K L is double tothe angle FKC, and the angle KLM is 
double to the angle F LC, therefore the angle HK L is equall to the angle K 
L M. In like fort may it be proued that euery one of thee angles KHG, HG 
Mani G ML jis equall to either of thefe angles AKL, and KLM. Wheres 
fore the fiuc angles G6 H K,HKLK L M,L M'G, and MG H are equall 
the one to the other Wherfore the fine angled figure G HK L Mis equiangle, 
and it is alo proued that st is equilater and it is defcribed about the circle AB 
CD E: which was required to be done. 


q An other way to do the fame after Pelitarins by parallel lines. 


. _ Suppofe that the circle ge- 
tren be AB Cywhafe c&tre let 
bethe poynt F: Andin it( by 
théformer Propofition ) in- 
Scribe anequilater and equi- — ^, 
angle Pentagon ABCD E: 

by whofe fiie angles drawe 

From the cejitre beyond the 

tirchiferencejfiuelynes, FG, F 
FH,FKFL,and FM. Andie | 
is manifeft; thar the fué an- _ 
gles at the cEtre Fare equall, 
whren-as the fiuefidesof the ` 
triangles within are equall;^ ^ - 
and alfo their bafes. It is ma- 
nifeft alfo , thatthe. fiue-an- 
gles of the Pentigon which. 
are atthe circumference, are 
deuided into ten. équall an- 
gles (by the 4. of the firtt) x 
Now then betwene the two 
lines FG and FH, draw the 


30d A. . Sgiiij. line 
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linc G H parallel to the fide A B,and touching the circle A B C (which is done by a Pro- 
olition added by Pelitarius after the 17.0f the third). And fo likewyfe draw thefe lines 
K,KL,and LM, parallel to ech ofthefe fides B C, CD, and D E, and toüching the 
circle . And fot almuch as the lines F G and FH fall vpon the two parallel lines A B and. 
GH,thetwo angles F GH,&FH G,arecquall tothe twoangles FAD and FBA, thc 
one to the other (by the 29. of the firft), Wherefore ( by the fixt of the fame) the two 
lines F Gand FH are cquall. And by thefamereafon,the two angles FHK &FKH, 
are equall to thetwoangles FGH and FHG theoneto theother : and thelinc FK 
isequall to theline FH, and therefore is equall to theline F G. And fora(much as the 
angles at the poyntF are equall, therefore(by the 4.0f the firft)the bafe H K is equall 
tothebafe GH. Inlike fortmay we prone, thatthe three lines FK, FE, and F M, are 
equall to the two lines FG and FH. Andalfothatthe two bafes KL and LM, are e- 
qual) to the two bafes GH and HK: and that the angles which they make with the 
lines FK,FL, and FM, are equall the one to the other . Now then draw the fift line 
MG: which (hall be equall to ` 
the foure former lines (by 
the 4. ofthe firft) for thatas 
we haue proued , the two 
lines FG & FM, ateequall, 
&the angle GF M is equall 
to euery one of the angles at 
the poynt F. Thys line alfo 
MG toucheth the circle, ForH 
vnto the point where the line 
LM toucheth thecircle whi- 
the let be N, dtawe the lyne 
¥N.And itis manifelt(by the 
18. of the third) that either 
of theanglesat the poynt N, 
isa right angle . Wherefore 
for a(muchasthe angle L o£ y. 
the triangle EL N, is equall 
tothe angle M of the trian- 
ele FMN, &theangle N of- 
the one, is equall ro the angle 
N oftheother: and the lyne K — 
FN is cõmon to thẽ both, the line NLſhall (by the 26. of the firſt) be equall co the line 





NM. And ſo is the line ML deuided equalſy in the poynt N. And foraſmuch as the 
"US three fides of the triangle FG P are equall to the three fides of the triangle F M P,the 


angle P of the one fhal be equall to the angle P of the other(by the 8.of the firft), Wher 
fore either of thé is aright angle( by the t 3.of the fame).And forafmuch asthe two an- 
gles F MPand FP M of the triangle F M P,are equall to the two angle FMN & FNM 
of the triangle F M N,and the fide F M is common to them both, therefore theline FP 
isequall tothe line FN. Buttheline F N is drawen from the centre,to the circumfe= 
rence. Wherefore alfo the line F P is drawen from the centre to the cireéumference.And 
forafmuch as the line M G is perpendicular tothe line FP, therefore (by the Corolla- 
ry ofthe 16. ofthe third) it toucbeth thecircle. Wherfore the Pentagon GHKLM 
circumfcribed about the circle isequilater : itisalfo equiangle, as itis eafie to proue 
by the equalitie of the halfes : which was required to be done, n 


$m The 13, Probleme, The s3. Propoftion. A 


An equilater and equiangle pentagon figure beyng geuen, fo 
defcribe inita circle, 


| $uppofe 


of Euclides Elementes. Fol.ni. 


"FAXEM Vppofe J 5 equilater «s equiangte Pérags fivure peut be 4 B CD E.Tt 
E W — ead UA imr ABCDE to defcribe a circle. 
SEI D eusde( by the the 9.of the first jesther of thefe angles BC (D and C D 
“Einto two equall partessby theferight lines CF and F D and from tbe point F 
sphere thefe right lines CF and D F meete, Draw chefe right lines F BE Axs 
FE. And forafmuthas BC is equat vnto CD and C Fis common to them both. 
Wherefore thefe two A` 
lines BC and CF are 
equal to thefe two lines ` 
$ C and C F: and the 
angle B CF is equall to 2 fy 
Dres D C ÉWher B F NS 
fore (by the 4. of the 
first the bafe BF is e« 
quall tothe bafe DF, 
and the triangle BE F 
is equall to the triangle 
DCF, and the an- 
gles remayning:are e« 
quall "ynto the angles 
remaynyng the one V 
to the other, vnder 208 K > 
which are fubtended e> . i ; 
quall fides. Wherefore the angle CBE is equall to tbe angle CD F. And 
gie as the angle CD Eis double to the angle CDF. But the angle C 









Demonſita- 
tion 


is equallto the angle ABC,and the angle CD F is equall to the angleC . 


B F. Wherefore thè angle CB Ais double tothe angle CBE. Wherefore the 
angle AB F is equall to the angle F BC. Wherefore the angle ABC is deuis 
‘ted into two equal partes by the right line BF. In lyke fortë alfo may it be 
proved that either of thefe angles B A E, and AE D are deuided into two e- 
‘guall partes by either of thefe lines F Aand EF. Drawe (by the 12. of the 
fift) from the pointe E to theright lines AB, BC; CD, and EA perpendi- 
tular lines FG,F H,E K ,F L and FM. And forafmuch as the angle HCF 
Hregiall to the mgla IKE F, and the right angle. F HC is equall to the right 
angle F K C: now then there are tw triangles F H C, and F K € bauyng 

«two angles egual! to two angles the one to the other, and one fide equall to one 
Side: for F Cis comnion Ynta them both and is fubtended ynder one of the equal 
angles Wherfore( by the 6. cf the fivft) the fides remayning aré equall ynto the 

Sides remayning W. berfore the perpendiculer FHi equall'ynto the perpendicu. 
ler BK: And in like fort alfo may it be proued tbat.euery one of thefe lines FL, 

F M and FG is equall to'euery os of thefe lines E Hand F K. wherfbre thefe 
fine right lines FG, F HFK, FL, and FM are equall the one to the other. 
T Wber- 


Demonflra- 
tion leading 
to an abfur- 
ditie, 


A C orohary. 


The fourth Booke 


Wherfore making the centre F and the (pace F Gor F Hor FK or FL, or F 
M. Deftribe a circle and it will pafe b the poyntesG,H,K ,L,M. And [hall 
touche the right lines A BB CC ID D E arid E A(by the correllary of the 16. 
of the third ) for the angles which are at the pointes G,H,K ,L,M, are-riht 
angles.For tf it do not touche them but cut,then from the ende of the diameter of 
the circle hall be drawen a right line making two right angles and falling with 
inthe circle:-whicheis .. A | 

(4 the 16. of 5 third) . 
proued to be impoffible 
Wherefore makyng F 
the centre, and y [pace 
one of thefe lynes, FG, 
FH,F K,FL,FM, 
defcribe a circle and it 
Pall not cut. the right 
lines AB,BC,CD,D 
Band E A.W bevefore 
(by the covollary of the 
16. of the third )it fhall 
touche themas it is mas 
nifeft in the circle G H 
KLM. Wherefore in 
the equilater and equi⸗ . 
angle pentagon figure geuen is deferibed a circlezwhich was required to be done. 





By this propofition and the former, itis manifeft that perpendicular lines drawn 
froin the middle poyntes of the fides ofan equilater and equiangle Pentagon fi- 


` gure and produced hall _paffe by che centre of the circle,in which the fayd Penta- 


gon figure is infcribed, and fhallalfo deuide the oppofite angles equally, as here, 


A Kis one right line,and deuideth the fide C D and the angle A equally. And fo 
_of the reft which is thus proued. The {pace about the centre F is equall to foure 
_rightangles, which are deuided into ten equall angles by ten right lines metyn 


rogether in the point F. Wherfore the fiue angles AF M, MF E,EFL,L F D,an 
D F K are equall to two right angles, Wherfore (by the 14.ofthe firft) thelynes A 
Fand F K make one right lyne. The lyke proofe alfo will ferne touching the reft 


of the lynes, And this is alwayes truc in all equilacer figures which confift of vne- 


uen ſides. ⸗ 


sT he 14. Probleme. The 14. Propofition. 


eAbout a pentagon or figure of fiue angles geuen beyng equi- 
later and equiangle,to deferibe a circle. 


Supe 


of Euclides Elementes. Fol.nꝛ. 


zy Vppofe that y Pentagon or figure of fiue angles geuen being of equall 
Y A Leen of equall — rfa; P — i — dini wi 
DE, VPentagon .4B C (D E, to defcribe a circle . Denide( by the 9 -ofthe 
SETS first) eyther of tbefe angles B CID, ez C D E into two equallpartes 
by either of thefe right lines CF and (D F.. And from the poynt F where thofe 
right lines meete draw ynto tbe pointes B,A ,E,, thefe right lines FB,F A,FE. 
And in like fort ( by the Proe 
pofition going before ) may it 
be proued , that enery one of 
thefe angles CBA, BAE, 
and AED is denided into 
two equall partes , by thefe 
right ines FB,F A, FE. 
And for afmuch as the angle 
BCD is equall to the angle 
C ID E,c the halfe of the an- 
gle BC Dis the angle FCD, 
and likewife the halfe of the 
angle CD Eis jangle CDF. 
Wherfore the angle FCD is 
equall to the angle FDC. 
Whereforey fide FC is equall 
to the fide F D.In like fort al- 
fo may it be proued that euery one of thefé lines FB,F A and F E. is equall to e« 
uery one of thefe lines FC and F ID Wherefore thefe fine right lines F A,FB, 
FCF D,and:EE aye equall the one to the other . Wherefore making the centre 
Find tbe fhace F.A ov FByor F.Cyor FD or F E. Defcribe a circle and it will 
poffe by tbe pointes A,B,C,D,E, and fhall be defcribed about the fiue angled 
figure. A BCD E whichis equiangle and equilater . Let this circle be defcrie 
bed and letthe famebe ABCDE. E ue about tbe Pentagon geuen bes 
wg both equiangle and equilater, is defcribed a circle: which was required to be 
don. ^. . E dn Use 


— NM ~~ — — is 

ents sa They. Probleme... "Thes. "Propofition. 

3 dog yan aa! see 
Jn acircle gener to defcribe an bexagon or figure of fixe ane 
Ha: gles equitater and ejuiangle. ~` i 


m 
—B 








_A 





Nw —B agit. i E $ — 
Popofe that the‘circle ‘genen be A BCD E F. Itis required in the cire 

Ww cle genen.A BC D.E- to defcribe a figure of fixe angles of equall fides 

Pvt, sd ofequall angles : Draw the diameter of the circle AB C D E F and 

vw let 


Conflruftion. 


Demonftra- 
tion, 


— Lhe fourth Booke 


Coufrncsion, let the fame be AD. And ( by the firSt of the third )take the centre of the circle 
and let the fame be G. And making the centre D, and the {pace DG, defcribe 
(by the third petition )a circle CG E H: and drawing right lines from E toG, 
and from G to C extend them to the pointes Band F of the circumference of the 
circle genen. And draw thefe l 
right lines AB, BC,C D, 
DE,EF,andF A.T hen 
Ifay,that ABCDEF is 
an Hexagon figure ofe- 
quall fides and of equall ane 

Demonftre- gles. For forafmuchas the 

sion point G is the centre of the 
circle ABCD EF, theres 
fore (by the 15. definition of 
thefirst) the line G Eis e» 
quall'vnto the line GD. A- 
gaine forafinuch as the point 
D is the centre of the circle 
CGE H (therfore( by the 
eife [anie )tbe line 'D E is e- 
guall ynto tbe line (DG. 4n4 
tt is protied tbat the line GE 
is equall ‘nto the lyne Ge 
D. Wherfore the line G E is 
equall ynto the line E D( by 
thefirsl common fentence ) -wherfore the triangle EG D is equilater-, and his 
threedngles, name, EGD, ODE, DEG, are equall the one ta the other: 
And forafmuch as (by the 5. of the fir) in tridngles of two equal fides commona 
ly called Tfofceles the angles at the bafe are equall the one tothe other, and the. 
tee angles of a triangle ave (by the 32. of the first) equall vnto tuo right an⸗ 
gles;therfore the angle EG D is the third part of two right angles. Andin lyke. 
forte may it be proued,that the angle D G C is the third parte of two right ane 
gles. And forafmuch as the right line CG ftanding vpon the right line E B doth 
(by the 13. of the firSt.) make the two'fide angles E.G-Gand CGB equall to two 
right angles therfore the angle remayning CG Bis the third part of two right 
angles. Wherfore the angles EG.D,D GC,and'C G Bare equall the.one to the 
other.Wherfore thei hed angles that is, BG A,AGF,and FG Eare (by the 
15. of the firit equall to thefe angles EG'D,DG Cand C GB. Wherfore thefe 
Sixe angles EG D,DGC,CGB,BG A,AGF,and FG E are equall the one 
tothe other. But equallangles confit ypon equall creumferences X by the 26. of, 
the third.T herfore thefe fixe cirgumferences ABS BC;C D, OE, EF, and 
F A are equall the one to tbe other. But vnder Hn nca puni 

e 


yt 2 





H 


of £uclides Elementes. Fol.iaʒ. 


dedequallvight lines by the29. of the fame. ) Wherefore thefe ſixe right hnes 
AB,BC EDD E,EF and F A are equall the one to the other. Wherfore the 
Hexagon ABCD E Fis equilater. I fay alfo that it is equiangle. For forafe 
much as the circumference AF is equal pnto the circumference ED adde the 
circumference ABCD common to them both. Wherefore the whole circumfes 
rence F A BC D is cquall to tbe whole circumference E DCB A. And vppon 
the circumference F A B C D eonfistetb tbe angle F E Dt and'pppon the are 
cunference ED CB A confifteth the angle A FE. Wherefore the angle AFE 
as equail to the angle D E F-In like fort alfo may it be proned that the reft 7 
the angles of the Hexagon ABC D EF , thats enery one of thefe angles F A’ 
BABC,BCD and C ID E it égtiall to euery one of thefe angles AFE, and 
FE D.wherfore the Hexagon figure A BCD E Fis equiangle, and it. is pros 
aed that it is alo equilater and it ts defcribed-in the circle A BCD EF. where I 
fore im the circle geuen A BCDE Fis defcribed a figure of ‘fixe angles of equat. 
fides and off equall an gles: Which was required to be done: — 


oe ne Mm — 
— An other way to do the ſame after Orontius. 


Suppofe that the circle geucn be ABCD EF in which firft lee there be defcribed 
:an equilater and equiangle triangle ACE (by thefecond ofthys booke) . Wherefore 
tho arkes 248 C,C'D E;E F A4 ate ( by the 18.of thethird)equall the one to the other, 
Deuide euery onc af thofe three atkes into two equall partes(by the 30,of the (ame)in 
the pointes 2,D,& F, And draw theferight ^... . | 
Jines 48,8 C,CD,D E,EF;and F.A. Now ^. 
£hen by the 5.definition ofthis bookethere |... 
fhall be defcribed in the circlegeué an Hexz , —... 
agon figure A BC'D EF, which muft nedes 
be equilater: for that euery one of the arkes 
which fubtend the fides thereof ar eqaall 
the onetotheother. I fay allo that itise- 
quiangle , For cuery angle of the Hexagon 
figure is fet vpon equall arkes,namely,vpon 
foure (uch partes of the circaference wher- 
of the whole circümference cótayneth fixc. 
Wherfore the angles of the Hexagon figure 
arc equall the one to the other (by the 27. 
of the third). Wherefore in the circle geuen 
e4 BCDEF is inícribed an cquilateraud . 
equiangleHexagon figure : which was re- 
quired to be done, ^ ' 





rn. g An other way to do the fame after Pelitarins. 


Suppofe that the circle in which is to be infcribed and equilater & equiangle Hexa- 
gon figure be 4 BCD E, whofe centre let be F. And from the centre draw the femidia- 
meter F A. And from the poynt A apply (by the firft ofthys baoke)the line 4. Z-equall 
to the femidiameter. Which I fay is the fide of anequilater and equiangle Hexagon fi- 
gure to be in{cribed in the circle ef BCD E. Draw aright linc lr FtoB. Andfor 
e(auch as theline A Z is equallto theline FA, & itis allo equallto the line FB, oS 

Hh.j. ore 


An other wag 
todo the fame 
efter Ororiuse 


An other 
"Way after 
Pelitarint. 


F The fourth Booke ` 


fove the triangle oF # 2 requilater and by the gof thefirit odoianglo.Now then vps 
onthe centre F defcribé thc'angje B F.C equall tothe angle ef FB, orto the angle 
FB Awhich isallonc) by drawing the right line FC, And draw a line from 8 to C, And 
for afmuch as the angle ef F B is the third part oftwo U^ ES 
rightangles by the 5.and 3:2, ofthe firft, the angle BFC’ Hos "E 
alo (hall be the third part of. two right angles, Where- I — 
fore either of the to angles remaining FECand FCB, 
for aſmuch as they are equall by the y,ofthefirft,fhall 
be two third párres of two rightangles (by the 32;0£ 
the fame), Or (bythe 4.of the firft) forafmuch as the an- 
gle BF Cisequall to the\dngle F B 4, aid the two fides , 
FB and FC are €qualttothe two fides.4 B and B F,the. 
bafe BÈ thalt be equail tothe bafe BF, and therefore. - 
isequall to the liae FC, Wherefore thetriangle FBCis 
_ equilaterand ¢quiangle’ ¥ La(tly make tlie angle CF D 
equall toceyther óf thé anglesat tfié poynt F, by drawing 
the line E'D. And drawa line from CroD . Now then & E 
by the farmer realon she triangle: E ED fhall be equilater and equiangle. And for af- 
, much asthe three angles at the point’ F areequall to two right angles ( for ech ofthem 
is the third part of tworight angles) therefore (by the 1 4o the firft) ef D isoneright 
line : and for that caufeis thc diaineter of the circle . Wherefore if he other femicircle 
e4 F Dbe denided into fo many equall partes as the femicircle eA B C D is deuided 
into, it fhall comprehénd fo many cquall lines (ubtended vnto it . Whercfore the line 
AB isthe fide ofan equilater Hexagon figureto beinfcribed'in the circle : which Hex- 
agon figure alfo (hall be equiangle : Forthe halfe of the whole angle Z is equall to the 
halfeofthe wholeartglé C : whichwas requiredto bedone. — DE 
Now then if we du from thecentte £ a perpendicülar line. ento 4 D, whichlet 
be FE, ánd draw atfo thefe righit lines '£ and C E : there (hall be decribed 4 triangle 
BEC whofeangle B. which isat the toppe fhall be the: 6. part of tworiehr angles by 
the 20.of the third , Forthe angle 2 F Cis double vnto it. And either of the two angles 
arthe bafe,namely the angles E B C, and EC Z is dupla fefquialter to the angle Erthat 
is,eyther of them contayneth the angle £ ewife and halfetheangle Z . And by this rea- 
fon was found oyt the fide of an Hexagon figure. - 


| .- Sep Correlapy. 









Hereby it is mani- 
feilthat the fideof . 
an Hexagon figure. 
defcribedinacircle  * 
is equall to a right 
line drawen fro the 
cétre of the fad cir- . N 
clevntotbecircum- 

findifly. 

Sos the pointes A, B, 

~ C,D,E,F, be. 


amt 
JM Be 
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drawen right lines touching the circle, then fhall there be 
defcribed about the circle an Hexagon figure equilater and 
equiangle , which may be demonftrated by that which hath 
bene [Doken of the defcribing ofa Pentagon about a circle. 
And moreover by thofe thinges which haue ben fpoké of Pen- 
tagons we mayina Hexagon geuen either defcribe or circum- 
Jeribe a circle : which was required to be done. 


Sæ» The 16. Probleme. d be 16. "Propofition, 
ÍIn a circle geuen to defcribe a quindecagon or figure of fiftene 


angles,equilater and equiangle. 


x3 Vppofe that the circle geuen be ABC D.It is required in tbe circle A 
XAB C D to defcribe a figure of, fiftene angles confifting of equall fides 
Nand of equall angles.Defcribe in the circle ABCD the fides of an e+ 
quilater triangle, and let the ſame be AC, and inꝰæ arke AC deſcribe 
the ſide of an equilater pentagon and let the ſame be AB. Nou then of ſuch e- 
guall partes wherof the whole circle. A BC D containeth fiftene, of [uch partes 
I fay, the circumference A BC being the third parte of the circle fhall contayne 
fine. And the 4 
circumferenee - 
AB beingthe 
fift part of a 
circle fhall 
contain thre, 
wherefore the 
refidue BC 
fhall containe 
two. (Deuide 
(by the 3o. of X 
the first) the 
arke BC into 
two equall 
partes in the 
point E.wher 
Sore either of 
thefe circums 
ferences BE 
€ ECis the fiftene part of thetivcle ABC D.1f therfore there be drawn right 
: urea e 7 Hbi 


bj lines. 









ConfruBions 


Demonfira- 
tion. 


T he fourth Booke 


lines from B to E and from E to C,and then beginning at the point B or at the 
point C there be applied into tbe circle ABCD right lines equall pnto EB or 
E Cand fo continuing till yecome to tbe point C if you began at B, ov to y point 


- Bif you began at C,and tbere [ball be-defcribed in the circle ABCD a figure of 


An addition 
of Fiuffatese 


*A Poligonm 
figuvetsafi- 
Bure confifling 


of mauy fides, 


fiftene angles equilater and equiangle : which was required to be done. And in 
tke fort as in a pentagon if by the pointes where the circle is deuided,be drawen 
right lines touching the circle in the faid pointes there fhall be defcribed about J 
circle a figure of fiftene angles equilater ¢7 equtangle. And in like fort by} felfe 
Jame obferuations that were in Pentagons we may in a figure of fiftene angle: 
geuen being equilater and equiangle eitber infcribeyor circumfcribe a circle. 


q An addition of Fluffates to finde out infinite figures of 


many angles. 


If into a circle frem one poynt be applyed the fides of two * Poligonon figures : the ex- 
caffe of the greater arke aboue the leffe, [hall comprehend an arke contayning fo many 
fides of the Poligonon figure ta be in[cribed by how many vnities the denomination of 
the Feligonon figure of she leffe fide excedeth the denomination of the Poligonon figure 
of the greater fide » and the number of the fides of the Poligonon figure to be infiribed 
is preduced of the multiplication of the denominations uf the forefayd Peligonon figures 

she one into the other. — 


As for example. Suppofethatinto the circle 4B E be applyed the fide ofan equi- 
latecand equiangle Hexagon figure (by ther $.of thys booke) which let be ef B: and 
likewife the fide of a Pentagon (by the 11.0fthis booke)which let be 4C: and thefide 
ofa fquare (by the 6.of thys booke) which let be A'D : and the fide of an equilater tri- 
angle (bythe 2.0fthis booke)which Iet be e4 E, Then I (ay,that the exceffe ofthe arke 
eA D above the arke 4 2, which exceffe is the arke B D, contayneth fo many fides of 
the Poligonon figure to be infcribed,of how many vnities the denominator of the Hex- 
agon A48, which is (ixe,excedeth the denominator of the fquare A D, which is foure. 
And forafmuch as that exceffe is two vni- 
ties,therforein 8 D there fkall be two fides, 
Aud thedenominator of che Poligonon fi- 
gure which is to be infcribed fhall be pro- 
duced of the multiplication of the deno- 
minators of the forc(ayd Poligonon fi- 
gures,namely, of the multiplication of 6. 
into 4. which maketh *4. which number 
is the denominator of the Poligonon fi- 
gure, whole two fides fhall fubtend the arke 
BOD. For offuch equall partes whecof che 
whole circumference cotayneth 24,0f fuch 
partes I fay, the circumference AB con- 
tayneth 4, and the circumference e £D £ 





contayneth 6. Wherefore if from ef D i 
which fubtendeth 6. partes be taken away 2 ss e 
4. which ef B fubtendeth, there fhall re- — 


mayne vnto B'D two of uch partes of 

which the whole contayneth 24. Wherfore ] 

of au Hexagon and afquare is madea Poligonon figure of 24. fides. Likewyfe of the 

Hexagon:eAf B and of the Pentagon ef C fhall be made a Poligonon figure of iw 
: or ides, 


of £uclides Elementer. 1. Fols. 


AS EI r*a : : i , af d 
fides, one of whofe fides fhall fábtend the arke BC. For thie denomination of AB 
whichis 6. excedeth the denomination of efC whichis 5. onely by vnitic. So 
' alío fora(much as the denomination‘of ef B-which is 6.excedeth the de- 
nomination of AE which is 3.by 3. therefore the arke BE fhall ` 
~--», egntayne 3: fides of a Poligonon figure of 18. fides. And —F 
obíeruing thysfelfe (ame methode and order, a man ; 
*^ may finde out infinite fides'of a Poligonon s 
— figuré, `>? Y fur p 
ee 24) de.ocy ue $ (^) Ms "Ages s S x è ; A -6 


j 
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IIS ride 1$ of very great 
Ñ commoditic. and vie in all Geometry; and much dili- 
| gence ought ro be beftowed therin.Ic ought of all o- 
X À ther to bethrpughly and moft perfectly and readily 
a knowne.For nothyng in the bookes followyng can 
\ be vnderftand withourir: the knowledge of them 
09 all dependé of it. And not onely they and other wri- 
WEN tinges of Geometry, bütall other Sciences alfo and 
J^ lartes:as Muſibe, Alironomy, Perſpectiue, Arithmetiquæ, 
the arte ofaccomptes and reckoning, with other ſuch 
$a like. This booke therefore is as it were a chiefe trea- 
fure,and a peculiar iuell much to be accompted of. 
It entreateth of proporcion and Analogie, or proportionalitie, which pefrayneth 
uot onely vnto lines, figures , and bodies in Geometry : but alfo vnto foundes & 
voyces, of which Mufike entreateth, as witneffeth Boetivs and others which write 
of Mufike. Alfo the whole arte of Aftronomy teacheth to meafure proportions 
oftymes and mouinges. «/4rcbimides and Iordap with other,writing of waightes, 
affirme, that there is proportion betwene waightand wáight , and alfo betwene 
place & place. Ye fee therefore how large is the vfe ofthis fift booke. Wherfore 
the definitions alfo thereofare common,although hereof Euchide they be accom- 
modate and applied onely to Geometry. The firft author of this booke was as it 
is affirmed ofmany;one Ewdoxus who was Plate; fcholer but it was afterward fra- 
med and put in order by Euclide. 


Sa» Definitions. 


eA parte is 4 leffe magnitude in re[petl of a greater magni- 
tude, when the lefJe meafureth the greater. 


As in the other bookes before, fo in this, the author firftfetceth orderly the 
definitions and declarations of fuch termes and wordes which are neceffarily re- 
quired to the entreatie of the fubie¢t and matter therof, which is proportion and 
comparifon of proportions or proportionalitie. And firft he (fheweth what a parte 
is.Here is to be confidcred thatall che definitions of this fifth booke be general to 
Geometry and Arithmetique,andare true in both artes, euen as proportion and 
proportionalitic are common to them both, and chiefly appertayne to number, 
neithercan they aptly be applied to matter of Geometry, but in refpect ofnumber 
and by number. Yetin this booke,and in thefe definitions hereTet, Ewclide femeth 
to fpeake of them onely Geometrically, as they are applied to quantitie condnu- 
all,as to lines, fuperficieces,and bodies: for that he yet continueth in Geometry. 
I wil noewithftanding for facilitieand farther helpe of the reader,declare thé both 
by example in number,and alfo in lynes. 4 

For the clearer vnderftandyng ofa parte,itis to be noted „thata part is taken ig 
the Mathematicall Sciences wo maner of wayes . One way a partis aleffe quan. 

titie 
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tide in refpe& of xpreareryrhether it meafüre the greater ot 20: Thee fecond way, 
a partis onely that effe quantitie in refpe&t ofthe greater, which mieafureth the 
greater. À lcífe quantitie is fayd to meafurc or number a greater quanti ue, when 
it,beyng ofcentyutes taken; maketh precifely the greatcr quantitie without more 
orleifejor beyng as oftentyincs taken from the greater as it may;there remayncth 
nothyng. As füppofe the line A B to contayne 3. and thelyne CD to contaync 
g. thé doth the line AB meafure the line 
C D:for that ifit be také certayne. mes, € 1 oia? 

namcly, 3-tymescmaketh precifely the: oy 2 Bg 
lyne CD, thatis:9. without more or ^'^ 





aie 





leffe.Agayne ifthe fayd leffe lyne A B betaken from the greater C D, a8 ofter-as 
itmay be,namcly,3. tymes,there fhall remayne nothing ofthe greater. Sø ehe nã- 
ber 3. is fayde to meafure 12. forthat beyng taken certayhe tyines, namely, foufe 
tymes,it maketh iuft 12.the greater quantitie: and alfo beyng taken from 12.48 of- 
ten as it may ,namely,4. tyes, there shall remaynenochyng.And in this meaning 
and fignification doth Exchide vndoubtedly here in this definé a part : faying, that 
itis aleffe magnitude in comparifon of a greater, when the leffe meafiireth the 
greater.As the lyne AB before fet, contayning 3. is aleffe quantitie in compa- 
rifon of the lyne C D which containeth 9. and alfo meafurcth it.For it beyng cer- 
tayne tymes taken,namely,3. tymes,precifely maketh it, or taken from it as often 
‘as it may, there remayneth nothyng.Whertore by this definition the lyne A Bisa 
part of the lyne C D. Likewife in numbers, thenumber s. is a patt of the number 
15. for itisaleffe number or quantitie compared to the greater, and alfo it meafu- 
reth the greater : for beyng taken certayne tymes,namely, 3. tymes, it nakéth r5. 
And this kynde of partis called commonly pars metiens or menfurans,that is,amea 
furyrig part : Tomë call it pars multiplicativa: and of the barbarous itis calléd pars 
aliquota,thatis an aliquote part,And this kynde of parte i$ commonly vied in A- 
rithmetique. E 


`The other kinde ofa part,is any leffe quantitie in comparifon ofa greater, whe- 

theritbe in number or magnitudejand whether it meafüre or no. As fuppofe the 
line A B to be 17.and letitbe deuided into two partes in the poynt C, namely;in- 
to theline À C, &the i 
line CB, and let the, i—i —— S AD 
lyne AC the greater 

part containe 12. and let thc line BC theleffe pare contayne 5. Now eyther of 
thefe lines by this definition is a part of the whole lyne A B.For eyther of them is 
a leffe magnitude or quátity in cópatifó ofthe whole lyneA B: but neither ofthé 
meafurcth the whole line A B:for the leffe lyne C B contayning 5. taken as ofté as 
ye lift will neuer make precifely.A B which contayneth 17. If ye take it 3, tymes jt 
maketh only 15.f0 lacketh it 2.0f17.which is to litle. If ye take it 4.times,(o maketh 
it 20.thé are there thre to much,fo it neuer maketh precifely 17.but either to much 
or to litle. Likewife the other part AC meafureth not the whole lyne AB: for takë 
once, it maketh but 12.which is leffe then 17. and taken twile, it maketh 23. which 
are more then 17. by 5. So it neuer precifely maketh by takyng therof the whole 
AB,buteither more or. leffe. And this kynde of part they commonly call. pars 
conitituens,or componens: Becaule that it with fome other part or partes,maketh the 
whole.As the lyne C Btogether with the linc AC maketh the wholelyne AB. 
Of the barbarous itis called pars aliquanta.In this fignification itis taken in Barla- 
“em in che beginnyng of his booke,in che definition ofa part,when he faith : Every 
T I Hb. iij. lefe 
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i - Thefifth Booke » 


beffe number compared to a greater is fayd to be a part of tbe, greater whether the lefe mea 
fare the greater or meafurest not. ` vost erano . ER 


Multiplex is a greater magnitudein refpett of the lefve,when 
the lefe meafureth the greater. 


As the line C D before fet in the firft example,is multiplex to the lyne A B.For 
that C D a lyne contayning 9.is the greater magnitude, and is compared to the 
leffe,namely,to the lyne A B contayning 3. and alfo the leffe lyne A B meafureth 
thegreaterline C D :fortakeng.tymes, — ^ : 





it maketh ie, as was aboue fayde. So c, . , . 2, .— . , yp 
in numbers 12. is multiplex to 3: for 12 is 3 
the greater number, and is compared to A B 


the lefe ,namely,to 3.which 3.alfo meafu- 

reth it: for 3 taken 4 tymes maketh 12. By this worde multiplex which is a terme 
proper to Arithmerike and number,it is eafy to confider that there can be no ex- 
act knowledge of proportion and proportionalitic,and fo ofthis fifth booke wyth 
all the other bookes followyng, without the ayde and knowledge of numbers. 


— it a certaine refpette of two magnitudes of one 
kinde, according to quantitie. 


Euclide as ìn the firit definition, fo in this & the other following,and likewife in 
all his Propofitions of this booke, mentioneth onely magnitudes, and geucth his 
examples and demonftrations of lines : for that hetherto in the 4. bookes before 
he hath entrearcd of lines & figures, and fo cótinucth in his fixth booke following 
after this,comparing figure to figure, and fides of figures to fides of figures, with- 
out mention of number at all . Notwithftanding as itis fayd they are generall 
to all kinde of quanutie, both difcrete and continual, namely, number and 
magnitude : and neede for the young reader and ftudient in thefe artes to be de- 
clared in both. For, the opening ofthem in numbers(in which they are firft and 
naturally founde ) geueth a great and marueilous light to their declaration in 
magnitudes. Proportion (fayth he) és acertaine bebatiour thatis, a certaine refpett 
or comparifon of two quantities of one kinde : as of one line to an other, and 
one figure generally to an other, andone number to an other, as touching quantitie, 
thatis to fay, chatthe quantitic compared, isto that wherunto itis compared, 
eyther equall’, or greater, or leffe then it . For after thefe three maners may 
thinges be compared the one to the other.But quantities of divers kindes can not 
be compared together . A fuperficies can not be compared to aline : nor number 
to a body : nora body toa line or number: for that they are not of one kinde. For 
example of this definitiop,take two quantities, namely, two lines A B and CD, 
and compare the one to the other, namely, A B to 
C D according to fome certaine refpect of greatnes, A 
or leffenes, or equalitie,namely, in this example, let 
A B begreaterthen C D, & containe it wife.Now 
thys comparifon,relation,or refpect of A Bto CD, I NEA 
and generally of any onc quantitie to any other;is called proportion . Likewife r 
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it,if A B be equall to C D, as im the fecond example : or if A B be lefle then C D, 
as in the third example.The like is italfo in numbers A 
comparing 5.to 5.cquall to equall,or 6.to 3. the grea- B 
rer to the lefle, or 4. to 8. the leffe tothe greater. So ¢ —_______p 
totheaccomplifhing of any Proportion there are re- 
quired two qnantities,and alfo a comparing or refpe& 
of the one to the other. The quantities compared to- 
gether are commonly called the Termes of the Pro- è 5 
portion. And in this booke of EvcliZeand alfo in o-.— * — — ——— — — 
ther writers of Geometrie, the firft Terme, nainely,that 

which is compared is called the antecedent, whether itbe equall, ercater, or leffe 
then the other : And thefecond Terme, namely,that wherunto the comparifon is 
made, is called the confeauent. Asin the former example, the line AB compa- 
red to the line C D is antecedent: and theline C D is confequent: And contra- 
riwifeifthe line CD becompared to the line A B, then is the line C D antece- 
dent, and theline AB confequent . Albeit in Arithmeticke Boctins and others 
call the terme compared Dex, and the terme to whom the céparifon is made the 
call Comes. This booke hath bene accompted of all men one of the hardeft and 
moftintricate ofall Euclides bookes. And proportion isa generall knowledge to 
all learninges,chieAy to the Mathematicalis . Wherefore it fhall be very neceffary 
fomc litle briefe inftru€tion and induction to be here added in the beginning here- 
of: of the knowledge and nature of proportions and what they are,and of how 
many kindes : which thinges are here or Eaclide fuppofed to be before knowen, 
and therefore maketh no mention fo diftin&ly ofthem. 

Ye muftvnderftand that there are of proportions two generall Kindes , the one 
is called rationall, certaine, and knowen, and the other irrationall, vncertaine and 
vnknowen . Such magnitudes or quantities, which may be expreffed by numbre, 
are called rational magnitudes or quantities .. As lüppofe a line, namely, the line 
AB tocontaine 5.inches, & compare it to the line CD, s 3 
contayning 3.inches : thefe quantities ye fee may be ex- 
prefled by numbers, namely, by thefe numbers 5.and 3: ¢ —-2. 4 
and therefore are rationall, and haue the fame proporti- 
on, that number hath to number,namely, that thenumber s. hath to the number 
3: and therefore the proportion of the one to the other,is a rationall,certaine,and 
knowen proporiion. And generally when foeuer one number is compared to 
an other, or two lines or other magnitudes, beth whiah may be expreffed by num- 
ber,the proportion betwene them is euer rationail , and onely the proportion of 
fuch quantities is rationall . So thatin Arethmeiicke all proportions are rationall, 
for that therein cuer one number is compared to an other. 

There are certaine lines magnitudes or quantities which ca not be named and 
expreffed by number, and therefore commonly are called Surd lines or magni- 
tudes . As fuppofe the {quare A BC D tocontaine 16, then the fide or roote ther- 
of namely,the line A B containcth 4,and the diameter of the 
fame {quare,namely, the line BC fhall be 3832, which isa 
futd number, and:can riot be expreffed by any determinate 
and certaine number,butohely by this maner of circumlocu- 
tion Roote fquare of 37. Now ifye compare the line A B to 
theline B C, or contrariwife the line B C to the line A B, for 
that one of them isa fürde quantiti¢,neithercan ech of them 
be expreffed by number (and therefore .cannot haue that 
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The fifth Booke 


proportion that number hath to number) the proportion betwene them is itratio- 
nall,confufed,vnknowen,vncertaine, and furd, And this kinde of proportion is 
found onely in magnitudes,as in lines and figures(and not in numbers) of which 
he of purpofe entreateth in his tenth booke.Wherfore I wil here omit to fpeake of 
it,and remit it to his due place. And fomewhat will I now fay for the elucidation 
ofthe firft kinde. 

Proportion rationall is deuided into two kindes,into proportion of equalitic, 
and into proportion of inequalitie. Proportion of equalitic is, when one quanti- 
tie is referred to an other equall vnto it felfe : as ifye compare 5 to5, or 7107, & 
{o of other.And this proportion hath great vfe in the rule of Coffe. For in it all the 
rules of equations tende to none other ende but to finde out and bring forth a na- 
ber equall to the number fuppofed,which is to put the proportion of equalitie. 

Proportion of inequalitie is, when one vnequall quantity is compared toan o- 
ther,as the greater to the leffe,as 8.to 4: or 9.to 3: or the leffe to the greater as 4. 
to 8:0r3. to 9. 

Proportion ofthe greater to the lefle hath fiue kindes,namely, Multiplex ,Super- 
particular, Superpartiens,M. ultiplex fuperperticular,and Multiplex {uperpartiens. : 

Multiplex,is when the antecedent containeth in it felfethe confequent cer- 
tayne times without morc or leffe : as twice, thrice, foure tymes, and fo farther. 
And this proportion hath vnder it infinite kindes.For if the antecedent contayne 
the confequentinflly twife, itis called dupla proportion;as 4 to 2. If thrice tripla, 
as 9.to 3. 12 4. tymcs quadruplaas 12. to 3. I£ s.tymes quintuplaas r5. to 3. And fo 
infinitely after che fame maner. 

Superperticular is,whé the antecedét containeth the confequent only oncé,& 
moreouer foe one part therof as an halfe,a third,orfourth,&c. This kinde alfo 
hath vnderit infinite kindes.For if the antecedent containe the confequent once 
and an halfe,therofitis called Se/guialtera,as 6. to 4:ifonce anda third part Se/qui- 
tertia,as 4. to 3:if once and a fourth part Se/quiquarta, as 5. to 4.And fo in like ma- 
ner infinitely. 

Superpartiens is,whé the antecedent cótaineth the confequent onely once, & 
moreouer more partes then one of the fame,as two thirdes, three fourthes, foure 
fifthes and fo forth. This alfo hath infinite kindes vnder it. For ifthe antecedent 
containe aboue the confequent two partes,itis called Superbipartiens, as 7. to 5. IF 
3. partes Supertvipartiens as 7.to 4» If 4. partes Superquadripartiens, as 9. to 5. If s. 

artes Superquintipartiens as 11.to 6. And fo forth infinitely. 

Multiplex Superperticular is when the antecedent containeth the confequent 
more then once, and moreouer onely one parte ofthe fame, This kinde likewife 
hath infinite kindes vnder it-For ifthe antecedent containe the confequent twife 
and halfe therofjtis called dupla Se/quialtera,as 5, to 2.Iftwife anda third Duple- 
Se[quitertia as 7.to 3.1f thrice and an halfe Tripla fe[quialteraas 7.to 2.1ffoure times 
and an halfe Ouadrupla Sefquialtera, as 9.to 2. And fo goyng on infinitely. 

. Multiplex Superpartientjis when the antecedent contayneth the confequent 
more then once,and alfo more partes then one of the confequent. And thiskinde 
alfo hath infinite kindes vider it. Forif the antecedent containe the confequent 
twife,and two partes ouct, itis called dupla Superbipartiens as 8. to 3.1f twice and 
three partes,dupla Supertripartiens as 11.00 4. H thrice and two partcs, itis named 
Tripla Superbipurtiens as 11. to 3. If three tymes and foure partes, Treble Super- 
quadripartiens as 31. to 9.And{o forth infinitcly. 

Here is to be noted thatthe denomination of the proportion betwene any 


rvo numbers, is had by deuiding of the greater by the leffe, For the quotient or 
number 
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number produced ofthas dinifiertis cuer the-dtnominatidn of the propartion. 
Whichin the firlt kinde of propottion,namely,multiplex,is euer a whofe number, 
and in all.other kindes of praportion itis. broken number. ay, 
Asifyewill know the denomination of the proportion berwene g and 3. De- 
vide 9.by 3, fo fhall ye haue in the quotient 3.which is a wholenumbcer, andis the. 
denomination of the proportion : and fheweth that the proportion betwene 9.8% 
jis Tripla. $o the proportion beewene 12.443. is quadrupla, for that 12. beyng 
deuided by 3- the quotientis 4, and fo of others in the ande of muluplex.And al- 
though in this finde the quoticrit be euér'a whole number, yet properly it is refer- 
red to vnitie,and fo is reprefented in maner ofa broken number as -+ and + forv-, 
nige is the dcnominaton to a whole number, .. i 
Likewife the denomination ofthe proportion betwene 4 and 3is 1. Il for that 
4 deuided by 3. hath in the quotientr one arid a third part,of which third parr, 
itis called fe(quitercia: fo the proportion betwene 7 and 6.is 1 — oneand a fixt, of 
which fixt partitis called fefquifexra, and fo of other of that kinde, Alfo betwenc 
7and.5 the denómination of the proportion is 1 — one and two fifthes,which de- 
nomination cófifteth of two: parts,namely;of the munerator and denominator of 
the quotient of z.and 5:of which two fifthes itis called /uperbipartiens quintas:for x 
the numerator flieweth the denomination of the number of the partes,and 5. the 
denominator,fheweth the denominatió, what parts they are,& fo of others. Alfo 
the denomination betwene 5 and 2. is 2 + two anda halfe,. which confifteth of a 
‘whole number and a broken, of 2.the whole numberitis dupla,and of the halfe, it 
is called fe/quiattera, fois the proportion dupla fefquialtera. 
Agayne the denomination of the proportion betwene 11. and 3. is 3 + three 
- and ewo thirdes,confifting alfo of a-whole number anda broken, of 3. the whole 
nambre ‘tis called tripla,and of ~ the broken number, itis called Superbipartiens 
-sereias forthe proportion is tripla.fuperbipartiens tertias . Thus much hetherto tou- 
ching proportion of the greater quantitie to the leſſe. 


Proportion of the leffe quantitie to the greater hath as many kindes, as that of 
the greater to the leffle, which kindes are in the fame order ; and haue alfo the felfe 
‘fame names,but that to the names afore putye muft adde here this word fub. As 
comparing the greater to theleffe, it was called multiplex, fuperparticular, fnperpar - 
fient, multiplex [uperparticular, and multiplex fuperpartient, now comparing the leffe 
‘ -quantitie to the greater,itis called fubmulriplex, fubfuperparticular, {ubfuperpartient, 
faim Juperparticular, and fubmaltiplox fuperpartient . And fo in like maner to 
all the inferior kindes.ofall fortes of proportion ye hall adde that worde fub. The 
examples of the former ferue alfo here, onely tranfpo(ing the termes ofthe pro- 
portion making the antecedent confequent, and the confequent theantecedent. 
As 4.to z.is dupla proportion :fo 2.to 4.is fübdupla . As 9.to 3.is tripla: fo is 3.to 
9 iabtripla , And as 9.to 6. is fefquialtera,fo 6. to 9. is fübfe(quialtera, As 7. to s. 
is üperbipartiens quintas fo is 5.to 7.fübfuperbipartiens quintas.As 5.to z.is dupla 
feíquialtera, fo is 2.to s. fübdupfa fefquialtera. Ad alfo as 8.to 3.is dupla fuperbi- 
partens tertias, fo is 3.to 8. fübdupla fuperbipartiens tertias . And fo may ye pro- 
€cde infinitely in all others. Thus much thoughtIgood in this place for the eafe of 
the beginner to be added touching proportion. 
l : Pro- 
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: Lhefifth Boske 
—— Proportionalitie, is a fimilitude of proportions. 


_ Asin proportion are compared together two quaittities,and proportion is nọ- 
thing els but the refpećt and comparifon of the onc to the other, and thefe quanti- 
ties are the termes ofthe proportion : fóín proportionallitie are compared toge- 
thertwo proportions: And proportionallitie is nothing els,but the refpe& & com- 
parifon of the one of them to the other. And thefe two proportions are the termes 
of this proportionallitie. He calleth ir the fimilitude,that is the likenes or idempti- 
tie òf proporti- . . — 
ons:Asifye wil ': mee Te : 
cópare the pro- A mir ei TUI ess e— 

Portion of the - ^ gu — 2 

ine A contay- "P ——— ss D? ee 
nyng 2 to the > | D — 
line B contayning 1,to the proportion of the line C contayning 6. to the line D 
contayning 3 either proportion is dupla. This tikenes, idemptitie,or equallitie of 
proportion is called proportionallitie. So in number 9.to 3.and z1.to 7. cither pro- 
portion is tripla . Where note that proportions compared together, are fayd to be 
like the one to the other: but magnitudes compared together, are faid to be equall 
the one to the other. i 





zai 


. d hofe magnitudes are fayd to haue proportion the one tothe 
other which being multiplied may exceede tbe one tbe other. ` 


: Befórehefhewed and defined what proportion was,now by this definition he 
declareth berwene what magnitudes proportion falleth faying: That thofe quanti- 
ties are Taid to haue proportion the one to the other, which being mulplyed,may 
excede the one the other. As for thac che” — 
line Abeing multiplied by what ſoeuer 
multiplication or nüber, as taken twife, . — : 
thrile, or foure, fiue, o£ morc times, or MUT P S EUIS 
once and halfe,or oncc and a third, & fo A b 
ofany other part, or partes, may excede 
and become greater then the line B:.or i ' 
contrariwife,then thefe two lines aie faid to haue proportion the oneto the other. 
And fo y¢ may fee that betivene any two quátities of onc kinde, there isa propor- 
tion.. For the one remayning vnmultiplied,& the other being certaine umes mul- 
tiplied {hall be greater then it. As 3.to 24.hath a proportion, for ee 
tiplied,and multiplying 3.by 9, yc fhall produce 27 : which is greater then 24,and 
excedeth it . Here is to be noted,that Euclide in defining what quantities haue pro- 
portion,was compelled to vfe multiplication, or els fhould not his definition be 
generall to eitherkinde of proportion : namely,to rationall and itrationall:to füch 
proportion I fay. which may be expreffed by number,and to fuch as cannot be ex- 
preffed by any determinate number, but reinaineth furd and innominable . In rati- 
onall quantitics which haue one conimon meafure,the exceffe of the one aboue 
the other is knowen, and by itis knowen the proportion, which may be expreffed 
by fome determinate number. Burin itrationall quantities which haue no cómon 
meafürejitisnotfo, For in them the exceffe of the oneto the otheris euer vn- 

knowen, 
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owen, éc therefore is furd,andinnominable, As berwene the ſide of a ſquare and 
ie — : vndoubtedly a preportion , for-thas the fide certaine 
times muluplied may excede.the diameter ,' Likewile beywene the diameter offa 
Circle and the circumference therofthere is cerzainlie,by this definition, a propor- 
n,for that the diameter certaine tinesanultiptied may excede.the circumference 
dre circle ; although neither of thefe proportions can be named &expreffed b 
number . Portltis caufe therefore vied Eudide this.naner.of: defining by multipl- 
cation. 2, b uan ER WP QM MIC 
b 


ea] gd 
i i : Loud iria BUD resi 
` ‘Magnitudes are fayd to bein Te PODOS Te fash de- 
__ tiongthe fit t0 the fecand, and tpe third co,the fourth, thea nmm 
the equmultiplices of the first and ofthe third beyng compa> 

red with the equimultiplices of the Jecond and. of the fourth, 
^. according to any multiplication either togetber exceede the 

one the other, or.together aré equall the one to the other, or 


together are leffe theone thencther,” | gus 


In the definition laft gding before, he fhewed what magnitudes haue propor- 
tion the one tothe other,:& now this diffinition,fheweth what magnitudes are in 
oneand the felfc fame proportion,and how to know whether they bein one and Am exemple 
the felf fame proportion, or not.Itis plaine that éuery proportié hath two termes, ofthiedefias 
fo that when ye compare proportion to proportion, ye mutt ofneceffitic haue_ 4, sonsa magne 
termes, that is,an antecedentand a confequent,to cither of the proportiós.As fup- "4 
pofe A,B,C,D, to.be foure Bastide A tlie fuf B the fecond,C the third, and 
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D the fourth inow if ye take the equimultiplices of A and C the firft & the third, 

that is,if ye multiply A and C by one and the felfe fame number, as let the multi- 

plex of A be E,andlet the equimultiplex of C be F. Likewifealfo if ye take the 

equimultiplices of B and D, the fecond and thé fourch,thatis if ye multiply them 

by any one nuimber,whether itbe by chatnuinber wherby ye multiplied A & C, 

or by any other number greater or leffe, as lecthe multiplex of B be G, and the e- 

quimultiplex of D be H: now irthe equimultiplices of Aand C be both greatet 

hen the eqnimultiplices of Band D, tharis'ifthe multiplex of A be greater then 

the multiplex of B, and the multiplex of C be greater then the multiplex of D, or 

if they be both leffe then they : or both equall to them, then are the magnitudes Anexample 

A,Band C,D in one and the (elfe fame proportion. in qumbers, 

*‘Likewile in numbers 8. to 6. hath a proportión,alfo 4. to 3. hath a proportion: 
erg A * Tij. now 
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besetefet vhebardiey be ia one and the (else Hime proportion SPHOe ec the 









$ffofdler as in the Béahiple here Wiktteh,8 the Me! Sidhe cond; 4 teed andy, 
she foürtii. Mow maké che - ediraltiblices o£ 8 asd 4: the rik aid the third 
"thapisamulilysheniby oneand die. e Bioy i o Eno adan aani 
athe unibes fspoteiebe by S-fosheti- > 

pleaF8 is axo &xhetriple of 4089 13: ike-— 


-Wifbituke dieequimaleplicese fé and 4. Pot 
thefecond and the fourth , multiplyeng 
them likewife by one and the felfe fame 
"rt memberlippelt ®helali bys ssbese hye. 

easy Yogi the mple of 6 is18. and thetiple ye. 

oS offiso. Nowye ie thar the tiple of 8 the fir namely, 24.excedeth the triple of 
Gythefecond;ngiriely 38 : Tikewke thé triple o£4the third riumber; namely, 12. 
excedeth the tiiple of 3.. the fourth namely,9. Wherefore by the firftpare of this 
defitition,che dushbtts 8 to é2and #103. arein, otieand the felfe fame proportio, 
geuf that the equimulripliges of 8 and 4. the fir & the third do both; exceedc 
the equimultiplices of and 3. the fecond and the fourth. dco e 

Another ex. S cAgainetoke tlie fme amber and try thefüiue after this maner: Take the 
mice equimultiplices of 8. and 4. the &ixftand the third mulujlieng eche by 3,as before 
numbers, — ye did, fo hall ye haue 24 for the tri- * 
lc o£ 8.and 12 forth 
ue A ai, âk 
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iadrupleoféthie ~~. 
pxoRdhumbébibayehauezae and. | — 00... 203 L3 
folthe quádrüple of thie fourth fiumber,ye hall Fane 12 And abue ye ſee that 
the cquimultiplices of 8 and 4. the firſt and the third, namely, 24 and 12. are both 
cquallto the multiplices ofs and 3. the ſecond and the fourth, namely, to 24 and 
12. Wherfore the numbers geuen,are by the fecond part of this definition in ope 
and the felfe fame proportion, becaufe the €quimultiplices of 8 and 4 the firftand 
the third,are both equall to the equimultiplices of 6and 3. the feconde and the 

fourth, — P 
An other Agayne to fhew the fame,and for the fulnes ofthe diffinition, take the fame 
evamplein — numbers 8,6,4,5. and take the equimultiplices of 8 and 4. the firft and the thirde, 
numbers, multiplieng eche by 2. fo haue ye 16 for the duple of 8, the firft number,and 8 for 
the duple of 4. the third.number ; then take alfothe equimultiplices of é and 3jhe 
fecótid ài idrhefaucthycfutiplijng sehe by 3.fo haue ye 18 for the triple of 6 the 





arid 9 fox the triple of 3, the. og, a ji 
oürth number. And.iow ye fee. that.” ag? LO a A 
ti&équimuliplités of 8 and 4 the | rp 7, 


fidtandthethird, namely;16,and 8 4 0. 

areboth leffe then the,equimultipli- . | Seed... 6 
cof Sand 3 thélecond Sethefourch =. 007 
hanjely'18 and.9, For 16 are leffe then, 

aroo Triad Sarelle thei o. Wherefore ee 

animer BY the third part of this diffinition,the numbers propofed are in one-and: the felfe 

{ime proportion, for that rhe equimültiplices of 8 and 4.the firftand the third are 

both léffe then the equtinultiplices of ¢and 3 the fecond and the fourth. s 

"s Ww Further 
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Fartherin this diffinition, this particle (according to any multiplication) is 
mott diligently to be confidered, which fignifiech by any multiplication indiffe- 
rently whatfoeuer. For whenfocuer the quantities be in one and the felfe fame 


proportion, then by any multiplication whatfoeuer,the equimultiplices of the firlt , 


and the third, fhall excecde the equimultiplices of the fecond and the fourth, or 
fhall be cquall vnto them, orle € then them. Yet it may fo happen by fome one 
multiplication,that the equimultiplices of the fitftand the third,dø exceede the c- 
quimultiplices of the fecond and the fourth,and yet the quantities geuen fhal not 
be in one and the felfe fame proportion. Asin this example here fet, where the e- 
quithultiplices of 6 and 5, the fir and thethitde, namely, 18. and 15, doo both 


exceede the equimultiplices of 4 and 8 15 

3. the fecond and the fourth, namely, Firt 6 | Third 5 | 
8 and 6. yetare not the numbers ge- I 

uen in onc and the felfe fame propor- Second | 4 Fourth 3 
tion. For 6 hath not that proportion | Ep T 


to 4. which s. hath to 3. In this exam- c 


ple 6 and 5 the firft and the third were multiplied by 3: which made their equimul- 
tiplices r8 and 15. which exceede the equimultiplices of 4 and 3, the fecond and 
the fourth beyng multiplied by 2. namely,8 and 6: bucifye fhall multiply 6 and 5 
the firftand the thirde by 2. ye hall produce 12 and ro for their equimultipli- 
ces, and then if ye multiply 4 and 12 10 >} 

3. the fecond and the fourth by 5. fo Fb 6 | Third 5 
thallye produce for their equimulti- 
plices 12 and 9. Now ye fee that by Second 4 | Fourth 3 
this multiplication the equimuttipli- [ E E J 
ces of the firftand the thirde doo not 
both exceede the equimultiplices ofthe fecond and fourth : for 12 the multiplex 
of 6 doth not exceede 12 the multiplex of 4. and therfore the numbers or quanti- 
tes are notin one and the felfe {ame proportion, for that it holdeth notin all mul- 
tiplicauons whatfocuer. 

Andbecaufe this diffinition requirethiall marier of multiplicatiós to bring forth 
the exceffes,cqualities;and wantes of the antecedents aboue,to,or vnder the con- 
fequents,to auoide the tedioufnes and infinite labour therof,I haue fetfortha rule 
much to be made ofand efter ay in any rational proportion pro- 
duce equimultipliccs ofthe fir(t and the thi imufti 
fecond andthe e rule is this, take two nambers whatfoeuer in that pro 
portion in which your quantities are,& by the number which is antecedent mul- 
tiply the confequents of your proportios,namely,the fecond and the fourth and 
by thé number which is the confequent multiply the antecedentes of your pro- 
portions,namcly,the firft and the third:then neceffarily fhalbe produced the equi- 
multiplices of the firt and the third equall to the equimultiplices of the fecond & 
the fourth.As by example,take 6 to a. and 3 to 1.which are in one & the felfe fame 
p & taking thefe two nübers 9 & 3. which are in the fame proportió, now 

y 9 the antecedent multiply the confequéts 2 & 1. and fo fhal ye haue 18 & 9 for 
the equimultiplices of the fecond & the fourth,then by 3 the confequent multiply 
the antedéts 6 & 3,f0 fhal ye haue 18 & 9 for the equimultiplices of the firft & the 
third,which are equal to the former equimultiplices of the fecéd & fourth. Whcr- 
ofitfoloweth thar ifye multiply 18 & o the equimultiplices of the firft and the 
third by any niiber greater thé 3.wherby they were now muhtiplied,they thal both 
eucr cxceede the equimultiplices of the fecond & the fourth:& if ye multiply thé 

E Ii.ij. by 
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of diuers 
Kindes, 


ThefifthBooke — 


by any number lefic then 3. they fhall euer both want o£ them. So that whatfoe- 
uer multiplication it be, they fhall euer both exceede,be equal,or want aboue, to, 
or from 18. and 9. the equimultiplices of thc fecond and fourth. 


Magnitudes which are in one and the felfe fame proportion, 
are called Proportional. 


As ifthe lyne A,haue the fame proportion to the line B, thac the lyne C hath 
tothe lyne D, then are the 


faid foure magnitudes A,B, 
C,D, called proportionall. 4 





c eam ⸗ïe ⸗ꝰ 


-Alfo in numbers for that 9. 


to3.haththatfameproportió ^'^ ^ Piece 

thac12 hath to 4: therefore 

thefe foure nübers 9.3.12.4. 

are faid to be proportionall. Here is to be noted that this likenes or idemptitie of 
proportió which is called,as before was faid proportionalitie,is oftwo fortes: the 
oneis continuall;the other is difcontinuall. Continuall proportionalitie is, when 
the magnitudes fet in lyke proportion, are fo ioyned together, that the fecond 
which ts confequent co the firlt,is antecedent to the thitd,and the fourth which is 
confequentto the third,is antecedent to the fift,and fo continually forth. So eue- 
ry quantltie or terme in this proportionalitie,is both antecedent and confequent 
(confequent in refpe@ of chat which wentbefore, & antecedent in refpect of that 
which followcth)except the firft,which is onely antecedent to that which follow- 
eth,and the laft which is onely confequent to that which went before. Take an ex- 
ample in thefe numbers,16.8.4,2.1. In what proportion 16. is to 8, in the fame is 
8.to 4, in the fame alfo is 4. to 2, and likewife 2. to 1. For they all are in duple pro- 
portion:16, the firlt is antecedentto 8,and 8. is confequentvnto it: and the felfe 
fae 8.is antecedent to 4 : which 4 beyng confequentto 8. is antecedent to 2, 
which 2 likewife is confequent to 4. and antecedent to r:which becaufe he is the 
Jaft,is onely confequent,and antecedent to none,as 16. becaufe it was the firft,was 
antecedent onely,and confequentto none, Alfo in this proportionalitie all the 
magnitudes mutt of neceffitie be of onekynde, by reafon of the continuation of 
the proportions in this proportionalitie, becaufe there is no proportion betwene 
quantities of diuers kyndes. Difcontinuall proportionalitie is, when the magni- 
tudes which are fet in lyke proportion, are not continually fet,as before they were, 
hauyng one terme referred both to that which went before,and to that which fo- 
loweth,but haue their termes diftin@ and feuered afonder : as the firft is antece- 
dent to the fecond,fo is the third antecedent to the fourth, Example in numbers, 
as 8 isto 4. fois 6.t0 3, for either proportion is duple.Where ye fee,how ech pro- 
portion hath hys owne antecedentand confequent difting from the antecedent 
and confequent of the other,and no one numberis antecedent and confequent in 
diuers refpectes.And by reafon of the difcontinuaunce of the proportions in this 
proportionalitie,the quantities compared,may be ofdiuers kyndes, becaufe the 
confequentin the firít proportion is not the antecedent in the fecond proportion. 
Sothatye may compare fuperficies to fuperficies,or body to body in the felfe fame 
proportion that ye do lyne ro lyne. 


When 


of £uclides Elementes. Fol.131. 


When the equemultiplices being taken, the multiplex ofthe mw au 
furftexcedeth the multiplex ofthe fecond, €r the multiplex of “fr 


the third,excedeth not the multiplex of the fourth : then hath 
the fir[t to theJecond a greater proportion,then bath the third 
to the fourth. 


In the fixt definition was declared what magnitudes are {aid to be in one and 
the fame proportion : now he fheweth in this definition what magnitudes are faid 
to bein a greater proportion . And here is fuppofed the (ame order of multiplicati- 
on,that there in thar definition was vfed : namely, that the firft and the third be c- 
qually multiplied,thatis,by one & the felfe fume niiber : and alfo that the fecond 
and the fourth be equally multiplied by 
the fame or fomc other number: and 
then ifthe multiplex of the firlt, excede 
the multiplex of the fecond:& the mul- 
tiplex ofthe third ; excede notthe mul- 
tiplex ofthe fourth,the fitft hath a grea- 
ter proportion to the fecond, then hath 
the third to the fourth . As fuppofe that 
there be foure quantities, A,B,C;D: of ` 
which let A be the firlt,B the fecond, C 8 
the third,& D the fourth. And let A the ` I " 
fict cótaine 6. andler B thefecond con 
tainé 2,& C the third 4. & D the fourth 
3: Now take the equimultiplices of A $ 
and C, the firlt & the.third,which let be 6 
Eand F,fo that how multiplex E is ta 1 
A fo multiplex let F be co C: name 
ly;for cxamplefake let either of them E 4 B G 
be triple : fo haue you 18. for the 
multiplex of A, and 12. for the mul- 
tiplex of C, Likewife take the equimultiplices of B & D,the fecond & the fourth, 
multiplying them alfo by onc and the felffame number,as by 4 : fo haue ye for the 
multiplex of B the fecond 8, namely, the line G, and for the multiplex of D thc 
fourth 12,namcly,the line H. Now becaufe tlie line E multiplex to the firft, name- 
ly,18 ,excedeth the line G multiplex to the fecond,natncly,8 : And the line F mul- 
tiplex to thc third,namely,12, excedeth not the line H multiplex to the fourth, 
namely,12 (for tbat they are equall)the proportió of A to B the fitft to the fecond, 
is greater then the proportion of C to D the third to the fourth.So likewifc in nü- 
Bers: take 11.02. & 7. to 3,and mul- 
REGE 7. (the firft, and the third) i1 t* 7 

y 2, fo fhall ye haue 22. for the multi- i — ea ea | 
gieyohheimddis mr me mu c] 0, P EP" i 
plex ofthe third: and multiply 2.and © | Second — 2 Fourth 3 
z.the fecond andthe fourth by 6: fo — uo 
fhalTthemultiplex ofthefecondbetz. . * — 
and the multiplex of the fourth be t8: 

— lijij. Now 


An example 
ef this defini 
tion in mag» 
nithdet, 


- An exampl 


in numbers. 


Note. 
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Now ye fee 22. the multiplex of the firlexcedeth r2,the multiplex of the fecond. 
Butrg.the multiplex of the third, excedeth not 18. the multiplex of the fourth: 
Wherefore the proportion of rr.to z.the firft to the fecondjis greater then the pro- 
ortion of7.to 3,the third to the fourth . And fo ofall other quantities and num- 
ers,which are notin one and the felfe fame proportion, ye may know when the 
firft to the fecond hath a greater proportion then the third to the fourth. 


gAn other example. 


This example haue I fetto declare 
a although the proportion of the m 187 
rítto the fecond be greater then the ; — — 1 
propottion ofthe third to the fourth, Ze TOTAM vd 
yet the multiplex of the firft excedeth Second 4 | Fourth 9 
not the multiplex of the fecdd. Wher- — 
fore it is diligently to be noted, that it 
is fufficientto fhew that the proporti- 
on of the firlt to the fecond is greater thé the proportion ofthe thiid to the fourth, 
ifthe wantor lacke ofthe multiplex of the firft from the multiplex ofthe fecond, 
be leffe then the want or lacke of the multiplex of the third to the multiplex of 
the fourth . Asin this example 16. the multiplex of 8. thefir(t, wanteth of 20.the 
multiplex of 4.the fecond,foure: wheras 18.the multiplex of g,the third,wáteth of 
45,the multiplex of 9 the fourth,27 . And fo ofall others wheras(the proportions 
bcing diucrs) the equimultiplices ofthe firt and the third are bothleffe , then tlie 
equimultiplices ofthe fecond and the fourth. Likewife if the equimaltiplices of 
the firft and the third do both excede the equitultiplices ofthe fecond & the firft, 
thé fhall the exceffe ofthe multiplex ofthe firft aboue the multiplex ofthe fécond; 
be greater thé the exceffe of the multiplex of the third,aboue the multiplex ofthe 
fourth . Asin thefe numbers here fet,the equinultiplices of 6. and 4. the firftand 
the third,namely,12.and 8.do both excede the equinmultiplices of z, and 3. the fe- 
cond and the fourth namely,4.and 6, Bur 12.the multiplex of the firlt excedeth 4.. 
the multiplex of the fécond by 4,and 8.the multiplex of the thyrd.excedeth 6.che 
multiplex of the fourth by 2. but 8.is 
more then 2. Howbeit this is general- . 12 ] 
Fir Third 


V 20 4j 


2 
ly certaine that. when foeuėr the pro- — — 
poruon of the ſirſt to the ſecõd is greæa ·- 

| Second 2° | Fourth - 3 
É — 
6 


4 


ter then the proportion of the third to 
the faurth, there may be found fome.. 
multiplication,that whé the equimul- 
tiplices of the firft and the third fhall ae Wigan 
be compared to the equimultiplices ofthe fecond and the fourth,the multiplex 6£ 
the firft fhall execde theinultiplex ofthefecond,& the multiplex of the third half 
not excede thc multiplex of the fourth,according to the plaine wordes of the de- 
finition . Do n A S 
In like mancr when you haue taken the equimultiplices of the firt & the third, 
and alfo the equimultiplices ofthe fecond and the fourth, if the multiplex. of the 
firlt excede not the multiplex of the fecond,and the multiplex ofthe third excede 
the multiplex ofthe fourth : then hath the firft to the fecond a leffc proportion, 
then hath the third to the fourth. As in thé example before, if ye chaunge the 


termes,and make C the firlt,D the fecond,A the third,and B the fourth:then fhall 
] F,namely, 
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F, namely, 12.the multiplex of the fitft notexcede H, namely; rz.themultiplex of 
the fccond: but Ejnamely,18.the multiplex ofthe third excedeth G,namely,8.the 
multiplex ofthe fourth . Wherefore the proportion of C to D, the firlt to the fe- 
cond,isleffe then the proportion of A to B,the third to the fourth, 

Euen fo in numbers. As in this ex- 
ample, 5.to 4.and 7.to 3.[fye muluply í y za 7) 


5.and 7.the firftand the third eche by Fit 5 | Third 
3; ye fhall for ehe multiplex of 5.the f 

firit haue 15. and for the multiplexof -Second g | Fourth 3 
7.the third fhall yehaue 21: againe if i ET UH 


ye multiply 4. and 3. the ſecond & the 

fourth by 6;for the multiplex of 4.the — 

fecond ye fhall haue 24,and for the multiplex of 3.the fourth , ye (hall hauc 18 . So 
yefee that 15.the multrplex ofthe firftjs leffe then 24,the multiplex ofthe fecond: 
and zr.the multiplex of the third is greater then 18.the multiplex of the fourth. 
Whercfore the proportion of 5.to 4.the firft to.the fecond is leffe then the propor- 
tion of 7.to 3.the third to the fourth. 


Proportionallitie con/ifteth at tbe lefl in three termes. 


Before it was fayd,that proportionalide is a likenefle oran idemptitic of pro- 
portions, Wh erfore of neceffitie in proportionalitie, there muft be two proporti- 
ons, and euery proportion hath two termes, namely, his antecedent and confe- 
quent.Therfore ineuery proportionalitie there are foure termes.But for that fom- 
tymc,one terinc fupplieth by diuers relations,the roume of two, forin relpe&t to 
theffirft itis confequentnd in refpectto that which followeth, itis antecedent: 
therfore three termes at leaft and not vader may fuffice in ae 

a 





three are in power foure,and occupy the rome of foure,as is fayd.Asfuppofe that 
A hath to B that proportion, that B 

hath to C: then are thefe thre quan-4 EET GR II 
tities A, B, C, fetin the left number B 

of proportionality. Likewife in num- e 

bers,as 8. 4. 2. and 9. 6. 4. — 


When there are three magnitudes in proportion ,tbe firft /ball 
be vnto the third in double proportion that it is to tbe fecond. 
But when there are foure magnitudes in proportion the first 
[ball be-vnto the fourth in treble proportion that itis to the fe- 


eund. Ind fo alwaies in order one more,as the proportion fhall 
be extended. 


This definition is alfo vnderftand in continuall proportionalitie. As if the thre 
magnitudes A, B, C, bce proportionall : then fhall the proportion of A the 
i liiij. firt 
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firltto C the thirde, bee 
doubleto the proportion A ee" 
Which is betwene A & B 

tne firk and the feconde, B 
thatis theproportið ofA c 
to B taken twife, or added 

ta itfelf (which is all one) 

fhall make the proportió of A to C.For the eafier vnderftadyng of this & the pra- 
€fc cherofjtthallbe much neceffary fomwhat to inftru& che rude beginner how 
pro portions may bc added one to an other. Which is done by this rule. 


the antecedent of the one proportion by the antecedé 





—, 












ikewyle-ruleip he confeq b 

the co: ent of the other,and the iced (hall be confequens oF the 

proportion which thal th - 4 
Cn example. TE ye will adde the proportion which is betwene 4 and a. (which 


is dupla) to the proportion which is betwene 9 and 5. (which is tripla) multiply 
g.the antecedent of the firft proportion by 4. the antecedent of the 
fecond proportion,and ye fhall produce 36. which referue andkepe 36 
for the antecedent ofthe proportion which yefeeke for. Likewife g 4 
multiply 3 the confequent ofthe fic proportion,by 2 the confe- 3 2 
quent ofthe fecond,fo fhall ye haue 6. which 6. thall be confequent 6 
to the former antecedét, namely, to 36: fofhal theproportiówhich —  — - 
isbetwene 36and 6. namely fextupla,contayne init the two proportions geucn, 
namely,cripla,and dupla.Aud by this meanes are they added together,& brought 
into one. And by this may yeadde all other kyndes of proportions whatfoeuer 
they be, Now for that the diffinition fayth, that if there be three quantities in pro- 
portid,that is, what proportié the firft hath to the fecéd, the fame hath the fecond 
to the third,which for example let be triple,as in thefe nubers,27. 9, 3.adde triple 
to triple by the ruleabouefaid. And forafmuch as itis eafier to worke in finall nú- 
bers then in great,reduce thefe proportids to theyrleaft denomination:So 27, to 
9.rcduced to the left termes in that proportion, is as much as 3. to 1. Likewife 9.to 
3 reduced to theyr left termes arealfo as much as 3 to 1. now adde together: thefe 
two triple proportions thus reduced, multiplyng 3-by.3. the one antecedent by. 
the other,fo (hall ye produce g for anew antecedent, then multiply 1 by r.che one 
confequent by the other, fo fhall you produce 1. which let be confequentto 9. 
yourantecedent,fo the proportion benwene 9 and 1. which is noncuple contay- 
neth both the two triple proportions. And becaufe they were equal the ane to the 
otlicr,itis duple to eche of them. Ye fee alfo that the proportion of 27 to 3.the firlt 
to the third jis alfo noncuple. Wherfore according to the definition, the proporti- 
on of the firlt to the third,is double to the proportion ofthe firk to the fecond, as 
$to 1. bcyng noncuple, is double 3 to 1. which is triple, becaufe it contayneth it 
twife.: E ar : t 

So ifthere be 4. quantities ia contiriuall proportion,the proportion of the firft 
to the fourth, (hall be triple to the proportion which is betwene the firft and the 
fecond,thatis, it (hall contayne it three tymes.As for example, Take 4.numbers in 
continual proportion 8.4.2.1. Ye fee thatthe proportié of 8 tor. the firft to the 
fourth,is octupla : che proportion of 8 to 4. the firlt to the fecond is dupla, now: 
treble dupla proportion, that is, adde 3. dupla proportions together, by the rule 
before geuen,as ye fec in the example. Multiply all the antecedentes togeier z 

S 
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the antecedent ofthe firft proportion, by 2. theantecedent of the fecond,fo haue 
ye 4: which 4.multiply by 2 the antecedent ofthe third proportió, fo fhal ye haue 
8 foranew antecedent. In lyke maner multiply all the confequentes together, 1. 
the confequent of the fisht proportion by t. the confequent ofthe fecond propor- 
tió.fo fal ye haue r,which r.multiply agayne by r. the cóféquent of the third pro- 
portion .fo fhall ye haue agayne 1: which r. let be confequent to your former ante- 
cedent 8: fo haue yc 8 to r.v/hich is octupla, which was alfo the proportion ofthe 
firft to-the fourth, whichio@upla is alfo brought forth ofthe addition of thre du- 


fa proportions together, and contayneth ic three tymes, wherefore octupla is tri- - 


irs to dupla,and therfore as the diffinition fayth: the proportion ofthe firft to the 
fourth is tripla to the proportion of the firft to the fecond. And fo confequently 
forth as fong as the proportionalitie continueth accordyng to the fentence of the 
diffinition, the termes of the proportions exceding the number of proportions by: 
one.As if ye haue 5. termes in proportion,the proportié of the firft to the fifth fhal 
be quadrupla to the proportion of the firft to the fecond, and if there be 6.termes, 
itfhallbe quintupla and fo in order. 


eMagnitudes of like proportion, are fayd to be antecedents 


to antecedentes and confequentes to confequentes. 


For that before it was fayd, that proportion wasa relation orarefpect of one 
quantitie to an other,now fheweth he what magnitudes are fayd tobe of like pro- 
portion,namely, thefe whofe antecedents haue like refpe&t to their confequentes, 
and whofe confequents receyue 
like refpectes oftheir antecedéts. 
As putting 4. magnitudes A,B,C 
D.IfA antecedent to B, be dou- 8 ———— Do — 
ble to B,and C antecedent to D, 
be double alfo to D,théhaue the 
two antecedentes like refpectes to their confequents.Likewife ifB the confequent 
be halfe of A,and alfo D the confequent bc halfe of C, then the two confequentes 
Band D receiue of their antecedentes like re(peétes and relations.And by this dif- 
finition,are thefe magnitudcs A,B,C,D, of like proportion. 

Alfo in numbers,9. 3. 6.2:becaufé 9 the antecedentis triple to 3. his confe- 
quent,and the antecedent 6.is alfo triple to 2 his confequent : the 
two antecedéts 9 and 6 haue like refpe&tes to their confequentes, 9. 6. 
and becaufe that 5 the confequentis the fübtripleorthird partof 3. 2. 

9. his antecedent,and likewife 2 the confequentis the fubtriple or 
third part of 6. his antecedent,the two confequentes 3 and z-receiue alfo lyke re- 
fpe&tes oftheir antecedentes, and therfore are numbers of like proportion. 


Cc > 





‘Proportion alternate, or proportion by permutation is, when 
the antecedent is compared to the antecedent, and the confe- 
quent to the confequent. 


The vnderftanding of this definition & ofall the definitions following, depen- 
deth of the definition going before,and vie it for a generall fuppofition namely, to 
— haue 


The eleuenth 
definition. 


Example of 
this definition 
in maguitudt. 


Example in 
numbers 


The twelfth 
definition. 


Example of 
this definition 
sn magnituds. 


Example in 
numbers. 


T betbirtentb 
definition, 


Ex.mple of 
tii definit on 
12 magntt ids. 


Example in 
numbers, 


Thefourtenh 
definition, 


Example of 
this definition 
in magaitudi, 


Ne fſub Bole 


hauc foure quantities in proportion. Suppoſe foure magnitudes A,B,C,D,to be in 
proportion,namely,as Á is to B, fo let C beto D. Now if ye compare À theante- 
cedent of the firft proportion to C the antecedent of the fecond as to his confe- 
quent, & likewife ifye compare 

B the cófequent ofthe firit pro- A 
portion asan antecedent to D. & 
the confequent of the fecond as 

to his confequent : then fhall ye hauc the magnitudes in this fort : as A to C,ante- 
cedent to antecedent,fo B to D,confequent to confequent,& this is called permu- 
tate proportion oralternate. In numbers as 12. to 6,fo i 
8.to 4. citheris dupla. Whereforc by permutationof — Dwplt Duple 
proportion, as r2.to 8.antecedent to antecedent fo is 6. a 


wm 
to 4.confequentto confequentforeitherisfefquialtera. — T^^ Eo T * 


Sefquialter. 





c 


D 








Conuerfe proportion, or propor tion by conuerfon isswhen the 
confequent is taken as the antecedent , and fo is compared to 
the antecedent as to tbe confequent. 


Suppofe as before foure magnitudes in proportion,A,B,C,D,as A to B'fo C 
to D : ifyereferre B the confequent of the firtt proportion,as antecedent,to A the 


antecedent of the firlt,as to his confeguent : and likewile if ye referre D the confe- 
quét of the fecond proportion as an- a c 


tecedétto C the antecedét of the fe- 
cond proportió, as to his cófequent: ? 
thé hall ye haue the magnitudes in thys order.As B to A cófequent to antecedét: 
foD to C confcquentto antecedét.And thys is called cóuerfe proportion.So alfo 
in numbers, 9.to 3, as 6.to 2, eyther is tripla,wher- 








———— 3 —— 


eo 
fore comparing 3.to 9,theconfequentofthefirtto Triple Triple 
hys antecedent o, and alfo z.the confequent of the c^ c^ 
fecond to hys antecedent 6, by conuerfe proporti- 9-3 3: 6.2 
on it commeth to paffc as 3.to 9, fo 2.to 6: Forei- T ; 
ther is fubtripla. Subtriple. Subtriple. 


Proportion compofed, or compofition of proportion is, when 
the antecedent and the confequent are both as one compared 
vnto tbe confequent. 


Suppofe that in the former foure A 








: Sia c * 
— in proportió, A,B,C,D, 
as Á isto Bfo is Cto D: ifyeadde 5. —— —— Bx : 
A and Bthe antecedent and the confequent 
of the firft proportion together,and compare A.B t. 
them fo added as one antecedent to B the c 


confequent of the firft proportion as to hys 
confequent:and likewile if yeadde together 
CandD, 


of Emp tides Phoneme. Foli34.. 


AGE Dos aper eden ditte onfequeaviofifecordqpe pottion. ana fo ad- 
ded,compare them as one antecedent to D the. confequent.of thefecond propor- 
tion,as to his confequent:then (hall ye hauc'the thiaghitude? Th'this order. As A B 
to B,fo C D to D, for either of them is tripla.And this is called compofed propor- 
tion, or compofition of proportion, And fọ alfo in numbers. As 8.to 4, Ñ 6.to 

l: Standy eatha ad ébfifequent oF the Birftgib 0 00 0T 

. porrionaddedrovethiensHake 12: which 12iaf antecedent dou 4.4: 6" 

"pate to 4:xlié EbfilequeneBFfh éRifl proportion ásto hiscon£ 7 17 ^ 
fequent : fo adde together 6.and. 5, theantecedent and coti- 
fequent of the (econd proportion,they make g:- which gis 0757 0c : 

antecedent onp to3theconfequent ofthe fecond própórtion,as to kiskot- 


equencnfofhatbyetaue by compofition of ptopoition;is t: .to 4;fo 9.to jpg 
ther of ihem is tripla. 200255. 2 onm vd HET 
e ; i E ; . o23n3b 


moo 







22 
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no Proportion derided, or dinihoh of proporti is, when thk ex- 
i. ceffestberein tbeantecedent excedetb tbe confequent,ty cop 
T^ parell'to the confequent. 55 O o. rane 


2e 





Thys def nition is the conuerfe ofi the definition goiügriext before : in -i& was 
vied compofitiofi,and iu.thys.is vfed diuifion.. As before fè pow fu ppofe fóure 
magnitudes in proportion A B the firft, tbe fecond, C D. thethitd , and: D the 
fpurth:as A BtoB: fo CD toD: 75,4 — n 
AB, theansscedent bees pros 000 ———— 9 dun 
sporuon exeedeth, B the confequent Lut LES 
—— — — — ru 
tude A, wherfore A is the exceffe of the antecedent A B aboue che confequenc B: 
folikewife C D the antecedent ofthe fecond proportion, excedeth D the confe- 
quent of the fame proportion, by the quantitie C , wherefore C is the exceffe of 

~,the antecedent C D aboue the eonfequent D . Now ifye compare À the exceffe 
Of A B ht ft anteceddit uboue the confcquent B,as antecedentto B the con- 





quent; aste his confequent : alfo if ye compare D the exceffe of the {econd an- * 


tecedent € D, aboue tlie confequent D, as antecedent to D the confequent,as to 
“his confeguent - then (hall your'magnitudes be in this order. As A to B; fois C to 
-D : whichis. called diuifiy ef proportion,bs proportion deuided. 

“And {qin numbers, as 9,t0 6,f0 12.to 8 ,éither proportion 
"ísfefquialtera ‘the pete orn the antecedent ofthefirlt! 9.6: 12.8 

woportion abauc.6.the copfequent of the fame is 3 : the ex- ; i 
dc obse Aiecrden aee fecond pro — Jeb: ub : 
\he confequent ofthe fame,is.4:-then if yodginpare 3.the &x- I is 
cefíc of 9.the firit antecedent aboue the confequent, as anteccdent to 6,the confe- 
quent,as to hys confequent:and alfo ifye compare .4 the exceffe of 12. the lecond 
antccedent aboue the confequent, as anzecedent, to 8. the confequent,as to hys 
confequent,ye fhafl hauc your numbers after this maner by diuifion of proporti- 
“Oni, a5 3.0057 fo 4.10 8 : for citer proportion isfubdupla. :' m 


Conserfioof pragortion (which of the elders. is commonly tal- 
ded everfe proportion sor euerfio of proportion )is,whë thean- 


tecedent 


Example D 
Amn 








DW. 
akan 


The fiftene 
definition. 
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sean 
This isthe co= 
uerfe of cbe 
former difini- 
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magnitudes, 


Example in 
nambers, 


The fixreme™ 
definitions 


An example 
ofthis defini- 
tion in mag- 
nitndas, 


vn example 
ba numbers. 


The fenitenre 


definition, 


An example 
of this define 
sonin mage 
witudet, 
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as vibecedent isccompared tothe exceffe, wherein the antecedent 
a3 du Satz teet Gt d 











de ugue ABUS. s ; e d DGIN 
& x excedeth the tonfequen yelled roars i ueo zid o z no. 
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RENN CE ES MEd bi — A. x Dat * PAS 
“Foure magnitudes. fuppofed as before, A B thefirit, B the,fecond, CD the 
dhird,and D the fourth, As A B tg A, fo C D' to C:.A B the antecedent of the firft 
proportion excedeth B the con(equent ofthe fame by the magnitude A , wherg- 








foreA istheexecfleof the antgce-- 5; A Boles sh 
dent A B aboue the confequent Bs. ..- — e 
foalfo che magnitade, © is theex-., S - 2 — “1B 
celle of C D the antecedent ofthe (econd proporionaboue D the confequent of 


the fame: nowif yereferre A B the antecedent of the firt proporion,as antece- 
dent,to A the exceffe therof aboue the confequeat B, as to his confequent : ifye 
compare alfo C D the antecedent;o£the fecond próportion as antecedent to C 
the exceffe thetof'abóue the confequent D , as uni confequent ; then fhall your 
magnitudes come to thys order, ASA B to. A, fo'C'D to Cyand:thys is called 
conuerfion of proportion, and of fome everfion of proportion. Likewyfe in num- 
bers, as 9.to 6, 10 12.to 8. cyther proportion is fefquialtera: © ~* “°** 

the exceffe of g.the antecedent of thefirt proportionaboue 9.6: 12.8 

6:the confequent of the faine js 3: tht exceffe oftz. theante- O34" 44 
‘cedent of the fecond proportion abolie’8 the confequent of Bee Fh, Boe, 
the fame, is.4: now cdpare the antecedencef the firlt propor- 122. I 
tion 9. as antccedérto 3. thc exceffe cherof aboue 6. thé confequét, 48 to his con- 
fcquent, likewife compare 12. the antecedent ofthe fecond proporttonas antece- 
dent to 4.the exceffe therofaboue 8.the confequent,as to his confequent: fo fall 
your numbers be in thys order by conuerfion of proportion : as 9.t6'3: fo 12.toig: 
fot either proportionis triple. S3 d zd AUS — i 











= as 231 Pu 

Proportion of equalitie is,iben there are taken a imber of 
magnitudes tn one order,and alfo as many other magnitudes 
in an other order,comparing two to two beyng in the ame prp 
portion,it commeth to paffesthat as in the first order of mage 
nitudes,the firit is to the lafl Jo in the fecond order of magni- 
tudes is the firft to the laft. Or otherwife it isa compari- 

Jon of extremes together the middle magnitudes being taken 
away. ; : e: 


aci 


. "oet roten lA, 

Tothe declaration of thys definition are required two orders of magnitudes 
equall in number , and in lyke proportion : Asif there be taken in fome deter- 
minate number cctrayne magnitudes, namely, foure, A, B, C,D . And alfo in 
the fame number Le taken other quantities, namely, foure, E, F, G,H : then 


take the equall:proportions by nvoaddavo: as A to B, fo Eto E: np © 
: Å ` o F to 
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foFtoG: andas C tb D,fo G js: 
to H. Now according to the fit f 
definition, if A the firt magnitude 
ofthe fu[t order be to D the laft mag- 
nitude of the fame order ;.as E che 
firt magnitude ofthe fecond order is 
to H the !aft magnitude the fame, 
thenitis called proportion. of equa- ` 
lite, or equall’ proportion + 





By the fecorid definition , which 
is all one in fübflance wirh the firft, 
ye leaue she meane magnitudes in 
eyther order, namely, B, © on the 
one fide, and F,G on the other fide, 
andonely éónipáre che extremes o£ 
ech fide togcther , which by thys de- ÁA PcP 
finition fhall be in lyke proportion ,as A ls to D, fo is 


E to H. 

Eucn fo in numbers, take for example thefe two orders, 
27.9.12.24.35.and 9.3.4,8.:5. there are-in eche orderas 
ye fec, fiue numbers, then fee chatall the proportions taken 
by two & two belike : betwene 
27.8 9, numbers of the firft or- 27 9 5 
derandbetwene 9.and 3;num- 9 3 á x 
bers of the fecond order, there. nob 4 . 
is one andthefelf fame propor- 24, |. 8 cde 
cid,namely,tripla: alfobetwene | ^ 1$ f sO — 
9. and 12, numbers of the firt ^ |. 7. m ugs 
btderànd 2nd 4, numbers ofthefecond Vider, is likepro- | i 
pection,namely, fubfefquitertia proportion: fo:berwene 12...) | 
and 24, numbers ofthe firft order, and 4. and 8, numbers of | 
the fecond order, is alfo lyke' proportion, hahély; fubdupla: ~ | ix 

i 


Laht ofall betwene 24.and 15,numbers ofthe firtrowe,and ^4.? Py 
betwene 8.and 5, numbers of the fecond rowe,the proportion is one, namely, fu- 
petripartions yuilitas ; Wherefore by thisdefihidon, lcauibig out all the meane 
muntibers of echelide,ye nly Compare toperhier dhely the exttemes,and conclude 
that as 27.0f the firft row is to 15. the laft of the fame row; (0 is 3. the firt of the 
fecond rowe to 5,the laft of the famerowe : for the proportion of échis fuperqua- 
dripartiens quintas . i Qua ure pie tee 
Here is to be confidered;thatit is not'óf nécéffitie chat all the proportions if 
eche rowe of numbers be fetin like order, as in the one fo in the deter’: burt it hall 
befufficient thatthe proportions be the fame and in equall number in eche.rowe, 
Whether it bein the felfe fame order, or in contrary, orinuerted order, it iri eh 
nomatter, Aciithefe numbéés 2226. 2. in die fiiftrow,and 24.8:4: - | — 
in the fecond , As12.is to 6jthiefirftto the fecond ofthe firtrow,fo "i2 | 24 
is 8.0 4. the fecond to thechird of ihe fecond row * either is duple — 


proportion’. And as 6, tó^$:the fccond to'the third io the fir ^ — 2 2; 2 
AE t Jdwn.oiqhoupotc223:bLIGg c «Kk Agder: 
Aoin] T uas 






An exami 
in numberse. . 


The eight- 
tenth defini- 
tion. 


An example 
of this defini- 
tion in mago 
wisudes, 


Example in 
numbers. 


The uintentb 
definition. 


Anexanple 
ofthis defini- 
tion in magnis 


tudet. 


Example in 
number, 


Theffib'Boke — 


order : fo is 24. to 8. the firit to the fecond in the fecond order; Where ye 
fee chat the proportions arc not placed in one and the felfe fame orderand couríe; 
and yetnotwithftanding ye may conclude by equalitie of proportion, * 
leauing the meancs 6.and 8: as 12. to 2.thefirftco thelaltofthefirftor- 12 24 
der, fo 24.to 4. the firltand laft of the fecond order. Andfoofothers 2 4 
what {oeuer and how focues they be placed. 


e/fn ordinate prcportionality is,when as the antecedent is to 
the confequent, fois the antecedent tothe confequent, and as 
the confequent is to another, fois the confequent to an other. 


Forthe declaration of this definition are alfo required two orders of magni- 
tudes . Suppofe in the firft order,thac the antecedent A,to his confequent B,hauc 
the fame proportion that the antecedent D, hath to his c6fequent E in the fecond 
order : and make the confequent B i 











antecedét to fome other quantitie, A D 

asto C . Alfo make thc confcquent 

KEantecedétto an other quádtie, as FI—— 
to F, fothatthere be the faine pro- G, —, " pit 


portion of B to C, which is of Er 
to F. And thys difpofition of proportions is called ordinate proporti- 


onalitie . Likewife in numbers, 18.9.3. and 6.3.1. As18.to g.antece- 18 6 ` 
dent to confequent, fo is 6. to 3. antecedent to corifequent: eitheris 9 3- 
dupla proportion : andas 9.theconfequentis toan other, namely,to 3 r 


ocd 


the number 3, fois the confequent 3. td an other, namely , to vnity, — 
And this ordinate proportionalitie may be extéded as farre as ye lift, a$ ye may feé 
in the example of numbers in thé definidon next before. . IU 


cAn inordinate proportionality is. when as the antecedent wa 

to the confequent,fots the antecedent to the confequent : and 
as the confequent is toan other, Jo isan other to the antee 
cedent. niad Et : 


dish i id 
"This definition alfo as the other before, requireth two orders of magnitudes, 
Suppofe in the firt order that the antecedét A be to the c6fequét B,as the antece, 
dét C, in the fecond ee s : 0 B 
oidétistothe confe- ,. . . ,. - L É — y3 
qüerit D, &lecBthe uh 
confequét of the fit B 
proportó be to fome , 
other,namely, to the 
magnitude E, as fome 


‘Other, namely, the magnitude E isto theantecedent C of the fecond proportió: : 


E S — — u 


D p 








i — 


eert . roe ? n . t 
this kinde of propottionalitie is called inordinate or perturbare. 


Take al(o an example in numbers, as 9 to 6.the antecedent to. 9 3. «^ 
ché confequent;fo is 3 to 2 theantecedentto the confequent,ei- | 6... 2.4 
therproportié is fefquialtera,and as 6theconfequencofthefrt 3 6 — 
moe ` proportion,, 


of Enclides Elements. Fol. i3o. 


proportion,is to an other,namely,to the nunber 3:fo [5 another namely, the num- 

ber 6. to 3. theantecédent of thefecond proportion, for eytheris dupla propor- 

uon. : NIA DEI i i E a : 
An extended proportionality is, when as the antecedent is. to 
the confequent,/o is thevantecedent tothe confequent, and as 


the confequentis to another fo is the cori quent to an other, 
oy hh a CE SOS i 


Sm LOM apa ol 
eA pertu bate proportionaliie is,when, thre'ima ighitudei be- 
‘ing compared to three other magnitudes, dt cometh to pale, 
_thatas in the fir ft magnitudes the antecedent is tothe confe- 
‘quent, foin the fecond is the antecedent to tbe confequent,¢> 
>. asin thefirst magnitu dei tbeconfequentisto an other mag- 





. mitude, Join tbe Jecond magnitudes isan other magnitude to 
the antecedent. " T 


« Thefe twolaft definitions here putby Zamberte fcemeall one with the other 
two lat before fet: Wherfore it is not lyke that they vere written and. fet here by 
Enclide for that they feeme not neceffary;butrather füpcrflüóus, neirhér arc they 
foundin the Grecke examples commonly fccforth in print, nor mentioned of a- 
ny that hath written commentaries vpon Enclide,olde or new: Not of Campane, 

“Sceubelius, Pellitarins,Orontius, nox Flufates: whesforeitis notofnecefitie to adde 
vnto them any explanation or example either in magnitudes or in numbers, The 
examples of the two laft definitions fet before, may likewile ferue for them alfo. 


A | d 





sa be Y. T heoreme. 7... Thea. Propofition. 





ee Jf there bea number o f magnitudes bow many foeuer eque 

~ <- multiplices to a like number of magnitudes ech toech: how 

“~ multiplex on magnitude is to one fo multiplices are allthe 
magnitudes to al. 





Vppofe that. there be a number of magnitudes namely, 
CHORES || 4 Band DC equimultiplices toa like number of mage 
AY LOS nitudes Eand F ech to ech. Then I fay, that how multe 

ao K iplex AB istoE, fo multiplices ave AB and DC to E 

Wand F. For forafmuch as how multiplex AB is to E, fo 
(multiplex is D C. to F,tberefore bom many magnitirdes 
J there are in A18 equall'ynto E. fo many are there in DC 


— i Kky. equall 





The 10. 
definitict 


The z1 definie 


NOR 


Thefe to lafl 
dcfiniticns 
not found in 
the greeke exe 
amplerts . 


arsi The fifth Booke 0 
Conftrattion, equall Onto’ F. Denide A'B ‘into the magnitudes: ^ Aio n5 t 3n 
which are equall yntoE that is into 4C andi? Bj. o ponas 
and likewife D C into the magnitudes which are e- 
Demonia- quallynto F,tbat is nto D Hand HCNow then. | EN 
tin. the multitude of thefe'D Flex H Cis equall’ynto® > NP 
2 themultitude of thefe AGG B. ANd forafinnch $ 
"as AG is equallonte Ejand.D H vato E: therfore 
AG and D H re equall'pnto E and F: and by the 
Sante afo much as G.B is equal Ynto-Ejand 
ous vo HOynsto F, GB alfoand: HC areequall onto E. ta, e 
l and F: Wherêforė how many magnitudes there are 27V 





F 
in AB equall’vnto E fo many are therein AB and DC p ynto Ez FÉ. 
Wberefore bow multiplex, A 'Bis-to E5fo-minltiplices ark d aud ID C to E and 
F. Tf therefore tbere be a number of magnitudes bow many focuer 'equemultiplie 


ces tà à like number of magnitudes ech to ech how multiplex one magnitude is to 
ene fo maltiplices ave all she magnitude’ ta all: which was required to be proued. 


Sa The 2.Theoreme. The 2. Propofition. 7 
^ Ifthe frf be egüemultiplex t tbe fécond as the third is to the 
ſourth, and if the fiftb alfo be equemultiplex to the fecond as 
‘the jixt is to the fourth:then fhall the fir/t and the fifth compo- 
‘fedtogether be eguemultiplex:to the fecond,asthe thirdand 
- „Ebe fixt compofèd together is to the fourth., ait 


Sia Vppofe that there be fixe quantities, of which let AB be the firSt,C the 
R fecond,D E the third,F the fourth BG the fifth er E H the fixt:and 
CSE |nppofe that the fir/t, AB, be equemultiplex into the fecond,C, as the 
third, D Ets to the fourth,F: andlet the fift, BG, be equemultiplex ‘nto the 
fecond C asthe fixt,E H,is to thefourth,F. Then I fay, that the firit and the 
fifth compofed together which let be.A Gis equemultiplex nto the fecond,C as 
the third and fixt compofed together, which let be D H, is to the fourth,F.For 
poss "t forafmuchas 4D is equemultiplex to C, as D Eis 
to F, therefore how many magnitudes there are in | 
AB equallvntoC, fo many magnitudes are there in 
1D E equall'wito F : and by tbe fame veafón bow ma» $ | 
ny there arein BG equall nto C,fomany alfoare | 
therein EA equall ynto F. Wherefore bow many. | 
there are in the whole AG equall'pnto C fo many are 
therein the whole D H equall ynto F. wherefore 
how ñultiplex AG isvnto C, fo multiplexis «DH — 7 
dnto F. Wherefore the firft andthe fifth compofed ~ 
J together, 


A 
D 


E 
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together namely, AG is equemultiplex ‘onto the fecond C, as the third and 
the fixte compofed together, namely, D H, is to the fourth F. If therfore 
the firft be equemultiplex to the fecond as the third is to the fourth ,and if 
the fifth alfo be equemultiplex to the fecond as the fixt is to the fourth: then 
hall the firft ox the fifth copofed together be equemultiplex to the fecond, as the 
third and the fixt compofed together ,is ta the fourth : which was required to be 
proued. 


Sap T be 3. T beoreme. The 3. Propofition. 


Uf the firft be equemultiplex to the fecond,as the third is to the 

Sourth,and if there be taken equemultiplices to the firft Cx to 
the third: they hall be equemuleiplices to them which were 
aft taken, the one to the fecond, the other to the fourth. 


SGV ppofe that there be foure magnitudes, of which let A be the firt, B the 
Si Jecond,C the third and D the fourth. And let the firft,A ,be equemulti» 
QA plex to tbe fecond,B,as 5 third,C, is to the fourtb, D. And'ynto A and 
C take equemultiplices which let be E F and G H. , fo that bow multiplex E F 
is to A, fo multiplex let HG be to C. T ben I fay,that E F is equemultiplex yn» 
to B,asG His vito D.For forafmuch as E F is equemultiplex onto A,as G H 
is nto C, therefore bow many magnitudes 
there are in EF equall ynto A, Ju many 
magnitudes alfo are there n G H equall 
nto C. Let E F be denuded inito the mags 
And by the fame reafon K F is equemultis z ES 
plex nto B,as L. H isto D. Now then 
there are fixe magnitudes whereof E K is the firt: B5 fecond:G L5 third: D3 
fourth: K Fthe fftb: L. FI the fixt. And forafmuch as the firft EK is equemule 
tiplex to the fecond B, as the thirdG Lis tothe fourth D: and the fift K Fis 


F 
nitudes that are equall pnto A, that is, into | 
EK and KF. And likewife G H into 
K 
E 
equemultiplex to the fecond B,as the fixt L Histo the fourth D: therefore( by 
Kkiy. the 


the magnitudes equall ynto C, that is into 
GL and LH. Now then the multitude 
of thefe magnitudes E K and K F ,is equall 
‘pntoy multitude of thefe magnitudes GL 
and LH. And forafmuch as A is equemul- 
tiplex to Bas Císto D : but E Kus equall 
vnto A and G L'ynto C , therefore E K is 
equemultiplex "puto'B, as G L is ynto D. 


L 


AC 


—— — 


Conf] ruBlion. 


Demonflra- 
sion. 


Conf ation. 


Demondra- 
bon 


' quemultiplices K © L, 
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the fecond of the fift) the firft ox the fift compofed together namely, E Fis eques 
multiplex vnto the fecond B, as the third and the fixt compofed together namee 
ly, G H is to the fourth D If therefore the fir/t be equemultiplex to the fecond, 
as thethird is to the fourth , and if there be taken tbe equemultiplices to tbe irf 
and to the third,they fhall be equemultiplices to them which were firft taken, the 
one to the fecond,ther other to the fourth : which was required to be proned. 


The 4. Fheoreme. The 4.Propofition. 


Ff the firft be ynto the fecond in the fame proportion that the 
thirdis to the fourth : then alfo the equemultiplices of the 
Sirf ana of the third, unto the —— of the fecond 
and of the fourth accordyng to any mnltiplication,fhall haue 
the fame proportion beyng compared together. 


[Xe V ppofe that there be foure magnitudes, of which let A be the first, B 
RY lehe Jecond,C the third and D the fourth. dndlet the firft A bento the 
Se Vecond Bin the fame proportion that the third Cis vnto the fourth D. 
And to A and C take equemultiplices E and F, and likewife to B and D, any 
other equimultiplicesG eg H.T bi I fay j as Eis toG fois F to H.Vnto E cr 
Ftakeequemultiplices K 
«€ Lyc vntoG and H 
any other equemuleiplie 
ces, thatis, Mand N. 
And forafmuch as E is 
equemultiplex "pnto A 
as Fis pnto C and'ynto 
E and F be taken tbe e 





therfore( by the 3. of the 
fifth) K is equemultis 

plex to A, as Lis to C: 

and by the fame reafon 

alfo M is equemultiplex 

"onto B, as N is toD. ` 

And feing that as A is | 
to B fois C to D,andof 

A and C are taken eques | 
multiplices K and L, k E A b y 


e€ 947-2 


| 
mE 


FCD HN 


Q —— ———— ^4 


1 


: and likewife of Bex D 


are taken other equemultiplices namely,M and N, therfore if K exceede M, r 
: alfo 


of Cuclides Elementes. Folyj8. 


alfo excedetb N. : and if it be equall, itis equal, andif st be lefe itis lefe (by 
the conuerfe of the 6. definition of the fifth ).And K_ and L are equemuttiplices 
to E and F: and M and N are other equemultiplices to G and H. Wherefore as 
Eis toG fo is to Fd by tbe fatd fixe definition If therfore the firft be ynto the 
Jecond in the fame proportion that the thirds to the fourth: then alfo the eques 
multiplices of the firft and of the third, nto the equemuleiplices of the fecond x 
of the fourth according to any multiplication [Pall ane the fame proportion bee 
gag compared together: which was required to be proned. 


etn Afumpe. Wherfore feing it hath bene proued that if K exceede M, L 
alfo excedeth N. aud if it be equall it is equall: and if it be lefSe, it is lefse: it is 
manifeft that if M exceede K , N alfo excedetb L : and if it be equallitis e- 
quall : and tf it ke lefe it is lefe: and by this reafon as G is to E , fo i5 H toF. 

eA Corollary. 

Hereby itis manifeft that if there be foure magnitudes proportional,they {hal 
alfo by conuerfion be proportionall : that is, if the firft be vnto the fecond, as the 
thide is to the fourth: then by conuerfionas the feconde is to the firlt,' fo is the 
fourth to the third. 


Thes. Theoreme. The s.Propofition, 


Jf a magnitude be equemultiplex to a magnitude, as a parte 
taken away of the one,ts to a part taken away from the other: 
the refidue alfo of the one,to the refidue of the other Jhal be e- 
quemultiplex,as the whole is to the whole. 


{eV ppofe that the whole magnitude AB be pnto the whole magnitude C 
Ken» equemultiplex,as the part taken away of the one, namely, AE, is to 
the part taken away of the other namely, F. Then I fay that the refi 
. due of the one namely EB, is to the refidue of the other namely, D F equemul- 
tiplex as tbe whole AB is to the whole CD. How multiplex A Eisto CF, fo 
multiplex make E B to CG. And forafmuch as( by 5 first of the fifth) A Eis to 
CF equemultiplex as A Bis toC F: but AE is to C Fequemulti- 
plex, as 4B is to CD. Wberfore A Bis equemultiplex to either 4 
of thefe G F and C ID. Wherfore G Fis equall pnto CD. Take a G 
way C F-which ts common to them both. Wherfore that which re« 
mayneth namely ,G C,is equal ynto that which remayneth names © 
yD F. And forafmuch as 4 E isto C F equemultiplex as E Bis. 
t0 G Cybut G Cis equall'ynto D F, therefore AE ts toC F eque» 
multiplex as E Bis to F D.But A Eis put to be equemultiplex to | | 
B n 


C 
F 


CF, as A Bis toC D,wherfore E Bis to F D equemultiplex , as 
AB is toC D. Wherfore the refidue EB is to the refidue F D ec 
gquemultiplex,as the whole AB is to tbe whole C D. If therfore a 


kg. magnis 
y d 


A Lena, 
er an afimpte 


A Corollary, 
Conucaſe pro- 
portion, 


Conſtruftion. 


Demonlſtra- 
tion. 


Two cafes in 
thi; Propo- 
tion, 


Thefirft. 


Conſtyuclion. 


Demonflra- 
tion, 


The fecond. 
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magnitude be equemultiplex to a magnitude,as a part taken away of the one is 
to a parte taken away of the other : the refidue of the one alfo to the refidue of 
the other halbe equemultiplex as the whole is to the whole: which was required 
to bc proued. 


5&9 be 6. T beoreme. — The 6. Propofition. 


Jftwo magnitudes be equemultiplices to two magnitudes, c 
any partes taken away of them alfo,be equemultiplices tothe 
fame magnitudes:the refidues alfo of them fhal vnto the fame 


magnitudes be either equall,or equemultiplices. 


Ke V ppofe that there be two magnitudes A Band CD equemultiplices 
tf t0 tio magnitudes E and F and let the partes take away of the mage 
ANA o. Initudes A BandCD, namely, AGandCH be equemultiplices to 
=== the Jame magnitudes E and F. T hen I fay that the refidues G Band 
HD, are'vnto the felfe fame magnitudes E and F either equall, or els equec 
multiplices. 
Suppofe firft that G B be equall'ynto E. T ben I fay that 
FH Disequall'yuto F. Vnto F put an equall magnitude C K.— , K 
Aud forafmuch as AG is equemultiplex ynto E,as C H is 
buto F: but G B is equall'ynto E 7: K C'ynto F:therfore A c 
B is equemultiplex to E,as K Histo F.But AB is put egue 
multiplex ynto Eas C D is to F. Wherfore K His equimul 
tiplex pnto F,asC D ts to F.And forafmuch as either of thefe 2 
K.HaudC D are equimultiplices ynto F,tberfore(bythes ^| |n 
common fentence )K H is equall'ynto C D.T ake away C H 
which is common to them both. Wherefore the refidue KC is 
equal ’vnto the refidue HD.But KC is equal’ynto F,where B D E 
ore H Dis equall puto F. Wherfore if GB be equal nto E, 
1D Halfo [hall be equall'ynto F. . 
Andin like fort may we proue,y if G B be multiplex to E,H D alfo fhal be 
Somultiplex nto F. If therfore there be two magnitudes equemultiplices to two. 
magnitudes and any parts taken away of them be alfo equemultiplices toy fame 
magnitudes:the refidues alfo of them fhall vnto the fame magnitudes be either 
equall,or equemultiplices : whsch ‘was required to be proned. 


5& T be 7. T beoreme. — d be 7. Propofition. 
Equall magnitudes hane to one co the felfe Jame magnitude, 
i , ene 


of Enclider Blementes. Fol.139. 
~~: someand che fame proportion . Ankoneahd tbe Jone magni 
tude hath to equall magnitudes one and the felfe Jame pro^ 
wife’ Ba Qo. q ae TM QUE SR YR SECUTA AAT nep. 
portion. : © Magli too eges de 
Vopofe that A — A iM di i. : — 
ema P bpofe that Aa equall magmntudes,and-take. any other tage 
P —— namely,C . Then I fay that gitergf thefe A and B bane vn 
R NX] to C one and the: fame proportion, and, thyt;C alfo "eMe 
















PASA TM 
= thefe A and B oie and tbe fame proportion: . . 


T ake the equemultiplices of A and B,andilet thefame |... 
be D and E : and likewife af C, take any other mulyplex, |". 
and let the fame be F . Now fora[much as D is nto Aes l uu 
quemultiplex as E is to B but A is equall ynto Bytherfore |... is 
(bythe firft common fentence ) /D is equall'pnto E. And |. tes 
of C there ts taken any other multiplex F .WhereforeifD . 
exceede F,E alfo excedeth F:and if it be equall itis equal,. | 
and if it be leffe it is lefSe . But (D and E are the equentul- 
tiplicesof A 7 B, and F is of C an other multiplex. Where © 
foreas AistoC, fois BtoC. — 

Iſay moreoner, that Chath to either oſ theſe Aandß 
E 






> 





one and the fame proportion. For the fame arder of con- 
ſtructiõ remaining, we may in like fart prone, y Dis equal 
Dato E, there is taken another. multiplex to C, names 
b, F.Wberefore if F exceede (D; it alfo excedeth E: and 
fe be equallit isequall: and if it be leffe itis leffe . But 

Fis multiplextoC: and D «z E. are other equemultiplie 
cesto A and B. W berfore as C is to A, fois C to'B.Wber» — 8. 
foreequall magnitudes haue to one and the fame magnitude, one and the fame 
proportion : and one and the fame magnitude hath to equall magnitudes one and 
the felfe Jame proportion : which was required to be demonftrated. 


Sa The 8.Theoreme. The 8.Propofition. 


| 'Unequall magnitudes beyng taken the greater hath to one 
and tbe [ame magnitude agreater proportion then hath the 
leffe. And that one and the fame magnitude bath to the leffea 
greater proportion then it hath to the greater. , 





- . 
B 
B : 







S Vppofe that A Band C be ynequall magnitudes, of which let AB be 

the greater and C 5 lefee. And let there be an otber magnitude whate 
teal fener namely D. T hen I fay that AB hath vnto D a greater pro» 
meme portion then bath Cto D: and alfo that D hath to Ca greater propor- 


tion 
1k- y 2 





The fir part 
<. ofthis Propo- 


fition demon- 


- firated, 


The fecond 
part demon- 
rated. 


The fir part 
of this Propo- 
Sition demon- 


Meated. 


The frf cafe 
of the fame. 


. multiplex FG is to AE fowultiplex De 


`: double D and let tbe füme be L. And 


gs The ffth Bose. 
tion then it hath to. A B. For fordfmuch ag. d Ricgreater then Ç,let there be tae 
ken a magnitude equall'ynto Cnamicly, BE, 5 EOT AR, 
Now then the lee of the/é tivo magnitudes A E and EB being multiplied 
will at the length be greater then D. DO , 
First let A E be leffe then EB: 
and let AE befooft multiplied Yue 
till that which is produccd'be preater 
then Dy and let that multiplex: be F 
G which is greater then D: And how. 


F 


Ak $c aet Tes s ME) 





vx 
am sva 
uS 


$us HA = 
n | — E 
"D i B "6 


le G H leto EB Kcto C. T hen | 


againe treble jt «7. let the famebeM: 
a7 fo fortb encreafing by one till fach 
tyme as the multiplex of D Jò tåken 
be first greater then K, thatis, that | `> ve 
multiplex whichamongft al tke màle |" | ] ] 

tiplices of D'dotb firft exceede Kyr l Do , 
det the Jame be N which here is qua- Eoi en Sigh MR 


- driple to D and the firft multiplex gréater then K. Now forafmuch as K i5» 


The fecond 
ert of the 

pepetiiin de- 

wion firateds 


[E multiplex leffe then N therfore K is not leffe then M. And for that F Gis 
— — aGH a Pi. (by the first of. thefifth) FH. 
is to 4B eqnemultiplex a$ FG ist& A E: bùt F G is equemultiplex to AE at X 
is to C.Wherfore FH and K are equemultiplices to. A Band C, Againe forafe 
much as G H is equenrultiplex to E B as K is to C, but EB i5 equall nto Cy 
therfore G Fis alfo equall'bnto K . But K is not leffe then M: wherfore neye 
ther alfo is G Fllefse then M. But FG is greater then D.W herefore the whole 
F FH is greatér then both thefe D and M: 'Bt both thee /D and M. are equall 
Puto IN , for M is triple to (D amd M and D together are quadrupleto D, and 
N alfo is quadruple to D: wherefore both thefe M and Dare equall pnto N, 
but F His greater then M and D,wherfore F H excedeth N,( that is, 5 mule 
tiplex of the firft, namely of A B excedeth the multiplex of the fecond, namely, 
of D.) But K excedeth not N (that is the multiplex of the third namely of C, 
excedeth not the multiplex of the fourth namely ,of the fame D:) and F Hand 
K are equemultiplices to AB, and C, and NL,is a certayne otber multiplex to 
D.Wherfore (by the. definition) AB hath to Da greater proportion then 
bathC to D. i 
Ifay moreouer that D'batb to Ca greater proportion then D bath to.A B. 
For tbe fame order of confiruttion fHill remayning we may in like fort proue thag 
N is greater tben K „and that it is not greater then F H. And N is multiplex 
to D,and F H and K are certayne other equemultiplices to A Band C Where 
fore Dhath to Ca greater proportion then 'D bath to A B. E 
` Dat 
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But now fuppofe that A E:be greater then EB. Now then E Bheyng the The feeona 
lefoe,and being oftentimes multiplied, will at the length be greater then D.Let © “ft —* P 
it be fo multiplied and let the multiplex of E B, namely, C H, be greater then —— 
D. And kow multiplex G Histo E B: ssrt 
fo multiplex let FG be to AE and K to F A 
C. And bythe former reafon may we 
prose,that FHand K are equemultis 
plices to A Band C.Likewife alfo let N , 
be multiplex of D ez alfo let it be 5 firft - E 
multiplex which is greater then FC: 
wher fore agayn F Gis not lefve then M, ~». 

But G His greater then D: wherefore | 
the whole F Hyexcedeth D er M, that tg 
is, N: but K excedetb not N. For FG 

which ts greater then GH; that is, then 
Kexceedeth not N. And fo followyng 

the fame order we did before; we fhall 

performe the demonStration. Wherefore l i 
'ynequall magnitudes beyng taken, th -K H C DP L 
greater hath to one and the fame magnis - 
tude a greater proportion then batb tbe lefSe : and that one and tbe fame magni» 
tude hath to the le/Se a greater proportion then it hath to the greater: which was 
required to be proued. — 








De 
J 


Sel s seu 


— 


q For that Orontius feemeth to demonftrate this more plainly 
therefore I thought it not amiffe here to fet it. 


n5 edt. 


' Suppofe that there be two vnequall magnitudes, of which let eB be the greater, 
and C the leffe : and let there be a certaine other magnitudeynamely ,D.Then I fay firit, 
tiaro bhath to D a greater proportion then hath Cto D. For forafinuch as by fup» 
poſition S is greater thén the magnitude : therefore the magnitude 4 B contay- 
fiéth the fame magnitudé C, and an other- -` 

fhagnitudebefides. Let E B'beequallvnto ° 








C :zndlet eAf E. be thepatt remayning ofs:i y ~ Firß diferēce 
the lame magnitude. Now A Eand EB ate hc WES QU UO cu cca s ofshefir 
cyther vnequallorequall the onetotheost: ». po c pen 7o 
ther . Firít let them bc vnequall: andlet:: : eek! pe e NA 
eZf E be leffe then EJ. And vntoef Ethe? ` 7 pst. m 
leffe take any multiplex whatfoeuer,fo that fps, pe aA 
itbe greater thé the magnitude D :andlet — «y. ae E 
the fame be FG; And how multiplex FG ; ^ 4 —— —— ——3Àá-: — 
isto A E, fo multiplexlet G H beto E Bi 1E ay — UR 
and KtoC. Agayne take the duple of Dz 7^ I5 14 4 DE 
which let be L, andthenthetriple, andlet ` yy poe qe 
the fame be e/.-And foferward,alwayes © — — =q 
adding one : vntill there be produced fuch c »* 2 : 
a multiplex to D which (halkbe next grea-"*: - ee? 
terthen GA (thatis, which imong ché'multiplices of D;by the continual addi. 
aly 


iR enof 
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oh of one, dorh fii beginne to exceede GH) ander the faine be Nu. which let be qua- 
P grupte to D. Now then the multiplex G His the next multiplex leffe then AV, and there 
Demenftratis foreisniot leffe then A4;thatis, is cither equall ynto it or greaterthen it . And foraf- 
ofthefame Mvch as F Gisequemultiplexto A £,as GA istoE B, thercfore how multiplex F G 
fork differice, isto AE, {fo multiplexis FH to AB (by the firk ofthe fift) . But how. multiplex F G 
is to A E, [o multiplex is K to C, therefore how multiplex FH isto. AB, {fo multiplex 
is KtoC. Morcouerforafmuch asG Hand Kare equemultiplices vnto EB and C: and 
E Bis byconfiruQion equall vnto C, therfore (by the common fentence)G His equall 
vnto K. But G A isnot lefle then 27, as hath before bene fhewed,and FG was putto 
be greater then D . Wherefore the whole F H is greater then thefetwo Dand M . But 
D and M are equall vnto A. For Ais quadruple to D, And A/ being triple to D,doth 
together with D make quadruple vnto D . Wherefore F His greater then N. Farther, 
Kis proued to be equallto GH. Wherefore X isleffe then N.. But FH and Karee- 
queinultiplicesvnto 4 and C, vnto the firft magnitude,] fay,and the third. and N 
is a certaine other multiplex vnto ‘D,which reprefencech the fecond & the fourth mag- 
nitude. And the multiplex of the firit excedeth the multiplex of the fecond : but the 
multiplex of the third excedeth not the multiplex.of the fourth . Wherefore-ef B the 
firft hath vnto D the fecond a greater proportioi, them hath C the third to D the 
fourth (by the 8.definition of thys booke); J OO SA 
Butit A E be greater then E B, let EB. theleffe be multiplied vnsill.there be pro- 
duced a multiplex greatec then the magnitude D ; which let be G Æ. And how multi- 
plex G H is to E B, (o multiplex let F G be to A4 E,and K alfotoC: Thetitake vnto D 
{uch å multiplex as is next greater then F Gx and againelet the fame be: No which let 
bequadruple ta D. And in like fortas bee J 
fore may we prove, that the whole F H is. O ee 
vnto AB cequèmultiplex as GĦ isto EB: . Bii wo: ausGas o H £ 
andalfothat FH & Kare equemultiplices) > war i oaa e 
vnto-4Z & C nand finallyshat GH isequal. A EF B a7 
vnto K. AndYorafmuch as the multiplex N ` TE RUNS AS 
Ifi eresterchen EG:therefore£ Gishot— Pio vs Dus 
leffe then AZ, ButG A is greaterthenD by Pw 
con(tru&ion . Whereforethe whole F H is 
greater then, Dand Af; and fo. confequent-, : 
ly is greater heh N: Bdr Kexcedeth horn Aiea AS 
br K is equallto G H+ for howimykipiex i ` eS a ee 
K isto EB theleffe, fo multiplex is F Gto IUe diu ee 
ef Erhe greatcr > Batthofe-magnitudte- i gpass s oged D RSA ; 
which. sre equemultiplices vnto- voequgll | 2:35: 56 232d5 hoe soba? us 
magnitudes areaccording to the fame proportion ynequal.. Wherefore Kisile({c then 
FGsand therefarcigmuchielfe thea WN, NW herefore.againg the mukiplex ofthe firft 
exceedeth the multiplex of the fecond: butthe multiplex of the chizdéxcedeth not thé 
<, Multiplex of the fourth. Wherefore(by the 8.definition of the fift) 4. B-rh¢ firtt, hath to 
‘7 sy" SD the fecond,a greater proportion, then hagh Crhethird to D the fourth, 
Third dife- DOO Bienowif AE be equall vnto £, eyther . ia — 
"R^ ofthem (hall becequall vnto C. Wherfore vnto ` pts: B oq 
either.of thofe three. magnitudestakeeque». ·⸗· 035—708 
multiplices greater then D. Sothatlet FGbe | gavage dip” 
multiplex to 4 E, and.G.H vnto EB, and Ka- — - 
ayne to C: which (by the 6.cémon fentenee) p i. Lini 
fhall be equall the one tothe other. Let 2 al- — iii 
fo be multiplex to D,and be next greaterthen aj e! VD a 
euery one of them,namely,lecit be quadruple .. . d 
to D . Thiscóftru&ion finifhed,we may again ag s!qiss art c 
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prouethat F7 and K areequemultiplicesto:. eH ds 
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firft magnitude exceedeth N the multiplexof:» ———— — 
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piex of the third exéedeth notthe multiplex of thefanreh . Wherforewe may conclude’ 
that 448 hath vnto D a greater proportion then hath to D. —— 
"Now alfo Fay that the (elf fané masnitude D hatli vnto the leffe magnitude Ca grea~ 
ter proportion, thdithath cothé greater 4 B-And-thismay plainly be gathered by the 
fore(ayd difcowr(e, without chaunging the order.of the magnitudes & of the equemul- 
tiplices, 7o: femg that euery way itis before proued,that F A excedeth Wand Kis ex- 
ceeded of the Rhefame Nz therefore convetfedly W excedeth K, but doth notexcedé 
F H. But 2X, is multiplex toD thats to the firftand chird magtiéade : and. K ismul- 
tiplex to the fecond namely,to Cs arid & A is multiplex to the fourthjnamely to 4 2: 
Wherefore the multiplex af the firlkexcedeththe multiplex of the fecond: but the mul 
tiplex of the thtrdexcedeth not the atultiples ofthefourch. Wherefore (by the 8.def 
nit on of this fift booke) Dche.Grit hath vnto C the {etond a greater proportion then 
hath 'D the timpd.to.¢-4,B the fourth: which:was required to be proued. ov 

v 2 t $ Not » s i t A 


^ an = Lp tus. V api] Dents, i “OREM 
589 T be 9. d beoreme. | The 9. Propyfiion, 
eMagnitudes which bane to one and the fame magnitude 
one and the fame propsrtion : are equall the one tothe other. 
_ Anu thofe magnitudes unto whome one and the fame mag- 
nitude hathone and the fame proportion:are alfo equal. 
Verde that either oftkefe two magnitudes A and B hane 


The feeond 
part ef ibis 
propofiticn. 





Ni to C one aud the ‘fame proportion. Then fay that Ae gra ja id 
* quall'yntp B. For if it benot, then eitber of tbefe 4 and B +, fitton deman~ 
Should not haue bo C one ex the fame proportia (by the 8.of3 fifth) , Arated. 
but by fuppofition they haue, wherefore A is equall pnto B. | 2 
Againe, fuppofe that the magnitude C hane to either of thefe — 


magnitudes A and Bone and the fame proportion, Then I fay that 
As equall yntoB. For ifit be not, C fhould not hane toeither of 
thefe A and B one and the fame proportion (bythe former propofte 
tion ):but by fuppofition it hath, wherfore A1s equall ynto BWher ` 
fore magnitudes which haue to one and the fame magnitude one ^ 
and the fame proportion, are equall the one to the other. And thofe 
magnitudes bnto whome one and the fame magnitude hath one and 
eee proportion are alfo eqiall:-which was required to be proe 
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$a» 7 he 10. Theoreme. The to. Propofition. 


Of magnitudes compared to.one and the fame magnitude, 
that which bath the greater proportion, isthe greater. And 
that magnitude wherunto one and the [ame magnitude bath 
the greater proportion is the leſſe. (oru er 

= L^ Sew 
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The firft pare 
ef this propoff- 
tion proned. 


The fecond 
part demon- 
frand. 


Conſtratlion. 


Demonflra- 


eion · 


fore Bis not greater then A. Andit was proued'that itis not ès 


I hefifih Boke 


a Vppofethat A bane to Ca greater proportion then B hatb to C. "T benI 
X Yd Jay that A is greater then B.For if it be not,then either A is eqnall ynfo 
*" Borlefretbenit. But A cannot be egual vnto B, for then either of the/e 
Aand Bfhouldhaue'pnto Cone and the fame proportion (by thez 
of the fifth )-but by fuppofition they bane not ,wherfore A is not e> 
guall vuto B. Neither alfo is A lefe then B, for thi fbould A hane 
to E a lefse proportion ben hatb B to C (y the 8. of the fifth) but ^ ' 
by fuppofition st hath not.W/berfore A is not leffe then B. And itis — 
al/o proued that st is not equall wherfore A is greater then B. 
Agayne fuppofe that Chane to B agreater proportion tren C 
hath to A.T hen I fay that Bis leffe then A. For if it be not ,thenis 
at cither equall vnto it or els greater, but Bcannot be equall pnto 
A, for then fhould Chane to either of thefe A and B one and the 
Jame proportion (by the 7.0f the fifth) but by fuppofition it hath 
not, wherfore Bis not equall'pnto 4. Neither alfo is B greater [ 
theu A, for then fhauld C Lane ta Ba leffe proportion then it hath | 
to-A( by the 8.of the fifth) but by fuppofition it hath not : where- c 
quall'ynto A wherfore B is leffe then A. Wherfore of magnitudes 
compared to one and the fame magnitude, that which hath} ereae 
ter proportion is the greater. And that magnitude wherunto one 
and the fame magnitude hath the greater proportion, is the lefe. 


| 
| 
| 


| Which was regntred to be proued. 


Then. T heoreme. Them Propofition. 


Proportions which are one and thè felfe fame to any one pro- 
portion, are alfo the felfe ame the one to the other. ` 







| pppole that as Ais to B,fo is C toD jandas Cis to ID, fo is E to F. 
8 T'ben I fay that as 4 is to B fois Eto F. T'akeequemultiplices to A, 

OV C and É , which let bé G,H,K. And likewifé to B D and F take a« 
=== ny other equemultiplices which let be L, M and IN. And becaufe as 
A is to B fois Cto D: and to 4 and C are taken equemultiplices G eg. FH 7 to 
Band D are tikécertaine other equemultiplices L ez M.If therfore G exceede 
L, then alfo H excedeth M,and if it be equall it is equall, and if it be T it is 
leffe (by the connerfe of the 6. definition of the fifth ) . Agayne becaufe that as € 
is to. fois F to F: and to Cand E are taken equemultiplices Hand K : and 
likewife to D or Fare také certaine other equemultiplices M 7 N.If therfore 
H excéede M ,tben alfo K excedetb N : and if it be equall,it is equall and if it 
be lefSe st is leffe (by the fame conuerfe) But if K exceede Mythen i — 
AM s i et 
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deth L: and 


ifit be equal: 

it is équall;- . 
and if it be 

lefe, it is ; 

leffe (by the 

fame cons 

yer fe Wher ` 

foreifG exe 1 
cede L then 

K alfo ex» | 
cedethN, 

and ifit be | | 
equal it is e» | | 


quall,and if | | 
L1] 





|] 
1 n 
it be leffe, st . ' | | 
isleffe.. Bue | « ajaj : 
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fore (by the 6. definition ) si AT'OBA ir ‘Proportions therfore which 
dire one ania the felfé fanie tidy — arè atp the felfe Jame one to thè 
; d. 


otbeypbich was réquired to Bè bh 
$m There. Theoreme. The vi Propofitiim, 


Uf therebeaniinben sknagnitudes bow many foeuer propor- 
_. tionall: as one of the antecedentes is to one of the cofequentes, 
96 are all the anbecédentes to.all ebe confequentes.. ° 
eM at Hs DUET SST TE na GEILE CHG jM a 
PL Yn NASA. WM SOR 19 notuwgt 
AV ppofe thai there hea nimber of vagi ‘bow mary Jouer namely; 
IAS L BCDE E in properti zforhatasl ii ta B: foter Cheto D, 
4x5 and E to F.T hen I fay that ais te B, fais AL E06 BD ET ake 
equemultiplices to A ,C and E. . And let the fame beG, H, K . And likewife to 
B,D and F Jake any otber equohidérplices which lerbe L MSN. — 
thatas Ari to B, foi5 C to D and æ v F. And toß CE, cre tahen equemulti- 
plices G H, vend tkewife.ta BSDsF save taken entainte other émxdtiplices 
E ,M,N. If therefore G exceedé IL, H alfoexcesdeth Mt, and K-iN Tand ifit 
Be equal itivequall andif it be leffe,it is leffe(-hy the conuerfe of thefixt definis 
Lb | 


MS tion 





Conran 


Demonfire- 
tion* 


Mo » Fe ffi Boake > v- 


tion of the fift).Wherfore if G excecde L then G,H,K alfo exceede LMN: 
and if they be equall, they are equall : and if they be leffe, they are léffe ( by the 
fame). But Gand G,H,K jare equemultiplices to the magnitude A and to the 
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magnitudes. A,C,E. For (by the firlt of the fife ) ( if there be a number of image 
nitudes aquemultiplices to a like number of magnitudes ech toech,how multiplex 
ont magnitude i t que, — are all the magnitudes,to all ). And by the 
Jawi teafon alo Land Le,M N „are equemaltiplices.ta tbe magnitude Band 
to the magnitudes B,D P: Whrrefore s -A isto B,fots A, C,E, to B/D.F 
(by the fixt definition of the fíft ) . 1f therefore there be a number of r magnitudes 
bow many foeuer ,proportionall: as one of tbe antecedentes is to one of the confe» 


quentes , [a qpaall tbe antecedentes to all tbe cenfeqyentes : which was required 
to be proued. 


vov asa The t5. Fheareme, —Fbe13. Propofition. 
a Hfebeyirt bane vata the fecond the felf fame proportion that 
the Fu hath to the fourth,andif the third bane vnto the 


i Sourtha greater proportió tbé tbe fifth hath to. the fixtb: thé 
< oallihe firft alfo baue vnto the fecond a greater proportion 


i 


rhen aihihe fth to the ſuth. 
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Tax ad V profe tbat there be fixe magnitudes, of which let Abe the firft, B 

— [rbe fecond, C the third, D the fourth, Etbe fifth, and Fthe itl, 
N S 


aid a Suppofé tbat Athe firi) hauc ynto B tbe fecond the felf fame propore 
RSS tron that C the third hath to Dithe fourth. And lecC the third base 
uito D the fourth, a greater proportion tbari batb E tbe fifth to F the faxth. 
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Then I fay that Athe first hath to B the fecond a greater proportion then hath 
E thefifth to F the fixt.For forafmuch as C hath to D a greater proportion then 
bath E to F,therfore there are certaine equemultiplices to Cand E, and likewife 
any other equemuleiplices what/oener to D and F which being compared togee 
ther the multiplex to C fhall exceede the multiplex to D but the multiplex to E 
fall not. excede tbe multiplex to F (by the connerfe of the eight definition of 
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this bocke). Let thofe multiplices be taken, and fuppofe that tbe equemultiplia 
tès to Cand Ebe G and H: and likewife to D and F take any otber equemultis 
plices-whatfoener and let the fame be K and L, fo that let G exceede K ,but let 
not H exccede L. And how multiplex G is to C fò multiplex let M bejto A. And 
hoi multiplex K is to D fo multiplex alfo let N be to B. And becaufe that as 
Ais to B,fois Cto D:andto AandC are taken equemultiplices M and G. And 
likewife to Band D are taken certayne other equemultiplices N. et K : if ther» 
Sore Mexceede NG alfo excedeth K: and if'it be equall it is equall and if it bè 
Teff iiis. ‘fe (by the conuerfion of thé fixt definition of the fifth.) But by cone 
rugtion G excedeth IC ;wwherforeM alfo excedeth N but H excedeth not L, 
But Meo Hare equemultiplicesto Aw E:and No L are certaine other ea 
quemuleiplicés what{dever sto Band F.Wherfove Ahath vnto B a greater pros 
portion then E hath to F (by the 8. definition.) If therefore the first haue vnto 
shefecoud thefelfe fame proportion that the third hath ta the fourth, and if the 
thixd lane vto the fourth a ereater proportion then the fifth hath tothe fixth, 
Wen Mall ehe fir ft atf bane vncothe fecond a greater proportion then hath the 
PwWeo che fixeh: Which-was required be proved: v^ vate ay 
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ge. The fifth Baike | 


«If there be foure quantities, and if the; fri haue vito the fed 4 greater. proportion 
thé hath the third to the fourth: then hall there be e fome equemultiplices ef the first and the 
third, which beyng compared to ome equemultiplices of the fecond and the fourth,the mul. 
tiplex of the first [hall be greater then the multiplex of the fecond, bur the —— n "e 
third [hall not be greater. then the multiplex Jie fourth. 

Whiclris thus proued, Suppofe that AB aa vnto C a greater proportion thé hath 
D to E.And let A F bé to Gas Dis to E,Now then by this propofition & the téth,A F is- 
leffe then AB, Let it be Jeffe then A B by the quantitie F B.And multiply F B vntil there 
be produced a quantitie greater then C, which let be G H; which alfo muft be fuch a 
multiplex, as D be 
yng fo oftentymes K 
multiplied , maye 




















producea quanti- L. G H 
tie notleffe thé E: EE E — y v 
whiche multiplex D 

letbe K. And let L — — ——— 

G be fo multiplex c E 

toAF,asG Histo — 

FB,orK to D.Now! : 

then by the firft o£ M = — — — 
this booke LH is : 
equemyltiplex to IN, ' * — 
ABasKistoD. : Z 

AndletM be.to E o — A : 
the nrt multiplex i | 


greater then K: & i 
let N be equemultiplex to Cas M isto E, Now then Nis the ficft iultiplex to Cgreater 
then LG : Forforthata$ D isto E,[ois A Fto C,andKisequcinultiplex to D asGL 
isto A F,alfo M is equemultiplexto E,as Nisto C: therfore ( by the 4. ofthis booke) 
esK iy toM i isG LtoN:butKis.to Mthe firft multiplex leffethen M : wherfóre al- 
fo G Lis the firm ultiplexiede then. N:and GL by fuppofition is notleffe théC. Wher 
fore: take the greateft multiplex of C vnde? N-: "oramultiplex equall to.N »if peraduent 
ture N bethe fr ofthe multiplices of €;which let be O.Now then then N fhall confit 
of.0 and C, Wherfore fora(much asL G.is.nop Jeflethen O,andG His greater then € 
therforeLH thall be greater then N.And forafmuch as K is leffe then M, therfore chát 
which was rëġuired to prs is manifeft: : : guter ` 

va - : ` pi S 

" although chis —— here pushy. Campane cde no demonftration for 
that it is, but the conuerfe of the 8. defipition of this booke, yet thought Tit.not 
Worthy to be omitted, for that it teacheth’ the way to finde on fuch equem ultipli* 
Ces,that the multiplex of thé £f frt (hall éXcede the multipley of the fecond, bit a 





multiplex ‘ofthe third fhalt tor exceede the 1hultiplex ofthe fou DES 
as V9 603:. a ieee Dp 3 NUM HAR © ea: RSS AD EA Xx 
* q9558)T De ¥4. Theorem.” $ The i4: Props ition. è 





CENAE Ls tup RAN x “soit 

` Uber [bane unto the end rhe flf jai parton at 

Sy thethird bath antag the the forth cand ifthe firft he greater then 
the third, tbe Jecond alfois g reater then the fourth: -and ify 
be equall it is equal]: andifitke le leffe itis leffe. 


* DA Suppofe 








of Euclides Elementes. Fol.t4.4. 


vx ppofe that there be foure magnitudes, of which let A be the firft,B 
AN the fecond € tbe third ànd (D the four th:and let A the firft bane vne 
«S to 'B the fecond the felf fame proportion that C the third hath ynto D 
= the fourth. Ind let A be greater then C. T ben fay, that B alfo is 
greater then D. For forafinuch as A is greater then 

e and'tlese ij certaié. otber: magnitude,namely, Demonflra- 

B, there, fore (_ by the 8. of the fift) « “A bath oto Ba ra Akg sion. 

soe apse then ChathtoB. And ws: ‘A is to 

B fois CtoD. Wher fore C alfo hath vnto Dagrea⸗ 

Sex proportion tien Čhath to B: Bat that magnitude 

wherunto one and the fame magnitude hath > grea⸗ saf 

ter proportion is tbe le e( by the10. ef the fft). | 

Wherfor eDis teffe then Ber therefore Bis grea: | 

ter then D . Andin like fort may we prone, that. fA: | 

be cquall: "pnto; B fhalla} Yo be equall ynto D : and 

if A be leffe then C, B Jhall alfo be leffe then D. If 

therefore the firft hiie "nto the fecond the elf fame So 

proportion that the third hath ynto the fourth and © 

if the fir/t be greater then the third the fecond a gir A Re ee SR 

greater then the fourth , and if it be eae itis 2 andifitbe lefe itis lefe = 
“which Was required to be proved. 


Sa The 15. Theoreme. T, he » Propofiton. 
_ Like partes of multiplices,and all & their multiplices compa- 
red together haue one and the Jame} prqpotsions. 


ja P bpofe that AB be equemultiplex to ' ; 
y V^ ds D Eis to F, T hen Ffay,that as C isto F. 









Le 


ty? bred (0 is AB to DE. For fora nuch ashow ` — 
ue — AB’ BU, Kf multiplex i is i à Conflrubtion. 
E. f) EE thirforë how’ minh ticpiitudes there are ee x ] 
nA (B zg ia yita IC: fo many are there’ i D E equall 5 
vito E. Dali 4B into the magnitudes équall'ynto ` T a 
Cari o AD: GH, AHA, -and likêibifè D E 
b the md Siitudés equall” "uro E , that is DK, UK 
e an fr Naw then ibe multitude oftthef H | UUCLUODU ^75 Demonflra- 
our nd H'Birequállo y Diwltithide of thefe IDK : x 25505 dion, 
T. and ET n forafinich. as AG,GH,and | | po 
B dre eguallehe o one to other: and likziòi CDK, ` 
KE? "dL É jarealfo e uálf'tbe: ane to other : there’ b Ses 
fesas AGis to DK fais GHiKL, and HB — 





Denbflraticn 
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proportion. 
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Demonflra- 
tion. 


The fifth Booke 


to L E.Wherefore( by the 12. of the fift Jas one of.) antécedentes is to one of tbe 
confequentes fo are all tbe antecedentes to all tbe con[equentes. W berfore as AG 
is to 2D K , fois ABtoD E.But AG is equall bnto C,and likewife D K to F. 
Wherefore as C isto F, fois AB to DE. Like partes therefore of multiplices 
and alfo their multiplices compared togetber ,baue one and the fame proportion 
that their equemultiplices haue : which was required to be demonjtrated. 


SmThe 16.Theoreme. The 16. Propofition. 


If foure magnitudes be proportionall: then alternately alfo 
they are proportional. 


ea Vppofe y tbere be foure magnitudes proportional, namely, A,B,C,D, 

i i fo that as A ås to B, Jo let C be to D. Then I fay, that alternately alfo 
> they fhall be tn proportion ,that is as A is to C fo is B to D.T ake eques 

multiplices vwnto Acr Band let | 

the Jame be E zs F..And likewifè 

to Cand D take any other eques. 


multiplices what foener , and let 


the fame be Gand H. And forafe 

much as bow multiplex E isto A, | 
Jo multiplex is F to B, but like 

partes of multiplices ox alfo their. 
multiplices baue one and tbe felfe 7 
Jame proportion the one to theos | 
ther by the former Propofition ). © 
Wherefore as A is to B. fois E to 

F . But as Ais to B fois Eto D, | 
wherefore ( by the 1. of thefift) pA. 
as Cis to D fois E to F.Agame, 


Eu E 
„~ forafmuch as G and H. are equemultiplices to C and D, but like partes of mule 


tiplices and alfo their multiplices haue the one to tbe otber one and the [elfe fame 
proportion( by the 15. of the fift ).Wberefore as C is to D, fors G toH. Butas G 
is to D, Jors E to F. Wherefore as E is to F, fo is G to H (by the 11, of the fifi ). 
But if there be foure magnitudes in proportion, and if the firkk be gare then 
the third, the fecond alfo ts greater then the fourth: and if it be equall it is equal: 


oats 


and if it be leffe it is Le tee 14.of the fift ).If therfore E excede GF hall 


: alfo exceede H : aud if it be equall, it ss equall: and if it be leffe itus leffe . Bui 


multiplices to Cer D.W herfore ( by the 6.definition.of the fift)as Ais toC, fois 
Bto D. If therefore there be foure magnitudes proportionall , then’.alternately 
alfa they are proportionall : which was required tobe proned: < on 


wTbe 


E and F are equemultiplices to Aand B: and G and H are certaine other eques 
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^ SET he v7. T heoreme. — "The vy. Propofitimn. 
Af magnitudes compofed le proportionall, then alfo devided 
~ they fhall be proportional: =-~- l , 





V ppofe that the magnitudes compofed being proportionall be A BB E, 
BNC DyD F,fochat as A Bis to BE fois C Dito D F. Theat fay that 
=! denided alfo they fhall be proportional ,as AE isto BE, foisCF to 
DE. Take equemultiplices vnto AK, EB, CF, F D, and lee} fame beG H, 
HK,L M,and MN. dnd likewiféto EB, and FID, take any other eque- 
multiplices what foeuer , and let tbe [ame be K O and NP . And fora]much as 
bow multiplex G His to A E, fo multiplex is K Fito E. B, therefore how muls 
tiplexG Histo AE, fo multiplex is G K, to A B (by the firft of the fifth ).But 
how multiplex G His to A E, fo multiplex is LM to CF: Wherfore how mul: 
tiplex G Kis to 4B, fo multiplex is L M to C F(by the 11.0f9 fame). Againe 
forafmuch as bow multiplex LM is to CF fo multiplex is MN to D F therfore 
how multiplex, L. M i; to C F, fomultiplex is LN toC D ( by the firi of the 
Self fame). But hair multiplex L Mis to CF fo mule 
tiplexisG K to AB. WherforehowmultiplexG K  ° 
isto B, fo multiplex is LN to CD. Wherefore | 
G K and L N, are equemultiplices to 4 B «7 C (D. 
Againe forafmuch as hie multiplex H K the fief is 
to EB the ee is MN the third to 
FD the fourth. And how multiplex KO the fiftis 
to EB the fecond, fo multiplex is NP the fixt to ` 
FD tbe fourth JW berfore ( by tbe fecand of the fame) A : 
bow multiplex Hl Q'campofed of the firft and i ista | 
EB, fo multiplex iMP npe of the third and. 
JixttoF D. And forthat as A Bis ta@BE, foisCD 
to DE zand ta AB tz CDD are taken equemultiplices H 
G Kond LN iandlikewifeto EB and FDareta 
koi certai equemultiplietz tbatis, HO and T. | | Et 






Me. If therefore G K exceedt HO thn LN, alfo — 
exceedeth MP: andif it beequallirisequal:andif 6 5 p Lo 
it be leffe, it is leffe (by tbe conuerfton of the fixt defi- i 
nition of thefift)..LecG K.exermle HO: Wherefore K H common to them 
both being taker atway the refidue G H, fhall exceedé the refidue KO. But if 
E HO, thendoth LN exceede MP: Wherefore let LN excede 
LP and MN which is cOmon to the Both being také away, refidue L M, "fhalt 
ace the reftdueN P . Wherefore if GH exceede K 0, then fhall L M exe 
ceede NP. And in like fort may -we proue, that if GH be equall’mnto K 0, 
then LM fhall be equall bnto NP ; and if it be leffe, it fhall be leffe: but GH 
I and 
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ee ogni The fftb Booke - 
and LM are equenuleiplices to AE and CF: and likewife K O and NP are 
certayne other equemultiplices to EB, and F D.Wherfore as A Esto EB, fo 
is CF to¥ D( by the fixe. definition of theyfift) 1 Lf compofed magnitudes theres 
fore be proportionall,then alfo deuided they {hall be proportionall : “which was 
required to be demonftrated. B Pe eke E 

- SepThe 18. Theoreme. The 18: Propofition. A 
Jf magnitudes deuided be proportionall: then alfocompofed 
they fhall be proportionall, = `: — 


i Rac ‘ppofe that the magnitudes deuided being proportionall, be AE, Ef 
Lo 


"v CE,c FD thatas AE isto EB, olet CF betoF D.Then E fay, 
' that conpofed alfo they fhail be proportionall that is, as AB isto BE, 


pris C De D F. For if AB be not yntoB E,asCDistoF D, 


then fhal AB "Ponto BE,as CD is either Pato amagnitude 4 - Š 
leffe then F DD jor vuta a magnitude greater , Lee it firft be bnto c7 






4 nay to DG. And forafmucb as, as AB is to B E fois S 
CDtoDG: the compofed magnitudes therefore are proportio» ap 2p 
nall , wherefore deuided alfo they fball be proportiónall( by 5 34. ^ V8 
of the firft). Wherefore as AE is to EB, foisCG toGD . Bat ^ 4-7 |. 
by fuppofition as A EistoE By fois CFitoF D. PeO . | d 
tbe 1 of the fft) as CG iffoG D, fois CF to FD. Nowthen, g 12:9 


there are foure magnitudes; €G,GD, CF, andF'D? of which |. T 
the firft CG is greater. then Ü bird C F. Wherefore ( by the maoka 
of the fift eke fecond G D “sprenger then Phe’ ourth FD But ir f 
is alfo put to be leffe then i¢? b) dis impo ble: Whey fore it can | ^ 
not be that as AB is toB ESED to’a magnitude — 3» P 

F D; In like fort may we prove that it tan nol t nagitb © me HA 
tude greater then F Di. Foy by vhe [ane order öf demonStrattdn tt would fallo 
that F D is greater thin tbe 1 greater ante which ts impofibleW bere 








fore it muft be tothe  falfe fame Ef therefore apnitudes deuided be proportios 
nall, then alfo compofed (iy Pall be — which war required fo be 
proued. B 4 ed rg eir : LIRIE Y. 


HOC SAM Cer “Nod 
Sty 7 Je 19.1 beoreme. * . The vg. Propofüion, i -y 


Ifthe whole be tothe whole, as thè part takeni aay is tothe 
part taken away: then fhall the refdue be «nta: the refidue, 
as thewboleis to the whole, Pur vut Moses 
Run. — Suppoſe 


of Euclidés Elemgntes, Fol14.6. 


ppofe that ag-the whole AB ig tothe who CD, fo Ay. > That wich 

lis the part takcu away, AE tothe part taken away —— 
EAC F. Ton T fay , thatthe ròfidue EB fall bevn- Pi iar 
to the refulie F 1), a$ the whole A Batotbe whole D; For |- > multiplices, 
for that as the whole A Bisto the whole C D, fois AE to CF, fò, e paca 
therfore alternately alfo (by tbe 16. of the fift)as ABisto AE, magnitudes, 


fois CD te CF. And far that when-magnifudes compofed are 
proportional tbe fame dewided alfa av proportional (by tbe 17. 
of fifi): therefore as B-Eisto. E JA, fois D-E to EC, Wherfore 
alternately alfo( by the 16, of the fift as B Bis to D F, fois EA 
to FC. Butas AE isto CF, fo(byfuppofition )is the whole 
AB tothe whole CD. Wherefore the refidue EB fhail be pnto 
the refidue F D,as the whole A Bis tothe whole CD. If there 
fore the whole be tothe whole, as the part taken away is to the 
part taken away, then fhall the refidue be nto the refidue as the 
whole is tothe whole: which was required to be proned. . 


m 


— 


te pe 
3 Yo eret Y 
ot a 


«| A Lemma or Affumnpt. 


And forafmuch as by fuppofition as AB is toC D, fois AEtoCE:andale 4 Leama, 
ternately as AB is to AE, foisC DtoC F. Andnow it is proued, that as AB 
istoC D, fois E BtoF D. Wherefore againe alternately,as A Bis to EB, fo 
isC DtoF D wherefore it followeth, that as A Bis to A E, fois CDwCE: 
and againe, as the fame AB is to EB, fo is the fame C Dto DF. ' 


sapCorollary. 


And hereby it is manifeft, that if magnitudes compofed be ^ Cte. 

proportionall,tben alfo by conwerfion of Proportion which Of Converfonof 
~ fomeis called Proportion by Euerjion,and which is,as before Peer 

it was defined, whe the antecedent is compared to the excefre, 

wherein the antecedent exceedeth the confequent ) they fhall 

be proportionall. l . 


3897 be 10.7 beoreme. — | T bo 20. Propofition. 


If there be three magnitudes in one order, and as many other 
‘magnitudes in. another order, which being takentwo and two 
in eche order are in one and the fame proportion, and ifofe- 

i qualitie 


2A obey Boole 
eeu — qualitietthe fof order: the frit be greater then the third. 


dV \o Nt of) ; — tA A^ i . 
Cms then in theacgnd of der tbe fir alfofball Le greater then the 
s thitd : aed ifitbe equall,stfhall be equall : and ifit.be leffe,it 

. Shall be life st Be A eos ea aus a 
: RAAE (AAS 7 i 
V'ppofe har there betbreeinngnitudes in one order, namely; A,B,C, 









Tripo- IION K : 

tun. * W o let there be as many magnitudes in an other order, which let be D, 
ee v — E, Fj*hilb being takest two and two in ech order, let be in oue and 
pertineo es ~~~ the fame proportion that ifya A is to B, fo let D be to E andas Bis 





Drops. to C folet Ebet Fi: © RN 
eionalicy. And fft of equas nA. s S. 
.Q,í ^ ditie let A be greater . Giz 
—— df- then C. T botlfayjo «wm im 

"that D alfois evite so 40 
then F: andif it bees Moises 
quall it is equall, and 
sf it be leffe,it is leffe. 

Dewonffra-. Tor forafmuch DM Is ze pe - eaa ay 
tof 7 C val then Cy andy > 
— a certaine | 
s itudb, inem : 
nmel) B; bul vie ^ 
greater hath tohe 7 
and the fame magnis » 
. tude a. greater. pro» : 
sx. partion then hath the leffe ( by the 8. of the fife). Wherefore A hath bute Ba 
NwO C7 greüterpropertion-tben C bath t6 P But as A is to B; fois D to E: and as Cis 
toB, fois F to E( by the-Corellary of the fourth of the fift ). Wherefore D hath 
puto Ea greater proportion, then F hath to E. But of magnitudes compared to 
one and the fame magnitude that which hath the greater proportion is the greas 

ter (by the 10. of the fift). Wherefore is greater then F. 
Bug now if A be-equall-yntoC, D alfofhall be equall onto F. For then A 
Thefrcond and C haue nto B one and the fame proportion ( by the firft part of the fenenth 
difference, of this booke). And for that as Ais toB, fois Dto E,andas C isto B,foisF 
to E: therefore Dand E haue vnto E one and the fame proportion . Wherefore 

by the firft part of the 9. of this booke D is equall'vnto F. 

But now fuppofe that Abe lefe then C.T hen alfo fhall D be leffe then F.For 
The third — bylhe 8.0f this booke.C fhall haue puto B a greater proportion then hath Ato 
diference B. Butas A isto B, fois D to E by fuppofition, and as C is to B, fo hane we 
proued is F to E. Wherefore F hath nto E a greater proportion then hath D 
to E Wherefore by thefurft. part of the voc of tbii booke F is greater then D. 
NE ` . I if therefore 
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If therefore there be threé magnitudes in ont order , and aë-many other Magni- 
tudes in an other order which being taken two and two in ech order, are in one 
and the fame proportion, and if of equalitie in the firft order the fir ft be greater 
then the third, then in the fecond order alfo the first fhall.be greater then y third: 
and if it be equall jit [hall be equall : and sf it be leffe, it fhall be leffe: which was 
required to be proued. 


£a» T be 11. d beoreme. — T be xi. Propofition. 


If there be three magnitudes in one order,and as many other 
magnitudes in an other order which being taken two and two 
in eche order are inone and the Jame proportion , and their 
proportion is perturbate : if of equalitie in the firft order the 

firft be greater then the third, thé in the fécond order the firft 

alfo [hall be greater then the third: and ifit be equall it fhall 

be equall : and sft be leffe it fhall be leffe. : 


at V ppofe y there be three ma ıgnitudes in one order namely, A, B,C, and Thii ns 
dead let there be as many other magnitudes man other order, which let be tion pertas- 
D,E,F: which being taken two ¢7 two in ech order, let be in one and —— 
the fame proportion and let their proportion be perturbate.So that as quatityin ` 
“Ais to B, fo let E be to Fez as Bis toC, fo let D be to E,and of equalitie let A pertarbate 
be greater then C. T hen I fay,that D a ljo is greater tben F': and if it be equal fd MEAT 
it is equall : and if it be leffe it is leffe. 
Firft let. A be grea : 
ter then C. And for afe m 
much as A is greater | 
then Cx there is a cero i 
taine other magnitude, | 
namely, B: therfore(by | | 
the S.of y ift ) A bath | 
a greater proportio ‘bie Í 
to B,then Chath to B, 
Butas Ais to B fois E 1 f. 
to F: and againe as Cis [ 
to B, fois Eto D ( by 
the Corellary of § fourth | 
of the fift).Wherfore E | | 
hath "ynto F a ereater Aa EVE 
proportion , then E hatb to D . But tbat magnitude wheruyto one and the fame 
snagnitude Lath the greater proportion, is the leffe(by the yo. ofthe fift).Where 
i Mmj. fore 
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— The fifth Booke +. 
fe Fis leffe then D-. Wherefore Di qreatertben F, Tet ray DOA 
-But now if A bee . — = — 
c wall ‘Ynto C , we ma E 8 i : 
M qi Yo proue that D is A 
5 qual vnto F. For then E 
(by the firft part of the | 
7 of this booke) Aand je 
c ‘hall bane "pnto 'B one 
and the fame proportis 
on. And for that as A is 
to B, fois Eto Fer as 
Cisto B, fois E to D: Ws i 





+ Ae naL Las B 


therefore E hath tə ei 
therofthefe D andF, 

one and § fame pro ors 4 ba ; 
tion. i i, ^ tbe B UPS Pte SE E 
Jecond part of the 9.of the fift D is equall nto F. 
The third Likewife, if A be leffe then C,D alfois leffe then F . For — C fhal haue 
Ufsrencsee "yto Ba greater proportion, then hath A to B. (by the 8.of the fift .Wherefore 
E alfo hath ynto D a greater proportion then it hath to F . Wherefore by the 
Second part of the 10.0f this booke D is leffe then F. If therefore there be three 
magnitudes in one order, ex as many other magnitudes i in an other order, which 
being taken tivo and two in ech order are in one eo the fame proportion «y their 
‘proportion is perturbate, and if of equalitie in the firft order the firft be greater 
then the third then in the fecond order the first alfo fall be greater then» third 
and if it be equalli it fhall be equall : and if st be leffe it fhall be uec “which was 

~ required to be proued. 


3&j 7 be 22. beoreme. — The 22. Propofition. 


E 


If there be a number of magnitudes bow many foeuer in one. 
order and as many other magnitudes in an other order which 
being taken two and twoin ech order are in one and the fame 
proportion, they fhall alfo of equalitie be in one and tbe [ame | 
proportion. 
f Ko AV ppofe that there be a certaine number of magnitudes in one order. 
d wey |: QA A for example : A,B,C, and let there be as many other magnitudes 
dinate propor= | inan other order , "which let be D,E,F, which being taken two 
= and two let bein one and the fame proportion. Sothat as Ais toB, 


bionality. 
ji let D beto B as Bisto C, folet E be to F. Then I fay, that of equalitie 
they 
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they [Pall be in tbe fame próportion,tbat is , as is to C fo is D to F.T'ake'ynto 
Aand D equemultiplices G «y. Fl, and likewife to B e E take any other eque» 
multiplices wbat/oeuer , namely, K and L and moreouer "nto Cand F take any 
other equemultiplices alfo bat foeuer namely, M and N .. And forafmuch as, 
as Ais to B, fois Dto E: and'ynto A and D are taken equemultiplices G and 
H : and likewife ynto B and E are taken certaine other equemultiplices K and 
L: therfore 
(by the g.of 
the fift ) as 
G isto K, 
fo is Hto i 
L. And by E: | 


the fame 
reafon ) as 


K isto M, | 
fois L to | | 


ud 


D E F H v K 


N . Sein 

therefore y 

there be in 

order three 

magnitudes 

G, K, M, 26 K mM A 
& as many 

other magnitudes in an other order namely, H, L, N, which being compared 
two to two are in one and the fame proportion , therefore of equalitie( by the 20. 
of the fift) if N exceede M ,then fhall H exceede G: and if it be equall it fhall be 
equall : and if it be leffe it [Pall be leffe . But G and H are equemultiplices ynto 
A and D,andM andN are certaine other equemultiplices vnto C and F: there 
fore ( by the 6. definition of the fift ) as Ais toC, fois D to F. 

So alfo if there be more magnitudes then three in either order, the firft of the 
one order fhall be to the last,as the firft of the other order is to the laft.As if there 
were foure in one order, namely, A'BCD, and other foure in tbe other order, 
namely, E F G H swe may with three magnitudes A,B,C, and E,F,G, prone 
that as Ais toC, fots EtoG: And then leaning outin either order the fecond 
and taking the fourth, as leaning out Band F, and taking D and H, we may 
proue by thefe three and three A,C,D,and E,G,H, that as Ais toD fois Eto 


Conflrn Bion. 


Demonflre- 
tion. 


When there 
are more then 
three magni- 
tudes òn either 
order, 

ABCD EFGR 


H And abferuing this order, thys demonftration will ferue how many foeuer - 


the magnitudes be in either order. If therefore there be a number of magnitudes 


2 
A 


bow many foeuer in one order, and as many other magnitudes in an other order, -- 
Which being taken twa and two in eche order are in one and the fame proportion, 


< 


red tô be demonjtrated, l i 


A Sra Mmi. "sa The 


they [ball alfo of equalitie be in one and tbe [ame proportion : which Was requi : 


Proportion of 


eqnalityia 
perturbate 
proprotiona- 
[7772 


Coultrnfion, 


XV ges, andlet 


. HK: and 


Dower Arac -. 
sion: 


, the fifth) as His to L fois K to M. and alternately vi by ther 


UC 00 ThefflBile 
de The 13. T beoreme. The 23.Propofition. 


Gf there be three magnitudes in one order and as many other 
magnitudes in an other order, which Leyng taken two Cx two 
Jn ecbt order are in one and tbe [ame proportion , and if alfo 
their proportion be perturbate:then of equalitie they (ball be 


in one and the fame proportion, 


ra P "bpofe y there be in one order three magnitudes namely, A,B,C, ¢ let 
be take in an other order as many other magnituds which let be D ,E,F 
= "which being taken two and two,in eche order let be in one and the fame 
proportion : 

and fuppofe 

that their pro 

partio be pers ! 
turbate. So : 





that as Ais to 


i i 

B, fo let E be , i 
Fyand as Bis f 
toC, fo let D i l . — 
MN 


beto E: T hé : | : 
L 


| 

T s l i 

P] | 

Li d 

A B c D 
likewifè vato C,E,F,take any other equemaltiplices whatfoener and let fame 
be LMN: And forafnuch as G and H are eguemultiplices vnto A and B bùt 
the partes of equemultiplices are in the fame proportion that their equemultiplie 


I fay that as 

4Aistol fous 
DuFE: 
Tobe vnto 
4 B Dee⸗ | 
quemultipli — 








| 
| 


E F 





the fame beG G H K 


, decare (by y V5-of tbe fift ) wberfore as A is to B fo is G to H.* And by fame 


reafon alfo as E is to F fois M to N But as A is ta B fois E to Fvherfore(b 


, JM. of 7 fift) as G is to, fois Mto N. And fora/much as as Bis to C fo is 


to E,and pnto B «7 D are taken equemultiplices Hex K: and likewife vnto C 
‘and E are taken certayne other equemültiplices L and M : — by the 4. f 
ofthe fife) 


as Bis to D fois C to E. And forafmuch as and Kare the equemultiplices 


' of 8 and D, but tbe partes of equemultiplices are in tbe fame proportion that 


their 
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their equemuleiplices ave (by tbe 15. of tbe fft) therforessBistd D fois Hto- 
K Bat: as Bis tó D Jo is C to E therfore (by theaxof vbe firft) avédistoK, 


foisCte E. Avayne forafmuch as Land M are-the eqhemultipliceFof C and E, 
therfore as C isto E fois L to M.Butas Cis to E forts H ro K+ therforé as H 
itto K fois L toM ,and alternately(by the 16.0f the fift )as His te L fois K 
(But as 4 is to'B (ois Eto F (by luppofition) wherfore as Gis to H,(0 is EF, (by the 
1r.ofthefift.) Agayne foras muchas ¿M and Nar equemultiplices vnto £ aud F; 
theit fore agayne (by the 15. of the fi(eh) as-Bis co-F, (ois. t0 N, Buts É itg Fo 
baue we proned is G to H, wherfote as G 1s to A fois e tp N (by the f 1. of théfiit) 
Andfor thatasB isto‘, fo is D rosEi(.by fuppofition)Andvnto Band gre,taken e- 
quemultiplices ZZ and K: and,vnto Gand E are taken ceitayne other equenieluplices 

Land Mxheréfote s$E/ isto L fo i& K to Moby the 4ofthis booke), 55à 301 
~à Butjtis proned that as G. i eo. Hi fo is Mita Na Soyng therefore that 
6,H,L, dud as many 


there are in qne,orde three magnitudes , namely, G, 

cther magnitudes in an other oriler’, namely , RMN , whithe being tae 
ken tio and. two in eche order , are in oné and-tbeJàmié proportion: and^their 
proportion is perturbate therfore of equalitie( by the 21. of the fifth if G excede 
L ther fhall K exceede N and if it beéquall;it[Pall-bé equall: andif it be lefse. 
it fhall be leffe. But G and K ave equemultiplices'pnto Aand D and.L. and N 
are certayne otber equemultiplices pnto C and F. Wherfare as A is £o C fois D 
to F( by the 6.definition of the'fifth )* If therefore there be three magnitudes in 
one order and ds many other magnitudes in an other order, “which beyng taken 
two and twoineche order are in onte and tbe [ame proportion, and if alfo their 
proportion be perturbate: then of equalitie they hall be in one and the fame pro» 
portion: which was required to be proued. Pipes Ea n 
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From this marke * firtt to the fame marke agayne,you.may if you willin flede of Themi argumentes - 


which feeme fomewhat intricate,read thofe arguméntes folléwihy printed wich an other letter, which 
are very perfpicuous andbricfe,and followed.of the moft intetpreters,. LCS 


This Propofition isalfottüeif thetebe. p >- Orel: 
morethen thre magnitudes in cither order: i t 
As for exansple,let there be foure,So thatas — 
AistoB, folet E betoF, and asBisto C, ES 
folet D be to E, &asCistoP,folec Gh beto | - «om 
D. Then I fay that as Ais toP, fois QtoF, es 

For forafmuch asit is before proved, that A. 

isto C,as Dis toF taking away B &E thete 
fhall be three magnitudes A,C,P, inoné or- |- o> 
der, and as many otherin an other order; 
namely,Q,D,F;which being také in ech or- 
dertwoarnd two,are in one and the fame pro 
portion,and their proportió i. perturbate, 
wherfore by the former propofitió A isto P 
as Qis to F, which was required to be de« 
moùftrated. : : 


And euen as by the demonftration In 


three magnitudes is taken the proofe in 
foure magnitudes by leaning out one of A B 





55 
35 
» 
» 
» 


» 





fn addition 
bf Camp ane, 


Notes 


203.303. : The fifsh Booke 
the meanes :foby the demonftration in foure magnitudes is takenithe proofe ia. 
flue magnitudes by leauyng out rwo.of the meanes: and by the demonftration 
in Bue,the proofe infixe,by leaning out threemeanes.And fo forward cótinually, 
- which isalfo to be vnderftanded in the former kynde of proportion of equalitie, 


which is in ordinate proportion. Se ate 
os Bay he 24T heoreme. . The 24.Propofition. 


Pf the firft haue vneo the fecond the fame proportion that the 
» third hath to the fourth and if the fift haue vnto the fecond 

_ thefame proportion that theixt hath to the fourth: then al2 
othe frft and fiftompofed together fhall bane 'ynto tbe fe- 
_ cond the fame proportion that the third and fixt.compofed to- 


gether baue vnto tbefourtb. |... ... 


zm V ppofé that there be fixe magnitudes 4B,C,D E,F,/BG,«7 E H: 
of which let A Bbe the firft,€ the Jecond,D E the third E5 fourth, 
RIG 9x08 G the fft, and E H the fixt.And fuppofe that A Bthe fir bane 
ae tynto C the fecond;the Jame proportion that D E the third hath to È 
the fecond pro the fourth dudiet BG the fifa haue vnto C the fecond the fame proportion thak 
— E H thè fixthath vnto F the fourth: T hen I fay that the first and fift compos 
edet fed together namely AG bath bnto C the fecond the = . ` de 
multiplices, fame proportion that the third and (ixt compofed toge« 
" — ther, namely, D H, kath ynto F the fourth . For for 
thingnegni. thatas BG isto C, fot E. H tà F:then alfo by connere 
tudes, fion (Ey 5 Corollary of theg: ofthe fift Jas Cisto BG, 
fois Fro EH. Ind for that as AB is toC, fois ID E 
to F , but as Cis to B, fois FtoE H: therefore ofe 5 
spy qualitie (by tbe 22.0f the fift) as AB isto BG, fois 
` D Eto E H. And forafmuch as when magnitudes dee 
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uided are proportionall, they alſo compoſed are prapor- E 
tionall (by y 18 -of tbe ift): tberforeas .AC isto GB, | I 

foisD HtoHE: butasBGistoC, fois EH to F: l 
Wherefore agate of equalitie ( by the 22, of the fift ) as | | 
AGistoC, foisD HtoF. If therefore thefirfthaue a è p F 


nto the fecand the fame proportion that the thirdhath . 

‘ tothe fourth, and if the fift haue puto tbe fecond tbe fame proportion that 5 fixt 
hath to the fourth : then alfo the firft and fift compofed together fball baue'ynto 
the fecond tbe fame proportion that tbe thirdiand fixt compofed together hane 
pnto the fourth : which was required to be proued. 


fa» T be 


of Cuclides Elementes. Folisc. 
— Sae T bea T beoreme.. T he 25:Propofition. 


‘o Dftbeit le foure magnitudes proportionall z the greateſi and 


© the least öf them, phali be greater then the other remayning. 


AAG V ppofe that there be foure magnitudes proportionall AB, CD, E and 
(e F. So that as A Bis to C D fo let E be to F And let the greateft of them 
UR be LB tg the left of them be F. T ben I fay,, tbat tbefe two magnitudes 
AB and F, are greater then the two magnitudes CD wr E. Forafmuch as AB 
is fuppofed to be the greatest of all foure , therefore it is greater then E . T herec 
fore from the greater A B cut of (by the 3 .of the firft ) ynto E an equall mage 
nitude AG. and likewife (by the [ame ) from € «D cut of ynto F an equiall mag- 
nitide C H .( Which may be done, for that the magnitude C D is greater then 
the magnitude E: for that as A Bis to C D, fois E to F „therefore alternately 
as ABis to E, fois€D to F (by the 1 6.of the fift). But’ 5 7 

A Bis greater then E:Wherfore alfoC D is.gregter then | 

F: which thing may alfo be proued by 5 14.0f the fame.) | © 
Now for that as ABtstoCD, fois Eto F: but Eis ee 

quall'onto AG, and F is equall’ynto C H: therefore as >. 
ABistoCD, fo ii AG to CH: and forafmuch ,as la 
the whole AB 1s to the whole C D, fo is tbe part taken a« | 

way AG, to the part taken away CH: therefore the 
refidue GB( by the19.ofthefift ) is nto the refidue | 
H D, as tbe whole 4B is to tbe wbole CD. But AB. 5 + 
the firkt is greater then CD the third : WherforéG B the 
fecond is greater then FAD the fourth ( by the 14.0f the | 
c E 
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fift ) . And forafmuch as A G. is equall'ynto E,«z CH | 
asgquall ynto F: therefore AGand F are equall ynto. 4 
C Hand E . And fora[much as if onto thinges vnequall 

be added thinges equall, ail fhall be ynequall( by the fourth common fentence): 
therefore feing that G Band D Hare vnequall, and G Bis the greater,if ynto 
GB be added AGandF: and likewife if'vnto H D be added Hey E, there 
phall be produced AB and F greater thenC D ex E. If therefore there be foure 
magnitudes proportionall the greateft and the leat of tlem, fhall be greater thé 
the uther remayning : which was required to be demonftrated. 


b a1 — —————- »e—_ — 


. Herefollow certayne propefitions added by Campane,which are not to be con- 
temned,and are-cited euen of the beft learned,namely,of Johannes Regio montanus, ‘ 
‘tn the Epitome which he writeth ypon Ptolome. 


g The firt Propofition. 
If there be foure quantities,and if the proportion of the firit to the Second, be greater 


Mansy. thes 


Demonftratio 
dcadinQ to an 
impœſſibiliie. 


An other de- 
morflrstion of 
the fame 
affirmatinely. 


Dewan fratis 
leading to ài 
amipyfivilitte, 


An other de- 
monsiration 
ej tbe fane 
ejf iietiuely. 


EE Fhe fib Booke - 


then the proportiainuf tbe third ga the fourth : then sontrarimife by conserfiony the propor- 
tion of the fecond tothe- fir3t fhal be lefe then the proportion ofthe fourth to the third. 

., Suppole that the proportion of Ato B be greater then the propertionof €to D. 
Then LHay.tonvativi(? by couerfton, che própottion of 3 to Ais. lefe-thea the pro- 
portion o£ D to C.Forif rbe'proportion of J to 4fbe one and the fame with the pro- 
portion D to-C,then corlüetfedly theproportioh 6f 4 to Z is orie'ard the(ame with 
the proportion of 


Cto'D, which is 4 ae — ens Savin EE 7 
contraryto luppo- MN RUD at 8 

fition. Buerthe * ^^ 70 7 00 1 X iy 
proportion of2to — B uL ^ 





ef begréaterthen S-A SLS t i 
the proportion ofp ` o n ——— LO 
DtóC,Thenlet-E « *.— 7 0o eco 00S S E ee DAMES 
be vanto Aas Dis. <i E 3 I : 3 . 
to C. And by tàe 13. ofthis hooke,the proportion o( £ to 4 fhall beletfe then the pro- 
portion of B to .4:Wherfore (by the frit part of the tenth of the fame) E is leffe the B. 
And therfore by the fecéd patt of the 8.of the famé, 4 hath vnto E a greater proportió 
thea ef hathto.B. And fora{much.as by conuer(e praportionalitice 4 is vnto Eas.Cis 
to ‘D, therfore by the 15.0fthe (ame,C hath to.Da greater proportion then hath A to 
4 which is conzrary to the fappohition.For ef was fuppoled to haue vnto B a greater 
proportion then hath C to-D. Wherefore the proportion of B to. isneither one and 
the fame with the propottion of Cro D, nor greater then it.Wherfore it is leffe ywhich 
was required to beproued, = ae ane t A S ‘ E. 

It may alfo be deménftrated dire&ly. Forlet Ebe vnto ZasCis to D. Thencó- 
uer(edly Zis to Eas Disto'C^And fóra(muchas 4 is greater then'E by the firft partof 
the tench of chis booke, therfore by the fecand:-part of the 8 of the (ame & hath vnto A 
a Icffe proportion theu hath Zito Ez Wherfore by the 13. of thefameZ hath vnto e:8 


Iefle proportion then hath D to C : which was fequired to be proued. 


` yf TheJecond Propofition. a 

Jf there be fonre quantities andyf tbe proportion of the ficit To the fecorid be greater then the proz 

portion of the third to the fonrth,then alternately the proportion of the firftso the third, fhal be. grein 
ter then the proportion ef the fecond tothe fourth. -.,' : s 





vH ‘ 


52s 


Lct e/ haue vnto Z agreater proportion then.hath C to D, Then (ay alternately 
44 hath to C a greater proportion then hath Z to D: Forone and the fame proportion’ 
itcan not haue : forthen alternately ef (hou]dbeto Z'as Cisto D, which is cotitrary 
to the füuppofitió. But if itháuealeflc proportió,lct£ be vnto Cas Bisto D. Now thé 
by the 15. of this booke x UNES UT LA Ri 


E heth vnto C a greater o i c ve 
proportiowthen hath 4-40 707. 

to C. Wherefore (by the «s. >> pee at ; E 
fit part e£ she tenth of | 5 ium Pe : 
the dune) E isgreater thé S 4 


A. Whertfore by the firft  ¢ — 
partofthe 8.ofthefame, v 

Ehath to l'a greater pro — 
portion then hath ef to — e n : 
B.And forafinuch as by fuppofitió £ is vnto C,as Z is to D, thetfore alternately E isto 
BasCisto D.Wherfore by the 13, ofthe fame,C hath to Dagreater proportion then 


s 


-hath Ato B,which is contrary to the fuppofitid. Wherfore the proportion of 4 to Cis 


neither one and the fame with the proportion of B to D, nor leffe then it, wherefore it 
is ercater. Which was required to be proued. ] . 
"7 sis may alfo be demonttrated alicmaioely, let £ bevnto ZasCisto D.Now thé 
by the firft part ofthe tenth ofthis booke,Eisleffe then 4: wherfore by the firft parte 
of the 8,of the (arac,the proportion of 4 to Cis greater then the proportion of E to C. 
But alternately Eis to Cas Bis to D, Wherfore(by the 1 .of the fame) ef hath to cs 
greater 


| of Euclides Efementes. Fol.i5t. 
greater proportion then hath B to D : which was required to be proued, 


— y T bethird Propofition. 

i If there be foure quantities, and if the proportion of thefirst to the fecond be greater 
then the proportion of the third to the fourth : then by compofition alfo the proportio of the 
firit and fecond to the fecond fhalt be greater then the proportion of the third and fourth 
tothe fourth. : 


Suppofc that the proportion of Ato B be greater then the proportion of Cto D, 
Then 1 lay that che proportion ofthe wholee4 B te B is greater then the proportion 
of the whole C D to D, For the proportion ofe4Bto B cannot be one and the fame 
with the proportion of C D to D : forthen by dini(ion alfo 4 lhonld be vnto & as C is 
D i which iscontrary to the fuppolition, Neither 
alfocan itbelelfe. Forifit be pofGble,letit be: & z 
let ER bevnto BasC Disto D.Nowrhen(bythe 4 — 

12. ofthis boke Eß hath vnto Ba greater propor- 

tion then hath 24 BtoB. Wherefore bythe firt < ? 

partofthe to.of the fame E Bisgrearerthenthe ^ 

whole 48, And bythe common fentence E is 

greater then 4, Wherefore by the firft part of the 3. of this booke E hath to Bagrea~ 
ter proportié then hath 4 to B.But Eisto.Bas C isto D by diuifid of proportion: for 
EB is tø B as CD is to'‘D.Wherfore(by the 13.0f the fame) C hath to D a greater pro- 
portió thé hath 4to B,whichis cotrary to the fuppofition. Wherfore the proportion 
of 4 Ji to D isnotonc and the fame with the proportion of C D to 'D, neither alfo is it 
lcffe then ic. Wherfore it is greater : which wasrequired to be proued. 


This may alfo be demonftrated affirmatinely.Forafmuch as the proportion of ef 
to Bis greater then the proportionof Cro 2 : let E bevnto ZasCisto'D. Andfo by 
the fitít part of the 10, ofthis booke, E (hall beleffe chen A. And therfore by the com- 
mon fentence E B (hall beleffe thep 74 Z.Wherfore by the firk part of the 8.of the (ame 
ARB hath vnto B a greater proportiotrthen hath E Z to B. But by compofition E B is 
to B,as C Dis to D.For by fuppolition Eis vato B as isto D. Wherfare (by the 12.0f 
this booke).4 B hath to B a greater proportion then hath C D to 'D : which was requi- 
ted to be proued. i 


g The fourth Propofition. 


Jf there be foure quantities and. if the proportion of tbe first aud the fecond to the fecond 
be greater then the proportion of the third and fourth to the fourth : then by dinifion alfo 
the proportion of the frit to the fecond, fhallbe greater thew the proportion of the thirde ta 
the fourth. 

Suppofe that the proportion of A BtoB be greater then the proportion of CD to 
D, Them! fay that by diuifion alfo the proportion of «^f to Bis greater thenthe pro- 
portión of C to D. Foritcannotbe the fame. For then by compofition 4 B (hould be 
to BasCDisto D, Neither alfo can it be leffe: ; 
for if che proportion of C to D be preater their 
the proportion of Af to Z,then bv the former A eA nece on E 

ropofition,the proportion of C Dto D (hould ` 

be greater then the proportion of AB to B; ¢ p 
whichis contrary alfo to the fuppofitió. Wher- — —— 
fore the propartion ofe4 to B is neither one 


and the fame with the proportion of Cto D nor isleffe then it. Whereforcitis greater: 


thenice: which wasrequired to be proued,- 
The 


Demon ftrariS 
beading to an 
smpofiibiltties 


An other de- 
monflvation 


of the fame, 


Demonfiratié 
leading to ax 


An other dz- 
monstration 
of ihe lame 
affrmatinely. 


Demonftra- 
sien. 


Demonfira- 
sion’ 


The fifth Booke 


The fame may allo be proued affirmatiuely. Suppofe that E B be vnto B asCD is 
to D. Now then (by the firit part ofthe 10. of 
the fifth) EZ (hallbeleffe then e^f B : and there: 


fore by the common fentence, E isle(fe then eAf, — — — 
wherfore by the firft part ofthe 8. of this booke, 
the proportion of £ to B,is Jeffe then the propor- — 


tion of Ato B,but as Z is to B,fo is Cto'‘D:wher- I 
fore the proportion of C to D,is le(fe chen the proportion of 4to 2, Wherfore the pro 


portion of 24 to B is greater then the proportion ofC to : which was required to 
be proued. 


fg T be fifth Propofition. — 


If there be foure quantities and if the proportion of the fir and the fecond to the fecond 
be greater shen the proportion of she third and the fourth tothe fourth : tben b enerfion 
the proportion of the fir ft and fecond to the first, fhall be lefe then the proportion of the third 
and fourth so she third. . 


Suppofe thatthe proportion of 4 B to B be greater then the proportion ofC D to 
D. Then I fay that by euerfion the proportion of 4 B to 4 is lcífe then the proportie 
onofCDtoC . Forbydiui(ion by the former 
propofition the proportion of 4to Bis greater A í B 
then the proportion of C to D.Wherefore by the — —— — 
firſt of tleſe propoſitions conuerſedly, B hath 
vnto Aa lefle proportié thé hath 'D to C. Wher- 
fore by the 3. ofthe (ame by compofition, the 
proportion of Af B to Ais leffe thé the propor- 
tion of C DtoC: which was required to be proued. 


^ 


f T he fixt Propofition. 


If there be taken three quantities in one order and as many in an ether order, and if the 
proportion of the firft co the fecond in the firft order, be greater then she proportion of the 
firf to the fecond in the latter order: shen alfo the JT efi — to tbe bird in the 
Sirft order [ball be greater then the proportion of tbe firf to tbe third in the latter order. 


Suppofe that there be three quatities in one order 4,8,C, & asmany other quátities 
in an other order D,E,F.And let the proportion of A to B in the firit order be greater 
then the proportion of D to E in the fecond order, and Ietalfo the proportion of B to 
Cin the Arftorder,be greater then the proportion of E to F in the fecond order. Then I 
fay that i — 
the pro- — — D 
portion E f 











‘of Ato 
Cin the 
firftor- © — ] F 
der, is 

eater 

thé the B 

propor G^ — —. 

tion of —— 

DtoF M " 

in the fecond ordcr.For le£G be vnto Cas E isto F. Now then by thefirft partof the ro 

of this booke G fhall beleffe then Z, And therefore by the fecond parte o! the 8. dE the 
ame, 
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n : * oo mur ta A B c Ten 
fame, the proportion of A to Gis gtédter theti the‘proportion ofA to B .Wherforethe 
proportion of 4 to Gis muche ercater then the proportion of Dto E. Nowthenfet 
-H Be vnto G as D is to E. Wherfore by the firft partof the 10.0f the fate of is greater 
thé H, And therfore by the firt part of the 8:of the fame, the proportion of + to Cis 
greater then the proportion of Æ to C. But by proportion ofequality H is to Cas D ts 

to £ (for Histo Gas Disto E, and G isto C as E is to F. Wherfore by the 12. of the 
famc c hath to C a greater proportion then hath D tọ F: which was required to be 
proued. 


` * 
exor qns .; f 


— seo, g Thefenenth Propofition ~. > Basle 
_ Af there be taken three quantities in one order and as many other inan other order, and 
~if the proportion of the fecond fo the third in the firft order be greatershen the proportion of 
the firfi to the fecond in the latter order sf alfo the propartion of the firi ta the fecond in the 
eft order ke greater then the proportion of the fecond to the third in the latter order «1ben 
‘frall the proportion of the firjt to the third in the firft order be greater, then the proportion 
of the firft to the third in the latter order. ` ; 


` , 


' 


2 Suppofe that there be three quatities in one order_4,B,C, and as many other in an 
,otherorder D,E,F. And let thé proportion of B to Ciu the firft order, be greater then 
the proportion ot D to E inthe fecond order,and letalfo the proportion of Ato B in 
the firit order,be greater thén the proportion of E to Fin the fecond order. Then I fay 
that Ahathto C 

agreater propor |. A. ————— — ——— D nie — 
tion then hath D 


to F. This per- — —— 
tainethto pro- œ i 

portíon of equa- — — s 
licie. For lec G be ` us 


yntoC,as Disto Hu — + — 


E. Andbythe Gc —— . 4... 

fittpartofthe — c en 

1o.ofthis boke, — ——— 

G fhal beleffe ché : ES t ; 

B.And therfore by the fecond part of che 8.of the fatne;the propottió of Ato G is grea- 
ter then the proportion of 4 to B. Wherforc A hath vnto Ga much ereater proportió 
Shen hath Eto F,Now then let be vntoG as £ is to F,And by thefitft part ofthe to. 
ofthe fame, 4 (halbe greatet then H. And bv the firft pact of the 8. of che fame,the pro- 
portion of Ato Cis greater then the proportion of A toC, Butby the 23. of the fame 
the proportion of H to Cis as tbe proportion of D to F (for Gis to Cas D isto.£, and 
Histo Gas E isto F,) Wherfore(by the 12. of the fame) the proportion of Ato C is 
greater then the propoctioa of D to F, which was required to be proued, 


g The eight Propofition. 
Ifthe proportion of the whole to the whole, be greater then the proportion of a part taken 
amay,toa part taken away: thé fhaltthe proportion of the refidue unto the refidue be greater 


then the proportion of the whole to the whole. 


Suppofe that there be two quantities AB & C 
D : from which let there be cutte of thefe magni- 4 





tudes 4 Eand CF: andlet the refidue be E Band’ = : 
F'D.Andletthe proportió of 47 to C D be grea 

terthentheproportionof 4Eto CF. Thenlfayg | £F — ^ » 
thatthe proportion of £ B to F D is greater then SNR 


thé proporuon of 47 to C D;For( by the fecond 


of 


* 


Demonflra- 
tion. 


co 


des 3 The fifth Book 
Qf thefe propofitionsnow added) alternately thc proportion of 4B to AEis grearer 
"then the proportion of C D to C £,And therfore by cuerfion of propertion (by the: s, 
ofthe famc)the proportion of 4 to 5 Z isleffe theu the proportion of CD to F D, 
, Wherfore agayne alternately the proportion of 4 Z to C D is leffe then the proportio 
EE BtoF Diwhich wasrequited to bc proued, : 


— — $ T beninth Propofition: 


If quantizies how many foener in one order be compared to as many ether ix an other or- 
der and if there be a greater proportion of euer ene that gocth before to that wherunto st is 
referred, then of any that followeth to that wherunto it is referred : the proporticn of them 
alltaken together uxte all the other taken together, fhallbe greater, then the proportion of 
any that followeth to that wherunto it is compared,and alfo then the proportion of all them 
taken together to all the osher taken together, but fhatt be leffe shen the proportion of the 

Sirf toshe fir lt. < . 
vs B A . 
Suppofe that there be three quantities in one order, 7,2,C,& as many other in an o- 
tber order D,E,F.And let the proportid of 4 to 'D be greater thé the proportié of B to 
E,lecalfo.che proportié of B to E,be greatcr then the proportid of C to F.Thé I fay that 
the proportió of 4 8 C caké al togethet,to DEF také altogether, is greater thé the pro- 
‘portion of B ? — 
to £,and alío 
then thepro- A —MM—— D^ X————— 
portion of C 
tof, & more & ————————— E 
ouer thé the : F 
proportion — — 
ofB&C také 
together,to £ F také together, butis leffé then the proportio of 4 to D.For forafinuch 
as A hath to Da greater proportié thé hath 3 to E, therfore alternately Ahathto Ba 
greater proportion then hath D to E:wherfore by cópofition ef B hath to Ba yreater 
proportió thé hath ‘D Eto E.And againe alternately 42 hath to 'D E agreater propor- 
tion then hath B to E. Wherefore by the former propofition A hathto'D a greatet 
-proportion then hath e/f Z to DE .- And bythe (amereafon mayitbe proued that 
ath to E agreater proportion then hath AC to EF, Wherefore ef hath toDa 
„greater proportion then hath B Cto EF. Wherfore alternately A hath to B Ca grea- 
ter proportion then hath D to E F,wherfote by compofition e£ B C hath to B C a 
greater proportion then hath D E F to EF. Wherforc agayne alternately ef 
BChathto DE F agreater proportion then hath BCto £ F, Wherefore 
(bythe former propofition) the proportion of ef to D is greater 
„then the proportion of A BC to DEF: Which was requi- 
red to be proued. 
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HIS SIXTH 500 x £, is for víe and practife, a The argument 
\\ moft fpeciall booke. In it are taught the proporti- cf this finth 

1 ons ofone figureto another figure; & oF theinfides booke. 

the one to the other, and of the fides of one: to the 

4 (ides ofan other , likewife ofthe angles of the one tp 

m theangles ofthe other . Moreouer it teacheth. the 

WL, defcription of figures like to figures geuen, and mar- 





—— ueilous applications of figures to Jines , euenly, or Sat 
CARO 4) with decreafé or exceffe, with many other Thico- a 
d s EMEN D M, renes, not oncly ofthe proportions — fi- f 
CLI SIP pures, but alfo of fectors of circles,with their angles. 
Onthe Theoremes and Problemcs ofthis Booke depend for the moft part, the 


compofitions ofall inftrumentes of meafuring length, breadth, or deepenes, and 

alfo the reafon of the vfe of the fame inftrumentes, as ofthe Geometricall {quare, This booke 
the Scale of the Aftrolabe, the quadrant, the ftaffe, and fuch other . The vie of teceffary for 
which inftrnmentes, befides all other mechanical inftrumentes of rayfing vp , of. "^e vfeof im- 
mouing, and drawing huge thinges incredible to the ignorant, and infinite other m e f 
ginnes ( which likewife haue theicgroundes out ofthis Booke) are of wonderfull eem 
and vüfpéakeable profite , befides the ineftimable pleafure which is in them. 


3 Definitions. 


1. Like reftiline figures are fuch, whofe angles are equall the tiep i 
one tothe other and wbofe fides about tbe equall angles are. fime... 
proportional. 


As if ye take any AB 
two rectiline figures. Sr 
As for example, two á 
triangles ABC , and 
DEF: iftheanglesof — . 
the one triangle be e- “EF 


quall to the angles of 

the other, namely , if : 

the angle A be equall D ij] 

totheangleD;andthe — , [ i 

angle B equall to the ^| 

angle E , & alfo the an- I : j 

gle C equall to the an- i _| 

gle F. And moreouer, B c E F c p 

‘ifthe fides which con- 

taine the equall angles be proportional. As ifthe fide A B hauethat proportion to 
Noj. the 


The feeond 
definition, 


Reciprocal 
figures called 
pituallfi- ` 
gurtt, 


The third de- 


finition. 


t The fixth Booke 


thefide B C , which the fidc D'E hath to the fide E F, and alfo if the fide BC be 
vnto thefide C A, as the fide E Fis to the fide F D, and moreouer, ifthe fide C A 
beto the fide A B, as the fide F D is tothe fide D E, then are thefe two triangles 
fayd to be like : and fo iudgc ye of any other kinde of figures . Asifin the paralle- 
fogramines ABC D and EF GH, theangle A be equall co the angle E, and the 
angle B equall to the angle F, and the angle C equall to the angle G , and the an- 
gle D equallto the angle H , And farthennore, ifthe fide A C haue that propor- 
tion to the fide C D which thefide E G hath to the fide G H, and if alfo the fide 
CD betothefide DB asthefide GH is to the fide H F,and moreouer, if the 
fide D B beto the fide B A as the fide H F is to the fide F E „and finally, ifthe fide 
B A betothefide A C asthefide FEis to thefide E G,thenare thefe parallelo- 


grammes like. 


2. Reriprocall figures are thofe, when the termes of proporti- 


en are both antecedentes and confequentes in either figure. 


' o0 Asifye hauetwoparallelogramnes —, » 
ABCD and EF GH. Ifthefide ABto 

the fide E F,an antecedent of the firlt figure | | 
-to a confequent ofthe fecond figure, haue — >- 

mutually the fame proportion, which the | 

fide EG hathto the fide AC an antece- | 

dent of the fecond figure to a confequent — —— 

ofthe firt fgurerthen are thefe rwo figures € B 
Reciprocall . They ate called offome, fi- — B... * 

gures of mutuall fides,and that vndoubted- | | 

ly notamiffe nor vnaptly. And to make = + | 

thys definition more plaine, Campane and | 

Pellitarins,and others,thus putit: Reciprocal 

figures are,when the fides of either be mutually 

proportional, as in the example and declaration 

before genes. Among the barbarous they 

are called Musekcfia,rcferuing ftillthe Aras S x 

bike worde. 





3. Aright line is fayd to be denided by an extreme and meane 
proportion, when the whole is to the greater part, as the grea- 
ter part is to the lefe. 


As ifthe line A B, be fo deuided in the point 
C,that the whole line A B haue the famepro- 4 £ B 
portion, to the greater part thereof, namely, to f 
A C, which the fame greater pare A C hath to 
the leffe part therofjnamely,to C B; then is the line A B deuided by an extreme 
and meane proportion. Commonly itis called 4 line dewided by proportion hauing 
ameane and two extremes. How to deuide aline in fuch fort was taught in the 11. 
Propofition of the fecond Booke,but not vnder this forme of proportion. 


4. The 





of Euclides Elementes. Fol.154. 
Ke The alituds ofa figure is a perpendicular kine drawénfrom 1 fours 
"the toppetothebafe. ps Mee 


As the altitude or hight o£the:trianele A BC, is the line:A D being dmwen 
perpendicularly from the poynt A, bemgthétoppc or higheft part of the triangle ; 
to the bafe therof B C . So likewife in other figures as ye {ee in the examples. hére , 
fet.Tharz: - 5 QUT e RO IL pun * — 
whieledi (2 ,20c4 :. 
hete:hée> ti any : 
callcthinoasp 4 
the alth < yd,/. 


oo 













eae eet T 
boókein V5 1n TS: * 
the 35. — 
Propofi-^: CDU ET NUM AR uf 

fion ‘and certaine otherfottowing, he tight to be contayned within twó.equidi- 
ftantlines : forthat figuresxo-hdue one aldtade atid to be contayned within awd e- 
quidiftam linesjis all otie;Son all.thefe examples, iffrom the higheft pointofthe 
figure ye draw an equidiftant line to the bafetherof, aiid then fr6 that poynt draw 







wh YE 


tot 


aperpen dicular to the fame bafe that pé dicular is the altitude ofthe figure, 





22 Cae ir Hu HO DSE Paypi t * $ 
5. EProportióags faid to bé made of two proportions dy more, mthi 
whenthe quantitres of theproportions multiplied the oneinto (SeS 


os S208 


*. athe orber.produce an other quantitie, 


cer ug . > ba aS he Shea. BLU Los bee Yas Sige eg he ee ate tel & Y B M uic hy 

.:: Ofaddition ofproportions, hath bene fomewhat faydin.the.declaration: of the 
1o.definjtion of the fift baoke : which in; fubftance is all one, with, that-whichis 

here raught by Euclide. By thename of. quantities of proportions, he vaderftan- 

deth the denmination’ of proportions. So that to addé two ‘proportions togë 

ther,or more, and to make one of the all, is“notl pë els, but to multiply theit 

quantities together, that is to multiply euérttie deriotnítiatot of the onéby che ` 
denàminator of tlie othet . Thysis true in all ides of próporüott, whérheripbg By thename 
of equáliti&or ofthe greazer inequalitié, Wfien«dhe greate f quantitieis refevréd to of quantities 
the lefle : or of the lefle inequalitie wher the te € quahtitíe is referred to the preas yuen ays 
ter: or of them mixed fogether “Tf the proportions: be like, tb adde two togethet minatio nf 
Qro double the afie, to add; DEedsto tripletliboneránd foforth in likepropor: proportione 
— 35 was fufficicady declared: iir the declariidh of the- io; and 1i «deffrütions 

ofthe fft Booke, Wlicig it was fhewed, thatiftheje be 5. quantities iri hike pto- 

— diprdietlie prdporson ofthe fidtto the 

(econd dóubleti:Srid i thureBereute quantittés ifi like proportión;tlíé proportion E 
ofthe fit gy thefgurcb:fhiali bexhbé proportione ofthe firfb tozhe-fecond teipled: vC RS 
which thing bonlqpido: was therezaughi:u: LikeWyft in. proportions vnlike , she 
proportionate. rit éxtrcine to the laft is micéc'ofall dis, meane-propertinns fet 

bos 5 Nn.ij. betwene 
















Exempleof 
tbi definitio, 


Example in #8 
numbers, 


2. 3. 15. 18, 


T he jixth Booke « = 


berweriothem . Suppofé three quantities A,B,C, fo thatlet A haue fo B fe(qui- 
altera proportion,namcely, 6. to 4 . Andlét B to C: hauefefquitertia proportion, 
namely, 4.to 3. Now the proportion of A to ` 
C, the firt to the thyrd,is made of the propor- <4 
tionof A to B,andof the proportion of B to B 
to C added together . Ifye willadde them to- c 
gether, ye mutt by this definition multiply the - - 
quantitie or denominator ofthe one,by the quátitie or denominator ofthe other. 
Yemuft firft therefore (ecke the denominators of thefe proportions, by the rule 
before geuenin the declaration of the definitions of the fift Booke.As if ye.deuide ' 
A by B,namely, 6. by 4, fo thall yc haue in the quotient 1+ forthe denominator 
of the proportion of A to B: likewife ifye deuide B by C,namely, 4. by 3. ye ſhall 
hauein the quotient 1 forthe denominator of the proportion of B to C,now 
multiply thefe wo denominators r ~ and 1 — the one into the other, by the 
rule before raught, nainely, by multiplying the numerator ofthe one into the nu- 
merator of the other, and alfo the denominator of the one into the denominator 
of the other : the numerator of 1+ or of + which is allone,is 3, the denomi- 
natoris 2 :: the numerator of 1 which reduced are is 4, : 











the dénoininatoris 3 : then multiply 3.by 4, numerator by nu- 12 
merator, fo haue yc f2, fora new numerator : likewife multiply 3 4 c 
2eby 3. dcnominater by denominator, yefhall produce 6,fora ~z 73 
new denominator: fo haue you produced 12.and 6, betwene 6 


which there is dupla proportion . Which proportion is alfo be- 
twene A and C, namely, 6. to 3, the fixft quantitie to che third, Wherfore the pro- 
portion of A toC is fayd to be made ofthe proportion of A to B and ofthe pro- 


. portion of B toC, far thatit is produced ofthe multiplication of the quantitie or 


denominator of the one, into tlie quantitie or denominator ofthe other. And fo 


' efall others bc they neuer fo many. As in thefe.examples in numbers here fer 


2.3. 15.18. In this example the leffe numbers are compared to the greater,as in the 
former the greater were compared ro the Leffe : the denominator of the proporti- 
on of 2.to3.is + thatis,fubfe(quialtera, the denomination betwene 3.and 15.is 
or > whichis all one, tatis, fübquintupla, betwene 15. and 18. che denomi- 
tation of the proportion is ^ tharis fübfefquiquinta, multiplyall thefe denomi- 
nations together : firft chenumerators : 2. into 1. produce, then z into 5.produce 
10 : which fhall bea new numerator. Then the de- ^ 
Hominators : 3. into, 5. produce 15 : and 15. into 6. 10 

produce 9e: which fhall beangw denominator... 2 1 5 

Sohaue you broughtforth = or whichispre ~% à y & 


n 
» 2! 


ols 


~ portion fubnoncupla:which is alfo the proportion go 


. ef a.to 18. Wherefore the proportion of 2. to 18. 


that is, o£ the extremes, namely, fubnoncupla, is made of the proportions of 2.to 


~ 3: of3.to 15 : and of rj.t0 18 : namely, of fubfefquialtera,{ubquintupla,and fublef, 


Another 
exemple. 


uiquinta. — 
Y AR other example, where the greater inequalitie and the leffe inequalitie are 
mixed together -6.-4.2. 3. the denomination of the praportion of 6.to 4,is 1 +, 
of 4. to 2,is.., and of 2. to 3,is +: now ifye multiply as you ought;all thefg 
denominations together, ye fhall produce 12. to 6, namely,dupla proportion. 
* Forafinuch as fo much hath hetherto bene fpoken of addition d 
it 


of Enclides Elementés. Fol.55. 


itfhall not bcynneccffary fomewhat álfo to fay o£ fubftiáétien ófthem , Where it $ 
2. ] a Ne 2 vog epo ab ; <- Of fubfiratti-- 
is to be noted, that as additioh ofthem , is made by miultiplicatió oftheir denomi- ,; of propor 
narions tc one into thc other:fo is the fubftra&ion of the one from the other gon, 
done, by ditifion of te denomination ofthe de by the denomination ofthe o- 
ther. As ifye vll from fextupla proportion fubtrahe dupla proportion, take the 
denomiinaiiéns of them both. The denomination of fextupla proportion, is 6, 
the denomination of dupla proportion, is 2. Now deuide 6; the denomination 
of the one by z.she denomination of the other : the quotient fhall be 3 :which is 
we denomination ofa new proportion, pamelystripla :(o that when dupla pro- 

S Eo, La Ri S Y TIPS EU SN e : 
portion is fuburahed froiafextupla, tiere fhall remaync- tripli proporuon . And 
thus maf yë do in all othcrs le A WERA Uy benef 

2 ey ae ay ase Meyecth e n 


6. AParailelogramie ap lied to a right line, is fayd to want 
in forme by a parallelogramme like to one geuen : whe the pa- 
rallelograme applied wantetb tothe filling ofthe whole line, Thefixthdez. 
by a parallelogramme like to one genen : and then is it fayd to finiset. -> 
exceedeswhen it exceedeth the lne by a parallelogramme like 
to that which was geuen, 


As let Ẹ be a Parallelográme- 
geuen, and let AB bea right C pn. GS 
line,to whom is applied the pa- <“ poa U 
rallelogramme A C D F. Now 
if it want of the filling of thc 


| Im 
line A B,by thc parallelográme ] : | Ey 
D FGB being like to the pa- | : j i 
'rallelogrimmc geuen E, then is — — b. xx] 


the parallclogramme fayd to 4 Lov uU IRE B 
want in forme by a parallelo- 
gramme like vnto a parallelogramme geuen. 

Likewife if it exceede, as the parallelogramme A C G D applyed to the line 
AB, ifit exceede it by the ^ ; 
_parallclogramme F GBD 
being like to the parallelo- 
gramme E which was ge- 
"uen , then is the parallclo- 








c F e 








gramme ABG D, fayd to 

cxceede in forne by a pa- : (E 
rallelogrammelike to a pa- - — es 
rallelogramme gcuen. A —— P D S 


7 Thisdefinition is added by. Flofíates ás it feemieth, it isnotin any cmon Greke 
booke abroad,norin aay Cominentary, Itis for many Theoremes following very 


neceſſary. — 
B x CoA. — Sw Tbe 


— 


Confiraion, parallelogxammes E — * 


Demonstra- 
tion of the 


firi part. 


act The fixth Booke . 
5897 Pe 1. Teoreme. The t. Propofition: `> 


Triangles c7 parallelogrammes which are ynder one c> the 


felf fame altitudezare in proportion as tbe bafe of the one is to 
the bafe of the other. 


Vppofè vhat there be two triangles ABC and ACD ex 
two paralleiogrammes E C and C F. Which let be fèt vne. 
der one and the felfe fame altitude, or perpendicular line 
drawen from the toppe A to the bale BD. Then I fay 
that as the bafe B C is to the bafe CD fois the triangle 
YIA D.C tothe triangle ACD: andthe parallelogramme 
E Cto the parallelogramme C F .. For fovafmuch as tbe 








Cand CF are "vnder: 
one and the felfe fame 
altitude, therfore the 
lines E Aand AF 
make both one right 
line and fo alfo do the 
Ines B Cand CD: 
and therefore the lyne” 
E Fis a parallel vnto 
the line BD.Produce ND 
the vigbt line D Bon eche fide diveEtly to the pointes H1,L (by the 2.peticion of 
the firft) And nto the bafe BC (by the 2. of the firft,) put as many equal lines 
as you will, as for example,two,namely,BG,andG Hand ‘pnto the bafeC D 
on the-other fide, put.as many equall as you did tothe other bafe, which let be D 
Kand K L.T hen draw thefe right lines AG,A H,A K and AL. 

And forafmuch as the tines CB, BG and G Hare equall the one to the oe 
ther therfore the triangles alfo AFLG, AG Band ABC, are (by the 38. of 
the firft) equall-the one to the other. Wherfore how multiplex the bafe F1 Cis t 
the bafe BC fo multiplex alfo is tbe triangle 4 FÀ Cto the triangle A 'B C. dnd 
by the fame reafon alfo how multiplex the bafe L C is to the bafe DC, fo multis 
plex alfo is the triangle A L C to the triangle AD C.Wherfore if the bafe HC 
be equall nto tbe bafe C L,then (by the 38. of the fir/t) the triangle 4 HC is 

sal ynto the triangle AC L. nd if tbe bafe Fl C exceede the bafe CL ,then 

off the triangle A H Cexcedeth the triangle ACL and if the bafe be leffe,the 

triagle alfo fhall be leffe. Now then there are foure magnitudes namely phe two 

kafes BC and C Dand the two triangles ABC and ACD and to the bafe B 

Cyand to the triangle A BC,namely to the firft and the third, are — 
mu 
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multiplices namely,the bafé H Cand the triangle A FC, and likeifé to bafe 
CD andto the triangle A 1C yhamely,to the fecond and the fourth, are taken 
certaine other equemultiplices that is tbe bafe C Li and the triangle ALC..And 
it hath bene proued that if the multiplex of ei magnitude, that is,the bafe 
H C ,do exceede the multiplex of tbe fecond that ‘is the bafe C L,, the multiplex 
alfo of the third that is, the triangle AH Cexcedeth the multiplex of y fourth, 
that i5 the triangle A L Cand if the faid bafe H C be equall. fo the faid bafe C 
Ethe triangle alfo A Fd Cis equall to the triangle A L Cyand if it be leffe it is 
leffe.Whei fore by the fixt definition of 9 fftb yas tbe firfl of tbe forefaid magn» 
tudes is to the fecond fois the third to the fourth.Wherfore as the bae BCisto 
thë bafe C D fois the triangle ABC to the triangle AC Dc 

And becaufe (by the 41. of the firft) the parallelogramme EC is double to 


the triangle ABC, and (by the fame) the parallelogramme F C is double to the. 


triangle AC D therfore the parallelogrammes E C and FC are equemultipli- 


Demonfiraa 
tionof the 
fecona part, 


ces vnto the triangles ABC and ACD. But the partes of equemultiplices( by 


the 15. of the fifth hane one and the fame proportion with thet equemuleiplices.. 
Wherfore as the triangle A BC is to the triangle AC D fois the parallelograme 
ECto the parallelogramme FC. And forafmuch as it hath bene demonftrated, 
that as the bafe BC is to the bafe CD fois the triangle ABC, tothe triangle 
ACD, andas thetriangle A BCistothetriangle ACD fois the parallelo- 
gramme E C to the parallelogramme FC. Wherefore (by the 11- of the fifth ) as. 
the bafe BC is to the bafe C D fois the parallelogramme EC tothe parallelos 
gramme FC. The parallelogrammes may alfo be demonstrated apart by theme. 
felues as the triangles are if we defcribe vpon the bafes B G,G FH and D K «x 
KL parallelogrammes vnder the felf fame altitude that the parallelogrammes 
“geuen are. Wi herfore triangles and parallelogrammes which are vnder one and 
the felfe fame altitude are in proportion „as tbe bafe of the one 1s to y bafe of the 
other : which was required to be demonstrated, l 


Here Fluffates addeth this Corollary. 


Uf tevo right lines being genen, the one of them be deuided how fo euer: the rectangle fi- 
Lures contayned under the whole line undenided,and eche of the feementes of the line deui- 
Hed, are in proportion the one to. the other as tbe fegmentes are the one tothe other. Foti- 
magiryng the figures B A and A D in the former defcription,to be re&angled,the 
ré&arigle figures contayned vnder the whole rightlyne A C, and the fegments of 
_ the rightline B D,which is cut in the poynt C,namely,the parallelogrammes BA 
and A Dare in proportion the one to the othcr,as the fegmétes B Cand C D are. 


| Sa The 2.Theoreme. The 2. "Propofition. 
. fto any oneof the fides of a triangle be drawen a parallel 


(NG, tif. right 


A Corollary 
added by 
Filufvates. 


The firft pare 
of thts Theo- 
vene, 


Demonítra- 
tion of tbe 
frcond part. 


à Lhe frxth Boke: 
right line st fhall cutvbe ides of che fame triangle proportio- 
nally, And if the fides of a "triangle be cut proportionally a 
* right bnedrawn from ſeclion tofetkion is a parallel tó the o- 

_ ther fide of the triangle. ` m ^ 


EE 






RG profe that there be a triangle ABC, nto one of the fides whereof; 
yy namely, vto B C, let there be drawen a parallel line D E cuttyng the 
zx fides A C and A B in the pointes E and D.T hen I fay firft that as BD. 
isto D A. fois C E to E A.fDraw a line from B to Ec alfo from C to D.W'ber 
fore (by the 37. of the firft) the triangle BD Eis equal ynto the triangleC D 
E: for they are fet vpon-one and the fame T D E, and are contained within 
the felfe ame parallels D E and BC.Confidr = = A ds 
a acertaine. other triangle ADE. Now p 

hinges equall (by the 7.0f the fifth) baue to 
one felfe thing one and the fame proportion. 
Wherfore as y triangle BD E is to y triangle 
AD E fois triangle CD E to the triangle 
AD E.But asj triangle BD Eis tof triane 
gle AD E fois) bafe B Dto y bafe D A (by 
the fir[l of this booke, )For tbey are vnder one j — 
and the ſelfe ſame toppemamely, E, and ther— o^ 
fore are vnder one and the ſame altitude. And BSN 
by the fame reafon as the triangle CD E is to the triangle A DE, fo is the lyne, 
C E to the lyne E A. Wherfore (by the 11. of the fifth ) as the line BD isto the 
line D A foistheline CE tothe line EA. - Vu 
But now fuppofe that inj triangle A BC the fides A Big AC be cut propors 
tionally fo y as BID is to D A fo tet C E beto E A cr draw a line from (D to E. 
T ben fecondly I fay y the line D E is a parallel to $ lyne/B C. For tbe fame order 
of couftruétion being kept for j as B D is to D A, fois C Eto EA, butas BD 
is to D A fo is y triangle B D E to triangle A D E( by the r.of the fixt Xe as 
CE isto EA fo(byy fame )is the triangle CD E toy triangle AD E:therfore 
(by the v1 of the fifth ) as the triangle B D Eis to the triangle A D E, fo is the 
triangle CD E to the triangle A D E.Wherfore either of thefe triangles BDE 
and CD E haue to the triangle AD E one and the fame proportion.Wherefare. 
(dy the 9. of the fifth) the triangle BD E is equall vnto the triangle C D E; 
and they are vpon one and the felfe bafe namely D E. But triangles equall and 
fet dpon one bafe are alfo contained within tke fame parallel lines (by the 39. of 
the first.) Wberfore tbe line D E is nto the line BC a parallel. If therfore to as 
ny one of the fides of a triangle be drawn a parallel line, it cutteth the other fides 
of the fame triangle proportionally. And if the fides of a triangle be cut propore 
tionally, aright lyne drawen from fection to fection, is parallel to the other fide 
of the triangle : which thing was required to be demonjftrated. 





Here 
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q Here alfa Fluffates addeth a Corollary. 


^ Ifa line parallel 40 one of | the fides of a triangle do cut she triangle,it fhall cus of from the 


mbole triangle a triangle hike to the whole triangle. For as it hath bene proucd it deui- - 


deth the fides proportionally,So that as E C isto EA,fo is B D to D A, wherfore 
by the 18.of the fifth,as A C is to AE, fo is AB to A D.Wherfore alternately by 


the 16, af the fifth as A C is to A B,fo is A Eto A D: wherefore in the two trian». 
gles E A D and C AB the fides about the common angle A are proportional. The: 


fayd eiangles alfo areequiangle. For forafinuch.as-the right lynes AEC and A 
BB do fall vpon the parallel lynes E D and C B, therefore by the 29. ofthe firft 
they make the angles A E D and A D Bin the triangle A D E equall to the angles 
A C Band AB C in the triangle A C B. Wherefore by the fuſt definition of this 
booke the whole triangle A B C is like vnto the triangle cut ofÁ D E. 


SapThe 3.Theoreme. The 3- Propofition. 


Ifan angle of a triangle be deuided into two equallpartes aud 

if the right line which deuideth the angle deuide alfo the 

bafe : the fegmentes of the bafe fhall be in the fame proportion 
the one to the other , that the other fides ofthe triangle are. 

And sf the fegmétes of the bafe be in the Jame proportion thas 
theother fides of the fayd — are: a right drawen from 

__ the toppe of the triangle unto the ſection, ſhall deuide the an- 

-© gle of the triangle into two equall partes. 

3 pofe that there be a triangle AB C and (by the 9. of the fir/t) let 
9 ihe angle BAC be denided into two equall partes by theright lyne A 
SKID which let cut alfo the bafe B Cin tbe point D. Then Í fay that as 

= the fegment BD is tod fegment D C, fois the fide B A to the fide A 

C. For by the port C(by the 31. of the firft) draw E 
dato the line D A a parallel line C E and extende 
the line B A till it concurre with the line C E in the 

point E and do make the triangle BEC. But the 

bine B A fhallconcurre with the line C E(by the 5. 

peticion )for that the angles EBC and B C Eare 
lefe then two right angles. For the angle EC Bis 

equall to the autwarde and'oppofite angle AD B 
(by the.29. of the firft.) And the.two angles AD 
Band D B A of the triangle B A D are Mr then 
two right angles (by the 17- of t the firft) Now fore . 
afinuch as vpon the parallels A D and EC falleth the right line AC, therefore 

"T (b 








A Corollary 
added by 
Finffates. 


ConSfruftion. 


Demonfira- 


! tion of the 
` fek parte 


ER 
pecorum ‘Phe fixeh: QBiole: 

by ihe 29. of the firt) the angle XC Eis equall puto the angle CAD. But ne 

to the angle C CA Dis the anglk BAD fuppofed to be equall Wherfor etheans 
\ gle BA Dis alfo equall’ nto ns ingle ACEA; aine becaufe pon the parale 

` dlls ADand È Cjalleth they. "ight line B AE, the outward angle (B A (D (by 

^ tbe 28. of the firft is equal ll ynto.tbe inward angle AE CBut before it was pros 

uelltbat angle A CE is equall'ynto 5 angle (B A (D »wherfore y angle ACE is, 

equall'ynto y angle AEC. Wherefore ( bj . fir TE) y fide A E is equall vuto, 

the fide A C. And becaufe to one of 5 fides of ) triangle BC E ,namely,t» E: Cis 

drawen a parallel line 4 D ; tbavfore (by $2. ofi fixt) as B Disto DC hih 

A to AE. But AE is equall vnto AC stherfore a; as BDisto D — is BA to sd 


Demon. But now fuppofe that as the fegment BD is to the, 5 :, a8, ot 


tion of the 
fecond pet: 
Which is the 


emuefeof geBACis by) right line ‘AD denided into tibo 


she frt. 


ve 
è 


figment DC, fois the fide B Ato the fide ACS 
drawa line fr om Ato D. Then Efay that the ans 


aquall partes. For the fame order of cou[h "uElion te 
mayning , for'that.as BD tito DC, foi BA 
to AC, butas BD isto D C fois BA to AE( by: - 
thee. of the fixt) fi oy "nto one of the fides of the 
tr iangle B CE namely, vntothe fide EC is drawn 
a parallel line'A D. Wherefore alfo as B Ais.to A ` 
€ fois B Ato A E (by then. of the fifth) V Where’ B : 
fore (by the 9. of the fifth) AC is equall ‘ynto AE. Wherforea T ( b FN 5. of 
the firft) the angle y A ECis.equall'ynto the angle ACE, but the angle AEC 
(by the 29.0f the fir't) is equall vnto the outward angle BAD: and the angle 
AC Eis equall ynto the angle € AD which is ulternate puto bint: ‘wherefore 
the angle B A Dis equall ynto the angleC AD. Wherfore the angle BAC is 
b) etr. right line A (D deuided nito two equalh partes: Wherefore: ifan angle ofá á 
tridigte be denided into two equall partes, and if the right le "which deuidetb 
the. ele cut alfo the bafe, the fè egmentes of the bafe e [Pall be in the fame propora 
fion EMT one to the other that the other ‘fides of tbe faid triangle are." And if the 
— fügmentes of the bafe be in the ‘Jame proportion that the other fides of the fa ayd 
triangle are a right line drawen from the toppe of the tr jangle: vnto the Seion 
dewideth the angle of the tr fanglei into two equall partes. - 


This conftruétion is the halfe part of that Gnomical figure defctibed in the 48 
propofition of the firft booke;whieli: Gnomical figure is of great MEI ina maner it 





.. all Gcometrical demonftiatións, E a 


5897 / 4. Theoreme: The p — E 
In equianglet triangles the fi ‘ides which-cotaine the equal a 
glesare proportional, Gnd the fi fides wphich « are Yubtended Ue 
: a ALEEA angles-are of like proportion. 5; so, — > 
v p uppo fe 


of Euclides Elexnentes. Fol.158. 


AV ppofe that there be tivo equiangle triangles ABC and D CE: and 
fz | let the angle A BC of the one triangle, be equall pntoy angle DCE 
| beg of the other triangle,and tbe angle B AC equall pntoy angleC DE, 
TOIT and moreouer, the angle AC B equal pnto the angle DEC, Then 
I fay that thofe fides of 5 triangles A BC, @ DC E, which include the equall 
angles are proportional and the fides which are fubtended pnder the equall ane 
gles are of like proportion. For let two fides of tbe fayd triangles , namely, two of Conftruftion, 
thofe fides which are fubtended "ynder equall angles : as for example the fides 
BC andC E, be Jo fet that they both make one right line. And becaufe the are 
gles ABC AC Bare leffe then two right angles( by the 17: of the firSt): but 
the angle AC P is e- 
quall pnto the angle 


F 

D EC: therfore ane 
gles ABC DEC 
are leffe the tworight a 7 
angles . Wherefore the ? 
lines B A c ED be- SR S 
ing produced , will at 

Worte RS ` 

B . C f 






the length meete toges 
ther. Let them meete 
and ioyne together in 
the poynt F, And becaufe by fuppofition the angle DC E is equal ynto the ane Demonfre- 
gle ABC, therfore the line BF is (by the 28. of the firft) a parallell ‘puto the ^" 
line CD. And forafinuch as by fuppofition the angle 4 CB 15 equall "pnto tbe 
angle DEC, therefore againe (by the 28. uf the firit )the lne A Cis a parallel 
‘nto the line FE. Wherefore FAD Cis a parallelogramme . Wherfore the fide 
F.A is equall ynto the fide DC: and the fide AC vnto the fide F D (by the 34. 
of the fir). And becaufe ynto one of the fides of the triangle BF E, namely to 
FE is drawena parallell line AC , therefore as BA isto AF, fois BCtoCB 
(by the 2. of the fixt). But AFis equall ynto C D.Wherfore (by the 11, of the 
fft) as B Ais toC D, fois BCtoC E, which are fides fubtended vnder equall 
angles. Wherefore alternately (by the 16. of the fift)as A Bis toBC, fois DC 
toC E. Againe fora/much as C Dis a parallel puto B F, therefore againe ( by 
the 2.0f the fixt as BC isto CE, foisF D to DE. But F D is equall ynto 
AC. Wherefore as BC isto CE, fois AC to DE, which are alfo fides fub» 
ended ynder equall angles. Wherfore alternately (by the 16. of the fift as B C 
isto CA, fots Eto ED. Wberfore fora[much as it batb bene demonstrated, 
thatas A B is vnto BC, fois D C onto CE: butas BC is nto CA, fois 
CE dnto ED: it followeth of equalitie (by tbe 22. ofthe fift) thatas BA is 
Dnto A (fo is CD vnto D E.Wherfore in equiangle triangles , § fides which 
include y eguall angles are proportivnall: and $ fides which are fubtended ynder 
the equall angles are of like proportion: which was required to be demonftrated. 


5&7 be 


This is the 
conuerfeof 
the former 


propofition. 


Conftrullion 


Demonflra- 
son, 


- The fixth Booke 
BE 57 5. T beorenie; ` The 5. Propofition. 


Íftwo triangles baue their Sides proportionall, the triangles 
are equiangle,and thofe angles in the are equall,under which 


are fubtended fides of like proportion. 


i àV ppofe that there be two triangles ABCs D E F haning their fides 
i proportional as A Bis to BC folet D E be to E F:¢7 as BC is to AC, 
= folet EF beto D F : and moreouer as B Ais to AC, folet ED be ta 
DE Then I fay, that the triangle A B Cis equiangle pnto the triangle D EF: 
and thofe angles in them are cquall pider which are fubtended fides of like prox 
portion that ts, the angle A BC isequall ynto the angle D EF: and the angle 
(B C A'ynto the angle E. F ID : and moreoner,the angle B AC tof angle ED F. 
Vpon the right line E F and nto the pointes init Ew F,deferibe( by the 23.0f 
the firft) angles equall ynto the angles ABC 7 4 CB, which let be F E G and 
E FG yamely, let the angle FE G. be equall'ynto tbe angle 4B C, and let tbe 
angle E FG be equall to the angle ACB. And forafmuch as the angles ABC 
and AC Bare leffe then two right angles (by the 17.0f the frit): therefore alfo 
the angles FEG and EFG are leffe then two right angles . Wherefore (by the 
s.petition of yfirft) § right lines EG FG ball at y length concurre. Let the 


` concurre in the poynt G. Wherefore EFG is a triangle . Wherefore the angle 
A 


remayning BAC is equallvnto the angle remaye 

ning BGF ( by the firft Corollary of the 32. of the 

firſt). Wherfore the triangle AB Cis equiangle bn= 

tothe triangle GEF. Wherefore in the triangles M 
ABCand EGF the fides which include the equall 

angles ( by the 4. of the fixt) are propertionalland — — 
the ſides which are ſubtended vider the equall an- 
gles are of like proportion. Wherefore as AB is to 
BC, fois GE to EF. Butas AB is toBC, fo by 
Jeppofttion is DE to EF. wherefore as D Eis to É * 
EF, fois GE toE F(by the rr.of the fift).Wheree < 

fore either of thefe DE and EG hane to E Fone 

and the fame proportion . W berefore( by tbe 9. of the 

fift) D E is equall vnto E G . And by the fame reas X 
Jon affa ID F' is equall'ynte FG . Now forafmuch as i 
DE is equallto EG and E Fis common’ynto them both , therefore thefe two 
fides D E ey. E Fare equall puto tbefe two fides G E and E F, and} bafe D F 
is equall'ynto tbe bafe FG. Wherefore the angle D EF (by the 8. of tbefirft) 
ts equall nto the angle GEF: and the triangle D EF ( by the 4.0f the firi) 
1s equall puto the triangle G EF : andthe reft of the angles of the one triangle 

j are 


of Euclides Elementes. Fol.159. 


ave equall nto the rest of the angles of the other triangle tbe one to y other , vn- 
der which are {ubtended equal fides .. Wherefore the angle D FE is equall' ne 

totheangle G F E: and the angle EDF "ynto tbe angle EG F . And becaufe 

theangle F E D is equall vnto the angle GE F : but the angle G E F is equal 

yntothe angle ABC: therefore the angle ABC is alfoequall vito the angle 

FED. And by the fame reafon the angle AC Bis equall vite} angle D F E: 

and moreouer the angle BAC ‘ynto the angle ED F.. Wherefore the triangle 

ABC is equiangle ‘pnto the triangle DEF . If two triangles therefore bane. 
their fides proportionall,the triangles fhall be equiangle, ex thofe angles in them, 
fhall be equal, vider which are fubtended fides of ike proportion : which was 

required io be demonftrated. 


SmThe 6.Theoreme. + The 6.Propofition. 


If there be two triangles wherof the one hath one angle equall 

to one angle of the other,¢ the fides including the equall an- 

gles be proportionall : the triangles fhall be equiangle, and 

chofe angles in them fhall be equall, vnder which are fubten- 
` ` ded fides of like proportion. 


'V ppofe that there be two triangles ABC, and DE F, which let hane 
the angle B AC of the one triangle equall ynto the angle ED F of the 
= other triangle, and let the fides including the equall angles be proportio 
nall, thatis, as BA isto AC, fo let ED be to D F. T ben I fay that 5 triangle 
ABC is equiangle pnto tbe triangle D E F : and tbe angle A BC is equall vn- 
tothe angle D E F, and the angle AC B equall bnto the angle D F E , which 
angles are fubtéded to fides of like pros 
portion .Vuto the right line DF, and 


A á , 
to the poynt init D ( by the 23. of the | PS 
first) defcribe vito either of § angles G  Confirabion, 
BAC and EDF, an equall angle E 
FD G. And'ynto tbe vight line DF, 
and ynto tbe point in it F (by 5 fame). : : 





defcribe vnto 5 angle A CfB an equall 
angle DFG. And forafmuch as the 
two angles BAC and AC B, are (by 
the 17. of the fir/t) J then two right 
angles : therefore alfo tbe two an gles 
FDG and DFG, are leffe then . € ; 
two right angles.Wherfore5 lines D G ex FG being produced fhall cocurre (by 
she s.petition). Let thé concurre in the point G. Wherefore D FG is a triangle. 
0oj. Wherefore 
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Wherefore the angle remaining AB Cis equall pnto the angle remaining DG F 
(by the 32. of the firft). Wherefore the triangle A BC is equiangle onto the tri- 
angle DG F . Wherefore as BA is in proportion to AC, fois GD to D F( by 
the 4. of thefixt). But it is fuppofed, that as B Ais to AC, fois ED to DF. 
Wherefore (by the 11. of thefift)as E Dis to DF, foisGD toD F. Wheres 
fore (by the 9.of the fift) ED is equall ynto DG. And DF is common vnto 
them both. Now then there are two A 

fides ED and DF equall "ynto two ys 
fides GD and DF: and the angle 

ED F (by fuppofition) is equall pnto 

the angle G D F. Wherefore ( by the E 

4. of the firft ) the bafe EF is equal T 

*nto the bafe G F , and the triangle 

DEF is ( by the fame ) equall "nto 

the triangle G D F, and the other ane 

gles remayning in them are equall the t 
one to the other, onder which are fube 

tended equall fides. Wherefore the ane 

gle DFG is equall "pnto the angle 

D FE: and the angle DG F nto the angle DEF. But the angle DFG is 
(by conflru&lion ) equall nto J angle ACB. And the angle D G Fis as it bath 
bene proved, equall to y angle AB C.W berfore alfo y angle A C B is equallnto 
the angle D F E. And y angle AB C is equall to the angle D EF. But by fupe 
pofition tbe angle B A Cis. equall "pnto the angle EDF. Wherefore the trie 
angle ABC is equiangle nto the triangle DEF. If therefore there be 
two triangles, whereof the one hath one angle equall to one angle of tbe other, 
and if. alfo the fides including tbe equall angles be proportionall : then fhall the 
triangles alfo be equiangle, and thofe angles in them fhalbe equall onder which 
are fubtended fides of like proportion: which was required to be proued. 


53891 be 7.1 beoreme. — The 7.Propofition. 


Gf there be two triagles,wherof the one hath one angle equal 
to one angle of the other and the fides which include the other 
angles,be proportional, and sf either of the other angles re- 
mayning be either leffe or not leffe then a right angle:thé (hal 
the triangles be equtangle, and thofe angles in them [hall be 
equall, which are contayned vnder tbe fides proportional. 
Suppofe 
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Vppoferhat there be two triangles ABC and D EF, which let kare 
one angle of tbe one equal to one angle of the other namely, tbe angle 
| BAC equall vnto the angle ED F. And let the fides “which include 
t the other angles, namely, the angles AB Cand D E F be proportio- 
nall, fo tbat as 4B is to/B C, fo let/D E be.to E F. And let tbe other angles re» 
mayning, namely; ACD and DFE be firft either of them leffe then aright 
angle. I hen I fay that the triangle A BC is equiangle vnto the triangle D E F. 
And thatthe angle A BC is equall ynto the'an- 

gle D E F namely ,the angles whith are contate 
ned ynder the fides proportional, and that the 
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angle remayning namely,» angle Cis equall vn- LE 
to the angle remayning namely to y angle F.For A 
firit the angle ABCuis either equall to the ans / 


N 
Xe 
Lle D EF or els pnequall. If the angle ABCbe \ Sí / X 
equallto the angle D E F,then the angle remai- -—e J 
— a CB, fhall be equall 5 theangle pea |o 2 
remayning D F E (by the corollary of the 32. of ? Eu UM E 
the firft) And therfore the triangles A BC and DE F are equiangle. But if 
the angle A BC be pnequall vnto the angle D E F then is the one of them grea 
ter then the other.Let the angle A BC be the greater and vnto the right lme A 
Band vnto the point in it B (by the 23. of the firft ) deftribe»nto the angle D 
‘EF an equall angle ABG. And forafmuch as the angle Ais equall ynto the 
angle D, and the angle A BG is equall ynto the angle ‘D E F, therfore the ans 
‘ gle remayning AG Bis equall nto the angle remayning D F E (by the corole 
lary of the 32.0f the firft.W herfore the triangle A BG is equianglebuto the tris 
angle D E F. Wher fore (by the 4. of the fixth) as the fide A Bis to the fide B 
G, fois the fide D E to the fide EF. But by fupppofition the fide D Eis tothe 
fide E F as the fide A Bis to the fide BC. Wherfore (by the 11. of the fifth) as 
the fide A Bis to the fide BC fois the fame fide A Bto the fide BG. Where 
fore AB hath to either of thefe BC and BG one and the fame proportion, and 
therfore (by the 9. of the fifth) BC is equall pnto BG. Wherefore (by the s. of 
the firft ) y angle B G Cis equall'ynto ) angle BCG : but by fuppofition y angle 
BC Gis leffe then aright angle. Wherfore the angle BG Cis alfo lefe then a 
right angle. Wherfore (by the 13. 0f the firft) the fide angle yntoit, namely, A 
G Bis greater then aright angle and itis already proued that the fame angle is 
equall ynto the angle F. Wherfore the angle F is alfo greater then aright an iele. 
But it is fuppofed to be leffe which is abfurde. Wherefore the angle A BC is not 
*ynequall'ynto the angle "D E F ,wherfore it is equall pnto it. And the angle A 
$5 equall ynto the angle D by fuppofition Wherfore the angle remayning names 
by,C,15 equall pnto the angle remayning namely to F (by the corollary of the 32. 
of the firft) Wherfore the triangle A B Cis equiangle'pnto the triangle D EF. 
- But now fuppofe that either of tbe angles A C B and D FE be not leffe then 
0. 4. aright 


The firt 


| part cfthis 
propofition. 


Demonftra- 
tion leading to 
an impoſſibi- 
litie. 


The fecond 
part of this 
propofition, 


Conſtruct ion. 


» from the right angle to the bafe, muft needes fall within the triangle AB Cer 
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aright angle.T hat s,let either of them be aright angle,or either of them greas 
ter then aright angle.T hen I fay againe that in that cafe alfo the triangle AB 
C is equiangle vnto the triangle D E F. For if either of them be a right angle, 
forafmuch as all right angles are (by the 4. peticion ) equall the one to the other, 
Straight way will follow the intent of the propofition. But if either of them be 
greater then aright angle ,then the fame order of conftruétion that was before 
being kept, "we may in like fort proue that the fide BC is equall pnto the fide B 
C. W berfore alfo the angle 'B C G is equall'ynto the angle BG C. But the angle 
BCGis greater then aright angle.Wberfore alfo tbe angle (BG C is greater thé 
4 right angle.W berfore two angles of the triangle BGC are greater then two 
right angles: which( by the 17. of the firft ) is impoffible.W/berfore tbe angle AB 
Cis not pnequall ynto the angle D EF. And therfore is it equall: but the angle 
A is equall nto the angle D (by fuppofition Where 
fore the angle remayning namely C is equal vato the D 
angle remayning namely ,to F (by the corollary of the 
32. of the firft). Wherfore the triangle A B C is equi» 
angle nto tbe triangle D E F.If therefore there be c 
tivo triangles wherof the one hath one angle ee to 
one angle of the other and the fides which include the® oF P 
other angle be proportionall and if either of the other 
angles remaining be either leffe or not leffe then a right angle ,the triangle hall 
be cquiangle and thofe angles in them fhall be equall-which are contained vnder 
fides proportionall : which was required to be proned. 


Se The 8.Theoreme. The 8.Propofition. 


Ifin a reflangle triangle be drawen from the right angle vn- 
tothe bafe a perpendicular line, the perpendicular line fhall 
deuide the triangle into two triangles like vnto the whole,and 
alfo like the one to the other. 


Ee ppofe that there bea refFangle triangle A BC, whofe right angle 





XS 
Ci let be BAC: and (by the 12. of the fir/t) from the point A to the line 
8 (B C let there be drauen a perpendicular line AD, vhich perpendi- 
=—=‘calar line let denide the whole triangle A BC into thefe two triane 


gles ABDandADC. ( Notethat this perpendicular line AD, drawen 


„ {0 denide the triangle into two triangles . For if it fhould fall without , then pros 
» ducing the fice BC pnto the perpendicular line there fhould be made a triangle, 
» whofe outward angle being an acute angle, fhould be lefSe then the inward and 
» oppofite angle which is aright angle: which is cotrary to the 16.0f the firft. Net 


ther 
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- ther can it fallppon any of the fides AB or AC: for then tiwo angles of one and. 
the felfe Jame triangle fhould not be leffe then two right angles contrary:to the 
felfe fame ‘17. of the firft . Wherefore it falleth within the triangle ABC ): 
Then I fay, that either of thefe triane . +. 


A 
gles AB Dand ADC; arelikeynto ` E 
‘the -whole triangle A BC: and mores / jw 
ouer,that they areliketheonetotheos = J. {| - 
ther. Firft that the triangl ABD is -- ff 


Ne 


_ Like vnto the whole triangle ABC is x 
thus proued.Forafmuch as (bythe 4. J - Ne 
petition )tbe angle B A Cis equall vn- B. rarae * 2 e 
tothe angle AD B, for either of them 
is aright angle. And in the two triangles ABC and ABD the angle Bis 
common . Wherefore the angle renayning, namely, ACB is ( by the Corollary 
of the. 32. of the firft )equall bnto the angle remayning namely to B A D.W here 
fore the triangle ABC is equiangle bnto the triangle ABD. Wherefore the 
ides which containe the equall angles, are ( by the 4. of the fixt ) proportionall. 
Wher fore as the fide ('B which fubtendeth 5 right angle of the triangle A BC, 
is puto the fide 'B_A which fubtendeth the right angle of the triangle ABD, 
fo is the [aime fide A B which fubtendeth the angle Cof: the triangle ABC, Ine 
to the fide BD which fubtendethy angle BAD of the triangle ABD, which 
ds equall'ynto tbe angle C: and moreoner , the fide A Conto the fide AD which 
. fubtend the angle B common to both the triangles. Wherfore the triangle ABC 
is like nto the triangle ABD (by the 1.definition of the fixt ). In like maner 
alfo may Xe proue, that the triangle ADC is like "pnto the triangle ABC. 
For the right angle AD C is equal to the right angle BAC,er the angle at the 
point Cis common to either of thofe triangles . Wherefore the angle remayning, 
namely DAC 1s equall to the angle remaining, namely, to. A BC( by 5 Corollae 
ry of the 32. of the first). Wherefore the triangles ABC er A DCare equiane 
gle. And therefore(by the 4.of the fixt) the fides which are about the equall ane 
gles are proportionall. Wherefore as in the triangle A BC the fide B Cis to the 
Jide C A, foin the triangle A D Cis the fide A Cto the fide DC: and againe, 
asin the triangle ABC the fide C A is to the fide AB, fo in the triangle AD C 
is the fide CD to the fide D A. And moreoner;as in the triangle ABC the fide 
C Bis tothe fide B A, fo in the triangle AD (isthe fide ( A to the fide AD. 
Wherefore the triangle AD Ç is like vnto the whole triangle AB C.Wh erfore 
either of thefe triangles AB De AD (15 ike bnto j whole triangle ABC. 
I fay alfo, that the triangles ABD and AD (are like the one to the other. 
For fora/much as the right angle B D A is equall pnto} right angle A D C(by 
the 4.petition and as it hath already bene proued the angle B A D is equall vnz 
tothe angle (: therefore the angle remayning namely, B ts equall nto the ane 
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gleremayning nanely,to D A ( (by the Corollary of the 32.0f the firft). Where 
E . on 


o.ifj. fore 
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fore the triangle ABD js equiangle muto the triangle ADC . Wherefore gs 

the fide BD which in the triangle AB D fubtendeth the angle BAD is vato 
the fide D A which su the triangle ADC fubtendeth the angle C which 15 e 
quall vnto the angle BAD, Jois the fide A D which my triangle AB D fube 
tendeth the angle B onto the fide D Chich in the triangle A D C fubtendeth 
the angle D AC which is eguall vnto the angle B: and moreouer, fois the fide 
BA ynto the fide AC which fubtende the right angles, Wherefore the triangle 
AB Dis like bnto the triangle ADC. If therefore in a re&langle triangle be 
drawen from tbe right angle pnto tbe bafe a perpendicular line tbe perpendicus 
dar line fhall denide the triangle into two triangles like eto the whole , and alfa 
like the one to the other : which was required to be proued. 


Gap Corollary. 


Frereby itis manife/t that if in a restangle triangle be draw- 
en from thevight angle vnto tbe bafé a perpendicular line, the 
fame line drawen is 4 meane proportional] betwene the fetli- 
ons of the bafe : and moreouer ,betwene tbewbole bafe and ei- 
ther of the fetlions , tbe fide annext to tbe fayd fetfion is tbe 
meane proporteanal . For is was proved, that as CD isto DA, o 


is DAto B: and moreouer, as C Bis to BA, fois BA toBD: and 
finally, as BCistoC A, fois 4 to C D. 


Sæ The 1. Probleme. The 9. Propofition, 


eA right line being geuensto cut of frö it any part appointed. 
yN E! the right line genen be APB. It is requie 


p g red that fromthe fame line AB be cut of 
AG [NOV any part appoynted ..S uppofe that a thyrd 
K part be appoynted to be cyt of From} point 
A draw aright line AC making with the 
Ine AB an angle: and in the line AC take a poynt at 
all aduentures which let be D. And beginning at D put 
Duto A D two equall lines DE & EC (by the 2.0f the 
firt), And draw a right line from BtoC : and by the 
point D ( by the 31.0f the firft) draw nto BC a par 
rallell line D F. Now forafmuch as ynto one of ¥ fides 
ef tbe triangle A4 BC namely, ynto y fide BC is draw» 
en a parallell lime FD it followeth by y z.of this booke, 







.e 
that 
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chat iC D isin proportion mtoD A, fois BP oF A. Bue (by conftruftion) 
€ Dis doubleto D A. Wherefore 5 line BF ts alfo double to tbe line F A. ber» 
fore the line B Ais treble nto the line A F. Wherfore from the right line genen 
AB, is cut of a third part appoynted, namely, A F ; which was required to be 
. done. 3 zoup 


Se The 2. Probleme. The 10. Propofition. 


2nd 


To deuide a right line geu£ not deuided, like voto a right line 
geuen beyng deuided. 


S V ppofe that the right line veuen not deuided be A B , and the right lyne 

(e genen being denided,let be AC It is required to denide line AB which 
Es nöt denided like vnto the line AC which is denided. S uppofe the lyne | Cenfir«Bien. 

A C be deuided in the pointes D and E ey let 5 lines ABs AC fo be put that 
they make an angle at all aduentures, and draw a line from B to C, and by the 
pointes D and E draw pnto the line BC (by the 31. of the firft) two parallel 
lines D F and EG: and by the point D "ynto 
the line A B by the fame ) draw a parallel line 
DH K Wierfore eitber of tkefe figures FH 
and FAB ave parcllelagrammes.Wherfore the 
line D His equall ynto the line FG ,and the 
line HK is equall'pnto tbe line G B. Aud bee 
canfe to one of the (ides of the triangle DK 
C,namely,to the fide K€ is drawn a parale 
lelline HE, therefore tbe liue C E (by the 
2. of the fixt ) is in proportion nto tbe line B 
Das the line KH isto. the line HD: but 
the line K H is eguallvnto the line BG, and 
the lne HD is equal vnto the line G F.Wher s 
fore (by the 11. of tbe fift) «s C Ets mto ED fo isBGto GF Agayne becanfe 
to one of the fides of the triangle A G E namely „to G E is drawn a. parallel lyne 
F D,therfore the line ED (by the 2. of the fixtb ) is in proportion vnto the lyne 
D A asthe lineG F is tothe line F 4. And it is already proued tbat as C E t4 to 
E D fois BG toG F. VY herfore as C Eis toE D, fois«BGtoG F,andas E 
D is to D A fo isG Fto F 4. VV herfore the right line genen not denided name 
ly, A Bis denided like puto the right line geuen being deuided, ‘whichis AC: 
which "ras required to be done. . . 


Demorfire- 
sion. i 





€ 4 Corollary out ef Fluffates. A Corley, 
-Onto 

"By this Propofition we máy deuide any right line geyen,accordyng to the pry Flyfatet, 

as pe S Oodj. ^ 'por&on 


By cbis ard 
the former 
propo tion 
my a riz bt 
lise be dtui- 
ded into what 
partes foewer 
yon mil. 


Conſtruciion. 


Demonſtra- 
tion. 


: point E.Now fora/much as ynto one of the fides of the 


wo WA AT he fith Booke 


portion ofany rightlynesgcuen: Forlet thofesightlynes hapyng proportion be 
ioyhed together diredtly,thar they may make all one right lyne, and thén.ioyne 
them to thelyne geuen anglewile. And fo proceede as in the propofition, where 
you {ee that the rightlinegeuen A B is deuided into the right lynes AF,FG and- 
G Bwhichhane the felfe fame proportion’ thar the right lines AD, DE, aid 
EChane, i: — 


By thisand the former propofition alfo may a right line geuen be eafily deui- 
ded into what pattes fo euer you will name.As ifyou will deuide the line A B in- 
to thrce equali partes, letthe lyne D E be made equall to thelyne AD, and the 
lyae E C madé equall to the fame by the third ofthe firit. And then vfing thc (elfe 
fame maner of conftruction that was before: the lyne AB fhallbe deuided into 
three equall partes.And fo of any kynde of partes whatfocuer. 


$m The 3. Probleme. The n. Propofition: 


(o "Untotyorigbt linergeuen, tofide a third in proportion 
withthem. 


lS o put tbat tbey comprebend an angle bowfoener it be. It is required to 

ise inde onto B.A and ynto-A Ca tbird line in proportion.Produce 9 ynes 
ABand AC vnto the pointes D. and E.And ynto the ; 
line AC (by the 2.0f the firft) put anequalllineBD, ^. ^. 
and draw a lyne from B to C. And by the pointe D (by : 
the 31.0f tke first ) draw "pnto tbe. lyne BC a parallel 
hyne D E, which let concurre with the line AC in the 


K that there be two right lines genuen B Aand AC aud let them be 


triangle ADE, namely, to D E is drawne a parallel 
line BC: therfore as AB is in proportion '5nto B D, 
fo (ly the z. of the fixt )is A Conto C E. But the lyne ` 
7B D is equall'vnto the line A C. VV herfore as the lyne 
A Bis to the line AC foisthe line AC to the line C E. 
VV berfore ynto the two right lines geuen 4B and AC 
as found a third line C E in proportia with them: which 





_ Pas required tabé done. i 


An other w+y 
after Pelisa 
r^ c i 


— 
sre. 


Aye — <.: Y Another way after Pelitarins. 


Let the lines A Band B C be fet dire&ly in fuch forethat they both make onerighe 
line, Then fró the point Aere& the lyne A D makyng with the lyne A B an angle at all 
aduentures, And put the lyncA D equall tothelyne B C. And drawa right line from 
DtoB which produce beyond the poynt B vntothe point E.:And by thc point C draw 


- ynto thelyne DA 4 parallel Jyne C E concurring with thelyneD E in the point E,Fhen 
"Day thar the line C Bis the third line proportionall with the lines A Band B C,For for 


afinuch 


. of Euclides Elementes. Fol.163. 


afmuch as by the rs.ofthe firtt, the angle B of the - 
triangle A B D is equall tothe angle B of the eri- > : 
angle C B E,and by the 29, ofthe fame, the angle 

Ais equall to the angle C, and the angle D ro the 

angle E : therefore by the 4. of this booke AB is 

to D A,as BCis toC E, Wherfore (by the ar. of " 


the fifth) A Bis to B C as B Cis to C E: which was P -- 3 
required to be done. — 
c 


e 
g An other ay alfo after Pelitarins.. 


Let the lines AB aud B C befo ioyned toge- 


ther,that they may makearightangle, namely, A dicto 
B C. And drawc alinc from À to C, and from the ‘Pay after 
point C drawe vnto the linc AC a perpendicular Feltatinny 


CD (by the rr, of the firft) And produce thelyne 

CD till it concurre with che line A B produced vn- 

tothe pointe D. Then I fay that the line B Disa — 
third lyne proportionall with the lines AB and B ? B A 
C : which thing is manifeft by the corollary of the 8,of chis bocke, 


Sæ The 4. Probleme. The 12. Propofition. 


Unto three right lines geuen to finde a fourth in proportion 
with them. 7 





NE V ppofe that the three right lines genen be A, B,C. It is required to 
V finde ynto A,B,C, a fourth line in proportio with them.Lee there be 
Iad taken two right lines D E D F comprehending an angle asit fhall Conftradien, 
— happen namely,E D F, And( by the 2.0f the firft Yonto the line A put 
an equall line D G. And yn. 


to the line B( by the fame) i 
| 





put an equall ine G E. And \ A 
moreouer ,'ynto 5 line C put N B 
an equall line DH. Then —— 
draw a line froG to A. And | x 





by the poynt E (by the 31.0f 


the fir[t) draw nto the line | N 
GH a parallell line EF. ? i 


Now forafmuch as nto one | " Devon/lra- 
of the fides of tbe triangle — fice. 


DEF, namely, vnto 5 fide E SSN ] 


E Fis drawen a parallell line 

GH: therefore (by the 2.0f 

the fixt) as the line D Gis to the line GE, fois the line D H tothe line HF. 
But 


An other 
Way after 
Campane, 


Cenfirntlion. 


Deneonflre- 
tions 


The fixth Booke 


But the line D Gis equal ynto the line A, and the line GE is equall nto tbe 
line B, and the line D H ynto the line C.Wherfore as the line Ais nto the line 
B, fo ts the line C ynto tbe lime H F . W berfore onto the three right lines gewen 
A,B,C, is found a fourth line HF in proportion with them : which was requie 
ved to be done. 


Y i 
` 
Pri 
a 


g An other way after Campane. 


Suppofe that there be three right lines A B,B C,and B.D, It is required to adde vn- 
to them a fourth line in proportion with them. Ioyne A B the firft, with B D the third, 
in fuch fort that they both make oné right line,namely,A D.And vpon the faid lyne A 
B ercét from the point B the fecond eie ; 
line BC making an angle at all aduen- ` 
tures, And draw aline from A to C, 

Then by the point D draw the lyne D 
E parallel to cheline A C, which pro- 
duce vntill it concurre in the point E, Pa 


with the lineCB being likewife pro- < I 
duced to the point E, Then I fay that A B 3 
the line B Eisthe fourth line in pro- ` Zu 
portion withthe lines AB, BC, and 


BD: fothatas AB isto BC, fo isB L~ 2 

D to B E. For fora(much as by the 15 E i 

and 29. ofthe firft the two triangles 

AB Cand D B E ace'equiangle,therfore (by the 4.0f this booke) ABistoBC, as B D 
is to B E : which was required to be donc. 


CO, T be s. Probleme. — The v3. Propofition. 





Vnto tworigbt lines geuen,tofinde out a meane proportional. 






Kee V ppofe the two right lines geuen tobe A Band BC. It is required bee 
ae twene thefe two lines A Band BC to finde out a meane line proportios 
—@Inall. Let the lines AB and BC be fo ioyned together that they 
both make one right line, namely, A C. And vp- l l 

on the line AC defcribe a femicircle A D C and 
from the poynt B raife vp vnto the line AC (by 
the 11.of the firft Ja perpendicular line BD cut» 
ting the circumference in the point D : and draw 
aline from A to D, and an other from Dto C. 
Now forafmuch as ( bythe 31. of the third) the —* 2 - — 

angle in the femicircle ADC isa right angle, 

‘and for that in the rectangle triangle ADC is drawen from the right angle 
pnto the bafe a perpendicular line D B: therefore (by the Corollary of the 8.of 
the fixt ) the line D Bis a meane proportionall betwene the fegnittes of the bafe 
A Bar BCWherefore betwene the two right lines geuen, A Bu BC,is found 
ashtane proportional D B : which was required to be done. n 


D 


i g4 Pros 


of &uclides Elementes. Fol.164. 
q APropofition added by Pelitarius. LS 


A means proportionall beyne geuen,to finde out in a line geuen the two extremes. NR A propofition 

it behoueth that the meane genen be not greater then the halfe of the lyne genen, added by Pe- 
| litariui. 
Suppofe that the meanegeuen be 74/2 and let che tightline geuen be Ê C. Ieis re- 

quired in the line J C to finde out two extremes betwene which 4 Mal be the meane 
proportionall. So that yet the lyne A B be not greater then the halfe patt ofthe line Z 
C. For fo could it not bc a meane.Ioynethelines 442 and Z C dire@ly in fuch fore, that 
they both make one right line, nanie 
ly, AC. Then vppontheline BC de- 
(cribe the femicircle B E C.And from 
the point A ere& vnto thelyne 4Ca 
perpendicular line A4 D : which lyne 
AD putequalvnto the line AB.And 
by the point D draw vnto the line 4 
Ca parallel line D E, which vndoub- 
tedly fhall cither cut or touch the fe- 
micircle,as in the point E,for that the line 74 D is not greater then the femidiameter, 
Then from the point E draw vnto thc line 7 Ca perpendicularline E F (by the 12, of 
the firft) Then I fay that theline B Cis fo deuided in the point F,that thelyne 4B is a 
meane proportional betwene the lines B Fand FC. Which thingis manifelt (by the 
3 t- of the third) & corollary of the 8.of this booke. For the line F £ is equal to the line 
AD by the 34. of the firft, and (0 is equall to theline 4 B : then ifwe draw the ryghe 
lines B E andC E, there hhall be made are@angle triangle BE C.And fo by the fayd co- 
rollary,the line B F fhall bc to the lyne F E (and therfore to the line 4B) as the line FE 
is to the lyne F C; which was required to be done, 





Fluffates putteth this Propofition added by Pelitarius asa corollary following 
of this 13.propofition. i 


The9.Fheoreme. The14.Propofition. 


$n equall parallelogrammes which haue one angle of the one 
equall unto one angle of the other, the fides fhall be recipro- 
kall,namely,thofe fides which containe the equal angles. And 
if parallelogrammes which having one angle of the one equal 
unto one angle of the other, haue alfo tbeir fides reciprokal, 


namely ,tbofe which contayne the equall angles, they fhallal- 
fobeequall, . / 





agin” ppofe that there be two equall Parallelogrammes ABand BC shauing 
Is 9 angle B of tbe one equall'ynto tbe angle Bofthe other. And let the The fof 
-= lines D Band BE be fet direttly in fuch fore that they both make one iiu Mae: 
right line namely D E. And then(by the 14.0f the firft) fhall the lines FB and (tion. 
BG be fo fet that they [ball make alfo one right line, namely,G FT hen fay, 
that the fides of the parallelogrammes AB and BC, which containe the equall 


angles, 





Demonstra- 
tion of the 
ef tbe fame. 


The fecond 


The fixth Booke 


angles, are reciprocally proportiogall: that is ,a¢ B.D is t¢B E fois G Bto BF. 
Make complete the parallelogramme F E by producing the fides AF andCE, 
till they concurre in the poynt H. Now forajinuch as the parallélogramme AB 
is (by fuppofition ) equall yuto the parallelogramme BC , aiid there is a certaine 
other parallelogramme F Ex therfore( by the zyof tbe ift ) as tbe parallelosrame 
LB astothe parallelogramne FE,fo — -- Wis 

ts the parallelogramme BC to the paw, A_____ p e H- 
Falelogramme FE. But as thé payalle | l t 0p 
logramme A Bis to 9 parallelogramme | hog p, b og 
FE, fo is the fide DB tothe fide BE Lo] B 
(by the first of this booke ). And (by the P — DEN b i 
fame) as tbe parallelogramme BC is to s 
the parallelogramme FE, fois the fide 

GPB to the fide B F. Wherefore alfo( by 





the 11. of the fift) as the fide DBisto 


the-fide BE, fois the fide GB tothe 8 

fide B F . Wberefore in tbe parallelogrammes AB and BC the fides which cone 
taine the equall angles, are veciprokally proportionall : which was firfl required 
to be proued. 

«, But now fuppofe that the fides about the equall angles be reciprokally propore 


part which is ional Jo that as the fide D Bisto the fide B E, fo det the fide GB be tothe fide 
POSEE f BF. ThenIfay, the parallelogramme A Bis equall nto y parallelogramme 


3 e firſt. 


TB C. For for that as tbe fide (D 'B'is to tbe fide B E fo is tbe fide G B to tbe fide 
D F: but as the fide D B is to the fide B E, fof by the 1.of the fixt )is the paralles 
logramme AB to tbe parallelogramme F E.xand as the fide C B isto tbe fide 
B F, fois tbe parallelogramme B C to the parallelogramme FE. W berefore alfo 
(by the 11. of the fift) as the parallelogramme AB 1s to the parallelograme F EF, 
fois the parallelogramme B C to the fame parallelogramme F E . Wherefore the 
parallelogramme AB is equall ynto the parallelogramme BC (by the 9.of the 
fift) .Wherefore in equall and equiangle parallelogrammes the fides which cons 
taine the equall angles are reciprokall : and if in equiangle parallelogrammes the 

des which contame the equall angles be reciprokall, the parallelogrammes alfo 
hall be equall : which was required to be proued. 


3a» T be 10. T beoreme. — The 15. Propofition. 


In equal triangles which haue one angle of the one equall un. 
to one angle of the other, thofe fides are reciprokal,which in- 
clude tbe equall angles. 4nd tbofe trigles which bauyng one 

angle of the one equall nto one angle of tbe other, hane alfo 

E y: I their 


of Enclides Elementes. Fol.165¢ 
their fides which include the equall angles reciprokal, are al- 
Jo equall. | 


FING Vppofe that there be two equall triangles AB C,and A D E hauing one 
Sw angle of the one equall vnto one angle of the other, namely, the angle B 
WAG C equall'ynto the angle D A E. ThenI Jay that in thofe triangles A 
BC and AD E,the fides whichinclude$ equal angles are reciprokallie propor» 
tionall thatis,as tbe fide C A isto tbe fide 4 ID 5; fo s the fide E A to the fide 


AB, For let} lines CA and, A D e fo put, they both make direétly one right 
line. And fo alfo the lines EA and AB. ` : 
Jhal both make one right line( bythe 14. fo n, 
the firft And draw a line froh B to D. 
Now forafmuch as (by fuppafition) the 
triangle ABCis equall ‘pnto the triangle 
4 D E. And there is a certaine other. tri». 
angle B A D, vnto which the two equall 
triangles being compared jt will follow by 
the 7. of the fifth, that as the triangle AB 
Cis vnto the triangle BAD, fois y trian- 
ghe E A D tothe ame triangle B A D. But as tbe triangle AB C is to the trias 
gle BAD, fo by the 1. of the fixth, is the bafe C A to tbe ba[e AID : and asthe 
triangle E AD 1s to the triangle B AD fo (by the fame )is the bafe E A to the 
bafe AB. Wherfore (by the 11. of the fifth) as the fideC A is to the fide AD, 
fois the fide E A to the fide A B. Wherefore in the triangles ABC and ADE 
the fides which include the equal angles are reciprokally proportionall, 
But now fuppofe that in the triangles ABC and A DE, the fides which ine 
clude the equall angles be reciprokally proportional, fo that as tbe fide C A is to 
the fide A D folet the fide E A be to the fide AB. T hen I fay that the triangle 
A BCis equall ynto the triangle AD E. For agayne draw a line from B to D. 
And for that as the line C A is to the line A D fo is the line E Ato the line AB, 
but as the line C Ais to the lme AD fois the triangle ABC tothe triangle B 
AD, and as the line E A is to the line A B fois the triangle E AD to, the trie 
angle B A D.Wherfore as the triangle A BC is to the triangle B AD fois the 
triangle EAD toy fame triangle BAD. Wherfore either of thefe triangles AB 
Cand EAD hane vntoy triangle BAD one and} felfe fame proportion. Wher 
fore (by the 9. of the fifth) the triangle A BC is equal nto the triangle EAD. 
Lf therfore there be taken equall triangles hanyng one angle of the one equal vna 
to one angle of the other ,thofe fides in them fhal be reciprokal, which include the 
equal angles:and thofe triangles which haning one angle of the one equall 'ynto 
one angle of the other hane alfo their fides which include the equall angles recie 
prokal hal alfo be equalt: which was required to be proned. 
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A 
`- gles, are reciprokall, are alfo equall — 
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The feoid 
part whick is 
the connerfe 


of the first. 


The fixth Booke.. > 
Sw The a. Theoreme. The 16. Propoftion... 


If there be foure right lines in proportion, the retlangle figure 
comprebended vnder the extremes: is equal tothe rettangle 
__ figure contayned vnder the meanet. And if the reflangle fi- 
gure which is contained under be extremes, be equall onto 
the reflangle figure which is contayned Ynder tbe meanes : 
then are thofe foure linesin proportión. 2 


. ` ad YS $ 
OO V ppofe that there be foure right lines sn proportio namely,A B,C D, 
SxS d d 


E and F: fo that as the line A Bis tothe line C D, fo let the line E be 
to the line F . "T ben I ay that tberetfariele figure comprehended vne 
der the extremes A'Band F, is equall vnto the rectangle figure cons 





tayned vnder the meanes C D and E . From tbe poyut A ( by the 11.0f the firft) 


vaife vp vnto the right line AB a perpendicular line A G. And ( by tbe [anie) 
from the point C vnta the right line C Draife pp a perpendicular line C H.And 
(by the z.of the firft) put tbe line AG equall'ynto the lme F, and put alfo y line 
C H equall'yuto the ine E, and make complete the parallelogrammes GB and 
HD. Now for that by fuppofition as the line AB is to the line CD, fois the 
lije E to the line F. But the line E is equall ynto the line C Hes the line F vn? 
tothe line AG , therefore as the line ABis to the line C D, fois the line CH 
tothe line AG. Wherefore in the 9. 7 
parallelogrämes BG and D H the | s l Eag 
fides which include § equall angles, V 

are reciprokally proportional. But i 


equiangle parallelogrammes whofe | 


— — ———À b 


(ides which include the equall an- B 


J D 
(by the r4.0f the fixt). Wherefore | f 
the parallelogramme BG is equall | 


| 
i 
| Wo tea 
a 
puto the paratlelograme D H. But l | | 
the parallelogramme BG is that | ES & 
which is contayned vnder the lines | | E 
A B and F, for tbe line AG is put € D ^ c D PF 
equall ynto the line F. And the parallelogramme D His that which is contained 
bader the lines C ID and E, for the lime C His put equall dnto the line E.Where 
fore the retzangle figure contained ynder the lines A B and F, is equall bnto the 
re&fangle figure contayned ynder the lines C fD and E. | — 
“But now fuppofe that the reézangle figure comprehended ynder tbe lines 4B 
and F, be equall vnto the reétangle figure coprehended ynder y lines C D 2 
- l hen 


of &islides Élementel. Fol. i66. 


T ben I fy tat the fonré rigbrlnes AB,C (D; and F Gre proportional bar 
h, asthe line A Bis tothe lme € Dy fòt tbe line E.to tbe Die P . T he fame or 
der of conftrubtion thaewas before Teig Keptyforafmuch: as that whichis cone 
tained puder the hnes ABand F us'eqnall bnto that'which 4s contained ‘ynder 
the lines€ Diand E shut that which+s contayned ynderthelines AB and Fis 
the parallelograsnme.B C forthe line 249 ti equall bato the line Fs “And that 
alo wich is contained pader the lines CD er E is the parallélecramme: Di, 


jor the line CH is equall nto the line EW. hereforethé 5 parallelogramme BG zi 


isequall puto the parallelogramme D H, wr they arealfoequiangle. But in-pas 
rallelogrammes equall er equiangle the fides which indlade chy equal anglas are 
reciprokall ( by the 14. of the fixt) .Whevfore as the-line M Bs to tbedpw CD, 
JoisthelineC H to the lie AG, but the (ineC His equall pnto the line E and 


the line AG is equall ynto5 line F.Wherefare as the hme A BÙ to the line C D, 


fois theline Eto the line F tf therefore there be foure right lines in proportion, 

the reFangle figure comprehended ner the extremes3s equall to-the reézangle 
figure contayned ynder tbe meanes . And if the rettangle figure which is contats 
ned nder the extremes ,be equall pnto thé reffangle figure which is contained 
ynder the meanes, thenarethofe.foure lines ix proportion : whith was required 
tobe proweds 0 EE 3 Hs. nt^ ue 


— da The 12:Lheoreme. Lhe 7. Propofition.: 


- If theré bevhree tight lines in proportion,the retlangle figure 
[5o Wa pe AS ee EN pe: SUN TIN — } 7 T y 
comprehended onder the extremes js equall onto tbe [quare 
.. thatesmade of the meane.eAnd if the rettangle figure which 
— irpiade ofthe extremes,be equal vnto the /quare made of the 
^ meanó,theh are thofe three right lines proportional. 


gM ppofe that there be-three lines in proportion A;B, C, fothat as Ais to 
B Jo let Bhe to C. Then I fay that tbe vetZangle figure comprebended 
'ynder y lines A and C is equall'ynto [quare made of the line B. Vnto 
the line B (by tbe z. ofthe 20 7 093» 
firſt) an equall line D. at ) 
And becas byfuppofitia kt 5. 
AAEE ENER er vr 3 
T isequall-yhto D, "hers AA iti xe 
pus n e the ffih)as TY i 
Ais to B foji R to Cbatif j.: 
Hheré be Foure réght lnies pro || 
portionall, the 'veshinghe fi» fe | 
qure comprehended vnder a 
s\oqne B 


— * 
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the extremes is equallpnro the reéfangle figure comprehended ynder the meanes 
(by the 16.0f the fixt)Wherfore that whtch is contained ynder the lines Aand 
Cis equall nto that which is comprehended vnder the lines Band D. But that 
which is contained vader the lines B and D is the fquare of the line B, for the 
line Bis equall'ynto the line (D.W bevfore tbe ve£Tangle figure comprebzded'yn- 
der the lines A and C is equall vnto the fquare made of the lyne B. 

But now fuppofe that that , 


Dnto the [quare made of the 
line B. T hen alfo I fay, that 
a5 thé line A is to tbe line B, 
fo is tbe line B to tbe. lyne C. 
T he fame order of conitru- 
Giion that was before, boyng i 
kept, foráfmuch as y cbich | 
is contained ynder the lines A B D c. 
Aand Cas equal onto the fquare which is made of the lineB. Dut the [quare 
which is made ofi the line B ss that which ts contained ynder 5 lines B & D, for 
the line Bis put equall pnto the line D. Wherefore that which is contayned yn- 
der the lines Aand C is equal vnto that which is contayned ‘bnder the lines B 
and D. But if the rettangle figure comprehended pnder the extremes be equal 
‘dnto the reffangle figure comprehended vnder the meane lynes, the foure right 
lines hall be proportionall (by the 16.of the fixth Wherfore as the line Ais to 
the line B fo is the line D to the line C:-But the line Bis equal nto the lyne D. 
W berfore as the line A is to the lyne B fo is B to the line C. If therefore there be 
three right lynes in proportion ,the reéfangle figure comprehended onder thelex- 
tremes 5 equall^pnto the fquare that is made of the meane.And if the retfangle 
figure which is contayned ynder the extremes be equall’vnto the fquare made of 
the meane, then are thofe three right lines proportsonal : which was required to 
be demonftrated, 








A 


q Corollary added by Fluffates. 


Hereby we gather that esery right lyne is a meane proportionall betwene euery teo right 
lines which make a rettangle figure equall to the fquare of she fame right lyne: 


Sæ» The 6. Probleme. The 18. Propofition, 


Upon a right line geuen,to de/cribe areftiline figure like,and 
in like fort fituate'vnto a reftiline figure genens... 


Suppofe 


of Euclides Elementes. Fol.167. 


5 Vppoſe that the right line genen be A B, and let theretZiline. figure ges 
i uen be EG. Itis required pon, the right line genen AB to deſcribe 4 
rectiline figure like, and in like fort fituate nto. tbe vetZiline figure ge- 
wenGE. Drawe a line from H to.F , and'ynto tbe right line AB and toy pomt 
*in it A, make dato the angle E an equall angle D AB (by the 23.0f the firſt) 
“and nto the right line AB and nto the point in it B(by the Jame ) make vnto 
the angle EF 1 anequall angle AB D.Whereforey angle remayning EH F 
is equall pats the angle remayning ADB. Wherefore the triangle HEF is 
~equtangle ynto the triangle D AB. Wherefare (by.the 4.of the yx as the fide 
-HF isin proþortioan ^ 70075 0, D — 
tothe fide DB Jois oO as ee 
the fide HE to the. " 
‘fide D A; and j fide 
E F to tbe fide A B. 
Againe (by the 23. of 
the first ) nto the 
right line BD and Md i, 
vnto point, init D, «.4———————, 
make ynto tbe angle. ^ Du E 
F HG an equall an». BE NP P x 
le B D C , and(by the faic )'vnto the right line B D and'ynto the point in it 
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B, make ynto tbe angle H F G. anequall'angle D BC. Wherefore the ang e 
vémaynihe namely, G, 1+ equall prito the angle remayning namely ,to C. beré- 
fore thetrianyle FLF Giss eqniangle ‘brite. the triangle DBC. W herefore( by 
“the. of the [e Yàs tbe Jide HT F is in proportion to the fide D B, fois the Jide 
FIG to thf D Cir K fide G E to the fide C B. Andit is already proued 
WASH Pi HDB fois HE be D A ind EF AB. Wherefore( by the 







Sif tke APSE Hirth LD, fo is E Fto A Band HG to DC, andmorea 
utr; 6G FtoC B And forafmuch as the angle E HF isequall onto the angle 
ADB sidiborigle FHG is ?yuall nts thesagle BDC; thereforethe 
Dhál angle E FLO is equall nto the wholé angle A DC; and by the fame rege 


fon hengle EF is equalt Dito tbe arigle 4B C . But (by conftru&Zion) thé 
angle E is equatt yntoxle angle A,and the angle Gis prowed eqnallvnto theane 


gleC. Wherefore the figure AC is.equsangle,ynto the figure EG, and thofe 


ides which in it include the eqnall angles ar@proportionall, as we bane before 
proued Wherefore the reéfiling figure AC ts( by the firft definition of the fixt) 


Jikicyrto tbe JNedfiljvt figure FREG i Wi berefore ypon the right line geuen . 


‘AB iis defivibedareHiline figure AC. like Gr ju lile fort fituate puto tbe redFie 
— ———— 
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The fixth Booke 
Like triangles are one tothe other in double proportion that 
the fides of lyke proportion are, 


Vppofe the triangles like to be A BC and DEF, hauing the angle 
«S B of the one triangle equal nto the angle E of the otter triangle ps 
KS as A Bis to BC Jo let D E be to EF fo that let B Cep E F be fides 
— of like proportion.T ben I fay that the proportion of the triangle A.B 
Cvnto the triangle D EF is double to the proportion of the fide BÈ tothe jide 
“EF Vato the two lines B Cand EF (by the 10.of the fixth make a third lyne 
in proportion BG, fo that as B Cis tu E F,fo let E F be to BG, and draw a lyne 
from AtoG.Now forafmuch as A Bis to BC,as D Eis to EF therfore altere 
nately( by the 16. of the fifth) as ABistoD E fois BCtoE F. Dut as BCs 
to EF fois EF to BG,wherfore alfo(by the A Is S 
DUM A BistoDE fois E Fto 
BG. Wherfore the fides of the triangles AB 
G c DEF, ®hich include} egual angles are 
reciprokally proporticnall. But sf in triangles 
bauing one angle of the oneequall to one angle 
of 5 other , the fides which include y equall an- 
les beveciprokal,the triangles alfo(byy 15. L— A : 
[294 4 bebguall 1 becfore me ee gle Borys i s PEN 
ABG is equall'yutoj triangle D EF. And for J. a5) line B C isto line E Ë 
Jois the line F tož line BC: but if there be three lines im proportion, the firj 
Yhall pane to thethird double proportion that it hath to the fecoud; by the 10. des 
Finicion of the pfth,) therfore the line BC hath pnto the line, B Gdouble propor 
tion that it hath to the line E F..'But as'B Cis to BG, fo (by the 1. of the fixth) 
Wehbe wiangle ABC to the triangle AB GA berfore the trangle A BC rs vnto 
THe triangle ABG in doubli proportion that the fide BC ts tothe fide RF. Bug 
Yberriangle A’BG is equall tothe triangle 'D E F.wherfore alfo.the triangle A 
B Cis vnto the triangle D EF in double proportion that thefide B Cis to the 
Jide B Fw herfore lyke triangles are one tothe other in double praportion that 


[| 
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the fides of like proportion are: which was required to be proged., 


Şi p fA S aper es , i i ` E 
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‘Hereby i¢.is manifeft bar if there be three right lines in proe 
wis. portson,as the firitis tothe third,fois the trtangle defcribed 
vpon the fir/lunto the triangle defcribed upon the second, Jo 
that tbe [ayd triangles be like,and in lyke fort defribed, for 
it hath bend proued that as the lyne CB is to tbe line B G, fo 


15 


of Enclider Ekementes. | l Foli 8. 
irthë triangle A B Ctothe triangle DE F: wbich was re- 


quired to he demonſirated. 


Sm The 14. Theoreme. The 20. Propofttion. 
Like Poligonon figures, are deuided into like triangles and 
‘équall'tn number, and of like proportion tothe whole. s dnd 
the one Toligonon figure is to the other Poligonon figuretn 
double proportion that one of the fides of like proportion isto 
one of the fides of like proportion, M 


AV poles the like Poligonon figuresbe ABC DE, FGHKL, 
Bp shaning the angle at the pomt F equall to the angle at the point A,and 
A gd the angle at'the point G equall'to tbe angle at tbe point B arid the ane 
a gle at the point Plequall to angle at the point C: and fo of the reft. 
And moreouer, as the fide AB is to the fide BC, folet the fide FG be tothe 
fide GH „andas the Jide BC ís to the fide CD, fo let the fide G H be to the 
fite H Kand fo forth. And let the fides A Be FG be fides of like proportion. 
Xhenl. o — BR NX 
fofi AS 
thatthefe 7 p N SS 
Wiss) NOS 
ee > 
"foco. 
Ec FG. 
HKL, 
are deuta 
ded mto c D 
like trian» . : — 
gles and equall in number. For drau thefe right lines, AC,A D,F Hig F K 
And forafmuch as( by fuppofition that is by reafon the figure ABCD Eis like 
onto the figure FG H KL ) the angle B'is equall'pnto tbe angle G , and. ag 
the fide ‘AB isto the fide. BC, fois the fide FG to the fide G A „it folleweth 
that the two triangles ABC and FG H. baue one angle of the one equall ta one 
arigle ofvhe other, and hanevalfo the fides about the equall angles proportional. 
wherefore (by the 6.of the fixt) the trinngle'A BC is equiangle ‘vnto the triam. 
Je\FO H- And thofe‘anghs in thé aré eqiiall, onder which are fubtended fades 
af like proportion : namely, thé ángle 'B 4 Cü equall tothe angle GEH, and 
rhéaigl BE Ato the anghk CHF. Wherefore (bythe «of ie icd) the fides: 
which avé about the equatl angles avt proportional: ard the fides hich are Jube” 
g (Pp. iig. tended 
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— The fixth Booke 


tended odoris sall angles are of like pr oportion.W berfore as A C is to B C, 
pis FH SN ort ‘But by fuppofition as BC isto CD, fois GH to HK. 
Wherefore of equalitie ( by the 22. of the fift)ay AC is to C.D, fois FHto 
H K. And forafmuch as by y fuppofitson the whole angle BCD ts equall to the 
whole angle G H Kand it is proued that the. angle "BCA is équall to the an- 
E GHF: therefor e the angle remayning AC D is equallto the angle remay- 
"A EH K (y the 3. common fentence ) Wherefore the triangles ACD, 
‘and FH K , haue againe one angle of the one equall to one angle “Of the other, 
"md thefides which are about the equall fic de$ are proportionall. Whe fore ( » 
Abe fame fixt of this booke )the triangles AC Die. FH K are equianglé. And 
(bythe 4.of this booke the fides which are about tbe equall angles are proportion 
nall And by the fame reafon may, ‘we proue thatthe triangle 411) E isequiane 
gle bnto the triangle F KL. And that the fi des which are about the equall ane 
gles are proportional. Wherefore tbe triangle. AB Csedike to 5 triangle FG H, 
And'thetyiangle AC D to the triangle FH Kaa aud. alfo Ifo the triangle. ADE to 
‘rbeeriqnele F KL (by'the firft definition of this fi ihe). Wberforethe Po. 
Tigonet eda rgHres beuen d B C D E yi and FG Hi 4 4L€ deuided i into — 
i egal s nnb OP v t e 
m [x ar" teuer t] that the triangles are the one to the other, dh fo rhe whale 
Pb as figures, ‘praportiqniall : thas bs is nas the. triangle AB Cis to the triangle 
FO I E tangle AC Dio the triangle FHK ,and triangle A (D E 
tothe triangle FK L: andas the triangle ABC is to the triangle F "GH, fa Jo is 
, the Poligonon figure ABCD E tothe Poligonon figure FG H KL, For rp: 
` afmucha as the tr. riangle ABC is like to the triangle FGH, and Ac. and FH 
are fides of like proportion therfore the PIR of the triangle ABC, " 4 
triangle 
FGH i 
double t 
the e 
portion of 
the fide: 
A Cf g a: 
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Mid yu a ix proportion 1 oft) the ‘ying d C Di to the trian i R KE 

* dondble to the proportion t that.the e fame fi ide AC baths to the fid de E. H. JA. heren 

fielt D Yihe t: cof the filt) as asthe ; triangle. AB Ci 5 to the, triangle’ FG Hy eis 

ah vcl angle ACD tar thè triangle FAK: — forafmuch as the triangle 
e 


ys like to the tridugle FAK, and the fides AD FK are of like pro» 
pore ‘ther for ipépprios oftl the triangle A CD. to the triangle FH. K 
Y — is double 


evt * 


of Euclides Elementés. Fol.i69. 


is double to the proportion of the fide AD to the fade F K (by the forefayd 19.0f° 
the fixt ). And by the fame reafon tbe proportion of the triangle A D E toj tri» 

angle F K L, is double to the proportion of the fame fide AD to the fide FK. 

Wherfore( by the 11.0f the fift ) as the triangle A€ D is to the triangle FHK, 

fo is tbe triangle A 1D E. to thetriangle F KL... But as the triangle AC Dis 

to the triangle, F HK, fo is it proued tbat tbe triangle AB C is to tbe triangle 

FG H. Wherefore alfo (by the 1 Lof the fift ) as the triangle ABC is to the tri» 

angle FG H,, fois the triangle ADE tothe triangleF KL . wherefore the 

forefayd triangles are proportionall: namely,as A BCis to FG H, fois. AC D 

toFHK, and ADE to FKL.Wherefore (by the 12.0f the fift )as one of 
the antecedentes is to one of the confequentes fo.are all the antecedentes to all the 

confequentes . Wherefore as the triangle ABC isto the triangle FG H, fois 

the Poligonon figure ABC DE tothe Poligonon figure FG H K L.Where 

fore the triangles are proportionall both the one to the other jcz alfo to the whole 

Poligonon figures. 

Laftly [fay thatthe Poligonon figure ABCD E hath tothe Poligonon fie The third 
gure FG HK L a double proportion to that which the fide AB hath to the parte 
fide FG: which are fides of like proportion . For it is proued that as tbe trian» 
gle ABC is tothe — FG H fois the Poligonon figure ABCD E tothe 
Poligonon figure FG HK L. But the triangle ABC hath to the triangle 
FG H a double proportion to that which the fide A B hath to the fide FG (by 
tbe former 19. Propofition of this booke ) : for it ts proued that triangle ABC 
is like to the triangle FO 1. Wherefore the proportion of the Poligonon figure 
ABCDE tothe Poligonon figure FG HK L is double to the proportion of 
the fide AB to the fide FG : which are fides of luke proportion. Wherefore like 
Poligonon figures are denided. exc. as before : which was required to be proned. 


Sa» The firft Corollary. 
Hereby itis manifeft,that all like rettiline figures what foe- tye fra cu. 


uer are the one to the other in double proportion that the fides a. 
ofi like proportion are. For any like reétiline figures "whatfoeuer are 
by this Propofition deuided into like triangles and equall in number. 


Sa» The fecond Corollary. 


Hereby alfo itis manifeft, that if there be three right lines 7, kd 

m as the firft is to the third, fois tbe figure deféri-. Citas 
bed vppon the firft to the figure defcribed upon the fecond, 
Jo that the fayd figures be if 


ike and in like fort defcribed. 
For 


Demonftra- 
sion. 
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For it is proued, that the proportion of the'Poligonon figure:A B C D E to 

5 tbePoligonon figure FG F1 K L is double to y proportion of the fide AB 
^. tothe fide FG. And if (by the 11.0f the fixt )'ynto tbe lines A Band FG 

_. We take atbird line in proportion namely MN, , the firft line namely ,A'B 
Mall haue vnto the third line, namely, to MN, double proportion that it. 
+. bathtothe fecond line, namely, to F G (“by the 10. definition of the fift ).. 
Wberfore as y line A Bis tothe line MN, foisthe reétiline figure ABC 
- tothe reEtiline figure FG Fl, tbe fayd retfilinz figures being like c7 in like. 

\ fort defcribed. E E s M 


i SNE dn D. eA ap QUAS o Nun wc M 
5&1 bets. Theoreme. d bea Propofition. 

^ ce EE "warn. a 

v. "Retliline figures whichare like vnto one and the fame retlt- 
line figure are alfo like the one to the other, ` 

; V ppofe there be two reGiline figures Aand B like nto the reétiline 
iG figure C. Then Lfay that dus Ais alfa like nto the figure B.- 
$ | or fora[mucb as tbe figure JL is like ynto tbe figure C jit is alfo equi» 
SETS angle'ynto it (by the connerfion of the firft definition of the fixth ex 
the fides including the equall angles ; 
Pall be přoportionall, Agayne foraf- 

initch as the figure Bis like 'ynto the ' 
_figure-C, it ts alfo (by tbe fame defini» 
tion) equiangle yuto it, and tbe fides 
about the equal angles ave proportio: 
niall: Wherfore both thefe figures A 
and B are equiangle "pnto the figure 
C,and the fides about the equall angles are proportionall. W berfore(by the firft 
common.fentence ) the figure A is equiangle vnto the figure B, and the fides as 





^ bont the equall angles are proportionall,wherfore the figure Bis like onto the 


` figure A, which was required to be proued. 
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i pr The16.TF heoreme. (Ther opofition: 7 


there be foure right lines proportionall,che rettiline figures 

5 defcribed Mon them ns lyke,and in like forte p: 

S Vfball be proportional. 4nd if the rettiline figures vppon them 

| "Adefcribed be proportional , thofe right lynes alfofbal] be pro- 
portional, Ta 
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4 | Supp ofe 


of £uclides Elementes. Fola70. 

LV ppofe thebe be foure sight lines A BC D,E Fant GH, andis AB 
HBAS is ro C 1D. folet E FbetoG:H. And vpon the lines AB and C D (by 

Me he 18:-6f the fixth ) fet there be defeoribed two retiline figures KAB, i 
and L.C Diike the one to the-other.sand m like fort fituate: And vpon thedynes ` 
EF andG H(by the fame) let there be deferibed alfo two reétiline figures M F 
and N H like thèone to the other and in like forte fituate: Then Tjay that äs 
the figure KAB is kd kde Oe wt. eR ee Mee se mei 






Tive first 
tothe figure LCD, , et cod — 
fois the figure MF Si Sey A 

to the figure N H. — 68 
Vato the lines AB 
and C D (by the 17. 
of the fixth) make a 
third hne in propor: 
tion namely,0 ~and 
‘nto the lines EF 
and G H in like fort 
make a third lyne in 
a line proportion, 
namely P. And for 
that as the line AB 
iy to the line CD, fo z : - 
is the line E F to the - js 
line G H but as the line C Dis to the line 0 fo is the line GH tothe lyne P. 
Wher fore of equality (by the 22. of tke fifth) as the lyne A Bis ynto the line O, 
Joisthe hne E Fto the line'P.But as the line A Bis to the line O fois the figure 
K.ABto the figure L CD (by the fecond corollary of the 20. of the fixth).And 
as the line E Fis to the lyne P fò is the figure M F to the figure N H. Where 
fore( by the #i:0f the fifth )as the figure KA Bisto the figure LCD fo is tbe fiz 
gure MF tothe figure NH. - i ; : 
- o fButnow fuppofc that as tbefirure K [4B is totbefieure L CD, fois the Th m l 
figure MF tothe figure N H,then I fay that as the line A Bis to the line CD, Me eid ie 
fois the line EF to the line G H. As the line A B is tothe lyne CD, fo (by the the conuer/s 
12. of the fixth ) let the bne E F be to the lyne QR, and vpon the lyne OR (by: of the firfle 
the 18. of the fixth )deferibeynto either of thefe figures M Fand IN. H a like fi 

eure and in like fort fituateS R. Now forafmuch as the lyne AB is to the lyné 

CD fois the lyne EF to the line QR, anid vpon the lines 4B and C D are dez 

foribed two figures lyke,aud im like fort fituate K AB and LCD ,and ypou the 

lines E Fand OR are defcribed-alfo tio figures like, and in like fort fituate M 

Fand$ Rj therfore as the figure K A B ts to the fieure LL C (D fo is the figure 

ME tothe fignra S R : before alfo(by the 11. of the fifth das the fiw'e WE 

is to the erre S V, fo ts tbe frere M Fto the figure NH, wherfore the figure 

VR MPF 











* Note that 
shisis proued 
$n the affumpt 
folowing, 
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M Fhath to either of thefe figuresN Hand SR one and the fame proportion, 
wherfore by the 9.of the fifth the figure IN. FH. is equal'vnto tbe figure SR. And. 
itis pnto it likeand in like fort fituate. * But in like and equall retfiline figures 
beyng in like fort fituate tbe fides of like proportion on which they are defcribed 
are equall. Wherforej line G His equal pnto the line QR. And -becaufe as the 
lyne A Bisto the line C D Jo is the line E F tothedine Q R but the line Q R is 
equall'vnto the line G H therfore as the line AB is to the line CD fo is the line 
E Ftotbe line G H. 

If therefore there 


K i i s 
be foure right lines 0 ko . 
proportionail , the — i 
reétiline figures ale á — 
ſo deſcribed vpon SR WE D o 





them beyng like and A 


in lyke fort fituate 
fhall be proportionall 


And if the reEtiline [ Z 

figures vpon them i i 

defcribed beyng like | 

and in like Jort fitue | 

ate'be proportionall, | ———————— — fe R 


thofe right lines alfo F P = 
Jhall be proportional: 
Which was required 
to be proned, 


m 





up vh Mumpt. 


And now that in like and equall figures being in like fort fituate, the fides of 
like proportion are alfo equal (‘which thing vas before in this preposition taken 
as graunted ) may thus be proued.S spoje y thevetfiline figures N| Hand S 
be equall and like and as HG isto GN fo let R Q be to Q Sand let G Hand 
OR be fides of like proportion. T hen I fay that the fide R_Q ts equall pnto the 
Jide G H. For if they be vnequall,the one of them is greater then the other, lee 
the fide R Q be greater then the fide HG. And for that as the line RQ is tothe 
dine Q S, fois the line HG to tbe line GN „and alternately alfo (by the 16.0f 
the fifth) as the line R Q is to the line HG, fois the line Q S to the lyne GN, 
but the line RQ is greater then the line HG. Wherfore alfo the line Q S is grea 
ter then 5 line G N.Wberefore alfo y figure fR S is greater tben the figure HN 
but(by fuppofition Jit is equall'ynto it which is impoffible.W berfore y line QR. 
is not greater then J line GH. In like forte alfo may we prone that itis not lefse 
then it , wherfore it is equal Dato it: which was required to be dit 

e 


of Euclides Elementes. Fola7t, 


Flifates demonitxgteth this fecond part morc briefly;by the firlt corollary ofthe 20,ofthis boke, thus. Ap other demâê- 
Forzímuch as the rettiline figures are by fuppofition i one and the fame proportion,and the fame pro> frarion of the 
portion is double to the proportion ofthe fides A B to C D,and EF to G H(by the forefaid corollary). fecond part ef- 
the proportion alfé of the fides thal be one and the (Ife fame (by the 7. common fentence) namely, “ser Flufvater, 
the line A B hall be vnto the line © D as the line E F is to the line GH. I 


-$æT he 17. Theoreme. The 23. Propoftion. 
Equiangle Parallelogrammes baue the one to the other that 
=: proportion whichts compofed of the fides. 
e 7i bpofe tbe equiangle Paralleloerammes to be AC and CF, hauing the 
333) jangle BCD of tbe one equall to the angle E C G of the other . ThenI 
fay, that.the parallelogramme A C15 puto tbe parallelogramme C F in 
that proportion which 1s compofed of the proportion of their fides that is, of that 
which the fide BC hath to the fide CG and of tbat which the fide DC hath to 
the fide CE, Let the lines BC and C G be fo put that they both make one right 
line (by the 14.0f the firft). Wherefore A H 
(by the fame) the lines DC and C E- 
frall make alfo one right line. Make 
complete the parallelogramme DG by 
producing the fides AD and FG till 
they concurre in the point H,andlet B — G- 
there be put a certaine right line K, 
And as the line BC ts to the line CG, 






X 











fo (Ey the 12.0f the fixt,) put ynto the | 
line K a line in the fame proportion | 

which let be L: and as ID Cis toC E, | | 
Jo vnto L putaline in thefameproo K L M Bi 


portion namely M. Wherefore the proportions ofthe lines K to Land L to M, 
nre one and j fame with the proportions of the fides BC to C Gand (D Cto C E: 
but the proportion of K to M is compofed of the proportions of Kto L er L to Demontre: 
M : Wherefore the proportion of K toM, 1s compofed of the proportions of the tion, 
Jides (BC to CG tz E Cto C D . Andfor that as tbe line B C is to tbe lme CG, 
jo is tbe parallelozramme A Cto tbe parallelográme C F1 (by tbe 1. of the fixt). 
‘But as the line BC is to the line € G, fo iš the line K to the line L.. Wherefore 
álfo( by the 1 rof tbe fift )as tbe lime K is to the line L, fo is the parallelogramme 
AC tothe parallelogranmeC H. Againe, for that as the line D Cis tothe line 
CE, fois the parallelogramme C H to the parallelogramme C F : but as the line 
D Cis to the line CE, fois the line L to the lneM: W berefore alfo (by 9 fame) 


as tbe line Li is to tbe lnie M. , fo is tbe parallelogramme C. F1 to tbe parallelo» o 
cgvanime CF. And forafmuch as it is proued,that as the line K is to the line L, 

fois the parallelogramme A C to the pavallelogramme C FF, and as the line Lis i 
"to tbe line M. , fo ts the pasclelonramme C FH to the parallelogramme C.F: thers ae 


fore of equalitte (by the 22.0f the fift) as the line K ts to the line M, fo is the pas 

vallelogramme:A C to the paralielogramme C F . But as it hath before Lene pro» 

ned the proportion of the line K to the line M, 1s compofed of the proportions of 
Q 4. j- the 
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the fides BC toC G,and DC toCE. Wherefore alfo the proportion of the paz 

allelogramme A C to tbe parallelogramme C F jis compofed of the proportions of 
the fides B Cto C G, and D Cto C E . Wherefore equiangle parallelogrammes 
haue the one to the other that proportion which is compofed of the proportions 
of the fides : which was required to be proued. 


Flufates demonttrateth this Theoreme without taking of thefe three lines, 
K,L, Matter this maner. 


An other Fora(much as(fayth he) ithath bene declared vpon the 10. definition of the fife 
demonftration booke, and fift definition of this booke,that the proportions of the extremes confilt of 
sfter flufvates, the proportions of the meanes,let vs fuppofe two equiangle parallelogrames A B G D, 
and GEV J,and lect the angles at the poynt Gin eyther be equall. And let the lines BG 
and G I be fet dire&ly that they both make one 
right line, namely, ZG, Wherefore EG D alío n B T 


fhall be one right line by the conuerfe of thers. 
ofthe firit. Make complete the parallelogramme _ 


GT . Then I fay,that the proportion ofthe parèl- — — 





| B c ir 
lelogrammes AG & GZ is compofed of the pro- | 
portions of thefides BGtoG/,and DG toGE. 
For forafinuch as that there are three magni- 
tudes, 4G,GT,andG%, and GT is the meanc of | 
the (ayd magnitudes : and the proportion of the e RU 


extremes AG to GZ confikteth of the meane pro- 

portions (by the 5.definition of this booke) namely,of the proportion of AGtoG T, 
and‘of the proportion GT to GY: Butthc proportion of 4G to GT is one and the 
felfe fame with the proportion ot the fides B Gto GJ ( by the firt ofthis booke) , And 
the proportion alfo of GT to GZ is oneand the felfe fame with the proportion of the 
other fides,namely, D G to G E (by the fame Propofition) . Wherefore the proportion 
ofthe parallelozrammes 4G to C 7, con(ifteth of the proportions ofthe fides BG to 
G I,and DCtoG E. Wherefore equiangle parallelogrammes are the one to the other 
in that proportion which is compofed oft theyr fides : which was required to bc 
proued, 


3p T be 18. T beoreme. — The 24. TPropofition, 


In enery parallelogramme, the parallelogrammes about the 
dimecient are lyke vata the whole,and adfo lyke the one to the 
other. 





— EOS Vppofe ) there be a parallelogramme 4 B C D and let the dimecient 
ef rhispropofiriš * RAY d rherof be AC: and let the parallelogrammes about the dimecient A 
— RRX A C,be E G and H K. T hen I fay that either of thefe parallelogrames 
parallegramme CEES E G and H K is like vnto the whole pavallelogramme ABCD , and 


1 x Jut. alfo ave lyke the one to tbe otber.For forafmucb as to one of the fides of the trian» 


arme ABCD.. ele 4B C namely to B Cis drawen a parallel lyne E F,, therfore as BE isto E 
4 , fo (by the 2. of the fixt) is CF to F A. Agayne forafmuch as to one of fides 
: i of the 
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of the triangle A D C namely to C Dis drawen a parallel bine FG, therefore à 


(by the fame Jas C Fis to FA fo is DG toG A.But as C Fis to F A,fois it pros 
ued that 'B É is to E A. Wherforeas D E is to E A, fo (by tbe 11. of the fifth) 
is DG to G A.Wherfore by compofition (by the 18. of the fifth Jjas B Ais to A 
E fois D Ato AG. And alternately (by the 16.of the fifth)asB A isto AD, 
foisE Ato AG. Wherfore in the parallelogrammes ABC D and EG 5 fides 
which are about the common angle BAD are proportionall. And becaufey line 
G Fis a parallel ynto the lyne D Cy therfore the angle AG F (by the zg. of: the. 
fit) is equall'ynto y angle ADC EOJ E — 
angle G F A equall'ynto y angle «DDCAA E E 
and the angle D AC is commion to the — A F D 
two triangles A ae and AFG. — — qe 
ore the triangle D AC is equiangle | 
— the triangle AGF. ys by te G — —oá9 





fame reafon the trian gle A BC is equis l. 
angle'ynto the triangle AE F. Wher- 
fore the whole parallelogramme ABC 
(D is equiangle pnto tbe parallelograme pA — 
EG. Wherfore as. A Dis in proportion D c 
to D C, fo( by the 4. of the fixtb )is AG. — 
toG F, andas D Cis toC A, fots G FtoF A. And as ACis toCB, fois AF to 
F E. And moreouer as C B is to B A fo is FEtoE A. And forafmuch as it is 
proned that as- D Cisto C A. fo isG FtoF A:butas ACistoC B, fois AF to 
FE. W berfore of equalitie (by the 22.0f thefiftb)as ID Cis to C'B ois G F tà 
FE. Wherefole in tbe paralleloerammes, A 'B C (D and EG, the fides which 
inclide the equall angles are proportionall. W herefore the parallelagramme 
‘ABC Dis (by the first definition of the fixth ) like vnto the parallelogramme 
EG. | 

Aund by the fame reafon alfo the paralleloeyamme AB C Dis like to the pas 
rallelogramme K 1: wherefore either of thefe parallelogrammes EG and K 
His like puto the parallelogramme A BCD. But rectiline figures which are 
like to one and the fame rectiline figure are alfo (by the 21. of the fixtb ) like the 
one tothe other. W berefore the parallelogramme EG is like to the parallelo» 
gramme H K.W. berfore in euery parallelorramme, tbe parallelogrammes a> 
bout the dimecient are like vnto the whole, and allo like tbe one to the other. 


Which was required to be proued. 


enel 


p At other moye briefe demantration after Fluftatas. 


Suppofe tliat there bea parallelosránc AB G D,whofe dimetient let be 4Gabout 
vhich let confilt thefe parallelogrammes E Kand T J, hauing theanglesat the pointes 
"and G common vith the whoic patallelogrammne 4B G D, Then] fay, that thofe pa- 
tajlelogrammes E KandT £ are like tothe whole parallclogramme ‘D'B and alfa ate 


M: Qq. ije like 


Thet the paral- 
lelogrzme K H 
ds like to the 
whole parallelo- 
gramme A Be 
CD, 

That tbe paral- 
lelogrammes 
EGandKH 
are like the ons 
to the ther, 


An other 
De monfra- 
tion after . . 
Finffetes. 
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like the one tothe other, For forafmach asBD,E K; >- 
and T I are parallelogrammes, therefore therightline . A 
e4ZG falling vpon thefe parallelltines ef EB,KZT, pee 
and DJG,or vpon thefe parallelllines A K D,E? Land | é 
BTG,maketh thefe angles cquall the one to the other, | 
namely,the angle E 4$ totheangle KZ 4,& thean- | z 
gle EZ A to theangle K AZ, and the angle T ZG to' Z 
the angle Z G l, and the angle 7 G4 totheangle/Z6G, 
andtheangle BedGto the angle e4G'D: and finally, 
theangle B Ge totheangle DAG, Wherefore (by 
the firft Corollary of the 3 2. of the firít , and by the 34. 
ofthe firit) the angles remayning are equall the oneto 
the other, namely,the angle B to che angle D, and the 
angle E totheangle X,andtheangle T totheangle/. . 
Wherefore thefe triangles are equiangle and theréfore D I 
likethe oneto the other,namely,the triangle ABG to i 
the triangle G D A, and the triangle A E Z to the triangle Z K A, & the triangle Z T G 
to thetriangle G7 Z. Wherefore asthe fide e4 B isto theíide BG, foisthefide AE 
tothe fide E Z, andthe fide ZT to the fide T G. Wherefore the parallelogrammes 
contayned vnder thofe right lines,namely,the parallelogrammes 47 G D; EK,& T I, 
are like the one to the other (by the firft definition ofthis booke) . Wherefore in euety 
parallclogramme the parallelogrammes. &c. as before:which was required to bede- 
monſtrated. i AE 








g A Probleme added by Pelitarius. 


Two equiangle Parallelogrammes being geuen, fo that they be not like, to cut of from 
D» z 7 * 4 
one of ther a parallelogramme like unto the other. 


" Suppofethatthe two equiangle parallelogrammes be 4 8 C D and C EF G, which 
let not belike the oncto the other , It is required from the Parallelogramme ABCD, 
to cut ofa parallclogramme like vnto the parallelogramme CEFG. Let the angle C of 
the one be equall to the angle C of the other, And |et the two parallelogrammes be fo 
fet thatthe lines BC & CG may make both , H D vu 
one rightline,namely,B G . Wherefore alfo ^ AUT zd 
the riehtlines D Cand C E fhall both make 
one rightlinc, namely, D E . And drawea 
line from the poynt F tothe poynt C, and 
producetheline F Ctill it cócurre with the 
line 4 D inthe poynt And draw theline B 
HK parallellto the line CD (bythe 31.0f 
thefirlt) . Then I fay,chat from the paralle- 
logramire AC is cut ofthe parallelograme 
CD HK, like vuto thc parallelográme E G. 
Whtch thing is manifcít by thys 24: Propo- 










- fitioh. For.that both the fayd paralllo- = E F., 
- grammesare defcribed about onc & the felfe lame dimetient . And to theendit mighg 


Another ade 
dition of Pe- 
diaries 


the more plainly be feene, Ihaue made complete the Parallelogramme 44 4 G L. 


9 An other Probleme added by Pelitarius. 
* Betwene two rettiline Superficieces, to finde out a meane fuperficies proportional, .- ` 
Suppofe that the two füperficieces be A and B; betwene which it is required to 

place a meane fuperficies proportional, Reduce the fayd two reGiline figures 44 dnd:8 

vnto 


of £uchdes Elementes. Fol.173. 


roto two like parallelogrames (by the 18.ofthis booke ) or ifyou thinke good reduce 
eyther of them toa (quare,(by the Jatt of the fecond). And let the (aid two parallclo- 
rammes like the one to the other arid equall to the ftiperficieces Aand B, be UD EP 
and FGH XK. Andiet the angles: F in either of theimbe equall,which two angles let be 
piaced in (ach fort,that the two parallelogrammes E D and H.G may beaboutonc and 
the fclfe fame dimetient C K (which is done by putting the right lines E F and.F € in 
[och ſort chat thẽy both make'one risht líte,namely, I — 
XX). And makt cópicte the parallelográme C L K AM, 
‘Then I fay,thag either of the fupplements F L & F Adis 
a meane propertionall betwene the fuperficieces CE &, 
FC, chatiy, bétwenle thé fuperficieces 4 and B: name- 
Iysasthe filpetficiésE2G. tstotbhe luperficies F-L, Yos: 
the ame fuperhcies F L te the feperficies E‘D, For by 
this 24. Propofttion theline AF is tothe linc P D, as 
tħe line G Fig tothe linc FES Buit by the frft'oF this 
booke) asthe line. žy Fis to thedine F D, fo isthefu- 
perhicies HG to tbe fnperficies F L: andas the line GF 
isto the tide'# £,fo alfo (by the fame) isthe fuperficies 
P btothe füparficies E D . Wherfore(by the 13.of thé: 
fift) a$the.fuperficies £2 G isto the fuperficies F L,fois 
the fame fupetficies F £ to the fuperficies E D : which 
was required to be done. 





fa» T be 7. Probleme. — d he 35: Propoftion. * E i 






p> Untoa rettiline figure geuen to defcribe an other figure lyke, 
` whìch foal alfo be equall vntoan other retliline figure genen: 
XE Vppofe J the rel#iline figure gcut ,wherunto is required an other to be 
^ SS] made like be A BC and let the other rettiline figure whereunto the 
BLR [ame is required to be made equal be D.Now tt is required to defcribe 
—— areltiline figure like puto the figure ABC, and equal ynto the fie 
gure D. Vppon the line BC a . " 
defcribe (by the 44. of the 
firft)a parallelegramme B E-- 
«quall'ntà tbe-triangle AB 
C,and by the fame vpon the 
dine CE defcribe the paralles 
Jogramme C M. equall 'vnto. | 
the reétiline figure D,and in 
the faid parallelogramme let 
the angle FCE , be equal 
aito tbe angle CBL. And 
forafmuch as the angle FCE 
is by conftruétion equall to , T 
theangleC (B L adde the an ^. AU Ae. voa 
«le B C E common to them both; W berefore the angles LB C.and'B C Eare e 
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quallynto the angles CB ad ECF, butthbranols T B C and BC E are e 
quattro two right angles (by the 29. oft the fir t)% birre alfo tbeanglis BC Ë 
qud EC Fare. eguak. to.two right au angles, Wherforet thelines B Cand.C Y(by the 
bacofthe fir/t hake both one right lme namely 3B. Fan in like foredi Wo the lines 
E E and E Mmicke both one right line, namely, L M. T ben (py the 13. of the 
jp xth) take the meane proportional. betwene tbe lines B C and G F; which let be 
G H. And( bythe 18. of the fixth) vpon the tine GH, let there be'deferibed a 4 
reiline figure K HG like vnto tbe rettiline figure A BC, aud in like forte fe 
tuate. And for that as the line B Cis to tke line G H, fois the line GH to y liue 
CF: but jo be thre right fries proportional, as the fir/tis tothe third. Je is 
the figure which ts defcribed of the  firft vnto the figure which ss defcinbed of the 
Second, the faid figures being like and in like fort fstuate: (by the ys coryellaa 
ry of the 20. of the fixth) wherfore as the line BC is to the line CF. Jos is the tid 
angle A BC to,the triangle K.G Hi. But as the line BC is to o tlie. iyne C F, Joi ix 

the e parallelogramme BE tothe pan MICE OTUE EF (by ther AS ut Jixth }: 
Wherforeas the triangle A x 
B Cis tothe triangle KGH 
fois ‘the parallelogranme B. A > 
E tothe parallelogramme E ` 










F. v derfore alternately alfo z, , < uu ocu 

(Sy there. of the fifth) asthe ` Re 

triangle ABCs to\the pas et i cm 

rallelogr: anme BE — is ^ s Pe ~ 

the, tasangle. K: G I eo | 28 tC xz J ds WS 5 J 
the parallelogramme ER na ae — a 


Sut the triangle. ABC eu E Voy 
qual Pato the parallelogrăme >, 
BE, wherfore alfo the trian g v MESH a 

£le KG Hüisequall'onto the Ee "e 
parallelo gramme E F: but the parallelogramme F. Ei y equall Yuto the rectiline 
figure (D. S Wherfòre alfo the reétiline figure KG His equall ‘ynto the reétiliye 
figure D, and the reééiline figure KG His by fuppofition like‘ntd the rect 
bee figure A BC. Wherefore there is defcribed a reéhiline figure KG H bh 
*ynto the retfiline f igure genen A BC,and equall ‘puto the AA an fi n 
Lenen D : which as required to be doné s qi dome 





y 


^3 

Jap The 19. Theoreme. dios 16. Prop ition, © ^3 

Ff from a parallelogramme be taken i may a parallelogranie 
lke vnto the whole andi in like forte fet, bauing allo an any. 

common with it,then is the parallelogramme about one ana 

5 lle felfe ~ diniecientwitb tbéwbolez ^ - essen om, 
Udad xa M Suppofe 


of Enblides Elensehtes. Fol.174.. 
qud V bpoJe that there be a parallelogñame DB CO iid fromthe parak 


SS Fl elogramme ABCD, take away a parálkclograuze JR like wntoatbe 
RE rayallelogramme A BCD and salike fort ſituate, basing alfothg-aie- 
gle D AP common with ite T hen Lay} that the parallel, rammes A $c p 
and A F are both about'óne andthe felf As licent E O, that is thatthe 
dimecient AFC of the whole parallelogramne AB C D paffeth by the angle F 
of the parallelogramme AF, and is comnion to‘esther of the parallelogrammnes. 
Fot if A C do not paffe by thé point F. )Uendf st he poffible let it paffe by. fame. 
ther point,as A FAC doth. Now then thedamesient A Fd CfPall rut eytber. tbe 
fide G For the fide EF of  parallelopraliülie AF, Lee it cut y [ide 6 EJWAbe 
point H. And (by the 31. of the firft) byahe point H let there be drawenzta, eie 
ther of thefe lines AD and BCa E K; wherforeG Kis a peralles 
lipinme id irabou oiciidhe efe fi a S 
dr deir mtb parallelogramme ABCD, yA ig, aau Den 
And fora[much as 5 parallelogrammes A B 
C DandG K are about gne and the felf fame 
dimecient therfore ( by the 24. of the fixth): 
the parallelogramme ABCD is like vnto 
thy paraHelogramme G K, Wherfore as the) 
Gne D Aisto the line ABg isthe line GA ; l 
to the ling AK (by the connerfion of the firft > Se ciate ee E: 
definition of the fixth) And forthatthepas Bo. DAC 














vallelogrammes ABC D; and EG are ty d ates = n 


ſuppoſition) like therfore as tbe line «D Ais to the lyne 4 Bois tbe lineG Ato 

the line AE.Wherfore the line G Ahath one and the felfe proportion to either 
of thefe Ones AK and AE: Wherfore (by the 9.of the fifth )the line A K is e 
quall'vnto fine A E namely, 9 leffe to9 greater, which zs impoffible.T he felfe 
famesnconucnience alfo-will follow ,if you put the dimetient AC to cut the: fide 
P EWherfore. A (the dimetient of the whole parallelogramme ABCD pale 
seth by the'anyle and poynt F. And therfore the parallelogramme A E F Gis as 
bout one and the felfe fame dimetient with the whole parallelagramme ABCD. 
Wherfore if from a parallelogramme be:taken away a parallelagrame lyke ‘ynto 
the whole and in lyke forte fituate .bauing alfo an angle common"7with it,tben is 
that parallelogramme about one and thejelfe fame. dimetrónt "with the wholes 
which was required to be proued. 


g An other demonftration after F luffates Which prouetb 
sis propofitiogaffiematiuely. —— 
` 


! ARN xr . 

Fromthe parallelogrammeA B GD let there be taken away the parallelogramme 
AEZK like and in like forte fituate with the whole parallelosramrhe A BG D'/znd hia- 
ming ale the angle A amon vish the whole parallelogrammie.; Then I fay;thar both 
cheir diameters,namely,A Z and AZ G do makepneand the felfe(aug risbt ling .De- 
“wide the Rcd A Band B Cittotve equall puitésin the ponte andF vai oor 

» Q 3. iij. the 


* By the 
mettét as 
vnder£and 
here tbe dime- 
tient iphich it 
Grades frcnz 
the angle C 
which it conte 
mon to thers 
Loth tothe op- 
pofite angle. 
Demonſtra- 
tion le«ding ro 
an abfurditice 
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«he firft.). And drawe a Jine from C.to-K«— 
Wherefore the line C Fisa parallel tq the 
tightline A G (bythe corbliary added by” 
Campane after the z9, of the firft), Wher- 
fore the angles BA G and B CF are equall .. : 


GLNYAS 


Gus 


643 QUSE os 
— 


















(by the 29, of the frit) but the angle E À- e 
Zisequall vnto che angle BA G (by réafó: a 
theparallelogrammes atefuppofed to:be — € a 
like) whercfore the.fameangle EA Z is Cru. ~ hy Ay 
quall totheangleB CF, namely, the.out-. |. E 
ward angle tóthe inward'and oppofttegtiz^.' iV S 
le. Wherfore (by the 38. of the fict ehe u^ FeR 
lines A Z and C F are parallel lynes . Naw... x 
-© théenthe lines AZ atid AG being parallels : ERR : ^ t 
to óne- and the felfefamtlyne, nainély7tó: SUSSY IE ET. Gua 
C Fdo concurrcinghégoint A.Where(aré ^. -= aD L weer ye. ops 
they are fet dire&ly the one to the other fo that they both make one right line(by that 


Vid 


dn this propofiti ag 


are two cafes in 
eke firf the pas 
allelogramme 
compared tothe 
parallelogrãme 
deferibed of the 
halfe line is de- 
feribed Gpona 
dine greater thé 
the halfe tine: 
Inthe ficond 
Cpa a line lee. 
The firj cafe 
where the pa- 
rellelogramme 
compared name 
by AF is defers- 
bed Gpon the 
dine A K which 
ds greater then 
the balfe line: 
AC, 


` Tequired to be proued, 


which was added in the ende of the 39; propofition oFtliefirft) wherfore the parallelo- 

grammes A B G D,abd A E Z K are abóüt one and the felfe fame dimetiené: which Was 

sel a, os A Je Due A — ay 

! ` The .0. Theoreme..... The 27. Propofition. 2 

qne Qo vola s E pope 

_ Ofallparalielogrammes applied to aright line wanting in f 

| gureby parallelogramutes like and in like fort fituate to that 

; parallelograme which is défcribed of tbe balfe line: the grea- 

tefl parallelogramme is that which is defcribed of the halfe 

Jine being like unto the want. ` c y 

^w Et there bea right line AB, and (by the'10.0f the firft) deuide it in 
S earight ime AB, and (1 he hy ft ) dni. 

go tio equall partes in tbe point C. And'ynto tbe vigbt line AB apply 


Ja parallelogramme AD, wanting in figure by the parallelogramme 
MLA D B,whichlet be like and m like fort defcribed "nto. tbe parallelo 
7t gramme: defcribed of balfethe line 4 Bywhich is B C. ben I ay, 






hit of all the parallelogrammes “which . 


anay bó applied pntothe line 4/B. ànd r W : - — 
[9 


Dhickwät infi igure by. parallelogrames 
like\and in like fort.fitnate ‘ynto thepae G 

rallelogramme DB the greateft is the i 
parallelogramme A D. For vntoy right 
line AB let there-be applied a paralleto- 
gramme AF ‘wanting in figure by the 
parallelogramme FB, which letbe like 
and in'like fort fituate bnto the paralle- pcs 
logramme (D B . T hen I fay thattbe . T T 
parallelogramme A Dis greater. then the parallelogramme A F . For,forafmuch 


ad 
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as the parallebgyamme D'Bis tike bnto the párallelogramme E B , therfore (by 
the 26.0f the fixt) they are about one and the felfe fame dimetient . Let their di- 
metient be. QB, and makecomplete the figure. Now forafmuch as ( by the 43. 
of 9 firft the fapplement FC is equall nto the fupplement F E :adde the figure 
FRB common to them both. Wherefore thë whole figure CR is equall puto the 
whole figure K E. Put the figure C R isequall nto the figure CG ( by the 56. 
of the firft) for that the bafe AC 1s equall vnto the bafe CB. Wherefore the fi- 
gure G Cus equall pntothe figure KE . Adde the figure C.F common vuto them 
both —— the whole figure AF is equall ynto the whole Gnomon L MN. 
Bat the-whole parallelogramme DB is greater then the Gnomon L MN ( by 
the 3.common fentence ). Wherefore alfoxt is greater then the parallelogramme 
AF. But the parallelogramme AD 1s equall vnto the parallelogramme DB 
(by the. 36.0f the firft). Wherefore the parallelogramme AD is greater. then 
the parallelogramme A F . Wherefore of all parallelogrammes applied to aright 
line wanting in figure by paralleloerammes like and. in like fort fituate,to that 
parallelogramme which is defcribed of } halfe line,the greate/t parallelograme is 
that which ts defcribed of the halfe of the line, being like ynto tbe want : which 
"was required to be proued, ` ` r — 

` Aeaine let AB be deuided into twoeguall partes inthe point C „and let the 
parallelogramme applied vpon the halfe line be A L, wanting in figure by the 


parallelogramme LB, which let be like and in like fort fituate pnto the paralle-. 


logramme AL . Againe ynto the line AB let there be applied an other paralle- 
logramme AE “wanting in figure by y pac ` Sq — 
rallelogrãme E B being like and in like ſort 
fituate vntothe parallelogräme LB whith `, 
15 defcribed bpon halfe of the line AB.Thé “| 57 

I fay, that the parallelogramme A L applis..« | =°] 
ed 'ynto halfe the line is greater thenthe  \ 

parallelogramme AE. For forafmuch as | 
the parallelogramme EB is like ynto the ` 
parallelogramme LB, they ave (by the 28. 

of the fixt ) about one and the fame dimetie - 
ent . Let their dimetient be EB,andmake = 57700 UE TES 
complete the whole figure and for that the figure LË *is équall ynto fhe figure 
L A (by the 36.0f the firft) for the bafe F 7 i equall vnio the bafe G Htbe?. 
fore the figure L F is greater then the figure KE. But the figure L Fi equall 
bnto the figure D L ( by the 43. of the firt).. Wherefore the figure DLs 
greater then the figure KE: put the figure KD common to them both Whey- 
fore the whole parallelogramme 4 Lis greater then the whole parallélogramine 
AE: which was required to be proned. i" PROC E NS AN 
A pem Joy Stay 9 
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GE 7 hejixtb Booke 
E S9 he B Probleme... — The 28. Propofition. 


^ Upon aright line genen, taapply a parallelogramme equall 
to a retiline figure géien, Cr wanting in figure by a paralle- 
Togramme like vnto aparallelograme geuen. Now it bebo- 
uctb that the retliline figure genen, whereunto the parallelo- 
grame applied muft be equall,be not greater thé that paralle- 

_ logramine, which [ots applied upon the halfe lyne, that the 

' defettes fhall be likesnamely, the defet ofthe parallelograme 





applied upon the halſe line, and the defet of the parallelo- 
~~ gramme tobe applied (whofe defell is required to be like vn- 
— tothe parallelogramme genen), > 24 

— Vppofe the right line genen tobe AB: and let the retiline figure gee 
xen Wherunto is required to apply vpon the right line AB an equall 


reCilinefigure be C, which figure C,let not be greater then that pa 
—rallelogyane which is fo applied vpon the halfe line, that the defelzes 


fhall be like, namely, the defeld of the parallelogramme applied upon the halfe 





Mese ul 


[4 onfirau fion. 


Two tafes in 
this Propofi- 
tione 


defett or want of the parallelogramme is 


e required to be like be D.Now itis requis 


red ypi j right line geué A B,to,défcribe 
nto the reétiline figure geuen C, an-ec. 
qual parallelogrampme wanting tn figure. 
by a paralitloeranmé like 'ynto D. Let 
theline AB (by the yo. of the firft) be 
deuided into two equhll partes tn y point . 
E. And (by the 18: of the fixth) vppan 
the line EB defcribe a rettiline figure E 


BEG like yntothe parallelogrammeD 
andin like fort fituate, which fhall alfa — 
bea parallelograme, ng make complete. . 


A 


the parallelogranine AG. ‘Now then: 


the parallelogramme ÆG is either equal: 


Mata ther rectiline, figures C, or greater iU 


then it by f/uppofitton. If the f aralleloe 


gramme AG be equal puto the vetiline figure C 





“Line aiid the defect 7 the parallelogramme to be applied (whofe defect is requie 
red to be like ‘onto the parallelogramme geut ), 1 re 


And let the figure -whereunto the 








un 
» th 


SERON S ; 
en ts that done which we 


The frft cafe. fought for.For then mpi the right line A Bis defcribed'ynto tbe revtiline figure 


genen 
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geuen C an equal parallelogramme A G wanting in figure by the parallelogréme 
G B which is like ynto the parallelogramme D. But if A G be not equal vnto C 
then is AG greater then C but AG is equall'ynto G B (by the firft of the fixt ). 
wherfore alfoG Bis greater then C. Lake the exceffe of tbe vetfiline figure B 


The fecond 


cajta 


G aboue the reéiline figure C (by that which Pelitarius addeth after the 4s. of 


the firft) And nto that exceffe (by the 1s.of the fixt) deferibe an equal rect 
line figure KL MN like and m lke fort fituate ynto the reétiline figure D. 
But the yeltiline figure D is like pnto the retliline G B wberfore alfo the re&i^ 
line figure KLM N is like ynto the recfilime fiere G B( by the 25.0f the fixt) 
Now then let the fides K LandG E be fides of like proportion, let alfo y fides 
LM andG F be fides of like proportion. And fora/much as the parallelograme 
G Bis equal ynto the figures C and KM, therfore the parallelogramme GB 1s 
greater then the parallelogramme K M. Wherefore alfo the fide G E is greater 
then the fide K L, and the fide G Fis greater then the fide L M, vnto the fide 
K L put an equall line G O (by the 2. of the firft) and likewife vnto the fide L 
M put an equall line GP. And make perfec£ tbe parallelogramme 0 GP X. 
Wherfore the parallelogramme G X is equal «s like vnto the parallelogramme 
K M. But the parallelogramme K M is lyke nto the parallelogramme GB. 
W berfore alfo the parallelogramme G X 1s like ynto tbe parallelogramme G B. 
W berfore the parallelogrammes G X and G B are (by tbe 26. of tbe fixt ) about 
one and the felf fame dimecient. Let their dimecient be G B,and make complete 
the figure. Now forafmuch as the parallelogramme B G is equall ynto the rettiz 
line figure Cand ‘nto the parallelogramme KM, and the parallelogramme G 
AX which is part of the parallelogramme G B,is equal vnto K M.Wherfore the 
Gnomon remayning Y Q Vis equall ynto the reétiline figure remayning , names 
ly,to C. And forafmuch as the fupplement P R is equall ynto the fupplement O 
S put tbe parallelogramme XX (B common vnto them both. Wherfore the whole 
parallelogramme P Bis equall vnto the whole parallelograme O B.But the pac 
rallelogramme O Bis equal vnto the parallelogramme T E:by the 1.0f the fixt, 
(for tbe fide A E is egual nto tbe fide E B) W berfore tbe parallelogramme T' 
Eis equal vnto the parallelogramme P B. Put the parallelogramme O S come 
mon to them both. Wherfore the whole pavallelogramme T S 1s equall vnto the 
- Whole gnomon Y OV. But it is proued that the gnomon YQ V is equal vnto the 
rectiline figure C.Wherfore alfo the parallelogramme T S is equal ynto the rez 
Etiline figure C. Wherfore vpon the right ine geuen A Bis applied a paralleloe 
gramme I'S equal pnto the rectiline figure geuen C,and wanting in figure by a 
parallelogramme X B-which is like vnto the parallelogramme geuen D,,for the 
parallelogramme X Bis like bnto the parallelogramme G X : which was res 
quired to be done. 


q 4 Corollary added by Fluffates. 


Hereby it is nsanifest that if upon aright line be applied a parallelogramme wantyng 
in 


A Corollary ad- 
ded ey Flufjaz 
tes, and is put 
of Theon asas 
afurmpt before 
the 17. propofi- 
tion of the eéth 
booke: which 
for that it follo- 
aseth of this 
propofition 6 
thought it not 
amife here to 
place. 


Conſteuflion. 





The fixth Booke 


in figure by afquare,the parallelogramme ap- 

plied fhall be equall to the rectangle figure 6 
which is contayned under the fegments of the 
line geuen which are made by the application. 
For the reft of the line is equall to the o- 
ther fide ofthe parallelogramme applied. ; 
Forthat they arefidesof one & thefelfe A D B 
fàme fquarc.asthe parallelogramme A G 

is contained vnder the lines A D and D B,or D G which is equall to D B. 


5&9 T be 9. Probleme. — The 29. Propofition. 
"Upon aright line genen to apply a parallelogramme equall 
vnto a rettline figure geuen, and exceeding in figure by apa- 
rallelogramme like vnto a parallelogramme geuen. - 





XV ppofe the right line genen to be 4B, and let the velZiline figure geuen 
“i whereunto is required "ponte line A B. tà ápply. an equall parallelo» 

gramme be C: let alfo the par allelogramme wheruntoy exceffe is requie 
red to be like be D . Now it is requi- — Es 

red vpon the right line AB to apply 
a püralelogramme: equall nto the. 
vecfiline [irure C and exceeding in fi- 
gureby a parallelogramme like 'ynto 
the paraltelogramme D . Let the line 
“AB be (by the 10. of the firft ) deuiz 
‘ded into tivo equall partes in the point 
E, And vpon the line EB ( by the 
“18: of the fixt )defcribe a parallelo» 
gramme BF like nto the figure D, 
«ndu like fort fituate, 4nd'ynto botb 
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AE 
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thefe figures BF and C,defcribe an equall reétiline figure G H like 'ynto tbe 
figure D and in like fort fituate (by the 23.0f the fixt ). W berefore tbe parallee 
logramme GH is (by the 21. of the fixt ), like'pnto tbe parallelogramme B F. 
Let tbe fides K F1 and FL. be fides of like proportion , and fo alfo let the fides 
KG and F E be. And forafmuch as the parallelogramme C H is( by conflrutti- 
on ) greater then the parallelorramme FB , therefore the line KH ís greater 
then tbe line FL „and the line K G is greater then the line F E. Extend the 
lines FL and FE tothe pointes Mes N and yuto tbe line K H put an equa!l 
line F L M, and likewife 'ynto tbe ling K G. put an. equall line F EN : and 
make perfet the figure MN Wherefore the parallelogramme MN is equall 
and like vnto the parallelogramme G H . But the parallelogramme G H is like 
%nto the parallelogramme E L. Wherefore alfo the parallelogramme MN is 
like vnto the parallelogramme EL. W berefore tbe párallelogrammes E. L and 
MN are (by the 26. of the fixt) about one,and the fame dimetient . Let the 
fayd dimetient be F O , and make perfec? the figure . Now fora/much as the pas 
rallelogramme G H is equall'ynto the figures EL andC. But by conftruétion 
the parallelogramme G His equall vnto the parallelogramme MN . Wherfore 
the parallelogramme MN is equall pnto the figures EL andC. Take away 
the figure E L which is common to them both. Wherefore the Gnomon remays 
ning namely; VY X is equall'ynto the re&iline figure C . And forafmuch as 
the line AE is equall vnto the ine E B, therefore the parallelogramme AN 
15 (by thd 36.0f the fi TE) equall "pnto the parallelogramme N B, that is, pnto 
the parallelogramme LP, which (by the 43.0f the firft) is equall nto the pae 
rallelogramme NB. Adde the parallelogramme BO common to them both. 
: Wherefore the whole parallelogramme AO. is equall'ynto tbe Gnomon V Y X. 
"But the Gnomon V Y X. is equall'nto tberetfiline figure C. W berefore tbe pa» 
vallelogramme A O is equall "ynto tbe re£iline figure C. Wberefore vpon the 
right line geuen AB is applied tbe parallelorramme A O equall'vnto tbe re£fi- 
line figure geuen C , and exceeding tn figure b the parallelogramme Q P which 


is like vnto the parallelogtamme genen D . Fov the parallelogramine D is like. 


‘nto the parallelogramme BF: and the pardllelogramme BF is like vato tbe 
parallelogramme PQ : forthey are about one and the felfe fame dimetient : 
which Wasvequired tobe done. = 7:700 


$T be to. Probleme. 4 The 30. Propofition. 


Todenide a right line genen by an extreme and meane pro- 


portin. 


SV ppofe the right line genen tobe AB It is reqairedto denide the line 
Y A B by anextreme and meane proportion . Vpon the line AB defcribe 
(by tbe «6. of tbe fivfl )a | fquare BC . And "ypon the line AC ( by the 
Rrj. 29.0f 


Demonstra- 
tion. 


Conitruflion. 


į 


Demouſtra- 
bien. 


An other 
pay. 


Lhe fixth Boke: `: 


29. f the fixt ) applie a parallelogramme C D — — BC and 
exceding in fizure by the figure AD like vnto the figure BC: Now. BC isd 
Jquare . Wherefore alfo AD isa [quare . And De as B en d sequel ‘onto 
C D, take away the figure C E which is common © 
tothem both, + Wherefore the figure remayning, — 
namely, B F,1s equall to the figure remdyning, 77 
namely ,to A D, and the angle E ofthe oneises © =. an 3 
quall nto tbe angle E of the other. Wherefore ~ doe ` E í 3 
(by the 2.definition of the fixt, and by the 14.of -` 7| pee jeudi 
the fixt) the fides ofthe figures BF indD A, | eg {s 
Which containe the equallangles are recipr ok 4 A 
Wherefore as the fide F E is to the fide ED fois > | z^ Sg 
thefide AE tothefide EB. But the fide FE eae 
co the line AC, thats, tnto the line 

AB, and the fide ED is equal’ vnto the line 
AE ( bythe 34. of the frft). Wherefore asthe ` 
Ime BA isto the line AE "ois thelne AEto ` 
the line EB. But the line AB is greater then 
the line AE. Wherfore alfo the lme A Eis greas : 
ter then the line EB: Wherefore the right line AB is denided b an extreme 
and meane proportion in the point E:and the greater fegment thereof is A E: 
whieh Was repan tu be done. y 

DO ux 
* An other way. * 


S unt tbe right line geuen tobe AB. It is required to denide the line A B 
b. an extreme and meane proportion. Denide the line A B in the point C( by the 
mos E in fuchfort tbat tbe ve&tangle figure CINE vnder Ux 
lines AB and B C may be equall'ynto tbe quare des., . ; 
Seribed of tbe line C A, An forafmuch astht which a œ. . c A! 
is comprehended vnder the lines AB & B C jis equall. NUES > 
‘puto the [quare made of the line A C, therefore as the - 
line D A is to the line AC, fo (by the 17. of the fixt) is the line: 4 C to the ling 
CB. Wherfore the line AB 1s deuided by an extreme (7 meane proportion in 
the point C. which ‘was required to be done. 
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M The 241. Theoreme. T hezi, Propofiti tion, 


Sn retlangleti iang les the figure made of the fide Jubtending 
« the right angté;is equal unto the figures made of the fides co 
a ‘the: right angle, fathat the fayd three figures be 


ike 
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TaN eV ppofethat there bea'triangle ABC, whofe angle (B AC let be a. 
Ó right angle. T hë I fay that the figure which is defcribed of tbe lyne B 
K 'C ts equall pnto the two figures which are deferibed of the lines BA 
re AC — thre figures being like the one to the other and in like 
fort defcribed.From the point A( by the 12. of the firft )let there be drawne vne 
to the line BC a perpendiculer lne AD.Now ford{much as in y rectangle triané 
gle ABC is drawen from the right angle A 'ynto tbe bafe BC a perpendiculari, 
line A.D, therfore the triangles A BD ,and A DC fet vpon the perpendiculer 
line are like vnto the whole triangle A B C and alfo-like the one to the other( by 
the 2.of the fixt ). And forafmuch as the triangle AB C ts like "vnto the triangle 
ABD, therfore as tbe line CB is to tbe line BA, fois the line AB to the lyne 
BD. Now for that there are three right lines proportional,therfore (by the 2. 
correllary of the 20. of the fixth) as the firftis to the third, fois the figure made 
of the firft, to the figure made 4 - i 
of the fecond, the faid figures 
being like and in like forte de» 
fcribed. W'herefore as tbe lyne - 
BC isto the line B D fois the 
fizure made of the line BC to 
the figure made of the line B 
A, they beyng like and in lyke >. 
fort defcribed. And by 5 fame 
reafon as the line B C is to the 
lyne C D fois the figure made 
of the lineBC , tothe figure 
made of the line CA, they bee 
ing like and in like fort deftriz 
bed. Wherfore as the line B C isto tbe lines B (D and D C fois the figure made 
of the line BC to the figures made ofthe lines B A and AC, they being like and 
in like fort defcribed. But the line BC is equall'vnto the lines B D and DC, 
Wherfore the figure made of the lyne BC is equall vnto the figures made of the 
lines B A and AC,they being like and in like fort defcribed.Wherfore in reétane 
gle triangles the figure made of the fide fubtending the right angle is equall'ynto 
the figures made of the fides comprehending the right angle fo that the faid thre 
figures be like and in like fort deftribed : which as required to be proued. 





sa An other way. 


Forafinuch as( by the firft covrellary of the 20. of the fixth )like ve£iline fi» 
Aures are in double proportion to that that the fides of like proportion are, thers 
fir. ij. fore 


Conflruflions 


Demonflra- 
tion. 


The conuerfe 
of the former 
proposition. 
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fore the reffiline figure made of the line B C is onto the retiline figure made of 
the lineB Ain double proportion to that that the line CB is to the lnie B Aand 
(by the fame ) the fquare alfo made of the line BC is vnto the (quare made of the 
lineB Ain double proporjion . i MU 

to that that the line CB is vne 
tothe tine B A. Wherfore alfo 
as the rettiline figure made of 
the line CB is to the reétiline 
figure made of the line B A fo 
is the [quare made of the lyne 
CB to the quare made of the ` 
line B A. And hy the fame rea 
fon alfo yas the rettiline figure 
made of the line B Cis to tbe 
ve&filine figure made of line 
C A, fois the fquare made of 
the line BC to tbe [quare made 
of the line (( A.Wherfore alfo as the reétiline figure made of the line BC is to the. 
recline figures made of the lines B A and AC, fo is tbe quare made of the line 
'B Cto the [quares made of the lines B A and AC. But the [quare made of $ line 
7B C is equall 'ynto the fquares made of the lines B A and A C (by the 47. of the 
firft) Wherefore alfo the reEtiline figure made of the line BC is equall nto tbe 
reéiline figures made of the lines B A and AC, the faid three figures beyng lyke 
and in like fort defcribed. 


A 





T he conuerfe of this Propofition after Campane. 


If the fenre defcribed of one of the fides of a triangle be equallto the figures which are 
defcribe2 of tbe two other fides, the fayd figures being like and in like fort de{cribed, the tré- 
angle ſhall be arethangle triangle. ; 


' Suppofe rhat A D C bea triaugle,and let the fi- 
gure deicribed 0f the (ide B C beequallito the c 
two figures defcribed of the fides AB andA C, 
the (aid figures being like,and in like fort defcri- 
bed. Then I fay that the angle A isa right angle. 
Let the angle CAD bea right angle,añd put the 
line A D equall to theliue A B, and drawealyne 
from D to €. Now then by this 3 1. propofition, 
the figure made of the line CD is equall to the / 
two figures made of the lines AC and AD, the £ 
faid figures being like and inlikefortdefcribed. — / ; 
Wherefore alfo it is equall vnto the figure D A B 
made ofthe line B C, which is by fuppofition e- : ; 
pal to the two figures made of the lines A Cand A D (for the line A D is put equall to 
the line A B) wherfore theline D Cis equall to the line B C. Wherfore (by the 8.0f the 
firtt) the angle B A Gisarightangle, which was required to be proued: Th 

ro e 


* 
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Tap T be 22, d beoreme, — The 32. PPropofitibm, — 


[f o triangles be fet together at one angle,bauing to ides 
of the one proportionall to two fides of the other, fo that their 
fides of like proportion be alfo parallels : then the other fides 
remayning of tbofe triangles fhal be in one right line, 


Vppofe the two trianglesto be ABC, and DCE;and let twoof their 
fides ACs D C makean angle AC Dand let the faid triangles haue 

ES vo fides of the one namely, BA and: AC proportionall to two fides of ; 
the other namely, to D C and D E, fo ý as AB is to AC, Jolet D Cbe to DE, — 
And let ABbea parallell vnto DCand A Ca parallell vnto D E.T hen I fay, s 
that the lines B C and C E are in one right line . For forafmuch as the line AB 
is a parallel yoito tbe line D C , and A 
bpon thé lighteth a right line AC: 
therefore (by the zg. of the firft the 
alternate angles B ACand ACD 
are equall the one tothe other. dad 
by the fame reafon tbe angle CD E 
is equall'ynto y fame angle ACD, 
Wherefore the angle BAC is equall 
Yato the angle CD E. And foraj: , 
muchas there arb two triangles "b : g l 
ABCand DCE, hauing the ángle A of the one equall to the 'angle'D ofthe 
other, and the fides about the equall angles are (by fuppofition ) proportionall, 
that is as the line BA is to the line AC, fois the tine C D to the line D E,there 
fore the triangle ABC is (by the 6. of thè fixt) equiangle nto the triangle 
DCE, Wherefore the angle A BC is equall vnto the angle DCE. And it is 
. proxod, that theangle ACD. is equall ‘puto theangle BAC. Wherefore the 
Whole angle AC Ets equall ynto the two angles ABCandB AC. Put the anz 

Je ACB common to them both. Wherefore the angles: AC Eand AC Bare ez 
quall'ynto tbe angles CAB, ACB, 7 CBA: But the angles C AB,ACB, 
and CB A, are (by the 32.0f the firft )equall ynto two right angles. Wherefore 
Alfo.the angles ACE and ACB are equall to two right angles . Now then vn- 
«to the right line A C, and duto the point in it C, are drawen two right lines BE 
and C E, not onone and the fame fide making the fide angles ACE & ACB 
equal to two right angles. Wherefore the tines BGand C E ( by the 14. of the 
d ) are fet direély and domake ine right lines “Ef-theréfore: twa friangles be « 
det togetber at oneanele hauiiy two fides of the one proparkiosatbto- noo fides " 
df other, fo y thgir fides of like proportion beulfopàrallelsVtbr fider vàmatye — 
ung of thofetriareles hall beinwrie.rightloe-which was required tobe prowed. — ^ 

3. —X Although 





That the an- 

gles at the cee 
ter aren pro- 
portio the one 
£o the other et 
che cireunsfe- 
rences wheron 
shey are, 


woo T. 


ZOA Thefixih Booke 

Although Euclide doth not diflni&tly fet forth the maner of proportion of like 
rectiline figures, as he did of lines in the 10.Propofitió of this Booke, andin the 3, 
following it, yetas Flujfates noteth, is that not hard tobe done by the 22. of thys 
Booke . For two like rectiline figures being geuen to finde outa third proportio- 
nall < alfo betwenc two rectiline fuperficieces geucn to finde outa meane propor- 
tionall (which we before taught to do by e: after the 24, Propolition of 
this booke ) : andimoreouer three like r¢¢tiline figures being geuen to finde outa 
fourth proportional! like and in like {ort defcribed,and fuch kinde of proportions, 
are eafie to be found out by the proportions of lines. As thus, Ifvnto two fides 
of like proportion we fhould find outa third. proportionall by the 11. of this boke: 
the reGiline figure'deferibed vpon that line fhall be the third rc&iline figure pro- 
portionall with thetwo firít figures geuen by the 22. of thys booke . And ifbe- 
twene to fidcs of like proportion be takea a mcanc proportionall by the r3. 0f 
thys Booke :. the re¢tiline figure defcribed vpon the fayd meane fhall likewife bea 
meane proportionall betwene the two rectiline figures geué by che fame 22..0f the 
fixt, And fo'ifvnto three fides geuén be found out the fourth fide proportional 
(bythe rz.0fthis booke) the rettiline figure de{cribed vpon the fayd fourth line 
fhall be the fourth rectitine figure proportionall . For ifthe right lines be propotti- 
onall, the rectiline figurcs defcribed vpon them fhallalfo be proportionall fo that 
thc faid rectiline figures be like & in like fort defcribed by the faid 22.0f the fixe, 


3&p 1 be22. 4 beoreme. — The 33. Propofition. 


Gn equal circles the angles haue one and the felfe fame proa 
portion that the circumfereces haue, wherin they cofift, whe- 
- &her tbe angles be fet at the centres or at the circumferences. 
. o dnd in life fort. are tbe fetfors wbicb are defcribedvppon the 
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Vppofetbewguallcirclesto be A B C and D E F jwbofe centres let be G 
and H and let tbe angles\et at their centres G and H ,be BG € and E 
ES F] F': ánd [et.tbe angles fet at their circumferences be BAC and ED 
FAX ben 1 f2y-tháf as the circumference B C is to tbe circumference E F fo is 
theangle BOC to the.augle EHF: and the angle B AC to the angle EDF, 
and moreouer the felfur'G BC to the feftor H EF. Vnto the circumference 


‘BC (by the 28. of the third) put asmany equall civcumferences in order as yon 


will namely, K and K Lzund"ynto tbe arcumference E F put alfo as many e« 
“yuall circumferences innumber as you will yamely,F M and MN. And draive 
cthefe right hniesO-K ,GL,HM,and H N. Now fora/muchas the circumfe- 
-Jences (B CC and K Lave equal the one'to the other ,the angles alfo BGC, 
Aid (C G R and K G-L ave (by the 27: of thethird) equall theone to the other. 
Lheefore horn unsdtaplex the circumference B Lis to the circumference B (, fo 
multiplex ispaigl BG Ltothe angle BGE,-And by5 fame reaſon alfo, how 
‘gnultiplexcthe circumferenteN. Bis to the ciresinference E FjJü multiptex : the 
io — angle 
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angle N HE to the angle E H FI bevfore if the circumference BL be equal 
vnto the circumference EN the angle BG L is equall vnto the angle EH N, 
and if the circumference B L be greater then the circumference EN, the angle 
BG Lis greater then the angle IN. H E, and if the circumference be leffe, the 
angle is leffe.Now then there are foure magnitudes namely, the two ctrcunfe+ 
rences B Cand E F,and the two angles that is,BG (,and EH F, and te the 
circumference B (and to the angle BG C,that isto the firft and third are takë 
equemultiplices nainely the circumference.B L and tbe angle B G L., and likes 
wife to the circuinference E F and to tle angle E H F that is ,to the fecond and 
fourth are taken certayne other equemultiplices namely tbe circumference E N 
and tbe angle EH IN. And it is proued , tkat if the circumference B L exceede 
the circumference E N ,the angle alfo B G L exceedeth the angleE HN.And 
if the circumference be equall,the angle is equall,and if the circumferéce be leffe, 
the angle alfo is leffe. Wherfore ( by the 6.definition of the fifth Jas the circumfes 
rence B Cis tö the circumference E F fo is the angle BGC to the angle E HF. 





A X a Se ON AE g p SES E E 
- Butasthe angle B G. Cis tothe angle E HF, fo is the angle BAC tothe That thean 
angle E D Efor the angle BG Cis double tothe angle BA Cyand the angle E gles at the cipa 
H F is alfo doúble'to thè angle E D F (by the 20.0f the third). Wherfore as. the swnferences 
circumference B Cis to thecavcumference.E F 3 fois the angle: BGC to the an gle arefe: 
E H Fyandthe angle B ACto the angle E DFW herfore iu-equall circles the 
angles arein-one and the felfe fante proportion that their circumferences are, 
whether the angles befet atthe centres or-at the circumferences : which was tee 
quired tobe proved. Syd oye ees od Ai Vs — 2 SaA MX 
e "ME CE I MS — DII a 
MI fay moreouer that ae thécivcumference BC isto the circumference EF. fp That the fee- 
ix the [etter GBC to the fettor HEF. Draw the/e lines BC andCK,And ‘rarefo 
an the avcumferences. BE. aik K take pointes at all aduentures namely,P aud eft 
O.And draw lines froni Beo” X ind from P ta C,from C.to Oand from Oto K. 
And forafmuch as (bythë Ys. definition of the'firft) the two lines BG and GÈ 
are equall'ynto tbe two thie? CG and GK, and they alfo comprebend equall ane 
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les, therfore (by the 4. of the firft) the Lafe BC is equall vnto the bafeC K er 
the triangle G B Cr equall'yntotbe triangle G CK.And feing that the.circum 
ference B (Cis equall'pnto tbe circumference C K , therefore tbe circumference 
remayning of the whole circle AB C,namely the circumference BL A KOC, 
15 equall vnto the circumference remayning of the felfe fame circle A 'BC.nameé 
by,to the circumference P BL A K.Wherfore the angle BP Cisequall vnto 
the angleC OK (by the 27.0f the third) wherfore ( by the 10. definition of the 
third ) the fegment BP Cis like ynto the fegment ( OK ,and they are fet pon 
equall right lines BC and K_(. But like fegmentes of circles ‘which confift ypon 
equall right lines are alfo equall the one to the other (by the 24.1of the third). 
Wherfore the fegment BP (Cis equall'vnto the fegment (0 K. And the trian= 
gleG B (is equall ynto the triangle GC K.Wherfore the feétor G BC is equall 


— uto the feltor GCK. And by the fame reafon alfo, the fector G KL isee 


quall ynto cither of the feétorsG BC and GCK..Wherfore} three fettors G 
BCandGC K ,andG K L,are equally one to other. And by the fame — 
aYatheJetors HEF and H FM ànd HM Ni areeguall the oneto the other. 
Wherefore how multiplex the cirsumference B L'is to the circumference B C fo 
multiplex is the fedor GLB to the fecfor G BC:And by the fame reafon how 
multiplex the circumference N Eis tothe circumference E F, fo multiplex is J 
fetter EN to the feftor HE¥ Ef therfore the circumference B L be equall 
ovato. j;circumference EN. , y fetfor alfo B G Li is equall "nto y fe&or E H N. 
Andif the circumferéce BL excéde circumference EN, $ fetto alo BGL 


excedeth the ſector EHN. And if tbe circumference be leffe, theyeifor alfo is 


sod eus 
Aor 
es 


fe Noro st tbere ate fawe magnitudes nane thtwocromferene BC 
vid E F end the too [etfors GB C5. FL E E and to the circumference BC ox 
— —— Kr doas the third aye taken equemultiplices, 
— BL atile eor G BL and likewife te the arom 
fene EF; oit iot Jat HE Fano tij éond an netharct 
‘Ken certayne athey equinleiplices naqnely the cresmference EN and the fec» 
aly. — | e tor 
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tor H EN. 4nd it is proued that if the circumference B L extede the circumfes 


renceEN , the feéfor alfo BG L excedeth the feitor EHN.. And if the’ 


circumference be equall, the fegment alfois equall, and if the circumference be 
lefSe,the fegment alfo is leffe. Wherfore (by the conuerfion of the fixt definition 
of the fifth ) as the circumference BC is to the circumference E F, fo is y fector 
G B Conto the feor HEF: which is all that was required to be proued. 


Se» Corollary. 


e/ld hereby it is manifeft, that as the fetfor is tothe fector, 
fo is angle to angle by the vi. of the fifth. 


Fluffates here addeth fiue Propofitions wherof one isa Probleme hauing three 
Corollaryes following of it, and the reft are Theoremes : which for that they are 
both witty, & alfo ferue to great vic, as we fhall afterward fee, I thought not good 
to omitte , buchaue here placed them : but onely that I haue not put them to fol- 
lowe in order with the Propofitions of Ewclide as he hath done. 


qT he first Propofition added by Fluffates. 


To defcribe two retfiline figures equall and like unto a redtiline figure geuen and in 
like fort fituate, which [ball bae alfo a proportion geuen. 


Suppofe that the re&iline figure geuen be 4 B H. And let the proportion geuen be 
the proportion ofthe lines G Caud C D. And(by the 10.0f this booke)deuide the line 
AB like vnto theline GD inthe poynt E ( fo that as the line GC is tothe line CD, fo 
letthe line 44 E be totheline EB), Andvpon the line 4B defcribe a femicircle AFB. 
And from the poynt £ ere& (by the t 1.of the firft) vnto theline ef B a perpendicular 
line E F cutting the circumference in the poynt F, And draw thefe lines A Fand F B. 
And vponeither of thefe lines defcribe re@iline fignres like vnto the reGiline figure 
AHAB and in like fort fituate (by the 18.0f the fixt) : which let be AAKE&FIB. Then 
fay, that the reGtiline figures 4K F,and F/B, 
haue the proportion geué(namely,the propor- 
tionofthe line GCtotheline CD ) and aree- 
quall to thc re&iline figure geuen AB H vnto g 
which they are defcribed like and in like fort fi- 
tuate , For forafinuchas AF Z is a femicircle, 
thereforethe angle e4F B is arightangle (by 
the 31.0f the third) and F E is a perpendicular 
kine. Wherefore ( by the 8,0f this booke) the 
triangles 4 F Eand F BE are like both tothe 
whole triangle ef F B and alfo the oneto the 
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other. Wherefore (by the 4.of this booke) as A tE fe ; fen 


theline 4 Fistotheline FB, {ois the line A E 

tothe line E F,and the line E F tothe line EB, 

which are*fides cOtayning equall angles. Wher- 

fare(by the 2 2.of this booke)as the re&ilinefi- ¢ c D 

eure defcribed of theline 4 Fis totherediline 77 ^ 

iun defcribed of the line FB, fo isthe re@i- A ` 

line figure defcrihed of the bine A E to the re&i- : ; — 

linç figure deſcribed of the line EF, the ſayd rectiline figures heing like and in like ſort 
ſituate. 


The frst Q- 
vollary, 


The fecond 
Corollary., 


The third 
Corollary. 
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fituate . But as the re&iline figure defcribed ofthe linee E being the firlt, is tothe 
ré&iliue figure defcribed of the line E F being the fecond fo isthe line e^f E the firft,to 
theline E B the third (by the 2.Corollary ofthe 20.0f thys booke). Wherfore the re&i- 
line figure defcribed of che line 24 F isto the rc&iline fieure de(cribed of the line FB, 
asthelíne eA E istotheline E Z, But thelineeAf E is fb the line EZ (byconftru&ion) 
as the line GC isto the line CD. Wherefore(by the 11,0fthefift) asthelineGCisto 
theline C 2, (o is thereiline figure defcribed ofthe line 4 F to the reGiline figure 
defcribed oftheline F B, the fayd re&iline figures being like andin like fort defcribed, 
Botthe recline figures dc(cribed of the lines .d F and FB, are equall tothe redline 
figure de(cribed of heline 442 , vnto which they are (bv conftru&ion) defcribed lyke 
and in like fort fituate , Wherefore there are defcribed two re&iline figures e/£ K F and 
FIB equalland like vnto the rectiline figure geuen e4 B Hand in like fort fituate,and 
they hauc allo the one to rhe other the proportion geuen, namely, the proportion of 
theline GC totheline CD: which was required to bedone, 


qT he firft Corollary. 


To refoluea rettiline figure gene into two like rettiline figures which fall hane alfo'a proportio ge- 
n&.Forif there be put three right linesin the proportid geué,and if the line A B becut 
in the fame proportion that the firltlineistothe third, the re@iline figures defcribed: 
ofthelines eA Fand F Z (which figureshaue the fame proportion that the lines 4 E 
and E Z hauc) (hall bein double proportionto that which the lines AF and F B are (by, 
the fir(t Corollary ofthe 2o.of thís booke) . Whereforethe right lines eA F and FB 
are the one to the other in the fame proportion that the firft ofthe three Jines put is to 
the fecond , For the firlt line to the third,namely, the line 4 Eto theline E B is in dou- 
ble proportion that it is to the fecond, by the 10.definition ofthe fif. 


g T he fecond Corollary. 


Hereby may Wwe learne, how from avetHline figure geuem totake away apart appointed, leaning 
the veft of the velliline figure like unto rhe Whole. Foriffró theright line 447 becutofapart 


: appoynted,namely,£ B (by the 9.0f this booke) as the line 4 Eis to the line E 2, fois 


the reGtiline figure defcribed of the line AF to the reGtitine figure deferibcd of the line 
FB (the fayd figures being fuppofedto be like both the oneto the other andalfo to the 
re&iline figure defcribed of the line A 4, and being alfoin like fort fituate ), Wherfore 
taking away from the retiline figure defcribed of the line AB, the reGiline figure de- 
{cribed of the line F B,therefidue,namely, the re&iline figure defcribed ofthe line AF 
(ball be both like vnto the whole retiline figure geuen defcribed of the line ef B,and 
in like (ort fituate. 


g T he third Corollary. 


To compofe two like vetliline figures into one vetiline fignre like and equall tothe fame figures. 
Let their fides of like proporti obe fet fo that they make a right angle,as the lines ef F 
and F B arc, And vpó the line (ubtending the faid angle,namely, the line 4 B,defcribe- 
areGiline figure like vnto the re&iline figures geuen and in like fort fituate (by the 18. 
of this booke)and the fame fhal! be equall to the two re&iline figures geuen(by the 31, 
ofthis bookc) . 


ff 1 be fecond Propofition. 


If two right lines cut the one the other obtufeangled wife, and from the endes ofthe 
lines which cut the one the other be drawen perpendicular lines to either line:the lines 
which are betwene the endes and the perpendicular lines are cut reciprokally. 

— Suppofe 
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Suppofe that there betwo right lines 4B and CD cuttitg tbe onethe othes in rhe 
point £, and making an obtufe angle in the feGion £. And ftom.the endes of thelines, 
namely, 4 and G, lec there be drawen to either line perpendicular lines, namely, from 
the point Ato theline G D,which let be 4:2, and from the poing G to. the right. line 
AB: which let be G 2, Then I fay,that the... pe fem. c * cauere 
rightlines 44 8 and G D do , betwetie the Wr a : 
end A and the perpendicular B,and the, Nng 
end G and the perpendicular 2, cutthe, |j; 
one the other recíprokallyinthepoint E:..— V... 
fo that as the line 4E is tothe lineE D, |. 
fo istheline G Eto theline E Z:Forforaf- Demonflvas 
much as theangles AD Eand G B E, are — tion of this 
right angles,therfore they are equall. But Do PE propofitions 
the angles ef ED and GEB arealfo e- be 
qual! (by the ry.of the firlt). Wherefore = + en 
the angles remayning namely,E A D,& E G B, are equall-( by the Corollary of the 32. 
of the irl) , Wherefore the triangles 4 E D and G E B , are equianple. Wherfocc the 
fidesabour thecquallangles (hall be proportionall.(by the 4.0f the fixt) . Whesfore as 
théline AE istothe line ED, fois theline G Btotheline & B , If therefore two tight 
lines cut the one the other obtufeangled wife, &c : which was required to be proued. 
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If two right lines make an acute angle, arid from their endés be drawen to ech line 
perpendicular lines cutting them : the tworight lines geuen fhall be reciprokally pro» 
portiongll as the feymentes which are about the angle, "e ME E 


i due. Ur dz Ene 
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' Suppofe that there betwo rightlines e«££ and G 2, making an acute angle A B G. “ste 
And fromthe poyntes ef and G let there be drawen vnto the [ines eA B and G B per- wo 
péndicularlines 4C and G &icütting tlie luies. 4 8 and G B iu the poyntes E atd C, Epa 


Then I fay,that the lines namely;4-8.to GB, avaceciprokally proporticnall,as the feg- 
mentes, namely, CB to EB which-are about the'zcure YOR VE | G ^? Dermonfire: 


angie B . For forafinuch as thesightangles wf Bund. 





ng i 3109 of this . 
GEB areequall,and the angle 48 G is commoti tothe ropofitione 
triangles ef BC,and GB Ep therefore the-dngles res | re 


mayning BAC and E G B aca equall (hy the;Corolla« - 
ry af che 3.2. ofthe: firlt).. Wberfaietbstriamgles4 RC ^ | 
and G B E are equiangle ». Wherofore the fides about 
the equali angles are proporrions (by the 4.ofthe fixe) 
fo chat, as rhe ling.0/ B istorhe tine 4C, fois the line eam, 
GB to the kne B Ey Wherefore alternately as theline 3 7. «832 c. 
eB istotheline GB. fois the line CH tothellineBE,:. 59 Lng 
Jf therefore two right, hnes meksa an acute angles ger. iic 
which was required to be proued, >77 inomsb 


eio $iübbefourtb Prüpofition. ; s; 
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Ifin a circle be drawen two right Lines cutting the one the other,the fections of the one 
to the fections of the other fhall be reciprokally proportional. ~ 


COE EE. Pm. — 
Inthecircle 4G B letthefetwo right lines AB asd'G D cuttheonetheotherin Demonfirari- 
*the poynt E, ThenI (ay; that reciptokally asthe fie AE istotheline ED, foisthe ° ofthis pro- 
line GE tothe line EB. For fora(much as (by the 35.ofthethird ) the reQanglefi- PAnon. 
gure 


gure contayned vnder the lines ef E and 
E B isequallto the re&angle figure contay- 
ned vnder the lines G E.2nd E'D,but in e- 
quali re&angle parállelogrammes the fides 
about the equallangles are reciprokall (by 
the 14. of the fixt) . Therefore the line 4 £ 
is to the line ED reciprokally as the line 
GE istotheline EB (by the fecond defi- 
nition of the fixt) . If therefore ina circle 
be drawen two right lines, &c: which was 
required co be proued. 


WT he fift Propofition. * 


If from a poynt geuen be drawen in aplaine " 
acc Dfnperficies tmo right lines to the concaue circumference of a. circle : they fhall bereci- 
=, - prokally proportionall with their partes také withous the circle. And moreouer aright 
Uoc dint drawen from the Ja po Ó touching she circle, fhall be a mtane proportiamall 
75 oc obetene the wboleline and tbe vtter cement. — 
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Suppofe that there bea circle ef BD, and withoutit 
take a certayne poynt,namcly, G , And from the point G 
' drawe vnto the concaue circumference two right lines 
GB and G D, cutting the circle in the poyntes C and E, 
Andlet the line G A touch the circle in the point 4, Thé . 
.Ifay, that the lines, namely, G B toG D are reciprokally 
‘as their parrs taken without the circle,namely , as GCto 
G E, Fox forafmuch as (by the Corollary of the 36,ofthe 
Demonflrati- third) the re&angle figure contayned vnder thelines G Z 
enoftbefif? andG Bis equall to the reGangle ‘figure contayned yn- 
part ofthis der the lines GD-and GC, therefore( by the 14.0f the. 
propolisin, fixe) reciprokally, asthe line GB isto theline GD, fois 
-thè bitte G C.to the line G E, for they are fides contayning 
equall angles. I fay miorcouer,thatbetwene the lines GB 
-4. and CE, or betwene the lines: G6. Dard G:C the touch line 
Dinonflea-.— G A isa meancproportionall;"Forforafmuchas there-. | 
sid of the fes &angle figure comprehended ynder- the lines G Z.and * 
cond parse — GE is equall to the fqirare made:ofthéline eA G (by: iy ` 
the 36. of the thisd) it followeth that the tonch line G4 isa meane propor-. " 
tionall betwerie the extremes 6 B ànd G E (by the fecond partofthe17.0f © ~ 
the fixt ) for that by that Propofition the lines GB, GA,and GE are 
proportionall, And-by the fame reafon may it be proued thae the 
line Gc isa meatie proportional! betwene the lines GD 
and G C, and.fo%of:alk:others. .. If therefore from a 5 
poyntgeuens &e;; which was required to be UC d 
demonftrated, =. — — 
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Everton tHe s1xe# bookes before hath 
7, Euclide paíTed through; and entreated ofthe Elementes of Geome- 
) trie without the ayde and fuccor of nomber Bur the matters which 
/ remayne to be taught and to be fpcken of in thefe his Geometri- 
í 2 call bookes wluch follow as in the tenth,eleuenth, and fo forth; he 
CZF could by no meanes fully and clearely make plaine Sa demonftrate, 
i. without the helpe and ayd of nombers . In the tenth is entreaced o£ 
) J/ linesirratioualland vncertaine;and that of many & fondry kindes: 
and inthe eleuenth & the other following he teacheth the natures 
Kk \w of bodyes,and compareth theyr fides and lines together. All which 
/ ^À for the moft part are alfo irrationall. And as rationa!l quantites,and: 
Ži the comparilons and proportions of them, cannot be knowen, nor 
Za) exa&ly tried , but by the meane of nomber , in which they are firft 
sere ` fence and perceiued :.euen folikewife cannot irrational quantities 
be knowen ‘and found out without nomber.As ftraightnes is the triall ofcrokednes, and inequalitie is 
tzied by equalitie : fo are quantities irrationall perceiued and kaowen by quantities ratienall : which 
are firk and chiefely found among nombers , Wherefore in thefe three bookes following , being as it 
were in che middeft of his Zlementes , he iscompelled of neceffitie to entreate of nombers , although 
noc fo fully, as che nature of nombers requireth , yet fo much as fhall feme to be fit;and fufficiently to 
ferue for his puzpofe. W herby is ferie the neceffitie,that che one Arte,namely, Geometrie, hath of the 
other,namely,of Arithmeticke.And alfo of whac excellécy and worthines Arirhmeticke is aboue Geo- 
metrie: in that, Geomeirie boroweth of it principles,ayd,and fuccor, and is as ic were maymed with 
Gut ic, Whereas Arithmeticke is of ic felfe,fufficient and neadeth not atallany ayde of Geometric, but 
is abfolute and perf in it felfe,and may well be taught and attayned ynto withoutit.Agayne the mat- 
ter or fubie&t where about Geometrie is occupied, which are lines ,figures,and bodyes , are fuch as of- 
fer them felues to the fences;as triangles, {quares,circles,cubes,and other are fene & iudged to be fuch 
as they zre,by the fight: butnomber,which isthe fubie& and matter of Arithmeticke,falleth vndcr no 
fence,nor is reprefented by any fhape,forme, or figure : and therefore cannot be iudged by any fences 
but only by confideration of the minde;and vnderílanding.Now thinges fenfible are farre vnder in de- 
gree then are thinges intelle¢tuall :aid are of nature much more groffe then they. Wherefore nomber, 
as being only intelleQuall, is more pure,more immaceriall,and more fubtile, farre then is magnitude: 
and excédeth it felfe farther.For Arithmeticke,not onely aydeth Geometrie: but miniftreth principles, 
and groundes to many other,nay rather to all other {ciences and attes.As to muficke, Afttonomy, na- 
turall philofophy;perípectiue,with others, W hat other thing is in muficke entreated of , then nomber 
Contraéted to found and voyce? In Aftronomic , who without the knowledge of nomber can doo any 
pn ' either in fearchig out of the motions of the heauens, and their courfes , either in iudging and 
forefhewing the effectes of them?In natural philofophie,itis of no (mall force. The wifeft and bett lear- 
ned philofophers that haue bene, as Pithagoras, Timens, Plare,and their followers, found out & taught 
mott pithely and purely, the fecret and hidden knowledge of the nature and condicion of all hinges, 
by nombers,and by the proprietics and paffions of them. Of what force nomber is in perfpe@tiue , let 
him declare and iudge;who hath any thing traueled therein.Yca to be fhort;what can be worthely ard 
with prayfe practifed in common lite of any man of any condition, without the knowledge of nomber. 
Yea ithath bene taught of che chicfett among't philofophers, that all naturall thinges are framed , and 
have their conftitucion of nomber.Bcersus fayth Hoc fust principale in anime conditerss exemplar:Nomber 
{fyth he ) was the principall example and patron in the minde of the creator of the world . Doth not 
that great philopher T7z«wsin his booke, & alfo #/aro in his T/»eo following him ,fhew how the foule 
is compofed of harmonicall nombers , and confonantes of muficke . Nomber compafetl all thinges, 
and is (after thefe men) the being and very eflence of ail thinges , And miniftreth ayde and helpe,as to 
allother koowledges,fo alfo no foal to Geometrie . Which thing caufeth Ewclide in the midett of his 
booke of Geometri¢,to inferte and place thefe three bookes of Arithroeticke.: as without the ayde of 
-which,he could not well paffe any father. 

-. In this feuenth booke , he firlt placeth the generall principles , and firft groundes of Arithmeticke, 
and fetteth the diffinitians of nomber or multitude and the kinds therof:as in the firft bokc, he did of 
Magnitude and the kindes and partes thereof . After that he entreateth of nombers generally , and of 
£heyr partes? and fearcheth and demonflrateth in gencrall the mott common patfions and proprieties 
ofthe fame, and chiefely of nombers prime or incommenfurable , and of nombers compofed or com- 
menfurable and of their proprieues and partely alfo of thc comparifon or proportion cf one nomber 
fo an other, F 
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r2 ThefeuenthBooke | 
"RE fDefinitions. ^ Ed 
1 Vnitie is that whereby euery thing thát is jis fayd to be on. 


Asa point in magnitude,is the leaft thing in magnitude,and no magnitude at all, & yet the gréütid 
ad beginning of all magnitudes: epen fo is vriitie in multitude ór nomber, the lealt thing in nomber, 
2nd no nomber at all,and yet the ground and beginning of all nombers.And therefore itis here in this 
place,of Ewcisde firft defined:as in the firtt booke,for the like reafon and caufe was a point firit defined. 
Foutie fayth Ewclide ss hat whereby ewery thing ss fayd ro be everthatis,vniticis that,whereby euery thing 
is deuided and feperated from an other,and remayneth on in it felfe pure and diftin&fró all others.O- 
therwife, were nor this vnitie, whereby all thinges are feioyned theon from the other;all things fhould 
futfer mixtion and be in confufion, And where confufion is;thereis no order , nor any thing can be ex- 
a&ly knowen,either what it is,or what is the nature,and whatare the properties thereof. Vnitie there- 
foreis that which maketh euery thing to be that which itis . Boeriss ayth very aptly : Finem quoda, deo 
eflyquia e nura numero cff chat is euery thing therfore is(thatis,therefore hath his being in nature,and is 
that it is) for thatitis on ju nomber. According whereunto Zordaze (in that moft excellent and abfo- 
lute worke of Arithmeticke which he wrote)defineth vnitic after this maner. 2 

Fnitas,ell rei per fe difcretio: that is,vnitie is properly,and of ic feife the difference of any thing, That 
is,vnitie is chat whereby euery thing doth properly and effendially differ , and is an other thing from 
all ochers.Certainely a very apt definition and it maketh playne the definition here fer of Exchde. Á 


2 Nuinber is amultitude compofed of vnities. 


As the number of threc,is a multitude compofed and made of three vnities . Likewife the number 
offiue is noching ell; but the compofitien & putting together of fue ynities. Although as was before 
fayde , betwenea poyntin magnitude , and vnitiein multitude , there is greatagreemencand many 
thiuges are common to them both, ( for 2s a poynt is the beginning of magnitude , fois vnitie thebe- 
ginning of nonber. And as a poynt in magnitude is indiuifible , fo is alfo vnitie in number indiuifible) 
yetin this they differ and difagree.Thereis no line or magnitude made of pointes,as of his partes. So 
that although a poincbe the beginning ofa lyne;yetis it no part cherof. But vnitie, as itis the begin- 
ning ofnumber,fo is it alfo a pare theref, which is fomewhat more manifeflly fet of Beeriws in an other 
diffinicion of number which he geueth in his Arithmetike,which is thus. U 

Numerui,e Fl quantitatis aceruus ex Gnitatibur profefat, thatis, Numberisa máffe or heape of quanti- 
ties produced of vnities: which diffinition in fubltance is all one with the firft,wherin is faid moft plain 


| lythat the heape or maffe,chat is,the whole fubftance of the quantitie of numberis produced & miade 


of vaities.5o that vnitie is as it were the very matter of number. Asfoare vnities added togetherare 
the matter wherof the number 4. is made,& eche of thefe vnitiesis a part of the number foure name- 
ty,a fourch part,or a quarter.Vnto this diffinition agreeth allo the definition geuen of Jordane,which is 
thus. Nwmber isa quantitie which garhereth together thinges fenered «fonder. As fiue men beyngin them- 
felues feuered aad ditungicare by the number fiue brought together,as it were into one maffe,and fo 
of others. And although vnitie be no number,yetic E it the vertue and power ofall num- 
bers,aud is fec and taken for them. I : 

In this place (for the farther elucidation of thinges,partly before fet,and chiefly hereafter to befet, 
becaule Emelrde here doth make mention of ditters kyndes of numbers, and alfo defineth the fame) is 
to be nored,that number may be confidered three maner of wayes. Firlt, number may be confidered 
abfolutely without coraparyng it to any other number,or without applieng it to any otherthing,one- 
ly vewing and payfing whac it is in itfelfe,and in his owne nature onely, and what partes it hath, and 
what proprieties and paffions.As this number fixe,may be confidered abfolurely in his owne nature, 
that it isan euen number;and that itisa perfect number,and hath many mo conditions and proprie- 
ties. And fo conceiue ye of all other numbers, whatfoeuer,of ». 12, and fo forth. iz 

An other way number may be cófidered by way of cóparifon, and in refpect of fome other number 
either as equall co ic felfe,or as greater thé it felfe,or as lefle thé it felfe, As 12,may be céfidered,as có- 
pared to 12. which is equall vnto it,or as to 24. which is greater then ir, for 12 is the halfe thereof, ot 
as to 6, which is leffe then it,as beyng the double therof.And of this confideration of numbers arifeth 
and fpringeth all kyndes and varicties of proportió: as hath before bene declared in the explanation of 
the principles of the fift booke,fo that of that matter it is needeleffe any more to be fayd in this place. 

The third way may numbers be confidered as they are applied to formes and figures of Geometry: 
And numbers fo confidered are not reprefented by figures or chatactes ofnumber commonly vfed in 


- Arithinetique,bucare fignified by certayne pointes or prickes, which reprefent the vnities which they 


eontayne : which, accordyng to the diuerfitie of the difpofition and placing of them,may reprefent di+ 
uers formes and figures of Geometry : and accordyng ro the nature of the figure which it reprefen- 
tech, taketh his name,and is called a trianguler number, a fquare number, a cube — 
number or after any other figure, As if the figure of 10. be fo defcribed by his vni- ““ 

nes 
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fies that they be orderly fet ina ftraight courle,fo that they reprefent the forme of aline, thenis the 
umber io called alineall number.And ifthe fame number za be [o defcribed by his vnitics, .... 
chac it fhew forth the forme ofa triangle, then iris called a trianguler nüber: as ye here fee, 
Likewife if ix be in fuch fore defcribed by his vhities,chatit repreféteth that forme of figure. 
Which ib Geometry is called a figure on the one fide longer: thea fhall the number 12 be . 
called a number hauyng the one fide longer,and fo may you conceaue ofall others. ~- 
Thus much of this for the declaration of the thinges following. . seer 
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"m ‘partis a leffe number in comparifon to the greater when ti 
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=tAsthe number 3 compared to thé number ry. is part. For 3 isáleffe number then is rz:and more- 

ouer it meafureth 12 the greater number. For 5 taken (or added to it elfe) certayne times (namely, 4 

mes) maketh 12; For 3 fóure tymés'i$ rz. LikeWife is2 a parcof 8 1 2 isleffe chen 8,and taken 4 tymes 

it maketh 8. For the better vnderitandyng of'this diffinition, and how this worde Parte, is diuerfly ta- 

£en in Arithmetiqué and'in Geomery read the declaration of the firft diffinition o£ the 5. booke. vente cub 


Anl 


4. Partes are a leffe number in refpet? of the greater, when the lefSemeafua Tout dr 
reth not the greater. 


As the numbet 3 compared to 5; is partes of y and nota part. For the number 5 is leffe chen the nå 
bers, and doth noc meafure 5. For taken once it maketh bue 3. once 3 is 3, Which is leffe then 5. and 3 
taken twife maketh 6, which is more then 5. Wherfore itis no part of 5 but partes,namely, chree fifth 
paétes of . For in the number 3 there are 3 vnitics,aud cuerj vnitie js the fifth part of 5. Wherfore 3 is 
Mitec fifth partes ofs,and fo of others. ^7 ; — 


~ -s Multiplex isa greater number in comparifon of tbe lefSe, when the lefSe The ffes def 
7 7 meafureth the greater 7007 He pa) ers Cte: rags 


E ; - juge 4 ] s : 


Ass compared to's is multiplex;the number is greater then the. riumber 3. And moreouer 5 the 
lefiz number meafureth 9 the greater number. For 5 taken certaine tymes,namely, 5 tymes maketh ». 
three tymes three is 9 -Eor che more ample and full knowledge of this definition, read what is fayd in 


, the explanation ofthe fecond definition of the s booke, where muldplex is fufficiently entreated of 
with all his kyndes. 
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76  dneumnbmber is that which may be denided into twoequal partes, The fxth defn 
D D 2 nition, * 

As the number 6 may be deuided into 3 and 3 which are his partes,and they are equall,the one not 
exceeding the othet. This definition of Euclideis to be vnderltand of two fuch equall partes, which ioy- 
ped cogether, make the whole number ; as 3 and 3 (the equall partes of. 6) ioyned together,makc 6,for 
atherwile many nürnbers both:euen and odde may be deuided irito many equall partes,as into 4. y. 6. 
ae mo,and therfor¢iato:w, As 9 may be deuided into 3 and 3 which are his partes, andare alfo equall, 
forthe one of themexcedeth not the other: yee#s not therfore this number 9 an euen number for that 
g ands (thefeequall:partes of 9) added together'makenot 9 but dntely'6, Likewife taking the definici- 
arto. generally every number whatloeuer fhould be au euen number-s forin that fort of vnderftáding 
there is no number, but thatit may be deuided into twoequall partes : as this number 7: may be deui- 
dedinso 3 parcesnamely,3. r. and 3. of which two,namely,3 and 5 are equal,yctisnotz an euen num- 
ber, becaule 3 and-3 added together,make not 7. Beetsws therfore inthe firlt booke ofhis Arithmetike, Syerjus. 
for che more playnes,afterthis maner defhech:an euen number ! Numerus par eft, qus poreff in aqualia — - E 
duadimide,Gmo medio rion tntercedente,hatis'y. :. 050. s 0X p Ys 
zi An.euen number is tbat which may be deuided into two equall partes;withoüt 4n vnitie comming An orher def- 
berwenethem. -As Bisdenided into 4and 4 two equall partes without an vnitie commingbetwene sition ofan ont 
them, which added together, make 8, fo chat the fence of this definition is,thatan euen number is that pumber. 
which is deuided into two fuch equall partes,which are his two halfe partes. : 

uoBere is alfo to be hoted;thata partis caken in chis definiuon,and in certaine definitions following, 
appjn that fignification as it was before defined;namely,for fuch a partas meafureth thewhole num- Note, 
ber, but for any parc. which helpeth to the making of the Sipe dad: into which the whole may be re- 
folued,(o are j and ; partes of 8 in this fence butnot in the other fence. For neyther 5 nor 4 meafurech 


3. Pithagorasand his (cholers gauc an other definition ofan guen numbes(which definition &cersezal- . Pithageras 
fo hath after this maner. s EA 
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An ency number is that which in one and the [ame dinifioy is deuided into the Lrestefl and into the leaf i ip- 
to rhe greateft,as touching [pace,ind into rhe leaft as touching quantitée..As to, is deuided into 5 & . which 
uve his greateftpartes (which greatnes of partes he calleth fpace) and in the fame diniGon the number 
10 is deuided but into two partes ; but intg lefle thé gwo pattesnothing can be. deuided, which thing 
he calleth quantitie, fo that 10 deuidedineo 5 and’s. in that one deuifion,is deuided into the greate 
namely,into his halues,and into the lealt,namely,into two pårtes,ànd nomo, — > DERIT 

There is alfo another définition more auncient,which is chus. M T 
‘dn euen number is that which way be denided into two equall parte! and into tmo Gnequall parren bnt in ney- 
ther dinifion (t0 che conftstucion of the whole) to the euen part isadded the odde neither to the odde s added the 
ewen, As 8 may be deuided diuerfly;pardy into euen partes;as into-4 and 4. likewife jnto-é-and z, and 
partly into'odde partes,as into iind; , alfo into 7 and T. In all which deuiftons, ye fee no-odde patte 
10yned to an euen,noran euen part ioyned to an odde : butif the one be euen;the other is etlen, and 
if the one be odde,the other is odde. 1n the two firft deuifions, both partes were euen,and in the two ° 
Biber partes were odde.Itis to be confidered that the two partes added. together mut make;the 
whole. s" '" t3 PO BS GONIA ETEC CAC VIG PHA Partes aded. OBOE ICE roni make; eh 

This diffinition is generalland commit té allewen numbers,. except to the number 2. vhich can 
not be deuided into two vnequáll parzes;bnr onely into:to vnities, whichareequal, g | -: uoi 

There is yet geué ah other diffinition of an euen number, namely,thus. Anewcs nuraber jarhar-whick 
onely by an Sriti either aboue it or Vader it ,dyffereth from an odde. Ks 8 being an cuen ‘number differeth 
from 9 an odde number,being aboue it bur by one. And alfo from 7. vnder it, it differcth likewife by 
oncandíoofothersso i csset v Lost rn eua cio me PS T 


-e 


7 An odde number is that which cannot be deuided into two equal partes: 
-or that which onely by an'vnitie différeth from an euenmumbey; .: 5 ^ 
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D. ote 

‘AB thie numbers can be by 6 meanes déuided into wd equall parces namit fuch two whichad, 
ded cogether;(hat make s. Or by the fecond definition,s an odde aare dreh from é'an euep 
namber abcue it,by 1, And the fame 5 differeth from 4 an euen number vndér itlikewife by nos 

Boerinsdcfineth an odde number after this maner, ia es 

tz edde numbers that which cannot be degsded into twd equall partei, but tharim Gaskie ball be betwene 
rhers.As if ye dcuide 5 into 2 and a: which are two equall partes,there remaigeth one or an vaitie be- 
twene them to make the whole number 5, I "ges ua Up MAS ' 

There is yct an other definition ofan odde number. 4n odde number is that , which being dewided into 
tro Gnequall partes p mfocucr the oness ener even, and the other odde. As if 9 be deüidedinto two. partes, 
which added together,raketh the whole;namely,into:4 and 5. which are vnequall: yefee the one'^is 
euen,namely,4. and the other is odde,namely, 5. fo ifye-deuide 9, into 6 atd:3,‘or into 8 aad 1.the orie 
part is eucr.euen,and che orherodde. ..- Ueitano o. ircuOgbelite ee o ee 
f E wee Boi 


3 A number euenly euen ( called in latine pariter par) is that number, 
*Spbicb án euen number mea]gretb by an euen number. O ~ » 
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7 As8isanumbereuenly euen. For 4an euen numbeg mealireth 8 by 2,whichis alfo ‘an ewen auma 
er. This definition hath much troubled many,and feemeth nota truc definition, for that. chereiare 
many numbers which cuén numbers do meafure,and tbat by euen numbers; whichryetare not ene 
ly eué numbers, after moftmens minds:as 24. which ¢an eué number doth:moafure by foure,whiak 
is alfo an euen number,and yet aschey ehinke is not-z4an euenly-eucn number,forthat 8 an euetivar 
ber doth meafureal(o 24 by 3..as-odde number. Wherfore Campane to make his{ntence: plaine; aftet 
this maner (c&ezh forch chis defipition.Perirer par eff quem cuntli pares ewe tumerques y párébs) Sjibua 
namerant Ahapisz 7 I zu ` AIRS o mada 
'An eucüly-eucn number is, when a]l the euen numbers which meafure ic; doomeafure i¢ by euek 
times,that is,by.euen numbers,as 16; All the euen numbers whith mezfure nfj-as are '8. 4. and a, 4d 
meafureatby eyen numbers.As 8 by 2, twife 8 ish 6: 4 by 4, foure times 4i&16:and a by 8, 8 timeszid 
16. Which particlé (all ewen msmber: ) added by Campane maketh 24 to beno evenly even number: For 
that fome one cuen number mea(ureth it by an odde nümberas 8 by 5. Flaffases a\fo is plainly ofthis 


. miade, that £«clide gaue not this definition in fuch maner ab ivis by Theonwricteti ;for che largenes 8È 


eneralitie therof,for chat i¢excendeth it to infinite numbers whith-are not: euenlyenén asihe- thins 
keth, for which caufe in place therof;he gexeth this definition, oiui mPa 0s ied 
Anumbèr egenly euenyisthat mhich onely ewen numbers do meafure.As 16 is meaſoted ofnone but ofduen 
numbers, and therfore is euenly-enen-There is al(o of Boersus geuen an other definition of more facilis 
tie,inchading init-no doubt at all, whiclris.mott commonly víed.ofall writérs,addisthus. ~ MES 
A number enenly enen is that whish may be deusded inis Qro euen partes,and the par agayne -into rwo erien 
parienand fo continually dewiding svithont fly till ye come ro Gnitie, As by example; 64, maybe "deuidéd 
S06. MT into sits 
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into 3xand js. And either ofthefe partes may be deuided into two euen partes jfor32 may be deuided 
iató 1 and 16. Againe, r6 may be deuided into 8 and 8 which arc euen partes, and 8 into ¢and4. A- 
gaine 4 into xand z, and lait ofall may 2 be deuided into one and one, “ 


9 : 
"wen number meafureth by an odde number. 


The ninth 
, definition. 


Anumber exenly odde ( called in latine pariterimpar) is that which an e- 


* As the number 6 whith 2 an euen nunvber meafureth by z an odde number, thre times 21s 6. Like- 
wife 16. which z.aa enen fursber meafureth by san odde number.In this dithnition alfo is found by. 
all the expofitors of Exclide the fame want chat.was found in the diffinidon nexetbeforg. And for. thac .. 
it extendeth it {elfe to large, for there are infinite numbers which euen. numbers do meafure. by odde 
numbers,which yet aitet their mindes are noceudly odde nibers,as for example i2. For 4 an ewé nú- ; 
ber,meafareth 12 by 3'an ódde number': three times 4is 12. yet is.not 12 as they chinke an eviealy , 
odde number. Whertore Czisaze amendeth it after his thinking,by adding of this worde 4425 he did 
in the firit,and definethit after this manet.. | : : 

A number evenly add 4s when all the euen numbers. 
by az odde numbers © 07 ] 


i wae ea eRe Se s : : _ | | Campane, 
which menfure it,de meafare st by Gnewen tymes, that st, 
“A syo:isa number euenlviodde, forno cuen number butoncly 2. meafurech 10..and that js, by gan - Another defia 
odde number. Bit nocail the etien numbers which meafure 12. do meafüre itby odde numbers, For : 9/^/e2. 
é an even number meafureth 12. by 2 which is alfo enen.Wherfore 12 is not by this definition a num- , 
ber eüenly odde. Fizf*reralfo'o ended with the ouer large generalitie of this defiaition to make the 
definition agree witl the ¢hiag defined puttech it after this maner. uibrteugess 
7 Uttiemiber cuenty édde, isthat which an cdde nyumber doth mea[nre onely by an euen number, - — 
7 As 14. which z.arodde nutnber doth meaſure onely by 2. hich is an cuen number. There is alſo an 4, spher 
óther de&nition of this inde of number commonly geuen of more plaines,which is this. definition. 
 Anamnber exenly ond? is that which may be dexided into two equall parti int. Fbat part cannot agayne be de-. 
wided into tis equi partes:as 6.may be deuided into two equall partes into 5.and j.but neither of chem 
can bc deüided into two equall partes:for that3.1s an odde number and fuffereth no fuch diuifion: - 





+ Flafeares, 





An other 

definition. 
10 ` A number oddly euen ( calledin lattin im pariter par ) is that- which an i ane T 
?* ódde number mea[uretb by aneueninumber. - E s 


^ d 


aw be a 
iO ? : l2 a ` 
ziAs the-number.12:for'34an odde number meafureth 12,by 4.which is an cuen nutber sthree times. 
4-15 I2, — 
This definitionis not founde in the greeke Lp bdo doubiles pie as ey Emer 

we lides which ching che flendernes and tlie imperfectian thereof and the abfurdities following alfo o QT 
ché fzte declare fot —— . The definition next before geuen is in fubltance all one’ with this, chee 
For what number foeueran éuen: number doth meafure by an oddc , the felfé fame'number doth an ie —— 
odde number meafure by an euen. As 2. an euẽ number meaſureth 6.by 3.an odde number. Wherfore FS 
3,an odde number dothual(o meafure the {ame number 6.by 2.an-eué niber. Now ifzhefe two definiti 
dns he definitions of two dittinc kindes of pumbers,thenas this number'é, both euenly euen,and alfo" 
evenly odde and (6 i5 Contájned vnder two diuers kindes of numbers . Which is dire&lly agaynft the 
authoritie o£ £webize whc playncly proueth hereafrer in the 9.booke., that euery nomber whofe halfe 
i 25 ode nuinber,is a atimber euenly odde onely.Flu(fates hath here very well noted,that thefe two: 
euen!y odde, and oddely euen , were taken of Baclde for on and the f-lfe{ame kinde ofnomber . But 
the number which here qugis to haue bene.placed is called of tbe beft interpreters of Ewciide, numerus 
pariter par €§ ridpar, (hatis a number euély éué, and euély odde, Yea anid it is fo called of Zuchide him’ 
felfe in the 34. propofition ofhis 9, booke: which kinde of number Campanus and Flujfares in fteade of 
the infufücient and yoapt definition before geyen,affignc this definitions - ; 


A nunsger daenly pep yand. euenly vdde, is that whithan-cwen number doth weaſure fometiine by «neuen 


- 


a 


number and fometime by an odde, An other defir 
Asthe number t2;for2.an cuen number,meafuresh r:.by 6,an euer number: two times 6. is 12. Al- mition 
han cuén numbër mealúreth the fame number '12.by 3.an adde number.And thereforeiis 12.2 num-: 
bereaénly enen;and‘enenly ‘odde, and fo offach others.. 5i. XESHE. . 2 stadeg Ade, S 
+The caule why that Camoanns and Flaffares ware. ſo fcrupelousin.ameading (astheyfuppofed )the. 7777 7. 
twodeRnitions béfore;namely, ofa number cucly euen and of a number evenly odde, the one byad- Carijane and: V 
ding this word a/,and the other by adding this word one/y , was for chat they were offendedwith the Fla/Sares with 
Vugénesand gencraliiz of them.For that by them , on add che @lfe fam'esiumber might be compre- orher,ip ancrs : 
Rended vader either dehnition. And [o,the felfe.number fhould be both euenly euen,and.alfo euenly ror, ao — 
odde: which they tooke for an abfurditte.For tlrat they ate two diltin&t ind diuers kindeSof numbers, — 
But all things well and iuſtly conceiued, it fhall not be hard nor amiffe to thinke , tha: the(c definitiós 

secre ferand written by £uclide in fuchforme and manet , as they dre deliycred vnto-vs by T/eàs: and 


yi Sf, iij. that 
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ME S The fenenth Booke > 
tbat they neede not thefe correĉtions and amendementes by adding thefe wordes a4 and evel, for ad. 
mic that they be dittinct kinds of numbers,may noc contraries be attributed in diuerfe refpe&les to one 
thing? May not one line be fayd to be great and little, compared to diuers ? Great in comparifon of 2 
leffeyand leffe in comparifon of 3 greater? Eucn fo one number ín diners refpects may be of divers and 
contrary kindes of numbers. What are more divers them a fquare number and a cube number.And yer 
is sq.in divers refpectes a number both fquare and cube . In refpect of 8, to be his roote,it isa fquare 
number: for 8.times 8. is &4.and in refpé& of 4.to be his roote;itisa cube numberfor 4.times 4. fower 
times is 64: fo in diuers reípectcs itis both, without any abfurditie at all.Likewife this number 6. in di- 
uers re(pectes, isa number on the on fide longer , and alfo a trianguler number : which yet are diuers 
and di(tin& kindes of numbers . For 6.defcribed by his vnities refembling a figure 
of lengthe and breadthe hauing two fides,namely x and j.is a plaine or fuperfici- 
all number of one fide longer. And if the fame 6,be fo defcribed by his vnities, that 
itreprefenteth che figure of a triangle, then is icand beareth it the name ofa trian- 
gler figure : as here ye may fee the forme of either. And if ve extende in defcription 
therof all his vnities in length onely, (6 is 6 alfo a lineall number. So you fee 6 in di- 
vers refpcétes is a lineall nümbér,a nurbber on the one fide longer, and alfo a trigo-: 
nall or trianguler number,and yet therby no inconuenience at dll And why may not 
likewife one and the felfe number in diuers refpetes be accompted a number both , 
cuenly euen,and evenly odde ? Yea Zuciide him felfe doth moft manifeltly prove the fame, andin thé 
fame wordes;if te be diligently wayed,in his ninth booke,For he faych, that all numbers being double. 
in continuall courfe from the number 2.be euenly euen numbers only :and agayne all numbers whofe 
halues are odde , are euenly odde numbers only : and thatnumber which neither is duple from the 
number-twWo: for hath to his halfe an odde number isa number evenly euen and anumber evenly 
odde. Whar in this can be fpoké more playnely?So that by Esclide it is no inconuenience that on num- 
ber,as 12, fr exámplc,in diuers refpectes fhould be both a number euenly cuen;and alfo a number e- 
ucn)y ódde.In refpe& that 6.15 euen number meafureth 12. by 2.an euen number, 12 isa number euen- 
ly cuen:and in refpedt that 4.4m euen number meafureth 12.by 3.an odde number, 12 .is a number e- 
uenly odde.And thusiudgeye ofallotherslike, v. 
There is alfo an other definition geuen of this kinde of number by Boerius and others commonly, 
which is thus, — ji. tr í 
A nunsber enenly euen and euenly odde is that , which may be deuided into rwo eguall partes , and eche of them 
may agayne beienided into two equal partes:and fa forth . But this diuifion is at lenghth fayd , and continueth 
mat rill it come (e &mitie, As for example 48: which may be deuided into two cquall partes, namely., into 
24.and 24. Agayne 14, which is on of the partes may be deuided into two equall partes 12. and 12. A- 
gayne 14into &,and é.And agayne € may be deuided into two equall paries,into 5 and 5: but ;,cannot 
be deuided into two equall parces . Wherefore the deuifion there ftayeth: and continucth noc till ic 
Come to vnirie as tt did in chefe numbers which are euenly euen only. 


wee 


` 
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11 Anamber odly odde is that , which an odde number doth meafure by an 
‘oddernumber. - . — 


As35, Which 5. an odde number, meaſureth by an odde number, namely, by 5. Fiue times fue is 25: 
Likewile 11. whom 7.an odde number doth meature by 3, which is likewife an odde number . Three, 
unies 7.1521. Saget ; : 

Fluffarus geueth this definition following of this kinde ofnumber, which is all one in fubftance wich 
the former definition, i : ; 

A number edly oddest that which cnely an odde number derh mreafure. : . 

As 15.for no number meafuretb r5. but onely 5. and 3: alfo 25: none meafüreth it but oncly $, 
which is an.odde number, and fo of others. ` : AE a : 


E 


12 A prime(or fira) number is that which onely vnitie doth meafure. — 


As 5.7. 11. 13. Fot no numbet meaſureth 5, but onely vnitie. For v. vnities make the number f. So no 
number meafureth 7 but onely vititié.» :taken 3.times maketh 6. which isleffe then 7: and a. taken 4» 
times is 8, which is more then 7 . And fo o£. 11.13. and (uch others. So that all prime numbers, which 
alfo are called firft Aumbers,atid numbers vncompefed;hauüe no part to meafure thé,buc onely ynitie. - 


13 Numbers prime the one to the other are they, which onely bnitie doth 
meafure being a common meafurc to them. 


As ty.and 23.be numbers prime the one to the other . 15.of itfelfe is no primenumber,for 2 onë- 
— y 


of £uclides Elementos, Fola8é. 

ly voicie doch meafure it, but alfo che nutnbers y.and 3, fot 3.times 3.19 ï$. Likewife 22.is of It ſeſſe no 

rime number : tor itis meafured by 2.and 11,tefides yoitié. For 11.twife,or 2.eleuen times,make 22. 
So that although neither ofthefe ewo nambers r3.ahd 42. bé a ptitie or incomipafed number, but ey- 
ther haue partes of his owne, whereby it may be meafured befide vnitie : yet tompared together, they 
are prime the one to the other : for no one number doth asa common micafure;triezfuré both of them 
but onely vnitie, which is a common meafure to all numbers . The numbers 5.and 3. which meafure 
ts, will not meafure 22 + againé,the numbers 2.and 11. which reafure 12,do not meafure 15. 


14 Anumber compofed is that which Jome one number meafureth. 


A number compofed is not meafüred onely by vnitic,as was à prime number, but hath fome num- 
ber which meafureth it. As 15: che number 3.méa(ureth 15 ,namely,caken s.times. Alfo the number 5, 
mceafureth 15,namely taken 3.times , s.tirnes j,ànd 3.times y, is 15 . Likewife18.isa compofed num; 
ber, it is meafured by thefe numbers 6.3.9.2. and fo of others. Thefe numbers are alfo called common- 
ly fecond numbers, às contrary to prime or firltnumbers, ` 


15 Numbers compofed the one to the other are they which fome one number, 
being a common meafure to them both, doth meafure. 


As 12.and 8.are two compofed numbers the one to the othez. For the number 4, isa common mea- 
fure co them both : 4.takeu three times maketh 12; and the fame 4.taken two tymes maketh 8. Soare 
9.and r5 : 3. meafureth them both. Alfo 10.and 25 : for s.meafureth both of them : and fo infinitely of 
others. In thys do numbers compofed the one to the other or cond numbers, differre from numbers 
prime the one to the other : for that two numbers being compofed the one to the other, ech ofthem 
feuerally is of neceffitie a compofed numiber . As jn the examples before 8.and 12. are compofed num- 
bers : ukewife 9.and ry : alfo 10.and 15 : but if they be two numbers prime the one to the other itis 
not of neceflitie that ech of them (eucrally be a prime number. As 9.and 22.are two numbers prime 
the one to the other : no one number meafuteth both of them : and yet neither of them in it felfe and 


in his owne natare isa prime number, butech of them isa compofed number . For3.meafureth sand 
11.and z.meafure 12. : 


16 Anumber ss fayd to multiply anumber, when the number multiplyed, is 
*— fooftentimes added to it felfe,as there are in the number multiplying vni- 
ties : and an other number is produced. 


In multiplication are euet required two numbers, the oíte is wheteby yé muiltiply,commonly called 
the multiplier or multiplicant, the other is that which is multiplied. The number by which an other 
is multiplied namely the multiplyer, is fayd-to multiply. As ifye will multiply 4.by 3 then is chree fayd 
to multiply 4 : therefore according to this definition, becaule iti 3. there are thréé vhities : adde 4,3. 
times to it fcfe, faving 5. times 4 : fo thall ye bring forth an othef number, naniely, 12,which is the 
fumme produced of that multiplication : and fo of all ochét multiplicanións. 


7g Wben two number; multiplying them felues the one the other, produce an 
other : the number produced is called a plaine or fuperficiall number.And 


the numbers which multiply them felues the one by the other,are the fides 
of that number. / mE 


. Asletthefe two numbers 5.and &multiply the one the dther;faying, 3.tlmes-6,0r fixe tymes 3,they 
fhall produce 18. Thys nnmber 18.thus produced, is called a plaine number, ora fuperficiall number. 
And the «wo multiplying numbers which produced 12,namely,3.and 6, 
are the fides of the fame {uperficiall or plaine number, thatis,thelength 
and breadth thereof. Likewile if 9.multiply-#1.0r eleuen nine,there fhal 
Be produced an um e vior ne are thetwo numbers 5, 
and. 11 : 2s the length dnd breadth of thefame. They are eálled plaine 
and fuperficiall numbers , becaufe being defcribed by their — a ttt 
plaine fuperficies, they reprefent fome fuperficiall forme er fgure Geo- ? ers yo 
mierricall,hauinglength and breadth . As ye fee of this example :. and TT T 
fó of others. And all fuch plaine or fuperficiall numbersdoeuerte— [11]. 444 
prefetitvighe arrled figures as appearéth iri the example. sd 
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18 When three numbers multiplyed together § one into the other, produce any 


number thé number produced,is called a folide number : and the numbers 
multiplying them felues the one into $ other, are the fides therof. — 


As taking thefe three nübers 3.4.5. multiply the one into the other. 
Firlt 4.into §.faying,foure times 5.is 20; then multiply that number pro- 
duced,namely,20.into 3: which is the third number, fo fhall ye produce 
60.which is a folide number ; and the. three “numbers which produced 
the number,namely,3.4. and 5. are the fides of the fame . And they are 4| 
called folide numbers, becaufe being defcribed by their-vnities,they re- } 

refent folide and bodylicke figuresof Geometry, which haue length, d - 


readth,and thicknes.. As ye fee this number 4o. exprefféd here by hys 
thus may ye do ofall other three n&tbers multiplying the one the other, 7 ja ud 





vnities. Whofe length is hys fide s,his bréadeh is 3,and thicknes 4.And 


19 Afqnarenumberis that which is equally equall zor that shieh is conbays 
ned ynder two equall numbers. SARS ie, DEA 


; Pag MET NIMES 

^^ As multiply twó equall numbers the one into the other. Ass.by o.ye 
{hall produce $1, which is a (quarenumber. Euclide calleth it anumber e- 
qnally equżll,becaufe it is produced, o£ the multiplication oftwo equall - 
numbers the one into the other. Wlhych numbersare alío fayd inthe fe- ~ -4 
cond definitign to cortàyne a (quare number. Asinthedefinitionsofthe ^4. - 
fecond bookctwa liges are fayd to contalue a (quare ora parallelogramme. . : ] 
figure . It is calleda {quare number, becaule being defcribed by his ynities 9, 
it reprefenteth the figure ofa fquate in Geometry, As ye, here fee doth the. 
number 81 whofc fides, that is to fay,whofe length and breadth,;are 9. 2nd Eo ax 
$,equall nümbezs*: which alfo are (ayd'to contayne the (quare number 81: 





and fo of others, 


C20. Acube number is that whichis equally equall equally:or that whichis cone 
tayned vnder three equall number. nre 


aud MhU Ic d 

y As multiply three equal numbers the one into to 00 0555s ad 
the other,as 939, andy : firlt9.by 9, {0 fhallye haue EA 9e unus uod 
81: which agayne multiply by 9,fo fhall ye produce SSS ES ns d zi 
J29. whichis" acube number . And Euclide calleth `- à : a Dot 


ita number equally équall equally ;becaufe itis pro- 
duced of the: maltplication of three eguall num- 
bers the one into the other: which ilitée numbers — ` 

are fayd in the fecond definition (wherein he fpea- 9 *-, 






cubc number: Tt is therefore called a cube number, | 
becaufe beirfg defcribed by hys‘ynities, it reprefen- 
teththe forme ofaciibe in Geometry, whofe.fides, 
that isto fay, whofe length, breadth, and thicknes, 
are the threc equall numbers 9,9, and 9, of which 
he was produced : which three fides alfo are fayd — 
to contaime the cubénumber 729 : beholdeliere 5. ^e — ac. 
the defcripcion therof:. "n T MG : PE — — 









21 Nunmbers proportionall are, vhen the ſyſt is to the ſec temultiblexs 


ds the third is to the fourth, or the felfe fame part or the fel} e fame partes; 
— — — de Duy TES X a det Üttotantg 


Here he defineth which numbers are called proportionall, thatis, what numbers haue one andthe 


- felfe fare proportion. For example'6:tó j : and 4.to,2, are numbers proportioriall, aid Raue one and 


che felf fame proportion:for é.thefirft isto 5 the fecód equemultiplex,as 4.the thi is to 3 .the fourdiz 
; m E pet ce. Dm - Gib 


of EuchidesElementes. Fol.187. 


eisdodble to 3::and fo is 4:doublé to. Likewife thefe fouré ‘numbers aré inlike proportion 3.9.4.12. 
for what part3.is of y,fuch patcis 4.of rz * z.0f9fisa third part; Ío is alfo 4. of 12 a third part. So are 
1hefefouré numbersalfo in proportion'z;j 4.16 : wháepartes Z:are o£ 5, fuch partes are 4.of 10 : 1, of 
sare two fift partes, likewife 4.0f 10.are two fift partes. Moreouer, thefe numbers 8.6; 12.9: bein pro- 
‘portion, for what aiid how miany parts 8:aré of 6,fuch & fo many patts are 12.0f 9: 8.of 6,isfoure third 
partes for dne third paftoF sis 2, which take Toure times’ maketh 8 : fo 12.0f 9,is allo foure thyrd 
partes : for onethird pártof 9.is 3, whichiráken foure times make»: Ando conceau& ye ofall other 
proportionall numbers, . I oe I . 

." Inthe fixt defioition of the v.booke, Eucl;ide gauc a farre other.definition of magnitudes. proportio- 
Dall;2nd much valike to this which he here geueth of numbers proporcienall: the reafon isas there al- 
To was partly notéd for chat there he gaue a definition common to all quantities difcrete. and continu- 
all,rationall;and irrationall : and therefore was conftrayned to geue che definition by the exceffe,cqua- 
licie or want of their equemultiplices,and that generally onely : for that irrauonallquantities haue no 
«eranc partorcommon magfureto bemeafured by or knoSyen,deyther can they; be expreffed by any 
Certayne numbers. But here in this place becaufe in numbers there are no irratjopall quautities, butall 
arecertaynly knowen,fo that both they and the proportions berwenethém maybe expreffed by pum- 
bers cerrayne and knowen, by reafon of their partes certayne, and for that they haue [ome common 
meafure to reafure.them (acthe lell vaitie whiclrisa commen, meafixe-to all numbers)he geucth here 

: this definition of proportionall numberssby thar the oneislike pquemultiplex ro the gther,or the fame 
fart,or the fame'pattes : which definition is.much eafier then was theother, and js.not folarge, as is 
the orlter ,néitherextchdech it felf gen saty to all kinde'of quantities Fationalland irra&ioüall;/but con- 


Vynejhiit felfe Within the lintites and bondes ofrationall quáfititie atlnuinbers, `” 2 


22 Like plaine numbers and likefolide numbers are fuch whick hane their 
e a Ae N IA NU ee eS Bei Fe 
: Tir ptum uec E n MEC ——— 

Before he fhewed thata plaine number hath two fides, anda folide number three fides, Now he 
shew érh by this.defiaition which plaiconambers,: and which folidenurirbers aré iké the-oneto the 
ethers The likertee of svhich. numbers depenseth: altogether pf the proportions of the. fides of thefe 
nymbers, ie VarEche two fides of ogg plaiae number, hauc theifame proportion-ibe one to the o- 
ther that the two fidesof the other plaine:ggmber haue the ope ro he orher,then are Such twe plaine 
^üfibers Iiké.Fot it example 6 and 24 Be two plàine nümbers, the fidesof 6 be 2 and 3, two tymes 3 
Make 6 the fidesof44 be 4 irid 6, foure dV ‘Wakes 24, Aipaije the fame proportion thatis betwene 
3 and = the fides of 6, is alfo beewene 6 and 4 the fides of24. M hiérfore i«'and é be (So like pine and 
fuperficiall — r of other plaine numbers — rude nune 
bers, If three fides of the png.be in like propetuon togethersas ere the three fides of the otherghen is 
the’ hi e'folide Noait tothe S M and oe be [ofe numbers, the fides of24.are.2; 3. and 
43tw0-tj705s three —8 timesaré rqxthefides of ozare4.43g8d 81Jor foure tymes 6:8 tires make 
192. Againe the proportion of 4 fo 3 is fefquitercia,the proportion of 5 to zis fefquialtera, which are 
the proportioné of téfdas’ofthe ond folide iurfBer nanvely,oF24 the proportion. betwene 8 and 6 
is fefquetercia,the proportion betweRe-&and «i6 fefquialteid; Wliich'are the propoftióhs of the fides 
of sheother {lide number namely of 192) Amd they are orieaadithte fime with ché proportions of tlie 
§das of che other whesfore theletwe folide numbers-a4 and Fybe like,and fo of otlier folide nübers. 
etun iiu i eB Kalike Ba shoe ce Sgisturmanne 50 0c 

23. JH perfett number is that jwbicbis equalltoall bis partes... 

Asthe partes pf 6 are 1. 2. 5. three is the halfe of &, two the zhird part,and r, the fixth part, and mo 
paries hath.ror: wbicithree partes nat ;added togethersiaRe che whole number, whofe partes 
they are. Wherfore 6 i52 perfe& number. So likewife is 28 a perfe& number, the parres whereof are 
thefe numbers 14. 7. 2 and 1: 14 is the halfe therof, 7 is the quarter, is the [euenth part, 2 is a four- 
tenth part,and r an 28 part,and chefe are all the partes of 28. all which, namely, 1, 2,4, 7 and 14 added 
Gxgether;malteiufly'withomt rnore orlafe +8. Wherfore 28 isn perfectiumber,- arid fo of others the 
like This kinde of numbersiavery rare 2hd-feldome found. Eromn rto 1o;thereis butone perfect num 
bez,namcly;é.Fromab.ta an aon, there is aModopt one; hac is 28i Alfd fiom roc to roco.fhereis but one 
which is 496. Prom 16co to 1000 fikewil: ut one. So that betwene cuery ftay in numbring,which is 
euer in the tenth place, there is found but one perfe€t number And for their rarenes and great perfec- 
tion, they aré of maruelous vfe in magike and in the fecret part of philofophy.. x 
* Thiskinde-ot numberisgalled perfedtin refpedt of orher hug bers Which are impetfeft, For asthe 
nature of a perfet umber flandeth in chis , that all his partes added together are cquallto the whole: 
and make the whole:fo in an imperfe&t nüber all the parts added fogethér are motequdl to the whole, 
nor make the wholc,but make either more orleffe . Whercfore of imperfect numbers there are two 
Yindes thé one iscalled abendans orabuüdicy the:other dimnndtusor-wanting. © 20" 

A number abunding is that whofe.partes :being all added together make more then the whole 
number whofe partes they are,as 12.1 an abundant number. For all the partes of 12. namely, 6,4.3 ir 
an 
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and 1.added together make s6swhich are more then 12.Likewi(e 18,is a qumber abunding,alll his parte 
namel;,9.6.3.2.and 1.added together make 20.which are more then 18:and fo ofothers. __. ` 

Anumberwm- > A number diminute,or wanting is that whofe partes bejng all added together, make leffe then the 
ting- whole, or number whole partes they are. suis MU EN 

As 9.is adiminute,or wanting number for all his partes, namely, 3 .and .(moe partes he hath not) 

added together make onely 4: which are effe then s, Al(o.24.is a diminute nüber, all his partes, name- 
ly.13,2.1.added together make onely 16; which is a number much leffe then 36, And (o of fuch like... 
x nonu 


Ampane and Flufates here adde certayne cómmon fenténces »fomeof which, 
yrs for that they arein thefe three bookes following fomtimesalledgcd,I thought 
NEC. good here to annexe, anaa PN — 





Common fine 
tences. 
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1. Tbe leffe part is that-which hath the greater denomination: and the 
«de den Wey 





p i greater part 1s that, which hath the lefJé denomination, RUM 


ſentence. 








BETO He 





As the numbers 6.and 8.4re-either of then part of thé namber'24:6,is afourth 
part,q.times &,is 24:and 8. isathird part, 3 times 8:1524. Now forafmüch as 4(which 
denominateth what part 6,i$ of 14) is greater the 3. (which denomináteth what part 
8.is of 2 4.)theréforeis 6.aleffc part of 24, then 1.8. and fois 8.2 greaterpartof 24.rhé 
6 is.And (o in others, i 








x 52 yd, viz —— a3 
lfe fame niter, 


e UNES x ~\ 
s ———— E TN geal . 

Second comp © à. Wbátfoeuer munibers are equemultiplices fo one c7 the fe 
$ : sap Weidy 
duris or to equall numbers are alfo equall the one to the other. 
Wess E ed sa - owt halit m Ja asni ws.. au 
... Asifvnto thenumher 3 be taken two numbers:containing the faménumber foure 
times, thatis being equemultiplices to the fánie'number three »the fayd two numibers 
fhalbeequall;For 4.times 3.will euer be 12,80 aHo willie be ifvntothe two equal num 
bers 3, & 3.be taken two numbers, the one cotaming the one number 3, fours “times, 
‘the other containing the othér number 3.al(o fouire times,that is, being equemultipli- 

cestothe equal|numbérs 3..and 34 ^... 7. Pana a ea Bani A t 


AE S 







— 
b 


Third commis . ve UES gag eee REDE, P eph x sod oed 
Sentence, ur ow Thofe numbers to whome one and the felfe fame number ts equmultie 
‘plex ;or whofe equemultiplices are equall: are-alfo equal the on to the others 


"Asche aumber 18,beequemultiplex — two numbers, that js, contayne any 
two numbers twife thrife, fower times &c? Asfor example 3.times: then are the fayd 
two numbers equall.For 18.deuided by 3.will euer bring forth 6;So that that diuifion 
made twife willbting forth 6,and 6,two equall numbers. So alfo would it follow ifthe 
two numbers had equall equemultiplices,namely, if 18.and 18. which are equall num- 
Von bers contayned any two riumbergg.times, 5 5. 4s gg 


ox as 


UA Sh E 











* —— 
it hall alfo meaa 
she S od 


tius AR 





4 If anumber nieafure the whole anda part taken away 
fure the refidue 2" ee n 





Fourth common 
Sentence, 


e ES dod s : ' jeu PS CPI mme 
Asif from 24.be taken away 9.there remaineth1 j And foras much asthe numbee 


mes SS 2 meafüreth rhe whole qumber 2 4,& alfo the nümber také away,namely,g. it (hall alz 


fo meafure thercfidue; which is 1$. For 3.meafuretb 1 5 by fine,fiuctimes 3.4815. And 
fo of others; - — — E E e EE EE Lu 


' 
' $ * 


_ 5 If aninber mea[ure any number:it alfo meafureth enery number that 
the fayd number meafureth. on Vere : 
‘As the number 5. meafaringthe number r s;fhallalfo meafare all tlie numbers that 


12,meafureth:as the numbers 24.3 6,48.60.and (o forth:which tie number ra. doth 
E tr CIS C59 53-7 gpeafuré 
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meafure by the. numbers 2.3.4,and 5 And fords much as thenumber'1 2,doth meaſute 


the numbers 24.36.48.and 6o:And the nüber ó.doth aeafüre the number 2, (namely 


by 2) Itfolloweth bythis eommó fentence,thatthe nuniber 6,meafurcth cche of thofe 
numbers 24.3 6.48,and6p.And {6 ofothers, ' DA 


6 If anumber meafare tivo numbers, it fhall alfo meafures number cans 
pofedofthem. ..... Ast 
As the number 3meafureth thefetwo numbers 6,and 9: it meafurcth 6.by 2,and 9, 
by 3. And therefore by this common fentence it meafureth the number 15 . which is 
compofed of the numbers 6,and g:namely it meafureth it by 5. 


x. 7 Ifin numbers there be proportions how manyfoener equall or the felfe 
-^— fameto one proportion : they [ball alfo be equall or tbe [elfe fame the one to 


the other. . 


As yfthe proportion of the number 6, to the number 3, beas the propottion of 
thenumbcr 8, to the number 4, ifalfo. the proportion of the number ro, to the num= 
ber s.be'as the proportion of the number 8,to the number 4:then fhall the proportion 
ofthe number §, to the number 3.be as the proportion of the number 10, is to the 
number 5: namely;eche proportion is duple.And fo of others . Euclide in his 5. bogke 
the rt.propofition demonftrated this alfoin continuall quantitie : which although as 
touching that kiade of quantirie it might haue bene put alfo asa principle (asin num- 
bers he taketh it)yetfor thatin all magnitudes rheyr proportion can not be expreffed, 
(as hath before bene noted & (halbe afterward in thé tenth booke more at large made 
manifeft:)therefore he demonftrateth it therein that place, and proueth that itis true 
as touching all proportions generally whither they be rational or irrationall. ‘ 


q Thefirf Propofition. T he firft-T heoreme. 


_. Uf there be genen twobnequall numbers and if in taking the leffe continue 
"' ally from the greater, the number remayning do not meafure the nimber 

«going before ,'yntill it fhall come to ‘bnitie: then are thofe numbers ‘which 
~ "Were at tbe beginning geuen prime tbe one to the other. 


RS 


UEXAEZLZZVppofe that there le twa vnequal numbers & B the greater, aud 
NS K du lefe, and from A Ehe greater, take AA CD the 
PA ASR || efe as ofren as you can leaning F A, and from C D take away 
pli F A as often as you can, leaning the number GC. And from 
FA take away G C as often as you 
NN. aa, and fo do continually till there E.. 
i SS By: | remayne onely unitie, whichletbe D...G..C 
SEG IIH A. Then I fay that no number B..... F..H.A 
— —— | meaſureth “ie Pibe ABad v 
CD. For if it be ofüible let fome number meafure them,and let tbe [ame be E. New C D 
meafuring AB leaneth a lefve number then it fel ¢, which let be F A. And F A meafuring 
D C leaueth alfo a lefe then it felfe,namely, G C. And G C meafuring F A leaueth v- 
vitic H A. And fora{much as the number E meafureth DC, and the number CD mea- 
fureth the number’ B ¥ therfore the number E alfo meafureth BF, and it meaſureth 2 
whole 
















Sixth common 
fentence, 


Senenthcem: © 
mon ſentence, 


ConPruGion, 


Demenftration 
leading to «m 
abfurditie, 


vos fiurech the whole sumber ¥ A, wherfure (by the former comoson Jenteped) ii « 


The conuerfe of 
this propofition, 


Flow to know 
whether two 
numbers geuen 
be prime the one 
fe the orher. 


Two cafes ia 
this probleme. 


The firft cafe. 


The feco nd cafe. 


2 The fenenth Badkex \» 


whole number BA, wherfore is alo meafurerh that which remayneth namely the number 
F A (by the 4.comon fentence of the fenenth).But the number & ¥F meafureth the namber: 
DG,wherfore E alfa meafureth D Gnd it meafureth alfa the whale D C erforció 
alfo meafureth that which remayneth,namely,the number G C ( by the fane ommon fen- 
tence):but G C meafureth the number F H avherfore alfo E, mauri E H, Me it mea- 
0 meafu- 
reth that which remaynethH A,which is unitie,it felfe being a number} — * — 
ble. Wherfore no number doth meafure the numbers À B and C D, mherfore the numbers 
A Band C D are prime numbers the one. tb the other : whith mas required to be proued. ; 





: ] pi I sip REGARD obo: 
The conueife ofthis propofition after Campane. 9° =? 
“ay : pdt ee DEM E ose ur M US o E a ‘ 
And if the two numbers , namely A Band € D be prime the dne'to the other: Then the lefle being 
continually taken trom che pa there fhalbeno ftay of thatYntira£tion ;tilbchat you come:to vnitic. 
a 


For if in the continualt {ubitraftion there bea ftay-before yow come to vnitie. 
Suppofe that H A be the number whereat the ftay ismade, which alfo being D... G:C 


fubtrahed out of G C leaueth nothing. Wherfore H A meafurethGCwher- B..... F..H.A 
forc alfo. it meafureth F.H by the 5.cammon fentence of the feuencth,And for A 


4 WS agi me Erin 


as inuch as it alfo meafureth it felfe , therefore it alfo meafureth the whole AF by the fixth common 
‘fencence'of the feyenth , wBerfore alfo it meafüreth D) G by the s. common fentencé. Butitisbeforé 
proued that ic meafuretf G C; wherfore it meaftireth the whole CD, by che fixth contnvon fentencé 
of the fcuenthi :wherfóre álfo it meafuréth B F by the s.common fentence of the feuenth.And itis allo 
proued thatit mcafureth F A,wherfore alfo ir meafureth the-wholenumber A B by the fixth common 
fencence of the feuenth.. Ngw-foras much as che number IT:A.meafureth the numbers A B and C D, 
therfore the numbers AB and CD are numbers compofed: wherfore they are not prime the one to che 


= 3 r "p 


oiher : which is contrary to tfe fuppofiion, : 


< And by this propofition if there-be two numbers geuen.It is eafy to finde out! 
whether they be prime the one to the other or no. For if by fuch continual fubftra&ion 
of the Ieffe from the greater,you come af the length fo ynitie, Then arc thofc num berg 
geucn prime the one to the other, Bnt if there beaftay before you come to vnitie, then 
are the numbers geuen,numbers compofed the one to the other. 


RS RE DOS Un Pei eH Cot e 

* Tes: Problemi. T' he 2. Propofition. " 

g T iwo numbers bémg genen not prime the one to the ather to findeout their 

vreateſt common meaſuru.. A 

` ee oT Eo TAE ^L X ue Ge "us . 

AV ppofe the two numbers qeuen not prime tbe oneto tbe other t bA B and C 

| D. 7t 8 required to finde out the greateft common meafure of the [aid numbers 

AB and C D. Now the number C Deither meafureth = =~ | 
Ed the number AB or not. If C Dmeafure AB italfo mea- A.....+..B 

fureth it [elfe. Wherefore C D is a common meafure to thenumbers C.....D 

CD and AB. And it i manifest alfo that it is the greateft common s 

meafure : for thercis no number greater then CD that will 

meafureC D. * — — 

But if C D do not mea[ure A B,then if oftbe numbersAB A.... E......B 
and C D, the lefe be continually taken away from the greater, C.. F....D . 
there will before you come to vnitie,be left a pumber mhich mill mea[ure the number going 
before (by the 1 .of the feuenth ) . For ifi there fhould not , then. fhould the numbers A Band 
CD be prime the one to the other which is contrary to the [uppofition.Let thè fayd number 
left by the continual [ubftraction of the lefe number out of the greater beF C . So that lek 
the number CD meafuring AB, and fubtrahed out of t as often as youcan leue a leffe 
mimber then it felfe, namely AE. And let A Emeafuring C D, and [ubtrahed out of it 
t to ii i; 


e = 
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as often as you can leane aleffethen it felfe namely ,C FE. And, fuppofethar C F dofo meas’ 
fore AE that.shere remajae nothing . Ther fay that C F isa common meafure.to the. 
numbers A Band C D.Fer forafmuch as CF meafereth AE, and AE meafurethD F, Demonftrati8 
therefore C F alfa meafureth DF (by the fifth common Jentence of the feuenth ) and i : 
likewsfe meafureth it felfe, wherfore it alfo meafureth the mhole C D (by the fixth common cafe. 
catence of the fenenth ) but G D meafureth BE , wherefore C F alfo meafureth BE (5 : 
the fifie common fentence of the fenenth) . And it meafureth alfoEA: wherefore it alfo ThatC Fis a 
meafureth the whele BA (by the fixth common fentence of the feucnth):and it alfo meafu-. eee 
reth C D as we kane before proud : wherefore the number CF meafureth the numbers Jareto ti a B 
AB & C Dewherfare the number C Y is a commi meafure to the numbers A B e C D. and C D. 
I fay alfo thas it is the greatef? common meafure. For if C E be not the greateft commod 


meafureto ABand CD, let there be a number greater then Tha CP is 
C Eywhich meafureth A Band CD: which letbeG. And A... Eevee B the greateft 
fovafmuch as G meafuretb C D , and CD meafuretbBE, G... carmon meaz 
therefore G alfo meafureth BE ( by the fft common [enteme | C ..F ....D pay € D. 


of the feventh) . And it meafureth the whole AB, where- : 

fore alfo it meafureth the refrdue , namely, AE(by the 4. common fentence of the fe- 
nenth) But A E meafureth D ¥ wherefore G alfo meafureth D F ( by the forefayd 5. com- 
mon fentence of the feventh).. And it meafureth the whole C D . Wherefore it alfo meafu- 
reth the refidue F C:namely,the greater number the leffe: which is impofsible . No number 
therefore greater then C F fhall meafure thofe numbers A B and C D - wherefore C Fis 
the greateft corsmon meafure to AB and CD: which was required to be done. 


Corrolary. 


Hereby it is manifeft , that if a number meafure two numbers it fhall alfa 
meafure their greate/t common meafure. For if it meafure the whole & the 
part taken away, it fhall alwayes meafure the refidue alfo , which refidue is at. 
the length, the greateft common meafure of the two numbers geuen, 


q Thea Probleme: Th3. Propofition. 


Thre numbers being geut not prime the one to the other:to finde ont their 
-  greate/t common meafure. 


LAY ppofe the three numbers geuen not prime the one tothe other A........ 
to be A,B, C . Now st is required unto the fayd numbers B...... 
à A,B,C to finde out the greatefl common meafure . Takethe C.... 

greatefl common meafure of the two numbers Aand B (by thez ofthe D.. 
fenenth) which let beD : which number D either meafureth the num- E... 

ber C or not. ` At 8 

Firfl let D meafureC . Andit alfo meafureth the numbers A and B, wherfore D : 

meafureth the numbers A, B, C.WhereforeD is a common meafure unto the numbers — e 
A,B,C.Then I fay alfo,that it isthe greateft common meafure unto them. For if D be not tion, ropoh- 
the greatef common meafure vito the numbers A, B,C, let Jome number greater then D The faf cafes 
meafure the numbers A,B,C. And let the [ame number be E. Naw forafisuch as E meafu- 

reth he numbers À,B, Cit meafureth alfo the numbers A, B.WVhereforelit meafurerh alfo 

US wl bs 3 . the 


£2. foa 


The fecond 
safer 


Tipo tafes in 
thn Čari- 


zion. 


Lhe firfl cafe. other. And denide thensmber BC into thofe vnities which arc in it. Now eut) one of 


The feuenthBooke 


the greatest common mea[ure ofibe nuinbers A,B (by the Co- Aesi, PETS 
rallam of the fecond of the feuenth). but the greatef common B............ 

meafure of the numbers A,B, is the number D (by con- C........ 

Siruttion) . Wherefore the number E meafureth thenumber D...... 


D, namely;the greater the leffe : whichissmpofable . Where- E.. 
fore no number greater thé  meafureth the nubers A,B,C. .F... 
Wherefore D is the greateft common meafure to\the numbers 
A,B,C. 

but now fuppofe that D donot meafure C . Firft I fay that D G C are not prime num. 
bers the one td the other . For forafmuch as the numbers A, B, C, are not prime the one to 
the other (hy fuppofition) fome oie number willmeafure them : but that number that mea- 
fureth the numbers A,B,C, fall alfa meafure the numbers A,B,and fhall likewife meafure 
the greateft comon meafure of A B,namely,D (by the Corollary of the fecond of the fewéth). 
And the fayd number meafureth alfa C . Wherfore fome one number meafureth the num- 
bers D and C. Wherefore D and C are not prime the one to the other. 

Now then let there be taken (by the 2.0f the feuenth) the greate/t common meafure unto 
tbe numbers D and C,which let be the number E.. And forafmuch as E meafureth D, 
and D.meafureth the numbers A,B, therefore E. alfo euro the numbers A, B ( by the 

fixt common fentece)-and it meafureth alfa C. Wherfore E. meafureth the nibers A,B,C. 

Wherefore E is a common weafure unto the numbers A,B,C. 1 fay alfo that it is the grea- 
ti : For if E be not the greateſt common mn unto the numbers A,B, C, let there be 
fame number greater then E,which meafureth the nübers A,B,C. And let the fame num- 
ber be F. And forafmuch as F meafureth the numbers A,B,C : it meafureth alfo the num- 
bers A,B. Wherefore alfo it meafureth the greatest common meafure of the numbers A,B 
(hy the Corollary of the 2.0f the {euenth). But the greatest common meafure of the numbers 
A3, ir D. Wherefore E.meafureih D . And it meafureth alfo the number C. Wherefore 
Fegesfartth tbe numbers DC. Wherefore alfo ( by the fame Corollary ) it meafureth the 
greatest common meafure of the numbers D, C. But the ereatefl common meafure of the 
anzibers D ,C, is E. Wherfore F meafureth E, namely the greater number the leffe: which 
is impoffiale . Wherefore na number eveater then E fhall meafure the nisbers A,B,C. Wher- 
fore Eis the greatcit common meafure to the numbers A,B,C + which was required to be 
done. % ` n 


qCorollary. 


Wherefore it is manifeft,that if a number meafure three numbers, it [ball 

. alfo meafure their greate/} cammon meafure. And in like fort more nume 
bers being gent not prime the one to the other may be found out their grea» 
teft common meafure and the Corollary will followe. 


qT he 2. T heoreme. l The 4. Propofition. 


ox Bury leffe number is of euery greater number, either a partyor partes. 


— P ppofe tere bero nimilers Kiand BC . of which les BC bethe lefe Then 
les Ra Afay that B Cis either a part or partes of A. For the numbers A and BS are eis 
— primetheone tothe other or not.. Firft les A andB C be prime the one tothe 


the 
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Hu aunitieswhicharein BCA fome cortaine part of A.WhereforeB C are partes of A. ~: 
But nom fappose that the numbers.Aand BC benot prime the one tothe other . Then 
diviti mnoafyresh. A or not meafareth it IfB C meafure 

A, then is BC apart of A . Busafnop,-take [by tht:2.of the ` ere auae A 
fexenth) the grease coximon. meafare af A and B C and let Bin. 
the fame be D. And kt BC bedeuidedinto as many partes Basita ;C : 
asit hath equall vito D, thápYa;into B E;E E; and EC. B.E: FC, 
And forafmih as Drneafureth-Assherefore D isa part of D.. 

A -But D is equall vato enery. one of. theft partes BEEF, 5005 o 

and F C. Wherfrve alfa euery ond of thefe partes BE,.E F,.and F C, is a part of A Wher- 
fore therarmler Ty C ii partes of A Wherefore entry lefe number is of euery greater nisberp 
either a part or, partes y which wat required to út prosed: * ie 








aes pedal, O9 
de SAONE. Ces m s o sem 2A 
oe Lip The 3. Theorems ©. 8 F be s. Propofition. EA 


Yf'a number be a part of a number , and an other nüber the felfe fame part 
of an other number, then bath the numbers added together Jhall be thë 
elfe fame partof both the numbers added together ,which one number *was 
of one numbers ass ue TIENES 
m Vppfe tbe nuziber Ata bea part of the number BC, and let an other nimber, 
^ CN 5 namely,D, be the felfe fame part of an ótber number namely,of E. Y. T b 1 fay, 
that the numbers A and D added together, are the felfe fame part of tbe nii- 
Seed bers. B Cand EF addedsogether,that Ais of B C -. For forafmuch as what 
pardthe number A isof the number: BC, thé felfefame part» > me 
isthe:number D of the number EF; sherfore how. many phum. Aon nN 
bers there arein BC equal unto Ay, ^ many numbers ave 0l — 
there in EF equallunté D. Deuide I fay, BC into the num- 5 ME Goi c ; 
bers that are equal unto A, that is, into. BG, andG-C;and-. D.... 
likewife déusde EF into the numbers that are equall vntoDy p- us 
that is, into EH and:H F ~ Now then the multitude vf. theft Uer ree 
BG and GC, is equall into the multitude of thefe EH and WF . And forafinsich as 
BiGisequallvnto A; and EHwatoD, therefore Gand EH are equall upto & c D. 
«Aad by thefame reafon forafmuch as.G C. is equallvnto À and HF vito D : therefore 
GC agd H F. are alfo equall vato Aand D - Wherefore bow many numbers there are in 
B.C equall unto À, fo many ave there in B C aud E. F equallvnto A and D . Wherefore 
how ynultiplex BC ss to A, fo multiplex are beth the numbers B C. and EF, to both tbe 
‘nunsbers A.and D: Wherefore what part A is of B-C, the [elfe part alfo are A & D added 
tagether, of BC and E F added together : which was required to be proucd. 






fiL be 4. T beoréme. The 6. Propofition.:. 


ga Ufa number be. partes. ofa number, and another number the felfe. fame 
see, partes of an other number.: then both numbers added together Jhall.be of 


“both numbers added together the felfe fame partes, that onenumber was 
of one number. I 


— Ttjg. Suppoft 


The fecond 
elu 


24 
E 


This propofie 
tió, ana the 6. 
propofition in; 


- difcrete quans 


titie, onjwer. . 


Do. soche frft of . 


the fifth in 


continua⸗ 


UU. questitie. 


Demonflra-_ 
tion, | 


Conflrutlion, 


Demonffra- 
sion. 


Thit propof- 
tion andthe. 
next folliomg 
in dyfiret qui. 
sitie anfive- 
m to a 
Sifth propofitie 
of the fifth 
boke in conti- 
anal quacity. 
Conſtrullion. 
Demoulſtra- 
tieu, 


T be feuentb Boke. 


Vppefe that the number A B be partes of tbe number C, and let an other number, 
l namely, D E be the felfe fame partes of an other number namely,of FT bei 1 fay, 

that the numbers A Band D E added togetber are of the numbers C and F added 
together the felfe fame partes,that A B eof C.Fór fera[mch ` 
as what partes AB ú of C, the felfe fame partes is DE fF: A...G...B 
therefore how many partes of C there are in AB, fomany č i 
partes of F are there in D E. Deuide A B into the partes of C, Sees eet 
that is, into A G and GB, and likewife DE into the partes D... 
of F that is, into DH and HE. Now then the multitude of T. . 
thefe AG and GB isequallso the: multitude of thee: DH ap ee eee « gii 
and HE. And forafmuch as what part AG is of Cy the fefe Jame partis DH of F: 
therefore what pars A Gis of C, the felfefanse partis A:G and DH added together fC 
and F added together . And by the fame reafon alfo what part G Bis of C, the felfe fame 
partis GB and HE added together of C and F added together . Wherefore what partes 
A B is of C, the felfe fame partes are À B and D E. added together of C and F added toge- 
ther : which was required to be demonftrated. 5 


zx * ae 





¶ The s. Theoreme ` Th 2. Propofition. 


Ifa number be the felfe fame part of a number that a part taken away is of 
. apart taken away : then fhall the refidue be the felfe fame part of the refte 
dye, that the whole was of the whole. 5 


V ppofe that the number AB be of the number C D the felfe fame ‘part, that the 
a part taken away AE is of the part taken amay CF. Then I fay, that the refidwa 
DIE Bis of the refidue F D the felf Jame pars thet she whole AB us of the whole C D. 





What part AE i of C F, the felfe fame part let EB 

be of G C . And for that tvhat yart A En of CE, the... C... C. esses F....D 
fame part is EB of CG, therefore whas part A Es UK... EB 

of CE, the fame part (by the 5. of the feuensh)is AB- — 

of E G . Bat what part AE i of C F, the fame pars (by fuppofition) is A B of C D Wher- 


fare mbat part A B ws of F G,the felf fame pars i A Bof C D Wherefore AB ts one & the 
felfe fame part of both thefe numbers G F and C D . Wherefore G F i equall vnto C D 
(by the fecond common fentence of the fewenth) Take away C F which is commen to them 
both . Wherefore the refidue G C ss equall unto the refidue F D. And forafmuch as what 
part AE d of C F, the fase part s EB ofGC: but GC ss equallunto E D : therefore 
what part A Eis of F C, the felfe fame part isE. B of FD . But whas part AE ws of CF, 
the fame part is A Bof C D . Wherefore what part E Bis of F D, the fame part is AB of 
C D Wherefore the rifidue EB. is of the refidue F D the felfe fame part thas the whole 
AB ss of thewhole CD - which was required ta be demonftrated . 


f. T he 6. Theoreme. T he 3. Propofition. 
If anumber be of a number the felfe fame partes, that a part taken away 


is of a part taken away the refidue alfo fPall be of the refidue the felfe fame 
partes that the hole is of the bale. — 


Seppofe 


of &uclides Elementes. Fol.tgie 


3 Vipofe tat the number A B be of the number C D the felfe fasse- partes thatthe, 
Pos part taken away A E ý of the part taken CF T: hen 1 fay,that therefidue EB is of 
pares the refidae FD the felfi fame partes that the whole A B is of thewhole C D. Vnto 
AB pst an eauall nitber G HWherefore what partes G H is of C D,the felfe fame partes 
15 A E of CE. Deuide G H intothe partes of Ç D, that is, G K,.and KH, and likewife 
A E into the partes of CF „that is, into AL aad LE. Now then the multitude of: thefe 
G K and KH, isvequall unto the multitude oftkefe AL and LE . And foraſmuch as 






vwhat yart G Kis oſ C D.the ſelſe ſame part is ALofC Feobut CD is greater then CF.. 


Wherefore GK is greater then AL. Put unto A Lan equall 


number MG. Wherefore what part G K is of C D; the fame AA i bes EB s 


partis GM of CE. Wherefore the refidue MK is (by the C lA 
` - RH ue hat mane aiia E aea D, 
7. of the fenenth) of the refidue FD, the (eife [ame part that , 


the whole G X is of tbe pbole CD . o tgaine,forafmuchas . G... M.K... N.H 


what part K His of CD, the felje fame partis EL of CF: 

but C Dis greater then CE. Wherefore HK is greater then EL. Put unto EL ane- 
quall number IN . Wherefore what part KH is of CD, the felfe fame partisK N 0, 
CFE Wherefore therefidue alfo NH is ( by the 7.0f the fenenth) of the refidue F D, the 
Safe farne part shat the whole KH is of the whole D C. Wherefore both thefe MK and 
NH added together ave(by the s.of the fexenth) of D F the felf fame partes that the whole 
HG is of thembole CD. But both thefe MK andN H added together, are equall unto 
EB.cdud H Gis equallunto BA. Wherefore the refidue EB is of the refidue FD the 
Seife [ame partes that the whole AB is of the whoie C D + which was required to be proned. 


«An other demonftration after Flefates. 


Suppofe that the number -A B be of the number C D the felfe fame partes that the part taken away 
A Bis of the part takenaway C F. Then I fay,thattherefidue EB is of the refidue FD the felfe fame 
partes chat thc whole A B is ofthe whole C D.Let EB be of € 1 the felffame partes that A Bisof C D, 
or A Eof C E. Now foralinuch zs EB. isof CI the felfe fame partes that A E is of C F: therefore both 


thefe A Eand EB added together are of both thefe C F and Cladded 

together (that is, the whole AB.is ofthe whole FI) thefelfefame B..E......A 
partes that AE ts-‘of C F (by the fixe of this booke) . But what partes D...P C...I 
A Eis of C F, the felfe fame partes is the number A B ofthe number CON Re SE c 


CD (by fuppofition): Wherefore what partes the number A B is ofthe nüber F L,the felfe (ame partes 
isthe fame number AB ofthe number CD. Wherefore the numbers F Iand C D are equall. Take a- 
way the numbcr C F which iscbmmon to them both . Whereforc the numbers remayning C I and 
“F-D are equall. Wherefore what partes the number EB is of thenumber C1, the felfe fame partes is 
«che fame number EB ofthe number F D . But what partes ED. is of CI, the felfe fame partes (by con- 
Sfrudtion) is AB of CD . Wherefore what partes the refidue EB is of therefidue FD, the felfe fame 
"partes is the whole A B of the whole C D : which was required to be proued. 


g The. Theoreme. © aee p. Propofition. 


If anumber be a part of a number, and if an other number be the felf fame 
part of an other nisber : then alternately what part or partes the fir[l is of 
the third, the felf fame part or partes fhall the fecond be of the fourth. 


V ppofe that the number A be of the number BC the A... 
Q elfe fame part that an other number D is of'an other 
VA NE > D : 

SING number EF: And let A be leffe then D.Then I (ay, 
thataltervately. what part or partes A is of D, the feife fame D..... 
part or partesis B Cof E F. For fora[much as whatpart Aus 
of B C, thefelfe fame partis D of EF, therefore how many : 

— ae Ws Thay. numbers 
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Demonſira- 
tion. 
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Demonflra- - 
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tion. 
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mereth to the 
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boke sn conti- 
gual quacisie, 


^ ThefenenthBooke 


numi-ers there are in B Cequall unto cA, fo many are therein Ut... 
E F equall unto D . Deuide B C into the numbers equall unto B G c 
A, that is, into BG d&r GC : and likemife E F into the num- — 


bers equall unto D, that is, into EH and H F. Now then tbe D 
multitude of thefe B G and GC, is equall unto the multitude E H F 
ofthbefe E H C H F . And fora[much as the numbers BGand. ~U VAR Red 

GC areequall the one to the other, the numbers alfo E H and H F. are equalltheoneto the 
other : and the naultitude of thefe BG G& GC is equall unto the multitude of thefe E H and 
H F. Wherefore what part or partes B G is of E H,the felf fame part or partes is GC of H F. 
Wherefore what part or partes BG is of E H, the felfe fame part or partes (by the fifi & fixt 
of the fenenth) are BG and G C added together, of E H and H F added together. But B G is 
equall unto A, and E H onto D. Wherefore what part or partes A is of D, the felfe fame 
part or partes is BC of E F : which was required to be demonjtrated. I 


q Lhe 8. T heoreme. "o The ro. Propofition. ` 


Ifa number be partes of a number, and an other niiber the felf fame partes 
of an other number, then alternately what partes or part the firftis of the 
third the felfe fame partes or part is the fecond of the fourth. 


ew aa ppofe that the number AB be of the number C the felfe fame partes, that an 
I » Z other number D Eis ofan other nuber F, and let. A B beleffe us DE. Then 
: <1 fay that alternately alfo — or partes AB is of DE, the felfe [ame 





aee Ea) partes or part i$. C of F . Forafmuch as what partes A B is of C,the felfe fame 
partes is D E of E : therefore how many partes of. C. there are 
in A B, fo many partes of F alfa are there in DE. Dewide AB c 
into tbe partes of C, that is, into À G and G B. And likewife A..G..B 
DE isato the partes of F, that is, DH and HE. Now then i 
the multitude of thefe A G and G B, is equall vnto the multi- F 
tude of theft DH and HE . And forafmuch as whatpart — H E 
A GisofC , the felfe fame partis D H of F, therefore alter- 70077707777 
nately alfo (by the former ) what part or partes A G is of D H, the felfe fame part or partes 
3; C of F . And by the fame reafon alfo what part or partes G B is of HE, the fame part or 
partes is. C of E. Wherefore what ye or partes AG ásof DH, the felfe fame part or 
partes is ABof D E (by the 6.0f the feuenth) . But what part or partes AG is of DH, 
the felfe fare part or partes is st prowed that C is of F . Wherefore what partes or part AB 
is of D E, the felfe [ame partes or part is C of F : which was required to be proued. 


eroe tn n 


g The 9. T beoreme. T he 11. Propofition. 


Ifthe whole be to the whole, as a part taken away is to a part taken away: 
then fhall the refidue be vnto the refidue, as the whole is to the whole. 


ETa V’ ppofe that the whole number A B be unto the whole number C D, as the part také 
E e away A E,is tothe part také away C F.ThE I fay that the refidue E B,is to the refi- 
yee" due F Das the whole AB is to the whole C D.For forafmuch as,A B istoC D, as 
A E isto C F: therfore what part or partes A Bis of C D, the felfe 
‘ame part or partes is AE of CF. Wherfore alfa the refidue EB C....F....D 
ag of the refidue F D (by the 8. of the feuenth) the felfe fame parte A...E...B 
SUUS i ' or partes 


— 


of Euclides Elementes. ~~ Fol.162. 


or partes that AB is of C D. Wherefore alfo (by the 21. definition of this booke)as E B isto 
F D, fo is A BtoC D : which was required to be proned. 


q The 1o. T raie T'he 12. Propofition. 


If there be a multitude of numbers bow many foener proportionall: as one 
of the antecedentes is to one of the confequentes, fo are all the antecedentes 
to all tbe confequentes. - 





Vppofe that there bea multitude of nubers how many foeuer proportional, name- 

ly, A,B,C,D, fo that as A isto B folet C beto D. Then Ifay that as one ofthe 
esc P antecedentes namely, A is to one of 772 cop[equentes namely to B,oras Cisto D, 

fo are all the antecedertes:namely,A and C to all tbe confequentes, 

namely,ta B and D.. For forafmuch as (by fuppofition) as AtstoB, A .. 


fois Cto D, therfore what parte or partes Ais of B, the felfe fame B... 
part or partes is C of D (by tbe ax. definition of this booke) where- C... : 
fore alternately what part or partes Ats of C the felfe fame parte or D ....s.005 


partesis Bof D (by the ninth and tenth of the ſeuenth) wherefore 

both thefe numbers added together , A and Care of both thefe numbers B and D added to- 
gether the felfe fame part or partes that A is of B (by the s .and 6 .of the feuenth) ` wherfore 
(by the 21.definition of the feuenth) as one of the antecedents namely ,A,is to one of the con- 
ſequentes, namely, to Bfo are all tbe antecedentes A and C toall the confzquentes B C D. 
Which was required to be proued. 


f T he. 11. T beoreme. T he 13. Propofition. 


Ifthere be foure numbers proportionall : tben alternately alfo tbey [Pall be 
proportionall. 





o Vpofe tbattbere be foure number: proportional, A,B,C,D, fo that as Ais to B, 
9 folet CUeto D . T hen I fay that alternately alfo they fhalbe proportional, that is. 
UNDAE as A isto C, fois BtaD . For fora[much as (by fuppofition)as Aisto B, fois C 
to D ,therfore (by the 21. definition of this booke) what part or partes 

‘A is of B the felfe fame part or partes is C of D. Therfore alternate. A... 


ly what part or partes Ais of C the felfe [ame part or partes is BofD B...... 
(by sica atris fuente alfo(by the 1o. ofthe fame) wherforeas C ....- 
Ais ta C, fo is B to D (by the 21. definition of thts booke):which was D ....4+. . 


required to be proued. 


Here isto be noted, that although in the forefayd example and demonftration the number A be 
fuppofed to beleffe then the number B, and fo the number C isleffe then the number D : yet will the 
fame ferue alfo though A be fuppofed to be greater then B , wherby alfo C fhallbe greater then D, as 
in this example here puc . For for that (by fuppofition) as A isto B,fo is C to D;and A is fuppofed to 
bc greater then: B, and C greater then D : therefore (by the 21. definition of this 


Booke) how multiplex A is to B, fo multiplexis C toD, and therefore what parc A...... 
or partes B is of A, the felfe fame part or partes isD of C. Wherefore alternately B... E 
what part or partes B is of D, the felfe fame part or partes is AofC, andtherefore C....... . 


by che fame definition, B is to D, as Aisto C . And fo muft you vnderitand ofthe D..... 
former Propofition next going before, 7 à 


Duo I C PURUS datu Ttg. . . gIh 
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Thit in difcret 
quátity an[- 


' werctb to the 


twelfe propo- ` 
fisson of the 
Afth in contie 
nual quatity. 
Demonjftra- 
tione 


This in dif- 
erete quantity 
anfwereth to 
the fixtenth 
propofuion of 
she fifth booke 
sncontinuall 
quantitie. 


Note. 


This in dif- 
crete quantity 
. anfwereth to 
ehe twty one 
propofiezon of 
tbe fifth booke 
1 continual. 
quantities 
Demonſtra- 
won, 


Certaine ad- 
ditions of. 
Campane, . 


Two cafes in 
Bhis propofitsd. 
The fir cafe. 


The fecond 
cae. 


: Proportiona- 
dity deutded, 
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o rtiauatity. 


queue Thefenenth Boke 
Se The 12. Theoreme. Th 14. Propofition.. ro 


If tbeve be a multitude of nnmbers bow many foeuer,, and alfo other nume 
bers equall'ynto tbemin raultitude , ‘which being compared two and two 
are in one and the [ame proportion : tbey [ball alfo of equalitie be in one and 


J the fame proportion. i 






P3 Vppofe that tbere be a multitude of numbers bow many [oeuer': namely A;B,C, 
<I aed let the other numbers equall unto ibm in multitude be D,E,F : which be- 
| ing compared two and two, let be in one and the fame proportion: thatis, as A 
i to B, fo let D beto E : andas È is to C, fo let E be to F .T henl fay,that of equa- 
litie, as A isto C, fois D to F . For forafmuch as by [uppofiti- > : 
on as Ais to B, fois D to E : therefore alternately alfo (bythe A cssseevevaee 

13 of the feuenth) as Ais to D,fors BtoE. Againe,for that as 
Bisto C,fois Eto F: therfore alternately alfo(by the felf fame) 


Aw 


as Bisto E,fois.Cto F.. But as B isto E, fois A to D. VV her- 


"reto o 


fore (by the feuenth common [entence of the feuenth) as A is to 
D.fo is C to F .Wherfüre alternately (Dy tbe 13.0f' the feuenth) 
aj A BtoC, fois D to F : which was required to be demon- 


firated. 


— 


After this Propoſition, Campane demonſtrateth in numbers thefe foure kindes of 
proportionalitic, namely, proportion conuerſe, compoſed, deuided, and euerſe: whích 
were in continual quantitie,demonftrated in the 4.17.18. and 19. propofitions of the 
fift booke. And firft he demonftrateth conuerfe proportion in this maner, 


Suppofe that the number A be to the number B, as the number C is to the 


` oymbçr D . Then I fay, that conuerfedly B is to A,as Dis to C. For if A belefe — A........ 


“then B, C alfo fhall be leffe then D, and what part or-partes A isof B,thefelfe — D...... 
fame partor partesis C ofD . Wherefore B is equemultiplex to A,as DistoC, — C.... 
Wherefore (by the z1.definition. of this booke) as B is to A, fo isD to C. OD... 
. ButifA begreater then B, Calfo is greater chen D : and. what partorpartes — 
B is of A, the felfe fame part or partes is D of C . Wherefore (by che fame definicion) as B is to A, fo is 


- Do C: which was required to be proued. 


` Proportionalitie deuided, is thus demonſtrated. 


Suppofe chat che number A B be to the number Bas the number C D istothe number D . Then I 


fay that deuided alfo,as A is to B,fo is C to D . Forforthatas AB istoB, 


fo is C D toD: therefore alternately (by thei4.ofthisbooke)asABisto — A......... B. 
C D,fo isB to D. Whetefore (by the 11.ofthis booke) as AB is to CD, C......D... 
fo is A toC. Wherefore as B is to D, fo is A to C : and for that as A is to 

C, fo is B to D , therefore alternately as A isto B, fois Cto D. 


Proportionalitie compoſed, is thus demonſtrated. 
If Abe vnto B,as C is to D : then fhall A B be to B,as C D is to D . For al- a E 
ternately A is to C,as B isto D . Wherefore (by the r;.ofthisbookeJasAB, — A... --.B..- 
namely,all the antecedentes are to C D,namely,to all the confequentes, fo is C....D.. 


B to D,namely,one of the antecedentes to one of the confequentes . Wher- > 
forealcernately as AB isto B, foisCDtoD, 


Euerfé proportionalitie, is thus proned. 


. *. Suppofe that A B be to Bjas CD is to D ; then shall’ AB be to A, as CD isto C. ——— 
is 


of helike Elementen ` Folagz, 


A Bis to CD, A&E is D, Wherefore (by the tg of rhis booke) A ESER- ALB 
as Ais to Ca Wherefore alrermarcy AB ito At CDisto E: whidiwàs, G. Dv 





A. 


requíred to be proued. 





hèreadded by Campare, o. o |. 


RUN UN — — 
E | 

i ehi proparrion ef ihe frt ro WheJecond, bere proportion ofthe third the Furth anid fe the pros 
me of shefíft S the second be vs the proportion of the fixe 0 the fourth: then the proportion of 
the firft and the fifth taken together, fhall be to the fecond,as the proportion of the third and tht fret 
taken together to the fourth. 


— UL 


^ 


As if A be vntò B, as C is to D : and if alfo E be to B,as F isto D. Then fhall A & E taken together, This propofs E 
be vnto Das C and F taken together,are vnto D . For by conuerfe proportionalitie, B is to E; as Disto 10n 1 difere 
FE. Wherefore.by proportion of equalicie,4s 3 i A quantity an- 
A isto E,lo is Cto È . Wherefore ( by com- — A..... e Eose Cura Fa Bese Dee. Jicereib to tbe 
pofition) as A and E are to É, fo are C ánd F : : ; WR 24. propofito 
to F . But (by fuppofition) as E is to B,fo is F to D. Wherefore againe by proportion of equalitic, asA of the fifth 
and E are toB, fo are C and F to D: which was requirédtobeproued. © — Boke iui conti- 

And after the faine maner may you proue the conuerfe of this Propofition.lf B be co A,as D ig to C: — 
and ifalfo B be wato E,as Disco F : Then fhall B be to A E,as D is to C F. For by conuerfe proportio- Th 7 Je 
nalitic, A is to B, as C is to D . Wherefore of equalitie;A is to E,as C is to F. Wherefore by compofi- e connerfe 
tion Aand Rare to E, as C and F are to F. Whereforeconuerfedly, E is to A and E, as F isto C and F, of the fame 
But by fuppofition, Bis to E, as Dis to F. Wherefore ajayne by Proportion of equalitie, Bisto Aaad prt pofttion. 
E, as Disto Cand F : which was required to be protic s Demonflra- 

" A Corollary. sion. 

By this alfoitis manifeft chat ifthe proportion of numbers how many focuer vnto 
the firlt,be as the ptoportion of as many atier nuinbers vnto the (econd, then thallthe £ Corollary 
proportion of the numbers compofed ofall rhe numbers that were antecedentes tothe following 
firft,be to the firft,as the number compoled ofall the numbers that were antecedentes thole propofie 
to the fecond is to the fecond. And alb conuerfedly if the proportion of thefirfttonü- tont adaed by 
bers how many (ocuét, bé as the proportion of the [écond to as many. other numbers: Campaute 
then (haltthe proportion of the firft co the riumbér compofed of all the numbers that 
were confequenites to it felfc, be as the proportion of the fecortd to the number Compo 
fcd of all the numbers that were confequentés to it felfe: i 


q The 13: Theoreme. . The ss. Propifition. 
If vnitie meafure any number md an other number do fo many triés meae 


Juve an other number :'ynitie alfo [ball alternately fo many times rneafure 
the third number, as the fecond doth the fourth. 





mee AV ppofe that vniitie A do méafure the number E C : and let ap otber nber D fo 
Y Q f. | man) times mea[ure [estie otbér nüber samely,E F. T hen 1 fay, that alternate- 
M » by;viritit A fball fo many timés meafure the number D,as the number BC doth 
Biete T spea[ ure tbe riumbtr E F . For fora{much asunitie A doth fo nsany times med- CofiffruBiohs 
fure B C, as D doth E F : therefore how many vnities there arein BC, — 
fo many numbers are there ini E F equall upto D. Deuide (Lfay) BCin- A. 
to the vnities which are in it,tbat is,into B G,G H ind H C.And deuide — B. G.H.C 
. likewife E F into the numbers equall unto D,thit is, intoE K,K Land D.. 
LF .Now then the multitude of thefe B G,G H, 4tid H C, is equall'ysto | E..K..L..É 
the multitudeoftbefe E K,K L,L F . Andforafmuch às theſe vnities -  Demenffra- 
BG, G H,and H Care equal tbe one to the uther,tnd thefe numbers EK,K L, Gy LF, are ‘ion. 
alfo equall the one to tbe other avid tbe multitude of tbe vnities B C,G Hand H C,areequall 
ertethemnltitude oftbe numbers E K,K L,C» L P : thérefore as unitie BG is to the nim: 
ber EK, fois unitie GH to the number K Land al[o 9nnt H C tétlbe numer K. F.Wher- 


fore 





gross. s 7 he fewitith Bookg" x 
Sore (by the 1 2vof thefenenthy.as one.of tbe antecdentessds ta dut ofthe | A 12 m 
confequentes, fo are All'tho Vitetederites $oall tbe copfequenieyw before BG : H 2 
as vnitie B G is to the number E K, fo is the number BC tothe number "puo 
EF, But unitie BG is equall unto vnitie A,and tbe number E K gotbe/ E..K .. LJ. 
number D VV herefore (i by they common fentenceyas Vini Mistothe i 
number D, feisthenunher BG tathe number E FYV) herefore vnisie Ameafuresh she ni- 
Jer 2, fo zány times,as BC mealureth EF (bythe 21 definition of his booke).: which was 
a ey, knw i Ayk 
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qequired tobeproued, | ats 3 Loa mr g A C 
SAN os 
" g The 14. T heoreme. . The 16. Propofition, 
B ES 3 — — "34s T. fac Tr Tonje —* bP eae OMT gd. 
Ws SENSU Fed a ] PAMOGLI us n eiue QM vm t nasa ved 
ED Ifi two numbers multiplying them felues tbe one vito tbe other produce any 
' ` > omimbers :thenambers prodüted jball baequall tbe óne.into the-other. . - : 


s 1 
— gulae 
robai 


EV ppofe that there be tivo number: Aand B ? andlet Amultiplying B produce C; 






— Yard let B multiphing A produce D.Then1 ‘fay that the number Cis equallun- 
Demonftra- » 60. the number.D.T ake any unitie,namely, E. And forufmuch as.A multiplying 


tie B aeafureth the ntiniber Ahy thofe nities which are in the number. 

A VV herefore unitie E fo many times meafurtth A, as B meafurethC. E. 

VV herefore alternately (by the 15. of the feucnth) vnitie E: meafureth A., 

she aumber Bfo many times as.A meafureth C . Againe,for that Bmul- B.... 

tiplying A produced D, therefore A meafureth D by the unitieswhich Cesos.. 

art in B . And vnitic E meafureth B by the-vnities mbich are in B... D... eeu. 
VVhlrefore-vnitie E fomany times mestre the number B, as A mea- 
n D But vnitie E Jo many times meafureth the number B, as A meafureth CVV here- 
fore A meafureth either of thefe numbers C and D alike. VV berefore ( by the 3 common: 
fentence of this booke) Cis equall unto D : which was required to be demonjftrated. ME 


Thess. Fheorewe. — The 17. Propofition. 


Ufone number multiply two numbers and produce other numbers tbe num» 
bers produced of them /fhall be in the felfe fame proportion, that thè nume 


“bers multiplied are. 





wo © 2X! B produced C, therefore B meafureth'€ » the unities which arein'A: And oni- 


oe 


^ 


SV ppofethat tbe number A multiplieng tmo numbers B and C, do produce the 
| atmbers D and E.T hen I fay that as B isto C,fois D to E. Take unitie,name- 
x y, F. And, lforafmuch as A multiplieng B produced D, therfore B meafureth D 
ASSA by thofe-unities that are in A. And vnitie F meafureth A by thofe vnities 
D nlia- vbi are ina Wher fore unitie F {o many times meafureth the 
T number A,as Bmeafureth D: VV herfore asunitie Fis to the F. 

nuerber A, fois the number B to the number D (by the2r. dew A... 

fiurition of this booke) And by the famereafon, asunitic F isto B save 

the number A, fo is the number C to tbe number E : wherefore C ..... 

alfo (by thé 7 common fentence of this booke) as Bérto D, fois |. D «eee eeeeeee 

| Cto E.VF berfore alternately (by the vs. of the feuenth) asBis | E ..... ees. — 

to Cfo is D to E Jf therfore one number multiply two numbers, 

and produce other numbers:the numbers produced of them, hall be in the felfe fame propor- 

uonthat pe numbers multiplied are: which was required bo be proued, 






Here 
i 
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Here Fiufates addeth this Corollary, 
E, if fo numbers haning one and the fame proportion with two other numbers. do multiply tbe one 
the other alternately,and produce any nambers,the numbers produced of them fhall.be equallthe one 


tothe other. — 


Suppofe that there be two numbers 4 and 8 ,andalfo two other numbers C and D, hauing the (ame 
proportion that the numbers 2t and 5 haue : and Jet the numbers .¢and Z multiply the numbers C & 
D alternately,that is, let 4 multiplieng ` . 


D produce F, and ſet B multiplieng ........... . 
produce £.Then1fay that thenumbers — A... [T ETT" 
produced namely,£ & Fareequalllet — 5... D... J 
-4and B multiply che one the other in [m —— P 


fuch fore,thatlet A-multiplicng 8 pro- i 

duce C and let £ multiplieng A produce H, Now then the numbers G and Ħ# are equal by the 16.0f this 
booke And forafinuch as 4 multiplicng the two numbers £ and D, produced the numbers G and F, 
therfore G isto F,as Bis to D by this propofition.So likewife £ multiplieng the two numbers 4ànd c 
produced the two numbers Hand £. Wherfore by the fame H is to E as Ais to C. But alternately (by 
the r3. of this booke) 4 isto Cas B is to D,butas 4isto C fois 4 to E, and as B is to D, fois Gto F. 
Wherfore by the feuench common (entence,as 7 isto Z,ío is C to P. Wherfore a'ternately( by the 15 , 
of this booke)7 is to Gas £ is to F. But it is proued that G & Hare equall: wherfore £ and F( which 
haue the fame proportion that 4 and 5 haue) are equall. If therefore there be two numbers, &c. 
Which was required to be proued. 


g The 16. T beoreme. T be 18. Propofition. 


If two numbers multiply any number ex produce other numbers: the nume 
bers of them produced , [hall be in tbe [ame proportion that the numbers 
multiplymg are. 











Bep] V2poje that two numbers A and B multiplieng the number C, doo produce the 

ARR — D and E.Then I fay that as d to B,fo is D to E. For ford 45 
Ch A meultiplieng C produced D therfore C multipli- 2 

—— eng A produceth alfo D (by the 16.0f this booke.) Asses 

And by the fame reafon C multiplieng B produceth E. Now B..... 

then one number C multiplieng two numbers Aand B, pro- C ws. 

duceth the numbers D and E.VVhevfare by thei7. of the fe-  Devecsoecoens 

ucnth,as AistoB fois DtoE. which was required tobede- E .s.sscavesvevee 

monstrated. M ee at s 


— $ 2-0. : i 

SThis Propofition,and the former touching two numbers, may be extended to num- 
hers how many foeuer,So that if one number multiply numbers how.many foeuer, and 
produce any: numbers, the proportion of the numbers produced, and ofthe numbers 
multiplied, fhall be one and the felfe fame. Likewife ifnumbers how many foeuer mul- 
tiply one number;4nd produce any numbers, the proportion of the numbers produ- 
ced,and of the numbers multiplieng thall be one and the felfe fame: which thing by 
this and the'former propofitian repeted as often as is ncedefull,is not hard to proue, 


q The 17. T beoreme. _ Fhe 19. Propofition. 
Tftherebe fonre numbers im proportion: tbe number produced of tbe fir, 
I the. —9 — is equall to sal ailes hich is produced of A — 
and tbe third . And'f tbe nimber which is produced of the firft and the 
fourth be equallto that which is produced of the fecond ¢x the third : thofe 

ov. foare numbers [hall be in proportion, ` — 

Suppofe 


A Corollary 
added by 
Flufates, 


Demonſtia 
tion . 


This propofi- 
tron andthe 
former way be 
extended to 
numbers how 
many [ocHere 
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Tiis propoh- Py that there befoure numbers in proportion A, B, C, Das Ais to B folet 
Bin b ams C be to D. And let A multiplieng D produce E : and let B multiplieng C pro- 
bis demon- duce F.T hen I fay thatthe — E is equall unto the number F. Let A mul 
Jlvatctb shat tiplieng C produce G.Now fora[much as A multiplieng C;produceth G,C mal- 


whieb the 16, tiplieng D it producetb E : it folleweth tbat tbe number A 
of the fixtb multiplieng two numbers C and D, produceth G and Ee A ...... 


dir VVherfore by the 7 of the feuentb, as C is to D, fois Gto /B.... 
in lini E. But asC1sto D, fois Ato B, wherforeas AistoB, fois C ... 


Conftruftion, GtoE. Againe,forafmucn as Amultiplieng C producedG, D.. 
Demonflra~ and B multiplieng C produced F : therfore two numbers A 
tion. and B,mult:plieng one nũber C,do produce G & F. VVher- E ............ 
fore by the18. of the fenenth,as AistoB, foisGtoF. But F vssesscseaes 
as A1sto B, fois Gto E : wherfore as GistoE, foisGto F. G.................. 
VV herfore G hath to either of thefe Eand F one cr the fame 
proportion (But if one number haue to two numbers one and the [ame proportion, the [aide 
tivo numbers hall be equall). VV herfore E is equall unto F. 
But nowagaine,fuppofe that E becquall unto F. Then I fay that as A is to B, fois C to 


i : D. For the f'amc order of conffruttion vemaynine [Hill fara[much as A multiplieng C &- D 
oh ohtion Produced G and E,therfore by the 17 of the feuenth, as C is to D fois G t0 E, but E is equall 


which the ‘Unto F (Butiftwonumbers be equall,one number fhallhaue unto them one and the fame 
connerfeof  propertion) wherfore as G is to E,foisG to F But as Gis to E, foisC to D. Wherefore asC 
the firs ‘ts to D fo is G to F,but asG isto F fois A to B by tbe y8.of the feuenth, mherforeas Aisto 
^ oe 4^ — gfoisCto D - which was required to be proued. 


Here Campane addeth ,that it is needeles to demonftrate,that if one number haue to 





An Sie two.numbers one and the fame proportion, the faid two numbers fhall be equall: or 
anded by As : ; 
Cam thatif they be equal,one number hath to them one and the fame proportion.For(faith 
ampant oy : bar 
s he)ifG hae vnto E and F oneand the fame proportion;thé either,what part or partes 
G isofE,the fame part or parts is G alfo of F:or how multiplex Gis to E, fo multiplex 
is G to F (by the 21,definition)And therfore by the 2 arid 3 common fentence,the faid 
numbers (hall be equall.And fo conuerfedly,if the wo numbers Eand F be equal.then 
(hall the numbers EandF beeither the felfe fame parte or partes of the number G, or 
they (hall be equemultiplices vntoit, And therfore by the fame definition the number 
G fall haue to the numbers E and F one ånd the fame proportion. 
f T he 18. T beoreme. T he 20. Propofition. ad 
If there be three numbers in proportion, the number produced of the exe 
tremes jis equall to the [quare made of the middle number. And if that nës 
ber whichis produced of the extremes be equall to the fquare made of the 
- middle number ,tbofe tbree numbers [ball be in proportion, 
al V ppofe there be three numbers in proportion, A,B,C, as A isto B folet B be to 
This propofi- SM) C. Then 1 fay that the number produced of A and C is equall to the [quare num 
Bion in nus KS SS ber which ts made of B. Put vnto Ban. equall number D. 
Lemidemn- KEKO] Wherfore as Ais to B, [ois D toC. Wherfore that whichis As. ..sseue 


fron Pod produced of A inte Cii equal-unto that which is produced of B into D. B... 
7* “But that which is produced of B into-D.is equal to that which is made C.... 


the fixth i — 
aero of B (for Bis equal unto D) wherfore that which is produced of Ainto. D...... 
aa lines, Gi equal to that whichismadeof B. 2. LE ; 
Demosfra- — 7 But now Juppofe that that which is produced of Ainto C, be equali 


tion. 


a 
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t0 Lak which is made of B. T ben I fay that as A is to Byfa is B to C. For (the fame order of 
conitruction remayning) forafmuch as that which is produced of A inte C,is equall to that 
which is made of B, but that which is made of B, is equal to that which ix produced of B in- 
to D. (Fer B and D are by fuppofition egnall): therfore that which is produced of A into C 
is equailto that whichis produced of Binto D : wherfore (by the fecond part of the former 
propofition) as A.isto B,fo is D to C:butt D is equal to B. Wherefore asi Ais to B, fo isthe 
ane B to C : which was required to be proued. ; : 


g Tke 19. T heoreme. The 21. Propofition. 


: The left numbers in any proportion meafure any other nisbers haning the 
Jame proportion equally the greater the greater t7 tbe leffe the leffe. 





ZY ppofe that CD & EF be the leajt numbers that haue one & the fame propor- 
jen with tbe numbers Aand B.T hen 1 fay,that the nuraber C D fo many times 

Sl meafureth the number A,as the number E F meafureth the unmber B. For for- 
a afmuch as byfuppofition C D isto E Fas Ais to Band C D and E F are alfo 
fuppofed to be lefe then A and B : therefore C D and E F are either part ar partes of A and 
B (by the 4.0f this beoke, and by the 21.definition of the fame) . But they are not partes. For 
if it be pofil te, let C D be partes of A.V Wherfore E F is the felfe fame partes of B,that C D 
ss of A. Wherefore how mary partes of A there are in C D, fo many partes are there of B in 
E F . Detide C D into tbe partes of A,that is, into C G and G D. And likemie deuide E F 
into the partes of B,that is, into E H and H F. Now then the multitude ` 
ef tbefe C G and G D jisequallvnto the multitude oftbefg EH (HF... C. G.. D 
And forafmuch as Gand GD are numbers equall the one tothe other,  E..H.F 
and thefe numbers E H and H F are alfo equall tbe one to tbe other,and — Ai... LLL. 
the multitude of. theft G and G D, is equell to themuttitude of thefe Besse. 
E H and H F c therefore as CGistoE H, fois G Dto H F. Wherefore 

by the 12:6f the fenenth ) as one of the antecedentes is to one of the confequentes, foare all 
she antecedentes to all the confequentes. Wherefore as CG is to EH, fais C D to E F.Wher- 
prec Gand EH ave in the felfe fane proportion that C-D and E F are,being alfo lefe then 
C D and EF : whith isimpofible For C D and E F are fuppofed to be the leat that haue 
bre and the fame proportion with them . Wherefore C D is not partes of A: wherefore it is 
a part :Wberefore E F is of B the folfe fame part, that C D is of A. Wherefore C D fo many 
pones mea[urethb ,as E F doth B “which was required to be demonfirated. 


g The 20. T leoreme. The 22. Propofition. 


If there.be three numnbers;and other numbers equal pnto thé in multitude, 

Which being compared two and two are in the felfe Jame proportion, and if 
alfo the proportion of them be perturbate,then of equalitie they [Pall be in 

one and the fame proportion. 


: V ppofe that there be three numbers A UE andC:and A... 
N let the other numbers equallunto them in multitude B.... 
Sy beD,E,and F. Andlettwoand two compared toge- C+. 

ther bein oneand the fame roportion : and let the proportion 
of them be perturbate , fo that as A isto B, fo let E be toF,and D 
as BistoC, foletD betoE . Thaw Ffay, that of equaliticeas A E 

is te C, fo is Dio F -For for thas as A isto B, fois- E to Fè Fan. 

t Vui. therefore 


The fecond 
part whichis 
the conn:rje of 
the frf. 
Derconilra- 
tion. 


Demonftra- 
tion leading to 
an impofsibi- 
litje 


This propoh- 
tion in difcret 
quátitie anf- 
wereth tothe 
23-propofte 
£10 of the fifth 
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The feuenth Booke ` 


therefore that which is produced of A into F, is (by the 19.0f A.o 


the fenéth equall to that which is produced of BintoE.Againe B . 
for that as BistoC,fois D to E,therefore that which is produ- C .. 
ced of D into C,is equal to that which is produced of B into E. 
And itis proued, that that which is produced of Ainto Fyise- Dosono, . 
qual to that which is produced of B into E.Wherforethatwhich E ........ 
5 us produced of A into F,is equal to that which is produced ofD F ...... 


into C. Wherefore( by the fecond part of the 19. of the fenenth) 
as AistoC, fois D to F : which was required to be proud. 


The (ame may alfo be proued if in either order be more then three numbers: as ie 
was proued in the 2 5 .of the fift touching more magnitudes then three. 


ff T he 21. T beoreme. The 25. Propofition. 


. z e` i 
Numbers prime the one tà tbe other: are y leaft of any numbers , that haue 
one and the fame proportion with them. 


This andthe IU. V ppofe that A and B be numters prime the one tothe other T ben 1. ‘fay that Aand 


elenen propo- \B are the leaft of any numbers that hane one and the fame proportion with them. 
licions follow- (AX! For if A and B be not the leaft ofany numbers that haue one and the Jame propor- 
sng declare the tion with them, then are there fome numbers lefethen A and 
pejfonsand — p being in the felfe farae proportion that Aand Bare. Letthe A suse. 
prope! pu fame be C and D.Naw forafmuach as the leaft numbers in any B.. 
HOME proportion meafure any other numbers hauing the fame pro- E.. 
portion equally , tbe greater the greater , and the leffe the leffe c 
(by the 21. of the fenenth ) that is,the antecedent the antece- D 
dent,and the confequent the confequent : therefore C fo many 
times meafureth Ayas D meafurethB . How many times C meafureth A fo many vnities 
Demonftrae let there be in EWherefore D meafureth B by thofe vnities which arein E.And forafmuch 
tion leading ta as C meafureth A by thofe unities which are in E , therefore E alfo meafureth A by thofe 
an impofibi- ynities which arein C ...And by the fame reafon E meafureth B , by thofe unities which 
"ty arein D Wherefore E meafureth A and B being prime numbers the one ta the other:which 
( by the 13. definition of the feuenth ) is impoffible . Wherefore there are no other numbers 
lefe then A and B, which are in the felfe fame proportion that A and Bare .Wherefore A 
and Bare the leaft numbers that haue one and the fame proportion with them : which was 
required to be demonftrated. ^ 


f T he zz. T beoreme. T be 24. Propofition. 


The leaft numbers that hane one and the fame proportion witb tbem:are 
prime the one to the other. 


seal Vppofe that A and B be the leat numbers that haue one and the fame proportion 





Thisisehe cf || RO wth them. Then 1 fay that A and B be prime the one 
uerfeofihe ^ Meet ro the other. For if A GB be not primetheonetothe A.u... 
former propo- other, then fhallfome one nuber meafure A Qr B. Let the fame B. 7 
stion be C.And how oftentimes C meafureth A , fo many unities let Cost 
there bein D:and bow oft£times C meafureth Bf — vni- D... 
ties let there bein E. And forafmuch asC meafureth Aby E.. 


of Euclides Elementes. Fol.196. 


thofe unities that are in D , therefore C multiplying D produceth A. And by the fame rea- 

fon C multiplying E produceth B.Wherefore the number C multiplying tmo aumbers D and 
E,produceth A dy B. Wherefore(by the 17.0f the feuenth) as D isto E,fois Ato B.But the 
numbers D and E are leffe then A and Band are alfoin the felfe fame proportion with thé, 
which is impoffible Wherefore no number meafureth thefe numbers A and B. Wherefore A 
and B are prime the on to the other-which was required to be demonftrated. 


gi T be 23. T beoreme. - The 25. Propofition. 


Iftwo numbers be prime the onto the other:any number meafuring one of 
them fhalbe prime to the other number. 


aa! ‘ppofethat A and B be tmo prime numbers the on to the otber. And let fome num- 
ber namely,C,meafure A.T hen I fay that C and B are prime numbers the on tothe 


Dall other For if C andB be not prime the one to the other, let forme number meafure C 
and Band let the fame be D. And forafmuch as D meafureth . 
C, ard C mea[ureth A,therfore D alfo meafureth A(by thefift A... 
common fentence) and D meafureth B. Wherefore D meafu- B 
retb A and B being numbers prime the cn to the other , which GC 
is tmpoffible (by the 13.definition of the feuenth) -wherefore no D 
number meafureth thefe nurabers B ad C . Wherefore B and 
C are numbers prime the on to the other Which was required to be proued. 


q The 24. Theoreme. The 26. Propofition. 


If two numbers be prime to any one number, tbe number alfo produced of 


them fhall be prime to the felfe fame. 


AV ppofe that the two numbers A and Bbe prime to any one number, namely, to 
C,and let A multiplieng B produce D. T ben I fay that C and D are prime 
numbers the one to the other. For if C and D be not prime the one to the other 
Saee a. then fome number fhallmeafure them. Let there be anumber that meafureth 
them,and let the fame be E. And forafmuch as AandC are prime 

numbers the one to tbe other and the number E meafureth C.T herfore A.. B... 

E aad A are (by the 25. of the fenenth) prime the one to the other. And C..... 
forafmuch as E meafureth D. How many times E meafureth D fo ma- D... 

ny vnities let there be in F. Wherfore F alfu meafureth D by thofevni- E... 

ties which areis E.Wherfore E. multiplieng Y producetb D.But Aalfo FP.. 
multiplieng B produced D. Wbeefove that which is produced of E into 

F is equallto that which is produced of AintoB. But if that which is produced of the ex» 
tremes be equall to that which is produced of the meanes, then are thofe foure numbers in 
proportion (by the 19 .of the fenenth) wherefore as Eis to A, fois BtoF. But Aand Eare 
prime the one to the other. Yea they are prime and the least in the fame proportion (by the 23 
of the fenenth.) But the leait numbers tn any proportion meafure any other numbers hauing 
the fame proportion equally the greater the greater and the leffe the leffe, that is, tbe antece- 
dent the antecedent and the confequent tbe con[equent by the 21.of the feuentb: wherfore E 
meefureth B, and it alfo meafureth C : wherfore E meafureth C and B, which are by ſup- 
poſition numbers prime the oze to the other, which is impoffible by the 13. definition of the 
Vv. į. fesenth, 
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fenenth. Wherfare no number meafureth thofe numbers C and D. Wherfore C and D are 
prime the one to the other : which was required to be proned. 


f T be 25. T beoreme. The 27. Propofition. 


Tftwo numbers be prime the one to the otber that which is produced of the 
one into him felfe,ssprime to the other. 





— V ppofe that there be two — the onetothe other, A... Bu. 
MS CR || A and B, and let A multiplieng himfelfe produceC. Then] C... usus. 
OSN CA Jay that B and C are prime the one tothe other. For put vn- D... 


ASAN 10 A an equall number, namely, D. And forafmuch as A dr 

B are prime the one to the other,and.A ts equall unto D : therefore D and E alfo are prime 
the one to the other. Wherfore either of thefe numbers D and A is prime ta B.Wherfore that 
which is produced of D into A is prime unto B by the former propofition. But that number 
whichis produced of D into Ais the number C. Wherefore C and B are prime numbers the 
one tothe other : which was required to be proned. 


g The 26. Theoreme. The 28. Propofition. 


Iftwo numbers be prime to two numbers eche to either of both:the numbers 
produced of them {hall be prime the one to the other. . 

s Vppofethat there betwo numbers A and B prime totwo numbersC and D, either 
| x of ooth,to either of both :namely Jet either of thefe A and B be prime to C, and alfo 
yee ito D. And les A multiplieng B produce E, and let C 
 raultiplieng D produce F. Then I fay that E and F are prime A... 

numbers she one to the other .For forafmuch as either of theft A B 

€? B are prime vnto C,therfore that which is produced of A into 
Bis prime unto C by the 26. of the fewenth. But thas which is 
produced of A into Bis the number E, therefore E and C are 
prime the one to the other. And by the fame reafon alfo E and 
D are prime the one to the other. Wherfore cither of thefe num- 
bers C aad D are prime unto E : wherefore that. alfo which is 
produced of C into D is prime unto E by the fame. But that F... “ea 
which is produced of C into D is the number F Wherfore E and 

F are numbers prime the vne to the other : which was required tc be demonftrated. 


DA fh 


g The 27. Theoreme. The 29. Propofition. 


If two numbers be prime the one to the other and ech multiplying him felfe 
bring forth certaine numbers:the numbers of them produced fhail be prime 
the one to the other . And if thofe numbers geuen at the beginning multi» 
__ pling the fayd numbers produced produce any numbers : they alfo fhall be 
prime the one to the other : and fo {hall it be continuing infinitely. d 


Suppofe 
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AV ppofe that there be two numbers A and B prime the oneto the other. And let A 

| multiplying him felfe produce C : and multiplying C let it produce E. Likewife 

let B multiplying him felfe produce D, and multiplying D letit produce F Thé 

USSK 1 fy that C and D are numbers prime the one to the other . And likewife that E . 
qnd F are numbers prime the one tothe other . For forafmuchas A and B, are prime the De ronſtra- 
ene to the other, and A multiplying him felfe produced C, therefore C and B are prime the tion. 

one tothe other (by the 27.0f the feuenth) . And by the fame reafon forafmuch as Cand B 


a é 





OR Peis vested se eae ke —— —— 
are prime the one to the other, and B multiplying him felfe produced D, therefore Cand D 
‘are prime the one to the other. Againe forafmuch as A and B are prime the one to the other, 
and B multiplying him felfe produced D .Therefore (by the 27 .0f the fenuenth) A and D are 
prime the one tothe other . Now then forafmuch as two numbers Aand C are prime totwo- 
numbers B and D, either of both to either of both : therefore (by the 28 of the feuenth)that- 
which is produced of A into Cis prime to that which is produced of B into D.But that which 
i produced of A into C is the number E and that which is produced of B into D is the num- 
ber F Wherefore E and F are numbers prime the one to the other. And fo alwayes if A c B 
multiplying the numbers E and F do produce any numbers, the numbers produced, may by 


the former Propofition, be proued to be prime the one to the other : which was required to be 
proued . yet 


eetostoososoovn 


ess gp The 28. T heoreme. T he 3o. Propofition. * 


Qo dftwo numbers be prime the one to the other : then both of them added toe 
| gether, fhall be prime to either of them. And if both of them added toges 


ther be prime to any one of them, then alfa thofe numbers geuen at the bee 
ginning, are prime the one to the other. 


I ppofe that thefe two numbers AB and BC being prime numbers be added to- 
gether :T hen 1 fay,that both thefe added together namely, the number ABC, 
is primé to either of thefe A B, and B C . For if C A and A B be not prime the 






“LSM one to the other, Jome number then fall meafure them . Let fome number mea- Demonflras 
furethem, and let the fame be D . Now then forafmuch as D i 2 ef the 
meafureth the wholeC A and the part taken away AB it mea- Aosa. Bows, c fen PUR 
ſureth Alo tbe refidue C B ( by the q.common ſentence). And D .... Ja dh ab- 
it méafureth B.A. Wherfore D meafureth thefe numbers AB 


and B C being prime the one to the other : which is impoftible (by the 13 definition of the fe- 
"uenth )-. Wherefore no number meafureth thefe numbersC Aand AB. Wherefore C A and 
AB are prime the one to the other . And by the fame reafon alfa may it be proued, thatC A 
and B C are prime the one to the other. Wherefore the number AC is to either of i theft num- 
bers A B and B C, prime. 

Bnt nom fuppofe that tbe numbers C A and AB be prime the one tothe other . Then 
JL faysthat the numbers A Band BC are alfv prime the une tothe other . For if ABGBC 
be not prime the onc to the other : fome one number meafureth the{e numbers AB and BC: 


Fv ij. Le 


Demonſtra- 
sion of the 
Second part 
which ss the 
conuerfe of the 
firl leaamg 
alfo to an ab- 
furditie. 


Demcenflra- 
ston leading to 
an abfurditie. 


Deweüflre- 
B 


;oultiplymg E produceth C:but A alfo multiplying B produced 


A The fenenth Boe 


Let fome one number meafure them, and let the fame be D. And forafuch as D meafurësth 
either of thefe numbers A.B and BC, åt fhall alfo meafure the whole C A (by the 6. common 
fentenee) . And it alfo meafureth A B. Wherefore D teafureth thefe numbers C A and A B 
being prime the one to the other ; which is impoffible (by the 1 3. definition of the feuenth). 


Wherefore no number mea[urcth tbefe numbers A B and B C .-Wherefore A B and B C are 

|o prime the one to the other , which was required to be proued. MURS 3 

M 3 UN n N — NS — wo sca 
q 1 be 29. T beoreme. T he 31. Propofition. 


Exery prime number is to enery number which it meafureth not, prime. 






TX BY ppofe that there be geuen a prime number, namely, A,and let'B be an other nit. 
XS ee d it meafureth — hen 1 fay that the — BG A ave prime the 
LASS CS one tothe other . For if A and B ke not prime the one tothe other, then [ome 
EXE X number meafureth them . Let there be a number that meafureth them, and let 
the Jame be C. Now C is no vnitie . And forafmuch as C mea- ; . 
"227 B, but A mcafureth not B,therefore Cis not one andthe | A eee Bescceeesee 
[ame xumber with A. And forafmuch as C meafureth AQ B, | C ..... 

s alfo meafureth A being a TD number, and being not one 

and the {ane with it « which is impoffible (by the 13 definition of the fenenth).Wherfore no 
aule meafureth thefe numbers A and B. And therefore A and B are prime the one to the 
other’: which was required to be proued. : 


UE 1 T he jo. T beoreme. (0 The 32. Propofition: / 





If two numbers multiplying the one tbe other produce any number , and if 
alfo fome prime number meafure that which is produced of them: then 
s fPall it alfo meafure one of tbofe numbers wbich were put at the beginning. 






7 po that two numbers A and B multiplying the one to the other do produce the 
i nuber Cand let forse prime number namely, D mea[ure C.T bé 1 fay that D mea- 
t fureth one of thefe numbers either A ov B.Suppofe tbat it men[uré ntt A:nom D is 
a prime number Wherefore Aand D are prime the one to the . ~ - 
ather(by the propofition next going before). And how often D 
mienfureth C fo many vnities let tberc be in E. And fora[much 
25D mea[ureth C by tbofe rnities which are in E,therfort D 





SEDI 


C wherfore that which is produced of D into E is equalto that 


| whichis produced of A into BYV herfore ( by the x9-ofthefe 


_ uenth) as AistoD , fois Eto B:but D and A are prime numbers : and therefore the leaft 


A Covolsiy 
added by 
Campane, 


numbers in that proportion: but the leafl in any proportion meafure the numbers hauing the 
Sebfe fame proportion with them equally, the greater ,the greater,and the leffe,the le fe that "m 
the antecedent the antecedent, and the confequent,the confequent (by the 21.0f the ſeueth). 
wherefore the confequent D meafureth the confequent B . In like fort ie we prone that if 
D meafure not Bit meafireth A.VV herfore D meafureth one of thefe nibers A or B:which 
was required to to be proved. T - 
e — A Corollary. : . - 
Hereby it is manifeftthat if anamber meafure a number produced oftwo nübers 
multiplied the one intothe other,or be commrenfatable to the fame, it fhall alfo ms 
. ineafure 


je 
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meafure one of the two numbers multiplied, or be commenfurable with one of them, 
The31.Fheoreme. , T be 33. Propofition. 
Euery compofed number js mcafured by ome prime number. 


—— | Vypofe that A be acimpofed number .T hen fay that Ais meafured by fome 
» < - ut -i 3 
—8B 






‘S| prime number. For forafmuch as Ais a compofed number , fome number muf 

NOS meedes neafure it(by the 14 . definition of the {ewenth) . Let there be a number 
(OSS! that meafureth rt, and let the fame be B.. Now if-B be a prime number then is 
that manifeft whichswe feeke for: but if it be a com- 


pofed number fome number veufl pecdes mefureit C... : 
(by the felfe fame definition) Let therebeanumber B... Lue 
that meafureth it and let the fame be Cr And for-, A vvesecceet ode pe VA 


afmuch as C meafureth B ,and B meafureth A: ; 
therfore C alfo mea[ureth A(by the s .commaon féntéce) :and if C be a prime number then is 
that marifefl wbicbwe fought for . But if it be a compo[cd number fome number [hall mea- 
fure it:and thelike confideratian being. bad there [ball at the length be found fame prime 
number which meafureth the number going before,which [ball alfo mea[ure A. For if tbere 
be not found any [uch prime number then fhall infinite numbers decrefing meafure the fayd 
number A of which the one is deffe the the other which is impoffible in numbers. VV. herfore 
fome prime number fhall at the length be found which [hall meafure the number going before 
and which fhallalfo meafuve tbe number A( by the 5 common fentence).Enery copofed num- 
ber therefore is meafured by fome prime number: which was required to be proned. 


Wane 


oo An other way. 


 Suppofe that Abea compofed number. Then 1 fay that [ome prime number meafureth 
it. For forafmuch as A is acompofed number, fome number {hall meafure it (by the 14.de- 
finition of the fenenth) Let the leait number that meafureth it be B. ? 
Then I fay that B is a dui number. For if B be not a prime num. A ....... 
ee number [ball mea[ure it. LetC meu[ure it. WhereforeCis — B. 
leffe then B. «nd fora[much as Comeafureth B, and B meaſureth C.. ` 
‘A, therfore C-alfo meafureth A being fe then B, which by fuppo- : 


fition is the leaft number that meafureth A mbich is abfurd. W, erfore B is not a compofed 
number,brt aprime number which was required to be proued. 


beaten bial WALT fp 32. T heoreme. The 34. Propofition. 


Euery number is either a prime number yor els fome prime number meaſu- 
ues —— 
sje eNO velie. t : : 
Vppofe that there be a number A. T hen fay that A is either a prime number,or 
à els [ome prime number meafnreth it. For if A be a prime number : 
rete then isshat bad whichis required. But if itbea compofed num A... 
ber fome prime number fhallmeafure it ( by the 33.0f the feuenth). Euery A 
saber therfore is either, prime anmber,or els fome prime number mea- - 
fereth it : which was requived to bc demonftrated. 


3 ` 
vias 
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Vveiiij. Suppofe 


Demonflra- 
tion leading to 
an impoſſibi- 
lines 


. 
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monftration. 


Demonftra- ` 
tion. 
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cafe. 
Demonflra- 
tiou, 


Demonflra- 
tion leading to 
an abfurditie. 


A Corollary 
addedby 
Canpene. 


. 


Tbe firl cafe. — the fame proportion with them (by the 23. of the fe- 


— The feuenth Booke 
q The 3. Probleme. The 31.Propofition. 


How many numbers foeuer being genen,to find out the lea/t numbers that 
hane one and the fame proportion with them. 






IV ppofe thas there be a multitude of numbers geuen, 


I namely, A,B, and C.Itis required to finde outthe A... 
S \deaft numbers that hane one and the fame proporti- B o...n... 
<4 on with thefe numbers A,B,C. ThefenumbersA, — C ...... m 


B,C, are cither prime the one to the other or not prime.If A,B, 
C, be prime tbe one to tbe other ,then are they the leaft that baue 


‘ E. 

But if they be not prime,take by the 3 of tbe feuentb,yumnto A, F.. 
B,C, the greatef? common meafure,which let be the number D. G... 
vnd bow often D meafureth enery one of thefe A,B,C, fo ma- 
ny unities let there be in enery one of thefe numbers EFG. H.. 
Wherfore thefe numbers E,F,G, do meafurethefe numbers A, K.. 

L.. 


B,C, by .thofe vnities which arein D. Wherfore thefe numbers 
E,E,G, meafure thefe numbers A,B,C, equally. Wherfore E, 
F,G, ave by the 18. of the fenenth, inthe felfe fame proportion M... 
that A,B,C, are.Now then I fay that they alfo are the leaSt.For 
if E,E,G, be not the least that haue one and the fame proportion, with A,B,C, there hall 
thé be fome numbers leffethen E,F,G, being in the felfe fame proportion that A,B,C are. 
S uppofe that the fame nitbers be H,K,L,which fhall meafure the numbers A,B,C, equally. 
How many times H meafureth A, fo many vniities les there be in M.Wherfore either of thefe 
K and L meafureth either of thefe Band C by thofe unities which are in M (by the 2x. of 
the feuenth) . And forafrauch asH meafureth A by thofe unities whith arein M, therfore 
M alfomeafureth A by thofe unities which arein H. And by the fame reafonM meafu- 
reth either of theJe Band C by thofe unities which arein either of thefe K and L. Where- 
foreM meafureth thefe numbers A,B,C. And forafmuch as H meafureth A by thofev- 
nities which are in M, therfore H multiplieng M,produceth A. And by the fame reafon E 
P D, produceth A. Wherfore that which is produced of E into D is eguall to that 
which is produced of H into M. Wherfore(by the 19. of the feuenth) as Eis to HfoisM to 
D. But Eis greater then H,wherfore M alfo is greater then D,and it meafureth thefe num 
bers A,B,C,which is imp ofisble. For D is fuppofed to be the greatest common meafureun- 
20 A,B,C. Wherfore there [hall be no other numbers lefe then E,F,G,and in the felfe fame 
proportion with A,B,C. Wherfore E,F,G, are the lest numbers which haue one and the 
fame proportion with A,B,C : mbich mas required to be done. 

WR rid — x A Corollary. 

Hereby itis manife(t that the greatelt common meafure to numbers how many foes 
uer : meafureth the fayd numbers by the numbers in the leaft proportio that the nume 
bers geuen are. "TE ' 


f The s. Probleme. T he 36. Propofition. 
Two numbers being geuen to finde ont the lefbnüber which they meafure. 
O sf 


of Euclides Elementes. Fol.199. 


A — that the two numbers geuen be A and B. It is required to finde out the 
: WE | lesi number which they meafure . Now A and Bare either prime the oze to the 
NR ET ondes m" 3 — 
other, o no? . Suppofe first that A and b be prime the one to tbe other : and let 

SS Fel A multiplying B produce C: wherefore Bymulsiplying A prodaceth alfo C (by 
the 16.0; the fenents) Wherefore A and B meafure C. Now alfo I fay, that C is the lest nit- 
ber which they mea[ure . Vor 1f it be not, thofe numbers A and B meafure fome number lefe 
then C : les them meafure fome number leffe then C, and let the fame be D : and how often A 
meafureth D, {0 many vnities let there be in E sand haw often B meafureth D, fo many v- 
nities let there be in F Wherfure A multiplying E produceth D,and B multiplying F pro- 
duceth alfo D . Wherefore that which is produced of A into E, 

1; equall to that which is produced of B into F : wherefore (by A... 

the 19.of the feuenth) as AistoB,foisF toE. But AandB B... 

are prime : yea they are prime and alfo the left in that propor- 

tion (by the 23.0f the [euentb ) : but tbe lf] numbers inam —| C v.seeevessee 
proportion meafure thofe numbers tbat baue onc and tbe fime P........ 

proportion with them equally : the greater the greater: andthe E... 

efie the lefe (bythe 21.0f the feventh) . Wherfore B meafureth — F ..L.. 

E pamely, the confequent tbe confequent . And forafmuch as " 

A niultiplying B and E produced C and D : therefore (by the 17.0f the fenenth)as B isto E, 
fois C to D . But B meafureth E.Wherefore C alfo meafureth D,the greater, the lofve:which 
is immpoftible . Wherefore sf thofe numbers A and B be prime, they hall meafure no number 
lefve then C Wherefore C is the left number which A and B meafure. 

Bat now fuppofe that A and B be not prime the ene to the other,and take (by the 3 5.0f the 
fenenth) the lest aunsbers that hane one and the [ame proportion with A and B, and let the 
‘fume be F and E Wherefore that which is produced of A into E, is equall to that which is 
produced of B into F (by the rg of the  feuenth) - Let A multiplying E produce c : wherfore 
B multiplying F prodeceth alfo C .Wherefore A and B mea[ure C .T ben 1 fay, that C is the 
Left number that they meafure . F or if it be not, thofe numbers 

Aand B fhallmeafure fome number lefe then C: let them mea- 
fire a number lefe then C, and let the fame be D. And how of- 
ten A meafureth D, fo many viities let there bein G.And how 
often B meafureth D, fo many unities let there be in H. Now 
then A multiplying G produceth D.And B multiplying H pro- 
duceth alfo D . Wherefore that which is produced of A into G, 
is equall to that which is produced of B into H . Wherefore (by 
the 1 9 of the fenenth) as Ais to B, foisHtoG . Butas Aisto 
B, fo is F to E Wherefore as F is to E, fois Ho G : but the left numbersin any proportion 
meafure the numbers that haue the fame proportion with them equally, the greater the grea- 
ter C the lefe the lefe (by the 21.of tbe feucth). VV herfore E meafureth G.And forafmuch 
as A multiplying G and E produced C and D. , therefore (Ly the 17.0f the fift) as E is toG, 
fois Cto D. But E meafureth C. VV hereforeC alfo meafureth D the greater the lefe:which 
is impofiible. Wherefore thofe numbers A and B do not meafure any number leffe then C. 
Wherefore C is the left number that is meafured by A and B: which was required to be done. 
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The 33. T beoreme, The37. Propofition. 


If two numbers meafure any number,the leaft niuber alfo which they meae 
Jure,meafureth the felfe fame number. 


—— — Suppoſe 


Two tafes ia 
this propoſieiũ. 


The first cale, 


Demonſtra- 
tion leading to 
«ti ab[urdiis, 


Thefetond 
uw 


Demonstra: 
tion leading tò 
an abſurdicie. 


Demontre- 
sion leading to 
an impoffibi- 
bute. 


Twoeafesin 
this propofitid. 
The first cale, 


Demosflra- 
eiau leadiug to 
an abſurditie. 


The fecond 
cafe. 


Demonflva- 
tion leading to 
an abſurditie. 


The feuenth Booke 


Vppofe that there be two numbers genen A and B:and let them meafure the nuin- 
QX ber C D: and let the leaft number that they meafure beE.. The 1 fay tharE alfo 
Oe meafurcth the number CD. For ifE donot mea- 


fureC D,let E meafuring C D,thatis fubtrahed out of CD A.. 

as ofté as you can,as for example,once,leaue a lef%e then it felft, B... 

namely, C PF. And let the number {ubtrahed which E meafu- E...... 

vethbeFD, and forafmuch as Aand BmeafureE,andE C....F..s.. D 
meafureth D F , therefore A and B alfo meafure DF . And 

they meafurethewhole C D,wherefore by the 4.common fentence of the fenenth they mea- 
— that which remayneth C ¥ being le(fe then E-which is impoffible. Wherefore E. of 
neceffitie meafureth C D, which was required to be preued. 


y The s. Probleme. T be 38. Propofition. 
T hree numbers being genen „to finde out the leaft number which they meafure. 


AE ] F'ppofe that there be three numbers geuen A, B , C . 1t is required to finde out the 
OSG eaf number which they meafure.T ake(by the 36.of the feucath)the leaft nnmber 
Viren) which A and B meafure,and let the fame be D. Now thea C either meafureth D 
or els meafureth it not.Firft let it vaea[ure it. And the numbers 
alfo A and B meafure D:wherefore A,B,C, meafure D.Now A... 
then I [ay that D is the leaft number which they meafure. For Baas. 
if no let the numbers A,B,C ,meafure fome number leffethen Cassese 
D,and fet the fame be E. And fora|mutb as A,B, C, meafure | D... eee een 
E therefore alfo A and B meafure E , wherefore (by the 37. E........ 
the fenenth ) the leaft number which thofe numbers A and B 
meafure [hall abfo meafure E.But the leaft number which A and B menfure is D . Wherfore 
D meafureth E,the greater the lefe:which is impofvible Wherefore thefe numbers A,B,C, 
hall not meafure any number leffe then D. Wherefore D is the Leaft number that A,B,C, 
doo meafure. 

— fuppofe that C meafure not D.And take ( by the 36.of the feuenth ) tbe leat 
number whith thofe two numbers C and D do meafure,and let tbe [ame oe E. And foraſ. 
much as A and B mea[ure D and D meafureth E, therefore A and B alfo mea[ure E. , and 
C alfo meafureth E, wherefore A, B, C, alfo meafure E..1 [ay moreoner that Eis the leaf 
number which A,B,C meafure.Forifit be not let there be fome lefe number then E which 
they meafure , and let the fame beF . And foraf- 
much as A,B,C, meafure F Therefore Aand B A... 
alfo meafure F : wherefore the leaft number which B... 
thefe numbers A and B. do meafure doth alfo ee 
forek (by the 37.0f the feuenth) But theleaft num D. .P........ 
ber which À and B. doo mea[ure is D .Wherefore | E. ...... PIE 
D meafureth F.And C alfo meafurethF.Wherfore F sscosesvecsecvovvesees 
D and C meafure F Wherefore the leaf number 
which C and D doo meafure,fhall alfo (by the felfe fame) meafure F.But the least number 
which C dr D meafure is E.Wherfore E meafureth F, namely, the greater,the lefe, which 
7s impoffible . Wherefore thefe numbers A , B, C,do not meafure any number leffe then E. 
Wherefore E is the leaft number which A, B, C, doo meafure : whichwas required to be 
demonfirated. 






In like mancr alfo how many numbers focucr being geuen, may be found on Hie 
e 
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leaft number which they meafurc., For if vnto thethree numbers A,B, C, be addeda 
forth,then ifthe fayd forth number meafure the number E , then is E the leait number 
which the fower numbers gcuen meaf(ure,But if it doo not meafurc E , thé by the 37.0f 
this booke muft you finde out theleaft number which E and the forth number meaíure. 
Which fhall be che number fought for. And (o likewife if there be fiue, (ixe,or how ma- 
nyfoeuer genen, I I 


Corollary. 


Hercby it is manifeft that the leaftcommó meafure to numbers howmanyfoeuer, 
' meafüreth euery number which the (ayd numbers howmany(ocuer meafure. 


ff Tbe 34. Theoreme. The 39. Propofition. 


Ifa number meafure any number : the number meafured [all baue a part 
after the denomination of the number meafuring. 






\V ppofe that there be a number B which let meafure the number A .Then I fay, 
‘that A hath a part taking his denomination of the number B . For bow often B 
| meafureth A, fo many vnities let there be in C. And let D be vnitie.And foraf- 
SEAE much as Br meafureth A, by thufe unities which are in C, and unitie D meafu- 
reth C by thofe vnities which are in C, therefore unitie D,fo i 
many times meafureth the number C, as B dotb meafureA.— A eese 
Wherefore alternately ( by thers. of — vnitie D, ſo B.... 

many times meafureth B,as C doth meafure A. Wherfore what C... i 
part units D is of: the number B, the fame petis Cof A-But D. 


. "vnitie D jsa part of B hauing his denomination of B . VV ber- . ] 
- fore C alfois a part of Ahauing his denomination of B. VV herfore A hath C as a part taking 


` 


his denomination of B : which was required to be proned. 


The meaning of this Proppfttion is,that if three mea(ure any number,that number 
hatha third pare, and iffoure meafure any number the fayd number hath a fourth 
part. And fo forth, — 


$T be 35. T beoreme. T be 4s. Propofition. 


Ifanumber haue any part : the number wherof the part taketh his denos 
mination fhall meafure it. 


=m V pole that the number A bane a part, namtly, B : and let the part B haue his 
NS XX demomimation of the number C.T hen I fay,that C meafureth A. Let D be vni- 
RS IS tie . And forafmuch as B is a part of. A bauing bis denomination of C : and D 
k LN being unitie is alfo a part of the number C,haning his denominatio of C : there- 
Sore what part unitie D is of the number C,the fame part is alfo Bof A: 
_ wherefore unitie D fo many times meafureth the number C, as B meafu- Mie vig 
retn A. Wherefore alternately (by the 1 5.of the fexenth) unitie D foma- B. 






, ny times meafureth the number B,as C meafureth A Wherefore Cmea- C.. 
feretb A : which was vequired to be proued. D. 


This Propofition is the conuerfe of the former : and the meaning therofis, thate- 

. uery number hauing athird part is meafured of chrce, and haujng a fourth part ís mca- 

ſutẽd offourc. And foforth. — : 
qT he 


A Corollary, 


Demonſtra- 
tien, 


The conuerfe 
of the former 
propofitiene 
Demonftra- 
tion, y 


The fenenth Booke 
g Theo Probleme. Tb ai. Propofition. 


To finde but the leaf number , that containeth tbe partes geuen. 


ES V ppofe that the partes geuen be A,B,C,namely,let A be an halfe part,B a third 
Conſtruction. & 1 partic C a fourth part.Naw it isvequired to finde out the leaft nuber which cótai- 
ù VE neth the partes A,B,C.Let the faid partes A,B,C, hane their denominations of the 
mumbers D,E,F. And take(by the 38. of the feuenth) the leaft number which the numbers 
D,E,F, meafure, and let the fame be G. And forafmuch. as the b : 
numbers D,E,F meafure the number G,therfore the number G A an "ale 
hath partes denominated of the nitbers.D,E,F (by the 3.9-0f the B athird 
feutth) But the parts A,B,C,haue their denominatio of the num C a fourth 
. bexssD,E,F Whetf ire G hath thofe partes 4,B,C: 1 (ay alfo thas” — 
Demonftratid: jt js the leaft number which hath thefe partes.F or if G be not the , — id 


a 


— toan leaft number which containeth thofe : partes A, B,C, then ht E : 
Mh there be fome number lefe then G which containeth the faide - i — — 
partes A,B,C. And füppofe the [aime to be the number H.Agd — 75 tmn ns 


fors{much as H bath the faid partes A,B,C, therfore the numbers that the partes A,B,C, 
take theiy denominations of hall mtafure H (by the go. of the feuenth) But the numbers 
wherof the partes A,B,C, take théir denominations ofare D,E,F. Wherfore tbc numbers 
D,E,F, necafure tbe vumber H which is le]fe tbem G,mbich is iim, ofible. For Gis Juppofed 
to be tbe leaf! nurilév tat tbe numbers DE,V, do meafure. Wherfere there is no number 
leffe then C which tontaineth thefe partes A,B,C. which was required to be done. 


"V Corrolary. 
A Corollary x, Wergby.itis manifett that if there be taken theleaft number, that numbers how ma-a 
added by hy lotier dò meafüre the (ayd number fhall bethe lcaft which hath the partés denomi- 
Campane. nated of the fayd numbers how many focuer, — 


1> Cupane afver he háchtaughtto Agde ont the firit leait number that contayneth the 
Howto finde Pattes geüen,teachethr alfo to finde oüttfiefecoud Icaft number, char is, which except 
sit tbe fercade the leaft of all is leffe then all other,and alfo the third leaft, and the fourth &c. The eo. 
—— *—— cond is found out by doubling the number G. Fot the numbers which meafure the nú- 
andthe third, BETE thallalfo meafare the double.ctierof (by the 5.commion fentence'of the feuenth), 
amd fo forth ? Buttherecannot be geüen a number greaterthen the number G,& leffe then the dou- 
sufinitly ble therof, whom the partes geuem(hal| meafuresFor foralmuch asthe partes geuendo 
. Treafure the wholé,namely, whichis leffé'then thé double; and they alfo meafure the 
part taken away,namely,the number G,they hhould alfo meafare the refidue, namely,a 
number leffe then G,which is proued to be the left number that they do meafure,which 
as\impofGble « wherefore the fecond-number which the faid partes géuen do meafure, 
-nutt,exceeding G,needes reache tothe double of G, and the third to the treble, and 
the fourch to the quadruple, and fo infinitely, for thofé partes can neuer-meafure any 
number leffe then the numberG, — UN : 
~ By this Propofitionalfoitis eale to find out the leaft number containing the partes. 
. genen of partes.As if we would fiide our the leaft number which contayrieth one third . 
Howtofisd — jac fa halfe patt,and'onefourth part of a third part reduce the faid diuers fra&tiós 
ont ohe lafl |. nto (imple fra&iot (by the common rule of reducing of fra&ions) namely, the third: 
number con- ofan halfeintoa Gxt part of anwhole,and the fourth of third into a twelfth part of an; 
taynngthe — whole,And then by this Probleme fearch out the leaft umber which contaynetha fixe 
pera of parts parcand a twelfth part,and fo haue you donc. 
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L^ iT ter that Egclide hath in the feuenth booke entreated 
£3 of the proprieties Of ium bers in generall, and of certayüe 
v? kindes thereofiore [pecially ,and of prime and compoled 

V numberswithóthers:now in this eight bookehe profecu- The Argente 
f teth farther, and findeth outanddemonttrareth the pro- ofthe eight 

| perties and pa(fions ofcertaync otber kindes of numbers: booke, 
"ag of thelcaft numbers in proportion , and how fuchinay 
to TJA befound outinfinitely in whatfocuer proportion : which 
2^ Af thisg is both dele&able , and to great vfe . Alfo here isen- 

Nie $ treated of playhe numbers, and folide: and of theyr fides, 

of XN and proportion of them , Likewife of the paffions ofnum- 
..bersfquare and.cube,and ofthe naturésand conditions of 

SEUSS sitheirfides, and ofthe meanc proportionall numbers of 

playne,(olide,(quare, and cube numbers,with many other thinges very requifite and 











p Th fft T beoreme. — The fft Propofition. 


If there be numbers in continual proportion howmanyfoeuer and if their 
extremes be prime the one to the other:they are the leaft of all numbers 
that haue one and the fame proportion with them. 

2 
V ppofe that the numbers in continual proportion be A, B,C,D. 
‘ ET And let their extreames namely , A and D be prime the one to 
LAS the other ben I (ay that the numbers A, B, C, D , are the leaf 


' 7 
of alt numbers that have 
F SY 






they be not let E, F; G, C... re 

B e, J H being lefe numbers Dives. cesceeee TETEE 
i ; 

T — — then A,B,C, D, bein 


; E. ! 
the felfe fame proportion that ABC D are. And , 
forafmuch as the numbers A, B, C, D, are in the E esed * pu 
Jetfe fame proportion that the numbers E,F,G,H, 4,777777 Ht an abfur doje 
are,cy the multitude of thefe numbers E, FGH, 70 1 0 2 n 260 7090 g £s 


as equall to the multitude of thefe numbers A,B,C,D, therefore of equalitie ( by the 14. of 
the feuenth as A isto D, fois EtoH.But A and D are prime the one tothe other , yea they 
ave prime and the leat that haue the fame proportion with them. But the least numbers in a- 
ny proportion meajure the numbers that hane the [ame proportion with them equally,the 
‘antecedent the antecedent,and the confequet the confequent (by the 21.0f the fenenth wher 
fore A meafurcth E,the greater the leffe:which is impoffible. Wherefore the numbers E, F, 
G,H being leffe then A,B,C,D, are aot in the fame proportion that A,B,C,D,are,wher- 
Sore A,B,C,D,are the leaf of all numbers which hane one andthe farse proportion with 
Xx. them 


€ bnſintlion. 


Demonflra- 
tion’ 


The eighthe Booke 


them: which was required to be demonflrated. 
f T he i. Probleme. The 2. Propofition. 


To finde out the leaft numbers in continuall proportion as many as fhall be 
required in any proportion geuen. 
N 
o 
VS 


Kppofe that the proportion genen in the leflnumbers be Ato B. Itis required 
to finde out the left numbers.in continuall, [proportion,as many as [hall be requi- 
red,in the fame poe that Aii to B . Let there be required foure . And let 
SOM A multiplying him felfe produce C : and multiplying B letit produce D : and 
lkevife let B multiplying him felfe produce E . And moreouer let A multiplying thofe num- 
bers C,D "Exproduee F,C,H : and et B; multiplying E produce K. And forafmuch as A 
vanltiplyrag bise felfe produced. C,and multiplying B produted D, now then the number A 
multiplying two numbers A and B produced C e D Wherefore (by tbe 17.of the  feuenth) 
as A iSto B, fo is Cto D. Againe, forafmuch as A multiplying B produced D, and B multi- 
plying bim [elfe produced E, therefore ech of thofe numbers A and B multiplying B, bring- 
eth forth thefe numbers D and E . VV herefore (by the 18.of the fenenth) as Aisto B, fo D 
toE Bias A isto B, fo1s C to D . Wherefore as C isto D, fois D to E. And forafmuch as 
A multiplying C and D produced F and G, therefore (by the 17 of the feuenth) as C is to D, 
foisFtoG.ButasCistoD, fois AtoB. Wherefore as AistoB, fois FtoG. Againe for- 
afmuch as A multiplying D and E produced G and H, therefore ( by the 17.0f the feuenth) 
as D isto E, foisG toH . But as Dis to E, fois Ato B .-Wherefüreas A isto B, fois Gto H. 








— 
<> F 
<> 

a 





D MER I cR ENNER RS ts 


K .ueeeeeeehh tont DTP stes sersoseecosocosooo 


And forafmuch as thofe numbers A and B multiplying E produced H and K therefore (by 
the 18 .of the fenenth) as Ais to B, fo is H to K . And it is proued,that as A is to B, fois F to 
C, anad G to H : wherefore as F is to G, fois Gto H,and H to K . Wherefore thefe numbers 
C, D, E,and F,G,H;K , are proportionall in tbe fame proportion, that A isto B .Naw 1 fay, 
that they are alfo the left. For forafmuch as A and B are the left of all numbers thas hane the 
fame proportion with them : but the left numbers that haue one © the fame proportion with 
them are prime the one to the other (by the 24.ef the fenenth) : therefore A and B are prime 
the one to the other : and ech of thefe numbers A Cr B multiplying him felfe produced thefe 
numbers C and E, and likewi{e multiplying ech of thefe numbers C and E they produced F 
and K . Wherefore (by the 29.0f the feuenth)C,E,and F ,K, are prime the one to the other. 
But if there be numbers in continuall proportion how many [oeucr, and if their extremes be 

rime the one tothe other , they are the left of all nicbers that haue the fame proportion with 
them (by the firft of the eight). Wherefore thefe numbers C,D,E,and F,G,H,K are the left 


of all 


of Euclides Elementes. S v Fol.202. 


of all nambers that h3ue the. [ameproportion with A and B. And Yorafomuch as (by the 297 
of the feuenth) that alwaies happeneth touching thé extremes namely, that A and B multi, 
plying the numbens produced F.and K fhall produce other prime. numbers, namely, the ex- 
tremes of fiue numbers in continuall proportion,therefore ( by the firit of this booke) all fiue 

are the left of that proportion . And fo infinitely : which was required ta be donc. 


-g Corollary 
Hereby it 1s manifeft that if three numbers being in continuall proportia 
on, be the left of all numbers that hane the fame proportion with them, 
their extremes are fquares : and if there be foure their extremes are cubes. 
For the extremes of three are produced of the multiplying ofthe nübers A 
and B into thein felucs.And the extremes of foure are produced of the nul- 


tiplying ofthe rootes A and B into the fquares C and E, whereby are made 
the cubes Fand K. a 


The 2. Theoreme. The 3. Propofition. 


If there be numbers in.continuall proportion how mauy foener and if'they 
be the left of all numbers that hane one and the fame proportion with thé: 


__ their extremes fhallbe prime the one to the other. 
V ppofe that the numbersin continuall poprom being the leaft of all numbers 
b rhat haue the fame proportion with theme A,B,C,D. Then I fay that their 
Jextremes A and Dare prime the one to the other. Take(by the 2.0f the cight,or 
by ‘the 35.of the feuenth) the two leaf numbers that axe in the fame proportion 
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CH; K, and fo'almayes formard on more (by tbe former. propofition) "vntill the multitude 
ken be eqnall to. tbe multitude of the numbers genen A,B,C,D. And let thofe numbers 


Thit propef- 
tion tt the to» 


nerft ofthe 


fof. 


be L,M,N,O. Wherfore( by the2g.of the feuentb) their extremes L,O, are prime the one. Demonflra- 
» the other For forafmouch as E and F are prime the one to the other and eche of them mul. tion s 


Xx. tiplieng 


TheeightheBooke =. 
tiplieng himfelfe produced G and Kcr likewife ech of thefe.G & K maultiplicne hinfelfpre--. 
Led L & 0, therfore (by the 29 of the fenenth)G G K are prime the eh tarha ot m fo 
likewift are L and O prime the oneto the ether And fora[much as A,B,C,D, are the leaft of . 
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all numbers that hane the fame proportion with them,and likewifeL, M,N, Q, are the leaH 


. of all numbers that arein the fame ‘proportion that A,B,C,D,are,and the multitude of | thefe 


- which was required to bepronedi 


Two cafes in 
this prepofitid. 
The firlk cafe. 


tion leading to 


numbers A,B,C,D, sx equal to the multitude of shefe-L,M,N,0 :therfore ewery one of thefe 
4,B,C,D, is equall unto enery one of thefe L,M,N,O.Wherefore A is equall nto L, and 
Disequall unto 0. And fora{much as L and 0 are prime the one tathe other, and L is e- 
quall into A,and Q ss equall unto D ; therfore A and D are prime the one.to the other: 
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The a. Probleme. The.4. Propofition... 





Proportions in the leaft numbers how many foener beyng geuen, tofinde 
ont the least nisnibers in continiall proportion in the faid proportions geut. 


i] V ppofe that the proportions in the leat numbers gewen,be AtoB, CtoD, and 
|E to F. It is required to finde out the leat numbers in continual proportion, in 
the fame proportion that A isto B,and that Cis to D,and that E isto F. Tabe 

Eae) she leait number whom B and C do meafure,and let the famebe' G.. And how 
often B meafureth G,fo many times let A meafure H. And how ofté Cmeafareth G,fo many 
times let D meafure K. Now E cither meafureth K or meafureth it not. Firkt let if meafure 
it. And how often E meafureth K,fo many times let F meafure L. And fora[much as how 
often A meafureth H,fo many times doth B meafureG : therfore by ther7. of the feurnth, 
43 Ais toB,fois H to G.And by the fame rédfo as C ito D, fois G to K, and méreoner as E 
isto F fois K to L. Wherfore thefe numbers H,G,K,L, are in continual proportion, and 
in thé fame proportion that Aisto B, and that Cisto D,and moreoutr that E isto) F.1 





bers in continuail proportion,and in the amie ‘proportions that AistoB,and C fo D, and. 


Demonfira- S3 Afo that they are the least in thofe lp iff, G, K, L, benorthe leaft nam, 


an abfurdicte. 


E to F,then are there ome numbers leffe then H,G,K,L,-in the fame proportions that A 
ts to Band Gto Dand E to F, ket thofe numbers be N,X,M,0 . And ferafinuch as A iste 
utar ` B, fo 


* 


of Euclides Elementei. Fol.2.03. 


B, fv is Nto Xs al A aud Bare the left but the Jeafisneaftre.« Ass 

thofe nunabers that haue one and the fame m witbthen — B .... 

AEREO EREA agreer And theke the lefe, thatiiitheye, o ve 
C — * 


deni the antecedent > t Bauens th b 
antecedent the antecedent, thectn equens the confequent fi y. Cu 
the 21 of tbe feuentb) therfore B meafureth X And by the Jame «D... 
4eoe ad racafereth X, wherfore R and C meafuxe X Wher- $ Š 
^ a uS tT AA WA ME TP XM RD Sp opp psp wR ak ` Wm 
bre BH nmt RIDH B and C mè fi re,fhall alfo by the LN ahs 
‘of the exepth vieiure X-Bni the least ginber vbopte B. ad C eee mice 
as AR Ly NS oy ANA a AY pS Ly 
— VAYA) Pea feretb 3 erbe arealer, thë lefe i | 
which is impuftole Wherfore there frall not be any leffe numbers. QÁÉ 
- a : Se res A Vll : 
then 11,C,K,L, in continuall proportion, and inthe fame pros Gore, 
portions ihat d isto Band Cto Dand EHF. ` E 
f. otha E; TAM Ot K Apd bythes hr D 
But iow fuppofethrzt E medfure pot K And by the 3 6.oft, 6s Toms 


feuemtbstate tbe beast number whome E and K meafure, ahd let” eae m 
the fame be At. And bow often K meafureth m, fo often le` Ns sc : 
cither of thefe G and H meafure either of theft Nand X. X ...s O O Demonffra- ` 
Asd how often E meafureth M,fo ofter let F meafure0> And | Missies © tion. 
forafwuch as how ofienG nseafureth N, fo often doth IHImeæaſure 0O ........ MEET . 
X therfore as if is to G,fois X to N, But as His to G,fo is Ato B — 
Wherfore as A i5 to B,fois X to N, And by the fame rea[on as C is to D fois (N to M. A- 
gaine,forafmuch as how often E ymen[uretb M. o ftem F meafureth 0 therfore as E isto F 
foi acto 0. ‘herfore X,,M,0, are jn continual proportion end in the fame proporti- 
Uns Han CU is ta Bod C (a D and E po F. Ifayalfo that eas rui 
they irOthe leakt int that proportion. For ifX,N,M,0, be A 


The [econd 
cafe. 





tortie leg in contingit proportion and in the fame pro- B... 
pros that Ais toB,and CtoD, and Eta T; then-fhall — 
the? be foe nimbers lefe thein $, N,M,0, in continuall `` C 
popoi 0p undin the'fane proportions that AistoB,and |. D 
Cto ping Efo F: Let the farne bethe numbers P, R,S, 

T. OA or that agPYs o R fois Ate Bj and TandB E. 
are'the teaft,but'the least numbers meafure thofenumbers F 
that kane vne or the'fameproportio with them equally the > ` 
greater the greater and the lefe the lefe that isthe antece- H 
dent the antecedent and the confequent the confequent by G 
the 21. of the fewenth therfore B meafureth R. And by the K 
fame resfon alfo C meafureth R. Wherefore B and C mea- 


Sexe R. Wherfare the least number whom Band C meafure 


t Ens 
Shalt alfa meafiire R (by the 37: of the fenenth). But thelef NC....... 
M 
Oo, 





number whom B and C mea[ure is Gywberfore G meafureth 
R. And-as Gis to R fois K toS.Wherfore K meafureth S. 
And E alfoneafureth 5. Wherefore E anid mesfure 8. 
Wherfore the leaft number whom E and K meafure, hat P. 
(by the felfe fame) meafure S. But the leat number whom. R 
E and K meafure is M Whiereforë M meafureth S the S 
greater the lefe which is impofibli Wherforethere are no 
nursbers lefve tben XN M 0 jn continuall proportion, dr — ` ‘ 

fn the farse proportions that Ais to Band C to Dand E to F Wherfore X,N,M,0, are the 
leaft nunskers in continsall proportion and inthe fame proportions that AistoB,andC te 
Dyand.E to F : which wasrequired tó be done. ~ s en I 
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The eighthe Booke 
q The 3.-T heoreme. The s.Propofition. 


Playne or fuperfitiall numbers are in that proportion the one to the other — 
which is. compofed of the fides. / 


dd Vppofe tb at A and B be playne or fuperfictall numbers , and let the fides of 
oF A be the numbers C and D, and let the fides of B, be the numbers E and 
i brut] F . Then I fay that A isto B in that proportion that is compofed of the fides. 
Take (by the fourth of the 





eight) the leaf numbers in A seen. — 
coptinuall proportion , and - L .... suus. — EL e T 
tn the fame proportions that s B oarso.. — des DU. VES 


C zr té E,and D to F. And c es en 
Jet the fame be the numbers D — hr 
G,H, K:fotbatas Cisto p) o 

Efe let G beto H, as D FL 
i; fo F , fo lt HbetoK. © VU UUU 


Wherefore thofe numbers G.si 
G, HK, hane the proporti- Hassan. 
ons of the fides: but the pro- Kv .eececeens T 


portion of G to K is con po- 
ft of thas which G hath to and of that which H hath to K : wherefore G is unto K in 
that proportion which is compofed of the fides. Naw I fay that as Ais toB,fois GtoK.For 
let D muctiplying E produce L. And forafmuch as D multiplying C produced A,and mul- 
tiplying E produced L:therefore(by the 17.0f the feuenth)as C is to Efo is A to L . But as 
e ss to E,fo.is G to H wherefore as G is to H fo is A to L . gayne fora(much as E mul-. 
tiplying D produced L,& multiplying F produced B:therefore (by she 17.0f the feuenth)as ` 
Disto F,fo is L to B.Butas Ds to E,fo i£ H to Kwherefore as H is t0 K fois L to B. And 
it isproued that a5 G is H,fo is A to LJVherefore of equalitie (by tbe a.of' the (zuentb) as 
GistoK, fu is AtoB. But G is unto K in that proportion which is compofed of the fides, 
wherefore A is nto B in that proportion which is compofed of the fides: which was required 
to be demonftrated. 


«JAn other demonftration of the fame after Campane. 


Suppofe that A and B be plaine numbers:and let the fides of A be the numbers C and D : andlet 
the numbers E and F be the fides of che number B . And let D multiplying E produce the number G. 
Thé 1 fay that the proportió of 


AtoL is cépofed of the propor A. serre C... 
tiós of CtoE & Dro Ftharis, "Gi iobensig 668 «P3 S ve ET. D...... 
of the fides of the fuperficial nü Busse iere Um pee DOTT ) 
ber A to the fides ot the fuper- Es Ve 


ficiall number B.For fora(much . 
as D multiplying E produced G,and multiplying C ic produced A, rherefore by(che 17.0F the feuenth) 
Aiscto GasC isto E: agayne forafmuch as E multiplying D produced G and multiplying F ie produ- 
ceth D, therefore by the fame G is to Bas D is to F. Wherefore the proportions of the fides namely , of, 
C to Éand of D to F are one and che fame with the proportions of A to G and G to B.But(by the fifth 
definition of the fixth ) the proportion ofthe extremes A to B iscompofed ofthe proportions ofthe 
theane$,namely,of A to G and G to B, which are proued co be one and the fame with the, proportions 
of the fides C to E,and D ro F. Wherefore the proportion of the fuperficiall numbers A to B is copofed: 
of the proportions of the fides C to E,and D to F.Wherefore pla; ne. &c. which was required to be 


roued. 
f gThe 


of Enclides Élementes. Fol.205. 
q T he a. T beoreme. The &: Propofition. 


" «If there be numbers in continnall proportion how many Joeuer , and if the 


f» meafure not tbe fecond, neither foal any one of the other meafure any 
‘one of the other... "os CE I 






TA’ ppofe that share be nurmbers bove smany [aeuer in continual! proportion, name- 

lj fiue, A,B,C, D,E . And fuppofe that A- meafure not B.T hen I fay, thas nei- 
ther [all any other of the numbers A,B,C, D,E, meafure any one of the other. 
SOT hat A,B,C;D,E, do not in continual order meafure one the other itis mani- 
fe for A meafureth not B. Now I fay, that neither fhallany other of them meafure any o- 
ther of them. 1 fag that A [hall not meafure C. For bom many in multitude A,B,C, are, take 
fo many of the lef numbers that haue one and the fame proportion with A, B,C (by the 35. 
of the fexenth) and let the fame be F,G,H . And forafmuch as F,G,H are in the felfe fame 
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proportion that A,B,C,are: and the multitude of theft numbers A,B,C,is equallto the mul- 
titude of thife numbers F,G,H, therefore of egualitie (by she 14. of the ſenenth) as Ais to 
C, fois F to H . And for that as Ais to B,fois F to G, but A meafureth not B, therefore nei- 
ther doth F meafure G . Wherefore F is not unisie . For if F were vinitie, it. Jhould meafure 
any number . But F and H are prime the one to the other (by the 3 .0f the eight) Wherefore 
F meafureth not H:G as F isto H, fois A to C, wherefore neither doth A meafure C.In like 
fort may we proue that neither [hall any other of the numbers A,B,C,D,E, meafure any 
ether of the numbers A,B,C,D,E : which was required to be demonftrated. 


y T he 5. T beoreme. The 7.Propofition. 


If there be numbers in continuall proportion bow many Joener, and if the 
firkt meafure the laft, it fhall alfo meafure the fecond. 


Y ppofe that there be a multitude of numbers in continuall proportion namely, A,B, 
C, D . And let A the firfi meafure D the laft, 


(Then I fay, that A the firit meafureth Bthe A... 
fecond . For if A do not meafure B neither fhall anjo- B 


nn 


ther meafure any other (by the 7.ofthe eight) : which. C aose. 
(by [uppofition)is not true.For Ais (uppofed to meafure Dooce... T : 


D (Now then. A meafuring D, Jhall alfo meafure B: 
which was required to be proucd. 
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a f Letwene two.nisnbers there fall numbers in continuall proportion: how 
LaL mar numbers fall betwenetbem, fo many alfo fPall fall in continuall pro» 


~`= portion betwene other numbers which hane the felfe fame proportion 






: — Sei” ld ete diis oe — 
SORT ppafe that behwepe tbe two numbeys A and B, do fallin continual! proporti- 
on the niribers € and D . And as Ais to B, fo lev E bbfá F . T. athe that 

»fomiany 






i Howrmiardy manibers in continnall proportion do fall betwene ‘A and B 

-IK XV nrbes alfo in continuall proportion fhall there fall berwene E and F. Hom 
many. A,B,C,D,arein multitude, take(by the 35. of the fedepth) Jo many of the leaft num- 
bers that have one and the fame proportion with A,B,C,D, and la t be fame be C H,K,L. 
Wherefore their extremes G and L. are prime thè one to the other{ by the 3.0f thé tight) And 

forifmeèb.as AandC,and D and B,arcinthefelfe fame proportion hat G dj» Hynd K and 
L art, and the multitude of thefe numbers A,C, D, B, is equallto the multitude of thefe 
numbers G, it, K,L + therefore of equatitie (by the 14. of thefeuenth) as Ais tab, fois 

[om 
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Gto L: Butas Aisto B, fois EtoF :Wherefeve as G istoL, fois Eto F . But Gand L are- 
prime the one ta the other : yea shey are primè and the least . But the leaft numbers meafuré 
thofe numbers that haue the fame proportion with them equally,the greater the greater, and 
the lefe the lefee (by the 21.of the fewenth) that is, the antecedent ;the antecedent, the con- 
Sequent, the confequent .Wherefore how many times G meafureth E, fo many times L mea- 
furetb E . How ofien G meafureth E, fo often let H meafure M and K meafure N., Where- 
fore thefe numbers G,H KL, equally meafure thefe numbers E,M,N,F . Wherefore (by 
the 18 .of the feueth)thefe nubersG,H,K,L,are in the felfe fame proportion that E,M,N,F, 
are. But G,H,K,L, are in the elfe [ame proportion that A, C, D, B, are: wherefore thofe 
uumberi 4,5,D B are in the felfe fame proportion that E,M,N,F,are . But A,C,D,B are 
in continual proportion : wherefore alfo E,M,N,F,are in continwall proportion Wherfore 
how many numbers in continuall proportion fall betwene A and B fo many alfo in continu- 


“Sal proportion fall there betwene E and F : whith was required to be demonfirated. 


xA Corollary added by Flufates. 


Berwene two numberswhofe proportion ii fuperparticular or fuperbipartimt, there faeth mo meane proportioa 
mall. Foc the leak numbers of that proporuon differ the one from the other oncly by vaitie or by Wo, 
j ue - 


qn i 
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of EuclidesElementes °° Folzo6. 


But if beewene the greater numbers of shat proportion: there frould fall d méane ftopóstiongll; then 
should there fall alfo a meane proportionall becwene the lealt numbers which haue the —— 
on by this Propofition , Butbetwene numbers differing onely by vnide or by two, there falleth no 
mieane proportional, QUA 2 s TT uetus d 


uoo coo g Tbe Theron — 08 Tbe s. Propofition. 


` 


E R E visto tout S t M 2 
, If two numbers be prime the one tothe other and if betwene them [Pall fall 
numbers in continudll proportion :. how many numbers in continual pro« 
iv portion fall betwene them , fomany alfo fhall fallin continuall proportion 
betwene either of thofe numbers and nitie- `> ` as K 
V ppofe that there be two numbers prime the one tothe other Aand B + and let 


here fall betwene thers in continual proportion thefe numbers Cand D : and 
“\ let E be unitie . Then-F fay, that how many numbers in continuall proportion 





XAK all betmene A and B,fo many alfo [hall fall in continnall proportion betwene A 
and unitie E : and likewife betwene Band Unitie E. Take (by the 35.0f the feuenth)the two 
leaft numbers thas are in the fame proportion that A, C,D,B,are: and let the fame be F and 
G:and then take three of the leaft niibers that are in the fare proportion that A,C,D,B,are: 
and let tbe fare be H,K,L : and fo alwaies in order one more, vntill tbe multitude of there 
be equall to the multitude of thefe numbers A,C,D,B : and thofe being fo taken let them be 
M,N,X,0 . Tm it is manifest, that F multiplying him [elfe produced H and multiplying 
H produced M . And G multiplying him felfe produced L, and multi lying L produced o. 
And forafmuch as M,N,X,0, are(by fappofition)the leaf? of all numbers that hane the fame 
proportion with G,F : and A,C,D,B, are (by thé firft of the eight) the leaff of all numbers 
that haue the fame proportion with G,F : and the multitude of thefe numbers M,N,X,0, 
is equall to the multitude of thefe numbers A,C,D,B : therefore enery one of thefe numbers 
3,N,X,0, is equall so ewery one of thefe numbers A,C,D,B. Wherefore M is equall unte 
a — 
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A, and 0 is equall unto B. And forafmuch as F multiplying him felfe produced H: therfore 


F meafureth H by thofe unities which arein F : and vnitie E meafureth F by thofe vnities 
which are in F : wherfore (by the 15.of the feuenth) vnitie E, fo many times meafureth thë 
number F ,as F meafureth H : wherefore as unitie E ts to the number F fo is F to H.Againe. 

fora{much as F multiplying H produced M, therfore H meafureth M by thofe vnities which 
are sn F . And vnitie E meafureth F by tbofe-vnities which are in F : wherefore (by the felf 
fame) vnitie E fo many times meafureth F ,as H meafuresh M . Wherefore as vnitie E is to 
the number F, Jo is H t0 M., But it is proned,that as vnitie E is to the number F, fois F to 
H : wherefore as vnitie E isto the number F, fo is F to H, and H to M . But (Mis equall 

unto A: wherefore as unitie E isto the number F, fois F to Hyd» H to A. And by the fame 

reafon as unitie E is to the number G, fois G to Land L to B. Wherefore how many num- 

bers fallin continuall proportion Letwene A and B : fo man) numbers alfo in continuall pro- 

Portion fall there betwene vnitie Eand the number A, and likewife betwene unitie E 
and 
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sud the number Bs whith was required to be demonfirated . 
f T he 8. Theoreme. The 10. Propofition. 


If bet-wene two numbers and bnitie fall numbers in continual proportion: 

. Po many numbers in continuall —— fal bet'wene either of tbem «7 
— *enitie fo many alfo fPall tbere fall in continuall proportion betwene them. 
(os that betwene the two numbers A,B,and unitieC, do fall theft numbers in 
NGF continual proportion D,E,and F,G.Then 1 fay that how many numbers in con- 
sinnall proportion there are betwene cither of the © A,B, and unitieC, f many 
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numbers alfoin continuall proportion fhall there fall betwene AandB. Let D mulsiply- 
ing F produce H and les D multiplying H produce K, and like wife lee F multiplying H, 
produce L. And for shas by fuppofition as vnitie C is to the number D fo is D to È,there- 
fore how many tienes voitie C meafureth the number D fo many times doth D meafure E. 
But vnitie C meafureth D by thofe unities which arein D.- wherefore D meafureth Eby 
thofe vnities which arein D.Wherefore D multiplying bim[elfe producetb E... Againe for. 
that as unitie C is to the number D,fois Eto A, therefore how many times unitie C mete 
fureth the number D,fo many times E meafurcth A. But unitieC nae D, by thofé 
unities which are in D, therefore E meafureth A by thofe unities which arein D Where- 
fore D multilying E produced A . And by the fame jor F multiplying himfelfe produced 
G,and multiplying G produced B. And forafmuch as D. multiplying bimfelfe produced 
E,and PARE F produced H,therefore( by the 17.0f the feuenth )as D is to F fo is E to 
H. And by the fame reafon as D is fo F,fo is H to G. Whereforeas E istoH , fois H toG. 
Agayne forafmuch as D multiplying E produced A,and multiplying H produced K, there- 
fore by the 17.0f the feutth)as Eis toH, fois Ato K . But as Eis 00H, fois D to F,there- 
fore asD is to¥, fois AtoK . Againe forafmuch as D multiplying H produced K and F 
multiplying H produced L, — (by the 17. of the feuenth ) as Dis to F, ſo is Kto L. 
But as D isto E, fois A toK ,wherfore as A isto K, fo is K toL. Againe fora[muchas 
multiplying Wi produced L. and imultiplying G produced B, therefore (by the 17. of the 
fenenth)as Histo G,fois L to B.But as H isto G fois D to F , wherefore as D és to F fois 
L toB . Apd it is proued tbat as D isto F fois A to Kyand K toL , and L to B.W/herfore 
‘the numbers A,K,L, Bare continual proportion . Wherefore how many numbers in conti- 
anall proportion fall betwene either of thefe numbers A,B, cr unitie C, fo many alfoin con- 
tinnall proportion fall there betwene the numbers Aand B: which was required to be prowed.. 


g The p. T beoreme. The 11. Propofition. 


LO Betwene two fquare numbers there is one meane proportional number. And 
— TS afquare 


of &uyldes Elementes. Fol.207. 
Ria fquaré number to a fquáre jin double proportion of. that "wbitb tbe fide 
of of the ones tà the fide of theother.: A Sanas, VN QN 
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VP gh @.that there be two fauare numbers A arid B, and let the fide of A be C, C? 
Her sbefide of B be DT Peh I (ay that Betierie thefe [quare numbers Aand By, 
there is one meane proportionall number, and alfo that Ais vato B in double 
Ed proportion of that which C is to D Let C.multiplieng D produce E, And foraf- The frl pari 


wk 





much as Aisa fquare nitber e tbe fide thereof i5 Cy... .... — of this prove. 
therfore C rauisiplieng himfelfe produced A. And by... Que I . fron demes- 
the fame rtafon D multiplieng himfelfe produced B.. ` are à Sirated. 
Now forafmuch as C multiplieng C produced A, and : AMT ROUEN 

; 2 E p; -© oDe, 
multiplieng D produced E,therfore (by the 17.0f the * 


feuenth) as C isto D fo is A to E. Againe forafmuch 7 

as C multiplieng D produced E, and D multiplieng himfelfe produced B, therefore thefe 

two numbers C and D multiplieng one number pamely, D produce E and B W herfore (by 

the 18. of the feuenth) as C is to D fois E to B. But asC isto D, fois Ata E. Wherefore as 

A is to E fo s E to B.Wherefove betwene the[e [quare numbers A aud B, there is one meane 
proportional number namely, E . Now alfo I fay that Ais pto B in double proportion of The feci 
that which Cs to D. For forafmuch as there are three numbers in continual proportiqn, A, pori dewane 
E,B; therfore (by the 10. definition of the fift) A is unto Bin double proportio of that which Jtrated, 

A isto E. But as Ais to E, foisC to D. Wherefore Ais unto Bin double proportion of that 

which the fide Cis unto the fide D : which was required to be proued. 


g The 10. Theoreme. T hé 12. Proapofition. 


` 


-` Betpene. two cube numbers there are two meane proportional! numbers, 
And the one cube is to the other cube in treble proportion of that which the 
Jide of the one is to the fide of the other. 


Vppofethat there be two cube numbers A and B, and let the fide of AbeC, and let 

the fide of B be D.Then 1 fay that betwene thofe cube numbers A and B, there are 

two meane proportionallnumbers and that Ais vnto B ip treble proportion of that 
which C is to D.Let C multiplieng himfelfe produce E,and multiplieng D letit produce F, Cop Araction. 
“and let D myltiplieng himfelfe produce G. And let 6 manltiplieng F produce H, and let D 


tal 


FE 





enultiplieng F raduct K And fora [much as A is a cube number and the fide therof'is C, a Te 


C multiplieng himfelfe produceth Extherfore C muttiplieng E produceth A. And by thefame _feion demons. 
reafon rated, 
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raſon for that; reultiplieng himfelfesproduced G,therfore D multiplieng G produceth B. 
And forafmuch as C multipheng Cand D produced E dnd F : therfore by the 17.0f the fft, 
45 Cisto D,fois E to F.And by the fame reafon alfoas C is to D fois F toG. Againe foraf- 
muchas C maltiplieng E and F produced A and H,therfore as E is to F fois A toH.Bat-as 
| EisioF fois Cto D.Wherfore as C isto D-[ois AtoH. Againe forafmuch as eche of thefe 


` 





numbers C and D multiplieng F produced H and K, therfore (by the 18 .of the fenenth as 
Cisto Difois H to.K .Agaime fora[much a1. D multiplieng F and G produced K dy B : ther- 
Sore (by the 17.0f the feucnth) as F-is to G,fois K to B.But as F is to Cfo is C to D, mhere- 


fire as C is to D,fo is K to B. And it is prousd that as Cis to D fois Ato H,and H to K,and 


K to B : wherfore betwene thefe cube numbers A and B, there are two meane proportionall 
aumbers,that is,H and K. ) 

_ Now alfol fay,that A is unto Bin treble proportion of that which Cis to D. For foraf- 
much as there are foure numbers proportionall A,H,K,B, therfore (by the xo. definition of 
‘the fift) Ais unto B in-treble proportion of that which Ais nto H.But as A is vnto H fois 
C to D,wherfore Ais unto B in treble proportion of that which C isto D : which was re- 
quired to be proned. 


i ` 


z x q The . Theoreme. v The ‘13. Propofition. 


^ Iftherebe numbers in continuall proportion how many fo exer and ech 
multiplying bimfelfe produce certayne numbers, the numbers of them pros 
duced [hall be proportinall . And if thofe inmbers genen at the beginning 
multiplying the numbers produced produce other numbers they alfo fhalbe 


E proportianall:and fo fhallit be continuing infinitely. 






ELS Vppofe tbat there be a multitude of nibers in cótinuall proportio, namely, A ,B,C, 
ies as A is to B fo let B beto C. And let A,B,C multiplying ech himfelf bring forth 
fe" the nitbers D,E,F, & multiplying the nitbers D,E,F, let thé bring forth the nă- 
bers GH,K.Thé 1 fay thatD,E,F,are in cotinuall proportio, and alfo that GH ,K, are in 
cotinuall proportid.F or it is manifest that the nitbers D,E,F, are {quarenumsbers, Cr that 
the niibers G,H,K are cube nitbers. Let A multiplying B produce L-Anddet A or B mul- 





. tiplyingL produce M and N.And againe let B multiplying C produce X: and let B and C 





saultiplying X produce O andP. Now by the difcourfe of the propofition going beforewe 
MBM ey may 


of £uclides Elemente, Fol.108. 
gway proue that D, L,E, and alfo G,M, Aa B4 c8 


NH, are in continuall proportion and in 


the fame perex that A istoB -and D4 Ls 2 
likewife t, at E,X,F,andalfoH,O,D,K, ` E6 j 
are in continuall proportion and in the Xz 

fame proportion that Bísto C . But 45 À F 64 

Fs to B fois B to C Wherefore D, L,E, 

art in one And the fame proportion with 53 

E,X;Fapd moreouer G,M,N,H are in i as 

one and the fame proportion with H ,O, pude 

P,K,:and the multitude of the[e numbers HE 3 

D,L,E, ts equal to the multitude of thefe 4 D F 

numbers E,X, F, and likewife the multi- a see 

tude of thefe numbers G, M,N, H, ise- 5 


guall to the multitude of thefe numbers K 513 


H,O,P,K, wherefore of equality (by the 14.0f the feuenth)as D is to E, fois E to F.And as 
GistoH, fois H to K:whichwas required to be prowed. 1 
ff T be 12. T beoreme. The 14. Propofition. 


If a fquare number nieafure a quare number, the fide alfo of tbe one fhal 










meafure the fide of the other. And if the fide of the one meafure the fide of 
the other , tbe fquare number alfo [ball meafure tbe [quare number. 
IT) Vppofe that there be two [quare numbers A and B, and let the fides of them be 
Sy Co! Cand D : and let A vete B .WhereforeC alfo fhall meafure D. Let C mal- The fir pars 
NN tiplying D produce E . Wherefure (by the 17.4nd 18.f the feuentb, and 13.of of this pe 
SSS she eight) thofe numbers A, E, B, are in continuall proportion, and are in the. figion; i 
fame proportion that Cis to D . And forafmuchas A,E,B,are in continuall proportion,and 
“A meafureth B, therefore (by the 7.of the cight) A meafureth E. But as Ais to E, fois C to 
D: wherefore C meafureth D . 


7, re ...... 

E ...... TT TP" ertt 

B ..... berses .... — 
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D ...... 


But now {uppofe that the fide C do meafure the fide D.Then 1fay,that the{quare number The fecond 
A alfo meafureth the quare number B . For the fame order’ of conflruction remayning,we partisthe 
may in like fort prowe, that the numbers A,E,B,are in continuall proportion cr in the fame conuerfe of the 
proportion, that C is to D And for that as C isto D, fois Ato E,but C meafureth D: ther- frf . 
fore A meafureth E : and A,E,B,are in continuall proportion: wherefore A meafureth B. 
If therefore a [quare number meafure a quare number the fide alfo of the one Jhall meafure 
the fide of tke other. And if the fide of the one meafure the fide of the other, the (quare num- 
her alfo fhallneafure the {quare number : whith was required to be demonftrated. 


q Ute 13. Theoreme. — ‘The 15. Propofitien. 


Ifa ibe number meaſure a cube number, the fide alfo of the one fhall meas 
1j. Jure 


The eighthe Booke 
fure tbe fide of the other . And if the fide of the one meafure the fide of the 


other, the cube number alfo fhall meafwre the cube number. 









Sy 


SKI ‘ppofe that the cube number A do meafure the cube number B, and les the fide 
l K of A be C, and the fide of B be D. Then I fay, that C meafureth D . Let C mul- 
d tiplying bim felfe produce E,cr multiplying D let it ‘produce F.And let D mul- 
LAN tiplying him felfe produce G. And moreouer let Cand D multiplying F produce 
Thefir pare H and K. Nowitis manifeft (by the 17.and 18. of the feuenth,and 12. of the eight) that 
vibe propo- thofe numbers E,F,G, and Alfo A,H,K,B,are in continuall proportion, d in the fame pro- 
ar portion that Cisto D . And | forafmuch as A,H,K,B, are in continuall proportion, and A 
meafureth B, therefore (by the 7 of the eight) A alfo meafureth H . But as A isto H, fois C 

to D Wherefore C alfo meafurcth D. 





S 


The fecond But now [uppofe that the fide C do meafure the fide D. Then I fay, that the cube number 
partisthe — A.al[a meafureth the cube number B . For the fame order of conftruction being kept, in like 
conwerfe ofthe fort may we proue, that A,H,K,B,arein continual proportion, and inthe fame proportion 
hn. that Cisto D . Ana fora{much as C meafureth D, but as C isto D,fois AtoH, therefore A 
meafureth H : wherefore A allo meafureth B. If therefore a cube number meafure a cube 
number, tbe fide alfo of the one fhall meafure the fide of the other . And if the fide of the one 
meafure the fide of the other, the cube number alfo [hall meafure tbe cube number : which 


yas required to be proutd. 


f Tbe 14.Theoreme. The i6. Propofition. 


Ifa fquare number meafure not a fquare number, neither fhall the fide of 
the one meafure the fide of the other. And if the fide of the one meafure not 
the fide of the other, neither fhall the fquare number meafure tbe [quare 


number. 
A negatine Fh $1 V ppofe that A and B be two(quare numbers ,andle A ....- Dura 
proportion. ay the fide of A beC : and let the fide of B be D. And be B ....,........... 


Thefirlpart: i that A meafureth nut B Then I fay, that neither 

ofthis Prepo- hall C meafure D . For if C do meafure D, then (by the 14.0f C ... 

fees the eight) A alfo meafureth B.But A by fuppofition meafureth D . 

Thefeend ”” B : wherefore neither doth C meafure D. 
partis the cé- But now againe Jupe that the fide C meafure not the fide D . Then! fay, that neither 
werjecf the — Jhall the [quare number A meafare the [quare number B . For if A domeafure B, then h 
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thy therq.ofthe cight)meafuve D . But (by Suppo tion) Pme nt D. UNE 


zréther dvtb Á eneafure B : : which twas required to be prontd. . een 


unb he iy. T heoreme. _ The 11. Propofition. 


jq 4 ze otio mea enot a cube — neither ſhall the f d af rhe 
one measure the fid ¢ of the other. Aid if the fide of the one means nek the 
fi de o of The other neither Mall the cube naber meafure the cube number. 


7 71 A tiegati«e 
o: e ppofe that the cube number A do not meafure the cube number B: and let the fide 

5 E : 
e of Ab beC: and the fide of B be D .1 hen Ifa > that C fhall not meafure D. For if propœtion 





y) DW o Cdomeafure D, then (by the 15. of the eight) A alfo fhall BAIE B. But Á 5 Sup- The fr A pare 
pojition) A meafureth not E : wherefore nei- ; of this propo- 
ther fhall C meafar e D. P e fitton, 

But now wv [uppofe ibat the fide Cmeafurenot B usse —— 
the e fide D. Then I fay, that neither fhall the Meum 
sabe number A wmeafure the cube number B. Gus 4 Bars nv as 


For of eee B, then alfo ( by thes. D e me y gre 


of the eight) [halt C meafure D.But (by fuppo- 
fii oa) Cmeafureth zot D .Whereforeneither fhall A meafure B ; which was required to be 
proued. 


g The 16. T beoreme. The 18. Propofition. 


Betwene two Like plaine or fuperficiall numbers there is one meane propore 
tionall number. And the onelike plaine number ts to the other like plaine 
number in double proportion of that meee the e de of like proportion, is to 
the fide of like proportion. 





i Iz V, apofe that there be two like plaine or fuperficiall numbers A o B. And let the fides 

we of A Le the nübers C,D :and the fides of B be thenumbers E, F. And forafmuch as 

zs Ike plaine numbers are tbofe which baue their fides proportional by the 22.defipi-  Demonftra- 

um p 2 : feuentb) therefore as CistoD fais E to F T hen Lfay that betwene A and B there tion of thefurs 

és one meane proportionall number, and that part of this 

Ais unto Bin doxble proportia of that which —- A vivegesevaes Fropofitien, 

C1s unto E , or of that which D isuntoF, | .Gaveeco eese eoo 

Matis, of that whith fide of like proportion — Beeveccacceccvcseeersnsssere | 

isto fide of luke proportion . For for that asC ` c. 

ts to D,fois E tok, therefore alternately (by p Dos 

Me.i3. the feuentb ) as CistoE fois Dto — 7 57777 

F.And fara [mmuth as A is a plaine or fupérf- — E ... 

ctalkaumber ,and the fides thereof are Cand  F wi.cesese 

D x therefore. D multiplying C produced A. 

And by the fame reafen alfo E multiplying F pr ids ied B. “Let D multiplying E produce G. 
‘dad forafmuch as D multeplying C produced A, and multiplying E produced G , therefore 

ie the 17. roue Cisto E, fois Ato G.But as Cis to E,fors D to F, wherefore "m 

D isto F fois Ato G. Againe forafmnch as E multiplying D produced G and multiplying 

F pead B therefore(by tke 17. of the fenenth ) as D isto F , fois G to R. But it is proued 

Ty.j. that 


Demonflra- 
tion of the 
Second parte 


Demonflra- 
tion of the first 
partof chis 
propofitien, 


The eighthe Boe. ' 


that as D isto F,fois Ato G: wherfore as A is to G,fois Gto B. Wherefore thefe numbers A, 
G,B, are in continuall prorortion. Wherefore betwene A and B there is one meane proportio- 
nall number. 

Now alfo 1 fay that A is unto B in dooble propartia of that which fide of like proporti- 
on is to fide of like proportion , that is,of that which Cis unto E , or of thatwhich D 1s unto 
F.For fora[much as A,G,B,are in continuall proportion, therefore (by the 10. definition of 
the fft) A is unto B in double proportion of that which Ais vnto G.'But as A isto G , fois C 
fo E,and D to F -ivlberefore A is vnto B in double proportion of that which C isto E,or D to 
F which mas required to be demonffrated. 


ff T be 17. T beoreme, — Tb 1g. Propofition. 


fetiwene two like folide numbers there are two meane proportional "E 
bers. And the one like folide number, isto the other like folide number in 
treble proportion of that which fide of like proportion is to fide of lyke 


proportion. 


7d Vppofe that tbere be two like folide numbers «A and B. «And let the fides of the 

; number A, be the numbers C,D,E. And let the fides of the number B, be the 

tS | numbers F,G,H. And {forafmuch as (by the 22. definition of the feuenth) lyke 
folide numbers haue their fides proportio- 


nall,therfore as C isto D fois F toG, and, A... 

as D isto E,foisG to H. Then I fay tht N onnon 

betwene Aand B, there are two meane proc X cesses 

portionall numbers And that AisvntoB B caisses hee 


in treble proportion of that which Cis to F, 
or of that which D isto G, or zmoreouer of C .. 
that which E is unto H. . 
For let C multiplieng D produce K.And 
let F multiplieng G produce L. And for- 
afmuch as C,D ,arein the felf [ame propor- 
tia that F,G, are, Gr of C Gr Dis produced 
K and of F and G is produced L, therefore 
K and Lare like plaine numbers. And ther- 
fore betwene tbofe numbers K and L, there 
1; one meane proportionall number. (by the 
18.of the feuentb) Let the [Aie be M Wher 
fore M is produced of D and F, asit is ma- 
zufeft by the prapofition goyng before W berfore as K isto M, fois M to L. And forafmuch 
as D multiplieng C produced K and multiplieng F produced M : therfore (by tbe v7.of the 
feuenth) as Cisto F,fois K to M,but as K is to M fo is M to LWherfore theft numbers K 
AM, Lyare in contizuall proportion and im the fame proportion tbat C is to D. And for shab 
as Cisto D fuis F to G,therfore alternately (by the 13 .of the fewenth) as Cis to F, fo is D 
to G.Againe for that as D is to E fo is G to H,therfore alternately alfo as D is toG, fois E 
to H Wherfore thee numbers K,M,L,are in continual proportion,and in the fame propor- 
tion that C is to F and that D 1s to G,and morcouer that E i5 t0 H.Now let E and H multi- 
plieng M produce N and X 4 And forafmuch as Ais afolide number, andthe fides thereof 
areC,D,E, therefore E multiplieng that which is produced of C and D, To A. But 
that which — of C and D is K. Wherfore E multiplieng K pro luceth A. And (5 


_ the fame reafon H multiplieng that which is produced of F and G that is multiplieng L pro 


ducet 
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duceth B. And forafmuch as E roultiplieng K produced A,and muttiplieng M produced N, 
therfore (by the 17.0 the feutth), as K isto M, fois AtoN.But as K isto M,foisC to F or 
D to Gand neoreoner Eto H y herfare as G is to Fand D toG and Eto H, fois Ato N. A- 
gayae ore[enuch as E muliplieng M produced Nand H multeplieng M. 5 produced x, ther- 
fore (by the 18.of the fenenth) as Eis to Hfois N to X But as E isto H fois Cto F,and D 
to CWherfore as C is to F and D to Gand E to H fois Ato N,and Nt0X. Againe foraf- 
much ai H vostlfiplicng M. produced X,and multiplieng L produced B,therefore (by the 17. 
éf tbe feueath )às M isto L.fo153foB.But as M isto L. [oii C to Fand D to Gand Et0H 
therfore ds Cis bo Fyand D tüGyand É.t0 H. fo js uat onely X to B,but alfo Ató N, and N io 
vibe fore tlefe numbers A;N XH are in confinitallpropurtion, and tbat in the proporti- 
öns of the fides.I foy morecouen that Ais unto Bin treble proportion of that which fide of like 
proportion isto fide of — artion,that is,of that mhich the number C hath to the num- 
ber For of that which D M Yo-G,ar moreoutr of Hat hich E hath to H. For forefmuch 
à5 there are foure numbers VÀ contivual proportion,that is, A,N,X,B,cherfore (by the 10.de- 
finition of the fift) A is unto Bin treble proportion of that which A is vato N. But as A isto 
N fois it proued tbat C i4 to F and D to Gand mércositr E to H. Wherefore AW inta B in 
treble proportion of that which fide of like proportion is unto fide of like proportion that is of 
that which the number C isto the number F and of that which D is toG, and mmoréouer of 
that which E isto A ; Which was required to be proud.” Us — 


g The 12. T beoreme. The 20. Propofition. 


If betwene two numbers there be one meane proportionall number : thofe 
numbers are like plaine numbers. 
V ppofe that betwene the two numbers A and B there be one meane proportionall 
number, and let the fame be C.Then I fay, that thofe numbers A and B are like 
[ ) | plaine numbers . Take (by the 3 5.of the feuenth) two of the lealt numbers that 
Klee a) paste one Cy the fame proportion with A,C,B : and let the fame be the numbers 
D,E . Wherefore as D isto E, fois A to C, but as Ais to C, fois C to B, wherefore as D is to 
E, fois C to B .Wherefore how many times D meafureth A, fo many times doth E meafure 
G. How manj times D meafuyeh Ay fa many daitieslet there be jn F .Wherefore F multi- 
ping. D produceth A, and multiplying Est.» ss $ v5 
toduceth C : wherefore A is a Maine number: As ss eee. 
And the fides therof are D aud F(bydhé 17.de-- € 5. ee eunoe iena 
finition of thé feuenth) | AgainefürMmnutb as — B isi. 2. 
Dund E arethe left numbers that bauc.one Qr NA 
the fame proportion with C,B, therefore (by the 
2Lof the fenenth) how many times D meafu- ` E 
réth C; [a taany times doth E meafure B. How »: 
aften E meafureth B, fo many vaitieslet there. 
bein G . Wherefore E meafureth B by thofev. G3 pt 
nities which are in G - wherefore G multiply? Wi BE 0 EA — 
ing E produceth B: wherefore B is a plaine numbeæ(by the 17: defihition. of the fenenth). 
Aud the fides thereof are E and G . Wherefore thafe.two numbers A and B are two plaine 
aumberi. Iſay moreouer that they are like . F orfovafmauth as F multiplying E produced C- 
and G multiplying E produced B- therefore (by thei} .of the feuenth) as F is 1 G, fois C to 
By but as C isto B, fois D to E, wherefore as D is tò E, fnis F to G.Whberefore A and B are 
like plaine numbers, for their [ides.are peoportioriall : inbich was required to beproued. — . 
: Diy. gT he 
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E 7 be eighthe Booke ^ 
f T he 19. T beoreme. — The 21. Propofition. ~ ` 


“If betwene two numbers there be two meane proportionall numbers, thofe 
numbers are like folide numbers. T ; 


JF ppoft that betwene two numbers Aand B, there be two meane proportional 
numbers C,D T hen I (a that A and B are like folide numbers.T ake (by the 35 
lof the fenenth,or 2.0f the eight) three of the least numbers that haue one. and 

ur mii — proportion with A,C,D,B,and let the fame be E,F,G.Wherefore (by 
the 3.of the eight) their extremes E,G are ‘prime the one tothe other. _AAnd forafmuch as 
betwene the numbers E and G there is one Soa artionall number : therfore(by the 20 





_ of the eight) they are like plaine numbers Suppofe that the fides of Ebe H and K. And kt 


the fides of G,be L and M.Naw it is manifest that thefe numbers E,F,G, are in continual 





eot esos oíoton 


graportion and in tbe fame proportion that H is to Land that K is t0 M.And forafmuch aà 
E,F,G are the leat numbers that baue one and the fame proportion with A,C,D, therefore 
of equalitie(by the 14, of the fewenth)as Eis to G,fois Ato D. But E,G,are(by the 3. of the 
eight) prime numbers,yea they are prime and she leaft,ut the lealt numbers (by the 21, of 
the feugnth) meafure thofe numbers that bane one Cr the fame proportion with them equal: 
ly,the greater the greater,and the leffe the leffe,that ts,the antecedent the antecedent, Gy the 
confequent the confequent: therfore hawtwany times E meafureth A,fosany times G meas 
fureth D, How many times E meafureth-A,fo many vnisies let there be in N W berefore N. 
multiplieng E produceth A.But E is produced of the numbers H,K. Wherfore N ae 
eng vid which is produced of H,K ,produceth A. Wherefore A is afolide number, andthe 
fides therof are H,K,N. Agayne,forafmuch as E,F jG are she leait numbers shat haue one 
and the fame proportion with C,D,B, therefore how: many times E meafureth C, fo many 
třes G meafureth B.How oftetimes G meafureth B, fo many veities let there bein X.Whers 


e foreG meafureth B by thofe unities which are in X.Wherfore X mulsiplieng G producta s: 


But Gis produced of the numbers LyM ; Wherefare X smultiplieng tbat number which is pros 
duted of L and M,produceth B.Wherfore B isa folide number ,and the fides ther of are LM. 
XIberfore A,B are folide nunsbers.] fay morcoucr that they are like folide numbers. F oF 
Soraftanch as Nand X multiplieng £ praduced A and G:-therfore by she 18 of the fewenth, 
Wo i ` A 
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as Nis to X foi AYo C tlm is E qy But as E is tp Fo fais Hto Land K to M + therefore 
as H is to Lois K to Mand N to X. And H,K,N are the fides of A, and likemife L,M,X, 
are the — Bwherfore A,B,aredlike folide numbers : which was required to be proued. 
EIOS BERES OE ADEK un 4 


ue. dur 


ve cov WwPbe zo ol Bejone. — 70 The zz. Propofition. E 


£O muiuber the third sf ball be a fguare,juomber. 


If three numbers be in continual] proportion , and if the firft be a fquarg 





SENO Y'ppofe that there, be three uumbers in. continual proportion A, B,C, and let the 
Cy firft bea [quare number -Then I fay thas — 


NODE the third is alfo a fquare number . For for- T E E 7s 
afmuch as betwene Aand C there is one meane pro- E TENE 


portionall number namely B therefore(by tbe 20.0f penus : 
the eight) A and C. are like playne numbers.But Ais a quare number. Wherefore C alfo is a 
Sysare number: which was required to be proued, - 


g The 21. T beoreme. T he 25. Propofition. l 


If foure numbers be in continuall proportion, and if the fir3t be a cube nihe 
ber the fourth alfo [ball be a cube number. s DM 


xS Vppofe that there be foure numbersin A suus SS 

continuall proportion A,B,C,D’ And B soos.. i. 

I rss] et A bea cube number. The l fay that. Cv. cccsececcseesees 

D alfo is a cube number. Fat forafmuch as bez Dissvecerseeee. ope Dayne * 
tiveze A and D there are tmá meane proportio- I ] : 
nallaumbers B,C.T herforé A,D are like folidenumbers (by thé 21 .of this booke) But. A is 






acube niimber,wherfore D alfois a cube number : which masrequired t0 be demonftrated. 
T (ed 7 age 1 CT 
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AM mic t€ 


€ $ sat oa LOC . ve A CONSE isi 
- Ef two numbers be in the fame proportid that a [quare namber is to a quare: 


number and i fthe fit be. a i fquare number the fecond alfo Mall Le a quare 
number. 0 > n5 SOAS E 
"s cu cMes seus rM aed os amor T ous — 
Vppo[z that tmo numbers A and B bein the fame proportion, that the Square 
"I number Cis unto the : ep Ta e s 2 


A [quart niher D And AS feiss) “else Kare 






RRES pA bea [quer os Res oos 
ber. Then! ‘fay that B alfoisa — 3...usuu. zs : 


Squarenumber. For forafmuch |... i seen — 
as Cand D are fquare purbers. 


Therfore.¢ and D are likep 


numbers Wherfore (by the 18. of 
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Nec dd 
the eight) betwene C and D there ts one'meane proportionall number But a.C is to D,fois A. 
20 B.Wherfore betwene A and B there is one Pacane proportionall number (by the 8. of the: 
eight) But Ais afquare number Wherfore(by the r20f the eight) B gaia fquare number. 


high rqrxequired to be prowcd. 
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— The eighthe Booke: 
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If'two numbers be in tbe fame proportion the one to the other, that a cube 
number is to a cube number and if the firft be a cube number „the fecond alo 
fo fPall be a cube number. 


LEY 


1 — thattwo numbers A and B be in the fame proportio the one to the other, 
that tbe cube nübtr C is Ubtü bé cube number D - And let A be a cube number. 
| T ben 1 [ay shat B a is a cube nitber.F or forafmuch a5 C, , are cube nibers, 
sberforc C, D'ave like [olilejumbers mberfore(by tbe v9 of'the cight) betwenẽ 
A4 oco 07 T sun! : h 





Demonílra- 
tio, | 
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C and D there are two proportionallnumbers.Eut how many numbers fall in continual pro- 
portion betwene Cand D fo many (by the8 of the eight fal shere betwene the numbers that 
baue the fame proportion wigb them.. Wherefore beiwene A ind B there are two meane pro- 

7. portzonall numbers which let be E and F And fora(rsuehas there are foure numbers in con~, 
^* tinuallproportion namely, A,E,F ,Byand A is a cube number, therefore (by the 25 of thé 
eight) B alfo ss a cube number: which was required to be demonftrated, ` E 
* ` Aar gae V orf 

Ato voi o "SX 3€ Corollary added by Fluffates.— ^ 55,35 x 


\Betwenc a fqaare number and a number thatis not a {qaare number, falleth not the 





prid proportion of one (quare number to an other. For if the firft be a fquare number, the 
E eD fecond alfo fhould be a qnare number which is contrary to the füppofition. Likewife 
infoates, betwene acube number, anda nurhber thatis no cube number falleth not the propor- 


tion of one cube number to au other,For ifthefirft be a cube number, the fecond alfo 
fyquid be a cube number,which is contrary tothe fuppohition, & theréore impolfible, 
vy a. < ' — — — 
SATO HAIAN S aga n Å ps aM nue 


a g Ther. T bevreine. Te 26. Própofition. 5... 


Like playne numbers are in tbe fame proportion the one.to.the other, that 
awe a play VY. r.a 4 (23S afam P en Nun MANR 2 
Pa fquare number is to a fquare number. Mcd era 4 

i 


: S us ^ 
Bess T [sp that Aand B be like plaine numbèrs Thin t fay that Ais whto Bin th 


ame proportii that a [quare nuinber is to a {quare number. For forafnuch as A,B; 
*. LN w 












Co fray pde are lile plaine numbers, there- -~> KA nA E MESI as 
fore betwene A and Bthere fallethone > Ansis x... a 
meane PO EEA Of Cus > 
the eight). Les Vbere fud {uch anumber, B... osse sx 
and let the fame be C.And(by the35.0f p ^ 
the feiern) take'the three leaft nuns”; E — 


bers that ane one and the fame propor. 5 
tionwith A ;C , Band let the J bess 5 $, 
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D,E,F :wherefore ( by the corollary of the 2.0f the cight) their extrenes , that is D, F, are 
fquare numbers. And for that as D is to F fois Ato B,( by the 14.0f the ſeuẽih ) :and D,F, 
are [quare numbers T berfore A is unto B in that proportion,that a (quare nlber is onto a. 
fauare numler:mbich was required ta be yroucd. d 


e 


T be 2. T beoreme. The 27.Propofition.” X 
T6 ou 


Like falide numbers are in the fame proportion the one tothe other, that a 
cube number is to a cube number. 


Vppofe that a A and B be like folide numbers . T hen1 fay that Ais unto B,in the 
[ame proportion, that a cube numbe is toto a cube number.F or foralmuch as A,B, 
are like folide numbers. T herefore(by the 19.0f the eight) betwene Aand B there 





fall two meane proportionall numbers. Let there fall two fuch numbers, and let the fame be 

C and D . And take(by the 35.of the feuenth )the least numbers that haue one and the (ame 
proportion with A,C,D,B, and equall alfo with thé in multitude, and let the fame be E,F, 
G, H.Wherfore(by the corollary of the 2.0f the eight) their extreames, that is, EH, are cube 
numbers. But as E is to H fo is A tò BWherefore Ais unto B in the fame proportion, that a 
cube number isto a cube number which was required to be demonkirated. 


«| A Corollary added by Flufrates. 


Tf two nunsbers be in the fame proportion the one to the other that a fquare number isto afquare 
number : thofé two numbers fhall be like faperficiallnumbers. And if they be sn t be fame propor 

tion the one to tbe other tbat a cube number i5 10 a cube number, they fhall be like folide nibers. 
Firftletthe number A haue vnto the number B the fame proportion,that the fquare number C. hath 
to thefquare number D. Then I fay,that A and B are like fuperficiall nübers. For Drafn uch as betwene 
the fquare numbers C and D there falleth a meane proportionall (by the 11.of this booke) there fhall 


alfo berwene A and D (which haue one and the fame proportion with C and D) falla meane proportio- 
nall (by the 8.of this booke). Wherefore A and B are like fuperficiall núbers(by the 20.0f this booke). 

Butif A bevnto D,as the cube number C, is to the cube number D.Then are A &B like folide num- 
bers . For forafmuch as C and D are cube numbers,there falleth betwene them two meane proportio- 


nall numbers (by the 12.of this bcoke). And therefore (by the 8.of the fame) betwene A and B (which 
are in the fame proportion that C is to D) there falleth alío two meane proportionall aumbers. Wher- 
fore (by the 21, of this booke) A and B are like folide numbers., 


x* An 


Conſtrucſion. 


Demonflra- 
tion. 


A Corollary 
added by 
FlufSates. 


The eighthe Booke 
+ Another Corollary added alfo by Fluffates. 


` Ifa number multiplying a (quare number produce not a [quarc number : the fayd number multiplying fhallbo 

Another Con ™ [quare number . For if it Should be a (quate number, then fhould icand the number multiplied being 
nosher 0e Wike fuperficiall numbers (by realon they are fquare numbers ) haue a meane proportionall ( by the 18.. 
rollary added of thys booke ). And the number produced of the fayd meane fhould be equall to the number 
by Flufeates. contayned vnder the extremes, which are fquare numbers (by the 2o. of the feuenth). 
Wherefore the üimber produced ofthe extremes being equall to the fquare num- 
ber produced of che meane, fhould be a {quare number. Buc the fayd number 
by fuppofition » is no {quare number . Wherefore neither is' the 
' nuniber mulüplying the fquare number; fquare number. 


The firft part ofthe firft Corollary is the conuer(e of the 26.Propofition 
of this booke, and hath fome vícinthe tenth booke . The fecond 
part of the fame alfo is the conuerfe ofthe 27. Propofi- 
tion of the fame. 


$% The end ofthe eighth booke 


of Euclides Elementes. 
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J.N THIS NINTH BooKeE Enclidecontinuethhis 
,purpofe touching numbers : partly profecuting thynges 
more fully, which were before fomewhat fpoken of, as of The Arcumẽt 
fquare and cube numbers : and partly fetting outthena- of she ninth 
tures and proprieties of fuch kindes of number, as haue booke, 
jj notyet benc entreated of: which yet are molt neceffary 
aly, to beknowen. As are numbers euen,and odde : whole 

SN paons and- conditions arc in this booke largely taught, 

with their compo(itions,and fubdu&ions of the onefrom 

the other : with many other generall and fpeciall thinges 
V4 4 to be noted,worthy the knowledge. 


g The 1. Theoreme. The 1. Propofition. 


If tivo like plaine numbers multiplying the one the other produce any nume 
ber : the number of them produced {hall Le a fquare number. 





h Yppofe that A and B be two like plaine numbers . And let A 

5 || multiplying B produce the number C . Then I fay, that Cis a 

| [quare number . For let A multiplying bim felfe produce D. : 
Wherefore D is afquare number . And forafmuch as Amulsi. Demonffra- 
| pling himfelfe produced D , and multiplying B produced C, tiov. 
AN ‘therefore (by the 17 .of the feuenth) as A isto B, fo is D toC. 

Jj Aod forafmuch as A, B, are like plaine numbers, therefore ( by 
$/p^| tbe 13. of tbeleigbt ) betmene A and B there falleth ameane 
A eran ~ praportionall number . Butif betwene two numbers fall num- 
bers in continuall proportion, how ma- i 

ny numbers fall betwenethem fomany A...” 

alfo (by the 8. of the eight) hall there — 
fall beiwene the numbers thas haue the B... Ls. — 
fame proportion with them . Wherfore 

betwene C aad D alfo there falletha D vicsriceeescrene i 

meane proportionall number . But D is TX UMEN 

a [quare number. Wherfore(by the 22. C. ...... —— 

of the eight)C al[o is a [quare number: — 

which was required to be proued. A Moore 
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g The 2. Theoreme. The 2. Propofition. 


If two numbers multiplying the one the other produce a fquare number: 
thofe numbers are like plame numbers. 
BY AS eae uae E E 
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This propofi- 
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T he eighthe Booke 

BV ppofe that twonumbers A o.. 
QS m B multiplying the | 2... 

yo) ene the other do produce B ......... 

DRIX Cafquare number. Then 
L fey that A and B are like plainenum- D....... salen Balko 
bers. For let A raultiplying himfelfe nanan., e Ce ee ERU 
produce D. Wherefore D is a ſquare C .................. — — 
nusiber . And forafmuch as A smulti- 
plying himfelfe produced D, and multiplying B produced C, therefore (by the 17. of the fe- 
wenth) as Ais 60 D, fois D toC. And fora{much as D is a {quare number, and {o likewife is 
C, therefore D and C are like plaine numbers .Wherefore betroene D and C there is ( by the 
18. of the eight) one meane proportional number . But as D isto C, fois A to B. Wherefore 
(by the 8.uf the eight) betvene A and B there is one meane proportional number. But if be- 
twene two numbers there be une meane proportional number, thofe numbers are (by the zo. 
of the eight) like plaine numbers . Wherefore A and B are like plaine numbers « which was 
required to be proued. , ` 









*À Corollary added by Campane. : 


Hereby it ismanifest, tht two Square numbers multiplyed the one iato the other do abvayes 
prodnce a {quarc number. For they are like (uperficiall numbers, and therefore the num- 


' berproducedo[them;is (by the fir(t of this booke)a fquate number. But a quare num- 


Fer sauleiplyed into a number not (quare, producer a number not f3uare - For ifthey fhould pro- 
duce a fquare nàmiber, they fhould be like fuperficiall numbers (by this Propofition) . 
Butthey arc not . Wherefore they produce a number not quare, — But if 2 fquare num- 
ber multiplyed into an other number produce a fquare number ,that other number [hall be a [quare 
number. For by this Propofition that other number is like vnto the {quare number 
whichmultiplyeth it, and therefore isafquare number. Bue sa fquare number muleiply- 
ed into an other number produce a number not fquare, neither hak that other number alfo be a fquare 
number’: For ifit hhould bea fquare number, then being multiplyed into the (quare 


' éumbetritihould producea (quare number, by the firk part ofthis Corollary. 


Demonſtra- 
tion. 


The 3. Theoreme, The 3. Propofition. 


If a cube number multiplyin ag himfelfe produce a number ,the number pros 
duced [hall be a cube number. 







rM 723 V ppofe that A being a cube number multiplieng himfelfe, do produce the num. 
^ CE ber i hen 1 fay that B iż à cube number .T ake the fide of A,and let the fame be 

S 7 tbe number C,and let C multiplieng bim[elfe produce the number D Nom it is. 
Meet] manifeft that C multiplieng D produceth A(by the 20.definition of the feuéth) 


` — 
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And fovafmuch as C multiplieng birnfelfe reduced D ,tbérfare C mea[uretb D by thofe v- 
oe ok ilic 
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wities which ave in C.But unitie alfo meafureth C by thofe vnities mbich are in C.Wherfart 


as unitie is to C)fo is C to D. Againe fora[fmucb as C multiplieng D producetb A: therefore 
D meafureth A by thofevnities which are inC. But vmitie meafureth Cby thofe vnities 
which are in C: wherefore as uniticis to C, fois Dto A. But as unitiess to C,foisC tv D, 
wherfore as vnitie isto C fois Cto D Cy D to A Wherefore betwene unitie cr A tbere are 
two meane proportional numbers ,namely,C,D. Againe forafmuch as A multiplieng him- 
elfe produced B stherefore A meafureth B by thofe nities which art in A. But vnitie alfo 
mea[ureth A by thofe vnities which are in A.Wherfore as uniticis to A, fois A to B.But be- 
swene A and unitie,there are two meane proportionall numbers Wherfore betwene A and 
Balfo there are two meane proportionall numbers by the 8. of the eight. But if berwene two 


numbers, there be two meane proportionall numbers, and if the firft bea cube number, the 


fourth alfa [hall be a cube number by the 21.0f the eight. But Ais a cube number wherefore 
B alfoisa cube number: which was required to be proued. 


q Ube 4. Theoreme. The 4. Propofitien. = 


Ifacube number multiplieng a cube number, produce any number , the 
number produced [hall be a cube number. 






i’ ppofe that the cube number A multiplieng the cube number B,do produce the nit- 
ee C.T hen I fay that Cis acube number. For let A multiplieng birnfelfe produce 


2D. Wherefore D is a cube number (by the propofition going before). And 
forafmuch as A multiplieng 








himfelfe produced D, andmul- A.i... D 64 
tiplieng B,it produced: ther- nuana, eee 96 
fore (bythe 17. of the feuentb) —— usse 144 
as Aitto Bfois DtoC, And B...... T —— “Clare 


forafmuch as A and B. arc cube 


numbers therfore A and B are like folide numbers Wherfore betwene A and B(by the 19.0f 


the eight there are two meane proportional numbers.Wherefore al[o(by the 8.of the-fame) 
betwene D and C there are two meane proportional numbers.But D is a cube number.Wher 
Jore C alfo is a cube number (by the 23.0f the eight) which was required to be demonftrased. 


f T be s. T heoreme. The s.Propofition. 


Ifa cube number multiplying any number produce a cube nisber : the numo 
ber multiplyed ts a cube number. 









Vppofe that the cube number A, multiphing the number B, do produce a cube 
number namely C. T ben I fay, tbat B is a cube number . For let A multiplying 
Ke) x] him felfe produce D .Wherefore (by the 3.of the ninth) Dis a cube nisber. And 
\forafmuch as A multiplying him felfe produced D,and multiplying B,it produ- 
ced C : therefore (by the17.of the fenenth) as Aisto B, fois D taC. And forafmuch as D 


v2 w— KS 
SX] 


Romer meer nee reer ereneses 


and C are cube numbers, they are alfo like folide nüberz. Wherefore (by the 19. of the eight) 
betwene D and C there are two meane proportionall numbers . But as D ito C, fois A to B. 
AAs. Wher. — 


Demonftre- ` 


tio. 


Demonflre- 
tien, 


A Corollary 
added by 
Campane. 


Demonfira- 
—XR 


D:monflra- 
tnt. 


The ninth Booke 


Wherefore (by the 8of the eight ) betwene A and B theré are two Pas Pere num- 
bers , But A is a cube number Wherefore B alfo is acube number (by the. 23. of the eight): 
which was required to be proued. 


ean 


q A Corollary added by Campane. S J 

Hereby it is manifest, thar if a cube number multiply a number not cube, it ſball produce a number 
not cube. For ifit hhould produce a cube number, thea the number niultiplyed fhould 
alfo bea cube number(by this Propofition) which is contrary to the fuppolition . For. 
it ıs fuppofed to beno cube number. aAndifa cubenumber multiplying a number produce 
« uumber not cube, thenumber multiplyed [hall be no cube number... For if the number multi- 
plied (hould be a cube number,tbe number produced fhould alí(o be a cube number(by 
the 4.ofthis bookz) : which is contrary to the fuppofition, and impofíible. - 


g T he 6. T beoreme. T he 6. Propofition. TUR 
Tf anunber multiplieng bimfelfe produce a cube number: then is that nume 
ber alfo a cule number. .. ; 


C Ier, profe that the number A multipli As ce cece scevaces disces : 

| Ses seo eng himfelf,do produce B acube nü- B 729.. 
WRONG ber. Then Lfay that Aalfois a cube — C 19683 
umber For let A multiplieng B produce C . And forafmuch as A multiplieng himfelfe. 
produced B,cy multipieng B it produced C: therfore C is a cube number. And for that A 
multipleng himfcife produced B,and multiplieng B it produced C,therfore(by the 17.0f the 
Seventh) as A is to D, fo is B to C. And für that B and C are cube numbers, they are alfo like 
folide uwimbers.Wherfore(by tbe vo of the eigbt)betmene Cand B there are twa meane pro- 
portional numbers.But as B isto Cfo is Ato B : wherfore( by the 8.of the eight) betwene A 
and B there are two meane proportional nibers. But B is a cube number Wherefore A alfois 
« cubetumber by tbe 23,0f the eight: which was required to be demonftrated. . 


ess e The 7.Theoreme. - The 7. Propofition. 
© Mfacompofed nmmber multiplieng any number produce a number:the nite 
ber produced fhalt be a folide number. i pag es 


Vi pofe that the compofed number A multiplieng the nuber B,do produce the num. 
GARG ber C.T hen 1 fay that C iş a folide number. For forafmuch as Ats a compofed nis 
ADA Ler,sherfere cme number meafureth tt (by the 14..definition). Let D meafure it. 
Den o Aaea —— Cris SUR aita pes — — 
Eus Bose Bie scx 7 á 
And bap ofien D saea[uveth A, fo many vnities let there be in E. Wherefore E multiplieng 
Dn produceth AL dnd fora much as tmo numbers D and E,multiplieng themfelues, produce 
A,hich A againe muluplieng B produceth C : therfore C produced of three numbers mul- 
tiplieng the one the-othsr,namely, D, E,and Bis (by the 18. definition of the feuenth)a fo- 
lide nümber. And the fides therof are the numbers D,E,B. If therefure a compofed number 
Ee, which was required to be prowd:  * E 
ql hes. T beoreme, ..... T he 2. Propofition. . 
If from vnitie tbere be numbers in continuall proportion bow many foeuer: 
the third number from vnitie is a fquare number, and fo are all forwarde 
_ leaning one beewene. And the fourth number ts a cube number, and fo are 
- allforward leauing two betwene. And the Lenenth is both a cube number 
L4 is * 5 
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and alfo a [quare number and fo are all forward leauine fiue betwene. ... 


S NA Vppofe that from unitie there be thefe numbers in continuall proportion A,B, 
i f. e \C,D,E,F. Then I fay that the third number from unitie,namely,B is a {quare 
number and fo ave all forward Jeauing one betwene,namely,D and F And that 
del C the fourth number is acube number and fo are all forwarde leanyng two be- 

twene. And that F the fenenth number is both a cube number and alfo a [quare number and 
Jo are allforward leaning fiue betwene.For for that as vnitie isto A fois AtoB. Therefore 
how many times unitie meafureth A,fo many times A meafureth B.But vnitie meafureth A 
by thofe unities which are in A,wherefore A meafireth B by thofe vanities which are in A. 
And forafmuch es A mea[ureth B by tbofe vnities which are in A. Y herfore A multiplieng: 
himfelfe produceth B.Wherfore Bis afquare number. “And forafmuch as thefe numoers B, 
C,D,are in continuall proportion and B is a (quare number therfore by tbe 12 of the eight, 
D alfo is a (quare number. And by the [ame reafon alfà F is a quare number. And in like 
fort may we proue that leauing alwayes one betmene,all the refl forward are [qnare num- 
bers. - 

F 79 "E 

E 243 3 ; : 









Vnitie > : - 
Now alfo 1 fiy that the fourth number from unitie,that is,C,isa cube number and fe 
are all forward leaning two betwene.F or for that as vnitie is to tbe number A, fois B to C, 
therefore how many times unitie meafureth the number A, fo many times B meafureth C. 
But vnitic meafureth A by thofe unities which arein A, wherfore B meafureth C by thofe 
-unities which are in A.Wherfore A multiplieng B produceth C.And fora{much as A multi- 
‘plieng himfelfe produced B,and multiplieng Bt produced C, therefore Cis a cube number. 
And fora[much as C,D ,E,F are in continuall proportion.But C is a cube number therefore 
(by the 23. of the eight) F alfois a cube number. 
. Andit isproued that F being the fenenth number from vnitieis alfoa [quare number. 
Wherfore F is both a cube number ,and alfo a {quare number.In like fort may me proue,tbat 
‘leaning alwaies fine betwene,all the reft forwarde, are numbers both cube and alfo [quare: 
which was required to be proned. — 


-— q The 9. Theoreme. The 9.Propofition. 
If from-dnitie be numbers in continuall proportion how many foener : and 
< tf that number which followeth next after "ynitie be a [quare number then 
~a althe reft following alfo be {quare numbers. And if that number which 
su followeth next after vnitie be a cube number „then all the vef following 


^c. 


m frall be cube numbers. 


1 V ppofe that from unitie there be the[e numbers in continual proportion A, B, 
C,D,E,F . Andlet Awhich followeth next unto unitic be a (quare number. 





MEX number namely ,B,is a [quare number d fo all forward leaning one betwene,it 

is plaine by the Propofition next going before.1 fay alfo that all the reff are [quare numbers. 

For, forafmuch as A,B,C,are in continuall proportion, and A is a [quare number, therfore 

(by the 22. of the eight) C alfois a Jquare number. Againe forafmachas B,C, Dare in con- 
: - CA. y. tinuall 


Demonstrati- 
onof tle 
fir parte 


The fecond 
prt demone 
Sirated, 


Demenftrati3 
of the third 
parte 


| Then I fay, thas all the reft following alfo are {quare numbers. That.the third Demonftra- 


tion of the firft 
part of this 


propofitien, 


The winth Booke 


tinuall proportion,and B isa [quare num- 
ber, therfore D alfo(by the 22.0f theeight) Squares. Cubes. 
i54 fquare number . In like fort may we 
2 prone, that all the reft are [quare numbers. 
The fecond Bust now fuppofe tbat A be a cube num- 
pare demone ber .Thenl A » that all the reft following 
firated, art cube numbers T bat the fourth from v- 
nitie, that is, C is a cube number ,and fà all 
forward leauing two betwene ,it is plaine 
(by the Propofition going before). Now I 
fay, that all the reft alfo are cube numbers. 
For, for that as unitse is to A, fo is A to B: 
therefore how many times unitie meafit- 
reth A, fo many times A meafureth B. But 
unitie meafurcth A by thofe unsties which «~ Vniti 
arein A.Wherefore A alfo meafureth B by : e 
thofe unities which arein.A .Wherefore A 
multiplying bim felfe produceth B. But A js a cube number . But if a cube number multiply. 
ing him felfe produce any number, the number produced, is ( by the 3. of the ninth) acube 
number. Wherefore B isa cube number . And fora[much as there are foure numbers in con- 
tinuall proportion A,B, C, D, and A is a cube number , therefore D alfo (by the 23. of the 
eight) 15 a cube number . And by the fame reafon E alfo is a cube number, and in like fors 
are all tbe rell folloming : which was required to be proued. 





- go The 10. Theoreme. The 10. Propofition. 


If from vnitie be numbers in continuall proportion bow many foeuer , and 
if that number which followeth next after nitie be not a ee nume 
ber, then ss none of the re/t following a fquare number excepting the third 
from vuitie , and fo all forward leaning one betwene. And if that number 
which followcth next after dnitie be not a cube number, neither is any of 


the reft following acube number, excepting the fourth from bnitie, and fo 
all forward leauing two betwene. : , 






NG V ppofe that from unitie be thefe numbersin continual! proportion A,B,C,D,E,F. 

* And let A which follometh next after vnitie be no ſquare number. Then I fay that 
Demontrasi- -NÈ WD) \e neither is a of the refl a [quare number ,excepting tbe third from vnitie, cr foal 
on of the „forward lesaning one betwene,namely,B,D,F ,which are fquare numbers ( by tbe. 8.of this 
fir pars les-  booke) . For if tt be pofurble, let C be a {quare number. But B alfa is a {quare number. Wher- 


, ing ton ab- . foe Bis unto C in thas proportion thata [quare number is to a quare number . But ai Bis 
rditie. 
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10C, fois A40 B Wherefore Aisunto B in that proportion that éfquaré number is toa 

fauare number . But B is a [quare number. Wherefore A alfo is a fquare aumber (by the 24. 
of the cight) : which is contrary to thefuppofition. Wherefore C isnot a Square number.And 
by the fame reafon none of all the other 15.2 [quarenumber excepting the third from vnitie, 
and fo all forward legning one betwene: x e I 


` 


= Buk now fuppofe thatA benota cube number . Then 1 fay, tbat none ofallthereil isa 


cule number excepting the fourth from vnitie, D foallforward leauing two betwene,name- 
Jy,C,and F, which (by the. S:oftbisbvoke):are cube puabers y For if st be pofible, let D be 
a cube number -But Calfo is dcubewiumber (bythe.of the ninth) For isis the fourth from, 
«nitie . But as C is to P; fo ès B fo C, Wherefore B is unto, in that proportion that a cube, 
number ista acube dumber. ButG isa cube number. Wherefore B alfois a cube number (b), 
the 25 of the eight) «And as unitie isto A, {ois Ato B . But unitie meafureth A by thefe 
nities which arein A Wherefore A meafureth B by thofe unities which arein AWierfore 
A multiplying him felfe producerh B a cube number . But ifanumber multiplying him 
Jaffe produce'a cube number, thes isthat number alfa a cube number (by the 6.of the ninth). 
Wherefore A is a cube number : whichis contrary to tbe fuppofition . Wherefore D is nota 
cube number . In like fort may we proue, that neither is any of | the reft a cube number excep- 


ting the fourth from vnitie, and {o all forward leaning two betwene » which was required to 
be proucd . ; ; 


g The 11. Theoreme. The 11. Propofition. 
[f from vnitie be numbers in continuall proportion how many foener, the 


leffe meafuretb tbe greater by fome one of them ‘which are before in the 
. _ faid propartionall numbers, med oues 


` 


A ese ogy ` C 
SET hen 1 fay that of thefe pumbers B,C,D E: B'leing the lefe,meafuresh E she grea 
: ber by one of thefe numbers C or D.For for that as vnitie A is vnto the number By. 
fois D to E,therfore how many timet vnitie A medfureth 

the number B,fo many times D mea[ureth E. wherefore Eus 
alternately (by the 15.0f the fesenth how many times vni- D 
tie A meafureth the number D , fo, many times B mea- C... 

furtth E. But vnitie A meafureth D by thofe vnitie B.. 

which arc in D . Wherefore B alfo meafereth E by thofe A. 
vnities which are in' D. Wherefore B-the leffe , meafu- 

reth E the greater by fome one of the numbers which went before E in the proportional 
mumbers.And fo likewife may we prove that B meafureth D by m one of the numbers B, 
RA CAnd fo of the ref. If therfore from unitie Gc. Which was required te 
€ pronea. vo —— A — eei 2 
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~ Gf Thé 12. Theoreme. "Tbe 12. Propofition. . 

If from vuitie be numbers in continuall proportion how many foeuer, how 
many prime numbers meafure the least fo many alfo {hal meafure the nume 
zv Der which followeth uext after ynitie. .. & a 
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Kg Vp ofe that from vnitie A be thefe numbers in continuall proportion B,C,D,E.. 
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rgo Vppoferbat from wnitietethefe numbers in continuallproportión A,B,C,D. The 

8 11 [ay that bom many prime nibers meafure D,fo many alfo do meafure A.Suppofe. 
| Axe that [ome prime number namely ,E ,do meafure D.Thé Ifay that E alfo mali dh 
Aymbich is next vnto vpitie.For if E do mot meafure Ayand E is a prime number but eue- 
vy number is tóeutry number which it meafureth not a prime number (by the 31. ofthe fe» 
nenth).Wherefore A dnd E are prime numbers the one tothe-other.. And fora{much as E 
meafureth D,let it meafure D by the number F. Wherefore E multiplieng F produceth D. 
Azaine forafmuch as Ameafureth D. by rhofe nities which are in C,therefore A multipli- 
eng C produceth D But E alfo multplieng F produced D, wherfore that which is produced 
of the numbers A,C is equall to thas which is produced of the numbers E,F.Wherfore as A 
$5 to E,fois F to C.But A,E,are prime numbers, yea they are prime and the leaft.But the left 
wumbers meafure the numbers that haue one and the fame proportion with them equally by: 
the 21.0f the feuenth namely the antecedent the antecedent, and the confequent the confes 
guent Wherfore-E meafureth C.Let it meafure it by G. Wherefore E muattipling G proda- 
seth C.But A alfo multiplieng B produceth C. Wherfore that which is produced of the num- 
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bers A,B,is eguall to that which is produced of the numbers E,G-Wherfore ass A itto E, 
Jo is G to B.But A,E are prime numbers,yea they are prime and the leaft. But the leal num- 
bere thy the 2xof the feuentb) meafurethe numbers that haue one and the fame proportion 
with ‘ht equally namely, the anteceats the antecedtt,cy the cofequet the confeqet.Wherfore 
E weafureth B.Let it meafure wt by H. Wherefore E multiplieng H produceth B.But A alfa 
* multiplieng himfelfe produceth B,wherfore that which is produced of the numbers E,H, is. 
* equall to that whichis produced of the number AWherfore as E is to A,fois AtoH.But A 
E are primeniders,yea they are prime cy the leaft,but the least numbers (by the 21.0f the fe- 
: uenth)rbeafure the numbers that haue ong'and the fame proportion with thé equally name- 
ly, she aġtecedét the antesedent arid the cofequent the confequent Wherfore E meafureth A, 
and it fi doth not meafure it by fuppofitron which is impostble.Wherfore A and E are not 
prime the one to the other, wherfore they are compofed.But all compofed numbers are meafu- 
Sed of forme prim? number wherfore A and E are meafured by [ome prime number. And for 
afouach as E is fuppofed to be a prime number.But a prime number 15 not(by the definition) « 
abcafnred by any other aumber but of himfelfe.Wherfore E meafureth A and E ,wherfore E- 
meafureth A,and it-alfo meafureth D. Wherfore E meafureth thefe numbers A and D.And 
in like fort may we proue that how many ars numbers meafure D, fo many alfo fhall mea- 
fure A: which was vequived to beproued. ^ ` 
vulg uox An other mose briefe demonftration after Flufares. 


Another de- * Suppofe hacfróm vnitie be nüberS in cóxinüall proportion how many [o euer,namely,A,B,C,D. : 


And let (ome prime nüber,namely, E meafure che lait nüber whichisD Thé 1 fay that the (ame E mea 


"m A atib af" d ’ . 
— furech A whuch is che next number vnro vnitie. For iE doo not meafure A , then are they prime,the 
one cathe other by che 31.0f the fewegth . And fora(much as A,D,C,D;are proporuonall from vnitie, 
Ty Ws T ^ 


ther- 


of £uclider Elemente; ———— Fol.217. 


wérefore A multiplying himfelfeprdducerb B.W horfore Band Eare primo. * Waie © ^. a 
numbers ( by thc 27.0£ che feueuth ] + And foraímucb as A multi Jying B .A 4 2. 
produceth C, cherefore C is to Ealfo à prime number by the i6. of the fe `° B i$ a 
venth. Amd likew:e infinicely A-muleiplying C produceth D: whereforeD © C. 64 39 * 
and E are prime numbers the one to the other ( by che fame 26. of the fe- D 356 ET 
wenth) . Wherefore E meafureth noc D as it was fuppoled, which is abfurd, E a 3 
wherefore the prime number E meafureth A, whiche is nexte vnto vnitie: : 
which wasrequired to be prowed. i ; i : è 
g The 13. T beoreme. ‘The 13. Přopofition. 


e 


If from ynitie be ntnbers in continuall byoportion bow many fneuer , and 
if that which followeth next after ynitie be a prime number: then fhall no 
other number mesfure the greate/t number, but thofe onely which are bes 
fore in the fayd proportional numbers. — 
W Vppofe that from unitie be the[e numbers in continuall proportion A,B,C,D, 

X and let that which followeth next after unitre, that is, A, bea prime number. 

\:T hen I fay, that no other number befides the[e numbers A,B,C, meafureth the Demonfires 
SKN greatest number of them which is D . For if it be pofable,let E meafure D.And tion leading t6 
let E be none of thefe numbers A,B,C,D.. Now it is mansfet that E is not a prime number. an abfurdsties 
For if E be a prime number, Gr do alfo meafure D , it [hall lskerosfe meafure A being a prime 
number and not being one and the fame with A, by the former Propofiticn : which is im. 
pofible Wherefore E is not a prime number .Wherefore it is a compofed number. But ewery 
compofed number (by the 33.0f the fewenth) is meafured by [ome prime number. 
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Now I fay that po other prime nisber befides A fhall meafure E. For if any other prime 
nisber do meafure E, Cr E meafureth D, therfore that number alfo fhall eft D (bythe 
s-common fentence of the feuenth) Wherfore it fhal alfo meafure A (by the propofition next 
going before) being a prime number and not being one and the fame with A: which is im- 
ete . Wherefore onely the prime number A meafureth E which meafureth the 'greateft 
uumber D. . : 

7 And forafmuch as E meafureth D, let it meafure it by F . Now 1 fay, that F is none of 
thefe nunsbers A,B,C . For if F be one and the fame with any of thefe numbers A, B,C, and 
it meafureth D by E, therefore one of thefe numbers A,B,C, meafureth D by E. But one of 
thefe numbers A,B,C, meafureth D by fome one of theft numbers A,B,C, therefore Eit one 
and the fame with one of thefe numbers. A,B,C : which is contrary to the fuppofition. Where 
fore F is not one and the fame with any of shefe numbers A,B,C. © 7. ] 

` Inlike fort may we proue, that id the prime number A meafureth F, prowing firft thas 
— pe ae D E AA jig. Bd 


An other de- 
monflratió af- 
ber Campane, 


Theninth Booke 
F is not a prime nushber F or if F bea prime ninmber, andit meafureth D, therefore it alfa 
med{uret A béinga prime number arid not being one and the fame with A,by the former 
Prepofition : whichss impofiible . Wherefore F is not a prime number: wherefore it is a com. 
nj number; and therefore [ome prime number fhallmeafure it . Now fay, that no other 
printe number befides A fhall meafare it . For if any — number do meaſure F, and 
F meafureth D, therefore that number fhall meafure D (by the 5.common fentence of the ſe- 
uenth ) .Wherefore it fhall alfo meafure A (by the former Propofition ) being a prime num- 
ber and not being oud and the ame with A : which is smpojfble . W bercfore onely tbe prime 
number A meafureth F . And forafmuch as E meafureth D by F, therefore E multiplying 
E prqducetb D .But A alfo multiplying C produceth D , sherefure that which is produced 


Dianae tA saverseoenseee TES 











Hf AintoC, is equallto that which is produced of E into F .Wherfore proportionally as Aus: 
to E,fois F TC. But A meafuretb E . Wherefore F méafurethC . Let F mtafure Chy G. 
Andin put may we prone, that Gis not one and the fame with any of thefe numbers A, 
B,C, and that G is a compofed number, and alfo that onely — number A meafureth 
it . And forafmuch as F meafureth C by G,thereforeG multiplying F produced C. But A al- 
fo multiplying B produced C ..Wherefore that which is produced of A into'B, is equall to thas 
which is produced of F intoG . ESE nee as AistoF, fois GtoB. But A 
meafureth F .Wherefore G alfo meafureth B . Let G meafure B by H. Now in like fort as be~. 
Sore may we prone, that H is not one and the fame with A,and that H is a compofed number, 
and meafured onely of the prime number A. And fora{much as G meafureth B by thófe vni- 
ties which are in H, therfore G multiplying H produced B’. But A multiplying him felfe pro- 
duced B. Wherfore that which is produced of H into Gis eqnall to eens numberwhich 
is produced of A.Wherefore as H is to A, fo is A toG. But A meafureth G. Wherfore'H mea 
fureth A being a prime number and not being one and the fame with it : whichis abfurde. 


: Wboforeneotber uemter bofidestbef? numburs A,B,C, meafureth the greatef number D: 


whichwasyequired tobe demonfirated.. 


An other demonftration of the fame after Campane. 


. Suppafs that E nor being onc and the fame with the numbers A, B, C, D doo meafureche nume 
ber D. And lerit meafurc icby che number . And forafmuch as 4 being a prime number meafareth 
thenudber D, whichis produced of E into B :-therefore by the 33. of the (euéth,A meafureth either B 

“or F.beci¢mealureE. "Now forafmuch asD is produced of 4 into C,and alfo of E into F:therefore by. 
the econd part of the.19.0f the feuenth, 4 isto E,as Fis to C.But.4 meafureth E: wherefore F meafu- 
Feh'C.Lavicnvealate'ic by G. Wherefore by the j». of the (euenth 4 fhall meafure either F or G - Let 
anmealure & Wherefore as before by the fecond part of thers .of the feuenth G fhall meafure B.. Let it 
meafure ic by H. Now then as before itfolloweth:by the 32. of the feuenth that 4 fhal) meafure either 
G ordi Wuppofe rhatir meafare G. Wherefore by the fecand pate of the 2o.of the feueath H fhall mea-- 
ure i (Faxaf A ito hir elfe i« produced B, and of H into G alfo is préduced B ) If therefore H be Ror . 

equ 
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| ^ 1 P 
equall vnto 4,4 fhall be no prime number. Which is contrary to the fuppofition-BatiFicbe equalt vac 
to At,then eucry one of thefe numbers G,F,E, Mall be fome one of the numbers 4, B, C, D, by the 38. 
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ropofition of theninth repeted as often asneede requireth . Wherefore E is nora number diuerfe 
Forn them, but is one and the fare with fome one of chem: which is contrary to the fuppofidon, wher 
fore thas is manifelt which was required to be proued. ‘ 





f 1 be 14. T beoreme. The 14. Propofition. os 


If chere be genen the leaft number ;whom certayne prime numbers geuen, 
do meafure:no other prime number fhall meafure that núber , befides thofe 


prime numbers geuen. 







QET hen I faj that no other prime number befides B,C, D,meafureth A.'For if it be 


A; pofible,let E being a priine number meafure Aand let E be none of thefe numbers 
B,C, D: And forafmuch as E meafu- 


KETAN ppofe that the leaf number whom theft e numbers B,C,D,do meafure,be A. 
NA 
S i 





Demonstra- 
reth A;let it mea(ure it by F. Wherfore ———— aaa PEO E — 
E multiplieng F produceth A. And ae an abfurduses 


A.Eut if two numbers multiplieng the 
one the other produce any number.And 
if [ome prime number meafure that 
which is produced, it fhall allo meafure 
one of thofe numbers which were put at 
the beginning (by the 32.0f the feuenth) Wherfore thofe numbers B,C,D, meafure one of 
thefe numbers E or F .But they meafure not E,for E ss a prime number, and is not oneand ’ 
the fame with any one of thefe numbers B,C,D.Wherfore they meafure F being leffe then 
A which is impofible. For Ais fuppofed ta be the leaft whom B,C,D, meafure. Wherefore 

no prime number befides B,C,D,meafureth A : which was required to be demonftrated. 


vot 
B 
.thefe prime numbers B, C, D,meafure — C 
D 
E 
F 





— — A propoſition added by Campane. 
ee ee . 
` > ` Uf there be numbers how many foener in continuall proportion being the leaft in that proportion: 


vanumber meafaring one of them , fhall be a number not prime to one of the two leaft numbers in that 
proportion . 2 


` Suppole chat there be numbers in continuall proportion how many foeuer namely 4, B,C, D,E A probo; ti 
-which let bethe leaft that have the fame proportion with them: and let the two leat sube ín that 4 E " 
proportion be Fand G . And ler lome number as H meafure fome one of the numbers 4, 2, C, D, E, Campane 
namely, C. Then I fay that H is a nùmber not prime cicher to F or G. Take(by the a.of the eight ) the por 


three 


The ninth Booke 


«hreeleaft nümbers in. "^ 


the proportion of sto... I Roo wage se Xm 4 16 
B : which let be P, Q, E . Ks 

R. 4nd afterward fower 3 vp ils I . Ba 
(by the fame) which let F.. Liu 

be K,L,M,N: & fo foc- Hu. ums kA Qirara C36 
ward till you come to G... "y M 38 
the multitude of the AR Sr ees D 54 
numbers geuen æ, B, C, dis j S gums Na $ 
D,E, Now it is manifett : E 81 


{by the demonftration B . 
ofthe (econd of the eight)that F multiplyed by P,Q and R produceth K,L, M: and chat F multiplyed 
"by K;L,M,N produceth 4,5,C,D 4nd forafmuch as H meafureth C: therfore H iscitherto F or toM 
notprime( by the corollary of the 32.of the feuench added by Cápane If it be not prime vnto F: thé is 
that manifeft which was required co be proucd.Zutif H be not prime ynto M.Thé fhal it nor be prime 
either to F or to R(by the faine corollary ). Ifagayne ic be not prime ynto F, then is that prowed which 
was required. Bucif it benot prime vnto B ,then(by the fame corollary {hall itbea number not prime 
vafo G(which produceth R by the z.ofthe eight) but G isone ofthe cwo leatt numbers F or G which 
are in the proportion of the numbers geuen at the beginning 4,B, C, D,E . If therefore there be num- 
bers how many foeuer. &c.which was required to be proued. 


A 


g Iber; T beireme. The 15. Propofition. 


If three numbers in continual proportion be tthe leaft of: all numbers that 
haue one and the Jame proportion with them : enery two of them added to= 
gether fhall be prime to the third. 
M. ge S Vppefe that there be three numbers in continuall proportion. A,B,C, being the leff 
S. of all numbers that haue one and the fame proportion with them. Then 1 fay, that 
DIAE euery two of tbefe numbers A,B,C,added together, are prime tothe third : name- 
ly, that A,B, is prime to C, and B,C, to A, and A, C, to B. Take (by the 35. of the fewenth) 
two of the leaftmumbers that haue one and the fame proportion with A,B,C, G let the fame 
be the numbers D E,andE F. : 

Now it is manifeft (by the fayd 3 5.Propofition)tbat D E multiplying bim felfe produced 
Demenfire- A, and multiplying E F produced B, and moreouer E F multiplying bim felfe produced C. . 
ston, ~ And forafmuch as D E and E F are theteaft in that proportion, they are alfo prime the 

one to the other (by the 24.of the fewenth) But 
if two numbers be prime the one tothe other, A soosse B vessels. 
then both of thé added together, fhail be prime E N E R 
to either of them (bythe 30. ofthefeuenth). D...E .... F 
Wherefore the whole number D F 1s prime to ; 
either of thefenübers D E & E F. But D E alfo is prime vato E F Wherfore D F&D E 
are prime vato E FWherfore that whichis produced of DF into DE; is(by the 26 .of the fe 
uctb)prime vato EF.But if two nübers be prime the oneto the other that which is produced 
of the one of thë into himfelfe is prime to the other (by the 27 . of the feutth). Wherfore that 
which ts produced of D F into D E, is prime to that which is produced of E F into himfelfe. 
But that which is produced of F D into D E, is the (quare nuber whichis produced of D E 
into bimfelfe together with that which is produced of D:E into E F (by the 3.of the fecond). 
Wherfore the [quare nuber which is produced of DE together with that which is produced 
DE into E F ,is prime to that which is produced of EF inte himfelf.But that which is prodw 
ced of D E into him felfe,is the number A,c that which is produced of D E into E Fis the 
Y number B: and that which is preduced of E F into himfelfe,is the number C.Wherefore the 
numbers A,B added together are prime vnto C. E 
I ERU n o i By the 





Canfrallion. 


of £uclides Elementes, Fol.219. 


By the like demonffration alfo mag we B. eee Ces 
prone, that the numbers B,C,are prime unto — 
the number A; 

Now aif I fay,that the numbers A,C, are prime vnto the number B. 
For farafmuch as D F is prime to either of 
tbe? D E «sd EE: therefore that which is A asss C asses ! 
produced of D F into him Selfias prime to that. 247 Al dose ast de : ME 
which is produced of DE into EF. Butthat. Ds. E... F 
which is produced of D F into him felfe, is e- zi i : 
quall tothe (amare numbers which are produced of D E and EF together with that number 
which is produced of D E into E F,twife (by the g.of the fecond). Wherefore the [quare ni- 
bers which are produced of D E and E F together with that which 1s produced of D E into 
E F twife are prime to that which is produced of D E into E F. And by dinifion alfo(by the 
30.0f the fencnth) the {quare numbers produced of D E and E F together with that which 
is produced of -D E into E F once are prime to that which is produced of D EF into E F . A- 
quine (Ey the fame 3 0.0f the feventh) the (quare nübers produced of D E and E Fare prime 
to that which ts produced of D E into E F. But that which is produced of D E irto kim felfe 
is A, and that which is produced of E F into him felfe is C, and that which is produced of 
D E into E F5 B Wherefore tbe numbers .A,C, added together are prime unto the num- 
ber B : sbich was required to be demonftrated. 


This latter part of the demonftration which proueth thatthe numbers A;& C are 

prime vito &, is (omewhat ob/curely put of Theon. And therefore I will here makeit 

layner. : 
r "rosa as eithcr of the numbers D E,and E F is prime to the whole D F: (as hath before bene: 

roued) therefore chat which js produced of D E into EF(which is the number B ) is prime vnio D Fj 
D the 26.ofthe feuenth. Wherefore by the 27.ofthe fame thar which is produced of D F into himfelfe 
(which is the number compofed cf A and C and cf the double of B by the 4. of the fecond ) íha!l be 
prime vnto B. Wherefore it followeth that the number compofed of A aud C is prime vnto B.Fer ifa 
number compofed of two numbers, be prime to one of the fatd ewo'numbers,as here the number com 
pofed of A and C taken as one numEer and of the double of B, is prime vnto the double of B :then the 
two numbers whereof the number is compofed, namely , the number compofed of A and C , and the 
double of B fhall bc prime the one to the other(by the 3c of the feuenth). And therefore the number 
coinpofed of A and C fhall be prime to B taken once.For ifany number fhould meafure the two num- 
bers,namely the number compofed of A and C,and the number BB, it fhould aMo mea(ure che number 
compefed of A and C,and the double of B (by the 5. comzaon featcnce of the feuen:h) : whichis not 
posible for thar they are proued'to be_prime numbers. - "n 
joy, Here hauc¥ added an athcr demonfirstion of the former Propofition after Cam- 
pew, which praueth that in nubers how many focuer, which is there proued onely tou- 
ching three numbers : and the deniocftration {eemeth fomwhat more perfpicous then 
T beons demonttration.And thus he putteth the propofition. | 


Jf numbers how many foener being in continuall proportion be the leaft that haxe one G the fame 
proportion With thess enery onc of thera fhalbe to the numoer compofed of the vést prime, 

Suppofz that there be numbers in continuall preportion how many foeuer , and the leaft in 
their proportion: namely, 4,B,C,D.Then I fay that euery one of chem, as for example firft D , is prime: 
to the number compoled of the relt,namiely,of 4,8,C.For if it be noe, let (ome number,namely E mea: 
{ure D,2nd the number compofed of 2,5, €, Take the two leaft aumbers in che (ame proportion that: 
A,B,C, Dare ( by she35.0fthe feuenth ) which lec D z A 
be F,G.#nd forafmuch as E meafureth one ofthefe 9L i ; 
number A4 B,C, D, the fame E halbe a number not t — B 
prime eitherto F or to G(by the praposition betore. . - oe z n 
added by Campane after the 14,propofition jwher- ^. s c 
fore fome number thall meafure E and one of thefe — K : : af 
nombers For G: which let be Lf end forafmuch as — D 
meaſuoreth F, it Mallalſo meaſure D, which vum- 
ber D the number E alfo mcafureth ( by thes. come E |OCABRC 38 
mon fentence of the fecenth). Mozcouer forafinuch I 
6 (by füppofition) meafureth one of the(e nume H 


Q 





Demonſfrati - 
«n to prone 
tha: che nume 
beri and C 
are prime to 
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Demonftra- 
tion leading t0 
an abfurdnie, 
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bers F or G,the fame H (ha!l meafure all the meanes betwene A and D by the fame comon fentéce.For 
either ofthefe numbers F'or G produceth alI thc micanes by thenext numbers in continuall proporti- 
onand in the fame proportion with chem (as by L,},K ) by the fecond of the eight . Agayne foraimuch 
as H meafureth E,which(by fuppofition )meafureth che whole A, B, C: the fame H fhall alfo meafure 
the whole A,B, C (by the forefayd common fencence) and i¢ meafureth the part caken away , namely, 
the meanes B,C(as ithath bene proued)whcrefore icalfo'méafureth the refidue A(by the 4.common 
fentence ofthe feuenth) wherefore H mcafureth the extreames D and A , which are prime the one to 
the other(by the 3 .of the eight)which wereabfurd . Wherefore Disa number prime to the number 
compofed of the relt,namely,of A,B,C. ` 
Secondly I fay that thisis fo in eucry one of them:namely that C is a prime number to the num.- 
ber compofed of A,B,D.For if not,chen as befure fet E meafure C,and the number compofed of A,B, 
D: which E fhalbe a number not prime either to F or to G ( by the former propofition added by Cams 
pane wherefore let H meat(ure them,And fora{much as H meafureth_£,ic fhall alfo meafure the whole 
A,B,C, Dwhom E mealureth . And forafmuch as H meafureth one of chefe numbers F or G, it shall 
meafure one ofthe extreames.A or D: which are produced of F or G(by the fecond of the eight)ifthey 
be multipl 'ed into che meancs Lor K. And moreouer the fame H fhall meafure the meames, B C ( by 
the j.common fentence of the feuenth ) when as by fuppofition it meafureth either F or G.which mea- 
fure B,C( by the (econd ofthe eight). But che fame H meafureth the whole A,B,C, D as we haue pro- 
'ued,for that it meafureth E.Wherefore it fhall al(o meafure the refidue,namely,the number compofed 
of the extrcames A and D (by the 4.common fentence of the feuenth ) . And ie meafureth one of thefe 
A orD (for it meafureth one of thefe F orG which produce A and D ) wherefore the fame H fhall 
meafure one of thefe A or D and alfo the.other of them(by che former common fentence )which num 
ders A and D are by the 3.0f the eight prime the one co the other. Which wereabfurd . This may alfo 
"be proued in euery one of thefe numbers A,B,C,D . Wherefore no number fhall meafure one of thefe 
numbers A,B,C, D and the number compofed of the reft. Wherefore they are prime the one to the o- 
ther: If therefore numbers how many foeuer.8¢c: which was required to be proued. 


Hercas I promifed, I haue added Campanes demonftrations of thofe Propofitions in 
numbers, which Exclide in the fecond booke demouftrated in lines , And thatin thys 
place fo much therather, for that Theon as we fec in the demonftration of the 15. Pro- 
pofition feemeth to alledge the 3.& 4.Propofition of the fecond boke: which although 
— bss onely, yet as we there declated and proued, are they true alſo in 
numbers. 


‘g The firft Propofition added by Campane. 


That number which is produced cf the multiplication of one number into numbers how many foa 
encer: is equall to that number ebsch ii produced of the multiplication of the fame number inte 
the * compofed of them. 


This proucth that in numbers which the firft of the fecond proued touching lines . Suppofe 
Demoní]pg. that the number A being multiplyed into the number B,and into the number C, andineo the number 
iow D, deo produce the numbers E, F and G. Then I fay that the number produced of A multiplyed into 
: the number compofed of B,C;and D is equall to the number compofed of E,F,and G. For by the con- 
perle ofthe definition of a number multiplyed , what part vnitie isof A , the felfe ame partis B of P, 
and C of F,and alfo D of G. Wherefore 
by the 5.of the feuenth what part vnitie 
isof A „the felfe fame partis thenum- B... Cru D ;.... 


ber compofed of B,C,and D,ofthe num — —— — 


ber compofed of E,F,and G. Wherfore athe Noses 

by the definition that which is produ- A 
ced of A into the number compofedof — E ...... Fo........ 6 ......5 
B,C,D, is equall to che aumber compo- — — — — — 
fcd of E, F, G ; which was required to qus enewes co We Us UR eS 

be proued. : 


; * The ſecond Propoſition. 


T hat number Which is produced of the multiplication of numbers bow many foener inte one vñ- 
ber: is equallto that number Which is producedof the multiplication of tbe number compofed of 
ehem into tbe (ame number. í l l 


Thys 


of Euchdes Eleitentes, Fol.220. 


Thisis the conuerfe of the former, As if the numbers B and C and D mulciplyed into the aumber 


A doo produce the numbers E and Fand G, Zt pn 
Then the number compofed of B,C,D, mul- B... C... D... tion d$ tbe co- 
diplyed into che number 4 fhall produce the I A.. . werfe of the 
huriber compofed‘of the numbers E , F,G. E Paesi GV occi e former, 


Which thing is eafly proued by the 16.0f the 
feuenth aud by the former propofition. 


—— 
Gee ee 


0^ € The third Propofitiom ` i^ dM 
T hat number which is produced. of the multiplication of numbers how many foener into other 
numbers-how many foeuer, $s equallto that number which is produced of tbe multiplication of 
the number compofed of thofé fir ff numbers, into the number compofed of thefe latter numbers. — 

E 7 "Asifthe numbers A,B,C doo multiply the numbers D,E,E,ech one eche other , and if che num- 

bers produced be added together . Then I fay that the s 

number compofed ofthe numbers producedis equallto — A .. B. C..n 

the number produced of the number compel of the DX. GE Fev. Demonſira- 

numbers A, B, C into che number.compofed ofthenum- . .. tion B 

bers D,E,F . For by the former propofiué chat which is produced ofthe number compofed of A,B,C $ 

imo D is equall to thatwhich is produced of cuery one of the fayd numbers into D : and by the fame 

rcafon that which is produced of the number compofed of A;B,C into E,is equal to that whichis pro- 

duced ofeuery one ofthe fayd numbers into E:aad fo likewife that which is produced of the number 

conpofed of A,B,C ifito F is equall'to that which is produced of euery one of the fayd numbers into 

F. But by the firit of thefe propoficions that which is produced of the number compofed of thefe num 

bers A,D,C inco éuery onc of thefe numbers D, É,F is equall to that which is produced of che number 

xompoſed into the number compofed : wherefore that is. manifelt which was required to be proued. 


“qThe fourth Propofition. 


` - ` Jf anumber be densded into partes how many foener: that nisber which is produced of the whole 
into bim felfe, is equall to tbat number wbich is produced of the fame number into all his partes. 

on” Se ess ae 3 2 vist 

-: ‘This proueth in ‘numbers that which the fecond of the fecond proued inlines. Asifthe number 2, - 

-Abe dewided iato,the numbers Band'C,andD. ThenI . : een : This anfwe- 
fay that thae which is produced of 4 into himfelfe ise-. .;. i. Acseccoceee oun 3 Pethto thez. 
quall to that which is produced of 4 into allthefaydnum — B:. C... D.... of she feconds 
bers B, C, and D. For putting the number equall tothe - | Eis : 
number A , itis manifett by the firft of théfepropofitions ^^ .— 1 
that that whichis produced of E into A, is equall to that which is produced of E into all the partes of Demoniira- 
A Bur by the common sentence that which is produced of E into A is equal'to that which is produced tion. 

9 A into.himfelfe: and chat which is produced of EF into the partes of Ais equallto that whichis pro- — — 

Suced of A into the felfe fame partes. Wherefore that is manifelt which was required to be proued, ` 


q The fift Propofition. 
3052 Maes Bo Mog RE AU or p uper : 
adi: Ifanumber: bedeuidedinta two partesithat which is produced of the Whole into one of the partes, 
201 C85. equall tà tiir Which is produced of the felfe fame part into him felfe, and into the otber 
A PBA et E i i Boum 


S b. This roüeth in nuinbers that which in the 3.of the fecond was proued in lines. For let the aum- Thi⸗ anfivee 


aber Abe euided into the.numbers B and C . Then I fay that that which is thtothes, 
D qduced of A into C , is equal to that which is produced of C into him- Kis ` reta to t23 

FitcahdindW" Forb) che vs ‘of die‘feuenth, thawhich isproducedof A” Biss... Guo. Sfthe thirdes 
into C is equall to that which is produced of C into A. Now then put the D... Qj 

number D equall to the number C . Wherefore that which is produced of . Demonttra- 
A into C is equall to that which is produced of D into-A:, Butby the firlt of thefe propofitions thar — 


which is produced of D into A is equall to that which is produced of D into B and of D into C. Wher- Hon 
Sore foralmuehay chat Which is produced of D into A and into B and into C isequall.eo chat which is 
Produced of ipto A and into B,and-into himfelfe , by reafon of the equalitie of C and D :that is ma- 
nifeft which wasgequired tobe proud. i L. y RT hn 8 aah es 
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LENEN, A aa E S €] The fit Propofitión. =.’ . - 0È gn 


Jf anumber be deuided into two partes: that Which is produced of tbe multiplication of the whole 
3uto bim felfe, is equall to-tbat which is produced ofthe multiplication of either of tbe partes inta 
him felfe, and of the ene into tbe ether twife. 4 


This proueth in numbers that which the fourth of the fecond proued touching lines. Asif the 
number A be deuided into the numbers Baad C. Then! fay thag A 
that which is produced of A into himfelfis equalto that whichis à "e 
produced of B into himfelfe,and of C into himfelfe , and of B into IN ETE DNE J 
Cviſe. For by the oſ theſe propoſitions, that hich is produced of A into himfelfe, is equall to that 
which is produced of A into B , and into C.Buc that which is produced oF A into B , is equall to thae 
which is produced of B into him(elfe and into C ( by the former propofition). And by the fame thac 
which is produced of A into C is equall to that which is produced of C into himfelfe and into B . And 
forafmuch as that which is produced of C into B is equal] to that which is produced of Bintd C by 
the 16.0f che feuench, it is manifelt thac thatis rue which Was required to be proued, : 


eee 
MSS 


«ThefeuenthPropofition. —. 4^ ^. ^ (i. 


ae 


: Jf à num ber be deuided into two equall partes, into two unequal partes : that Which is produ. 
auc 864 of thegreater of the unequall partes into the lefe, together with the fquare nuber of the num 
“ber fee berwene, is equall vo the fquare nuraber produced of the halfe of the whole.. ‘ 


. This proueth in numbers that which thes. ofthe fecond proued in lines. As if the number 
A B be denided inro two equall numbers, which let be A C,and C B:and alfo in two vnequal numbers 
namely,A D and DB,of whichlet AD be the greater , and A c D B 
D B theldeffc. Then 1fay that hac which is produced of the-- 7 777777 T rt 
whole A D into D B together with the fquare number of C D j iséquall to the fquare number of C B, 
For by the former propofítió the fquarc of C B is equall to the quare oC D and to the (quare ofD B, 
and to that which is produced of B D into C D ewile. But that which is produced of 5 D intó himfelfe 
and into C D is equall co ttiat whichis produced of B D into-C B by the firft of thefe peopolinonsand 
therefore vnto that which is produced of B D into AC. Wherefore that which is produced of BD into 
himfelfe and into C D ewife is equall to that which is produced of BD into AD. Wherefore by che 
fame the fquare of C 2 exceedeth that which is produced of B D ints A D by the [quare of C D; whet- 
fore that is manifelt which wasrequiredto beproued. — ss pa” te ie s 





ae qThe ‘8. Propofition. ae 


Paess, l oH "t , 


ba fa ——ÓM inte two equal partes, and f ‘unto ibe added an other number H thas 
^9. 


which is produced of the multiplication of the Whole being uice into the number added, to- 
gether with thefqnare of the halfe, is equall ro tbe [quare vf tbe mwmbet compefed of the hafe 
and the number added. mo ; 


— 


E 


This proueth in numbers that which the 6. of the fecond proued touching lines. For fuppofe thae 
thènumbeda B be deuided into equall numbers., whiċhi ler betc and C85 and vanto- it adde the 
-number 2 D . Then1 fay , thae that which iṣ produced ofthe whole 4 D into D:A together with the 
fquare of 8 C,is equall to the fquare ofc D.For bythe6.ofthefe ` 4 C... B D 
propofitiós the fquare of C D is equal to the fquare of D B,& to "7 ""**.— "7*7 eg itor 
the (quare of B C,andto that which is produced of D B into 8 € twifo. But by the 1.of thefe propofiti- 
ons,thae whichis produced of 8 D into himfelfe and into 8 € Dwife isequalltó chat which is prody- 
ced of 5 D into D 4 ( for 4 Cand C B are cquall ) wherefore che fquare of C D exceedeth that which is 

roduced of & Dinto D 4 by the fquare oí C 8 . Whereforc iat a5 manifeft which was required t9 
b proued. E ' — PET ; B i T d n ve à * e Osi: . E — 
ipai" «The s.Propofition..— =. 

E i. —— TIUS RS IBC LOT S Ps dae wos. . r 
ti `- Jfanumberbe denided intorno parses: shat which is produced of the whole number into hi 
750 afr rogerher with that which is producedef one of the partes into lim alfa eyualeorhat which 
is produced of the whole inte the fayd part swift together with that which ts produced ofthe othev 


sdi pet into him Sefe.. This 


* 









of. Euclides Elemente. Fel.221. 


This proueth in numbers that which the 7. ofthe fecond proued'in lines. Forlet the number .4 
be deuided into the numbers and D. Then 1 fay that the (quare of 44 together with the {quare of D 
is cquall to that which is produced of 4into. D twife together with the A 
fquare of 8 `. For itis manifeft by che &. of thefe propofitions thatthe 
fquare o£ 4 is equall to che fquares of 5 and D together with that which 
is produced of Z into D twile . Wherefore the fquare of 4 together with che fquare o£ D , is equall to 
two Íquares of D, aud to that which is produced of D into 7 twife together with the fquare of £, But 
by the firtt of chefe: propofitions two fquares of D , and that which is praduced of D into E twife is e- 
quall to that wbich is produced of D into 4 twife. Wherfore that which is produced of D into 4 twile 
together with che fquare of is equall co the fquare of 4 together with the quare of D : wherfore that 
is manifeft which was requized to be proued. : 


q The 1o.propófition. 


If anumber be deuided into two partes and unto it be added a number equall to one of the parts: 
the fquare of the whole number compofed,is equall tothe quadruple of that which és produced of 
the firft number inte thenunsber added,together with the fquare of the other part. 


This proucth in numbers, that which the 8.0f the fecond proucd in lines. Suppofe that the num- 
ber 4 B be deuided into the numbers 4C and C B,vnto which a B 3 D 
adde the number B D, which ler be equali co the number C 8. nos aeu rr TIC 
Then I fay that the {quare of the whole number compofed,namely,-4 D,is equall to that which is pro- 
duced of 4 B into B D fower times together with the (quarc of 4 C. For by the 6.of thefe propofitions 
the (quare of 4 D,is equall to the {quare 4 B and to the {quare of £ D together with thae which is pro- 
duced of 4B into BD twile.And forafmuch as the fquare of B D is equal to the {quare C B: therfore the 
{quare of 4 D fhall be equall to the [quare of 4 B and to thefquare of € 5 together with that which is 
produced of 48 into B D twife . But by the former propofition the fquare of 4B together with the 
{quare of C Z,is equall to the {quare of 4 C together with that which is produced of 4 into 5 € twife 
wherfore the {quare of 4 D is equal to that which is produced of 4 B into 8 D twife,and to that which 
is produced of 4B into BC twife together with the {quare of 4 C. And for that that which is produced 
of A B into B C is equallto that which is produced of 4 B into 8 D, therefore is that manifelt which 
was required to be proued. : 


% The 11.propofition. 


If anumber be deuided into tWo equall partes , and into two unequall partes: the fquares of the 
two unequall partes taken together are doubleto the fquare of the halfe , and tothe fquare of the 
excefe of the greater part aboue the lefie,the fayd tWwo /quares being added together. 


This proueth in numbers that which the s. of the fecond proued in lines . For foppofe that the 
number 4 B be deuided into two equall partes; which letbe 4C and C £,and into two vnequall parts, 
which let be 4 D and D 5.Then 1 fay that che fquares ofthe two numbers 4 D & D B, taken together, 
are double co the two fquares of the two numbers A4 C and C D, taken together. For by the €. of thefe 
propofitions the fquare of 4 D is equallto the {quares of A c D i 
^4 Cand € D, and to that which is produced of 4 C into C D fy) Vet de 
ewife.And forafmuchas the fquare of 4 C is equai to the [quare ofC 2, the {quare of 4 D ihal be equall 
to the fquarc of £ € & to the quare of C D together with that which is produced of & C into C D twife. 
Wherefore the fquare of 4 D together with the {quare of B D,is equall to the fquare of B C, and to the 
{quare of C D and to that whichis produced of 2 Cinto C D twife together with the fquare of E. D.Buüt 
that which is produced of £ C into C D twife together with the {quare of B D, is equall to the {quare of 
B C and to the fquare of C D by the 9. of thefe propofitions. W herfore the (quares of the two numbers 
4 D and D B are equall to the fquares of the two numbers B C and € D taken twife. And therefore the 
fquares of the two numbers 4 D and D B are double to the fquares of che two numbers B Cand CD, 
that is 4 C and C D(for che numbers 4C and 7 C are by fuppofition equall) wherforethat is manifcft 
which was required to be proued, n 


% The 12.propofition. 


Jf a number be denided into (wo equallpartes and unto it be added an other number : the fquare 

of the whole number compofed together with the fquare of the number added,is double to the 
Square of the balfe , together With the Jquare of the number compofed of the halfe and the num- 
ber added.” 3 
: BB.ij. This 
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This proueth in numbers that which the ro.ofthe fecond proued in lines. Suppofe that the num- 
ber 4 5. be deuidedinto two equall numbers 4C and C B:and vnto itadde the number 8 D Then f: 
fay thatthe fquare of 4 D together wich the {quareof B D,is c gp 
double to the [quare of 4C together with the fquare of Sac — EAT : 
CD. For forafmuch as the number C D is deuided into two partes , and vnto it is added the 
number 4C which is equall to one of the partes (namely , to C Z) therefore by the 10. of thefe 
propofitions , the (quare of 4 D is equall to chat which is produced of C D into C 4 foure times to- 
gether with the fquare of 8 D. Andfora(muchas 4C is equall to C £, therefore the {quare of 4D, 
is equall to that which is produced o£ D C into C8 fower times together with the (quare of 8 D. Wher- 
fore the(quare of4.D together with the fquare of D 2,is equall to that which is produced of DC inta 
cB —— together with two fquares of £ D . Butby the 9. of chefe propofitions,that which is 
produced of D C into € B fower times together with two fquares of BD is double to the fquare ofc D 
together. with the (quare of C B (for chc [quare of C D together with the fquare of C B is equal to that 
which is produced o£ D C into C & ewife cogether with onc (quare of C 7) . Wherefore forafmuch as 
the fquare of C B is equall co the fquare of AC ,thatis manifzlt: which was required to be proued. 


x The13. propofition. 


Le is impoffibleto denide a number in fuch forte : that that which is contayned under the whole 
and one of the partes phall be equalltothe fquare of the other part. zo 


That which the 11.of the fecond taught to be doone in linesis lere proued to be impoffibleto 
be doone in numbers.For fuppofe thac there be a number wharfocuer namely 4B , Then I fay, thacic 
is im pofible to deuideit in fuch fort as ts requiréd in the propofition . For fo fhouldit be deuided ac- 
cording to a propordon hauing a meane and two ex- c E D BOO 
treames. But ifit be pollible, let the nuraber A B be fo Moy — si 
deuided in C.Aud as A B is to B C,fo let b C beto C 4. Wherefore A C fhallbeleíTe then C B . Now 
then take away fiom C B a number equall to AC which let be C D, And forafmuch as the proportion 
of the whole A B to the whole B C,is as tlie proportion of the part taken away from A B, namely,B C 
to the part taken-away trem B C,namely,C D: therefore the proportion ofthe refidue of A B, namely, 
A C,to therefidue of B.C,namely,to B D, ís as the proportion ofthe whole A B to che wholeB C (by 
the 11.0£ the feuenth ). Wherefore B Cis to C DjasCDisto D B. Wherfore CDisgreater chen D E, 
Wherefore fubtrahing D E out of C D,fo chat let D E be equall co D B : the proportion of B CtoC D 
isasthe proportió of C D to DE. Wherfore the refidue of C B,namely;D B,fhal be to the refidue of C 
D,namely,to CE,as the proportion of the whole 5 C to the whole C D.Wherfore C E may befubtra- 
hed out of E D: wherforethere fhalbe no end of this fubtra&ion ; which is impoffible. 


> 


q Ube 16.Theoreme. ` The 16. Propofition. 


If two numbers be prime theone to the other the fecond fhallnot be to any 
-other uumber as the firft is to the fecond. 


RV ppofe that thefe two numbers A and B be prime the oneto the other. Then 
fay that B is not fo any other nüber as A is to B.For if it be pofible,as Ais to B, 
fo let B Le to C.Now A and B are prime numbers yea they are prime and the lef 
CSS by the 23 .0f the feuenth. But (by the 21.0f the Tenik the leaft meafure the 
numbers that hane one and the fame proportion with them equally ,the 
antecedent the antecedent ,and the confequent the confequent. Where- 

ore the antecedent A,meafureth the antecedent B, and it meafureth 
alfo it felfe.Wherfore A meafureth thefe numbers A c B being prime 
the one to the other which is impofsible Wherfore as Ais to B, fois not 
BoC : which was required to be proued. 





B 


C — 


q T he 17. T beoreme. T'be i7. Propoftion. — ~ 


If there be numbers in continuall proportion how many foeuer and if theyr 
i E extremes 


of Euclides Elementei. (Fan. 


extremés be prime the one to the other , the le/Se fhall not be to any other 
number as the fir/t is tothe fecond; i ` 


Kae 7 "ptt that there be thefe numbers in continual! proportion.A,B,C,D,and let 

US their extremes A and D be prime the one to the other.T hen 1 fay that D is nok, 
A IS to any other number as Ais to B.For if it bepofibleyas A isto 8, fo lct D be to 
IC SX SAE Wherfore alternately by the 13.0f the fenenth,as Ais to Dfois BtoE. But 






A and D are prime, yea they ave prime and Denon #ra- 
the least But the least numbers bythezr.of A.o... — ^ tion leading to 
the feuienthy meafare the numbers that haue B s.s — «n abjurduies 
one and the fame proportio with themequal- CC ivserseceeecsvcces à 

Iy,the antecedent the antecedent, and the con D...................... i ria 


Jequent. Wherefore the antecedent A meafe- ` E 
reth tbe antecedent B:but as A isto B,fo15 B 

to CWherfore B alfo meafureth C.Wherfore A alfa meafureth C (by the 5.commi fentence 
of the fenenth)and forafmuch as Bs to C,fo is C to D,but B meafureth CWherfore C mea- 
fireth D.But A meafureth C.Wherfore A alfo meafureth D by the fame commun fentence, 
and tt alfo-meafureth it felfe. Wherefore A meafureth thefe numbers A and D being prime 
the one ta the other which ts impoftible Wherfare D is nut to any other number as Ais to B: 
which was required to be praued. 





9 The 18. T heoreme. The 18. Propofition. 
"T wo numbers bein 14 i Ls ` 


wo) s being geuen, to fearche out if it be pofrible a third number ns 
in proportion with them. ; 5 ZEE 
Ws —— — it \a 
e Y ppofe that the two numbers genen be A and B.It is required to fearche out if it be 
RS pofrole a third ‘number, proportional with them.Now A,B are either prime the one 
erdt] to the other or not prime.tf they be prime,then (by the 16.uf the ninth) itis mani- Three cafes 
nifeft that itis impoffible to fiude out a.third number proportional with tkem.But now fup- ashe propofi- 
pofe that A B be not prime the one to the other. And let B multiplieng himfelfe produce C. The fir cafe 
Now A either meafureth C,pr meafureth it not. Firft,let it meafurest and that y D Wher- ] 
fore A multiplieng D.produceth > i 






C.But B alfo multipliene bim[elf | A... ; The fecond 
produced C. | erfore that which — B. ..... es 
7t prédueed o H ipto D, isequall ; - 





to that whichis produced of B in-.. 

to himfelfe. Wherefore (by the fe- 

cond part of the 19. of the feutih) . 

as At to Bois B to D.Wherfore . 

unto thefe numbers A,B is found , 

out a third number in proportion, . .. 

namely,D. d 
But now fuppofe that A do not 

imneafure. Cx, Then 1 ay that. it is 

soxpoftthle to finde out a third nis- 

Ser in proportion with thefe num. — Dress 

kers A,B: Eor if it be pofiable, ler there be fotid ant [ach a number, and let tbe farne be. D. 
— BB. Wherefore 


theres tbotcchn 


The third 
cafe, - 





"E Theninth Booke ` 


Wherfore that which is produced of A inte Dis equallto that which is produced of B into 
himsfelfe,but that which ss produced of B into himfelfeis C.Wherfore that which is produced 
of A into D is equall-unto C.Wherfore A multiplieng D produced C. Wherefore A meafu- 
reth G by D.But st is fuppofed alfo not to meafure oh is imposible Wherefore it 1s not 
poih! to finde out a third number in proportion with A Cr B,whenfoeuer A meafureth not 
€ : which was required to be yroutd. 5 5 


l g The 19. T beoreme. The 19. Propofition. 


(0 Three numbers beyig genen,to fearch out if it be pofsible tbe fourth nume. 
ber proportional with them. x 


a2 P ppefe that the three numbers genen be A,B,C.It is required to fearch out if it 





Diners cafes 
an this propofi- lic pofrole a fourth number proportional with then Now A,B C arc either in^ 
tion. continuall proportion, and their extremes A,C are prime the one to tbe other · or 


— they arcnot in continuall proporlion, and iheir extremes are yet prime the one 

ta the oiher:ox they are in continuall proportion,and their extremes are not prime the one tà 
the other :or they are neither in continual proportion, nor their extrevues are prime the one: 

to the other. "S E Ve M) Kn 

The fef cafe. , If. A,B,C sbe in continuall proportion,and their extremes be prime the one to the other, 
åt is manifest (by the 17.af the ninth) that it is impofible to finde out a fourth number pro- 


portionall with teers: e S A iet 
But now fuppofe that A,B,C,be notin contipuall A ...e.000- ` 
Thefecond pyoportionaad, yet let their extremes be prime the one to ' 
«efe. tbe other. T hen T [4j that fo alfo itis impofüble tofinde i 
cut a fourth number proportional with the. For if is be ~ sh nna 
pofstbleles there be found [uch a number , and let the : 
fame be D.So that as ‘A is to B,fo let C beto D;and as Bis toC,falet D beto E.And for that 
xz as Ais to B, fois C to Dand as B is C fo is D to E,therfore of equallitse(by the r4.of the fee 
uentb)as A isto C[ois Cto E. But A and C are prime . — 
s- the one tothe other yea ihey are prime, and ihe laut: but A ees. 
. ht lest meafure the numbers tbat baue one dr hefame — B... esee UR 
proportion with them equally the antecedent, she ante- >G oossoo uA ES 
cedent,and the confequent the confequent (by the21.of - D— 
_ the fenenth).Wherfore A meafureth C,namely,the'an- `E 
tecedent the antecedent, andat alfo meafureth itfelfe. ' ^ — Do 
Wherfore A meafureth thefe numbers A and being prime the one to the other, which is. 
impofible Wherfore it is not pofible to finde out a fourth number proportional with shefe: 














numbers A,B,C. i 
` But now againe fuppofe that A,B,C; bein -> Anness. 35 
The third continual proportion,and let A and C not be — B... A 
cafe. prime the oue to the other. T bep I [ay that it i — 
a 


is pofäble to finde out a fourth number pro- 
portionall with them.For let B multiplieng.C . . . 
> p produce D- Now cA either meafuretb D, or -` mens A nm es 
© ^ epsafüreth it not. Fir! et it mea[ure ie, end that by E.Whesfore A mulsiplieng E produced: 
7075 D.But B alfo multiplieng C produced D Wherfore that which is produced of AE is equal to 
that which is produced of BC:wherfore in — AistoB,iny faine is C to E.Wher 
füte bere is found uta fourth namber mamily 





" 


* 


»E,proportionall smith. thefepilbers A,B,G^ 
& f But 


of Euclides Elementes. Fol.232. 
~ But now fuppofe that A donor ineafure D.Then I fay thas it is wot pofüble to finde out a 
Fourth number proportional with thefe numbers A,B, C. For if it be pofible, ler there be 
found fuch a number and let the fame be E.Wherfore that which is produced of A into E 
isequall to that whichis produced of BintuC. But that which is produced of BintoC is D. 
Wherfore that which is produced of A into Eis equall unto D. Wherefore A multiplteng E 
produced D,wherfore A meafureth D,but it alfo meafureth it not,whtch is impofsible. Wher: 


fore it is impofible to finde out a fourth number propcrtionall, with thefe numbers A,B,C, 
whenfoeucr A meafureth not D. . 


But now fuppo[e The fourth 
that A,B,C benti- = M eese. eee M 
ther in continuall B O65 BONE OE Chan ole eRe yv eia 
proportiõ, neither al E O e deri ——— — n dE 


fo tbeie extremes be | E.— 
prime the onetothe D 1359 
other. And let B mul 

siplieng C produce D.And in like [orte may see proue that if A do meafure D it is po[Jible te. 
p^ out a fourth number proportionall with them.But if ss de not meafwre D,theisit un- 
poffible which was required to be prowed. 








q The 20. Theoreme. © T he 20. Propofition. 


^ Prime numbers being genen how many 'foeuer ,tbere may be genen more 

prime numbers. 
TA ppofe tbat the prime numbers genen be A, B,C. Then I fay, that there are Two cafes in ' 
i) yet more prime numbers befides A,B,C. Take (by the 38.of the feuenth) the left 


i ) this Propofi« 
number whom thefe numbers A,B,C domeafure, and let the fame be DE. tion. pofi- 











íi Aid vinto. D.E- Adde vnitie D F 4. Nw E F. is either a prime number or pot. 
Firfl let it be a prime number then are there found > The frf cafes 
thefe prime numbers A,B,C,and EF more inmuli- A. > D 
tyde then the prime numbers feft geuen A,B,C., B... The fecond 
` But now fif that EF bé not prime.Wherefore Cs... cccecceveeceeee ef. 


feme prime number meafureth it (by the 24. of thefe- Ess D.F 
uertth). Leta prime nitmber meapiire it, namely, G. Go... T: 
Then I fay,that G is none of thefe numbers A,B,C.For i 

if G be one and the fame with any.af thefe A,B,C But A,B,C,meafure the năber D E:whers 
fore G alfo meafureth D E : and it alfo meafureth the whole E F Wherefore G being a num- 
ber fhali meafure the refidue DF being vnitie - which is impofüble . Wherefore G is not one 
dria the fame with any of thefe prime numbers. A,B,C : and itis alfo Jupp to be a prime 
number. Wherefore there are found thefe prime numbers 'A,B,C,G,being more in multitude 
then the prime numbers geuen A,B je: which was required o be demonftrated. 
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SB ACorollary. + 


By thys Propofition it is manifeft,that the multitude of prime numbers is infinite, 
gee oo T em trane 
x. WT he zi, Theoemes ` ` >The 21. Propofition. > 


i 


Jf euen nibers bow many fexer be addelfi together: the whole fhal be eu£. 
— BBiiij. Suppofe 


ee a The ninth Booke. ~- 


Vppofe that the[é euem numbers «A B, B C, C D, and D E , be added together. 
TL hen I fay,that the whole number namely A- E, isan euen abr. For foraf- 



















Demonflra- much as euery one of shefe numbers AB, BC, C D, and D E, isan enen nim- 
tion. ; &) ber therefore euery one of them hath an halfe .W berefore the whole «JA E alfo 
hath an halfe . But an euen 
number (bythe definition) =. Hs SF 18 g 
thatwhich maybe denidedin-. | A,n Basaan, Chaar Duos E 
to two equall, partes . Where- ze 
Poe o fore AE fs an euen number: 
. which was required to be proud, sss sss ` ; s 
g The.22. Then. RE Thez 22.  Pripoft tion. s 
- df odide numbers how many foeuer be added ROT, c fr their maltitude. 
be enen tbe whole alfo [ball be enen. 
ETAT ppofe: that thefe odde numbers AB,BC,C.D and D E, being euen fn multitude, 
tbe added together. Then I fay, that the whole AE is aneuen number. For foraſ- 
Sh! much as enery one of theft numbers A B,B C,C D, and D E, ii an odde number, 
1f ye take amay vnitie frome- T 
Demonflra- i exe label d 2 i on 
Hens remayneth of enery one of thé A... Borise Cis wakes JJ E 
isan even number Wherefore do ve ue Is i i 
they all added together , are : 
(by the 21. of the ninth) an euen number : and tbe multitude of T vitier ms away is 
r à eun T her. — e the whole AE is ån tuer i namber : which was required to be proned. 
T ` 
e v Tiea Thoms: SIR 23. Propofition. 
>I if adde numbers bow many i foeuer be added to gether, and ifi ie multitude 
Pies. aS of them be odde the whole a Yo fall be odde.. 
De 2 N V’ppofe that thefe olde numbers, A B,BC,andC D being odde in multitude be ad- 
-> RASSY aed toeether:T henTfaythat thewhole A Disan odde number. Take away from C 
NE D,vaitit D £. wherefore that which rimis CE is an eun number, But AC: 
s (bythe 22: of the ^ i . I Ae J 
Demouilra- ninth) is an euen num. , —3 
tione bir. Wherfore the mhole * ... .BRC RD 
AE is an eaen number. : Eu n — 
Bit D E' whichi ix vnitie being added tà tbe euen panbe 4 F, maketh ‘the whole AD ap 
adden number: : which was as required to be proued- io Ag - 
* ek 
"v The 24: T beoréme; © > EST 3. Pip tion. 
If from an euen number be tak£away an euen number, that ‘which remaie 
— — be an euen number. 
LÁ pof: that A A B bean euen — M liven F m 
Demonftra- Y ir take 4v«y an enen number C B. Then.1 fy tO floes cone 
tion, S| that that which remayneth, namely, AC isan : 


i enen number. ud C aui aa even. Ro is ge t 
— eco 


e ` 2 





of Euclides Elementes. Fol.214. 


exen number,it bath an halfe,and by the fame reafon alfo B.C hath an halfe. Wherfore the 


refidue C A hath an halfeWherfore A C is an euen number: which was required to be de- 


monflrated. e aye 


260i g The — d The as. Propofition. 


Lf from an euen number be taken away an odde number , that which remai« 
neth fhall be an ödde number. 


8M Vppofe that AB be an euen number, and 

RASH take away from it BC an odde number. 

DN Then iff that the refidue C Ais anodde A... 4 OLD ow oes B 
number Take away from BC unitie C D.Wherfore 

D Bisanencn number. And AB alfois an enen 

zumber, wherefore therefidue A D isan euen num- 

ber (by the former propofition) But C.D which is unitie,bcing taken away from the euen n&- 
her AD maketh therefidue AC anodde number : which was required to be proued. 






g The 26. T beoreme. T be 26. Propofition. 


If from an odde number be taken away an odde number, that hich ree 
mayneth Jhall be an enen number. 


EEA Vppofetbat A B beanodde number, and from it 
take away an odde number BC.Thél fay thatthe A .... C ...... D:B8 

fa refidue C A is an eue number. For forafmuch as 

"A B is an odde number take away from it vnitie B D Wherfore thevefidue A D is euch. And 

by the fame reafon C D is an euen number : wherfore the refidue C A is an euen number (Èy 

the 24.0f this booke) - which was required to be proued. 


a 


q Ihe 27. T beoreme. The 27. Propofition. 


If from an odde number be taken away an enen number „the refidue fhall be 
an odde number. 


EFA V ppefe that AB bean odde number, and from it 

Wi take amay an een number B C.T ben1faythatthe — A.D ....C.... B 

i d |refidue C Ais an odde number. Take away fr A B 

vnitie A DWherfore the refidue D B is an eu£ number, cy 

E Cis (by Juppofition) euen Wherfore the refidueC D is an euen number. Wherefore D A 
which is vnitie,beyng added vnto C D which is an enen number maketh the whole AC an 
odde number : which mas required to be proued. 







ad 


Tbe 28. T beoreme. The 28. Propofition. 


If an odde number multiplieng an enen number produce any number, the 
number produced fhall be an enen number. 


Va ee he 


Suppofe 


Demon ra- 
ton, 


"Demonflre- 
tion, É 


Denonffrati- 
tion. 


Demonflre- 
eon, 


Demonstra- 
sion, 


A proboſition 
added by, 


Compaue. 


An other ad- 
ded by him, 


Demonflra- 
tion leading to 
«n abfurdite, 


The ninth Booke 


V ppofe that A being an odde number multiplieng B. C .. sees 
being an eutn number,da produce the number C.Then | B .... 

1 fay that Cis an euen number. For forafmuchas A A... 

2X) multiplieng B produced C therfore C is compofed of fo 

many numbers equall unto B asthere be in vnities in A.But Bis an eun niüber: wherforeC 
is compofed of (o many eem numbers a5 there arc vnities in A But if eué numbers how ma- 
ny foener be added together the whole(by the 21.0f the ninth)is an enen number : wherfore 
C is an cuen number è which was required to be demonffrated. i 





g The 29. Theoreme. The 29. Propofition. 


_. [fan odde number multiplying an odde number produce any number , the 
number produced fhalbe an odde number 





AV ppofe that A being an odde number multiplying B being alfo an odde number, 
QI. doo produce the number C.T hen 1 fay that C is an odde nember. For forafmuchas 

hosed la muttiplying B produced C , therefore C is compofed of [o many numbers equall 

unto B as there be unites in A.But cither of thefe num 

bers Aand B is an odde number .Wherefore C is com- C exert Rane 

pofed of odde numbers , whofe multitude alfo is odde. Briss 

Wherfore (by the 23.0f the ninth) C is anodde nitber: A 

which was required to be demonftrated. 






; 3 A propolition added by Campane. 
Tf an odde number meafare an enen number, it fhall meafure it by an enen number. 


Ror i£ it fhould meafure it by an odde number, then of an odde number multiplyed into an odde 
sumber fhould be produced an odde aumber,which by the former propofition is impofible. 


An other propofition added by him. 


If an odde number meafure an odde number,it fhall meafure ie by an odde number. 


E For ifit fhould mealure it by an euen namber , then ofan odde number multiplyed into an euea 
Tumber fhould be produced an odde number which by the 28.0f this booke is impolfible. 


ff T he 3o. T beoreme. The 30. Propofition. 


Ifan odde number meafure an euen number it hall alfo meafure the halfe 
thereof. 


(a that.A being an odde number doo mea[ure B being an euen number.T ben 
f' 

I 

KON 


ay that it [hall meafure the halfe thereof . For forafmuch as A mea[ureth B let it 
I meafure it by CT he 1 fay tbat Cis an euen number For if not then, of st be po[Jible 
let it be odde-And fara[much as A meafureth B by C: ther- 
fore A multiplying C produceth B.Wherfore Bis compofed 
of odde numbers whofe multitude alfo is odde .-WherforeB C — ...... 
as an odde number ( by ther9.0f this booke) which isab- B... sues. eats " 
furd,for it is fuppofed tobe enen : wherefore Cisan euen 
number Wherefore A meafureth B by an enen number: and C meafareth B by A. But P 
wir 4 


Ma * 


of Euctides Elementes, Fol.225.. 


of thefe numbers and Bhath an halfe part ewherforeas Cis to B,fo is the halfe to the halfe. 
But C meafureth B by A. Wherefore the halfe of C meafureth the halfe of B by A: wherfore 
A multiplying the halfe of C produceth the halfe of B.Wherfore A meafureth the halfe of B: 
and it meafurcth it by the balfeofC .Wherefore A meafureth the halfe of the number B: 
“which was required to be demonftrated. 


og The 31. Theoveme. °°’ The 31. Propofition. 
20s Tw a das! i 
If'an odde number be prime to any number jit fbalalfo be prime to tbe dos» 
ble thereof. — O R 
"o? noliizrfisomz^ odo nd. 
Vppo[e that A being an adde number be prime nto tbe number B: and let the dou- 
49k ble of BLeC . Then i fay ;that Ais prime vntoC . For if A and C be not prime the 
Ñ one tothe other, fore ome number meafureth them both . Lee shere be fuch anm- 
ber which mea[ureth them both and let the fame be D. — 
But Aisan odde number. Wherefore D alfoisanodde.. A ooann.. 
number .( For if D which meafareth Afhould-bean -B 
puen number, then fhould Aalfo bean euen number(by. C 
the 21. of this booke) which is cotrary to the ju D 
on.For Ais fuppofed to be an odde niber: Cy therefore 
D alfois an oddenumter ) And forafmuch as D being an odde number meafureth C, but 
C isan cut number (for that it hath an halfesnamely,B) Wherfore( by the Propofition next 
going before) D meafureth the halfe of C . But the halfe of C is B. Wherefore D mea[urcth 
B : andit alfosméa[ureth A Wherefore D méafüreth A and B. being prime the oneto the o- 
ther : obich is ab[urde .Wherefore no nupsber mea[ureth tbe numbers A d C . VV berfore 
Ais a prime number nto C . VV herefore thefe numbers A asd C are priee the one to the 
other : which was required to be proucd. — 





"viaa 


Er qThe 3 2. T heoreme. - The 32. Propofition. 
vt Euery nliber produced by tbe doubling of two vpward js enenly euen onely. 


Vppofetbat A be he musiber tma : and frern A vpyard double numbers hom many 
ocner; as B,C,D. Then 1 fay, that BjG,Ds are numbers ewenly euen oncly. T hat c- 
utry ent of tbern is enenly euer jit is mamifeff : for euery one of them is produced by 
the doubling of tmo .1 fay alfo , that euery oneof thema ieuenly -`> 
euen onely /Take vnttic E. Andforafmuch as-fromunitie are D ossos etm 
certaine numbers in continuall proportion, œA which follow- ~ C 
ath next afler onitit is a prime number therefore (by thea .of^-— B... 
the thirdy ponumber mea[urtth D being the ereateff number A: .. 
of thife numbers: A,B,C,D, befides the felfe fame rmmbersin E vnitie 
Proportion’. But encry one of theft numbers. A,B,C, iseuenty o 
euen .VV berefre D is euenly euen onely . In like fort may we proue, that enery ene of thefe 
numbers A,B,C, is enenly ewen onely : sohich was required to be prowed. 
qr CII SI EE SRS eu CI kee —— — Lf: 
bi: 33i: 


oe.) Sg The in T beorente i Lhe 3s. Propofition. 





ai» fn nber whofe halfe part is odde „is entnly oddt onely. 
3 Suppofe 


Demouſtro 
feu. 


Demonfire- 


E 7 


De monſtra- 
tion leading to 
«n abfurdisie. 


Amn other de- 


wonflration, 


Denniffra- 
Con. 


AVRRSS 


TheninthBooke . « 


Bd Vppofe that Abea number whofe haife partis odde.. Then fay that Ais enenly 
QI ed unely, That it is euenly odde itis manifeft : for his halfe being odde meafureth 
lepus) him by an eut number, namely,by 2. (by thedefini-  ~ , 
tion) <4 fay alfa that it is cuenly oddeonelyj. For if be cuen- A............ — 

Ly enen,his halfe al[o 3s euen.For ( by the definition) an uen ; ds 
number meafureth him by an euen number . Wherefore that enen number which meafureth 


him by an euen a ef alfa méafure the halfe:thereof being an odde nymber by the 4. 





common fentence of the feuenth which is abfurd.Wherfore Ais a number enenly odde onely: 
which was required to beprowed. \ ey qu s oo 1 ul 


y Y. 
. SOTO. 
An other demonftration to proue the fame. | * i 


m 'Suppole tRat the nümber A haue tó his halfe an od nabetaatnely; B.THET fay that A is cuély od 
‘onely. That itis euenly odde needeth no profe :. forafmuchas the number 2. an euen number meaíu- 
set ac by the halfe thereof which is an odde number.Let C be the number a. by which 8 meafureth A 





(for that Avis fuppofed co be double vnto'8). And let an even number,namely,D meafure A( which is 

forthatA is an evennumber by the definition) by F.And forafmuch as that which is produced 
of C into B is equall to that which is produced of D into F, therefore by che 19.0f the feuenth;as.Ciis to 
Dylo.is & to F-ButC the number two meafureth D being an euen number: wherfore F alfo meafureth 
P which ts che halfe of A. Wherfore F isan odde number.For if F were an euen number then fhould ic 
make B-whome ic mcafureth an odde number alfo.by the 21. of this booke,which is contrary to the 
fuppófition.And in like maner may we proue thacall the eué nbers which meafure the number A,do 
mea[ute it by odde numbers .. Whercfore A is a number euenly odde onely : which was required to 
Be proged. m Bau cà NECS z 
* s We |a 
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WEA a q The 34. Theoreme. wes The 34 Propofition. v - 
Ifa number be neither doubled from two nor hath to his half part an odde 
number jit [hall bea.number both euenly euen jand vuenly odde. 


xz ppofe that the nisLer A be a nuber neither doubled fro the nilber two, neither 
f/i let it haue to bis balfe part an odde nitber.T hen 1 fay that Ais a nuber both 
ewenly cuen,and enenl) oddeT hat. A is tueily even st is manifest, for the halfe 
as therof is net odde,.and ts medfured by the number 2.which is an enen number. 
Wow. fay that itis euenly. addealfo. Por if we denide A into two equall partes,and [0 conté- 
nuing fHllse [ball at the length light upoms certeine M Men S 
adde number which foal meafure Aly ameuen pum- 5 7M o aes enne 
ber.F or if we fhould noslight-vpon {ach an edde ni: We 








ber which meafureth A by aneuen naniber, we fhould at the length come unto the number 
two,and [o foould Abe one of thofe numbers which are doubled from two-vpmard,which i 
contrary to the fuppofition.Wherfore-A4s euenly odde.And itis proued that st is euenly euẽ? 
wherfore Ais a number Lothenenly enen and evenly oddes,mhiche was required to be de- 
Mronfirated. ay OR a wa 
Pu aud 2 a i eMT duc i OLORE ` F M. f i 

This propofition and the two former manifeftly declare that which we noted vp 
pon the tenth definition of che feyenth booke namely , that .Campaneand Flufatesand 
diuers other interpreters of Enclide(onely T beon extept)did riot rightly vnderftand the 
8.and 9.definitions of the fame booke concerning a number evenly euen, and a num- 
ber cuenly odde . For inthe onc definition they adde vito Ewclides wordes He in 

e 5 eos M the 


— 
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of Euclides Elementes. = Fol.226. 


the Greekethisord onely(aswe there noted) and.in the other thissvord 4ll.So that af 
ter their definitions a number can not be evenly. euén vnleife it be meafurcd onely,by, 
cucen aumbers;likewile g number can noc be euenly odde volef ali rhe euen numbers, 
which doo ireafutc it; doo mez(üre it by an oddé number. The contrary whereof "in: 
thispropofitiun WE mauifefilyfee . For here Euclid proueth thatone number may, he 
both éuenly ciem indeuenl y odde. And in the üyó former propaliticns he prougd that 
fome numbers zre cuenly cuen oncly,and (ome euenly oddé onely : srhich word onely: 
had benein vaine of him added, if no number euenly euen could be meafured by an 
odde number, or ifgll the numbersthat meafurea.numbet evenly odde muft needes 
meafure it by 2 odde number. Although Campane and Flufares to auoyde this abfurdi- 
ty hane wreailed the 32. propofition of this booke fró the true fence of the Grecke and 
asit is interpreted ot Theon «So alfohath Fleffater wreafted the- 25. propofition . For 
wheras £ackde fayth Emery nkber produced by tbe doubling of two vpward.is eitély ené only:they 
fay, eneiyt Poutinhers produced by the doubling of two,are euenly caen. Likewife whereas Exctide 
Lith Arun a? whofe haple pare is odde ,ià enenly oddle ondly ,Fluffates fayth ,onchia nuteber whofe 
balfe part is 04,1s enély od. Which cheir interpretatié is not true,neither.cah be appiyed to 
the propefitions as they are extit inthe Grecke. In dede the fayd 3 2.and 33 .propofiti- 
ons.as they putthé are true touching thofe numbers which ate evenly enen onely’, or 
cudly od onely. For tio number is euenly cuencnely;but thofc otely.wbich are doubled 
From.two vpward. Likewife no numbérs arceuenly odde onely, but thofe onely whole 
fralfe isan odtienumber. But thisletteth not, bye tlhiata number máy be cuenly cuca 
Wehongn it’be not doubled:from two vpward &alfo that a number may be eugiy: odde 
although ithzue norso his. halfe anodde number. As inthis 3 4. propolitio Exchde hath 
plainly proued. Which thing could by no meanes be true, ifthe forefayd 3 ».& 43. pro- 
pofitons of this booke fhould haue that fence and meaning wherein they take its 


gq Ube 3s. Theoreme. ~ The 35. Propofition. 
Tf there be numbers in continuall proportion how many foeuer , and if from 
the fecond and laft be taken away numbers equall'ynta tbe firft , as the exe 


ceffe of the fecond is to the firft, fois the exceffe of tbe laft to all tbe nubers 
going before the laft. eee te Se 














TOM i 
Re V ppofe that thefe numbers A, BC,D,and E F, bein continuall proportion be- 
WIR ginning at A the leaft. And from B C,wbich is the fecond, take away CG. equall 
VAN SI VO 2? pay eg 

| A > june the firft, namely, ta A, and likewife. from E F the laft take amáy.F H e- 
I qual alfo-unto the firft,namely,10_A. Then Lfay, thatas the excefse BG is to 
Athe firft, fois H E.the excefse,toall the numbers. D, B Cand A, which o before tbe laft 
end. nanely, E-F. ..Forafmuchas-E F is tbe greater ( for the fecond is ſuppoſed greater 
theo tbe firfL) put-tbe number F L-equallto the number D, and lkewife the number F K 
equatl to the number BC. And forafmuch as F K is equall unto C B, of which F His equall 
vto G C therefore the vefidue H K is cquallvnto the refidue GB. And for that as the 
whole E Eyistatkhe whole E-L fèis thi part taken amay F L, to the part taken away F K, 
therefore therefidae L E-isto, 8 ose Do agi ated $ 
the refidueK'L3 as the whole- © A 0 sl agit o 
KE Us tothe whole FL (by ^ "B .. 
the 1T. of ibefenzotb). So. ^D 
bikcwife . for. ebatF:L ig t0 E Less Less Ka HÈR 
RK, as F Kista FHKE oo 0 TOLO : — 
phat beta H&K, as the whole F:L-is to the whole F Ke. by the fame 





i hole FLis "Propofition ) .Butás F E 
wto FL, andes Listo F K,and F K to F H, fo Were F E to D apd DtwBC,andB C 
+A: Whereforeias.L E isto K Ly and as K L isto HK; [ois Dn BC Whereforà alter- 
kestely (by the v3. of the [eueneh) as LE isto D flit K-Liobe BONA B Y Lir) BC; 
fish Kita Av Wherefore nlfo acàpe of tbe antecedentesis to one of the confequentes; fo arc 
AS CC4. all the 
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Tbuꝛ propoſi- 
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how to finde 

out a perfect 

number. 


€ enifruHion, 


Demonitra- 
sion. 


The ninth Booke 


all tbe antecedentes to all the confequentes . Wherefore as'K H isto A, fo are HK, KL, 
and LE,to D, BC,and A (by the 12. of the feuenth) . But it is proued, that K H is e- 
quall unto BG . Wherefore as B G,whichis the exceffe of | thefecond isto A, fo is EH the 
exceffe of the last unto the numbers going before D, B C, and A.Wherefore as the excefe 
of the fecond is unto the fir, fo is the exceffe of the laft so all the numbers going before the 
laft - which was required to be proued. 


f T be 56. T beoreme. The 36. Propofition. 


If from ynitie be taken numbers bow many foeuer in double proportion 
continually, vntill the whole added together be a prime number, and if the 
whole multiplying the laft produce any number, that which is produced is 
a perfette number. - 


AV ppofe that from unitie be taken thefe numbers A,B,C,D, in double proportion 
continually, (o that all thofe numbers A,B,C,D ,C* vnitie added together make 
S |a prime number : and let E be the number compofed of all thofe numbers A,B, 

Eee IC, D Cr unitie added together : and les E multiplying D which is the laft num- 
ber, produce she number F G .Then 1 fay, that F G is a perfect number. 
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How many in multitude A,B,C, D are, fo many in continuall double propartion take be- 
ginning at E , which let be tbe numbers E,H K, L, and M . V. Vherefore of equalitie ( by 
the 13. of the fenenth ) as A isto D, fors Eto M .VVherefore shat which is produced of E 
into D, is equall to that which is produced of A into M . But that which is produced of E ins 
to D,is the number F G.VV herefore that which is produced of A into M,is equall unto F G. 
VV herefore A multiplying M produceth F G.VV herefore M meafureth F G by thofe unities 
which arein A . But Ais tbe number two . VV berefore F G. is double to M . And the num- 
bers M, L, H K, and E, arc alo in contimuall double proportion . VV herefore all tbe pum- 
bers E, H K,L,M,and F G, are continually proportionallin double proportion. Take from 
the fecond number K H, and from the laft F G a number equall-vnto the firft,namely,to Es 
and let thofe nurabers taken be H N,ey F X .VVherefore ( by the Propofition going before) 
asthe exceffe of thefecend number is to the firft awmber, fois the exceffe of she lait ta all the 
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nambers going before it. VWherefore as NK is to E, fois X Gtothefe numbers M, Ls, 
K Hand E . But NK is equall unto E ( for itisthe halfe of H K, which is fuppofed tobe. 
double to E) .WVherefore X G is equall unto thefe numbers M,L,H K, and E. But X Fis 
cguall unto E, and E is equall unto thefe numbers A,B,C,D, and unto unitie. Wherfore 
the whole number F G is equall unto thefe numbers E,l K,L,M,and alfo unto thee num- 
bers A,B,C,D, and vntovnitie. “Moreouer I fay,that vnitie and all the numbers A,B,C, 
D,E,H K,Lyand M,domeafuretbe number F G. T bat vnitie mea[ureth it it needetb no 
prouft . And forafmuch as F G is produced of D into E, therefore D and E do meafureit. 
And forafmuch as the double from vnitie,namely,thenübers A, B,C, do meafure the num- 
ber D (by the 13.0f this booke) therefore they [hall alfo meafure the number FG( whom D 
mmeafureth) by the s common fentence . By the fame reafon forafmuch as the gabers E, H K, 
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Land Mare unto F G, as unitie and the numbers A,B,C,are unio D (namely,in fubdu- 
ple proportion) and unitie and the numbers A,B,C,do meafure D, therefore alfo the num- 
bers E,H K,L,and M, fhallmeafure thenumber FG. NowI fay alfo, that no other num- 
ber meafurethF G befides thefe numbers A,B,C,D,E,H K,L,M,and unitie . For sf it be 
posible, let O meafure F G. Andlet O not be any of thefe numbers A,B,C,D,E,H K,L,and 
M . And how often O meafureth F G, fo many unities let there bein P . Wherefore O maul- 
riplying P produceth F G . But E alfo multiplying D produced F G . Wherefore (by the 19. 
of the fewenth) as Eis to 0, fois P to D . Wherefore alternately (by the 9. of the feuenth) as 
Eisto P, foiso to D . And forafmuch as from vnitie are thefe numbers in continuall pro- 
portion A,B,C,D, and the number A which is next after vnitieis a prime number,therfore 
(69 the 13. of the ninth) no other number meafureth D befides the numbers A,B,C. And it 
is fuxppofed that O 1s not one and the fame with-any of thefe nibers A,B,C.Wherefore O mea- 
fereth not. D . But aso isto D, fois Eto P . Wherefore neither doth E meafure P . And E 
is a prime aumber . But (oy the 31.0f the fexenth) euery prime number , i5 to euer) number 
thatit meafureth not,a prime number Wherefore E and P are prime the one to the other: 
yea they are prime and the leait.But (by the r1.0f she fenenth) the leaft meafure the numbers 
tat haue one aad the fame proportion with them equally, tbe antecedent the antecedent and 
tbe coz fequent the conequent . And as E is to P fois O to D . Wherefore how many times 
E meafiareth 0, fo many times P mesfureth D . But no other number meafureth D befides 
the numbers A,B,C (by the 13. of this booke). Wherefore P is one and the fame with one of 
thefenusnbers A,B,C. Suppofe that P be one And the [ame with L, cr how many B,C,D,are 
4 CC 5. ip 
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in soubsitude, fo many take from ÈE vprard,pamely, E,H K and L. But E,H K, and Lare- 
aa the fame proportion that B,C, D are. VV herefore of equalitie, as Bisto D, fois E to L. 
FV herefore that which ts produced of B into L, is equall to that which is produced of D into 
E . But that which is produced of D into E, is equall to that which is produced of P intoo. 
VV berefore that which is produced of P into O, is equall to that which is produced of B into 
Z .VVherefore at P isto B, fois L 100: and P is one Cr the fame with B: wherefore 
L a is one and the fame with 0: which is impofirble . For O is fuppofed not to 
c one and the fame with any of the numbers genen . VV herefore no nwm- 
ber mtafureth F G befides thefe numbers A,B,C,D,E,H K,L,M, 
and unitic. And jt is proued,that F G is equall unto thefe num- 
bers A,B,C,D,E, HK, L, M, and unitie,which are the 
partes therof( by the 3.9.0f the feuenth) But a perfect 
wither (by the definition) is that which is equall 
unto all his partes. VVherfore FG isa 
perfect number + which was re. 
quired to be proued. 
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Novits renri sooxe doth Ewclideentreat 
ofliries and other magnitudes rationall & irrational, 
| but chiefly of irrational magnitudes , commenfura- 
RH bleandincommenfürable: of which hitherto;in al his 
former 9. bokes hie hath made no mention at all. And 
83m herein differeth number from magnitude, or Arith- 
BQ) metikefrom Geometry : forthat although in Arith- 

WV. metike,certayne numbers be called prime numbers in 
ERY’ confideration of themfelues, orin refpec of an other, 
and fo are called incommenfurable, for that no-one 
number meafureth them,but onely vnitie. Yet in dede 

I and to fpeake abfolutely and truely, thereare no two 
numbers incommenfurable,but haue one common meafüre which meafureth thé 
both,if none other,yet haue they vnitie,which is a common part and meafurc to 
all numbers,and all numbers are made of vnities,as of their partes.As hath before 
bene fhewed in the declaration ofthe definitiós ofthe fzueiith booke.But in mag- 
nitude itis farre otherwife, for alchough many lines, plaine figures,and bodics,are 
commenfurable,and may haue one meafure to meafure them, yet all haue not fo, 
nor can hauc.For thata line isnot made of pointes, as number is made of vnities, 
and therfore cannot a point bea common part ofall lines,and meafure them,as v- 
nitie is acommon part of all numbers and meafureth them. Vnitie taken certayne 
tymes maketh any number. For there are notin any number infinite ynities : buta 
point taken certayne tymes,yeaas often as ye lift, neuer maketh any line, for that 
in every line thereare infinite pointes. Wherfore lines, figures,and bodies in Géo- 
metry sare oftentymes incommenfurable and irrationall. Now which are rational, 
and which irrationall, which commen(urable,and which incommenfurable, how 
many and how (undry fortes 3nd kindes there are of them, whatare their natures, 
paflions,and properties doth Euclide moft manifeftly fhew in this booke, and de- 
monftrate then moft exactly. s 
~- This tenth booke hath cuer hitherto ofall men, andis yetthought & accomp- 
ted,to be the hardeft booke to vnderftand of all the bookes of Euclide. Which c6- 
mon receiued opinion,hath caufed many to thrinke,and hath (as it were)dcterred 
them from the handeling and treatie thercof. There haue bene in deede in times 
paft,and are prefently in thefe our dayes, many which hauc delt, and haue taken 
greatand good diligence in commenting,amending,and reftoryng of the fixe firk 
bookes of Euclide,and therc haue ftayed themfelues and gone no farther, beyng 
deterred and made afrayde (as it feemeth, by the opinion of the hardnes of this 
booke) to paffe forth to the bookes following. Truth itis thatthis booke hath in it 
fomewhat an other & ftraüger mancr of matter entreated of, ché the other bokes 
before had,and the demonftrations alfo thereof, & the order feeme likewife at the 
firk fomewhat ftraunge and ynaccuftomed, which thinges may feemeallo to caufe 
the obícuritie therofand to feare aw ay many from the reading and diligent ftudy 
ofthe fame, fo much that many ofthe well learned haue much complayned ofthe 
dirkenes and difficultic therecf,and haue thought it a very hard thing, andin ma- 
CG. iij. ner 
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ner impoffible. to a&tayne to te cigs and full vnderftanding of this booke, with- 
outthe ayde nd helpe of fome othtrknowledgeand learnyng, and chiefly with- 
out the knowledge of that more fecret and fubtull part of Arithmetike,commonly 
called Algebra,which vndoubtedty firft well had and knowne, would geue great 
light therunto:yet certainly may this booke very well be entred into,and fully yn- 
derftand without any ftraunge helpe or fuccour, onely by diligent obferuation of 
the order,and courfe of Euclides writinges.So thathe which diligently hath peru- 
fed and fully vnderfiandeth the 9.bookes goyng before, and marketh alfo earneft- 
ly the principles and definitions of this tenth booke,he fhal well perceiue that Eù- 
clide is ofhimíelfe a (ufficient teacher and inftructer,and needeth not the helpe of 
any other,and thall foone fee that this tenth booke is not of fuch hardnes and ob- 
fcuritieas it hath bene hetherto thought. Yea,I doubt not, but that by the trauell 
and induflry taken in this.tranffation, and by addicions and emendations gotten 
ofothers,there fhall appeare init no-hasdnes atall,but fhall be as eafie as the reft of 
his bookes are. : UN 


Si» Definitions. ` 


1 Magnitudes commenfurable are fach which one and the felfe fame meae 


[2] 


fue doth mea fre. 


Fítfthe fhewcth wbat magnitudes are commenfarable one to an other.To the better 


' and more cleare vnderítanding of this definition, note that that méafure whereby any 
giaghitudzi ured; is lefe then the magni ich it meafureth, o > 
qnall vntoit.For the greater can by no meanes meafurc the leffe, Farther it behoueth; 


that that meafure i£ it be equall to that which is meafured, taken once make the mag: 
nitude which is. meafured:if it beleffe,then oftentimes taken and repeted, it muft pre- 
cifely render and make the magnitude which it meafureth,Which thing in pumbers is 
ealely.fene,for that (as was before faid) all numbers are commenfurable one toan o; 
ther.And although Euclide in this definition comprehendeth purpofedly, onely mag- 
nitudes which are vontinuall quantities,as are lines fuperficieces,and bodies, yet yn- 
doubtedly the explication of this and fuch like places, is aptly to be fought of numbers 
as well rationall as irrationall, For that all quantities commenfurable haue that proe 
portion the one to the other,which number hath to numbers, Tn numbers therfore, 9 
and 12 arecommenfurable, becaufe there is one common meafure which meafureth 
them both,namely,the number 3. Firftit mea(ureth 12 ,for itis leffe then 12, and be- 
ing taken certaine times,namely,4 times ,it makech exadtly!12: 3 times 4is 12, it alíQ 
mea(ureth 9, forit is leffe then g9. and alfo taken certaine times,namely, 3 times, it ma- 
keth precilely 9:3 times 3 is 9,Likewife is itin magnitudes, ifone magnitude meafure 
two other magnitudes ,thofe two magnitudes fo meafured, are faid to be commenfura- 
ble.As for example, ifthe line C being dou- i $ 
bled,do make the line B, and the (ame lyne— 44. — — 

C tripled,do make theline A, then are the M 

twolincs A and B,lines or magnitudescom — B. ——————— — ——, 
menfürable.For that onc meafure, namely, 

theline C meafareth;thé both,Firít,theline © .————— 






- Cisleffe thé theline A, and alfoleffe thé che 


line B,alfo the line C taken or repeted certaine times,namely,3 times,maketh precifely 


- the line A,and the fame line C taken alfo certain times namely,two times ,maketh pre- 


cifely the line B,So that the line C is a common inealure to them both, and doth mea- 
fure them both.And therfore are the two.lines A ad B lines commentfurable, Arid fo i- 
magine ye of magnitudes of other kyndes,as of fuperficiall figures, andalfo of bodies. 


Income 


of Euclides Elementes. Fol.229. 


hy Lncommenfirable magnitudes are fath., which no éné common meafure Tie freona 


7 ` doth úreafure. | . definition, 
M t^ Q4 — 


"This diffinition neadeth ho explanation at all; . . = Coneraryes 
it is eafely vnderftanded by the diffinition going . . > 12:0 4 gademanfefl 
before of lines commenfurable . For contrari¢s are A pat «x. by tbecompa- 
made manifeft by comparing of the one to the oe s ring of the one 
ther:asif thé line C, or any other line oftentimes B =—~—___—_~ ~. go the othere 
jterated,doo not render precifely the line A,nor the ; do f 
line B, thé are the lines A and B incommenfurable: — 
Allo if the line C , or any other tinë čertayne times A /·7— 
repeted, doo exa&ly render the line A, and doo not 
meafure the line B: or if it mea(ure thc line B, 
and meafureth notalfo the line A, the lines Aand GC ——+.. 
B,are yet lines in¢Omenfurable: & fo of other mag- 
nitudes,as of fuperficieces,and bodyes. 


B —,e 


eMe] nc 3 : 


cs cy fight lines comme 
di. >. 3 Rig 


f afurable in power are fuch , whofe fquares one and Theshirde 
the felfe fame fuperficiés arca,or plac doth meafure. ` -a finition 


To the declaration of this diffinition we muft firft call to rmoinde what is vnder- 
ftanded & ment by the powerof a line : whiclvas we haue before inthe former bookes 
noted is nothing ells but the fquare thereof, orany other plaine figure equall to the 
fquare therdf-And (o great power & habilitieis.a line {aid co haue,asis the quantitie of i 
the {quare,which itis able to de(cribe,or a figure {uperficial equal to the fquare therof. Whatthe ` 

This i5 alfo to be noted that of lines , fome are commenturable in length, the one power of 

to the otlier;and fome are commenturable thc one to the other in power.Of lines com line ii. 
men{arablein Iength the one to the other,was geuen an example in the declaration of 
the Aritdiffititio, namely the lities A and B,which were commenfurable in length,one > 
and the felfe jmeafure,gamel y,the line C meafüred the length of either of them, Of the 
other kindeis geuen this diffnition here fet-for the opening of which take this exame 
plesLecthere beacertaineline,nanicly,the } ` . : E 
hne P C , andJetthe (quare ofthatline be EM P E 
the fqnareB CD E. Suppofealfoan other ; 
lune, namely; the Line F H,& letithe (quare 
thereof be the fquare FHIK, and leta 
certayne fuperficies , namely , the fuperfi- ) 
cies A,meafure the (quare B CDE, taken 
16.times: which is the number of the litle 
arcas;fquares,plats,or füuperficieces cótai-. H 
nedand defcribed within the fayd fquares A B 
ech of which is equall to the fuperficie: . 
A. Agayne let the (ame fuperficies A mea- 
fure che (quare FHIK 9, timestaken,ac- Fo — — 
cording to the number of the fieldes or fu- V 
perficieces contayned and defcribed in the fame. Ye fee thé that one and the felfe fame 
faperficies,namely,the fuperficies A , is acomman meafure to both thefefquares, and 
by certayne repeticions thereof , meafureth them both , Wherefore the two lines BC 
and F H,which are the fides or lines producing thefe {yuares , and whofe powers thele 
{quares ace,are by this diffinition lines commenfurable in power. 


4 Lines incommenfurable ave fuch , whofe fquares no one plat or fuperfie The fourth 
cies doth meafure. definition. 
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wn This diffinitienis cafy tobe vndetftanded by that which was fayd in the diffini- 
tion laft fet before this, and neadeth no farther declaration. And thereof take this eze 
ample . If neither the (uperficies A, i me “ 


nor any other fuperficies doo mea- K n E 
oe op F t 





FHIK: or if it meafure the one, 
namely BC D E, and not the other’ $ 
FHIK, or if ic meafure the {quare: 


the two lines BC and FH , are in 


power incommenturable, andther-. F M 

forcalfo incomin&furable in length. | | 

For what(oeuer Jines are incommé- A B "oq 
fuürable in power , the fanc are alfo 5 
incommenturable in lengthasfhall =F M B g "€ 


afterward in the 9, propofition of 
this booke be proued, And therfore fuse . : 
fuch lines are here defined to be abfolutely incommenfurable . Thefe thinges thus 
fianding it may ca(ely appeare, that ifa line be affigned and layd before vs , there may 
beinoumerable cthet lines commenfurable vnto it, dnd otherincommenfurable vnto 
ftiof commenfeiable línés fome are commenfurable in length and power,and fomcin 
power onely, B ~- : ‘ 


E 


i E Andthat right lie fo fet forth is called a vanos line. 


v 


`- "Thefe principles ,diffinitionsand groundes of this tenth booke ought well to be 
payfed, they are fomewhat morc ftrange and more hard , then are the diffinitions and 
principles of thc other bookes of Euclide going before , and therefore at the firft fighe 
or reading are not ftraight way conceiued,but ought often to be repeted, and by vle to 
beiconfittied.For the propofitions following,bring vntothem much light, and facili- 
tieofvnderttanding. Firft there isa line fuppofed,and layd before vs, which may be a+ 
ny tine whatfoeuer, of what length,or fhortnes ye will : this line thus firft fuppoled is 
imagiaed:to haue fuch diui(ions and fo many partes as ye liftto conceiue in minde, a9 
3-4. 5 and fo forth which may be applied to any kinde of mcafure, as it fhall happen,as 
to iaches;fecte,paíes,and fuch other;Vnto this line faith Euclide may be cópared innu» 
merable lines, of which fome thalbe commen(urable,and other fomeincommenfurae 
blesofcommenturable lines , fome are commenfurable both in length and in power 
other fomeare cómenfurable in pow 
er onely:As ifany part of theline pro 
pofed whichlet bc theline A B , doo 
mefure alfo the line EF and againe 
ifany one fuperficies do meafure the 
Square of the line A B,which lec be the 
fquare AB CD:and alfo doo meafure 
the (quarc of theline EF, which let be 
the fquare EF G H: théisthelincEF 
to the (uppofed line & firftfet , name 
ly,totheline A B,a line commenfnra- 
ble bothin lengthand power, as ye 
may feein the firftexample here fet, 
Andifit fo be that one & the felfe 
fare fuperficies do meafure both the 
fquares of thefe two lines AB and 
EF, namely the (quares A BC D and 
EFGH: znd noonelinc do meafurc 
the lines AB and EF: then is the line 
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EF (compared tothe fuppofed and 
firftitne A B)commenfurablein pow- 
eroncly.As in this example ye may 
eafcly percciue . For the triangle or 
fuperficies A C D, twife taken, mea- 
fureth the fquare ABCD, namely, 
the fquare of the line AB: and the 
felfe fame triangle A C D taken foure 
times meafureth the other fquare, 
namely, the {quare of the line E F. 
But nb one meafure orlinecan beal- 
figned tomeafure both the lines AB 
and EF , becaufe the fides of a fquare 
and the diameter are incommenfura- 
ble inlength the onetothe other, as G 

afterward (halbe (hewed . Wherefore 

they are in length incommenfurable, & commenfurable in power onely,that is by rea- 
{on of their {quares,which are commenfurable the one to the other. 

Agayne if itfo bethat noone line may I 
befoundto bea cómon mcea(ure,to meafure A 
both the firltline,namely,AB , andalfo the 
linc ET : noryet any onefuperficies to mea- 
fure the fquareor powers of the(e two lines, 
then is theline EF , to thc firít line fet.and 
fuppofed , incommenfurable both in length 
and in power. As is fuppo(ed to bein this 
example, vh 

Thus may ye fee, howto the fuppofed © D 
line firft fet may be compared infinite lines, 4.—_______,B 
fome commenfurable both in length & pow- 
er,and fome conimenfurableinpoweronely, E 
and incommenfurable in length, and fome 
incommenfurable both in power &in length, And this firftline fo fet,whcreunto, and 
to whofe {quares the other lines and their fquares are compared, is called a rationail 
Jine,commonly ofthe molt partof writers.But fome there are, which miflike that it Why fome 
fhould be called a rationallline,& that hot without iuft caufe . In the Greekecopyitis miflihe that 
called fyrh,rerepwhich fignifieth a thing that may be fpoké,& expre(fed by word,athing the line fr 
certayne,graunted and appoynted . Wherefore Flufares, aman which beltowed great /etfhoutd be 
trauell and diligence in re{toring of thefe elementes of Enclide,leauing this wordratio- called a ratios 
nall,calleth this line fuppofed and firlt fet,a line certaine,becaufe the partes thereofin. "at lene. 
to which it is deuided are certaine,and known,and may be expreffed by voyce,and alfo 
bc conmpted by number:other lines,being to this linc incommenfurable,whofe pares. F/nffztes eal 
are not diftin&tly known,butare vncertayne, nor can be exprefled by namenoraflignd “th ehis linea 
by number, which are of other men called irrationall, he calleth vncertaine and [urd line certaine, 
lines. Petrus Montaureus although ke doth not very wel like of the name,yethealtercth 
itnotybue vfeth itin al his booke,Likewife wil we doo here,for that the word hath bene 
and is fovntuerfally rece1ued.And therefore will we vfe the fame name „and callita ra- 
tionall line. Foritisnot fo great amatter what names we geue to thinges, fo that we . 
fully vadérftand che thinges which the names fignifie. This rational 
* Thísrationallline thus here defined, is the ground and foundation ofa!l the propo- ine the groid 
fitions almost of this whole tenth booke. And chiefly from the tenth propofition for- 7% 4 "aner of 
wardes.So that valeffe ye firft place this rational! line,and hance afpeciall and continu-» @/¢he propo(r. 
all reBard vntoirbeforc ye begin any demonftration, ye thall notcalcly vnderftand it, ?tions un this 
For itis as itwere the touch and triall of all other lines, by which it is known whether tenth booke, 
aüy ofthem be rationall or not. And this may be called the firft rationallline, theline ide * 
rationall cfpurpofe or a rationall line ſet in the firſt place, and ſo made diſtinct and ſe- *' — 
ueredfrom other rationalllines;of which (hall be fpoken afterwarde,And this muft ye: rra of pur- 
Well'cOmmit to memory, : poe. 
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6 Lines which are commenfurable to this line whether in length and power,’ 
or in power onely are alfo called rationall. 


This definition needeth no declaration atall, but is cafily perceiued,if the firt de= 
finition be remembred, which lheweth what magnitudes are commenfurable, and the 
third,which theweth what lines are commenturable in power. Here note,how aptly 8 
naturally, Euclid in this place vfeth thefe wordes commenfurable either in length and 
power,orin power onely. Becaufethatall lines which ate commen(urable in length, 
arealío commen(urable in power: when he {peaketh oflines commen(urable in léeth, 
he ever addeth and in power,but when he fpeaketh of lines commenfurable in power, 
headdech chis worde Onely,and addeth not this worde in length, as he in the other 
added this worde in power, For not all lines which are commenfürable in power, are 
ftraight way commenfurable alfo in length, Ofthis definition, take thisexample, Let 
the firit line rationall of purpofe, 
whichis fuppofed and laide forch, 
whole partes are certaine & known, 
and may be expreffed, named, and 
nübrcd be AZ, the quadrate wher- 
ofletbe 42 C D : then fuppofe a- 
gaine an other lyne,namely,the line 
EF, which let be commenfurable 
bothin length and in power to the 
firltrationall line,that is,(as before 
was taught)let one line meafüre the 
length of echelinc, and alfo let one 
fuperficies meafure che two fquares 
of the faid two lines, asherein the 
example is fuppofed and alfo ap- 
peareth to thc eie, then is the line £ F alfo a rationall line, 

Moreouer if the lyne £ F be commenturable in power onely to the rationall line 4B 
firft fet and fappoled,fo that no one line do mealure the twolines A B and E F: As in 
example ye (ee to be (for that the line Z F,is made equal to the line A D, which is the 
dianieter of the {quare 4 & CD,o£ 
which fquarc the line 24 is a fide, 


A $ à 
it is certayne that the zide of a E P 
Íquareis incómé(urable in légth to 
the diameter of the fame fquare: . 
ifthere be yet founde any one fu- 2 
perficies which eafureth the two f 
Íquares ef Z C D,and E F G H(as 

c D 

G H C 





here doth thetrianglee 4B D, or 
the triangle ef CD noted in the 
{quare ABCD, or any of the foure 
triangles noted in the {quare E F 
GA, as appeareth fomwhat more A 
manifeflly in the fecond example, on 
in the declaration of the lat definition going before) the line E F is allo a rational line. 
Note that thefe lines which here are called rational! lines,are not rational lines of pur- 
pole,orby fuppofition,as was the firlt rationall line,but are rationall onely by realon of 
relation and comparifon which they haue ynto it, becaufe they are commenturable vn- 
to iteither in length and power,orin power onely, Farther here is to be noted, that 
thee wordes length, and power,and power onely,are ioyned onely with thele wordes 
commenfürable or incommenfurable,and ate neuer ioyned with thefe woordes ratio- 
nall or irrationall,So that no lines can be called rational in length,or in power;norlike 
wife can they be called irrationall in Iength,or in power, Wherin vndoubtedly Campa- 
nus was deceiued,who vfing thofe wordes & fpeachcs indifferently,caufed & brought 
in great obfcuritie to the propofitions and demonftrations of this boke which ae hall 
: ea(ily 
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eafily fee which marketh with diligence the demonftrations of Campanw; in chis bóoke. 


7 Lines which are incommenfurable to tke rationall line , are called ire 
rationall. . : 


By lines incommentfurable to the rationallline fuppofed in this place , he vnder- 
ftandeth (uch as be incommenf(urable vato it both in length and in power. For there 
are no lines incommenfurable in power onely: for it cannot be that any lines fhould fo 
be incommenturable in power oncly,that they be. not alfa incommenfurablein length. 
What fo cuer lines be incommenturable in power, the fame be alfo incommen(urable 
in lengta. Neither can Evchde here in this place meane lines incommenturable in 
length oncly,forin the diffinition before , he called them rationall lines, neither may 
they be placed amonglt irrationall lines. Wherfore it remayneth that in this diffintion 
he (peaketh onely of thofe lines which are incommenturable to the rationall line firft 
geuen and luppofed, both in length, and in power.Which by all meanes are incommen 
f{urable to the rationall line, & therfore moft aptly are they called irrationall lines. This 
diffinition is eafy to be vnderftanded by thatwhich hath bene fayd before . Yet for the 
morc plainenes fee this example. Let the ftrft rationall line {uppofed, be the line AB, 
whofe (quare or quadrate,let be ABCD. And 
Jet therç be gzuen an other line E F which let 
beto the rationall line incommenfurablein 4 
length and power, fo that letno one line mea- 
fure the length ofthe two lines, A B and E F;- 
and let the {quare of the line EF be EF GH. 
Now ifallo there be no one fuperficies which 
meafurcth the two.(quares AB C D, and EF 
GH, asis fuppoled to be inthis example, thé 
is the line E F an irrationall line, which word 
irrational ( As before did this word rational) © Tp 
inifliketh many learned in this knowledge of 4 ,— «B 
Geometry.Flufates , as he left the w ord ratio- 
nall,and in fteade thereof vfed this word cer- E —— F 
tainc fo here heleaueth thewordirrationall, 
and vfeth in place thereof this word vecertaine , and euer namethi thefe lines vncertaine 
lines. Petras Montanreus alfo mifliking the word irrationall, would rather have them to 
be called furdlines , yet becaufe this word irrationall hath euer by cultome and lóng 
vfe,fo generally benereceiued , he vfeth continually the fame. InGrecke fuch lines are 
called dAoyosalogoi which fignifieth nameles, vnfpeakeable,vncertayne,;indeterminate, 
and with out proportion : not that thefe irrationalllines haue no proportion at all, ei- 
thertothe Arh tational Hne , órbetwene thea félues:but are fo named , for thae theyt 
proportions to the rationall linc cannot be expreffed in number . That is vndoubtedly 
very vatruc,which many write, that their proportiohs ate voknowne both to vs and.to 
nature.Is it not thinke you a thing very ab(urd to fay that there is any thing in nature, 
and produced by nature;to.be hidde ftom nature ;and notto be knowne of nature ? it 
can not be (ayd that their proportions are vtterly hidde and vnknowne to vs ( much 
leffe vato nature ) although we cannot geuc them their names , and diftin&ly expre(fe 
them by numbers : otherwifeihould Eaclide hauc taken all this tranell and wonderfull 
diligence beftowed in this booke.in vaine and tono vie: in which he doth nothing ells 
buttcach che propricties and paflions of thefe irrational lines, and (heweth the pro^ 
portions which they hauc the one to the other. 

Here is alfo to be noted , which thing allo T artalza hath before diligently noted 
thart Campanus aad many other writers of Geometry ouer much erre e decei- 

in thacthey wrote and taught, that all theíe lines whole [quares were not fignifted 
an& mought be expreffed by a (quare number ( although they might by any other 
number: as by 11. 12, 14, and fuch others not {quare numbers ) are irrationall tines, 
Which is manifeftly repugnant to the groundes and principles of Euclide,who wil,that 
alllines which are comment(urable to the rationall line; whether it be in length and 

power 
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= whichisalforationall, 


1 as thelquare EFGH, 


urtet The tenth Booke — 


powet, or in power onely, Mould be rationall. Vpdonbtedlythis hath bene one of the 
chiefeft and greateft caufes of the wonderfull confufion and darkenes ofthis booke, 
which fo hath tofled,and tormoyled the wittes of all both writers andreaders,mafters 
ànd feholers, aud fo onerwhetmed them,thiat they could sot without infinite trauell 
and (weate,atcayne to the truth and perfe& vnderítanding thereof, 


8, T be [quare which 1. is deja nd of | the rationali right Lne Juppofed , is 


© vationall. 


det 


te: 
Vatill this dina hath. pur fet forth the nature “aad proprietie ofthe firít 

kiüdc ofmagnitude;aamcly., of lingshow they are ratioualborirrationall, now he be- 

giupéth co ew howthe fecond kinde. of magnitudes,namely fuperficies are one to the 

other rationall or irtationall. This diffinision is very playne. 

Suppofe the line A Dto be the rationall line bauing his pacts 

and diuifions certaynely knowne : the fquare of which: lioe. A 

letbothe fquareAB.€ D:Now becaule itis the fquareof:the 

rationali line A By itis allo called rationali : and as the line 

A B,is thc firft rauonallHine, vnto whichother lines compa- 

xédare coumpted rational, or irrationall,fo is the quadrat 

or fquare thetcof, the firit rationall faperfcies vnto which 

all other (quares or figures compared,arccoumptedand na- | c 

med sauionallericrarionall NO! 





In this diflinitión, wherc itis favd, fuch as are commenfurable to the fquare of the 
rationallJine;ate not vnderftand onely other {quares or quadratcs, but all other kiudes 
of cc&flinc figutes plzyae plats ——— What fo euer fo that ifany fuch figure | 
be cómenfurable vnto 2 , ; . 
that rationall (quare git 
is alfo rationall.As fup 
pote that the (quate 
of the rationall line, 






be ABCD: fuppofeasi-, 
fa fome other {quare m: 


£o.be.cogvmenfurdble s. ¢ :, 
tthe fame: théisthe 
i EEG Hallo raz. 1 

alfo ifthe câline figure XL M N.vhich is. — the one fidelonger,be 
urable vnro the fayd ( Íquareas is appoledinti this example, itisalfoa rational 
fuperhicigs and fo of all other ſuperlicisle ch Pat eer Aj 

OW et uu: 

36 ‘woo Such wbich: are inconmenira: 2 it; are. irrational, 


noui 









Pla 





Where ieis Gydin this difini.. SE a Rea eara A ae 
tion fuck which arejncomimenfü-:. 4 `` en < 
rable, it is. generally robe taken: 
as was.this word. cOmenfurable in zs 
the diffiaitió before. For al fuper- 
ficicfes, whetlier they be iquat 
orfgures oh the oncfide longer, : 
éróthetwife what maner obtight. ^ 
liocdfigure fo euer it be,if they be... 
ineomitrenfurable vnto the ratio- > — I . 
sall — fappofed , thé arethey > S —— g 
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irrationall,As letthe {quareA B.C D be the {quare of the fuppofed rationall line which 
{quare therefore is zlfo rationall: (uppofealfo alló an other fquare , námely the fquare 
E, fuppote.alfo any other figure, as for example fake a figure of one fide longer, which 
It be F. Now ifthe (quare Eand the figure F , be both incommenturable to the ratio- 
nall (quare AS C D,chen is ech of theíe figures E & F irrationall. And fo of other, 


1i fud tbefe lines whofe poweres they are, are irrational. If they be 
[quares, then are their fides irrational. If they be not fquares, but fome 
other retiline figures ,tben [ball tbe lines whofe [quares are equall to thefe 


reChiline figures, be irrationall. 


Suppofe that the rationall 
{quare be ABCD. Suppote G A 


F 
alfo an other fquare,name | 
ly the fquare E , which lec H | E 

K 

F 


w 


beincóméfurableto the ra 


tionallfquare, & thercfore 
is it irrationall: andlet the 
fide or line which produ- & 
ceth this fquare be theline 
F C:then fbzll thelinc F G 


by this diftinition be an ir- 

rationallline - becaufe itis à 

the fide of an irrationall (quate . Letalfo the figure H beinga figureon the one fidc 

longer ( which may be any other re&iline áigure re&angled or not re&angled, triangle, 
pentagone,trapezitc,or what fo cuer ells) beincommenfurable to the rationall quare 

ABC D,then becaule the figure His not a{quare,it hath no fide or roote to produce it 

ye: may there bea [quare made equall vato it : for thatall fach figures may bereduced 

into triangles,and fo into fquares,by the 1 4, of the fecond., Suppofe that the {quare Q_, 

be equali co the irrationall igure H, The fide of which figure Q let be the line K L:then 

thell che line KL be alfo an irrational line,becaufe the power or (quare thereof,is equal 
to the irrational! figure Hand thus conceiue cf others the like. 

Thefe irrationall linesand figures are the chiefett matter and (übie&, which isen- 
treated ofin all this tenth booke: the knowledge, of whichis deepe, and fecret, and 
pertaincth to the higheftand moft worthy part o£ Geometrie , wherein ftandeth the 
pith and mary ofthe hole fcience: the knowlede hereof bringeth light to all the bookes 
following,with out which they are hard and cannot be at all vnderftoode. And for the 
more plainenes,ye fhall note,that of irrational lines there be diucrs fortes and kindes. 
Bat they, whofe names are fetin a table here following , and are in number 13. are the 
chiefe,and in this téth boke fufficiently for Euclides principall purpofe,di(courfed on. 

' Amediall line, A 

* Abinomiall line. 

*» AfRrítbimediallline . i 

' Afecond bimediallline, ` 

A greater line. 

A line containing in power a rationall fuperficies and a mediall fuperficies. 
, Alinecontainiag in power two mediall fuperficieces. i 
* Arefidualllinc. 

: A Brft mediall reiduall line, DR y 4 — 
A fecond mediall refiduall line. I 
A leffe line. 

A line making with a rationall faperficies the whole fuperficies mediall. 

A line making with a mediall fupérficies the whole (uperficies mediall. 
+ Ofall which kindes the diffinitions together with there declarations halbe fet here 

after in their due places. I 
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The tenth Booke 
f T he i. T beoreme. The 1, Propofition. 


T'wo 'ynequall magnitudes being genen, if from the greater be taken away 
more then the halfe, and from the refidue be againe taken away more then 
the halfe, and fo be done frill continually there [Pall at length be left a cere 
taine magnitude leffer then the leffe of the magnitudes firft geuen. 


E Vppofe thas shere be two unequall magnitudes AB, and C, of 
which let AB be the greater. Then I fay, that ffrom AB, be 
taken away more then the halfe, and from therefidue be taken a- 
gaine more then the halfe, and fo fill continually, there fhall at 
B the length be left a certaine magnitude, leffer then the lefe mag-. 
Nay! mitude geu£,namely,tben C. For forafmuch as C is the lefe mag- 
| stude, therefore C may be ‘fo multiplyed, thas at the length it will 
| be greater then the magnitude AB (bythe 5definition of the fift 
booke) . Let it be fo multiplyed, and let the multiplex of C gres- 
ter then AB, be DE. And denide D E into the partes equalt D 
unto C, which lethe D F,F G, and GE . And from the mag- 
nitudes AB take away more then che halfe, which let be BH: A 
and againe from AH, take away more then the halfe, which 
let be HK: And fo do continually untill the diuifions which are K 
in the magnitude LA B, be equallin multitude vato the diui- 
ons which are in the magnitude D E .Sothat let the dinifions 
4K, KH, and HB, be equall in multitude unto the disifions H 
DF,FG,andG E. And forafmuch as the magnitude D E 








‘greater then the magnitude A B, and from D E is taken ama) 


leffe then the halfe, that is, EG (which detraction or taking a- 
way is underftand to be done by the former dinifion of the mag- 
nitude D E into tbe partes equall unto C: for as a magnitude 
is by multiplication aud » [ois st by dinifton diminifhed) 
and from AB is taken away more then the halfe, that is, B H: 
therefore the refidue G D is greater then the refidue H A(which 
thing is moll true and moft eafie to conceaue, if we rember this B c È 
principle, that the refidue ofa greater magnitude, after the ta- 
king amay of the halfe or lefe shen the halfe, is euer greater then the refidue of a lefe magni- 
tude, after the taking away of mor, lH forafmuch as the magnitude G D 
is greater then the magnitude H A, and from G D istaken away the halfe, that is, G F: 
and from AH is taken away more then the halfe, that is, H K : therefore the refidue D F is 
greater then the efidue A K (by tbe forefayd principle) . But the magnitude D F. is equal 
unto the magnitude C (by fuppofition) . Wherefere aifo the magnitude C is greater thenthe 
magnitude AK .Wherefore the magnitude AK is leffe then the magnitude C . Wherefore 
of the magnitude A B is left a magnitude A K lefe then the lefe magnitude geuen, namely, 
then C -which wasrequired to be proued . In like fort alfo may it be proued if the halfes be 


taken away. : 
æ A Corollary. 


OfthisPropofition it followeth that any magnitude being geuen how litle foeuerit 


be, there may be geuen a magnitude leffe then it : fo that it is impoffible that any ms. 
d nitude 
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^ 


nitude fhould be geuen then whicb can be geuen no leffe. 
; . qr Another demonftration of the fame. 

š n ens a TW v 
ey uppofe that the two unequal magnitudes eeuen. be A B and C . Agd let C be the lefe. 
And forafmuch as C is &be leffeyMarefore C may fo be multiplyed, that it fhall at the length 
be greater then AB . Let it befamultiplyed, and let the multiplex of Cexceding AB be the 
magnitude F M | Aad deuide F M into bis partes equall unto C, that is, into the magns- 
nds MH,HG,andG F. Andfrom cl B take away more then ihe halfe, which let bg 
she magnitude BE : and lkewife from E-A take away againe more then the halfe, name: 
ly, the magnitude E D . And thus do continually untill the dinifions which are ix the 
magnitude F M , be cquall in multitude to the divifions which are is: tbe magnitude A 
B: and let. thofe diuifions be the magnitudes B EE D , and D A. And bow sultipiex 
the magnitude FM is to the magnitude C, fo multiplex let the magnitude K X be 
to the magnitude DA. And deuide the magnitude KX into the magaitudes equall to 
the magnitude D A: which let be KL, LN, and NX. Now then the diuifions which 
art in tbe magnitude K X, are equall unto the diuifr. 

ons which are in tbe magnitude M F . And forafmuch 

‘as BE is greater then the halfe of AB, therefore BE e 

is greater then therefidue E A Wherefore B E is much | 
“more greater theg D A But D A js equallunto XN. A í 

Wherefore BE is greater then X N Againe forafmuch 
as DE ss greater then the halfe of EA, therefore 
D Eis greater then therefidue D A:but D Ais equall 
unto LN : wherefore D Eis greater then L N.Wher- 
‘fore the whole magnitude D B is greater th tbe whole E 

magnitude XL, But D A isequall unto L K . Where- 
fore the whole magnitude AB is greater then the K 
whole magnitude K X. And the magnitude MF is m 
greater then the magnitude BA: wherefore M F is | L 
much greater the-K X . And forafmuch as thofe mag- 

pitudesX N,N L,G LK, are equall the one tothe o- N 
ther C libewife tbefe magnitudes M H,H Gand G F', 

are equal tbe one to the other ,Cy tbe multitude of thafe 

magnitudes which arein M F » 1s equall to the multi- B 
tude of thofe magnitudes which are in K X:therforeas 
K Listo FG, fois LN to GH,and NX to HM, Wherefore (by the 12.0 the fift) as one 
of the antectdentes,namely,K L,is to one of the confequentes, namely, to F G, foare all the 
antecedentes,namely,the whole K X to all the confequentes,namely, to the whole FM. But 
F Mis greater then K X. Wherefore FG is greater then L K. But F Gis equalluntoC: and 


K L unto D A (by fuppofition) „Wherefore the magnitude G is greater then the magnitude 
A D : which was required to be proued. 


rr — 
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q Ube 2. Theoreme, The 2. Propofition. 
Two bnequall magnitudes being Lenen, ifthe lefe be continually taken 
from the greater, & that which remayneth meafureth at no time the mage 


nitude going before : then are the magnitudes geuen incommenfurable. 
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TA V ppofe that there betwa vnequall magnitudes A Band: -ile gia 






This propo’ oS ‘ 
tionteacheth | C Dand let AB bethe lefe : and taking away continus- 
thatinconti- |< N ally by a certaine alternate desračtion the lefe from the 
nal quanti- greater, let not the refidue meafure the magnitude going : 
Mito tbe fi before Then I fay, that thofe two magnitudes A B and C D,areig- ` 
n dn branche Commenfurable . For if they be cómmen[urable, then (by the-ferfh de-.— 
wndiferere. finition af the tenth) feme one magnitude hall meafure them both: A. 
quantity, Let there be [uch a magnitude, if st be pofable, and let the fame be E. 
Conftrntton. And let AB meafuring D F, leaue a lee then it felfe,namely,C F- 
(that is, from the greater magnitude C D, take away a°certayne part as D F, 
which let be equall to AB, or ifit be nat equall ynto io geriet be fuch that 5 
that leffe magnitude A B being more then once repeated may makethe mag-— | 


nitude D F : For this is the meaning of this ler 4 B mexfüring D F.'Fdc. And 

this deiraction made;o£ the leife 1 fay ouc ofthe greaterjlettbere be lett of the, 

gicater a certaine portion C F, leffe then the magnitude A BR. And this is the 

meaning of that which inthe Theoreine was {ai 3 And thas whith remerneth mea 

fares at no time the magnitude going before’) Y : Likewife [t fU E intafuring 

BG keane a leffe then it felfe,camely, AC? and 61 continually as 

often as neede requireth, vntill there be fugnd [uch amagnitudethat " B 

is lefe then E : which ruši needes at the length happen (by the Propofition going before) . 

Lei there be found fach a magnitude leffe then E, which let be AG . And forafisuch asthe 

magnitude E meafureth the magnitude A B, but A BmegfirethD F : therefore E méafi- 

Demontra- — reth the weagnitude D F (by this common fentence , Ifa magnitude meafure an ot Ati magmutude je 
won leading to foall alfa meafwre enery magnitude whom st merfureth d+ Andit meaſureth alſo the whale CD (for 
an abſurdſtie. pig ſuppoſed to be a common meafure to tbe magnitudes A B and C D) -Wherefore al[oit 
meafureth the refidve C F (by this common fentence, Ife riagnitude meafure an whole and a pare 

taken away, it fhallalfo renfaretherefidue). And forafmuch as E meafureth C F, hut CF mea- 

fureth BG, therefore E alfo meafureth BG (by the first fore(aid common [entence) : and it 

oneafureth the whole AB. Whereforeit fhall alfo meafure the refidue AG (by the other fore- 

ſayd common ſentence) namely, the greater magnitude ſpall meaſure the leſe: which is im- 

poßble. Vherefere no magnitude meaſureih iheſe magnitudes A B and CD. Wherefore 

the magnitudes A B and C D. are incomménfurable . If therefore two unequall magnitudes 

being genen,the leffe be continually taken from tbe greater and that which témayneth med. 

iureth at no time the magnitude going before, then are the magnitudes geuen incommenſu 

rable - which was required to be denzonftrated, — 





VAC rallisi added by M; ontaureus. P P. E 


“ee 


By this propofition itis manifeft,that ifthe two vnequall magnitudes geuen be nòt 
incommenfurable,but commen(urable, then the leffe being continually fubtrahed ont 
of the greater,the refidue hall of neceftitie meafure that which went before. ^ 


S The 1. Probleme. T he s. Propofition. ` 


T'wo magnitudes commenfurable being genen, to finde ont their greatest 
common meafure. 


mex V ppofe that the tmo comrmen[urable magnitudes geuen je AB e CD of which 
let A B be the leffe.It is required to finde out the greateft common mea[ure of the 
Imagritudes A B and C D.Nom A B eitber mea[ureth C D ,or nyt. If tt meafure 


o it and feing it alfo meafureth it (elfe, wherfore A B is a common meafure ea 
: the 





Two cafes in 
thes propji. 


The firl cafes 
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the maghitades A3 and C D. Andit is mamfefi that it is the grea- — 
teſt common menſure to them. For no magnitude greater then AB | 
can mea[ure A B. But nom fappofe that AB donot meafure CD. 

Ard taking continually the lejfe frons the greater that which remai- , 
neth fhall at length meafure that which goeth before(by the corelia- 

7) before added j for that A B ana C D are cémen[urable.Now then | 
let A B sseafuring E D which isa part of the magnitude C D, leane. 4 
a magnitude lefe then it {dfe namel, E C And let E C meafuriag | 
the magnitude E B, which is a part of the magnitude A B, leane a 
leffe thé it (elfe samely,F Ayasd let F A precifely meafure the mag- | 
nitude C E (And this isthe meaning of this, That which remayneth hall at 

the length meafare that which goeth before, when there is nothing left after the 
meafuring made) And forafmuch as Á F meafureth the magnitude 

C E,but C E meafareth F B : wherfore A F alfo mea[uretb F B,c | 

it meafurcth it [elfe : wherfore A F meafureth alfa tbe whole A B. 5 

But AB mcafureth D E,wherfore A F alfomeafureth D E.And A 

F alfo seeafureth C E, wherfore st meafureth the whole magnitude 

CD.Wherfore the magnitude A F meafureth beth the magnitudes 

AB and C DWherfore A F is acommon neea[ure vnto A Band C 

D.1 fay alfothat it is the greatelt comon meafurevutothem.Forif 8 P C 
not,then ts there foe magnitude greater the the magnitude A F which meafureth Leth the 
magnitudes A Band C D.Lei there be fuch a one if it be poffitle,ard let the fame be the mag 
nitude G. And for afimuch as G meafureth A B,and A B meafureth ED: therefore G alfo 
meafureth E D, and by [uppefision,it meafureth the whole C D, wherfore G meafureth alfo 
the refidue CE. But C E meafureth F BywherforeG alfo meafureth F B.And by fuppofition 
it meafureth the whole A B.Wherfore it meafureth the refidue A F namely,the greater mag 
nitudethe leffe,which is impoffible. Wherefore no magnitude greater then A F, meafureth 
thefe magnitudes A Band C D. Wherefore A F is the greateft common meafure unto the 
magnitudes A Band C D.Wherfore vuto two commenfurable magnitudes genen, namely, 


A Band C Dis found out their greateft common meafure, namely, the magnitude A F: 
which was required to be done. 


q Corollary. 


Hereby it is manifeft that ifa magnitude meafure two magnitudes, it fhall 


alfo meafure their greateſt common meafure. For if it meafure the wholes and the partes 


taken away it fhal alfo meafure the refidues,of which one is the greateft common meafure,as we may 
fee by the latter ende of the former demonttration, 


eZMontaureus reduceth this Probleme into a Theoremoe after this maner, 


T mo Snequall and comrnen[urable magnitudes being genen, ifthe lefe do mea[ure the greater, then isit the 
greatest common meafure 0 them borh. But if not ,then the leffe being continually by a mutuall detration (as 
before bath bene tangbt)taken out of the greater,mhenfoeuer the refidue »recifely meafureth that which went 

“before leaning nothing, the [asd refidue foall be the creates? common meafure to bork the magnitudes geuen. 


q 1 he 2. Probleme. The 4. Propofition. 


Three magnitudes commenfurable beyng geuen to finde out their greatest 
common meafure. | 
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senos T he tenth Booke 
V ppofe that the shree commenfurable magnitudes genen be A,B,C. It is required 


of thefe three magnitudes to finde out the greatef} common meafure.T ake (by the. 
z former prepofition ) the greate/t common meafure of the two magnitudes A,B and 





— 


let tbe faut be D.Now then this magnitude D either meafureth the third magnitude,which 
2s Cor not.Firft let it meafure C. And fora{much as 
D meafureth C, and it meafureth alfo the magui- 
tades A.B therfore D meafureth the three magni- 
tudes A,B,C. Wherfore D 1s a common meafure va- 
to tbe magnitudes A,B,C. And it is manifelt,that tt 
1s the create} common meafure. For no magnitude 
greater then D can meafure the ma enitudes A,B,C. 
For if it be pofible let the magnitude E being grea- 
ter then the magnttude D, meafuretine magnitude 
A,B,C. And forafmuch as E- meafureth the magni- 
tudes A,B,C, it meafureth the two firft magnitudes 
AB.Wherfove it hall alfo (by the Corollary of the ~ 
former gropofitioa )meafure tbe ereatcft coron mea- 
magnitudes A,B whichis D, namely, the greater fhall neeafure the leffe, whica 


ren 





4 — 


| 
P 


D E 





` 
C — 
A eri- imam 


is impoſßſible. 
But zo» let D nat meafurethe magnitude C. Firfl 1 ay that the megnituder C,D, are commenfu- 
vable. For forafmauch as the magnitudes A,B,C are commenfurable, fome magnitude fhall 
sacafere theniwhich [hall alfo meafure the magnitudes A B taken apart. Wherfore it fhall 
alfo (by the corollary going before meafure the greateft common meafure of A,B,thatis,D: 
And (Ly [up sofition it meafureth the magnitude l 
CWherfore that faid magnitude fhall meafure 
the magnitudes Cand D.Wherfore the magni- 
tudes C,D are comme/urable.T ake by the third 
of this texth,their greate/? common meafure,c 
let the fame be the magnitude E. And foraf- 
much as E meo[uretb D, but D meafureth tbe 
magnitudes A,B. Wherfore E alfo meafureth | 
the magnitudes A,B, andit alfo meafureth the 
magnitude C Wherfore E isa common meafure | 
tothe three magnitudes A,B,C.1fay alfo tbat it c 
4s the greatelt commzo meafure. F or if it be pofi- 
ble, let there be a magnitude, namely, F, grea- 
ter then the magnitude E.And let F meafure the three magnitudes A,B,C. Aud forafmuch 
as F sacafureth the magnitudes A,B,C.t alfo meafureth the two firft magnitudes A,B.Wher 
fore (by the corollary going before) it [hall alfo meafure tbe greateft common meafure of the 
anagaitudes A,B.But the areatefl common mea[ure of the magnitudes A,B,is D. Wherfore 
F.vseafureth D and it al[o meafureth CWherfore F mea[ureth the magnitudes CD Wher- 
fore F fhall al (o meafure the greateft common meafure of the magnitudes C, D But the grea- 


— 


| 
| 
: 


is] — 


| 


Á. 


defe common meafure of the magnitudes C,D, is E. Wherfore F meafureth E, namely, thé 


greater the lelfe,which is impoftible Wherfore no magnitude greater then E meafureth the 

magnitudes A,B,C.Wherfore E is the greateit common meafure of the magnitudes ABC. 
If D do not meafurethe magnitude C.But if D do meafure C,then is D the greateft commo 
aea[ ore .Wherfore three magnitudes commen[urable being geuen there is found their grea- 
seit conxson ureafure : which was required to be done. 


Corellary: 


of &uchides Elementes. Fol.235. 
. q Corollary. mE | 


Hereby it is manifest that ifa magnitude meafure three magnitudes it fhall 4 Corellary. 
alfo meaftre their ereateft common meafure. In like fort alfo in magnitudes 
comm&jurable bow many foeuer being geu£ , may be fouud out their greateft 

common meafure and the corollary will ever be true. - 


This Probleme alfo Afontaurens reduceth into a Theoreme after this maner: This Pro 
his Prp- 


m" 
Three magnitude! being commen[urable if thé greatefl comyzon meafmre to fro oof them, dc mecfure the third ce ea 

it fhall be the greateft common meafure to all the three magnitudes geuen.But if tt donct meafure it the greatcfe tod Siepe 

coramon meafure of the third and of 1he gréntefl common meafave of rhe two firjt, ia tbe greatefd common med- Yi, 

fore of al the three magnitudes. 


f T be 5T beoreme. T he 5. Propofition. 


Magnitudes commenfurable haue fuch proportion the one to the other, as 
number hath to number. 





Vppofe that A and B be magnitudes comenfurable.T hea I fay that A hath unto B os 
KAS ay juch proportion as niuber hath to number.F or forafmuch as A and B are comen{u- 

WONG rable sherfore fome magnitude meafureth them, let there be a magnitude that mea 
ſureth them, and let the [ame be C.And bom ofien C meafureth’A, fo many vnities let there 
bein the number D.And how often C meafurcth B,fo many unities let there bein the num- D 
ber E,and let F be unitie. And forafinuch as the magnitude C meafureth the magnitude y u * 
A by thofe-unities which are in the number D, and © A 


unitie F meafureth the number D. by thofe vnities | 





ConStruaftion. 


which are inthe number D ; therefore how many 
times unitie meafureth the number D,fo many times ' 
doth the magnitude C meafure the magnitude Ax 
wherfore as the magnitude C is to the magnitude A, 
fois unitie F tothe number D. Wherefore contrary | > 
wife (by the corollary of the fourth propofition of the. | 
fift bocke)as the magnitude A isto the magnitude C, 
foisthenninber D to vnisie F. Againe forafmuch 
as the magnitude C meafureth the magnitude B`by` 





3bofe unities which arein the nuraber E, and vnitie bo: = 
F meafureththe number E by thofe vuities which E XA S 
are inthenumber E : therforehow mang timesuniz A B= C D E F 
tie F meafureth the number E, fo many tyrnes doth 2 


the magnitude C meafure the magnitude B. Wherfore as the magnitude C is to the magni» 
tude B,fo is unitie F to the number E,andtt is prowed that as the magnitude A is to the 
magnitvac Cfois the number D to unitie F Wher fore of equalitie (by the 22. of the fifte) 
as the magnitude A is to the magnitude B,fo is the number D tothe number E. Wherefore 
the commen{urable magnitudes A and B bane that proportion the one to the other that the 
number D hath tothe number E. Maznitudes therfore commenfurable, hane Juch pro- 
portion the one to the other ,as number hath to number: which was required to be proved. 


DD ij. Mag- 
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Confruflion. 
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tien 


Lhe tenth Booke 


Magnitudes are fayd to have fuch proportion the oneto the other, as nfiberhath 
to number, when as what focuer proportion is betwene thofe magnitudes, the (ame is 
found betwene fome certaine numbers : as if a magnitude be vnto a magnitude either 
equall, as the number 2. isto the number 2,ordouble,as the number 4.to the number 
2,ortriple, as 6.to 2, orin any other multiplex proportion. And foalfo touching the 
other kindes of proportion,either fuperparticular,or fuperpartient. E 


g The 4. T beoreme. T be 6. Propofition. 


Tf two magnitudes haue fuch proportion the one to the other, as number 


bath to number : thofe magnitudes are commenfuralle. 


=a ppofe that thefe tivo magnitudes A and B haue that proportion the one tothe 
other, that the aumber D hath tothe nuraber E . Then 1 fa, that the magni- 
tudes A,B, are commenfurable . How many vanities there are in the aiumber D, 
£ into fo mary equal partes deuide the magnitude A (by tbe. ofthe fixt) and 
let the magnitude C Ee equall to one of the partes therof. And how many vunities there are 
inthe nember E, of fo many magnitudes equall unto the magnitude C let tbe magnitude F 
be copofed. And let G bewritic. Nom forafmuch as kow many unities there are in the niber 
D, fo many magnitudes alfo are there inthe 

magnitude A equall unto the magaitade C: 

r 
c F D G E 





therfore what part uniti G is of the nitber D, 

the fame part is the magnitude C of the mag- 
nitude A. Wherefore asthe magnitude C is to 

the magaitude A, fois vnitieG to the num- 

ber D . But-nitie G meafureth tbe number. 
D . Wherefore the magnitude C alfo meafu- 

reth the magnitude A. And for that as the 
magnitude C is to the magnitude A, fo. is v- 

nitie G tothe number D : therefore contrary- 

wife(by the Corollary of the fourth of the fift) 

as the magnitude A is tothe magnitude.C, 

fois the number D to vnitie G.Againe foraf- 
much as how many nities there are in the 
number E,fc many magnitudes alfo arethere 

in the magnitude F equall unto the magni- 
tude C : therefore asthe magnitude C is to the magnitude F fois unitie G to the number E. 
And it is proued that as the magnitude A is to the magnitude C, fo is tbe number D to vni- 
tie G Wherefore of equalitie (by the 22. of the fift) as the magnitude A is to the magnitude 
F, fois thé nunzber D tothe number E But as the number D isto the nuniber E, fo is the 
magnitude A to tbe magaitude B .Wberefore ( by the 11. of the fft ) as the magnitude A ts 
to the magnitude B, fo is the ferme magnitude A to the magnitude F: wherefore A hath vn- 
to cither of the{e magnitudes B and F one and the fame proportion . Wherefore (by the 9.of 
the fifi the magnitude Bis equall unto the magnitude F . But the magnitude C meafureth 
the magnitude F : wherefore st alfo meafureth the magnitude B * and it likemife meafureth 
the magnitude A .Wherefore the magnitude C meafureth the magnitudes A and B.Wher- 
fore the msgnitudes A cy Bare commenfurable . If therefore two magnitudes haue fuch pro- 

portion the one to the other, as number hathto number ,thofe magnitudes are comenfurable: 

which mas required to be proutd. 


Dr 


. 
ED 


e MM MÀ ———3À 
wy — ñ — — 


æ Corollary. 


of Euclides E. Josoner: a Fol.236. 


Ae ONE 9. 3 Corollary. 
Js Harl) d manififl tbat if here be tmo nibers,as D and TE A Corollary. 
E, and aright line, as A. stás poffib[e to. gene am otber line, E p 
unto which the line A fhall hane the fame proportion, that the 
number D hathtathe number E. For deuide the line A into 
o many equal partes as there are unities in the number D (by | 
theg af the r fixt ) - Aad take an other line, as F, which let be | 
"Pozpofid of [a many partes equall to the partes of the line A,as i 
there be unities in the number E Whereforethe lige A fhall | 
be to theline F, as the number D is to the number E . And by ; | . 
‘this meanes you may unto any line gen? gene an other lène com- ` ` : 
menarable in length . Lor tf teva lines be in proportion the one | 
-to the other ,as number is to number they fhall alfo be commen- 
forable in length, by this 6.Theoreme. : 


a 
= 

iv] 

hi 


qr An Affumpt. 


7 Twousnbers being geuen, and alfo aright line: as the one number is to 
the other fo to make tbe [quare of » line geuen to be to tbe [quare of an other line. 


Suppofe that the numbers geuen be D and E : and let the right line genen be A. Itis 
required, as tki number D is to the number E, fo to make the [quare of the line A to be to 
the {quare of an other line . As the number D is to the number E, fo let the line A be tothe : 
‘lene F (bythe former Corollary) . And take Countess 
betwene thofe two lines A and F the meane : | 
proportionall ( by the 13.0f the fixt ) which ; 
let be tbe liae B . Now far tbat as the number Pal Demonffra- 
-D is tothe number E, fo is the line A to the | tion, 
line F ; and as the line A is tothe line F, fo 
is the fquarė of the line A to the fauare ofthe © áa i F 
line B ( by the fecond Corollary of the 20.of 
the fixt) .Wherefore as the number D is to D 
the number E fo is the [quare of the line Ato 
the fquare of the line B : which was required to be done. 


q An other demonftration of the 6. Propofition. 


Suppofe that thefe two magnitudes geuen Aand B, 
‘haue that proportion the one tothe other, that the num- 
bye C hath tg the niber D.Thé I fay, that thofe magni- 
tudes are comutfurable. How many vnities there aye in 


Conftraction. 
the number C, into [o many eguali partes les the magni- 
tude A be deuided, cy let the magnitude E be equall vn- 
to one of thofe partes Wherefore as vnitie isto the nwn Demons 
ber C, fois the magnitude E to the magnitude A. And ae s 


i the number C is to tbe number D fo is tbe magnitude 
A to the magnitude B. Wherefore of equalitie(by the 22. 
of the fift)as unitie is to the number D, fois the magnt- 
tude E to the magnitude B. But vnitie meafureth the 

number 


SM mim ai EL e c miii eec 


m——— 
Vite 


v 
Y 


Demontfra- 
tion leading to 
«n abjurattic. 


This.ts the 
connerfeo*the 
former anda 
proued by an 
andorect de- 
vonfiration. 


?, 


w 


4. 


TE 7 betentb'Booke. .. 


number D . Wherefore the magnitude E meafureth the magnitude B . And it alfo meafu- 
reth the magnitude A (for that vnitie meafureth the number C ). Wherefore the magnitude 
E meafureth either of thefe magnitudes A and B.. Wherefore the magnitudes A and B are 
commenfurable, and the magnitude E is théir common meafure. 


-- 
Y 


g The s.Theoreme. - Ther. Propofition. J 
Magnitudes incommenfurable, hane not that proportion the one to the oe 
ther that number hath to number. s 


mist 


WV ye V ppofe that the magnitudes A and B be incommenfurable. Then I fay, that A 
WG _| bath not to B, that proportion that number hath to.rumber. For if A haue vn- 
: SN" |t9 B that proportion that number hath to number, then is A comenfurable vn- 
game Ce to B (by the 6.of this tenth) . But (by fuppofition) itis not. Wherefore A hath 
act-untoB that proportion that number hath to | — T 
number . Magnitudes incommenfurable therfore 
haue nat that proportion the one to the other that B, m 
number hath to number : wirich was required to 


be demonfirated. . 










— 
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g The 6. Theoreniè. > The 8. Propofition. 
ei € 
-> Yf two magnitudes hane not that proportion the one to the other that numa 
ber hath to number, thofe magnitudes are incommenfurable. 









— "pef that tbefe two magnitudes A and B,haue not that proportion the one to 
f & ed tee other that number hath to uumber-T hen I fay, that A and B are magni- 
CO I tudes incummenfurable . For if A and B. be commenfurable, then fhall A hawe 
— 21 unto B, that proportion that number hath to number ( by the 5. of this tenth). 
But(by (appofition )it hath not that proportion that 
number hath to number Wherefore, A and B are A 
incommenfurable magnitudes If therfore two mag- B 
nitudes haue not that proportion the one to theo- 
ther that number hath to niber, thofe magnitudes 
are incommenfurable : which was required to be proued. 








q The 7. Theoreme. The 9. Propofition. 


Squares defcribed of right lines commenfurablein length, haue that pros 
portion the one to the other that a fquare number batb to a [quare number. 
And fquares which haue that proportion the one to the other that a fquare . 
number bath to a quare nber fhall alfo haue their fides comenfurable in 
length. But fquares decribed of right lines incommenfurable in length, 
baue not that proportion tbe one to the other , that a [quare number bath to 
a fquare number . And {quares which have not that proportion the one to 

__ the other that a fquare nisber. hath to a fquare number bane not their fides . 

~ commenfurablein length, 


supe 


of Euclides Elementes. Fol.237. 


PEM that Aand B be lines 
PS comen[urable in length Then 
PASE 1 fay thar the (quare of the | — 
line A bath unto the [auare of the line 

R, thai proportion that a [quare num- 
ber hath toa [quare number For foraf 
much asthe lines A and B are commen 
J'rable in lengib : therefore the line A 
hath unto the line B that proportion 
that number hath to number (by thes. 
ofthis tenth) Let the line A baut vnto Cu D... 

the line B that proportion , that the 

number C hath to the number D, Now ‘Vy 

for that as the line AistothelineB,fo — 7t 

isthe number CfothenumberD: but 0007 — 

the [quare of the line A is vnto the — — 

Square of the line Bin double proportio = “"""* PC" 

of that which the line A isunto the line B ( for like rectiline figures ( by the firlt corollary of 
the 20, of the fixt ) are in double proportion of that which the fides of like proportion are) 
and likewife the {quare number produced of Cis tothe [quare number produced of D , in 
double proportion of that which the number C is to the number D (for by the 11.0f the eight 
betwene two [quare numbers there is one meane proportionall number gy a{quare number is 
to a [quare number in double proportion of that which fide is unto fide) . Wherefore as the 
Square of the line A is tothe [quare of the line B,fo isthe {quare number produced of the 
number C,to the [quare number produced of the number D. 





-i 
An other demonftration to proue the fame. 


Forafmuch as the lines A and B are commenfurable,therefore(by the 5 of this tenth) A 
hath unto B the fame proportion that number hath to number. Let them haue that proportio. 
that the number C hath sa the number D . And let the number C multiplying himfelfe pro- 
duce the number E aud multiplying the number D let it produce the number F: and let thé 
number D multiplying himfelfe produce thé number G . And fora[much as the number C 
multiplying himfelfe produced the number E , and multiplying the number D it produced 


the number F :therefore( by the 17 .of the feuenth as the number C is to the number D, that 
is, the line A tothe - J 


line B fois the num- 
ber E tothbe nüber F.. " 
Butas the line A is 
tothe line B, fois the 
Square of the line A 

to the parallelograme 

contained under the 

lines A and B (by the 
Sift of the fixt Wher 
fore as the (quare of. 





the line A is to that Crees. o> ees Diss pa 


which is contayned : i x - 
onder the lines A E tentis enne nennen F wiii G —R& 
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os os AR B , fois tbe number E tothe number F . Agayne yor as muche as thé number C multi- 
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plying the nuriber D produced tbe number F , oy the number D multiplying himfelfe pro- 
anced the number C: therefore ( Ly the 17.of the feuenth ) as tbe number C. is to tbe num- 
ber D, that ds, as the line Aisto tbe line B, fo is the number F to tbe number G , But 
asthe line A is tothe line B, fo 1s parallellograme contained under the lines A and B to 
the [quare of theline B (by the fir St of the fixt). Wherefore as that which is contained vn, 
der the lines A and B is to the fquare of the line B, fois the number F to the number. 
G. But as the [quare ofthe line Ais tothatwhich iscontayned under the lines A and B,, 


Jois the numbër E tothe ismber F . Wherefore of qualitie(by the a2. of thefifte ) as the’ 


fquare of the line A is to the {quare of the line B , [o isthe number E to thenumber G . But 
either of tbefz numbers E. «nd G-is a. [quare numler.For E is produced of tle number C, 
multipled into himfelfe, andG is produced of the number D multiplyed ipto him felfe. 
Wherefore she [quare of the line A hath unto the {quare of the line B that proportion that a. 
[quare number hath to a fquare number :which was required to be demon[trated. i 


An orher demonftration of the fame firft part after Montaureus. 


Suppofe that there be ewo lines commenfurable inlength A andB . Then I fay that the fquares 
efcribed of thofe lines dhalbe in proportion the one to the other as a{quare number is to a {quare na- 
ber. Fer fora(much as the linzs A and B are comméfurable in length, thcy fhalbe in proportion the one 
to the other as number is to number(by the s.of this booke).Let A be to L in duple proportion ,which 
isin fuch proportion as number is to numbez,namely,as 4,is to 2.and 4.to 3,and fo of many other.And 
(by the fecond of the eight )take the threc leat numbers in continuall proportion,and in duple propor 
fioe, &letthefame be the numbers 4.1.1: Wherfore by 
the corollary of the fecond of rhe eight, the numbers 
ganda. halbe fjuare numbers. ( Foras g. isafquae A |. 
number preduced of z.multiplied into him felfe,fo is 1. 
alo a fquare aumber;for itis produced ofvnitie muli- B m—— — h, 
plied into him felfe. ) I (ay morzouer that thofe are.the 
fquare numbers , whofe proportion the fquares of the 
lines A and B haue the one so the other, Foras the number 4.is to the number 2. fois theline A to the 
line B ( For cither proportion is double by foppofition ) : butastheline A isto the line B, fois the 
fquare of the line Ato the parallelograme contained vnder thelines A and B ( by the firit of the fixt). 
MY hescforeas rhe number 4. isto tlie niniber z : fo fall the quare ofthe line A beto the parallelo- 
grabie contatocd vndér the lings A and B. Likewife asthe number 2. is to the number 1. fo is the line 
A-tó the live ff ( For éither proportion is duple by fappofition): butas theline A is to thelinc B , fo i$ 
the paraülclegrame cantained vnder the Jincs A and'B to'the (quare of the line B ( by the felfc fame fuft 
ef diefixt) . Wheteforeasthe number a. is to 1, (01s the parallelograme contained vnder the lines A 
and B to the fquarc of theline B : wherefore of equailitie (,by the z2.of the fifth.) as the fquare of the 
Hine A is co the {quare of the line B,fo is the number 4.to 1.which are proued to be {quare aumbers. 


ai Beit now fuppofe that the fquare of. E 
the line A, be unto the [quare of the 
line B, as tbe (quare niter produced of. 
the number C. is tothe fquare number 
produced of the number D. Then I fay 
that the lines A Cr Bare comenfurable . 
in length. For for that as tbe (quare of. 
the line A is to thefquare of the line D, A "d 
fos tbe (quare number produced of the - | 
ntomber-C tothe [quare number pro- oa et as 
duced of the number D: but the propor 22d Met Rs ae 
tion of the [quare f the line A, is unto — J Ho sl 
the ſquare of mhe line b double to ihat ..... DERE S — ARR. 
proportion which the line A hath unto — : —— 
the line B(by the corollary of the 20. of LOS asa CU BAN IMP x t 
hua the 
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the fixt). And the proportion of the {quare number which is. produced of the number C to 
the [quare number produced of the number D is ( by tbe vof the eigh ) double to that proe 
portion which the number C hath unto the number D: Wherefore as the line A is to the line 
B,fois the number C to the number D. Wherefore the tine A hath unto the line B the fame 
proportion that the number C Bath to the number D Wherefüre (by the 6.of this booke) the 
lines Aand B are commen{urable'in length : which was required to be proned. 
eX : 3 i 3 E TEES 
An other demonftration to proue the fame, 
o. Auk. 3 i 
Vppoſe againe that the fquare of tbe line'A bane vnto the fquare ofthe line B, the 
Jame proportion, that tiefyuare number: E-hath tothe fquare sumber G . Then E 
‘fay thav the lines Aand B are commenfurable in length. Fur fuppofe that she fide of 
the [quare numbey E a order ee ya Suy 


be the nitber C, c let — Tey ep 
the fide of the fquare Ll | Ere dl 


number G be the nü- | | l|. 
ler D : and let tbe 4|. | — "X 
number C multiply- : 
ing the number D | 
produce the niimber J 
F . Wherefore thefe Wir. 
numbers E,F,G,are - ` 
in continuall propor- WE ^. Tes n 
tion,aud in the fame C. Tm D... ; 
proportion that the 
number.C is to: the : Fes deavevceevcceccrecces * F DE G aistit 
number D (by thes 7.and 18 of the fenexth) And forafmuch as themeane prepertionall Letwent the 
Squares of the lines A aud B is that which rs contained Gnder the lines A and B, (FV) hich th ough 2 might 
briefely be proued yet we takeit as vow ) « And likewife the meane proportionall betwene tbe 
numbers E and G is the number F (by the 20 of the fenenth) : therefore as the fanare of the 
line Ais to that which is contained under the lines A and B, fo is the number E to the num- 
ber F and as thatavhich is contained under the lines A and Bis tothe fanare of the line B, 
fols the number F to the number G . But as the {quare of the line Ais to that which is con- 
tained under the lines A and B,fots the line A to the line B(by the firf} of the fixt). Where. 
fere the lines A and B are in the fame proportion that tbe number Eis to the number F; 
that is,that the number C 1s to the number D . Wherefore the lines A and B are commen [it 
rable in length (by the 6.0f this tenth) -which was required to be proucd. 














But now fuppofe that the lines A and B be incom. 
menfirable in length. Then 1 fay that the fquare of A: 
the line A hath not nto the (quare of tbe line B that 3 Tai 
proportion that a [quare number hath to a [quare ni- — 
ber . For if the (quare of the line. A haue vnto the ; 

Square of the line B,the fame proportion that a quare number hath to a [quare number, thk 
frallthe lines A and B be comenfarable in length(by the fecond part ofthis propofition).But 
by fuppofitson they are not Wherefore the (quare of the line A, hath nat unto the fauare af 
the lyne B that proportion that a {quare number hath to a {quare number isekich was regut 
ved to be proued, Bes G - FEES ; 
Againe fuppofe that the fqrare of the line A haue not vato the quare of ike line B, the 
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Thetenth Booke ` 


Same proportion that a [quare number hath ta a (quare _— 2 
number . Then I fay that the lines.A and B are incom 
menfurable in length . For if thelines A and Bbecom- A 
menfurable in length, then the{quare of the line A fhould "NI 

haue unto the quare of the line B, the fame proportion. P s — 
that a ſquare number bath toa Iquare number, by the firſt part of this propofition, but by 
Suppofition it hath not,wherfore the lines A and B are not commenfurablein length. Wher- 
fore they are nicomenfurable in length. Wherfore [quares made of rigbt lines commen [ura- 
în length hane that proportion the one to the other that a fquare number hath to a {quar e 
number. And (quares which baue that prapartion the one to the otber,that a (quare number 
hath to a (quare number [ball alo bane'tbe fides commenfurable in length. But (quares de- 
Seribed of right lines incommenfurable in length baue uot tbat.proportion the one to theo- 
ther tbat a [quare number hatb to a [quare number. And (quares vebich hawe not that. pro- 
portion the one to the other, that a (quare nuraber hath to a (quare number, hauenot alfa 
their fides corsmnfurable ia length : which was all that was required to be proued. 


2 








q Carrolla: 


Hereby it is manifeft that right lines cõmenfurable in length are alfo euer 
commen[urable in power.But right lines commenfurable in power, are not 
alwayes commenfurable in length. And right lines incimenfurable in légth 
are not alwayes incommenfurable in power. But right lines mcammenfuras 
ble in powerzare ener alfo incommenfurable in length, ` 


For forafinuch as [quares made of right lines commenfurablein length, haue that pro- 
portion the one to the other that a [quare number bath to a [quare number (by the firfl part 
of this propofition):: but magnitudes which hane that proportion the one tothe other, that 
number fimply hath to number are(by the fixt of the tenth )commen[urable.W berfore right 
lines commenfurablein length are commenfurable not onely in length, but alfo in power, 

Againe fora[mucb as there are certaine (quares which haue not that proportion the one 
to the other that a [quare number bath toa [quare number, but yet haue that proportion the 


-oneta the other which number fimpl hath to number : their fides in dede are in power com- 


mienfurable, for that. they defcribe{quares which haue that M which number [im- 
ply hath to number, which [quares are therfore commen[urable (Dy tbe 6. of this booke) : 
but the (aid fides are incommenfurable in length by the latter part of this propofition. Wher 
cfore it is true that lines commenfurablein power, are not firaight way commenfurable in 
length alfo. 

s id by the felfe fame reafon is proued alfo that third pars of the corollary, thas lints 
incommenfurable in length, are not alwayes incommen{urable in power.F or they may be in- 


` commenfurable in length,but yet commenfurable in power .As in thofe [quares which are in 


proportion the one to the other, as number is to number, but not as a [quare number isto & 
[guare numbers x. 


But right lines incommenfurable ip power art abwayes alfo incommenfurable in length. 
For if they be commenfurablein length,they foal alfo be commenfurable in power by the fir/t 
part of this Corollary. But they are fuppofed to be incommen{urable in length, which is ab; 


fiorde Wherfore right lines incommenfurable in power, are exer incommenfurable in length. 
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For the better vnderftanding of this propofition and the other following; 4 haue 
hereadded certayne annotacions taken out of es onraurens. And firft.as touching. the 
fignification of wordes and terines herein vied which are fuch, that verlefe they be well 
marked and peyfed,the macter will be obfcure and hard,and ina manerinexplicable. - 

Firlt,chis ye muft note;that fines to becoemmenfurable in length, and lines to be in 
proportion the one to the other,as number is to nuinberis all one.$o that whatfoeuer 
lines are commienfurableiadength,are alfo in proportion the age to the other,as num- 
beris to number. And conuerfedly what fo euer lynes are in proportion the one to the 
other,as number is to number, are alfo comméfurable in length,as it is manifelt by the 
s and 6 of this booke.Likewifelines to be incommenfurable in length,and hot to bein 
proportion the one to the other,as number is to number is allone,asitisimanifelt by 
the 7,and 8.of this booke. Wherfore that which is fayd in this Theoreme, ought to be 
vnderitand of lines commenfurab!e in length,andincommenfurable in length, 

This moreouer is to be noted,thatitis not all one,pumbers to be fquare numbers, 
and to bein proportié the onc to the other, asa (quare nambet is to alquaremunber. 
For although fquare numbers be in proportion the one to the other, asa {quare num- 
beris to a fquare number, yetare norall thofe numbers which arein proportion the 
one to the other,as a fquare number is to a (quare number, fquare numbers. For they 
may be like (aperficiall numbers;and yet not fquare numbers, which yet arein prepor- 
tió thc one to theother;as a fquare nuinberis to afquare number.Although all fquare 
nuinbers are like fuperficial! numbers.For betwene two fquare numbers there falleth 
one imeanc proportionali number (by the 11. of the eight). But if berwene two nuim- 
bers, there fall one meane proportionall number, thofe two nuimbers are like fuperfici- 
all numbers(by the 20.0f the eight). So alfo iftwo numbers bein proportion the oné 
to the other,as a (quare number ts to a{quare number, they fhall be like fuperficiall nü- 
bers by the frit corollary added after the laft propofition of the eight booke. 

Aad now to know whether two (uperfciall numbers geuen,be like fuperficiall num- 
bers orno,itis thus found out. Firftif betwene the two numbers genen, there fall no 
meane propottionall,then are not thefe two numbers like fuperficiall aumbers(by the 
18,of the eight.But if there do fall betwene them a meane propottionall,then are they 
like fuperficiall numbers (by the 2o.oftheeight) Moreouer two like fuperficiall nnm- 
b?rs multiplied the one inzo the other,do producea fquare number (by the firft of the 
ninth). Wherfore if they do not produce a [quare number,then are they not like fuper- 
ficiall numbers. Andif the onc being multiplied into the other, they produce a (quare 
number, then are they like fuperficiall(by the 2.0fthe ninth) .Moreouer if the (aid two 
fuperficialnumbers be in fuperperticular,or fuperbipartient proportion, then are they 
riot like fuperficiall numbers. For if they fhould be like, then fhould there be a meane 

‘proportionall beewene them (by the 20,oftheecight), But chat is contrary to the Co- 
rollaty of the 20.0fthe eight. © a 

__ Andthe-eafilicr to conceiuc the demonftrations following, take this example of 
that which wehaue fayd. = a 


. . Suppofe that there be aline, namely,C, which imagine to be foure fote long: and let there be an 
other line D, which let be three footelong . And ( by the 15. of the fixe) itake the meane propor- 
tionall betwene thelines A, D, which let be theline.B. Wherefore che {quare of the line B shall 
be equall co che. rectangle parallelogranime coatayned. ynder the line C and D (by the 17. of the 
fixe). Which {quare fhall contayne 12, foote, & fo much alfo fhall the parallelogramme defcribed 
of the lines. © & Dcontaine. Take alfo two cther lines E and F, of which lecE be 5.footelong;and let 
X beafoote long. Andlet the meane proportioaall betwene the ines E and F, be the line A. Now 
then the fquare oftheline A [ball containe 5.foote, as alfo.doth the-parallelograme defcribed of the 
lines E,F.ThéI fay, that the (quare of the line B, which cótaineth 12.foote; isto the fquare oftheline 
A, which contayneth 5. foote;in that proportion tháta fquare number is toa íquare number. . For as 
the number 12. is to the number 5, fo is the fquare. of che line B, which containeth 12. foote, to 
the fquare ofthe lie A, which contayneth 3 foote . But the numbers 12.and 5. are like fuperficiall 


numbers , for che fides of 12. which are z. and 6, are proportionall with the fides of 3. which are, 
z.and 3. Wherefore the {quare of the line B, which contayneth i2.fooce, (hall be-vato the fquare ofthe. 


line A, which contayneth 3.footc,in that proportion thata like {uperficiall number is to alike fuperfici- 


* L 
gil number, But like (uperfciall numbers are in propoxtion the one to the other, asa (quare number is, 
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to a fquare nüber, 


which fquare num- 
Bers e. 4. and i. c 4 
(by the 16. of the 


eight) . Wherefore B Tr A E3 
t 





the fquare of the 

line E, which con- 3 

tayneth 12.foote, is D. —  —————————— F 
to the fquarc ofthe 

line A, which cótai- 

neth 3.foote,tn chat 


proportion that a | 
quare number is to F 5 EU 
‘a {quare number, 
namely , thae the z 
number 4.isto the p 3 4 
number r: which 
preporuon is qu 
ruple . For the 
erester fquare whi- A 3 53 


che is 12, contay- 


neth theleffc fee 


c í 
12. 
4 
which is 3, foure — — B A 
times . Wherefore 
the fide of the 
{quare 12, which is 
the line B,is double 
to the fide of the 
Square 3, which is B p En 
the line A. Wher- ; 
fore the line B isto 
the line A , ín that 
proportion that — 
Ee ty 


number is to num- 
ber. Wherfore (by 
the s.oFthis booke) the lines B & A are commenfurable in length . Which isa füppofition neceffary 
to conclude the firft part of this Theoreme, namely, that the fquares of fuch lines are in proportion 
the one to the other, thata fquare number is to a fquare number. 

So aifo the nüber which denominateth the greater cerme of the proportion ofthe line B to the line 
A, Which is »,if it be multiplyed into it felfe, it maketh a fquare number,namely, 4. Likewife che num- 
ber which denominateth the leffe rerme,namely,t. if ic be multiplyed into it felfe, it maketh no more 
but r. Which vnitie is alfo in power a (quare naber.Wherfore the (quare ofthe line B,is to the fquare 
ofthe line A, in tha: proportion thata fquare number is to a fquare number,namely, that 4.isto r, By 
this you fee (which thing was before noted) that it is not all one,numbers to be (quare numbers, and 
to be in proportion the one to the other, as a quare number is to a fquare number, For itis manifetl, 
that the. numbers 12. and 3. are notfquare numbers, when yet the (quares expreffed by thole num- 
bers are in chat proportion. Bue the fide of the fquare 12.although it can noc of it felfe be exprefied by 
number diftingtly,to fay that the fide thereof is fo many foote long,which feere {quare taken ,make 
the whole {quare ta : yet being referred or compared to an other thyng , namely, to the fide of the 
{quare 3, which fide alfo of it felfe cau not be expreffed by number , it is vnto the fayde fide of 
the fquaré 5, in double proportion. For che one fquare being quadruple to the other fquare ( as is 
the fquare of the line B, which contayneth 12. foote , to the {quare of the line A, which contay- 
ncth. 5. foote) hath his fide double to the fide of thc other (quare, by this generall Corollary 
of the zo. ofthe (ixt, //te recliline figures aré' jn double proportion the onc te the other that their fides of hike 
proportion are. Now if a man will fay, that the fide ofchefquare 12.'may be meafured for that hys 
proportion which it hath to the fide of the {quare 3,is meafured by 2 (forafmuchas itis dupla propor- 
tion: thisis to be confidered,that in fo faying, you fay not, that that magnitude can of itfelfe be meafu- 
red, buc the proportion therof. For,that magnitude,namely,the fide ot the (quare 12,fhould by it felfe 
be meafured,when without any refpect of the proportion of it to another thing, we may fay that the 
fide of che fquare, which contayneth 12.foote,is fo many foote long,the number of which foote multi- 
plyed into it felfe Jhould make chat number 12. But this is not potfiole;for that rz.is noc a fquare num- 
ber. Wherefore thus you may fay : In afinuch as that (quare 12..is confidered by icfelf, without hauing 
any re(pect of the proportion ef itto any other ching, but onely as it is 12.foote,it hath no fide which o£ 
it felfe can be expreffed by number . Butif it be compared to any other thing, namely, to the fquare o£ 
2. foote,then may you fay thar the fide of the fquare 12.isz, and the fide of che [quare 3.is 1. But-thys is 
the denomination of that proportion which is called duple, which proportion caa aot be or confidered 

in 
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in fewer termes thea two, whenasitisa relation of one thing to an other thing : wherefore 2. is not 
the number of füch feete,of which there are 12;in the fquare . Agayne;if the number 2. fhoulde be the 
fide of the (quart 12, fo thac that fide fhould be 2, then of the multiplication of into it felfe, fhoulde 


not be made that fquare r2,but an other fquare which fhould be 4.foote : as ofthe number z.multiply- ` 


ed into him (clfe is produced the fquare number 4 . Neither alfo ifany other number, meafure the fide 


of the (quare 12,and the fayd number be muldplyed into him felfe fhall-it euer make the number 12. 


When yet all numbers denominating the fide ot any fquare pnmber, if they be multiplyed into them 
felues,they make the number which denominareth-the {quare, whofe fides they denominate . As z. 
multiplyed into him felfe maketh 4 : 3. maketh 9 : 4.maketh 16 : and fo likewife ofall others. Where- 
fore it is notall ane,magnitudes to bein proportion the one to the other,as number is to number, and 
euery one ol them to be meafüred b him (elfe without any refpe&t had of the popao . As here the 
fide of the fquare t2.can ofit felfe by no meanes be meafured,but being compared to any other magui- 
tude,namely,to the fide of the {quare 3 ,the proportion thereofis expreffed by number. So alfo the fide 
of the {quare 3,and of all other {quare figures, whofe areas yet can not be expreffed by fquare numbers, 
And that which we here fay, is manifett even by the wordes of Ewclide inthe 5.6.7. and 8. Theoremes 
ofthis booke. Where he fayth not, that magnitudes commenfurable and incommenfurable are of thé 
felues or oftheir owne nature expreffed by numbers, bue that either they haue or haue not that propor- 


tion which number hath to number . Which thing not being well confidered,it fhould feme hath cau- . 


fed many to erreas hereafter fhall be made manifelt. And in deede they which haue demonftrated this 
Theoreme, may feme to fome rather to haue demóftrated it particularly & not vniuerfally And doubt- 
les I iudge there are fome which vnderftand their fayinges otherwife then they ment: when as they 
| chinke,that they fuppofe certayne lines not onely commen(urable in length;as they are (uppofed to be 
in the Pzopofitió,but alfo fuch, that ech of à 
them apart may be expreffed by fome cer- 
tayne number. W herfore for want of right 
vnderltading, this mought they fay of their 
demonftrations: that wheras they thought 
that they had concluded that generally, 
which isin this theoreme of Ewelsde,Squares 
deferibed of lines comenfurable in length,are in 
proportia the one so the other that a [quare uũ- 
bsr is to a /quare number: they conclude par- 
ticularly, rhys onely : Squares deferibed of 
lines which may by them felues be exprefsed by | L 
fome certaine mumber , are im proportion. £2c. A B 
which yet is otherwife,and their demóttra- 
tions are right & agrcable with the Theoreme.Onely the pi&ure ofthe figures which the Greeke boke 
— ay eens to E medo on E the fquares are fo, defcribed with certayn lide areas,thar the 
numberof them may be denominated by a fquare number : whereby i i 
A & B which defcribe che jauaces ought es Bohs: i ye eee oe neue 
be {uch that they may.be expreffed by (ome 
éettaine nfiber.As the line A to be s.foote, 
and the line B 3. foote.As the two former fi “ - 
gures here fet declare. Which thyng yet Ex- 
«lide fappofeth not, but only requireth that 
they be commenfurable.in length, as in the... 
former example of the two fquares, the 








whole area of. one of which is 12, and. the ? 
whole area of thé ocheris 3. For although 

their fides cá not by chem felues be expref- 

fed’by fomecertayne number , yet are they B 


commenfurable in length . Moreouer thys n 
defcribing of the fquares of the lines A and B,deuidzd by certaine litle arcas, may caufe this error, that 
aman fhould thinke thatitis all one two numbers to be {quare numbers , and to be in proportion die 
-one to the other as a fquare number i$ t6 a fquare number. For the number of the areas in the {quare of: 
theline A isa fquare number , namely;2s. produced of the roote s, which is the length of theline A 

Likewife the number of the areas of the [quare of the line B,:is'afquare niiber, namely, 9, which is roz 
duced of the roote 3, which is the length of the line B . But. we haue before declared that it is ud all 
.one,numbers to be called fquare numbers,aud to be in proportion the one to the other,asa fquare nú- 
ber is to afquare number . Wherefore as touching thofe areas contayned in the greater fquare, which 
isoftheline A, aad which are in number 25 they do expreffe chat fquare number zs whichis produced 
of the number 5 .multiplyed into him felfe , which aumber 5 .is the greater extreme ofthe proportion 


betwene 5. and 5 , which isthe proportion ofthe lines A and B . And this popomion namely, of ;.to- 


3.caufeth that the lines A and B are commenfurable in length (by the 6.of this booke) . The fa 
t es A i s a 
- be fayd alfo ofthe areas of che leffe fquare . Neither is it of neceflitie that you etd thofe act i 
be Íquarcs,as either feete {quare or pafes {quare which make the whole {quare, although in deede they 
MDC is EE iij. may 
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may be fuch, fo that the fides of thofe {quares be fo many foote long, ass. foote or 3.foote . Howbeie 
thys is of neceifitie that the numbers which expreffe the number off the feete fquare or pafes ſquare, cõ- 
tayned in the {quares,be either both of thé 

fquare numbers, as in thefe fquare figures 

ofthelines A,B, or that both of them be 

like fuperficiall numbers, as in the former 

{quares which were 12.and 3°: of which na- 

bers itis manifeft by that which hath be- 25 
forc bene faid, chat chey are like fuperficiall 

numbers, and therefore haue that propor- 

tion the one to the other, that a fquare nú- ? 
ber hath toa fquare number. And therfore 

you may defcribe the fquares of the lines 

A,B, without any diftinétion of fuch litle A B 
areas, fo thac the {quares may be voydeand 

emptie,and contayned onely of foure right lines,as in the figure here put. 


«| An Affumpt. 

Forafmuch as in the eight booke in the 26. propofition it was prowed, that like playne 
numbers haue that proportion the one to the other, that a (quare number hath toa fquare 
number :and likewi[e in the 24. of the fame booke it was proued, that if two numbers haue 
that proportion the one tothe other, that a [quare number hath toa [quare number, thofe 
numbers are like plaine numbers.Hereby it is manifefl,that vnlike plaine numbers, that is, 
whofe fides are not proportionall,hase not that proportion the one to the other,that a Square 
number hath to a {quare number. For if they hawe,then fhould they be like plaine numbers, 
which is contrary to the fisppofition.Wherfore unlike plaine numbers haue not that propor- 
tton the one to the other that a (quare number bath to a [quare nüber. And therfore (quares 
which haue that proportion the one to the other that vvnlike plaine numbers hane, hall haue 
their fides incommenfurable in length (by the laft je of the former propofition) hal that 
shofe{quares hawe not that proportion the one to the other that afquare number hath to « 
fauare number. 


g T be 8. T beoreme. The 10. Propofition. 
If foure magnitudes be proportionall, and if the d be commenfurable 
bnto the fecond the third alfo fhal be commenfurable ynto the fourth. And 
if the fir[t be incommenfurable ynto the fecond, the third hall alfo be ine 
commenfurable pnto tbe fourtb. 


Vppofe tbat thee foure magnitudes A,B,C,D ,be proportional. «Aft A is ta B, 
At fo let C be to D and let A be commen[urable vnto B. T ben 1 fay that C is alo 
(2i commenfurable unto D. For foralmuch as Ais commenfurable unto B, it 
KX! hath( by the fift of the tenth that proportion that number hath to number Bat 
as A ds to B,fo1s Cto DWherforeC alfo hath unto D that pro 
portion that number hath to number. Wherfore C is commen- 
furable unto D (by the 6.of the tenth). But now fuppofe that 
the magnitude A be incommen[urable unto the magnitude 
B. T hen I fay that the magnitude C alfo is incommenfurable 
unto the magnitude D.F or fora{much as A is incommenfura- 
ble unto B, therfore (by the 7. of this booke) A hath not unto 
B fuch proportion as number hath to number.But as A isto B, 
fais C to D. Wherefore C hath not unto D fuch proportion as 
pumber bath to number. Wherfare (by the 8.of the tenth) C is 
incommen[urable vnto D. If therefore there be foure magni- 
tudes proportionall,and if the firft be commenfurable unto the 
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of Euclides Elementes, Fol.24.1, 


‘fecond, the third alfo foall be commenfurable unto the fourth. And if che firft be incommen. 
furable unto the fecond, the third Jhall alfo bc incommenfurable unto the fourth : which 


Was required to be prowd: = us 


qA Corollary added by Montaureus. 


Jf rhere be foure lines proportionall,and if the rWo fir Flor tbe rio laf be commrenfarable $n power 
onely,the other two alfo fhall be commenfarable wm poWer onely. This is proucd by the 22. of the 
fixt,and by this tenth propofition.And this Corollary Euclide vfeth in the 27. and 28. 
propofitions of this booke,and in other propofitions alfo. 


f| T be 3. Probleme. T be 11. Propofition. 


Vato aright line firft fet and geuen (which is called a rationall line) to 
finde ont two right lines incommenfurable the one in length onely, and the 
other in length and alfa in power. 







iV ppofe that the right line firft fet and geuen,which is called a rationall line of 
| purpofe be A.It is required unto the faid line A,to finde out toro right lines in- 
\commen|urable,the one in length onely, the other both in length and in power. 
eLa T ake (by that which was added after the 9 propofition of this booke) two num- 
bers Band C,not hauing that roportion the one to the other that a [quare number hath to 
4 {quare number, that is,let them not be like plaine numbers (for like plaine numbers by the 

26. of the eight haue that proportion the one to the other that a [quare number hath to a 
Square number) And as the number B is to the number C fo let the [quare of the line A be. 
vnto she (quare of an other line ,namely,of D (how to do this was taught in the afumpt put 
before the 6. propofition of this booke.) Wherfore the {quare of the line A,ts unto the [quare 
of the line D commenfurable (by the fixt of the tenth.) 

And forafmuch as the number B hath aot untathe num 

ber C, that proportion that a [quare number batb to a 
n nüber, therfore the [quare of the line A hath nos 

vnto the (quare of y line D, tbat praportiothat afquare 
number hath to a niber Wherfore by the 9.0f the tenth, ' 

the line A is vnto theline D incommenfurable in length ; 
encly. And fo is found out the firfl line,namely, D incom- « 
mon{urable in length onely to the line geuen A. Agayne =} à 
take (by the 13.0f the fixt) the meane ae be- 


RR OOF SF. 


tmene the lines Aand D and let the fame be E.Wherfore 
as the line Ais to-she line D,fors the {quare of the ine A 
to the [quare of the line E (by the Corollary of the 20. of 
the fixt). But the line Ais unto the line D incommen- PN B c 
furable iñ length Wherfure alfo the [quare of the line A 
is vnto the [quare of the line E incommenfurable by the 
fecond part of the aad is M Now fora much as the {quare of the line A is income. 
Sforable to the (quare of the line E it followeth (by the definition of incommenfurable bynes) 
thas the line Ais incommenfurablein power tothe line E.Wherfore unto the right line ge- 
uen,and firft fet, Aymbich is a rationall line and which is oed tohaue fuch disifions and 
fo many partes asye liff to conceyue in minde as in this exapiple 1 t, whereunto , as mas de- 
tlared ia vhe 5 definition of this Looke,may be compared infinite other lines, cither commen- 
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A Corollary. 
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the fir ff line 
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Sorable or incommenfurnble,is found out the line D incommenfurable in length onely Wher 
Sore the line D is rationall (by the fixt definitid of this booke) for thas it is incommenfura- 
blein length onely to the line A,which is the fir ft line fet,and is by (uppofitio rational.T here 
ts alfo found out the line E,which is unto the fame line A pane not onely in 
length but alfo in power which line E compared to the rational line A, is by the definition 
trrationall.F or Eviclide alwayes calleth thofe lines irrational, which are incommenfurable 


both in length and in power to the line firft fet,and by fuppofition rational. 


g The 9. Theoreme. T he 12. Propofition. 


Magnitudes commenfurable to one and the felfe fame magnitude : are alfo 
commenfurable the one to.the other. mis 


Pypofe that eitber of thefe magnitudes A and B,be commenfurable vnto the mag- 
yp nitude C.T hen | fay that the magnitude A is commen[urable vnto tbe magnitude 
ING B . Fur forafmuch as the magnitude Ais commenfurable unto the magnitude C, 
therefore (by the 5 .of the tenth) A hath unto C fuch 
proportion as number hath to number. Let A haue 
vnto C that proportion that the number D hath to 
the number E « Againe forafmuch as B is commen 
furable unto C,therefore (by the felfe fame)C hath 
usto B that proportion that number hath to num- | 
Cc 





ber. Let C batte unto B that proportion that the 

number F hath unto the number G.Now then take 

the leaft numbers in continual proportion and in 

thefe proportions zéuen , namely., that the number 

D hath to the number E , and that the number F A 
hath to the number G(by the 4.0f the eight) which 

let be the numbers H, K, L. Sothat asthenumber —| D ...... E 
D is tothe number E fo letthe number H betothe E .... G : 
number K and as tbe nüber F is to tbe nüber G, fo i H... 

let the nuber K be tothe nber L . Now for that as : K.. 
AistoC,fois D to E, but as D isto E fois HroK, Lx 

therfore as Ais to C,fo is H to K. Againe for that f 
asCistoB, fois F toG , butas FistoG fois K to L: thereforeasC istoB , fois K 3o L; 


_ But it is now proued that as AistoC,fo is H to K . Wherefore of equalitie (by the 22.0f the 
Sift as A isto B,fois thenumber H to the number L.Wherefore A hath unto B fuch propor. 


tion as number hath to number Wherefore (by the fixt of the tenth) the magnitude A is com 
menfurable unto the magnitude B. Magnitudes therefore commenfurable to one andthe 
‘ame magnitude,are allo commenfurable the one to the other : which was required to 


* 
p ed 


q An Affumpr. 


x f there be two magnitudes compared to one and the felfe fame magnitude, 
. and if the one of them be commenfurable 'ynto it and the other incommene 
"C furable:tbofe magnitudes are incommenfurable the one to the other. 
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3A P'ppofe that there be two magnitudes namely, A andB and let C bea certayne other Demonfira- 

ib magnitude. And let A be commenfurable sion leading to 

SONG unto C,and let B be comme/urable unto the A an abfurditice 

ſelſe ſame C. Then fay that the magnitude Ais in- 
commenfurable nto B . For :f A be commen[urable 
vato B, fora[raucb as A is alfo commé[urable vnto C 
therefore(b; the 12.0f the tenth) B is alfo commeura- 
ble unto C:which is contrary to the {uppofition. 
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g The 10. T heoreme. ~The 13.Propofition. 


If there be two magnitudes commenfurable , and if the one of them be ine 


commenfurable to any other magnitude:the other alfo fhall be incommene 
furable tnto the fame. 






Vppofe that thefe two magnitudes A,B be commenfurable the one to the other, and 
let the one of them , namely A, be incommenfurable unto an other magnitude, Demouflra- 
| Aet) nramely,vato C. T ben 1 fay that tbe other magnitude alfo,namely B, is incommen- sion leading to 


Yin. 


©) 














(urable unto C. For if B be commenfirable unto C, OH AHIGE 
‘then forafmuch as A is commenfurable unto B, A — — 
therefore ( by the 12.0f the tenth ) the magnitude A 
allo is commenfurable unto the magnitude C. But it e ^ 
is [uppofed to be incommenfurable untoit , whichis B 
smpofible. Wherefore the magnitudes B aud C are 
not commenfurable . Wherefore they are incommenfurable. If therefore there be to magni- 
tudes commenfurable , and if the one of them be incommenfurableto any other magnitade, 
the other alfo fhalbe incommenfurable unto the fame: which was required to be proued. 
ee y A Corollary added by Montaureus. 
Magnitudes commenfurable to magnitudesincomméfurable,are alfoincommen- . 
furabletheonetotheother. ` A Corellary. 


Suppofe that the magnitudes A and B be incommenturable the one to the other,and let che mag- 
nitude C be cómenfurable to A , and lec the magnitude D be có- ) 


menfurable vnto B . Then 1 fay that the magnitudes C and D are 
incommenfurable the one to the other.For À and C are commen- 
furable , of which the magnitude A is incommenfurable vnto B, 
wherefore by this 13 .propolition the magnitudes Cand Bare alfo 8 -—+~—+——» 
iacommenfurable: but the magnitudes B and D are cómenfurable 

wherefore by the fame,or by the former a(fumpt , the magnitudes —ü — 
C andD are incommeníurable the one to the other.This corolla- D 

ry, Theen vfeth often times as in thezz.z6.and 36 propofiionsof — — 
this booke,and in other propofitions alfo. : 


4 — 


«| An Affumpt. 


T'wo'nequall right lines being geuen,to finde out how much the greater is 
am power more then the leffe. s 


Suppofetbat tbe two-vnequall riebt lines geuen,be A Band C, of which let AB be the 
a greater. 


Constructzon. 


Demonflra- 
tion, 


4 Corollary. 


Desenflra- 
OM, 00 
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Greater It is required to finde out how much more in power the line AB is then the line C. 
Defcribe upon the line A B a femicircle A D B.Andvnto it from the point A apply (by the 
fifi of the fourth) aright line A D, equall unto the line 
C,and draw avight line from D to B. Now it is mani- D 
J that the angle A D Bis aright angle (by the 31. of 
the third) + and that the line A.B is in power more then 
the line A D ytbat is,then the line C,by the line D B, by 
the 47. of the firft. 
And like in forte, two right lines being geuen , by this 
meunes way be founde out a righe Lyre which contayneth them A 


both in power. Suppofe that the two-right lines genen 
Ec A D and D B.It is required tofinde out. avight lyne n 
that contayneth therm both in power.Let the lines AB and D B be fo put, that they compre. 
hend aright angle A D B,and draw aright line from A to B.Now agayne it is manife(t( by 
the 47. of the firft) that the line AB contayneth in power the lines A D and DB. 


B 
c 





g The 11. Theoreme. The 14. Propoſition. 


Jf tbere bo fo wer vight lines proportionall, and sf the firft be in power more 
then the fecond by the fquare of aright line commenfurable in length vnto 
the firft the third alfo fhalbe in power more then the fourth, by the [quare 
of aright line commenfurable’pnto the third. Andif the firft be in pos 
wer more then the fecond by the fquare of a right line incommenfus 
rable in length vnto the firft,the third alfo [hall be in power more then 
the fourth by the [quare of a right line mcommenfurable in length to 


the third — | 
* yyoſe that thefe foure right lines A,B,C,D,be proportionall.As A is to B fo let 
A S2 C beto DW dndlet A be in power more then B,by the (quare of the line E.And 
AS Likewife let C be in power more then D ,by the [quare of the line F. Then 1 fay 
ORO hat A be. commenfurable in length unto the liue E,C alfo [ball be cammen- 
rale im length'visto the line F And if A be incommen- TE 
firableia length to the line E, C alfo fhall be incommen- 

Sferask in lengthta the line F For for that as A isto B; fo. | 
is CtaD, therefore as the [quare of the line Ais tothe ` 
mz of tbe line B, (ois tbe {quare of the line C to the 






ex 


quart of the line D (by the 22.of tbe fixi). But by fuppo- 
fition vato thefquare of the lineA areequall the {quares : 
of the lines E and B,and visto the {quare of the line C are _ E 
equall the (quares of the of the lines D and F : Where-. ete fus 
fore as the fanaresuf thelines E and B. (which are equal pepo 
to tbe (quare of the line A) are to the [quare of the line B, mp eet 
fé are thc f/quares of the lines D and F (which are equall to 
the fquare of the line C) to the {quare of the line D(by the 
feuenth of the fift). Wherfore (by tbe 17.0f the fift)asthe A B E c p. 
Jure of the lire Eis tà He Jauare of the-lineB, fo is the — cae to 
quare of tbe line F to the [quare of the line D.Wherfore alfo as tbe line E isto tbe line B, 
fo is tbe liae F to tbe line D (by the fecond parte of the 22. of the fixt) wherefore contrari- 
wife (by the Corollary ofthe fourth of the fift) a B is to E. fois D 10 F.But(by (uppofition) 
vs i . as 
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as A is to E fois Cto D,Wherfore of equallitie (by tbe 22. of the ffi) s Ais to E, fois Cro 
F. If therfore A be commenfurablein length unto E,C alfo fhall be commenfurable in legth 
unto F : and if it ba incommenfurable in length nto E,C alfo [balbe incommenfurablel in 
length unto F, bytke ro. ofthis booke. Iftherfore there be foure right tlines proportionall, 
and if the firft kein power more then the fecondby the {quare of a right line commen|urable 
valength unto the firft, the tbird alfo [hall be in power more then the fourth, by the Square 
of aricht line comrsenfurable in length unto the third: and if the firft be in power more thé 
the fecond , by the fquare of aright line incomenfurable in length vuto the firft , the third, 
alfo [hall be in power mere thé the fourth by the [quare of a right line incommenfurable 1n. 
length tothe third: which was required to be proued, 


Note thatthe line A may be proued co be in proportion to the line.E,as the line C is to the line F,by 
an other way, samely,by conuetfion.of proportion (of fome.as wé haue before noted, called inueríe 
pos by che 19.0f the fife. For,fora{much as the foure lines A,B,C,D, are proportional: ther~ 

ore(by the 12.of chefixtc) their fquarcs alfo are proportionall. And forafmuch as the antecedent,name- 
ly,the fquare ofthe line A excedeth the confequent; namely, the fquare of cheline B, by. the fquare of 
tae lineE : and the other antecedent,namely,the {quare of the line C,excedeth the other confequent, 
namely,the fquare of the line D, by the fquare of the Line F, therefore as chefquare of the line A isto 
the exceffe,namely,to the fquare of ché line E;fo is the (quare uf theline C.to the exceffe,namely,to the 
1qüare ofthe line F. Wherefore (by the fecond part of the 22.0f the fixt) as the line A isto the linc E, 
fo,is the line C to the line F. ee 


g The 12. T beoreme. The 15. Propofition. 
If two magnitudes commenfurable be compofed,the whole magnitude com» 
pofed alfo shall be conmenfurable to either of the two partes. And if the 
- _ whole magnitude compofed be commenfurable to any one of the two partes, 
thofe two partes fhall alfo be commen/urable. 


ne Et thefe two commenfurable magnitudes A B and B C,be compofed or added toge- 
Reta) ther. Then Lfay that the whole magnitude A Css comenfurable to either of thefe 
DESC partes A B and B C . For forafmuch as A Band BC are commenfurable,therfore 
duh (by the fir/t definition of the tenth) fome one magnitude meafureth them both. 
Let toere be a magnitude that meafureth them,and — 
ket the fame be D : Now forafmuch as D meafureth 4 3 c 
A B aad B C, it foall Al[o meafure the whole magnis | ——9———3——————— 
tude compo[t4 A C, by this commun [entence,mbat D 
foeuer magnitude meafureth two other magnitudes, 
hall alfo meafure the magnitude compofed of them. But the fame D meafureth AB and B C 
(dy {uppofition).. Wherefore D — AB,BC,and AC. Wherefore A C is commenfu- 
rable to either of thefe magnitudes AB and BC. s 
. But now fuppofe that the whole compofed magnitude A C be commenfurable to any one of 
thefe two magnitudes A B or B C, let st be commen[urable 1 fay unto AB. Then 1 fay, that 
the two magnitudes A Band BC are commenfurable . For forafmuch as A B and- A C are 
eommenfurable, fame ene magnitude meafurcth them ( by the firit definiticn of the tenth). 
Let [ome magnitude meafure them and let tbe [ame be D . Now forafizuch as D meafureth 
A B and A C, it alfo meafureth the refidue B C, by this common fentence, what [vener meas 
fereth the whole and the part taken away, [hall alfo meafure the refiduc.But the fame D meai 
fureth the magnitude A B (by [uppofition ) .Wherefore D meafureth either of the{e magni- 
tudes AB and BC .Wherefore the magnitudes A B and BC are cominenfurable . If ther- 
fore two magnitudes commenfurable be compofed, the whole magnitude compofed alfo [ball 
be commenfurable to either of the two partes . And if the whole magnitude compofed be coms 
menfurable 
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menfurable to any one of the two partes,thofe two partes fhall alfo be commenfurable : which 
was required to be demonttrated. 


q A Corollary added by Montaureus. 


Jf an whole magnitude be commenfurable to one of the two magnitudes Which make the whole 
magnitude, it [hall alfo be commenfurable ta the other of the two magnitudes. For ifthe whale mag- 
nitude A C be commenfurable vnto the magnitude B C, then by the 2 part of thys 15 Propofition: the 
magnitudes A B and B C are commenfurable . Wherefore (by the firft pare of the fame) the magnitude 
AC hhall be commenfurable to either of thefe magnitudes A Dand BC. ThisCorollary T4ce» víeth 
in the demonftration of the 17.Propofition and alfo of other.Propofitions , Howbeit Ewclede leftit out, 
for that it feemed cafie as ia a maner do all other Corollaryes: ec 


P 


f| T he 15. T beoreme. The 16. Propofition. 


~ If two magnitudes incommenfurable be compofed,the whole magnitude ale 
t 
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Demontrasi 
on of the fe- 
cond pate 
leading alfa to 
an impoſſbi- 
sitie, And ihis 
ſecond part is 
the conuerfe of 
—* 


Noſhall be incommenſurable ynto either of the two partes céponentes. And 
if the whole be incommenfurabie to one of the partes componentes , thofe 


irf magnitudes alfo fhall be incommenfurable: 






Me Ft thefetwo incommzenfurable magnitudes A Bex BC, be compofed, or added 
He together . Then I fay, that the whole magaitnde AC, is incoramen{urable to 
\\ ether of thefe magnitudes A B and B C . For if AC and AB be not incom- 
2 mexfurable, then fome one magnitude meafureth them ( by the firft definition 
of the tenth ) Let there be [uch a magnitude, if it be pofsible, and let the fame 
be D . Row forafmuch as D meafureth C A and A B, 
it Alfo mea[ureth the refidue B C, Crit likewife meafu- A — 
reth A B.Wherefore D meafureth A B and B C.Wher- P 
fore (Ly the ferfl definitió of tbe tentb) the magnitudes 
A B and B C arc commen[urable . But it is (uppofed that they are incommenfurable: which 
is impoffible . Wherefore no magnitude doth meafure the magnitudes A B and AC. Where- 
fore the magnitudes C A and A.B are IE «In like fort alfo may we proue,that 
the magnitudes A C and C B arc incommenfurable . 
„But now [uppofe that tbe magnitude A C be incommen[urable to ane of thefe magnitudes 
A Bor BC, and firf let i be incommen[urable nto A B T ben 1 ‘fay, that the magnitudes 
A B and B C are incommen[urable . For if they be commen{urable [ome one magnitude mea- 
fureth them ..Let [ome one magnitude meafure them, cy let the famebe D . Now forafmuch 
4s D meafureth AB and BC, 1t alfa meafureth the whole magnitude AC. And it mesfi- 
reth AB: Wherefore D meafureth the{e magnitudes C A and AB .Wherefore CAG AB 
are commenfirable.. And they are {uppofed to be icdmenfurable : which is impofsttle. Wher. 
fore no magnitude mealyreth AB and BC .Wherefore the magnitudes A B and B C. are in- 
commenfurable . And ti like fart may they be proued to be incommenfurable, if the magni- 
tide AC be [uppofedta be incommenfurable unto BC . If therefore there be two magnitudes 
incommenfurable compofed,the whole alfo fhall be incommen{urable unto either of the two 
partes component, and if the whole be incommenfurabletaone of the partes component thofe 
firft magnitudes fhall be incommenfurable i which was required to be proued. - 
. . " "e 
«JA Corollary added by c9Mosteuren. d A 
. Mss SUM 
vi Tf an whole magnitude bee incommenfurable to one of se tivo magnitades Which wake the 
whole Magnitides it fhal alfè be incommenfarable tothe other of the two magnitudes, For i he 
S um an whole 
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whole magnitude A'C be incómenfurable vnto the magnitude B C,then by the 2. part ofthis 16.Theo= 
reme,the magnitudes A Band B G fhall be.incommenturaple.. Wherefore by the firft pare of the fame 
Theo:eme, che magnitude A C fhall be incomiüenfurable to either of thefe magnitudes A B and B C, 
This Corollary Theom vfeth in the demonftration ofthe 75, Theoreme,& alfo of other Propofitions. 


«An Affumpt.- 


If vpon aright line be applied a parallelogramme wanting in figure by a 

quare: tbe parallelogramme fo applied, is equall to that parallelogramme 
"which is contayned ynder the fegmentes of the right line, which fegmentes 
are made by veafon of that application. 


Suppofe that upona right line A B be applied a parallelograme .A G,wanting in forme 
by the (quare GB. Then I fay, that AG is equall unto that which is contayned under A D 
and D B,which thing is of st felf manifeft.For 
forafrcuch as G Bis a (quare, therefore the line 
D G is equali vtto tbe line D B : and the pa- 
rallelogrammse AG is that which 1s contayned 
ander the lines AD and DG, that is, vn- 
der the lines AD and DB. If therefere vp- 
on aright line be applied a parallelogramme A 
wanting in figure by a [quare : the parallelo- 
grime applied is equallta the parallelograme 
which is contayned under the fegmentes of the right line, which are made by reafon of that 
application . which was required to be demonfirated. ` 


G 


D B 


1 This Affumpt I before added as a Corollary out of Fluffates after the 28. Pro- 
pofition of the fixt booke. 


i 


| f Theta. T heoreme.— The 17. Propofition. 
If there be two right lines vnequall and if vpon the greater be applieda 


parallelogramme equall onto the fourth part of the fquare of the leffe line, 


and wanting in figure by afquare, if alfo the parallelogramme thus applie 
ed deuide the line-where Ypon it is applied into partes commenfurable in 
length : then fhall the greater line be in power more then the lefe, by the 
Square of a line commenfurable in length vuto the greater. Andif the greas 
ter be in power more then the lefe by the fquare of a right line commenfus 
rable in length vnto the greater, and if alfo vpon the greater be applied 
a parallelogräme equall vnto the fourth part of tbe [quare of the leffe line, 
and wantng in figurë by a [quare ; tben fball it deuide the greater line ine 
to partes commen[urable. 


Fppofe that. thefe two right lines A and BC, be vnequall: of which let 
JE C. be tbe greater. Aud pon the line BC let there be applied (by the 28. of 
the fixt ) a parallelogramme equall unto the fourth part of the {quare of the 
iline A being the lefe (that is, equall unto the (quare defcribed upon halfe of 
he 
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* ble int lengthrunto D C.F or BF (as before bath bene proued is equall to D C . Wherefore the 
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Me DRO‘A )and wantingin figure by afquare. Andlet thé fame parallelbgramme be thas. 
whichis contatncd ynder the lines B. D'and D C. And ( by (leppofition) Bt the lines B'I 
and D.C. becommenfurahle ip-leneth . Then 1 fay, thus tbe lrne.B C, isjm power more ther. 
the line A, by the [quare of a line commenfurablein i 
length unto the f2yd line BC. Deuide (ly tha vo off 
the Sift the line B C into two equall partes inthe point BE ER. D. ou 
B. ud ( by the third of thefirft) vntothelineD Epub gy ny 
ap equall line E F.Wherefere tbe vefidue D'C i5 eduall. | .— — 
unto thkerefdue B F. And foraſmuch as the richilmeeee n 
B Cis denided into two equall partes in the point E and intp two unequal partes iñ the point 
D, therefore(by the 5.of the fecond ) the rectangle figure ‘Yonipkchendgd ‘wader the lines B D 
and LD C togeter with the [quare of he line E D,ts equall to the (quare of tbe line E C.And 
an the fame proportion are they eche being taken fower totes by the vs of tbe. fifth’ Wher fore 
shatwhichis contained under the lines B D and D C taken fower times together with rhe 
Square of theline E.D taken alfo fower times,is eqcal to the (quare of the line E C taken: 
fower times.But unto that which is cotained under the lines BD Gr DC foure times is equal’ 
the fquare of the ling A by fuppofition: fok the parallclograme contained under the lines B D 
and DC once ts fuppofed to be equall tothe fourth part of the (quare of theline A. And 
vato the fqrare of the line D E talea fower times isequallthe (quare of tbe liae D F , for 
the line D F 13 double to the line DE. And vato the (quare of the line E C former times ta- 
ken is equall the [quare of the line B C,forshe line BC is alfo double to the line C E. Where- 
Sore the fquares of the lines Aand D F are equall unto the fquare of the line B C.Wherefore 
the quare of the line BC, is greater then the (quareof tbe line A , by the {quare of the line. 
DY Wherefore the greater bye BC isin power more then the lefe line A , by the [quare of. 
the line D F.Now refteth ta proue that the line B Cis commenurable in length-vnto the line 
D F.Fora much as Ey fupofttion the line B D is commen[urable in length vnto D C , there- 
fé (by the xs.of the tenth ) the whote line BC is commenfurablein length unto the line D 
C:but the line D C equall tothe line B F. Wherefore the whole line B Cis commenfurablein 
length unto the lines BF Gy C D.Let the two lines B F and C D be imagined to be fo compo- 
fed that they makeone lie. Now forafmuch as the whole line B Cis commenfurable in length 
to the two lines B F and C D taken as one line: therefore the lines B F and CD taken as one 
Dre are comien[iyable iti length ta tbe line F D(by the 2.part of the 15.of the tenth). Wher 
fore alfo thewbole hne B C is commenfurable in lengthetp tbe line F D by the firft part of 
the fame : this mdy alfo be proued by the cárollary put after the 16. propofition of thts booke. 
Wherifare tbe line B C is in power moretben the line A Ly the fquare of a line commmenfu- 
rablein length vuntothelineBC. ` ` ‘ 
"But now fappofe that the line BC bein power more then the line A , by the quare of a 
tine conrmenfurable in length unto the line B C._And upon the line BC let there be applied 
avectangle pardllelograme equall unti the fourth part of the (quare of the line A,and wan- 
ting in figure by a /quare, and let the fayd parallelograme be that which is contained under 
the lines B D and D C.Then muft we proue.that the line B D is vnto the line D C commen- 
Jurablein length. The fame conftructions and fuppofitions that were before,remayning, we 
may in like fort prone that the line B C is in power more then the line A, by the fquare of the 
line F D. But by [uppofitio the line B C is in power more thé the line A by the fqnare of a line 
comenfurable unto it in length Wherfore the line B Cis unto the line F D cómenfurable in 
length Wherefore the line compofed of | the two lines B F and D C is comenfurable in length 
vato the line F D (by the fecand part of the vs. of the teath ) Wherefore ( by ther2. of the 
tenth or by the first part of the 15.0f the senth the line B C is commen[urable im length tothe 
tine compofed of B F aad DC. But the whole line conpufed of BF and D C is commenfura- 





line 
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line BC is consinenfurable in length onto theline D.C(by the 12. of the tenth) . Wherefore 
afa tbe line B D is cozsmen[urable in length unto the line D C(by the fecond part of the 15.: 
ofthe teuth) If therfore there be two right lines vnequall,and if vpün the greater be applied i 
a parallelogranse equall unto the fourth part of the [quare of the leffe and wanting in figure 
by afquare , if alfo the parallelograme thus applied deuide the line whereupon itis applied 
into partes commen{urable in length: then fhall the greater line bein power more then the 

leffe by the fquare of a tine commenfurable in length unto the greater. And if the greater. be 

in power more then the lefe by the fquare of a line commit urable in length unto the greater; 

and if alfp vponthe greater be applied a purallelograme equall unto the fourth part of the 

fauare made ofthe lcfte and wanting in figure by a fquare : then. [hall it deuide tbe greater. 

line iato partes conmen[urable ia length which was required to be proued. : 


Campane after this propofition teacheth how we may redily apply vponthe linc 
B Caparaliclograme equall to the fourth part of the fquare of halfe of the line A, and. 
wanting in figure by a (quare,after this maner. 


Deuide the line B C into two lines in fuch fort that halfe ofthe line A fhalbe the meane propor- 
tionail betwene thofe ewo lines, which is pofible,when as the line B C is fuppofed to be greater then 
theiine A,and may thus be done.Deuide theline B C into two equal partes in the point Eand defcribe 
vpon the line B C afemicircle D H C.And vnto the line B C,and from the point C ere&t a perpédicular 
line C K and put the line C K equall to halfe ofthelineA. . : 

And by the poinr K draw vnto theline EC parallel line: — 4 K 
K H cutting the femicircle in the point H; Gn ich it muf 

needes cut, forafmuch as the line B C is greater then the 

line A).And fró the point H draw vato the line B Ca per. ^ 

pendicularliac H D: which liae H D, forafmuch as by the 

$4.0f che firiticis cquallynto the line K C,fhall alfo be e- 

quail co haife ofthe Jine A : draw the lines B H and H C. - a 
Now then by the z1.0f the third the angle B H C isa right B E _? 

angle. Wherefore by the corollary of the cighrof the fixe A . 
booke the line HD'is the meane proportionall betwene — — — 
the lines B Dand D € . Wherefore the halfe of the line A 

which is equall vnto the line H D isthe meane proportio- i 

nall betwene the lines B.D and D.C. Wherefore that which is contained vnder thelines BDand DC 
fsequall to the fourth part of the {quare af cheline A.And fo if vpon the line B D be defcribed a re&- 
acgle parallelograme hauing hís other fide equall co the line D C;there fhalbe applied vpon the line B 


C a rectangle parallelograme equall vnto the fquare of halfe ofthe line A , and wanting in figure bya 
Iquare: which was required to be done. 
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2 Uf there be two right lines ynequall , and if "pon tbe greater be applieda 
_ garallelograme equall'ynto tbe fourth part of tbe fquare of leffe , and ane 
> tingin figure by afquare , if alfo the parallelogrameithus applied denide 
©- the line whereupon it is applied into partes mcommenfurable in length: 
.... Ehe greater me [halbe in power more tben tbe leffe line, by tbe Square of 
a bine incommenfurable in length vnto the greater line. And af the grede. 
-> ter line be in power more then the leffe line by tbe [quare of a line incommés, 
vicssfurablein length puto the greater , and if alfo "pon tbe greater be applied 
"a parallelograme equall ynto the fourth part of the Jquare of the leffe and. 
© wanting in figure by a. (quare? tben: [Pall it-deuide tbe ereater line into 

partes mcommenfurable in length. | , 
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The tenth Booke 


V ppofe that thefe two right lines A and BC be vnequall the one to the other „of. 
4 which let B C be the greater. And upon the fame BC apply 4 parallelograme equall 

1 unto the fourth part of tbe (quare of the line A and wanting in figure by a fquare: 
which how to doo was before taught in the end of the 
former propofition . And let the fayd parallelograme B F E > c 
be that which is contained vnder the lines B D and A 
D C. And let B D beincommenfurable im length ug | — — ——————À 
to D C.T hen I fay that the line BC isin power more Ew 
then the line A,by the fquare of a right line incommenfurable in length unto the line BC: 
First let the fame order of conftruction,and demon[lration be obférued im this which was in 
the former propofition._ And we may in lske fort prone that the line B C is in power more thé 
the line A by the (quere of the line D F.Now then muft we proue that the lines BC and D F 
are incimmenfurablein length . Forafmuch as by fuppofition the line B D is incommen{)- 
rablein léetb unto the line D C: therefore(by the 16.0f the tenth )the line B C is incommn- 
forablein length ato the line C D . But D C is commenfuralle to tbefe two lines B F and 
D C added together.For B F is equall unto D C.Wherefore ( by the 13. of the tenth ) BC is 
incommenfurable unto thefe two lines B F and D C compofed. Wherefore by the fecond part 
of the 16.0f the tenth the line compofed of the lines B F and D C takea as one line is incom- 
menfurable in length unto the line F D Wherefore by tbefirfl part of the fame 16. propofiti- 
on the line BC is tncommenfurable in length vato the line F D. Wherefore the line BC is 
ia power more then the line A by the {quare of a line incommenfurable in length unto the 
line BC: 

Butnor fupoofe tbat the line BC be in power more then the line A by the fquare of a line 
incon:menfuradle in length vnto B C. And upon the line BC let there be applied a paralielo- 
gramme equall vnto tbe fourth part of the [quare of the line A, and wanting in figure by a 
[quave,and let the faid parallelogramme be that which is contained vnder the lines B D d 
D C.T hen muft we prowe that the line B D is nto tbe line D C incommenfurable in leégth: 
The fare order of conftruttion and demonflration being kept,we may in like fort proue that 
the line B.C isin power more then the line A by the {quare of the line F D.But now( by fup- 
pofition) the line BC is in power more then the line A by the {quare of a line incommenft- 
vableix length unto BC. Wherefore she line B Cis unto the line F D incommenfurable in 
length.Wherfore the line compofed of B F and D C taken as one line, fhall be incommenfu- 
rable in length to the line F D (by the fecond part of the`z6 of the tenth): wherefore alfo by 
the fir ft pars of the fame,the line B C jball be invommen[urable in length to the line. compo- 
fed ofthe lines B F and D C.But thé line compofed of tbe lines B F and D/C is commen(u- 
rablein length to the line D C (for.that BF (as before hath bene proued) is equallto DC). 
Wherfore the line B C is incomenfuraole in length to the line D C (by the 13. of the tenth). 
Wherefore by the fecond part of the 16.of the tenth, the line B D is incomme/urable sn legth 
unite the line D C. If therfore there be two right lines vnequall,and if upon the greater be 





‘applied a parallelagramme equall unto the fourth part of the {quare of the leffe line ór wan- 


ting in figure by a [quare, if alfa the parallelogramme thasapplied denide the line wherupon 

íFis applied inte partes incommen[urable in. length: tbe greater line fhall bein power more 
then the leffe line by the (quare ofa line incommenſurable in length vato the greater, 
Hnd ifthe greater line be in powe more then the leffe,by —— vf a libeincummen[a- 
Pablein length unto the greater nd if alfo upon the greater be applied a parallelogramme 
equallunto tbe fourth part of tbe f quare of the leffe line,and wanting in figure by a (quare, 
then fhall'it deuide the greater line ipto partes incommen[urable in length : which was re- 
quired to be derzonftrated. EE Ne ; 


This Propofition may alfo be demonftrated by the former propofition;namely, the firft part of ehis 
TD DAS y 
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bý tHe fecond part of the former,and the fecond pirt of this by thë firitpart of thc former,by an argu- 
rent leading to an ablurditie, For as touching the firft parc of this propofition,the line B C contayning, 
in power more then the line A by the fquare ofthe line F D,if the line B C be not incommenfurahle vn 
to theline F D,then is it commen furable vito it. Wherfore (by the fecond part ofthe 17 propofition) 
the lines B D and DC alfo are commenfurable,which is impoftible,for they are fuppofed to beincom- 
imeulurable. So likewife as touching the fecond parte ofthe fame, the line B © cootayning in power 
raore then the line A by the fquare of the line F D,if the line D E be not incommeniurable to the lyne 
D C,then is itcommenfurable vnto it : wherfore(by the firft pare of the 17.propofition) the liaes B C 
and F Dare aifo commenturable,which were abfurde.For the lines B C and F D aie (uppefed to be in- 
commenfurable : which was required to be proved, : 


er An af(umpt. 


Forafmuch as it bath Lene proued tbat lines cominenfurable in length, are alwayes alfo 
commenfurable in power but lines commenfurable in power are not alwayes comnzen{urable 
in length, but may be in length both commenfurable and alfo incommenfurable:it is mani- 
feftthat if nto the line propounded, which is called ratienall of purpofe, a certayne line be 
— in lengthyit oughz to be called rationall and comen[urablecunto it,uot only iz 
length but alfo in power : far lines commenfurable in length are alfo alwayes vidt 
Ele ip power.But if unto the line propounded which is called rationall of purpofe, a certayne 
line be consiaerifarable in power,then if ut be alfo commen{urable vnto it in length, it is cal- 
led rationall and commenfurable unto it both tn length and in power.Rut againe if vito the 
[iid line genes which is called rationall,a certayne line be commenfurable in power, and in- 
commen{arable intength that alfo is called rationall,commenfurablein power onel. 

An annotacion of Proclus. 

He calla thofe lines rationall,which are vato the rationall line fir/t fet comen{urablein 
length & in power,or in power only. And there are alfo other right lines, which are unto the 
rational line firjt (et, incommenfurable in length, and are vnto it commen[urable in power 
oaly,and therfore they are called rationall, & comme{urable the one to the other: for which 
cafe they aire. ratianall.But enen thefe lines may be commenfurable the one to the other, 
either in length, and therefore in porver, or els in pewer oncly . Now if they be commen[u- 
rable is length then are thofe lines called rationall,commenfurable in length, but yet fo that 
bey be underftand to be in power commenfurable: but if they be commenfurable the one to 
she otier in power onely they alfo are called rationall commenfurable in power onely. 


gA Corollary: 


And that two fines or more being rationall and commenfurable in length to the rational line firft 
fet,are alfo commenfurable the one to the other in length heraby itis manifelt:for forafmuch as they 
are ratronall and comqenfurable in length to che ratiopall line firft fec, buc chofe magnitudes whiche 
are commenfurable to one and the felfe {ame magnitude,are alfo commen(urable che one to the other 
(bythe 12.0fthe tenth) wherfore the rationall lines,commenfurable in length co the rational lyne firlt 
{et are alfo commenfarable in length the one co the 
ockeéx Angas tauching thofe which are rational! com 
méafurablein power onely to che rationall line firt , A — — — 
fekstbey-alfo muſt needes be at the leaſt commenſura- M 
ble in power che one to the other. For forafinuch as -g 
their fquares are rationall they fhail bee comraenfu- 
rable to the (quare of the rationall line frit fet. Wher- 
fore by che iz. of this booke,they are aifocommenfue G ~——___, 
gabie the one to thearher. Whereforetheir linesare - "c. : 
gt thé leaft commen(ürable in power-the onc to the. : — Ij . 
eéher-And icis poilible alfo that they may be comméfurable in Jégth the oneto the other. For fuppofz 
fhar A be arationall line firlt fet;and let the line D be vnto the fame rationallline A commenfura lein 
power oncly,that is, incommenfürable in length vnto it, Letthere be alío an otherline C commen- 
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fürablein length to the lyneD (which is poffible by the principles of this booke. )Now by the 13.6 
the tenth itis manifell that the line C is incommenfurable inlength vnto the line A. But the fquare of 
the line A is cóméfurable to the (quare of the line B by fuppofition,and the {quare of the line C is alfa 

commenfurable to the (quare of the line B by fuppofition. Wherefore by the 12. of this booke, the 

{quare of the line Cis commenfurable co the fquare of the line A. Wherfere by the definition, the line 
C fhall berationall commenfurable in power onely to the line A,as alfo is the line B. Wherefore there 

are geusn two rationall lines commenturable ia power onely to the racionall line firit fet,and commé- 
furable in length the one to the other. 


Here is to be noted which thing alfo we before noted in the definitions, that Cam- 
pane and others which followed him,broughcin thefe phrafes of (peaches, to call fome 
lynes rationallin poweronely,and other fome rationall in length and in power, which 
we cannot finde that Euclide ever vfed.For thcfe wordes in length and in power are ne- 
uerreferred to rationalitie or irrationalitie,but alwayes to the commenfurabilitie og 
incomment(urablitie of lines. Which perverting of wordes(as was there declared) hath 
mach increaled the difficulty and obf{curenes of this booke. And now I thinke it good 
agayne to put youin minde, thatin thefe propofitions which follow,we muft euer have. 
before our eyes the rationall linefirft fet, vnto which other lines compared arc either 
rationall or irrationall,according to their commenfarability or incommenfurabilitie. 


g The 16. Theoreme. The 19. Propofition. 


A reétangle figure comprehended ‘onder right lines commenfurable in 
lengthe, being rationall according toone of the forefaide -wayes :is rae 
tionall. 






x Vppofe that this rettanglefigure A C be comprehended vnder thefe right lines A 
ANE: B and BC being commenfurable in length,and rationall according to one of the 
[eh fore[aid wayes.Then I fay that the fuperfictes A Cis rationall,de[cribe (by the 46. 

of the firjt) upon theline ABa fquare AD. . 
Wherfore that {quare A D is rationall 5j the c »* 5 
definition. And forafmuch as the line AB is = 
commenfurable in length unto the line BC, 
and the line A Bis equallunto the lyne BD, 
therefore the lyne B Dis commenfurable in 
length vato the line B C. And as the line B D 
is tothe line B C, fois tbe [quare D A tothe 
fuperficies A C (Ey thefirfl of the fixt) :but it is proved that the line B D is commenfurable 
wntothe line B C,wherfore (by the 10.0f the tenth) the{quare D A is commenfurable unto 
the rettangle fuperfictes A C.But the [quare D A isrationall, wherfore the rettangle fu. 
perficies A caffe is rationall by the definition. A rectangle figure therfore —— 
onder right lines commenfurable in length,beyng rationall accordyng to one of the forefayd 
wayes is rationall.:which was required to be proued. 


A 


Whereas in the former demonftration the fquare was defcribed vpon the leffe line, we may alfo 
demonttrate the Propofiton, if we defcribe the fquare vpon the greater line,and that after thys manet; 
Suppofe thacthe rectangle fuperficies BC be contayned of thefe vnequall lines A B and A C, which 


lec be rationall commenfurable the one to che osher in length. And lec the line.A C be the greater.And 
i 2w : : vpon 
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vpon :he line À C defcribe the.fquare D C . Then 
i fay, chat the parallelogramme B C is rationall. 
For theliae A C iscommenfucable iu length vnto 
thelinc A B by fuppofition „and the line D A is e- 
quall co the line AC. Wherefore the line D A is 
commmenfurable in length to the line AB . But 
what proportion che line DA hath to the line 
A B, the fame hath the fquare D C to the para'le- 
logramme C B (by the firit of the fixt). Wherefore 
(by the ro.ofchis booke) thefquare D C is com- 
menfurable to the parallelogramme C B . Butitis 
manifelt, that che (quare D Ciis rationall,for that 
itis che fquare of a rationall liae, namely, A C. 
Wherefore (by the definition) the parallelograme 
alío C B isrationall. ` 

Moreouer,foralmuch as thofe two former demonftrations feeme to fpeake of chat parallelográme 
which is made of two lines, of which any one may be the line firlt fct, which is called the firít racionall 
line, from which(we fayd)ought to be caken the meafures ofthe other lines compared vnto it, and the 
otheriscomméfurable in length to the fame firll rationall linc, which is che firlt kinde of rationall lines 
comenfurable in length : I thinke it good here to fet an other cafe of the other kinde of rationall lines; 
of lines I ay ranonall cómenfurable in length compared co an other rationall Line firit {et,to declare the 
generall truch of this Theoreme,and that we might fee that this particle according to any of the forefayd 
mayes Was notherein vaine put. Now then fuppofe frta rational line AB . Lec there be alfo a paral- 
lelogràmc C D contayned vnder the lines : I 
C Eand ED, which lines let be racionall, F 
that is commenfurable in length to the 
firtt rationall line propounded A B. How- 
beir, letthofe two lines CE and ED be 
diuers and vnequali lincs vnto the firft ra- 
tionallline A B . Then Ifay, tharthe pa- 
ralielogramme C D is racionall . Deícribe 
the fquare of. the line D E, which letbe 
DF. Firltitis manifett ( by the 12.0f chis 
booke)thac the lines C E & E D,are com- 
men(urable in légth the one to the other. 
For either of them is fuppofed to be com- 


B .Buttheline ED isequállto theline E F. Wherefore the line 


D 





c E 





A 


-B 





menfurable in length vnto the line A B 
CE is commienfurable in length to the line E F . But as che line C E isto the linc EF, fo is the paralle- 
dogumme C Dto the íquare D F (by chc firlt of the fixt). Wherefore (by the 10.0fthis booke ) the pa^ 
rallelogtammeC D fhall be com menfurable to the fquare D F . But the fquare D F is commenfurable 
to the (quare of the line A B. which is the firft rationall line propounded . W herfore (by tht 12.0f this 
booke) the parallelogramme C D'is commenfurablé.to the fquare of the line A B.. But the fquare of 
the line A Brisrationall (by che definition). Wherfore by theidefinicion alfo ofrationall figures the pa- 
rallelogramme C D thall be rationall. E : XN . 

Now réfteth an other cafe of che thirde kinde of rationslllines commenfurable in length the one 
to the other, which are to the rationallline A B firft fet commenfurable in power onely, and yetare 
therfore rationall lines. And letthe lines C E and E D be cómenfurable in length the one to the other. 
Now then let the felfe fame conttruction remaine chat was in the former: fo that let the lines C E and 
E D be rationall commenfurable in-power onely vnto the line AB :Bucletthem be commenturablein 
length the one to the other. Then 1 fay, that in this cafe alfo the parallelogramme C D is rationa!l.Firít 
itmay be proued as before, chac che parallelogramme CD is commenfurable co the fquare,D F. Wher- 
fore (by the 1z.0f this booke) che pardllelogramme’ CD flrall be commenfurable to the fquare of che 

line A Bs But the (quare of cheline A B ig rationall: Wherefare (by the definition) the parallelograme 
C D fhall be alfo rationall . This cafe is well to be noted.-For it ferueth to the demonltration and vn- 


derftanding of the-25 .Propoficion of this booke . >". 


"a Ere 


fo sg The 17. Theoreme. The 20. Propofition. 

If ypon a rationall line be applied a vationall ref¥angle parallelogramme: 
the other fide that maketh the breadth thereof [hall be a rationall line and 
commenfurable in length pnto tbat line wherupon the rationall paralleloe 
gramme is applied = 7 00 0 
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in the propofia 
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The tenth Booke 
S Vppofe that this rationall rectangle parallelogramme AC, be applied wpüac 


KS | theline AB, which let be rational according to any one of the forefaid wayes 













This propofi- XS NS ether it be th. ; ; 
nd SQV) (whether it be the firkt rationall line ‘fet, or any other line commenfurableto 
bies á Le SSIS the rationall line firft fes and that in length and in power,or in power onely:for 


former propo. one of thefe three wayes,as was declared in the Afvumpt put before the 19. Propofition of ths 
Sition, booke, is a line called vationall) and making in breadth the line BC.Then I fay that the line 
Conflestlion B Cis rationall and commenfurable in length unto the line B A . Defcribe (by tbe 46.of thé 
Sift) upon she line B Aa fquare AD. Wher- p à 
fore (bythe o definitio of the tenth jthe fquare i g 
A D 35 vationall . But the parallelogramme | 
xi: A C alfo is rasionall (by fuppofition) . Where- 
ond Meo fore (by the conucrfion of the definition of ra- 
— tionall figures, or. by the rz. of this booke) the : E 
f quare D A is commenfurable vnto the pa- "— P 
rallclogramme AC . Butas the fquare D A is 
to tbe parallelogramme A C, fais the line D B to tbe line B C (by the firfl of the fixt) Wher: 
fore (by the 10. of the tenth) the line D B is commen(urable unto the line BC . But the line 
D Bisequall unto the line B.A. Wherefore the line A Bis conmen[urable unto the line BC. 
But the line A B is rationall .Wherefore the line BC alfo tsrationalland commenfurable in 
length unto the line BA. If therefore vpon arationall line be applied arationall rectangle 
purallelogramme, the other fide that maketh the breadth therof. Bal be arationall line cons- 
mmenfurable in length unto that line wherenpon the rational parallelogramme is applied: 
which was required to be demonflrated. 


q An Affuunpr. 


A line contayning in power an irrationall fuperficies js irrationall. 
Aa Affumpt. = Suppi shat the line ‘A.B cotaine in power an irrational [uperficies, that is let the fquare 
deſtribeò upon the'line-A B, be equall unto an irrationall fuperficies . Then 1 fay, that she 
Yine A Bis irrationall. For if tbe line AB herationall, thé fhall 

the quare of tbe line A B be alfo ratianall., For [owasitputin A (B 

the definitions . But (by fuppofision’) is is not « Wherefore the i i 
Jine AB is irrational , A line therefore comtayming in power an irrationall fuperficies, is ir- 
rationall. RO ie MR S 
y T heus. T beorenie... ^ "T he a1. Propofition. 

M vetlangle figüre comprebended 'ynder-two rationall vigbt lines come 
menfurable in power onely jis ivrationall. + And the line "which in power 
contayneth that re£angle figürtis irrational, er is called.a mediall liue. 


z 





E Vppofeshas this rectangle figure A C be comprehended under. thefe rational 
A. ight lines’ AB and BC commenfurable in power onely. Then I fay, that the fu- 
ae S | perficies A C istrrationall: and helie which contayaeth st in power is irratio- 
Coufiruction. Aic] pal] rp is called a mediall ling: Deferibe (Ly the 46 of the firft) pon the line 
Pemonſtia--7 T 4fquare A D .Whtrbfore the (quare 4 D is vationáll . And fora[much as the line AB 
tion. <is-unito the line B Cincommenfurable in length, for they atefuppofed to be commenfurable 
in power onely, and the line AB is equall unto the line BD, sherefore alfothe ling BD és 

aac JURY f nto 


—— ` 








of Euclides Elementes. Fol.248. 


wnto the line.B Cincommenfurable in length . cnd asthe limi:D B ts vo the tine BC, Jos 
the {quare A D tothe parallelogramme AC (Ly the fir(t of the fixt) . Wherefore {by the to. 
of the tenth) the fquare D Ats unto the parallelogramme AC incommenfurable . But the 
fquare D A isrationall. Wherefore the pa- C_--- 04 B D 
vallelogramme A C is irrationall . Where- ^ 
fore alfothe line that contayneth the fuper- 
(fities A Cin power, that-is whofe {quares. 
equall unto the parallelogramme AC, is 
(by the Affumpt going before) irrationall. 
And itis called a mediall line, for that the — — 
Square which is made of tt, is equall to that A ibe sn aeS 
which is contayned under the lines A Band B C,and therefore it is(by the fecond part of the 
17 of the fixt) 4meane proportionall line betwene.the lines ABand BC . A rectangle fi- 
gure therefore comprehended under rationall right lines which are commenfurable in power 
eaely, is irrational . And the line which in power contayneth that rectangle figure is irra- 
tionall , and is called a mediall ling. 





AtthisPropofition doth Exclide firkt entreate of the generation and produ&ion of 
irrationail lines. And here he fearcheth our the firft kinde ofthem, which he calletha 
medial] line. Aud the definition therof is fully gathered and taken out of this 21.Pro- 
pofition , which is this. -A-mediall line is an irrationallline whofe {quare is equalltoa Difini; 
re&angled figure contayned of two rationall lines commenfnrable in power onely . It iffinition of 
iscatled a medial line, as Theon rightly fayth for twocaufes, firft for thatthe poweror | medial ne, 
[quare which it produceth is equall to a mediall fuperficics or parallelogramme. For 
asthacline which produceth a rationall (quare, is called a rationall line, and that line 
which produceth anirrationall fquare, or a fquare equall to an irrationall figure gene- 
rally is called an irrationall line: fo is that tine which produceth a mediall {quare, ora 
fquareequall toa mediall fuperficies, called by fpeciall name a mediall line. Secondly 
itis called a mediallline,becaule it is a meane proportionall betwene the two lines có- 
menfurable in power onely which.comprehend the mediall fuperficies. ae 
* * X 


q A Corollary added by Flujfates. 


AretBangle parallelegramme contayned Gndcr a rational bine and anirrationall line, isirrational , For if AL Coroll. 
the line A B be rationall, ahd ifthe line C B be irrationall they fhall be incommenfurable . But as the rep 
line BD (which is equall togheline BA) is to thé line B G, fo isthe (quare A D to the parallelograme 

AC. Wherefore the parallelogramme A C fhall be incommenfurable to the {quare A D which is ra- 

tionall (for thae thé line A E-wherupon itis defcribed 1s (uppofed to be rationall) . Wherefore the paz 

raflelogramme A.C which is contayned vader the rationall lioe A B; and the irrationallline BC, is 

irrationall. 2” Dou à 


DA. EECTO q An Affumpt. 
< Ifthere be two rightlines as the firft is to the fecond, fois the fquare which 
is defertbed ypon the firft,to the parallelograme which is contained ‘ynder 
thetwo right lines. — ut : 
Suppofe that there be trooright lines A B and B €T ben 1 fay that as the line AB isto eun 
the liné BC, fo is tbe fquare-ef the line A B, tothat which is contained under the lines AB but apant of 
and B C. Defcribe(by the 46. of the firft)upon the line A Ba fquare A D.And make perfect the firi pro- 
the paralleloerame A C.Now for that as the line AB is tothe line B. C (for the line AB, is. pofito ofthe 
-equall'tà tbe line B D.},fa isthe {quare AD to the parallelograme CA by the firft of the fixe Lx booke, 
C S «nd 


x. 


Vemonfira- 
tion. 


“the fides which containe the eqnall an- 


ATA Therenth'Booke `> 


dnd AD is thefquavewhiobit made of the. 
Une A Band A C. isthat which is contained — . a m 
vnder the lines B D and B Cythatis, under. c . ed B D., 
1he lines A B ey B C:therfore as the line AB 
is to the line BC fo is the spezia vp 
poh the the line A Bito the vectangle figure 
contained under the lines AB OBC And - - 
cohuerfedly as the parallelograme which is Peu XE A GT 
contained under the lines A Band B Cisto : * Tx i 
the fquare of the line A B fois tbe line C Bto ; ' 
the line B A. 


x 





g The 19. Tirim l The 2i Propofition. 


If ypon a rationall line be applied the [quare of a medial line; the other 
fide that maketh the breadth thereof fhalbe tational, and incommenfuras 
> . -blein length to the line wberupon tbe parallelo grame is applied. 


arei that A lea medsallline,and let BC bealinerationall, and upon the line 
DO 


Soy B C defrribe a rectangle paralleloerare equall nto the fquare of the line A , aad 
ONE let tbe fame be B. D making in breadth tbe line C D , T hen I fay that tbe line C D 
irrational! aud inctmerfurable im length vata the line C B.For fovafmuch as A is a mediall 
Tineyft containeth in power (Ey theax.of the tenth ) arectangle parallelograme comprehen- 
ded under rational right lines commenfurable in power onely . Suppofe that it containe in. 
power. the paral{elogranse G F : and by fuppofition it alfo containeth in power the parallelo- 
grame BD. Wherefore the parallelo- Ea 
Gravee BD is equall- unto the parallelo- ` 5 — 
grameG F:and -it is alfo équiangle vn- UR 
to it , for that they are ech rectagle. But 
in parallelogrames equalland equiangle 






gles;are reciprocall ( by the 1a. of the: 
Sixt). Wherfore what proportio the line '' 2 
BChathtothelinecEG ,thefamehath © Hera P 
the line E F to tbelizge C D . T herefore — — 
(Ay. the22. of the fixt).asthefquare of E334. : — 
the line BC is tothe [quare of the line E et aE 
EG ,foisthefquare of the line EFt ~. » _ 

the fauare of the line C D. But the [quare of the line BC is commenfurable vnto the fquare 
of the line E GChy fuppafition). For either of them is rationall. W berefare (by the tbe 10. of 
the tenth Yehe [quarc of thè Fine E F is commenfurable vpto tbe fquareof the line CD . But 
the fquare of | he line E F is rationall Wherefore thequare of the line C D is lskewife ratio- 
nail Wherefore the line C D is rational. And forafmuch as the line E F is incommenfurable 





_ inlength unto the line EG ( for they are fuppofed to be commenfurable in power onely) But 


as the line E F is to the line E G,fo( by the affumpt going before)ss the (quare of the line.E F 
tothe parallelograme whieh is contained-under the lines E F and EG. Wherefore ( by the 
10.of the tepth ) tbe fquare off the [ine E.F. is, incommen[urable unto the parallelagrame 
whichis contained under the lines F E-and E G . But vvnto tbe: (quare of tbe line EF. 


. the Square of the line CD is commenfurablg. , far it is prowed.that. either pf. them is, 


$a arationall 


of Euclides Elemiutes.. Fol.24.9. 


avationall hne.And that which ys containcd under the lines D 6 gd C Bir commen[urable 
unto that which 45 contained undek the lina: F E and BG: F orrthey are borhequallta the 
{quare of the line A. Wherefore (by the 13 .of the tenth ) the {quare of the line C D is incom- 
menfurable to that whichis contained under the lines D C and C B. But as the [quare of the 
line C Dis to that which is contained under the lines D C and C B,fo ( by the affumpt going 
before)is the line D C sothe hing CB. Wherefore the line D.C ixincammenfuratle in length 
Unto the line CB. Whireforethe line CD is ratitr dll and incommenfurable in length unto 
she line C B. If therefore vpon a rationall line be applied the [quare of a medial line , the d- 
ther fide that maketh the breadth thereof, halve rational, and incommenfurable pA length. 
ta the line whereupon the parallelogramme is applied: which was required to be prousd. x 

A (quare is fayd to be appliéd vpon a line, whenit,or a parallelograme equall vato 
it,is applied vpon the fayd line. If vpon arationall line geuen wewill apply areGangle 
parallelograme equall to the {quare ofa mediall.line gcuen,and fo of any line geuen,we 
malt, by the 1 1,0f the fixt, finde out the third line proportionall with the rational! line 
and the mediall line geuen : fo yet that the rationall linc be the firft,and the mediail line 
geuen,(which containeth in power the (quare to beapplied) be the fecond. Forthess 


- the (uperficies contained vnderthe firft andthe third , thalbe equall-to the fquare of 
the midle line, by the 17.0f the fixe. 2 gs ue 


—R 


q Uhe 20. Theoveme. T be 25. Propofition. — 
DM s Se : ` 
A right line commenfurable to a mediallline jis alfo a mediallline. : 


zz Fppofe that. A bea mediall line. And unto the line A let the line B be commen- 
R| furablecither in lengthscy in power,orin power only .Then 1 fay that Ballo isa 
LZ medsaltline.Let there be put a vationall lige C D. And vpon the linc C D ; apply 
2 DIUI uz In ITA. Mir 4 oe = se peA 
bo rectangle parallelograme CE , equal unto the {quare of the line A, and ma: 
king in bregaté.theline E D Wherefore (by the propofition going before) the line ED is va- 
tionall and Incommen(urable ia length untothevineC D. And againe upon the line C D 
«pplya rectangle parallelograme CF equall unto the [quare of the line B , and making in 
breadth theline DF . And fora{much as See 
the line Ais comrmenfurable unto the line 
‘B, therefore the fquare of the line A is 
gommen[uralle to the (quare of the line 
B.But theparallelograme EQisequallta : 
che ſquare oſßthe line A,and the pardllelo- 
grame CF is equall tothe Jr ofthe >` ES [A ciet owl 
line B whevépore the parallelogram EC ^" gis C 7 
is menſarableonto the parallelagrame 
€ F. But atibeparállelograme E C , i5 to 
the parallefograme C F, foisthelineED > i ; 
tothe line-D: F (by the firft of the fixt) . Wherefore (.by the 10. af the tenth) the line E Dis 
commenfurable in length unto thetine D F. But the line E Dis rationalland incomenfura- 
ble in length unto the line D C , wherefore the line D F is rationall and incommenfurable 
in length unto the line D €( by the 13, 0f the tenth).. Wherefore the lines C D and D F are 
rational commenfurable in power onely . But a rectangle figure comprehended under ratio- 
tiall right lines commzenfurable in power onely,is (by the 21 .af the tentb )irrationall,and tbe 
Line that containeth it in power is srrationall,and is called a medial line. Wherefore the line 
shat containeth in power that which is comprehended under the tines C D and D Fis a me- 
Aiallisne,But the line B containeth in power the parallelograme which is comprehended vn- 
A Se . * der 
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How afquare 
is fayde to be 
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alinc. 


Conſtruction. 


Demonſtra- 
tion 


The tenth Booke 


der the lins C D atd D F Wherefore the line Bis a mediall line. A right line therfore come 
munfurable toa mediall line is allo a mediall line: which was required to be proued. 


t 


g Corollary. © > à 


Hereby it is manifeft tbat a. fuperficies commen[urable ynto a mediall fue 
perficies jis alfo a mediall fuperficies. i 
_ For the lines which containe in power thofe faperficieces are commenfurable in power , of which 
the one is a mediall line( by the definisso of 4 medsall line in the 11 .of this tenth): Wherefore the other 
alfo is a mediall line by this 23 .propofittd. And as it was fayd of rationall lines fo alfo is it tobe fayd 
ef mediall lines namely , that a lie commenfarable to a mediall line;is alfo a mediall line, Aline Hay 
which ss commenfurable unto a mediall line,wherher it be commenfurable in length , and alfo in poż 
wer,or ells in power onely. For uninerfally it ós true, that lincs commenfarabie in length , are alfo com 
menfurable in power. Now if unto a mediall line tbere bea line commenfurable in power, if i be com- 
exenfurable in length the are thofe lines called mediall lines conmenfarable in length co in power. Bue 
3f they be commenfurablein péwer onely they ave called mediall lines commenfzrable in power onebj. ` 
There are alfo other right lines incommenfurable in length to the mediall Nese darian 
ble in power onely to the fame:and thefe lines are alfo called mediall, for that they are commeniura> 
ble in power to the mediall líne.A nd in as much as chey are mediall lines , chey arc commenturable in 
power the one to che other.But being compared the one to the other, chey may be commenfurable ei- 
ther in lengch,and therefore in power,ot ells in power onély , And chenif they be commenfurable in 
length, they are called alfo mediall lines comimenturable in leugth,and fo confequently they are vnder- 
flanded to be commen(urable in power . Bucif they be commenfurable in power oncly., yet aotwith- 
ftanding they alfo are called mediall lines commenfurable in power onely. 


Flafvates after this propofition teacheth how to come to the vnderltanding of mez 
diall fuperticieccs and lines, by {urd numbers,after this maner. Namely to expreffe the 
mediall fuperficieces by the rootes of numbers which are not (quare numbers : and the 
lines cótaining in power {uch medial fuperficieces, by the rootes of rootes of numbers 
not fquare. Mediall lines alfo commenfurable, are exprefled by the rootes of rootes of 
like fuperficial numbers,but yet not fquare, but fuch as haue that proportion that the 
{quares of {quare numbers haue. Forthe rootes of thofe numbers and the rootes of 
rootesare in proportion as numbers are , namely , ifthe fquares be proportionall the 
fides alfo fhalbe proportionall (by the 22.of the fixt) . But medialllines incommenfu- 
rable in power,are the rootes ofrootes of numbers, which haue notthat proportion, 
thatfquare numbers haue. For their rootes are the powers of medialllines , which are 
incommenfurable (by the 9.of che tenth) . But mediall lines commenfurablein power 
oncly , are the rootes of rootes of numbers, which haue that proportios that fimple 
{quare numbers haue,and not which the fquares of (quares haue. For the rootes(which 
are the powers of the mediall lines are comméfurable, but the rootes of rootes (which 
expreffe the fayd mediall lines)are incommenfurable. 

Wherefore there may be found out infinite mediall lines incommenfurable in 
power, by comparing infinite vnlike playne numbers the one tothe other, For vnlike 
playne numbers, which baue not the proportion of fquare numbers , doo make the 
rootes which expreffe the fuperficieces of mediall lines incómenfürable(by the 9.ofthe 
tenth).And therefore the mediall lines containing in power thofe fuperficieces are incó 

‘menfurable in Jength. For lines incommenfurable in power, are alwayes incommenfu- 
rable inlength(by the corrollary of the 9.of the tenth). 


q The 21. Theoreme. The 24. Propofition. 


A reéangle parallelogramme comprehended "»nder mediall lines comene 
Jurable in length,is a medtall reétangle parallelogramme. 


Snppofe 


of. Euclides Elementes. Fol.250. 


Vppofe that tbe rectangle parallelogramme A C,be comprehended under thefe 
“| medial right lines A B and B C,which let be commenfurable in length. Then 
| 1 /ay,that A C isa mediall rectangle parallelogramme . Defcribe (by the 46.0f 
KCal thefirft) upon tbe line 4 B a quare A D .Wherefore the {quare A D is ame- 
diall  fuperficies _ And forafnch as the line A B is com- 
menfurablein length vato the line BC, and theline 8157 
A Bis equall unto the line B D, therefore the line B D | 
is commenfurable in lexeth unto theline BC . But as ease | 
the line D B is to the lize BC y is the [quare D A to 
the parallelegramime A C(by the firft of the fixt) Wher- Peas Er — 
foi by Uo 0.of the tenth )the ls D 7 commen» ? B ESIL C 
Jfurable vntotheparallelogramme AC. Bus the fquare 
D Ais mediall, for that it is deftribed vpon a mediall lint .Wherefore A C alfois a medialt 
parallelográme(by the former Corollary).A velTangle.Cre: which mas vequired ta be proued. 
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g The 22. T heoreme. The 25. Propofition. 


A reTangle parallelogramme comprehended vnder mediall right lines 
commenfurable in power onely, is eitber rationall,or mediall. 






Medial line being genen, there may be found an other line commenfura- 
Z 9N ble unto it, in power onely ( by the 11.0f this booke ) as was taught there tou- 
WS ching rational lines . Now then fuppofe that the rectangle parallelogramme 
AC be comprehended under thefe mediall right lines A B cj B C.'T ben 1 fay, 
2.5 phat the parallelogramme A C is either vationallyor medial . Defcribe (by the 
46 .of the firft) upon the lines AB and B C,their [quares A D and BE .Wherefore either of 
thefe (quares AD and BE is mediall (by the 21.0f the tenth) . Let there be put arationall 
line F G ‘And upon the line F G, les there be applied a rectangle parallelogramme G H e- 
quall to tbe (quare A D, and making the breadth the line F H .( How to do this was taught 
in the 22 of this bookt ) - And vpon tbe line H M, apply a rectanele parallelggramme M K, 
equall to the parallelogramme AC, and making in breadth she line H K: (to do this ye muft 
take a fourth line proportionall with the lines H M,AB & BC( by the 12.0f the fixt which 
fourth line let be H K : wherefore (by the 26.of the fixt) that which is contayned vader the 
extremes H M and H K, és equall to the parallelogramme contayned under the meanes AB 
and B C ). And more- 
ouer upon theline KN p c 





apply rectangle paral- 
delogramme N L equall ` 
tothe fquare BE, and 
making in breadth the — 
line KL. Vherfore the E| 

lins FH,HK OKL, | 
| 
| 





are in one and the [elfe 
fame right line. (For 
thofe parallelogrammnies ai 
foapplied vpo the lines 
FG,H M,and KN, are rectangle, and the angles FHM and KH M are equall to two 
viet angles, for they are right angles : wherefore the lines FH and HK are tn oneright 
bine, by the 14.0f the firft . So alfo may be fayd of the angles HKN and LKN). And 
GG.i. forafmuch 
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The tenth Booke 


forafmuch as either of thefe (quares A D and B E is mediall, and thefquare AD isequall 

to the parallelogramme G H, and the (quare B E to tbe parallelogramme NL: wherefore 
either of thefe parallelogrammes G H and N L is mediall . And they ave applyed upon ara- 
tionall line namely,F CG. Wherefore (by the 22.0f the tenth ) either of dl, right lines F H 
and K Lis arationall line,and incomenfurable in length vnto the line F G. And {for afmuch 
as the (quare A D is commenfurable to the [quare B E ( for the lines A B and B C are fuppo- 
fed to be commenfurable in power ) tberefere tbe parallelogramme G H is commen[urable to 
the parallelogramme NL ( for they ave equallvnto tbe fayd fquares ) . But as tbe paralle- 
logramme G H isto the parallelogramme N L, fo (by the fir it of the fixe) is theline F,H to 
the line K L Wherefore (by the 10.0f the tenth) the line F H ts commenfurable in length to 
the line K L . Wherefore thefe right lines F H and K L, are ratienall commenfurablein 
length the one to the other ( commenfurable in length,1 fay the one to the other,for unto the 
line F G, by reafon of which they ave rationall,they are incomenfurable in length as it hath 
bene prowed ) . Wherefore the parallelogramme contayned under the lines FH and K Lys 
rationall ( by the x g of the tenth ) . : 

And forafmuch as the line D B is equallto tbe line B 44, and the line X B to tbe line B C: 
therefore as the line D B is to the line BC, fo is the line A B to the line BX . But as the line 
D B is to the line BC, folby the firft of the fixt is the (quare D A to the parallelograme AC. 
Andas the line AB 1s tothe line BX, fois the parallelogramme AC to the fquare CX. 
Wherefore asthe {quare D A isto the parallelogramme AC, fois the parallelogramme AC 
tothe {quareCX . But the {quare A D is equall to the parallelogramme GH, and to the pa- 
rallelogramme AC isthe parallelogramme M K alfo equall, and to the parallelogramme 
NL is equall the {quare BE: Wherefore as the parallelagramme GH isto the parallelo- 
gramme M K, fo is tbe parallelogramme M K to the parallelogramme NL. Wherefore ( by 
the firft of the fixt ) as 
the line FH is to the 
line HK, fo is the line 
HK to the line KL. 
Wherefore (by the 17. 
of the fixt ) the paralle. 
lograme contayned vn- 
der tbe lines FH and 
KL, is equall to the 
Jguare ofthe line HK. 
But the parallelograme 
contayned under the r 
lines F H and K L, is rational, as hath before bene proued. Wherefore the [quare of the line 
H K is alforationall .Wherefore alfo the line H K is rationall. 

And now if the line H K be commenfurable in length unto the line H M,that is, unto the 
line F G, which is equall to the line H M, then (by the 19.0f the tenth) the parallelogramme 
NA is rationall . But if it beincommen{urablein length unto the line F G, then the lines 
H K and H M arerationall commenfurable in pomer onely . And {0 fhall the parallelagrame 
HN be mediall . Wherefore the parallelogramme H N is either rationall, or mediall. But 
the parallelogramme H N is cquall to the parallelugramme AC . Wherefore the parallelo- 
gramme AC is either rationall, or mediall . A rectangle parallelogramme therefore com- 
prehended under mediall right lines commenfurable in power onely, is either rationall, or 
mediall : which was required to be demonftrated. | 





Hovw to finde mediall lines commenfurable in power onely contayning arationall 
parallelogramme,and al(o other mediall lincs commenfurable in power contayning g s 
mediall 
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redial! paritlelogdamine, thallafterward be taughtin-the 27.and «28\Propofitiohs of 
thys hooks 


A Corollary, 


Hereby it is manifest that a reflargle parallelogramme contayned under two right lines,is the ; 
meane proporteongli betwene the fqnares of the fayd lines.’ As itwas mianifeft (bj che firft ofthe fic) ^ A Corollary, 
chat that which is tontayned vnder the ligé3 A D-and B C; is tbe meanc propertionall betwene tbe: 
fquaies A D aid CX . This Corollary is pucafter che $3 Propofition of this booké:as an Aflumpt,apd - 
there demonftrgted, which chere in his place yon fall nde. Botbecaufe itfolloweth of this Propfíi-. 
tion (o euidently and bzicfiy without farchér demonllratign,t thought it nocámiffe here by the way co 
wore it. 


y The 23. T beoreme, The 26. Propofition. 


A mediall fuperficies excedeth not a mediall fuperficies, by a rationall fue. 
perficies 


Or if it be pofable,let A B being a mediall fuperficies,exceede AC being alfoa 
m) ey) ratiosall right line E F . And'vpon thé ne EF apply 4 rectangle parallelo- ConStructions 
SNA gramme F H, eguallvnto the mediall fuperficies A B, whofe other fide les be 
SIC VE H ind from Hie þparahelogramme Y H take away tbe parallelogramme F G, 
equallvnto tbe mediall [uperficies A C .Wberefore (by the third common fentence) there» Dewey fira- 
fidue BD is equall to the refidue K H . But (by [uppofition) the fuperficies D B is rationall. tion leading to 
Wherfore the fuperficies K H is-alforationall. And forafmuch as either of thefe fuperficieces an abfurditiee 
A Band A Cis mediall,and AB ig equall unto F H, D s 
GAC umg FG: therefore either of thefe f'aperficieces 
V H and F.Girmediall : and they are applyed vpon the. 
rationall line EF. Wherefore (by the 22. of the tenth) 
either of thefe lines H E and E G-is rátionall ey incem-. 
wonfurablein length unto tbe line E F.Andforafmuch - 
as the [uperficies D B is rational, and'the fuperficies © 
K A isequalluntoit : therefore KH is alforationall:. 
and it is applied vp tbe rationall line E F. ( for it is ap- 
plied upon the line G K mbich is equall to tbe line EF). 
Wherefore (by the 20.0f the tenth) tbe line G H ts atio- 
nalland commenfurable in length unto the line GK.. 
But the line G K is equall tothe line E F .Wherfore the . 
line GH is rationall and commenfrrablein length untothe line E F . But the line E G isra- 
tionall and incommenfurakle tn length to the line E F. Wherefore (by the 13. of the tenth) 
the line EG is incommen{urable in length unto the line GH. And as theline EG istothe 
lineG H, fois the (quare ef the line E Gto the parallelogramme contayned under the lines 
EGandG H( Bis Affumpt put before the 21 .0f the tenth). Wherefore (by the 19. of the 
tenth) the [quare of the line EG is incommenfurable unto the parallelogramme contayned 
wader the lines E G and G H . But vnto the fquare of the line EG are commenfurable the 
Squares of the lines E G and GH, for either of them is rationall,as hath before bene proued. 
Wherefore the {quares of the lines EG and GH are incommenfurable unto the parallelo- 
grarime contayned under the lines E Gand GH . But unto the parallelugramme contayned 
vynder tbe lines E G and G His commenfurable that which is contayned under the lines 
E Gand GH twife (for they are sm proportion the one to the other as number is to number, 
i GG.4. namely, 





À mediall [uperficies, by D B being arationall [uperficies And let there be put a 


' 





Confiratlion. 
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tion. 


T he tenth Boke 


namely, as unitic ii v0 the namber 2, or'as 2 3sto 4: and therefore (by the 4. of this booke) 


they are commenfurable ). Wherefore (by the 13. of the tenth) the {quares of the lines EG 
and G H are incommenfurablevnto that which is contayned under the lines EG and GH 
twife . ( This is more briefly concluded by the corollary 
of the 13.0f the tenth) „But the [quares of the lines EG 
and GH together with that which is contayned under 
the lines E Gand G H twife are equall to the{quare of 
the line EH ( bythe 4. of the fecond ) . Wherefore the 
SJgrareof theline EH is incõmenfurable tothe fquares 
of tbe lines EG and G H ( by the r6.of the tenth) . But 
the fquares of the lines EG GGH are rationall Wher- — H 
forethefguare of theline EH isirrationall Wherefore. 1, 

the line alfo E H is irrationall . But it hath before bene Bh Ea 
proued to berationall : which is impoffible . Wherefore .. 
a mediall [uperficies exceedeth not a mediallfuperficies ~ 
£y a rationall [uperficies : which was required to be 
proued. . 
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g The 4. Probleme. The 27. Propofition. 


To finde ont mediall lines commenfurable in power onely, contayning 4 
rattouall pavallelogramme. 


d 
y 


p Er where be put two rationall lines commenfurable in power oncly,namely, A and 
Rok B.And (by the 13.0f the fix) take the meane proportionall betwene the lines A and 
EASY Band let the fame line be Cx And as the line A isto the lire B,fo (by the va. of 
the fixt) let theline C be to the line D.And forafmuch as « A and B are rationall 
lines commen|urable in power onely therfore (by the 21.0f the tenth) that which is contay- 
ned under the lines A and B that ts,the fasare of the line C. For tbe quare of theline C i 
equall to the parallelogramme contayned under the lines A anh B (by the x7. of the fixth)ss 
medtall, therfore C alfo is a medial line. And for that 
as the line Ais to the line B fois the line C so the line - ‘4 Bg 
D, therfore as the [quare of the line Ais to the fquare — — 
of the lyne B, fo isthe fquare of the line C to the ¢ BR S4 
quare of the line D (by the 22. of the fixth). But the - — — 
Squares of the lines A and B are commenfurable, for B Ro 
the lines A and B are fuppofed to be rationall commé- EX 
forable in power oncly. Wherefore alfo the fquares of p DEI 
the lines C and D are commenfurable (by thero. of — 
the tenth) wherfore the lines C aud D are commenfu- 
rable in power onely. And C isa mediall line. Wherfore (Dy the 23. of the tenth) Dalfoisa 
medial line Wherfare C and D are medial lynes commenfurable in power onely. Now alfo 








~ Lfay that they contayne a rationall parallelogramme.F or for that as the line A isto the line 


B, fois the line C to the line D : therfore alternately alfo (by the 16 of the fift) as the line A 
as to the line C,fo is the lyne B tothe lyne D.But as the lyne A is to the lyne C, fois she line C 
to the lyne B : wherforeas the line C is to the line B fois she line Bto the lyne D. Wherfore 
the parallelograme cotayned vnder the lines C and D is equal to tbe (quare of'the line B.But 
the fauare of tbe lyne B is rationall. Wherfore tbe parallelograme which is contayned vnder 
the lynes C and D is alfo rationall Wherfore there are found out mediall lines commen[ura- 

ble 


5 


/ 
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blein power onely,contayning a rationall parallelogramme : which was required ro be done. 
T he s. Probleme. T he 28. Propofition. 


T'o finde out niediall right lynes commenfurable in power onely,contayning 
a mediall parallelogramme. 


Et there be put three rationall right lines commenfurablein power only ,name- 
ly, A,B,and C,and Ly the 13. of the fixt)take the meane proportional betwene 
WS) the lines A and Be let tbe fame be D.And as the line B is to the line C,fo(by 







the tenth) that which is contained under the lines A 


and B, that is the (quare of the line D, is mediall. 4 , RIE 
Wherfore D isa mediall line. And forafmuch as the 

lines B and C are commenfurablein power onely,and p BRITS 
as the line B is to the line Cfo isthe dne D tothe line 


E : wherfore the lines Dand E are commenfurable $ E 8 

in power onely (by the corollary of the tenth of this 

booke) but D is amediall line.WhereforeE alfoisa ¢ RS 

mediallline(by the 23 .of this booke.) Wherfore D & 

E are medialllines commenfurablein power onely. I y, BR 2 

Sey alfo that they containe a mediall parallelograme. I 

For for that as the line B is to the line Cfo is the line D tothe line E « therfore alternately 
(by the 16 of the fift)as the line B is to the line D,fois the ine C to line E Bat as the lyne 
Bistothe line D, fois the line D tothe line A, by conuerfe proportion (which is proued by 
the corollary of the fourth of the fifth) Wherfore as the line D is to the line A, fois the line 
C tothe line E.Wherfore that which is contained under the lines A Gr C,is (by the 16 of the 

fist) equall to that which is contayned under the lines D gy E. But that which is contained 
‘under the lines A and C is medial (by the 21.0f the tenth. )Wherfore that which is cotained 
csnder the lines D and E is mediall Wherfore there are found out mediall lines commenfu- 
rable in power onely containing a mediall fuperficies : which was required to be done. 


An Affumpe. 





To finde out two fquare numbers, which added together make a ſquare 
number. 


the 12, of the fixt) let the line D beto the line E. Aad {forafmuch asthe lines 
SV A and B are rational! commenfurable in power onely, therefore (by the 21. of Demonffrae 


Conſtruction. 


Hom 


Let there be put two like fuperficiall numbers AB andBC (which howto finde ent; ^ 


hath bene taught after the 9. propofition of this booke) And let thens both be either enen 
numbers or odde. And let the greater number be A B.. And forafmuch asif from any enen 
number be taken away aneuen number,or fro 
an odde number be taken away an odde num- — Aas... D LLL. Cue B 
ber,the refidue fhall be exen(by the 24.and 26 
of the ninth). If therfore from A B being an euen number be taken away B C an euen num- 
ber, or from A B being an odde number be taken away BC being alfo ode : the refidue AC 
Shall be ewen. Deuide the number A C into two equal! partes in. D : wherefore the number 
woich is produced of A B into EC together with the quare number of C D is (by the fixt of 
“the fecond,as Barlaacn demonftrateth it in numbers) equall to tbe [quare number of B D. 
GG ij. But 


A Corollary, 


To finde ont 
tiro fquare 
numbers exe 
eceding the 
one the other 
by 4 fquare 
number, 


An Aſlumpt. 


The tenth Boohe 


But shat which is produced of A E into B C is a quare müler. For it was proued(by the firft 
of the ninth) that if two like plaine numbers multiplieng the one the other, produce any nis- 
ber,the number produced fhal be a {quare number. Wherfore there are found out two (quare 
numbers,the one being tbe [quare number whichis produced of A B into BC, and the other 
the [quare number produced of C D which added together make a [quare number, namely, 
the [quare number prodsced of B D multiplied into himfelfe, fira fach as they were demó- 
firatedequall toit. 


3 A Corollary. 


And hereby it is manifest that there are found out two fquare numbers, namely, the one 
the [quare number of B D, and the other tbc (quare number of C D, fo that that number 
wherin thone excedeth the other, the number (1 fay) which is produced of AB into BC, is 
alfo a (quare number : namely,vhen A 5 er 
B Care teke playne numbers. But when they A riia B 
are not like playne numbers, then are there Uf 
found out to [quare numbers tbe [quare number of B D and the fquare number of D C, 
whofe excefe,that isthe number voberby the greater excedeth the leffe namely, tbat which is 
produced of 4 B into B Cis not a (quare number. 


«| An Affumpt. 


To e out two (quare numbers which added together make not a quare 
number. 


Let A B and BC be like playne numbers fo that (by the firft of the ninth) that which is 
produced of A B into B Cis a (quare number,and let AC be an euen number.And deuide C 
A into tivo equall partes in D. Now by that which hath before bene fayd inthe former af- 

fompt, t i manifeft that the [quare number produced of A B into BC , together with the 
Square number of. CD jis equall to the  fauare number of B D. Take away from C D vnitie 
D E.Wherfore that which és produced of A Binto BC together with the fquare;of C E is 
leffe then the [quare number of 

BD. Now then 1fay that the A.. G.. H.D. EPan Coan, B 
Square number produced of AB 

into B C added to the [quare number of C E,make not a (quare number. For if they do make 
à fquare mimSer then that [quare number which they make,is either greater thé the (quare 
number of B E,or equall vato it,or lefe then it. Firft, greater it cannot be, for it is already 
proued that the (quare number produced of AB into B C,together with the [quare number 
of C E is lefe then the [quare number of B D. But betwene the [quare number of BD, and 
the fquare number of B E „there is no meane fquare number. For the number B D excedeth 
the number B E unely by unitie : which vnitie can by no meanes be deuided into numbers. 
Or if the number produced of A B into B C together with the (quare of the nisber C E,fhould 
be greater then the (quare of the number B E, then [bauld the felfe fame number produced 
ef A B into B C together with the (quare of the number C E,be equall to the [quarc of the 
number B D,thecontrary wherof is already proued Wherfore if tt be poffible,let that which 
is preduced of A B into BC together with the {quare number of the number CE be equaltto 
the [quare number of B E. And let G A be double to vnitie D E,that is, let it be the num- 
ber tmo. Now forafmuch as the sobole number A C is by fuppofition double to she whole 


number C D,of which she nunsber AG is dowble to unitie D E,therfore (by the 7 ofthe fc 
É went 
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wenth) the refidue,namely,the number G C is double to the vefidue,namely,to the number E 
C.Wherfore the number G Cis dewided into two equall partes in E. Wherefore that which is 
produced of G Binto BC together with the fauare number of C E is equall to the [quare ni- 
ber of BE. But that which is produced of A B into B C,togetder wizh the (quare nuraber of. 
€ Ejis fuppofed to be equal to the {quare number of B E-wherfore that which is produced of. 
G B into bs C together with the [quare number of C E 13 equatl to that which is produced of 
A B into BC, together with the [quare number of CE. Wherefore taking away the (quare 
number cf C E which is common to them both, the number A B fhali be egual! to the num- 
ber G Bnamely,the greater to the leffe sbich is impof[ible.V berfore tbat which is produced 
of A B into B C together mitb the [quare number of C E i5 not equall to tbe fauare number 
of BE. 1 fay alfo that that which is produced of A B into B C together with tbe [quare num 
bcr of C E is not lefe then the [quare number of B E. For ifit be pofible, thé [hall it be equal 
to fome [quare number leffe then the [quare number of B E Wherfore let the number produ- 
ced of A B into B C together with the {quare of the number C E be equal to the [quare num- 
ber of B F.And let the number H A be double to the number D F.The alfo it followeth chat 
the number H C is double to the number C E, fo that HC alfo is deuided into two equall 
partes in F and therfore alfa the number which is prodsced of H B into BC, together with 
the [qnare number of F Cis eguall to the [quare number of the number B F. But by fappofi- 
tion,the number which is produced of A B into BC together with the [quare number of C E 
és equall to the {quare number of B F.Wherfore it followeth that the number preduced of A 
B into BC together with the {quare number of C E, is equall tc that which is produced of H 
B into BC together with the fquare aumber C F which is impoffible. For if it fhould be e- 
guall,then forafmuch as the {qnare of C F is left then the quare of C E,the number produ- 
ced of H B into BC fhoula' be greater then the number produced of AB into BC. And fo al- 
fà fhauld tbe number H B be greater then the number A Bymben yet it is leffe then it. Where 
fore the number produced of A B into B C together with the [quare number of CE, is not 
lefe then the {quare nitber of B E. And itis alfo proxed that it cannot be equall to the fqware 
number of D E neither greater then it. Wherfore that which is produced of 4 B into B € 
added to the (quare number of C E maketh not a {quare number. And although it be pofjible 


to demonftrate this many other wayes,yct this femneth to vs fufficient,leaft he matter beyng 
oner lonz fbould feeme to much tedious. 


g T'he 6. Probleme. The 29. Propofitšon. 


To finde out two fuch rationall right lynes commenfurablein power on= 


ly,that tbe greater [ball be in power more then tbe leffe ,by the fquare of a 
right line commenfurable in length vnto the greater. : 


Et there be put a rational line AB, andtake al- 
fo two fuch (quare numbers C D and D E,that 
Jy their exceffe CE benot a [quare number (by 

the corolary of the firft affumpt of the 28 .of the 

tenth) And upon the line AB defcrsbe a femicircle A F B. 

And by the corollary of the 6.of the tenth, as the number 

D Cis tothe number C E,fo let tbe [quare of the lyne B A 

beto the [quare of the line A F And draw a line fram F to 

B. Now for that as the (quare of the line BA isto the Corsica Busra D 
Sanare of the line A F [ots the number C D. to the num- l 
GG ij. ber 
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tione 


The tenth Booke ` 


ber C E,therforethe (quare of the line B A bath to the [quare of the line A F, that propor- 
tion that the nber C D hath to the number C E. Wherfore the [quare of the line B A is ci- 
mejurable to tbe (quare of the line A F (by the 6 of the téth).But the fquare of the line AB 
is rational. Wherfore alfo the fquareof the line AF is rational Wherfore alfo the line AF is 
rationall.And forafmuch as the number C D hath not unto the number C E that proporti- 
on that a [quare number hath to [quare number therfore neither alfo hath the fquare of 
the line A B to the {quare of the line AF that proportion 

that a [quare number hath so a [quare number. Wherfore 

(Uy tbe p. of tbe tetb )the line A Bis unto the line A F in- m 
commenfurable in leneth. Wherfore the lines A F and A Ve 

B are rationall commenfurable 1m power onely. And for 

that as the number DC is tothe number CE, fo is the 


Sqsare of the line A B tothe {quare of the line AF :ther- A B 
fore by conserficn or enerfe proportio which is demonftra- 
ted (by the corollary of the 1.9. of the fifth) as the number Css E....D 


C Distothe number D E, fois the {quareof the line AB 

to the (quare of tbe line B F, whichis the exceffe ofthe quare of the line AB aboue the 
Square of the line AF (by the afvumpt pus before the 14. of this booke). But the number C 
D hath ta the number D. E that proportion that a [quare number hath to a [quare number: 
wherfore the [quare of she line A B hath tothe (quare of the line B E, that proportion that a 
Square number hath to a{quare number. Wherefore (by the 9. of the ind) the line AB is 
commenfurable in length unto the line B F. And (by the 47. of the firft) the {quare of the 
line AB is equall to the {quares of the lines A F and F B. Wherfore the line A B isin power 
more then the line A F by the {quare of the line B F which is commenfurable in length un- 
to the line AB. Wherefore there are found out two {uch rationall lines commenfurable in 
power onely namely, A B and A F fo that the greater line A B is in power more then the leffe 
line AF by the [quare of the line F B,which is commenfurable in length unto the line A. 
B : which was required to be done. 


g The 7. Theoreme. T he 3o. Propofition. 


To finde out two fuch vationall lines commenfurable in po'wer onely , that 
the greater fhalbe in power more then the lefse by the fquareof avight line 
incommenfurable in length to the greater. 


5 D Et there be put a rationall line A B „and take alfo (by the 2. affumpt of | the 28. of 
the tenth two {quare numbers C Eand ED , which being added together make 

y. not a (quare number and lee the numbers C EandE D added PRICE make the 

number C D.And upon the line A Bdeferibe a fencircle AF Bu And (by the 

corollary of the 6. of the tenth ) as the number D Cis tothe I 

number CE, fo let the {quare of the line A B be tothe ſquare 

of the line A F, and draw a line from F to B. And we may in E 


like fort,as we did in. tbe farmer propofition , prone that the Y 





lines B A and AF arerationallcommenfurable in pomer one- 

by. And for that as the number DC is tothe number CE, 

fois the {quare of the line A Bto the [quare of the line A F: q 3 

therefore by conuerfion(by the corollary of the 19.of thefifte) = ; 

as tbe number C D is to the number D É , foisthe fquareof. C... Les Es. D 

the line AB to the {quare to the line FB, Bus the number C : Dd. 
4t. 


of Euclides Elementes. Fol.254. 


D hath not to the number DE that proportion that. a fyuare number hath toa {quare 
number . Wherefore neither a the (quare of the line AB hath to the fquare of thé 
dine B F that proportion that a [quare number hath to a [quare number . Wherefore the line 
A Bis(by the 9 of the tenth)incommenfurable in length tothe line BF. And the line AB 
is in power note then the line AF. by the {quart of the right line BF , which is incommen- 
furablein length unto the line A B. Wherfore the lines A B and AF are rationall commen- 
furable in power inely, And theline A Bits in power more then the line A ¥ by the fquare of 


the line F Bwhich is commenfurable in length unto theline AB: which was required to 


be dine. : 
ay An Affumpt. 


If there be two right lines hauing betwene them felues any proportion : as 
the one right line ss to the other , fois the parallelograme contained vnder 


both the right lines to tbe [quare of the leffe of thofe two lines. 


Suppofe that thefe nvo right A Band BC be € 
án forme certaine proporticn. T ben I fay that as the 
line A B is to the line B C fois the parallelograme | 
contained under A Band BC tothe {quare of B 
C.Defcribe tbc (square of the line B C and let the 
fame beC D,and make perfect the parallelograme 
AD wow itis manifest that asthe line AB is toS B A 
the lineBC , fotsthe parallelograme AD to the 
parallelograme or (quare B E. (by the firft of the fixt ) . But the parallelograme A D is that - 
which is bontained under the lines AB and BC, for the line B C is equal to the lineBD 
and the parallelograme B Eis the {quare of the line BC . Wherefore asthe line A Bis tothe 
line B C foisthe parallelograme coutained vndey the lines A B. and B C. to the [quare of 
the line B Combich was required to be proued. s 


g The 8. Probleme, The 31. Propofition. 


To finde out t-vo mediall lines commenfurable in power onely ,compreben- 
ding a rationall fuperficies fo that the yreater fhall be in power more then 
the lefse by the fquare of a line commenfurable in length ynto the greater. 


Et there be taken (by the 2 pof the tenth)two rationall lines commenfurable in pow- 
he. onely A and B,fo that let the line A being the greater be in power more then the 
Z lincB, being the leffe by tbe (quare of aline commenfurable in length unto the line 
A. And let tbe (quare of the line C be equallto the paralleloerame contained under the lines 
A and B which is done by finding out the meane proportionall line , namely the line C be- 
twene the lines A and B(by the 13 .of the fixt ).Now the parallelograme contained vnder the 
linės Aand B is mediall( by the z1. ofthis booke ) Wherefore (by the corollary of the 23.0f 
the tenth) the fquare alfo of the line C is mediall. Wherfore the line C alfo is mediall:V nto 
she (quare of the line B ler the parallelograme contained under the lines C and D be equall 
(by finding out a third line propcrtionall ) namely the line D to the twolines C and B ( by 
the 11 of the fixt) But thefquare of the line Bis rationall Wherfere the parallelograme con- 
tained under the line C and Dis rationall. And for that asthe line A isto the line B, 


h 
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fossthéparallelograme contained under the lias A — 4 S d 





and B tothe fquare of the line B (by theafumpt.go- | n ose o os 

ing before) But unto the parallelograme: contained: oe i ^ 
vader the lines A and B. i5 equall tbe (quare of'tbe C, — — 
Lie C,and vnto thequare of tbe line B isequal tbe Ba Mas — 


parallelograme contained vnder the lines andD, ss. 
asit bath nore Lene proued.tberefore as the line Ais? 
tathe line B, fois the [quare of the line C to the pa- a E . 
rallelograme centained under the lines C,D But as the [quare of the line C is to that which 
is contayned under the lines C and D, fois the line C to the line D.Wherefore as theline A 
is to the line B fois she line C to the line D . But(by fuppofition) the line A is commenfura- 
ble unto the line Bin power onely . Wheréfore (by the 11 .of the tenth) the line C alfois unto 
the line D comimenfurablein power onely . But the line C is medial. Wherefore by the 23.of 
the tenth the line D alfo ismediall. And for that as the line A is to the line B , fois the line 
C tothe line D :but the line A is in power more then the lineB , by the Jquare of a line com- 
menfurablein length unto the line K ( by fuppofition ) . Wherefore theliné C alfoisin 
power more then the line D by thefquare of a line commenfnrable in length unto the line 
C.Wherefore there are found out two medialllines C and D commenfurable in power one- 
ly comprehending arationall (uperficies, and the line C is in power more then the line D by 
tbe (quare of a line commen{urable in length unto the line C. And in like fort may be found 
out two medial! lines coommenfurable in power onely contayning a rational! fuperficies, 
So that the greater fhalbe ïn pomer more thé the lege by the [quare of a line incomenfurable in 
ligth tothe greater namely when the line Ais in power more tbe the line B. by the fauare of à 


line incémenfurablein length unto the line A,which to dois taught by the 30. of this booke. 

The felfe fame contruction remaining, that part of this propofition fré thefe wordes. And for that 
asthelnre Aissto thetime B, to thefe Wordes.Bwr( by fappefition ) the line 4 it commen[urable &nto the line 8, 
may more ealely be demonftrated after this maner . The lines C, B, D, are in continuall proportion by 
the fecond part of the 17-of the fixt. But the lines A,C,D arealfo ia continuall proportion by the fame. 
Wherefore by the 11.0f the fifth,as che line Ais to the line C, {0 is the line B to the line D. Wherfore 
alternately. as the line Aisto the line B fo is the line C to the line D. &c. which was required to be 
doone. 





BR 48 | 


g An affumpe. 


If there be three right lines hauing betwene them felues any proportion: 
as the firft is to the third fo is the parallelograme contained puder the firft 
and the fecond,to the parallelograme contained ‘pnder the fecond and the 
third. - 


Suppofethat thefe three lines A B, B 
Cand CD bein fomecertayne proporti- E F H K 
on.Then I fay that as the line A Bis tothe | 
line CD, fois the parallelograme contay- 
zed vader tbe lines AB and B C to tbe 
parallelograme contayned under the lines 
B Cand CD. From the point Araifeup A B c P 
«nto the line ABa perpendicular line Š . 
E,aad let AE be equall to the line BC : and by tbe poynt E. draw unto the line AD apa- 
vallelline E. K: and by euery one of tbe poyntes B,C and D draw unto the line AE parallel 
lines B F,C Hand D K. And for that as the line A Bis to the line BC fo is the parallelo- 


grame A F to the parallelograme BH ( by the firft of. the fixt):and as the line BC is us the 
ne 
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lige C D,fois the parallelograme BH to the parallelograme C K. Wherefore of equalitie as 
the line A B isto the line C D,,fois the parallelograme A F to the parallelagrame CK. But 
the parallelograme A ¥ 1s that which is contayned under the lines A Band B C for the line 
AE is put eguall tothe line BC. And the parallelograme C K ts that which is contained 
under the lines B C and C D for the line B C is egual to the line C H, for that the line C 
Hir equallto the line A E(by the 34. f the fir ft).. If therefore there be three right lines ha- 
uing betwene them felues any proportion : as the firft is to the third , fois the parallelograme 
contained under the firft and the fecond,to the parallelogramme cotained under the fecond 
and the third:which was required to be demonftrated. 


ff T he 9. Probleme. The 32. Propofition. 


To finde out two mediall lines commenfurable in power onely , comprehen: 
ding a mediall fuperficies , Jo that the greater [hall be in power more then 
the leffe,by the [quare of a line commenfurable in length "ynto the greater. 


| Et there be taken three rationall lines cómenfurable in power onely, A,B,C, 
Soihat (by the 29.0f the tenth )les the line A be in power more then the line 
| C, by the [quare of a line commenfurablein length unto the line A. And 
unto the parallelugramme contayned under the lines A cy B,let the fquare 
ON! of the line D be equall . But that which is contayned under the lines A and 
“Bis mediall. Wherefore(by the Corollary of the 23 of the tentb)the [quare 
ofthe line D alfo is mediall . Wherefore the line D alfo is mediall. And vnto that which is 
contayned vnder the lines B andC, let be equal that which is contayned under the lines D 
and E (whichis done by finding out a fourth line proportionall unto the lines D,B,C,which 
let bethe line E) . And for that (bythe Af- 
fumpt going before ) as that whichis centay- -- — — — 
ned under the lines A and B is tothatwkich y RR 072 
is contayned under the lincs B and C, fois 
the line Atothe line C.. But unto that which B-——B48 — 
is contayned onder the lines AGr B,isequall £ E2268. 
the [quare of the line D and vnto that which pu 
is contayned under the lines BGC, isequall © = 
that which is contayned under the lines D and E .Wherefore as the line A is to tbe line C, fo 
is the [quare of the line D, to that which is contayned under the lines D and E. But as the 
Square of the line D is to that which is contayned under the lines D and E, fois the line D 
10 the line E (Ey tbe Affumpt put before the 22.of tbetenth ) . Wherefore as the line Ais to 
the line C, fo is tbe line D to tbe line E . But the line A is unto the line C commenfurable in 
power onely. Wherefore the line D is unto the line E commenfurable in power onely . But D 
is a medial line .Wherefore (Ly the 23.of the tenth) E alfois a mediallline. And for that 
as the line Ais tothe line C,fois the ine D tothe line E,andthe line A isin power more then 
the line C, by the [quare of a line commenfurable in length unto the line A. Wherefore (L y 
the 14.0f the tenth) D is in power more then E, by the (quare of a line commenfurable in 
length unto theline D . J {ay moreoner that that which is contayned under the lines D and 
E ismedtall . For forafmuch as that which is contayned under the lines B GC, is equall to 
that which is contayned under the lines D and E : but that which is contayned under the 
lines B and C is mediall . Wherefore that which is contayned under the lines D and E is al- 
f mediall. Wherefore there are found out tmo mediall lines D and E »cümen[urable in power 
onely comprehending a mediall fuperficies, fo that the greater is in power more then the lefe, 
by tbe fquare of a liae commenfurablein length tothe greater : which was. required to be 
done 
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done. And thus és it enidewe, how in like forte may be fannde sur.sm0 mediall lines commenfurable in piper 
onely contayning a medial fuperficies,fa that she greater [bull be in pomer more then the lefe, by the fquare of e 
line incommenfurable in length Gnro the greater. When the line A is in power more then the line C, 
by the (quare of a line incoménfurable in length unto the line A:as the thirteth teacheth vs. 


ct Corollary. 


1. q An Affümpt. 


-  Suppofe that there be a rectangle triangle A B C,haning the angle B AC aright angle. 

And (by the 12.0f the fir(t ) from the poynt A tothe right line BC , a perpendicular line 

being drawen AD : then I fay firft, that the parallelogramme contayned under the lines 

"n CE and BD, tsequall to the [quare ofthe line B A..— Secondly 1 F thas the parallelo- 


gs gramme contayned under the lines BC and CD, is equall to the {quare of the line C A. 

Thirdly 1fay,that the parallelogramme contayned under the lines B D and. D C, is equall to 
3. the quare of tbe kne A D .. And, Lfourthly I fay,that the parallelagramme contayned vader 
4- thelines BC G A D,ts equall to the parallelogramme cotayned under the lines B A & AC. 


As touching the firft,that the parallelogramme cuntayned under the lines CB and BD, 
equall to the [quare of the line A B, is thus proned. 
For forafcauch as in the rectangle triangle B AC, 

from the right angle unto the bafe is drawena per- 
pendicalar line A D,therfore( by the 8 of the fixt) 
the triangles ABD and ADC, are like tothe 
whole triangle ABC, and are alfo like the one to 
the other . And for that the triangle ABC is like 
to the triangle A DB, therefore both the triangles 
are equiangle by the definitso of like figures. Wher- 
EE fore (by the 4.ef the fixt) as the line C B istothe 
Luc BA, fo is the line AB to the line B D. 


* A Corollary added by I.Dee. * Wherefore ( by the 


of the fixt) the 
* Therefore ifyou deuide the (quare of the Md A z fi ) 
fide A B by thefide B C : the quotient will be para fi fs) CME Con i 
B D. Which maketh D Calfo knowen : by ei- tained under the lines BC Gr BD, is equall to the, fquare of 
ther of which (by the 47.of the firit) the per- the line AB. 


pendicular A e is rau, cone _ As touching the fecond, that the parellelogramme con- 
three fides AB, AC, and BC, areknowen or tained under the lines BC andC D, 1s equallto the [quare 
geuen. of the line AC is by the felfe fame reafon proued . For the 
triangle A B Cis like to the triangle A D C Wherefore as the 
L. Dee *T he fecond Corollary, line BC is to the line AC, fo is the line, ACto the line DC. 
* Thercfore if vou deuide the {quare ofthe * Wherefore the parallelogramme contained under thelines 
q ; 

fide A C,by the fide B C,the portion D C, will C 47d C D, is qu tothe {quare of theline AC. As tox- 
be the product. &c. asin the former Corol- ching the third, that the parallelogramme contained under 
Heys the lines B D and D C, is equall to the fquare of the line D A, 
is thas prowed.\F ov, forafmuch as if in a rectangle triangle be 
drawn frö the right angle to the bafe a perpendicular line, the perpendicular fo drawen is the 
meane proportional betwene the feamts of the bafe(by the corollary of the 8.of the fixt)-ther 
fore as the line B D isto the line D A, fois theline A D tothe line DC . Wherefore (by the 
17-0f the fixt ) the parallelogramme contayned under the lines B D and DC, és equall to 
the fquare of theline DA. As touching the fourth, that the parallelogramme contained 
vader the lines BC and AD, is equall to the parallelogramme contained under the lines 
B Aand AC, isthus proued. For forafmuch as (as we haue already declared) the triangle 
AB Cis like; and therefore equiangle,to the triangle AB D, therefore as tbe line B oe to 

the 
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the line AC, fois the line B.A tothe line A D (by the 4.0f 
she fist) .* But if there be foure right lines proportionally 


1 [De Tbe thirdeCorolary, 


: * i 
shat which is containcd under the firft and the lait, is equall Therfore if the pe me of BA, 


and A C, be denided 


y P C, the produ&t will 


to that which is contained under the two meanes ( by the 16. geuethe perpendicular 1D A. Thefe three Co- 
of the fixt) . Wherefore that mhich is contained under the vollaryesin pra&ife Logifticalland Geometri- 


lines BC and A D, isequall to that which is contayned under call are profitable , 
the lines B Aand AC. 

L fay woreouer, that if there be made a parallelogramme complete, contained under the 
lines BC and A D, which let be EC: and if likewife be made complete the parallelogramtme 
contained vader the lines B Aand AC, which let be A F , it may by an other way b¢ protgd 
shat the parallelogramme E Cis equall to the parallelogramme AF . For, forafmuch as ei- 
ther of them às double to the triangle AC B (by the g1.of the firft ) : and thinges which are 
double to cne and the felfe fame thing, are equall the:one fo the other . Wherefore that which 
is contained under the lines BC and AD, is equall to that which is contained under the 
lines B Aand AC. 


2.  «JAnAffumpt. 


€ 
Ifaright line be deuided into two 'ynequall partes : as tbe greater part is 
to the lefSe , fois the parallelogramme contayned nder the whole line and 
the greater part, to the parallelogramme contayned vnder the whole line 
and the lefse part. i 


Deuide tbe right line 4 B into tmo vnequall partes ip tbe point E : And les AE bethe 
greater part .Then I ‘fay, that as the line AE isto the line EB, fois the parallelogramme 
contained under the lines B.A and AE tothe parallelogramme contained under the lines 
BAG BE. Defiribe the {quare of the line AB, and let the 
fame be AC DB. And from the point E draw untocither B E A 


of thefe lines AC and DB aparallellline E F . Now it is 
marifeft that as the line A E 1s to the line E B, fo is the pa- | 
rallelozramme A F to the parallclogramme B F ( by thefirft | ' 


of the fixt) . But tbe parallelogramme A F is contayned vn- | 
der the lines B A and A E (for the line AC is equallto the 
line AB ) and the parallelogramme BF is contained vn- | 
der the lines A B and B E (| for the line DB is equall tothe | 
line AB) . Wherefore as theline A Eisto the line E B, fo 
is the perallelogramme contained under the lines B A and 


AE, to the parallelogramme contained under the lines AB and BE : which was regni- 
ved to be demunftrated. I 





This Affumpt differeth litle from the firft Propofition of the fixt booke. 
«| An Affumpt. 


If there be two'ynequall right lines and if the leffe be deuided into two e» 
quall partes : the parallelogramme contained ynder the two "neqnall lines, 
is double to the parallelogramme contained onder the greater line «7 halfe 
of the leffe line. 
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Suppofe that there be two unequall right lines AB and BC, of which let AB bethe 
greater and dewide the line B C into two equall partes in the ‘point D. Then I fay, that the pa- 
rallelugramme contained under the lines AB (f BC, is double to the parallelogramme con- 
tained under the lines AB and BD. Fromthe point B raife vp upon the right line BC,a 
perpendicular line B E and let BE be equall to the line B.A. And drawing from the point 
Cand D,thelines CG and D F parallels and equall 
to B E : and then drawing theright lineG F E,thes f pe 
figure is complete. New for that asthe line D Bis 
to the line D C fois the parallelogramme B F to the 
parallelogramme D G ( by the 1. of the fixt) : ther: 
fore by conspofition of proportion, as the whole line 
BC is to the line D C fois the parallelogramme B G 
zo tbe parallelogramrne D G ( by the 18. of the ift). 
But the line B C is doble to the line DC . Where- 
Sore the parallelogramme BG is double to the pa- n 
rallelogramme D G . But the parallelogramme BG CR B A 
zs contained under the lines AB and BC ) forthe 
Line A Brs equall tothe line b E ( aid the parallelo- 
gramme DG iscontayned under the lines A BandB D ) for the line BD isequalltothe 
Line DC, and the lime AB to the line D F : which was required to be demonflrated. 


q Ube 10. Probleme. The 33. Propofition. 


~ To finde out two right lines incommenfurable in power „whofe fquares ado 
ded together make a rationall fuperficies and the parallelogramme contate 
ned yuder them make a mediall fuperficies. 


7 Ake by the 30. of the senth,two vationall right lines commenfurable in power 
onely,namely, AB and B C, fo that let the line A B, being the greater, be in 
euh pomer more then the line BC being she leffe,by the {quare of a line incommen- 
Iie furable in length unto the line AB. And by the ro. of the firft, denide the 
$ Niine B C into two equall partes in the point D. And-vpon the line A B apply a 
parallelogramme equail to the (quare 
either of the line B D or of the line D 
C, and wanting in figure by a [quare, 
by the 28 of the fixth, and let that p 
rallelogramime be that whith is cone `` 
tained under the lines AE and EB, * 2 B E 
And vponthe line AB defcribe a fe- * i 
micircle A FB. And by the 11. of the firft,from the point E,vaife up unto the line AB, & 
perpendiculer line E F cutting the circumference in the point F. And draw lines from Ato 
Fand from F to B.And for afmuch as there are two unequall right lines A Band BC, and 
the line AB is in power more then the line BC, by the {quare of a line incommenfurable in 
length unto A B,and upon the line A Bis applied « parallelograme equall to the fourth part 
of the {quare of the line B C,that isto the [quare of the halfe of the line BC, and wanting 
sn figure by a [quare, and the {aid parallelogr amme isthat which is contained unider the 
lines A E and EB. wherfore by the 2. part of the 18. of the tenth the line AE is incomme- 
Jurablein length unto the line EB. But asthe lime AE isto the line EB, fo is the parallelo- 
gramme contained vnder the lines B 4 and A E,to tbe parallelogramme contayned, vnder 
the lings AB and B E by the fecond affumpt before put. And that which is contained oe 
Se ott ` ` the 
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the line B Aand A E is equall tothe fquare of the live A F by the fecond part of the firft af- 
ſumpt befate put. And that which 4s contained under the lines A.B and BE is by the firft 
part of the fare dffumpt, equall to he (quare ofthe lime B FW hevfare zhe [quare of the line 
A E is incoramen[urable to the (quare of tbe line B F. Wherfore the lines A F and BF are 
incommerfurablein power. And forafmuch as A Bis a rationall line. (by fuppofition)ther- 
fore (by the 7 definition of the tenth) the [quare of the line A B ts rationall. Wherefore alfo 
"tbe fquares of the lines A F and F B added together make a rationall fuperficie:.For (by the 
47. of thé firfl )bey are equalto tbe [quare of tbe line A B. Again forafmuch as(by the thira 
part of tbe fiel affumpt qoia before )that which is contained under tle lines A E ad E B, 
is equal to the {quare of the line E F . But by fuppofition that which is contained under the 
lines A E and E B is equall to the [quare of tbe line B D. Wherfore theline F Eis cquall to. 
the line B D.Wherfore the iaeB Cis double to the kine F E.Wherfore(by the third afiirpe 
going before) that which is contained under the lines A Band BC; is double to that which 
45 contained under the lines AB and E F But that which is contained under the lines A 
B and BC, is by fuppofition mediall Wherfore(by the corollary of the 23. of the tenth) that 
which is contained under the lines A Band E F 1s allo mediall , but that whiche1s con: 
tayned under the lines AB and E F, is (by the lafl parte of tbe firft afcumpt cong be- 
fore) equal] to that which is’ contained under the lines AF and F B. Wherefore that 
which is contained under the lines A F Cy F Bisa mediall fuperficies.And it is proved, that 
that which is compofed of the fguaves of the lines A F and F B added together is vaticzall. 
Wherfore there are found out two right lines A F and FB incommen[urable in power whofe 
Squares added together make a rational! (uperficies,and the parallelogramme contained un- 
der them, isa mediall{uperficies : which was required to be done. 


q The s1. Probleme. T ke 34. Propofition. 
To finde out tworight linesincommenfurable in power, whofe fquares ads 
ded together make a medsall [uperficies, and the parallelogramme contays 
ned'ynder them,make a rationall fuperficies. E 


= Ake (by the 3 1.of tbe tenth) wo mediall lines AB and BC, commenfurable in 
owe? onely comprebending a vatiorall fuperficies, fo that let tbe line AB be in 
|\power more then the lire B C by the [quare of a line incémmenfurable in length 
LEX Monto the line AB. And deferibevponthé line A B afemicircle AD B. And by 
the 10. of the firft, deuide tbe line BC 
into two equall partes in tbe point E... 
‘And (by the 28 of the fixt)vpon thebine 
AB apply a parallelogramme equall to 
the {quare of the line B E,.and wantyng 
in figure by afquare, and let that paral. © — — 
lelogramme be tbas which is contayned 
under the lines A F and F B.Wberfore 
the line A F is incommenfurablein leagth unto the line F B (by the 2. part of the 18. of the 
tenth). And from the point F unto the right line A B,raife up (by the r1.of the firft) a per- 
pendiculer line F D,and draw lines from A to D and from D to B. And forafmuch as the 
line A F is incommenfurable unto the line F B : but (by the fecond afumpt going before the 
33.0f the tenth) as the line A Fis to the line F B,fo is the parallelograrzme contayned under 
the lines B Aand A F,tothe parallelogramme contained vader the lines BA and B F wher- 
fore (by the tenth of the tenth) that which is contained under the lines B A and AF is în- 
commen srable to that which is contayned under the lines A B and B F: but that which is 
ts HH 4. con- 
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T he tenth Booke 


contained under the lines B.A and A F is equall to the (quare of tbe line A D, and that 
which is contained under the lines A B and B F is alfo equall to the {quare of tbe line DB 
(by the fecond pars of the firft afvumpt going before the 33. of the seth) wherfore the (quare 
of the line A D is incomenfurable to the 
fquare ofthe line D B. Wherefore the D 
Lines A D and D Bare incommen[ura- 
blein power. And forafmuch as the 
[quare of the line A B is mediall, there- 
‘fore alfo the fuperficies made of the © 
fquares of the lines A Dand D B ad. 
ded together is mediall. For the {quares 
of the lines A D and D B are ( by the 47. of she firft ) equall to tbe n. ef the line A 
B. Andfora[much as tbe line B C is double to theline F D. (asitsvas proued in the pro- 
polition going before) therefore the parallelogramme contained under she lines AB and 
and B C is double to the parallelogramme contained under the lines AB and FD (by the 
third affurapt going before she 33. propofision) wherefore it is alfo. commenfurable vnto i$ 
(by the fixt of the sent) But that which is contained vnder she lines A B and BC is fuppo- 
fidso berationall. Wherfore that which is contained under the lines A B and F Dis alfora- 
tionall.But that which is contained under the lines A Band F D,is equall to that which is 
contained under the lines A D and D B(by the laft part of the firft afvumpt-going before the 
33 .0f the tenth) Wherfore that which ts contayned under the lines A D and D Bisalfo va- 
tionall. Wherefore there are found out two right lines A D and DB incommenfurable in 
power, whofe (quares added together,makea mediall uperficies,and the parallelogramme co- 
tayned vader them,makearationall fuperficies : which was required to be done. 


E B F A 


q The 12.Probleme. ^ — T he 3s. Propofition. 


T'o finde out tio rigbt lines incommenfurable in power j'wbofe fquares ade 
ded together make a mediall fuperficies and the parallelogramme contate 
ned ‘bnder them,make alfo a mediall fuperficies, which parallelogramme 
moreouer {hall be incommenfurable to the fuperficies made of the fquares 
of thofe lines added together. : 


= onely comprehending a medial [uperficies,fo that let tbe line A B be in power more 
Usthen the line BC by the {quare of a line incommen{urable in length unto the line A 
B. And vpon the line A B defcribe : 
afemicircle A D B, and let the reft 
of the conftruction be as st was in 
the two former propofitions. And 
forafmuch as (by the 2 part of the 
18.0f the tenth) theline AF isin-  ~ / | 
con:menfurable in length unto the E B F A 
line F B, therfore the line AD is 
incommen{urablein power vato the line D B (by shat which was demonfirated in the pro- 
pohiti going before). And forafmuch as the (quare of the line A B is mediall, therefore that 
alfo which is compofed of the fauares of the lines A D and D B (which [quarts arc equall te 
the fquare of the line AB by the 47. of the firit)is mediall.And forafmuch as shat which ia 
con- . 


A E Ake(by the 3 2.0f the tenth)two mediall lines A B and B C commen[urable in power 
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contained under the lines A F and F B,is equallto either of the [qares of the liges E B axd. 
F D, for by fuppofition the parallclogramme contained under the liges AF. ang EB is € 
quall to the (quare of the line E 3 and tbc fame parallelogramme ts. equall to the Muare of 
the line D Fl(by the third part the fuſt aſſumpt going before the as. Maube tẽtb VVhetfore 
the line BE is équall te tbe Ioa D F.Wherforethe line B C is double tothe line F D. Where- 
fore that whieh 1s contained under the lines A Band B Cit duub(e ro1h at which s caritai- 
aed vnder tbe lisies A B and.F. D Wherfore they are commen [uradie by the fixt of this boke: 
but that which is contained under the lines. A B and B C is mediall by feppofiricn.WLerfes e 
alfo that which is contained under the lines A B and F D is mediall (by the corctlary of the 
23, of the tenth)- Lut that whichis contained under the lines AB and F Dis (by the fourth 
part of the firft afvurmpt going before the 33 of the rerith) equallto that which is contained 
under the lines A D and DB : mherfore that which is contained under the tines AD and 
D Bisalfo wedialls_And forafmuchas the line.A Bis incommen{nrable in length vate the 
line B C.But the line BC 15 cormenfurable in length vatothe ize B E-Wherfore(Ly ibe 15 
of the tenth) the line A B is incoramenfurable in length untotheline BE. Wherefore the 
[quare of the line A Bis incommenfurable to that whichis contatned uncer the lines AB 
and BE (hy the firft of the fixt and-10.0f this booke) But unto the quare of tbe lint AB 
are equell tbe [quares of the lines A D and D B added together (by tbe q7 of the firft): and 
«nto that vbich is contayned vnder tbe lines A B and B E, is equal that which 15 centai- 
ned vnderthe liues A B and-F. D ,fhat is, which 2s contained under A D and D B. For the 
parallelogrammree contained under the lines A.B and F Disequall to the parallelogramme 
contained under the lines A D and D B (by the laft part of the firft aftumpt going before the . 
33 -0f this tenth booke) .Wherfore that which is compafed of the (quares of the lines A D and 
D B is incommpenfurable to that which is contarned under the lines A D and D B. Where- 
fore there are found out two right lines AB and D B inconsimenfurable in power, whofe 
Jquares added together make a mediall I fuperficigs,and the parallelogramme contayned on 
der then, wake alfa ame diall [uperficies, which parallelogramme mareouer is incommen{i- 
rable tothe fuperficies compofed of the {quares of thofe lines added together, which was re- 
quired to be done. n IMMENSE — 
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If two rational! lines commenfurable in power onely be added together:the iii faf Se- 
haleJine is ivrationall;and (s. called'a binmomium jor a binomiall line; ~~~ ME, 


gal bpofe that thefe two rationall right lines AB and BC being commenfurable 
i in porber ouely Leadad together. (.tbe xx-of the tenth teacheth to finde out two 
YS fuch lines). Then iI fay shat the whole line A-C4s irrationall . For forafmush as 





Mord site line A B isincommén[nrableinlength vnto the line B C, (for they are fup- Demonfire- 
pofedse be coniinenfurable ia power anely) Butas the’. oo Seeker ae i CM a. 
line A Bisto tbe line B C , fo ( by theafumpt put.be-A. . «taggin Bec uon — 


fore tbe 22.0f the tenth) is the paralelograme costai» 7^ on Ld 
ted vader the lines A'B and BG to the (quare ofthe...  - 8 — 
tine B Cyroberefavelay the.r0.af this.booke ) the parallelograme contayied under the lines A. 
ui DOG RS Lie Dig. e Vui HH:g, 46 Band 
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ton, 


_ wed under the lines.A Band B C twife:whercfore(by the 


The tenth Booke — 


B and B C ts incommenfurable t6 the [quare of the 
ine BC . But unto the parallelograme contained 
under the lines AB and BC is commenfurable the 
parallelograme contained-under A B and BC twife 
(by the 6.of the tenth’) : wherefore that which is contained under AB and b C twife is in- 
commenfurable tothe {quare of the line BC ( by the 13 of the tenth) . But vnto the [quare 
of the line BC is commenfurable that which is compofed of the fauares of the lines A Band 
BC (by the 15.0f the tenth) for by fuppofition the lines A Band BC are commenfurablein 
power onely .Wherefore( by the 13 .0f the tenth ) that which is compofed of the Tref the 
lines A B and BC added together is incommenfurable to that which is contained under the , 
lines A B and BC twife. Wherefore ( by the 16.0f the tenth ) that whichis contained un- 
der AB and BC twife together with the fauares of the lines AB and BC , which ( by the 4. 
of the fecond)is equal to the {quare of the whole line A C,is incommenfurable to that which 
as compofed of the{quares of A B and BC added together . But that which is compofed of the 
fquares of A B and B C added together is rational , for it is commen[urable to either of the 
Squares of the lines A B and BG of which either of them is rationall by fuppofition:wherfore 
the {quare of the line AC is(by the 10 definition of the tenth)irrationall. Wherefore the line 
ACalfois srrationall,and is called a binomiall line. 


A g e 





This propofition fheweth the generation and produ&ion of the fecond kinde of ir- 
rational lines which is called à binomium,or a binomial line. The definition whereofis 
fully gathered out of this propofition,and that thus. 

A binorsinm or a binomtall |ine,ts an srrationall ine compofed of two rationall lines commenfae 
rable theone to the other in power onely. Anditiscalleda binomium, thatis , having two 
names,becau(e itis made oftwo fuch lines as of his partes which are onely commenfu- 
rable inpower and notin length : and therefore ech part or line, or at the leaft the one 
of them,as touching length,is vocertaine and vnknowne. Wherefore being ioyned to. 
gether their quantitie cannot be expreffed by any one numberor name , but cch part 
remayneth ta bcíeuerally named in fuch fort asit may. Andof thefe binomiall lines. 
there are fixe feuerall kindes , the fir(t binomiall , the fecond, the third , the fourth, the 
fifth and the fixt, of what nature and condition ech ofthefe is fhalbe knowne by their 
definitious which are afterward fet in their due place. 


q The 2s. Theoveme. ` The 37. Propofition. 


If two mediall lines commenfurable in power onely containing a rational 
Juperficies , be added together:the ~whole line is irrationall , and is called a 
oU fifi bimediall line. - 


Et thefe taro mediall lines AB and BC being commenfurable in power onely , and 
< j contayning a rationall {uperficies(the 27. of the tenth teacheth to finde out two fuch 
EA) lines)be compofed Ther] fä that the whole line A C is irrationall : For as itwás 
füyd intbe propofition next going before that which is compofed of the {quares of the lines 
A Band BC is srcommit{urable to that which is contai- ‘ 
16.of the tenth )that which is compofed of the [quares of E — 2 
the lines AB and B.C. together with that whichis con- — : 
tained under the lines AB and BC wife, that is , the i 
Square of the line A C is incommenfuráble to that which is contayned under the lines AB 
and BC twife.But that which is, comtayned under the lints A B and B C twifeis commen- 
fwrable té-tbat which is contayned under the lines AB andB C once(by the 6of1 e ) 
wherfore 
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wherefore the [quare of the whole line A ©, is (by the 13.0f the tenth) incommenfurableta 


that which is contained under the lines AB and BC. once. But ty,fuppofition the lines AB 
and B C comprehend a rationall fuperfictes. Wherefore tbe quare of the whole line AC is 
irrationall:wherefore alfo tbe line A C is irrational. And it is called a firft bimedjall line. 


The third irrational line which is calleda firkt bimediall line,is fhewed by this pro- 
pofition,and the definition thereof is by it made manifeft,which is this. .4 firft bimedsall 
bine is. an srrationall line which is compofed of two mediall lines commenfurable in power onely con- 
tayning avatienall parallelograme.It is called a firft bimediall line , bycaufethe two mediall 
lines or partes whereof it is compofed contayne a rationall fuperficies,which is prefer- 
ted beforean irrationall. i 


fT he 26. T beoreme. The 38.Propofition. 


If two mediall lines commenfurablein power onely contayning amediall 


Juperficies be added together : the whole line tsirrationall, and is called a 
Second bimediall line. 


]| Et tbefe two medial lines A.B and B C being commenfurable in power one- 
ly,and contayning A mediall fuperficies (the 28 of tbe tent teacheth to finde 
Jed | out trvo [uch lines)be added together.T hen I fay that the whole line A C is 

PAP’ | irrational. Take a rationall line D E. And(by the 44.of the firft) upon the 
FS! line D E apply the parallelograme D F equat to the Square ofthe line A C, 
whofe other fide let be the liac DG . And. forafemuch as tbe (quare of the 
line A C is (by the 4.of the fecond) equall to that which 

és compofed of the {quares of the lines AB andBC, to- A P c 
gether with that which is contained under thelines AB 
and B.C twife:but tbe [quare of the line AC isequall p H c 
tothe parallelograme D FWherefare tbe parallelograme 

DF isequallto that which is compofed of the [quares of 

she lines A Band BC together with shat which is con- 

tayntd vnder the lines A B and B C twife. Now then a- 

gayne(by the 44,0f the firft) upon the line D E apply the 

parallelograme EH equall to the fauares of thelines A 

BandBC. Wherefore the parallelograme remayning, 

namely ,H F,iseqnall to that whichis contained under E K F 
the lines AB and B C twife . And forafmuch as either 

of thefe lines A B and B C is mediall,tberefare tbe [quares of the lines A B and B C are al. 
fo mediall. Aud that which is contained vnder tbe lines.A B and B C. twife is(Ey the corolla 
ry of the za of the tenth mediall.F or by the d.of this booke it is commre[urable to that which 
it contained under the lines AB and BC once, which is by fuppofition medial. But unto the 
Squares of the lines AB and B C is equal the parallelograme EH , and-unto that which is 
contayned under the lines AB and BC iftis eguall — HE - wherefore 
either of thefe parallelogrames H Eand A F ss medijall:and they are applyed upon the vatio- 
nall line ED.Wherefore(by the 22.0f the tenth) either of shefe lines D H and HG isa raa 
sionall line and incommenfurable in length unto the line D E. And forafmuch as(by fuppo- 
fition the line A Bis incommenfurable in length vnto.the line BC . But as the line A Bis 
16 the line B C. fo is the (quare of the line A B to the parallelograme which is contayned un- 
der the lines AB and B C (by the firi of the fixt) . Wherefore(by the ro of this booke ) the 
Square of theline AB is incommenfurable to the parallelograme contayned under the lines 

HH iii. AB 
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A B aud B C.But to tbe [quare ofthe line A B is com- 

menfrable that which is compofed of the fauares of the A p c 
hanes AB and BC ( by thers.of thetenth ) . For the 
Squares of the lines AB. and BC are commenfurable 
(when as toe lines A Band BC are put to be commen- 
firabie in power onely) . And to that which is contayned 
under the lines AB andBC is commenfurable that - 
which is contained under the lines AB and B C.twife. 
(by the 6 of the tenth) wherefore that which is compofed 
of the fquares of the lines A B and B C isincommenfu- 
rable to that which ss contayned under the lines AB 
and B C twife . But tothe {gnaresofthelines ABand 
B.C is equall the parallelugrame E.M. And to that: 
wich is contayned under the lines A B and B C twife is equall tbe parallelograme FH. 
Wherfore the parallelograme ¥ VA is incommenfurable to the parallelograme U1 E, Wherfore 
thelineD Has incommenfurable iz length to the lane H G (ty the r of the fixt and 10 of 
this doske). And st is prowed that they are rational lines Wherefore the lines D H G@HG 
are rational commenfarable in power onely Wherefore (by the 36 . of the tenth) the whele 
line Vy G fs irrationMI And the lineD Eis rattonall.but a rectangle faperficies conmpre- 
bended vader a vationsll line and av irrational line is(by the corollary-added after the 21 of 








- the tenth) irvationall. Wherefore the fuperficies D Eds irrationall.And the line alfo which 


coptaipeth it in power 1s irrational. Bus the line A C containeth in power the fuperficies D 
Y Merefere Vie line À C is irrationall. And it is called a fecond bivaediall line. — 
wt ru a et — x X 

This Propofition iheweth the generation of the fourth irrationall line, called a [econd, 
bimediall line. The definition wherof is euident by this Propofition, which is thus, 


D:finition of 4 fecond bimediall linis an irrational line, Which is made of va medial: lines commenfitrable in 
a fecond bime pover onely ioyned together which comprehend a medtall fuperficies. And it is calleda fecond bi- 


déall line. 


Demonffra- 
tiis 


mediall becaule the two mediall lines of which iris compofcd,cótaine a mediall fuper- 
ficies,and not arationall, Now a mediallis by nature &inknowledge after a rationall, 
r i Na Ry aes s ME ; 





f| Tbe 21. T beoreme. Tbe 30. Propoſition. 
. [ftworight lines incomenfurable in power be added together, hauing that’ 
which és compofed of the dla of them rationall, and the parallelogrzme 
+ contayned pnder them medial; the ‘whole right. line is irrational, and is 
called a greater line. oe Cows 
Myu Th oe TA SS we Mao SD g ; 
es Eribet tb richtlder A B and 3 C bang intormmenfurable in parer onely, 
Yard making that which is tequiredin the Propofition ( The 33. of she tenth 
S resorte finde ont-tnvo'fach lines’) beiaibted together . Then 1 Jay, that the 
Ey whole line A C isirrationull: For foralmiuch as (by fuppofition) tbe parallela? 
IISA cramime contained under the lines 4 B and B C is medial, therefore the pa- 
railelogramme contained twife under the lines A B and B Cís mediall . ( For.that which & 
contirined under AB and B Ctwifes7} commenfurable to thatwhich is cotained vnder AB 
aad B C once (Ey the 6 .of the tenth ) Perefore (Ey the Corollary of tbe^23 of tbe tenth) 
fhat which is consained viide? AB C&B C twife, is rnediall) But by [uppofition tbat vbich 
3: compefed of the frbares of the lines AB and BC, is rationall-, Wherefore that which 
contgined under the lines'A B and BC twife isincommaenwrable to that which is oni 
vay T . K —— RET . * ofthe. 
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af the fquaves of) the lines ABandBC. Wher- , 
Jote (by the i6 of the tenthythát which is com- A » C 
poled of the [quares of tbe lines A Band BC to- : 
gether with that whichis contayned under the A : 
Tel A B d B C wife, which is (by the g.0f the fecond) equall to the fquare of the line AC, 
#§ incommenfurable to that which is compofed of the {quares of the lines AB and BC. But 
that whith is compofed of the {quares of the lines AB and BC, is rationall .Wherefore the 
Square of the whole line AC, is irrational Wherefore the line A C alfo is irrationall . Ana 
is called a greater line . And itis called a greater line for that that which is compofed of the 
Squares of the lines AB & B C which are rationall,is greater then that which 15 contayned 
under the lines AB and B C twsfe,which are mediall . Now it is meete that the name fhould 
be genen according to the propertie of the rationall. 





An Affümpt. 


And that tbe fuperficies compofed of the [quares of the lines AB and BC, is greater then 
that which is contained vnder the lines A B and B C twife, may thus be proued . Firfl iti 
manifefl, that the lines A B and BC are unequall : for if they were equal , then the {quares 
of the lines AB and B C fhould be equall to that which ts contained under the lines AB and 
BC twife,fo that that which is cotained under AB 
and BC, fhould alfo be rational: which iscontrary A D B c 
10 the fappofition . Wherefore the lines AB and ; 

B C are vnequall . Suppofe then that the line AB I 

be the greaser, Cy let the line B D be equal to the line B C. Wherfore(by the 7.of the fecond) 
the {quares of the lines A B and B D, are equall to that which is contained under the lines 
AB and BC twife and to the quare of tbe line AD . But tbe line D B is equall to tbe line 
B C .Wherefere the fquares of tbe lines A Band BC, areequall to that which is contained 
sunder the lines AB and BC twife and to the faware of the line A D . Wherefore the [yuares 
ef the lines A B and BC are greater then that which is contayned under the lines AB and 
B C twife, by the (quare of the line A D : which was required to be proued. 


This Propofttion teacheth the produGion of the fiftirrationall line, which is called 
a greater line : which is by the fenfe of this Propofition thus defined. i 

«^4 greater lineis An irrationall line Which ii campoféd of'two right lines Which are incommenfa- 
Fable sti power the fouares of Which added together, make a rationall fuperficies, and the parallela- 
gramme Which they containe, ts medial. Ieis therefore calleda greater line, as Theon fayth, 
becaule the (quares of the two lines of which itis compofed,added together being ra- 
tionall,are greater then the mediall fuperficies contained vndet them twife. And it is 
convenient that the denomination be taken of the proprietie of the rationall part, ra- 
ther chen of the mediall part. 


9 T be 28. T beoreme. The 4o. Propofition. 


If two right lines incómenfurable in power be added together , bauing that 
which is nade of the fquares of them added together mediall , and tbe pa» 
rallelogramme contayned ‘ynder them rationall : the whole right line is ire 
rational, and is called a line contayning in power a vationall and a mediall 


fuper ficies. 


Let 


An Aßumpt. 


Diffinition of 
4 greater line. 


Dezosn[lra- 
sion. 


The tenth Booke 


NS Et thefe two right lines A B and BC being incommenfurable in power, & making 
that which ss required in the Propofition be added together. (The 34.0f the tenth 
X, teacheth to finde out treo fuch lines). Then fay, that the whole line AC is irra- 
sionall . For forafmuch as that which is compofed of the [quares of the lines AB 
and BC is mediall, but that which is contained under the lines AB and BC twifeisratio- 
nall, therefore thas which is compofed of be (quares of the lines A B and B C, is incommen- 
furable to that which is contained onder the lines A B and BC twife .Wherefore (by the 16. 
of the tenth) that which is compofed of | thé : [quares of the lines sA B and BC together with 
that which is contayped onder the lines ABandBC . 
nvife wbich (by the g.of the fecond ) isthe [quare of 


a. 







the wholeline AC;i8 incommenfurableto that which A B c 
35 contained under tbe lines A B amd. B C yife . But 
shat which is contained under the lines A Band BC. * ^ < 


twife,is rationall , for that which is contained under the lines A B and B C osse is put to be 
rationall .Wherefore the (quare of tbe ibolé line A'C isirrationall . Wherefore theline AC 
alfo isirrationall . And itis therefore called a line containing in power a rationalland a me- 
diall [uperficies becanfe the power thereof contayneth two fuperficieces, whereof the one is ra- 
rionall,namely,that which 1s contained under the two partes,and the other mediall, namely, 
that which is made of the {quares of the partes added together. And by reafon that the ra- 
sionall isin order of nature & of knowledge before the mediall, therfore the firft part of the 
denomination is taken of it , aiid the [econd part is taken of the medial: which was required 
tobe proucd, . .—~.-—-. 2. 


InthisPropoGtian is caught the generation ofthe (ixtirrationallline, which is cal- 
eda line whofe power isrationalland mediall, The definition of which is gathered of 

thys Propofition aftetthis maner. 
A lyre whofe pemeris rational and medial, is an irrational ine Which is made of two right lines 


Diffinition of * spcomsosen furable in power addedtogether, Vohofe [quares added together makea medial fisperficies, 
a lnc whofe but that fuperficies Which they containe is rational . The reafon of the oame is before fet forth 
power is rati- in the Propofition. 


onall and 


æcdiall. 


Y 


qU he 2 p. T beoreme. The 41. Propofition. 


Iftwovight lines incommenfurable in power be added together, bauyng 
"that which is compofed of the quares of tbem added together mediall, and 
the parallelogramme-contayned ynder tbem mediall, and alfo incommene 
furable to that which is compofed of tbe [quares of them added together: 
“the whole right line is irrationall,and is called a line contayning in power 
' twomedials. UN : g 


Et thefetwo right lines A B.and BC being incommenfurable in poer and hauing 
| M| that which és compofed of the  fquares of the lines AB and B C mediall,and the pa- 


/ rallelagramme which is contayned under the lines A B and B C mediall, and alfo 
Mocomimenfurableto tbat which is compofed of the [quares of tbe lines A B and B C added 


Conitrutlion . -tggether,be added together (the 3 5 of the tenth teacheth to finde out two fuch lines) Then I 


fay that the whele line A Cis irrationall. Take avationall line D E, and (by -he 44. of the 
feft) pon the line D E apply the parallelogramme D F equall tothe {quares of the lines A 
Band B C.And upon the line G F which is equall to the line D E, apply the parallelograme 
G H equall so that which is contained under the lines AB and BC twife. Wherefore nn 

: whole 


.. ef uclides Elementes,- Foliót. 
whole parallelogramme D H is equall to the {quare of the line AT (by the 4. of the  fecond.) 


Dentnflra- 


Aad forafmuch as that which is compofed of the (quares of the lines A B and BC is medial tion, 


and is equall to the parrllelogramme D F : therfore D F alfo is mediall (by that which was 
faid ir the 38 propofition of his booke). And it is 

applied upon the rationall line D E. Wherefore the 

dine D G1s rational and incommenfurable in légth A — — 

onto y line D E(Ly the 22.of the teth). And by the 

famereafon the lynz G K is rational Qv incómt[ura- 
ble in length vxto tbe line G F,thal is,vnto the line 
D E.Aud forafmnch as that which is compofed of $ 
Squares of the lines A B Qr B C added together,is by 
fuppofition incomenfurable to that which is cotained 
under the lines A B and BC twife, therfore alfo the 
perallelogramme D F is incommenfurable unto the 
parallelogramme G H.Wherfore alfo the line D G is. - 
incomnsenfurable unto the line G K (by the firit of 
the fixt) and dy the tenth of the tenth. But itis now — — — —. 
proued that they ave rationall. Wherfore the lines D 
G and G K are vationall commenfurable in power 
onely. Wherfore ( by the 36. of the tenth) the whole 
dine 1D Kis vationall,and is called a binomiall line, but tbe lint D E is ivrationall. Wherfore 
1he parallelogramme D H is irvationall(by the corollary added after the 28 pa ofthe 
tenth). Wherfore alfo the line whiċh containeth it in power is irrationall: but the lihe AC 
containeth is in power. Wherfore the line AC is irrativnall, and is called a line contayning 
in power two medials.It is called a line containing in power two medials, for that it contay- 
neth in power two — of which is compofed of the [quares of tbe. lynés 
"A B and B C added together and the other is that which is contained under the lines AB P 
B C twife : which was required 10 be demonfirated. S 
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In this propofition is taughe the nature of the 7.kinde ofirrationall lines which is 

' called aline who(e power istwo medials, The definition whereóf is taken of this pro» 
pofition after this maner. — 
A line whoſe power is two mediali, is an irrationall line whic hit compoſed of two right lines in- 
eonmmenſurable in power, the ſquares of which added together, mabæe a médiall ſuperficies, and that 
Which is contained vnder them is alfo mediall, and moreouer it is incommenſur able to that which is 


csmpofid of the Pwo fquares added together, 


The reafon why this lineis called a line whofe power is two medials, was before iit 
theende ofthe demonftration declared, 


And that the {aid irrational lines are dewided one way onely, that is, in one point onely, 
into the right lines of whith they are compofed, and which make enery one of the kindes of 
thofe srrationall lines, [hall flraight way be demdnfirated : but firft will we densonftrate two 
affumptes here following. . D 


Iu C «| An Affumpr. 
Take a right line and let the fame be A B, and denide it intoto omeqnall partes in the 
point C,and againe dewide the fame line A B into two other unequal partes,in an other point 
namely, in D, and let the line AC (by fuppofition) be greater then theline D B. Then Lfay 


seg thas 
^q 


Diffinition of 
aline contai- 
ning in power 
tiwo medialt. 


An Affumpt; 


The tenth Booke 


that the (quares of the lines A C and B C added together ert greater then tbe fauares of the 
lines A D and D B added together. Deuide the line A B (Ly the 10. of thefirft) into two e- ' 
quallpartes in tbe paint E.And forafsuch as tbe line A C ts greater then the line D B, take 
away the line D C which is common to them both : wherfore the refidue A D is greater thin 
the vefidue C B,but the line A E is equall to the line E B. Wherfore the lige D. E is leffe then 
the line E C. Wherfore the pointes C and D arenot 

equally diftant from the point E,whichis the point A Tod á s 
of the feclion into tmo equall partes. «4nd forf- — — — 
much as (by the 5. of the fecond) that which is con- à 
tayned under the limes AC and C B together with 5 of tbe liae E C it equall to the 
Sqsare of the line EB. And by the fame reafon that which is contayned under the lynes A D 
and D B together with the [quarc of the line D Eis alfo equall to the felf [ame fquare of the 
linc E B : wherfore that which is contained vnder the lines ACandCB together with the 
[qsare of the line E C is equall to that which is contained under the lincs A D and D B to- 
gether with the {quare of the line D E : of which the {quare of the line D Eis lefe then thè 
Square ofthe line EC (forit was proucd that the line D E is lefe then tke line E C). Wher- 
fere the parallelogrammeremayning,contayned under tbe lines A C and C B is leffe thé the 
parallelogramme remayning contayned under the lines A D and D B. Wherfore alfa that 
which is contayned under the lines A C and C B triftis lefe then that whichis contayned 
onder the lines A D and D B twife.But(by the fourth of the fecond)the {quare of the whole 
line AB isequalt to that which 1s compufed of the {quares of the lines A Cand CB toge- 
ther with that which is contained under the lnes AC and CB twife, and by the 
fame reafon the fauare of the whole line AB is equall to that which is compofed of the 
Squares of the lines A D and D B together with thas which is contayned under thelynes A 
D and D B twife : wher fore shat which is eye of the (quares of the lynes 4 C and C B 
together with that which is contayned under the lynes A C andC B twife, is equall to that 
which is compofed of the {quares of the lynes A D and D B,together with that which és con- 
tayned wnder the lynes A D and D Btwife. But it is already proned that that which is con- 
tayned under the lynes AC and C B twife, is lefe then that whichis contayned under the 
lines:A D & D B twife.Wherfore the refidue namely that which is compofed of the {quares 
of the lines A C and C B js greater then the refidue,namely, then that whichis compofed of 
the (quarts of the lines A D and D B : which was required to be demonflrated. 


q An Affurnpt. 


A rational fuperficies exceedeth a rational! fuperficies, by a rational fie 
perficies. : 


Let AD be arationall {uperficies, and let it exceede AF 
being alfo a rationall fuperficies by the fuperficies E D.Then 
T fay that the fuperficies E D is alfo rationall. Far the paral- 
Glogramme A D is commenfurable to the parallelogramme 
A F for that either of the is rational. Wherefore (by the 
fecond part of tbe x g.of the tenth) the parallelogramme A 
F is commenfurable tothe parallelogramme ED. But the 
the parallelogramme A F is rational. Wherfore alfo the pa- 
rallelogramme E D is rational. > 


B E A 


of Euclides Elementes. Fol.262. 
q Ube 30.T heoreme. The 42. Propofitien. 


A binomiall line is in one point onely deuided into bis names. 







The fecond Se 
nary by com- 
2 AV ppofethat AB bea binomial line, and in the point C fet it be denided into pofition, 
O A | his names,that is,into the lines wherof the whole line A Bis compofed. Where- 
A% A fore thefe lines AC andC B are rationall commenfurable in power onely.Now I 
AMY fy phat the line A B cannot in any other point befides C be denided into two ra- 
tionall lines commenfurablein power onely.For — , . Denonfirati- 
if it be poffible,let it be deuided in the point D, Ars nce d B Et L5 e deading s 
fo tbat lei thelines A D. and D B. be rationall 2 mun di 


commenfurable in power oncly.Firft it is manifest that neither of thefe pointes C and D de- 
uideth the right line A B into two equall partes. otherwife the lines A Cand CB fhould be 
rational commenfurablein lengtd,and fo likewife fhould the lines A D and D Bte. For e- 
uer) line meafureth it felfe, and any other linc equall to it felfe. Moreoner the line D B is 
either one and the fame with the line A C,that is,ts equall to the line AC, or els it is greater 
then the line A C, either els 1¢ is leffe then it.If DB be equall tothe line AC then pusting the 
line D B upon the line AC eche endes of the one, [hall agree with eche endes of the otter. 
Wherfore putting the point B upon the point A,the point D alfo fhall fall vpon the point C, 
andthe line A D which is the reft of the line A C,fhall alfo be equall to the line C B, which 1s 
the vefl of the line DB.Wherfare the line AB is dexided nto his names in the point C.And fo 
alfo foal the line A B being deuided in the point D be deuided iz the felf fame point that the 
Self fame line AB was before deuided in the peint C,which is cūtrary to the ſuppoſitiõ. For by 
f'ppofitia it was deuided in fundry pointes namely, in C ( D .But if'the line D B be greater 
the the line AC,let the line A B be deuided into two equal partes in the point E.Wherfore the 
points CG D fhal not equally be diftant fro the point E.Now(by the fir(t afvupt going before 
this propofitio that which is copofed of the {quares of $ lines A D dr D Bis greater thé that 
which is compofed of the {quares of the lines A C dv C B. But tbat which is compofed of the 
Squares of the lines AD Qj DB together with that which is cõtained vnder the lines A D & 
D B twife,is equall to that which is compofed of the [quares of the lines AC & CB together 
with that which is contained under the lines A Cand C B twife,for either of them is equall 
10 the fauare of the whole line A B (by the 4.of the fecond) : wherefore bow much that which 
is copofed of the {quares of the lines A D and D» B added together is greater then that which 
iscompofed of the fquares of the lines A C and C E added together, [o much is that which is 
contained vider the lines A C and C B tmife greater tben that which is contained vnder the 
lines A D and D B twife. But that which is compofed of the {quares of the lines A D and D 
Bexcedeth that which ts compofed of the (quares of the lines A C and C B by a rational! [u- 
perficies(by the 2. afSumpt going before this propofition.) For that which iscompofed of the 
fauares of the lines A D and D B is rationall, and fo alfo is that which is compofed of the 
[quares of the lines AC and C B:for the lines A D and D B are put to be rationall commen- 
Surable in power onely,and fo likewife are the lines AC and C B.Wherfore alfo that which is 
contained under the lines AC and CB twift, exceedeth that which is contained under the 
lines A D & D B twife by a rational ſuperficies, whẽ yet notwithftading they are both medial 
Superficieces (bythe 21. of the tenth) :which(by the 26.of the fame) is impoffible. And if the 
line D B beleffe then the line A C,rve may by the like denonftration prone the felfe fame im- | 


pofiibilitie. Wherfore a binomiall line is in one point onely devided into his names : Which 
was required to be demonftrated. 


ILj. Cerrollary 


A Corollary. 
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T he tenth Booke 


Corollary added by Fluffates. 


Two rational lines commenfurable in power onely being added together cannot be equall to two: 
other rational lines commenfurable in power onely added together . For cither ofthem fhould 
make a binomiall line,and fo fhould a binomiall line be devided into his names in moe 
poyntes then one:which by this propofition is proued to be impoffible, The like (hall 
follow in the fiuc;next irrationalllines as touching their two names, 


f The 31. Probleme. The 43. Propofition. 
A firft bimediall line isin one poynt onely deuided into bis names. 


— that AB bea firft bimediall line, and let it be denided into his partes iz 
the point Cfa that les the lines AC and C B be mediall comenfurable in power 
e onely and containing a rationall (uperficses.T hen I fay that the line A B can not 
AY be denided into his names in any other poynt then in C. For if it be poffible let it 
be deuided into his names in the poynt D , fo that let 

AD & DB be mediall lines commenfurable in power 4 D c B 
only, comprehending a rational, Lfuperficies. Now for. — — 

afmuch as how much that which is contayned under 

she lines AD and DB twife differreth from that which is oe under the lines AC 
and CB twife, (o much differreth that which is compofed of the fqnares of the lines AD 
and DB from that which is compofed of the {quares of the lines AC and CB. but that 
which is contayned under the lines AD andD B twife differreth from that which is contay 
ned under the lines AC and C Btwife,by a rational fuperficies ( by the fecond affumpt go- 
ing before the 41.0f thetenth).For either of thofe fuperficieces is rationall . Wherefore that 
which is compofed of the fquares of the lines A C and CB differeth from that which és com 
pofed of the fquares of the lines AD and DB he rationall fuperficies , when yet they are 
both medial fuperficieces:which is impoffible. Wherefore a fir/t bimediall line ts $m one poynt 
onely deuided into his names: which was required to be proued. 






q Ube 32.Theoreme. | The 44.Propofition. 
A fecond bimediall line is in one poynt onely denided into his names. 


SV ppofe shat the line AB being a fecond bimediall line , be deuided into hys 
S| names in the poyst C. : fa that let the lines A C and C B be mediall lines com- 
d menfurable in power onely comprehending a mediall [uperficies . It is manifeft 
SASL that the poynt C deuideth not the whole line AB into two equall partes. For 
the lines A C and C B are not commenfurable in length the one tothe other.Now I fay that 
the line À B cannot be deuided into his names in 4n) other poyut but onely in C. . For if it be 
poffible,let it be deuided into his names in the poynt D fo that let not the line AC be one and 
ihe ſame, that is,let it not be equall,with the line D B.But let it be greater then it. Now itis 
manifefl (by the fivft affumpt going before the 22. propofition of this booke ) that tbe fquares 
of the lines A C and C B are greater then the [quares of the lines AD andDB. And alfa 
that the lines A D and D B are medialllines commenfurable in pomer onely comprehending 
a mediall fuperficies.T ake a rational line EF. And(by the 44.0f the firft) upon the line EF 
apply a rectangle parallelograme EK equall to the {quare of the line AB. From which pa- 
rallelograme take away the parallelograme E. G equall to the {quares of the lines AC and 
CB Wherefore the refidue namely, the parallelograme JAK is equall to that which is t 
ne 





of | Euclides — 


the fquares of the lines A C and C B. Wherefore the re- 
fidue,namely, the parallelograme MK is equallto that 
which is contayned under the lines AD and DB tnife. 
And forafmuch as the {quares of the lines AC andCB 
are racdiall, therefore the parallelagrame EG alfo is me- 
diall. Andit is applyed pan tbe rationall line E. :where- 
fore the line EM is rationall and incommen[urable in 
length tothe line EF. And by the fame reafon, the 
parallelograme AK is mediall (for that whichis e- 
quall vnto it, namely, that which is contayned vnder the 
lines AC and CB nwife is mediall ) therefore the line 
HN is alfo vaticnall and incommenfurablein length un- 
to the line EF. And forafmuch as the lines A C and C B 
are mediall lines commen[urable in power onely, therefore 


the line C is incommenfivable in length unto the line CB. But asthe line AC 63 tothe 
line C B,foisthe fquare of the line A C to that which is contayred under the lines AC 
and C B(by the v of the fixt). Wherefore the [quare of the bne A C isincommenfurableso 
that which is contayned under the lines A C and C B.But (by tbe 16 uf the tentb unto tbe 
Square of the line A C are commenfurablethe fauares of the lines AC and C B added to- 
Lether, for the lines A C and CB are commmen{urable in power onely.And unto that which 
is contayned under the lines AC and CB is commen furable that which is contayned vn- 
der the lines A C and C B twife . Wherefore that which is compefed of the [quares of the 
lines A CandC B, 1s incommenfurable to that which is contained under the lines AC 
and C B tmife . But to the {quares of the lines A C and C Bis equall the parallelograme 
E Gand to that whichis contained under the lines AC and C B twife is equalltbe para- 
lelograme HK Wherfore the parallelograme EG is incommenfurable to the parallelograme 
HK Wherefore alfo the line BH is izcommenfuratle in length totheline AN . And ike 
lines E H and H N are rationall Wherefore they ave rationall commenfurable in power one- 
Lj: but if tivo rationall lines commenfurallein power onely be added together,the whole line ts 
srrationall,and is called a binomial line ( by the 36. of the tenth) . Wherefore the bissomiall 
line EN is in the poynt H. deuided into his names, And by the fame reafon alfo may it be 
proued that the linesEM andMN are rationall lines commenfurable in power onely. Wher 
fore EN being a binomiall line is deuided into bis names in fundry poyntes,namely , in 
and M, neither is the line EH one and the fame, that is equal with M N.F or the {quares of 
the lines A C and C Bare greater then the {quares of the lines B D and A D ( by the 1af- 
fompt pus after the 41.of thetenth ) . But the {quares of the lines AD and D B are greater 
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wed under the lines A C and CB tivife_Agayne from the the parallelograme E K take away 
the parallelograme E L equal to the (quares of the lines AD and DB which are lefe then 








then that which is contayned vider the lines À D and D Btwife (by tbe affumpt put after 
the 3.9.of the tenth). Wherefore the {quares of the lines A C and C B,that is,tbe parallelo. 
grameEG is much greater then that which is contained under the lines AD andDB 
twife,that is then the parallelograme M K.Wherfore ( by the firft of the fixt) the line EH is 

reater then the line MN. Wherefore EH is not one and the fame with MN .Wherefore a 
Mast line is in two fundry poyntes denided into his names. Which is ienpoffible. T he felfe 
fame abfurditie alfa will follow if the line AC be fuppofed to be lefve then the line DB. A 
fecond binomiall line therefore is not deuided into his names in [undry poyntes Wherefore it 
4s deuided in one onely:which was required to be demonflrated. 


The 45. Propofition. 


‘A greater line isin one poynt onely deuided into his names. 


Dewonftretia= 
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The tenth Booke 
Eg AB being a greater line be deuided into his names in the poynt C, fo that let the 


lines A C and C B be rationall incommenfurablein power, hauing that which is 
| compofed of the {quares of the lines A C and C B rationall,and that which is con- 


Demonftrati- tained under the lines A C and C Bmediall. Then] {ay that the line AB can notin anyo- 


on leading to 
an impoftrbs- 
stie, 


Demonllrati- 
on leading to 

an impoffibi- 

Atie. 


ther poynt then in C be denided into his names. For 

of it be poffible,let it be denided into his names in the A ^ 
poynt D fo that let A D and D B £e lines incomm£-. ^ 
furablein power, haning that which is compofed of 
the {quares of the lines A D and D B rational, and that which is contayned under the lines 
A D ard D B medtall.Now forafmuch as how much the {quares of the lines A C and C B 
differ from the {quares of the lines AD andD B,fo much differeth that which ts contained 
urder the lines AD and D B twife from that which is contained under the lines AC and 
CB twife,by thofe thinges which hane bene fayd in the demonitration of the 42. propoſiti. 
on.But the [queres of tbe lines A C and CB exceede the fquares of the lines AY) and 
D B Jy a rationall f[nperficies( for they ave either of them rationall).Wherfore that which is 
contained under the lines AD and D Brwife exceedeth that which is contained under the 
hnes A C and C B twife by aratianall fuperficies:when as either of them is a mediall (uper - 
fries Which is impoffible ( by the 26.of the tenth) . Wherefore a greater line is in one poynt 
oncly deuided into his names:which was required to be proued. 


B 





g The 34. T beoreme. The 46. Propofition. 


A line contayning in power a rationall anda mediall, is in one point ones 
ly deuided into his names. 


Et AB being a line containing in power a rationall and a mediall, be deni- 
ded into bis names in the point C, fo shat les the lines AC Cy CB be incom. 
msenfurablein power, hauing that which is compofed of the {quares of the 
lines 4 C and C B mediall, and that which is contained under the lines 
A C and C B rationall . T ben 1 (ay that tbe line A B. can not in any other 
zy oit be deuided into bis names but onely in the point C .. For if'it be pofi- 
ble, let it be deuided into his names tn the point D, 
fo that let the lines AD and D B beincommenfura- — B 
ble in power, hauing that which is compofed of the 
fauares of the lines A D and D B mediall,and that 
which is contayned vider tbe lines A D and D B rationall . Now forafmuch as how much 
that which is contained under the lines. AD Gr D B twife differeth from that which is con- 
tained under the lines AC and CB twife, fo mach differ the {quares of the lines AC CG CB 
added together from the (quares of the lines A D and D B added together . But that which 
ix contayned under the lines AC and C B twife excedeth that whith is contained under the 
lines A.D and D B twife by arationall fuperficies ( for either of them is rationall ) . Where 
fre alfo the [quares of the lines A C and C B added together, exceede the [quares of the lines 
A D and D B added together by arationall fuperficies, when yet ech of t em ii à mediall fu 
perficies which is impoffible . Wherefore a line containing in power a rationall and a medi- 
all, is in one point oncly deuidtd into his pames ; which was required to be demonstrated. 


qT he 








of Euclides Elementes, Fol.264. 
f Ihe 55. T beoreme. The 47. Propofition. 


A line contayning in power two medials, isin one potnt onely desided into 
bis names. 


V^ppofe that A B being a line containing in power two msedialls, be denided into: 
his names in the point C, fo that let tbe lines A C and C D beizcomwien[urazíe 
|in power having that which is compofed of the fquares ofthe lines AC & CE 
SSCL medial, and that al[o which is contained under the lines A C and C B mediail; 
and morcouer incommenfurable to that which is compofed of the fquares of the lines AC and 
CB. Then1 fay, that the line AB can in no other point 
be denided into his nares but oncly in the point C . For if 
it be pofible, letit be denided into his names in the point 
D, fe that let not the line AC be one and the fame,thatis, — NOH N 
equall with the line D B:but by {appofition let the line AC T7 — 
be the greater. And take a raticaall line E F And (by the 
43 of the firft) upon the lize E F apply arectangle paralle- 
lograme E G equal! to that whichis copofea of the fquares 
of the lines A C and G B : and likewifevpon the line H G, 
which is equatl to the line E F, apply the parallelogramme 
HK equal ta that which is contained voder the lines AC F L 6 
dnd C B twife. Wherefore tbe whole parallelogramme E K 
ir equall to tbe [quare of the line AB. Againevpon the fame line E F defcribe the paralle- Demuiro- 
logramme E L equall iv she fquares of the lines A D and D B. Wherefore the refidue,name- Hotel 
ly, that which ts contayned vnder tbe lines, A D. and D B twifo is equall ta tbeparallelo- a a 
gramme remaining,namely,to MK . And | forafmuch as that which is covofed of d o fquares: 
ofthe lines AC andC B, is (by fuppofition )mediall,therefure the parallelogriame EG whith 
as equall unto it, is alfo mediall - and it is applied vpon the rational line EF, Wherefore 
(by the 22.0f the tenth) the line H E isratronalland incomrzenfurable in leagth vntoike 
line EF. And by the fame veafon alfothe line HN is rationall and incommenfurablein. 
length to the [ame line E F . And forafmuch as that which is compofed of the [quares of che 
lines AC and CB is incommenfurable to that which is contained under the lines A Gaid 
C B twife ( forit i "Juppofed to be incommenfurable to that which is cBtained vader the lines 
AC and C Bonce ) : therefore the pavallelogramme E-G is incomyenfirable t0 the paralle- 
logramme HC. Wherefore the line E It alfa is incommenfurable in lewgth to the line HN, 
and they are rational lines : wherfore the lines E H and HN are raticzall commenfurable 
in power onely .Wherefore the whole line EN is a binorziall line, and is denided into his 
names in the point A. And in Ithe fort may we proue,that the fame binomiall line E N ùs de- 
wided into his names in the point M, and that the line E H is not one and the fame that is e+ 
m with the line M N, as it wasproued in tbe end of the demonstration ofthe 4.4. of this 
ooke . Wherefore a binonttall line is derided into his names in two  fundry pointes: which is 
impofible (by the 42.0f the tenth) . Wherefore a line containing in power two medials,is not 
in fundry pointes denided into his names. Wherefore it is dewided in one poiat onely : which 
was required ta be demonstrated. oe ore 
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y Second Definitions. E 
"Y 49^ T was fhewed before thatof binomiall lines there were fixe kindes, the 
Sixe kindesof 397 S definitions of all which are here now fet,and are called fecond definitids. 
binomial Pa $ All binomiall lines, as all other kindes of irrationall lines,are cOceaued, 





lines. ey có(idered,and perfe&ly vnderítandcd oiely in refpe&e ofa rationallline 
fe Z (whofe partesas beforc is taught, are certayne,and knowen, and may be 
diftin&ly expreffed by number) vnto which line thcy are compared. Thys 
rationall line muft ye euer haue beforc your eyes,in all chefe definitions ,fo halt they all 
A binomiall — be eafieinough. 
Sine coniflech — A binomiallline(ye know, ismade of two partes or names,wherof the oneis greater 
oftwopartes, then the other. Wherfore the power or {quare alfo of the one is greater then the power 
or fquare of the other. The three firftkindes of binomialllines,namely,the firft,the fe» 
cond, & the third,are produced wheu the (quare ofthe greater name or part ofa bino- 
miall excedeth the (quare of the leffe name or part, by the (quare ofa line whichis com- 
menfurable in length to it,namely, to the greater. The three laft kindes, namely, the . 
fourth the fift,and che fixt,are produced when the (quare ofthe greater name ot part 
exccedcth the (quare of the leffe name or part, by the (quare of aline incommenfurable 
in length vnto it,thatis,to the greater part. 


Réf. Afuſſt binomiall line is, whofe fquare of the greater part exceedeth the 
tione Januare of the lefe part by the fquare ofa line commenfurable in length to 


the greater part, and the greater part is alfo commenfurable in length to 
the rational! line firft fet. 


As let the rationall line firft fet be A B : whofe partes are diftin@ly knowen : fuppofe alfo that the 
line C E bea binomial line, whofe names ope let be C Dand DE. And let ‘heene of the line 
CD the greater part excede che fquare of the line D E the leffe part by the {quare of the line F G: which 
line FG, let bee commen- . a 
ſurable in length to the line B 

CD, which is the greater A €——————— — — 

part of the binomiall line. i p 
And moreouer let the line 
C D the greater part be com 
menfurble in length tothe FÈ erm G 
rationall line firt fet, name- 

ly, to A B.So by this defini- 

tion the binomial line C E is a firft binomiall line. 


b 





Secsnddiffi- A fecond binomiall line is, when the fquare of the greater part exceedeth 
aition, the [quare of the leffe part by the fquare of a line commenfurable in length 
‘pnto it, and the le/Se part is commenfurable in length to the rationall line 


foyer 


As (fuppofing ewer che rationall line) let C E be a binomiall.line deuided in the poyne D . The 
fquare of whole greater part C D let excecde the fquare of the leffe part D E by the fquare of the line 





FG, which 

line FG letbe c D eg E 
i ttt te et tt te 

cémenfurable j 

in leogth vnto > c 

theline CD E 


the. greater - ; 
pare of che binomiallJine . And let alfo the line D Ethe leffe part of the binomiall line be commenfu- 
rable in length to che rational] line firft fet AB . So by this definition the binomiallline C E is a fecond 


binomiall line. 


Third difini- A third binomial line is, when the [quare of the greater part excedeth the 
tion. [quar e 
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Square of the leffe part by the [quare of a line cmenfurable in length vnto 


it. And neither part is commenfurable wn length to the rationall line geu?. 


As fuppofe theline C Eto bea binomiall line: whofe partes are ioyned together in the poynt D-. 
and let the {quare ofthe line C D the greater part exceede the fquare of the leffe part D E. by che fquare 
of the line FG, aud 
let the line FG be c D E 
commenturable in 
length to the line 
C D tbe greater part 
ef the binomiall. — 

Noreouer, let neither the greater part CD, nor the leffe part D E, be commenfurable in length to the 
rationall line A B, then is the line C E by this definition a third binomiallline. 





F —————c 


A fourth binomial line is, when the {quare of the greater part exceedeth 
the fquare of the lefe by tbe [quare of a iine incommenfurable in length vn- 
tothe greater part. And the greater isalfo commenfurable in length to 
the rationall line. i 


Aslet theline C E bea binomiall line, whofe partes letbe CD & DE, & let the {quare of the line C 
D the greater part 
exceede the fyvare 
ofthelineDEche — 4 ————————— b 


leffe, by the fquare P 


of the line FG. —— —r — —— — — — — — * 
And let the line F 
Gbeincommenfu- F ——_~—————_, G 


rable in length co 


-the line C.D thegreater. Letalfo che line C D the greater part be commenfurable in length voto 
ehe rationall line AB.. Then by this definition the line C Eis a fourth binomiallline. 


A fift binomial line is when the fquare of the greater part exceedeth the 
Square of the lefse part, by the fquare of a line incommenfurable ‘pnto it in 


length. And the leffe part alfo ıs commenfurable in length to the rationall 
line geuen. 


As fuppofe that CE be a binomiall line, whofe greater part let be C D, and let the leffe part be DE. 
And let the fquare of the line C D excede the fquare ofthe line D E by che fquare of the linc F G,which 
Jet beincómenfurable in length vn- 


to the line C D the greater partof D E 
the binotniallline. And leethe line § © — — — — 
DE the fecond part of the binomi- 5 


allline be commenfurable in length F —______—_-¢ 
vnto the rationall line AB . So is the 

aline C E by this definition a fift bi-. 

-momiall line. 


A fixt binomtall line is, when the [quare of the greater part exceedeth 


the [quare of the lefSe, by the fquare of a line incommenfurable in length 
dnto it . And neither part is commenfurable in length to the rationall 
line genen. 


Asletthe line C E bea binomiall line,deuided into his names in the point D. The {quare of whofe 
p part CD lec exceede che fquare ofthe Jeffe pare DE by the (quare ofthe line F G, and letthe 
ipe F G be incommenfürable inlength to theline C D the greater part of the binomiall line.Lec alfo 
II. iiij. neither 


Fostib difi - 
miiion, 


Fifth difini- 


tion, 


Sixth difini- 
tiom 


The third Se- 
nary by com- 


pꝓoſition. 


Conſtruction. 


Demonſira- 
tion. 
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aeicher C D the greater part, nor DE ; ; NES 
the leffe part be commenfurable in c 
length totherationallline AB. And — EF. 
fo by this definition the line C Eisa 
fixtbinomiallline. So ye fee that by thefe de&nitions,& their examples;and declarations,all the kindes 
of binomiall lines are made very playne. 





G` 





This is to be noted that here is nothing fpoken ofthofe lines,both whofc portions 
are cominenfurable in length vnto the rationall line firft fet, for that fuch lines cannot 
be binomiall lines. For binomiall lines are compoled of two sationall lines commenf{us 
rable in Power onely (by the 36, of this booke). But lines both whole portions arè 
commen(ürable in length to the rationallline firft fet are not binomialllines . For that 
the partes of fuch lines ibouid by the 12.0fthis booke be commenfurable in length the 
one to the other.And fo fhould they not be fuch lines as are required to the compoliti- 
onofa binomiall line. Moreouer fuchJines fhould not be irrationall but rationall , for 
thacthey-are commenfurable to ech of the parts whereof they are cópofed (by the 15. 
of this booke).And therefore they thould be rationall for that the lines which compofe 
them are rationall. e 


C 


ff I be 15. Probleme. The 48.propofition. 
~ To finde ont afifi Binomiali line. | | 


Ake two nan:bers A C and C B,o let them be fuch that tbe number which 
is made of them Loth added together , namely, A B, haue unto one of them, 
namely, unto BC that proportion that a (quare number bath toa (quare 
number.But vnto the other namely vato CA let it not haue that proportion 
ETERA liat a fquare number hath to a [quare number (fiuch as ts euery [quare num- 
ber which may be deuided into a fquare number and into a number not-{quare) : Take allo 
certayne rationall line, and let the 
fame be D. And vinta the line D let.  ————— À— — 
the line EFube commenſurable in — 
length. Whereforethe line E.T is pa. — M LE 
tionall. And as tbe number. A Bs M ' 
tothe nuber AC, folet the {quare =~ 
of the line E F be to the [quare of an 
other line,namely of FG (by tbe co- dE n e ure os UN 
vollary of the fixt of y teth):s Wher- 
fore tbe (quare ofthe line EF hath . i 
tothe (quare of the liae Y G that proportion that number hath to number . Wherefore the 
fquare of the line EF is commenfurableto the {quare of the line F G(by the 6.0f this bvoke) 
And the line EF is rationall Wherefore the line F G alfo is rationall. And farafmuch as the 
number AB hath not to the number AC, that proportionthat a {quare number hath toa 
ftare number neither fhal the [quare of the line EF haue to the [quare of the line F G thds 
proportion that a [quare number hath toa {quare number. Wherefore the line EE is incom- 
menfurable in length to the line F G ( by the y.of this booke ) . Wherefore the lines E F and 
Y-G are rational commenfurable in power onely Wherefore the whole line E.G is a binomi- 
all lize (by the 36.of the tenth) .1 fay alfo that it is a firft binomiall ne . For for thas as the 
aunzber BA isto the number AC, fois the {quare of the line EF to the {quare of the line 
F G- bat the number B A is greater then the number A C: wherefore the {quare of the line 
E Fis alfo greater then the (quare of the lineE G . Vnto tbe fquare of the tine EF let the 
Syuares of the lines E G and H be equall( which how to finde out is taught in the ey. pus 
: E after- ` 





n 
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after thex3.of the tenth). And forthat as the manber B A is tothe number AC, fois the 
Square of the linc E. to the [quare of the line F G = therefore ( by conuerfion or enerfion of 
proportion (by the corollary of the r p of the fift)as the number A Bis tothe number BC. fo 
3s tbe fauare of the line E Y to the (quare of the line H.But the number AB hath to the num 
ber BC that proportion that a [quare number hath to a[quare number . Wherefore alfo the 
Square of tbe line E. Y. bath to tbe (quare of the linc that proportion that a quare number 
hath to afquare number .W bevefore the line EF is commenfurablein length to the lineH 
(Ey the pof this booke . Wherefore theline EF isin power more then theline F G by the 
Square of a line commenfurable mn length to the line EF . And the lines E F and F G are ra- 
yonall commenfurable in power onely . And the line EF is commsenfurable in length tothe 
rationall line D.Wherefore the line EG is a firft binomiall line : which was required to be 
doone. 


The 14.Probleme. The 49.Propofition. 
To finde ont a fecond binomial line. 


them both added together,namely, AB haue unto B C that proportio that a fyuare 
abaumber hath to a [guare number , and unto the number C A let it not haue thas 
proportion that afquare number hath toa [quare number , as it was declared in the former 
propofition.T ake alfo a rationall line and let the fame be D , and unto the line D let the line 
F G be commenfurable in length. Wherefore F G is arationall line. And as the number 
C Ais tothe number AB fo let the fquare of the line G F be to the [quare of the line F E 
(ty the 6.of the tenth) Wherefore the [quare of the line G F is commenfurable to the [quare 
of the line F E-Wherfore alfo F E. isa rationall line. And forafmuch as the nitber C A hath 
not unto the number AB that proportio that a fquare number bath toa {quare nuber, ther- 
fore neither alfo the quare of thelineG F l 
hath tothe fquare ofthe line FE that propor- D 
tion that à [quare number hath to a [quare 
number . Wherefore theline GF is incom- €  &n F Ro e 
menfurable in length unto the line FE ( by 
the 9. of the tenth ): wherefore the linessFG  2_B3_, 
and F Earerationall commenfurable in po- 
wer onely. Wherefore the whole line E G tta 
binomiall line .1 fay moreower that the line A 
EG is a fecord binomial! line . For for that 
by contrary proportion as the number B A is 
to tbe number À C fo is the fquare of the line 
EF to the (quare of the line F G. . But tbe number B A is greater then the number AC, 
wherefore alfo the (quare of tbe line X. F is greater then tbe [quare of the line EG . Vntothe 
Square of the linc E Flet the [quares of the lines GF. andH be equall. Now by conuerfion 
(by the corollary of the 19.0f of the fift)as the number AB isto the number BC, fois the 
Javare of the line EF to the {quare of the lineH . But the number AB hath tothe number 
B C that proportion that a [quare number bath to a fquare number . Wherefore the [quare 
of the line EF hath to the (quare of the line M, that proportion that a [quare num. 
ber hath toa fquare number Wherefore(by the 9. of the tenth) the line EF ts commenſu- 
rablſe in lengih vnto the line H. Wherefare the line EF. is in power more shen the line 
FG by the fquare of a line commenfurable in length unto the line EF : and the lines 
EF 


Ep two numbers AC and CB, and let them be fuch that the number made of 





Conſtruction. 


Demonſita- 


tion, 


Conftrattion. 


Demonfira- 
tion, 
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EF «ad F Gare rational! commenfurablein power onely,and. F G being the lefe name is 
commenfurable in length unto the rationall line geuen namely, to D Wherefore ÈG is a fe- 
cond binomial line- which was required to be done. 


g The 15. Probleme. The 50. Propofition. 
To finde out a third binomiall line. 


§ Ake two numbers AC and C B,and let thems be uch that the number made of thent 
; RL both added together namely, A B, hane to the number BC that proportion that a 


b(quare number hath to a (quare number Bat to she number AC letit mot hancthat 
proportion that a [quare number hath to a [quare number, as it was declared in the two for- 
mer And take alfo [ome other number that is not a Jquare number and let tbe fame be D, 
and let not the number D haue either to tbe number B A,or to the number AC that propor- 
tion that a (quare number bath toa (quare num- : 
ber. And take a rational line and let the the fame be 
E. Andas the number D fs to the number AB fo let p Rt 

p ; — — 

the (quare of tbe line E. be to tbe (quare of the line : 
FG. Wherfore the [quare of the line E is cūmenfu- p „_ 23€ 9 Rio H 
rable to the [quare ofthe line FG, but the line Eis 
rational,wherfore the line F G alfo is rational. And x, BE 
Sor that the nitber D hath not tothe nüber A B that 
proportion that a (quare number hath to a fquare 


number, neither alfo fhallthefquare of the lineE Areoso C....B 
Jae to the (quare of tbe line F G that. proportion 
that à fquare number hath to a {quare nuber Wher Deus 


Sore the line E is incommenfurable in length to the 
line F G (by the 9.0f the tenth.) Now againe as the niher A B is to the nber AC, fo let the 
Square of the line F G be to the {quare of the line G H.Wherfore the {quare of the line F Gis 
commenfurable to the {quare of the line GH. And the line F G isrationall. Wherfore alfa 
the line G H is rationall. And for that the number B A hath not to the niiber AC, that pro- 
portion that a (quare number bath. to a (quare number , therefore. neither alfo hath the 
quare of the line F G to the (quare of the line.G H that proportion that a [quare number 
hath toa fynare number Wherfore the line F G is incomenfurable in légth to the line GH. 
Wherfore tbe linesF Q (f G H are rational comen{urable in power only Wherfore the whole 
line F H is a binomial line. fay moreouer that it is a third binomial line.F or for that as the 
nitber D is to the nüber A B fo is the fquare of the line E to the {quare of the line F G:but as 
the niber A B isto tbe number A C fo is the [quare of the line F G to tbe (quare of the line G 
Hytherfore of equalitie(by the 22.0f the fift)as the number D is to the number AC,fois the 
Nyuare of the line E to the (quare of the line G H.Byt the nitber D hath not tothe nisber A- 
C that proportio that a quare niber bath to a quare niüber. Wherfore neither alfo hath the 
Square of the line E to the fquare ofthe line GH that proportio that a (quare number bath to 
a (quare number Wherfore the line E is incommenfurable in légth to ihe line G H. And for 
shat as the number AB is to the number AC fois the [quare of the line FG tothe fquare 
of the line G.H therfore the fquare of the line F G is greater then the [quare of the line G H. 
Vato the {aware of the line FG , let the fquares of the lines G H and K be equal.Wherfore( 5 
enerfe proportio by the corollary of the x 9. of'tbe fifi) as the nüber A B is to the. number B C, 
foss the er of lize F G to the fquare of the line K.But the nuber A B hath to the ud 
BC 
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B-C that proportio that a (quare number hash to a fquare number. Wherfore alfo the fquare 
of theline F G hath tothe [quare of the lne K that proportion that a [quare number hath to 
a [guare nuraber Wherfore the line F G is commenfuratle in length to the line K Wherfore 
the line F G isin power more then the line GH by the fquare of a line commenfurable ix 
length unto it. And the lines F G and G H are rationall commenfurable in power onely and 
neither of them is commenfurable in length unto the ratsonall line E: wherfore the lyne F- 
His a third binomiallline : which was required to be done. 


q The 16. Probleme. The 51. Propofition. 
To finde out a fourth binomial line. 





GXDN Ake tro numbers AC and CB, & lee the be {uch that the nisber made of tht 
C123 1597 ; e 
e 226 both added together namely, A B baut to neither of the nübers 4 C and C B 
A 
2 


Y poe) that proportio that afquare nniuber hath toa fquare niiber (fuch as is euery 

x: jy e is ‘fquare niber to two nibers not [qnarewhich are leffe the it cy make the faid 
quare niter). And take a rational line,and let the fame be D And vnto tbe 

line D let the line E Fbe cómenfurallein lengib. 
Wherfore E F is arationall line, and as the num- 
Ber B A isto the number A C, folet tbe [quare of 
the linc E F be tothe [quare of ylineF G.Where- g Bic 
fue the [quare of the line EF is commenſuree-ñ—. — 
Lle to tbe (quare of the line F G,anditelne EF y 
is avationall line. Wherfore alfo the line F Gis a 
rationallline. And for that the number B A hath 
not tothe number AC that proportion that a a .......... Cisse B 
fquare number hath to a [quare number, neither 
alfo fball tbe [quare of the line E F haue to she [quare of the line F G that proportion that a 
Square number hath toa fquare number Wherfore the line E F is incommenfurable in legth 
tothe line F.G.Wherfore the lines E F and F G are rationall commenfurablein power onely. 
Wherefore the whole line EG is a binomiall line . Lfay moraouer that it is a fourth 
binonsiall lyne. For for that as the number BA is to the number AC fo isthe [quare 
of the line EF to the {quare of the line FG. But tbe number B A is greater then the 
number AC. Wherefore alfo the (quare of tbeline E F is greater. then the fquare 
of the line FG. Vnto the fquare of the line EF let the {quares of the lines F Gand H 
be equall.Wherfore by conuerfion (by the corollary of the r9.0f the fift) as the number AB 
js to tbe number B C.fo is tbe (quare of the line E F to the fquare of tbe line H. But the num 
ber A Bhath not to the number BC that proportion that a{quarenumber hath toa [quare 
number: therfore neither alfa hath the [quare of the line E F to the {quare of the line H that 
proportio that a fquare nitber hath to a {quare nisher. Wherfore(by the 9.of the véth) the line 
E F isincimenfurableén length unto the line H.Wherfore the line E F is in power more thé 
the line F G by the fquare of a line incommenfurable in length unto it. And the lynes E F 
and F Gare rationall commenfurable in power onely, and the line E F is commenfurable in 


length to the rationall line D.Wherfore the line EG is a fourth binomial line: which was 
vequired to be found out. 








f T he 17. Probleme. T be 12. Propofition. 
Tofinde out a fift binomiall lyne. < 
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Ake two numbers AC and C B, and let them be fuch, that the number AB 
haue to neither of the numbers AC or C B that proportion that a [quare num- 
ber bath to quare number asin the former propofition. « And take a vatio- 
nall line and let the (ame be D. And vnto the line D let theline F G be com- 
= menfurable in length Wherfore the line F G is rational. And asthe number 

C Ais to ihe number A B fo let the [quare 

of the lint G F be to the fquareof the line ? 

E F Wherefore the [quare of the line G F 

is commenfurable tothe [quare ofthe line = R20 Fo aie e 

F E. Wherefore alfo the line F E is ratio- 

nall. And for that thenumber C.A hath Y Ba 

zot to the number A B that proportia that 

afquare number hath to a fquare num- rv uus C....B 

ber, therfore neither alfo hath the [quare 

ofthe line G F tothe (quare of theline F E that proportion that a [quare number hath to a 
fqnave number Wherfare(by tbe p of tbe tenth )the lene G F is incommenfurable in length 
to the line F E.Wherfore the lines E F and F G arerationall commen[urable in power only. 
Whberfore tbe whole line E G is a binomiallline.I fay moreouer tbat it is A fft binomiall line. 
For for that as tbe number C A is to tbe number A B,fo is the fquare of the line G F to the 
Square of the line F E,therfore contrariwife,as the number B A is to the number AC, fo is 
the (quar of the line E F tothe {quare of the line F G . but the number B Ais greater then 
the number AC. Wherfore alfa the {quare of the line E F is greater then the [quare of the 
liae F G. Visto the fqnare of the line E F, let the {quares of the lines F G and H be equal. 
Wherfore by conuer id (by the corollary of the 1 pof the fft) as tbe nisber A Bis tothe num. 
ber BC fo is the {quare of the line E F tothe [quare ofthe line H.But the nitber AB hath not 
to the number B C that proporti that a [quare number hath to a [quare number Wherefore 
neither alfo hath the [quare of the line E F to the [quare of the line H that proportion that a 
Square runsber hath to a [quare number Wherfore(by the 9 of the tenth) the line E F is in- 
commenfurable in length to the line H Wherforethe line E F is in power more then the line 
F G by the fynarc of a line incommenfurable in length unto it. And the lines EF and FG 
are rationall commen[urable in power onely. And theline F G being the lefe name, is coma 
menfura! le in length to the rationall line geuen,namely,to D. Wherfore the whole line EG 
isa fift binomial line: which was required to be found out. 


g T he 18. Probleme. The 53. Propofition. 





To finde ont a fixt binomial line. 


Ake two numbers AC cr C Band let thë be fuch that the number which is made 
of them both added together namely, A B,haue to neither of the numbers AC or 
[CB that 2 ortion that a 

fquare niber batb toa (quare — g — wio 
number . Take alfo any other number , 
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bers AB and AC that proportion that 

afquare number hath to afquare niber, Asore eO vnd 
D..eee- 


Let there be put morcouer arationall line, 4 
an 


eU 


of Euclides Elementes, ~ Fol.268. 


and let tbe fame be E. And as tbe number D is to the number A B,folet the fquare of the lint 
E be to tbe [quare of F G. Wherefore (. 5y the 6.of'the tenth) the line E is commenfurable in 

poner to tbe line F Gd the line E isrationall.Wherfore al(o the line F G is rational , And 

forthat thenumber D hath not to the number A B that proportion that a fquare niber hath 

To a [quare number, therefore neither alfa fhall tbe [quare of'theline E haue tothe quarc of! 
the line FG that proportion that a {quare number hath to a {quare number. Wherefore the 

line FG isincommenfurable in length to the line E . Againe,as thenumber B A isto the 
number A C, fa let the (quare of tbe line F G be to the (quare of the line G H Wherefore (by 
the 6.of the tenth) the {quare of the line F G is commenfurable to the fquare of the line G H. 

And thef{quare of the line F G is rationall . Wherefore the {quare of the line G H is alfora- 
tionall Wherefore alfothe line GH is rationall. And for that the number A B hath nat to 
the number AC, that proportion that afquare number hath to afquare number : therefore 
neither alfo hath the {quare of the line F G to the {quare of the line G H,that proportion that 
a fquare number hath to 2{quare number . Wherefore the line F G is incommen[urablein 
length to the line G H Wherefore the lines FG and GH are rationall commenfurablein 
power onely Wherefore the whole line FH is abinomiall line .1 fay moreouer, that itis a 
fixt binomiall line . For for that asthe number D. is to the number A B, fois tbe quare of 
the lige E to tbe (quare of the line F G . And asthbe number B Aistotbe number AC, fo 
the (quare of tbe line F G to the (qnare of the line G H . Wherefore of equalitie ( by the 22. 
of the fift) as the number D is to the number AC, fois the quare of tbe line E to the [quare 
of the line GH . But the number D hath not to the nitber A C that proportion that a (quare 
number hath to a [quare number . Wherefore neither alfo hath the hae of the line E to the 
fauare of the line G H that proportion that a {quare number hath to a [guare number Wher- 

fore the line E is incommenfurable in length tothe lineG H . And it is already proued, that 

the line F G is alfo incommenfurable in length tothe line E Wherefore either of thefe lines 

F G and GH is incommenfurablein length tothe linc E . And for that as the number B A 

actotbe number AC, fois tbe [quare of tbe line F G to tbe [quare of the line G H : therfore 

the [quare of the line F G is greater then the [quare of the line G H . Vnto tbe (quare ofthe 

line F G, let the fquares of the lines G H and K beeguall. Wherefore by enerfion of propor- 

tion, as the number A B is to the number BC, fo is the  fquare of the line F G tothe fquare of 
the line K . But tbe number A B hath not to the number BC that proportion that afquare 

number bath to a (quare number . Wherefore neither alfo hath the fquare of the line F Gto 

the fquare of theline K that proportion that a (quare number hath to a {quare number. 

Whereforetheline F G is incommen[urable in length nto tbe line K . Wherefore the line 

F Gis in power more then the line G H , by the {quare of aline incommenfurable in length 

toit . And the lines F G and G H are rationall commenfurable in power onely . And neither 

of the lines F G e7 G H is commenfurable in iength to the rational line geuen, namely, to E. 

Wherefore the line F His a fixt binomiall line : which was required to be found ont. 


€ A Corollary added out of Flufates. 


By the 6. former "Propofitions it is manifest, bow to denide any right line genen into the names 
of enery one of the fixe forefayd binomial lines. For if it be required to deuide aright line ge- 
uen into a firit-binomiall line then by the 48.of this booke finde out a firft binomiall 
line. And this right line being fo found out deuided into his names, you may by the to. 
of the fixt,deuide the rightline geuen in like fort. And fo in the other fiue following. 


AlthoughI here note vnto you this Corollary out of F/uffas, yet;in very conícience and of gratefull 
minde,I am enforced to certifie you,;that many yeares;before the trauailes of Flaffas(vp6 Ewclides Geo- 
metricall Elementes) were publifhed, the order how to dcuide, not onely the 6.Binomiall linesinto 
their names,bucalfo co adde to the 6.Refiduals cheir due partes : and farthermore to denide all the oz 
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ther jrracionall lines (of chís tenth booke) into the partes dittin&t, of which they ate compofed : with 
many other ftraunge conclufions Mathematicall,to the better vnderltanding of this tenth bookeand o- 
ther Mathematicall bookes,moft nece(fary, were by M.4ob» Dee inüented and demonftrated : as in his 
booke, whofe ticle is Tyrociminm Marhemaricum (dedicated to Petrus. Nommiut, An, 1555.) may at large 
appeare. Where alfois one new arte, with fundry particular poinges, whereby the Mathematical) Sci- 
ences, greatly may be enriched. Which his booke, I hope, God will one day allowe him opportunitie 
so publifhe : with divers other his Mathematical and Metaphyficall labours and inuentions. 


«| An Affumpt. 


Tfaright line be deuided into two partes how foener : the reffangle parale 
lelogramme contayned ynder both the partes 1s the meane proportionall 
betwene the fquares of the fame parts. And the reétangle parallelogramme 
contained puder the whole line and one of the partes, is the meane pros 
portionall betwene the fquare of the whole line and the fquare of the 


ſayd part. 


Suppofe that there be two fquares A Band B C, and let the lines D B and BE fo be put 
that they both make onze right line .Wherefore (by the 14.0f the firft) the lines F B and E G 
make alfo both one right line. And make perfect the parallelogramme AC. Then I fay, that 
the reltangle parallelogramme D G is the meane proportionall betwene the {quares AB and 
BC: and morconser, that the parallelogramme DC is the meane proportionall betwene the 
fquares AC and CB . Firit the parallelogramme A Cis afqnare. For forafinuch as the line 
D Bis equall to the line B F and the line B E unto the line B G, therfore the whole line D E 
is eguall to the whole line F G.Bust the line D E is equall to either of thefe lines AH & KC, 
aad the line F G ts equall to either of thee lines A K and HC (by the 34.0f the firft).Wher- 
forethe parallelograme AC isequilater,it is alforectan- K 
ole (by the 29 .0f the firft). Wherefore (by the 46. of the 
Sift) the parallelograme AC is afquare. Now for that 
as the line F B is to-the line BG, fo is the line D B to tbe 
line B E But as} line F Bistothe line BG,fo(by ther. © s E 
of the fixt )is tbe paraWelográme AB,mhich is the quare 
of the line D B, to the parallelogrammse D G, and as the 
line D B is tothe line B E, fois the fame parallelograme 
DG tothe parallelogramme BC, which is the [quare of 
the line B E .Wheréfere as the {quare AB is to the pa- 
rallelogramme D G fois the fame parallelogrammeDG 4 F H 
tothe {quare BC Wherefore the parallelogramme DG 
is the meane proportionall betwene the fquares ABandBC.I fay msoreouer, that the paral. 
lelogramme D C isthe meane proportionall betwene the {quares AC and. CB. For for that 
asthe line A D is tothe line DK, fois the line K G tothe line GC (for they ave ech equall 
taeche) . Wherefore by compofition (by the 18.of the fft) as the line A K is to the line K D, 
Joisthe lne KC tothe line CG . Butas the line A K is tc the line K D, fois the (quare of: 
the line AK, whichis the fyuare AC, to the parallelogramme cotayned under the lines AK 
and K D, which isthe parallelogramme C D : and as the line K C is tothe line CG, foalfo 
is the parallelegramrze D C to the [quare of the line G C, which is the (quare B C. Wherefore 
as the (quare A C is to tbe parallelogramme D C, fois tbe parallelográme D C to the fqnare 
BC. Wherefore the parallelogramme D C isthe meane proportionall betwene the fquares 
A CandB C : which was required to be demonflrated. An 
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«An Affumpt. 


Fol.369. 


Magnitudes that are meane proportionalls betwene the felfe fame or- es 
quall magnitudes are alfo equall the one to the other. 


Suppofe that there be three magnitudes A,B,C. 
Andas À is toB , fo let B beto C. And likewife as 
the fame magnitude A is to D fo let D be to the fame 
magnitude C . Then I fay that B and D are equal! 
the one the other . For the proportion of A unto C 
is double to that proportion which A hath toB ( by 
the 10 . definition of thefift ) and likewife the felfe 
fame proportion of A to C is(by the fame definition) 
double to that proportion which A hathtoD . But 
magnitudes whofe equemultiplices are either equall 
or the felfe fame,are alfo equall. Wherefore as Ais to 
B,fois A to D Wherefore (by the 9.of thefift) Band 
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Dare equall the one to the other . So fhallit alfa be if —ñ— 


there be other magnitudes equalto A and C,namely, D 





E and F,betwene which let the magnitude D be the E 


meane proportionall. 


g The 36. Theoreme. 


Ifa fuperficies be contained pnder a rational line ex a firft binomiall line: 
the line which containeth in power that fuperficies is an irrationall line x 


a binomiall line, 
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The s4. Propofition. 


The fourth Se 
nary by come 
pofition, 


V ppofe that the fuperficies A BC D, be contained under the rational line AB, 
and under a firit binomial line A D.T hen Lfay that the line which containeth 
in power the fuperficies AC,ts an irrational line,and a binomial line.For foraf- 
much as the line A D is afirft binomial line,it isin one only point deuided inte 


ConfiraBiaa, 
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his names (by the g2.of this tenth) :let it be dewided into his names in the point E. And les 
AE be the greater name. Now is is manifeft that the lines A E and E D arerationall cem- 
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sim. 


JT betentb Booke 


antnfurable in power onely and that the line A E isin power more then the linc E D, by the 
Square of a line mne eale in length to she line A E,and moreouer that the line A E is 
commenfarable in length to she rationall line genen A B by the definition of a firſt Binomi- 
all line fet before she 48 propofition of tnis teath.Deuide (by ha ro.of tbe firflytbe line E D 
into two eguall partes în the point F. And forafmuch as the line A E is in power more then 
the line E D by the [quare of line commenfurable in length vnto the line A E,thereforei f 
upon the greater line, namely, upon the line AE be applied a parallelogramme equall 
to the fourth part of the [quarc of the lefe line that i5,to tbe (quare of theline E F, Gr was- 
ting in forme by a [quare it hall denidethe greater line, naraely, A E into two partes com- 
menfurable in length the one to the ather (by the fecond part of the 17. of the tenih.) Apply 
therfore vpos the line A E a parallelograrsme equallto the (quare of the line E F and wan.- 
ting in forme by a (quare by the 28.0f the fixt, and let the fame be that which is contained 
vader the lines AG and G E.Woherfore the lino AG is cammen{uradle in length ta the Lyne 
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G E.Draw by the pointes G,E and F to eitber of thefe lines A B and D C thefe parallel lines 
GIŁE Kand F L (bythe 31. of the firft) And (by the 14. of the fecond) unto the paralle- 
logramme A H deferibe anequall [quare SN. And unto the parallelogrammeG K defcribe 
(by the [arse)an equal [quare NP. And let thefe lines MN & NX be fo put, that they both 
wake one right line Wherfore (by the 14. of the first) the lines RN and N 0 make alfa both 
one right line, Make perfect the parallelogramme S P.Wherfore the parallelogramme S B 
is a {quare by thofe thinges which were demonftrated after the determination in the fir[t af- 
fomptgoing before. And forafinuch as that which £s contained under the lines AG andG 
E is equallto tbe (quare of the line E F (by conftruttion) : therfore as the line A Gis to the 
E F fo isthe line E F to the line E G (by the 14. or 17. of the fixt) Wherfore alfo (by the i. 
of the fixt) asthe parallelozramme A H is to the parallelogramme E L, [ois the parallelo- 
gramme E L to the parallelogramme G K. Wnerfore the parallelogramme E Lis the meane 
proportionall betwene the parallelogrammes A H and G K. Bus the parallelogramme A H is 
equal to the fquare S N and the parallelograme G K is equal to the fqúare N P by costrutti- 
on Wherfore the parallelogramme E L is the meane proportionall betwene the [quares 5 N 
and N P (by the 7.of the fifth) But (by the firft affumpt going before) the parallelogramme 
M R is the meane proportional betwene the fquares S N and N P. Wherefore the parallelo- 
gramme M R is equall to the parallelogramme E L(by the laft affumpt going before) But the 
parallelogramme M Ris equal to the parallelogramme O X (by the 43 .0f the firft and the pa- 
rallelograame E L is equallto the parallelograme F C by conStruition,and by the firff of the 
Sixt Wherfore the whole parallelogramme E Cis equall to the two parallelogrammes M:R Cr 
Q X. And the parallelogrammes. A H and G K are eguali to the [quares SN and NP by 
conftruition.Wherfare the whale parallelogranwse A C.is equal ta the whale [quare $ P. »that 
> d 


of Euclides Elementes, Fol.170. 


$5, to the [quare of theline M X. Whereforethe line M- X cantainetb: in posver the parallelo. 
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gramme AC. Lfay moreouer thatthe line MX isa binorsiali line, Eor forafmuch as (by the. of thisdemons 


17.0f the tenth) the live-.G is commenfurable in length to the line EG. Therefore | b 
the 15.. of the tenth the whole ling A E 1s commenfurable in length to either of thefe lines 
AG and G E. But by fuppofition the line A E is commenfurable in length to the line CAB. 
Wherfore(by the 12.0f tnetenth esther of tbe loses A G Qr G E are commenfurable in légth 
to the line A B.But the ling A Bis rationall. Wherefore either of thef¢ lines 4G and G E is 
vationall.Wherfore (by the-rg:of the tenth) either of thefe parallelgrammes A Hand GK 
is rational W berfore(by tbe firfFof the [Ext and xo.of the tenth) the parallelogramme AH 
is commen{urable to the parallelpgrampse G K But tbe parallelogramme A H i5 equall to the 
M^ is BONOS EN i : 
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Squares Nand the parallelogramme G Kis equall to the (quare NP Wherfore the [quares 
S Nand N P which are the [quares of the lines.M Nand N X ave rationall and compenſu- 
rable. And forafmuch as(by fuppofition) the line A E is inconsmenfurable in length tothe 
line E D'But theline A E is commenfurableid length tothe line A G. And the lint D Eis 
commenfurahle in length to the line E F for itis double to it by construttion. Wherfore(by 
the 13 of the tenth) the line A G i is incommen{urable in length to the line E F Wherfore the 
parallelogramme A Fl iséncommenurable to the parallelogramme E L. But the parallelo- 
gramme AH is equal to the (quare $ N andibe parallelogramme E L is equall ta the paral- 
delogrammie M-R.Wherfore the fquare S N is incommenfurableto the parallelogramme M. 
R.But as the [quare SN isto the parallelogramme M R fo is the line O N to the line NR by 
the 1 of the fixt Wherfore the line O N is incommen[urable tothe linc NR. But the line O 
N is equall to the line M N,and the line N_R to the line NX Wherfore the line M N is in- 
tommenfurable to tbe line N X And it is already proued that tbe (quares of the lines MN. 
"aud NX are rationall and commen{urable. Wherefore the lines MN and N X are rationall 
commenfprable in power onely Wherfore the whole line M X is a binomiall line, and it cons 
‘tuineth in power the parallelogramme AC: which was required to be proued. 


q The 3 1-Theoreme. ` The ss. Propoſition. 
> Ifa fuperficies be comprehended ‘pnder arationall line and a fecond binomie 
"all linesthe line that contayneth in power that fuperficies is irrationall, and 
is a first bimediall line. ` A 
Al’ ppole that the Superficies ABCD be contayned under arationall line AB, 
land under a fecond binomiallline A D.Then 1 fay that the line that containeth 
"jis power the fuperficies AC is a firft bimediall line. For forafmuch as A Disa 
Ke) fecond binomial line it can in oneonely point be deuided into his names, by the 
KK ij. 41.0f 
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43: of this ten: thlet ji-thoxefore by fuppofition be. deuidsd inta birmavmes ip vhe poynt E s (s. 
that let, AE be the greater name. Wherefore the lines A E and E D arerationallcommen[u- 
rablein power onely,and the line A E is in power more then the line E D by the fquare of a 
line commenfarablein length:to AE, and the leffe name,namely, E Dis NONI im 
length tothe line A B bythe definition ofa fecond binomiatt line, fet before the 48 Jprepofitio 
ofthis teeth. Deuidrtheline E D(by tbetétb of the firfl into two equall partes in vhe poyat. 
F. And (by the 28.of the fixt)upon the line A E apply a parallelogramme equal tothe [quare 
ofthe line E F and wanting in figure by afqoare. And let the-[ame parallelogramme be thar 
which is contayned under the lines A Gand G'E. Wherefore (by the fecond part of the 17. of: 
zhes tenth’) the line A Gir vommen[arablein lengthto the line G E-And(hy the'3 1. of tbe 

Sirft)by the poyntes G,E,F, draw unto the lines AB and C D thefe parallel lines, G H, E K, 
& F L.And(by the 14.0f the fecond) unto the parallelograme A H defcribe an equall (quare 
5 N.And to the psrallelograme-G K defiribe an equall{quare N P , and let the lines M N dr 
NX be f put that they both make ondright line-wherefore( by the rg.of the firft)the lines al- 
Jo RN, ahd N o make both one right'line. Meke perfect the paralleélogramme S P, Now it is 
manifa (by ebat vobtehbarhrbem droréfiatey in she gropofifili next aoing before) tbat tbe 
parallelograme MiR is the meane profortionallbetmene'the fquaresS Nand N P , and is e- 
quall to the paralltlugramme EL, ad that the line M'X contayneth in power the fuperficies 
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AC. New refleth fo prone that the line M X is a firft bimediall line . Forafmtich as the line 
AE ix incommenſurable in length to the line E D , and the line E D is commenfurable in 
length to the line A B;therefore(by the 13. of the tenth)the line A E is incommenfurable in 
kength tothe line AB. And forafonwch as tbe line A G is commenfurable in length ta the 
line G E therefore tbe whole line A E is ( bythe 15. of the tenth) commenfurable in length 
to either of thefe lines AGand GE. But the line A Eis rational: wherefore either of 
thefe lines A.G and G E is rationall. And forafmuch as the line A E is incommenfurablein 
length to the line-A B,but the line A E-is commenfurable in lenth to either of thee lines AG 
andG E: wherefore either of the lines AG andG E are incommenfurable in length to the 
line A B(by the t3.0f the tenth). Wherefore the lines AB, AG; and GE are rationall com- 
wrenfir able in pomer onely. Wherefore( by the 2x.0f the tenth) either of thefe parallelogrames 
AH and GK is a medial fuperficies . Wherefore alfa either of thefe (quares S Nand N P is 
a mediall fuperficies by the corollary of the 23 of 3 tenth.Wherfore the lines M N ey N X are 
mtdiall lines by the 2x.of tbis teth. And forafmuch as the line A G is comenfurable in légth 
to tbe line C E therefore (Ey the t.of the fixt and 11.0f the tenth) the parallelograme A Hig 
comenfurable to the ‘parallelogramme G K that is,the fquare S N to tbe quare N P, that i5, 
thé (quare of the line M N to tbe [quare of the line N X Wherefore the lines M N and N X 
arè medialls commenfurable in power . And forafmuch as the line AE is incommenfurable 
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in lengtſh to the-lime B D, but thi Bie XE is- commenfinatle in length to the line AG; and 

the line E D iscommen{nrable wleneth bo the line EE, sherefore ( by the'r3.of the tenth)- 

the line A G is incommenfurable sm length vo the lineE F . Wherefore(hy the 1.0f the fixt 

and 11 .of the tenth )the parallelograme A H is incomenfurable to the parallelugramme E L, 

that is,the [quare § N to the parallelogramme M R, that is,the line O Nis incommenfurable 

tothe line N R,thatis the line MN to the line N X.And it is proued that the lines M N and 

NX are wediall lies commen(urabla in power Wherefore the limes M Nand NX gre medi- The fourth 
all Lines, commenfuratle in power onely. Nov | Jay mrazeoner that they comprehend a rational ` part cõcludede 
Superficies For forafmuch as by Juppofitton thg line D'E is commčfurable in length to either 
of thefe lines A B and E F therefore tbe line F E is comrmenfurable in length to the line E K 
mbich is equall to she line A B (by the 12.0f the tenth ) . And either of thefe lines E F and 
E Kis a national line Wherefore the parallelograme E L,thab is the parallelograme M R, is 
arationall fuperficies (by the 1 p .of the tenth) But the parallelogramme M Ris that which is 
contayned under the lines M Nand NX . But if twomedialllines commenfurablein power 
onely and comprehending a rationall fuperficies be added together the whole line is irrational Th ; 
and ts called a firft bimediall(by the 37 .of the tenth) . Wherefore the line M X is a firft bime- nee fet 
diall lipe:which was required tg be demonfirated:: f s oe i 


The fift pare 
concluded, 


q Whe 38. Theoreme. The 16. Propofition. 


If'a fuperficies be contayned ynder a vationall line and a third binomiall 


line: the tine that contayneth in power that fuperficies is irrational], and 
is a fecond bimediall line. 


Qi id V ppofe that the peia ABCD bè comprehended under the rationall ling 
Y $ 4 B and athird binomiall line A D, and let the line A D be fuppofed to be de- 
D b wided into his names inthepoint E, of which let AE be the greater name. T ben 
pad 1 (ay, that the line that comtaineth in power the [uperfiies A € isirrationall,and 
is a fecond bimediall line . Let thefame conftruction of the figures be in this that was in the 
two Propofitions next.going before : And now forefmuch as the line A D isa third binomi- 
all üne, therefore shefe lines. A E and E D are rationali commenfurablein power onely. And Demonfire- 
: : tion. 
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the line AE isin power more thé theline E D by the {quare of aline comen{urable in length 

tothe line AE, and neither of the lines A E nor E D is commenfurable in length tothe tine 

AB by the definition of a third binomiall line fet before the 48. Propofition ..As in the for- 

maer Propofitions it was demonftrated, fo alfo may it in "m LAE beproued, — 
dij. in 


The tenth Boohe 
line M X containeth in power Ure fuperficies A C,and tbat.the lines MN and N X are medi» 
«ll lines commen[arable in power onely -Wbereforc tbe liue M X is a bimediall line . Now rt- 
Seth to proue that is is a fecond bimidiall line. Forafmuch as the line D E is (by fuppofition) 
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dncommen(urable in length to the line A B, that is.to the live E K. But the line E Dis com- 
menfurablein length to the line E F .Wherefore (by the 13 of the tenth) the line EF isin- 
commenfurableinlength to thelint E K . And the lines FEañd EK arerationall . For by 
Suppofition the line E D ts rationall , unto which the line F Eis commenfurable, Wherefore 
the lines: FE and EK are rational lines commenfurablein power onely Wherefore (by the 
zz of the tenth) he parallelogramme EL, that is, the parallelogramme MR which is con- 
sayned under the lines M Nand NX isa mediall [uperficies . Wherefore that. which is con~ 
tayned under the lines M N and N X is a medtall fuperficies . Wherefore the line MX isa 
[cond bimediall line (by the 38. Propofition and definition annexed thereto): which was re- 


— to beproned. I 
" gThe; s Florent. |o The sy. Propofition. i 


Uf a fuperficies be contained ynder avatiouall line and fourth binomiall 
n 0 ou. dme: the line which contayneth in power that fuperficies ti irrationall, and 
5; 4 greater line. 


NG Vppofe shat the fuperficies AC be comprehended under a rationallline AB anda 
MEG fourth binomiallline A D, Cr let the binomiallline d D be fuppoféd ta be deuided 

’ DE into his names in the point E, fochat let the line A Eve the greater name. Then 

L fay, that the line which contayneth in power she fuperficies AC is irrationall,and is a grea- 

Conftrnctions ter linei For, forafmuch asthe line A D is a fourth binomiallline, therefore the lines AE 
and E D are rational commenfurable in power onely. And the line A E is in power more 

then the line E D by the {quare of aline incommenfurablein length to AE. And the line 

AE is commenfarable in length tothe line AB . Deuide (by the 10.0f the firft) theline D E 

into twaequall partes in the point F . And upon theline AE apply 4 parallelogramme equall 

to the(quare of EF and wanting in figure bya fquare : and let the fame parallelogramme 

be that which is contayned under the lunes AG cr G E Wherefore (by the fecond part of the 

deaf be renth ) the line A G is anconsmep [uralle in length to the line EG. Dram unto the 

dine AB, by the pointes G,E,F,parallell lines G H,E K, and F L, and let thereft ef the con* 

Demenflre- —$trudfion.beas it was in the three former Pripofitions . Now it is mamifeft; that the line 
pon, M X copta]aeth in power the fuperficies AC Now refteth to proue that the line MX is a 

Aa RU UE . irrational 
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irrational line,anda greater Line. F orafmuch as the line AG isincommenfurablein length - 


tothe line EG, therefore (by the 1. of the fixt, and 11.0f the tenth) the parallelogramme 
A His inconsmen{urable to the paralielogramme G K , tbat is, tbe [qnare S N to the fquare 
N P . Wherefore the lines M N and N X areincommenfurablein power. And forafmuch as 
the line AE is comimenfurable in length to the rationall line AB, therefore the parallelo- 
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gramme A Kis rationall. And itis equall to the fquares of the lines M N and N_X, Wher. 
fore that which is corapofed of the {quares of the hnes M Nand N X added together is rati- 
onall. Aud forafmuch asthe lime E D is incommenfurablein length to the line A B,that is, 
tothe line EK, but the line E D iscommenfurable in length to the line E F, therefore the 
line E Fis incommenfurable in length tothe line E K .Wherefore the limes E K and E F are 
rational commen[urable im power onely . Wherefore (by the 21. of the tenth) the parallelo- 
gramme LE, that is, the parallelogramme M Ris mediall. And the ee R 
as that whichis contayned under the lines M N,arid NX .Wherefore that which is contay- 
ned under the lines MN and DX ts wiedjall. And that which is compofed of the [quares of 
the lines MN Gp NX is proned ta be vationall dr the line M N is demonftrated to be incom- 
‘wenfurablein power tothe line NX. But if two lines incommenfurable in power be added 
together, hauing that which is made of the [quares of them added together rationall,¢y that 
which is under them mediall, the whole line is trrationall, and is called a greater line ( by the 
39.0f the tenth) . Wherefore the line M X is wrationall, and is a greater line, andit contai- 
neth in power the {uperficies A C : which was required to be demonftrated. 


"i T he 46. T heoreme. The 58. Propofition. 
Ifa fuperficies be contained nider a rationall line and a fft binomial line: 


the line which contayneth in power that fuperficies is irrational, and is a 
a line contayning in power arationall and a mediall fuperficies. 


Sy] Vppole that the Superficies AC be contayned under the rationall line AB, 
2 and under a fift binomial line A D ; and let thefame line A D be ſu ofed to 
| be denided into his names in the paynt E, fothat let the line AE be He greater 


Kx [jame -Then 1 fay, that the line which contayneth in power the fuperficies AC 





; l, and is a line comtayning ia power a rationall and a mediall fuperficies . Let the 
Telfe fame onfpuétians be inthis, that mere in the foure Propofition next going before. And 
itis manifeft,that the line. MX contayneth in power the [uperficies AC . Now reffeth to 
prowe that the line M X isa line contayning in power a Pationall & a medeall —— F s 
aſmuc 
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The tenth Booke 


afmuch as sheline AG isincommenfurablein length to the line G E, therefore ( by the 1.0f 
she fixt, and 10.0f the tenth ) the parallelogramme A H is incommenfurable to the paralle. 
hgramme H E that is, the (quare of the line M N to the fquare of the line NX . Wherefore 
the lines M. N and N X are incommenfurable in power . And forafmuch as the line A D i 
afifi binomial line and his leffe name or pars is the line E D, therefore the line E D i$ come 
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menfurable ix length to the line AB. Bat the line A E is incommenfurablein length tothe 
line E D .Wherefore (by the 13 .0f the tenth) the line AB is incommenfurable in length 
to the line A E Wherefore the lines AB and A E are rational! commenfurable in power 
onely . Wherefore (by the 21 of the tenth )the parallelogramme A K is medial, that 3s,that 
whichis compofed of the {quares of the lines M N & N X added together .And forafmuch 
as the line D E is commenfurable in length to the line A B,that is, to the line E K, but the 
line D E is commenfurable in length to the line E F , wherefore (by the 12.0f the tenth) the 
line E F is alfo commenfurablein length tothe line EK . And the line EK is rationall. 
Wherefore (by the 19.of the tenth) the parallelogramme E L, that is, the parallelogramme 
M R, which is contayned under the lines MN and N X is rationall. Wherefore the lines 
M Nand NX are incommenfurable in power, haning that which is compofed of the fquares 
of them added together, Mediall , and that which isicontayned under them, Rational. 
Wherefore (by the 40. of the tenth) the whole line MX is a line contayning in power a ra- 


tionall and a mediall fuperficies , and it contayneth in power the fuperficies AC: which was 
required to be proucd. : 


gi he 41. Theoreme. The s9. Propofition. 


If a fuperficies be contayned ynder a rationall line, and a fixt binomiall 
line the lyne which contaynetb in power that fuperficies js irrational cr is 
called a line contayning in pówer two medials. . 
4 V ppofe shat the fuperficies A B C D Le contained vnder the rationall line A B, and 

RE under a fixt binomiallline A D and let the line A D be fuppofed te be deuided in- 
>is" t0 his names in the point E,fo that let tbe line A E bethe greater name. T ben 1 fay 
that the line hat containeth in power the fuperficies A C is irrationall, andis a line contay- 
ning in power two medials. Let the felfe fame conftrultios be in this,that were in the former 
Propofitions. Now it is manifeft chat the line M X containeth in power the fuperficies AC, 
and thas the line M N is incommenfurable in power tothe line NX. And fora[much a1 the 
line.A E is incoremenfurable in length to theline AB, therfore the lines A E and AB are 

résionall 
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ational commenfurablein power only Wherfore(by the 21.0f the tenth the parallelograme 
AK thatis,that which ts compofed of the {quares of the lines M N and NX added together 
is mediall. Againe ! fora [much asthe line E D is incommenfurableindength to the line A B, 
therefore alfo the line E F is incomé{urable in légth to the line EK. Wherfore the lines E F 
and E K arerationall commenfurable in power onely. Wherfore the parallelogramme E L, 
shat is the parallelogramme M Rwhich is contained under the lines MN and NX is me- 
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diall. And forafmuch as the line A E is incommenfurablein length to the line E F, therfore 
the parallelogramme A K is alfo incommenfurable to the parallelogramme E L (by the firft 
of the fixt,and 10.0f the tenth.) But the parallelogramme A K is equal to that which iscom- 
pofed of the fquares of the lines MN and\N_X added together. And the parallelogramme 
E Lis equal td that which is cotained under the lines M N and NX.Wherfore that which 
is compofed of the fquares of the lines 9M. N and N X added together, is incommenfurable 
to that which is contained under the lines M Nand N X: and etther of them, namely, that 
shich is compofed of the [quares of the lines M N and N X added together, and that which 
ds contained under the lines M Nand N X,is proued mediall, and the lines M Nand NX 
are proued incommen|urable in power Wherfore(by the 41 of the tenth) the whole line M X 
isa line contayning in power two medials, andit containeth in power the [uperficies AC : 
which was required to be demonftrated. 


3. Àn Affumpt. 


Ifaright line be deuided into two 'pnequall partes , tbe fquares which are 
made of the ynequall partes are greater tben the re&fangle parallelogramme có» 
tayned vnder the bnequall partes ,twife. 


Suppofethat A B be aright line, and let it be deuided into two unequall partes in the 
point C. And let the line AC be the greater part.ThenJ fay, that the {quares of the lines AC 
aud C B,are greater tht that which is contained under the lines AC and C B,twife. Deuidt 
(by the 10 of the firft) the line AB into two e- 
guall partes,in the point D.Now forafmuch as 

the right line AB is deuided into two equall 
partes in the point D, and into two unequall 
partesin the point C, therfore (by the 5.of the. 
Second) that which is contained vander the lines A C and C B, together with the [quare of the 
line C D js equall to tbe (quare of the line A D . Wherefore shat whish is contained under 

: the 
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The tenth Booke 


the lines A C and C B,( omitting the [quare of the line C D) is leffe then the {quare of the 
A D (bythe 9 common fentence,and the feuenth of the fifth.) Wherefore that which ts con- 
bained under the lines AC and C B,twife,is leffe then the double of tbe (quare of the line A 
D (thatis, the twife the {quare of the line A D) : 

by * alternate proportio,and the 14. of the fift. 

But thefquares of the lines AC and CB are A pi 2 Bu 

double to the fquares of'the lines A D and D C 

(by the pof the fecód).T berfore tbe. [quares of 

A C and C B aremare then double fo' the [quare of A D alone, (leaning ont the [quare of D 
C) by the 8.of the fift.But the parallelogramme contained under the lines AC and C B twife, 
is prouet lefe shé the double of the fquare of the line A D.T herfore the fame parallelograme 
contained under the lines 4C and C B twifeyis mach lefe then the [quares of the lines AC 
andC B. Ifa right line therfore be deuided into two vnequall partes, the fquares which are 
made of the vnequallpartes are greater thé tbe reéTangle parallelogranime contained under 
the vnequall partes,twife : which was required to be demonfirated. 








* In numbers I neede nor to have fo alleaged, for the 17.0f the feuenth had confirmed the doubles 
to be one to the other,as their fingles were,butin our magnitudes, itlikewife is true and evident by 
alternate proportion, thus.As the parallelogramme of the lines a ¢ and c s is cohis double, fo is the 
Square of the line a v to his double (eche being halfe). Wherfore, alternately, as the parallelogramme 
is to the {quare,[o is the parallclograme his double to the double of the fquarc.But the parallelograme 
was pfo ued leffe chen thc (quare: wherfore his double is leffe then the fquare his.double,by the 14. of 
the fth. I 


:« This Affumptisin fome bookes not read,forthat in maner it femeth tobe all one 
with that which was put áfter the 5 5.of this booke: but for the diuers maner of demon- 
ftrating,it is necetfary,For the feate of inuentióis therby furthered.And though Zam- 
bert did in the demonftration hereof,omitte that which P. Montaureus could not fup~ 
ply, but plainly doubted of the fufficiencie of this proofe , yet M.Dee,by onely allega- 
tion of the due places of credite, whofe pithe & force, Theon his wordes do containe, 
hath reftored to the demonftration fufficiently,both light and authoritie, as you 1nay 

erceiue,and chiefly fuch may iudge, who can compare this deimonftration here (thus 
Farnithed) with the Greeke of Theon,or latine tranflation of Zambert. * 


q T he a2. T beoreme. The 60.Propofition. 
The (quare of a binomiall line applyed "ynto a rationall line, maketh the 
breadth or other fide a firft binomiall line. 


BOO ppofe thatthe lineABbea 5 
P RO — line yand let it be 
X IS ‘uppofed to be denidedintohis ~ 
SOLO names in the poynt C, fo that 

let AC be the greater name. Andtakea ® A e 
rationáll line D E. And ( by the 44.of the 
firft) unto the line D E. apply a vetlan- 
gle parallelograme DEF G equall to the 
[quare of the line A B and making in 
breadth the line D G.Then 1 fay that the 
line D Gis a firft binomiall line.V nto the 





line DE apply the parallelograme D H e- H L X 
qualltà the [quare of tbe lige AC, and. 4 c b 


unto the line KH which is equallto the 
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line D E apply the paraliclograme K L equall to the fquare of. theline BC . Wherefore the 
refidue namely that which 1s contayned under the lines AC & CB twvife is equall to the re- 
fidue namel;to the parallelograme M F by the 4: of the fecond: Denide ly the roof the frfi) 
the line MG into tivo equall partes in the poynt N . And ( by the 31.0f the firft )drawthe Demonftras 
line NX parallel to either of theje lins ML and GF. Wherefore either of thefe parallelo- tion 
grammes MX and N Pisequall to that which is contaynedwnder the lines A C, and C B 
once, by the 1 cof thefifib. And forafmuch as the line A Bis a binomtailline, and is desided 
into his navies in.the poynt C.ohérejore the linssA C and C '‘Biare rational commmeénfira- 
ble in power onely.Wherefore the qnares of thelines A and CB arerationall aad there- 
fore commenfurcble the one to the other . Wherefore ( by the ts.of the tenth ) that which is 
made of the {quaves of the lines A Gand C Badded together ts cormzmenfuraole to either of 
the quare: of the lines A Ç ar C Bewherefore that which is wade of the [quares of the line: 
A Cand CB added together is retionall And: it is equall to the prrallelograme D L by cor- 
sraction Wherefore the parallelozrame D Txis rational). And jt is applyed vato tbe rational 
line D Ecwberefore(by tbe. 20 of the tenth) the line DM isrationail,and commenfurable in 
length tothe line D E. Agayne forafmuch as thelines A C and C B are rationali commen» 
fisrable in power onely , therefore that which is cartayned under the lines AC and.CB wks 
iwife,that 15;the pavallelograme M F is mediall by,the 21 of the tenth, and it is applyed unto 
the rationall line M L.Wherefore the line M G is rational and incomesen{urableia length 
tothe line ML (by the 22.0f this tenth that is,to thelkne DE. Bui the liae MD is proud 
rationall and commenfurable in length to the line D E.Wherefore(ty the13.0f the tenth) the j 
line D M is inconmenfurable in length to the line M. G. Wherefore the tines D M e M G : 
are rationali commenfurable in power onely Wherefore( by the 36.0f the teath) the whole line Concluded 
D Gisa binosniall line. Now refteth to prone that itis a first binomiall line. Forafmuch as | A D E is 
(by the the affurapt going before the 54.0f the tenth) that which is contayned under the lines 4 binomial 
A C ana C B ts the meane proportional betwene the {quares of the lines AC andCB, lines 
therefore the parallelograme M X is the meane proportisnall Letwene the parallelogrammes 
DH asd K LWherefore as the parallelogame D H is to tbe ee MX, fois the 
pavallelograme M X to the parallelograme K L , that és,as tie line D K isto the lineMN, 
foisthe line MN tothe line MK . Wherefore that which is contayned under the lives DK 
and K M is equall to the fquare of the line MN . And forafmuch as the fguare of the line 
ACis commenfurable to the {quare of the line C B,the parallelograme Y) Hl ids commen[u- 
vuble.to the prarallelograme K L.Wherefore( by the t.of the fixt and 10; of tke tenth) the line 
D K trcveefurablesn legth to the line K M. And forafmuch as the [qnares of the linesACQ - 3. 
and C Baregreater then that which is contayned under the lines AC andC B twife by the 
‘afumpt going before this propofition, er by the afsumpt after this 39. of tke tenth , therefore 
the parallelograme D Lis greater then the parallelograme M F.Whercfore(by the firit- of the 
fixt)the line DM is greater then the line M G.And that whichis contayned vader the lines 
D K and K M îs equall to thefquare of the line MN, thatis to the fourth part of the ‘[quare 
of the line M G.But (by the 17.0f the tenth) ,if there be two unzquall ies lines,and if vp- 
pon the greater be applyed a parallelograme equall tothe fourth part of the {quare made of 
the leffe line and wanting ia figure by a fysare , if alfo the parallelograme this applyed de- 
uide the line whereupon tt is applyed into parts commsenfurable iz length, then hall the crea- 
ter line be inpewer more then the lefve by the fanare of a line commenfurable in length to the 
greater Wherefore the line D Mis ia power more then the ine M G by the [quare of aline 
commenfurablein length unto the line D M. And the lines D M and M G are proned ra- 5. 
sionall commenfurable in power onely. And the line DM is proued tbe greater name and 
commenferaole in length to the rationall line genea.D ¥.. Wherefore by the definition of a 
finrſt binomiall line fet before the 48 propofition of this bocke,the line D Gis a firft bineriall 
LL3a. Jie 
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line: which was required to be proued. — rS 


This propofition and the fiue following arethe connerfes of the fixe former pro- 
pofitions. 


q The 43. beoreme. The 61. Propofition, 


T be fquare of 4 fir[t-bimediall line applied toa rationall line, maketh the 
breadth or other fide a fecond binonitall line. 


Ur ppofethat the line A Bea firft bimediall line, and let it be fuppofed to Le de- 
uided into his partes in the point Crof which let AC be the greater part . Take 
| allo arationall line D E, and (by the 44.0f the firft) apply to the line D E the 
Gs} parallelograme D F equall to theYquare of the line A By cy making in breadth 
the line DG. Then I fay, that the line D C tsa Jecond Linoriall line . Let. the fame con: 
frructions bein this, that wire in the Propopition going befire. And foraſmuch as the line 
A Bisa fir[t bimediall line, and is dewdel indo ns partes in the point C, therefore ( by the 
27 ef the tenth) the lites A C and C B are ; e 
mediall d dpi h^poiver onely, , | m — 
eSprebending a rationall fuperficies Wher- ^ ^ | S 
fore alfo the [quarercf. EON AC und Bees c als a 
CB aremediall . Wherefore the parallelo- ! | 
oritearie DL is weediglt ( by the Corollary | 
Of the 23.0f the tenth andit is applied vp- i 
pon the rational! line D E . Wherefore (by 
the 22.0f the tenth) the line M D 15 rati- 
onall and incormmenfurable in length to : 
the line DE . Againe forafmuch as that E = x F 
which is cotayned vnder thelines ACand A eru: 
€ B tiife is rationall,tberefore alfo tbe pa- ' ‘ 
rallelogramime ME is rationall, and itis 
applied unto the rationallline M L . Wherefore the line MG is rational and commenfure- 
ble in length to the line CM L, that is, fo the line D E ( by the 20. of the tenth) . Wherefore 
theline D Mis incommeñfurahlé in length tothe line MG, and they are both vationall. 
Wherefore the lines D M and M G are rationall commenfurable in power onely - Wherefore 
the whole line D G is a binomiall liné.Now resteth to proue that it is a ifecond binomiall line. 
Forafmuch as tbe fquares of the lines A C and C B are greater then that which is contayned 
cunder the lines AC and CB twife (by the Affumpt before the 60.0f this booke) : therefore 
the parallelogramme D L is greater then the parallelogrrmme M F . Wherefore alfo (by tbe 
Soft of the fixt) the line D M is greater then the lineMG . And forafmuch as the [quare of 
the line AC is commenfurable to tbe [quare of the line CB, therefore the parallelogramme 
D His commenfurable to.the parallelogramme K L Wherefore alfothe line D K is com- 
‘menfurable in length to the line K M.And that which is contayned under the lines D K and 
KM is equall tothe {quare of thè lirie M N, that is, to the fourth part of the fquare ofthe 
tine MG . Wherefore (by the 17.0f the tenth ) theline D M isin power more then the line 
iM G, by the [quare of a line commenfurable in length unto the line DM : and the line 
CU G is commenfurable in length to the rational line put,namely, to D E « Wherefore the 
line DG is a fecond binomiall line : which was required to be proued. 
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q The 44. Theoreme. The 62. Propofition. 
T be fquare of a fecond bimediall line applied ynto a rational line: maketh 
the breadth or other fide therof,a third binomiall lyne. 





V ppofe that A B bea fecond bimediallline,and let A B be fuppofed tobe deuided 
into his partes in the point C,fo that let A C be the greater part And take ara- 
\téonall line D E.And(by the 44-of the firft unto the line D E apply the paralle- 
SOS logramme D F equall to the f quare of. the line AB, and making in breadth the 
fine D GT ben I [ay that the line D G isa third binomiall line. Let the felfe fame confiruc - 
tions be in this that were in the propofitions next going before. And forafmush as the line A 
B is a fecond bimediallline, and is denided ©, 
into his partesin the point C, therfore ( by : 
the 38.0f the tenth) the lines A Cand C B 
are medials commenfurable in power only, 
comprehéding a medial fuperficies. Wher- 
foret that which is made of the [quares of 
the lines ACand C B added together, i5 
mediall, and it is equallto tbe parallelo- 
gramme D L by .conflruction. Wherefore 
she parallelogramme D Lis mediall, ard 
is applied vato the rationall line.D E, 
sherfore(by the 22. of the tenth) the line 
M Disrationall and incommenfurablein 
length to tbe [rie D E. And by the Djke — — 
reaſon alfo* the line M G is rationall and : i 
3acommenfirable ià length totbeYine M L, that is;to the line D E Wherfore either of thefe 
lines D M and M G is rational, and incommenfurable inlenzth ta the line D E And foraf- 
much as the line AC is incommenfurable in length to the liae C B, but as the line A C is to 
tha line C Bsfo( by. the affumpt going before the 22.0f the'venth) is the {quare of the line AC 
to.that which ts contained under the lines.AC andC B Wherfore the [auare of the line AC 
isincummenfarableto that which is contayned under'the lines A Cand CB. Wherfore that 
That which ismade of the fqueres of the lines A C nnd C Budded together, is incommens 
furable to thatwhithis contained under thelines AC and B twife, thats, the parallelo 
gramme D Lo the parallelogramme CM F Wherfore(by the first ofthe fext,and ro ofthe 
tenth the line D M is incommenfurable in length to the line M.G.And they are proned both 
rationall,wherfore the whole line D Gis abinomiall line by the definition in k 36. of the 
Tenth. Nw refeeth to proue that it isa third binomialt tine. As in the former propofitions, fo 
alfa in this may we conclude that the line D M is greater then the ling M Gand that the line 
DK iscommenfurable in length to the line K M. And that that which is contained under 
she lines D K and K Mis equall to the {quare of the line M N.Wherfore the line D M ii in 
power more then the line M G by the fquare of a line commen[urable in Tength «unto tbe line 
D M ,and neither of the lines D M mor M Gis commenfurable in length to the rational line 
DEW/herfare (by the definition of a third binomiall line) the line D G is a third binomiall 
line : which was required to be prouet? = 
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g Here follow certaine annotations by M.Dee,made bpon three places in the 
demonftration, which were not very euidentto yong beginners. 


t {The (quares of iheJiues 4 c and c n ate medials (as is taüght after the 2 1.0f chis tench) and cber- ` 


Forc forafcuuch as thay ste( by fuppofition) comméfuzabie rh'oae to the other: (by rhe 15.6 he céch) 
LL.ij. the 


Coaffruction, 


. Demenflza- 


tion, 


tt 


D G, conclu- 
deda binomi- 
all line. 


A Corollary 
exded by M. 


Dee. 


Conſtruclion. 


Demo iſſra- 


Fon. 


f. 


therefore the lines A C. and C B are ipcom- 
menſurable in power, hauinę that which is 
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she compound of chem both is commehfurable to ech part.But tlic partes are medials, therfore(by the 
corollary of the 23.0f the tenth) che compound fhall be mediail: : 


* For thae m xis equall (by conftruction) to that which is contayned vnder the lines a c and c s, 
which is proued mediall ; therfore(by the corollary of the 23 .of this tenth) w x is mediall, and ther- 
fore (by the fame corollary) his double M F is mediall.And itis applied co a rationall line,m 1 (beyng 
equall to p £) therfore by the 2a.0f the tenth;the line Gis rationall and incommenfurable in length 
to m L,thatis,to D E. 


tt Becaufe the compound ofthe two fquares ('ofthelines 4 c and c 2) beyng commenfurable one 

to the other, is alfo to eyther fquare(by the 15.) commenfurable,therfore to the fquare of a c : But the 
fquare of 4 c is proued incommenfurable to that which is contained vnder 4 c & c s once. Wherfore 
(by the 13.0f the tenth )the compound ofthe two fquares (ofthe lines ^ c and c x ) is incommenfu- 
1able,to that which is cótained vnder the lines 4 c and c s once. Butto that which is twife contained 
vnder the (2me lines 4 c and c s the parallelogárme once contayned,is commeníurable(for itis as 1. 

isto 2.) therfore that which is made o£ the fquares of the lines 4 c and c » is incommenfurable to the 
parallelogramme contained vnder a c and c s twife;by thefsyd 15.of this centh. : 


-- -FA Corollary.. i 


Hereby it is enident that the fqaares made of the two partes of a fecond bis 
medial! line compofed is a compound mediall and that the fame compound is ina 
commen[urable to tbe parallelogramme contayned vnder the two partes of the 
Jecond bimediali lyne. F a 

The proofe hercofjs in the fft and third annotations here before annexed. 


g Ehe 45. T beoreme. The 63, Propofition. - 
AT be [quare of a greater-line applied nto a rationall line, maketh the 


< a breadth or other fide a fourth binomiall line. 


Nyy! 


ox 





V ppofe tbat the line A B bea greater line, and let it be {uppofed: tobe deuided into 
his partes in the point C; fo that let AC be the greater pars . «And take a rationall 
Idest lige D E: And(by tbe 44.0f the fir[t) unto the line D E,apply the parallelogramme 
D-F equal to the (quare of the liné-A B, and making in breadth the line: DG. Then 1 fay, 
that the line D Gis a fourth binomiall line «. Let the felfe fame conflruttion be in this, that 
was in the former Propofitions. And for- E E xx 

afmueb as the line A B. 15 a.greater line, Gy 
25 deuided into. bis partes in tbe point C : 


DÀ 


made, of the [quares of them added toge- 
ther rationall, and-tbe parallelagramme 
whichis contayned under them, mediall. ° 
Now forafmuch as that which is made of 
the fquares of the lines A.C and C B added 
together is rationall, therefore the paralle- 
logramme D L is rationall .Wherefore al- 
fothe line MD is ratiopall and commen- 
furablein legth to the line D E (by the 20. 
of this tenth). Againe forafmuch as that 
which is cotained under the lines AC and C B twife is mtdiall, shat is, the parallelograme 
— he ee aes MF, 


mà 


4 
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M F and it is applied unto the rationallline M L, therefore ( by the 22. of the tenth) the 
line M G is rationall and incommenfurable in length to the line D E. Therefore (by the 13. 
ofthe tenth) the line D M isincommenfurable in length tothe line MG. Wherefore the 
lines D M and MG are rationall commenfurable.in power onely . Wherfore the whole 
liae DG is à Linemiall line . Now refteth to prone, that. it ts alfo a fourth binomiall 
line . Euez as in the former Propofitions, fo alfo in this may we conclude, that the line 
DM is greater then the line MUG . And that that which is contayned wader the lines 
DK and KM is equall to the fqware of the line MN. New forafmuch as the 
Square of the line AC is incommenfurable to the {quare of the line CB, therefore 
the parallelogramme D H is incommenfurable to the parallelogramme K L. Wherefore 
(by the r.of the fixt, and 10.0f the tenth) the line D K is incomvier(urable in length toile 
line KM . But if there be two uncquall right lines, and if upon the greater be applied a pa- 
rallelogran:me equall to the fourth part of the fquare made of the leffe,and wanting in figure 
by a {quarc, and if alfo the parallelogramme thus applied denide the line wherupon it is ap- 


lied into partes incommenfurable in length, the greater line fhall be in power more then the, 


leffe,by the [quare of a line incomenfurable in length to the greater (by the 18. of the tenth). 


Wherefore the line D M isin power more then the line M G, by the (quare of. a line incs- 


menfurable im length to D M . And the lines D M and M G are proued to be vationall c&- 
menfurablein power onely . And the line D M is commenfurablem length to the rationali 
line geuea D E . Wherefore the line D G is 4 fourth binomial line : which was required to 
be proued. - : 


Ug Tbe 46. T beoreme. The 64. Propofition. 
e T he [quare of a line contayning in power a rationall and a mediall fuper- 


ficies applied to a rational line, maketh the breadth or other fide a fift bie 
nomuall line. — 






AY ppofe that the line A B be a line contayning in power arationall and a mediall 
A fuperficies, and let it be  fuppofed to be deuided into bis partes in the point C, f? 
DE | that let A C le the greater part, and take a vationall line D E . And ( by the 44. 
pied of the firft) unto the line DE apply the parallelogramme D F equall to the 
Square of the line AB, and making in breadth 

the line DG .. Then 1 fay, that the line DG is 
A fift binomiall line. Let the felfe fame coftruct- 
on be in this, tbat was in theformer . And for- 
afmuch as A Bis aline contayning in power a 
rationall and a mediall fuperficies, and is deni- 
ded into his partes in the poynt C, therefore the 
lines AC & CB are incomenfurable in power, 
hauing that which is made of the fquares of thé 
added together mediall, and that whichis con- 
tayoed under thems rationall. Now forafmuch E 
ds that which is made of the [quares of the lines A 

A Cand.C B added together is mediall , there- 
fore alfo the parallclogramme D L is mediall. Wherefore (by the 22. of the tenth) the line 
DM is rationall and incomvenfurable in length to theline DE . Againe forafmuch as 
that which is.contayned under the lines AC and CB twife, that is, the parallelogramme 
M F, 15 rational , therefore by the 20. the line M € isrationall c córzen[urable in length 
m LLuij. to the 
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td the line D E . Wherefore ( by the 13. of the tenth) the line D M is incommenfurablein 
length tothe line MG ; Wherefore the lines DM and MG are rationall commenfurable 
in power onely . Wherefore the wholeline DG is abinomiall line . 1 fay moreouer, thas it . 
isa fift binomial . For,asin the former, fo al- 
Soin this may it be proued, that that which is 
contagned under the lines D K and K M 4s ¢- 
quall to the [quare of M N the halfe of she leffe: È 
and that the line DK is incommenfurable in 
length to the line K M. Wherefore (by the 18. 
of the tenth) the line D M itin power more thé 
the line M G by the (quare of a lineincommen- 
f'rabie im length to tbe line D M. And the lines 
D M and M G are rationall commenfurable in 
power onely, and the lefe line, namely, M G is 
commenfarable in length to the rationall line , 
geuen DE. Wherefore the line DG is 4 fift 
binomiallline : which was required to be demonflrated. 





¢ Ihe 47. Theoreme. The 65. Propofition. 


The {quare of a line contayning in power two medialls applyed vnto arae 
tionall line maketh the breadth or other fide a fixt binomiall line. 


> ſcpoſed to bedeuided into his partes in the poyat C. And take a yationall ine D E. 

NO ard (Ly the 44. of the firft ) unto the rationallline D E apply the parallelograme 
D F equall to tbe (quare of the line A B and making in breadth the lineD G . Then 1 fa) 
that the line D G isa fixt binomiall line. 
Let the felfe fame contruction bein thys 
that was in the former. And forafmuch as 
theline AB isa line contayning in power 
two medialls,and is deuided into his partes 
in the poynt C, therefore the lines ACG 
C Bare incommenfurable in power ha- 
ning that which is made of the (quares of 
them added together mediall , and that 
which is contayned under them , medial, 
and moreouer incommenfurable to that 
which is made of the {quares of them ad- 
ded together . Wherefore by thofe thinges I 
which haue bene before proned,either of ee : 
thefe parallelgrames D L and M F ix medial, and either of them is applyedvpon the ratio, 
nall line D E.Wherefore(by the 22.0f the tenth) either of thefelines D Mand MG is ratios 
nail and iacommenfurable in length to the line DE. And forafmuch as that whichis made 
efi the fquares f thelines A Cand CB, added together 1s incommenfurable to that which 
23 contayned ‘under the lines AC and C B emife, therefore the parallelogrtme D L isin 


KS b ppofe thar the line AB bealine contayning in power two medialls , and let it be 
K 





` Tommenfurabltö theparatlelogrämeMF . Wherefore. (by the 1. of the, fixtand 10 .0f se 


resth the line 1) Mis incommenfurable in length to the line MG. Wherefore the lines 
D MandMG are rationall commenfurablein power onely, Wherefore the whole line DG 
i = isa 


of Euclides Elementet, Fol.277. 


tsa binomiall line] fay alfo that isa fixt binomiallline . For enen asin the other propofitions 
it hath bene proued fo alfo in this may it be proued, that that which ts contayned under the 
lines D K and K Ma zs equallta the [quare of the line MN, and that the line D Kiis incom- 
menfurable in length to the line K M,and therfore (by the 18. of the tenth) the line D M is 
in power more then the line MG by the.fquare of a line incommenfurablein length te the 
lineD M And neither of thefe lines D M nor M G iscommenfuratle in length to the vatin- 
nall line geven D E.Wherefove the line D G isa fixt binomial line : which was required to 
be deraonftrated. 


ff T le 48. T beoreme. T be 66. Propofition. 


A line commenfurable in length to a binomiall line jis alfo a binomiall line 


of the felfe fame order. 


Vppofe that the line A B be a binumiall line , and vntotbeline A B det tbe line 
CD be commenfurablein length . Then I fay that the line C D isa binomiall 
line and of the felfe fame order that the line Å B is For forafmuch as A Bis a 
binomial line lct it be deuided into his names in the poynt E,and let A E be the 





WR ie 
greater name Wherefore the lines A E. and E. D, are 
rationall commenfurable in power onely.And as the 
line AB is to the line C D, (fo by the 12.0f the fixt) 
let the line AE beta the line C F. Wherefore(by the 
19. of the fift) the refidue, namely, the line E B is toc F D 


4 E a 











the refidue,namely,to the line FD, asthe line A B is ` 

to the line C D. But (by fuppofition ) the line A Bis commenfurable în length to the line 
C D.wherefore(by the 10.0f the tenth the line AE is commenfurable in length tothe line 
C F,and the line EB to the line F D-And the lines AE andE B are rational. Wherefore 
the lines C F and F D are alfo rationall. And for that as the line AE is to the line C E , fo 
isthe line E B 10 the line F D,tkerefore alternately (by the 16.of the fif)as the line A Eis to 
the line E B,fo is the line C F to the line F D . But the lines AE and EB are commenſura- 
blein jm ontly wherefore the lines CT and F D. are alfo commenfurable in power onely, 
and they are ational Wherefore the wholeline C Dis a binomiall line. I fay alfo chat it is 
of the felfe fame order of binomial lines that the lige AB is.For the line AE is in power more 
then she lige B either by the [quare of a line commenfurable in length to the line AE, or 
bythe ‘fquare ofa lineincommenfurable in length to the line A E.Jf the line A E be in power 
more then the line EB by the {quare of a line commenfurable in length to the line AE, the 
line alfo CY ( by tbe 1a. of tbe tenth ) [halbe in power more then the line F D by the 'fquare 
of'a line zommen[urable in Itrgtb to CY . 4nd if the line AE be conmenfurablein length 
to ardtionall line geuen,the line C F alfo fhalbe coommenfurablein length to the fame (by 
the 12.0f the tenth). And fo cither of thefe lines A B and C D is a frf binomiall line,that 
is,they are both of one andthe [8f fame order » But if the Un E. B be commenfurable in 
Length to the rationall line put,the line F D alfofhalbe commenfurablein length to the fame. 
And by that meanes agayne the lines AB and C Dare both of one and the fefe fame order, 

for either of themis a fecond binomiall line.But if neither of tbe lines A E nor EB be cem- 
vienfirable in length to the rationall line put , neither alfo of thefe lines C F nor F D Jhalbe 

coririch [urable in length ŝo the farne. Andfoeither of the lines AB and C D isathird bi- 

nomiallline. But if the line MY. be in power more then the line EB by the [guare of aline 

incommenſurable in length tu tbe line AE, tbe line alfo C Y Jhalbe in power more.then the 

line F D by ibefquare of line incommenfurable inleneth to the line CF, (by the 14. of 

LL. the 
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"Line AB is commenfurable in length tothe lyne 
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thetenth ) . And then if the line AE be commenfurable in length to the rational line put 
the line C F alfo fhalbe commenfurable in length to the fame, and fo either of thelines AB, 
and C D [halbe a fourth binomsiall line . And if the line EB be commenfurable in length to 
the rationall line geuen,the line F D alfo fbalbe commen[urable in lengto to the fame. And 
fo either of tbe lines A B and C D fhalbea.fift binomial! line. But if neither of the lines 
A E zer E B be commen[urable in length to tbe rationall line geuen neither alfo of tbe lines 
C F zor F D fhalbe commen[urable in length to tbe fame and fo either of the lines A B and 
C D fhalbe a fixt binomiall line. A line , therefore commen[urable im length to a binomiall 
lineyis alfo a Linemiall line of the felfe fame order which was required to be proucd. 


q Ube49.Theoreme. = The 67. Propofition. 


A line commenfirable in length to a bimediall line, is alfo a bimediall lyne 
and of the felfe fame order. 


Toul ppofe that the line ABbea bimediall line, And unto the line AB, let the lya 
8 le D be commenfurable in length. Then1 fay that the line CD is a bimediall 









J lenc,and of the felf order that the line A B is. Denide the line A B into bis partes 

V SZ tbe peint E.And forafmuch as the line A Bis a bimediall line,and is denided 

into his partes in the point E, therfore (by the 37.and 38. of tbe tomb the lines A E and E 

B are medials commenfurable in power onely. And (by the 12.0f the fixt) as the line A Bis to 
theline CD folet theline AE betothelineCF.  . 





Wherfore(5y the 1 9.0f the fift) therefiduename A ` E B 
ly the line E B is tothe refidue,namely,tovhe line s à f 
E D,asthe line: AB is tothe lineC D. But the ¢ F p. 





C D.Wherfore the line A E is commenfurable in ' 

length to the line C F and the line E B to the line F D. Now the lines A E amd E B are me- 
diall,mberfare (by the 23 of the tenth) the lines C F and F D are alfo medialt. And for that 
as theline A E is to the line E B fo isthe fine C F to theliùe F D. But the lines AE and E 
B are commenfurablein power onely wherfore the lines C.F and F D are alfo commenfora- 
ble in power onely. And it irproued that they are mediall.Wherfore the lyuc C D is a bimedi- 
all line. I fay alfo thas it is of the felfe fame order that the line AB is.For,for that as the line 
AE is tothe line EB,fois the line C F tothe line F D,but asthe lineC F isto F D, fois the 
Square of the lyne C F to the parallelogramme contained under the lynes C F and F D, by 
the firft of the fixt.Therfore as theline A E isto the line E B,fo (by the r1.0f the fift) is the 
Square of the line C F to the parallelogramme contained under the lines C F and F D : but 
as AE is to E B fo bythe rof the fixt,is tbe [quare of tbe line A E, tothe parallelogramme 
contained under the lines A E and E B,therfore (by the r1.0f the fff) as tbe (quare of the 
line AE is to that which is contained under the lines A E and EB, fois the {quare of the 
lint C F to that which is contained under the lines C F and F D. Wherfore alternately (by 
the 16.of the fift)as the [quare of tbe line A E is to the [quare of the line C F,fo is that which 
is contained vnder the limes A E and E B to tbat which is contained vnder the lines C F c 
F D.Buf the [quare of the line A E is corsmen[urable to the (quare of tbe line CF ,becaufe A 
E and C F are commenfurable in length. Wherfore that which is contained under the lines 
A E and E Bis commenfurable to that which is contained under the lines C F and F D. If 
therfore that which is contained under the lines A E and E bi be rationall,that is,if the ine 

: j AB 
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‘AB bea firft bimediall line,that alfo whichis contained under the lines C F and F D isra- 
tionall Wherfore alfo the line C Disa firft bimediall line.But if that which is contained vn- 3 
der the lines A E and E B be mediall,that is,if the line AB be a fecond bimediall line, that 
alfo which iscoatayned under the lines C F and F D is mediall:wherfore alfo the line C D 
sa fecond bitsediall line Wherfore the lines A B and C D are both of one and the felfe fame 
order : which was required to be proued. S l 


o 


a A Corollary added by Flufiates : but firft noted by 


P.CMontaurens. 


4 line commenfurable in power onely to a bimediall line, is alfo a bimediall 


. line and of the felfe fame order. 


Suppofe that A B be a bimediall line, either a firft or a fecond,wherunto let the line G D be cémen- 
furable in power onely, Take al{ a rational line E Z,vpon which (by the 45.of the firlt) apply are@tan- v4 Corollary 
gle paratlelogramme equall tc the {quare of the line AB, which let be EZ FC, and let the rectangle addid by 
parallelogramme C FI Ji be equail to the fquare of the live G D . And forafniuch as vpon the rational Flufjates. 
line E Z1s applyed ‘a reCtangte. parallelogrzmme EF 
equall to the [quare ofa firit bimediall line, therefore g — — 5 
the other fide. therofnamely, E C, is a fecond bino- 
miall line,by the Gr.ofthis books. And forafmuch 4, B 
as by fuppofition the (quares of the lines:A B & GD 
are commenfurable, therefore che parallelogrammes 
EFandCI (whicharecquall vato them ) are alfo MH c E 
cominenfurable . And therefore by the 1.of the fixt, - 
thelines E C and C H are commenfurable in length, 
Dutthe liac E C isa fccond binomialllinc. Where- 
foretheline CH isalfo afecond binomiall line, by 
the 66.of this booke . And forafmuch as the fuper- , 
ficies CI iscontayned vnder‘aratfonall line EZ or 
CF, anda fecond binomiallline CH, therefore the 
line which contayneth itin power, namely, the line, F 
GDisa firftbimediallline, by che ss.of thisbooke.., _ D. A 
Andfoistheline GD inthe felfe fame orderofbi- ^ 
mediall lines that the line A’B is:."Ehe like demonttration alfo will ferue if the line A B be fuppofed to 
bea fecand bimediall line’, For fo fhall it make the.breadth E C. athird binomiallline whereunto the 
Jine C H thall be commenfurable in length, and therefore C H alfo fhall be a third binomiall line,b 
faeanes whereoFthe line which cóntayneth ia power ,the fuperficies CI, namely, the line GD fall 
alfo bea fecond bimediall Jine... Wherefore a line commenfurable either inlength, orin power onely 
to a bimcdiall line, is alfo a bimediallline of the felfe (ame order. ‘ . 

Buc fo is it not ofneceffitie ia binomiall lines, for if their powers onely be commenturable, it fol- E 
loweth not of neceffige that they are binomialls of one and the felfe fame order, but they are èche bi- Note, 
nomialls eyther of the three firftkindes, or ofthe three lait. As for example. Suppofe that AB bea 
firit binomial line, whofe greater name lec be A G,and vnto AB let the line D Z be cóméfurable in po- 
wer oncly. Ehen I fay,that che line D Z is not of the felfe m 
fame order thatthé line A B is. For ifit bepoffible,let D —— 5, 
the line D Z be of the felfe Ame order that the line A Bis. 

Whereforsthe line D Z may in like fort be deuided asthe 4, 2. B 

line A Bis, by that which hath bene demonftrated in the 

66. Propofitien of this booke = let it be fo deuided in the c qu : 

póyatE. Whercfore it can not bc fo deuided inany otliec — > i 
i 


` 


poyat, by the'4z. of this booke. And for thatthe line AB ° - 
ss to the line DZ asthe line AG isto the line D E; but 
the lines A G & D E,namely,the greater. names,are com- , 


menfurable in length the one tothe other (by the ro.of . | 

this booKe ) for that they are commenfurable in length to 

anc and the feife (ame rationalllinc, by che firlt definicion ‘ 

of binomiall lines. Wherefore thelines ABandDZ are | — —— — — 
commenfurable in length, bythe 15. of this booke. Buet F T I 


by fuppofision they are commenturable in poweroncly : which is impoffible. 


Constrattion. 


TiemasSra- 
f. 


T he tenth Booke 


Tite felfe lame dem onftration alfo will [erue,if we fuppofe the line AB to be a"fecond binomial 
line ; for the leffe names G B and E Z being commen(urable in length to one and the felfe fame ratio- 
nall line, fhall alfo be commenfurable in length the one to the other. And therefore the lines AB and 
DZ which are in the felfe fame proportion with them, fhallalfo be commenfurable in length the one 
to the other : which is contrary to the (uppofition . Farther, if the (quares of the lines AB and D Z bẹ 
applyed vnto the rationall line C F,namely, the parallelogrammes C T and H L, they fhall make the 
breadzhes C Hand HK firft binomiall lines, of what order foeuer the lines A B & D Z (whofe fquares 
were applyed vnto the rationalline)are,(by the éo.ofthis — ^ — 
booke) . Wherefore it is manifelt, that vnder arationall 
line and a firft binoiiall line, are confufedly contayned all 
the powers of binomiall lines (by the 54. of this booke). G B 
Wherfore the oncly commenfuration of the powers doth n ; 
not of neceffitie bryng forth one and the felfe fame order 
ofbinomialllines . The felfe (ame thyng alfo may be pro- c H K 
ued,if the lines A B and D Z be fuppofed to bea fourth or 
Fifth binomiall line, whofe pawers onely ase comment{u- 
rable namely ,chac chey fall as che firlt bring forth bino- 
miall lines of diuers orders . Now forafmuch as the pow- 
ers ofthelincs À G and G D, andiD E and EZ are com- 
menfurable & proportionall, ic is manifelt, thac if the line 
AG be in power mere then theline GB by the [Quare of 
aline commenturable inlength vnto AG, theline DEF T i 
alfo fhall be in power more then theline E Z by the {quare 
ofa line commenfurable in length vato the line D E ( by the 16. of this booke). And fo fhail the two 
lines A Band D2Z be eche,of the three firft binomiall lines . Bucif the line A G be in power more then 
‘the line GB by the fquare ofa linc incommenfurable in length vnto the line A G,the line D E fhallalfo 
bz in power ivore then the line EZ by the fquare of a line incémenfarable in length vnto the linc DE, 
by che felfe fave Propofition . And fo fhall eche ofthe lines A B and D Z be ofthe three laft binomial 
lines . Bur why it is not fo in the third and fixt binomiall lines , the reafon is : For thacin them neither 
ofthe names 1s commenfurable in lengch to the rationall line put FC. 


v —] 








q The yo. T beoreme.. The 58, Propo/ition. 

A line commenfurable to a greater line ,is alfo a greater line.. 
! Pu — R : 
ESR) ppofethat the line AB be a greater line.And- unto the line AB let the lineC D 
AN becorzezen[urable-T hen 1 fay tbat the line C D alfo is a greater line. Dewide the 
RO K| line A B into-his partes in-the point E.Wherfore (by the 3.9.0f the tenth) the 
ELI lines A E and E B are incommenfurable in power, hauing that which 1s made 
of the {quaves of them added together rationall,and that which is contained under. thé mes 
diall. And let the reit of the construttion be in this,as it was in.the former. And for that a5. 

the liae A B is to tbe line C D, fo : 

is the Ene A E.to tbe line C Fc i 












the liag E B tothe line F D, but ene ; E B 
the line A B is commenfurable to ` i 3 
the line C D by fuppofitio. Wher- © — F D 

ore the line A E is commenfura- ; oe 


ble to the line C F,and the line E B tothe line F D. And for that as the line A E is to the 
line C F fois the line E B tothe line F D.Therfore alternately( by the 16.0f tbe fft) as the 
lisse A E is to the line E B fois the line C F tothe line F D.Wherfore by compofition alfo(by 
the 18.of the fift)as the line A B is to the line E B fois the line C D to theline F D. Where- 
fore (by the 22.0f the fixt) as the (quare of the line A B is ta tbe [quare of the line E B, fo is 
the fauare of the line C D to tbc [quare of the line F D „Andin like fort may me prone that 
as the [quare of the line A B is to the [quare of the line A E fo is the fquare of the line C D, 
tothe [ynare of the line C F. Wherfore (by the 1 1.of the fift) as tbe (quare of the lyne AB 
is tothe [quares of the lines A E and E B, fo is tbe [quare of the line C D tothe [quares of the 

lines CF and F D.Wherfore alternately (Ly the 16.0f the fift) as thefquare of | the line AB 

l is 


of Euclides Elementet, Fol.179. 


isto the [quare of the line C, D, fà Ayéthe fquares af thelines A EandEB tothe Squares of 
the‘lines CE and F D.But the {quare of the line A.B is commenfurabte tothe{quare of the 
liae C D (für the line A B is commenfurable to the Line CD by {uppolitid) Wherfore alfo the 
Squares of the lines A E aad E B are comenen[urable to the (quares of the lines CF and F 
D.But the [quarcs of the lines A E and E B are incommep[urable,and being added together 
are ration Wherfore the (quares of the lines Pant FD are incummarn{arable,cy being 
added together are alfo rational. And ip like fort may we proue that that which is contajned 
vader the lines A E ard E B twife,is conmracn{uvable to that which is contained under, the, 
lines C F and F D twife. But that which is contained-under the lines A Eand £ B twife,is 
mediall,wherfore alfo that which is contained wader the lines CF aad £ D twife is medial.’ 
Wherfore the lines C F and F D are incommén|yrable ig pawer,hauing that which is mad: 
of the [quares of them added together rational, and- that which is contained under the me- 
diall Wherfore(ly the 39. ofthe ienth) the whole line € D is irratiozall, er is called a grea- 
ter liae.A line therfore commenfurable to a greater line,is alfo a greater line. 
Another demonftration of Peter Montaureus to proue the fame. 

Suppofe that the line A B bea greater line,and ynto itlet the line D be conimenfurable any way, 
that is, either both in length and in power,or els in power onely.Then I fay chat the line C Dalfois a 
greater line.Deuide the line A B into his partes in the point E.and let the reft of he conftruction be in 


chis as it was in the former.And for that as the line A B isto the line C D, fo is the line A Eto the lyne 
CF, and the line E E to the line F D, 


therfore as the line A Eisto the lyne 

C F,fo isthe line EB to the line F D; As — 
but theline A Biscommenfurable to’ i — 

the line C D.Wherfore alfo the lyne e F D 


À Ejscommenfurabie to the lyne C ` ———— —À——— — — — 
F;and likewifé theline E B to theline: 
F D.Andfor rfiatas the line A Eis «o the line C F, {ois the line EB to the line F/D, therfore alternately 
as the lyne A Eis to the line EB,fo is the line C F tothe lyne FD. Wherfore (by the22.0f the fixt) as 
the {quare of the lyne A Eis to the fquare of the line E B,fo is the {quare of the line C F to the fquare 
of che lige F D.Wherfore by compofition (by the 18.of the fift)as that which is made of the (quares of 
thelynes AE and EB added cog&thér is to the fquare of chelyne E B , fo isthat which is made of the 
fquarts ofthelyaes C F and F D added together to the fquare of thélyne F D.Wherefore by contrary 
prapertion as the fquare of the line E Bis to that which is made ofthe (quares ofthelines A Eand E 
B added together fo is the {quate of the lyne F D to that which is made of the {quares of the lynes CE 
and F.D added together. Wherfore alternately as the fquare of the line E B isto the fquare of thelyne 
FD, fo is that which is made of the fquares ofthelynes A E and E B.added togetherto that whiche is 
made of the fquares ofthe lynes C Fand F D added tegether.But the fquarc ofthe lyne EB is cómen- 
furabl¢ to the {quare of the lyne F D, for ichath already.bene proued that the linesE B and F D are có- 
méfurable.Wherfore that which is made of the fquáres of the lines A E & E B added together is com- 
méfurable to that which is made of the {quares of  F.& E D added together. But that which is made 
of the fquares of the lines A E and EB added together is rationall by fuppofitio. Wherfore chat which 
is made ofthe fquares ofthe lynes C F and F D added together is alfo rationall. Andas the lyne A E is 
to the lyne EB, fo is the line C F to thelyne F D. Butas the lyne A E is to che lyne EB, fo is the fquare 
pf che line A E to the parallelogramme contayned vader the lynes A E and EB: therforeas thelyne C 
Fis to the lyne FD, fois the {quare of the lyne A E to the parallelogramme contayned vnder the lines 
AE and E B: & ds the lyne C F is to the lyne F D,fo is the {quare Hie lyne C F to the parallelográme 
Contayned vnder the lynes C F & F D. Wherfore as tlie (quare ofthe lyneA E is to theparallelográme 
contained vnder she lines A E and E B,fo is the (quare of the lyne C F to the parallelogramme cótay- 
ned vnder the lynes C F and F D. Wherfore alternately a4 the [quare of the line A E is to the (quare of 
the lyne € v jfo is the parallelogramme contained vnder the lynes A E and E B to the parallelogramme 
coutayned vender ihe lines c e and » p. But the fquare of the lyne A E is coimmenfurable to the fquare 
of the lyne c zr foritisalready proued that the lynes.A E and C F are comméfurable. Wherefore the 
parallelogramme contayned vider the lyaes A Éand EB is commenfurable to the parallelogramme 
contayned vnder the lynes c r and r n. But the parallelogramme contayned vnder thelines A Eand E 
B is mediall by fuppofition. Wherfore the paralleloóramme contayned vnder the lynes c r and f b al- 
fo is mediall.And(as it hath already bene proued) as the line A E is to the lyne EB, fo is the lyne c r 
to the Jyne, ED.But the lyne A E was by fuppofition incommenfurable in power to the line EB. W her- 
fore(by éli& r6. of the centh) the lyne c Fis incommenfurable in power to the lyne E D. Wherfore the 
lynes 


An other de- 
nionStration 
after P.Mon- 
taurens. 


An other de- 
enoníTration 
after ( am- 


pene. 


Conſtruction. 


Demonffra- 
tien. 


PES The tenth Booke 
Aynes C. Fand FD areipcommenfurable in. power having that which is made of the {quares of them 
added together rationall,and that which is contayned vnder them mediall. Wherfore the whole lyne 
CD is (by.che 39-0f the tenth)a greater lyne. Wherfore alyne commenfurable to a greater lyne is alfo 


a greater lyne : which was required to be demontftrated, f 
— 


An other more briefe demonſtration of the fame after Campane. — y- 


Suppofe that 4 be a greaterline, vnto which ler the line a be 
commréf(ucable, either in'length and power,or in power onely.And 
take arational line c p. And vpon itapply the fuperficies ¢ 2 equall 
to the {quare of theline'a:and alfo vpó the line r e (which is equall 
to the rationallline c p ) apply the parallelegramme r c equall to 
the fquare of the line s . And forafmuch as the fquares of the two 
Jines 4 and » are commenfurable by fuppofition, the fuperficies c £, 
fhalbe commenturable vnto the fuperficies ‘G2 and therefore-by 
thc firft of the fixcaad tenth ofthis booke , the line D s is commen- 
furable in length to the linece- And forafmuchas (by the 63 . of. 
this booke) the ling b £ isa fourth binomiall line, therefore by the 
66.0f this booke che line c r-isalío a tourth bino miall line : where- 
fore by che 57. of this booke the line a. which contayneth in power 
rhe faperficies F c isa greater line. 





y The s1. Theoreme. - The 69. Propofition. 


A line commenfurable toa line contayning in power a rationall and a mee 
diall:ts alfo a line contayning in power a rationall and a mediall. 


AS V ppofe that AB bealine contayning in power a vationall and amediall. And 









x) S wntothe line AB let the line C D be commenfurable,whether in length and 
>) cy power,or in power onely.T hé I fay that the line C D isa line cotayning in power 
LASS 4 rationall Gr a medsall.Duide the line A B into bis parts in the poynt E.Wher- 
fore (by the 40. of the tenth ) the lines AE andEB 
are incommenfurable in power, having that which is A E B 
made of the {quares of them added together medi- 
al, and that which is contayned under the rationall.¢ F D 





Let the fame confiruction bein this that was in the 
former And in like fort we may proue that the lines 
C Fand F D are sncommenfurable in power, and that that which is made of the {quares of 
the lines AE and EB is commenfurable to that which is made of the {quares of the lines 
C F and F Dyand that that alfo which is contayned under the lines AE and EB is commt.- 
fuvable to that which is contayned under the lines C F and F D .. Wherefore that which is 
made of the {quares of the lines C F and F Dis mediall,and that which is contayned under 
the lines C F aad F D is rationgll . Wherefore the whole line C D is a line contayning in 

power arationall and a mediall:which was required to be demonftrated. 


An other demonftration of the fame after Campane. 


Suppofe 


of &uclides Elemente. Fol.i80. 


Supofe that 4 2 be aline contayning in pow- 


1 E z [ge— 
erarationalland a mediall: whereunto let the line > 
€ D be commenfurable either in length and pow- A 5 
er,or in power onely. Then] fay thar the line G D ‘Sa ot 


isa line contayning in powerarauonall anda me- 
Giall. Take a rational line £ Z,vp6 which by the 4s. 
of the firftepply areGangle pavallelograme £ Z FC 

equall to the fquare of the line 45: and vpon the | 
line CF (which is equall co the line £ Z) applye 

the parallelogramme F C H 4 equall to the fquare | | 
oftheline D : aundlet the brcadths of the fayd | 


- 
4 
a 





paralleiogrammes be the lines E Cand CH. And 

forafmuch as the line 48 iscommenfurable co the | 

line G D ac the lealtin power onely, therefore the — 
parallelogrammes £ Fand FH (which areequall |! F ^ 
coitheir {quares ) Shalbe commenfurable. Where- 

forc by the r.of the fixt rhe right lines E C and C Hare cémé(urablein légth. And forafmuch as the pa- 
rallelogranume E F ( whichis cquall to the fquare of the line 4 8 which contayneth in power a ratio- 
nail and a mediall )is applyed vpon the rational] Z Z,makirg in breadth theline £ € , therefore the line 
EC isaffh binomiall line(by the 64.0f this booke )vnto which line £ C the line C H is cóméfurable in 
length, wherefore by the 66.of chis booke the Line C # is allo a fifth binomial] line. And forafinuch as 
the fuperficies C / is contayned vnder the rationall line £ Z ( thatis C F ) and a fifth binomallline C H, 
therctore the line which contaynech in power the füperficies C 7 , which by fuppofition isthe line G D 
isa line contayning in powera rationall ada mediall by che 58. of this booke . A line therefore com- 
menfurable to a line contayning in power a rationall anda mediall.&c. 





—— -d 


gT he s2. T heoreme. The 70. Propofition. 


A line commenfurable toa line contayning in power two medialls, is alfoa 
line contayning in power two medtalls. 


Ta ^ ppofe that AB bealine contayning in power two medialls. And unto the line 

LX) X 3 AB let the lineC D be commenfurable,whether in length & power,or in power 
? | onely . Then I fay, that the line C D is a line contayning in power two medialls. 
2S Forafmuch as the line AB is a line contayning in power two medialls,let it be 
denided into his partes in the point E .Wherefore (by the 41.of the tenth ) the lines A E and 
E Bare incommenfurable in power hauing that which 1s made of the {quares of them added 
together mediall, and that alfo which is contained under them mediall, and that which is 
made of the fauares of the lines AE eco 













Bes à A E "n 
E E is ipcommenfnrable to tbat which EE —— 
is contained under the lines A E and T TE a 
EB. Let the felfe fame confiruction e e a 


be inthis that wasin the former. And "o 
iz like fort may we prone, that the lines C F Cy F D are incommenfurable in power,and that 
that wbich is made of the fquares of the lines A E and E B added together is commenfurable 
to that which is made of the [qaares of the lines C F and F D added together, and that that 
alfo which is contained under the lines A E and E B is commenfurable to that which is con- 
tained under the lines CF and F D .Wherefore that which is made of the {quares of the 
lines C F and F D 1s mediall (by the Corollary of the 23. of tbe tenth) : and that which is 
contayned under the lines C F and F D is mediall (by the fame Corollary ) : ana moreouer, 
that which is made of the [quares of the lines C F e F D is incommenfurable to that which 
is contained vader tne lines CF and F D .Wherefore the line C D is a line containing ts 
power bivo mediails : which mas required to be proued. l 


MM.. An 


An other deo 
monflratiöafa 
ter Campane, 


Conſtrucliou. 


Demo:f/ra- 
on. 


An Afumpt. 


An other de- 
monstration 
after Cam- 
pane, 


The tenth Booke 
g An Affumptadded by -%ontaureus. 


That that which is made of the [quares of the lines CF and F D added together, isin- 
commenfurable to that which is contained under the lines C F and F D is thus proued.For, 
becaufe as that which is made of the {quares of the lines A E and E B added together is to the 
Square of the line A E, fo is that which is made of the {quares of the lines C F and F D. ad- 
ded together, to tbe (quare of tbe line C F , as it was prouedin the Propofitions going before: 
therefore alternately, as that which is made of the {quares of AE and E B added together ts 
to that which is made of the [quares of C F and F D added together , [ois the (quare ofthe 
line A E to the {quare of the line C F . But before,namely, in the 68. Propofition,it was pro- 
ued,that as the {quare of the line A E is to the [quare of the line C F, fo is the parallelograme 
contained under the lines A E and EB to the parallelogramme contained under the lines 
CF and F D . Wherefore as that which is made of the [quares of the lines AE and EB is 
to that which is made of the {quares of the lines C F and F. D fo is tbe parallelogramme con- 
tained under the lines A E and EB tothe parallelogramme contained under the lines C F 
and F D .Wherefore alternately as that which is made of the [quares of the lines AE and 
E B isto the parallelogramme contained under the lines AE and EB, fo is that which is 
made of the {quares of the lines C F and F D tothe parallelogramme contained under the 
lines CF and F D. But by [uppofition that which is made of the {quares of the lines AE 
and E B,is incommenfurable to the parallelagramme contained under the lines A E cy E B. 
Wherefore that which is made of thefquares of the lines C F and F D added together is in- 
commenfurable tothe parallelogramme contained under the lines C F and F D : which was 
required to be proued. 


+ An other demonftration after Campane. 


Suppofe that A B be a line contayning in power two medialls : wherunto let the line G D be com- 
menfurable either in length,and in power,or in power onely . Then I fay, that the line G Disa line có- 
tayning in power two medialls. Let the fame conttruction be in this, that was in the former . And for- 
afmuch as the parallelogramme EF is equall to the 
{quare of che line AB, and ‘is,applyed vpon aratio- 
nallline EZ, itmaketh the breadth EC a fixt bino- 
miall line, by the 65.of this booke . And forafmuch 
astheparallelogrammes E F & C I(which are equall 
vnto the fquares ofthe liues AB and G D, which are 
fuppofed to be commenfurable)arecommenfurable, H c E 
thercfore the lines E C and CH are commen(urable 
in length, by the firlt of the fixe. Bue E C isa fixe bi- 
nomiall line : Wherefore C H alfo is a fixt binomiall 
line, by the 66.of this booke. And forafmuch as the 
fuperficies C Lis contayned vnder the rationall line 
C E and a fixt binomiall fine C H, therefore the line 
which cótayneth in power the fuperficies C Iname- 
ly, theline GD is a linc contayninginpowertwo 7 
medialls,by the 59.0f this booke. Wherefore aline — 
commenfurable to a line contayning in power two 
medialls.&c. 


G6 — D 


A i, — B 


x: An Annotation, 


Hetherto hath bene fpoken of fixe Senarys, of which the firft Senary contayneth the pro- 
duttion of irrationall lines by compofition : the fecond, the dinifion of them, namely, that 
thofe lines are in one point onely deurded : the third,the finding out of binomiall lines,of the 
Sirit, I fay, the fecond, the third, the fourth, the fift, and the fixt : after that beginneth the 
fourth Senary, containing the difference of irrationall lines betwene them felues . For by the 

nature 


of £uclides Elementes, ^ Fol.281. 


- nature of enery onc of the binomiall lines are demonfirated the differences ofirrational lines: 

The fiueth entreateth of the applications of the [quares of exery irrational line,namely,whas 

‘irrationall lives are the breadties of every (uperficies fo applied..In the fixt Senary is proned, 
that any line commenfurable to anyirrationall line, 2s alfo.an ivrationall lineof the [ame na- 
ture. And now fhall be fpoken of the fenenth Senary, wherein againe are plainly fet forth the 
reft of the differences of the faid lines betwene themfelues. >. 

And there is euen in thoſe irrationall ſines an aritlmeticall proportionalitie. Andthat Nac, 
line which is the aritbmneticallmeaae prayartienall betscne tbe partes of any irrational! me, f: 
is alfo an irrationall line of the felfefame.kinde . Firft ut is cevtaine. that there is-an. arith- 

‘aneticall proportion betwene thofe partes: For fuppofe that the line AB be any of the ferefaid 

-trrationall lines, as for example, let-it. be a breamall line, let it be deuided into his narses 

sin the point C. And let AC ce the greater name, from which take amay theline A D equall 
to the lefie name,namely,to CB. And deuide the line G D initotwo equall partes in the point 


VE. Itis manifest that the line AE isequall tothe”. ay Ss 








‘line EB. Let theline F G be equatl io cither of “A Dy a ee B 

them .It is plainé that how much the lineA Edif- See oh, PG CR IS —— 
féreib fvo theline F.Gyfo vauch tbe famelineF G E09 

Adiffereth fraim the line C B: for in echeisthedijfe- — oos 


rence of the line D E or E C, which is the ròpertie of aritlmeticall proportionalitie. Andit 
is manifest, that the line EG is — length ta.theline AB, for it is the halfe 
thereof Wherefore (Ly the 66.0f the tenth) the line F Gis.abinomiall line. And after the 
felfe fame maner may it-be proned touching the reft of 15e irratiqnall lines. 


og The s3. Theoreme..- . The 71.Propofttion. 
If two [uperficieces namely a rational anda mediall fuperficies be copofed 
together ,the line which contayneth in power the whole fuperficies ïs one o 
~ thefe foure irrational lines either a binomial line or a firft bimediall lyne, 
or a greater lyne or a lyne contàyning in power 'acrationall anda mediall 
sive dftiperfides; 01 0 ova pL UEM 
get — sae pe EA — EE ET Thè fikinib 
Aeae aepo that shere be two feperficieces AB and C D, of which let the fuperficies 


enary, 


— a 
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L4 B berationall c. — nperficies CD mediall. The 1 fay that the lye contay- 
SE INI TO RNG Qe v. S RR WROX S p tae pe : 
ning in power y whole [uperficigg AD is either a binomial line,or a firit bimed- : 
EEE all tine or a greater lineo a Lye cotayning in power a rational & a mediall {n- Confirn ition. 
perficies.F or the fuperficses A B isgither greater or lefeahe the Piper ficies C D (for. thes va by 

eguaeues Veegnall, sehtasthe one js ratignall,and the osher medial). Fiji ler it be greater, Two cafes in 
















apa lake a rationall lige F. And (by the gq. of tbe firi?) unt othe line E F apply the paral- seh aie 
sligrevme E Geqialo tbe aperficies AB Geta halo i 
Ine sa oreadth the line E.H,and tothe [ame line E Zo oe bis two cafes, 
Pillai isto tbe line H apply ile Barallelegramme — First cafes 
du equallta tbe [upecficies D C, and waakyng in Y en Roe Sua 
— the line H. K dud forafmach asthe fuper. te Demonfinaa 
Jigies AB is rational, axdis equall to the parallelo- 7 tion, 


quU mnc Y G, tbecfereibe paralleloeramme E.G is 
aUo ational and it i applied vito the rational line 
yh EF, making in breadh the liue E H.Wherforethe 
Aine EH íszatzonall and cormmen[urable in length. <- ~B 
‘tovhe line E F (by the 20.0f the tenth). "Againe for © ET 
.afrmueh as the [uperficies C D is imediall, and is e- 


UD 





Firſt port of 
tbe fell cafe. 
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Mbejecód cafe. 


Second pare of 
tbe fecad cafe. 
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qual ho the parallelograme H I,therfore the parallelugrame H 1is alo medial, and is appli- 
edvatothe rationall line E F, that is, unto the lyne H G making in breadth the line H K. 
Wherfore the lyne H K is rationall and incommenfurablein length tothe line E F (by the 22 
of the tenth.) And forafmuch as the fuperficies C.D is mediall,and the Juperficies AB is ra- 
tionall,sherfore the fuperficies A B is incommenfurable to the fuperficies C D Wherfore alfo 
the parallelogramme E G is incommenfurable to the parallelogramme H 1. But as the paral- 
lelogramme G E is to the parallelogramme H 1,fo( by the 1.0f the fixt)is the line E H to the 
lyne H K Wherfore (by the 10. of the tenth) the line E H is incommenfurable in length so 
theline H K,and they are both rationall.Wherfore the lines E H and H K are rationall com 
menfurable n power oncly Wherfore the whole line E K is a binomiall line, and is denided 
into his names in the poynt H. And forafmuch as the fuperficies A B is greater then the fa- 
porficies C.D but the fuperfisies..A B is equallto the parallelogramme E G,and the fuperficies 
°C D tothe parallelogrammeH 1.Wherfore the parallelogramme E G is greater then the pa- 
vallelogramme H IW berfore tbe lint E H is greater then the line HK. Wherfore the line E 
II isin power more then the line H K either by the {quare of a line comnzenfurable in length 
to the lyne E Hor by tbe [quare of a lyne incommenfurable in length to the lyne E H. First 
let it be in power more by the quare of a lyne.coméfurable in légth unto the line EH. Now 
the greater name,namehy,E H is commenfurablè in length to the rational line genen E.F, as 
it bathálready bene proued.Veherfore tbe whole line 
E K isa fist binomtalllyne. Andthe lyne E F.is a 
rationall yre.But if a fuperficies be comtayned vn- s. EHĦHK. 
der a rationall line, end a firfl-binonnall lyne, the A ecc. [ 
hyne that contayneth in power the fame fuperficies,is j 
(Dy the sg.of the tenth )a binomiall line. Wherefore 
the lyne containing in power the parallelogramme E 
Lis abinomial lize. Whereforeal{o the line contat~ ` 
ning in power the fuperficies AD is a binomiall - 
line: ST Tg ves BDF GE 
Ent moie Tet tbe lyne E H-be in power.more.then Cus s 
the line HK by the [quare of aline incommen{urablein length to tbe line.E H: now the 
greater name that is,E H ts commenfurable in length tothe rationall line geuen E F.Wher. 





— — 





fore the line E & is afourth binomiall line. And the line E F is vationall. But ifa feperf- 


cies be contained under a rational line and afourth binomiall Tine, the line that containeth 
in power the fame [uperficies is (by the 57. of the tenth )irrational,and is a greater line Wher 
fore the line which containethin power the parallelogramme E 1is 4 greater line. Wherefore 
Alfa tbe line containing in power the fuperficiel AD is acgreater ne. © 0n 
La ksoow [uppofe that she fuperficies A B which is rationall,beleffe then the [uperhiie C. 
D which is raediall Wherfore alfo the paralldlogramme E G is leffe then the parallelograme 
H IWherfore alfo the line E H is lefe then the lime H, K Na the lint H. K3s.in power sbe 
then the lyne E H either by the {quare of line comenfurable in length to'the line It Kor 
by the fquare of a bae incommenfurable ig length vato the ne HK. FirSt let it be 
in power more by the [quare ofa line commenfurable.in length into H K : now the leffe 
game, that is E H is commenfurable in. length to the rationall line geuen E F, as it vas 
hefore proued.Wherfore the whole line EK is a fecond binomial line: And the line E Fis 
rationall lige.But if 4  fuperficies be contained under a rationall line and afecond binomial 
byne, the lyne that contayneth in power the fame fuperficies,is (by the 5s. of the tenth) a firkt 
bimedtall line Wherfore she line which contayneth in power the parallelograme E 1 isa firft 
bincedrall line Wherfore alfo the line that containeth in power the fuperficies A Dis afirkt 
bimediall lyne. uet ese S ao — 
But now les the line H K fe jn power vore thea the line E H,by the fquare of a line in- 
commen- 
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comenfurabie in length tc the lyne H Know the leffe name, that is, E His comenfurable in 
length so the retionall Lyne geuen E F.Wherfore the whole line EK isa fift binomial tyne. 
And the lyne EE 15 vationall.But if a fuperfistes be contayned under a rational ne, and 4 


Sift binomtall lyne,the Line that contayneth in power the fame fuperfictes,is(by the 58: of the . 


tenth )a line containing in power arationall and a medtall. Wherefore the lyne that contay- 
neth in poser the parallelogramme E 1 is a line contayning in power a ratienall and ansedi- 
all. Wherfere alfo te lyne that containeth in power the uperficies A Disa lyne contayning 
in power a rational and a mediall If therfore a rationall and a mediall fuperficies be added 
together the lyne which contayneth in power the whole fiperficies,is one of theft foure irrati- 
onall lines,na:ncly, either a binomiall line,or a firft bimediall line,or a greater lyne,or a lyne 
contayning in power a vatianall apd a imediall mbichwas required to le demorffratéd. 7 


q The s4. Theoreme.  Ther2. Propofition. * ~ 


Tf two mediall fuperficieces incommenfurable the one to the other Le com: 
pofed together : the line contayning in power the whole fuperficies is one of 
the two irrational! lines remayning namely, either a fecond bimediall line, 
or a line contayning in power two medialls. p 


^ C» t thee two wediall [uperficieces A Band C D being incommenfurable the ene 
fa) to the other be added together. Then I fay, that the line which contayneth in 
OW) power she fuperficies A D is either afecond bimediall line, or a line contayning 
iz power to medialls.For the {uperficies A B ts either greater or leffe then the 
— fuperficies CD (for they can by no meanes be equall, when as they are incom- 
amenfursble) . Firftlet thefuperficies A B be greater then 
the fuperficies OD . Andtatearationall line EF. And E- uU- K 
(bythe q4-0of tbe firfl) vata the line E F apply the paralle- ; 
Vogramme E'G equall to thefuperficies «A B, and making 4—_¢ 
Joi breadth tbe line EH: and unto the fame line E F that 
is, tothe line H Gy apply tbe paralleloeramme H 1 equall 
toshe fuperficies CD, Cr making in breadth the line H K. 
And forafmuch as either of 2 befe [upevficieces A B c» C D a 
(emmediall, therefore alfotitber of thefe parallelogrammes |... 9. D FGI 
E GdAd HA mediall. And they are eche applied to the a fe l2 uy 
satiopá(uline E. Fmaking in breadtbibe lines EH and HK. Wherefore (by the 23.of the 
tou) dther ef. thefe lines E H and H K is rationall and, incommenfurable zn length to the 
ling Ek... And foraleoned as the uperficies A Bis incommenfurableto the fuperficies C D, 
andthe fuperficies.A-B isequall to the parallelagramme EG, and the fuperficies-C D tothe 
parallelogramme HI : therefore the parallelogramme EG is incormmenfurable to the pe 
rallelogramme HI. But (by thes. of the fixt) as tbe parallelaeramme E G is totbe  paralle- 
logramme H 1, fois the line EH totbeline H,K . Wherefore (by the 10. of the tenth) the 
line E Hk inconsmenfuntble in length to théline-H K . Wherefore the fines ‘EH. and HK 
are rationall commenfurable in power onely. Wherfore the whole line E K is a binomiall line. 
And asin the former Rropofition fo alfoin this may it be proucd, tharsheline EH is greater 
then the line HK .Wierefore the line E H is in power more then the line HK, either by the 
fan. of a liae cammenfuzaole in leagth ta the line E H, or by the (quare of a line incom- 
qreg{urable in length to the line EH. Firft let it be greater by the(quare of a line cümmen- 
fiere ia length vito chee EH Now neither of thefe lizes E H and H K is compenfn- 
rable in length to she rationali line geuen EF . Wherefore the wholt line E K is a third bi- 
PI MM i. nomial! 
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nomiailline . Andtheline E Fis arationallline. But if a fuperficies be contayned under & 
rationallline Cy a third binomiall line, the line that Beaks power the fame fuperficies, 
is (by the 56 .of the tenth ) a fecond bimediall line. Wherefore the line that containethin 
power the [uperficies E 1,that is the fuperficies A D, is a fecond bimediall line . 

But naw {uppofe that she line-E H be in power more then the line H K by the fquare of 
4 line incommenfurable in length to the lineEH. And forafmuch as either of thefe lines 
E H aid H K is incommen[urable in length to the rationall line genen E F, therfore the line 
EK is a fixt binomiall line . But if a fuperfictes be contained under arationall line anda 
fixt binomiallline, the line that containeth in power the fame Vuperficies, is (by the 59 .of the 
tenth) a line containing in power two medzalls Where- 
fore the line that containeth in power the fuperficits A D, (0E HRK. 
is a line contayning in power two medialls . And after the | j 
Sefe fame maner, ifthe fuperficies A B be lefe then the fu- Ae. | 
perficies CD, may we proue, that the line that contayneth i 
in power the fuperficies A D, is either a fecond bimediall 
line, or a line containing in power two medialls . If there- 
fore two mediall | fuperficieces incommenfarable the one to 1 dns] 
the other be added together, the line contayning in power PO» € 
the whole fuperficies is one of the two irrationall lines re- 
nayning ,nariely, either a fecond bimedsall line, or a line cõtaining in power two medialls: 
which was regured to be prowd. : : : 





‘a, A Corollary following of the former Propofitions. 


- Cd bingmiall line and the other irrationall lines following it, are neither medialt tines, 
nor one and the fame betwene them felues . For the (quare of a mediall line applied to avati- 
onall line, maketh the breadth rationall and incommenfurale in length to therationall line, 
wherurnto it is applied ( by the 22.0f the tenth) . The {quare of a binomial line applyed toe 
rationall,line,maketh the breadth a firft binomial line (by the 60. of the tenth). The fquare 
of afirft bimedsall line applied unto a rationall line, maketh the breadth a fecond binomial 
line (by tbe 61.0f the tenth) . The {quare of a fecond bimediall line applied unto a rational 
line, maketh the breadth a third binomiall line (by the 62. of the tenth): The {quare of a 
greater line applied to arAtionall line, maketh the breadth a fourth binomial line(by the 63. 
of the tenth) . The fquare of a line containing in power arationall Gy a medial fuperficies, 
maketh the breadth a fift binomial line ( by the 64.0f the tenth ).. And the {quare of a line 
containing in power two medialls, applied unto a rationall line, maketh the breadth ifisi 
binomiall line (by tbe 6. of tbetentb) .Seing therefore that tbefe fore[nid breadibes differ 
both from the firft breadth, for thas it is ratsonall, and differ alfo-the one from the other,for 
that they are binomials of diners orders : it is manifeft that thofetrrationall lines differ alfo 


the one from the other. 
? { 


<o $a Here beginneth the Senaries by fubftraction. 
Ms g The a T beoreme. The 73. Propojition. 5 


If from a rationall- line be takenaway arationall line commenfurable in 
poer ouely to tbe wbole line:the reſidue is an irrationall line and is called 
“a refiduall Ime, Aes — 


v 


z — Suppofe 
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Vppofethat A B be a rationall line and from A B take away a rationall line BC. 
commenfurable in power onely to the whole line A. B.T hen 1 fay that the linere- 
maynirig namely AC is irrationall and is called a refiduall line.£ or forafmuch 
SNH as the line A B is incommenfurable in length vnto the line BC , and(by the af- 
fumpt going before the 22. of the tenth)as tbe line = 
ABistotheline BC, fors the {quareof the line . . T 
AB tothat whichis contayned under the lines 
AB and BC: wherefore ( by the-r0. of the tenth) PAS 
the [quare of. the line A B is incommen[urable 1o thatwhich is contayned. under the:lines 
A Band BC.But unto the fquarc of the line A B ave commenfurable the {quares of the lines 
A Band BC(by thes.of the tenth ) .Wherefore the {quares of the lines A B and B C are in- 
commen|srable to-shat which 1s contayned under the tines AB and B.C.But unto that which 
is contayned under the lines A Band BC 4s commenfurable that which is contayned under 
the lines A B and B C twife. Wherefore the (quares of the lines A B and B.C are incõomẽſura- 
ble to that which ss contayned under the lines A B.and BC twife. But the {quares.of the lines 
A Band BC are equall to that which is contayned under the lines A Band B C twife, and to 
the fquare of the line A C(by the 7 .of the fecond) Wherefore that which is contayned under 
the lines AB and BC twife together with the fquare of the line AC is incommenfurable to 
that which is cotayned under the lines AB and B C twife Wherefore (by the 2 part of the 16. 
of the teth) that which is cotayned under the lines A B and BC twife, is incomefurable ta the 
Square of the line A C.Wherefore (by the firft part of the [ame ) that whichis contayned vn-" 
der the lines A B and B C twife together with the fquare of the line AC, that is, the ſquares 
of the lines AB and BC are incommen{urableto tht fquare of the line AC . But the {quares 
of the lives AB and BC are rationall,for the lines A B and B C are put to-be rationall: wher: 


— 3 242 
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fore the line A C issrrationall and ts called arefiduall line:which was required to be prowed. 


7 4 % An other demonttration after Campane; ` 


Q^ 





Campane demonftrateth this Propofition by a figure mare briefly after A S B. 
this maner . Let sbe fuperficics E G..be equallto the fquares ofthe lines. : v? 
A B and B C added together : wbich fhallberationall (forthagthelines G 
&B and B C are fuppofed co be rationall cómen(urable in power oncly). s 
End which fuperficies cake away the fuperficies D P equall to that which oe 
is concayned:vnder thellipes A B-Sc B«Gitwile, which-fhal) be medjall(by s 
the zz.ofthisbooke) Now by the 7. of che fecond, rhe fuperficies F G 
is equall co the quare oftlie line A G.-. And forafmiüch s$ thefüperficies H* E 
E G is incomrmenfürable to thefaperficies DR(forehattlte oncisrati- — . i 8 
opal and cheacher medial } : therefore ( by.che 16. ofthisbooke ) the. : 
fame {uperficies. E Gis incommenfurable: to che fuperficies.E.G.. Wher- : 
fore the fuperficies FG is itrationall : And therefore the line A C which 
contayncth it in power is irrationall : which was required to be proued. 


ot 





Artahhotation of P.cAtontaureus. 


\ This Theareme teacheth ndthing els but that that portion ofthe greater name of a 
binomial) line which remaynéth aftér the taking away of the leffe name front the grea- 
ter name is irrationall,which is called a refiduall line; thatis to fay, iffrom the greater 
name ofa biiiomiall line, which greater name is a rationall line cómenfurable in power 

-onely to the leffe name,be taken away theleffe name, which felfe Ieffe name is alfo com^ 

menfurable in power onely tothe greater name (which greater name this Theoreme 

_Galieth the whole line) the reft ofthe line which remaineth is irrational,which he calleth 
s MM.iiil, are- 
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arefiduallline.Wherfore all the lines which are intreated in this Theoreme,and in the 
fiue other which follow are the portions remayning of the greater partes of the whole 
lines which wereintreated of in the 3 6.37.3 8.35.49.41- propolitiés, after the taking 


away the leffe part from the greater. 


_Inthis propofition is (ct forth the nature of the eight kinde of irrationall lines 
: which is called 4 refiduall line, the definition whereof by this propofition is thus, 


Diffinition of 


` 


Arefiduall line is an irrational line whichremayneth when from arationall line geren, staken 








s * my avationall pc comer £o the whole line inpower onely, 
m owe dme F z 
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nA E from a medial line be taken away a mediall line commemfurable in. 
__ power onely to the whole line, and comprehending together with the whole : 
line a yationall fuperficies:the refidue ts an irrationall line , and is called a. 


fit mediallrefiduall line, 





V ppofebhat 4B bea medial line. And - F 
Ud from Shedine AB takeanay amediall =, sg a 
E Lie BC commenfurablein pawer onely ^ AME 
toebeswhaleline AB aad comprehending toge- Mo MES 
thorswith rin dns, AB a rational fuperficies vthatis let that which is comprehended under 
thelines A Band B. Cherationall Then 1 fay that the line remayning,namely SA C is irratió- ^ 
Denonftra-  nallandis called a firft medial refdugl] line-For forafmucb as tbe nes A B and BC are me- 
ston. diall,therefore alfo the {quares of the lines A Band BC are medjall.But that which is con- 
tayaed under the lines AB and B Ctwife is rationall. Wherefore that which is compofed 
MeN, of Die fquares of the lines AB anid BC, shat ts, that which iscontayned under A-Band BC 
7 gwife together with the [quare of the litt AC is incommenfurable to that whichis contained: 
77 ender tbe lines AB and BC twife.Wherefore ( by the fecond part the 16. of the tenth) that: 
75 whichis contayned under the lines A Band BC twifeis incommenfurable to the [quare of 
she liné AC . But that which is coptayned vnder thelinesA B and WC wife irrational, « 
wherefore the {quare of the lne-A C is irrational W heveforezlfo the line AC? srrattonall: ° 
and is called a firft mediall refidual line s 3 his ferfl mediallrefiduall lime isalfa. that part of: 
the greater part of a firtt bimedsall line; which remayneth after thé taking amay-of the léffe 
part from the greater wherof it hath alfo bis name, and is called a firft mediallrefidwall bes 
which was required to be proud, wGestec. o din pine ole cw. Love 








Out of this propofition is taken the definition of the ninth kinde of irrational 
lines, whichis called a firlt refidyall mediall line the difinition whercofis thus. 


Daffinition of A firft vefidnall medial line is-azsrrational line which gemayneth » when from a medjall bne is 
the ninth irra taken away amediall line zommenfürable tà theWhole.in power puely, aud the part taken 4Way and, 
zionali line, tbe Whole line cogkaynt a mediall ſuperfitiei. Bo Pte Ap ^ — SE 


cess sees “An other demonfteationafter Campane. 





: : : s WLP tis * (eot T" 
i^ Lettheline D'E be rationall,vpon which apply the fuperficies D'F equal to chat which is coan 
. ES ne 
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ned vnder the lyoes À Band B C twife, and let the fuperficies G E be e- 





qual to that which is compofed of the {quares of thelynesABand BC: A c B An other de< 
"wherfore by the 7 of the fecond,the füperficies EG is equal to the fquare ; monflratiõ af- 
ofthelyre A C. Andforafmuch as (by luppofition) the fuperfiies EGis — c ber Campane, 


mediall,therfore(by the 22.0f che tenth) the lyne D G is rationall cómen- 
farable in power oncly to therationallyne DE.And fora(much as by (up- 
“pofition the fuperficies EH is rational, therfore by the 20,0f rhe centh,the 
line D His rational commenfurable in length vnto the rationall line DE. 








Wherfcre thelyncsD G and D H are rationall commenfurable in power. Ht F 

only (by the affompr put before the 13.0f this boke). Wherfore by the73 | 

of this boke,the lyne G H is a refiduall lyne, and is therefore irrational. 

Wherfore (by the corollary of the 21. of this boke) the fuperficies F G is | 

irrational. And therforc che lineA C which cóiyneth itinpowerisirra- — | i 

tionall,and is called a fiit medial refidval) lync. Ie | 
£ 


D 
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If frow.a mediall hne be taken away a mediall [ne commenfurable in 
power only to the whole lyne and comprehending together with the Whole 
Lyne a mediall fuperficies the refidue is an irrational lyne, and is called a 
ſecond mediall refiduall lyne. 3 







IETA) V ppofe that AB be a mediall line and from AB take away a mediallline C B 
commenfurable in power opely to the whole line AB, and comprehending toge- T 
ther with the whole line A B a mediall fuper ficies name ly, the parallelogramme Conſiruction. 
LASSE contained under the lines A E and BC. Then 1 At 
fay that the refidue,namely,the line A ‘Cis srrationall,and is 
called afecond medtall refiduall line.T ake arationall line D 
J,and (by the 44.of the firft) unto the line D I apply the pa- 
vallelogramme D E equall to thefquares of the lines AB cr 
B C,and making in bredth the line D G.And unto the fame 
line DI apply the parallelogramme-D-H equall to that which: : 
is cotained under the lines AB Gt B Ctw/fe, and makyngin.. 1 A 
breadth the line D F. Now the parallelogramme D H is leffe 
then the parallelogramme D E för that alfo the (quare ofthe lines A B and BC are greater 
then that which ss contained under the tines AB and BC twife,by the [quare of the line A 
C by the 7 uf the fecond. Wherfore tbe parallelogramme remayning,namely,F E,is equal to 
the fquareof the line AC. And forafmuch as the (quares of the lines A Band B Care medi- 
f — the parallelogramme DE is mediall,and is applied to the’ rationall line D 
"Taking i, bredth ihe line D G Wherfore (by the 22.0f the tenth) the line D Gis rational 
and incommenfurable in length to the line D 1. Againe forafmuch as that which is contai- 
ned under the lines A B and B Cis mediall, therfore alfo that which is contained under the 
lines AB and BC twife is mediall,but that which is contained under the lines A B and BC bs 
~tivife ix equall to the parallelogramme DH.Wherfore the parallelogramme DH is medialt ` ; 
~and is applied to the rationall line D I makin ag in breadth the line D F.Wherfore the line D 
F is rationall and incommenfurable in length tothe line D I.And for afmuch asthe lines A 
Band BC are comenfurablein-pomer onely,therforp the line A B is incoraméfurablein légth 
to the line B C.Wherfore (by the affumpt going before the 22. of the tenth, and by the 10. of 
"the tenth )the fquare òf the line A Bis incommenfurable to that which is ‘contained under 
\ehe lines AB and BC.But vato the [qnare of the linc AB are commenfurable the fquares 
Of AB and BC.(by the.15.of thetenth) And untoshas. whichis contained under the lines 
* AB 
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- 7.0f the fecond . (For that which Js contayned vnder the lines A band ` 


Eee we T he tenth Booke 


ABand BC is comme/urable to that which is contained under the lines AB and B C twife. 
Whberfore tbe fauares ofthe lines A B and B C ave incommen[urabie to bat which is contai- 
ved under the lines AB and BC twife.But unto the fquares of the lines A B and B C is equal 
the parallelogréme D E,and to that whichis cotained under the lines A B and B C twife, is 
equall the parallelogramme D H. Wherefore the parallelograme D Es ipcómtfurable to the 
parellelogramme D H.But as the parallelogramme D E 1s to the parallelogramme D H Joi 
the line G D to the line D F.Wherfore the line GD is incom- 

menfurablein lëgth to the line D F. And either of thë israe A - cB: 
tional. Wherfore the linesG D and D F are rationall com- i 
menfurablesn power onely Wherfore the line F G is arefidu- ` 
all line (by thie 73 propofition of the tenth) And theline D 
Eis arvationallline.But a (uperficies comprehended undcr a 
rationellline,and an irrationall lineis irrationall (by tbe 21 
ofthe tenth )and the linewhich containeth in power the fame 1° H^ E 
Juperficies.is irrationall (by the afumpt going before the . 
fiine) Wherfire the parallelograme FE isirratsonalt: But the line AC comtaineth in power 
Ye paralleloeraiinie F E.Wherfore the line AC is an irrationall line and is called a fecond 
weediall refiduall lise. Ad thes fecond mediall refiduall lineis that part of the greater part of 
a biaediall line which remaynetn after the taking away of the lef part jrem the greater: 
waich was required to be proued. 


AT o... Way 


$700 PUtY Afother demonftrtion more briefe after Campai, 


 SuspoethaL7 B be a medial) line , from which take away the me- 
“diall liue G'8-col Wténfurable vnto the whole line 4 Bin power-onely 
and conta; ning with ica mediall fuperfieies, namely, that which is con- 
tzyncd vnder the lines 4 8 avd 5 G. Then I fay tbat the refidue 4 Gisan 
irrationa' line ,2ndus called'a fécotid mediall refiduall line’. Takea fatio- 
nallline DC , vpou which apply a parallelograinme equall to that which 
is compofed of he fquares of the lincs 4:4 and B G,which by the 45. of 
the fidt lec be DC Es, Agayneletthe parallelogramme Z F E /-be equall: 
10 that which is conrayned vader the Imes 4 B and # Grwile. Wherfore 
che fuperficies remaining D F is equakto che quare of the line 4G by che 


B G twife together with the fquare of the line 4C isequall to that which 
is compofed of che {quares of thelines 4 B and B 6 ) , And foraímüch as 
the (quares of the lines 4 6 and B G'are'mediall , for chac they are defcri- 
bed af mediahiines:theparllelograme D £ which is equal vatg thé, thall 
alfo’be niediall. And'forafmuchas that which is corainéd vnder che lines 
A Band BG ig By hiippofition mediall; therfore the fiperfidés 22 which — 
is double xp£o ir ipalto mediall:But.the rnediall fuperficie&D B excedeth Pt c 


^ T 


NE 





Nee VES. Wo a 
* notthe mediallfuperficies Z £ by arational füperficies( by tfie i&'of chis booke) .Wherfore the exceffe, 


namely, die lüperfiqes D £ is irrationall;vnco which the (quare cf che line 4G is equall; whereforethe 
fquare of rhetiné 4€ is irrationall, and therefore thc line ^ G which contayneth it in poweris irratio- 


Wall by cha afi pc pur before rhe.zi.of chis booke;an isalled a fecond medial refiduall line, 
on og adnan: | yO ^ BINE e : 
This sispolition fctteth forth the nature ofthe renth kinde o 


Mscahe Fd tecond refiduall mediall line, which is thus dc fined. 





Firrational lines,which 


Y uIN f V COM S z ] s E 
Diffinition of "D Jigoad refiduall imedtall lyne ts an ivrational lyre which re maynethAehen from a medial line 
ehezath ine ^ uos awaya medial lyme consmerfi alle to the Wholein poYer onelyand t he part taken away d 


tasa dine, 





‘She who bine contayne a medial fuperficiess 7 000 os 
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y T'he 58: Theoreme T he-s6. Propofition. 

: Prete det . VIN Y . . t : p 

_. Ef from aright line be taken away a right line incommenfurable in power 
tothe whole, and if that which is madeof tbe [quares of the whole line and 
“of the. line taken away added together.be rationall, and the parallelograme 

=> © Cona 
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of Euclides Elementet: Fol.285. 


contained ‘ynder the fame lines mediall : the line remayning is iyrationall, 
and is called a leffe line . 






y; Vppofe hat A B be a right line, and from the right lie. AB take amay aright 

Q 4 | hne B C incommenurable in power to the whole line,namely,to A B,and let that 
S| which is compofed of the [quares of the lines AB and BC be rationall, and let 
ed the parallelogramme contayned under the fame lines A Band BC be mediall. 
Then Ifa that the line remayaing, namely, the 
Line A C is irvationail , & is called a lefe line.For 
fürafmuch as that which is copofed of the [quares ^ c E 

of the lines AB and BC i5 rationall , and that 

which is contayned under the lines AB and BC twife is mediall , therefore that which is 
compofed of che [quares of the lines AB andl C isincommenfurable to that whichis con- 
tained under the lines AB and BC twife . Wherefore the {quares of the lines A B and BC, 
are incomen{urable to the {quare of A C,as it was faid inthe 73 Propofition . But that which 
is made of the (quares of the lines A B and B C is rationall Wherefore the fquare of the line 
A Cis irrational: wherefore alfo the line A C is irrationall : and is called a leffe line. And is 
therefore fo called, for that it is that porti of the greater part of a greater line which remai- 
neth after the taking away of the leffe part fro the greater : which was required to be proned. 








In thys Propofition is contayned the definition of the eleventh kinde of irratio- 
nall lines, which is called a leffe line, whofe definition is thus. 


eA Mefee line is an irrational line which remayneth, Whé from aright line is taken away aright 
line incomamenfisrable 1 power to the Whole, and the (quare of the Whole line,e the fquare of the part 
taken away added together, make arationall fuperficies, and the parallelogramme contayned of them 
ss medial. i 


This Propofition may after Campanes way be degonftrated, if you remember well the order & po- 
fitions which he in the three former Propofiions ved. — : 


ff Tbe 59. T beoreme. T ke 77. Propofition. 


If from aright line be taken away aright line incommenfurable in power 
to the whole line ,and if that which is made of the fquares ofthe whole 
line and of the line taken away added together be mediall , and the parale 
lelogramme contained vnder the fame lines rationall : the line remaining 
is irrationall, and is called a line making with a rationall Juperficies the 
whole fuperficies mediall. 


Vppofe that A B be a right line, and from the right line AB take away a right 
line B C incommenfurable in powerto the whole line AB, and let that which is 
Je made of the (quares of the lines A B and B C added together be mediall, and the 
HELSA parallelogramme contained vnder the fame lines rationall . Then 1 fay that the 
line remayning, namely, the line A C, ts irratio- 

nall, and is called a line making with a vationall — — 
Superficies the whole fuperficies mediall . For for- j 

afmuch as that which is made ofthe fquares of 
the lines AB and BC added together is mediall,and that which is contained under the lines 
ABand 
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AB and B C twife isxationall, therefore that which is made of the {quares of the lines AB 
and B C added together, is incommenfurable to that which is contained under the lines AB 
and BC twife .Wherefore (by the 16.0f the tenth) the refidue,namely, the fauare of the line 
ACis incammenfurable to that which is contained under the lines Band BC iwiſe. But 
that which is contained under the lines A Band BC twifess rationall. Wherfore the fqnare 
of the line AC isirrationall . Wherefore alfo the line A Cis irrational : aad is called a line 
making with a rationall {uperficies the whole fu- I 
perficies mediall : andis therfore fo called for that 
that which is made of the fquares ofthe lines A B 
and B C added together is mediall cp isa certaine 
whole [uperficies, part whereof1s that which is contained under the lines AB Cr B C,which 
is a rationall{uperficies.. For the {quares of the lines A Band BC, areequall to that which 
is contained under the lines AB and BC twvife, and to the {quare of the line AC (by the 7.0f 
the fecond ) . Or itis therefore [o called for that the {quare thereof added to a rationall [u- 
perjicies, maketh the whole fuperficies medsall, as fhall be proued by the 109. Propofition of 
this booke « which was required to be proucd. 
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In this Propofition isdeclared the nature ofthe twelueth kind of irrationall lines, 
which iscailed a line making with a ratiouali fuperficies the whoie fuperficies mediall, 
whole definition is thus. 


eld line maxing Wito a rational faperficies the Whole fuperficies medéall, ts an irrationall line 
Which rem sineth, Whe fri aright lune istaken away aright lineincomenfurable in power to the whole 
line, and the fquare of the whole tine ce the fquare of the part taken away added together make ames 
dial. fuperficres,and the parsilelogramme contained of them is rational. 


This Propofition alfo may after Campanes way be demonitrated,obferuing the former caution. 
^ aT. S — 
q The 60. Theoreme. The 78. Propofition. 


1 [f from aright line be taken away a right Jine incommenfurable in power 
tothe whole line , and if that. which is made of the [quares of the whole 
line and of thetine'taken awdy added together be medial and the parallel 
gramme contayned vuder tbe [ame lines be alfo mediall , and incommene 

| favableto that ‘which is made of the fquares of the fayd lines added togee 
ther:tbe line remayntüg iy ivrdtionall , and is called a line making witha 
'sediall fuperficies the whole Juperficiesmediall. 


— Wppofe shar A Bhearight line, A 
A and from A B take away aright — 
CNN i S 


A 





SOAS, line BC incommenfurable in P. 

KKI power to the —— 

Ard let that which is made of the (quarts. |. 
of tbc lines Ay and W C. added togetberbe |^ 
mediall,and let tbe parallelozrame contayned E ats 
«under the lines A and B C be alfo medial, A b. 

and let that which is made of the (quares of | B : 

the lines ABs and BC added together bein- | See 
commenfurable to that which is contayned 


under the lines AB and BC. ThE I fay that the line remayning, namely; the line AC is 
i i i irrational 


of &uclides Elementes, Foli86. 


ivvationall and is called a line making with amediall fuperfictes the wisele fuperfities medial. 
Luke avationall rei) LW And(by the 44.of the frit) unte the line D 1 apply the paraltelos 
gramme DE eguail to that which 1s made of the {quares of the lines A B end B C aded te- 
quther,aud making in Gresdib be line D G . Aud vnto te fame line D 1 apply the paralle- 
logramne DA equal to that which is contaynéd under the lines AT axe BC twife and 
making in breadth the line D F Wherefore the parallelogramme remayning, namely the pa- 
rallelogramime ¥F E,isequall to the {quare of the line AC. Wherefore the line SC contay- 
neth in power the parallelograme VE. And forafmuch as that which 1s made of the {ynares 
of the les ABandBC added together is mediall, and 1s eguailto the parelicloyramme 
DE, therefore aljo the parallelogramme D Eis medtall. And the parallelogramime D E15 
applyed to the rationall line D | making in breadth the line D G.Wherfore( by the 22.cf ihe 
tenth )the line D G is rationall and incommenfurable in length to the line D1. Agayne 
forafmuch as that which is contayned under the lines AB and B C twife is mediali ] 
equall to the parallelogrammie D VÀ therefore thé parallelogramme D HÀ is mediall. Ad tte 
parallelogramse D Hzs applyed vto tberattonall lige D | muking in breadth the line DY, 
wherefore the line D F is rationall and incommenfurable in length to the line D 1. And far- 
afmuch as that which is made of the {quares of the line: A Band BC added together is in- 
commen [urable to that vobich castéyned under the lines AB & BC twife,therefere the ps- 
rallelogramme D E is incommenfurable to the parallelogranme D H . But as the parailelo- 
gramme D Eis to the parallelogramme DH Ke by the fir ft of the jixt)is the line D G to the 
line D E-wherfare the line D) G is incontmenfurahlein length to the lineD F. And they are 
both rational lines. Wherefore the lines D G andD F¥ are rational commenfurable in pow- 
er onely wherefore the line F G is arefiduall line by the 73. of this booke.But the line F His 
vationall for that it is equal unto the line DI. But a rectangle parallelogramme contayned 
onder arationall line and an irrationall line is irrationall, and the line alfo that contayneth 
in power the fame parallelogramme is irrationall(by the 21 .of the tenth) . Butthe line C A 
contayneth in power the parallelogramme F E. Wherefore the line A C îs irrationall and is 
called a line making with a medtall fuperficies the whole fuperficies mediall . Andis therfore 
fo called for that that which is made of the [quares of she lines A B and B C added together 
is mediall, cy is a certayne whole fuperficies,part whereof ts that which is cotayned under the 
lines À B.and B.C which is alfo mediall : you fhallalfo by the 110. propofition of this booke 
vnderjflaud an etber caufe why it is fo called. 





. This propofition may thus more briefely be demonftrated: forafmuch as that which is compofed 
of the (quares cf the lines A B and B C is mediall, and that alfo which is contayned vader chem is me- 
diall,cherefore che parallelogrammes D E and D H which are equall vnto them are mediall : bura me- 
diall (üperfcies exceedeth noc a medial fuperficies by a rationall (uperficies. W herefore the fuperficies 
TE whichis the exceffe of the mediall fuperficies D E- aboue che mediall (uperficies D H is itrational. 
And therefore the line A C which contayneth it in power is itracionall.&c. 


^ Inthispropofition is (hewed the conditiGand nature ofthethirtenth andlaftkiade 
ofirrationall lines , which is called a line making with a mediall faperficies the whole 
fupechcies mediall, whole definition is thus. 

weet 

Aline making with a medial fuperficies the Whole fuperficies medial is an irraticnall line which 

vevsayneth when from a right line is taken away aright line incommenfurablein power tv the whole 
Tine. and tbe squares of the Whole line and of the line taken away added together make'a meaiall 
Liperficies and the parallelogramme contayned of the is alfo a mediall fuperficies moreoxer the fanares 
of them are incommenfarable to the parallelogramrne contayned of them, : 

— 
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The tenth Boohe 


If theve be ſower quãtities, & if tbe diference of the firft to the fecond, be as the difference of tbe. 


third to the fourth then alternately yas the diference of the fivft is to thesbird y fo isthe difference of 
the fecond to the fourth, , 


Thisis co be vnderftand of quátities in like fort referred the one to the other,that is ifthe firft be . 
greater then the fecond,the third ought to be greater then the fourth and ifthe firft be leffe then the (e- - 


cond,the third ought to be leffe chen the fourth: and is alfo to be ynderftand in arithmeticiall propor- 
tionality, As for example let the difference of A be vnto s asthe difference of c isto » . Then I fay that 


as the difference of A is to C,fo is the difference of s to p. For (by this common fétence,the difference" 


of the extreames is compofed of the differences of the ex- 
treames to the meanes),the difference of a.to.c is compo- 


fed of the difference of a.to and of the difference of 8 to A + 
c. And (by the fame common fentence ) the difference of I 
» to p iscompofed ofthe difference ofs to c , and ofrhe ö — —— 


difference of c to n . And foraſmuch as ( by ſuppoſition) 
the difference of Ato x isasthe difference of c. to p,and 
the diference of s to cis common to them both, W here- 
fóre ii followeth,that as the difference of a is to-c,fò is the 
difference of s to n :which wasrequired to be proued. 
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q The 61. T beoreme; | - The 79. Propofition.. 


Vnto a refidual line can be ioyned one onely right lyne rational, and come. 
menfurable in power onely tothe whole lyne. p Wu I 


Et AB kearefiduall line, and unto it let the line BC be fusppofed to be foyned, fo 
that let the lines AC and BC be rational coromen{urable in power onely. Then-I 
f [ay thatanto the line AB cannot be ioyned any ther rationall line commen[ura- 
2 -ble in power dgely to the whole. line.F or if it be poffible, let BD be fuch a line ad 
ded vnto it. Wherfore the lines A D and D B P deste d à 
are rational conmmenfurable in power vnely. A ? e p? 
And forafinuch ashov much the [quares of — 
the lines A D and D B do exceede that which Cee A 
1s ebatained vnder tbelines A D anl D' B tivife fo much alfo do the fquares of the lines AC 
and C B exceede that which is contained under the lines AC aud C B twife;for tbe exceffeof 
eche is one and the [qme namely, the [quare of the line A B (by the 7. of the fecond.)Wher- 
fore alternately (by the farmer affumpt of Campanus) how much the fquates of the lines A 
Dand D B do exceede the (quares of the lines AC & C B,fo.much alfa excedeth that which 
‘iscontayned under the. lines AD and D: B twife, that which is contained under the 
‘lines AC and CB bwife. But that which is made of the {quares of the lings AD and 
DB added together , exceedeth that which is made of the [quares of the bynes A Cand 
CB added together bya rationall (uperficies: (for they gre either of them rational). Where- 
fore that which is contained under the lines AD. ahd D B twife, exceedeth:- that which 
is contained under the lines AC and C B twife bya ratsonall fuperficies.: But that whichis 
contained under the lines A D and D B twife, 1s mediall, for it is commenfurable to that 
which is contained "under the linis AD ånd D B once, which {uperficies ix medtall ( by 
the 21 of thetenth and by the fame reafon alfothat which 1s contained under. the hnt AÈ 
and C B twfe is qeediall Wherfore a mediall [uperficies differeth from a mediall fupedficigs 
by a rationall fuper fictes,which(by the 2¢uaf the tenth)is impoffible. Wherfore unto the dyng 
Ab cannot be sojned any other rationallline befides BC commenfurable in power onely, to 
the whole line. Wizerfore unto a refiduall line cam be ioyned one onely right line rationall and 
comnmenfisrable in power onely to the whole lyne : which was required to be demonftrated. 


q The 









of Euclides Elementes. Fol.287. 


fi T be 62. T beoreme. The 80, Propofition. 
Vato a firft medial refiduall line can be ioyned one onely mediall right hne, 
commnfnrabie in power onely to the whole [yne and comprebendyng wyth 
the Whole Dae a rationall fuperficies. 


eV ppoe that AB be a first mediallrefidnall line, Gr unto A B ioyne the lyne BC, fa 
5- that det ihe lynes AC and B C be mediall commen furable in power onely,cy let that 
rae, which is contained under the lines AC and BC berativnall. Then I fay that unto 
the lyne A B cepaet be ioysed any other mediall line commenfurable in power onely to the 
vwbole [jne aud comprebendine wgether with the whole lyne avationall faperficies. For if it 
be po[fible let te [zie B D be fuch a line. Wherfore the lynes A D and D B are mediall com- 
menfurable in power onely and that whith ts con- 
tayned under the lyaes A D and D B is rational. 
And forafmuch as how much the {quares of the 
lynes AD and D B exceede that which is contay- 
ned vader the lynes A D and D B twife,fa much alfo exceede the {quares of the lynes AC & 
BC, that which is contayned under the lynes A Cand C B twife(for the exceffe of eche is one 
and tbe fasse namely tbe (quare of tbe lyne A B).Wherfore alternately (as it was fayd in the 
former propofition) how much the fquares of the lynes A D and D Bexceede the {quares of 
the lines A Cand C B,fo much alfo that which is contained under the lines AD and DB 
twife,excedeth that which is contained under the lines AC and C B twife.But that which is 
contained under the tines A D and D B twife,excedeth that which is contained under the 
lines.A C add C B twifé by a rationall [uperficzes, for they are either of them a rationall [u- 
perficies. Wherfore that which is made of the [quares of the lines A D & D B excedeth that 
which is made of the [quares of the lines A C & CB by arationall [uperficies which (by the 
26.0f the tenth) is impaffible. For they are either of them mediall (for thofe foure lines were 
put to be medzall.) Wherfore vato a firft medial refiduall line can be ioyned onely one right 
gnediall line commenfurable in power onely to the whole line, and comprehending with the 
whole line arationall fuperficies : which was required to be proued. 
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g The 63. T beoreme. T he 21. Propofition. 


Vato a fecond medial refiduall line can be toyned onely one medial right 


line, commenfurable in power onely to the whole line, and comprehending 
swith the whole line a mediall [uperficies. 


d V ofe that A B be a fecod mediallre- 4 
"al line, Cr unto the line A Bioyne | * 
the line BC, fo that let the lines AC 
and C B be mediall comenfurable in power one- 
ly,and let that which is comprehended under 
the lines A Cand C B be saediall . Then I fay, 
that unto the line AB can not be ioyned any 0- | 
ther mediall right line comenfurable in power 
onely to the whole line, and comprehending to- 
gether with the whole line a mediall fuperficies. 
For if it bepofble, let the line B D befucha 
line .Wherefore the lines A D Gr D B are me- 
diallconmenfurable in power onely, andtbat — à g 
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whick is contained weder thé lines AD and DB is alfo mediall . Take a rationall 
line EF . And by the 44. of the firft ) unto the line E F apply the parallelogramme 
EG equall to tbe fquares of the lines AC and CB, and making in breadth the line 
EM : and from that parallelogramme EG take away the parallelogramme HG ¢- 
quall to that which is contained under AC and CB twife , and making in breadth 
the line H At . Wherefore the parallelogramme remayning, namely, EL, 6s ( bythe 
7.0f the fecond) equallto the {quare of the line AB. Wherefore the line AB containeth in 
power the parallelograme EL. Agatne, unto the line E F apply (by the 44.0f the firft) the 
parallelceramme E 1 equall to tbe [quares of the lincs A D and D and making in breadth 
the line EN. But the (quares of the lines A D and D B are equallto that which is contai- 
ned vider tbe lines A D and D B twife, and to the (quare of theline AB. Wherefore the 
parallelegramme E I 13 eguall to that. which is contained under the lines A D & DB twife, 
and to the (quare of thel:ne AB . But the parallelogramme E Lis equall to the {quare of the 
line A B.Whevefere the parallelogramme remaining, namely, H 1, ts equallto that which is 
contained vader the lines A D and D Btwife. And forafmuch as thelines AC andC Bare 
anediall , therefore the fauares alfo of the lines A C and C B are mediall : and they are equall 
to the parallelogramme EG : wherefore the parallelogramme E G is (by that which was fho- 
kes ia the 75.0 repofition) mediall : and it is applied unto the rationall line E F, making in 
breadth the line EM . Wherefure (by the 22. of the tenth) the line EM ts rationall, and 
incommmenfurablein length tothe line E F . Agatne, forafmuch as that which is contayned 
under the liacs AC and C B ts mediall, thercfore (by the Corollary of the 23. of the tenth) 
that which is contained under the lines A C and. C B twife is alfo mediall : and it is equall 
t2 the parallelogramme H G « wherefore alfo the parallelogramme H Gis mediall , and is ap- 
phedto the rationall line E F, making in breadth the line HM. Wherefore ( by the `22 of 
the tenth) the line HM isrationall, and incommenfurablein length tothe line EF. And 
forafmuch as the lines A Cand CB are commenfurable in power oncly, therefore the line AC 
ds incommen[uvable im length ta the line C B. But as the line AC is to the line C B, fo (by the 
A going before the 22. of the tenth ) is tbe fquare of the line AC to that which is con- 





tayned Under the lines AC cy CB. Wherefore (by the 10.0f the tenth) the [quare of the line 
AC is incommenfurabletothat which is con- 

tained underthelines AC andC B. Butunto A B c D 

the fquare of the line A C are commenfurable 

the lquares of AC CB,andvuntothat which E H M N 


is contained vnder the lines AC and C B,is 
commnsenfurable that whichis contained under 
the lines AC and CB twife . Wherefore the 
Squares of the lines AC OCB are incommen- 
‘furable to that which is contained under the 
lines A C and C B twife . But unto tbe fquares 
of the lincs AC and CB isequall the parallelo: ` 
gramme EG, and vnto that which is contai- 
ned under the lines AC é C B twife,is equall 
the parallelogramme G H . Wherefore the pa- 
rallelogramme E Gis incommenfurable to the parallelogramme HG. But asthe parallelo- 
gramme EG isto the parallelogrmme H G,fors the line E M to the line H M. Wherefore the 
line E Misincomnaenfurablein length totheline HM. And they are both rasionall lines. 
Wherefore the lixes E M and M H are rationall commenfurable in power onely . Wherefore 
the line E His arefiduattline , and unto it is ioyned a rational! line id M commenfurable in 
power onely tothe whole line EM . In like fort alfo may it be proued, that unto the line EH 
ss ioyned the line H N , being alfo rational, and commenfurable in power onely to the whole 
line 
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line E N . Wherefore unto a refiduall line is ioyned more then one onely line commenfura. 
in P tkewhole A : which (by the 79.of the tenth )is PRE . Wherefore 
unto a fecond mediall refiduall line can be ivyned onely one mediall right line commenfura- 
ble in power onely to the whole line, and comprehending with the whole line a mediall fuper- 
n : which was required to be demonstrated. 


q The 64. Theoreme. The 82. Propofition. 


Vato leffe line can be igyned onely one right line incommenfurable in 

power to the whole lyne, and making together with the whole lyne that 
"which is made of their fquares added together rationall,and that which is 
contayned bnder them mediall. 







Vppefe that A B be a leffe lineand to A B ioyne she line BC, f mau : z be 
P) fuch aline ass required in she TheoremeWherfore the lines AC an ; n e 
|| incomen{urable in power hauing that whichis made of the {quares of them ; - 
; Lé) ded together rationall,and that which is contained vnder them mediall. Then 
L fay that unto A B cannot be ioyned any other 
fach right line.F or if it be poffible, let the lyne 
BD befuch aline. Wherfore the lines AD & 
JD B are incommen[urable in power, haning 
that which is made of the {quares of them added together,rationall, and that which is con- 
tained under them mediall. And for that how much the fquares of the lines A D and D B 
excede the fquares of the lines AC and C B,fo mauch that which is contained under the lines 
A D and D B twife,excedeth that which is contained under the lines AC and C B twife(by 
shofe things which were {poken in the 7 9.propofition) But that which is made of the [quares 
of the lines A D and D B added together excedeth that which is made of the [quares of the 
"lines A C and C B added together by a vationall {uperficies for they are either of them ratio- 
nall by [uppofition. Wherfore that which is contained vnder tbe lines A D. and D B twife, 
excedeth that which is contained under the lines A CandCB twife by a rationall fuperfi- 
citi which (by the 26.0f the tenth) is impoffible,for cither of them is mediall by fuppofition. 
Wherfore vito aleffe line can be ioyned onely one right line incommenfurable in power to 
the whole line,and making together with the whole ling that which is made of their fauares 
added together rationall,and that which is contained under them mediall : which was re 
quired to be demonflrated. 
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1 The 65. Theoreme. The 83. 'Propofition. 


Pto a line making with a rationall fuperficies the whole fuperficies mee 
diall,can be igyned onely one right lyne incommenfurable in power to the 
whole lyne,and making together with the-whole line that which is made 


of their [quares added together mediall,and that which is contained ‘ynder 
them rationall. 


Ke V ppofe that AB bea line making with a rationall fuperficies the whole [uperficies 


mediall,and untost let theline-B C be ioyned, fo that let B C be fuch a line asis re- 
quired in the T heorere.Wherfore tbe lines ACand C B are incommen{urable in 
T NN. power 


Lemonftra- 
tien leading ts 
an ab[urditie, 


Demonftratlo 
Jeading to an 
wmpoffibilirie. 


The tenth Booke . 


power, haning that which is made of the fqnares 

of the lines A C and C B added together medial!, 
and that which is contained under the lynes A C 
and C Brationall. Then Lfay that unto the lyne ` 
AB cannot be ioyned any other fuch line. For sf it be poffible, let the line B D be fuch a line, 
Wherfore the lines A D and D B are incommenfurable in power ,hauing that which is made 
of tke fqaares of the lines A D and D-B.added together mediall,and that which is contained 
wnder the lines A D and D B rationall. Now for that how much the [quares of thelines A 
D and D B exceede the [quäres of the lines AC and C B, fomuch that which is contained 
wander the lines AD and DB twifeexceedeth that which is contayned under the lynes 
AC and CB twife, b3 tbat which was fpoken in the 7 p. propofition. But that which 
is contained under the lines AD aud D B twife , exceedetb 1bat which is contained 
vider the lizes A C and C E twife by avationall fuperficies for they are either of them ratio- 
nall by fuppofitio. Wherfore that which is made of the [quares of the lines A D and D B ad- 
ded tocether,excedeth that which is meade of the [yuares ofthe lines A C and C B added to- 
ether by avatisnell Superficies svhichby the 26 of the tenth is impoffible for they are either 
oftbem mediall by Vſuppoſition Sher fore unto the line A B cannot be ioyned any other lyne 
befides B C,making that mbich is required im the propofition. Wherfore unto a line making 
with arationall [uperficies the whole {uperficies mediall can be ioyned onely one right line in- 
cümen[zrableia power ta tbe whole line,and making together with the whole line that which 
is made of thetr [quares added together mediall, and that which is cotained under them ra- 
tionall : which was required to be proued. I : 


A E c D 








y T he 66. T beoreme. T he 84. Propofition. 
Fnto a line making with a medial fuperficies the hole fuperficies medial, 
cán Le ioyned onely one right line incommenfurable in power to the whole 
line ,and making together with the whole line that which is made of 
their fquares added together mediall, and that which is contained ‘bnder 
them medial, and moreouer making that which is made of the fquares of 
them added together incommenfurable to that whichis contayned Yna 
der them. 









NJ 


Vppofethat AB be aline making with a psediall fuperficies she whole fuperficies 
e í 


mediall and vnto it let the line B C be ioyned, fo that les BC be fuch a line as is 
X4 required in the T heoreme . Wherefore the lines AC andC B areincommenfi- 
SSN rable in power haning that which is made of the fquaresof the lines AC and 
CB added together mediall, Qr that which 4 3 
as contained under the lines AC and CB 
mediall , and moreouer that which is 
made of the (auares of the. lines AC 
and C B is incommenjurable to that 
which is contained under the lines‘AC.. 
and CB.. Then I fy > that unto, the 
Line AB can be toyned no other fuch line. 
For if it be pofible, let B D be fuch a line. 
Wherefore the lines A D and D B arein- 
comenfurable in power, hauing that which 
is made of the {quares of the lines A D and 
DB 
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DB added together mediall , and that which is contained under the lines AD 
and D B mediali, and morċtoger that which is made of the fauares of the lines s AD and 
and D'B added togesker , is incommenfitrable to that which is contained under the 
lines AD and DB . Take a rationall line E F.. And ( by the 44. of the firft) unto 
the line E F apply the paraltelogramme EG cquall tothe fquares of the lines AC and CB, 
and making in-breadth the line EM : and from the parallelogramme E G take away the pa 
rallelogramme H G.equall to that which is contained under the lines AC cy C Biwife,and 
making in oveadth the line HM. Wherefore the refidue,namely, the {quare of the line A B 
is equali to the parallelogramme E L (by the 7 of the fecond ) .Wherefore the line A3 con- 
tayneth in poiver the parallelogramme EL. Againe ( by the 44:0f the firft) unto the line 
E F apply the parallelogramme E I equallto the {quares of the lines A D and D Byexd ma- 
king in breadth she line E N Bus the [quare of the line A B is equallto tbe paraliclograme 
E L. Wherefore the refidue,narsely, the parallelogramme H is equallto tbat which iscen- 
tained vader thè lines AD and `D B. twife . And fora[much as that which is made of the 
fauares of the lines A C and C B is mediall, and is equall to the parallelogramsme E G, there- 
‘fore alfo the parallelocramme E G.is mediall . And it is applied unto the ratienall line E F, 
making in breaath the line EM Wherefore (by the 22.0f the tenth) the line EM is ratio. 
nall and ivcommenfurable in length tothe line EF . Azaine, forafmuch as that which íis 
contained under the lines A C and C B twife is mediall,aud is eguall to tbe parallelograname 
HG. Wherefore the parallelogramme HG is mediall, which parallelogramme H G is appli- 
ed tothe rationall line E F, making in breadth the line H M . Wherefore the lize H M is ra- 
tionalland inconmenfurable in length to the line E F. And forafinuch as the [quares of the 
lines AC and C B are incommenfurableto that which is contained under the lines AC and 
C B twife, therefore the parallelogramime EG is incommenfurable tothe parallelogramme 
HG. Wherefore the line EM 4s inconunenfurable in length to the line MH, and they are 
both rationall . Wherefore the lines EM and MH are rationall commenfurable in power 
onely .Wherefore E H is arefiduallline. And the line ioyned unto itis HM. And in like 
‘fort may We prove, thatthe line E-H is a refiduall line, and that the lixe E N isioyned unto 
it. Wherefore unto arefiduall line is ioyned two fundry lines, being eche commenfurablein 
powar onely ta the whole line : which (by the 7.9.0f the tenth) is impofible. Wherefore vn- 
tothe line AB can not betoyned any other right line befides the line BC, which fhall be 
incommen{urable in power to thewhole line, &-haue together with the whole line that which 
is made of their [quares added together mediall, and that which is contained under thens 
_ mediall,and meoreouer incommenfurable to that which is made of their {quares added toge- 
ther . Wherefore unto a line making with a mediall fuperficies the whole fuperficies medial, 
can be ioyned onely one right Lineincommenfurable in power tothe whole line, and making 
together with the whole line that which is made of thesr [quares added together mediall,and 
that which ig contained under therm mediall, and mureouer making that whichis made of 
‘the (anaves of them added tozethér incommenfurable to that which is contained under she: 
whych was.required to be prowed. 


eo» 


g T hird Definitions. 


Bs Ss) S of binomiall lvnes,there are 6. divers kindes, foalfo of refiduall lynes 
ZA )) which are correfpondent vnto them and depend of them (fora refidualí 
DN 


2 $ lineis nothing els (as was before faid) but that which remayneth whé the 
T 






A leffe part ofa binomiall line is taken from the greater part or name ther- 
of,) there are likewi(e fixe feuerall kindes. All which are knowne and con- 
NN iij. fidered 





Con[irntitzs, 


Lemonfira- 
tion leading to 
an abſurcitie. 


Sixe Kindes of 
tefiduall lines, 


Firft diffini- 


tn, 


Second difi- 
wition, 


Third diffini- 
tion, 
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fidered in comparifon to a rationallline fet forth & appointed, and thefe refidual line 

haue the felfe {ame order of produ@ion thatthe binomials had‘, Foras the three firit 
kindes of binomiall lines,namely,the firft,fecond, and third, were produced when the 
{quare of the greater part ofthe binomiall excedeth the fquare of the leffe part thereof 
by the (quare of aline cominenfurable vnto it in length: fo in likewiíe, the firft three 
kindes of refiduall lines, namely, thefirft, fecond, and third, are produced, wheu the 
fquare of che whole,namely,ofthat which is made of tbe refiduall line and theline ioy- 
ned vnto it added together,excedcth the fquare of the lineioyned to the refiduall, by 
the fquare of alyne which is commenfurable vnto it in length. And as the three laft 
kindes of binomials,namely,the fourth, fifth,and fixth were produced when the {quare 
of the greater part excedeth the {quare of the leffe, by the {quare of a line incommenfu- 
rable in length vnto it,cuen fo the three Jaft kyndes of refiduall lynes are produced whé 
the fquare ofthe whole excedeth the fquare of the lyne adioined,by the (quare ofa line 
incommenfurable vnto itin length.As ye may perceiue by their definitions following. 


A firft refiduall line is, wben tbe [quare of tbe whole excedeth the fquare 
of the lyne adioyned,by the [quare of a lyne commenfurable ynto it in legtb, 
and alfo the whole is commenfurable in length to tbe rationall line firft fet. 





Aslet AB bea ratio- A B 
nall line, whofe partes : g 
are certaine, dilting, & P c E 





— —ñ — — — 
cobeexprefled bynum- p — 


ber. And let the refidual 





lyne be C D,and let the à 

Mine ioyned vnto it bc E C,and let thé whole being compofed ofthe refiduall C D, and the line adioy- 
ned E C;be the line ED * let morcouer the fquare of the whole line E D, excede the fquare oftheline 
adioyned E C by the a of the line F,which line Fletbe commenfürable in length to the whole 


Syne ED,and let the whole line E D be alfo commenfurable in length to the rarionall liuc A B: thenis 


the refiduall lyne C D by this definition a firft refiduall line. 


A fecond refidual line is when the (quare of tbe bole excedetb tbe (quare 


of the line adioyned,by the fquare of a line commenfurable pnto it in egth, 
and alfo the line adioyned is commenfurable in length to the rationall lyne. 


Asfuppofe theline C D to be a refiduall, and let the line adioy- i 
ned vnto it be E C, and the whole made of them both, let be the D c. 
line ED : & letthefquare of E D the whole line excede the {quare — mE 
of the lyne adioyned E C, by the fquare ofthe lyne F, and letthe 
lyne F be commenfurable in length to the whole lyne E D,moreo- 
uer let the line adioyned E C be commenfurable in length to the : 
rationall linc A B: then by this definition, the refiduall line C D is a fecond refiduall line. 


Fe 


A third refiduall line is ,when the [quare of the whole excedeth the quare 
of the lyne adioyned by the /quare of a line commenfurable bnto.t in légth 
and neither the whole line nor the line adioyned is comenfurable in length 
to the rationall lyne. 


As(the former fuppoficion ftanding) (uppofe that the fquare of he 
whole lyne E D exceede the fquare of thelyneadioyned EC by the 
fquarc of che lyne E, andlet the lyne F be commenfürable in length 
to the whole lyne E C, andletneither the whole lyne E D, nor the 
line adioyned E C be commeufurable ín length to the rationalllyne | h———— —— — 
oe by this definition the refiduall lyne C D isa third refidu- 
all lyne. 
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A fourth 
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A fourth refiduall line is, when the fquare of the whole hneexcedeth the pip dif. 
Square of the [yne adioyned by the [quare of a lyne tincommenfurable ‘ynto nition. 

it in length, and the whole lyne is alfo commenfurable in length to the rae 

tionall lyne. 





Asthe refiduall lyne A P P 
beyngas before C D,& 
the lyne adioyned E C, et 
and the whole ED, let p 
the quare of the whole | —————————— —ñ— — ——— 
lyne ED excecde the 

quare of the line adioyned E;C bythe fquare oFthe lyne F, and let the lyne F be incommenfurable ià 
length to the whole line E D,and let E D the whole line be commenfurable in length to the rationall 
lync A B,chenis the refiduall line C D by chis declaration a fourth refiduall lyne. 


A fineth refiduall line is when the [quare of the whole lyne exceedeth the Ffab difind- 
Jquare of tbe lyne adioyned ,by tbe [quare of a lyne incommenfurable vnto wen, 

it in length, and the lyne adioyned is commenfurable in. lengtb to the ras 

tional! lyne. 


As the refiduall line beyng c n, thelyneadioyned z c, and 
the whole lyne E D, lecthe fquare ofthe whole lyne & n. exceede c 
the (quare of the line adioyned £ c by the fquare of the lyne F, and D e—a 
Jet the line F be incommenfurable in length to the whole lyne £ D, 
and letalfo E c che lyne adioyned be commenfurable in length to 
the rationallline A z ,then fhall the refiduall c p be by this defini- 
tion a fifth refiduall lync. 


FIL 


^ 


4 fixtb vefiduall line is hen tbe (quare of the whole line , exceedeth the Sixth difini 
fquave of the line adioyned by the [quare of a line incommenfurable ynto it. tion. 
in length, and neither the "whole line nor the line adsoyned is commenfu- 

rable in length to the rationall line. ps 


Asfuppofe the refiduall line to be c p, and thelyne adioyned to 

bes c,andthe whole lyne compofed ofthemletbe s p, andlet the. p c E 
fquare ofthe whole lync # » exceede the fquare of the line adioyned 
by the fquare of the lyne r which line r let be incommenfurable in. FP 
length to che wholelyne x » : moreouer let neither the whole lync 

*€ » nor theline ádioyned x c, be comrnenfurable in length to the 

rationall line 4 » then fha!l the refiduall lyne c n be by this explica- 

tion a fixe refiduall lyne,and the lait. » 





q The 15. Probleme. _ The 85 Propofition. 
— Tofinde out a fir/t reftdwall line. 





Bragle in length . Wherefore the line BG alfois rationall . And take two [quare ry. : 
numbers D E ard E. F which let be fuch , that the excefie of the greater,namely, of Con/tractione 
DE 


? 





E p araticnall line and let the fame be A, and unto it let the line BG becommen- Third Senan 
2 


* T he tenth Poohe 


DE, about the left E.Y (which exceffe let bethe 
number D F) be no fquare number (by the corollary a 


` ef the firfl afumpt of the 28 of the tenth) Wherfore ™ — 


Demoiflra- 
sion, 


Construction. 


Demora- 
uon. 





the number ED hath not to the number DF that £ c R 
proportion that a [quare number hathto a fquare i 
number (by the 2g.of the eight) . Andasthe number 2 
EDistothe numoer DF, falet thefquare of the 
LineBG, betotne [quare of thelineGC (bythe D....... Fuss — 
corrollary of the fixt of thetenth ) . Wherefore tbe 
Square of the line B G ts commefurable to the [quare of the line G C. . But the [quare of the 
line BG is rationall, wherefore alfo the {quare of the line G C isrationall. Wherefore the 
dine G C is alfo rational. And forafmuch as the number ED hath not tothe nnmber D F, 
that proportio tbat afquare niber bath toa (quare nüber ,thevfore neither alfo bath y quare 
of the line B G ta the (quare of tbe line G C that proportion that a quare number bath to 
a {quare number W herfore( by the 9 .of the tenth) the line BG is incommenfurablein length 
tothe line G C.And they ave both vationall Wherefore the lines BG and G C ave rational 
commenfurablein power onely Wherefore the line BC isa refiduall line. fay moreoner that 
it isa firfirefiduall line. For forafmuch asthe [quare of the line B G. is greater then the 
fqsare of the like G C (that it is greater it is manifest , for by fuppofition the {quare of the 
Irae B G is tothe fazare of the line G C,as the greater number, namely,E D is to the num- 
ber 1) F junto the (quare of the line BG let the fquares of the lines GC and H be canal. 
And for that as the vember D Eis to the number D F, fois the [guare of the line P G to the 
Square of tbe line G C therefore by conuerfion of proportion(by the corrollary of the p.of tbe 
ffias the number D E s to the number EF , fo is the fquare o the line B G to tbefquare 
of tie line HH. Bus the number DE hath tothe number EF that proportion that afanare 
number hath toa fguare number, for either of them is afquare number , wherefore alfo the 
fauare of tbe line Y G hath to the [quare of the line that proportion that a [quare num- 
ber hath to a fauave number . Wherefore the line G B is commenfurable in length to the line 
H. Wherefore the line G B ts in power mere then the line G C by the (quare of a line com- 
menſuralle in length to theline GB : and the whole line,namely,G B is commenfurable in 
length tothe rational line A Wherefare the line BC is.a firft refiduall line Wherefore there 
3 founde out a frrfl refiduallTine which was required to be done. 





7 q The 20. Probleme. , The 86. Propofition. 
T o finde out a fecond refuluall line. E 





= Ake a rational line, and let the [ame Le A, and unto it let the line GC be com- 
o D laen wrable in length . And take two{quaré numbers D E and E F,and let them 
Sie ‘be fuch that the exceffe of the greater, namely, D'F, be no fquare number. And 
YEW i's the number D F ix to the number D E fo let tbe fquare of the line G C be to tbe 
fauare of the line G B Whergfore both the fquares are comanen[u- 
rable . And forafmuch as tbe [quare of tbe line G C' is rationall, 4 
therefore tbe (quare of the lrne B G is alfo vationall : Wherefore 
alfo tke lige B G is rattonall . And forafmuch as the fquares ofthe — + 
lines BG & GC hae not that proportion the one tothe other that A 
4 {quare rambler hath to. afquare number, therefore the lines BG . 
and GC areincommenfurablein length, and they are both ratio. D.....F 8 
nall. Wherefore the lines B G and G C are rationall commenfura- 
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btr inpower onelj. Whereforethe line BC isarefidualltine . Vfay moreoner, that itisa fe- 
cond vefiduatline.F ox forafmuch asthe {quare of the line B G is greater thé the [quare of the 
line G C „vunta tke [quare ofthe kut B.G let thè fquares of the lines €C O-H be equall. And. 
for that as the number D Eis tothe ruber D F,fo isthe fquareof theline G B to the fquare 
of the line GC, therefore (by conuerfion of proportion) as the number D E is tothe number 
E F, fo is the [quare of the line BG tothe {quare of the line H . But either of tbofe numbers 
D E and E F is a {quare number . Wherefore the line G Bis commenfirable in length to the 
line H. Wherefore the line K.G is im power more then the line GC, by the fanare of a line 
commenfurable intength to the line BO : and theline GC that is icynedto the refiduall line 
is cormmenfurable in length to the rationall ine-A-. Wherefore the line'BC is a fecond refi- 


duallline. Wherefore thereis found out a fecond refiduall line :-which was required to le: 


done. 
pg Tbe zr. (Probleme. The 87. Propofition. 
Ta finde out a third refedvall line. 







S Alc a rationall ling, Cr let tbe fame Le A: and take three pumbers E,B C, and 
SCD, not haningshe one to the ather-that proportion that a (quare nñber hath 
yd toa (quarenumeer : and let thenumber BC haue to the number BD that 


LSS ber BC be greater then the number CD . Aud as tbe number E is to tbe num- 
ber B C, fo let tbe fquare of the line A be to the [quare of. 

the line F G : and asthe mimber BC is to the number A 

C D, fo let the [quare of the line F G beto the (quare of : 
the ie HG. eis the [quare of the ae E LI s 
menfurable to the quare of the line F G . But the quare 
ofthe line A tsvationall. :Vherefore alfo. the fquareof = ——————4 

the line ‘E.G. isrationall : wherefore the line FG. isalfo. 

rationall:.. And forafmuch asthe number Ehath notte E verses 

rke number BE hat proportianthab a (quare number 

hath to a {quare number, therefore neither alfokaththe. B+. Div... € 

Square of the ting A to the [quare of theline FGthat - |: 

proportion tbat a (quare number bath to a{quaye number . Wherefore the line A is incom. 
menfurablesn length to the line F G.. Againe for that as the number B C.is to tbe number 
€ D, fo is tbe [quare of the line F Gto tbe [quare af the line HG, therefore he (quare of the 
line F Gis commenfurable to the fguare of the line 13 Gi But the (quare of the line F Gis ra- 
tionall. Wherefore alfo the (quare of the line: H'G isxationall : Wherefore alfo the line H G 
is rational. Avd for that tbe aumber B C hath nonta the number C D, that proportion that 
afquare number hath to a [quare number, therefore nesther alfo.hath the (quare of the line 
DG teslicfauade of the lineHG, that propartion:that a (quare niber bath to a [quare nurn- 
ber  becefore theline F G trincommenfurableix length tothe line HG: and they are both 
saticnall be Dexefure the lines EGZ H G are xagionall comenfurable in power onely, Wher 
Jace tha ld et is a refidualtiiiee 5 fay moreonsr, shat itis athird refduall line. For for 
that as shavexwabcey E is to oensipeber B C, fodrtbo[/quare of the line A tothe {quare-of the 
bre BG pandaithe rare BE is tothe number CD; fois the {quare of the liner G to the 
Pare of the line HG: thehfrceby.cqualitic of proportion, as the number E isto the num- 
LCD, fatzshefqiare of thehne sto the I LÀ the line HG: but thenumber E hath 
Ew ta the roso C Di shaspxopovtion that a fqriabenunsber hath to a fquare number ther- 
q fore 





WE preportion ikat a fquare numbèr hath to a fquare number , And let the num-: 
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Sore neither alfo hash the (quare of the line. A- ta the fquare of the line HG that proportion 
that a [quare number batb to a (quare number , therefore the line A is incommenfurablein 
length to the line HG. Wherefore neither of the lines F G and HG is commenfurablein 
length to tbe rationall line A. And forafmuch as the 

Square of the line FG is greater then thefquare ofthe A 
line HG ( that the line F G is greater then the line HG 
it ts manifeft, for by fuppofitiun the number B Cis grea- E B S 
ter then the number C D ) unto the (quare of the line 








F G let tbe fquares of the lines H G Qr K-be equall. And K 4 
for that as the nither BC is to the number C D ſo is the 

fquare of the line F G. ta the (quare of tbe line H G, ther- E ee 

fore (by connerfion of proportion) as the number BC is 

tothe number BD, fois the{quare of the lineF Gtothe B-D... c 


Square of the line K. But the niber B C bath to tbe num 

ber B D that proportion that a [quare number hath to a fquare number. Wherefore tht 
Square of the line F C hath tothe fauare of the line K that proportion that afquare nuraber 
bath to a (quare nuraber . Wherefore the line F Gis commenfurable in length to the line K. 
Wherefore the line F G is in power more then the line HG, by the fquare of a line commen- 
Jarable in length to the line F G, and neither of the lines F G and C H is commen[urable in 
length to therationallline A : when yet notwrthftanding cither of the lines F G andG His 
rational. Wherefore the line F H isa third refiduallline. Wherefore there is found out 4 
third refiduall line « which was required to be done. 


¢q T be 22. Probleme. T ke 88. Propofition. 
To finde cut a fourth refiduall line. . 


VESTI Ake a rationall line and let the fame be A: and vato it let theline BG be 
; ah commenfurable in length. Wherefore the line BG ss rationall. And take. 
D) two numbers D F and FE, and les them be fuch that the whole number, 
namely,D E hane to neither of the numbers D F and FE that proportion 
that d (quare pumber hath to a fquare . - 
number . And as the number D Eis tothenumbrEF, 4 
(o lee she fquave of the line BG be to the {quare of the. 
ie G ‘at wherefore the fyuare of the i G om Eo nx em 
menfurableto the [quare of theline G C, wherefore alfo 
the [quare of the line G C is rationall,and tbe line G C... ——— —— 
is alfa vationall . And for that tbe number D E hath not 
thé number EF that proportion that a (quare number D....... Fuck 
hath toa fyuare number, therefore the line B G is incom- : x 
menfurable in length to the line GC. And they are both rationall : wherefore theline B.C 
isa vefiduall line.I fay moreouer that st is a fourth refiduall line.For forafmuch as the {quare 
of tbe line B G is greater tben the [quare of tbe line G C , unto the [quare of the ine BG 
let the fanares of the lines C G and H be equall.And for that asthe number DE i5 tothe 
number EF, fo is the [quarc of the line BG to the {quare of the line G C, therefore by cona 
nerfion of proportion as the number D È isto the number DF, fo is the ſquare of the line 
B G to the fquare ofthe line H . But the nnmbers D E and D Y. baue. not the one to the 
other that porportion that a fquare number hath to a (quare mumber Wherefore the line B. G 
is Mamme ital in length to she linet. Wherefore the line BG is in power more ios 
sne 
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the line G C by the [quare of aline incommenfrable in length to the line BG > andthe 
whole line B G is commenfurablein length to the rationall line A . Wherefore the lineB C 


is a fourth refiduall line Wherefore there is founde out a fourth refiduall linc:which was re- 
quired to be doone. 


q The 23. Probleme. The 89. Propofition. 
To finde ont a fift refiduall lyne. 


Ake avational line and let the fame be A, and unto it let the line CG be 
commenfuratle in length . Wherefore the lineC Gis rationall. And take 
ai tivo numbers D F and F E , which let Le (uch, that the number DE 
Dre) Ke bane to reither of thefe pum£ers D F nor FE that proportion that a 
[2 “Sg [quare number bath to a [quare number. And as the number F E is to the 
number D E, fo let the fquare of the line C G be to the 
ſquare of thc line B G.Wherforeibe (quareof tbelineCG — A 
is commmenfurable to the fyuare of the line B G. Wherefore : 
the f quare of the line B Cis rationall, and theline BG is Bet SS e 
alforational.But the numbers D E and E F haue not that d 
proportion the one tothe other that a [quare number hath (= t 
to à fauare nither Wherfore the lines B C and G C ave ra- 
tionall commenfurable t» power onely. Wherefore the line D 
B Cis avefiduall line. 1 fay morcouer that. itis a fift refi- 
duall line. F or forafmuch as the {quare of the line b G is greater then the fquare of the line G 
C,unto the fquare of the line BG let the {quares of the lines G Cand H be equal. Now ther 
Sore for that as the number D Eis tothe number E F, fois the {quare of the line BG to the 
"nz of the line G C,therfore by conuerfion of proportion, as the number D E is to the nit» 
ber DF fois the [quare of the lire BG to the {auare of the line H. But the numbers D E & 
DF haue not that proportion the one ta the other that a [quare number hath to a Square 
nun:ber. Wherefore theline B Gis incommenfurable in length to the line H. Wherefore the 
line B G isin power more then the line C G by the (quare of a line incommenf{urable in legth 
to the line B Gand the line C Gwhich is ioyned to th: refidual line is commeurable in lezth 


to the rationali line AWherfore the line B Cts a fift refiduall line. Wherfore there is found 
out a fift refiduall line : which was required to be done. 








* 
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g The 24. Probleme. The 9o.Propofition. 
To finde out a fixth refiduall line. 


3 Ae avational line ang let tbe fame be A. And 
5X IZ take three ntmbers E,B C, and C D, not ha- 
Ain. ts ? tte 
Lvuing the one to the other that proportion thata 
Sanare number hath toa fquare number. And let not E— — — 
“the number B C haue to the number B D that proporti- 
"en that a (quarc mumber bath to a (quare number 4nd — 
‘let the number BC be greater then the number C Dy 
as the number E isto the number B C, folet the fauare E. 
of the line A be to the fquare of the tyne F G. And as 
the number BC is to the number C D, folet tbe f quare 
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Demonfirae 
tion. 


Conftrnctione 


Demonflra- 


chon, 


An other 
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of the line F G beto the fquare of the line G H. Now therfore for that asthe number Eis to 
the nüber B C, fo is tbe (quare of tbe line A to the quare of tbe line F G,therfore the {qnare 
of the line A is commen[urable to the f quare of tbe line F G-Wherfore tbe fqunre ofthe line 
FG isrationall, and theline F Gis alfo rationall. And for that the number E hath not to 
the number B C that proportion that a [qnare number hath to a quare number therfore the 
line A is incommenfurablein length to the line F G:Againe for that as the number B Cis to 
the number C D,foss the fquare of the line F G to the [quare of the line GH, therefore the 
Sgeare of ihe line F G is conmenfurable to the fquare of the line G H. But tbe f3uare of the 
line F G is rationallyvbevfore tbe (quare alfo of the line G H is rationall, wherfore the line 
G Hi alfo vationall. And for that the number B C hath not to the number C D that propor- 
tion that a [quare number bath to a fquare number ,therfare tbe line F G is incommen[ura- 
ble in length tothe line G H and they are Loth rationall. Wherefore the lines F Gand GH 
arerationall commenjurable in power onely. Wherfore ii 

the lyne F Hisarefiduall line. 1 fay moreouer thatitis A 
a fixt refiduall line. For for that as the number Eis to 
the number BC, foisthefanare of the line A to the 
Square of the line F G, and as the number B Cis tothe X 
aitber C D fo is the (quare of tbe line F G to tbe [quare 
of the line G H, therefore by equalitie of proportion as 











the number E 1s to the number C D, fois tbe quare of E usa 
the kine A to the [quare of the line G H. But the aum- 
ber E haih notto ike number C D that proportiontbat — C... .... we D.... B 


4fquare number hath toa [quare number. Wherefore 

the line.A is incemmenfurable in length to the line GH, and neither of thefe lines F G nor 
GH is commenfuralle in length to the rationallline A. And | forafmuch as the {quare of the 
line F G îs greater then the [quare of the line G H, unto the {quare of the line FG let the 
the fquares of the lines G H and K be equall. Now therfore for that as the number BC is to 
thé nitmber C D,fo is the [quare of the line F G to the {quare of the line GH, therefore by 
conuerfion of proportion as the number B C is ta the number B D fo is the (quare of the line 
F G tothe [quare of tke line K.But the number BC hath not tothe number B D that pro- 
portion that a {quare number hath to a fquare number, therfore the line F G is mcommen- 
furable in length to the line K.Wherfore the line F G is in power more then the lyne G H by 
the fquare of a line ‘acom:nenfurable in length to the line F G, and neither of the lines E G 
nor GH is commenfurable in length to the rationall line A. Wherfore the liae F H is a fixt 
refidual line Wherfore there is found out a fixt refiduall line: which was required to be done, 


There is alfo'a certayne other redier way to finde out enery one of the forfayd fixe refidu- 
all lines which is after this maner . Suppofe that it were required to finde outa firkt refiduall 
hine.T ake a firft bincmiall line A C, ef let the greater name 4 
thereofbe AB. And unto the lineB C let the line B D be 
equall. Wherefore the lines AB andBC , thatisthelines s D 
A Band BD are rationall commenfurablein power onely, 
and the line A Bis in power more then the line B C, that 1s,then thelineBD by the fquare 
of a line commenfurable in length tothe line AB. And the line AB is commenfurable in 
length to the ratronall line geuen.For the line A C is put to bea firft binomiall line. Where 
fore the line A D isa firft refidual line. And in like maner may ye finde out a fecond,a third, 
a fourth, fife and a fixt refiduall line, if ye take for eche a binomall line of the fame order. 
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Ifa faperficies be contayned vnder a vationall line dz firft vefiduall line: 
the line which contaynetb in power that fuperficies is arefiduall line. 






Vppofe that there be a rectangle fuperficies A B contayned under à rationallline Fourth Senas 
|A C anda firft refiduallline ADF hen Lfay that the line which contayneth dr tye 
power the fuperficies A B is a efiduall line. For forafmtich as AD isafirftre- 
Bh geal fiduall Ene et the line ivyned unto it be D G (by tbe line wyned unto it vnder- The W^ have 
fad fuch aline as i te Can: 
was [poken ofin the L No ~ : 
end of the 79 . pro- A D E FO 
pofition) Wherefore f | ` 
the lines A G and S x 
G D are rational 
comet[urable in pow. 
er only, cr the whole 
line AG iscomen- 
ferablein length to 
i rationall lene A e 2 H â IK R Q M 
C,ard the line A G . i . 
ds in power more thea the line GD by the {quare of a line commenfurable in length nto 
‘AG, by the defisition of a firfi refiduall line, Denide the line G D into tivo equal partes in 
the poynt E.And upon theline AG apply a parallelogramme equall to the fquare of the line 
EG and wanting in figure by afgucre,and let the fayd parallelogramme be that which is c0- 
tayned under the lines AF and FG. Wherefore the line A F is commenfurable in lengthto The firft bart 
she line F G(by the17.0f the tenth). Aud by the poyntes E,F and G,draw unto theline A C of sse demone 
thefe parallel lines EH,,F Land G K.And make perfect the parallelograme AK. And for- Aration. 
aj mucb as.the linc À F is commen[urable in length to tbe line Y. G, therefore alfo tbe whole EN 
line AG is commenfurable in length to either of the lines AF andEG ( bythe ts. of the 
quith) But tbe line À G ss commenfurable in length tothe line AC. Wherefore citber of A03 
the lines AF and F G is comienfurable in lengthto the line A C. But tbe line AC isra- 
siinall, wherefore either of the lines A. F and F G is alfo rationall . Wherefore (by the 19.0f Noe; 
the tenth ) eather of the parallelogramines AX and FX isal{oratioual!. And forafmuch at Aland FK 
The line D Eis commefurable in length to the line EG, therfore alfo (by the 15.of the tenth) concluded ra- 
rhe line D'G is commenfurable in length to either of the lines DE and EG. Bat the line tonal parallea 
D G is rational, wherefore either of the lines D Eand E G is rationall , and the felfe [amè fogramme, 
lige D G is snconemenfurable in leagth to theline A C (by the definition of a firft refiduall 
lime, or by the 13:.0fthe tenth ) . Por the line D Gis incemmenfurable in lengeb to the line 
A G,which line A G ts comenfirable in lengtbió tbe lie A C: wherfare either of the limes D Notes 
DE ad EG ‘ts rationaltand incwonmenfurable ix length to the line A C . Wherefore ( by e i» FK 
the zi of tbe tenth esther of thefe parallelogrammes DH and EX is mediall . Vnto the pa- anane 
vallelogramme A I let the fqvare LM be equall and unto the parallelogramme F K let the diall, 
Nquare NX beaquall, being taken amay from the [quare L M and hauing the angle LOM S econd part of 
common to them both. (And io doo this there muf be founde out the meane proportional! be- the confiruce 
awene the lines F Land F G . For. the fquare of the rocane proportionallis equal to the pa. °°" 
pilldlogramme contayned under the lines F Vand ¥'G. And from the line LO cut of a line 
eqanll to the méane proportionallfo founde out, antl defivibe the (quare thereof ). Wherefore 
both the fquares LL MandN X are about one and the felfe fame diameter ( by the 26. of the 
* 00.j. fixth 
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fixth)let their diameter be O R and deferibe the figure as it is here fet forth - Now then for- 
afmucb as the parallelogramme contayned under the lines AF or ¥ G is equal to the quare 
of the line E G,therefore(by the 17.0f the fixth) asthe line A F isto tbe lineE G , fous the 
linc EG to the line F G.Bus as the line AF isto the line EG, fois the parallelogramme 
A Ito the parallelo- 
gramme EK, And 








asthe lineE G isto A D 
the line FG, fois 

the parallelogramme i | 
E K to the parallelo — ! 
ramme E K Wher- 


fore betwene the pa- 
grammes AT and 
F.K rhe parallelo- 
gramme EK is the 
meåneproportionall. ` : 
But (by the fecond part of the affumpt coing Lefore the 54. of the tenth) betwene the [quaret 
LM and N X the parallelogramme MN is the meane proportionall . And unto the paral- 
lelogramme A is equall tbe (quare L M , and unto the parallelogramme F K is equall the 
Square N X by construction Wherefore the parallelogramme M N is equall to the parallelo- 
gramme EK (by the 2. affumpt going before the 4. of the tenth) . But the parallelogramme 
EK zs(by thefirf of the fixtb )equall to the parallelogramme D H,and the parallelogramme 
MN 15(by the 43.0f the firit) equall to the parallelogramme LX . Wherefore the whole pa- 
rallelogramme DK 15 equall tothe gnomon\ T L (which gnomon confisietb of thofe pa- 
rallelogrammes by which ye fee in the figure pafreth a portion of acircle greater then afe- 
micircle) and moreouer to thefquare N X : and the parallelogramme AK is equall to the 
Squares L M ana N X by conflruction: and it is now proned, that the parallelogrammeD K 
1; equall to tbe enomo VT ZL, and moreouer to the {auare N X.Wherfore the refidue name. 
by the parallelogramme A Bis equall to the {quareS Qwhich is the {ouare of the lineLN. 
Wherefore the {quare of theline LN jis equallto the parallelogramine AB . Wherefore the 
line LN contayneth in power the parallelogramme AB. 1 fay moreouer that the line LN is 
arefiduall line.F or forafmuch as either of thefe parallelogrammes À land Y K isrationall, 
as it is before fayd, therefore the {quares LM andN X which are equallunto them,that is, 
the {quares of the lines LO and ON are rationall Wherefore the lines LO andO N are 
alfo rationall. Agayne fora[much as the parallelogramme D H that is L X és mediall, there- 
fore the parallelogramme L X is incommenfurable to the fqnare N X. Wherefore (by the 1. 
of the fixth,and r0.of the tenth )the line LO is incomenfurablein length to the line O N: 
and they are both rationall Wherefore they are lines rationall commenfurable in power onely. 
Wherefore LN is a refiduall line by the definition,and it contayneth in power the parallelo- 
parallelogramme AB. If therefore a fuperficies becontayned under arationall line and a 
firit refidualline, the line which contayneth in power that fuperficies,is a refiduall line:which 
was required to be demonflrated. 
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Ifa fuperficies be contained bnder arationall line and a fecond refiduall 
line : the line-whichcontaineth in power that ſuperficies, is a firſt mediall 
refiduall line. 2 


Suppofe 


of Euchiles Elementess Fol.195. 


cS /ppofe tPat AB bea fuperficies contained under drationall line AC, anda fez 
| coud refiduall line A D-. Then I fay, that the line that containeth in power the 
f Juperficies A B is afirfFmediall refiduall lime. For let tbe lime ioyned to theline 
AX] A D be D G Wherefore the lines AG and G D are rationall commenfurable 
in power onely., and the. ' x ] 

line that is ioyned to a Poem E i 
refidual line, namely,the MO 
a DG is PAR 1 n E. ipo 
ble in length to the rati- 
onall line AC : and the 
line AG is in power 


; | | 
more then the line DG, Jk lv 
by the (quare of a line | J P. 
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comenfurable in length 
to tbeline AG . Deuide.c B ho EDK? oR 
the line D Ginto two e- 


~quall partes in the point E . And vatothe line AG apply a parallelogramme eqrall tothe 
fourth part of the (quare of tbe dine D. G, that is, equall to tbe fquare of tbe line: E G, and 
wanting in figure by a {quare, and let that parallelogramme be that which is contained wn- 
der the lines AF and F G .Wherefore (by the 17.0f the tenth) the line A F is commenfzra- 
ble in length to the line FG . And by the pointes E,F,and G, dtaw unto the line AC thefe 
parallelllines EH, F 1, and G K : and fora much as the line A F is comenfurable in length 
to the line F G, therefore the whole line AG is commenfurable in length to either of thefe 
lines AF and F G . But the line A Gis rationall and incommenfurable in length to the line 
A C Wberefore either of thefe lines AF and FG are rationall and incorsmen[urable in 
length tothe line AC . Wherefore either of thefe parallelogrammes Al and F K is ( by the 
2r.ofthe tenth) mediall. Againe, forafmuch as the line D E is commenfurable in length to 
the line E G, therefore the line D.G is commenfurablein length tocither of thefe lines D E 
-and EG . But the line D G is commen[urable in length to the vationall line A C. Wherefore 
- either of tbefe lines D E and E G is rationall and commenfurablein length tothe line AC. 
Wherefore (by the 19. of the tenth) either of thefe parallelogrammes DH and EK is rati- 
-anall . Vnto the parallelogramme. A 1 defcribe an equall {quare LM, and unto the paralle 
logramme F K let the {quare NX be equall, asin the Tropofition going before . Wherefore 
she fquares LM and N X are both about one and the fame diameter. Let the diameter 
be O R, and defcribe the figure as isin the former Propofition expreffed . Now — for- 
cafmuch as the parallelogrammes A Land F K are miediall and * commenfurable the one to 
the other,and the (quares of the lives LO G 0 N which are cquall to thofe parallelogrames, 
are medial, therefore the lines L 0 and ON are alfo mediall commenfurable in power. 
(And it is manifeft, that the lines L O and O N are comenfurable in power, for their {quares 
_are commenfirable, and thofe fquares,namely, the {quares of the lines- LO Gy O N are com- 
“men urable, for they are equall to the parallelogrammes A land F K, which are commenfu- 
rable the one to the-other : ard that thofe parallelogrammes AI and F K are commenfurable 
=the one to the other hereby it is manife for that it was before proved that the lines A F and 
F Gare commenfurable in length . Wherefore (by the 1 of the fixt, and 12.of th e tent) the 
*parallelogrammes Aland F K are commenfuratle the one tothe other . Wherefore it is 
- now manifefty the way of refolution,that the lines LO Cy O N are comenurablein pomer). 
- And forafmuch as the parallelogramrne contained vñder the lines A F and FG isequallto 
` ghe fquare of the line EG, therefore as the line AF istothe linc EG, fo is theline EG to 
-phe line F G. But as the line A F is to the line EG, fo is the parallelogramme Al to the pa- 
- rallelogramnze EK :-andas the line E G isto the line F G, [ois the parallelogramme E K to 
Ses 09i. the 
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the parallelogramme F R . Wherefore the parallelogramme E K is themeane proportionalt 
betwene the parallelogrammes A1 and F K : and tbe parallelogramme MN, is alfo the 
meane proportionall be- ; 
tene the (quares LM ; 
CNX: andthe paral- E at 9: 


N 
lelogramme AI is equall 4 — — | 
to the (quare L M : and s T [^ 
the parallelugrame F K ' 
is equall to the (quare 
NX . Wherefore the pa- v 
rallelogramme M N i 
equall to the parallelo- 
e B H 1k 


gramme EK . But the R — 
parallelogramme E K is 

equall to the parallelogramme D H : and the parallelogramme L X. is equall to tbe parallela. 
gramme MN. Wherefore the whole parallelogramme D K is eguall to the Gnomon V T Z, 
and to the {quare N X . Wherefore the refidue,namely,the parallelogramme A Bis equallto 
the fquare SQ, that is, tothe {quare of theline LN .Wherefore the line L N containeth 
in power the fuperficies AB. I fay moreouer, that the line LN isa firft medial refiduall 
line . For forafmuch as the parallelogramme E K is rationall,and is equall to the parallelo- 
gramme M N, that is,L X, therefore L X that is,the parallelogramme contained under the 
lines LO and O N tsrationall. But tbe fquare NX is mediall, for it is already prowed that 
the parallelogramme F K which is equallto the [quare NX, is mediall . Wherefore the pa- 
rallelagramme L X is incommen[urable to the [quare 'N. X . But as ier) Hir LX 





isto the (quare N X, fois tbe line LO to the line O N (by the 1 of tbe fixt ) . Wherefore (by 
the 10.0f the tenth) thelines LO and O N are incommenfurable in length . Andit is alrea- 
dy proued, that they are mediall commen(urable in power . Wherefore the lines LOGON 
are mtdiall commenfurable in power onely containing arationall fuperficies . Wherefore the 
line LN isa firft medial refiduall line, and containeth in power the fuperficier AB, which 
js contained under a rationall line and afecond refiduall line . If therefore a fuperficies be 
‘contained under arationall line anda fecond refiduall line: the line which containeth in 
power that [uperficies,is a firkt medtall refiduall line-which was required to be demonftrated. 
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Ifafuperficies be contained "ynder a rationall line anda third refiduall 
line : the line that containeth in power that fuperficies isa fecond mediall 
refiduall line. 






BO Vppofe that AB bea fuperficies contained under a rationall line A C, C a third 
7j —88 reſiduall line A D. Then] ſoj, ihat the line which containeih in power the ſu- 
—* x» T" perficies A B isa fecond pmediall refiduall lime . Let the line ioyned onto. A D, be 

s ADD G . Wherefore the lines AG andG D arerationall commenfurable in power 
oncly, and neither of the lines A G nor G D is commenfurablein length to the rationall line 
AC, and the whole line AG is in power more then the line G D, by the fquare of a line com- 
menfurable in length so iheline AG . Let the rest of the conftruction be as it was in the for- 
mer Propofitions .Wherefore the lines A F and F G arecommenfurable in length : and the 
parallelogramme A Lis commenfurable tothe parallelogramme F K . And forafmuch as the 
lines A F and F G arecammenfurable in length, therefore the whole line AG ss — 
rable 
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rablein length to eitber of the[e lines A F and E-G. Busdhe lime AG isrationall and ins 
commenfurable in length tothe line AC Wherefore either of shefe lines A Fand F G isra- 
tionall and incommenfurable in length tothe line A C . Wherefore (by the. 21 of the tenth) 
either of thefe parallelogrammes AI and F K is mediall. Againe, forafmuch as the line D E 
is commenfurable in length to the line EG, therefore al{o the wholeline DG 4s.commenfu- 
vable in length to either of thefe lines D E and E G . But theline D G is rationall commen- 
forable in power on- I 
Ly to the line AC. " SEC N 9 
Wherfore alfo either _ Fs 
of the lines D E and M 
EG is rationall and 
commenfurable in 
power only to the line 
AC . Wherefore ei- 
ther of thefe paralle- 
logrammes D Hand 
EK is mediall. A- 
gaine forafmuch as 
the lines A G and D G are commenfurable in power onely, therefore they are incommenfura- 
ble in lemgth.But the line A Gis commenfurablein length to theline A F : and the line DG 
is commenfurable in length to the line GE . Wherefore the line AF isincommen{urablein 
length tothe line EG . But as the line A F ss to the line EG, fois the parallelogramme A Ito 
the parallelogramme E K .Wherefore the parallelogramme A 1 is incommenfurable to the 
parallelogramme EK . Vito theparallelogramme A1 defcribe an equall{quare LM: and 
unto the parallelogramme F K defcribe an equall{quare N X : and defiribe the figure as you 
did in the former Propofition . Now forafmuch as the parallelugramme contained under the 
“Lines A F-and F G is equal to the {quare of the line E G, therefore as the line A F iis to the 
line E G, fo is the line E G tothe line F G . But asthe line A F is to the line EG, fo is the pa- 
rallelogramme A 1 to the parallelogramme E K : and asthe line EG is to the line E G, fo i 
the parallelogramme E K to the parallelogramme F K . Wherefore as the parallelograme AJ 
is to the parallelogramme E K, fois the parallelogramme E K to the parallelogramme FR. 
Wherefore the parallelogramme E K- is-the meane proportionall betwene the parallelogrames 
Aland F.K . But the parallelogramme M N is the meane proportionall betmene the [quares 
LM and NX..Whereforethe parallelogramme E K is equall to the parallelogramme M N. 
Wherefore the whole parallelogramme D K is equallto tbe Gnomon VT Z, & tothe quare 
“NX. And the parallelogramme:A K.is equall to the [quares LM and N X .-Wherefore the 
refiduenazelyy the parallelogramme A Bis equell io tbe [quare .Q $,that is, to tbe quare 
ofthe line L N Wherefore the line L N containeth in power the fuperficies. A B .1 fay more- 
ouer; thattheline LN isa fecond mediall refiduall line . For for that as it is proued,the pa- 








c B H 1K R C A 


Note. 
A4 Land FK, 
.mediall. 


Note ] 
DH and E K, 
medial. 


Note, 
A incommen+ 
f'rable to E K(, 
Second part of 
tho Confirudieb, 


The principa 
line, L N. Souda; 


.rallelogxammees A Land FK are mediall, therefore te [quares that are equall unto them, ` 


namely, the fquares of the linex LO. and.O N. are al[o mediall . Wherefore either of thefe 
lines L O.and 0 Nis.mediall ; And forafmuch as the parallelogramme At is * commenfu- 
rableto.the parallelogramme F K, therefore the [qwares that are equall to them, namely, the 
Squares of the lines LO ando N are alfo commenfurable.Againe, forafmuch as it is proued, 
that the paralleogramme A.1 is tncommenfurable to the parallelogramme E K, therfore the 
[quare L M is incommenfurable to the parallelogramme.M N, that i5, tbe (quare of tbe line 
L0 to the parallelogramme contained under the lines. L 0 & ON ..Wherfore alfa the * line 
LOO isincommen[urable in length to tbe line ON, Wherefore the lines LO ando Nare 
mediall ommen[urable ia power onely . I fay moreouer, that they contaiue a medial fuper- 
ficies . For foralmuch as it is proued; that the paraltelogramme E K is nzediall, therefore the 
— 90.iij. parallelogramerse 
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` EG isto the line F G fo is the parallelogramme E K ta theparallelogramme F K. Wherfore 


rent The tenth Booke 
pardllelogramme which isequall unto it namely, the parallelogramme coxtained under the 
lines LO and ON ts alfo.mediall. Wherefore the line ‘LN isa fecond mediall refiduall lines, 
and containeth in power the fuperficies A B . Wherefore the line that containeth in power the, 
Superficies A Bis afecond mediall refidwall line . If therefore a [uperficies he contained under, 
arationall lime and athird refiduall line, the line that containeth in power that ſuperficies 
ása fecond mediall vefiduall.line : which wás vequirtd.ta be demonifrated.. .. : 
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Tf a fuperficies be contayned ynder a vationall lyne , and a forth refiduall 
Lyne:the lyne which contayneth in power that [uperficies js a leffe lyne. 






ed] V'ppofe that there be a fuperficies A B contained under a rational line AC,and 
| a fourth vefiduall line A D T ben J fay that she liae which éomtaineth in power 
the fuperfictes AB is a lefe line. For let the line ioyned unto it be D G. Where: 
s fore the lines A G end D G are rationall commen[wrable in power only,and ihe 
line AG is in power more thea tbe liae D G,by the fauare of a line incommenfurable in length 
bo the line AG, and the line AG is commenfurable in length tothe line AC. Denide the 
line D G into fvo equal! partes in the point E. And vito the line AG applj a parallelo- 
ramine egual to the ‘ ` AEE R S : > 


Z 
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[quarc of tbe line E. ULL — yo 
C,and wanting in fi- Ero xx | ~ a 
gurebyafquareand 1 0l px ae E (CEP 
let that parallelo- i s! — — 
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gramebe tbat which 
4 contayntd under. 
thelines AF and F 
6. Whefare (by th 
‘78:of the tenth) the 
line A F is incimen- 
furable in length to : — RE, UR ig 
the line E.G. Draw by the pointes E,F,¢7 G,tinto the lines ACand D B thefe parallel lines 
EH,F I,andG K Now forafmuch as thé line AG is rational,end commenfurableia length 
‘tothe live A Cyt her ore the sobole parallelogrümme A Kis (by the 1 p of the tenth rational. 
_Againe forafinuch as the line D Gis incomyyenfurablein length to theline A C(for if the 
line D G.were comrienfurablein length to theline’a C; then for afmuch as the line AG is 
commenfprable in length to the fame line AC; the lints AG and D G fhould becommenfus 
rable in length the one to the other when yet they are put to bè commen[urable int power one 
Ly) and both thefelines A Cand D G are rationall. Wherfore the parallelograme D K ix me: 
diall. Againe forafmuch qs the line A F is incommenfurable in length to the line F G, ther: 
fore the parallelogramme A 1 is incommenfurableto the parallelogramme F K. Vnto tbe pas 
‘rallelogramme A I defcribe an equal fquare L M,and vntothe parallelograme F K defcribe 
an equall [quare NX, “and ler the angle LO M be common to both thofe {quares. Wherefore 
the [quares LM and N X are about one and the (elfe fame diameter. Let their diameter be. 
O Ryand defcribe the figure. And forafrauch as the parallelograme contained under. the lines 
AF and F G is equall to the fquare of the line E G therfore proportsonally as the line A F is. 
to the line EG, foistheline EG totheline FG, but asthe line A F is to the line EG, fois 
the parallelogramme A 1 to the parallelogramme E K(by the 1 of the fixt.) And as the line 
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the parallelogramme E K is the meane proportional betwene the parallelogrammes AI and 
F K : wlerfore as it was faid in the former propofitions, the parallelogramme MN is equal 
so the parallelogramme E K : but the parallelegramme D H is equalltotbe parallelograme 
E K,and the parallelogramme M N to the parallelogramme L X.Wherfore the whole pa- 
rallelozram me D K is equellto the enomonV T Z and to tbe fquare N X. Wherfere the re- 
fidue,nameiy,the parallclograrıme A B is equall to the refidue, namely, to the [quare S 85 
that is to the [quare of the line L NI fay moreouer that L Nis that irrationall line which is 
called a leffe Line.F or ferafmuch as the parallelogramme A Kis ra tionall,and is equallto the 
fuares of the lines LO and ON, therfore that which is made of the [quares of the lines LO 
and ON added together is rational. Againe fora(much as the parallelogransme D K is me- 
diall, and is equall to that which is contained under the lines L O and O N twife, therefore 
that which is contained under the lynes L 0 end O N twife,ts alfo mediall. And forafmuch 
as the parallelogramme A 1 is incommenfurable to the parallelogramme F K, therefore the 
fquares which are equall vnto them;namely,the fauares of the lines L O andO N are incom 
menfurable the one to the other. Wherfore the lints LO and O N are incommenfurable in 
power hanyrig that which is made of their [yuares added together rationall, and that which 
ss contained under them twife mediall, whichis commenfarableto that whichis contayned 
under them oace.Wherfore that which is contained vnder them once is alfo mediall. Wher 
fore L Nis that irraticnallline which is called a leffe line ana it containeth in power the ſu- 
perficies A If therfore a fuperficies be contained vinder a rationall line and a fourth refi- 
duall line,the line which contameth in power that fuperficiesis a leffe line: which was re- 
quired to b¢ densonfirated. 
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If a [uperficies be contained ynder a rationall line and a fift refidual line: 
the line that cotayneth in power the fame fuperficies is a line making with 
4 rationall fuperficies the whole fuperfictes mediall. — 
d sw \ — pe a — 


7 Ul Vppofe that there be a fuperficies A B contained under a rationallline AC and 
\ AA fiftrefiduall line AD. ThE I fay thatthe line that cotaineth in power 5 Juper- 
i | ficies AB, is aline making with a rational [uperficies the whole fuperficies. me- 
i e diall.For-vnto tbe line A D let tbe line D G be ioyned, which Jhal be cõmifura-, 
ble ia légth to tbe rational line A C. And let the veft ofthe conflruttiá be as in the propofition 
next going before. And forafmuch asthe line AG is icomen[urablein légth to the line AC 
and they are both rationall,therfore the parallelo gráme A K is medial. A gaine fora[mucb as 
the line D G js rationall : f i : 
and commenfurable in ; | 
length to the lyne AC, 
- therefore the parallelo- 4 
gramme D K is ratio- | 
nall. Vnto theparallelo- | 
l 
| 
t 
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gramme 4A 1 deftribe an 
equall (quare-L M, and 
wntothe parallelograme | 
F K deferibe'an equall | —— 

ſquare NX, and as in — — 
tke propofition wextgo-  ¥5: 
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ing before fo alfa in this may we proue,that the line L N containeth in power the fuperficies 
AB. Lfay moreouer that that line LN isa line making with a ratzonall fuperficies the 
wholefuperficies mediall. For forafmuch as the parailelogramme A K 1s medial, therefore 
shat which is equall unto it namely that which is made of the {quares of the lines LO and 
2 Nadded together is alfo mediall. Againe forafmuch as the parallelogramme D K is ra- 
tionall, therfore that wach is equall unto it, namely that which is contained under the lines 
‘LO and O.N tmife,isalforationall. And forafmuch asthe line A F is incommenfurable 
in length to the linet G,pherfore( by the 1 of the fixt Cr roof the tenth) the parallelograme 
A Lis incommenfurable tothe parallelogramme F K „wherfore alfo the [quare of the lyne L 

` O is incommenfurable fo the [quare of the line 0 NWherfore the lines LO and Q N are in- 
commenfurable inpower haring that which is made of their fquares added together medi- 
all,and that which is con tayned under them twife rational. Wherforethe line LN is that 
arvationall line which iscalled a lyne making with a rational fuperficies the whole fuperfr- 
cies mediall,aad £ogteyneth in power the fuperficies A BWherfore the lins.contayning in 
power the fuperjicies A Byasa line making with a rationall ſuper ficies the whole fnperficies 
mediglt. If therfore ſuperficies be contayned under arationall lyne & a fift vefiduall line, 
she line shat contayneth in power the fame fuperficies, is a line makyng with a rationall fu. 
peaficiesshe wholefuperficies mediall: which was required to be proned. 
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Ifa Juperficies be contayned “onder a vationall line anda fixth reftduall 
line, the line which contayneth in power the fame fuperficies is a line mas 
king witha mediall faperficies the whele fuperficies mediall. 


DV peske tbat A B be a fuperficiercentayned under a rasionallline AC, oa fixt 

/ |refidualllige A D Then {ay that the line which contayneth in power the {u- 
Sf herficies A B, is a line making with a medial fuperficies tbe whale (nperficies me- 
Mee eec diall.F or unto the line A D let the line D G beioyned. And let the veil be as im 
hci an go fert 
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as the lines A G and . 


A C are rational! commenfurablein power onely , therefore the parallelogramme A Kis me- 
diall;and in like maner the parallelogramme D K is mediall . Now forafmuch asthe lines 
AGandGD are anren rable in power onely , therefore they are incommen{urable in, 
length the one to the other But asthe line AG isto the lineG D , fo is the parallelogramme 
AK tothe parallelogramme D K , therefore the parallelogramme A K istacommenfurable 
to the parallelogramme D K.Defcribe the like figure that was defcribed in the former propo. 
Sitions,and we may in like fort proue that the line LN contayneth in power the fuperficies 
A B.1 fay moreoner that it isa line making w th a mediall fuperficies the whole [uperficies 
mediall 
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eediall.For the parallelograme AK is mediall wherefore that whichis equal unto it, names 
hy, that which is made of the [quares of the lives L O and O N added together is alfa mediall. 
And forafmuch as tbe parallelosrarame 19 K is mediall, therefore tbat which is equall -vnto 
it nancly,tkat which ts contayned vnder the lines L O and O N ife is alfo mediall . And 
forafmuch as the parallogremme AK 13 incommenfurable to the parallelogramme D K, 
therefore the {quares of the lines LO and Oo N areincommenfurable to that which ts contai- 
ned under the lies LO and ON twife.And forafmuch asthe parallelegramme A Iis in- 
commenfurable to the parallelogramme F K ,thers{ore alfotke [quare of the line Lo isin- 
commenfuraile to the fyuare of the line ON Wherefore tie lines LO and O N are incon- 
menfurable in pomer haning that which is made of the [queres of the lines L O and O N me- 
ehall , end that which is contayned under them twife mediall, and morenuer that which is 
made of the [quares of them 1s inceninenfuraole to that which is contayned under them 
swife.Wherfore the line L Nts that irrational line which is called atine making with a mes 
Call fuperficies the whole fuperficies mediall,and st contayneth in power the fuperficies A B. 
Wherefore the line which contayneth in power the [uperfictes A B is a line making with a me- 
diali fuperficies the whole fuperficses medtall If therefore a  fuperficies be contayned under 4 
ratrenall line and a fixth refiduall line, the line which contayneth in power the fame {uperfi- 
ciesis a line makiag which a medial! Juperfieres the whole fuperficies mediall. which wasre- 
guired to be dexsonftrated. 
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The fauare of arefiduall line applyed bnto arationall line, maketh the 
breadth or other fide a firft refiduall line. 
| 


letC D bea rationall line. And unto the A — T a 





Ne Vppofethat AB bea refiduall line, and 
SH 
Ot line C D apply the parallelogramme C E 


equali to the quare of the line A B,and making the í Tn 
breadth the line C F . Then L[ay thatthe line CF | 
isa firft refiduall line . For unto the line AB let the | | 

| 


line coueniently ioyned Le fuppofed to be B GWwhich 
Seife lineis alfo called a line toyned, as we declared 


| 
| 
inthe endof the79. propofition ). Wherefore the | | 
lines AG and GB are rationall commenfuratle in [^ — 
power onely., And unto the line C D apply thepa- D £ xX Hub 


ralleloeramme C B equall to tbefquare of the line 

A Gand unto the line K H(which is equall to the line C D) apply the parallelogramme K L 
equall to the {quare of the line B G.Wherfore the whole paralleloeramme C L is equall to the 
Squares of the lines A G and G D.And tbe paralleloeramme C E 11 equall to tbe [quare of the 
line AB,wherefore the parallelograname remayning , namely, the parallelogramme F L is e- 
qual! to that which is contayned vnder the lines AG and G B wife. For ( by the 7. of the fe- 
cond) the (quares of the lines. AG and G B are equall to that which is contayned under the 
lines AG & G B twife,and tà the fquare of the line A B.Denide tbe line F M into two equall 
partesin the point N.And.'y the poynt N draw untothelineC Da parallell line N X Wher- 
fore either of the parallelogrammes F Xand NL is equallto that which is contayned un- 
der the line} AG and G B once. And forafmuch as the Squares of the lines A Gand G B ave 
rátionall , vit which fquares the parallelogramme CL 1s equcli, thereforetne parallelo- 
granwme C Lalfois rational : wherefore the line M isrationall and™ conimenfurable in 
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length to the line C D:Agayne forafmuch as that which is contayned vnder the lines A G, 
and G Btwife, is ** mediall, therefore tbe parallelogramie equall unto it , namely the 
paraltelogramme F Lis alfo mediall .Wherefore the line F M. is rationall aod * incommen- 
forablesn length tothe line C D.And forafmuch as the {quares of the lines AG and GB 
are rational, and that which is contayned under the lines A G and G B twife , is wediall, 
therefore the f. quare of. the lines A Gand GB are incomenfurable to that which is contay- 
ned under the lines A Gand GB twife.But unto the fquares of the lines AG and GB is 
equall the parallelogramme C Land to that which is contayned under the lines AG and 
G Bawife is equall the paralielagramme F L,wherefore the parallelogramaze C L is incom- 
menfurable to the parallelogramme E L . Wherefore alfo the line CM is incommenfurable 
in length to the line F Mzand they are both rationall.Wherefore the lines C M and Y M are 
rationall commen{urablein power oncly:and therefore tbe line C Y. isa refiduall liac (Ey the 
73 ef the tenth). 1fay morcouer that itis a firft refiduall line. For forafmuch as that which 
is contayned vader thelines NG and GBisthe à 
meane proportional betwene the {quares of the lines 
AG and G B( by the affumpt going before the 54. 
of the tenth). And unto the [quarc of the line A G 
1s equall the parallelagramme C H, and vito that 
which is contayned under the lines A G and G B 
asequall the parallelogrammeN L, and unto the 
Square of the line GB is equall the parallelograme 
KL. Wherefore the parallelogrammeN L is the 
meane proportionall betwene the parallelogrammes 


CHardK L. Whkereforeas CHistoNL , fois —— — * 





| p 








: NLfoKL. Butas CHistoN L, fo is the line 3 E eo die 


CK tothe line SM & as N ListoK L, fois the 


-dine N M tothe line K M.Wherfore as the line C K is to the lineN M,, fois the lineN M 


ConfFraction. 


to the line K M.Wherfore the parallelogramme contayned under the lines C K andK Mis 
equall to the quare of the line N M, thatss to the fourth part of the [quare of the line F M. 
And forafmuch as the {quare of the line A G ts commen{urableto the {quare of the line GB, 
therefore the parallelogramme CH is comenfurable to the parallelogranzme X L . But as 
C His tuK L,fois the line CK to the line KM : wherefore the line CK is commenfirae 
ble in length to the line KX M . Wherefore ( by the 17 of tbe tenth ) the line C M is in power 
more then the line F M by the {quare of a line commenfurablein length to the line C M.But 
the line C M is commenfuralle in lengthto the rationall line C D. Wherefore the line C F 
js a fürfl vefiduall line . Werefore tbe [quare of a refiduall line applyed unto a rationall 
line,maketh the breadth or other fide a first refidwall line : which was required to be demon- 


itrated. 
- x 0 


f T be 74. T beoreme. The o8. Propofition. 


T he fquare of a fir/t mediall refiduall line applied to a rational line, mae 
keth the breadth or other fide a fecond refiduall line. 


le unto the line C D apply the eee C E equall to the (quare of the lyne 
ASA 4 Band making in breadth the line C FT ben 1 ay that the line C F is a fecond 
refiduall 


Se that AB hea firft medial vefidual line,and let C D bea vationall line. And 


of Euclides Elementes. Fol.298. 


vefiduall line. For-vnto thé line A B, let tbe Lyne $ 

coueniently ioyned be fuppofed to be B G. Where- A P €. 

fore the lines A G. and B G. are mtdiall commen- 

furable in power onely ,gomprebending a rationall b 

Superficies And vnto the line C D apply the te ` | 

rallelogramrme C H equat to the (quare of the line | 
| 








A Gand making in bredth the line C K, and vn- 
the line K H (which is equall tu the line C D) ap- 
ply the parallelogramme K L equall to tbe fquare 
of the line G B and making in breadth the line K 
M Wherfore tbe whole parallelogramme C L ise- D É x HL 
guall to both the fquares of the lines AG and G 
B which are mediall dr commenfurable the one to the other. Wherfare the paralielograrsimes 
CH and K L are mediall and commenfurable the one to the other Wherfore(by the 15.of the 
tenth) the whole parallelagramme C L is commenfurable to eather of thefc paraliclograsnimes 
CH and K L.Wherfore (by the corollary of the 23.0f the tenth) the whole parallelogramme 
C Lis alfomediall. Wherefore (by the 22.of the tenth) the line CM is rationall and incam- 
menfurable in length tothe lineC D. And forafmuch as the parallelogramme C Lis equal 
to the {quares of the lines AG and G B: and the {quares of the lines AG andG B are equall 
to that which is cotained under the lines AG and GB twife, together with the (quare of the 
line AB (by the 7.0f the fecond): and unto the [quare of tbe line A B is equall the parallelo- 
gramms C E.Wherfore the refidue,namely, that which is contained under the lincs AG and 
G B twife,is equal to the refidue,namely ,to the parallelogrameF L. But that which is contai- 
ned under the lines.A G €r G B twife 1s rational. Wherfore the parallelogramme F L is alfo 
rationall Wherfore the line F M is rationall and comen{urable in length to the line C D (by 
the 20.0f the tenth.) Mow forafmnch as the parallelogramme C Lis mediall, and the paral- 
lelogramme F Lis rational,therfore they are incomenfirable the one to the other Wherfore 
alfa the lyne C M is incommenfurable in length to the lyae F M and they are both vationall. 
Wher fore the line C F is a vefidualiline.I ay morcouer that it isa fecond refidualliyne. For 
deuide the line F M into two equallpartes in the point N, from which point dram vsto the 
_ line C D a parallel lige IN, X. Wherfure either of tbefe parallelogramimes F Xand N Lis c- 
*quall to the parallelogramme contained vnder thè lines AG and G B. Ard forafinuch as the 
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parallelogramme contained under the lines AG and G Bis the mzane proportional betwene , 


the [quares of the lines AG and B Gs Therefore the parallelogramme N Lis the meane pro- 
portional betwene the parallelogrammes C H and K L. But as C H is to N L, fois the line C 
K to the line N, M and as N Listo K Lyfoi the line NM to the line K MW herfore as the 
line C K is to the lyae N M,fois the lyne N M to the line K M.Wherfore the parallelograme 
"eontayned vnder thelines C K and K M is equall to the [quare of tke line NM, that is, to 
“the fourth part of the {quare of the lyne F M.But the parallelogramme C H is commenfura- 
ble'to the parallelogramme K L.Wherfore alfo the lyne C K is commmenfurablein length to 
the lyne K M.Wherfore (by the 17. of the tenth) the line C Mis in power more then the line 
F M,by the [quare of a line commenfurable in leneth to the lineC M. And theline F At 
which is the line conueniently ioyned,is commienfurable in length to the rational! lyne C D. 
Wherfore the lin: C F is a fecond refiduatl lyne. Wherfore the {quare of a frit raediall refi 
dualline applied to a rationall liac maketh the breadth or other fide a ftcond refidunl! tines 
which was required to be proued. ) WS Vt : f 


PP.j. Th 


Conftruction. 
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tion. 


CF conelvded 
orefidual lines 


The tenth Booke' 
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T be (quare of a fecond mediall refiduall line applied vnto a vationall line, 
maketh the breadth or other fide a third refiduall line. X ; 


| Vppofe that AB bea fecond mediall refiduall line, and let C D be a rationall line. 
i And visto the line C D apply ibe parallelogramme C E. equallto tbe (quare of the 

[^ line AB, and making in breadsh the line CF . Then I fay, that the line CF is 
third refiduallline. For unto theline AB let the line conuenientl ioyned befuppofed to be 
BG Wherefore the lines AG €y G B are mediall commenfurable in power onely containing 
a mediall fuperficies . And let the reft of the conftruction be asin the Propofition next going 
before . Wherefore the line CM is rationall and : 

incommen{urable in length to the rationall line | A ?P .$ 

CD. Andcither of the parallelogrammes F X and | 
PUL is equal to that which is contained vnder 
the lines AG and GB. But that which is contay-_- 
sed under tbe lines A G dy G Bis mediall.Wher- 
forsthat which is contained under the lines AG 
aad G B twife is alfo mediall.W berfore tbe whole 
parallelogramine FL is alfo medsall .Wherefore 
the line FM is rationall and incommenfurable I . 
ja length to tbeline C D . Andjorafmuchasthe | D E X HL' 
lines AG and G B are incõmenſurable in length, a es - 
therefore alfo tbe [quare af tie ling A G is incommenfurable to the parallelogramme contay- 
ned vnder tbe lines A G agd G B. Buteunio the (zuare of tbe [ipe A G. are commen [«rable 
the {quares of the livies A G and G B : and vnto tbe parallelogramme contained under the 
lines A G and G By is commenfurable that which is contained under thelines A G and G.B 
twife . Wherefore the fquares of the lines A Gand G B ere incommenfurable to that which 
ts contained vader the lines AG and G Btwife . Wherefore the parallelogrammes which are 
equall unto them,namely,the parallelogr ammes C Land F L are incommenfurable the one 
to the other Wherefore alfo the lige C M is incommen[urable in length to the line F M:and 
they are both rational. Wherefore the line C Fis arcfedwallline . Lfay moreouer, that. itis 
athird refiduall line. For forafmuch as the [quare ofthe line AG, that is, the parallelo- 
gramme C His commenfurable t0 the (quare of the line B Gy that is, to the parallelogramme 
 L, therefore the line C K îs ——— in length to the line KM. And in lihe ſort és 
Fn the fornier Propofition, fo alfo in this may we prone, that the parallelagramme contayned 
‘under the lines CK and K M, is equall to the nos of the line. N M, that ts, to the fourth 
part of the [quare of the line F M; Wherefore the line C Misin power mare then the line 
F M, hy the quare f a line commpenfurable in length to theling CM: aud neither of the 
Lines € M nor FM is commenfurable in length to. the rationaX line. C.D s Wherefore the 
bine CF isa third refidual line Wherfore the (quare of a fecond mediall refidual line applied 
upto a zatzorall line, maketh the breadth or other fide a third refiduall line: which was.xe- 
‘quired to be demonffrated. E e 
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The fquare of a lefe line applied nto a rational line maketh the breadth 
- er other fide a fourth refiduall line, 


Suppofe 


of Euclides Elementes..’- Fol.299. 


e > c Vppofe that AB be aleffelineand les D be avationall ine And unto the line 
S C D apply the parallelogramme C E equall to the (quare vf. the line AB, and ma- 
PRONG. king in breadth tbe line C FA beni fay, that the line CF isa fourth refiduall line. 
For unto the line AB let the line conueniently royned be[uppofed to be BG . Wherefore the 
lines AG & CB arc incommenfurablein power ,bauing that which is made of their fgaares 
added together rattonall, and that which is contained under them mediall. And les therest 
of the conftruction be as in the Propofitions gsing Lefore. Wherefore the whole parallelo- 
gramme C L is rational . Wherefore the line C M. ~- Wu UR Hp VEN 
35 alfo rationall, and commen[urable inlengtbto. ^ A — =- a G 
the line C D. And fora[much as that which is eon: *- — 
tained vnder the lines A G and GS mwiſcis medi- 
all, therefore the parallelogramme which is equalL t 
unto it namely, the parallelagramme F L, is aifor: < 
mediall Wherefore the line F'M is vationalland \ 
incommenfurable in length to the ine C D.. But ^ 
the line CM is commenfurable in length tothe ` 
line C D . Wherefore (by the 13.0f the tenth)-the - 
line.C M is incommenfurable.in length tothe line 5 
FM: and they ave both rationall .Wherefore the ; Us 
lines C M and F M are rationall commenfurable in power onely . Wherefore the line C F is 
a refiduall line . 1 fay moreouer, that it ts a fourth refiduall line. For ſoraſmuch as the lines 
AG and GB are incommenfurable in power, therefore the {quares of them, that is, the pa- 
vallelogrammes, which ave equallunto them, namely, the parallelogrammes CH and K L, 
are incommenfurable the one to the other . Wherefore alfa the line C K is incommenfurable 
in length to theline K M . Andin like fort may we prone, that the parallelogramme contay- 
ned under the lines C K and K M, is equall to tbe (quare of the line NM, that is, tothe 
fourth part of the fquare ofthe linë F M .Wherefore (by the 18.of the tenth) the line CM 
isin power wore then the Inte FM, by the (quare of a line incommenfurable in length to the 
line C MCAnd the whole line C M is commenfurable in length tothe rationall line CD. 
Wherefore the line C F is a fourth refiduall line . Wherefore the {quare of a lefe line applied 
unto a rationall line, maketh le breadth or other fide a fourth refiduall line : which was re- 
quired to be proned. NS ASR S0 000 
Mw GU AY. oM 
$3. y x 


Lx The 101. Propofition. 
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“T helquare ofa lyüe taking ‘with arationall fuperfictes the whole fuper 
ficies medial applied'ynto a rational line maketh the breadth or other fide 
afift refidualllyne. _. nee, n Pt 


SE ‘ppofe that A B bea line making wth avationall ſuverßcies the whole ſuperßcies 
ncdiall and etC D b Il line And vntothe line C D apply tbe Helo 
i me nd le c avationall lines And wntot ipply the parallelo 
2 gramme C E equall to the [yuare of theline A B,and- making in breadth the lineC 
F.T ben I f(aythat the line C F isa ffi refiduall ne. For unto the line A B let the line con- 
weniently toned be fuppofed to be BG. Wherfore the lines A G and G B ave incommenfura- 
ble in power haning that which is made of their (quares added together mediall, and that 
which is contained under them rationall. Let the ref of the conftruétion bein this as it was 
in the former propofitions Wherfore the whole parallelogramme C Lis mediall. Wherefore 
the line C Mss rattonall and incommenfurable in length to the line C D. And either of the 
Teg ee PP gf. paral. 
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fà the line F M isrationall and incommenfurable 
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perallelogramme F X & NL is rational Wher- 
fore the whole parallelogramme F L is alfo ratio- 
nall. Wherfore alfo she line F Mis rationall and 
commenfurablesn légth to the line C D. And for- 
afmuch as the parallelogramme CL is mediall, 
and the parallelogrdmme F L is rationall, there- 
foreC Land F L are incommenfurable the one to 
the other, and tbe line C M is sincommen[urable 
in length to the line F M,and they are both ratio- 
nall. Wherfore the lines C Mand F M are ratio- $ 
nall commenfurable in power onely Wherfore the D | OE X HL 
Jyne C F is a refiduallline. 1 fay moreouer: that it : 
15 4 fift refidual line. F or we may in like fort prowe,that the parallelograme contained under 
thelinesC K and K M, is equallto the {quare of the line N M, that is, tu the fourth part of 
the [quare of the lyne F M.And forafmuch as thefquare of theline AG, thatis, the paral. 
lelagramme C H is incommenfurable bo the {quare of the line BG,. that is to the parallelo» 
gramme K L,therfore the line C K 15 incommenfurable in leneth tothe line K M Wherfore 
(Ey the 18.of the tenth) theline CM is in power more then the line F M,by the [quare of a 
Jine incomraen[urable in length to the line C M. And tbe line conueniently soyned, namely, 
the line F M is comzenfurakle in length.so the rationall linc C D.Wherfore.the line CF is 
afift refiduall line. Wherfore the line C F is a fift refiduall line. Wherfore the [quare of a line 
making with avationall fuperficies the whole fuperficies medial, applied unto avational line 
maketh the breadth or other fide a fift refiduall lyne: which mas required to be demonftrated. 





f The 18.T heoreme. The o2; Propofition. 


- T hefquare of. a lyne making with a mediall | fuperficies the whole fuperfia 
cies mediall applied to a ratjonall line maketh the breadth or other fide,a 
fixt refiduall line. 










V ppofe that A B bea line making with a mediall fuperficies, the whole fuperficies 
WIN SN entdiall,and let C D lea rationall line. And vnto the line C D apply the paral- 
lc «> 8 lelogramme C E equall tothe (quare of the line AB and making in breadth 
WKN the line C F.T ben 1 fay thas the line C F is a fixtrefidual line. Fur unto the line 
AB let the line conueniently ioyned be B G.Wherfore the lines .A G and B G are incommen- 
frrable in power haning that which is made of their [quares added together mediall, cy that 
which is contained under them mediall, and moreouer that which is made of their [quares 
added together is incommen[urable to thas which : 

3s contained vnder ther. Let tbe re of the con. —— S 
fIruction be in this, asit was inthepropofitiósgo- — c F N KA 
ing before. Wherfore the whole parallelogramme ` 
C Lis mediall, (for it is equall so that which is 

made of tbe (quares of the lincs A G cy G Badded 

tozether,which is fuppofed to be mediall) Where- 

fore the line C M is vationall and incommenfura- 

blein length to the line C D : and in like manner 

the parallelogramme F L is mediall Wherfore al- 
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An length to the line C D. And farafmuch as that 
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which is made of the [quares of the lines A G and G B added together, is incommenfurable 
to that whichis contained under the lines AG andG B twife, therefore the parallelogrames 
equallto them, namely, the parallelogrammes C L and F Lare incommenfurable the one to 
the other Wherfore alfo the lines C M and F M are incommen[urable in lengtb,and they are 
Loth rational Wberfore they ave rationall comen{arablein power only Wherfore the line C F 
ds arefiduall line.I fay moreouer that itis afixt refiduall line Let the reft of the demonftra- 
tion be as it was in the former propofitions.And forafmuch asthe lines AG and BG are in- 
commenfurable in power,therfore their fquares,that is, the parallelogrammes which are e- 
quall unto them,namely,the parallelogrammes C H and K L are incommen[urable the one 
to the other Wherfore alfo the line C K is incommenfurable in length to the line K M.Wher- 
fore( by the 18.of the tenth) the line CM is in power more then the line F M by the [quare of 
4 line incommen[urable in length to tbe line C M. And neither of tbe lines C Mnor F M is 
commenfurable in length to the rational! line C D.Wherfore the line C F is a fixt refiduall 
line Wherfore the {quare of a line making with a medial fuperficies the whole {uperficies me- 
diall applied to a vationall line,maketh the breadth or other fide a fixt refiduall line : which 
was required to be demonflrated. j 
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A line commenfurable in length to arefiduall line:is it felfe alfo a refiduall 
line of the felfe fame order. 


IM EM A ppofe that A B he avefiduall line, unto which let the line CD be commenfu- 
'rableinlength . Then I fay, that the line C D is alfo arefiduall line, and of the 
Sfelfe fame order of vefiduall lines that the line AB is . For forafmuch as the 
eS line AB is avefiduall line, let the line conucniently ivyned unto it be fuppofed 
tobe BE .Wherefore the lines A E and B E are ra- 

tionall commen{urablein power onely. Astheline A 5 D 

A B isto the line C D, fo (by the 12. of the fixt) let 

the line B Ebeto tbe liae D F . Wherefore (bythe € — » F 

12.0f the fift ) as one of the antecedentes is to one of 
the confequeates, fo are all the antecedentes to all 
the confequentes. Wherefore as the line A bis tothe 
line C D, fo is the whole line A E to the whole line C F, and the line BE totheline D F. 
Wherefore (by the 10.0f the tenth) the line A E is commen[urable in length tothe line C F, 
aud tbe ne D E to the line D F . But the line A E is rationall. Wherefore the line C F is alfo 
rational . And in like (avt tbe line D F is rationall, for that the line BE, to whom itis 
coramenfurable, is alfo rationall. And for that as theline B E is to the line A E, Jo is the line 
DF totheline C F . But the lines BE and A E are commenfurable in power onely : Where- 
Sore the lines C D and D F are commenfurable in power onely . Wherefore the line CD is a 
vefidnall line. Lfay moreouer, that itis a refiduall line of the felfe fare order that the line 
AB is. For for that as we haue before faid, as the line A E 1s tothe linec F, fo is the line 
B E to the line D F, therefore alternately, as the line A E is tothe line B E, fo ts tbe line C F 
tothe line D F . But the line A E is ia power more then the line E B, cither by the fquare of 
a line commenfurable in length to the line A E, or by the fquare of a line incommenfurable 
in length tothe line AE. If AE bein power more then BE, by the fquare of a line com- 
menfurablein length to.A E, then tbe line C F hall alfo (by tbe 1 a.of the tenth) be in power 
more ther the line D F, by the fquare of a line commenfurable in length to tbe line C F , and 
Soif the line AE be commenfurable in length to the vationall line put,forafmuch as the line 

: PP. AE 
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AE is commenfurablein length to the line CF, therefore ( by the 12. of the tenth) the line 
CF fhall alfobe commen{urable in length to the fame rationall line. Wherefore either of the 
lines AB and C D is a first refiduall line . And if the line B E be commenfurable in length 
t; tbe rationall line put, fora[much as the line B E is commenfurable in length tothe line 
D F, therefore the line D F [ball alo be commen[urable in length tothe rationall line put: 
and then either of the lines A B and C D isa fecond refiduall line. And if neither of the lines 
AE nor BE be commenfurable in length to thera- 

tionall line put, then neither of the lines CF nor 2 n Oog 
D F fhall be commenfurable in length tothe fame — 
ratiomalllinc (by the 13. oſthe tẽth). And ſo citber 

of the lines AB & C D isathird refiduall line. But 
if the line A E bein power more the the line B E, by 
the [quare of a line incomen{urablein length tothe 
line AE, the line C F fiallin like fort (by the tgof the tenth) bein power more then the line 
D F, by the {quare of a Line incommenfurable in length to tbe line C F : and then if the line 
AE be conmenf{irable in length to the rational line, the line CF fhall alfo in Itke fort be 
commenfuratle in length 16 tbe fame vationall line : and fo either of the lines AB andC D 
isa fourth refiduall line. And if the tine B E be comtfuratle in léeth to the rationall tine, the 
lize D F fhallatfo be comenfurable in legth to the fame line:and foeither of the lines AB cr 
CD isafiftreiduallline. And if neither of the lines AE nor BE te commenfurablein 
lengthto the rationall line,in like fors neither of the lines C F nor D F fhall Ee comenfurahle 
ia légth tothe fume rational line. And [o either of the lines AB d» C Disa fixt refidual line. 
Wherefore the line C D isa refiduall line of the felfe fame order that the line A Bis . A line 
therfore comimenfurable in length to a refiduall line, is it felfe alfo a refiduall line of the felfe 
fame order : which was required to be proued. 


As before touching binomiall lines, fo alfo touching refiduall lines, this is to be 
‘noted, that a line commenforable in Jength toa refiduall line, is alwayes a refiduall line 
of the felfe fame order that the refiduall line is,vnto whom itis comenfurable , as hath 
before in this 103 .propofitio bene proved. But ifa line be comenfurable in power only 
to arefiduall line then followeth it not, yea itis impoffible, that that line fhould bea 
re(iduall of the felf fame order that the refidual line, is vnto whom it is commenfurable 
jn poweronely . Howbeit thofe two lines ihall of neceffitie be both either of the three 
firttorders of rcfidualllines,or of the three laftorders : which is not hard to proue, if 
ye marke diligently che former demonftration, and that which vas fpoken of binomi- 
ali lines as touching this matter. 


4 T be go. T beoreme. The 104. Propofition. 


A lime commenfurable to a mediall refiduall line jis it felfe alfo a medial ree 
fiduall line and of the felfe [ame order. 


Vppofe that AB be a mediall refiduall line, untowhome let the line CD be 
commenfurable in length and in power,or in power onely.Then 1 fay that CD 
CRNA 1s alfo a mediallrefidwall line,and of the felfe fame order. F or forafmuch as the 
ASSES line À B isa mediall refiduall line , let the line conweniently soyned unto it be 
BE: wherefore the lines AE and BE are »nediall com- 4 ? E 
mien[uralle in power opel . 4s A B sto C D ,foby the  — — —  —. - 
22.0f the fixtb ) let B E beto D F . And in like fort as in € D F 

the forsner fo alfo in this may we proue,that the line A E 
és commenfuracle in length and in power,or in power one- 
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Jy unto the line C Fé the line B E10 the line D F. Wherefore (by the 23. of the tenth) the 
line C F is a mediall line, aud the line D Y is alfo a mediall line for that it 15 commenfura- 
ble to rbe mediall line B E . And in like fort the lines C F and DF are commenfurable in 
power onely: for that they haue the feife fame proportio the one to the other,that the lines AE 
and EY hauc,which are commenfurable in power onely:Wherefore the line C D isamediall 
refiduall line.1 fay moreoner that it 1s of the felfe fame order that the line ABis.For for that 
asthe line A Eis tothe line BE, fois the line C F to the line D F But as the line A E isto 
te line B E,fo is tbe fquare of the line AE to the parallelogramme contayned under the 
lines A E and BE (Ly the first of the fixth) : and asthe line CF is tothe line DF, fois the 
[quare of the line CF tothe parallelograinme contayned under the lines C F ard DF. 
Wherefore as the [quare of the line A Eis to the parallelogramme contayned under the lines 
AE and BE, fois the [quare of the line C F to the parallelogramme contayned under the 
lines C F and D F Wherefore alternately as the [quare of the line A Bis tothefquare of the 
line C F fois the parallelogramme contayned vnder the lines A E and BE, to the parallelo- 
gramme contained vnder the ines C F and D F. But the {quare of the ine A Eis commmen- 
furableto the {quare of the line CF (for the line AE is commenfurable tothe line C F). 
Wherefore alfo the parallelogramme contayned vader tbe lines A E and B E,is commenfa- 
rable to the parallelogramme contayned under the lines C F and D F. .Wherefore if tbe pa- 
ralleligramme contayned under the lines AE and EB be rationall , the parallelogramme 
alfa contayned vader the lines C F and F D fhall be rationall. And then either of the lines 
A Band C Disa fir it nediall refiduallline . But if the parallelogramme contayned under 
ahe lines A Eand BE be mediall,the parailelogramme alfo contayned under the lines C 
and Y D fhall b¢ alfo mediall( by the corellary of the 23 .of the teth):and fo either of the lines 
ABandC Disa fecond mediall refiduall line Wherefore the tine C D isa mediall refidu- 
all line of the felfe fame order that the line A Bis. A line therefore commen{urable toa me- 
diall refiduall line,ts it felfe alfa a mediallrefiduall line of the felfe fame order.which was re- 
quired to be demonftrated- 


This Theoreme is vnderftanded generally, that whether aline be commenfurable 
inlength & in power,or in power onely to a mediall refiduall line, itis it felfe alfo a me- 
diall refiduall line,and of the felfe fame order,which thing alfo is to be vnderitanded of 
the three Theoremes which follow. 


An other demontftration after Campane. 


Suppofe that ^ be a mediall refiduall line , vnto 
whomeletthe line 5 be commenfurable in length,or in 
power onely. And take a rationall line C 2 , vato which 
apply the parallelogramme C £ cquall to the fquareof. B 
the line -4,and vnco the line F £ ( whichisequallto the. '—————— ——* 
line C D ) apply the parallelogramme F C cqnall to the 
fquare of the line 8 . Now then the parallelogrammes 
C E and FG fhallbe commenfurable , for that the lines 
44,8 are commenfurable in power: wherefore by the 1. 
of che fixth and ro. of this buoke,the lines D &and FG . 
are commenfurable in length . Now chen if 4 be a firſt 
mediall refiduall line , chen is the line D Za fecond refi- 
duall line by the 98.0f this booke : and if the line 4 be a 
fecond mediall refiduall line,then is the line D £ a third 
refiduall line by the 99.0f this booke.Butif D E be a fe- 
cond refiduall line , G E alfo fhallbea fecond refiduall 
line( by the 103 :0f this boke). And if D E be a third re- 
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fiduall line,G £ alfo Thall (by the fame) be alfo a third refiduall line. Wherefore it followeth by the 93.. 
aand 93.0f this booke,thac 8 is either a firt medial refiduall line or a fecond medial refiduall line,accos 
ding as the line 44 is fuppofed to be: which was required to be proued. 


g The 81. T beoreme. The 105. Propofition. 
A line commenfurable toa leffe line: is it felfe alfo a leffe line. 


Ifay, thatthe line C D is alfo a leffe line . For let the fame confiruttion be inthis, 

Ue that was in the former Propofitions . And forafmuch as the lines A E and E Bare 
sncommenfurable in power therefore (by the 22. 
of the fixt, and 10.0f the tenth) the lines CE ¢ 


Ce ‘ppofethat AB be alee line,unto whom let the line C D be commenfurable.T bem 
WA 





F D are incommenfurable in power. Againe (by 4 B E 
the 22. of the fixt) as the (quare ofthe line AE — 
is to tbe (quare of tbe line B E,foisthefquarcof — € D F 


the line C F to the [quare of the line D F Wher- 
fore by cūpofition as tbe fauares of'tbe lines AE 
and B E are tothe fquare of tbe line B E, fo are 
the [quares of the lines C F and D F, tothe {quare of the line D F : and alternately, as the 
Squares of the lines A E and B E are to the {quares of the lines C F and D F, fois the [quare 
of the line B E to the (quare of tbe line D F. But the {quare of the line B E is commenfurable 
to the fquare of the line D F (for the lines BE and D F are commenfurable ) .Wherefore 
that which is made of the {quares of the lines A E and B E added together, is commenfurable 
to that which is made of the {quares of the lines C F and D F added together But that which 
is made of the {quares of the lines A E and B E added together, is rational. Wherefore that 
which is made of the f(quares of tbe lines C F and D F added together, is alfo vationall .. A- 
guine, for that as tbe (quare of the line AE 1s tothe parallelogramme contained under the 
lines AE and BE, foss the fquare of the ine CF tothe parallelogramme contained under 
the lines C F and D F ( as we declared in the Propofition next going before) - therefore al- 
ternately, as the {quare of the line AE is tothe {quare of the line CF, fois the parallelo- 
gramme contained under the lines A E and B E , to the parallelogramme contained under 
the lines C F and D F . But the fqnare of the line A E is commenfurable tothe {quare of the 
line C F, for the lines A E cy C F are cammenfurable. Wherefore the parallelogramme con- 
tained under the lines AE and BE, is commenfurable to the parallelogramme contained 
under the lines C F and D F . But the parallelogramme contained under the lines A E and 
BE is mediall . Wherefore the parallelogramme contained under the lines CF and D F is 
alfo mediall. Wherefore the lines C F and D F areincommenfurablein power, hauing that 
which is made of their {quares added together rationall, and the parallelogramme contat- 
ned vader then mediall . Wherefore the line C D is a lefe line . A line therefore commenfu- 
rable to aleffe line, is it felfe alfo aleffe line - which was required to be proned. 


An other demonftration. 


Suppofe that Abe a leffe line, and vnta A let tbe line B. be commenfurable whether in 
length and power,or in power onely. T ben 1 fay tbat B isa leffe line. T akeavationall lineC 
D. And vnto the line C D apply (by the 44.of the firft) the parallelogramme C E equall to 
khe (quare of'the line A,and making in bredth the line CF. Wherefore (by the 100, propo- 


ftion 


of Euclides Elementes. ` Fol.302. 


fition the lineC Fis a fourth refiduall line Vnto the line F-E apply 

(by the fame) the parallelogramme EH equall to tbe {quare of the A 
line B,and making in breadth the line F H, Now forafmuch as the 
line Ais commenfurable to thelineB, therefore alfo. she fquareof — — 
the line Ais comenfurable to the {quare of the line B. But untothe c Fy 
Square of the line A is equall the parallelogramme G E, ei unto the | 
Square of the line Bis equal the parallelogramme E'H:Wherfore the 
parallelogramme CE ts. commenfirableto the parallelagramme E 
H. But asthe parallelogramme C E isso the parallelogramme E H, 
fois the line CF to the line F HWherfore the line C F is commen- 
forable in length to the line F B. Bi the line C Fisa fourth refi- 
duall line. Wherfore the line F H is alfo a fourth refiduall line (by 
the.103.0f the tenth) :and the line F E is rationall.But if a fuperfi- 
cies becontained under arationallline,and a fourth refiduall lyne, 
the line that containeth in pomer that fuperficies is (by the 9.4.of the 
senth) a leffe lyne. But the line B containeth in power the v fuperficies 
E H.Wherfore the line B is a leffe linezwhich was required ta be pro- 
utd. : : 
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Aline commenfurable toa lyne making with a rationall fuperficies the 
"whole fuperficies mediall js it felfe alfo a lyne making with a rationall fue 
perfictes tbe whole [uperficies mediall. 
5 Vppofe that AB bea line making with a rationall fuperficies the whole fuperfi- 
S — whom let the line C D be ene heni pa f 
R % line C D is aline making with arationall fuperficies the whole fuperficies me- 
Is W diall.Vnto the line A B let the line conueniently ioyned be B E. Wherefore the 
lines A E and E B are incommen[urablt fe er Pans B E 
that which ss made of their {quares added together me- 
diall,and the parallelogramme contained under themra- c D F 
tiopall. Let the conflruction bein this as it was in the for- l 
mmer propofitions. And in like fort may we proue that ásthe 
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line A E is to the line B Efo is the line C F tothe'line D F, and that that which is made of 


the fquares of the lines A E and B E added together is commenfurable to that which is made 
ef tbe (quares of the lines C F and D F added together and that that which iscontained vn- 
der the lynes A E and E Bjis in like fort commenfurable to that which is contained vnder 
the lines C F and D F. Wherfore alfo the linesC F and D F are commenfurable in power, 
hauing that which ts made of their {quares added together mediall,and that which is contai- 
wed under them rationall. Wherfore the line C D is a lyne making with a vationall [uperfi- 
cies the whole fuperficies mediall. Wherfore a line commenfurable toa line making with a 
rationall{uperficies the whole  fuperficies medtall,is it feife alfo a lyne making with a rational 
Superficies the whole fuperficies mediall : which was required to be demonfirated. 


An other demonftration. 


Suppofe that A be a lime making with a vationall [uperficies she whole fuperficies mediall, 


and 


Demonftra- 
fiot, 


Conflrutlions 


Demon Stra- 
tion, 


Cenflrntion, 


Demonfra- 
tion. 


Conflruttion. 


Demoufkra- 
tou, 


` C D apply the parallelogramme C E tqual to tbe [quare of the line A 
` and — in breadth the lyneC-F. Wherfore (by the'ror.propo- — 


The tenth Booke - 
and untoit let the lyne B be commenfurable either in length and in power or in power onely.- 
Then fay that Bis 4 lyne making with a rationall frperficies the ‘ ^ 


whole f(uperficies pymcdiall: ake a ratiónal line C D and vnto'the line « A 


JSition the lyne C F is a fifi refidualt lyze: Againe unto the line F E — 
apply the parallelogramme FG equall ts the (quare of the line B,and = |= — B 
makyng in breadth the lyne F H Row forafmuch asthe line Ais co- n 
menfurable to the lyne B therfore the {qnare of the lynt M is commẽ. 
farable to the [quare of tbe line B. But-vnto vhe f quare of the lyne A 2 i 
is equall the parallelogramme C E,and unto the [quart ‘of the line B I | 1 2 
is equall the parallelozramme F G.Wherfore she parallelograinme C 
E is commenfurable to the parallelograimme F G. Wherefore theline ' 

C F is alfa commenfarablein length tothe line F H.But thelineC F ^ 
isa fift refidvall line. Wherfore alfo tbe line. F His afiftrefidual line. 

"And the line F E is rationall . But if a fuperficies be contayned vn- 5 

E 





der avationall lige and afift refidualllyne, the lyne rbat contayntth. -.-D. £7 6 
zn power tbat fuperficies 1s (y tbe py.of tbe tentb)a lyae making with a rationall  fuperficies 
the whole fuperficies mediall.But the lyne B contasneth in power the parallelogramme F G. 
Wherfore the lyae B ss alyne making with a rationall fuperficies,the whole fuperficies medi- 
all : which was required to be demonftrated. 


deos 
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~ „Aline cõmenfurable to a line making with a mediall ier the whole 
'  fuperficies mediall, is it felfe alfo a line making with a mediall fuperficies 
the whole fuperficies medrall. 


V ppoferhat AB bea line making with a mediall fuperficies:the whole [uperfi- 
eres mediall,unto whome let the line C D be commenfurable. Then I fay that 
the line C D is alfa a line making with a mediali fuperficies the whole fuperfi- 
aes cies medial. For unto.the line A B let the line conueniently ioyned baB E. And 
Let the reft of the conftruttion be in this as it was in the former P ofitions. Wherefore the 
lines AE and B E. are incomen{urable in power,bawing thatw d made of their ‘[quares 
added together mediall,and that which is contained under them alfo mediall,and moreouer 
thatwhich ismade of their faquares added together. 3 
is incomsmen{urable to that which 1s contained vn- 4 — 
der them But the lincs A E and B E (as we haue bè- 
Joreproned) are commenfurable to the lines CF d 
DF, and that which is made of the fquares of the 
Jines A E and B E added together,is —— that which is made of the {quares of 
the lines. CF and F D added together,andt eparallelogramme contained under the lines 
‘A E and B E is commenfurable to the parallelogramme contained under the lines C'F and 
D F.Wherfore the lines C F and D-F are incommenfurable in power hauing shat which is 
made of their {quares added together mediall,and that which is contained under them alfo 
mediall,and moreouer that which is made of their {quares added together, is incommen|u- 
rable to that which is contained under them.Wherfore the line C D is a line making witha 
enediall fuperficies the whole fuperficies medial, Aline therefore commenfurable p a lyne 
: * making 
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waking with « mediall fuperficies the whole fuperficies medial gs it felfe alfo a line male 
wth a medzall fuperficics the whole fuperficies medzall: which was required to be proued. ~~ 


This propofition may alfo be an.other.way demonttraced;as the three former propofitions were. Lf 
vpon a rationall line you apply parallelogrammes equall co the {quates of the lines AB and CD, the 
breadthes of which parallelogrames fhall be eche a fixth refidual line, and therfore the lings which cé- 
taynie them in power,namely che lines A B and C’D flizttbke both fuch lines asis required ‘iti the pro- 
poftion,which is eafy to conclude marking the order of the demonllraucu in the rhree former pro- 
pofitions. x ME TY a eru : vr —— Eae Ve ANS fict mu geil 
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| q The 84. T heoreme. .. The 108. Propofition. 
Jf from avationall fuperficies be taken away a mediall [uperficies, the line 


which containeth n: power tbe fuperficies remayning , is-one of thefe two ire 
rationall [ines yamcly either arefiduall line, or a lefSe line. 







Sy, ppofe that E Che arationall fuperficies , and from it take away a medjall fü- Senenth Se- 
VS perficies namely, B D Then 1 fay,that the line which containeth in power the "> 

S ex fuperficies vemayaizig namely,the [uperficies E C, ione of thefe two trrationall 
Lacs, namely, either.arefiduall line, or a leffe line. Take arationall line F G. 
Aud upon FG defcribe (44 the 44.0f the firft) a rectangle parallelogramme GH equal to Con ftrutlions 
the fupexficies BC. Aad from theg arallelogramme GH take away the parallelogramme G K 
equal to the fuperficies B LWherefore (by the third consmon oo CU 
featencey the ſupqofſicies remayning, namely, EC, is equallto 
the parallelograrome remayning, namely to L H - Aud foraf- 
much as B C isrationall,and B D is mediall,and 8 Cis equall 
1o the parallelosramme G Hl, aud B D tothe paralielgraenane. 
GK c therefore G H isvationall 484 G K 45 nediall:and the 
paralleligragme G H is applied unto the rational line F Ge J.n 
Wherefore (by the 20.0f thetenth) theline BH. is ration: 
and commenfurable in length totheline F G. And the paral. A | 
Ielogramme G K is alfo. applied «ufo the ration EG. 
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-Wherefere (Uy the 22.of tbetezth tie dine F Kis rationall and incommenfurable in length 
P the liseF G..Wherefaie(by the Affunzpt of | the 12.0f the tenth Jte line F H is incommen- 
Pelle in leegthto the line Y & And they are both rasionall. Wherefore the lines F H and 
JFK are ratingall commeny, urged d power paeh, ; Wherefore the lire K H isa refiduallline: 
and thelive canceniently wwrca vnta ttis I& F . Now the line £ À isin power imore then the 
Jine K,F, citber by the fquare ofa knc cogenjurablein length tothe linė È H, or by the 
| fquarevf ntene Lacommenfp. rakle in length-to the line E H. Fivit let it bein power more then 
theline BK, ky she fqnare af a line conroen|wraledn length tothe line, FH, and the whole 
he FH recomimenfurableia lengta to therattanall line put,namely, to F G. Wherefore tke 
line K H isa frf refiduall lave. But if a [uperfictes be contained vndera rational line, and 
afirf refiduall lire, the line that contajneth in power that [nperficigs, 18 (bythe or. of the 
tenth) arefiduall line .Wherefore the line which containeth in power L H;that is,the fuper- 
- ficies E C, isa refiduall line . But if the line H F bein power more then the line F K, by the 
oe 4 line iacommen urable in length to theline F H, andthe wheleline F H is com- 
menfùrable in length tothe rationail line geve EG. Wherefore the line K H is a fourth 
refiduall line But a line comtatning in power a fuperfictes contained under a rationall line 
and a fourth refiduall line, is a leffe liye (by the 94.0f the tenth) . Wherefore the live that 
containcth in power the fuperficies LH that is, the  [aperficies EC,isa leffeline . if there- 
fore from a rationall fuperficies be taken away a meatal fuperficzes,the line which containeth 
in 
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in power the uperficies remayning, is one of thefe two irrationall lines, namely, cither a refe 


duall line,or a leffe line : which was required to be proued. 
y The 85. T heoreme. The 109. Propofition. 


- Uf froma mediall fuperficies be taken away a rationall fuperficies , the line 
which contayneth in power the fuperficies remayning ts one of thefe two ire 
rationall lines, namely either a furft medial refiduall line , or a line ma 
king with a rational fuperficies the whole fuperficies medtall. 


ya Vppfetbat B C bea 

oN mediall [uperficies ana. F K H 
from it take away avati 38 E | 
onalfuperficies,namely, [. d | | 


B D. Thea I fay that the line which 





remayning , namtcly , the fuperficies 
EC isone of thefe two trrationall 
Lines , either a ficft mediall refiduall 4 D c G L 
Jinc,or a linc making witharational — 
Superficies the whole fuperficies mediall Take a rationall line F G, and let the rešt of the con- 
firuction be in this astt was in the former propofition . Wherefore it followeth that the line 
F His rationall and incommenfurablein length to the line ¥ G ( by the-z2. of the tenth ). 
And that the line KF is (by the 20. of thé tenth ) rational and commenfurable in length to 
the line F G.Wherefore the lines FH and F K are rationall commenfurable in power onely. 
Wherefore K H is avefiduall liue. And the line cumieniently joyned unto it is F K. Now the 
line F H isin powcr more then the line F K , either by the quare of a line commenfurablein 
length to the line ¥ H, or by the {quare of a line incommenfurable in length unto it. If the 
line F.H be in power mort then the line F K by the {quare of a line commenfurablein length 
to the line FH and the line coueniently ioyned unto it ,namely,¥ K,is comenfurable in legth 
to the ratiouallline ¥ G . Wherefore thé line KH is a fecond refiduall line’. And the line 





¥ Gis arationall line.But a line contayning in power afuperficies comprehended under a va-" 


tional line and a fecond refiduall line is (by the 9 2.0f the tenth)a firft mediall refiduall line. 
Wherefore the line that contayneth in power the [uperficies LH , that is, the fuperficies C E. 
is a firft mediall refiduall ine . But if the lineH F be in power more then the line F K by the 
‘[quare of a line incommenfurable in length to the line F Hard the line conuenientlyioyned, 
namely, the line F K is commenfurable in length tothe rationall line put , namely , to F G: 


wherefore the line K His a fift refidvall line. Wherefore(by the ps.of the tenth) the line that ` 


contayneth in power the fuperficies L H, that is,the fuperficies E C, isa line making with a 
rationall fuperficses,the whole fuperficies mediall-which was required to be proued. _ 


q Ube 86. Theoremé.: The 110. Propofition. 


_ If from a mediall fupevficies be taken away a mediall fuperficies income 
menfurable ta the whole fuperficies the line which containeth i power the 
Juperficies which vemaineth, is one of thefe two irvationallilines, namely, 

- either a fecond mediall refiduall line, or a line making “with a mediall fue 


perficies the whole fuperficies medial. 
: 45 


ef: Euclides Elemente. Fol.304.. 







|] B Caxiediall [uperficies BD, and let BD be incommenfurable to the whole 
8 fuperficies B C T hen 1 fay, that the line which containcth in power the fit- 
\ perficies EC, ts one of thefe two irrationall lines, namely, either a fecond me- 
= deal refiduall lineor a line making with a mediall fuperficies the whole fuper- 
ficies medial. Fer forafnsuch as either of thefe fuperficiects z 
B Cand BD is mediall, and BC is incommenfirableto B D, 7. Pk RR 
it followeth (by the 22.0f the tenth) that either of thefe lines | i | 

| 

| 


F Hand F K isvationall and incommenfurable in length to | 
the line £ G. And forafmuch as the fuperficies B C is incom- | 
inci [arable to tbe fuperficies B D, that is, the fuperficies G H, | 
t0 tke fuperficiesG K, therefore (by the firfl of the fixt, & ro. | 

of the tenth) the line F H is incommen[urable im length to the EMEN DN 
liae F KWhezfere tbe lines H F and F K arerationalcómen- A D? C G L 
furable in power onely . Wherefore (by the 73. of the tenth )the 

line K His arefiduall line,and the line couentently ioyned untoit is F K.Now the line H F is 
in power more then the line F K, either by the {quare of a line comen{urable in length to the 
line H F, or by the {quare of a line incommenfurable in length unto it . If the line H F be in 
power more then the line F K, by the [quare of a line comen{urable in length tothe tine F H, 
and neither of the lines H F nor F K is commenfurable to the rationall liae put F G. Wher: 
fore tbe line K H isa third efiduall . But the line G F ,that is, the line K L, iszationall.Azd 
arectaugle fuperficies contained under a rationall line and a third refiduali lirie, is irratio- 
nall, and the line which containeth in power that fuperficies, is (by the o3 of tbe tenth) a fe- 
cond mediallrefiduall line . Wherefore the line that containeth in power the fuperficies LH, 
that is, the fuperficies E Cis a fecond mediallrefiduallline. But if theline HF bein power 
more then the line F K, by the {quare of a line incommenfurable in length to the line FH, 
and neither of the lines H F nor F K is commenfurablein length to the line F G . Wherefore 
the line H K is a fixt refiduall line. But a line containing im power a fuperficies contained va- 
der a rationall line avd a fext refiduall line, is (by tbe 6.ofthetenth) a line making with 
a medial (uperficies tbe whole fuperficies mediall . Wherefore the line that containeth in 
power the fuperficies L H, thats, the uperficies E C, is a line making with a mediall fuper- 
ficies the whole fuperficies mediall . If therefore from a mediall fuperficies be taken away a 
medial! (uverficies, incommenfurable to the whole fuperficies, the line that containeth in 
power the fuperficies which remaineth, ts one of the twoirrationall lines remaining, namely, 
either a fecond mediall refiduall line, cr a line making with a medial! Superficies the whole 
fsptrficies mediall : which was required to be proned. 


| 
| 
| 
i 
{ 
j 


q The $7: T beoreme. The 111. Propofition. 


A refiduall line, ts not one and the fame with a binomial lyne. 





Vppofe.that.A B be avefiduall line. Then Ifay that A Bis not oneand the fame 
\with.a Linomiall line F or if it be pofjible let it be a binomial line. And take ara- 
“tionall line D C. And (by the 44.0f the first) unto the line C D apply a rectangle 


v 


parallelogramme C E equal to the {quare of the line A B,and making in bredth the line D 
E. And forafmuch as A Bisa refiduall line,therfore (by the 97. of the tenth ) the line D E 
154 firlt refidwall line.Let the line conueniently ioyned unto it be E F.Wherfore the lines D 

Q Qi F aad 


S in the former defcriptions, fa beré alfo takeaway frö the medial! fuperficies 


Demouſira- 
tion, 


I, 


2e 


Con/lruction. 


Demonflrati- 
on leading to 
an impofübi- 


liste, 


A Corollary. 


T he tenth Booke 


F and F E are rational commenfurable in power on- 


ely,and the line D F isin power more then the line F. 4 B 
E by the fquare of a line commenfurable in length to 
the line DE Cy the line D Fis comenfurablein légth ?— S.E p` 


to the rational line put D C.Again forafmuchas AB 


is by pofition a binomiallline,therefore (by the 60. 
of the tenth )the line D E is a firt binomiall line.De- 
nide it into his nanses ia the point G. And let DG be 
thegreater name. Wherfore the lines DG and GE 
are rationall commenfurable in power onely. And the 
line D Gisin power more then the line G E by the 
{quare of a line commenfurable in length to the lyne 
D G,and the line D Gis commenfurablein length to the rational line ‘put DC. Wherefore 
the line D F is commenfurable in length to the line D.G.Wherfore (by the 55. of the tenth) 
the whole line D F is commenfurable in leeth to the line remaining namely,to the lineG F. 
And forafrauch as the line D F is combfurable to the line F G,but the line F D is rationall. 
Wherfore the line FG is alfo rationall.And forafmuch as the line F D is commenfurablein 
length to the line F G,butt the line D F is incommenfurable in length to the line F E Wher- 
fore the line F G is incommenfurable in length ta the line F E (by the 13.0f the tenth) and 
they are both rationall lines. Wherfore the lines G F and F E are rationall commenfurable 
in power onely Wiser fore (by the 73 .of tbe tentb) tbe line E G isa vefiduall lixc, but it is alfo 
vationall (as before hath bene proued) : which ss impofable,namely chat one cy the fame line 
Jhould be both rationall and irrationall. Wherfore arefiduall line is not oneand the fame 
with a binomial tine, that is,is not a binomial line: which was required to be demonftrated. 


g A Corollary. 

"I refiduall bne and the other fine irrationall lynes following it ave neither 
mediall lines zor one and the fame betwene themfelues. that is, oneis utterly of a 
diners kinde fro an other.For the {quare of amediall line applied to a rationall line, maketh 
the breadth ratignall and incommenfurable in length to the vationall lyne, whereun- 
to itis applied (by the 22. of the tenth) The fquare of a refiduall line applied ta a rationall 
line,maketh the breadth a firft refiduallline (by the 97. of the tenth). The {quare of a firft 
medial refiduall liae applied to a vationct line, maketh the breadth afecond refiduall lyne 
(Hy tbe p3.of the tentb) T be (quare of a fecond mediall refiduall line applied unto a ratio- 
nall line, maketh the breadth a third refiduall line (by the 99.0f the tenth) T be {quare of 
a lefe line applied to arationall line,maketh the breaath a fourth refiduall line (by the 102. 
of the tenth) T be (quare of a line making with a rational uperficies the np fuperficies 
medial applied to a rationall line, maketh the breadth a fift refiduall line (by the 101. of the 
tenth) And the [quare of a line making with a mediall fuperficies the whole fuperficies medt- 
«ll applied to a vatiozzall line,maketh the breadth afixt refiduall line (by the 102.0f the tzth) 
Now foralmuch as thefe forcfaid fides which arethe breadthes differ both from the firit 
breadth for that it is rational,ana differ alfo the one fro the other, for that they are refiduals 
of diners orders and kindes,itis manifoft that thofe irrationall lines differ alfo the one from 
the other. And forafmuch as it hath bene prowed in the 111. propofition, that a refidual line 
is not one and the fame with a binomiall line,and it hath alfo bene proned that the ſquares 
of a refiduall line and of the fiucirratzonall lines that follow it being applied to a rational line 
do make their breadthes one of the refiduals of that order of which they were, whofe [quares 
were applied to the rational line,likewife alfo the fauares of a binomiall line, and of the fiue 
irrationall lines which follow st,being applied to a rationall line,do make the breadshes "d 
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of the binomials of that order of-which they were,whofe fqnares were applied to the vationall 
line Wherfore the irrationall ines sehich follow the binomial line, and the irrational lines 
which follow the refiduall line, differ the one from the other fo that all the irrational lyncs 
are 13 in number namely thefe. 


A mediall line. 
A binomiall line. 
A fir it bimediall line. 
A fecond bimediall line. 
A greater line. . 
A line containing in power a vationall fuperfities and a mediall [uperficies, 
Aline contayning inppwer two mediall fuperficieces. 
A refiduall line. 
9 A first mediallrefiduall live. 
10 A fecond mediall refiduallline. 
a A lefe line. 
r2 Alinemaking with a rational fuperficibs the whole fuperficies mediall. 
z3 Aline making with a medial fuperficiesthe whole f[nperficies mediall. 
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q The 88. Theoreme.* =| The r12. Propofttion. 
"T le-[quare of a rationall line applyed vnto a binomiall line, maketh the 
breath or other fide a refiduall line , whofè names ‘dre conmenfurable to 
the names of tbe binomiall lime e in the felfe fame proportió:tz moreouer 
that refiduall line is in tbe felfe [ame order of refiduall lines , that tbe bino 
miall line is of binomiall lines. 


2 V ppofe that & be a vationall line , and BC a binomial line whofe greater name 
^7 Let be CD. And vnto the (quare of the line A let the parallelogramrme contayned 
NS |vzder the linesB C and E F(fo that E F bethe breadth) beequall . T ben I fay 
SAE that EF is arefiduall line , whofe names are commenfurable tothe names of the 















binomiallline B C which nameslet be C D Jd 

and D B , and are in tbe fame proportion A 

with theni and moreouer the lineEF isin 8 Does c 
“the felfe Jame order of vefidual lines that tbe — 

line BC is of binomial lines. Vntothe E E E — K 
Square of the line A det tbeparallelogramme g __ Yu. i 


: eontayned vuder the lines BD and G bee- ; 
qual. Now fora[much as that vobich is cotayned under the lines B C @ E F is equal to that 
whichis contayned under the lines B D and G,therfore reciprocally( by the 14.0f the fixth) 
as tbe line C Bisto the B D, fois the line G to the line EF.But the line BC is greater then 
‘the line B D, wherefore the line G is greater then the line EF . Vnto.the line G let the line 

EH Le equall. Wherefore( by the rr.of the fift)asthelineC Bis to the line BD, fois the line 
HE to the line F E.Wherefore by deusfion (by thargofthe fifth ) as the line CD isto the 
line B Djfoz the Fae H F to the line BE. 4: the Une'H F ito the F E,falet che line F K be to the line 
“(how this isto be done we will declare at the enid.of this: demonstration) . Wherefore ( by 
pbe 1 2. of the fift ) the whole line HK * isto the whole line K F as the line FX isto the line 
KE .Fer as one of the antecedentes isto one of the confequentes, fo are all the antecedentes tò 
all the confequentes . But as the line FK isthe line. X E, fois the line C D tothe line D B 
(for F K isto EK asH Fis to FE,andH F is to F Eas C Dis DB) .Wherfore(by the 15. 


LAY: of 


The deteynià. 
nation hath.. 
Sundry partes 
orderly to ben 
proued. 


Conflruffion. 


Demonstra» 
tion. 


This is an Af- 
Jumpt proble- 
maticall.artifr- 
cially Gfed and 
demon trated. 
*Therfore thofa 
three lines are 
on continual 
Proportion, 


The tenth Booke 


of the fift)as she lisie HK is t0 the line K F fo ss the line C.D. 00 the line D B.But the ſquare 

ofthe line &C D is commenfurable to tbe (quare of tbe line) Bywberefore ( by the r0.0f the 
tenth) the fqaare of the linet K is comenfurable tothe {quare of the line EK Bet thefe thre 

lines H K,F K,and EK are proportionall in cotinuall propartid(as it hath already bens pro- 

ued) Wherefore (by the fecond corrollary of the 20.0f the fixth) the [quare of the line H K is 

to the (quare of tbe line F K as the line H K is to the line EK: wherfore the line 12K is com- 

menfurable in length to the line EK.Wherefore( by thers.of the tenth) the line H Eis com- 
amenfurable in length to the line F K.. And forafmuch as thefquare of he lint A is equall 

to thatrbich is contayned vnder tbe lines EM and BD , but tbe fauare ef the line A is ra> 

sionall, wherefore that which is contayned under the lines EH and BD isyationall . And 

is applyed unto theratianale. lise Y VNWVberiére(0y tha 22. of the tenth) tbe linc E.M is a- 

tionalland commenfirable in length to.shéline BD . Wherefore alfo the line EK mbich d 
commenfurable in length to the line A Eis eat) tes x 
rational and comrsenfurable in length to the — ` 
line B D.Now for that as the line C Dis to d jg Siete Mu Ae 
the line D B , fois th eline Y K to the line m 
EK/( for it was before pariued , thatas C.D». 

isto DB, pis HE to FÈ, andas H F istart — 

FE, fois F K toEKX)butthelines CDand ` 3x 

D Bare cozumenfarabie jn power oaelyymlerefore (by the 10.0f the tenth) the lines F K and 

KE are afi gomuen[ürakle in power puelys nd for that s 1he line.C V is totle linc D B, 

2 is the ine V K totbelineE K therefore by contrary proportion as D Bisto C D,foisEK 

oF Kjand alternately as D B isto E K, fp CDt FK: bnt tbe lines B D and EK are 

cominonfiira ble — (asi hath already bene proned) . Wherfore alfo the lines C D and 

F K-47? commenfurable in length Bit the line Q D is ratsanall: wherefore aifa the line F K 

isrationall .Whercfore the lines F K and EX are rational commen{urable in power onely. 

3. Wherefore the line FE is a refiduall line:whofe names F K and E are commenfurable to 

FE concluded ske nnes © D 2nd B D of tbe binomiall line B C and in the fame proportion as is proued. 
anfiduall 4» ‘7 fay morcouer that itis a.refiduall line of the felfe fame order that the brnomtalllineis . For 
lineswhich 8 sh- ‘line CD is in power more then the line B D either by the [quare of a line commenfura- 
I mee ble in length to the line C D, or by the [quare of a line incommenfurable in length. Now if 
P hes o jo the line C D be in power more then the lineBD by the (quare of' a line commenfurable im 
order propoun length unto the lize C D,then (by the 13. of the tenth) the line F K is iu power more then 
ded, beh in t+ the line E. K Dy the (quare of a line comenfurable in length to the line ¥ K.And fo if the line 
the propolitio, Ç D be comenfurable in légth tu the rationall line put,the live F K alfa fhalbe comenfurable 
and alfo in the inkegth to the famerationall Lne:wherfore then the line BC is a firft binomiall line, & the 
deserininattoe line F E is likewile a fir f refiduall line . And if the line BD be commenfurable in length to 
the vationall line the line É. K 3s alfo commenfurable in length to the fame , and then the line 

BC ia fecond ‘binomial line,and the line FE a fecond refiduall line « 7nd if neither of tbe 

nes C D nor D B £ecommen[urable io length tita the rationall line , neither of the lines 

EK nor E K are commen[urable im lenqli unto the fame ; and then the line BC is athird 

‘binomial line, & the line Bisa thirdrefiduall tine..And if the line C D be in power more 

ther tbe line BD, by the fquare of a line incommenfurable in length to the line C D, the line 

EK is alfo(by the 14.0f the tenth) in power wore then the lineEK by the fquare of a line 

__ incommenfurable in length tothe livie EK And foif the line C D.be commen[urable in 

lengh to arationallline put, the line F K alfois commenfurable in length to the fame, where- 

fore the lineB C is a fourth binomiall line,and the line Y E is a fourth refiduall line. And if 

the line B D Pe commenfurable in length to the rationall line , the line EK is d com- 

menfurable in length to the fame,and then the line BC is a fifth binomial line and the line 
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EF a fifth refiduall line. And if neither of the lines C D nor DB be commenfurable in 
length to the raticnall line, neither alfo of the lines F K nor E K is commezfurableinlength 
to the fame and then the line BC is a fixth binomial line; and the line F Ea fixthrefidaall 
line Wherfore the line F E is arefiduall line,whofe nares namely, © K and E K are comm- 
furable to the names of the bizoiniallline,namely,to the names C D and D B ard arein the 
felfe [eme proportion , and therefiduall line EF isin the felfe fame order of refiduall kines, 
‘that the binomall hae B C ts of binomall lines. Wherefore the fanare of a rational! line 
applyed unto a binomtall line maketh the breadth (or other fide)arefidluall line whofe names 
are commenfurable tothe names of the binomiallline, andin the {eife fame proportion , and 
moreoner that-refiduall line isin the felfe fame order of refiduatl tines, thatthe bixonsall 
Line is of binomiall lines:which was required to be demonstrated. 


3: Here isthe Affumpt (ofthe foregoing Propofition) confirmed. 


Now let vis declare bow as tbe line H F isto the line F E, fo to pzake the line F K to the 
line EK .ThelineC Dis greater then tbeline B D by fappo[ition . Wherefore alfo tbe line 
Hi F is greater then the line F E (by alternate preportion,and the 14.0f the fifth). Frem the 
line H F take away the line F L equall tothe line F E Wherefore the line remayning,nante- 


ly,H Lys leffe then the lige H F for thelineH F g D c 
is equalltotbe lines H Ley LF. AsH Listo — 
HE, fa (by the rz.of the fixt)let FEbetoF K. H__1. — E _K 





Woerfore by contrary proportion (by the Corolla- 

ry of the g.of the fifth) as H F isto H L, fois F K to F E. Wherefore by conuerfion of pre- 
portion (by the Corollary of the 1 p of the fifth) as H F is to LE, that is, tothe line equall 
vutoit namely, to F E, fois the line F K tothe linc EK. 


iM. Dee,of this Affumpt, maketh (zopiqualés, thatis, 
etcquifixely, ) aProblenic vniuerfall, thus: 


Two unequallright lines being propounded, to adioyne vatothe lefre,a right line, which take with 
the lefe( as one right line ) {hall hane the fame proportion,to the line adsoyned, which, the greater of 
the two propounded, hath tothe leffe. : 


~  Theconftru@ion and demonftration hereof, is worde for worde tọ be taken, asit 
ftandeth here before : after thefe wordes : The line H F is greater then the line F E. 


q A Corollary alfo noted by 1. Dee. 


Jt is therefore euident that thur'are three right lines ( in our bandling ) in continual proportion: 
it is to Weete, the greater, tbe leffe and the adioyned, make the firft the leffe with the adioyned, 
make the fecond : and the adioyned line is the third, 


This is proued in the beginning ofthe demonttration,after the Affumpt vled. 


# An other demontftration after Fluffas. 


Take a rational line A, and let GB bea binomial line, whofe greater line fet be GD: and ypon 
the line G B apply (by che 45.of the firlt) the párallelograme B Z equell to tlie fquare of theline A,and 
making in breadth the line G Z. Likewife vpon theline D B (hy the fame) apply the para!lelogramme 
B I equall alfo to the {quare of the line A, and making in breadth the line DI: and put the lice G ZT 
equall to theline DI. Then I fay, that G Z is fuch a refiduall line à; is required in the Propofition. 

i QQ. ii. Fotaſmuch 
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Forafmuch as the paralle- x a 


logrammesB Z.83BI are 
equall, therefore (by che 
14.0f the fixt) reciprocal- 
ly as che line G B is to the 
lne B D, fo is the line DI 
or the line G T,(which is 
equall vnto it) vnco the 
line GZ. Wherefore by 
diuifion, as the line GD 
is to the line D B,fo is the 
line T Z to the line ZG 
(by the 17. of the fifth ). 
Wherefore the line T Z is 
greater then theline Z G . ( For the line G D is the greater name of the binomiall ine G B) . Vnto the 
line Z G put thelinz Z C equall . And as the line T C is to the line T Z, fo ( by the 11.0fthe fixth ) lec 
the line Z G be to che line Z K . Wherefore contrarywife ( by the Corollary of the 4. of che fifth) the 
line T Z is to the liae T C, as the line Z K is to the line Z G . Wherefore by conuerfion of proportion 
(by the 19. of the fifth) astheline TZ is to theline Z C (thatis, to Z G, which is equall vnto it) fo is 
the line Z K to the line KG .But the line. T Z isto the line Z G,as the line G D is to the line D B.W her- 
fore (by the 11.0f the fifth) che line Z K is to the line KG, as the line GD istothe line DB. But the 
lines G D and DB are commenfurable in power onely. Wherefore alfo thelines Z K and K G arecom- 
menfurable in power onely, by the 10.of this booke . Farther, forafmuch as theline T Z isto theline 
ZG, as the line Z K is to the line K G, therefore by the 12.0fthe fifth, all the antecedentes, namely, the 
whole line T K are to all the confequentes;namely, to theline K Z, as one of the antecedentes namely, 
the line Z K is to one of the confequentes,namely,to the line K G.Wherefore the line Z K is the meane 
proportionall betwene the lines TK and K G. And therefore (by the Corollary of the 20.0f the fixth) 
as the firlt,namcly, the line T K, is to che third,namely,to the line K G : fo is the {quare ofthe line T K 
to the fquare of the fecond,namely, of the line K Z. And forafmuch as the parallelográme B I ( which 
is cquall to the (quare of the rationall line A ) is applied vpon the rationall line D B, it maketh the 
breadth D I rational and commenfurable in length vnto the line D B, by thezo.of thetenth.And . ther- 
fore the line G T (which is equall vato the line DI) is commenfürable in length to the fame line D B. 
And for that as the line G D is to the linè D B, fo is the line K 2 to the line K G, butas the line K Z is to 
the line K G, fo is the line T K to the line X Z, therefore (by the 11.0frtħe fifth} asthe line GD isto 
the line DB, fo is the line T K to the line KZ . Wherefore ( by the 22. of the fixth) as the {quare of the 
line G D is to the [quare ofthe line D B,fo is the {quare of the line T K to the fquare of the line K Z.Buc 
the fquare of the line G D is commenfurable to the fquare of the line D B (for the names G D and DB 
of rhe binomiallline G 8 are commenfurable in power ) . Wherefore the (quare of the line T K. fhall 
be commerfurable to the fquare of the line X Z, by the 1o.ofthis booke . But as the fquare oftheline 
T Kisto the fquare of the line X Z,fo is it proued,chat the right line T is to the right line KX G.Wher 
fore che right line T X is commenfürab'e in length to the right line K G. Wherefore itisalfocommen- 
furable in length to the line T G (by the 15.of the tenth) . Whichline T G is (asit hath bene proued) 
a rationall line, and cquall to thelinc DI . Wherefore the lines T K.and XG are rationall commenfu- 
rable in lengeh . And forafmuch as it hath bene proued, that the line Z X is commenfurable in power 
onely vato the rationall line K G , therefore thelines Z X and KG are rationall commenfurable in 
power onely . Wherefore the line G Z is a refiduallline . And fora(much asthe rationallline T G is 
commenfurable in length to either of thefe Laes DB and XG . Wherefore the lines D B & K G fhalt 
be commenfurable in length, by the 12.0fthe tench. Buc theline ZK.is to theline KG, as the line 
GD istotheline DB. Wherefore alternately, by the 16.0f the fifth, the line X Zisto thelineG D,as 
ihe line XG isto the line D B. Wherefore the line Z K iscommenturable in length vnto the line G D. 
Wherefore the lines Z Kand KG (the names of the refiduall line G Z ) are commenfurable in 
length to the lines GD and DB, which are the names of the binomiall line GB : and the 
line Z Kis to the line KG in the fame proportion, that the line GD is co the line DB. 
Wherefore if ‘the whole line ZK. be in power more then the line conueniently toyned KG, 
by the {quare of aline commenfurable in length to the line Z X, then the greater name GD fball 
be in power more then the leffe name D P, by the [quare ofaline commenfurable in length to the 
Yine GD, by the 14.0f the tenth. And if theline Z K be in power more then the line X G, by the fquare 
cf a line incommeufurable in length to the line Z K, the line allo G D fhall be in power more then tbe 
line D B, by the fquare ofaline iacommenfurable in leagth vnto the line G D (by the fame Propofiti- 
on) . And ifthe greater or leffe name of the one be commenfurab!e in length to the rationall line put, 
the greater or leife name alfo of che other.fhall be commeafurable in length to the fame rationall line, 
(by the 12.of this booke ). Bucif neither name of the one be commenfurable in length to the rationall 
line put, neither name of the otheralfo fhall be commenfurable in length co the fame rational! line 
put (by the 13.0F the fame ) . Wherefore the refiduallline G Z (ball be in the fel£e fane order of refidu- 
alllines, chat the binomiallline G 3 is of binomial lines (by the definitions of refiduall ane binomiall 
ines. 
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of Euclides Elementes. Fol.307. 


lines . The fquare therefore ofa rationall line applied to a binomial line. &c : which was required to 
de proued. = 


q Ibe 89. T heoreme. The 113. Propofition. 
T be qnare of a rational line applied vnto a refiduall maketh the breadth 


or other fide a binomial line whofe names are commenfurable to tbe names 
of the refiduall line, and in the felfe fame proportion : and moreouer that 
binomiall line is in the felfe fame order of binomiall lynes that the refidual 
line ts of reftduall lyues. 


5) Vppofe that A be a rational line,and BiD a refiduall line. Aud vnto tbe [quare 
^l of the line A let that which is contained under the lines B D and X H be equal. 
WS i A Wherfore tbe (quare of the rationall line A applied vito the refiduall line B D 
SLL maketh the breadth or other fideiK H.Then 1 fay that the line K H is a binomi- 
all line whofe names are commenfurableto 2 
tbe names of the refiduall line B D, and in x 5 
the felfe fame proportion, and that the line s 
K H isin the felfe fame order of binomiall H FE E x 
linesytbat tbe line B D isof vefiduall lines. g 
Vito the line BD let the line conueniently | — — — 
zoyned be DC. Wherfore the lines BC and 
D C are rationall commenfurable in power onely. And-untothe{quare of the line A let the 
parallelogramme contained under the lines BC and G be equall.But the (quare of the line A 
7s rattonall. Wherfore the parallelogramme contained under the lines BC and Gis ‘alfora- 
tionall. Wherfore alfo the line G is rationelland commen{urable in length tothe line BC (by 
the 20.0f the tenth). Now forafmuch as the parallelogramme contained vader the lines B 
Cand Gis equall to that which is contained under the lines B D and K H, therfore (by the 
16.0f the fixt)as the line B Cis to the line B D fois the line K H tothe line G. But the line 
B Cis greater then the line B D.Wherfore alfo the line K H is greater then the line C. Vnto 
the line G tet the line K E be equall Wher fore the line K Eis rationall and comenfurablein 
length to the line B C,as alfo the line G was (by the 12.0f the tenth) And fer that as B Cis to 
B D fois K H to K EWherfore by couerfion of proportia (by the corollary of y 1 p of tbe fifi) 
asBCistoD C.fo is K H,to E H. AKH isto EA fo let the line F H beto the linc EF (how this is 
to be done,we will decare at the ende of this demonjtration). Wherfore therefidue K F is to 
Ve refidue F H,as the whole K H is to the whole H Eby the 1.9.0f the fift)thatis,as.the line 
B Cis to the line C D.But the lines BC andC D are commenfurable in power onely. Where- 
fore alfo the lines K F and F H are commen[urallé in power only. And for that as K H is to 
HE, fois K F to F H,butas K H isto H Efo isalfo H F to F E, therfore as K F is to F H, 
fois F H to F E.Wherfore(by tbe corollary of the 19 .of the fixt) as the firft is tu the third, 
So isthe fqxare of the firfl,to the [quare ofthe fecond. Whereforeas K F isto F E, fois tbe 
Square of the line K F tothe [quarc ofthe line F H, but thefe fauares are commenfurable, 
for the lines K F and F H are commenfurablein power.Wherfore the lines K F and F E are 
commen[urable in lengtb.Whevfore(by tbe fecond part of the 15. of the tenth )the lines K E 
and E F are commenfarable in length. Wherfore (by the fame) the lines K F and F E are 
commenfisrable in length.But th line K E is rationall and commenfurable in length ta the 
line B C-wherefore the line K F is alforationall and commen|yrable in légth to the line BC. 
And for that as the line B C is to the line C D fois K Fto F therfore alternately (by the 
16.of the fift) 4sBCisto K F,foisC D to F H.But the line BCis com:zenfurable in length 
De Quit. ta 
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zo the line K F Wherfore the line CD is commenfuratlein length to the line 'F H. But the 
line C D is rationall.Wherfore alfo the line F H is ratiorall. And the lines B CandC D are 
rationall commenfurable in power onely .W berfore tbe lines K F and F H are vationall com- 
men{urable in power onely.Wherfore the line K H is a binonsiall lines whofe names are com- 
menfurable to the nares of the refiduall line and in the [ame proportion.I [ay moreoucr that 
åt is a binomiall af the felfe fame order of binomial lines, that the line B D is of. refidual lines. 
For if the line BC ve ia power more then the line C D by the quare of a line commenfurable 
zn lengih to theine BC, the line K F is alfo in power more then the line F H by the [quare 
of a tine commenfurable in length to the o BUT 
line K F (bythe rz: ofthe tenth). And if 4 s 


hoi , ; — 
tie line BC be commenfurable in length 5 : 








- B: oo p a 
to the rationall lize put, the line KF is alfo — — — 
C by tue 12. of the tenth) commen[urable H > Foo x 
an length to the rationall line, and fothe 4s 


lyne BD ia fief vefiduall lyne, and tbe. — ——— 

line K B isin like fort afivfl binemtall lige. : 

Ifthe line C D bz commenfurable in length to the rational line,the line Fil is alfo commen» 
furable in length tothe faneline,and fo the line B D is afecondrefiduailline, and the line 
K Na fecond binsriiallline. And if neither of the lines BC nor C D be comizenfurable in 
length to the rationall line neither alfo of the lines K F nor F H is commenfurable in length 
to the fame,cnd fathe line B 1) is athird refiduall line, and the line K Ha third binomial 
line But ip the line BC be in pewer more then the line C D by the (aware of a line iacommen 
firableia length tothe line B C,the line K F isin power more thé the line F H by the (quare 
of aline inconsnenfurable in length to the line K F (by the rg.of the tenth) And if the line 
BC be commenfurablein length to the vationall line put, the line K F is allo commenfura- 
ble in length to the fame lineyand fo the line B D is a fourth refiduall line, and the line K B 
a fourth binomiall line. Aud if tbe lige C D be cometfurable in legth tothe rational line, the 
line F His alfo coméfurable in légth ta the fame,cy fo the line B D is a fft vefrduall line, c 
the line K H a fift binomtall line. Aud if neither of the lines B C nor C D be commenfurable 
in length tothe rational line, neither alfo of thelines K F nor F H iscommen[urable im 
length to the fame,and fo the line B Disa fixt refiduall line,and the line K H is a fixt bino- 
miall line Wherfore K H isa binomiall line,whofe names K F and F H are commenfurable 
to the names of the refiduall line B D;namely,to B C andC D, and in the felfe fame propor- 
tion,and the binomiall line K H is im the felfe (ame order of binomiall lines,tbat tbe refidu- 
all B D,is of refiduall linés.W berefore the fquareaf a vationall line applied vnto a refiduath 
line,maketh the breadth or other fide a binonsiallline , whofe names ave commenfurable to 
the names of the refiduall line,and in the felfe fame proportion, and moreouer the binomiall 
line isin thefelfe fame order of binomiall tincs, that the refiduall line is of refiduall lines: 
which was required to be demonftrated. 


st The Affumpt confirmed. 


Now let vs : i 
declare bow , aj t H F E K 
the line K H is to 
the line E H, fo 
to make the line H F to the line F E. Adde vnto the line K H. diredily a line equall tà H E, 
and let the whole line be K L,and(by the tenth of the fixt )let the line H E be denided asthe 
whole line K Lis denidedin the point Hlet the line H E be fo denided in the point F Wher- 


fere 








of Euclides Elementes, Fol.3c8. 


Sore as the line KH isto the lime HL; that is, to the- line HE; fo ts the lime HF to the 
line F E; 
. Anotherdemonf(tration after F/vffar. 

Suppofe that 4 be a rationalt line „and let 5 D be a refiduall line. And vpon.theline 2 D apply :. 3 
the parallelogramme D 7 equall to the {quare of the line 4(by the 45 .of the firlt)tiaking in breadth the Añ other dee. 
line 8 7. Then I fay that B Tis a binominall line fuch a one as is required in the propofition.Forafmuch mor firatio af= 
as B Disarefidualliine,tec the line cOueniently ioyned vnro it be G D, Wherforethelines 8 Gand G D. gey Flufjas. 
are rationall commenfurable in power onély. Vpon thé rational! line B G apply the parallelogramme ConGyyction 
Brequall to the (quare of the line +4 arid making in bregddh-theline # £, Wherefore the line 8 Eisra- ~ ° 
tionall and commenfarable in length rothe line 2 G(by thexo.ofthe tenth). Now forafmuch as the pa- 
fallelogrammes 8 7 and T Dare equall ( for : S Demonfre- 
that they areeche equalltothefquare of the T |, ^ : — ^ ten. 
line 4): therfore reciprokally (by the 14.0f the AE = i 
fixth Jas the line 2 T is to the line B Z,fo is the 
line 8 Gtotheline B D. Wherefore by con- 

' uerfion ófproportion( by the corrollary ofthe 
" 19.0f the fifth)as the line ET isto theline T E, 

foistheline 7 G to thelineG D . As the line 

BG is tothe line G D, fo let the line T Z beto 

the line Z £ by the corrollary of the.to , of the 

fixth. Wherefore by the 11. of the fifth the line 

BT isto theline TE, asthe line 7 Zis to the E A — 

line Z £.For either of them are as the line BG 

isto théline GD. Wherefore the refidue BZ 

ds to therefidue Z 7,as the whole 27 is to the 

whole T £ by the 19. of the fifth . Wherefore 

"by the rz. of the fitth.the line B Z is to the line 

ZT as the line ZT isto the line Z £.W herfore 

the line 7 Z is the meane proportionall be- 

twene the limes BZ and Z£. Wherefore the I $ $ 

{quare of the firft, namely, of the line 8Z, isto the fquare of the fecond, namely, of the line Z 7", as the 

firlt,namely,the line B Z,is to thethird,namely,to the line Z £( by the corollary of the 20.0f the fixth). 

And for that as the line B G is to the line C b, fois the line T Z tothe line Z £ : butas the line T Ż is ĉo 

the line Z E,fo fs the line B Z to tlre line Z 7. Wherefore as the line B G is tø the liñe C D , fo is the line 

B Z to theline ZT(by the t1.0f the fifth ): Wherfore the lines B Zand ZT are commenfurable in pow- 

eronely,as.alfo ate the lines B G and G D(which are the names of the refiduall line 8 D ) by the 10. of 

this booke. Wherfore the right lines B Zand ZZ are cémenfurable in lerigth, for we haue proued that 

they are in the fante proportion that the fquares of che lines 8 Z and Z 7 are. And therefore (by the co- 

‘rollary of the 15.0f this booke)the refidue B E ( which is arationall line ) is commenfurable in length 

ntq che famé line B Z. Wherefore alfo the line 8 G(whichis commenfurable in length vnto the line 

B E)fhallalfo-be commenturable in length yneo the fame tine. Z ( by the 12. ofthetenth ). And itis 

proued that théline BZis to the line 27 commenfarable im power onely . Wherefore the right lines 

B Zand Z Fare tationall commenfurable in power onely. Wherefore the whole line 8 Tisabinomiall , 

Jine(by the 36.‘of this booke) . And fer that as the line 2 G isto the line G D , fo is the line 8 Z to the j 

line Z7 :therefare alternatcly (by the 16.ofthe fifth)the line B € istotheline 7 Z, as theline G D'isto 

theline Z Tut thé liàe 8 G'i$ tomtmenfurable in length vnto the line Z Z . Wheretore ( by the 10. of 

this booke)the fine G D is commerifuráble in length vnto theline Z T. Wherefore thenames 8 Gand. — 7* 

© D oftherefi™: zll line 8 Dare commenfurable in length vaco the names 8 Zand ZT of the binomi- 

al line BT andthe line B Z is to the line Z T in the fame proportion that the Hne Z G isto thelinegD 3* 

asbeforeitwas more manifeft. And tbat they are of one arid the felfe anre orderisthusproued. Ifthe — 4- 

greater orleXe name of the reftduall line,namely the right lines &.G or G D be cómenfurable in length 

to any rationall Jine puc: che greater name alfo or leffe,namely,8 Z or ZT fhaibe commenfurable in 

length to the {ame rationall line put by the 12.0f this booke. And ifneither of the names of the refidu- 

allline be commenfurable in length vnro the rationalt line put,neither of the names of the binomiall 

line fhalbe commenfurable in length vnto the fame rationall line put ( by the 13. ofthe tenth ). Andif 
the greater name B G be in power more then the leffe name by the (quare of a line commenfurable in 
length vnto the line 2 G,the greater name alfo BZ thalbe in power more then the leffe by the fquare of 

-aline commenfurable in length vnto the line BZ. Andif the one bein power more by the fquare of a 
Hae incom menfurable in length, the other alfo fhalbeim power more by the fquare of a line incommen- 
furable in length by the 14.0f this booke.The fquare therefore of à rationall line. &c.which was requi- 
red to be proued. E 
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Ses vo Tbe go T beorene, |. Vg ae. Propofition. 


Ifa parallelograme be cotained ynder a vefiduall line & a binomiall [yne, 

"whofe names are commenfurable to the names of tbe vefiduall line, and in 
_ __ the felfe fame proportion; the lyne which contayneth in power that fupers 
"o ficiesisrativnall, V f . 


on nn o n . ; x 
wirae becontarped vnder a refiduallline AB and a 








rmn Vppo[e that à pavallelog 
AX cie ee CD A she greater name of 1he binomiall linc be CE, and 
Kx 8 the leffe name be E D;and let the names of the binorsiall line, namely, C £ and 

COSS NES E D be commenfurable tothe names Of the refidviall line,namely,to A F and F 
B,and in thefelfefance proportion. Andletthe 2. 3 Us i : 
Line which containeth in power that parallelo- 77 — : 
ram be G. T b£ I fay that tbe line G isvatio-— E27 E D“ 
nal. Take arational line namely, H. And vnto 
the lineC D apply a parallclogrzzne equal toy ———————À 

quare ofthe lineH, andmekingin breadth yy - 

the line K L. Wherefore (bythe 112. of the 01 — 

tenth) K Lisarefiduall line,whofenames lee X L A 

be K M and M L,which are (by the fame) cõ- 

merfurableto the rames of the binomiall line,that isto CE and E D, and are in the felfe 
fanze proportio. But by pofrtion the lines C E and E D are comenfurable to the lines A F and 
F band are ig tbe felfe fame proportion Wherfore (by the 12.0f the tenth )as the line A F is 
to the line F B fo isthe line K M tothe line M L.Wherfore alternately (by the 16.0f the fift) 
as the line A F is to the line K M fo is the line B F to the line LM Wherfore the refidue A B 
‘istothe refidne K*L,as the whole A F is to the whole K.M.But the line A F is commenfura- 








ble to the line K M,for either of the lines .A F and K Mis commenfurablesotheline C E. 
‘Wherfore alfo the line A B is commenfurable to tbe line K L. And asthe line AB is to she 


line K L,fo (by the first of the fixt) is the parallelogramme contained under the lines C D 

‘and AB to the parallelogramme contained vender the lines C D and K L.Wherfore the pa- 
rallelogramme contained under the linesC D and AB is commenfurable to the parallelo- 
gramme contained under the lines C D and K L.But the parallelogramme contained under 
the lines C D and K L is equall to the (quare of the line H .Wherfore the parallelograme co- 
tained under the linesC D G A Bis comenfurable tothe {quare of the line H.But the paral- 
lelograme contained under the lines C D and A B is equall to the [quare of the line G. Wher- 
fore the fquare of the line H is commen[urable to the (quare of the line G. But the fquare of 
the hne His vationall Wherfore the {quare of the line G is alfo rationall. Wherfore alfo tbe 
line G isrational,and it containeth in power the parallelogramme contained under the lines 
A B and C D If therfore a parallelogramme be contained under arefiduall line and a bino- 
miall line,whofe names are coramen{urable to the names of | the refiduall line,and in the felfe 
fame proportion, the line which containeth in power that fuperficses,is rationall.: which was 
required to be proued. 


f Corollary. 
Hereby it is mansfeft, that a rationall parallelogramme may be contained 


*ynder irrationall lines. 
An 


of Euclides Elementes. — Fol.309. 
q An other demonftration after Fluffas. 


Suppofe that the fuperficies p & becontayned vnder 2 refiduall line a g,and a binomiallline 
AD : Whofe names A E and 2 D letbe commenf(urableinlength vnto the names oftherefiduall lioe 
^ 2, which let be 4 € and rs . Andlettheline A& beto theline z n, in the fame proportion that 
the line 4 * istotheline r2 . Andlettherightline 1 contaynein powerthe fuperficies p » . Then 
Ifay, that theline r isarationall.line. Take a racionallline, which lec be c. Andvpon the line 4D. 
delcribe (by the 45.o£ the firít) a parallelogramme equall to. the fquare of the line c, and making in 
breadth the linc p c. Wherefore (by the 112. ofthis booke ) ¢ p is a refiduall line, whofe names 
(which let be c o and o p)thall be comenfurable in légth vnto the names Ax and x p, and the line c o 
fhallbe vnto theline o pin the fame pro- 
portion that theline 4 istotheline x n. 
Butas the line ax isto the line £ D, fo by B 7 
fuppofition, is the line a F to the line FB. Fe r 
Wherfore as theline c o isto theline o p, 
fo istheline Ar to theline r » . Where- 
forethelines c o and o » are commenfu- | CCÉC)O]—————— 


ly, theline cp isto therefidue,nanie!y,to 

the line az,astheline co istothelineaF 

(by the 15.ofthe fifth).Bucitis proued chat o 3 

aF. Wherefore theline cD is commen- 

furable vnto thc line as . Wherefore ( by ] 

the firltof the fixth) the parallelogramme c 4 is commenfürable to the parallelogramme » s. Butthe 
parallelogramme c 4 is (by confiruction) rationall (for itis equallco the {quare of the rationall line c ). . 
Wherefore the parallelogramme s p isalfo rationall. Wherefore theline 1 which by fuppofition có- 
tayneth in power the fuperficies s p, isalfo rationall. If therforea parallelográme be contayned.&c: 
which was required to be proued. 


rable with the lines a rand Ff z (by the 12. — 
of this boke). Wherfore the reſidue, name ·· — E 
theline c o iscómenfurable vnto theline D c 


g The 91. T beoreme. T he 115. Propofition. 


Of a mediall line are produced infinite irrational lines , of which none 


is of the felfe fame kinde -with any of thofe that "were before. 


V ppofe that A be a mediallline .Then 1 fay, that of the line A may be produced 
infinite irrational lines, of. which none [hall be of the felfe fame kinde with any 
\ of thofe that were before. Take a rational line B . And unto that whichis con- 
Ek tained under the lines A and B. let the (quare ofthe line C be equall (by the 14. 
ofthe fecond ) Wherefore the line C is trrationall. For a fuperficies 
contained vnder a rationall line and an irrationall line, is (bythe Af. 4 
fumpt following the 28.0f the tenth ) irrationall: and the line whith s 
containeth in power an irrational [uperficies,is (by the Affumpt going 
before the 21.0f the tenth) irrationall. And it is not oneand thefelfe ©, 
fame with any of thofe thirtene that were before . For none of the lines 
that were before applied to a rational line maketh the breadth mediall. |  — — —À 
Againe unto that which ts contained under the lines B and C, let the 
Square of D be equall. Wherefore the [quare of D is irrationall. Wherefore alfo tbe line D 
is irrationalland not of the {elf [ame kinde with any of thofe that were before. For tbe (quare 
of none of the lines which were before, applied to a rationall line,maketh the breadth the line 
C . In like fort alfo [ball it fo followe, if a man proceede infimtely . Wherefore it is manifest, 
that of amediall line are produced infinite irrationall lines,of which none is of the felfe fame 
kinde with any of thofe that were before : which was required to be proued. 
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Another demonftration. 


Suppofe tbut AC bea mediall line T hen 1 ay that of tbe line AC may be produced in- 

finite irrationall lines, of which none fhall be of the felfe fame kinde with any of thofe irra- 
tionall lines before named .V nto the line A C and from the point A, draw ( by the 11. of the 
Sirft) a perpedicular line AB, and let AB be arationall line,and make perfette the parallelo- 
gramme BC. Wherefore B C is irrationall,by that which was declared and proued (in maner 
of an Afumps) in the end of the demonftration of the 38 + and the line that contatneth it in 
power is alfa irrational . Let the line C D con- 

tainein power the fuperficies BC. Wherefore 4 — c o LE 

C Disirrationall & not of the felfe fame kind 

with any of thole that were before + for the 

fquare of the line C D. applied to a rationall 

Jine namely, A B maketh the breadth a mediall 

line namely, AC. But the {quare of none of the ® 
forefaid lines applied to a rationall line neaketh 

the breadth a mediall line . Againe, make joe the parallelogramme E D. Wherefore the 
parallelogramme E D is alfo irrational (by thefayd Affumpe in the end of the 38. his de- 
monflration briefly proued ) and the line which containeth it in power isirrationall: let the 
line which containcth it in power be D F . Wherefore D F is irrationall and not of the felfe 
Jane kinde with any of the fore{aid irrationall lines . For the [quare of none of the forefayd 
irrattonall lines applied «nto a rationall tine, maketh the breadth the line C D . Wherefore 
of a medial line are produced infinite irrational lines, of which none is of the felfe fame 
kinde with any of thofe that were before : which was required to be demonftrated. 


f| T be 92. I beoreme. The 118. Propofition. 


Now let vs prowe that in fquare figures, the diameter is incommenfurable 
in length to the fide. 


Vppofe that A B C D be a (quare, and let the diameter therof be A C. T henI 
\fay that the diameter A C is incommen[urable in length to tbe fide A B. For if 
S n be pofftble,let it be comenfurable in legth. I fay that thé this will follow, that 
Lila] one and the felfe [ame nisber {hall be both an enen number dr an odde number. 
Iris manifest (by tbe 7 of the fir Ft) that the {quare of the line AC is doubleto the fquare 
of the line A B. And fr that tbe line A Cis commenfurable in length ta the line A B(by fup- 
pofition), therfore the yne AChath untothelineAB A B 
that proportion thata number hath to a number(by the 

s.of the tenth). Let the lyne AC haue unto the line AB 

that proportion that the number E F hath tothe num- 

ber G.And let E F and G be the leaf numbers that hane 

one and the fame proportion with them Whierfore E F is 

not unitie. For if E F be vnitie,and it hath to the num- 

ber G that proportion that the line AC hath to the lyne 

A B,and the line AC is greater then the lyne A B.Wher 

forevnitie E F is greater thea the number G, which if p c 
impofible. Wherfore F E is not vnitie, wherfore it is a Fee HOeE 

vumber. And for that as the (quare of the line A Cis to Gres , 
the fguare of the lyne A B fa is the [quare number of the number E F,to the ſquare B "i 
o 
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of the number G, for in eche is the proportion of their fides doubled (by the corollary of the 20 
ofthe fixt and 1 1 of the cight): and the proportion of the line AC tothe line A B doubledyis 
equal to the proporti of the nuber E F tothe number G, doubled, for as the line AC is tothe 
line AB, {ots the nitber EF tq the number G. But the {quare of the line A Cis double tothe 
fquare of the line A B.Wherfore the (quare number produced of the number EF is double 
to the [quare number produced of the number G. Wherefore the [quare number produced cf 
E F isan enen number Wherfore E F is alfo an euea numiber.For if E F were an odde num- 
ber,the {quare number alfo produced of it,fhould (by the 23.and 29 .of the ninth) be an odde 
number. For if odde numbers how many foeuer be added together, andif the multitude of 
thi be odde,the whole alfo fhal be odde Wherfore E F is an euen number. Denide the number 
E F inte two equall partes in H. And forafmuch as the numbers E F and G are the lef num- 
bers in that proportion, therfore(by the 24. of the fenenth) they are prime numbers the one 
tothe other.And E F is an euen number Wherfore G is an odde number For if G were an e- 
sen number ,the number two fhould meafure both the number E F and the number G( for e- 
uery cuen nitber hath an halje part by the definition) but thefe numbers E F cy G are prime 
the one to the otiner Wherf ore st is impoffible that they [hould be meafured by two or by any 
other number befides unitie Wherfore G is an odde number. And fora{much as the number 
E Fis double to the number E H, therfore the (quare number produced of E F is quadruple 
tothe (quare number produced of E H.And the {quare number produced of E F is double to 
the fquare number produced of G. Wherfore the [quare number produced of Gis double to 
the {quare number produced of E HW berfore tbe [quare number produced of G is an enen 
number Wberfore alfo by thofe thinges which bane bene before fpoken, the number G is an 
enen number bit it is proued that it is an odde number whith 1s impofible. Wherefore the 
line AC is not commenfurable in length tothe line A B,wherfore it is incommenfurable. 


An other demonftration. 


We may by an other demonstration proue, that the diameter of a {auare is incommen|u- 
rable to the fide thereof . Suppofe that there be a fynare , whofe diameter let be A and let the 
fide thereof be B.Then I fay that the line A is incommen[urable in length to tbe line B . For 
sf it be poffible let st be commenfurablein length And agayne as the line A isto tbe line B 
fo let the number EF be tothe number G : and let them be the least that haue one and the 
fame proportion with them : wherefore the numbers EF and 
G, are prime the one to the other . Firit ] fay that G is not v- 
nitie. For if it be poffible let it be vnitie. And for that the 
fquare of the line Ais tothe {quare of the line B,as the [quare 
number produced of EF is to the (quare number produced of 
G (asitwas prowedia the former demonftration ) but the 
Square of the line Ais double to the {quare of the line B.Wher 
Sore the {quare nber produced of EY. is double to tbe [quare 
number produced of G. And by your fuppofition G is unitie. Fe E 
Wherefore the fanare number produced of E F is the number Gon 
two which is impoffible Wherefore G is mot vnitie .Wberefore it is a number . And for that 
as the fquare of the line A is to the fquare of the line B , fois the quare number produced of 
EF tothe (quare number produced of G . Wherefore the [quare number produced of EF ts 
double to the [quare number produced of G . Wherefore the fauare canto produced of G 
meafureth the {quare number produced of EF . Wherefore alfo ( by the vof the eight ) the 
number G meafureth the number EF :and the number G alfomeafureth it [elfe Wherefore 
she number G meafurcth thefe numbers EF and G , when yet they are prime the oneto the 

RR. ether 


Another des 
rionfiration ^ 
leading to an 

impoffibilitic. 


The tenth Booke 


other:which is impoffible Wherefore the diameter Ais not commtnfurable in length tothe 
fide B.Wherefore it is incommen{urable:which was required to be demonstrated. 


An other demonftration after Fluffas. 


Suppofe that vppon the line AB be defcribed a {quare 
whofe diameter let be the line A C . Then I fay that the fide 
AB is incommenf(urable in length vnto the diameter A C.For- 
afmuch as thelines A B and BC areequall, therefore the 
fquare of theline A C is double to the {quare of the line A B by 
the 47.0f the firlt.Take by the z.of the eight nübers how many 
Íoeuer in continuall proportion fró vnitie, and in the proporti- 
on of the (quares of che lines A Band A C . Which letbe the 
numbers D,E,F,G.And forafmuch as the firit from vnitie name 
ly Eis no {quare number,for thac it is a prime number, neither 
is allo any other of the fayd numbers a quare number except 
the third from vnitie and fo all the reft leuing one betwene;by 
the 10.0f the ninth , Wherefore Disto E,or Eto F,orF to G, 
in that proportion that a fquare number isto a number not c 
fquare.W herefore by che corrollary of the zs .of the eight, they 
are not in that proportion the one to the other that a [quare 
number isto fquare number , Wherefore neither alfo haue D 
the fquares of thelines A Band A C(which are in the fame pro- E 

F 
G 


v 
> 


portion) thât porportion that a fquare number hath to a [quare 
number. W herefore by the ».of this booke their fides,namely, 
the fide ABand the diameter AC are incommenfurable in 
length the one to the other which was required to be proued. 

This demonftration I thought good to adde, forthat the former demonftrations 
feme not fo full,and they are thought of foine to be none of Theons,as allo the propofi- 
tion to be none of Eaclides, 


DP 


Here followeth an inftruction by fome ftudious and fkilfull Grecian 


(perchance T heon) which teacheth vs of farther vfe and 
fruite of thefe irrationall lines. 


Seing that there are founde out right lines incommenfurable in length the one to the o- 
ther,as the lines A and B, there may al[o be founde out many other magnitudes hauing légth 
and breadth ( fuch as are playne fuperficteces ) which [halbe incommrefurable the one to the o- 
ther For if (by the 13.of the fixth) betwene the lines A and B there be taken the meane pro- 
portional line,namely C, then (by the fecond corrollary of the 20. of the fixth) as the line A 
is to the line B fois the figure de{cribed upon the line A tothe figure defcribed upon the line 
C, being both like and in like fort defcribed, that is, whether they be {quares (which are al- 
wayes lake the one to the other),or whether they be any other like rectiline figures, or whether 
they be circles aboute the diameters A andC. For cir- 
cles haue that proportion the oneto the other , that the 

Squares of their diameters haue(by the 2.0f the twelfth). ¢ 
Wher fore (by the fecond part of the 10. of tbe tenth) tbe. ——— ————— 
Sigures defcribed upon the lines A and C being tikeand 8 
in like fort de{cribed are incommen[urable tbe one tothe 
other Wherfore by this meanes there are founde out fuperficieces incommenfurable the one 
to the other. In like fort there may be founde out figures comé{urable the one to the other ,if ye 
put the lines A and Bto be comenfurable in légth the one to the other.And [eine that it is fo, 
now let vs alfo proue that euenin folides alfo or bodyes there are forme commen[urable the 
one to the other,and other fome incommenfurable the one to the other. For if from eche 
of the fquares ofthe lines A and B, or from any other rečtiline figures equal to thefe fquares 

; be 
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Ee erected folides of eqnall altitude, whether thefe folides be compofed of equidistasit fuperfi- 
cieces,or whether they be piraenids,or prifines, thofe folides[6.eretted [halbe in that proporgio 
the one to the other that theyr bafes are(by the 3 2.uf the eleuénth and s.and 6.0f the twelfth) 
Howbeit there is no [uch propefition concerwing prifmes . And fo if the bafes of the folides 
be commenfurable the one to the other, the folides alfa fhall be commenfurable the one tothe 
other and if the bafes be incommenfurable the one to the other,the folides alfo fhall be sacom- 
nenſuratſe the one to the other (by the 10.0f the teath). And if there be two circles A and B: 
and upon coh of the circles be erected.Gones or Cilinders of equal altitude,thofe Cones Cr Ci= 
linders hall be ie that proportien the.one.ta the other that the circles are,which are their ba- 
fes (by the 11 of thetmelfih) and fo ifthe circles be commenfurable the cne to the other ; the 
Cones and Cilinders alfo [ball be commenfurable tbtyone to tbe other . But if the circles be in- 
comenfurable the one to: the other , the Cones alfo and Cilinders falbe incomenfurable the 
óx to the other, (by the.10.0f the tenth) . Wherefore it is manifeft-that nut onely in lines and 
Jféperficieces but al [o in [olides ar bodyes is found commenfarabilitie or incommenfuradility. 


An aduertifemensby lohn Det. 


Although this propofition wete by Euctide to this bodke alotted, (as by the auncient grecjan pub- 
Lithed.vnder the natne of AréforelesTlept Ato 4av-ypayua,i¢ would feme to be,and alfo the property of 
the fame, agreableto the matter of this booke,and ths propofition it felfe, fo famous in Philofophy and 
Logicke,as it was,would in maner,craug his eleméta) place, in this téth boke)yet the dignitie 8 perfec- 
tionjof Mathematical] Method can not alloW it here: as.in due order following: But moft aptly after che 
9. propofitio of this booke,asa Corrollary of the laft part thereaf:And-vndoubtedly the propofitié hath 
for this 2000.yeares bene notably régarded-among the’ greke: Philofophers : and before srs/forles time 
was concluded with the very fame jnconuefience to the gaynefayers.that che firft demonttration here 
induceth namely ,Odde number to lie eguall ro ewen: as may .appeare in Arsflotfes worke , named Analitica 
prima, the firit booke and 4o.chapter : But els in véry many places of his workeshe maketh mention o£ 
the propofition.Euident allo itis that Ewclide was about 4rs/terles time , and in that age the moftexcel- 
lent Geometrician among the Gtekes: Wherelore: ig it was fo publike in ‘his time,fo famous,and fa 
appertayning to-the property of this booké:itis moft likely, both to be knowne to Ewchde , and alfo to 
haue bene by him in apt order placed -Byt ofthe difordring o£ it, can remayhe no'doubt , ifyeconfider 
in Zumberes tranflation,two other propoficións going next before it. fo farre mifplaced, that where they 
be; word for word,before duely placed being the 105 .and 1o6:yet here(after the booke ended) , they. 
are repeated with the. numbers of 116.and 117.propofition . Zem5err therein was more faythfull to fol- 

low as hefound in his greke example,than he was fkilfull or carefull to doe what was neceflary, ^ 

Yea and fome greke written auncient copyes have them noe fo : Though in deede they be 

well dem onftrated, yet truth. diforded,is halfe difgraced :efpecially where the patterne 
of good order,by profeifior is auouched to be.But through ignoraunce;arrogan- 
cy and temeritie of vnfkilfull Methode Mafler5,many thingesremayne : 
`- yet; in thefe Geometricall Elementes , vnduely tumbled in: 
though true , yee with difgrace:: which by helpe of fo 
many wittes and habilitie of fuch,as now ma’ 
haue good caule to be fkilfull herein, 
will hope)ere long be taken a- 
way:and thinges ofimpor- 
‘tance (wanting) fup- 


plied. . ] zd : 
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$a The end of thetenthbooke. 
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! «The cleuenth booke of Eu- 






clides Elementes. 

Be SITHERTO HATH EYCLIDE IN THESS 

Ahe ent ag S 
beer Ed =~”, former bookes witha wonderfull Methode and order 
booke. V 3 entreated of fuch kindes of figures fuperficial,which are 
d à or may be defcribed in a fuperficies or plaine, And hath 
EL Jj taughtand ferforth their properties, natúres; generati« 
js & ons,and produ&ionseuen from the fir roote, ground, 
E and Beginning of them: namely from a point,which al- 
A point the be- though it be indinifible, yet is it the beginning of all 
ginning of all quantitie,and ofit and of the motion.and flowing thet- 
p eet ofis producedaline;and confequently. all quantitie có- 
aid j tinuall, as all figures playne and folide what fo euer, Ex. 
Sfedby Euclide y clie therefore m his fiet booke began with it , and from 
inthe ten fore thence went he toaline, as toa thing moftfimple next 


mner bookes, vntoa point,then toa fu erficies,and tó angles, and fo through the whole firt booke, 
First booke. he intreated of thefe moft fimpleand plaine groundes, Inthe fecond booke he entrea- 
Second books, — ied further,and went vnto more harder matter,and'taugh of diuifions of lines,and of 
the multiplication oflines, and of their partes, ancof their paffions and properties. 

And for that rightlined figures are far diftantin nature and propertie from round and 

Third booke circular figures,in the third booke he inftru@eth the reader of the nature and conditió 
Fourth booke of cirelés.In the fourth booke he compareth figures of right lines and circles together, 
'—— grid tescheth how to defcribea figure of rightlines with in or about a circle: and con- 

drariwife a circle with ivor 2bout a re&iline figure , In the fifth booke he fearcheth ont 
the nature of proportion(a matter of wonderfull víeand dcepe contideration),for that 
otherwife he could not comparefigure with figure, or the fides of figures together, 
For whatfoeuer ig compared to any other thing, is compared ynto it vndoubtedly vn- 
Sixthbooke, der {ome kinde of proportion. Wherefore in the fixth booke he compareth figures to- 
géther,one to an other,likewife their fides.And for that the natureof, proportion, can 

not be fully and clearely fene without the knowledge of number, whereinit is firftand 
Sewenth booke — chiefely found:in the feuenth,cight,and ninth bookes, he entreateth of number, & of 
Eight becke. — chekindesand properties thereof. And becanfe that the fides of folide bodyes, for the 


Fiueth bocke, 


Neath booke, noft partare of fuch faxg,that compared together , they hane fuch proportion the one 
to the other,which can not be expreffed by any number certayne,and thereforeare cal- 
Tenth booke. Jed irrational lines, he inthe téth boke hath writté & tanght which lines are cóméfura- 


ble or incéméfurable.the one to the other,and of the diuerfitie of kindes of irrational 
lines, with all the conditions & proptieties of them, And thus hath Eaclide in thefe ten 
forefayd bokes, fully & moft pléteouffy in 4 meruclous order taught,whatfoeuer femed 
neceffary,and requifite to the knowledge of all fu perficia!l ficures,of what fort & forme 
foeuer they be. Now in thefe bookes following he entreateth of figures of an other 
What is entres Kinde namely,of bodely figures:as of Cubes,Piramids, Cones, Columnes, Cilinders, 
redefmtbe — Paralleli pipedons:Spheres and fuch others:and fheweth the diuerfitie of thé, the gene- 
Juchokeifel- — ation and produaion of them,and demonftrateth with great and wonderfull art,their 
ae aal 4e proprieties and paífions,with alltheir naturesand conditions , He alfo compareth one 
dics,thefinel ofthemtoanother, — ta know thereafon and DOO UN oftheoneto the o- 
ende €§ feopeof ther , chiefely of the fiue bodyes which are called regular bodyes . And thefe are the 
EwclidesGeo- — thinges of all otherentreated of itr Geotnetrie, moft worthy and of greateft dignitic, 
metrical Ele- 544 as it were the end and finall entent of the whole are of Geometrie, and for whofe 
en caufe hath bene written, and fpoken whatfoener hath hitherto in the former bookes 
pw ed benc fayd or written. Asthe firft booke wasa ground , and a neceffary entryetoall the 

i reft following, fois this eleventh booke a neceffary entrie and ground to thereft which 


und tbi elencth c C tC V 
“poste rogerber, follow . And as that contayned the declaration of wordes , and definitions of CLE 
/ requifite 
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feqüifite to the knowledge of fuperficial figures,and entreated of lines (and of their di- 
uiftops and (eGions ) which are the termesand limites of {uperficiall figures: fo in this 
booke is fet forth the declaration of wordesand definitions cf thinges pertayningto 
folide and corporall figures:and alfo of fuperficieces which.are the termes & limites of 
folides :morcouer ofthe diuifion and interfeGion ofthem., and diuers other thinges, 
without which the knowledge of bodely and folide formes can not bé atráyned vnto. 
And firftis fet the definitions as followeth. e 


Definitions. $ d. 
A folide or body is that ‘which hath length, breadth, and thicknes, and the 
terme or limite of a folide ts a fuperficies. 


Thereare three kindes of continuall quantitie;a line, a fuperficies,and a folide or body: the begin- 
ning ofall which ( as before hath bene fayd ) isapoyne, which is indiui&ble. Two of thefe quantities, 
namely, a line and a fuperficies , were defined of Esclide before in his firt booke . But the third kinde, 
namely, a folide or body he there defined not,as a thing which pertayned not then to his purpofe: but 
here in this place he fetteth the definicié therof, as that which chiefcly now pertayneth to his purpofe, 
and without which nothing in chefe thinges can profitably be caught. 4 folsde (fayth he ) es thar which 
hath légth breadth andshicknes,or depth. There are (as before hath bene taught) three reafons or meanes 
of mca‘uring,whick are called comonly dimenfions, namely, length, breadth, and thicknes . Thefe di- 
meüfions are afcribed vnto quantities onely.By thefe are all kindes of quantitie defined, & are counted 
perfect or imperfect,according as they ate pertaker of fewer or more of them . As Ewclide defined aline, 
afcribing vato it onely onc of thefe dimenfions , namely, length : Whereforea line is che imperfc&eft 
kinde of quantizie.In defining of a fuperficies,he afcribed vato it two dimenfions, namely, length, and 
breadth whereby a (uperficies is a quantitie of greater perfection then is a line, but herein the defini- 
tió ofa folide or body. Euclide zttributeth vnto it all the chree dimenfids,légth, breadth, and thicknes. 
Wheifore a folide is the molt perfecteft quanticie,; which wanteth no dimenfion at all,paffing.a lyne by 
two dimenfions,and paffinga (uperficies by oae. This definition of a folide is withoutany defignation 
of forme or figure eahiy vnderftanded,onely conceiuing in minde,or beholding with the eye a piece of 
timber or ftone,or what matter fo ever els, whofe dimenftons let be equall or vnequall. For example 
lec the length therofbe s.inches,the breadth 4. and the thicknes2. ifthe dimenfions were. equall, the 
reafon is ike,and all onc;as it is in a Sphece and in a cube.For in that refpect and confideration onely, 
that itis long,broade,and thicke,it beareth the name ofa folide or body, and hath.the nature and pro- 

“perties cheraf. There is added to the ende of the definition ofa folide,that the terme and iimite of a fo- 

"lide isa fuperficies.Of thinges infinizie there is no Arte or Science All quantities therfore in this Arte 
entreated of,are imagined to be finite,and to haue their endes and bordersas hath bene fhewed in the 
firit booke,that the limices and endes of a line are pointes, and the limites or borders of a fuperficies 
are lines,fo now he faith that the endes,limites,or borders of a folide are fuperficiecegs As the fide of 
any fquare piece of timber,or ofa table,or die;or any other like;are the termes and limites of chem. 


* . y! om cm 


2 Aright line ts then ereéted perpendicular A^^ ^7 wbé 
the right line maketh right angles with all th dare 
drawen pon tbe ground plaine fuperficies. | 


. Suppofe that. vpon the grounde plaync fuperfi- 


cies c p E f from thc pointe s be cre&ed a right line, 
namely, s 4, fo thatlet the point 4 be aloftin theayre. 
Drawe alfo from the poynte s in the playne fuperficies c- 
DE F, as imany right lines as ye lit, as the lines s c, ] 
BD,BE,BF,BG,BK,BH, and gL. If the erected line B H 
z A With all thefe lines drawen in the fuperficies c p 8 r 
"make a right angle, fo that all thefe angles A8 c, Asp, 
-ABE,ADF,ABG,ABK,ABH,AB L, and (o of others, be 
right angles, then by this definition, the line az is a line 
fuperficies. — 
F 


erected vpon the fuperficies c p » r : itisalío called com- 
monly a perpendicular line or a plumb line,vnto or vpona 
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feqüifite to tbe knowledge of (uperficial figures,and cntreated of lines (and of their di- 
uifions and (c&ions ) which are the termes and limites of fuperficiallfigures: fo in this 
booke is fet forth the declaration óf wordesand definitions cf thinges pertayningto 
folide and cerporall figures:and alfo of fuperficieces which. are the termes & limites of 
foiides :rgoteouer ofthe diuifionand interfe&ion of them., and diners other thinges, 
Without which the knowledge of bodely and folide formes can aot béatráyned vnto. 
And firltis fet the definitions asfolloweth. RS ve 


Definitions. " | | NS 
A folide or body is that which hath length, breadth, and thicknes, and the 
terme or limite of a folide is a fuperficies. 


Thereare three kindes of continuall quantitie,a line, a fuperficies,and a folide or body: the begir- 
ning ofall which (as before hath bene fayd ) is a poynt, which is indiuifble. Two of thefe quantities, 
namely, a line aud a fuperficies , were defined of Enclide before in his firft booke . Bur the third kinde, 
namely, a folide or body he there defined not,as a thing which pertayned not then to hisputpofe: but 
here in this place he fetteth the definitié therof, as that which chiefely now percaynech to his puzpofe, 
and without which nothing in chefe thinges can profitably be taught. 4 folsde (fayth he ) és that which 
bath leg: h breadth xndshicknes,or depth. There are (as before hath bene taught) three reafons or meanes 
of meaturing, which are called c6monly dimenfions, namely, length, breadth, and thicknes . Thefe di- 
menfions are afcribed vnto quantities onely.By thefe are all kindes of quantitie defined, & are counted 
perfe& or imperfe&t,according as they are pertaker of fewer or more of them . As Ewclide defined a line, 
afcribing vate it onely one of thefe dimenfions , namely, length : Wherefore a line isthe imperfeéteft 
kinde of quantitie.In defining of a fuperficies,he afcribed ynto it two dimenfions, namely, length, and 
breadth : whereby a fuperficies is a quantitie of greater perfe&tion then is a line, but herein the defini- 


tió ofa folide or body. £wclide zttributeth vnto it ail the threc dimenfiós,légth; breadth, and thicknes. 


Wheifore a folide is the raoft perfe&teft quantitie, which wanteth no dimenfion at all;paffing 2 lyae by 
two dimenfions,and paflinga fuperficies by one. This definition ofa folide is withoutany defignation 
offorme or figure eafily vnderftanded, onely conceiuing in minde,or beholding with the eye a piece of 
timber or {tone,or what matter fo euer els, whofe dimenfions let be equall or vnequall. For example 
„let the length therofbes.inches,the breadth 4. and the thicknesz. ifthe dimenfions were equall, the 
"reafon is like;and all onc;as it is in a Sphere and in a cube.For in that refpectand confideration onely, 
tha* itis long,broade,and thicke;it bearech the name ofa folide or body,and hath che nature and pro- 
“pertics therof. There is added to the ende ot the definition ofa folide,that the terme and Limite of a fo- 
"lide isa fuperficies.Of thinges infinitie there is no Arte or Science. All quantities therfore in this Arte 
entreated of,are imagined to be finite,and to haue their endes and borders as hath bene fhewed in the 
‘firft booke, that the limites and endes of line are pointes, and che limites or borders of a fuperficies 
are lines,fo now he faith that che endes,limices,or borders of a folide are fuperficieceg As the fide of 
any {quare piece of timber, or ofa table,or die,or any other like,are the termes and limites of them. 


2 Aright line is then erected perpendicularly to a plaine fuperficies whë 
the right line maketh right angles with all tbe lines which touch it and are 


drawen pon tbe ground plaine fuperficies. 
c G D 
Suppofe that vpon the grounde plaync fuperfi- 
cies C D E r from thc pointe s be erected a right line, 
namely, s 4, fo thatlet the point a be a loftin the ayre. 
Drawe alfo from the poynte z in the playne fuperficies c- 
DE F, as many righe lines as ye lift, as the lines 8 c, 
BD,BE,8F,8G,Bk,BH, and BL. If the erected line 
5 A With all thefe lines drawen in the fuperficies c p B r 
"make a right angle, fo that all thefeangles a s c, A s n, 
.ABE;ADF,AB GAB K, AB H, AB Ly andÍo of others,be | 
right angles, then by this definition, the line 4 » is a line i 
erected vpon the fuperficies c p z s : itisalfo called com- 
monly a perpendicular line ora plumb]ine,vnto or vpona 
fuperficies. 





Fih difini- 


dem 


A folide the 
mof perfet- 
tesi quantities 


No feienee of 
thirges nf. 
quite. 


Second diffi- 
nitions : 


Third diffini- 


tion, 


Two difzai 


trons included 
an this difft- 
nition. 


Declaratio cf. 


the fifi parts 


Declaration 
of the fecoud 
part . 


Fourth diffs. 
fes 0n. 


\ The elenenthBooke 


3 A plaine fuperficies is then wpright or eretted perpendicularly toa 
plaine fuperficies, when all the right lines drawen in one of the plaine fue 
perficteces Ynto the common fection of thofe two plaine fuperficieces , ma» 
king therwith right angles, do alfomakeright angles to the other plaine 
Juperficies. Inclination or leaning of a right line, to a plaine fuperficies ; 
is. an acute angle, contained ynder a right line falling from a point abosie 
to the plaine fuperficies, and ‘ynder an other right line from the lower end 
of the fayd line ( let downe ) drawen in tbe: fame platne fuperficies , by a 
certaine point afSigned, where a right line from the fir/t point aboue,to the 
fame plaine fuperficies falling perpendicularly pouce 


p 


! 
| 
| 
| 
In this third definition are included two definitions : the fitft is. | "T 
pendicularly vpona plaine fuperficies .. The fecoad is ofthe inclinat: | 


a fuperficies: of the frit take this example. Suppofe ye haue two fupe! oF 
which let'the fuperficies CD EF be aground plaine fuperficies, and c- 
rc&ted vnto it, andlecthe line C D bea common terme or in- c Gc č N! D 


terfe£tion to them both, that is, letit betheend or bound of 
eicher ofthem, & be drawen in either of them : in which line 
note at pleafure certaine pointes,as the point G, H. From 
which pointes vnto the line C D, draw perpendicular lines in 
ehe fuperficies ABC D, which let be G Land H K,which fal- 
ling vpon the fuperficies CD EF, if they caufe right angles 
with it,thatis, with lines drawen in icfrom the fame pointes 
G and H, as ifthéangle L GM or theangle L G N contayned 
vnder the line L-G drawen in the fuperficies erected ,and vnder 

the G Mor G N drawen in the ground fuperficies CD E F. ly- E 
ing flat, be'a right angle,then by this definition che fuperficies 

ABCD isvpright or erected vpon the fuperficies C DEF. Itis alfo commonly called a fuperficies 
perpendicular vpon or vnto a fuperficies. : 

Forthe fecond part of this definition, which is of the inclination of arightline vnto a plaine fu- 
perficies,take chisexample. Let AB C D beaground plaine fuperficies, vpon which from a point 
beingàloft, namely; the point E, fuppofe a rightline to fall, which letbe the line EG, touching the 
plaine fuperficies À B C D at the poynt G : Againe;from the point E, being the toppe or higher limite 
and end of the inclining line E G,leta perpendicular line fall vnto the plaine fuperficies AB C D,which 
letbe theline EF, andletF be the point where EF toucheth the plaine fuperficies AB C D. Then 
from the point of the fall of theline inclining vpon thefuperficiesvnto — . 
the point of the falling of the perpendicular line vpon the fame fuper- 
ficies, that is, from the point G to the point F, draw aright line G F. 

Now by this definition, the acure angle E GF isthe inclination of the ` 

line EG vnto the fuperficies AB C D . Becaufe itis contayned ofthe 

inclining line, and of the rightline drawen in the {uperficies, from the 

point ofthe fall of the line inclining to the point ofthe fall of the per- 

pendicular line : which anele mult of neceffitic be an acute angle . For 

the angle EF G is by conftruétion a right angle,and threeangles ina triaug he 
angles . Wherefore the other two angles,namely, the angles EGF, andG. OM 
angle. Wherfore either of them is leffe chen a rightangle. W herfore clie angl I 








ma N F 


4 Inclination of a plaine fuperficies to a plaine fuperficies, is an acute an» 
gle contayned ‘ynder the right lines, which being drawen in either of the 
plaine fuperficieces to one ex the felf fame point of the cmon fection, make 
with the fection right angles. 


Suppofs 


of &uclides Elemintes... Fol.303. 


:Suppofe«hatthere be two fuperficieces ABCD & EF GH, 
and let che fuperficies AB CD be fuppofed to be erected not . p P 
perpendicularly;but fomewhat]eaning and inclining vato the. -F — 
plaine fuperficies EF GH, as much or as litle as ye will : the 
cémon terme or fection of which two fuperficieces let be the 
line C D . From fome one point,as from the point M aligned 
in the common fedtion of the.ewo fuperficieces, namely,in che 
line C D, draw a perperdicular line in elther fuperficies.In the 
ground fuperficies EF GH draw the line MK, and in the fu- 

erficies A B C D draw the line M L . Now ifthe angle L M K 
be an acute angle, then is that angle thé inclination ofthe fu- 
perficies A B C D vntothe fuperficies E F G H, by this defini- 
tion, becaufe itis contained of perpendicular lines drawen iti 
either of the fuperficiecesto oneand the felf fame point being 
the common fection of them both. 





5 Plaine fuperficieces are in like fart inclined n Fifth diffinds. 
the fayd angles of inclination are equall the one to the other. aime 


This definition needeth no declaration at all,bucis moft inanifcft by the definition latt going before. 
For in confidering the inclinations of diuers fuperficieces to others, ifthe acute angles contayned vn- 
der the perpendicular lines drawen in them from one point afhgned inech of their common [eétions 
be equal), as ifto the angle 1 m x in the former example be geuen an other angle in the inclination of 
two other fuperficieces equall, chen is the inclination ofthele fuperficieces like, and are by this defini- 
tion fayd in like fort to incline the.one to the other. 

Theodofivs geucth an other definition of likeinclination of plaine fuperficieces the one to the other, 
after this mancr. Ove plaine fuperficies 64 like inclined to an other, asan other [uperficies 0 to am other , when. ? 
an either of tbe plaine fuperficseces right lines being drawen,and mating right angles with their common feffion, ?' 
sontaine in the farse pornresequall angles . This definition is in fubftance the fame with that geuen of » 
Euclidc, and isan elucidation of it . For examplelet A s c » bea ground plaine fuperficies, vnto which 
let thc fuperficies x r 1 x iaclineandleane . And let the common fection of thefe two fuperficieces be 
the line z £ . Then drawe in eche of thefe fuperficieces right lines ro fome one point of the common 
-fection & F, which let be the point c : with which fection let them make right angles . As in the fuper- 





G Hc D o 


V P 


ficies ^ » c p draw the line u c, which in the point c letit make with the common fe&tió a right angle 
eror Ge, Alfoin the fuperficies £ r r x draw the line x c, which in the point c together with 
the.common fection x F Jet make alfo a right angle t 6 f, or the rightangle 1 6 z. 

Now alfo let there be an other ground plaiue fuperficies,namely,the fuperficies m N o P, vneto whom 
alfo letleane and incline the fuperficies qx s T, and lee the common fection or fegment of them be the 
line ax. And draw in the fuperficies m w o e tofomeone point ofthe cómon fection as to the point 
x theline v x, making with the common feétion right angles, namely, theangle v x x, or the angle 
v x o : alfo in thefüperficies sr o & draw the rightline v x to thefamepoint x in the common feéti- 
on, making therwith right angles,as theangle v x n, or the angle y x q. Now (as fayth the definition) 
ifthe angles contayned vnder the right lines drawen in thefe fuperficieces & making right angles with 
the common fe&ion,be in the pointes, that is, in the pointes of their meting in che common ſection, e- 
quall : then is che inclination of the fuperficieces equall. Asin this example, ifthe angle 1 ¢ # con- 
tayned vnderthe line 1 6 being in the inclining fuperficies 1 x x r and vnder the line & 6 being in 
the ground fuperficies an c p, beequall,to the angle v x v contayned vnder the line v x beingin the 

RR üij. ground 


Thirddiffini- 


tiom 


Two diffiai 
sions included 
inthis difi- 
tiition. 
Declaratib of. 


she fif parte 


Declaration 
of the fecoud 
per te 


Fosrth diffs- 
M198. 


The eleuenthBooke 
3 A plaine fuperficies is then bpright or erected perpendicularly toa 
plaine fuperficies, when all the right lines drawen in one of the plaine fue 
perficieces puto the. common fection of thofe two plaine Juperficieces, mas 
king therwith right angles, do alfo make right angles to the other plaine 
Superficies. Inclination or leaning of aright line, to a plaine fuperficies, 
is an acute angle, contained ynder a right line falling from a point aboue 
to the plaine [uperficies , and vnder an other right line from the lower end 
of the fayd line ( let downe ) drawen in tbe: fame plame fuperficies , by a 
certaine point afSigned where a right line from the firft point aboue,to the 
fame plaine fuperficies falling perpendicularly ,toucheth. 


D 


In this third definition are included two definitions : the firft is ofa plaine fuperficies eretled per- 
pendicularly vpona plaine füperficies . The fecond is ofthe inclination or leaning ofa rightlíne vntó 
a fuperfictes: of the firtt take this example. Suppofe ye haue two fiperficieces A B C D and C DEF. Of 
which letthe fuperficies C.D EF be aground plaine fuperficies, and lec the fuperficies ABCD bee- 
re&ed vato it, andlecthe lioe C D beacommon terme or in- : 
terfe&ion to them both, that is, letit be the end or bound of 
either ofthem, & be drawen in either ofchem : in which line 
note at plealure certaine pointes,as the point G, H. From 
which pointes vnto cheline C D, draw perpendicular lines in 
the fuperficies AE. C D, which let be G L and H K,whichfal- 
ling vpon the fuperficies C DEF, if they caufe righe angles 
with it,that is, with lines drawen in icfrom the fame pointes 
G and H, as ifthe angle LGM or the angle LG N contayned 
ynder the line L'G drawen in che fuperficies erected;and vnder E 








the G M'orG N drawen in the ground fuperficies C DE F. ly- A A F 
ing flat, be a right angle,then by this definition,the fuperficies . 
ABCD isvpright or erected vpon thefuperficies CDEF. Itis alío co | 7 UM iea 
perpendicular vpon or vnto a fuperficies. 3 

For the fecond part of this definition, which is of the inclination ofa / ue 
perficies,take this example. Let AB C D be a ground plaine fuperficies, eo int 
beinga loft, namely, the point E, fuppofe a rightline to fall, which lec be | the 
plaine fuperficies À B C D at the poynt G. Againe,from the point E, bein : ite 
and end of the inclining line E G,leta perpendicular line fall vnto the plain J ich 
let be the line EF, andlet E be the point where EF toucheth the plaine en 

| 


from the point of the fall of the line inclining vpon the fuperficies vnto 
the point of the falling of the perpendicular line vpon the fame fuper- 
ficies, thacis, from the point G to the point F, draw aright line G F, , 
Now by this definition, the acute angle E GF is the inclination of the y 
line E G vnto the füperficies AD C D . Becaufeitis contayned of the | 

inclining line, and of the right line drawen in the {uperficies, from the [oui e c od 
point of the fall of theline inclining to the point ofthe fall of the per- E@ 7T DP 
pendicular line : which angle mutt of neceflitie be an acute angle . For . 
the angle EF Gis by conftru@iion a right angle,and three‘angles ina triangleare equall-to two right 
angles . Wherefore the other two angles,namely, the angles EG F, and G E F, are equall to one right 
angle. Wherfore either of chem is leffe then a right angle. Wherfore ele angle E G F isan acute angle. 


4 Inclination of a plaine fuperficies to a plaine fuperficies, is an acute ane 

le contayned bnder the right lines, which being drawen in either of the 

plaine fuperficieces to one t7 tbe felf fame point of the cmon fection make 
with the fection right angles. 


$uppofs 


ua Eb FA] vv 
of &icliler Elementes-- P L n 


:Suppofe chatthere be two fuperficiecesAB CD & EFGH; | 
and let the fuperficies AB CD be fuppofed to be erected noc . .. 
pérpendicularly;but fornewhatleaning and inclining vnto the. 
plane fuperficies EF G H, as much or as litfe as ye will : the 
cémon terme or fection of which two fuperficieces let be the 
line C D . From fome one point,as from the point M affigned | 
in the common [ection ofthe-two fuperficieces,namely,in the 
line C D, draw a perpendicular liae in either füperficies.In che 
ground fuperficies E F G H draw theline M K, and in the fu- 

erficies A B C D draw thelineM L. Now ifthe angle L M K 
b an acute angle, then is that angle the inclination ofthe fu- 
perficies A B C D vnto the fuperficies E F G H, by this defini- 
tion, becaufe itis contained of perpendicular lines drawen in 
either of che fuperficiccesto one and the felf fame point being ; : 
the common fection of them both. G K H 





e 


s Plaine fuperficieces are in like fort inclined the one to the other, when Fifth diffinde 
the fayd angles of inclination are equall the one to the other. "n 


This definition needeth no declaration atall;butis moft manifcft by the definition latt going before. 
For in confidering the inclinations of diuers fuperficieces to others, ifthe acute angles contayned vn- 
der the perpendicular lines drawen in them from one point affigned in ech of their common [ections 
be equall, as ifto theangle rw x intheformer example be geuen an other angle in the inclination of 
two other (uperficieces equall, then is the inclination of thefe (uperficieces like, and are by this defini- 
tion fayd in like fore to incline the.one to the other. 

Theodofiws geucth an other definition of likeinclination of plaine fuperficieces the one to the other, 
after chis maner. One plaine fuperficses ss like inclined to an other, as an other [uperficies isto an other, when ? 
sn esther of the plaine fuperficseces right lines being drawen,and maksng right angles with their common fection, ?' 
containe in the fame posnresequall angles . This definition is in fubttance the fame with that geuen of » 
Euchdc, and isan elucidation of it .Forexamplelet as c p bea ground plaine fuperficies, vnto which 
let the fuperficies & F rk incline and leane . And let the common feétion of thefe two fuperficieces be 
the line x & . Then drawein eche of thefe {uperficieces right lines co fome one point of the common 


fection x s, which letbe the point c : with which fection let them make right angles . As in the fuper- 


A : B M 
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ficies A » c b draw the line u c, which in the point 6 let it make with the common fe&ió a right angle 
wGrornucz. Alfointhefuperficies e r1 x draw the line 1 c, which in the point a together with 
thecommon fection x r letmakealfo a right angle 1 c r, or therightangle 16 5. 

Now alfo let there be an other ground plaine {uperficies,namely,the fuperficies w « o », vnto whom 
alfo let leane and incline the fuperficies o & s T, and leethe common fection or fegment of them be the 
line ax. And draw in the fuperficies m w o e to fome one point of the cémon fection as to che point 
x theline'v x, making with the common feétion right angles, namely, the angle v x n, or the angle 
v x Q: allo in the fuperficies s r a r draw the rightline v x to thefame point x in the common fecti- 
on, making therwith right angles,as the angle y x n, or the angle v x a. Now (asfayth the definition) 
if the angles contayned vnder the rightlines drawen in thefe fuperficieces & making right angles with 
the common fe&ion,be in the pointes,that is, in the pointes of their meting in the common {eétion,e- 
quall : then is che inclination ofthe füperficieces equall. Asin this example, if che angle 1 6 s cor- 
tayned vnder the line t 6 beingin the inclining fuperficies 1 x £ F and ynder the line & c being in 
the ground fuperficies 4 » c p, be cquall,to the angle x x v contayned vader the line v x being in the 

RR ij. ground 


Sixth difini- 
tion, 


denenth diffi- ` 


aition, 


Eighth diffi- 


nition, 


Ninth diffi- 


ition, 


The elenenthBooke 


ground fuperficles uw op and vader the line x x beingin the inclining fuperficies st qu: thenis 
the inclination of the fuperficies 1 x x £ vnto the fuperficies a s c p, like ynto the inclination of the 
fuperficies s T QR vnto the fuperficies uw oP. And fo by this definition thefe two fuperficiecesare 
fayd to bein like fort inclined. oe em, t 


6 Parallel plaine fuperficieces are thofe which being produced or extens 
ded any way neuer touch or concurre together. > 


Neither needeth this definition any declaration, but is very eafie to be vnderflanded by the defini- 
tion of parallell lines : foras they being drawen onany part;neuer touch oc come together: (o parallel 
plaine füperficieces are fuch, which admitte no touch;that is; being produced any way infinitely neuct 
meete or come together. 4 . 


7? Like folide or bodily figures are fuch, which are contained ‘buder like 
plaine fuperficieces , and equall in multitude. 


What plaine fuperficieces are called like, hath in the beginning of che fixth booke, benefufficientdg 
declared . Now when folide figures or bodies be contained vnder füch like plaine füperficieces as there 
are defined,and equall in number, that is, that the onc folide haue as many in nutaber. as the other,in 
their fides and limites: they are called like folide figures, or like bodies. 


8 Equall and like folide (or bodely) figures are thofe which are contained 
dnder like fuperficieces and equall both in multitude and in magnitude. 


Inlike folidc figures it is fufficient,that the fuperficieces which containe them be like and equa!l in 
number oncly,but in like folide figures and equall,it is neceffary chat the like fuperficieces contaynyng 
chein,be alfo equal in magnitude.So that befides the likenes betwene them,they be(eche being com- 
pared to his correfpondent fuperficies) of one greatnes,and that their areas or fieldes be equal. When 
fuch fuperficieces contayne bodies or folides,then are {uch bodies equall and like folides or bodies. 


9 Afolide or bodily angle, is an inclination of moe then two lines to all the 
Lines which touch.themfelues mutually, and are not in one and the felfe 


fame fuperficies. 


Or els thus : £/olide or bodily angle is that which is contayned wnder mo 
then two playne angles not being in one and the felfe fame plaine fuperfie 
cies but conftSting all at one point. 


Ofa folide angle doth Euclide here geue two feuetall definicids. The firft is geuen by the coneurfe 
and touch of many lines. The fecond by the touch & concurfe of many fuperficiall angles. And both 
thefe definitions tende to one, and are not much different, for that ]ynes are the limittes and termes o£ 
fuperficieces. But the fecond geuen by fuperficiall angles is the more naturall definition ,becaufe chat 
faperficieces are the next and immediate limites of bodies,and fo are not lines.An example of a folide 
angle cannot wel and at fully be'geué or defcribed;in a plaine fuperficies.But touchyng this firft defini- 

, tió, lay before youa cube or a die;and cófider any of the corners or angles therof,{o fhal ye {ee thacac 
euery angle there concurre thre lines (for two lines cócurring cannot make a folide angle) namely,the 
line or edge ofhis breadth,ofhis légth;and of his thicknes, which their fo inclining & cócurring toge- 
ther,make a folide angle,and fo of others.And now cécerning the fecond definitió,what fuperficial or 
plain angles be,hath bene taught before in the firlt boke,namely,that it is the touch of two right lines. 
Andasa fuperficiall or playne angle is canfed 8 cédtained of right lines, fo isa folide angle caufed & có- 
tayned of plaine fuperficiall angles. Two right lines touching together, make a plaine angle , but cwo 
plaine angles ioyned together can not makca folide angle, but according to the definitió,they mult be 
moe thé two,as three,toure,fiue,or moe: which alfo mult not be in one & the felfe fame fuperficies, 
but muft be in diuers fuperficieces,meeting at one point. This definition is not hard, but may eafily be 
céceiued ina cube ora die,where ye (ee three angles of any three fuperficieces or fides of the die con- 
curre and meete together in one point,which three plaync angles fo ioyned together, make a folide 
angle, Likewife ia a Pyramis or a fpire ofaiteple or any other fuch ching;all the fides therof téding v 

war 


of Enclides Elementes, Fol3t4. 


ward aarowerand natower,at length ende-their angles(atthe heigeh. 

ortoppe therof) in one point.So all their angles there ioyned toge- o 
ther, make a folide angle. . And forthe beter fight thereof; L.haue fet. 

here a figure wherby ye fhall mare cafily conceiue it, the bafe of the 

figureis a triangle,namely,A B C,if on cuery lide of the triangle AB 

C ye rayfe vp a triangle;as vpon the fide A B,yc raife vp the triangle 

A F B,and vpon the fide A C the triangle A F C, and vpon the (ide B 

C,the triangle B F C,and fo bowing che triangles raifed vp,that:cheie 
toppes,namely,the pointes F meete and ioyne together in one point, / 

ye thal ealily and plainly fee how thefe three fuperficiall angles A-F B € 

B F C,C F A,ioyne and clofe together,touching the one the other in Z 
che point F,and fo make a folide angle. VOR ME OS 


ro APyramisisa folide figure contained "ynder many playne JSuperficieces Tenth diffinis 
Jet 'ppon one playne fuperficies and gathered together to one point. eion. 


Two fuperficieces rayfed vpon any ground can not make a Pyramis, forthat two fuperficiall angles. 
ioyned rogether in the toppe,cannot(as before is fayd )make a folide angle. Wherfore whé thre,foure, 
fiue,or moc(how many foeuer)(upérfcicces are raifed vp fró one fuperficies being the ground,or bafe, 
and euerafcédirg diminifh their breadth tll at the légth all their angles cócurre in one point, making 
therea folide angle : the folide inclofed,bounded,and terminated by thefe fuperficieces is called a Pys 
ramis,as ye [ec in a taper of foure fides,and in a pire of a towre which containeth many fides, eicher of 
which is a Pyramis. Pe 

And becaufe that all the fuperficieces of euery Pyramis a(cend from one playne fuperficies as from 
the bafe,and tende to one poynt,it mutt of neceffitie come to paffe, chat all the fuperficieces of a Pyra- 
mis are trianguler,except the bafe, which may be of any forme or figure excepta circle. For if the bafe 
bea circle,then it afcendeth not with fides, or divers fuperficieces,bue with one round {uperficies,and 
bath not the name ofa Pyramis,but is called('as hereafter fhall appeare ) a Cone. 

Of Pyramids there are diuerskindes . For according to the varietie of the bafeis brought forth the 
varietie and diuerfitie of kindes of Pyramids . If the bafe ofa Pyramis bea triangle, then is it called 
a triangled Pyramis . Ifthe bafe bc a figure of fower angles, itis called a quadrangled Pyramis. 
Ifthe bafe be a Pentagon, then is it a Pentagonall or fiueangled Pyramis. And {o forth accordiog 
to the increafe of the angles of the bafe infinitely . Although the fi- | 
gure ofa Pyramis can not be well expreffed in a playne fuperficies, B 
yet may ye füfficiently conceaue of it both by the figure betpre fet in 
the definition of a folide angle, and by the figure here fet,ifyeima- 
gine the point A together with:the lines AB, A C, and A D, to be X 
eleuated on-high . And yet that the reader may more clerely fee the 
forme ofa Pyramis, L haue here fettwo fundry Pyramids which will 
appeare bodilike, if ye erecte the papers wherin are drawen the trian- 
gular fides-ofeche Pyramis, in fuch fort that che pointes ofthe angles 
F of ech triangle may in cuery Pyramis concurre in one point, and 
make a folide angle : one of which hath to his bafe a fower fided fi- 
gure, and che other a fiue fided figure . The forme of a triangled Pyra- c ? 
mis ye may Before beholde in the example of afolideangle. And by 
thefe may ye eonceaue of all other kindes of Pyramids, 
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ward aarowerand natower,at Jength ende.their angles(acthe haiget 
or toppe therof) in one point.So all their anglesthere ioyned toge- 
ther,makc a folide angle. And forxhebettet fight chereo| & 

here a figure wherby ye fhall mare eafily conceiue ity the 
figureis a triangle;namely,A D Cif on euery fide of che tria 
C ye rayfe vp a triangle,as vpon the fide A B,ye raife vp the t 
A E B,and vpon the fide A C the triangle AF C, and vpen the 
C,the triangle B F C,and fo bowing the triangles raifed vp, chatit 
toppes namely, the pointes F meete and ioyne together in one poin 
ye thal eafily and plainly fee how thefe three fuperficiall:angles A-F 
BFC,CF A, ioyne and clofe together, touching the oné the other in: 
the point F,and fo make a folide angle. S XE Y 









e 








10. A Pyramis is a folide figure contained ‘onder many cieces Tenth difinis 







3 : A 
Jet vpon one playne fuperficies and gathered together tion. 
Two fuperficieces rayfed vpon any ground can not makea Pyramis, forthat Arficiall angles. 
ioyned together in the toppe,cannot(as before is fayd )make a folide angle. Wherfà, A hé chre,foure, 
fiue,or moc(how many foeuer)fupéricicces are raifed vp fró one faperlicies being the ground,or bafe, 
and euerafcédirg diminifh their breadth till at the Jégth all their angles cócurre in one point, making 
therea folide angle : the folide inclofed,bounded,and terminated by thefe fuperficieces is called a py- 
ramis,as ye {ee in a caper of foure fides,and in a fpire of a towre which containeth many fides, either of 
which is a Pyramis. F 
And becaufe that all the fuperficieces of euery Pyramis afcend from one playne fuperficics as from 
the bafe,and tende to one poynt,it mutt of neceffitie come co paffe, that all the füperficieces of a Pyra- 
mis are trianguler,except the bale, which may be of any forme or figure excepta circle. For if the bafe 
bea circle,then it afcendeth not with fides,or diuers fi uperficieces but with one round fuperficies,and 
bath not the name of a Pyramis,butis called(as hereafter fhall appeare) a Cone. 
Of Pyramids there are diuers kindes . For according to the varietie ofthe bafe is brought forth the 
variecie and diuerfitie of kindes of Pyramids . If the bafe ofa Pyramis be a triangle, then is it called 
a triangled Pyramis . Ifthe bafebea figure of fower angles, itis called a quadrangled Pyramis. 
Ifthe bafe be a Pentagon, chen is it a Pentagonall or fiueangled Pyramis. And (o forth actordiog 
to the increafe of the angles of the bafe infinitely . ‘Although che fi- . 
gure ofa Pyramis can nor be well A deg ina playne fuperficies, B 
yet may ye füfficiently conceane of it both by the figure before fet in | 
the definition of a folide angie, and by the figure here fer, if ye ima- 
gine the point A together with:the lines AB, AC, and A D, to be 
eleuaced on high. And yet that the reader may more clerely fee the 
forme of a Pyramis, Ehaue here fettwo fündry Pyramids which will 
appeare bodilike, if ye erecte the papers wherin are drawen-the trian- 
golar fides ofeche Pyramis, ia fuch fort that che pointes ofthe angles 
F of ech triangle may in euery Pyramis concurre in one point, and 
make a folide angle : one of which hath to his bafe a fower fided fi- 
gure, and che othera fiue fided figure. The forme of a qiangled Pyra- c P 
mis ye may Before beholde in the example of a folide- at And by 7 n^ 
thefe may ye eonceaue ofall other kindes of Pyramids, — 
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ward atrower.and natower, ac length ende their angles(agthe haigth, 

ortoppe therof) in one point.So all cheir angles chere ioyned toge- 
ther,make a folide angle.. And fortheSetcer fight thereof; I-heue fet 

here a figure wherby ye fhall mare ¢afily. conceiue ity the bafe of the 

figure is a triangle, namely,A B C,if on euery fide of the triangle A B : 
C,ye rayfe vp a triangle,as vpon the fide A B,ye raife vp the triangle 

AEB,and vpon the fide A C thetriangle AF C, andvpentho(deB. — ' ^ 
C,the triangle B F C,and fo bowing the triangles raifed vp, thatitheie 
toppes,namely the pointes F meeteand ioyne together in one point, ; 
yefhal eafily and plainly fee how thefe three fuperficiallangles AFB — / 


BFC,CF A,ioyne and clofe together,touching the oné the other in- f : N 
the point F,and fo make a lolide angle. —— — — 


10 APyramisisa folide figure contained ynder many playne fuperficieces Tenth diffinks 
fet vpon one playne fuperficies and gathered together to one point. tion, i 





Two fuperficieces rayfed vpon any ground can not make 3 Pyramis, forthat ewo foperficiall angles 
ioyned together in the toppe,cannot/as before is fayd )make a folide angle. Wherfore whé thre,foure 
fue,or moc(how many foeuer)fupércicces are raifed vp fró one fuperficies being che ground,or bafe, 
and euer afcéding díminifh their breadth till at the légth all their angles cócurre in one point. making 
therea folide angle : the folide inclofed,bounded,and terminated by thefc fuperficieces is called a py- 
ramis,as ye {ee.in a taper of foure fides,and in a {pire of a towre which containeth many fides,either of 
which is a Pyramis, 

And becaufe that all the fuperficieces of euery Pyramis afcend from one playne fuperficics as from 
the bafe;and tende to one poynt,it mutt of necceflirie come to paffe,that all the fuperficieces of a Pyra- 
mis are trianguler,except the bafe,which may be ofany forme or figure excepta circle. For if the bafe 
bea circle,then itafcendeth not with fides,or divers fuperficieces,but with one round fuperficies,and 
bath not the name ofa Pyramis,but is called(as hereatcer fhallappeare ) a Cone. : 

OfPyramid; there are diuers kindes . For according to the varietie of the bafe is brought forth the 
varietie and diuerfitie of kindes of Pyramids . If the bafe ofa Pyramis be a triangle, then is it called 
atriangled Pyramis . Ifthe bafe be a figure of fower angles, itis called a quadrangled Pyramis. 
Ifthe bafe be a Pentagon, then is ic a Pentagonall or fiueangled Pyramis. And fo forth actordiog 
to the increafe ofthe angles of the bafe infinitely . Although thefi- 
gure of a Pyramis can not be well expreffed ina playne {uperficies, B 
yer may ye füfäciently conceaue of it both by the figure before fet in 
the definition of a folide angle, and by the figure here fet, if ye ima- \ 
gine the point A together with:the lines AB, A C, and A D, to be N 
eleuated on high .. And yet that che reader may more clerely fee the ; 
forme of a Pyramis, E haue here fet two fundry Pyramids which will 
appeare bodilike, if ye erecte the papers wherin are drawen the trian- 
galar fides.ofechefXramis, in fuch tort chat the pointes of the angles 
F of ech triangle in cuery Pyramis concurre in one point, and 
make a folide an ine of which hath to his bafe a fower fided fi- 
gare, and the oj e fided figure . The forme of atriangled Pyra- © p 
mis ye may bg de in the example of afolide angle. And by 
thefe may ye ll other kindes of Pyramids. 
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Else u A, prifme is afoltde or a bodily figure'roytained vnder many plaine ` 
— ſuperficieces, vhich the tuq ſuperſiciecos wich are oppoſite, are equall 
and like,and parallells 7x all the other friperfitieces are parallelogrames. 
^ ` SIRI ag West - 
A uut Although you may in a plainetfüpérfi- acq u. 
This difiniti- cies by ui douce here Rc. —— MEA 
en agreeth tg  hardnes conceaue whata prifme is, name-'o .; 
thegenerall _ly,ifygimagine the fuperfcits ABD:@ to'_ 
name ofa be the ground & bafe of the folide, and the --:! 
prifme, which tWo» fuperficieces-, namely; the fuperficies 
AL) b AEFB, and the fuperficies CEF D to be 
ad imay 2 erekted vpon the fides of the bafc,the one . 
«pp ted to Pa-- onthe one fide, namely, onthe line- AB, IJ.- 
reXebedons . and the other on the other fidè, namely on > 
(4: mayap- — the line D €, not perpendicalatly , butin* ^ 
peare tbe — clining and bending the one to the other, till 
t2.booke fol. they meeteinthetoppe,namely,onthelime <> -17 









lowing eto, EF- For Toye fee that this folide figureis -... ta, n. -J4 
—* hu contained vnder many plaine füperficieces, of which ewo,namely, the fr^ ——— Fig. 
denon Han ij perficics B FD , which are the endes of the folide,and oppofite the one ike: 

? £ and parallels,and all the otherfuperficieces,namely,the baíe A B.C D,&t : es, 
and to fome o- thatis;the fuperficies AEF B, and the.fuperfcies C EFD are. parallelo n- 
ther bodie ding,to make the thing more clere vato the reader, I haue here feta Prifm i i 
likewife, F i , »  like,ifyou ereéte bending wife the 


papers wherein are drawen the pa- 
rallelogrames ABEF, & CDEF, 
that they may concurre in the line 
EF in thetoppe,and fo ere&t the pa- 
, pers wherein are drawen the.trian- 
gles A CE and B.DF, thatthe fide — 


| 


AE ofthe onetrianglemayexactly C D 
; agreewith thefide AE of the one parallelogramme.A B EF , and. 
. thefide CE ofthe fame triangle, with the fide C E of the parallelo- - 
gramme C DEF: and moreouer, the fide B F of the other triangle, 
with the fide D F of the parallelogramme C DEF : and finally, the 
fide BF ofthe fame triangle, with: the fide B F of the parallelo- 
gramme A BEF. And [o fhall you moft eafilie fee the forme of 2. 
Prifme : that itconfilieth of two equall,like,and parallell triangular, 
fuperficieces;and of three parallelogrammes: Wwherof the one 1s the: 
bafe, and che other two are erected. bending. wife . Here allo be- 
holde the forme thereof asitis by arte defcribed in a plaine to ap- . 
‘pearebodilikest > 5 s ; E ; 





ei Mt = i x 

Fluffas heré noteth that Theon ind Campane dilagree in defi- 
_ninga Prifme ,and he preferreth the definition geuen of Campane 
before the definition geuen of Euelsde ( which becaufe he may feme with out leffe offence to reie&,he 

callech it Theos definition Jand following Campane he geueth an other definition,which is this. 
AP rife ss a folide figure which 1s contayncd Gnder fine playne fuperficieces , of which two are triangles, 

An other dif- 3 lige egual, and paralleli and the reff arc parallelogrammes. ; ` 

finition of 4 The example before fet agreeth likewife with this definition , and manifeftly declareth the fame. 
F rife, w hich Forin it werc fiuc fupgrficieces,the bafe,thetwo erected {uperficieces and the cwo endes: of which the 
is a fpeciall two endesare triangles like,equall and parallels,and all the other are parallelogrammes as this definiti- 
diffinition of on requireth . The caufe why he preferreth the definion of Campane before the definition of Theon ( as 
« pri[me:as it hecalleth it;butin very deede it is Euclides definition,as certainely , as are all thofe which are geuen-of 
him in the former bookes, neither is there any caufe at all, why it fhould be doubted in this one defini- 


A — tion more then in any of the other) as he him felfe alledgeth,is,for chat it is(as he faych) to large, and 
ee comprehendeth many mo kindes of folide figures befides Prifmes , as Columnes hauing fides, and all 
vſed. Parallelipipedons, which a definition fhould not doo: but fhould be conuertible with the thing defi- 


ned,and declare the nature of it onely,and ftretch no farther, : 

Me thinketh Fluffzs ought not to haue made fo much a doo in this matter, nor to haue bene fo 
fharpe in fight and (o quicke as to fee and efpy out fuch faultes; which can of no man that will fec right- 
ly without. affection be efpyed for fuch great faultes . Foritmay well be aunfwered chat chefe faulces 
which he noteth(ifyet they be faultes)are not to be found in this definion.It may be fayd that itexten- 
deth ic felfe not farther then it fhould,but declareth onely the thing defined,namely, a Belle Nae 

ot 
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doth it agree(as Ffzr cauilleth) with all Parallelipipedons and Columnes hauing fides . All Paralleli^ 
pipedons what fo euer right angled;or not right angled which are defcribed of equidiftant fides or fu- 
perficieces haue their fides oppofit.So that in any of them there is no one fide, but it hath a fide oppo- 
fit vnto it.So likewife is it ofeué fided Columnes, eche hath his oppofite fide dire&ly agayntt itj which 
agreeth not with this definition of Esclide.Here it is euidently fayd,thae of all the fuperficieces,the two 
which are oppofite are equall;like,and pavallels,meaning vndoubtedly onely two & no moe. Which is 
manifeft by that which fo!lloweth. The other(fayth he are parallelogcammes, fignifiing molt euidently 
that none of the reft befides the two aforefayd , which are equall, like, and parallels, are oppofite: buc 
two of neceffitie are ray(ed vp , and concurre in one common line , and the other is the bafe.So thatit 
contayneth not vnder ic che figures aforefayd,thatis fided Columnes,& al Parallelipipedons,as Flu/fas 
hath not fo aduifedly noted. 

Agayne where Flajas fetreth in his definition, asan effentiall part thereof , that of the fiue fuperfi- 
cieces,of which a Prifme is contayned , two of them mult be triangles, that vndoubtedly is not of ne- 
ceffitie,they may be of fome other figure . Suppofe chat in the figure before geuen that in the place of 
the two oppofite figures, which there were cwo triangles, were placed two pentagós: yet fhould the fi- 
gure remayne a Prifme ftill,and agree with the definition of Ewchde , and falleth not vnder the definiti- 
on of Fluffas. So chat his definitié femeth to be co narrow and ftretcheth not fo farre as it ought to do, 
nor declareth the whole nature of the ching defined. Wherefore itis not to be preferrd before Ewchdes 
definition,as he woulde haue it. This figure of Ewclide called a Prifme,is called of Campane and certayne 
others Figure Serrarilis,for thatit repreféteth in fome maner the forme ofa Sawe.Andoffome others it This bodie 
is called Cuneus,thatis,a Wedge, becaufe it bearcth the figure of a wedge. called Figura 

Morcouer although it were fo that the definitió of a Prifme fhould be fo large, that it fhould cótaine Servatilis. 
all thefe figures noted of Fluffas as fided Columnes, & all Parallclipipedons: yet fhould not £/sff«; haue 
fo greata caufe to finde fo notably a fault , fo vererly to reiectit. Itisnorare thing in all learninges, 
chiefely in the Mathematicalls,to haue one thing more generall then an other.Is it not true that euery 
Ifofcelesisa triangle,but not euery triangle is an Ifofceles?And why may notlikewifea Prifme be more 
generall,then a Parallclepipedon, or a Columne hauing fides(and contayne them vnder itas a triangle 
Cótayneth vnder it an Ifofceles and other kinds of triangles).So that euery Prallelipipedon, or every fi- 
ded Columne be a Pri(me,but not euery Prifme a Parallelipipedó or a fided Columne. This ought not 
to be fo much offenfiue. And indeede it femeth manifeftly of many, yea & ofthe learned fo to be také, 
as clearely appeareth by the wordes of Pfe/lv in his Epitome of Geometrie, where he entreateth of the 
produólion and conttitution of thefe bodyes.His wordes are thefe . aU reffiline figures being erecfedGpon | Pfellus, 
their playnes or bufes by right angles,make lrifmes. Who perceaueth not but tbat a Pentagon erected vpó 
his bafe of fiue fides maketh by his motion a fided Columne of fiue fides?zLikewife an Hexagon erected 
atright angles produceth a Columne hauing fixe fides: and fo of all other re@tiline figures . All which 
folides or bodyesfo produced, whether they be fided Columnes or Parallelipipedons, be here in mott 
plaine words(of this excellét and avncient Grekeauthor P/z/l»: )called Prifmes. Wherfore if the defini- 
tid of a Prifme geué of Ewclide fhould extend ic felfe fo largely as Fluffasimagineth, and {hould enclude 
fuch figures or bodyes,as he noted: he ought notyet forall that fo much to be offended , and fo na- 
rowly to haue fought faulres.For Zxc/sde in fo defining mought haue that meaning & fenfe ofa Prifme 
which "fell: had.So ye fee that Exclide may be defended either of thefe two wayes, either by chat that 
the definition extendeth not to thefe figures,and fo not to be ouer generall nor ftretch farther then it 
oughe: or ells by thar chacif ic fhould ftretch fo far itis not fo haynous.For that as ye fe many haue také 
itinrthac fenfe.In deede cómonly a Prifme is taken in that fignificatio and meaning in which Campanus 
Fleffas and others take it.In which fenfe it femeth alfo that in diuers propofitions in thefe bookes fol- 
lowing it ought of neceffitie to be taken. 


12 ASphere is a figure which is made, when the diameter of a femicircle Twelueth difs 
abiding fixed, the femicircle is turned round about, vntill it returne pnto. finition, 
the felfe fame place from whence it began to be moued. 


To the end we may fully and perfe&tly ynderftand this definiti- 
on, how a Sphere is produced of the motion ofa femicircle, it fhall 
be expedient to cófider how quantities Mathematically are by ima- 
gination conceaued to be produced,by flowing and motion;as was 
fomewhat touched in the beginning of the firítbooke . Euerthe f 
leffe quantitie by his motion bringeth forth the quátitie nextaboue p 
it. Asa point mouing, flowing, or gliding, bringeth forth aline, 
which is the firft quantitie, and nexcto a point. A line mouing pro- 
duceth a fuperficies, which is the fecond quantitie, and next vnto a 
line. And lait ofall, a fuperficies mouing bringeth forth a folide or 
body, which is the third & laft quantitie. Thefe thinges well mar- 
ked, it fhall not be very hard to attaine to the right vnderftanding 
of this definition . Vpon the line A B being the diameter,defcribe a 

femicircle 





Eteuenth diffi 


KOH. 


This diffiniti- 
on apreeth to 
the general 
nameofa 
prifme, which 
aio may be 


aphlied to Pa- 


vatelepedons 
(45 may ap- 
pearen che 
12.booke fola 
loi iso €» Io. 
propofstið, hts 
demon ffvatto) 
and to fome o~ 
ther bodie 
likewife, 


Another dif- 
finition of« 
prifie, which 
as a fpectall 
diffinitica of 
a pri [me:as it 
is commonly 
called and 
fed. 


. and the other on the other fide, namely, on 


The-elenenth Booke 


a1 Agrifmeis a folide or abodily ſigure contained vnder many plaine 
J'perficieces , of which the. twa kiosa Are oppofite, are equall 


and like,and parallells ex all the other friper-ficieces are parallelogrames. 


Although you may in a plaine:füperfi- 
cies by this figure here Kt, withoutiany $ A 
hardnes conceaue whata prifme is, name- s 7 
ly,ifyeimagine the fuperfcits AB D:G to 
be the ground & bafe of the folide, and the 
two- fuperticieces, namrety y the fuperficies 
AEFB, and the fuperficies CEFD to be 
erected vpon the fides ofthe bafe,the one 
on the one fide, namely, òn the line AB; 





the line D C, dot pérpendiculadly,butin- — : 

clining and bending the onetotheother,till — D c 

they meete in the toppe,namely, on thedine 

EF. Forfoyefee that this folide figures 

contained vnder many plaine fuperficieces, of which ewo,namcly, the fuperficies. AEC, andthe fue 

perficies BED , woich are the endes of the folide,and oppofite the one to the other, are. equal! like 

and parallels,and all the otherfuperticieces,namely,the bale A BC D,& che two erected fuperficieces, 

thatis; the {uperficies AE FB, and the {uperficies C EFD are.parallelogranimes .. Yet notwithftan- 

ding,to make the thing more clere vato the reader, I haue here feta Prifme which will appeare bodi- . 
'— 4.  likejifyou erecte bending wife the 

papers wherein are drawen the pa-- A ® 

rallelogrames ABEF, &:C DEF, 

that they may concurre in the line 

EF in thetoppe,and fo ere& the pa- 

pers wherein are drawen the.trian- 

gles ACE and BDF, thar the fide 

AE of the one triangle may exactly 

agree with thefide A E of the one pa. d 


the fide C.E of the fame triangle, with th n 
gramme C DEF: and moreouer, the fi es 
with the fide D F of the parallelograma’ e 
fide BF ofthe fame triangle, with: the - 
gramme A B.EF. And fo thall youmoft = _ Jfa. 


Priſme: that it conſiſteth of two equall,like,and parallell-triangulag 
fuperficieces,and of three parallelogrammes: Wwherof the one is the: 
bafe, and the other twoare erected. bending: wife . Here alfo be- 
holde the forme thereof asit is by arte defcribed. in a plaine to ap-.. 
peare bodilikesi © cy a j of — 





qv 
Flagasherejnoteth that Theow and Campane difagree in defi- 
ninga Prifme ,and he preferreth the definition geuen of Cazapane 
before the definition geuen of Ewelsde ( which becaufe he may feme wish out leffe offence to reieét,he 
callech it Theos definition Jand following Caspune he geueth an other definition,which is this. 

A Prifne 13 a folide figure which 1s contayncd Gnder fine playne fuperficieces , of which two ave triangles, 
like egual, and parallels and the refl are parallelogrammes, B f ] * ] 

The example before fet agreeth likewife with this definition , and manifeftly declareth the fame. 
For in it were fiuc fuperficieces, the bafe,the two erected fuperficieces,and che two endes: of which che 
two endesare triangles like,equall and parallels,and all the ocher are parallelogrammes as this definiti- 
on requireth . Thecaufe why he preferreth the definion of Campane before the definition of Theon ( as 
he calleth it;butin very deede it is Ewclides definition,as certainely , as are all thofe which are geuen-of 
him in the former bookes, neither is there any caufe at all,why it fhould be doubted in this one defini- 
tion mofe then in any of the other) as he him felfe alledgeth,is,for that itis(as he fayth) to large, and 
compréhendeth many mo kindes of folide figures befides Prifmes , as Columnes hauing fides, and all 
Parallelipipedons, which a definition fhould not doo: but fhould be conuertible with the thing defi- 
ned,and declare the nature of it onely,and ftretch no farther, , 

Me thinketh F/f«: ought not to haue made fo much a doo in this matter, norto haue bene fo 
fharpe in fight and {o quicke as to fee and efpy out fuch faultes; which can of no man that will fee right- 
ly without affe&tion be efpyed for fuch great faultes . Foritmay well be aunfwered that thefe faultes 
which he noteth (if yet they be faultes)are not to be found in this definion.It may be fayd that itexten- 
deth it felfe noc farther then it fhould,but declareth onely the thing defined,namely, a LM E 

ot 
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iro Aprifmeis afolide ov a-bodily figuvé'contained ‘bnder many plaine 
— en Superficteces » of which the two Juperficieces which ane oppofite, are equall 
and like and parallells <x all the other  Jrtpey fictetts ave parallelo gr ames. 
NN — Ln 


4 x 

f Although you may in a plainetfüperfi- 
This difiniti- cies by dus jours hre T vihe day 
6 4preetbto — hardaes conceaue whata prifme is, name- 
the general ly,if yoámagine the fuperficits A BIXQ to 
name ofa be thé ground & bafe of che folide, and the 
prifine which two" fuperficieces:jmamely ; the fuperficies 
aljo may le — and e — — to be 
P erected vpon the fides of the bafe,che one 
appledta Pa>-- on the te lide, namely, on.the lüte-A3, 
vasblepedons . and the other on the otherfide, namcly, on 
(asmayap- the line D C, riot pérpendicularly , butin* 
pearen the — cliningand bending che one to the other, till 
12. booke fol - they meere in the toppe,namely, on theline 
loigitza t5 to. EF . For fo ye fee that this folide figureis 


propofitió bis perficics B ED , which are.the endes of the folide,and oppofire the one 1 





contained vnder many plane fuperficieces, of which two,namely, the E —— Fin. 


deinonffratii) and parallels and all the othcrfuperficieces,namely,the ba(e A BG D,&t 
and to fome 9- thatis;the fuperficies AEF B, and the (aperficies C E.FD are parallelo| 
ther bodie ding,to make the thing morc clere vnto the reader, I haue here feta Prifm 
likewife, POS EO ' ^. ikejfyou erecte bending wife the 

* ANG papers wherein are drawen thepa- | A 


.. ralelográmes ABEF, & CDER-TA . . — n 


that they may concurre in 


EFinthetoppe;and fca 
pers wherein are drawn i D 
gles ACE and B.DF, thatthe fides] ¢_ — 


AE of the one'triangle may exactly 2 q li 
» 
e 











. agrcewith thefide A E of the one par 
. thefide C.Eofthe fame triangle, with rl 

, gramme C DEF: and moreouer, the fi 

. with the fide D F-of the parallelogramm] 

. fide BF ofthe fame triangle, with. th „D 
gramme A BXEF. And fo fhall youmof = 524. 
Prifine : thae ic contiftech of two equall,like,and parallell triangular 
fuperficieces,and of three parallelogrammes: wherof the one is the 
bafe, and the other cwoare erected bending. wife . Mere alfo be- 
holde the forme thereof asit is by arte defcribed. in a plaine to ap- 
peare bodilikea, : PU Du ; TN 


s Ke Tra tS T eI TS — 

Flugasherej aoteth that Theow and Campane diſagree in deſi- 
ninga Priſme, aod he preferreth the definition geuen of Campane 
before the definition geuen of Ewclie (' which becaufe he may feme with out Ieſſe offence to reiect, he 
callech it Theons definition Jand following Campune he geueth an other definition, which is this. 


A Prifme ss a folide figure which 1s contayned Gnder fiue playne fuperficieces , of which two are triangles, 
An other dif- like egual, and parallels and rhe reft are parallelogrammes, — 
finition of 4 ‘The example before fee agreeth likewife with this definition , and manifeltly declareth che fame. 


prs[me, which Forin it were finc fupgrficicces,the bafe,the two erected fuperficieces and the two endes: of which the 
as a [peciall two endesare triangles like,equall and parallels,and all the other are parallelogrammes as this definiti- 
diffinition of  onrequireth . Thecaufe why he preferreth the definion of Campane before the definition of Theon ( as 
a prifme:as it hecalleth it,butin very dcede it is Euclides definition,as certainely „as are all thofe which are geuen of 
is commonly him in theformer bookes,ueither is there any caufe at all,why it fhould be doubted in this one defini- 


lled and tion mote then in any of the other) as he him felfe alledgeth,is,for that it is(as he fayth) to large, and 
i compréhendeth many mo kindes of folide figures befides Prifmes , as Columnes hauing fides, and all 
Vſed. Parallelipipedons, which a definition ſhonld not doo: but ſhould be conuertible with the thing defi- 


ned, and declare the nature of it onely, and ſtretch no farther. 

Me chinketh F/uffas ought not to haue made fo mucha doo in this matter, nor to haue bene fo 
fharpe in fight and fo quicke as to fee and efpy out fuch faulees which can of no man that will fec right- 
ly without affz&ion be efpyed for fuch great faultes . Foritmay well be aunfwered that thefe faultes 
which he noteth(ifyet they befaultes)are not to be found in this definion.It may be fayd that it exten- 
deth it felfe noc farther then it fhould,but declareth onely the thing defined,namely, a Priím — 

ot 


* What istobe 
taken heede of 
in the diffini - 
&zon of a [phere 
gesen by lo- 
hannes de Sa- 
€ro Bufco, 


Theodofius 
diffinition of 4 
fpher ‘fe 


The circumfe- 

rence of s 
here. 

n diſſi- 

nition of 4 

fpher . 

The dignitie 

ef « f[;bere, 
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femicircle A CB, whofe 
centre letbe D : the dia- c 
meter AB being fixed 
on his endes or! pointes, 
imagine the whole fu- 
perficies of the femicir- 
cle to moueround from 
fome one pointaffigned, 
till it retume to the (ame 
point againe, So fhallic 
produce a perfe& Sphere 
or Globe,the forme whereof you fee in a ballor bowle . And it is fully 
round and folide, for that it is defcribed ofa femicircle which is per- 
fectly round, as our countrey man Johunnes de Sacro Bufeo in his booke 
of the Sphere, of this definition which he taketh out of Ewclide, doth 
wellcollecte . Butitis to be noted and taken heede of, thatnoneé be deceaued by the definition ofa 
Sphere geuen by sohannes de Sacro Bufco : 4 Sphere ({ayth he) ss the pafSage or mousng of the circumference 
of a femicircle, til st returne Gnto the place where it beganne, Which agreeth not with Exclde. Enclide plain- 
ly faych,that a Sphere ‘is the paffage or motion ofa femicircle, and not the paflage or motion of the cir- 
cumference ofa femicircle: neither can it be true that the circumference of a femicircle,which is a line, 
fhould defcribe a body . It was before noted that euery quantitie moued, defcribeth and produceth the 
guantitie next vaco it. Wherefore aline moued can aot bring forth a body, but a fuperficies onely. As 
if ye imaginea right line fattened at one of his endes to moue about from fome one point till it returne 
to the fame againe, it thall defcribe a plaine (uperficies,namely,a circle . So alfo if ye likewife conceaue 
ofa crooked line,fuch as is the circumference of a femicircle, that his diameter fatlened on both the 
endes it fhould moue from a pointalfigned till ic returne to the fame againe, it fhould defcribe & pro- 
ducea round fuperficies onely, which is the fuperficies and limite ofthe Sphere, and fhould not pro- 
duce the body and loliditie ofthe Sphere . Bur the whole femicircle,which is a fuperficies by his moti- 
on, as is hefore faid, preduceth a body, that is, 2 perfe@ Sphere . So fee you the errour of this definiti- 
on of the author of the Sphere : which whether it happened by the author him felfe, which t chinke 
not : or that that particle was thrult in by fore oae after him, which js more likely, it it not certaine. 
But itis certaine, that itis vnaptly put io; 2nd maketh an vntrue definition : which thing is nothere 
fpoken, any thing to derogare the author of the booke, which affuredly was a man of excellent know- 
ledge: neither co the hindrance or diminifhing of the worthines ofthe booke, which vndoubtedly isa 
very neceffary booke, then which I know none more meete to be taught and red in fcholes touching 
the groundes and principles of Aftrcnomie and Geographie : but onely to admonifhe the young and 
vníkilfull reader of not falling into errour . Theodofins inhis booke De Sphericis (a booke very neceffa- 
ry for all chofe which will fee the groundes and principles of Geometrie and Altronomie, which alfo I 
haue traoflated into our vulgare counge, ready to the prelfe ) defineth a Sphere after thys maner: 
A Sphere isa folide or body contamed Gnder ome füperfrcies, ym the midle sherof there ssa point, fro which all lines 
drawen tothe circumference are equal. This definition of Theodo/ies is more effentiall and naturall,chen 
is the other geuen by Ewclide. The other did not fo much declare the inward nature and ubftance of 2 
Sphere, as it fhewed the induftry and knowledge of the producing of a Sphere, and therfore isa caufall 
definition geuen by the caute efficient, or rathera defcription chen a definition . But thís definitionlis 
very effentiall, declaring the nature and fübftance ofa Sphere . As ifa circle fhould be thus defined, as ` 
it well may : A circle ss the paffage or mousing of « line from a posnt tillit veturne to the fame point againer 
itis a caufall definition,fhewing the efficient caufe wherofa circle is produced, namely, ofthe motion 
ofa line . And it isa very good défcription fully fhewing whata circleis. Suchlike defcription is the’ 
definition ofa Sphere geucn of Euclide by the motion ofa femicircle. But when a circle is defined to 
bea plaine fuperficies, in the middeft wherofisa point, from which all lines drawen to the circumfe- 
rence therof,are equall : this definition is effentiall and formall, and declareth che very nature ofa cir- 
cle . And vato this definition ofa circle, is correfpondent the definition of a Sphere geué by Theodoſius, 
faying : that itis a folide or body, in the middeit- whereof there is a point, from which all the lines 
drawen co the circumference are equall. So fee you the affinitie betwene a circle and a Sphere.For what 
a circle is ina plaine;that is a Sphere ia a Sclide . The fulnes and content of a circle is defcribed by the 
motion ofaline moued about : but the circumference therof, which is the limite and border thereof, 
isdefcribed of the end and point of the fame line moued about . So the fulnes,contenr, and body ofa 
Sphere or Globe is defcribed of a femicircle moued about. Buc the Spherical] fuperficies, which 1s the 
limite and border of a Sphere, is defcribed of che circumference of the fame femicircle moued about. 
And this is the fuperficies ment in the definition, when it is fayd, that it is contained vnder one fuper- 
ficies, which fuperficies is called of zobannes de Sacro Bufco & others,the circumference of che Sphere. 
Galene in his booke de difinsrionibus medicis,geueth yet an ocher definitió of a Sphere,by his proper- 
tic or cómon accidéce of mouing, which is thus. 4 Sphere ss a figure mof? apt ro all motion,as haning uo bafe 
wliereon to ftsy.This is a very plaine and witty definition,declaring the dignitie thereofaboue all figures 
generally. All other bodyes or folides,as Cubes,Pyramids, and ethers haue fides, bafes,and angles, al 
which are ltayes to reft vpon , orimpedimentes and lets to motion . But the Sphere hauing none or 
bale 
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of Euclides Elementes. Fol.316. 


bafe to ftay one,nor angle to let the courfe thereof, but onely in a poynt touching the playne wheréin jt 
ftandech,moucth freely and fully with out let. And for the dignity and worthines thereof , this circular 
and Sphericall motion is attributed to the heauens , which are the moit worthy bodyes . Wherefore 

there is afcribed ynto them this chiefe kinde of motion. This folide or bodely figure is allo commonly 
called a Globe. A fphere tala 
leda Globes 


< 413 Theaxe of a Sphere is that right line which abideth fixed , about 7 
which the femicircle was moued. pe 


Asin the example before geven in the definition ofa Sphere,theline A B, about which his endes 
being fixed, the femicircle was moved ( which line alfo yet remayneth after the motion ended ) is the 
axe of the Sphere defcribed of that femicircle . Theodofius defineth the axe of a Sphere after this maner. ,_. 
The axe of a Sphere isa certayne right line drawen by the centre, ending om esther fide in the fuperficres of the Theadohus 
Sphere,about which being fixed the Sphere issurned.As the line AB in the former example. There nedeth to diffinition of 
this definition no other declaration , but onely to confider , that the whole Sphere curneth vpon that ehe axe of a 
line AB, which paffeth by the centre D,and is extended one either fide co the fuperficies of the Sphere, Sphere. 
wherefore by this definition of Thecdofiwsitis the axe ot the Sphere. 


14 The centre of a Sphere is that poynt which is alfo tbe centre of the fee Fonrtenth 
micircle. diffisition. 


This definition of the centre ofa Sphere is geuen as was the other definitionof che axe , namely, 

hauinga relation to the definition ofa Sphere here geuen of Euclide: where it was fayd that a Sphere is 

made by the reuolution of a femicircle,whofe diameter abideth fixed. The diameter ofa circleand ofa 

femicrcle is all one.And in the diamcter either ofa circle or ora femicircle is contayned the center of 

either of them, for that the diameter of eche euer paffeth by the centre . Now (fayth Euclide } the poynt 

which is the center of the femicircle, by whofe motion the Sphere was defcribed , is alfo the centre of 

the Sphere. As in the example there geuen,the poyntD is the centre both of the femicircle & alfo of the 

Sphere . Theodofius geueth an other definition of tke centre of a Sphere which is thus. The centre of 2 Theodofias 
Sphere is a poynt with in the Sphere fiom which all lines drawen to rhe fuperficies of the Sphere ave equal. Asin diffinition of 
a circle being a playne figure there is a poynt in the middeft,from which alllines drawen to the circum- phe center of d 
frence are equal] , which is the centre ofthe circle : fo in like maner within a Sphere which isa folide fi bere. 

and bodely figure;there mult be conceaued a poynt in the middelt thereof from which all lines drawen phere, 

to the fuperficies thereofare equal!. And this poynt is the centre of the Sphere by this definition of 

Theodofins .Flufsasin defining the centre of a Sphere comprehendeth both thofe definitions in one, after 

this fort. The cenere of a Sphereisa paynt affigned in a Sphere frem which all rhe lines drawen tothe fuperfr- ] 

cies are equall,and it isthe fame which was alfo the centre of the femicivcle which defcribed the Sphere This defi- Flafeas diffi- 
nition isfüperfluous and contayneth more thé nedech.For either part thereofis a full and fufficient dif- nition of the 
finition,as before hath bene fhewed, Or ells had Euclide bene infufficient for leauing out the one part, center ofa 
or Theedofins for Jeauing outthe other . Paraduenture Fleffas did it for the more explication of either, [pheres 

that thé one pare might open the other. 


15 The diameter of a Sphere is acertayne right kine drawen by the cétre, — dif 
. andone eche fide ending at tbe fuperficies of the fame Sphere. eee 
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: This definitiô alfo is not hard, bur may eafely be couceaued by the definitió of the diameter ofa cir- 
cle.For as the diamcter of a circle is a right linc drawne fró one fide of the circüfrence of a cirtle to the 
other,paifing by the centre ofthe circle: fo imagine youa rightline to be drawen from one fide of the 
fuperficies of a Sphere to the orher,paffing by tlie center of the Sphere, and that lineis the diameter of Difference be- 
the Sphere. So itisnorall one to fay,the axe of a Sphere , and the diameter ofa Sphere . Any lineina spene the di- 
Sphere drawen from fide to fide by che centre isa diameter.But not every line fo drawen by the centre ameier G axe 
js the axe of the Sphere , but onely one right line about which the Sphere is imagnined to be moued, : h 
So chat the name of a diameter ofa Sphere is more general, then is the name of an axe.For euery axe in of a [phere, 
a Sphere is a diameter of the fame: buc nog every diameter of a Sphere is an axe of the fame. And there- 
fore Fluffas fetteth a diameter in the definition ofan axe as a more generall word in this maner.The axe 
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of a Sphere,is that fixed diameter about which the Sphere is mowed, A Sphere (as alfo acircle)may hane infi- 
nite diameters, but it can haue but onely one axe. 


16. Acone is a folide or bodely figure which is made when one of the fides 
of a rectangle triangle, namely , one of the fides which contayne the right 
angle abiding fixed the triangle is moned about /yntill it veturne 'vnto tbe 
Jelfe fame place from whence it began first to be moned. Now ifthe right 
line which abideth fixed be equall to the other fide whichis moned about 
and containetb tbe vigbt ancle:tben tbe cone is a ve&fangle cone.But if it be 
leffe,then is st an obtufe angle cone. And if it be greater , the is it an a cutea 
angle cone, 


This definition ofa Concis ofthe nature and condition that the definition of a Sphere was, for 
eitheris geuen by the motion of a fuperficies. There,as to the production of a Sphere was imagined a 
femicircle to mouc round, from fome one poinc till it returned to the fame point againe : fo here mutt 
ye imagine a rectangle triangle to moue about till it come againe to the place where it beganne . Let 
apc be a rectangle triangle , hauing 
theangle 4 s c a right angle , which let A 
be contained vnder thelines A 5 and 2 c. 

Now fuppofe the 

fide aw , namely, 

one of the lines 

which cótaine che 

righe angle aB c 

to be faftened, and 

about it fuppofe Z | 

the triangle asc c 

to be moued from Tos E LOU 

fome one poynt 

afiigned cll k re- = 

turne to the fame 

agayne (as vppou the diameter in the definition of a Sphere ye imagined a fe- 

micircle to moue about) :fo fhall the folide or body thus defcribed bea perfect 
_ Cone, As you may imagine by this figure here fet. And the forme ofa Cone 

you may fufhiciencly conceaue by the figure fet inthe margent. There are of 

Cones three kindes, namely, a rectangle Cone, an obtufeangle Cone, and an 

acute angle Cone,all which were before in the former definius defined: Name- 

Jy, the firit kinde after this maver. — 

Uf the right line which absdeth fixed, be equall to the other ſide which moueth round 

about, and containerh the right angle,then the Cone isa reBangle Cone. 

As fuppofe in the former example, that theline 4 s which is fixed,and about which the triangle 
was moued, and after the motion yetremayneth, be equall to the line » c, which is the other line con- 
tayning the right angle; which alfo is moued about together ith the whole triangle: then is the Cone 
decribed, as the Cone a n cin this example, a rightangled Conc : fo called for that the angle at the 
toppe of the Cone isarightangle . For forafmuch asthelines.4 s and Bc of the triangle B C aree- 
quall, the angle s a c is equall co che angle B c a (by the s.ofthe firlt) . And eche ofthem is the halfe 
of theright angle 4 » c (by the 32. ofthe firft) . In like fort may it be fhewed in the triangle ABD, 
that the angle s b a is equall tothe angle Bab, and that eche of them is the halfe ofa right angle. 
Wherefore the whole angle c a D, which is compofed of the two halfe right aagles,namely,o a x and 
CABisa rightangle . And fo haue ye what isa right angled à i 
Cone. — > 

Bat fit be lefe then is itan obtufeangle Cone . Asin thisex- - ‘ 
ample, the line a z fixed is leffe then theline- c moueda- : 
bout. Wherefore thc Cone defcribed of the circumuoluti- 
‘on of the triangle 4 » c abouttheline 47», isàn obtufean- 
ele Cone, for that the angle at the toppe D a c is greater p 
then à right angle . Wherefore it is an obtufeangle, And . 
therefore the Cone ís called an obtufe angle Cone. 
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And sf it be greater, then is it ax acuteanple Cone. As in 
this figure, the line A B faftened, is greater then the 
line B C moued about . Wherefore the Cone de- 
Ícribed by the motion and turning of the triangle 
ABC about AB isan acuteangle Cone, hauing the 
angle ac the toppe BA C an acuteangle .jOf whome 
the Coneis called an acuteangle Cone. For the ea- — 
fier fight & céfideration ofallthefe kindes of Cones, 
and alfo for the plainer demonftration of the varie- 
ties oftheirangles in theirtoppes,Ihauc defcribed 
them all three in one playne figure , of which the 
Cone ACB isaright angted Cone, hauyng his fix- 
ed fide C F equall to the line FB, and hys angle 
ACB arightangle. the Cone AEB is an obtule 
angle Cone, and A D B an acuteangie Cone, 

By which figure ye may eafily demonftrate 
(by the 1. ofthe firft) that the angle AD B 
of the Cone AD B, whofe fixed line DE 
is greater then the fide F B, is lefe then the 
rightangle A C B,and fo is an acute angie, 
And allo (by che fame 21. of the firft) ye 
fhall with like facilitie perceaue how the 
angle AEB of the Cone A EB whofe fix- 
edline E Fis leffe then the fide F B,is grea- 
ter then the right angle A C B : and there- 
foreisan obtufe angle. zo 

This figure of a Cone is of Campazie; of 
Vitellio,and of others which haue written in . 
thefe latter times, called a round Pyramis, : A 
which is not fo aptly. Fora Pyramis, anda 
Cone, are farre diftane, & of fundry natures. 

A Coneis aregular body produced of one 

circumuolucion of a rectangle triangle , and limited and bordered with one onely round iper 
ficies. But a Pyramis is terminated and bordered with diuers füpeificieces . Therefore can not 
a Cone by any iul reafon beare the name ofa Pyramis. This folide of many is called Turbo, which to our 
purpofe may be Englifheda Te» or G&jg : and moreouer, peculiarly Campane calleth a Cone the Py- 
ramis of around Co/umne,namely,of that Columne whichis produced of the motion of a parallelo- 
gramme (contained ofthe lines A B and B C) moued about,the line A B being fixed . Of which Coa 
lumnes fhall be fhewed hereafter, 
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of Campare a 
roznde Pira- 
mir, 
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17. Tb axe of a Cone is that line, which abideth fixed, about which the 


i E : a a DE gan NUN ge Cog hal eg a 
triangle 1s moned. And thé bafe of the Cone is the circle Which is defcribed Senententh 
bythe right line which is.moued about. diffnision, 
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_-Asin the example the line 4 5 is fup- 
pofed.to be the line about which the 
rightaneled triangle 4 8 C ( to the pra- 
du&ion ofthe Cone ) wasmoued "and 
that line is hiere-of Ewclide called'the axe 
of the Conedeferibed . The bafe-6f the 
Cone ss rhe circle which 13 deferibed by the 
right line which is moued about. Ás the 
line 42 was fixed and ftayed fo was. 
theline 5 C ( togetlier with the whole 
tuangle 4B C) moued and turned a- 
bout ..A line moued, as hath bene fayd 
before; produceth a füperficies : and Be- 
caufe the line BC is moued about a i ; 
point, namely, the point Z, being the — 
end of the axe ofthe Cone 24 B, it produceth by his motiori, and feüolution a circle, ‘which ciréle is 
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the bafe of the Cone : as in this example, the circle CDE, 
SS.ij. The 
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Theline which produceth the bafe of the Cone, is the line ofthe triangle which together with 
the axe of the Cone contayneth the right angle. The other fide alfo of the triangle namely, theline 4C, 
is moued about alfo with the motion of the triangle, which with his reuolution defcribeth alfoa fuper- 

o% conical fu- ficies,;which is a round fuperficies,& is erected vpon the bafe of the Cone, & endeth ina point,name- 
perficies. ly, in the higher part or toppe of the Cone. And it is commonly called a Conicall fuperficies. 


Eigbtenth 18. A cylinder is a folide or bodely figure which is made, when one of the 

diffinition. fides of a reétangle parallelogramme, abiding fixed , the parallelogramme 
is moued about , ‘pntillit returne to the felfe fame place from whence it bes 
gan to be moned. 


This definition alfo is of the fame fort and condition,that the ewo definitions before geué were, 
namely , the definition of a Sphere and the definition ofa Cone . For all are geuen by mouing ofa fu- 
perficies about a right line fixed, the one of a femicircle about his diameter, the ocher of a reétangle tri- 
angle about one of his fides. And this folide or body here defined is caufed of che motion ofa rectangle 
parallelograme hauing one of his fides contayning 
the right angle fixed from {fome one poynt till it re- 
turne to the lame agayne where it began. As luppofe p 
ABCDtobea rectangle parallelogramme , hauing —— 
his fide A B faltaed, about which imagine the whole 
parallelogramme to be turned , tillit returne to the 
poyut where it began, then is that folide or body,by 
this motion de(cribed,a Cylinder: which becaufe of 
his roundnes can not at full be defcribed in a playne 
fuperficies,yet haue you foran example thereof a fuf- 
ficient defignation therofin the margent fuch asina 
plaine may be.I£f you wil perfe&ly behold the forme 
ofa cilinder.Confider a round piller that is perfect- 





Jyround. 
quud 
Ninetenth - 19 The axe of acilinder is that right line which abydeth fixed, about 
éffiition. which the parallelogramme is moued . And the bafes of the cilinder are 


the circles defcribed of the t'wo oppofite fides which are moned about. 


Euen asin the defcription of a Sphere the- line faftened was the axe of the Sphere produced : and 
in the defcription ofa cone;the line fáltened was the axe ofthe cone brought forth: fo in this defcripti- 
on ofa cilinder the line abiding, which was fixed about which the rectangle parallelogramme was mo- 
ued is the axe of that cilinder.As in this example is the line 4B. The ba/es of rhe cilmder €$c.1n the reuo- 
lution of a parallelogramme onely one fide is fixed , therefore the three other fides are moued abouts 
of which the two fides which with the axe make right angles, and which alfo are oppofite fides, in their 
motion de(cribe eche of them a circle which two circles are called the bafes of the cilinder.As ye fee in 
the figure before put two circles defcribed of the motié of the ewo oppofitlines A Dand BC, which are 
the bafes of the Cilinder. —— d 

“ey The other line of the retangle parallelogramme moued , by his motion defcribeth che round fu- 
A cillindricall perficies about the Cilinder.As die cid lindor fide of a re&tan — by his motion defcribed the 
Laperfucses. round Conical (uperficies about the Cone.And as the circiiferéce of che femicircle decribed the round 

{phericall fuperficies about the Sphere.In this example it is the fuperficies defcribed of the line DC. 
Corollery. By this definition it is playne that the two circles, or baſes of a cilinder are euer equall and paral- 
lels:for that the lines moued which produced them remayned alwayes equall and parallels . Alfo the 
axe ofa cilinder is euer an erected line vnto either of the bafes. For with all the lines defcribedin che 

A rounde C bafes, and touching it,it maketh right angles, 

*TOumae Vo- Campane Vitellio, with other later writers,call chis folide or body a round Columne or piller. And 
Janne or Campane addeth vnto this definition this;asa corrollary. That ofa round Columne , ofa Sphere , — 


ſpbere. o 


of Euclides Elementes. Fol.yi&. 


ofa circle the cétre is one and the felfe fame.That is ( as he him felfe declareth it & proueth the fame) 14 Coypllary 
where the Columne,the Sphere,and the circle haue one diameter. added by Cans 


; Sr: ; Q pue 
20 Like cones and cilinders are thofe, whofe axes and diameters of their Twenty diffix 
bafes are proportionall nition. 


The fimilitude of cones and cilin- 
ders ftandeth in the proportion ofthofe 
rightlines,of which they haue their ori- 
ginalland fpring . For by the diameters 
of their bafes is had their length aad .- 
breadth ; and by their axe is had their 
heigth or deepenes, Wherefore to fee 
whether they be like or vnlike , ye muft 
compare their axes together , which is 
their depth, and alfo thcir diameters to- 
gether,which is thier length & breadth. 
As if the axe B G of the cone 4 B C be to 
tothe axe £ Zofthecone D EF asthe 
diameter 4C ofthe cone A BC is to the 
diameter D F of the cone D £ F,then are 
the cones 48 € znd DEF like cones. 
Likewife in che cilinders. If the axe £ N 
of the cilinder Z # MN haue that pro- 
portion to the axe O Q ofthe cilinder R 
O r Q „which the diameter H m hith to 
the diameter R P : then are the cilinders 
HLM Nand RO Pr 2 like cilinders,and 
Ío of all others. 


x 


H 





21 A (ubeisa folide or bodely . » ; 
figure contayned '"ynder. fixe e oid 
quall /quares. HORN 


Asis 4 dye which hath fixe fides, and eche of 
them isa full and perfc& {quare, as limites or bor- 
ders vnder which it is contayned. And as ye may 
concetue in a piece of timber contayning a foote 
fquare euery way, orinany fuch like. So that 2 
Cube is fucti a folide whofe three dimenfions are 
equall,the length is equall co the breadth thereof, 
and eche of them equall to the depth Here is as it 
may bein a playne fuperficies fet an image therof, 
in thefe two figures wherofthefirft is asitis com- 
monly defcribed in a playne,the fecond (which is 
in the beginning of the other fide of this leafe) 
is drawn ds itis defcribed by arte vpó a playne fu- 
perficies to {ew fomwhat bodilike. And in deede 
the latcer defcriptidis for the fight better thé the 
firft.Buc the firlt for che denréttrations of Euclides 
propo&tions in the fiue bookes following is of 
more vie,for chat in ic may be confidered:and fene : 





SS. ii, all 


Twenty two 
diffinition. 


ATetrahe- 
dron one of 
£hef tue vegu- 
lar bodyes. 


Difference 
betwene a 
Tetrahedron 
«nd « Pira- 
mis. 


Pfellus calleth 
a Tetrahedron 
a Ceramik 


Twenty three 
definition. 
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all che fixe fidesofthe Cube. And fo any lines or fe&tions drawen 
in any one of the fixe fides. Which can not be fo wel fene in the o- 
ther. figure defcribed vpona playnel. Andas touching the firft 












figure ( which isfetatthe ende of the other fide of thisleafe) ye ESOS 
fec that there are fixe parallelogrammes which ye muft conceyue / “inj Ness 
to be both equilater and reCtangle, although in dede there can be Uf m yj 
in this defcription onely two of them rectangle,they may in dede / b 
be defcribed al equilater.Now if ye imagine one of the fixe paral- 4 A 
lelogrammes,as in this example,the parallelogramme A B C D to i d 
bz the bafe lieng vpon a ground playne fuperficies. And fo con- QA 
ceiue the parallelogramme E F G H to bein the toppe ouer it, in Z, 


fuch fort,that the lines A E,C G,D H, & B F may be erected per- 
pendicularly from the pointes A,C,B,D,to the ground playne fu- 
perficies or {quare AB CD. For by this imagination this figure 
wil fhew vnto you bodilike. And this imagination petfe€ly had, 
wil make many of the propofitions in theíe fiue bookes following, in which are required to be defcrie 
bed fuch like folides(although nocall cubes) to be more plainly and eafily conceiued. 

In many examples of the Greeke and alfo of the Latin,there is in this place fét the diffinition ofa Te- 
trahedron, which is thus. s ; 


22 ATetrahedron isa folide-which is contained vnder fower triangles 


equall and equilater. 

A forme of this folide ye may fee in thefetwo examples here fet, 
whereof one is asitis commonly defcribed in a playne . Neither is 
it hard to conceaue . For ( as we before taught in a Pyramis ) ifye 
imagine the triangle BCD to lie vpona ground plaine fuperficies, 
and the point A to be pulled vp together with the lines AB,AC,and 
AD, ye thal] perceaue che forme of the Tetrahedron to be contayned 
vnder 4.triangles,which ye mult imagine co be al fower equilater and 
equiangle, though they can not (o be drawen in a plaine . And a Te- 
trahedron thus defcribed, is of more vfe in thefe fne bookes follow- 
ing, then is the other, although the other appeare in forme to the eye 
more bodilike. 

Why this definition is here left out both of Campane and of Fluffas, ¢ 
Ican not but maruell, confideriog thata Tetrahedron,is ofall Philo- 
fophers counted one of the fiue chiefe folides which are here de- 
fined of Euclde, which are called cómonly regular bodies,with- 
out mencion of which,the entreatie ofthefe fhould feeme much 
maimed : vnleffe they thought it fufficiently defined vnderthe 
definition of a Pyramis, which plainly and generally taken,inclu- 
deth in deede a Tetrahedron, although a Tetrahedron properly 
much differeth from a Pyramis,as a thing fpeciall ora particular, 
from a more generall. For fo taking it,euery Tetrahedron is a Py- 
ramis, but not euery Dyramis is a Tetrahedron . By che generall 
definition ofa Pyramis, the fuperficieces of the fides may beas 
many in number as ye lift as 5.4. $. 6. or moe, according to the 
forme of the bafe, whereon itisíet, whereof before in the defi- 
nition ofa Pyramis were examples geuen. But in a Tetrahedron 
the füperficieces erected can be bur three in number according 
to the bale therofywhich is ever a triangle . Againe, by the generall definition ofa Pyramis,the fuperfi- 
cieces erected may afcend as highas ye lift;butin a Tetrahedron they muft all be equall to the bafe, 
Wherefore a Pyramis may feeme to be more generall then a Tetrahedron, as before a Prifme feemed 
to be more generall then a Parallelipipedon, or a fided Columne : fo that euery Parallelipipedon isa 
Prifme, butnot euery Prifme isa Parallelipipedon , And euery axe in a Sphereis a diameter : but not 
euery diameter of a Sphere is the axe cherof . So alfo noting well the definition of a Pyramis,euery Te- 
trahedron may be called a Pyramis, but not euery Pyramis.a Tetrahedron. And in dede Pfz/l in num- 
bring of thefe fiue folides or bodies, callech a Tetrahedron a Pyramis in manifeft wordes . This I fay 
might make Fluffas & others(as I thinke it did) to omitte the definition of a Tetrahedron in this place, 
as fuficiently comprehended within the definition ofa Pyramis geuen before . But why then did he 
not count that definition of a Pyramis faultie,for that it extendeth it felfe co large,and comprehendeth 
vnder ita Tetrahedron ( which differeth from a Pyramis by that it is contayned of equall triangles) as 
he not fo aduifedly did before the definition ofa Prifme. 


23 An Oobedron is a folide or bodily figure cotained ynder eight equall 


and equilater triangles. 








As 


of Euclides Elementes. 


As a Cubeis a folide figure contayned vnder fixe fuperficiall fi- 
gures of foure fides or fquares which are es equiangle, and 
equall che one to the other : fo is an Octohedron a folide figure 
contained vnder eight triangles which are equilater and equall che 
one tothe other. As ye may in thefe two figures here fet beholde. 
Whereof the firft is drawen according as this folide is commonly 
defcribed vpou a plaine fuperficies .,The fecond is drawen as itis 
defcribed by arte vpon a plaine, to fhewe bodilike. And in deede 
although the fecond appearc to the eye more bodilike, yecas I be- 
fore noted in a Cube, for the vnderftanding of diuers Propofitions 
in thele fiue bookes following, is the firit defcription of more vie 
yea & of neceflitie. For withoutit, yc can not coceaue the draught 
oflines and feCtions in any one of the eight fides whichare fome- 
timesin the defcriptions of fome of thofe Propofitions required. 
Wherefore to the confideration of this firlt defcription imagine 
firlt chat vppon the vpper face ofthe fuperficies ofthe parallelo- 
gramme 4B C D, be defcribed a Pyramis , hauing his fower trian- 
gles 4F B,AFC,C FD,and D F B,equilater and equiangle,and con- 
curring in the point F. Thé cóceaue that on the lower face of the 
fuperficies of the former parallelogramme be defcribed an other 
Pyramis,hauing his fower triangles 4E B,4EC,CE D,& DEB, 
equilater and equiangle,and concurring in the point £. For fo al- 
though fomewhat grofly by reafon the triangles can not be de- 
{cribed equilater,you may in a plainc perceaue the forme of this 
folide, and by that meanes conceaue any lines or fe&tions requi- 
red to be drawen in any ofthe fayd eight triangles whichare the 
fides of that body. 


24 ADodecahedronis a folide or bodily fiz 
ure cotained ynder twelue equall equilater, 


and equiangle Pentagons. 


Asa Cube, a Tetrahedron, and an Octohe- 
dron,are contayned vnder equall plaine figures, 
a Cube vnder fquares, the other two vnder tri- 
angles : fo is this folide figure contained vnder 
twelue equilater, equiangle, and equall Penta- 
gons,or figures of flue fides . As in thefe two fi- 
gures here fet you may perceaue . Of which 
the firft (which thinge alío was before noted x 
ofa Cube, a Tetrahedron,and an Oftohedron) 
is the common defícription of itin a plaine, the. 
other is the defcription of it by arte vppona 
plaine to make it to appeare fomwhat bodilike. 
The firit defcription in deede is very obícure to y, 
conceaue, but yet of neceffitie it muft fo, ney- 
ther can it otherwife,be in a plaíne defcribed to 
vnderftád thofe Propofitions of Ewelide in thefe 
fiue bokes following which concerne the fame. 
For in it although rudely, may you fee all the 
cwelue Pentagons, which fhould in deede be all 
equall,equilater, and equiangle . And now how 
you may fomewhat conceaue the firlt figure de- : 
Ícribed in the plaine to be a body . Imagine firft che Pentagon 
A B CDE to be vpon a ground plaine fuperficies, then imagine 
the Pentagon FGHKL to be on high oppofite vnto the Penta- 
gon ABCDE. And betwene thofe two Pentagons there will be 
ten Pentagons pulled vp, fiue fró the fiue fides of the ground Pen- 
tagon,namely,from the fide A B the Pentagon AB ONM, from 
the fide BC the Pentagon B C QP O, from the fide CD the 
Pentagon C DSR Q, from the fide D E,the Pentagon DEVTS, 
from the fide E A the Pentagon E A MX V, the other fiue Penta- 
gons haue eche one of their fides common with one of the fides 
of the Pentagon F G H K L, which is oppofite vnto the Pentagon 
in the ground fuperficies : namely, thefe are the other fiue Penta- 
gons FGNMX, GHPON, HKRQP, KLRST,LEXVT. 
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So here you may behold twelue Pentagons,which if you imagine to be equal! equilater, 8¢ equiangle, 
and to be lifted vp,ye fhall (alchough fomewhat rudely)conceaue the bodily forme of a Pentagon. And 


fome light it will geue co the vaderitanding of certaine Propofitions of the fiue bookes following con- 
cerning the fame. 


2s AnIcofahedronis a folide or bodily figure contained ‘bnder twentie 
equall and equilater triangles, 


As the folides before lat mentioned are all 
defcribed by the number and forme of the fu- 
perficieces which containe them: fo this body 
likewife is defined by that that it is contayned 
of twentic triangles equall, equilater, aod e - 
quiangle . And although this folide alfo be ve- 
ry hard to conceaue, 2s it is commonly de(cri- 

ed vpona plaine (an example wherof you haue 
in the firlt figure here (et) : yet is itcf neceiue 
that in that forme it be defcribed, i£ we will 
vnderitand fuch defcriptions as are fet forth of 
Euclide touching that body in the fiue bookes 
following. Howbeit you may by ic (although 
fomewhat rudely ) fee the zo. triangles, which 
are imagined to be equall,equilater,and equian- 
gle, ifyou confider fiue angles of fiue triangles 
to concurre together aca point. And forafmuch 
as there are in this folide zo. triaugles,and eucry 
triangle hath three angies, the concurfe of the’ 
faid triangles will be in twelue pointes . Asia 
this exampie the pointes of the concurfe are A, 
E, C, D, F, F, G, H, K, L, M,8z N.Where notce that in this plaine 
the two poyntes Mand N are but oae point, yet mutt ye imagine 
one of thofe pointes to be erected vpward, and the other down- 
ward . Now the fiue triangles which concurre in the point M, are 
theis, B M D,D M F,F M H,HM L,and LMB : the fiue triangles 
which concurre in the point N, and are imagined to be erected | 
downward, are thele, ANC,CNE,ENG,GNK,andKNA: 
the other ten triangles which include this body,are thefe, ABC, 
BCD,CDE,DEE,EFG,FGH, GHK, HKL,KLA,LADB.' 
The fecond figure here appeareth more bodilike vnto the eye. 








Thefe fiue folides now lalt defined,namely,a Cube,a Tetrahedró,an O&ohedron, a Dodecahedron 
and an Icofahedró aze called regular bodies.As in plaine fuperficieces, thofe are called regular figures, 
whole fides and angles are equal,as are equilater triangles equilater pentagons hexagons, & fuch lyke, 
fo in folides (uch only are counted and called regular, which are céprehéded vader equal playne fuper- 
ficieces, which haue equal fides and equal angles;as all thefe fiue forefayd haue, às manifeltly appeareth 
by their definitions, which were all geuen by this propriétie of equalitie of their fuperficieces, which 
haue alfo their fides and angles equall, And in al! the courfe of nature there are no other bodies of this 
condition and perfection, but onely thefe fiue. W herfore they haue euer of the auncient Philofophers 
bene had in great eltimation and adittiration,and hae bene thought worthy of much contemplacion, 
about which they haue bettowed mott diligent ftudy and endeuour to fearche out the natures & pto- 
percies of chem.They are as ic were the ende and perfection of all Geometry, for whole [ake is written 
wharfoeuer is written ia Geometry. They were (as men fay) firft inuented by the moft witty Pithago= 
ras then afterward fer forth by the divine Péato, ard latt of all merueloufly taught and declared by the 
moltexcellent Philofopher Ewclide in thefe bookes following,and euer fince wonderfully embraced of 
all learned Philofophers. The knowledge of them containeth infinite fecretes of nature. Péthagoras, Té- 
mensand Plato, by them fearched out the cpofition of the world,with the harmony and preferuation 
therof,and applied thefe fue folides to the fimple partes therof,the Pyramis,or Tetrahedró they afcri- 
bed to the fire, for chat.ic afcendeth vpward according to the figure of the Pyramis . To the ayre they 
alcribed the O€tohedron,for that through the fubtle moifture which it hath,it extendeth jc felfe every 
way to the one fide,and to the other,accordyng as that figure doth. Vnto the water they afligned the 

Ikofahedron 
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Ikofahedron,for chat it is continually flowing and mouing,and as it were makyng angles oneuery fide 4% Pkofahedron 
according to that figure.And to the earth they attributed a Cube,as toa thing ftable,firme and fure as 4/“gned Gnto 
the figure fignifiech.Laft of all a Dodecahedron for that itis made of Pentagós, whofeanglesare more fhe water, 
ample and large then ché angles of the other bodies,and by chat meanes draw more to roundnes,& to A tube afigned 
the forme and nature of a (phere, they aligned to a fphere, namely, to heauen.Who fo will read Plsro Gute the earth, 
in his Ténews,fhall cead of thefe figures,and of their mutuall proportion, {traunge matters, whichhere 4 dodecahe- 
are not to be entreated of this which is fayd,fhall be fufficienc for the knowledge of them,and for the dron afignedto 
declaration of their diffinitions. beanen. i 


After all thefe diffinitions here fet of Evclsde, Flufeas hath added an other diffinition, which is ofa 
Parallelipipedon which bicaufe ic hath not hitherto of Ewelsde in any place bene defined; and becaufe 
itis very good and neceffary to be had,I thoughtgood not to omitte it,thus it is, 


A parallelipipedon is a folide figure comprehended vnder foure playne qua- Be As ee 
S parallelspspe~ 


drangle figures of which thofe which are oppofite are parallels. ons 


Asin playne füperficieces a parallelogramme is that whichis contained 
vnder foure fides beyng lines, and whofe oppofite fidesare equidiflant and 
parallel lynes, fo in folide figures a Parallelpipedon is thatfolide which is 
contayned vnder foure quadrangle fuperficieces,whofe oppofite fides are al- 
fo parallels,as itis eafily to be fene and conceaued ina cube or die, all whofe 
oppofite fides are parallel fuperficieces;& fo of others like;yc may alfo fome- 
what conceiue therof by the example in the margent. 


A There is alfo in thefe bookes following, mencion made of folides, whofe 
A tWo bafesare Poligonon figures,lyke;equall,equilater,and parallels, aud che 
Z7 fides fet vpon the bafes are ——— s Mhich ynde of folides Cam- e a 
pane calleth fided Columnes(and which as was before noted,may be copre- ‘ 
ded vnder the definition of a Prifme) a forme wherof although grofely, be- 
hold in this example, whofe bafes are wo like equall, equilater, equiangle, 
and parallel hexagons, and the fides fet vppon thofe bafes are fixe parallelo- 
rámes:ye may better cóceiue the forme therof by : 
the figure put vnder the figure of the parallelipipe- 
don, which apeareth more bodilike. There may of 
thefe be infinite formes according to the diuerfitie 
of their bafes. 





Becaufe thefe fiue regular bodies here defined 
are not by thefe figures here fet, fo fully and lively 
expreffed that the ftudious beholder can through- 
ly according to their definitions conceyue them. I 
haue here geuen of them other defcriptions drawn * 
ina playne, by which ye may eafily attayne to the 
knowledge of them. For if ye draw the like formes 
in matter that wil bow and geue place, as moft apt- 
ly ye may do in fine palted paper, fuch as paftwiues 
make womés pales of, & thé with a knife cut eue- 
ry line finely,not through,but halfe way only;if thé 
ye bow and bende them accordingly, ye fhall moft 
plainly and manifettly fee che formes and fhapes of 
thefe bodies,euen as their definitions fhew.And it 
fhallbe very neceffary for you to haue ltore of chat 
paíted paper by you,for fo fhal you vpon itdefcribe 
the formes of other bodies,as Prifmes and Parallelipopedons, and fuch like 
fet forth in thefe fiue bookes following, and fee the very formes of thole 
bodies there mécioned : which will make thefe bokes concerning bodies, as 
eafy vnto you as were the other bookes, whofe figures you might plainly fee 
vpon a playne fuperficies. : 





«c Tetrabe- 
dron. 


«Ns. 


A cubes 


Art oftabe- 
dran, 


à 


If ye draw this figure confifting as 
ye fee of fower equilater and equian- 
gle triangles vpó palted paper,or vps 
pon any other fuch like matter that 
will bowe and geue place, and then 
cutnot through the paper, but as it 
were halfe the thickues of the paper; 
the three lines contained within the 
figure,and bowe & folde in the fower 
triangles accordingly: chey will clofe 
together in fuch fort, that they will 
make the pertecte forme of a Tetra- 
hedron. 


This figure ( confifting of 
five equall (quares) drawen vp- 
on palled paper, and the fiue 
lines contained within the fi- 
gure being cut finely halfe the 
thicknes of the paper , ornot 
through, ifthen ye bowe and 
folde accordingly the fixe e- 
quall (quares, they will fo clofe 
together, that they will caufe 
the perfecte forme ofa Cube. 


This figure (which confifteth ofeighte- 
quilacer and equiangle triangles) drawen vp- 
on theforefayd matter, and the feuen lines 
contained within the figure being cutas be- 
fore was taught;and the triangles bowed and 
folded accordingly, they will clofe together 
in fuch forr, that they will make the perfecte 


forme ofan O&ohedron. 
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ANV 


Defezibe 


of Euchdes Elementes, Fol341. 


' Defcribe this figure which confilteth of twelue equilater 2nd equianele Pentagon, voon the fore- A Dodecabe. 
faid matter, and finely cuc as before was taughe the eleven hiaes contained within the figure, and bow E 
and folde the Pentagons accordingly . And they willfo clof cogetiaer, chat they wall make che yery 
forme ofa Dodecahedron. s HUP 


Gron, 
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bes Ifye defcribe this figure which confilteth of ewentie equilater and equiangle triangles vpon the 
vin Ke * forelaid matter, and finely cuc as before was fhewed the ninetene lines which are contayned within 
. the figure, and then bowe and folde them accordingly, they will in fuch fort clofe together, that there 

will bc made a perfecte forme of an Icofahedron. I 





Becaufe in thefe fiue bookes there are fometimes required other bodies befides the forefaid fiue 
regular bodies, as Pyramifes of diuers formes, Prifmes,and others, I have here fet forth three figures 
of three fundry Pyramifes, one hauing to his bafe a triangle, an other a quadrangle figure, the other a 
Pentagon : which if ye defcribe vpon the forefaid matter & finely cuc as it was before taught the lines 
contained within ech figure, namely, in the firft;three lines;in the fecond,fower lines,and in the third, 
fiue lines, and fo bend and folde chem accordingly, they will (o clofe cogether at the toppes, that they 
will make Pyramids of that forme that their bafesare of. And if ye conceaue well the defcribing of 
thefe, ye may moft eafily defcribe the body ofa Pyramis of what forme fo euer ye will. 





A triengled 
Pyramis. X 


of Euclides Elementes, Fol317. 


The forme of 
«quadrang- 
led Pyramis, 


The forme of 
a fiue angled 
Pyramis, 


TT j. Likewife 


The forme of 
a pri[me, 


The forme of 
4 paralleipi- 
pedon. 


, and two cquedillant triangles. And 


The elenenth Booke 


Likewife ifye defcribe this figure 
vpon the forefaid matter, and finely 
cutte the fower lines cótained within 
the figure, and bowe and folde them 
together accordingly, the three paral- — — 
lelogtammes and the two triangles 
will fo'clofe together, that they will 
caufe the perfecte forme of a Prifme 
cótained vnder three parallelográmes 


conceauing this defcription well, it 


fhall not be hard to defcribe any o- 
ther Prifme of any other forme. 


Touching the defcrip- 
tion of Parallelipipedons I 
fhall not neede to (peake. — 
For if ye confider well the 
defcription of a Cube, it | 
fhall not be hard to de- 

{cribe a Parallelipipedon ‘ 
of what forme ye will. 
Oncly whereas ina Cube — 
all the parallelogrames in 
the defcription of that fi- 
gure are fquares, in the de- 
Ícribing of a Parallelipipe- 
don , che fayd parallelo- 
ramme may be of what 
Fine ye will . So thatye 
take heede that the oppo- 
fice parallelogrammes be 
equal & equiangle. Which 
oppofite parallelográmes 
in the figure as it lieth ina 
laine,is any two paralle- 
ogramcs leauing one pa- 
rallelogramme betwene 
them . An example wher- 
of beholdc in this figure. 





EN 


Decaufe thefe fiue bookes following are fomewhat hard for young beginners, by reafen they mufl 
in the figures defcribed in a plaine imagine lines and fuperficieces to be eleuated and ereé&ted, the one 
to the other,and alfo conceaue folides or bodies, which,for that they haue not hitherto bene acquain- 
ted with, will at the firk fight be fom what ftraunge vnto thé,I haue for their more eafe,in this eleuenth 
booke, at the end of the demonttration ofeuery Propofition either fetnew figures, if they concerne 
the elevating or ere&ting of lines or fuperficieces, or els if they concerne bodies, I baue fhewed how 
they fball dcícribe bodies to be compared with the conitructions and demonftrations of the Propofi- 
tions to them belonging. And if they diligently weigh the maner obferued in this eleaenth booke tou- 
ching che defcription — figures agreing with the figures defcribed in the plaine,it fhall not be hard 
for them of them felues to do the like in the other bookes following, when they come to a Propofiti- 
on which concerneth either the elevating or ereéting of lines and fuperficieces,or any kindes of bodies 


to be imagined. ~> 
q he 


of &uclides Elementes. 3226 
q Ube 1.Theoreme. The 1.Propofition. 


T hat part of a right line fhould be in a. ground playne [uperficies , &7 part 
eleuated vpward is impofsible. 


Or if it be poffible,let part of the right line ABC, name- 
ly,the part AB bein a ground playne fuperficics, and the 
$9 other part therof,namely,B C be elenated vpwarde. And 
$ > produce directly 
\ Upo the ground 
playne Juperf- 
m cies tbe right 
line AB beyond 
the point B vn- 
SEER ESS to the point D. 
SS C à Wherforevnto tmo right lints geuen ABC, and AB D, 
the line A B isa common fection or part which is impofi- 
ble.For a right line can not touche a right line in mo pointes then one,unleffe thofericht be 
exattly agreing and laid the one upon the other Wherfore that part of aright line fhould be 
in a ground plaine {uperficies,and part elewated upward is impoffible : which was required 
1o be proued. 










This figure more plainly fetteth forth the forefaid de- ; 
monftratió,if ye eleuate the fuperficies wherin is drawn ipeo cce cat. c 
che line BC. A > 


An other demonftration after F/u/fas. 


Ifit be poffible let there be aright line AB G, 
whofe part A B let bein the ground playne fuper- 
ficies A E D,and let the reft cherof B G be eleuated 
on higa,that is, without the playne AED. Then I 
fay that A B G is not one richt line.For forafmuch G. 
as A EDisa plainc iuperficies, produce direfly & Z 
equaliy vpon the fayd playne A E£ D the right lyne ec 
A B towardes D which by the 4.definition of the 4 A 
firft {hall be avightline.And from fome one point 2 
ofthe righe line ABD,namely from C,draw vnto 
the point G a righe lyne C G. Wherefore in the E 
triangle B C G the outward angle A B G is equall 
to the two inward and oppofite angles (by the 32. 
ofthe firit) and therfore it is ieffe then two right angles (by the 17.of the fame) Wherfore the lyne A 
B G forafmuch as it maketh an angle,is nota right line. Wherefore that part ofa right line fhould be 
in aground playne fuperficies,and part eleuated vpward is impoffible. 

Ifye marke well the figure before added for the playnerdeclaration of Euclides demonftration, ic 

will not be hard for you to conceiue this figure which Fluffas putteth for his démonftration ; wherein 
is no difference but onely the draught of thelyne G C. 


q T he z. T beoreme. The 2. Propofition. 


If two right line cut the one to the other, they are in one'and the felfe fame 
playne fuperficiesstz enery triangle is in one Gr the felfe fame fuperficies. 
TT 4. Suppofe 


Demonflrati« 
on leading tò 
an —* 
litie, . 


An other des 
monſtration 
after Flaffas. 


Conftructions 


Demontira- 
tion leadinoto 
4" tipoffibi - 
litie. 


Demonſtra- 
tion leading to 
an impoſſi bi- 
bitte. 


T be eleuentb Booke 


SO Vppofe that thefe two right lines A B and C D doo 
[at XY cute the one the other in the point E.T hen I fay that 
OS thefe lines AB and CD are in one and the felfe 

<I fame fuperficies, and that euery triangle is in one Cy 





LOK 


felfe fame playne  fuperficies T ake in the lines E. C and E. B points 
at all auentures , and let tbe fame be F and G , and draw aright 
line from the poynt B to the point C, and an other from the point 
F to the point G. And draw the lines F Hand GK. First 1 fay 
that the triangle E.B C is im one and the fame ground fuperficies. 
For if part of the triangle E B C,namely the triangle F C H, or 
the triangle GBK be in the ground fuperficies , and the refidue 





e 
be in an other , then alfo part of one of the right linesEC or EB © 


Joall be in the ground fuperfictes , and part in an other £o alfo if 





part of the triangle EB C. , namely , thepart E.F G £e in the ground fuperficies and the 
vefidue bein an other,then alfo one part of eche of the right lines EC and EB fball Le in the 
ground [uperficies,cr an other part in an other [uperfictes, which (by the firft of the elewenth) 
1s proued to be impo[Jible.W berfare tbe triangle E. B C is in one and the felfe [ame playne fu- 
perficies.F or in what [uperficies the triangle B C E. is inthe fame alfois either of the lines 
E C and E B and in what [uperficies either of the lines EC and EB is,in the felfe fame al- 
Jo are the lines A B and C D-Wherfore thevight lines lines A B and C D arein one & the 
felfe fume playne fuperficies , and euery triangleis in. one cy tbe (elfe (ame playne [uperficies: 


which was ; equired to be proued. 


In this figure here fet may ye more playnely conceaue the demon- 
ftration of the former propofition where ye may eleuate what part ofthe 
triaugle E CB ye will,namely the part F C H or the part G B K, or finally 
the parc F CG B as is required in the demonftration. 


g The 3. T heoreme. T'he 3. Propofition. , 





If two playne fuperficieces cutte the one the other: their common fettion is 
* 


aright line. 
Vppofe that thefe two fuperficieces AB c BC do 


cutte tbe one tbe other, and let their common fetti- 
on be the line DB. Then! fay that DBis aright 

ANS KERI line. For if not draw from the poynt D to the point 
B a rizht line D FB in the playne fuperficies A B, and likewife 

from the fame poyntes draw another right line DEB inthe 
playne fuperficies B C.Now therfore two right lines D EB and 
DEB fhall haue the felfe fame endes,and therefore doo include 

a fuperficies which ( by the laft common fentence ) is impoffible. 

Wherefore the lines DEB and DEB are not right lines . In 





Ü 
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like fort alfo may we proue that no other right line can be drawne from the poynt D tothe 
point Bbefides the line D B which is the common fettion of the two fuperficieces AB and 
BC. If therefore twa playne fuperficieces cutte the one the other , shesr common fection is a 
right line: which was required to be demonftrated. ; 


This figure here fet , fheweth moft playncly not 
onely this third propofition,but alfe the demonttra- 
tion thereof, if ye eleuate the fuperficies A B, and fo 
compare it with the demonftration. 





q The 4. Theoreme. The 4. Propofition. 


If from two right lines cutting the one the other, at their common fettion, 
aright line be perpendicularly eretted:the fame fhall alfo be perpendiculara 
ly ereéfed from tbe playne fuperficies by the fayd two lines paffing. 


Vppofe that there betwo right lines AB 
and CD cutting tbe one the other in the. 
poynt E And from the poynt E let there be 
Gal eretled a right linc E.T perpendicularly to 
the fayd two right lines AB and C D:then I fay that the 
right line E Y is alfo erected perpendicular to the plaine 
fuperficies which paffetb. by the lines AB and C D`. Let 
thefe lines A E,E B,E C, andED be put equall the one 
to the other. And by the poynt E extend aright line at all 
auentures , and let the fame be G EH . And drawe thefe 
right lines A D,C B, F A, FG, F D, FC, FH, and 
FB. Aad forafmuch as thefe two right lines AE GED 

are equall to thefe two lines C E and E B, and they com- 

prehend equallangles(by the 15.0f the firft) :therefore(by 

the g.of the firit )the bafe A D is equall to the bafe CB, and the triangle AED is equal to 
the triangle C E B.Wherefore alfo the angleD AE, is equall to the angle EB C . But the 
angle NEG is equall to the angle BEF ( by the 15 of the firft). Wherefore there are two 
triangles A G E , and BEH haning two angles of the one equall to two angles of the other, 
eche to his correfpondent angle,and one fide of the one equal to one fide of the other , namely 
one of the fides which lye betwene the equall angles,namely , the fide A Eis equall to the fide 
EB. Wherefore(by the 20.of the firft) the fides remayning are equall to the fides remayning. 
Wherefore the fide G Eis equall to the fide EH, , and the fide A G to the fide BH. And for- 
afmuch as the line & E is equall to tbe line E B , and the line F E. is common to them both, 


TT. 4nd 





Conftruttion, 


€ 





Demonſtra- 


B tion, 


Conftruction. 


Demon ftra- 
tion leading to 
a" tnipoffibi - 
litie. 


Demouffra- 


A Eds from the fame poyntes draw an other right line DEB inthe 


bitte. 


-m 


The elenenth Booke 


FSO Vppofe that thefe two right lines ABandC D doo 
S cutte the one the other in the point E.T hen I fay that 
KORI thefe lines AB and CD are in one and the felfe 
KIN fame fuperficies, and that euery triangle is in one e 
felfe [ame playne fuperficies.T ake in the lines C and EB points 
at all anentures , and let the fame be Fand G , and drawa right 
line from the poynt B to the point C, and an other from the point 
F tothe point G . And draw the linesFHand GK. First I fay 
that the triangle E. B C is in one and the fame ground fuperficies. 2 
For if part of the triangle E B C,namely tbe triangle F C H, or X 
the triangle GB K bein the ground [uperficies , and tbe vefidue i | 
be in an other , then alfo part of one of the right linesEC or EB ¢ H K B 
fhall be in the ground  fuperfictes and part inan other . £0 alfo if 
part of the triangle EB C , namely , the part EF G be in the ground fuperficies and the 
refidue be in an other,then alfo one part of eche of the right lines EC and EB phall bein the 
ground ſuperficies, & an other part in an other [uperfictes, which (by the firft of the elenenth) 

15 proued to be impoffible Wher fore the triangle EBC is in one and the felfe fame playne fu 
perficies.For in what [nperficies the triangle B C E is ,in the fame alfois either of the lines 
E C and E B and in what [uperficies either of the lines EC and E Bis,in the felfe fame al- 
f are the lines A B and C D.Woerfore the right lines lines À B and C D are in one y the 
felfefame playne [uperfictes , and euery triangleis in one Cr the (elfe (ame playne fuperfcies: 
which was: equired tà be proued. 

A 






uU 


In this figure here fct may ye more playnely conceaue the demon- 


{tration of the former propofitton where ye may eleuate what part of the — 
triangle E C B ye will,namely the part F C H or the part G B K, or finally 
the part F CG B as is required in the demonftration. 7 
c H K B 
g The 3. Theoreme. T he 3. Propofition. 
If two playne fuperficieces cutte the one the other: their common feétion is 
. . v 
a right line. 


za" ppofe that thefe two fuperficieces AB c B C. do 
O4 cutte the one the other, and let their common feéti- 
ST on be the line D B. Then1 fay that D Bis aright 
WSS AGal line.F or if not,draw from the poynt D to the point 
Ba right line D F B in the playne fuperfictes AB, and likewife 








playne [uperfictes B C.Now therfore two right lines D E B and 
DEB fall haue the felfe fame endes,and therefore doo include 
a fuperficies which ( by the laft common fentence ) is impoffible. 
Wherefore the lines DEB and D FB are not right lines In 
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like fort alfo may we proue thas no other right line can be dramwnte from the poynt D tothe 

vint B befides the line D Bwhich is the common fection of the two fuperficieces AB and 
BC. If therefore two playne fuperficieces cutte the one the other , their common fethion isa 
right line: which was required to be demonftrated. 


This figure here fee, fheweth moft playncly not 
onély this third propofition, but alfo the demonttra- 
tion thereof, if ye eleuate the fuperficies A B, and fo 
compare it with che demonflration. 





y T be 4. T beoreme. T be 4. Propofition. 


If from two right lines cutting the one the other „at their common fection, 
aright line be perpeùdicularly eretted:the fame fhallalfo be perpendiculara 
ly ere£fed from the playne [uperficies by the fayd two lines pafjing. i 


Vppofe that there betwo right lines AB 


í O anad CD cutting the one the other inthe 
S KT poynt E. And from the poynt E les there be 
heal erected a right line EF perpendicularly to 


the fayd tworizht lines A Band C D:then 1 fay that the 
right line E Y is alfo ere£ied perpendicular to the plaine 
fuperficies vobich paffeib by the lines AB and C D`. Let 
thefe lines A E,E B,E C, and E D £c put equall the one 
to the other. And by the poynt E extend aright line at all 
auentures , and let tbe fame be G E H . And drawe thefe 
right lines AD, CB, FA, FG, FD, FC, FH, and 
FB. And forafmuch as thefe two right lines AE GED 
are equall to thefe twa lines C E and E B, and tbey com- 
prehend equallangles(by the 15.0f the firft ) :therefore(by 
the g.of the firit )the bafe A D is equall to the bafe C B, and the triangle A È D is equall to 
the triangle C E B.Wherefore alfo tbe angle D A E , is equallto tbe angle EB C . But the 
angle AEG is equall to the angle BEH ( by the 15 of the firft). Wherefore there are two 
triangles A G E, and BEH haning two angles of the one equall to two angles of the other, 
eche to his corre{pondent angle,and one fide of the one equall to one fide of the other , namely 
one of the fides which lye betwene the equall angles,namely , the fide A Eis equall to the fide 
EB. Wherefore(by the 26.0f the firft) the fides remayning are equall to the fides remayning. 
Wherefore the fide G Eis equall to the fide EH , and the fide A G to the fide BH. And for- 
afmuch as the line AE is equall to the line EB, and the line FE is common to them both, 
TT ij. and 





ConflruBion, 


Denionſtra- 
tion. 
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dnd maketh with them right angles , wherefore ( by the fourth of the firft ) the bafe F Ai 
qudbito the bafeEB . And (by the fame reafon) ih ij FC — —* y e 
Sorafmeach as the line AD is equallto the line B C,and the line F Ais equal to the line FB 
as it hath bene prowed . Therefore thefe two lines F A and AD are equall so the{e two lines 
FB BC the one tothe other,or the bafe F D is equal to the bale F C. Wherfore alfa the 
angleF A Dis eqnalltothe angleF BC. And againe forafmuch as it hath bene proued, 
thas the line A G ts equall to the line BH, but the line F A is equall to the line FB. Where- 
Sore there are twa lines T A and A G. equall to two lines F Band BH. and it is proued that 
the angle F A G is equallto the angle ¥ BH :wherefore ( by the g.of the firft ) the bafeF G 
is equal to tbe bafe F H . Agayne fora[emuch as ut bath bene proued that the line G E is equal 
to the line E Hand the line EF is common to them bath: wherefore thefe two lines G E and 
EF are equall to thefe two lines H E and EF, ana the bafe YA is equal] to thebafe E G: 
wherefore the angle G E F is equall to the angle EV: Wherefore either of the angles GE 
F,and HEF isa right angle Wherefore the line E F is erecfedl, from the point E perpendi- 
cularly to the line G H Ia like fort may we prone,that the fame lixe F E maketh right angles 
with all the right lines which are. drawne upon the ground playne {uperficies and touch the 
pont B.Buta right lineis then evetted perpendicularly to aplaine fuperficies,when it maketh 
right angles with all the lineswhich touch it , and are drawne upon the ground playne fuper- 
fictes (oy the 2 definition of | the elenenth ) . Wherefore the right line F Eis eretted perpendi = 
cularly to the ground playne fäperficies „And the ground plaine fuperficies is that which paf- 
Seth by theferight lines A Band O D . Wherefore the right line F E is erected perpendicu- 
larly to the playne fupèrficies whith pafeth by thë right lines AB andCD. If therefore 
frore tworight lines cutting the one the other and at their common fettion a right line be 
perpendtiilarly erected: it fhallalfo be ereéted perpendicularly to the plaine fuperficies by the 
[yd Tivo lines pafJing:mhich UA; required to be prowed. ` i 
CONSO " 


In this figure you may moft euidently conceaue the 
propofition and demonttration, ifye ere& perpendi” ^ 
ground playne fuperficies AC BD the tiang’ 
the triangles A F D,& C FB in fuch ſott, that tu 
angle A FB may ioyne & make one line with the line 
angle A F D:and likewife that rhe line B F of the triangle a~ 
ioyne & make one rightline with the line B F of the triangle b», 


` 3 





q The s. Theoveme. The s.Propofition. 


If ynto three right lines which touch the one the other , be ereéted a pera 
pendicular line from the common point where thofe three lines touch:thofe 
three right lines are in one and the felfe Jame plaine  fuperficies. 


AV ppofe that vnto thee threeright lines B.C ,BD, and BE, touching the one 
the other in the poynt B,be erected perpendicularly from the poynt B, the line 
A B.T ben 1 ay that thofe thre right lines BC,B D and B E,arein one & the 


elfe fame plaine [uperficies For if' wotythen if it be poffible,let the lines BD & 
; BE 
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B E bein tbe ground fuperficies , and let the line B C be e- 
vetted upward (now the lines A B and B C are in one and the. 
fame playne fuperficies (by rhe 2. of the ilenenth )for they touch 
the one the other in the poiat B ) . Extend the plaine fuperficies 
wherein the lines AB and B C ave , and it fhall make at the \- 


/ 


Demonf'rcti- 
length a common fection with the ground fuperficies which on ieading t9 
common fetzion [ball be a right line (by the 3 .of the elenenth): | an impoſubi. 
let thai common fection be the line BF. Wherefore the three Y tities | 


right lines A B, B C, aad B F are in one and the felfe fame fu- = 
perficies , namely , inthe [uperficies wherein the lines A Band ^ f 
BCare. And forafmuch as the right line A B is ereffed per- 7 |j 
pendicularly to either of thefe lines B D'and BE, thereforethe 5 
line A Bis alfo ( by the 4.of the elenenth ) erected perpendicu- 
larly to the plaine fuperficies, wherein the lines B D and BE are. But the fuperficies wherein 
the lines B D and B E areis thegroùnd fuperficics. Wherefore the line P.B îs erected per- 
pendicularly tothe ground plaine fuperficies. Wherefore( by the 2. definition of tbe e'euentb) 
the line A B maketh right angles with all the lines which are drawne upon the ground ſuper- 
ficies and touch it.But the line BF which is in the ground fuperficies doth touch it Wherfore 
the angle A BF is aright angle . And itis fuppofed that the angle A B C is aright angle. 
Wherefore the angle AB F is equall to the angle ABC, and they are in one and the felfe 
fame plaine fuperficies which is impoffible . Wherefore the right line B C is not in an higher: 
, feperfeies -Whbercfare the vight lines B C, B D, B E are im oze and the felfe fame plaine fu- 
perficies.. If therefore unto three right lines touching the one the one the other,be eretied 
a perpendicular line from the common point where thofe three lines touch: thofe three 
right lines are in one and the [elfe fame plaine fuperficies : which was required to-be demon: 
strated. : i 





This figure heré fet more playnelv^ 
declareth the-demonftration of che ? 
mer propofition, ifye erect per, 
larly vnto the ground fuperfici 
perficies wherein is drawne the 
and fo compare it with the fayd de 
ftration. 





The 6.T heoreme. The 6.Propofition. 
dà apt 


. „Af tiwo right lines be ereed perpendicularly to one eo tbe felfe fame plaine 
» Juperfictes:thofe right lines are parallels the one to the other. 


71 tig. Suppofe 
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dnd maketh with them right angles , wherefore ( by the fourth of the fir[t ) the bafe F Ai 
qual/tothe bafe-EB . And (by the fame reafon) ie ih FC a —*— Dd 
forafmsuchas tbe line A D is equall to the line B. C and the liue V. A is equal to the linc E B 
as it bath bene proued . Therefore thefe two lines F A and A D are equall to: shefe two lines 
FBG BC, the one tothe other,er the bafe F Dis equall to the bafe F C. Wherfore Alo the 
angle Y. À D £s equalltotbe angleY B C. 4d againe forafmuch as it bath bene proved, 
that the line A G is equall to the line BH, but the line F A 7s equall to the line FB. Where. 
fore there are twa lines ¥ Aand AG equall to two lines F Band BH and itis proued that 
the angle F A G is equall to the angle F BH: wherefore ( by the a of the firft ) the bafeE G 
is equal to the bafe¥ H . Agayne forafmuch asst hath bene proued that the line G E is egual 
tothe line EH,and the line V. F ts common to them both: wherefore thefetwo lines GE and 
E F ave equai! to thefe two lines H EandE F. „andthe baft EH is equall to thebafe F G: 
wherefore the angle G EF is eguall to the angle H EF: Wherefore either of the angles G E 
F,and H EF is a right angle. Wherefore the linc EF is eretti, fromthe point E perpendi- 
cularly to the line GH ta like fort may we prowe,that the fame line F E maketh right angles 
with all the right lines which are. drawne vpon the ground playne fuperficies and touch the 
point B.But aright line is thes eretted perpendicularly to a plaine fuperficies, when it maketh 
right angles with all the lines which touch it , and are drawne upon the ground playne fuper- 
fictes (by the 2.definition of the eleuenth ) . Wherefore the right line F E is erected perpendi- 
cularly to the ground playne {uperficies .And the ground plaine fuperficies is that which paf- 
Seth by thefe right lines AB and C.D. Wherefore the right line F Eis ereéted perpendicu- 
larly to the playne Superficies whith pafetb by thé right lines AB andCD. If therefore 
from two right lines cutting the one the other and at their common fettion a right line be 
pecpendniilarly erttted: it flall alfo be eretted perpendicularly to the plaine  fuperficies by the 
foa tivo fies paffing:mhich was required to be proued. 


B 


In this figure you may moft euidently conceaue th» ^ 
propofition and demonllration, if ye ere£t perpendic" 
ground playne fuperficies A CB D the: trianp’ 
thc cciangles A F D,& C FB in fuch fore;thar tne 
angle AF B may ioyne & make one line with the line 
angle A F D:and likewile chat the line BF of the triangle « 
ioyne & make one rightline with the linc B F ofthe triangle. 


q The s. Theoreme. The s.Propofition. 


If ynto three right lines swhich touch the one the other , be evetted a pere 
pendicular line from the common point where thofe three lines touch:thofe 
three right lines are in one and the felfe fame platne  fuperficies. 


Vppofè that vnto thefe threeright lines? C , BD, and BE, touching the one 
the other in thepoynt B,be ereéted perpendicularly from the poynt B, the line 
A B.Then I fay,that thofe thre right lines B C,B D and B E,arein one cr the 


ES 


\ q 


C felfe fame plaine fuperficies.F or if not then if it be pof) [jible let 1he lines B D ex 
BE 





The elenenth Booke - 


' 
4nd maketh with them right angles , wherefore ( by the fourth of the firft) the bafeF A i 
qualítotbt bafe EB . And (by the fame reafor) ihe p FC — LE i 
ferafsuch as tbe line A D is equall to the line B C,and the line F Ais equal to the line FB 
as tt hath bene proued . Therefore thefe two lines F Aand AD are equall to tbefe two lines 
FB & BC, the one tothe other, or the bafe F D is equatl to tne bafe F C. Wherfore alfo the 
angle A Dis equall tothe angleP BC. And againe forafmuch as it hath bene proued 
that the line A G is equall to the line BH, but the line F Ais equall to the line FB. Where. 
fore there are two lines ¥F Aand AG equall to two lines F Band BH anditis proued that 
the angle E A G is equallto the angle F BH wherefore ( by the 4.of the firft ) the bafe E G 
is egual tothe bafe F H . Agayne forafmuch as ut hath bene proued that the line G E is equal 
to the linc EH ,and the line E F is common to them both: whereforethefe two lines G E and 
E F are eguallto shefe two lines H E and E E., and tht bafe EH is equallto thbebafe FG: 
wherefore the angle G E F is equall to tbe angle H EF: Wherefore either of the angles GE 
F,and HEF isa vight angle. Wherefore the linc E F is ereé?ed, from the point E;ferpendi- 
cularly to the line G Vl. fa like fort may we prone,that the fame line F E maketh right angles 
with all theright lines which are: drawne upon the ground playne fuperficies and touch, the 
point B.But aright line ss ther eretted perpendicularly to a plaine fuperficies,when it maketh 
right angles with all the lines which touch it , and are drawne upon the ground playne fuper. 
ficies (by the 2 definition of the eleuenth ) . Wherefore the right line E. E is eretfed perpendi- 
cularly to the ground playne fuperficies And the ground plaine fuperficies is that which paf- 
Seth by theferight lincs A Band G D. Wherefore the right line F Eis ercéted perpendicu- 
larly to the playne fuperfpcres whičh pafeth by thè righi lines AB and C D .If therefore 
from to right lines cutting the one the other and at their common fettion a right lize be 
pepe Z lsslarly ertéted: it ſſallalſo be vected perpendicularly to the plaine fuperficies by the 
dro lies pafjing:which was required to be proued. 





Sy 


Y 
d 


In this figure you may moft euidently conceaue th^ ^ 
propofition and demanitration, ifyeere& perpendi’ 
ground playne fuperficies A C B D the. wiane 
the eviangles A F D,& C FB in fuch (ore;thac tri. 
angle AF RB may ioyne & make one line with the line 
angle A F D:and likewife that the line B F of the triangle... 
ioyne & make one rightline with the linc BF of che triangle B.. 





q The s. Theoreme. The s.Propofition. 


If ynto three right lines which touch the one the other , be eretted a pers 
pendicular line from the common point where thofe three lines touch:thofe 
three right lines are in one and tbe felfe [ame plaine fuperficies. 


> rp that unto thefe three right linesBC ,B D, and BE, touching the one 
the other in thepoynt B,be ereéted perpendicularly from the poyat B, the line 
c P ? y poy 
A BT hen I [ay that thofe tbre vight lins B C,B D and B E,are in one Cy the 
y g 


felfe {ance plaine fuperficies.F or if not,then if it be poffible,let the lines BD & 
BE 





The eleuenth Booke 


4nd maketh with them right angles , wherefore ( by the fourth of the firft ) the bafe E A i 
quattorhe bafe EB. And (by the fame reafon) "n i FC — i Lit Dd 
Sorafnench as the line AV) is equall to the line B C,and the line F Ais equal to the linc EB 
as it hath bene proued . Therefore thefe two lines F A and AD are equall to thefe two lines 
. FB B C,tbe oneto the other, Cv tbe bafe F D is equatlto tbe bafe F. C. Wherfore Alfo the 
ancleF A Dis equalltothe angle F B C . And againe forafmuch as it hath bene proued, 
that tbe line AG is equallto the line B H but tbe line F A ds equall to the line F B. Where. 
fore there are twa lines F Aand AG equall to two lines F Band BH anditis proved that 
the angle ¥ A G is equallto the angle F BH wherefore ( by the 4.0f the firft ) the baft F G 
is equal zo the bafe F H . Agayne forafmuch asit hath bene proued that the line G E is equal 
tothe linc E Hand the line È F is common to them bath: whereforethefe two lines GE and 
E F are eguall to thefe two lines H E and E E, andthe D EHz equal] to thebafeE G: 
wherefore the angle G EF is equali to the angle H EF. Wherefore either of the angles G E 
F,and H EF zs a right angle . Wherefore the line E F is erečtëil, from tbe punt Esperpendi- 
cularly to the line G VÀ 1 like fort may we prone,that the fame line F E maketh right angles 
wiih all theright lines which are: drawne upon the ground playne fuperficies and touch the 
point B.But aright linc is thes erected perpendicularly to a plaine fuperfcies,when it maketh 
right angles with all the lines which touch it , and are drawne upon the ground playne ſuper- 
foates (by the 2 definition of the eleuenth ) . Wherefore the right line F . is eredfed perpendi- 
cularly to the ground playne fuperficies .And the ground plaine {uperficies is that which paf- 
Seth by thefe right lines AB and GD. Wherefore the right line F Eis eretted perpenducu- 
larly to the playne fiperfeici which paffetb by thé right lines AB asd CD. If therefore 
fiom tworight lines cutting the one the other and at their common fettion a right line be 
perpendularly eveéted: it [hall alfo be eretted perpendicularly to the plaine fuperficies by the 
Jagd two lizses pafjing:-which was required to be proued. 


In this figure you may molt euidently conceaue the former ` 
propofition and demonttration, if ye erect perpendiculatly vnto the 
ground playne fuperficies A C B D the: uiangle A-F B + and elevate 
the triangles A F D,& C FB in fuch fore,thar the line AE of the tri- 
angle A E B may ioyne & make one line with the line A F ofthe tri- 
angle A FD :and likewife chat the line B F ofthe triangle A F B may 
ioyne & make one rightline with the linc B F ofthe triangle B F C. 





g The 5. Theoreme. The sPropofition. 


If ynto three right lines which touch the one the other , be eretted a pere 
pendicular line from the common point where thofe three lines touch:thofe 
three right lines are in one and the felfe [ame plame : fuperficies. 


xL ppofe that vnto thefe three right lines B.C , BD, and BE, touching the one 

the other in the poynt B,be ereéted perpendicularly frons the poynt B, the live 

AB.Then I fa Wh thofe thre right lines B C,B D and B E,are in one c the 

Y felfe fame plaine [uperficies.F or if not,then if it be poffible,let the lines B z à 
; B 





of Euclides Elementes. Fol.325. 


BE bein the ground fuperficies , and let the line BC be ë- I 

retted «pward (now the mes A B and B C are in one and the. - 

fame playne fuperfizies (by the 2. of the eleueptb)for they touch 

the one the other in the poiat R ) . Extend the plaiae fuperficies 

wherein the lines AB and B Care, and it {hall makeat the E Demonfveti- 
length a common filion with the ground fuperficies , which on leading tà 


common fettion fhall be a right line (by the 3 .of the eleaentlr): en impofsibi~ 
let that common fection be the line BF . Wherefore thethree | hitie. 


right lines AB, BC, and BF are in one and the felfefamefu- ` 
perficies , namely , in the [uperficies wherein the lines A B and | 
B C are . And forafmuch asthe right line A B iserefed per- |, 
pendicularly to either of thefe lines B D and BE, thereforethe > ! 
line A B is alfo ( by the 4.of the eleuenth ) erected perpendicu- 
larly to the plaine [uperficies, wherein the lines BD and BE are. But the fuperficies wherein 
thelines B D and B E are is the ground fuperficics. Wherefore the line B is eretfed per- 
pendicularly to the ground plaine fuperficies. Wherefore (by the z. definition of the elenenth) 
the line A B maketh right angles with all the lines which are drawne upon the eround [upers 
ficies and touch it But the line BF which is in the ground [uperficics doth touch it Wherfore 
the angle ABF is aright angle. And itis [uppofed that the angle AB C is aright angle. 
Wherefore the angle A BF is equall to the angle ABC, and they ave in one and the felfe 
fame plaine fuperficies which is impoffible,. Wherefore the right line BC is not in an higher“ 
, fiperficies -Wbercfore tbe right lines B C, B D, B Eare in one and the felfe fare plaine fu- 
perfeis - f therefore unto three right Imes touching the one tbe onetheother be ereed 
a perpendicular line from the common point where thofe three lines touch: thofe three 


right lines arein one and the felfe fame plaine fuperficies : which was required to be demone 
Firated.' 9 





This figure here fer more playnely " 
declareth the-demontftration of the for- 
mer propofition, if ye erect perpendicu- 
larly vnto the ground fuperficies,the fu- 
perAcies wherein is drawne the line AB 
and fo compare it with the fayd demon- 
ftration. 


The 6.I heoreme. - ropofition. 


I f ui right lines be retad perpendicularly to one e the felfe fame plaine 
. Jeperficies:thofe right lines are parallels the one to the aa Sanep 


71 4i j. 5 uppofe 


Conffruttion, 


* 4n Affurpt 
as M,Dee 
prowcth it. 
Demonstra- 
tion 


The elenenth Booke 


\V ppofe that thefe two right lines AB and CD be eretted perpendicularly to a 
ground plaine fuperficies . Then I fay that the line A B isa parallel to tbe line 
|C D.Let the pointes which thofe two right lines touch in the plaine fuperficies be 
Aet] D and D. And draw a right line from the point B to the point D . And (by the 
11.0f tbe firft ) from the ‘point D,draw unto the line B D in the Ground fuperfictes a perpen- 
dicular line D E . And( by the vof the feft "put the line D E equall ro the line AB , And dram thefe 
right lines B E, A E, and A D. And forafmuch as the line 
A B is ereéted perpendicularly tothe ground fuperficies,ther- zA c 
fore (by the 2.definition of the elewenth)the line A B maketh 
right angles with all the. limes which are drawne vpon the 
ground playne fuperficies and touch st . But either of thefe 
Lines B D and B E which are in the ground fuperficies,touch 
the line AB , wherefore either of thefe angles ABD and 
AB Eisaright angle:and by the fame reafon alfo either of 
the angles C D Bc C D Eis aright angle. And forafmuch 
as the line A B is equallto the line D E , and the tine B D is 
common to them Loth, therfore thefe two lines AB and B D, 
are equall to thefe two lines E D and D B,and they contayne right angles : wherefore (by the 
s of the fir ft )the bafe A D is equall to the bafe B E . And forafmuch as the line AB is equall 
to the line D E ,and tbe line A D totheline BE, therefore thefe two lines A B and B E are 
equall to.thefe two lines ED and D A, andithe line AE isa common bafetothem both. 
Wherefore the angle A B E is ( by the 8.of the fir/t)equal tothe angle E D A . But the angle 
AB Essaright angle: whefore alo the angle E D Ais aright angle:wherfore the lineE D ` 
is eretted perpedicularly to the line D A:and it is alfo erected perpedicularly to either of thefe 
lines B D and D Ç, wherefore the line E D isvnto thefe three right lines B D , D A , and 
DC eretted perpendicularly from the poynt where thefe three right lines touch the one the 
other : wherefore (by the $.of the eleuenth)thefe three right lines BD, D 4, and D C are in 
one and the felfe [ame fuperficies. And inwhat fuperficies the lines B D and D A are, in 
the felfe fame alfo is the line B A: for ewery triangle is (by the 2. of the eleuenth ) in one and 
the felfe fame fuperficies .Wherefore thefe right lines AB, B D,and DC are in one and the 
felfe fame — and either of tbefe angles A B D and B D C isaright angle ( by fup- 
pofition).Wherefore( by the 28. of the firft) the line A B is a parallel tothe line C D. If there- 
foretwo right lines be erected perpendicularly to one and the felfe fame playne fuperficies, 
thoferight lines are parallels the one to the other: which was required to be proned. 








Here for the better vinderftanding of this «. propofition I 
haue de(cribed an other figure: as couching which if ve erect the 
fuperficies 4 B D. perpendicularly to the fuperficies 8 D E, and 
imagine only aline to be drawne from the poynt 4 to the poynt 
E (iye will ye may extenda thred from the faide poynt A to 
the poynt E ) and fo compare it with the demonttration, it will 
make both tbe propofition , and allo the demonitration-moft 
cleare vato you. 


«| An other demonftration of the fixth propofition by Jt. Dee. 


Suppofe that the two right lines 4 8 & CD be perpendicularly erected to onc & the fame playne fue 
l perhcies 


of Cuclides Elementes. 326. 


. perficies namely the playne fuperficies o p. Then I fay that 4 s and c are parallels.Let the end points 
of the right lines 4 s and c p, which touch the plaine fuperficies o p,be the poyntes s aud pD,fró s top 
leta ftraight line be drawne(by the firlt petition )and(by the fecond petition let the ttraight line s D bë 
extéded,as to the poynts m & x. Now forafmuch 
asthe rightline as, from the poynt g produced, 
doth curte the line m w ( by conftruction). There- 
fore (by the fecond propofition of this eleventh 
boSke)the right lines a 8 & m n arein one plaine 
fuperficies. Which let be ax, cutting the fuperfi- 
cies o » inthe right line m n.By the fame meanes 
may we conclude the right line c v to bein one 
playne fuperficies with the right line mw. but the 
right line m w (by fuppofition) is in the plaine fu- 
perficies qn : wherefore cp isin the plaine fu- 
perficies qx . And ag the right line was proued 
to be in the fame plaine fuperficies a x .Therfore 
a sand c n arein one playne fnperficies , namely 

o. & . And forafmuch as the lines 4 s and c p (by 
füppofition ) are perpendicular vpon the playne fuperficies or , therefore (by the fecond definition of 
this booke ) with allche rightlines drawne in the fuperficies o » and touching 4 2 and c p , the fame 
perpédiculars 4 » and c »,do male right angles. But(by cenftru&tion)M N,being drawne in the pine 
fuperficies o P toucheth the perpendiculars a 8 and c n at the poyntes s and p. Therefore the perpen- 
diculars a x and c p , make with the right line m n two right angles namely a s n, and c n x : and m n 

the right line is proued to be in the one and the fame playne fuperficies,with theright Jines a 8 & c D: 

namely in the playne fuperficies Qa . Wherefore by the fecond part of the 28 . propofition of the firit 
booke,the rightlines A r and c » are parallels . Iftherefore ewo right lines be erected perpendicularly 
to one and the fcife fame playne fuperficies chofc right lines are parallels the oneto the other : which 
was required to be demontlrated. 





A Corollary added by M.Det. 


Hereby it is enident that any two right lines perpendicularly eretled to one andthe felfe fame 
playne faperficies are alfo them {elves in one and the fame playne fuperficies which is likewife perpen- 
dscularly eretted to the fame playne fuperficies,yato Which the two right lines are perpendicular, 


The firlt part hereof is proued by che former conftruction and demonftration , that theright lines 
a zand c n arein oneand the fame playne fuperficies a x. The fecond part is alfo manifeft( that is,that 
the playne füperficies q & is perpendicularly erected vpon the playne fuperficies o r ) for that a » and 
c » being in the playne fuperficies Q x, are by fuppofition perpendicular to the playne fuperficies o »: 
wherefore by the third definition of this booke QR is perpendicularly erected toor vpon o r : which 
was required to be proued. 


Jo.Dee his aduife vpon the Affumpt of the 6. 


* Asconcerning the makiag o: the line DE, equall to the right line A B , verely the fecond of the 
firft, without fome farther confideration , is not properly enough alledged . And no wonder itis , for 
thar inthe former bookes , whatfocuer hath of lines 
bene {poken , che fame hath 2he-ayesbene imagined to 
be in one onely playne fuperficies confidered or execu- 
ted . But here the perpendicular line A B, is notin the 
fame playne fuperhcies,that the ¥ght line D Eis. Ther- 
fore iome other helpe mut be putinto the handes of 
young beginners , how to bring this probleme to exe- 
cution : which is this , molt playne and briefe . Vnder- 
ftand that B D the rightline , is the common fection of 
the playne fuperficies, wxerein the perpendiculars A B 
and C Dare, X of the other playne fuperficies,to which 
they are perpendiculars.The irit of thefe(in my former 
demonitration of the 5), I noted by the playne fuperfi- 
cies QR:and the other,I noted by the plaine fuperficies 
O P.WhierforeB D being a right line common to both 
the playne fuperficieces Q R & O P, therby the ponits 
B aud Dare cómon to the playnes Q Rand OP. Now 
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26 


Conlſtruction. 


* An Aſſumpt 
as M, Dee 
proucth it. 
Demouſtra- 
tion, 


T he eleueutb B ooke 


\V ppofe that thefetmo right lines A B and C D be ereed perpendicularly jx 
‘ground plaine fuperficies . T ben 1 fay that tbe line A B iia parallel tothe line 
C D.Let the pointes which thofe two right lines touch in the plaine fuperficies be 








SEL L and D. And draw aright line from the point B to the point D . And ( by the 
11.6f the firft ) from the point D,draw vnto the line B D in the ground fuper ficies a perpen- 
dicular line D E . And(by he r.of the frf )"put the line D Bequall ro the line AB, And draw thefe 
right lines BE, AE, and AD. And forafmuch as the line 
A Bis erected perpendicularly to the ground fuperficies,ther- A c 
fore (by tbe 2. definition of the eleuentb the line A B maketh 
right angles with all the. limes which are drawne upon the 
ground playne fuperficies and touch st . Bat either of thefe 
lines B D aad B E which are in tbe ground fuperficies, touch 
the linc AB , wherefove either of thefe angles A B D and 
AB Eisaright angle-and by the fame reafon alfo either of 
the angles C D B,& C D Eis aright angle. And, Lforafmuch 
asthe line A Bis equallto the line D E , and the line B D is. 
common to them Loth, therfore thefe two lines AB and B D, : 
are equall to thefe two lines E D and D Band they contayne right angles : wherefore (by the 
4 of the fir i)the bafe A D is equallto the bafe B E . And fara(much as tbe line A B is equall 
to the line D E „and the line A D totheline BE, therefore thefe tmo lines A B and B E are 
equall to tbe[e two lines E D and D A , anditbe line AE isa common bafetothem both. 
Wherefore the angle A BE 1s ( by the 8.of the firft)equal tothe angle E D A . But the angle 
AB E isaright angle: whefure alfo the angle E D Ais aright angle:wherfore the lineE D * 
ds erected perpédicularly ta the line D A:and it is alfo erected perpedicularly to either of thefe 
lings B D and D C, wherefore the line ED isvnto thefethree right linesB D , D A, and 
D C ereiled perpendicularly from the poynt where thefe thrèe right lines touch the one the 
other : wherefore (by the s.of she elenenthythefe three right lines B D , D A, and D C are in 
one and the felfe fame (uperficies. And in what fuperficies ba F7 ? I ^4 T A are, in 
the felfe fame alfois the line B A: for euery triangleis (by th one and 
the felfe fame fuperficies . Wherefore thefe right lines A B, B land the 

felfe [ame fuperficies , and either of thefe angles A B D and . ' by fup- 
pofition) Wherefore(by the 28. of the firft)the line A B is] if there- 
fore two right lines be erected perpendicularly to one and t, ver ficies, 


thoferight lines are parallels the one to the other: which was; 


Here for the better vnderflanding of this €. propofition I B 


` haue defcribed an other figure:as touching which if ye erect the 


fuperficies 4B D perpendicularly to the fuperficies 2 D E, and 
imagine only aline eo be drawne from the poynt 4 to the poynt 
E (if ye will ye may extenda thred from the faide poynt A to 
the poynt E ) and fo compare it with the demonltrarion, it will 
make both the propofition , and alio the demonttration-moft 
cleare vato you. 


E 
«| An other demonftration of the fixth propofition by M. Dee. 


Suppofe that the two tight lines AB & CD be perpendicularly erefted to one & the fame pane fu- 
per cies 


' ABisputequall. And though this be eafy to conceaue, 


Demon tra- 
tion leading to 
au empofithi« 
litie. 


The eleuenth Booke 


from B D(fuficiently extended) cutte a right line equall co A B, ( which fuppofe to be B F) by the third 
of the firlt,and orderly to B F make D E equall,by the 3.of the firlt,if D E be greater then B F.( Which 
alwayes you may caufe fo to be,by producing of D E {ufficiently).Now forafmuch as B F by conftructi- 
nis cutte equall to A B,and D E alfo , by conitrugtion, put equall to B F , therefore by the 1. common 
fentence,D E is put equall to A B: which was required to be done. 

In hike {ort,if D E were a line geuen to whome A É 
were to be cutte and made equall, firt out ofthe line 
D B(fufficiently produced)cutting of D G,equall to DE 
by the third of the firft: and by the fame 3.cutting from 
B A(fufficiently produced)B A, equall co D G : thenis 
it euidét,that to the righcline D E, the perpédicular line 


yecl haue defigned the figure accordingly, wherby you 
may in(tru& your imagination. Many fach helpes are in 
this booke requifice , as well to enforme the young ttu- 
dentes therewith , as alfo to malter the froward gayne- 


fayer of our conclufion , or interrupter of our demon- 
dtrauious courfe, 





q Ibe 7. Theoreme. The 7. Propofition. 
If there be two parallel right lines, and in either of them be taken a point 
at all aduentures : aright line drawen by the faid pointes is in the felf fame 
Superficies with the parallel right lines. 






ME V ppofe that thefe two right lines A B and C D be parallels, andin either of thé take 
X a point at alladaentures, namely, E and F . Then 1 fay, that a right line drawen 

NG from the point E to the point F, isin the felfe fame plaine fuperficies that the pa- 

vallel lines are. For if not, thenifit be pofsible, 

let it Le in an higher {uperficies,astheline EGF d prm 

is,and araw the [uperficies wherin the line E G F 

is, extendit, and it [ball make a common fetti- i 

on with the ground {uperficies,which fection [hall * 

(by the 3 of the elzuenth) be aright line : let that 

fection be the right line EF . Wherefore two 

right lines EG F and EF includea fuperficies: € . F D 

which(by the lañ common fentence)is impofäble. 

Wherfore aright line drawen from the point E to the point F jis not in an. bigher [nperficies. 

Wherfore a right line drawen from the point E tothe point F, isin the felfe fame fuperficies 

wherein are the parallel right lines ABandC D. If therefore there be two parallel right 

lines, and ineither of them be taken a point at alladuentures, a right line drawen by thofe 

pointes is in the felfe fame plaine [uperficies with the parallel right lines: which was requi- 

red to be demonstrated. i — 
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| 
By this figure it is cafie to fee 0 
the former demonſtration, ifye | 
eleuate the fuperficies wherin is 
drawen theline E G F. 
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of Euclides Elementes, Fol.327. 
The 8.Theoreme. The 8. Propofition. <~> ` 


If there be two parallel right lines of which one is ereéted perpendicularly 
to around playne fuperficies: the other alforsevetted perpendicularly to 


the felfe Jame ground playne fuperficies. 


Vypofe that there be two parallelright lines AB and C D, and let one of them, 
eq namely, A B be erected perpendiculerly to a ground — Then fay that 
Q theline C D is alfo ereéfed perpendiculerly,to the felfe [ame around fuperficies. 
< Let the lines A BandC D fall vpon the ground fuperfictes in the pointes B and 
D,and (by the firft peticion) draw a right line frem the point B tothe point D. And drawe 
(by the x1. of the firft) in the ground [uperficies from tbe point D unto the line B D a per- 
pendiculer line D E, and(by the 2. of the first) put the line ; 

D E equall to the line A Band dram a right line from the — ^. . 
point B to the point E,and an other frora the point A to the 
point E,and an other from the, oint A tothe point D.And 
forafmuch as the line A B is ereited perpendicularly to the 
ground fuperficieces therfore (by the 2.definition of the e- 
lenenth) the line AB is evetted perpendicularly to all the 
right lines that are in the ground fuperficies and touche tt. 
Wherfore either of thefe angles A.B D dv 4B E isaright 
angle. And forafmuch as vpon thefc barállellines A B and 
€ D falleth a certaine right lineB D therefore (by1he 2p. 
of the firft) the angles A B D and C D B areequal to two right angles But the angle A B D 
is aright angle,wherfore alfo the angle C D B is a right angle. Wherfore tbe line C D is e- 
retked perpendicularly to the line B D- And forafmuch as the line A B is equall to the line T 
E,and the line B Dis common to them both, therfore thefe two lines AB and B D are equal. 
tothefe two lines E D and D B,and tbe angle A B'D is equalltothe angle E D B for either 
of them is a right angle. Wherfore (by the 4. of the firit) the bafe A D isequallto tbe bafe 
B E And forafmuch as the linc A Bis eguall to çhe line D E, andthe line B E tothe line 
AD, therfore thefe two lines AR and B E are equall to thefe two lines A D & D E, the one 
to the other,and theline ‘A E is a common bafe to them both. Wherfore( by the 8 of the first) 
the angle AB E is equall to the angle A D E. but the angle AB E is aright angle,wherfore 
theangle E D A,is alfo aright angle. Wherefore the line E Dis erected perpendicularly to 
the line. A D ,and it is alfo erected perpendicularly to the line D B.Wherfore the line E Dis 
erelted perpendicularly to the plaine {uperficies wherin the lines B D and B.A are (bythe 4. 
of this booke) Wherfore (by the 2. definition of the eleventh )the line E\D is erected perpen- 
dicularly to all the right lines that touche it and arein the (uperficies wherein the lines B D 
and AD are.But in what fuperficies the lines B D and D A are,in the felfe fame fuperficies 
is the line D C.For the line A D being drawen from two pointes taken in the parallel lines A 
B asd C D is by the fermer propofition in the felfe fame fuperficies with them. Now foraf: 
much asthe lines A Band B D are in the fuperfictes wherin the lines B D and D. A are, but 
in what fuperficies the lines A B Cy BD are,tn the fame is the line D CWherfore the line E 
Dis erected perpendicularly to the line D C.Wherfore alfo the line C D is erected perpendi- 
cularly to the line D E. And the line C D is erected perpendicularly to the line D B. For by 
the 29. of the firft,the angleC D B being equall to the angle A BD is aright angle Where: 
fore the lineCD is from the point D erected perpendicularly to two right lines D E and D 
B cutting the one the other in the point D.Wherfore by the 4.of the elenenth, the line C D is 
ercéced per pendiculaaly to tbe plaine fuperficies, wherein are thelines D E and D B. But 
the 
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This propofl- 
tion 18 asit 
"were the cone 
nerfe of the 
Sixth 
Conſiruction. 


Demon ſira- 
tion. 


Demonftra- 
tion leading to 
an impofitbi- 
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The elenenth Booke 


from D D(fuficiently extended) cutte a right line equall to AB, ( which fuppofe to be B F) by the third 
ofthe firlt;and orderly to B F make D E equallby the 3 .of the firlt,if D E begreater then B F. ( Which 
alwayes you may caufe fo to be,by producing of DD E fuficiently )-Now forafmuch as B F by conftructi- 
onis cutte equall co A B,and D E alfo , by conitruétion, put equall to B F , therefore by the 1. common 
fentence,D E is put equall to A B: which was required to be done. 

1n like (ort,if D E werealiaegeuen to whome A B 
were to be cucce and made equall, firt out ofthe line 
D B(fufficiently produced)cutting of D G,equall to DE 
by the chird of the firft: and by the fame 3.cuttiog from 
B A(fufficiently produted)B A, equall to D G : then is 
ic cuidét,thatco the right line D E,the perpédicular line 
A Bis puc equall, And though this be eafy to conceaue, 
yet 1 haue defigued the figure accordingly, wherby you 
may initruct your imagination. Many fuch helpes are in 
this bookc requifite , as well to enforme the young itu- 
dentes therewith , as alfo to mafter the froward gayne- 


fayer of our conclufion , or interrupter of our demon- 
ttratious courfe, 





q Lhe 7. Theoreme. The 7. Propofition. 
If there be two parallel right lines, and in either of them be taken a point 
at all aduentures : aright line drawen by the faid pointes is in the felf fame 
Superficies with the parallel right lines. 





ANV ppofe that thefe two right lines A B and C D be parallels, and in either of thë take 
K: J a point at all aduentures,namely, E and F . T hen 1 fay, that à right line dramen 
DONE from the point E to the point F, is in the felfe fame plaine fuperficies that the pa- 
vallel lines are .. For if not, then if it be pofible, 

let it Le in an higher fuperficies,as theline EGF & — 
is,and draw the fuperficies wherin the line E G F 
is, extendit, and it [hall make a common fecfi- 
on with tbe ground [uperficies which fzéfion [hall 
(by the 5 of the eleuentb ) bea right line : let that 
fection be the right line EF . Wherefore two 
right lines EG F and E F includeafuperficies: © F D 
which(by the last common fentence )is impofible. 

Wherfore a right line drawen from tbe point E to the point F jis not inan. bigher fnperfiier. 
Wherfore a right line drawen from the point E tothe point F, isin the felfe fame [uperficies 
wherein are the parallel right lines ABandC D. If therefore there be two parallel right 
lines, and in either of them be taken a point at all aduentures, a right line drawen by thofe 
pointes is in the felfe fame plaine [uperficies with the parallel right lines: which was requi- 
red to be demonitrated. SB. 
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By this figure it is eafíe to fee 
ithe former, demonttration, if ye 
elevate the fuperficies wherin is 
drawen theline E G F, 
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Conftruction. 


Demonflra- 
tion 


ig The elenenth Booke 


the ground plaine fuperficies ss that wherin are the lines D E and D B, to which fuperficies 
alfo the line A Bis {uppofed to be erected perpendiculerly. Wherefore the line C D is eretted 
perpendicularly ta the ground plasne fuperficies,mberunto the lige A B is evetfed perpendicu- 
larly. If therfore there be two parallel right lines, of which one is eretted perpendicularly to 
aground plaine fuperficies,the other alfo is eretfed perpendicularly to the felfe fame ground 
plaine fuperficies : which was required to be demonftrated. 


This figure will more clearely fet forth the former de- 
monitracion, ifye ere€t perpendicularly the fuperficies 
A BD to the (uperficies B D E,and imagine a lyne to be 
drawen fromthe point A to the point D, in fede wher- 
of,as in the 6. propofition ye may extendea threede, 


g The y. T beoreme. * l The 5. Propoſition. 


Right lines which are parallels to one and the felfe fame right line, and 
are not in the felfe Jame fuperficies that itis in: are alfo parallels the one 


tothe other. c 






KS X not being in the felfe fame fuperficies withit. Then Lfay that the line AB is a 
SOS 


KSX 


Vppofe that either of thefe right lins A B and C D bea parallel to the line E F 
S 
» 


parallel to the line € D T akean the line E F 4 point at all aduentures, and let 
she fame be G.. And from the point G raife vp in the fuperficies wherin are the 
lines E F and A Byvnto the line E F à perpendiculer line GH, and againein the {uperficies 
wherin ave the lines E F and C Défi vp from tbe fame point G to tbe line EF a perpen- 
diculer line G K. And forafmuchas theline 4 ; 
E F is eretted perpendiculerly to either of the 
lines G H and G K, therfore (by the 4.0f the 
eleuenth) tbe line E F is evetfed perpendicu- 
larly to the fuperficies wherein the lines GH 
and G K are, but tbe line EF is a parallel : 
line to the ljne A B.Wherfore(by the 8.of the — & K > 
aleucnth) the line A B is erected perpendicu- 

larly to the plaine fuperficies,wherin are the lines G H and G K. And by the fame reafon al- 
fotheline C D is eretted perpendicularly to the plaine fuperficies wherin are the lines G H ey 
GK. Wherefore citber of thefe lines AB and C D is eretted perpendicularly to the plaine 
Sfuperficies,wherin the lines G H and G K are. Butif two right lines be eretted perpendicu- 
larly to one and the felfe fame plaine {uperfictes,thofe right lines are parallels the one to the 
other (by the 6.of the eleuenth) Wherfore the line A B is a parallel to tbe line C D. Wherfore 
right lines which are parallels to one or the felfe fame right line,and are not in the felf fame 
Superficies with it are alfa parallels the one tothe other ; which was required to be proned, 
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of Euchdes Elementes. Fol.328. 


This figure more clearely manifefteth the former propo- 
fition and demoullration,if ye eleuate the fuperficieces A B 
EF and C DE F that they may incline and concurre in the 
lyacE F. 





f T he 10. T beoreme. The 10. Propofition. 


If two right lines touching the one the other be parallells to two other 
right lines touching the one the other, and not being in one and the felfe 
Jame fuperficies with the two firft : thofe right lines cotaine equall angles. 


V ppofe that thefe two right lines AB and BC touching the one the other, be 
parallels to thefe twa lines D E and E F touching alfo the one the other, and 
^ [mot being im the felfe fame fuperficies that the lines A B and B C are. T. he Lfay, 
| that the angle ABC is equall to the angle D E F . For let the lines B A,B C, 
ED,E F,be put equall the one tothe other : and draw thefe 
right lines AD,C F,BE, AC,and D F . And fora{much 
asthe line B A isequall to tbeline E D, and alfo parallell 
vnto it, therefore (by the. 2 5 of the firff ) tbeline AD ise- 
quall and parallell to the line BE : and by the fame reafen a a 
alfo the line CF is equall parallell to the line B E Wher- 
fore either of thefe lines AD and C F is equall cy parallell 
tothe line EB. But right lines which are parallels ta one 
and the felfe fame right line,and are not inthe felfe fame fu- 
perficies with it, are alfo (by the 9.of the elewenth) parallels 
the one to the other. Wherefore the line AD is a parallell 
line to the line C F . And thelines A C and D F ioyne them F 
together. Wherefore (by the 33.0f the firft) theline ACi P? 
equall and parallel to the line D F . And forafmuch as thefetwo right lines AB Cr BC are 
equall t0 thefe two right lines D E and E F, and the bafe AC alfois equallto the bafe D F: 
therefore (by the 8.of the firft) the angle A BC isequall to theangle D E F.If therfore two 
right lines touching the one tbe other be parallells to two other right lines touching the one 
the other and not being in one and the felfe fame fuperficies with the two firit : thofe right 
lines containe equall angles : which was required to be demonftrated. 


(S 


B 


This figure here fet more 
plainly declareth the former Pro- 
pofition and demonftration, if ye 
eleuate the fuperficieces D A BE, 
and F CBE, cill they concurre in 
the line FE. 
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S 7 Le eleuentb'Booke 


the ground pleine fuperficies is that wherin are the lines D E and D B, to which fuperficier 
alfo tbe line AB is {uppofed to be eretted perpendiculerly. W” a4- tt- l-e C D is eretted 


papendicularly to the ground plaine Juperficies,wheruntoti vendicu- 
larly. If therfore there be two parallel right lines, of which larly to 
aground plaine fuperficies,the other alfo is erected perpend e ground 


plaine fuperfictes : which was required to be demonftrate: 


\ 


This figure will more clearely fee forth the former de- 
monitracion, if ye ece& perpendicularly the (uperficics 
A BD to the (uperficies B D E,and imagine a lyne to be 
drawer from the point A to the point D, in fede wher- 
of,as in the 6. propofition ye may extende a threede, 


` 


g The o. Theoreme. ` The 9. Propofition. 


Right lines which are parallels to one and the felfe fame right line, and 


are not in the felfe fame  fuperficies that it is in: are alfo parallels the one 
tothe other. BE NAT 
N 


BS V ppofe that either of thefe right lines A BandC D lea parallel to the line E F 
SA 
S 








I net being im the felfe fame faperficier with it. T hen 1 [ay tbat tbe line A B is a 
M x) parallel to the line € DT akeán the line E F a point at all aduentures, and let 
RISK MS she fame be G Arid from the point G raife up in the {uperficies wherin are the 
lines E F and A Byunto the line E F a perpendiculer line GH, and againe in the [uperficies 
wherin ave the lines E F and C D,raife vp from the fame point G to the line EF a perpen- 
diculer line G K d forafmnch as the line — 4 PUn á 

E Fis erected perpendiculerly to either of the Eg 

lines G H and E K, therfore (by the 4.of the 
eleuentb) tbe line E F is erecfed perpendicu- 
larly to the fuperficies wherein the lines G H 
and G K are, but the line EF isa parallel ] 
line tothe line ABWherfore(by the 8.ofthe & K » 
aleuenth ) the line A B is erected perpendicu- 

larly to the plaine fuperficies,wherin are the lines G H and G K. And by the fame reafon al- 
fo the line C D is erethed perpendicularly to the plaine [nperficies wherin are the lines G H cy 
GK. Wherefore either of thefe lines A B and C D i5 erected perpendicularly to the plaine 
Sfuperficies,wherin the lines G H and G K are. Butif tmo right lines be ereited perpendicu- 
larly to one and the felfe [ame plaine[uperficies,thofe right lines are parallels the one to the 
other (by the 6 of the elewenth) Wherfore the line A B is a parallel to tbe line C D. Wherfare 
right lines which are parallels to one cr the felfe fame right line,and are not in the felf fame 
Superficies with it are alfo parallels the one to the other ; which was required to be proned, 
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This figure more clearely manife(teth the former propo- e. G B 
fition and demonllcation if ye eleuate che fuperficieces A B 
EFand C DEF that they may incline and concurre in the 
lyacEF. 
K c 
D> E 0 
q The 10. Theoreme. The 10. Propofition. 


If two right lines touching the one the other be parallells to two other 
right lines touching the one the other, and not being in one and the felfe 
Jame fuperficies with the two firft : thofe right lines cotaine equall angles, 


Vppofe that the{etwo right lines AB and BC touching the one the other, be 
parallels to thefe twa lines D E and E F touching alfo the one the other, and 
not being in the felfe fame {uperfictes that the lines A B and B C are. T. he I fay, 
that the angle AB C is equall tothe angle D E F . For let the lines B A,BC, 
E D,E F, be put equall the one tothe other : and draw thefe 
vight lines A D,C F, BE, AC,and D F . And fova[much 
as tbe line B A t5 equall to tbeline E D, and alfo parallell 
untoit, therefore (by the 33.0f the firft ) theline AD ise- 
quall and parallell to the line B E : and by the fame reafon 4 Q 
alfo the line C F is equall & parallell to the line B E.Wher- 
fore either of thefe lines AD and C F is equall cy parallell 
tothe line EB. But right lines which are parallels to one 
and the felfe fame right line,and are not in the felfe fame ſu- 
perficies with st, are alfa (by the 9.of the eleuenth) parallelis 
the one to the other. Wherefore the line A D is aparallell 
line to the line C F . And the lines AC and D F ioyne them T 
together. Wherefore (by the 55 ofthe ferfl) Mbeline 4C 5. ? 

equall and parallell to tbe line D F . And forafmuch as thefetwo right lines AB Cr BC are 
equall to thefe two right lines D E and E F, and the bafe AC alfo is equall to the bafe D F: 
therefore (by the 8.of the firft) the angle A B Cis equal to theangle D E F. If therfore two 
right lines touching the one the other be parallells totwo other right lines touching the one 
the other and not being in one and the felfe fame [uperficies with the two firkt : thofe right 
tines containe equall angles : which was required to be demonftrated. 





B 


_ This figure here fet more 
plainly declareth the former Pro- 
pofition and demonftration, if ye 
eleuate the füperficieces D A B E, 
and F CB E, till chey concurre in 
the line F E. 
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This figure more clearely manifeltech the former propo- 
fiction and demontlration if ye eleuate che fuperficieces A B 
EFand C DEF that they may incline and coacurre in the 
IyocE F. 
D 0 
g The ro. Theoreme. The * 
If two right lines touching the one the other ber 


right lines touching the one the other, and not bemg i one and the felfe 
Jame fuperficies with the two firft : thofe right lines cotaine equal angles. 


Vppofe that thefetwo right lines A Band BC touching the one the other, be 
parallells tu thefe twa lines D E and E F touching alfo the one the other, and 
v not being in the felfe fame fuperficies that the lines A Band BC are. Thé I fay, 
= | that the angle AB C is equall to the angle D E F . For let tbe lints B A,B C, 
E D,E F beput equall the one tothe other : and draw thefe 
vight lines A D,C F,B E, AC,and D F . And fova[much 
as the line B A 1s eguall to theline E D, and alfo parallell 
vntoit, therefore (by the 33.of the firft ) theline AD ise- 
quall and parallell to the line B E : and by the fame reafon a a 
alfo the line CF is equall & parallell to the line B E.Wher- 
fore either of thefe lines AD and C F is equall cy parallell 
tothe line EB. But right lines which are parallels ta one 
and the felfe fame right line,and are not in the felfe ſame ſu- 
perficies with it, are alfo (by the 9.of the eleuenth) parallells 
the one to the other. Wherefore the line AD is aparallell 
Line to the line C F . And thelines AC and D F ioyne them T 
together. Wherefore (by the 33.0f the firft) theline ACuw P 

equall and parallell to the line D F . And forafmuch as thefe two right lines AB Gr BC are 
equal to shefe two right lines D E and E F, and the bafe A C alfo is equallto the bafe D F: 
therefore (by the 8 of the firft) the angle A B Cis equall to theangle D E F. If therfore two 
right lines touching the one the other be parallells totwo other right lines touching the one 
the other,and not being in one and the felfe fame [uperficies with the two firit : thofe right 
lines containe equall angles - which was required to be demonftrated. 
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_ This figure here fet more 
plainly declareth the former Pro- 
polition aod demonflration, if ye 
eleuate the fuperficieces DAB E, 
and F CB E, till they concurre ìn 
the line F E. 
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q The 1. Probleme. The 11. Propofition. 


Froma point geuen on high, to drawe'ynto a ground plaine fuperficies a 
perpendicular right line. 


onfiration. = > ; ; 
Add Arii fac” V ppofe that the point geuen on high be A, and fuppofe a ground plaine fuperficies, 
tis bropafi- Say s namely, B CG H . It isrequired from tbe point A to dram unto the ground fuper- 
ow. E ficies a perpendicular line. Drawe inthe ground (uperficies a right line at aduen- 
The firft cafe, tures,and let the fame be BC. And (by the 12. of the firft) from the point A draw Gnto the line 
so John Dee DC a perpendicular lint AD. * Now if AD bea perpendicular line tothe 

~ This requireth the imagination 77 ] 7 7 L 

Sf E E — ſuperficies, then is that done which was fought for But if not then 
pointe A, and the ftraightline BC. ( J wee of the firfl) from the point D raife vp in the ground fu * 
And fo helpe your felfe in the lyke fictes unto the line BC a perpendicular line DE. And (by the 12.0f the 


cafes either Mathematically imagi- firft) from the point A draw unto the line D Ea perpendicular line AF. 





— a 
hans "Ind by the poirit F dram(by the 3 1 of the firfl unto tbe 
pradifing. — line BC a parallell line F H . And extend theline F H o 
Second caft. from thepoint F to the pointG . Arid forafmuch as the 
ak 74- line BC 1s erected perpendicularly to esther of thefelines G SUE H 
ET D Eand D A, therefore (by the 4. of the elenenth ) the 
J A 


line B Cis erected perpedicularly to the [uperficies wher- 

in the lines E D and A D are : and to the line B Cthe 

line G H is a parallell . But if there be two parallell right 

lines,of which oneis erected perpendicularly to acertaine z | 

plaine fuperficies, the other alfo(bythe 8 oftheelenenth) r TmT E 
ts erected perpendicularly tu the feife fame [uperficies. 

Wherefore the line GH is erected perpendicularly to the plaine fuperficies wherein the lines 
E Dand D Aare .Wherfore alfo (by the 2.definition of the elenenth)the line G H is erected 
perpendicularly to all the right lines which touch it, and are in the plaine fuperficies wherein 

the lines E D and A D are . But the line A F toucheth it being in the [uperfictes wherein the 
lines E D and A D are (by the 2.of this booke) .Wherefore the line GH is eretted perpen- 
dicularly to the line F A .Wherefore alfo the line F A is erected perpendicularly to the line 
GH : andthe line A F is alfo erected perpendicularly to the line D E . Wherefore A F ise- 
rected perpendicularly to either of thefe lines H G and D E. But if aright line be eretted per- 
pendicularly from the common fection of two right lines cutting the one the other,st [ball alfo 
be ereéted perpendicularly to the plaine fuperficies of the [aid tmo lines (by the 4.of the ele- 
uenth) . Wherefore the line A F is erected perpendicularly to that (uperficies wherin the lines 
E D and G H are . But the fuperficies wherein the lines E D and G H are, is the ground {u- 
perficies . Wherefore the line A F is eretted perpendicularly to the ground fuperficies . Wher- 
fore from a point geuen on high namely, fro the point A, 1s drawen to the ground [uperficies 
a perpendicular line : which was required to be done. 


In this figure fhall ye much more plainely fee both 
the cafes of this formcr demonftratió. For as touching 
the firlt cafe, ye mult. erecte perpendicularly co the 
ground fuperficies, the fuperficies wherein is drawen 
the line AD, and compare it with the demonttration, 
andit willbeclere vnto you. For the fecond cafeye 
mult erete perpendicularly vnto the ground fuperfi- 
cies the fuperficies wherein is drawen the line A F,and 
vnto itlet the other fuperficies wherein is drawen the 
Iine AD, incline,fo that the point & of the one may 
concurre with the point A of theother: andfo with B 
your figure thus ordered,compare it with the demon- 
ftraion, and there will be in it ao hardnes ac all. 
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of Euclides Elementes. 319. 
g The 2. Probleme. The 12Propofition, 


Vnto a playne fuperficies genen ,and from a poynt init genen ,to rayfe vp a 
perpendicular line. 





=FR] V ppf that there be a ground playne fuperficies genen, 
SP | and let the poynt in it genen be A . It is required 
N a from the point A toraife up unto the ground plaine 
a [fuperficies a perpendicular line . Vaderitand fome 
certayne poyat on high, and let the fame be B.And from the poynt ] 
B draw(bytbe 11 ofthe eleuenth) a perpendicular line ta tbe ground ConfiruGione 
fuperficies , and. let the [ame be B C .. nd(by tbe 21. of the firft) 
by the poynt A drawe unto the line BC aparaliel ineDA. Now 
forsfouch as there are two parallel right lines AD andCB, and 





the one of them,namely,C B is erected perpendicularly to the gro. 3B Demonstra- 
fuperficies : wherefore the other line alfo , namely ,A D, is ere | "non. 


D 
i 
| 

perpendicularly to thefame grownd {uperficies (by the eight of th | 
| 
| 
| 


lenenth ) . Wherefore vntoa playne fuperficies geuen , and fv i 
poynt in it ceuen , namely, A,is rayfed up a perpendicular lyne A 'equirtd to 
be doone. | 
— — 
In this fecond figure ye may confider playnely the 
demonttration of che former propofition if ye erect per- ; 
pendicularly che fuperficies wherein are drawne the lines Bel UY 


ADandCB. 


a 


sand 





| qT he inTheoren, Thei Pupin 


From one and the felfe poynt , and to one and the felfe fame playne  fuper fiz 
cies can not be eretted two perpendicular right lines on one and the Jelfe 


fame fide. : 
SZ Or if it be poffible from the poynt A let there be evethed perpendicularly to one 









ve 





Ny and the felfe fame playne fuperficies tio right lines A B and A C. on one and Demnflra- 
TXY the felfe fame fide . And extende E tion leading to 
NY ; : ; : B c an 2mpoffibi -. 
XK the fuperficies wherein are the lines ities 
) ABand AC: andit hall make at Note this 
length a common {ection in the ground [uperficies manerofie 
which common fection fhall be aright line , and magination 
Jhall pafe by the poynt A:let that common fetion M. Ci mats- 
Cake 


be the line D AE.Wherefore( by the 3. of the ele- 

uenth) the lines AB,A C,and D AE arein one 

and the felfe fame playne fuperficies. And foraf. P A » 

much asthe line CA is eretted perpendicularly tothe ground [uperficies , sherfore ( by the 
VF 4. 2.de- 





3 


T he eleuen th Booke 


q The 1. Probleme. T he 11. Propofition. 


Froma point geuen on bigb, to dvawe ynto a. ground plaine fuperficies a 
perpendicular right line. 


Conftration. = y ; i : 

Jo : : P. Ka V ppofe that the point geuen on hich be A, and fuppofe.a ground plaine [uperficies, 
tbis repos Ss i namely, BCG H , It is required from tbe point A to draw unto the ground {uper- 
tion. ` Here" ficies a perpendicular line. Drawe inthe ground | [uperficies a right line at aduen- 
The firft cafe. turcs,and let the fame be BC. And (by the 12. of the fir ft) from the point A draw Gnto the line 


bette t AURORE: h eTa DC a perpendicular line AD. * Now if AD bea perpendicular line to the 
— m — EC n ground fuperficies,tben is tbat done which was fought for But if not,then 
pointe A, and the fea gheline BC. (by the 11.0f the firft) from the point D raife up in the ground fuper- 
And fo helpe your felfe in the lyke fícies vato the line B C a perpendicular ljpe D E . And (by the 12.0f the 
tuni E Soa imagi- fir/t) from the point A draw vnto the line D Ea perpendicular line AF. 
hari caly Aud by the poirit F draw(by the 3 1.of the firft)unto the 
pra&ifing. — line BC a parallell line F H . Aud extend theline F H f £ 
Secoudcaft. fyom the point F to the point G . And forafmuch as the 


Demonflra~ “Tine BC is erected perpendicularly to esther of thefelines c 


c D E and D A, therefore (by the 4. of the eleuenth ) the AS | 
line B Cis erected perpédicularly to the [uperficies mber- | 
8 








inthe lines E D and A D are : and to the line B Cthe 

line G H is a parallell . But if there be two parallell right 

lines of which one is erecfed perpendicularly to acertaine 

plaine fuperficies, the other alfo(by the 8.of theelenenth) 7 r PO 
is erected perpendicularly to the [eife [ame [uperficies. 

Wherefore the line GH is erected perpendicularly to the plaine fuperficies wherein the lines 
E D and D Aare .Wherfore alfo (by the 2.definition of the elewenth)the line G H is erected 
perpendicularly to all the right lines which touch it, and are in the plaine fuperficies wherein 

the lines E D and A D are. But the line A F toucheth it being in the {uperficies wherein the 
lines E D and A D are (by the 2.0f this booke) . Wherefore the line G H is erected perpen- 
dicularly to the line F A .Wherefore alfo the line F A ts erected perpendicularly to the line 
GH: andthe line A F is alfo erected perpendicularly to the line D E . Wherefore AF ise- 
rected perpendicularly to exther of thefe lines H G and D E. But if aright line be erected per- 
pendicularly from the common fection of two right lines cutting the one the other jit fhall alfo 
be eretled perpendicularly to the plaine fuperficies of the faid two lines (by the 4.0f the ele- 
uenth) . Wherefore the line A F is erected perpendicularly to that fuperficses wherin the lines 
E D and G H are . But the fuperficies wherein the lines E D and GH are, isthe ground fu- 
perficies. Wherefore the line A F is eretted perpendicularly to the ground fuperfictes . Wher- 
fore from a point geuen on high namely, fro the point A, is drawen to the ground [uperficies 
a perpendicular line : which was required to be done. 





In this figure fhall ye much more plainely fee both 
the cafes of this former demonftratid. For as touching 
the fict cafe, ye mult erecte perpendicularly to the 
ground fuperficies, the fuperficies wherein is drawen 
the line AD, and compare it with ehe demonttration, 
andit willbeclere vato you. For tlie fecond cafeye 
mutt erecte perpendicularly vnto the ground fuperfi- 
cies the fuperficies wherein is drawen the line A F,and 
vnto itlee the other fuperficics wherein is drawen the 
line AD, incline,fo chat the point A of the one may 
concurre with the point A of the other : and fo with 
your figure thus ordered,compare it with the demon- 
Rrauon, and chere will be ia it no hardnes acall. 


q The 





The eleuenth Booke 


g The 1. Probleme. The 11. Propofition. 


From a point genen on high, to drawe Ynto a ground plaine fuperficies a 
perpendicular right line. 


ConfiruGlion. = y- ay i | j 
e cafes EG Fppofe that the point genen on high be A, and fuppoft a ground plaine fuperficies, 
this bropafr- Se i namely, BCGH.Itis required from the point A to dram unto the ground fuper- 
tion. Uzi ficies a perpendicular line. Drawe in the ground | [uperficies a right line at aduen- 
The firft cafe, tures,and let the fame be BC. And (by the 12. of the fir ft) from the point A draw Gnto the line 
— dus — — BCa — d D. ; Now if AD bea perpendicular line tothe 
Dona e gnati y jes theni. ; j ; 
oF Aplaine leper iee spate y die b — i at 7 cn which was Sought for But if not,shen 
pointe A, and the ftraight line BC. ( J : ve fir ft) fromt port D. raife up in the ground fi er- 
And fo helpe your felfe in the lyke fictes unto the line B C a perpendicular lipe D E . And (by the 12.0f the 
s D : Mathematically imagi- fir/t) from the point A draw unto the line D E a perpendicular line AF. 
chanically And by the poitit F draw(by the 31.of the fivfl)unto the 
pradtifing. line BC a parallell line F H . Andextendtheline F H — 
$ o adcaft. from thepoint F to the point G . Aud fora[much as the 
Demonflra- “line BC is erected perpendicularly to esther of thefelines c 


ats D Eand D A, therefore (by the 4. of the elenenth ) the 


ae 
A — 
line B C is erecfed perpédicularl) to the [uperfictes wher- 
in the lines E D and A D are : and to the line B Cthe | 
B 





line G H is a parallell . But if there be two parallell right 
Lines of which oneis erected perpendicularly to acertaine 
plaine fuperficies, the other alfo(by the 8.of the eleuenth) / D 
is erected perpendicularly tu the felfe fame fuperficies. 
Wherefore the line G.H 1s erected perpendicularly to the plaine fuperficies wherein the lines 
E Dand D Aare .Wherfore alfo (by the 2.definition of the elenenth)the line G H is erected 
perpendicularly to all the right lines which touch it, and are in the plaine [uperficies wherein 
the lines E D and A D are . But the line A F toucheth it being in the {uperfictes wherein the 
lines E D and A D are (by the 2.0f this booke) . Wherefore the line G H is erected perpen- 
dicularly to tbe line F A . Wherefore alfo the line F A is erected perpendicularly to tbe line 
G H : andthe line A F is alfo erected perpendicularly to the line D E . Wherefore AF ise- 
rected perpendicularly to either of thefe lines H G and D E. But if aright line be erected per- 
pendicularly from the common [ection of two right lines custing the one the other it fhall alfa 
be erecfed. perpendictlarly to the plaine fuperficies of the faid two lines (by the 4.of the ele- 
uenth) . Wherefore the line A F is erected perpendicularly to that [uperficies wherin the lines 
E D andG H are . But the fuperfictes wherein the lines E D and G H are, is the ground fu- 
perficies . Wherefore the line A F is eretted perpendicularly to the ground fuperficies . Wher- 
fore from a point geuen on high,namely, fro the point A, 1s drawen to the ground (uperficies 
a perpendicular line : which was required to be done. 


In this figure fhall ye much more plainely fee both 
the cafes of this fornrer demonftratio. For as touching 
the firt cafe, ye mult erecte perpendicularly to the 
ground fuperficies, the fuperfiaes wherein is drawen 
the line AD, and compare it with the demonftration, 
andit willbeclere voto you. For the fecond cafeye 
multerecte perpendicularly vnto the ground fuperfi- 
cies the fuperficies wherein is drawen the line A F,and 
vnto itlet the other fuperficies wherein is drawen the 
line AD, incline,fo that the point A of the one may 
concurre with the point A of theother: andfowith B 
your figure thus ordered,compare it with the demon- 
ftration, and there will be ia it no hardnes acall. 


qThe 


E 


of Euclides Elementes: 319. 
g The z. Probleme. The 12.Propofition, 


Vato a playne fuperficies geuen, and from a poynt. in it geuen to vayfe vp a 
^ perpendicular line. 


LE 






Vppofe that there be a ground playne fuperficies geuen, 

and let the poynt in it genen be A. It 1s required 

from the point A toraife vp unto the ground plaine 

fuperficies a perpendicular line . Vaderitand fome 

certayne poynt on high, and let the fame be B.And from the poynt ` 

B draw (by the 1 1 of tbe eleuesth) à perpendicular line to the ground ConflrnGioe 
fuperficies , and let the fame be BC. And(by the 31. of the firft) 

by the poynt A drawe unto the line BC aparaiiel lineD A. Now 

forafsuch as there are two parallel right lines AD andCB, and 





the one of them, namely,C B is erected perpendicularly to the ground Demonstra- 
Superficies : wherefore the other line alfo , namely ‚À D , is eretted tion 
perpendicularly to the fame ground fuperficies (by the eight of the e- 

lenenth ) Wherefore unto a playne fuperficies geven , and froma = © 


poynt in it genen , namely, A yis rayfed vp a perpendicular lyne A D : which was required to 
be doont. 


In this fecond fipiie ye may coafider playnely the : 4 
demontltration of the former propofition if ye erect per- 
pendicularly che fuperficies wherein are drawne the lines 


A D and C B. 
by fT he 11. T beoreme, Ther. P : 
From one and the felfe poynt „and to one and. the 10 füperfr- 
cies can not. be evetfed two perpendicular rigbt li ' the felfe 


fame fide. 


x4 vor if it be poffible from the poynt A let there be eretted perpendicularly to one 
Ni, and the Jelfe [ame playne fuperficies two right lines A Band AC on oneand Demonſira- 
the felfe fame fide . And extende — tion leading to 







Rian the (uperficies wherein are the lines : Tor fier ofishi- 
AB and A C: andit fhallmake at Note this 

length a common fection in the ground fuperfictes mener of i- 
which common fettion fhall be aright line , and magination 
frall pafve by the poynt A: let that common fettion Matbemati- 
be the line D AE.Wherefore(by the 3. of the ele- cal, 
uenth) the lines AB,A C,and D AE arein one 
and the felfe fame playne fuperficies. And foraf. ™ A 2 


much asthe line C A is erected perpendicularly to tbe ground I fuperficies , therfore ( by the 
VV 4. 2.de- 


4 


T he eleuentb Booke 


2.definition of the eleuenth )it maketh right angles with all the right lines that touch it, and 
arein the ground {uperficies.But the line D A Etoucheth it, being in the ground fuperficies. 
Wherefore the angle C AE is aright angle,and by the fame reafon alfo the angle B AE is 
aright angle. Wherefore( by the 4 petition the angle C, A. is equal ti the angle BAE 


the lefe to the more, both angles being in one E thef NE. ima 
poffit le Wherefore from one and the felfe fame poynt, — ſu- 
perficies can not be erected two perpendicular right lin | i uch 


was required to be demonfirated. 


In this figure if ye ereét perpendicularly the fu- - V 
perficies Wherein ac drawn themes BA aad cato D A E 
the ground fuperficies wherein is drawn the line DAE, 
and fo compare it with che the demonftratié of the for 
mer propofitionit will be cleare vnto you. 


—— 


M. Dee his annotation. 


Euclides wordes in this 13, propofition admit two cafes: one, ifthe poynt affigned be in the playne 
fuperficies,(as comonly the demonftrations fuppofe) the other, if the poyntaffigned be any where with 
ouc the fayd playne fuperficies , to which , the perpendiculars fall,is confidered . Contrary to either of 
which,if the aduerfarie afürme , admitting from one poynt two right lines, perpendiculars to one and 
the felfe fame playne fuperficies, and on one and thefame fide thereof,by the 6.6f the eleuenth he may 
be bridled: which will fore him to confeffe his two perpendiculars to be alfo parallels. But by fuppofi- 
tion agreed one, they concurre at one and the fame poynt. which(by the definition of parallels ) is im- 
poffiblz Therefore our adueríary mult recant aud yelde to our propofition. 


q The 12. T beoreme. T he 14. Propofition. 


To -whatfoeuer plaine fuperficieces one and the felfe fame right lineis eo 


_ vetted perpendicularly : thofe fuperficieces are parallels the one to the 
other. 






WR SSO 


ARN 





Vppofe that aright line AB be 
erecfed perpedicularly to either 
of thefe plaine fuperficieces 
IX OC D and E F.T ben 1 fay, that 
thefe (uperficiecesC D and EF ave paral- 
Daana lels the one to the other . For if not, then if 
tion leading to they be extended they will. at tbe length 
an sespofibi« mecte . Let them mecte, if it be pofüble. 
lisie. Now then their common {ection [hall (by 
the 3. of the elewenth ) be a right yine. 
Let that common fettionbe GH. And 
in the line G H take a point at all aduen- 
tures and let tbe (ame be K . And drame a 
right line from the point A tothe point K, 
and an other from the point B to the point 
.K . And fora[much as the line A B is e- 







relied 


^w 


of Euclides Elementes. Fol.330. 


. rected perpendicularly to the plaine [uperficies EF, therefore the line AB is alfoerected 

perpendicularly tothe line BK which is inthe extended [uperfictes E F Wherfore the angle 
ABK isaright angle . And by the fame reafon alfothe angle B A K is aright angle.Wher- 
fore in the triangle A B K thefe tmo angles A B K & B-A K, are equall to two right angles: 
which (by the 17 .of the firft) is impofSible . Wherefore thefe [uperficieces C D. and E F being 
extended meete not together . Wherefore the fuperficieces CD and E E”*\xallells. Wher- 
fore to what foewer plaine [uperficieces one and the felfe fame right} Neppendicu- 
larly : thofe fuperficies are parallells the one to the other : which Jroued. 







A P 
In this figure may ye plainly fee the former demonftra- 





tion if ye ereéte the three (uperficieces, GD, GE, and — hho =a 

K LM perpédiculary to the gzosad plaine fuperScies: but * | . 5 

yetin fuch fort thar the two fiperficiccss G D and GE c | E 

may concurre in the common line C X H, asis required in ] | | ^p 

che demonftration. Ss F 
D 


A corollary added by Campane. 


If a right line be evetted perpendicularly to owe of thofe fuperficies , it fhall alfa be evetted perpest» 
dicularly to the other. 

For ifit fhould not be erected perpendicularly to the other , then it falling vpon that other fhall 
make with fome one line thercofan angle leiTe then a right angle: which line fhould ( by the 5. petition 
of the firlt)concurre with fome one line of that fuperficies whereunto it is perpendicular . So that thofe 


fuperficieces íhould not be parallels: which is contrary to the fuppofition . For they are fuppfed to be 
parallels. 


i 


g The 13. Theoreme: The 15s. Propofition. 


Tf two right lines touching the one the other be parallels to two other right 
lines touching alfo tbe one the other and not being in the felfe fame plaine 
Superficies with the two firft: tbe plaine fuperficieces extended by tbofe 
right lines, are alfo parallels the one to the other. 


3| “ppofe that thefe two right lines AB and BC touching the one the other be pa- 
| vallells to thefe two right lines D E & E F touching alfo the one the other and 

(A not being inthe felfe fame plaine [uperficies with the right lines AB and BC. 
SAN Then Lfay, that the plaine fuperficieces by the lines A B and B C, and the lines 
DE and EF being extended, fhall not meete together, that 
is,they areequediftant and parallels. From tbe point B draw 
(by the rr. of the elenenth ) a perpendicular line to the fu- 
perficies wherein are the lines D E and E F, and let that per. 
pendicular line be BG. And by the point G in the plaine fu- 
perficies paffing by D E,and E F draw (by the 31.0f the first) 
«nto the lineE D a parallellline G H » and likewife by that 
point G drawe in the fame fuperficies vatothe line E Fa p- 


` E 
rallell line G K. And farafmuch as the line B G is erected per- H RD 








pendicularly to tbe [uperficies wherein are the lines D E and 
E F, therefore (by the 2. definition of the eleuenth ) it is alfo 
erecfed perpendicularly to all the right lines which touch it, ? F 
and are in the felfe fame fuperficies wherein are the lines D E 


Conftructions 


Demonflra- 


tion. 


Demoultra- 
tion leading to 
ao 10pæſcibi- 
hte. 


The elenenth Booke 


2.definition of the elenenth)it maketh right angles with all the right lines that touch it, and 
are in the ground fuperficies.But the line D A E toucheth it, being in the ground {uperficies. 
Wherefore the angle C AE is a right angle,and by the fame reafon alfo the angle B AE is 
aright angle. Wherefore (by the 4 petition the angle C AE is equall to tbe angle BAE 
the lefe to the more, both angles being in one cr the felfe fame playne fuperficies which is ima 
poffitle. Wherefore from one and the felfe fame poynt,and to one and tbe [elfe [ame playne fu- 
perficies can not be erected two perpendicular right lines on one cy the felfe Jame fide: which 
was required to be demonftrated. 


In this figure if ye ereét perpendicularly che fu- 
perficies wherein are drawne the lines » a and c a to 
the ground fuperficies wherein is drawn the line p A £, 
and fo compare it with the the demonftratió ofthe for 
mer propofition it will be cleare vnto you. ; : 


M. Dee his annotation. 


Euclides wordes in this 13, propofition admit two cafes: one, ifthe poynt affigned be in the playne 
fuperficies,(as comonly the demonftrations fuppofe) the other, if the poyntaffigned be any where with 
out the fayd playne fuperficies , to which , the perpendiculars fall,is confidered . Contrary to either of 
which, if the aduerfarie affirme , admitting from one poynt two right lines, perpendiculars to one and 
the felfe fame plaync fuperficies, and on one and the fame fide thereof, by the 6.of the eleuenth he may 
be bridled: which will fore him to confeffe his two perpendiculars to be alfo parallels. But by fuppoft- 
tion agreed one;they concurre at one and the fame poynt. which(by the definition of parallels ) is im- 
poffibl: Therefore our aduerfary mutt recant aud yelde to our propofition. 


: f The 12. T beoreme. The 14. Propofition. 


To whatfoeuer plaine fuperficieces one and the felfe fame right lineis ea 


_ vetted perpendicularly : thofe fuperficieces are parallels the one to the 
other. 







SSS ppofe that aright line AB be 
X 88 o) Depedcadieh to either 
| SNIS of thefe plaine fuperficieces 
X KSA CD and E F. Then I fay, that 
thefe [uperficiecesC D and EF are paral- 
lels the one to the other . For if not, then if 
they be extended they will at the length 
meete . Let them meete, if it be pofible. 
Now then their common {ection [ball (by 
the 3. of the elewenth ) be a right dine. 
Let that common fection be GH. And 
in the line GH take a point at all aduen- 
tures and let the fame be K . Anddrawe a 
right line from the point A to the point K, 
and an other from the point B to the point 
K . And forafimuch as the line AB is e- 





relied 


of Euclides Elementes. Fol.330. 


rected perpendicularly to the plaine [uperficies E F, therefore the line AB is alfo erected 
perpendicularly tothe line B K which is in the extended fJuperficies E F Wherfore the angle 
ABK isaright angle . And by the fame reafon aifothe angle B A K is a right angle Wher- 
fore in tbe triangle A b K ,thefe two angles A BK Gr B.A K, are equall to two right angles: 
which (by the 17 of the firft) 1s impofsible . Wherefore thefe fuperficteces CD and E F being 
extended meete not together . Wherefore the [uperficieces C D aud E E/ C seallells. Wher- 
fore tu what foeuer plaine fuperficieces one and the felfe fame right P Nerpendicn- 
larly ; thofe fuperficies ave parallells the one to the other : which 





In this figure may ye plainly fee the former demonftra- 
tion if ye erecte the three (uperiicieces, } 
KLM perpédiculary to the gronad plsi 
yetin fach fort that the two fisperfici 
may concurre in the common line G K H, 
che demonftration. | 







A corollary added by Campane. 


If aright line be evetted perpendicularly to oue of thofe fuperficies , st fhall alfa be eretted perpeit» 
dicularly to the other. 


For if it fhould not be ereéted perpendicularly to the other , then it falling vpon that other fhall 


make with fome one line thereofan angle leiTe then a right angle: which line fhould ( by the 5.pctition 
of the firlt)concurre with fome one tine of that fuperficies Whereunto itis perpendicular . So that thofe 
fuperficieces fhould not be parallels: which is contrary to the fuppofition . For they are fuppfed to be 
parallels. — 


g T he 15. I beoreme. The 15. Propofition. 


es 


If two right lines touching the one the other be parallels to two other right 
lines touching alfo the one the other and not being in the felfe fame plaine 
Superficies with the two firft : the plaine fuperficieces extended by thofe 
right lines , are alfo parallells the one to the other. 


“5, Vppofe that thefe two right lines AB and BC touching the one the other be pa- 
c | vallells to thefe two right lines D E d E F touching alfo the one the other,and 
/A not being in the felfe fame plaine [uperficies with the right lines AB and BC. 
SQL Then Lfay, that the plaine fuperficieces by tbe lines AB and B C, and the lines 
DE and EF being extended, fhall not meete together, that 
is,they areequediftant and parallels. From the point B draw * 
(by the 11.0f the eleuenth ) a perpendicular line to the fu- 
perficies wherein are tbe lines D E and E F, and let that per: 
pendicular line be BG. And by the point G in the plaine fu- 
perficies pafting by D E,and E F draw (by the 31.0f the first) 
unto the line E D a parallellline G H © and likewife by that 
peint G drawe in the fame ‘[uperficies uatotheline E F a p- 








rallell lineG K. And farafmuch as the line B G is erected per- 
pendicularly to the fuperficies wherein ave the lines D E. and 
E F, therefore (by the 2. definition of the eleuenth ) it is alfo 
erected perpendicularly to all the right lines which touchit, D i 


and are in the felfe [ame fuperficies wherein are the lines D E 
Yy ij. and 


Conftruceions 


of Euclides Elementes. Fol.330. 


~ vetted perpendicularly to the plaine {uperficies EF, therefore the line AB is alfo erected 
perpendicularly tothe line B K which is in the extended fuperficies E F Wherfore the angle 
ABK isaright angle... And by the fame reafon aifothe angle B A K is a right angle. Wher- 
fore in the triangle Ab K ,thefe two angles A BK cy B.A K, are equall to two right angles: 
which (by the 17.0f the firft) is impoftible . Wherefore thefe fuperficieces C D and E F being 
extended meete not together . Wherefore the fuperficieces C D aud E F are parallels. Wher- 
fore tu what foener plaine fuperficieces one and the felfe fame right line is erected perpendicu- 
larly : thofe fuperficies are parallells the one to the other : which was required to be proned. 


In this figure may ye plainly fec the former demonftra- 
tion if ye erecte the three fuperficieces, | 
Ki Mperpédiculary to the gronad plsinc| 
yet in fach fore that che two fuperficiccs 
may concurre in the common line C K H 
the demonftration. : 


m 


A coroilary added by Campane. 


If aright line be evelled perpendicularly to one of thofe fuperficies ,it fhan. | ^ be eretled perpe. 
dicularly to the other. 


For ifitfhould noe be ereéted perpendicularly to the other, then it falling vpon thae other ball - 


make with fome one line thereofan angie leffe then aright angle: which line fhould (by the s.petition 
of the firft)concurre with fome one line of that fuperficies whereunto itis perpendicular . So that chofe 
fuperficieces fhould not be parallels: which is contrary to the fuppofition . For they are fuppfedto be 
parallels, í 


g The 13. Theoremes . The 15. Propofition. 


Tf two right lines touching the one the other be parallels to two other right 
lines touching alfo tbe one the other and not being in the felfe fame plaine 
SJuperficies with the two firft: the plaine fuperficieces extended by thofe 
right lines, are alfo parallels the one to tbe other. 


15) V ppofe that thefe two right lines AB and BC touching the one the other be pa- 

N vallells to thefe tmo right lines D E dy E F touching alfo the one the other,and 
/A not being in tbe felfe [ame plaine fuperficies with tbe right lines AB and BC. 
SAN Then fay, that the plaine fuperficieces by tbe lines AB and B C, and the lines 
D E and EF being extended, [ball not meete together, that 
is,they areequediftant and parallels. From the point B draw 
(by the 11. of the elenenth ) a perpendicular line to the fu- 
perficies wherein are the lines D Eand E F, and let that per. 
pendicular line be BG. And by the point G in the plaine fu- 
perficies palling by D E,and E F draw (by the 31.0f the first) 
vatothe line E Da parallellline G H » and likemife by that 
point G drawein the fame {uperficies vatothe line E F a pa- 


vallell line G K. Aud fara[much as the line B G is erected per- H NC 








pendicularly to the [uperficies wherein are the lines D E and 

E F, therefore (by the 2. definition of the eleuenth ) it is alfo 

erected perpendicularly to all the right lines which touchit, ® F 
and are in te felfe fame fuperficies wherein are the lines D E 
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- rected perpendicularly to the plaine fuperficies E F, therefore the line AB is alfo erected 

perpendicularly tothe line B K which is in the extended fuperficies E F Wherfore the angle 
ABK isaright angle . And by the fame reafon alfothe angle B A K is a right angle Wher- 
forein the triangle A b K,thefe two angles A B K C B.A K, are equallto two right angles: 
which (by the 17 of tbefirft) is impoffible . Wberefare tbefe [uperfuieces C D. and E F being 
extended meete not together . Wherefore the fuperficieces C D aud E F are parallels. Wher- 
fore to what fener plaine fuperficieces one and the [elfe fame right line is evected perpendicu- 
larly : thofe fuperficies are parallells the one to the other « which was required to be proued. 


In this figure may ye plainly fee the former demonftra- 
tion if ye erecte the three fuperficieces;! 
KL M perpédiculary to the grosod phine 
yer in fuch fort that the two fuperficiecs 
may concurre in the common line G K 2j 
the demonftration. 





A corollary added by Campane. 


If aright line be erefked perpendicularly to oue of thofe fuperficies , it oan. _ «be evetted perpen» 
dicularly to the other. 

For if it fhould noe be erected perpendicularly to the other , then it falling vpon that other thall 
make with fome one line thereof an angle leffe then a right angle: which line fhould (by the 5 .petition 
of the firlt)concurre with fome one line of that fuperficies whereunto itis perpendicular . So that thofe 
fuperficieces fhould not be parallels: whichis contrary to the fuppofition . For they are fuppfed to be 
parallels, 


g The 13. T heoreme. The 15. Propofition. 


If two right lines touching the one the other be parallels to two other right 
lines touching alfo the one the other and not being in the felfe Jame plaine 
Juperficies with the two firft : the plaine fuperficieces extended by thofe 
right lines , are alfo parallells the one to the other. 


V ppofe that thefe two right lines AB and B C touching the one the other be pa- 
| rallells to theft two right lines D E & E F touching alfo the one the other and 
y not being in the felfe fame plaine uperficies with the right lines AB and BC. 
SAN Then 1 fay, that the plaine [uperficieces by tbe lines A B and B C, and the lines 
DE and EF being extended, fhall not meete together, that 
is, they arecquediftant and parallels. From the point B draw 
(by the r1, of the eleventh ) a perpendicular line to the {u- 
perficies wherein are the lines D Eand E F, and let that per. 
pendicular line be BG. And by the point G in the plaine fu- 
perficies paling by D E,and E F draw (by the 31.0f the first) 
vinto the line E D a parallellline G H + and likewife by that 
point G drawe in the fame [uperficies unto the line E F a pa- 


rallell line G K. And farafmuch as the line B G is erected per- H NS 








pendicularly to the [uperficies wherein ave tbe lines D E and 
E F, therefore (by the 2. definition of the eleuenth ) it is alfo 
erected perpendicularly to all the vight lines whichtoucbit, D y 
and are in tbe felfe [ame fuperficies wherein are tbe lines D E 
Yr ij. and 
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andE F . But eitber of thee lines G H and.G K touchit, and E 
are alfo in tbe [uperficies wherein are the lines D E and EF, we den. 
therefore either of thefe angles BG H, and BG K,is a right 


angle . And fora[much as the line 5 Ais a parallell to the line ^ 

GH (that the lines G H aud G K are parallels vnto the lines 

AB and BC it ts manifefl by tbe g.ofthis booke ) : there- 

fore (by the 29. of the firft ) theangles GB Aand BG Hare & y 4 - 


equall to two right angles. But the angle BG H is (by con- 
firutfia) a right angle, therfore alfo the angle G B A isa right 
angle : therefore the line G B is erected perpendicularly tothe 


line B A. And by the fame reafon alfo say it be proued, that a 


x 
/ 
A 


the line B Gis erected perpendicularly to the line BC . Now 
forafmuch asthe right line BG is erected perpendicularly to 
thefe twvo right lines B Aand BC touching the one the other, 
therefore ( by tbe 4. of the elenentir ) the ine BG is eretted 
perpendicularly to the fuperficies wherein are the lines BA andBC. And it is alfo ereed 
perpendicularly to the {uperficies wherein are the lines GH and GK . But the Superficies 
whereis are the lines GH and G K, 1s that [uperficies wherein are thelines D E and EF: 
wherefore the line BG is eretted perpendicularly to the fuperficies wherein are the lines D E 
and E F . Wherefore theline BG 25 evetled perpendicularly to the fuperficies wherein are 
the lines D E and E F, and to the [uperficies wherein are the lines A Band BC . But if one 
andthe felfe fame right line be erected perpendicularly to puse ſuperficieces, thoſe ſuperfi. 
cieces are (by the 14.0f the elenenth) parallels the one to the other . Wherefore the fuperficies 
wherin are the lines AB and BC is a parallel to the [uperficies wherin are the lines D E and 
E F . If therefore two right lines touching the one the other ‘be parallels to two other right 
lines touching al[o the one the other, and net being tm the felfe fame plaine fuperficies with 
the two firft, the plaine fuperficieces extended by thofe right lines are alfo parallels the one to 
the other which was required to be demanftrated. — 


^3 
a. 
By this figure here put,ye may more clerc] 
the former r5.Propofition and 2l(o the dem 


therof : if ye erctte perpendicularly vato ¢ 2 
fuperficies , the three luperficieces A B C, -S 
K 


v 


F 


LHB M,andío compare it with the demonttrau 





qj A Corollary added by Fluffas. 

Vnto a plaine fuperficies being genen,to drawe by « point gewen without it, a parallel plaine fuperfieies. 
Suppofe asin the former defcription rhat the fuperficies geué be A B C, & let the point geué withoue 
itbe G.. Now then by the point G drawe ( by the 31.ofthefir(t) vnto thelines A B and B C parallel 
lines G H and H K. And the fuperficies extended by thelines G H and G K fhall be parallel vnto the 
fuperficies A B C, by this 15.Propofition, $ 


The 14. Theoreme. T he 16. Propofition. 
Iftwo parallel playne fuperficieces be cut by fame one playne fuperficies: 


their common [e&fions are parallel lines. 


G a i ppofe that thefe two plaine fuperficieces A B and c D be cut by this plaine fu- 










} perficies E F 3 Hand let their common fetfions be the right lines E F and G 

| H.Then I fay that the line E F is a parallel to the line G H. For if not, then the 

lines E F and G H being produced, hall at the length mette together. either on 
the 
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the fide that the pointes F,H are, or on 
the fide that the pointes E,G are. Firft 
let them be produced on that fide that 
the pointes F,H are,and let them mete 
an the point K. And forafruch as the 
line EFK is in tbe fuperficies AB, 
therfore all the points which are in the 
line E ¥ are in the {uperficies A B (by 
the first of this booke) But one of the 
pointes which are in the right line E F 
Kis the point K, therfore the point K 
is in the [uperficies AB. And by the 
fame reafon alfo the point K is in the 
fuperficies CD. Wherfore the two fir. 
perficieces A BandC D being predu- 
ced do mete together, but by {up;ofitio 
they mete not together for they are fup 
pofed to be parallels.Whevfore tbe vigbt lines E F and G H produced 
on that fide that the pointes F,H are.In like fort alfa may we proue 
and G H produced meete not together on that fide that the pointes | 
which being produced on no fide mete together, are parallels (by | 
firft.) Wherfore the line E F is a parallel to the line G H.If therfa 
perfacieces be cut by forme one plaine fuperficies their common ff 
which was required to be proued. : 


a 








Demor.flra- 
tion leaaixp to 
an abfuvetties 








This figure here fet more plainly ded 
demonftration,if ye ere& perpendicularly | a, 


fuperficies the three fuperhicieces A BBC O  ——— —————— 8,7 oa 


and fo compare it with thc demonttration| 


N 


ET — ——— 4— 


A Corollary added by Flufias. - 7 
Tf two plaine fuperficieces be parallels to one and the felfe fame playne fuperficies; they [ball alfo be 
parallels the one to the other,or they {hall ake one and the felfe fame plaine fuperficies, 


For ifthe plaine {uperficieces DG and GH 
being parallels to one and the felfe fame fuperfi- S 
cies,namely, to A B be not alío parallels che one 
to the other,then being produced they fhall con- 
curre( by che conuerfe of the fixt definition ofthe 
elcuenth) Let chem concurre in the rightline G 
E.Then I fay that the fuperficieces G D and G H 
are in one and the felfe fame playne fuperficies. 
Draw in the playnefuperficies A B aright line at 
alladuentures A C.And by thatrightlyne & the 
point E extende playne fuperficies, cutting che 
two fuperficieces D G and G H by the rightlines 
E DandEI. Wherfore the right lines AC andD 
E,alfo A Cand EI are parallels by this propofiti- 
*h.Butthelines D E and EI forafmuch as they 
concurre in the point E are not parallels the one D 
to theother. Wherefore the right lines DE and 

E I make direftly one right line (by that which is 

added after the 30. propofiton of the firlt.) And 

therfore the plaine fuperficieces D G and G H are 

in one and the felfe fame playne fuperficies . For 


A 


4 
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and EF . But either of thefe lines G H and.G K touch it, and > A 
are alfo in tbe [uperficies wherein are the lines D E and E F, x^ iue 
therefore either of tbefe angles B G H, and B G Kis a right 
angle . And forafmuch as the line B Ais a parallell to the line 
GH (that the lines G H and G K are parallells unto the lines 
AB and BC it 1s manifeft by the 9.of this booke ) : there- 
fore (by the 29. of the firft ) the angles GB Aand BG Hare 
equall to two right angles. But the angle BG His (by con- 
firutiio) a right angle,therfore alo the angle G B A isa right 
angle : therefore the line G Bis erected perpendicularly ta the je x 
line B A. And by the fame reafon alfo may it be proued, that N 

the line B G is erected perpendicularly to tbe line BC . Now EM 
forafmuch as the right line BG is erected perpendicularly to 

thefe two right lives B Aand BC touching the one the other, 
therefore ( by the 4. of the elenentir ) the line B G is erected 
perpendicularly to the [uperficies wherein are the lines B Aand BC.’ And it is alfo crected 
perpendicularly to the [uperficies wherein are thelines GH and GK . But the Superficies 
wherein are the lines G H and G K, is that [uperficies wherein are the lines D E and E F: 
wherefore the line B Gis erected perpendicularly to the fiperficies wherein are the lines D E 
ard EF . Wherefore the line BG is eretfed perpendicularly to the {uperficies wherein are 
the lines D E and EF, and to the (uperficies wherein are the lines A Band BC. Butif one 
and the felfe fame right line be erected perpendicularly to plaine fuperficieces, thofe Superfi- 
cieces are (by the 14.0f the elenenth) parallels the one to the other . Wherefore the  Juperficies 
wherin are the lines A B and D C is a parallel to tbe [uperficies mherin are the lines D E and 
E F . If therefore two right lines touching the one the other'be parallels to two other right 
lines touching alfo the one the other, and not being in the felfe fame plaine fuperficies with 
the twofirfl, tbe plaine fuperficieces extended by thofe right lines are alfo parallels the oneto 
the other which was required to be demenftrated, . . 


o 
^ 








By this figure here put,ye may more clerely fee both. : 
the former 15.Propofition and al(o che demontiration 
therof : if ye ercéte perpendicularly vito the ground’ `' 
fuperficies , the. chree fuperficieces ABC, KHE, and 
LBM, and fo compare it with the demonitrauon. 


Nac ' 





@ A Corollary added by Fluffas. 

Vnto a plaine fuperficies being genen to drawe by a point gewen without it, a parshel plaine fuperfieies, 
Suppofe as in the former defcription that the fuperficies geuébe A BC, & let the point geué withoue 
icbe G. Now then by the poine’G drawe ( by the 31.0f the firft ) vnto thelines AB and B C parallel 
lines GH and H K. And the fuperficies extended by the lines G H aad GK fhall be parallel vnto the 
fuperficies A B C, by this 15.Propofition. : 


The 14. I beoreme. T be 16. Propofition. 
If two parallel playne fuperficieces be cut by fome one playne fuperficies: 


their common feétions are parallel lines. 


«uA V ppofe that tbefe two plaine fuperficieces A B and C D be cut by this plaine fu- 

| perficies E F G H and let their common fettions be the right lines E F and G 

| H.Then I fay that the line E F is a parallel to the line G H. For if not, then the 

lines E F and G H being produced. hall at the length mecte together either on 
the 
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«pA E F . But either of thefe lines G H andG K touchit, and 

are alfo in the fuperficies wherein are the lines D E and EF, "i Na 
therefore either of tbefe angles B G H, and B G K,is a right 
angle. And forafmuch as the line & Ais a parallell to the line 
G H (that the lines G H andG K are parallells unto the lines 
AB and BC it ts manifeft by the g.of this booke ) : there- 
fore (by the 29. of the firft ) the angles G B AandBG.H are 
equall to two right angles. But the angle BG H is (by con- 
firuttio) aright angle,therfore alfo the angleG B A isa right 
angle : therefore the line GB is erected perpendicularly to the A i 


line B A. And by the fame reafon alfo may it be proued, that A 


X 


the line B Gis erected perpendicularly to the ine BC . Now 
forafmuch asthe right line BG is erected perpendicularly to 
thefe two right lines B Aand BC touching the one the other, 
therefore ( by the 4. of the elenenth ) the line BG is erected 
perpendicularly to the fuperficies wherein are the lines B A and B C .' And itis alfo ercthed 
perpendicularly to the {uperficies wherein are thelines GH and GK . But the Superficies 
mhberein are the lines G H and G K ,is that fuperficies wherein are the lines D E and E F; 
wherefore the line BG is eretfed perpendicularly to the fuperficies herein are the lines D E 
and EF . Wherefore theline BG 25 eretfed perpendicularly to the fuperficies wherein are 
the lines D E and E F, andio tbe [nperficies wberein are the lines A B and BC . But if oge 
and the felfe [ame right line be erected perpendicularly to plaine fuperficieces, thofe fuperfi- 
cieces are (by the 14.0f the clenenth) parallels the one to the other . Wherefore the [uperficies 
wherin are the lines AB and BC 4s a parsllel to the [uperficies wherin are the lines D E and 
E F . If therefore two right lines toucking the one the other ‘be parallels to two other right 
lines touching alfo the one the other, and net being im the felfe fame plaine fuperficies with 
the two firft, the plaine fuperficieces extended by thofe right lines are alfo parallels tbe ope to 
the other which was required to be demenftrated, 


U 


r 





A. > 
By this figure here put,ye may more — EN 
the former 15 .Propofition and alfo the de 4 — D 
therof : if ye erc¢te perpendicularly vato 
fuperficies , the three fuperficieces ABC, K 
1 HB M, and o compare it with the demonttrauts, ,.— o , 


q A Corollary added by Fluffas. 

Vnto & plaine fuperficies being geuen,to drawe by a point geuen without it, a parallel plaine Superfeeies. 
Suppofe as in the former defcription that the fuperficies geué be ABC, & let the point geué withoue 
ithe G. Now then by the poine’G drawe ( by the 31.0f the firft ) vneo the lines AB and B C parallel 
lines G Hand HK. And the fuperficies extended by thelines G H and G K fhall be parallel vnto the 
fuperficies AB C, by this 15.Propofition, 


T he 1a. T beoreme. T he 16. Propofition. 
If two parallel playne fuperficieces be cut by fome one playne fuperficies: 


their common feéfions are parallel lines. 


gl V ppefe that thefe two plaine fuperficieces AB and C D be cut by this plaine fu- 

| perficies E F G Hand let their common fections be the right lines E F andG 

| H.Then 1 fay that the line E F is a parallel to she line G H. For if not, then the 

lines E F and G H being produced,fhall at the length mecte together either on 
the 
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4n E F . But either of tbefe lines G H and.G K touch it, and 
are al[o in the fuperficies wherein are tbe lines D E and EF, Ps i 
therefore either of thefe angles BG H, and BG K, is a right. 


angle . And forafmuch as the line & Ais a parallell to the line A 

GH (that the lines G H and G K are parallells vnto the lines 

AB and BC it ts manifeft by the 9 .ofthis booke ) : there- 

fore (by the 29. of the firft ) theangles GB Aand BG. Hare € I 4 = 


equall to two right angles. But the angle BG H is (by con- 
Siruttio) aright angle,therfore alfc the angle G B Aisa right 
angle : therefore the line G B is ereéfed perpendicularly tothe 
line B A. Aud by the fame reafon alfo may it be proued, that 

the line BG is erected perpendicularly to the line BC . Now Bw 
Sorafmuch asthe right line BG is erected perpendicularly to 

thefe two right lines B Aand BC touching the one the other, 
therefore ( by the a. of tbe elenenth ) the ine E G ds eretfed 
perperdivslarly to the (uperficies wherein are the limes B A and B C . And it is alo eretfed 
perpendicularly to the faperficies wherein are the lines GH and GK . But the Superficies 
wherein are the iines G Hand G K, is that Juperficies wherein are the lines D E and EF: 
wherefore the line B Gis erected perpendicularly tothe  fuperficies wherein are the lines DE 
and EF . Wherefore theline BG 15 erctted perpendicularly to the fuperficies wherein ave 
the lines D E and E F, and to the fuperficies wherein are the lines A Band BC. But if one 
ard the felfe fame right line be erected perpendicularly to plaine [uperficieces, thofe {uperfi- 
cieces are (by the 14.of the elettenth) parallels the one to the other . Wherefore the Superficies 
wherin are the lines A B and B C is a par allel to the fuperficies wherin are the lines D E and 
E F . If therefore two right lines touching tbe one tbe other'be parallels to two other right 
lines touching alfo the one the other, and not being in the felfe fame plaine fuperficies with 
the tivofirfl, the plaine fuperficieces extended by thofe right lines are alfo parallels tbe one ta 
the other which was required to be demenftrated, 


D ¥ 


5 A T R 4 
Dy this figure here put,ye may more clere] . 
the former 15.Propofition and al(o the den, S 
thecof : i£ ye erc&te perpeadicularly vito t 
fuperficies , the three fuperficieces A B C, K 
LHBM, and fo compare it wich the demonttrau &. v ; 


«I A Corollaryadded by F/sffas. 

Fnto 4 plaine fuperficies being qenen,to drame by « point geuen without it, a paralel plaine Superficies. 
Suppofe as in the former defcription that the fuperficies geué be A B C, & let the point geué withoue 
icbe G . Now thea by the poine G drawe ( by the 31.of the firft) vnto thelines AB and B C parallel 
lines G Hand H K . And the fuperficies extended by the lines G H and G K fhall be parallel vnto the 
fuperficies A B C, by this 15.Propofirion, : 


T be 1a. T beoreme. The 16. Propofition. 
If two parallel playne fuperficieces be cut by fome one playne fuperficies: 


their common fe£fions are parallel lines. 


V ppofe that thefe two plaine fuperficieces A B and C D be cut by this plaine fu- 
perficies E F GS H,and let their cominon fettions be the right lines EF andG 
H.Then 1 fay that the line E F is a parallel to the lineG H. For if not, then the 
lines E F and G H being produced, hall at the length meete together either on 
she 
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«n4 E F . But either of thefe lines G H andG K touchit, and P 
are alfo in the fuperficies wherein are the lines D E and EF, LS 
sherefore either of tbefe angles B G H, and B G K,is a right 


angle . And fora(mucb as the line & Ais a parallell to the line A 

GH (that the lines G H and G K are parallels unto the lines 

AB and BC it is manifest by the 9 .of this booke ): there- . 

fore (by the 29. of the firft ) theangles GB AandBGHare & : A E 


equall to two right angles. But the angle BG H is (by con- 
ſiructio) a right angle, therfore alfo the angle G B A isa right 
angle : therefore the line G B is erected perpendicularly to the d * 
line B A. And by the fame reafon alfo may it be proued, that N 

the line B Gis erected perpendicularly to the ine BC . Now Ne 
forafmuch asthe right line BG is erected perpendicularly to 

thefe tivo right lines B Aand BC touching the one the other, 
therefore ( by tbe a. of the elenenth ) the line BG is erected 
perpendicularly to the [uperficies wherein are the lines B A and B C . And itis alfo eretied 
perpendicularly to the {uperficies wherein are thelines GH and GK . But the Superficies 
whereis are tue tines CH and G K is that (uperfictes wherein are the lines D E and EF: 
mberefore the line B Gis erected perpendicularly to the fiperficies wherein are the lines D E 
and E F . Wherefore the line BG 1s erected perpendicularly to the fuperficies wherein are 
the lines D E and E F, and io the [uperficies wherein are the lines ABand BC. But if one 
andthe felfe fame right line be erected perpendicularly to plaine fuperficieces, thofe fuperfi- 
cieces are (by the 14.0f the elenenth) parallels the one to the other . Wherefore the Super ficie y 
wherin are the lines A B and B C is a parallel to the [uperficies wherin ave the lines D E and 
E F . If therefore two right lines toucking the one the other ‘be parallels to two other right 
Lines touching alfo the one the other, and net being in the felfe fame plaine fuperficies with 
the two firft, the plaine fuperficieces extended by thofe right lines are alfo parallels the one to 


J 
4 


the other which was required to be demanftrated, 


A 
By this figure here put,ye may more — 
the former 15.Propofition and alí(o the de i 


therof : 1f ye ercéte perpendicularly vato t 2 Ios 

fuperficies , rhe three fuperficieces AB C, K 

LHBM, and fo compare it with the demonitrau 
‘ : 


— yt P 





. 


a 
we Her. U5 


@ A Corollary added by Fluffas. 

Vnto a plasne fuperficies being genen,to drawe by a point genen without st, a parahel plaine Superficies. 
Suppofe as in the former defcription thae the fuperficies geuébe A BC, & lec the point geué withoue 
itbe G . Now then by the point'G drawe ( by the 31.of the fir(t ) vnto thelines A B and B C. parallel 
lines GH and HK. And the fuperficies extended by the lines G H and GK fhall be parallel vnto the 
fuperficies A B C, by this r5. Propofition, i 


The 14. Theoreme. The 16. Propofition. 
If two parallel playne fuperficieces be cut by fome one playne fuperficies: 


their common feétions are parallel lines. 









Sy ght Vppofe that thefe two plaine (uperficieces A B and C D be cut by this plaine fu- 

H peeficies E F G Hand let their common fettions be the right lines EF andG 

| HT ben I fay that the line E F is a parallel to the line GH. For if not, then the 

lines E F and G H being produced fhall at the length mecte together either on 
the 


of Euclides Elementes. Fol.33t. | 


the fide that the pointes F,H are, or on 
the fide that the pointes E,G are. Firft 
let them be produced on that fide that 
the pointes FH are,and let them mete 
in the point K. Ard forafmuch as the 
line EFK is in the fuperficies AB, 
therfore all the points which are in the 
line E F are in the fuperficies A B (by 
the first of this booke) But one of the 
pointes which are in tie right line E F 
K is the point K, therfore the point K 
isin the fuperficies A B. «4nd by the 
fame reafon allo the point K is in the 
fuperficies C D. Wherfore the twa fu- 
perficieces A BandC D being predu- 
ced do mete tagether, but by [upzofrtia 
they mete not together for they are fup 
pofed to be parallels. Wherfore the right lines E F and GH produced 
on that fide that the pointes F ,H are.In like fort Alfo may we prouefrs 
and G H produced meete not together on that fide that the pointes P 
which being produced on na fide mete together, are parallels (by 
Sfirft.) Wherfore the line E F is a parallel to the linè G H If therfi 
perficieces be cut by fome one plaine fuperficies their common fe 
which was required to be proned. — i 


i * 


| bM: 







Demozflra- 
tion leadisg to 
«n abfuretties 


This figure here fet more plainly declareth the former 
demonftration,if ye erect perpendicularly vnto the ground 
fuperficies che three fuperficieces A B,C D, andEFK H G, 
and fo compare it with the demonftration. 





{H 


s o G a E E 
A Corollary added by Flufas. "man \ 
Tf two plaine fuperficieces be parallels to one and the felfe fame playne fuperficies: they [hall alfo be , 
parallels the one to the other,or they {hall wake one and the felfe fame plaine fuperficies, 


For ifthe plaine {uperficieces DG and GH 
being parallels to one and the felfe fame fuperfi- E 
cies,namely, to A B be notalfo parallels: the one 
to the other,then being produced they fhall con- 
curre(by the conuerfe of the fixe definition ofthe 
eleuenth) Let them concurre in the rightline G 
E.Then I fay that the fuperficieces GD and GH 
are inone and the felfe fame playne fuperficies. 
Draw in the playne fuperficies AB aright line at 
alladuentures A C.And by thatrighelyne & the 
point E extendea playne fuperficies, cutting the 
two fuperficieces D G and G H by the rightlines 
E DandEI. Wherfore the right lines AC andD 
E,alfo AC and E1 are parallels by this propofiti- 

“on But the linesD E and EI forafmuch as they 
concurre in the point E are not parallels the one D 
co the other, Wherefore the right lines DE and 
E I make direétly one right line (by chat which is 
added after the 30. propofiton ofthe firk.) And PtH —— 
therfore the plaine perice cds D G and G H ate — 
in one and the felfe fame playne fuperficies , For 





of Euclides Elementes. Fol.331. | 


the fide that the pointes FH are, or on 
the fide that the pointes E,G are. Firft 
let them be produced on that fide that 
the pointes FH are,and let them mete 
an the point K. Ard forafmuch as the 
line EFK is in the faperficies AB, 
therfore all the points which are in the 
line E ¥ are in the fuperficies A B (Sy 
the first of this booke) But one of the 
pointes which are in the right lige E F 
Kis the point K, therfore the point K 
is in the [uperficies A B. And by the 
fame reafon alfo the point K is in the 
fuperficies C D. Wherfore the two fu. 
perficieces A B and C D. beige produ- - 
ced do mete together, but by fupzofitia S 
they mete not together for they are fup 
poſed to be parallels Wherfore the right lines E F and G H produced {hall not meete together 
on that fide that the pointes F,H are.In like fort alfo may we prouethat the right lines EF 
_and G H produced meete not together on that fide that the pointes E,G are. But right lines 
which being produced on no fide mete together, are paralfels ( by the laft definition of the 
Sirf.) Wherfore the line E F is aparallel to the lineG H -If therfore two parallel plaine fe- 





Demorfraq 
tion leadingto 
an abfurecties 


perficieces be cut by [ome one plaine faperficies their common Settions are parallel lines: © 


which was required to be proned. ; 







This figure here fet more plainly decl 
demonftration,if ye ere& perpendicularly | 
fuperficies che three fuperficieces A B,C 
and fo compare it with the demonttration| 


A Corollary added by Flufias. 
Tf two plaine fuperficieces be parallels to one andthe felfe fame playn 
parallels the one to the other ,ov they (hall aake one and the felfe fame pla. 


For ifthe plaine fuperficieces DG and GH 
being parallels to one and the felfe fame fuperfi- e 
cies,namely, to A B be nocalfo parallels: the one 
to the other,then being produced they fhall con- 
curre(by the conuerfe of the fixe definition ofthe 
eleuenth) Let them concurre in tlie rightline G 
E.Then I fay that the fuperficieces GD andGH 
are in one and the felfe fame playne fuperficies. 
Draw in the playne fuperficies AB aright line at 
alladuentures A C.And by thaerightlyne & the 
point E extendea playne fuperficies, cutting the 
two fuperficieces D G and G H by the rightlines 
E D and EI. Wherfore the right lines AC andD 
E,alfo A Cand E Lare parallels by this propofiti- 
a.But the lines D E and EI foiafmuch as they 
concurre in the point E are not parallels the one D 
co the other, Wherefore the right lines DE and . 
E I make direftly one right line (by that which is I 
added after the 30. propofiton ofthe firt.) And 

therfore the plaine ——— D G and G H are G —— | 
in one and the felfe fame playne fuperficies . For 









of Euclides Elementes. 


the fide that the pointes FH are, or on 
the fide that the pointes E,G are. Firft 
let them be produced on that fide that 
the pointes F,H are ,and let them mete 
2n the point K « And fora[psuch as the 
line EFK is in the fuperficies AB, 
therfore all the points which are in the 
line E F are in the fuperficies A B (dy 
the first of this booke) But one of the 
pointes which are in the right line E F 
Kis the point K, therfore the point K 
is in the fuperficies AB. And by the 
fame realon allo the point K is in the 
fuperficies CD. Wherfore the two fiz- 
perfucteces ABandC D being predu- 
ced do mete together, but by [upzofitià 
they mete not together, for they are {up 
pofed to be parallels Wherfore the right lines E F and GH produced, 
on that fide that the pointes F,H are.Inlike fort alfo may we proud 
_and G H produced meete not together on that fide that the pointes} 
which being produced on no fide mete together, are parallels (by d 
Sirf.) Wherfore the line E F is a parallel to the line G H.If therfa 
perficieces be cut by fome one plaine fuperficies their common f 
which was required to be proned. 





This figure here fet more plainly decl 
demonftration,if ye ere perpendicularly f a 
fuperficies the three fuperficieces A B,C 
and fo compare it with the demontkration| 


\ 
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A Corollary added by Flufvas. 
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If two plaine fuperficteces be parallels to one andthe felfe fame playne fuperficies: they (hall alfo be 
parallels the one to the other,or they {hall zsake one and the felfe [ame plaine faperficies, 


For ifthe plaine fuperficieces DG and GH 
being parallels co one and the felfe fame fuperfi- E 
cies,namely, to A B be notalfo parallels the one 
to the other,then being produced they fhall con- 
curre( by che conuerfe of the fixt definition ofthe 
elcuenth) Let them concurre in the rightlineG 
E.Then I fay that the fuperficieces GD and G H 
are inone and the felfe fame playne fuperficies. 
Draw in the playnefuperficies AB aright line at 
all aduentures A C.And by that right lyne & the 
point Eextendea playne fuperficies, cutting the 
two fuperficieces D G and G H by the rightlines 
EDandEI..Wherfore cterightlines A C andD 
E;al(o A Cand EI are parallels by this propofiti- 
*n.Butthelines D E and EI folate as they 
concurre in the point E are not parallels the one D 
to the other, Wherefore the right lines DE and 

E I make dire&ly one right line (by that which is 

added after the 3o. propofiton of the firit.) And 

therfore the plaine fuperficieces D G and G H are 

in one and the felfe fame playne fuperficies . For 


E 





Demonſtra- 
tion leadixg to 
an dbfuvdeties 


In this propo- 
fiion ye muft 
vnderſtand 
the proportio- 
nall partes or 
fe tions to be 
thofe which 
ave contained 
betwene the 
parallelfuper- 
fictese 
Conffractzon. 
Denonftra- 
tion, 


The elenenth B ooke 


if they be not,then part ofthe right line D 1,namely,the part D E is in the playne fuperficies D G, and 
an other pare therof,namely,E 11s on high inan other fuperficies G H,which by the firft of the elevéth 
is impoffible. Wherfore the fuperficieces D G and G H are in onc and the felfe fame playne fuperficies. 
pur if chefuperficieces D G and G H neuer concurre,then are they parallels by the 6. definition of the 
eleuench. 


In this figure here fet, ye may more plainely fee the 
former demonttration, if ye eleuate to the ground fuper- 
ficieces A C D L,the three fuperficieces A B,D G,X GI, 
and fo compare it with the demonftration. 
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The 15.Theoreme. The 17. Propofition. 


Iftwo right lines be cut by playne fuperficieces being parallels: the partes 
of the lines deuided [ball be proportionall. 










AV ppofe that thefe two right lines AB and C D be deuided by theft plaine fuper- 
if, | ficteces being parallels, namely,GH,KL,MN in the points A,E,B,C,F ,D.Thé 
f] 1 fay that as the right line A E is to the right line E B,fois the right line C F to 
Wald the right line F D.Dram thefe vight lines AC,B D and A D. And let the line 
AD and the fuperficies K L concurre in the point X. And 


draw aright line from the point E to the point X and an o- a 
ther fromthe point X tothe point F. And forafmuch as 4A c 
thefe two parallel fuperficieces K Land M N are cut by the 


Juperficies EB D X, therfore their common fettions which g  — 
are the lines E X and B D, are (by the 16. of the elenenth) 
parallels the one to the other. « And by the fame reafon alfo 
forafmuch as the two parallel (uperficies G Hand K L becut L 
by the fuperficies A X F C, their common fections A C and 

X F are(by the 16 .of the eleuenth )parallels. And forafmuch 

as to one of the fides of the triangle ABD, namely, to the 

fide B D is drawne a parallel line E X,therfore (by the z.of K 
the fixt) proportionally as the line A E is to the line E B,fo 
is the line AX tothe line X D. Againe forafmuch asto one 
of the fides of the triangle A D C,namely, to the fide AC is 





2 










dramen a parallel line X F ,therfore by the 2.of the fixt, pro- N 
portionally as the line A X is to the line X D fö isthe line C 
F to the line F D.And it was proued that as the line AX is B D 





to the line X D fo is the line A E to the line E B, therefore 
alfo (by the r1 .of the fft) as the line A E is tothe line E B, 
fo is tbe line C F to the line F D.If therfore two right lines 
be deuided by platne fuperficieces being parallels the parts of the lines denided [hal be propor- 
sionall : which was required to be demonffrated. 


mM 


In 


of Euclides Elementes. 


In this figure itis more ealy to fee the former demonftration, ifyee- 
reét perpendicularly vaco the ground fuperficies ACB D, the threfu- 
perficieces, GH,K L,and M N;or if ye fo erect them that they be equedi- 
ftant one to the other. 


g T he 16. T beoreme. — T Ee 18. Propofition. 


Ifa right line be evetfed perpedicularly to a plaine 
fuperficies: all the fuperficteces extended by that 
right line, are erected perpendicularly to the felfe 


fame plaine fuperficies. 





LPMNC V ppofe that aright line A B be eretted perpendicularly to a ground [uperficies.T bé 
Gy I fay, that all the fuperficieces pafsing by the line AB, are erected perpendicularly 

WRONG to tbe cround fuperfictes . Extend a fuperficies by the line AB, and let the fame 
be E D, & let the comon fection of the plaine 

fuperficies and of the ground fuperficies be p. ` C A H 
the right line C E . And take in the line C E 
4 point at all aduentures, and let the fame be 
F: and (by the 11.0f the firt) from the point 
F drame nto the line C E a perpendicular | 
line in the fuperficies D E, and let the fame 
be FG. And forafmuch as the line AB is 
erected perpendicularly to the ground fuper- ~ 
Sicies, therefore (by the 2.definition of the e- 
Lenenth) the line AB is erected perpendicu- ; Demonstra- 
larly to all the right lines that arein the ground plaine fuperficies and which touch it Wher- tion 

fore it is evedfed perpendicularly $o the line C E. Wherefore the angle AB E is a right angle. 

And the angleG F B is alfoaright angle (by conftruction) . Wherefore ( by the 28.0f the 

firft) the line AB is aparallelto the line FG . But the line A B is erected perpendicularly to 

the ground fuperficies : wherefore (by the 8 .of the eleuenth) the line F Gisalfo erected per- 

pendicularly to the ground fuperficies.And forafmuch as (by the 3 definition of the eleuenth) 

4 plaine fuperficies 1s then erected perpendicularly to a plaine [uperficies, when all the right 

lines drawen in one of the plaine fuperficieces unto the common {ection of thofe two plaine fu- 

perficieces making therwith right angles, do alfo make right angles with the other pleine fu- 

perficies and it is proued that the line F G drawen in one of tbe plaine fuperficieces, namely, 

in D E, perpendicularly to the common fection of the plaine  fuperficieces, namely, to the line 

C E, is erected perpendicularly to the ground {uperficies: wherefore the plaine [uperficies D E 

is erected perpendicularly to the ground fuperficies. In like fort alfo may we prouc, that all tbe 

plaine fuperficieces which paffe by the line A B, are erected perpendicularly to the ground fu- 

perficies . If therefore a right line be erected perpendicularly to a plaine [uperficies all the fu- 

perficieces pafsing by the right line, are erected perpendicularly tothe felfe fame plaine fuper- 

ficies: which was required to bedemunstrated. 








Conſiruftion. 


\ 


In 


In this propo- 
fion ye muft 
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The elenenth B coke 


if they be noc,then part of the right line D 1,namely,the pare D E is in the playne fuperficiesD G, and 
an other pare therof,namely,E 11s on high inan other fuperficies G H,which by the firlt of the elevéth 
is impoffible. Wherfore the fuperficieces D G and G H are in one and the felfe fame playne fuperficies. 
Bur ithe fuperficieces D G and G H neuer concurre then are they parallels by the 6, definition of the 
eleuenth. 


In this figure here fet, ye may more plaine!y fee the 
former demonttration, if ye eleuate to the ground luper- 
ficieces AC D I, the three fuperficieces A B,D G,& GI, 
and fo compare it with the demonftration. 





The 15.Theoreme. The 17. Propofition. 


Tf two right lines be cut by playne fuperficieces being parallels: the partes 
of the lines deuided [hall be proportional. 


E 3 Vppofe that tbefe tm right lines A B and C D be deuided by theft plaine fuper- 






J, | fieieces being parallels,namel,GH,K L,MN in the points A,E,B,C,F,D.Thé 

"|| 1 fay that as the right line A Eis to the right line E B,fois the right line C F to 
Wace) the right line F D.Draw thefe right lines AC,B Dand AD. And let the line 
AD and the fuperficies K L concurre in the point X. And 
draw aright line from the point E to the point X and ano- 
ther from the point X tothe point F. And forafmuch as 
thefe two parallel fuperficteces K Land MN are cut bythe 
Superficies EB D X, therfore their common [ettions which 
are the lines E X and B D, are (by tbe 16. ofthe eleuenth) 
parallels the one to the other. And by the fame reafon alfo 
forafimuch as the two parallel (uperficies G H and K L be cut 


by tbe fuperficies A X F C, their common fections AC and 
X F art(by the 16.of the eleuenth )parallels. And forafmuch 
as to one of the fides of the triangle ABD, namely, to the 


fide B D is drawne a parallel line E X,therfore.(by the 2.0f K 

the fixt) proportionally asthe line A E is tothe line E B,fo 
is the line AX tothe line X D. Againe forafmuch asto one 
of the fides of the triangle A D C,namely, to the fide AC is 
dramen a parallel line X F therfore by the 2.0f the fixt, pro- 
portionally as the line A X is to the line X D,fois the line C 
F to the line F D.And it was proued thatas the line AX is 
to the line X D,fois the line A E to tbe line E B, therefore 
alfo (by the 11.0f the fift) as the line A E is to tbe line E B, 
Jo is the line C F to the line F D.If therfore two right lines 
be deuided by plaine fuperficieces being parallels,the parts of the lines denided Jhal be propor- 
sionall : which was required to be demonftrated. 


H 
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Intbispropo- || 


fitton ye muft 
vnderſtand 
the proportio - 
nall partes or 
/ections to be 
thofe which 
are contained 
betwene the 
parallelfupee- 
fictes. 
Construction. 
Demonſtta- 
tion. 


7 he eleueutb B ooke 


if they be nor,then part of the right line D I,namely,the part D E is in the playne fuperficies D G, and 
an other pare therof,namely,E I s on high in an other fuperficies G H,which by the firft of the eleuéth 
is impoffible. Wherfore the fuperficieces D G and G H are in one and the felfe fame playne füperficies. 
But jehe fuperficieces D G and G H neuer concurre,then are they parallels by the 6. definition of the 
eleuerith. 


In this figure here fet, ye may more plainely fee the 
former demonttration, if ye elevate to the ground fuper- 
ficieces AC D I, the three fuperficieces A B,D G,& GI, 
and fo compare it with the demonttration. 


1 


The 1s.Theoreme. The 17.Pr ] 





Tf two right lines be cut by playne fuperficieces being parallels: the partes 
of the lines deuided /hall be proportional. 







AV ppofe that thefe twd right lines A B and C D be deuided by theft plaine fuper- 
| ficteces being parallels namely,GH,KL,MN inthe points A,E,B,C,F,D.Thé 
| 1 fay that as thè right line A E is to the right line E B fo is the right line C F to 
Viae e. rhe riebt line F D.Draw thefe right lines AC,B D and AD. Andlet the line 
A D and the fuperficies K L concurre in the point X. And 

draw aright line from the point Eto the point X andano- 
ther from the point X tothe point F. And forafmuch as 
thefe two parallel fuperficieces K Land MN are cut by the 
Superficies EB D X, therfore their common {ettions which 
are the lines E X and B D, ave (by tbe 16. of the eleuenth) 
paraliels tbe oneto the other. _And by the fame reafon alfa 
forafmuch as the two parallel (uper rficiesG H and K L becut 


Ly the fuperficies A X F C, their common feétions AC and 
X F are(by the 16.of the elenenth) parallels. And forafmuch 
as to one of the fides of the triangle ABD, namely, to the 


fide B Dis drawne a parallel line E X,therfore(by the 2.0f K 
the fixt) proportionally as the line A E is to the line E B,fo 
asthe line AX tothe lineX D. Againe forafmuch as to one 
of the fides of the triangle A D C,namely, tothe fide AC is 
drawen a parallel line X F therfore by the 2.0f the fixt, pro- 
portionally as the line A X is to the line X D fois the line C 
F to the line F D.And it was proued that as the line A X is 
tothe line X D fo is the line A E to tbe line E B, therefore 
alfo (by the x1 .of the ift) as tbe line A E is tothe line EB, 
fo és tbe line C F to the line F D If therfore two right lines 
be deuided by plaine fuperficieces being parallels the parts of the lines denided, fhal be propor- 
tionall : which was required to be demonfirated. 
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if they be nor,then part of the right line D I,namely,the partD E is in the playne fuperficies D G, and 

an other pare therof,namely,E 11s on high in an other fuperficies G H,which by the firft of the eleucth 

is impoffible. Wherfore the fuperficieces D G and G H are in one and the felfe fame playne fuperficies. 

Bucif the fuperficieces D G and G H neuer concurre;then are they parallels by the 6. definition of the 
V 


‘eleuenth. i 


In this figure here fet, ye may more plainely fee the 
former demonttration, if ye eleuate to the ground luper- 
ficieces A C D I, the three fuperficieces A B,D G,& GI, 
and fo compare it with the demonftration. 
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The 15. Theoreme. The 17. Pr | 


Tf two right lines be cut by playne fuperficieces being parallels: the partes 
of the lines deuided [hall be proportionall. 


rah V ppofe that thefe two right lines A B aud C D be deuided by tbefe plaine fuper- 
/ | ficieces being parallels namely,GH,KL,MN inthe points A,E,B,C,F,D.Thé 
"|| Z fay that as the right line A E is to the right line E B,fois the right lineC F to 
UEM the right line F D.Draw theferight lines AC,E D and A D. And let the line 
A D and the fuperficies K L concurre in the point X. And 


draw aright line from the point E to the point X and ano- 
ther from the point X tothe point F. And forafmuch as 
thefe two parallel fuperficieces K Land MN are cut by the 


Juperficies EB D X, therfore their common fettions which ¢ 
are the lines EX and B D, are (by the 16. of the eleuenth) 
parallels the one to the other. And by the fame reafon alfo 
forafmuch as the two parallel (uperficies G H and K L be cut 
by the fuperficies AX F C, their common fections AC and 
X F are(by the 16 of the eleuenth) parallels. And forafmuch 


H 
a c 
L 
as to one of the fides of the triangle AB D, namely, to the EL HE 
fide B D is drawne a parallel line E X ,therfore (b tbe 2. of. & 
N 
= 
LEE 
M 








the fixt) proportionaliy as the line A E is to the line E B fo 
isthe line A X tothe line X D. Againe forafmuch asto one 
of the fides of the triangle A D C,namely, to the fide AC is 
damen a parallel line X F therfore by the 2.0f the fixt, pro- 
portionally as the line A X is to the line X D fois the line C 
F to the line F D.And it was proued that as the line AX is 
tothe line X D fo is the line A E to the line E B, therefore 
alfo (by the r1.0f the fift) as the line A E istothe line EB, 
fois the line C F to the line F D Af therfore two right lines 
be deuided by plarne fuperficieces being parallels the parts of the lines dewided [hal be propor. 
tionall : which was required to be demonftrated. 


In 


of Euclides Elementes. 


In chis figure itis more ealy to fee the former demonftration, ifyee- 
reét perpendicularly vaco the ground fuperficies AC BD, the threfu- 
perficieces,GH,K L,and MN,or ifyc fo erect them that they be equedi- 
ftant onc to the other. 


q Ube 16.Theoreme. The 18. Propofition. 


If aright line be eretted perpedicularly to a plaine 
Juperficies: all the fuperficieces extended by that 
right line, are erected perpendicularly to the felfe 


fame plaine fuperficies. 





I fay, that all the fuperficieces pafSing by the line AB, are erevocu perpenaicutarly 
tothe cround fuperfictes . Extend a fuperficies by the line AB, and let the fame 

Le E D, ci let the comon fection of the plaine 
Superficies and of the ground. fuperficies be p G A H 
the right line C E . And take in the line C E 
a point at all aduentures, and let the fame be 
F: and (by the 11.0f the first) from the point 
F drawevnto the line C E a perpendicular |. 
line in the fuperficies D E, and let the fame 
be FG. And forafmuch as tbe line AB is 
erected perpendicularly to the ground {uper- —— — — 
ficies, therefore (by the 2.definition ofthe e- "E l 
leuentb) tbe line A B. is eretfed perpandicu- F Demonſtra- 
larly to all the right lines shat ave in the ground plaine [uperficies,and which touch it Wher- tion 
Sore it is erected perpendicularly to the line € E. Wherefore the angle AB E is aright angle. 

And the angle G F B is alfo avight angle (by conftruction) . Wherefore (by the 28. of the 

firſt) the line AB is a parallel tothe line FG . But the line AB is erected perpendicularly to 

the ground [uperficies : wherefore (by the 8 of the eleuenth) the line F Gis.alfo erected per- 

pendicularly to the ground fuperficies. And fora{much as(by the 3 definition of the eleuenth) 

a plaine fuperficies 1s then erected perpendicularly to a plaine [uperficies, when all the right 

lines drawen in one of the plaine [uperficieces unto the common {ection of thofe two plaine fu- 

perficieces making therwith right angles, do alfo make right angles with the other plaine ſu- 
perficiesand it is proued that the line F G drawen in one of the plaine fuperficieces, namely, 

in D E, perpendicularly to the common fection of the plaine {uperficieces, namely, to the line 

CE, is erected perpendicularly to the ground fuperficies: wherefore the plaine fuperficies D E 

is ereted perpendicularly to the ground fuperficies. In like fort alfo may we proue, that all the 

plaine fuperficieces which paffe by the line A B, are erected perpendicularly to the ground fu- 

perficies . If therefore a right line be erected perpendicularly to a plaine (uperficies all the fu- 

perficieces pafting by the right line, are erected perpendicularly to the felfe fame plaine ſuper- 

ficies : which was required to be demonstrated. - | 


[an ppofe that a right line A B be eretfed perpendicularly to 4 gri The 





Conflrultione 


F B D 


' In 


of Euclides Elementes: 


In this figure itis more eafy to fee the former demonftration, ifyee- 
re& perpendicularly vato the ground fuperficies A C B D, the thre:fu- 
perficieces, GH,K Land M N;or if ye (o erect them that they be equedi- 
ftantone to the other. 





q The 16.Theoreme. The 18. Propofition. 
Ifa right line be eretted perpedicularly to a plaine 


Juperficies: all the fuperficteces extended by that | à ' 5 
right line, are erected perpendicularly tothefelfe s 
fame plaine fuperficies. 
V ppofe that aright line A B be eretted perpendzcularly toa g The 
Ie ay, that all the fuperficieces pafsing by the line AB, are erevseu perpenarcularly 
tothe ground [uperficies . Extend a [uperficies by the line AB, and let the fame 


be E D, ¢ let the comon fection of the plaine 
Superficies and of the ground fuperficiesbe D ` G A H 
the right line C E . And take in tbe line CE 
a point at all aduentures, and let the fame be 
F: and (by the 11.0f the first) from the point 
F drawevnto the line CE a perpendicular | 
line in the [uperficies D E, and let the fame 
be FG. And forafmuch as the line AB is | 
erected perpendicularly to the ground fuper- S 
ficies,therefare (by the 2.definition ofthe e- l 
leuentb) the tine AB is erected perpendicu- ped DemonStra- 
larly to all the right lines shat avein the ground plaine fuperficies and which touch it Wher- tion 
fore it is erected perpendicularly to the line C E. Wherefore the angle AB E is a right angle. 

And the angle G F B is alfo aright angle (by conftručtion) . Wherefore (by the 28.0f the 

firft) the line AB is a parallelto tbe line FG . But the line A B is erected perpendicularly to 

the ground fuperficies + wherefore (bythe 8 of the eleuenth) thé line F Gisalfo erected per- 

pendicularly to the ground füperficies.And forafmuch as(by the 3 definitión of the eleuenth) 

a plaine fuperficies is then erected perpendicularly to a plaine fuperficies, when all the right 

lines drawen in one of the plaine fuperficieces vnto the common fection of thofe two plaine fu- 
perficiecesmaking therwith right angles, do alfo make right angles with the other plaine fu~ 
perficies:and it is proued that the line F G drawen in one of the plaine fuperficieces, namely, 

in D E, perpendicularly to the common {ection of the plaine {uperficieces, namely, to the line 

€ E, is erected perpendicularly to the ground fuperficies: wherefore the plaine [uperficies D E 

is erected perpendicularly to the ground {uperficies. In like fort allo may we proue, that all the 

plaine fuperficieces which paffe by the line A B, are erected perpendicularly to the ground fu- 

perficies . If therefore a right line be erected perpendicularly to a plaine fuperficies all the fu- 

perficieces pafing by the right line, are erected perpendicularly to the felfe fame plaine fuper- 

ficies : which was required to be demonstrated: : 





Conflruliione 


F B D 


i 
In 


of Euclides Elementes: 332. 


A c 
In this figure itis more eafy to fee the former demonttration, ifyee- 
re& perpendicularly vnto the ground fuperficies A C B D, the threfu- 
perficieces, GH,K L,and M N;or if yc fo erect them that they be equedi- 
ftantone to the other. 
A 
E F 


g The 16.Theoreme. The 18. Propofition. 


If aright line be eretted perpedicularly to a plaine 
Juperficies: all the fuperficieces extended by that | / y 5 
right line, are eretted perpendicularly tothe felfe s 


fame plaine fuperficies. 


I fay, that all the fuperficieces pafsing by the line AB, are erecica perpendicularly 
tothe ground [uperfictes . Extend a [uperficies by the line AB, and let the fame 

be E D, cy let tbe comon fettion of the plaine 
fuperficies and of tbe ground fuperficies be p. C A H 
the right line C E . And take in the line C E 
a point at all aduentures, and let the fame be 
F: and (by the 11.0f the firsl)from the point 
F drame vnto tbe line C E à perpendicular 
line in the [uperficies D E, and let the fame 
be FG. And forafmuch — line A B is 
erected perpendicularly to the ground ſuper- ——— : 
ficies, Re (by d yos K^ EE — 
lenenth) the line AB is erected perpendicu- — Demonſtra- 
larly to all the right lines that arein the ground plaine ſuperficies, and which touch it. Vher- tion. 
Sore it is erected perpendicularly to the line CE. Wherefore the angle AB E is a right angle. 

And the angle G F B is alfoaright angle (by confiruction) . Wherefore ( by the 28. of the 
firft) the line AB is aparallelto the ine FG. But the line A B is erected perpendscularly to 

the ground fuperficies : wherefore (by the 8.of the eleuenth) the line F Gisalfo erected per-. 
pendicularly to the ground {uperficies.And fora{much as (by the 3 definition of the elenenth) 

4 plaine fuperficies 1s then erected perpendicularly to a plaine [uperficies, when all the right 

lines drawen in one of the plaine {uperficieces unto the common {ection of thofe two plaine fu- 

perficieces making therwith right angles, do alfo make right angles with the other pleine fu~ 

perficies and it is proued that the line F G drawen in one of the plaine fuperficieces, namely, 

tn D E, perpendicularly to the common fection of the plaine fuperficieces, namely, to the line 

€ E, is erected perpendicularly to the ground {uperficies: wherefore the plaine [uperficies D E 

is erected perpendicularly to the ground [uperficies. In like fort alfo may we proue, that all the 

plaine fuperficieces which pa[fe by tbe line A B, are erected perpendicularly to the ground fu- 

perficies If therefore a right line be erected perpendicularly to a plaine fuperficies all the fu- 

perficieces paffing by the right line, are erected perpendicularly to the felfe fame plaine fuper- 

fictes : which was required to be demonstrated: d 


Ka ‘ppofe that a right line A B be erected perpendicularly to agri The 





Conftratiions 


b 
In 


Demouflzati- 
on leading to 
an impofsibi-_ 
litie. 


The elenenth Booke 


In this figure here fet ye may erect per- 
pédicularly at your pleafure the fuperficies 
wherin are drawen the lines D C,GF,A B, 
and H E, to the ground fuperficies wherin 
is drawen the line C FB E, and fo plainly 
compare it with the demonftration before; 
put. 





— S 


q Ihe 17. Theoreme. 


¢ 
If two plaine fuperficieces cutting the one the other be erected perpendicu- 
larly to any plaine fuperficies : their common fe£fion is alfo ereéted perpene 
dicularly to the felfe [ame plaine fuperficies: — 


V ppofe that thefe two plaine fuperficieces A.B c B C cutting the one the other bee- 
rected perpendicularly to a ground {uperficies, and let their common {ection be the 
ri line BD. ThenI fay, that theline BD is erected perpendicularly to the ground 
fuperficies . For if not, then (by the 11. of the firft) 
fromthe point D draw inthe {uperficies AB unto 
the right line D Aa perpendicular lige D E . And - 
in the [uperficies C B draw unto the line DC a per- 
pendicular line D F . And forafmuch as the fuper- 
ficies AB is erected perpendicularly to the ground 
Juperficies,and in the plaine [uperficies A B unto the 
common fection of the plaine {uperficies and of the 
ground {uperficies, namely, to the line D A is erected 
a perpendicular line D E, therefore (by the conxerfe 
of the 3 definition of this booke ) the line D E ise- 
rected perpendicularly to the ground fuperficies . Andin like fort may we proue, that the line 
D F is erected perpendicularly to the ground fuperficies . Wherefore from one and the felfe 
fame point namely, from D, are erected perpendicularly to the ground fuperficies two right 
lines both on one and the felf [ame fide : which i47 
fore from the point D can not be erected perpent 
right lines befides B D which is the common fe 
therefore two plaine [uperficieces cutting the one 
plaine [uperficies their common fection is al[o er 
Superficies:which was required to be prowed. 
















ularly to any 
fe [ame plaine 


Here haue I fet an other figure which 
will more plainly fhewe vnto you thefor- 
mer demonttration, if ye ere&te perpendi- 
cularly to thc ground fuperficies A C the 
two fuperficieces A B and B C which eut 
the one the other in theline BD. 


The 18.T beoreme. - The zo.Propofition. 


If a folide angle be contayned ynder three playne  fuperficiall angles:enery 
i two 


of Euclides Elementes. Fol.333. 


two of thofe three angles, which two fo ener be taken , ave greater then the 
third. 


SRV ppofe thar the folide angle A be contayned uncer three playne fuperficiall an- 
ong — BAC,CAD, azdDAB.Thens fay — of thefe 
| (uperfictall angles how fo ener they be taken , are greater then the third . If the 
: A anglsBAC,CAD,& DAB fe 

be equall the one to the other then is it mamifeft 

that two of them which two fo ener be taken are 
greater then the third . But if not, let the angle 

B A C Le the greater of the three angles. And 
unto theright line ABand from the poyat A 
make in the playne fuperficies BAC vnto the 
angleD AB anequall angleB AE. And (by 
the 2. of the firft ) make the line A Bequall to 
the line A D. Now aright line BE C avawne 

by the poynt E, fhall cus the right lines A B and P 
Å Cin the poyntes B and C : draw a right line fram 4D to B, and an other from Duc. 

And forafmuch as the line D A is equal! to the line A È, and the line A B iscommon tothé Demonfiras 
both , therefore thefe two linesD A and A Bare equall to thefe two lines AB and AE and Hon. 

the angle D AB is equall to the angle B A E.Wherefore(by the 4.of the first) the baft D B 

is equall to the bafe BE. And forafmuch as thefe two lines D B and D C are greater then 

the line B C,of which the line D Bis proued to be equall to the line BE. Wherefore the re- 
fidue,namely,the line D C is greater then the refidue,namely,then the lineEC.And foraf- 

much as the lineD Ais equall tothe line AE, and the line AC is commen to them both, 

and the bafeD Cis greater then the bafeE C , therefore the angle D A C is greater then 

the angle È A Cx And itis proved that the angleD A Bis equall to the angle B A E:wher 
fore the anglesD ABandD AC are greater then the angleB AC . If therefore a folide 

angle be contayned under three playne fuperficiall angles euery two of thofe three angles, 

which two fo ener be taken are greater then the third: which was vequired to be proued. 





2, 
Conffradlicn. 





In chis figure ye may playnely behold the 
former demonftration , i£ ye eleuace the three 
triangles a s p,a a cand a c b in luch fort that 
they may all meete together in the pòynt a- 





The 19.T beorcme. The æi. Propoſition. 
Euery ſolide angle is comprehended vnder playne angles leſſe then fower 
right angles. 






Vane V ppofe that A be a felide angle contayned under thefe fuperficiall angles B. A C, 

ND A C andD A B T hen I fay that the angles B — C D A B are i 

Nre lefe then fower right angles. Take in enery one of thefe right lines A C AB and — Conflructio 
AD 


Demonflrati- 
on leading to 
an impoſſibi- 


litie. 









The el 


In this figure here fet ye may ere& per- 
pédicularly ac your pleafure the fuperficies 
wherin are drawen the lines D C,GF,A B, 
and H E, to the ground fuperficies wherin 





is drawen the line C FB E, and fo plainly c. = F B £ 
compare it with che demonftration before $ 
put. 

g The 17. T heoreme. The 19. Propofition. 


If two plaine fuperficieces cutting the one the other be ereed perpendicu- 
larly to any plame fuperficies : their common fetfion is alfo erected perpen- 
dicularly to the felfe fame plaine fuperficies: e. s 


V ppofe that thefe two plaine fuperficieces AB cy BC cutting the one the other bee- 
vetted perpendicularly toa ground fuperficies, and let their common fection be the 
rei line BD. Then I fay, that theline BD is erected perpendicularly to the ground 
fuperficies . For if not, then (by the 11. of the firft) 
fromthe point D draw inthe fuperficies AB unto 
the right line D Aa perpendicular line D E. And 
in the fuperficies G B draw vnto the line DC aper- 
pendicnlar line D F . And forafmuch as the fuper- 
ficies AB is erected perpendicularly to the ground 
uperficies,and in the plaine [uperficies A B nto tbe 
common fection of tbe plaiae fuperficies and ofthe 
ground fuperficies namely, to the line D A is eretfed 
a perpendicular line D E, therefore (by the conxerfe 
of the z definition of this booke ) the line D E ise- . l 

rected perpendicularly to the ground fuperficies . Andin like fort may we proue, that the line 
D F is eretted perpendicularly to the ground fuperficies . Wherefore from one and the felfe 
fame point namely, from D, are erected perpendicularly to the ground fuperficies two richt 
lines both on one and the felf fame fide : which iy PL oo bb wher- 
fore from the point D can not be erected perpens zes any other 
right lines befides B D which is the common fedi BandBC. If. 
therefore two plaine fuperficieces cutting the one 
plaine fuperficies,their common fection is alfo eri 
Superficies:whichwas required to be proued. 















Here haue I fet an other figure which 
will more plainly fhewe vnto you the for- 
mer demonftration, if ye erecte perpendi- 
cularly to the ground fuperficies A C the 
two fuperficieces A B and B C which cuc 
the one the other in theline BD. 


The 18.T heoreme. The 20.Propofition, 


If a folide an rele becontayned "ynder three playne fuperficiall angles:enery 
two 


Demonflrati- 
on leading to 
an impoſſibi- 
litie. 


The eleuenth Boohe 


In this figure here fet ye may ere& per- 
pédicularly at your pleafure the fuperficies 
wherin are drawen the lines D C,GF,A B, 
and H E, to the ground fuperficies wherin 
is drawen the line C FB E, and fo plainly got am eset 
compare ic with che demonftration bzfore TU 7 Ir 
put. 2 





f T be 17. T beoreme. 
( 
Iftwo plaine fuperficieces cutting the one the other be erected perpendicu- 
larly to any plaine fuperficies : their common fetfion is alfo eretted perpene 


dicularly to tbe felfe fame plaine fuperficies. ` 


Vppofe that thefe two plaine  fuperficieces AB cy B C cutting the one the other bee- 
m. rected perpendicularly to a ground fuperficies, and let their common ection be the 
Wee] line BD. Then I fay, that the line BD 1s erected perpendicularly to the ground 
Juperfieues . For if not, then (by the 11. of the firft) 

fromthe point D draw inthe fuperficies AB unto -f 

the right line D Aa perpendicular line D E.. And 
in the fuperficies C B draw unto the line DC a per- 
pendicular liue D F . And forafmuch as the fuper- 
ficies AB is erected perpendicularly to the ground 
Superficies,and in the plaine [uperfictes A B unto the 
common fection of the plaine {uperficies and of the 
ground {uperficies namely, to the line D Aiseretted 
a perpendicular line D E, therefore (by tbe connerfe 
of the 3 definition of this booke ) the line D E ise- 
rected perpendicularly to the ground [uperficies . And in lke fort may we prone, that the line 
D F is erected perpendicularly to the ground uperficies . Wherefore from one and the felfe 
fame point namely, from D, are erected perpendicularly to the ground fuperficies tmo right 










- lines both on one and the felf fame fide : which is( by the 15.0f the elenenth )impo(ible.Wher- 


fore from the point D can not be erected perpendicularly to the ground fuperfictes any other 
right lines befides B D,which is the comnion fection of the two fuperficieces A BandBC. If 
therefore two plaine {uperficieces cutting the one the other be eretted perpendicularly to any 
plaine {uperficies their common fection is alfo erected perpendicularly to the felfe fame plaine . 
Superficies:which was required to be proued. 


Here haue I fet an other figure which 
will more plainly fhewe vnto you the for-. 
mer demonftration, ifye ereéte perpendi- 
cularly co the ground fuperficies A C the 
two fuperficieces A Band B C which cut 
the one the other in etheliae B D. 


T be 18. T beoreme. T bezo.Propofition. 


If a folide angle be contayned 'ynder three playne  fuperficiall angles:enery 
two 


of Euclides Elementes. Fol.333. 


two of thofe three angles, which two fo ener be taken , are greater then the 
third. 








9 Vppofe tbat the folide angle A be contayned under three playne fuperficiall an- 
d 


CS SS eles that isyvnder B. A C,C AD, and D À B. T ben I fay that two of thefe 
> SN fuperficiall angles bóm fo ener they be taken , are greater then the third . If the 
KEK SAY anglesBAC,CAD,¢ DAB 

be equall the one to the other,then is it manifeft D 


that two of them which two fo ener be taken ave / 
greater then the third . But if not, let the angle 
BAC be the greater of the three angles. And 
unto theright line ABand froim the pojat A 
make in the playne fuperficies BAC unto the 
angleD A B an equall angle B AE. Auda (by 
the 2. of the firft ) make the line A B equafl to 
the line AD. Now aright line BE C drawne £ 
by the poynt E,fhall cut the right lines A Band R 
Å Cin the poyntesB and C : draw a right line from 4D to B, and an other from DC. 
And forafmuch as the line D A is equal! to the line AE, and the line A Bis common to thé 
both , therefore thefe two lines D A and A Bare equall to thefe two lines ABand AE and 
the angle D A Bis equall to the angle B A E.Wherefore( by the 4.of the firit) the bafeD B 
is equall tothe bafe B E. . And forafmuch as thefe two lines DB and D'C are greater then 
the line B C,of which the line D Bis proned to be equall to the line BE. Wherefore the re- 
fidue,namely,the line D C is greater then tbe refidue namely then the lineEC.And for af 
much as the lineD Ais equall tothe line AE, and the line AC is commen to them both, 
and the bafeD Cis greater then the bafeE. C , therefore tbe angle D A C is greater then 
the angle E. A C.Anditis proued that tbe angle D A B is equall to the angle B A E-wher 
fire the angles D A B and D A C. are greater tben the angle B A C. . If therefore a folide 
angle be contayned under three playne {uperficiall angles enery two of thofe three angles, 
which two fo ener be taken are greater then the third: which wasrequiredt-  —oned, 





c 


In this figure ye may playnely behold the 
former demonftration , if ye eleuate the three 
triangles a s p,a B cand a c o in fuch fort that 
they may all meete together in the poynt 4. 





T be 19. T beorcme, The 21.Propofition. 
Exery folide angle is comprehended vnder playne angles leffe then fower 
right angles. 


ev V ppofe that A be a folide angle contayned vnder the[e [uperficiall angles B. A C 
€S DA CandDAB.Then L fay that the angles B. — C D AB ac 
Ex leffe then fomer vigbt angles . T ake im. enuery one of thefe right lines AC AB and 
AD 






ae 
Conſtruclicn. 


Demonſira⸗ 
tion. 


Conflruction 


of Euclides Elemente. Fol.333. 


tivo of thofe three angles, which two fo ener be taken , are greater then the 


third. 

yj Vppofe that the folide angle A be contayned under three playne fuperficiall an- 
gles,that is,underBAC,CAD,andDAB.Then I fay that two of thefe 
| fuperficiall angles how fo ener they be taken , are greater then the third . If the 
A anglesB AC,CAD, C DAB 
be equall tbe one to the other then is it manifeft D 
that two of them which two fo ener be taken ave 
greater then the third . But if not, let the angle 
BAC be the greater of the three angles. And 
unto theright line ABand froim the poyn! À 
make in the playne fuperficies B AC unto the 
angleD AB anequall angleB AE. And (by 
the 2. of the fizft ) make the lize A E equall to 
the line A D. Now aright line BE C dramne E 
by the poynt E,fhall cut the right lines AB and B 
A Cin the poyntes B and C : draw aright line from toB, and an other from D toC. 
And forafmuch as the line D A is equallto the line AE, and the line A Bis common to thé 
both , therefore thefe two linesD A and A Bare equall to thefe two lines AB and A E and 
the angle D A Bis equall to the angle B AE.Wherefore(by the 4.0f the firit) the bafeDB 
is eguall to the bafe B E . And forafmuch as thefe two lines D B and DC are greater then 
the line B C,of which the line D Bis proued to be equall to the line BE. Wherefore the re- 
fidue, namely, the line D C is greater then the refidue namely then the lineE C. And foraf- 
much as the lineD Ais equall tothe line AE, and the line AC is commen to them both, 
and the bafe D C is greater then the bafeE C , therefore the angleD A C is greater then 
the angleE A Cx And it is proued that the angleD ABis equall to tbe angle B A E:wher 
fore the angles D A B and D A C. are greater then the angle B A C. . 1f therefore afolide 
angle be contayned under three playne fuperficiall angles euery two of thofe three anglesy 
which two fo ener be taken are greater then the third:which was vequivcdis oued, 








c 


In this figure ye may playnely behola 
former demonttration , if ye eleuate the thr, 
triangles a s p,a B cand a c o in fuch fore thar 
they may all meete together in the pòynt a- 





The 19.T heorcme, The 21.Propofition. 


Euery folide angle is comprehended vnder playne an agles leffe then fower 
right angles. 
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two of thofe three angles, which two fo ener be taken , are greater then the 
third. 


FER] ppofe thar the folide angle A be contayned under three playne {uperficiall an- 
gles that is,underBA C,CAD, and DAB.Then I fay that two of thefe 
V fuperficiall angles bow fo ener they be taken , are greater then the third. If the 
AV anglsBAC,CAD,¢D AB 
be equall the one to the other then 1s it manifeft 
that two of them which two fo exer be taken are 
greater then the third . But if not, let the angle 
BAC be the greater of the three angles. And 
unto the right line A B and from tbe poynt A. 
make in the playne fuperficies BA C vnto the 
angleD A B an equall angle B AE. Ana ( by 
the 2. of the fizft ) make the lize A E equall to 
theline AD. Now a right line BEC drawne 
by the poynt E,,fhall cut the right lines A Band. P 
A Cin the poyntes Band C : draw aright line from toB, and an other from DC. 
And forafmuch as the line D A is equal! to the line A È, and the line A B is common to thé 
both , therefore thefetwo lines D A and A Bare equall to thefe two lines A B and A E. and 
the angle D A Bis equall to the angle B A E.Wherefore(by the 4.of the firft) the bafeDB 
is eguall to the bafe B E . And forafmuch as thefe wo lines D B and D C are greater then 
the line B Cof which the line D Bis prowed to be equall to the line BE. Wherefore the re- 
fidue,namely,the line D C is greater then tbe refidue namely then the lineEC.And foraf- 
much as the line D A is equall to the line A E „and the line AC. is commen to them both, 
and the bafe D Cis greater then the bafeE.C , therefore the angleD A C is greater then 
the angle E A C. And itis proued that the angle D A B is equall to tbe angle B A E:wher 
fore tbe angles D A B and D A C. are greater then tbe angle B AC . If therefore a folide 
angle be contayned under three playne [uperficiall angles euery two of tbofe three angles, 
which two fo ener be taken are greater then the third-which wasvequiredt- ^ — ond. 








In this figure ye may playnely behola 
former demonftration , if ye eleuate the thr, 
triangles ^ » p, B cand a c o in fuch lort tha 
they may all meete together in the poynta. 


N 
T be 19.T beorcme. N 


Exery folide angle is comprehended vnder)). axles leffe then fower 
right angles. N, 
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pe V ppofe that A be a folide angle contayned under thefe{uperficiall aneles BA Cy 

ES ® DAC and D AB.Then I fay that the angles B Chere C pos A B are 

Mee Jeffe tben fower right angles T ake ip. euery one of tbefe right lines A C AB and 
AD 
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AD a poynt at all adwentures and let the fame be B,C,D.And draw thefe right lines BC, 
CDandDB. And forafmuch as the angle Bisa folide angle , for it is contayned under 
three fuperficiall angles,that is, under CB A, A BD and CBD, therefore (by the zoof 
the eleuenth)two of them which two fo ener be taken are greater then the third Wherefore 
the angles CBA and ABD are greater 
then the angle CBD : and by the fame rea- 
fon the angles BC Aand ACD aregrea- 
ter then the angle B C D: and moreouer the 
angles C D A and ADB are greater then 
the angle C D B.Wherefore thefe fixe angles 
CBA,ABD,BCA,ACD, CDA, 
and AD Bare greater thé thefe thre angles, 
namely, C BD,BCD,&CDB. But the 
three angles C BD,B D C,andB C D are 
equall to two right angles, Wherefore the fixe 
angles CBA,ABD,BC A,AACD,CDA,andADB are greater thë two right an- 
gles.And forafmuch as in euery one of thefe triangles A B C,and A B D and A C D three 
angles are equa!) two right angles (by the 3 2.0f the firft ) -Wherefore tbe nine angles of tbe 
thre triangles that is,the angles CBA,ACB,BAC,ACD,DAC,CDA,ADB, 
D BA and B AD ave equall t0 fixe right angles . Of which angles the fixe angles ABC, 
BCA,ACD,CDA,AD BandDB A are greater then two right angles . Wherefore 
the angles remayning , namely , the anglesB AC,C AD and D AB which contayne the 
Jolide angle are lefe then fower richt angles .Wherefore enery folide angle is comprehended 





_vnder playne angles leffe then  fower right angles:which was required to be proued. 


If ye will more fully fee this demontlration compare it with the figure which I put for the better 
fight of the demonflration ofthe propofition nextgoing before.Onely here is not required the draught 
ol cheline A E. i 

Although this demonftration of Euclide be here put for folide angles contayned vnder three fuper- 
ficiall angles,yecafter the like maner may you proceede if the folide angle be contayned vnder ſuperfi- 
ciall angles how many fo euer.As for example ifit be contayned vnder fower fuperficiall angles , ifye 
follow che former conttrudtion, the bafe will be a quadrangled figure ,whole fower angles are equall to 
fower right angles: but the8.angles at the bales of theq triangles fet vpon this quadrangled figure may 
by the zo.propofition of this booke be proued to be greater then thofe 4. angles of the quadrangled fi- 
gure:As we fawe by the difcourfe of the former demonttration. Wherefore thofe 8. angles are greater 
then fower right angles; but che 12.angles of thofe fower triangles are equall to 8.right angles. Where- 
fore the fower angles remayning at the toppe which make the folide angle are leffe then fower right 
angles.And obferuing this courfe ye may proceede infinitely. 


f T be 2o. T beoreme. The 22. Propofition. 


If there be three fuperficiall plaine angles of which two how foener they 
be taken,be greater then the third, and if the right lines alfo which cone 
tayne thofe angles be equall: then of the lines coupling thofe equall right 
lines together st 1s pofsible to make a triangle. 





FV ppofe that there be thre fuperficial angles AB C,D E F and G H K,of which 
ef, | let two, which two foeuer be taken,be greater then the third,that is, let the an- 
. | gles AB C,and D E F be greater then the angle G H K „and let the angles D E 

S F and G H K be greater then the angle A B C : and moreouer let the angles G 
H K and A B C be greater then the angle D E F.And let the right lines A B,B C,D E,EF 
G Hand H K be equall tbe one to tbe other and draw a right line from the point A to the 


poynt 
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point C,and an other from the point D to the point F,and moreouer an other from the point 
Gtothe point K.Then 1 fay thas it is poftible of three right lines equall to the lines A C,D F 


Ah A 


and G K,to make a triangle, that is, that two of the right lynes AC, D F,andG K, 
which two foener be taken , are greater then the third, Nowif the angles ABC, D EF, 
and G H K be equall the one to the other , it is manifeit that thefe right lines AC, D F; 
and G K being alfo (by tbe a.of the firft) equall the oneto the other y ttis pofsible of three 
right lines equall to the lines AC, D F,and G K tomake a triangle. But if they be not 
equall,let them be unequall.And(by the 23 .of the firft) unto the right line H K, and at the 
point init H,makevnto the angle A BC an equall angle K H L.And by the 2.of the firft)to 
one of the lines AB, BC, DE, EF,GH, or HK make the line H L equal,cr draw thefe 
right lines K Land GL.And forafmuch as thefe two lines A B and BC, areequall to thefe 
two lines K H and H L,and the angle B is equall to the angle K H L, therfore (by the 4. of 
the fir t)the bafe A Cis equallto the bafe K L. And forafmuch as the angles ABC, and G 
H K are greater then the angle D E F but the angle GH L is equall to the angles ABC,¢7 
GH K-therfore the angle GH Lis. greater then the angle DEF. And forafmuch as thefe 
swo lines G H and H L are equall to thefe-two lines D-E and E F, and the angle GH L is 
greater then the angle D E F therfore(by the 25.of nr )the bafeG Lis greater thé the 
bafe DF .But the lines G K and K Lave greater then the line G L. Wherforethe lines GK 
C K L are much greater then the line D F.But theline K Lis equal to the line A C.Wher- 
fore the lines AC and G K are greater then the line D-F 1m like fort alfo may we proue that 
the lines AC and D F are greater then the lineG K, and that thelinesG K and D F are 
greater then thelyne AC. Wherfore itis poffible to make.a triangle of three lynes equall to 
the lings AC,D EF ,and GK : which was required to be demonstrated. : 
LI ^! , € t 2 x 
PINE aes _ Another demonftiation, vo ue 
Suppofe thas she three fuperficiall angles be ABC, D.EF,.andGH K, of which angles 
two howfoenér they be taken, are greater then the third. And let them be contained under 
dhefe.equall right lines AB,B C,D E;E F,G H,H X mbich equall right lines let thefe lines 
goyne'together. Then I 
fo) that it is pofüble of 
three vight lines equal 
tothclines AC, DF, 
and G K to make atri- 
angle,which againe is 
as epe as that 4 c 


two of thofe lines x9 K 
L 
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which two foeuer be ta- 
ken,are greater then the third. Now againe if the angles B,E,H be equall,the lines alfo A C 
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D F,and G K are equall,and fo two of them fhall be greatcr then the third.But if not,let the 
angles B,E,H, be unequall,and let tbe angle B be greater then either of the angles E and H. 
Therfore (by the 24.0f the firft) the right line A Cis greater then either of the lines D F (f 


G6EK. And it is manifell tbat the line A C witb either of the lines D F orG K is greater 
_ then the third .1 fay alfo that the lines D F and G K are greater then tbe line A C. Vnto 


the right line A B,and to the point in jt Bymake (by tbe 22.of tbefirT) upto the angle GH 
K an equall angle AB 
L, and unto one of the E 
lines A B,B C, D E, E s 
F,GH or H K, make 
by the 2.0f the first) an 
equalllint B L. And 
drawa right line from ] è 
the point A toy point — M 
L,and an other fro the A — — — Eg — 
point L to the point C. < x (^ : — 
And forafmuch as P m. ; € DÀ E Purus 
thefe two lines A B c 
BL are equal to thefe two lines GH Gy H K the one to the other,and they containe equal an- 
gles:therfore(by the 4. of the firit ) the bafe A L is equallto the bafe G K.And forafmuch as 
the angles E and H be greater then the angle A BC,of which the angle G H K is egual tothe 
angle AB L, therfore the angle remayning;namely,the angle E is greater then the angle L B 
C. And forafrauch as thefe two lines L B and B C,are equal to thefe two lines D E and E F 
the one to the other and the angle D E. F is greater then the angle L B C,therfore (by the 25. 
of the 172277 bafe D F is greater then the bafe LC; and itis proned that the line G K is e- 
quallto the line A L.Wherfore the lines D F OG K are greater then the lines AL & LC. 
But tbe lines AL and L.C are greater then the line A C. Wherfore the lines D F & G K are 
much greater phe the line A C.Wherfore two of thefe, right lines AC,D F & G K which two 
foewer be taken are greater then the third. Wherfore it is poffible of three right lines equall 
to the lines AC,D F and G K to make a triangle : which was required to be demonftrated. 





c -ox y The 3. Probleme... Tile. 25. Propofition. s vice 
Of three plaine fuperficiall angles, two of »bicb'bow foeuer they be taken, 
are greater then the third,to make a folide angle : Now it is neceffary that 
thofe three fuperficiall angles be leffe then fower right angles. 


2 AE i Tu 3 
PSS Vppofetbat the fuperficiall. angles geuen be ABC, DEF,GHK: of which 










INK Let tro how foeuer they be taken, be greater then. tbethird : and moreouer, let 


MII thofe three angles beleffe then fower right angles. It is required of three fuper- 
RRS ye angles equallto the angles A BC, D E F, and G H K, to make a folide 
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or bodily angle. Let the lines AB, BC, DE,EF,GH, and H K, be'made equall : and — 
drame aright line from the point Ato the poirit C, cy an other from the point D to the point Conſirullion- 
F, and an other from the point G to the potat K . Naw (by the. 22. of the elenenth) its pof- 

fille of three right lines equall to the right lines A C, D F, and G K, to make a triangle. 

Make fuch a triangle, and let thefame be L M N, 
fothat let the line A C be equall to tbe line L. M, 
and the line D F tothe line M N and the line G K 
to the line LN. And (by tbe y.of thefourth )about 
the triangle L M N_deferibe a circle LM N, and 





take (by the 1.of the third ) the centre of the fame Three cafes 
circle, which centre [hall either be within the tri- pi propo- 
angle L M N, or in one of the fides therof or with- rion. . 
e Firft let it be — Je triangle, and let The firft cafe, 
the fame be the point X, cy drawe thefe right lines 

LX, MX, and NX. Now 1 fay, that the line AB A necefeary 
d greater then the line LX. For if not, then the line (boo ia bt 

A B is either equall to the line L X, or els it is lefe prone d before 
then it . Fir(Het it be equall . And forafmuch as he proceede 


theline A Bis equallto the line LX, but the line AB isequall to theline BC, therefore the anyfarther 
line L X is equallto the line B C : and vnto the line L X the line X M is (by the 15.definition *™ roe con : 
of the firft) equall : wherefore thefe two lines A Band BC, are equall to thefe two lines LX pucia e 
and X M the one to the other : and the bafe AC is fuppofed to be equall to tbe bafe L At. o i 
Wherefore (by the 8.of the firft) the angle ABC is equall to the angle LX M . And by the 
fameveafon alfo the angle D E F is equallto tbe anglé M X N , and onoreouer the angle 
GHK tothe angle NX L Wherefore thefe three angles ABC, D EF, andG H K, aree- 
quallioabefe threcangles LX M, MX N, C NX L. Buttbetbreeangles LX MM X N, 
and X L, are equall to fower right angles ( as it is manifefl to fec by tbe 13 of the firft,if a 
y one of thefe lines MX, LX, or NX, be extended om the fide that the point X is ) . Wher- 
Sore the three angles AB C, D E F,and G H K,arcalfo equall to fower right angles. But 
they are fuppofed to be leffe tben famer right angles : which is impofüble .Wberefore tbe line 
AB isnot equalltothe line LX .1 fay alfo that the line AB is not lefe then the line LX. 
For if it bepoffible, let it be lefve : and (by the 2.0f the firft) unto the line A B put anequall 
line X O ~and tothe line BC put an equall line X P , and draw a right line from the point O 
tothe point P . And forafhuch as the line A B is eguallto the line B C,therefore alfo the line 
X 0 isequallto the line X P .Wherefore the refidue 0 L is equall tothe refidue MP . Wher- 
fore (by the 2.0f the fixt) the line L M isa parallel to the line 9 P : andthe triangle L M X 
is eguiangle to the triangl Q P X. : Wherefore as the line X Lis tothe line L M, fois the line 
X O tothe line Oo P.. Wherefore alternately (by the 16.of the fift) as the line L Xisto the line 
X O, [vis the line L M to the line O P . But the line LX is greater then the line $ 0.. Wher- 
Sore alfo the line L M is greater then the line O P .Butthe line L Mis putto beequall tothe 
line AC : wherefore alfo the line A Cis greater then theline 0 P . Now forafmuch as thefe 
two right lines AB and BC are equall to the{e two right lines O X and X P and the bafe AC 
is greater then the bafe O P, therefore (by the 25. of the firft) the angle AB Cis ‘greater then 
tbe angleO X P . In like fort alfo may we proue, that the angle D E F is greater then the an- 
gle MX N, and that the angle G H K is greater then the angle NXL Wherefore the three 
angles ABC, D EF, andGH K, are greater then the three angles LX M, MX N, and 
NX L . But tbeangles ABC, D E F,andG H K, are fuppofed to beleffe then fower right 
angles : wherefore much more are the angles L X M,M X N,Cy N X Lleffetben fower right 
angles. But they are alfo equall to fower right angles:which is impofible. Wherefore the line 
AB is not leffe then the line L X: and it is alfo proued that it is not equall unto rt. Wherfore 
XX. 4 $ the 
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taught at che 
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the line AB is greater then theline LX. 

Now from the point X vatfe vp vnto tbe plaine fuperficies of the circle L M N a perpendi- 
cular line X R (by the 12.0f theeleuenth) . And unto that which the [quare of the line 
AB excedeth the [quare of the line X L * let the 

fquare of the line X R be equall. And draw a right 
line from the point R ta the point L, and an other 
from the point R to the point M, and an other from 
the point R to the point N. And forafmiuch as the 
line RX is erected perpendicularly to the plaine. Ju- 
perficies of the circle LM N , therefore ( by conver- 
fion of the fecond definition of the eleuenth) the line 
RX ts erečted perpendicularly so enery one of thefe 
lines. LX, M X,and NX . And forafmuch as 
theline LX is equall to the line X At, cy the line , 
X Ris common to them both, and is alfo ereéted per- 
pendicularly to them both therefore (by the q.of tbe 
Jirft) the bafe R L is equall to the bafe RM. And s 

by the fame reafon alfo the line RN is equall to either of thefe lines RL and RM .Where- 
fore thefe three lines RL, RM, and RN, are equall the one tothe other. And forafmuch as 
unto that which the {quare of the line A B excedeth the [quare ofthe line L X, the [quare of 
the line R X is fuppofed to be equall, therefore the [quare of the line AB is equall tothe 
fqsares of the lines LX and RX . But nto tbe (quares of the lines L X and X R, the fquare 
of the line L Ris (by the 47.0f the firft) equall, for the angle LX Ris aright angle .Where- 
fore tbe f quare of the line A Bis equall fo the {quare of the line RL. Wherefore alfo tbe line 
AB is equall to tbe line R L.Butvnto tbe line AB is equall euery one of thefe lines B C,D E, 
E F,G H,and H K and vto tbe line R Lis equall estber of thefe lines R M and R N.Wher- 
fére euery one of thefe lines. A B,B C, D E,E F,G H,and H K, is equall to euer one of thefe 
lines RL,RM,and RN. And forafmuch as thefe two lines R Land R M are equallto 
thefe twa lines AB and BC, and thebafe L M is fuppofed to be equall to the bafe AC, ther- 
fore (by the 8.of the firit) the angle L RM is equall to the angle ABC . And by the fame 
reafon alfo tbe M RN is equall to the angle DEF,and the angle LRN to the angle 
GHK . Wherefore of three fuperficiall angles LRM,MRN,and LRN, which are e- 
quallto three fuperficiall angles geut,namely,to the angles ABC,D EF, ¢GHK, is made 
afolide angle R, comprehended under the fuperficiall angles LRM, MRNynd LRN: 
which was required to be done. : 

But nom let the centre of the circle be in one of the fides of the triangle, lesit bein the 

fide MN, and let tbe centre be X . And draw aright line from the point L tothe point X. 
1 fay againe, that the line A B is greater then tbe line L X . For if not, then AB is either c- 
guall to 

LX,or 

els itis 5 

leße then 
it. Firſt 
let it be 
equall. 
Nom thé 
thefe 
two lines 
AB and 
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BC, that is, D E GE F are equall to thefe two lines 
MM X and X L, that is, tothe line MN. But the line 
M Nis fuppofed to be equall to the line D F.Where- 
fore alfo the lines D E and E F are equall to the line 
D F:which(b) the 2o.of tbe fir(l is impoffible.Wher- 
fore the line AB is not equall to the line LX . In like 
fort alfo may we proue, that it is not lefe . Wherefore 
the line A B is greater then the line L X . Andnowif m 
as before unto the plaine fuperficies of the circle ve e- 
rected frö the point X a perpendicular line R X whofe 
Square let be equall vato that which the (quare of the 
line AB exccdeth the {quare of the line LX, and if 
the reff of the conflruction and demonflration be ob- 
ſerued in this that was in the former caf2, then [hall the Probleme be fimfhed. 
But now let the centre of the circle be witheut the triangle L MN, and let it be in the 
point X . And draw thefe right lines LX,M X,and NX . I fay that in this cafe alfo the line 
A B is greater then the line LX . For if not, then is it either equall or leffe. Firft les it bee. 


KAA 


D 5 G K 





guall. Wherefore thefetwo lines AB and BC are 

equall to thefetwolines M X and X L the one to the R 

other, and the bafe A C is equallto tbe bafz M L. 

Wherefore (by the 8.of the firft) the angle A BCis 

equalltothe angle MX L : and by the fame reafon 

alfo the angleG H K isequall to the angle LX XN, 

Wherefore the whole angle MXN isequallto 

thefetwoangles A B Cand G H.K . Buttbeangls Tf N 

A B C and G H K are greater then the angle DEF. 

Wherefore the angle MX Nis greater then the an- 

gle DEF . And forafmuch as thefe two lines D E 

and E F are equall to thefe two lines M X and X N, 

and the bafe D F is equallto the bafe M N,therc- 
Sore (by the 8 of the firft)the angle MXN is equall 

totbeangle D EF . And itis proued that it is alfo 

greater : which is impofsible . Wherefore the line AB is not equall tothe line LX . In like 
fort alfo may we proue, that it is not lefe . Wherfore the line A B is greater then the line LX. 
And againe if unto the plaine fuperficies of the circle be erected perpendicularly from the 
point X a line X R, whofe (quare is equallto that which the quare of the line AB exceedeth 
the (quare of the ine LX, and the reft of the conftruction be done in this that was in the for. 
mer cafes, then fhalithe Probleme be fimifhed. 

1 fay moreoner, that the line AB is not leffe then the line LX . For if it be pofible, let 
it beleffe. And unto the line AB, put (by the 2.0f the firft) the line X 0 equall: and unto 
the line BC put the line X P equall : And draw aright line from the point 0 to the peint P. 

XX. ij. And 
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And forafmuch as the line A B is equall to the line B C, therefore the line X.0 is equall to the 
dine X P .Wherefore the refidue O L is equall tothe refidue M P . Wherefore (by the 2.0f the 
fixt) the line L M, îs a parallelto the line P 0 . And the triangle LX M ts equrangle tothe - 
triangle F X 0. . Wherefore (by the 6.of the fixt) as 
the line LX isto the line L M, fo isthe line X O to 
the line P 0. Wherefore alternately (ty the 16.of the 
fift) asthe line LX is tothe line XO, fo isthe line 
L M to tle line O P . But tbe line L X is greater then 
the line X o Wherefore alfo the line LM is greater 
then the linc O P . Buttheline LM is equall tothe 
line AC .Wherefire alfo the line AC is greater then 
the line 0 P . Now forafmuch as thefe two lines A B 
and B Care equal to thefe tro lines OX d. X P the 
one to the other, and the bafe AC is greater then the 
bafe O P, therefore (by the 25. of thefirft) theangle ` 
AB Cis greater then the angle O X P . Andin like fort if we put the line X R equall to either’ 
of thefe lines X O or X P, anad dray aright line fro the ‘point O tothe point R, we may proue 
that the angle G H K is greater then the angle OX R. Vutothe right line LX, and un- 
tothe point in it X, make (by the 23. of the firft ) unto the angle ABC an equall angle 
LXS: axd vato the angle GHK make an equall angle LXT . And ( b the fecond 
of tbe ferft ) let eitber of thefe lines SX , and XT , be equall to the line 0 X. And 
drawe thefe lines OS,0-T and S T . And forafmuch as thefe two lines AB and BC aree- 
squall to thefe two lines O X and X S, and the angle AB Cis equall to the angle o X S, there- 
fore (by the 4.0f the firfty the bafe AC, that is, LM, is equall to the baft 0 S . And by the 
fame reafon alfo the line L Nis equalltothe linea T.And forafmuch as thefe two lines LM 
and LN, are equall to thefe tmo lines $ O and O T., and tbe angle MLN is greater then 
the angle S OT, therefore (by the 25.0f the firft) the bafe MN is greater then the bafe 
ST . But the line At Nas equall to the line D F .Wherefore the line D F is greater then 
the line ST . Now forafmuch as thefe twa lines D E and E F are equall to thefe two lines 
SX andXT, and the bafe D F is greater then the bafeS T, therefore ( by the 25.0f the fir?) 
the angle D E F is greater then the angleS XT . But the angle SXT 15 equall to the angles 
ABCandGHK . Wherefore alfo the angle D EF is greater then the angles A B C and 
G H K . But it is alfo lefe : which is impofable. 

But now let s declare bow to finde out tbe line x v , whofe {quare fhall be equall to that 
which the {quare of the line s » exceedeth the {quare of the line . x. Take the two right lines 
A 3 and v x and let a» bethe greater , and vpon ^ s A 
deſcribe a ſemicircle c z, and from the poynt a apply 
into the femicircle aright line» c equall tothe right 
line. x: and draw aright line from the poynt c to the I 
poynt » And forafimuch as in the femicircle & c z is an 
angle ac n therefore (by the 3 1.of the third) the angle | ^ 

^ cadsarightangleWherefore(by the ¢7.0f the firft) 4 5 
the fquare of theline a z iseguallto the fquares of the 

lines a c and cæ : wherefore the quare of the line À s : 7 T 
is in power more then the (quare of the line a c by the [quare of the line c` z: but the linea c 
is equall to the line x. x wherefore tbe [quare of the line a-z is in power more then the fquare 
of thé line ı x by the [quare of the line c z . If therefore vnto the line c » we make the line 
x x equall, then is the famareof the line ax, greater then the {quare of tbeline y x by the 
faquare of the line x x: which was required to be doone. ‘ 








In 


of Euclides Elementes, Fol.337. 


In this figure may ye more fullyfeeche.—  - 
conftruétion and demonftration of the firlt 
cafe of the former 23.Propofitid, i£ye erect 
perpendicularly the triangle x R x, and vn- 
to it bend the triangle r1 « &, that the an- 
gles & ofeche may ioyne together in che 
point R. And fo fully vnderitanding this 
cafe, the other cafes will not be hard to 
conceauc. 





q T he 21. T beoreme. T he 24. Propofttion. 
s * à 
Ifa folide or body be contayned ynder " fixe parallel playne — oe esie dali 


fuperficieces the oppofite plaine  fuperficieces of the fame boz sadech to Euclides propofition this 


rallelog worde fixe: whome I haue follow- 
dy are equall and parallelogrammes. words fae: home Ineo 


— in this. ] 
CEA poe that this folide body CD HG be contained under This kinde of body — 
OR "thee 6. parallel plaine fuperficieces, namely, A C,G F, BG, inthe pr opofition is called a Paral- 













x lelipipedó according to the diffini- 


4 C E,F Band A E-T ben 1 fay that the. oppofise fuperficieces Soh before geuen thereof. 


SAYA, bojite jup 
LISSY of the fame body,are egual and parallelogrames it is to wete, 
the two oppofites A Cand G F, and the two oppofites BG 





and C E,and the two oppofites F B and AE tobeeguall, R- 


and al to be parallelogrammes Fer fora{much as tmo pa- e Demonfira- 


rallel plaine fuperficieces, that is, B G, and C E are deni- tion that the 

ded by tbe plaine fuperficies AC, their common fcétions oppofise fides 

are (by the 16. of the elewenth) parallels. Viherfore the arc parallelo- 
g tdmmes. 


line A Bis a parallel to the line C D; Againe forafmech 

as two parallel plaine [uperficieces E Band 4 E ave deui- 
ded by the plaine [uperficies A C their commen fections 
are by the [ame propofition parallels. Wherfore thelyne ¢ 
AD isa parallel to the line B C. And it is alfo proued, 
that the line A Bis a parallel to the line DC. Wberfore . 
the fuperficies A Cis a parallelogramzme. In like fort alfo 

may we. proue,that euery one of thefe fuperfisices C E,G F, B G, F B, and A E are parallelo- 
grammes.Draw aright line from ihe point A,to the point H,and an other fromthe pointD Jd 

to the point F Aud forafmnch as thè linè A B is proued a parallel tothe line C D, andthe lyne. Demonflraris 
BH 10 the line F, therfore thefe two right lines A B and B H touching the one the other, are that the opp * 
parallels to thefe two right lines D Cand C F touching alfo the one the other, and not being per — 
in one and the felfe fame plaine [uperficies.W herfore (by the 10.0f the elenenth they compre- oe 
hend equall angles. Wherfore the añgle A B H is equali to the angle D C F And | forafmuch 

45 tbefe two lines A B and BH are *equall ty thefe twolinesDCandCF, , dn " tsp 
and the angle a B H is proned equall fo the angle DC F therfore (by the 4. fi be whe — fo) oe — 
ffl) tbe bafe A H is equall to tbe bafeD F, and the triangle ABH ise- ra\lelograme,and by the (ame rea~ 
quall to the triangle D C F.And forafmuch as (by the 41.of the fir )the fon, is b H equall to C F, becaufe 
parallelogramme BG 1s double to the triangle ABH, and zhe parallelo- me To p roned LE 
gramme C E is alfo double to the triangle DCF, therfore the parailelo-the fuis Ur Padi — 

Us i XX tii, gramine 


4 
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as 
` 


In this figure may ye more fully fce che 
conftruétionand demonftration of the firit 
cafe of the former 23.Propofitid, ifye erect 
perpendicularly the triangle x R x, and vi- 
toit bend the triangle 1m r, that the an- 
glesr ofeche may ioyne together in the 
point r. And fo fully vnderitanding this: 
cale, the other cafes will not be hard to 
conceauc. 





g T be 21. T beoreme. T be 24. Propofition. 
x x* 3 
Ifa folide or body be contayned'pnder fixe parallel playne | E E E 


fuperficieces be oppoftte plaine fuper ficieces ofthe Jame boz a adeth to Euclides propofition this 


à lelog worde fixe: whome I haue follow- 
dy are equall and parallelogrammes. e 


inthis. j 
— Vppofe that this folide body C D H G he contained under — Thiskinde of body mencioned 
. K? P P 5 ) : fition is called a Paral- 
S thefe 6 parallel plaine [uperficieces, namely, AC,G F,BG, n the propofition Is ¢ i 






X / . > lelipipedő according to the difini- 

(AC ESF Band A ET ben I fay that the eppofite Juperficieces — geuen thereof. 
ISAS of the fame body are equal and parallelogrames,it isto wete, 

the two oppofites A Cand G F,, and the two oppofites BG 


and C E,and the two oppofites F Band A E to be eguall, P. 





and al to be parallelogrammes.For fora[much es tmo pa- Demonſira- 
rallel plaine  fuperficieces, that is, B G, and C E are devi- tion that the 
ded by the plaine {uperficies AC, their commen {cétions oppofite fides 
are (by tbe 16. of the eleuenth) parallels. Vi'herfore the E in POE 


line A Bis aparallel tothe lineC D: Againe foralmuch 
as two parallel plaine fuperficieces E-B and A E are deni- 
ded by the plaine fuperficies AC their common ſections 
are by the fame propofttion,parallels. Wherfore thelyne c 
AD isa parallel to the line BC. And. it 1s aifo proued, 
that the line A Bis a parallel to the line DC. Wherfore _ 
the fuperficies AC isa parallelograrsme. In like fort alfo l 
may we proue, that euery one of thefe fuperficjces CE, G F, B C, F B, and A E are parallelo- 
grammes Draw aright line from the point A,to the poizt Handan other from the point D _- . 
t0 the point F Aud fora[much as the line A B is proued a parallel t the line CD, andthe lyne Demonſiratiõ 
BH tothe linc CF therfore thefe two right lines A B and B H touching the one the other, are’ that the oppo- 
parallels to thefe two right lines D € and C F touching alfo the one the other, and not being dd — 
in one and the felfe [ame plaine [uperficies.W berfore (by the 1o.of tbe eleuentb )they compre- A 
Bend equall angles.W berfove the anale A B H is equallto the angle D C F And forafmuch 
as thefe two lines A Band 8 Hare" equall tg thefe twolinesD CandCF, , ne — 
and the angle AL a 15 prowed equall tothe angle DC F therfore(by the 4.of the de EAA i K SA 
Sirft) the bafe AH is equall to the bafe D F, and the triangle AEH ise- rallelogrime,and by the lame rea~ 
quall to the triangle D C F.And forafmuch as (by the 41.0f the fir/t)the fon, is B H equal to CF, becaufe 
parallelogramme BG is double to the triangle ABH, and the parallelo- Oe —— RE proud : Paz 
gramme C E is alfa double to tbe triangle D C F, therfore the parallelo-the fir e n e) fo 34.0 
tes XX 4n. gramme 
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In this figure may ye more fully fee the 
conftru&ion aad demonftration ofthe firit 
cafe of the former 23.Propofitió, if ye erect. 
perpendiculacly the triangle x & v, and vh- 
to it bend the triangle rm r, that the an- 
gles « ofeche may ioyne together ia the 
point r. And fofully vnderltanding this 
caſe, the other cafes will not be hard to 
conceaue. 





q T he z1. T beoreme. The 24. Propofition. 
, ^ i * ^ T 5 * 
Ifa folide or body be contayned 'nder " [ixe parallel playne — Mises ce ae Sab 


fuperficieces the oppofite plaine > [uperficieces of tbe ame bo». qe to Euclides propofition this 


dy are € uall and a, "all loo worde fixe: whome I hauc follow- 
ly q Pp Valle 0granunes. ed accordingly, and not Zamberts, 


: . f in this. . 
STV ppofe that this folide body C D H G le contained under — Thiskinde of body mencioned 
Cs thefè 6 parallel plai 7 ly, AC,G F, BG, inthe propofition is called a Paral 
` thefe 6 parallel plain i zely GF in the p : RD 
S2 AL p 4 P T RAN É ? bs. lelipipedó according to the diffini- 
AC EF Band A ET ben 1 fay tbat tbe. oppofite fuperficieccs tion before geuen thereof. 
SOAS of the fame body are equal and pirallelogrames jit isto wete, 
tbe two oppofites A C and G F, and the two oppofises B G 
and C E,and the two oppofites F B and A E to be ecuall, P. P. 


and al to be parallelogrammes.F or forafmuch as 1mo pa- 





N, 












gq  Demonflra- 


vallel plaine fuperficieces, tbat i5, B G, and C E are dexi- tion tbat the 
ded by the plaine [uperficies AC, their common ſections “oppofite fides 
are (by the 16. of the elewenth) parallels. Vi'herfore the -arc parallelo- 
line A Bis a parallel to the line C D: Agaipe fovafgstch rete. 


as tivo parallel plaine fuperficieces F Band A E are deni- 
ded by the plaine fuperficies AC their cemmsn fections 
are by the fame propofition parallels. Wherfore theline c 
AD isa parallel to the line B C. And it is alfo prouez, 
that the line A Bis a parallel to the line DC. Wherfore 
the fuperficies AC is a parallelograrsme. In like fort alfo 
may we proue, that euery one of thefe fuperfigces CE, G F, BG, F B, and A E are parallelo- 
grammes.Draw aright line from the point A,to the point H,and an other fromthe pointD JDd 
to the point F.Aud forafmuch as the line AB is proued a parallel to the line CD, andthe hyne ` Demonflratiö 
BH ro the line CF, therfore the[e tmovight lines A B and B H touching the one the other, are that the oppo- 
parallels to thefe two right lines D Cand CF touching alfo the one the other, and not being Jie Ju — 
in one and the felfe fame plaine [uperficies. Wher fore (by the 10. of the eleuenth) they compre- — 
hend equall angles. Wherfore the angle A B H is equall to the angle D C F._And foraſmuch 
as thefe two lines AB and 8 Hare* equall tg thefe two lines D CandC F, . : 
and the angle A D H is proued equall tothe angle DC F.therfore(by the 4.of the ae B : equal! to D E , becaufe 
Sift) the bafe AH is equall to the bafeD F, and the triangle ABH ise- rali ora cies A C IR ches Ape 
é g. elograme,and by the fame rea~ 
quall to the triangle D C F.And farafmuch as (by the 41 of the firft) the fon, is BH equall to C F, becaufe 
parallelogramme BG ts double to the triangle ABT, and the parallelo- 2 Ripe: REGNA a paz 
gramme C E is alfo doubie to the triangle D C F, therfore the parallelo- s LA E Hie eio 
Ve XX ii. gramme 


Conftrnfion. 


Demonstra- 
4 don. 


The eleuenth Booke 


gramme B G is equall to the parallelogramme C E.In like fort 
alfo may we prone that the parallelogramme AC is equall to 
the parallelogramme G F and the parallelograme A E tothe 
parallelogramme F B.If therfore a folide or body be contained 
under fixe parallel plaine fuperficieces,the oppofite plaine [uper 
ficieces of the fame body are equal cy parallelogrammes: which 
was required to be demonftrated. 










I haue for the better helpe of young beginners, defcribed 
here an other figure whofe forme ifit be defcribed vpon pa- 
ited paper with theletters placed in che fame order chat it is 
heze,and then if ye cut finely thefe lines A G,D EandC F not 
through the paper, and folde it accordingly, compare it with 
che demonftration,and it will (hake of all hardenes from it. 


The 22. Theoreme. The 2s. Propofition. 


Ifa Parallelipipeds be cutte of a playne fuperfiz 
cies beyng a parallel to the two oppofite playne 
Juperficteces of the fame body: then, as the bafe 
is to the bafe, fo is the one folide to the other 
ſolide. 


ety under parallel plaine ſuperficieces (and therfore 
AR Ne called a parallelipipeda)) be cut of tbe plaine fuper- 
ficis V E being a parallel to the two oppofite [uper ficteces of 
the fame body namely,to the fuperficteces A RG DH.Thé 
I fay that as the bafe A E F Wisto the bafe EHC F, fois 
the folide A B FV to the folide E GC D.Extéd the line A 
Ff on either fide, cy put unto y line EH as many equal lines 
as you wil,namely,H M,¢y M N: cy likewife unto the line 
A Eput as many equal lines as you will namely, A K e K 
LC makeperfett tbefe paralleloerámes L O,K W,HZ,dr 
AM S,and likewife make perfect the[e folides or bodies L P, 
K R,D M,and MT. And forafmuch as thefe right lines, 
L K,K A,and AE are equall the one to the other therfore 
thefe parallelogrammes LO, KW, and AF, are alfo (by 
the firft of the fixt)equall the one to the other : and fo alfo 
(by the fame) are the[e parallelogrammes K X, K B, and A 
G equall the one to the other. And likewife (by the 24.0f the 
cleuenth) ave the parallelogrammes LY,K P, and A R, e- 
qual for they are oppofite the one to the other. And by the 
fame reafon alfo the parallelogrammes E C,H Z,and MS 
are equall the one to the other, and the parallelogrammes 
H G,H Land I N are equal the one tothe other. And more 
oner the parallelogrammes D H, M Q, and NT are (by 
the 24.0f the elenenth equall the one to the other, for they 


KO ce that this folide ABC D being contained 
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are oppofite: wherefore three plaine fuperficies of the folides LP, RK, and~AV aré 

equall to three plaine uperficies : but unto eche of thefe three fuperficieces are equal the 

three oppofite (uperficieces (by tbe 24.0f the eleneth) Wherfore thefe three  folides or bodies L 

P,K R, and AV, ave equal the one to the vther,by the 8. definition of the elenëth And by thé 
fame reafon alfo the three folides,E D;D M Qj M T greequalthe one to the ather Wherfore 

bow multiple x tbe bafe L F is,to tbe bafe.A F, fo multiplex is tbe [alide L V ta the folide A 

V .Aná by the fame reafon alfo bow multiplex tbe bafe N F is to tbe bafe F H fo multiplex is 
thefolide NV tothe folide HV : fo that of the bafe L F be equall to the bafe NF the folide 

alfo LV [ball be equall to the folide V N,and if the bafe L F exceede the bafe N F,the folide 
alfo LV fhall exceede the folideV N,andif the bafe L F be lefe then the bafe N F,thefolide zx 
alfo L V fhall be leffe then the folide V'N_( by the 1. and 14. of the fift.) Now then there are a 
foure magnitudes, namely,the to £a[es A F and F H and the two  folides or bodies A V and 

V Hyof which are také their equemultiplices,namely the equemultiplicesof tbe bafe A F, ec 

of the folde AV ,or the bafe L Fehr the folide LV ,cr the equemultiplices of tbe bafe HF ci 

of the folide HV are the bafe N F,and the folide N V. And it is proued that if the bafe L F 

excede the bafe N F,the folide alfo L V excedeth the folide N Vc if it be equal,it is equal, 

and if it be leffe,itis leffe.Wherfore(by the 6 definitio of the fift)as the bafe AF is to the bafe 

F H,fojs the folide AV to the [olide HV. If therfore aparallelipipedon be cut of a playne ſu- 

perficies being a parallel to the two oppofite playne fuperficieces of the fame body; then,as thé 

bafe is tothe bae, fo is the one folide to the other folide: which was required to be proued. 





1 haue for the better 
fight of the cóttru&tió & 
demóftration of the for- 
mer 25 .propofitió , here 
fet another figure,whofe ' 
forme ifye defcribe vp- 
pon patted paper,and 
finely cut the three lines 
XL,BS, and T Y, not 
through the paper but 
halfe way, and then 
folditaccordiagly, and 
compare it with the 
conftruction and demó- 
tration, you fhall fec 
that it will geue great 
light theruato. 








Here Flufas addeth three Corollaries, 
Firft Corollary. © 


_ Mf aPrifse be cutte of aplayne fuperficies parallelto the oppofite fuperficieces tbe feftions of the Farft Corollaa 
pm fhall bethe onetothe other in that proportion,that the fettions of the bafé arethe oneto the 1ye 
ether, Fer 


T he-eleuenth Booke. 


For the feftionsof the bafes, which bafes(by the 11.definitié of this booke)are parallelogrammes, 
fhall likewile be parallelogrammes , by the 16. of this booke(when as the fuperficies which cutteth is 
parallelel to the oppofite fuperficieces)aud (bal alfo be equiangle. W herfore if vnto the bafes(by produ-' 
cing che right lines)be added like and equall bafes,as was before fhewed in a parallelipipedon,of thofe 
fettions thalbe made as many like Prifmesas ye willAnd (o by the fame reafon ,mamely, by the commó 
exceffe equalitie,or want ofthe multiplices of the bafes & ofthe fections by the 5. definitié of the fifth 
may be proued , that euery (e&ion ofthe Ptifme multiplyed by any multiplycation whatfoeuer , fhall 

- haueto any other (edion that proportion that the feGtions of che bales hane. 


Second Corollary. 


Solides whofe two oppofite fuperficieces are pm figures like equall and paraltels,the other fa- 
Second Corol- perficies which of neceffitie are'parallelogrammes being custeof a playne fuperficies parallel to the two 
vy. oppolite fupevficies : the fetlions of the bafe are the one to the otber , as the fetlions of the folide are the 
Thefe folides one ro the other. a I 
which he i 
Speaketh ofin « Which thing is manifeſt, for fuch fotides are deuided into Prifmes , which haue one cõmon fide, 
this Corollary namely,the axe or right line , which is drawne by thecenters of the oppofite bales. Wherefore how: 
are offome many parallelográmes or baíesare fet vpon the oppofite poligonon figures,offo many Prifmes fhal the 
called fidid whole folide be cópofed.For thole poligonoen figares are deyided into fo many like triangles by the 20. 
coluuns. of the fixth which defcribe Prifmes. Which Prifmes being cut by a fuperficies parallel to the oppoſite 

fuperficietes,the fe&iós of the bafes fhal(by the fermer Corollary) be proportionalwith the fe&tiós of 
the Pxifmes. Wherefore by the 12.of he fifth , as the fections of the oneare the onc to the other,fo are | 
the feQio us of the whole the one to the other. : i 

Of àhe(e (olides there are infinite Kindes,according to the varietie of the oppofite and parallel po- 
ligonon hgures, which poligonon figures doo alter the anglcs of the parallelogrammes fet vpon them 
according to the diuerfitie of cheir fituation.Duc this is no Jet atall to this corollary , for that which we 
hauc proued willalwayes follow, When as the fuperficieces which are fet vpó the oppofite like & equal 
poligonon and parallel fuperficieces are'alwayes parallelogrammes, 


Third Corollary. 


Third Cordl- T be forefayd falides compofed of Prifenes being cutte by a playne fiperficies parallel to the oppofite 
ley. feperficieces are the one torbe other as the beades or higher parts cntte are. E 


DOE E 
For itis proued chat they are the one corhe other as the ba(es are. Which Bafesforafmuch asthey 
are parallelogrammes,are the one to thc other as che rightlines are vpon which they are fet by, the firlt 
ofthe fixth which right lines arc the heddes or higher parts of the Prifmes. i 


The a. Probleme. The 206. Propoſitimnmn. 


V pon aright lyne geuen,and at a point init geuen, to make folide an gle : 
equall to a folide angle geuen. —— 


a) ppofe that the right line geuen be AB, and let the point in it genin be A, and 

Met the folie or bodily angle geuen be D being contained under thefe fuperfici- 

YS jallangles E D C,E D F and F D C.It isrequired upon the right line A B, e 

Saee i, st tog point init genen A to make afolide angle equall to the folide angle D. 

Couructan. Take in the line D F a point at all aduentures,and let the fame be F. A nd (by the 11. of the 

eleuenth) fro the point F. Draw unto the fuperficies wherin are the lines E D & D Caper- 

pendicular lige F Gand letis t fall vpon the plaine fuperficies in the point G, & draw aright 

Line from the point D to the ‘point G. And (by the 23 .of the firft) unto the line A B,and at the 

point Amake unto the angle E D C an equallangle B A L, and unto the angleE DG put 

the angle B A K equall : and by the z.of the firft,put the line A K equall to the line D G,and 

venu Cy the rz. of the elenenth) from the point K raife vp unto the plaine fuperficies BAL a 

— perpendicular line K Band put the line K H equall to the lineG F, and draw a j^ lyne 
yom 
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fromthe point H to the point AS Now I fay that the folide angle Acontained under the fis- 
perficiall angles B.A L,B A Hand HA Lis equall tó the folide angle D contained dider 
the fuperfictall angles E D C,E D F,and F. D C. Let the the lines. AB and DE be put e- 
quall,and draw theferight lines H 8,B K,F E,and E G:CAzd for afmuch asthe line F Gis 
erected perpendicularly to the ground [uperficies therfore by the 2-definition of the elenenth, 
the line F G is alfo eretted perpendicularly toall the right lines that are in the ground fuper- 
ficies and touche it Wherfore esther of thefe angles F G D-and-FG E isa right angle, and 
by the fame reafon alfo either of the angles H K A and H K Bis aright angle. And foraf- 
much as thefe two lines K AG A B are equall to thefe two lines GD Gy D E, the oncto tbe 
other, and they containe equall "E . 

angles (by conftruction). Wher ' 
fore (by the a. of the. frf) the 
bafe K B is eguallto the bafe E. ~ 
G, and the line K H is equall to 
the line G F, and they coprehed 
vight angles. Wherfore the line ` 
B His equall to the line F E. “> 
Agayne,foralmuch as thefe two 
lines A K and K H areequal to 
thefe two lines DG and GF, 


and they containc right angles. B 
Wherfore 5 bafe A H is (by the | 
4.0f the firft) equall tu the bafe 


D F.And the line AB is equall 
te tbe line D E.Wherfore thefe 
two lines A B and A H are equall to thefe two lines F D and D E and tbe bafe B His equall 
to the bafe F E.Wherfore (by the 8.of the firit) the angle B A H is equall to the angle EDF. 
And by the fame veafon alfo the angle H K Lis equall tothe angle F G C.Wherfore if we 
put P lines A L and D C equall,aud draw thefe right lines K L, H L,G C,and F C: for- 
afmuch as the whole angle B A Lis equall to the whole angle E D C,of which the angle B A 
K is {uppofed to be equall to the angle E D G, therfore the angle remayning, namely, K AL 
is equall to the angle remayning G D C.Andforafmuch as thefe two lines K Aand AL are 
equall to. joy two lines G D and D C,and they containe equall angles, therefore by the 4. of 
the first, the baft K'Lis equall to the bafe GC, and the line K H is equall to the line GF, 
wherfore thefe two lines LK and K H are equall to thefe two lines C G and G F and they co- 
tainevight angles Wherfore the bafe H Lis (by the 4.of the firit) equal to the bafe F C.And 
Sorafmuch as thefetwo lines H A and A Lare equall to thefe two F D and D C,and the bafe 
H Lisequall tothe bafe F C, therfore by the 8.of the firft) the angle H A L is equallto the 
angle F D Cand by conftruction,she angle B A L is equall tothe angle E D C . Wherefore 
unto the right line geuen,and at the point in it geuen namely, A,is made afolide angle equal 
to the folide angle geuen D : which was required to be done. 


Li 
In thefe wer emasas, À 
here put,you may v 
clearely conceiue the 
mer con(tru&ion and 
mohflratió, ifye ere&t pel 
pendicularly vnto the 
ground (uperficies the tri- 
angles A L Band DCE, & 
eleuare the triangles A L H 
and DCF that the lynes 














Demonffra- 
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from the point H to the point A: Now I fay that the folide angle A contained under the fu- 
pérficiall angles B.A L,B A H and H A L'is equalltóthe [olde angle D contained vnder 
the fuperfictall angles E D C,E D F and F. D C. Let the the lines A B and D E. be put e- 
quall,and draw thefe.riqbt lines H.B)B K;F E,and E Gs And forafmueh as the line F Gis 
erecfed perpendicularly to tbe ground !f[uperficiés therfore by tbe 2.definition of the elesenth, 
the line F Gis alfo eretted perpendicularly tall the right lines that are in the ground fuper- 
ficies and touche it Wherfore either of thefe angles F G D:and FG E isa right angle, and 
by the fame reafon alfo either of the angles H K A and H KB is a right angle. And foraf- 
much as thefe two lines K A f A B are equall to theft two lines G D dx D E, the onc to the 
other, and they containe equall * 
angles (by conſtruction). Vber 
fore (by the 4. of the firft) the 
bafe K Bis equalltothe bafe E. . 
G, and the line K H is equall to 
the line G F, and they coprehed 
right angles. Wher fore the line i 
B His equall to the line F E. 
Agayne,forafmuch as the[e tmo 
lines A K and K H are egual to 
thefetwo lines DG and GF, 
and they containe right angles. I 
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Wherfore y bafe A His (by the 
4.0f the firft) equall to the bafe 
D F.And the line AB is equall 
tothe line D E.Wherfore thefe 
two lines A B and A H are equallto thefe two lines F D and D E,and the bafe B His equall 
to the bafe F E.Wherfore (by the 8.of the fir it) the angle B A H is equall to the angle EDF. 
And by the fame reafon alfo the angle H K Lis equall to the angle F G C. Wherfore if we 
pat nd lines A L and D C equall and draw thefe right lines K L, H L,G C,and F C: for- 
afmuchas thewholeangle B A Lis eguall to the whole angle E D C,of which the angle B A 
K is fuppofed to be equall to the angle E D G, therfore the angleremayning, namely, K A L 
ts equall to the angle remayning G D C-Andforafmwch as the[e two lines K Aand AL are 
equall to. ne two lines G D and D C,and they containe equall angles, therefore by the 4. of 
the firit, the bafe KL is equallto the bafe GC, and the line K H is equalltotheline GF, 
wherfore thefe two lines L K and K H ave equall to thefe two lines C G and G F and they ¢d- 
tainevieht angles Wherfore the bale H Lis (by the 4.of the firil) equal to the bafe F C.And 
forafmuch ás thefe two lines H Aand A Lare equall to thefe two £ D and D Cand the bafe 
H Lis equall to.the bafe F C,therfore)by the 8 of the firft) the angle H AL is equallto the 
angle F D C,and by conffruttion,the angle B A Lis equall to the angle E D C . Wherefore 
unto the right line geuen,and at the point in it geuen namely, A,is made a folide angle equal 
to the folide angle geuen D : which was required to be done. 


In thefe wogen o o — 
3 





here put,you may 
clearely conceiue the 
mer conftruction and 
mohf(tratió, ifye erect pel 
pendicularly vnto the 
ground fuperficies the tri- 
angles A L Band DCE, & 
eleuare the triangles AL H 
and D C F that the lynes : — 
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from the point H to the point A.\Now [fay that the folide angle Avcontained under the fu- 
pérficiall angles B A L,B A Hand A Lis equall tà the folide angle D contained Under 
the fuperfictall angles E D C,E D F,and F. D C. Let the the lines. AB and D E be put e- 
quall,and draw thefe right lines H BiB K,F E,andEG.And {for afrauch as the line F Gis 
erected perpendicularly to the ground fuperficies therfore by the 2.definition of the eleuenth, 
the line F Gis alfo eret?ed perpendicularly tall the right limes that are in the ground fuper- 
ficies and touche it Wherfore either of thefe angles F G D'and F.G E isa right angle, and 
by the fame reafon alfo ether of the angles HK A and HK Bis aright angle. And foraf- 
much as thefe two lines K AG A Bare equall to thefe two lines GD G D E, the oncto the 
other, and they containeequall EO 

angles(by confiruction). Wher ~~" ` Pune p 
fore (by the 4. of the firft) the. Voto. 
bafeK Bisequalltothebafe E.. A pay a 
G, and the line K H is equall to 
the line G F, and they coprehed 
vight angles. Wherfore the line 
B His equall to the line F E. $- 
Agayne,foralmuch as thefe two i 
lines A K and K H areequal to 

thefe two lines DG and GF, EON E 

and they containe right angles. Be ds \ i T 
Wherfore y bafe A H is (by the SN X 

4-0f the firft) equall tu the bafe Hi 

D F.And the line AB is equall 

tothe line D E.Wherfore thefe 

two lines A Band AH are equallto thefe two lines F D and D E,and the bafe B His equalt 
to the bafe F E.Wherfore (by the 8 .of the firit) the angle B A H is equall to the angle EDF. 
And by the fame reafon alfo the angle H K Lis equall to the angle F G C. Wherfore if we 
pt pf. lines A Land DC equall,and draw theferight lines K L, H L,G C,and F C: for- 
afmuchas the whole angle B A L is equall to the whole angle E D C,of which the angle B A 
K is fuppofed to be equall to the angle E D G,4herfore the angleremayning, namely, K A L 
is equall to the angle remayning G D C.Andforafmuch as thefe two lines K Aand AL are 
equall to m two lines G D and D C,and they containe equall angles, therefore by the 4. of 
the fir it, the bafe KL is equall tothe bafe GC, and the line K H isequall tothe line G F, 
wherfore thefe to lines L K and K H are equall to thee two lines C G and G F and they co- 
tainevight angles Wherfore the bafe H L is (by the 4.of the fir3t) equal to the bafe F C.And 
forafmuch as thefetwo lines H A and A Lare equall to tbefe tmo F D and D C,and the bafe 
H Lis equall tothe bafe F C,therfore )by the 8.of the firft) the angle H AL is equallto the 
angle F D C,and by conftruction,the angle B A L is equall tothe angle E DC. Wherefore 
unto the right line geuen,and at the point in it geuen namely, A,ts made afolide angle equal 
tothe folide angle geuen D : which was required to be done. SS 
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In thele two figures E \ 
here put,you may more 
clearely conceiue the for- * 
mer conſtruction and de- E 
mohftratió, if ye erect per- j 
'pendicularly vnto the 
ground fuperficies the eri- 
angles AL Band DCE, & 
eleuare the triangles A L H 
and DCF that the lynes | 
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Demonstra- 
iion. 


Conflructione 


Demonftra- 
bion 
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LA aad € D of them may-exadily agree with the lines.L Aand C Dof the triangles erected. For fo or- 
dering them, if ye compare che former conftruction and dem oaltration with them, they will be plaync 
vato you: ^' <= R ` " 

Alchough Euclides deméftration be touching (olide angles which are contained only vnder three 
pecu angles, that is,whofe bafes are triangles .yet by it may ye performethe Probleme touching 
folide angles contained vnder fuperficiall angles how many foeuer, that is, haying co their bales any 
kinde of Poligonon figures.For eüerj Poligonon figure may by the 20. of the fixt,be relolued into like 
wingles. And fo alfo thall the folide angle be deuided into fo many folide arigles as there: be triangles 
in the bafe. Vnto euery one of which folide angles you may by this pispoligeh .defcribe an equall 
folide angle vpon a line geuen, and at a poinc in it geuen. And fo atthe length the whole folide angle 
after this maner de(cribed fhall be equall co the folide angle geuen. 


T be y. T beoreme. Theat. Propofition. 


Vpon aright line geuen to defcribe a parallelipipedon like and in like fort fir 
tuate to a parallelipipedon geuen. Wu i 


Vppofe that tbe vight line geuen be AB , and let the parallelipipedon genen be 
CD. tis required upon the right line geuen AB to, dafcribe a parallelipipe- 
don like and in like fort fituateto the parallelipipedon genen , namely toc D. 
Vnto the right line AB and at the poynt in it À. deferibe ( by tbe 26 of the ele- 






nenth(a folide angle equall to the folide angle Ci and let it be contayned under thefe fuperfi- 
cialtanglesB AH, H A K, and K AB, fo that let the angle B AH be equall to the angle 


‘EC F,and the angle B AK to the angle EC G,and moreoner the angle K AH tothe an- 


gleG C F.cAnd asthe line EC is to the lime C G,fo let the AB be tothe line AK (by the 
12.0f the fixth ) and as the line G C ts tothe lineC F „fo let ihe K A be tothe line AH. 
Wherefore of equalitse ( bythe 22. of the fift ) asthe lithe E C is to the line CE, fois the line 
BÀ to the line A H.Makeperfetl the parallelogramme BH, and alfa the folide AL. Now 
for that as the line E.C is tothe tine CG, fois the lineB A tothe line AK, therefore the 
fides whith usb the eqseattangles ; namely, the angles EC G and BA K are proportio- 
nall:wherefore(by the firft definition of the fixth) the paralltlogramme G Es like tothe pa- 
rallelogramme K B.And by the fame reafon the parallelogramme K H is like tothe paralle- 
logramme G F and moreouer the parallelogramme Y E to tbe parallelogramme. HB-Wher- 
fore there ave three parallelogrammes of the folideC D like to tbe three parallelogrammes 
of the folide AL . But the b other fides in eche of thefe folides are equall and like to their 
oppofite fides. Wherefore the whole folide C D is like to the whole folide A L.. Wherfore upon 
the right line geuen AB is defcribed the folide A L contayned under parallel playne fuperfi= 
cieces like and in like fort fituate to tbe folide geu£ C D contayned alfo under parallel playne 
Siperficieces: which was required to be doone. 


This demonftration is not hard to conceaue by the former figure as it is defcribed in a —D 
auc 
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that imagination of parallelipipedons defcribed ina playrie which we before táüghtin the diffinitiori 
ofa cube. Howbeit I haue here for the more eafe of {uch as are not yet acquainted with folides , def- 





cribed two figures , whofe formes firft defcribe vpon pafted paper with the like letters noted in them, 
and then finely cute che three midle lines of eche figure,and fo fold them accordingly , and that dooné 
compare them with the conftruction and demontlration of this 17. propofition , and they will be very 
ealy to conceaue. 


T be 23.T heoreme. T he 28.Propofition. 


Ifa parallelipipedd be cutte by a plaine fuperficies drawne by the diagonall 
lines of thofe playne fuperficteces which are oppofite : that folide is by this 
plane fuperfictes cutte into two equall partes. 





V ppofe that the parallelipipedon 


KAAS 

ie $ A B be cutte by the playne fuper- P 

—8 ficies C DEF drawne by the dia- 

CAP &onal lines of y plaine (uper ficieces i [2A 
which are oppofite,namely, of the fuperficieces F E 

C FandDE..Then 1 fay that the parallelipi- 

pedon A Bis catte into two equall partes by the 

Juperfictes C DEF. For forafmuch as ( by the 

34.0f the firfl ) the triangle C G F is equallto 

the triangle C B Fand the triangle A DE to 

the triangle DEH, and the parallelograme FP 
C A is equall to tbe paralleloeramme B E, for scott 
they are oppofite,and the parallelogramme G E 


E A 





S 






is alfo equall to tbe paralleloeramme C H and 
the parallelogramme CE, is the common fection by Fae Wherfore the prifme contai- 
ned under tbe two triangles C GF ,andD AE, and under the three parallelogrammes 
GE,A C,and C Eis ( by the 8.definition of the eleuenth ) equall to the prifme contayned 
under the two triangles C FR and DEH and under the three parallelogrammes CH, 
BE,and C E.For they are cotayned under playne fuperficieces equall both in multitude and 
in magnitude . Wherefore the whole parallelipipedon A Bis cutte into two equall partes by 
the playne fuperficies C D E F:which was required to be demonftrated. 


YY 4. A diz- 


Denonflyoz 
ston, 


* Looke at the 
end of the de- 
monllratiou 
whatis vn- 
derftanded by 
fading lines. 


John Dee his 
ure. 
ie this figure 
at appeareth 
why fuch Prif 
anes were cal- 
ked wedges:of 
the very fhape 
of 4 Wedge,as 
3s the folide 
DEFGA- 
Core 


The elenenth Booke 


A diagonall line +s aright line which in angular figures is drawne 
from one angle and extended-to his contrary angle as you fee in the figure 
AB. 


Defcribe for the better fight of this demonftration a figure vpon pafted 
paper like vnto chat which you defcribed for the 24. propofition onely altering 
the letters: namely,in lteade of the lecter A put the lecter F,and in fteade of rhe 
letter H the letter C : moreouer in fteade of theletrerC pucthe letter H , and 
the letter E for che letter D,and the letter A for the letter E,and finally put the 
letter D for che letter F. And your figure thus ordered compare it with the de- 
monftratió, only imagining a fuperficies to paffe through the body by the dia- 
gonall lines C Fand D E. 





q T be z4. T beoreme. The 29. Propofition. 


Parallelipipedons conſiſting vpon one and tbe felfe fame bafe , and vne 
der one and the felfe fame altitude whofe * Standing lines are in the felfe 


fame right lines are equall the one to the other. 


TAY ppofe that thar thefe parallelipipedons CM and CN doo confi upon one 
yy] aad the felfe fame bafe, namely AB, and let them be under one and the felfe 
‘ame altituae,whofe flanding lines, that is,the fower ‘fides of eche folide which 

e sl fall upon the bafe,as the lines AF,C D,BH,LM of the folide C M, and the 
lines C E,BK,A Gyand LN 

of the folide CN, let bein the - 
felfefame right lines or paral- 
lel lines FN, DK .ThenI fay 
that the folide C M is cquall to 
the folide CN. For forafinuch 

as either of thefe fuperfivieces 
CBDH,C BEK is paralle- 
logramme,therefore( by the 34. 
of the firft ) the line C Bise- 
quall to either of thefe linesD 

H and E K. Wherefore alfo the 
line DH zs equall to the line 
EK. Take away EH whichis A 
common to them both , where- 
fore the refidue namely D Eis equall to the refidue H K.Wherfore alfa the triangleD CE 
is equall to the triangle HK B. And the parallelogramme D G is equall to the parallelo- 
gramme H N.And by the fame reafon the triangle A G F is equall to the triangleMLN, 
and the parallelogramme C F is equall to the parallelogramme B M.But the parallelograme . 
C Gis equall to the parallelogramme BN , by the 24.0f the tenth for they are oppofite the 
one tothe other. Wherefore the prifme contayned under the two triangles ¥ A G and DCE 
and under the three parrallelagrames AD,D G, and C G is equall to the prifme votayned 
under the two triangles M LN and H B K , and under the three parallelogrames, that is, 
BM,N H,andBN.Put that folide common to them both whofe bafeis the parallelograme 
AB, end the oppofite fide unto the bafe is the fuperficies GEH M. Wherefore the whole pa- 
vallclipipedon C M is equall to tbe whule parallelipipedon CN :Wherfore parallelipipedons 
confifting upon one and the felfe fame bafe,and under one and the felfe fame attitude,wbofe 


landing lines arc in the felfe fame right lines, are equal the one to the other: which was re- 
quired to be demonstrated. 









Alchongh 
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Although this demonftration 
be not hard co a good imaginati- 
on to concéaue by the former fi- 
gure ( which yet by M, Dees refor- 
ming is much better then the figure 
ofthis propofition commonly def- 
cribed in other copyes both greake 
and lattin) :yet for the eafe of thofe 
which are young beginners in thys 
matter of folides , I haue here feran 
other figure whofe forme if it be 
de(cribed vpon palted paper , with 
the like letters to euery line as they 
be here pur,and then ifye fiaely cut 
not thorough buras it were halfe 
way the three lines £ A,N M G F,and 
XHED, & fo foldeit accordingly, 8 
compare it with the demonftratió, 
it will geue great light thereunto. 





Stading ines are called thofe fower right lines of euery parallelipipedon which ioyne together the 
angles of the vpper and nether bafes ofthe fame body. Which according to the diuerfttie of the angles 
of che (olides , may either be perpendicular vpon the bale,or fall obliquely . And forafmuch as in thys 
propofition and in the next propofttion following,the folides cornpared together are fuppofed to haue 
one and thefelfe fame bafe , itis manifeft that the flanding lines are in refpect of the lower bale in 
the felfe fame parallel lines,'namely;in the two fides ofthe lower bafe . But becaufe thereare put two 
folides vpon one and the felfe fame bafe;and vnder one and the felfe fame altitude,the two vpper bafes 
of che folides may be diuerfly placed.For forafmuch as they are equall and like(by the 24.0f this booke) 
either they may be placed betwene the felfe fame parallel lines :.and thé the ftanding lines are in either 
folide fayd to be in the felfe fame parallel lines,or right lines; namely, when the two fides of eche of the 
vpper bafes are contayned in the felfe fame parallel lines: bue contrariwife if thofe two fides ofthe vp- 
per bales be not contayned in the felfe fame parallel or right lines neither fhal che ftanding lines which 
are ioyncd to thofe fides be fayd to be. in the felfe fame parallel or rightliues . And therefore the ftan- 
ding lines are fayd to be in the felfe ame right lines, when the fides ofthe vpper bafes , atthelealt two 
of ihe fides are contayned in the felfe fame righe lines: which thing is required in the fuppofition of this 
25, propofition.But the ttanding lines are fayd not to be in the felfe fame right lines ; when none of the 
two fides of the vpper bafesare contayned in the felfe fame right lines, which thing the next propofiti- 
on following fuppofeth. E i 


g The 25. T beoreme. T'he 30. Propofition. 
Parallelipipedons conſiſting vpon one and the felfe Jame bafe, and vnder 


Stéding lines. 


the felfe fame altitude, whofe ftanding lines are not in the felfe fame right — 


lines, are equall the one to the other. 


V ppofe that thefe 'arallelipipedons c w and c w, doconfifl upon one and tbe felfe 
1 (oe bafe, namely, ne, and under one and the felfe fame altitude, whofe ftanding 

Mines namely, the lines & v,c n, Wand v M, ofthe Parallelipipedon c m, and the 
franding lines a G,c £,8 x ,and 1 n, of the Parallelipipedon c n, let not be în the felfe fame 
right lines .Then I fay, that the Parallelipipedon c més equall tothe Parallelipipedon cn. 
Forafmuch as the upper fuperficieces v 4 Cr € xof the former Parallelipipedons, arein one 
and the felfe fame [uperficies ( by reafon they are fuppofed to be of one and the felfe fame alti- 
tude ): Extend the lines ¥ v and u, till they concurre with the lines w c and x s (fuffi- 
ciently both waies extended : for in diuers cafes their concur(eis diners) . Let ¥ p extended, 
mete with w o, and cut it in thepoint x : and with x © inthe point p. Let likewife mw 
extended, meete with w o ( fufficiently produced) in the point o, and with x à in the point 
Rn. And drawe thefe right lines xx, o,c », and » x. Nam (by the 2g.of the eleuenth)the 
folide c w,whofe bafe is the parallelogramme s c z» Land the parallelogramme oppofite vn- 

TT.4 


y to 


Confirutlions 


TZ he eleuenth Baoke 


_ totis eau myis equall to the folide c o,whofebafeis acsi and the oppofite fide the 
M onfire parallelogramme xv RO, for they conjifte vpon one and the felfe fame bafe, namely, vpon 
. ‘the parallelograme a cs 1, whofe flanding lines A ¥,4 X,LM,L0,CD,CP,B Hands Ry 


E T K ,R 


, 


L Dees figure. 





eeri ; i 


are ìn the felfe fame right lines £ e and mr. But the folide c 0, whofe bafe is the paralle- 
logramme ac 8 1,And the oppofite Juperficies unto wis x » X o, isequallto tbe folide c w, 
whofe bafe isthe parallelogramme wc  1., and the oppofite Juperficies unto it is the fuperfi- 
cies GE x Ny for they are-vpon one and the felfe fame bafe, namely, ac» 1, and their flan- 
ding lines & G4 X, C E, C PyLN,L 0,5 K, AU B R, are in the felfe fame right lines N x, 
and» x:. Whberefore alfo tbe folide cw, isequallto tbe falide c.w . Wherefóre Parallelipi- 
pedons confisting upon one and the [elfe fame bafe,and under the felfefame altitude, whofe 
Standing limes are not in the felfe [ame right lines, are equall theone tothe other > which 


a 3 


was required to be proued. 


This demonftra- 
tion is fomwhat har-, 
der then the former 
to.conceaue by the fi- 
gute defcribed in the 
plaine(andyct before 
M. Dee invented that 
figure which is placed 
for it, it was much 
harder)by reafon-one 
folide is contained in 
‘ag other . And there- 
fore for the clerer: - 
light therof, defcribe 
vp6 palted paper this . 
figure here put with 
the like-letters? and 

tz wy; s finely cut. the lines, 
"' AC, CB, EG, BL, 
EPK, ROHM, and 

folde ie accordingly - 





Blaise, A 


thae euery line may MOE A tou 
anyare with'his oy EW AR RSS 
corteipondent lyne ua v us 2n s 
(which obferuing the UNE rM 


2M P 
letters -of euery line o e Red ds 


V 
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ye hall eafily do ) and fo cópare your figure with 
the demonftration,and it will make it very plaine 
vnto you. 


M E 

T be 26. T beoreme. T be 3 1.'Propofit. 
(Parallelipipedons confifting vps 
on equall bafes , and being vnder 
one and the felfe fame altitude, 


are equall the one to the other. 


V ppofe that vppon thefe equall 
bafes A Band CD do conjifte 
NK 5 thefe parallelipipedons A E and 
WEC F, being under one Cr the felf 






fame altitude. Th I fay,that the folide’A E L — 

is equal! to the folide C F . First let the flan- Pe. 

ding lines,namely,H K,B E,AG,L M,0 P, The firf cafe, 

D F,CX, andRS, be erected perpendicular- Cenflratiion. 

ly tothe bafes AB and C D, and let the an- 

gle ALB not be equall to the angleC RD. H 

Extend the line C R tothe point T. And 

(by the 23.0f the firft ) upon the right line 

RT, and at the point init R, defcribe un- 
Weare bebol- 
ding to M.Dee 
fer inuenting 
this figure, with 
orher,which sill 
bis reforming 
were as much 
mifoappen as 
this was,and fo 
both inthe 
Creeke and La- 
fíne copier re- 
maine, 





TY ij. tothe 
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to the angle A LB un equall angleT RV. 
And ( by the third of the firit ) put the 
line RT equall to the line LB, and the 
line RV equall to the line AL. And 
(by the 31. of the firft) by the point V draw 
untothe line RT aparallel line VW: and 
make perfecte the bale RW, and the folide 
7 V. Now forafmuch as thefe two linesT R 
and RV are equall to thefe two lines B Land 
L A , and they containe equall angles,ther- 
fore tbe parallelagramme RW is equall and 
like to the parallelogramme AB. Againe, 
forafmouch as the line LB is equall to the 
dine RT, andthe line LiM tothe line RS 
(for the lines L M and RS are the altitudes 
of the Parallelipipedons A E and C F which 
altitudes are fuppofed to be equall ) and they 
containe right angles by fuppofition , there- 
Sore the parallelogramme RY is equall and 
like to tbe parallelogramme B M . And by 
the fame reafon alfo the parallelogramine 
LG és equall and like to the parallelogranu: 
SV. Wherefore three parallelogrammes of 


Denonffra- 
tiom 





P 


woe Toia 
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the folide AE are equall and like to the three parallelogrammes. of the.folide Y.Vr .. But, 
thefe three parallelogrammes are equall and like to the three oppofite fides... Wherefore 
the whole Parallelipipedon AE 1s equall and like to the. whole Parallelipipedan Y V. 
Extend (by thefecond petition ) thelines D R and WV, untill they concurne ,, and let 
them concurre in the point Q , And (bythe 31. of the fi ). by the point T drawe nto 
the line R A parallel line T a , and extend duely the lines T a and DO. ~untill they 
concurre, and let them concurre inthe point "ik . And make perfette the folides QY and 
RI . Now thefolide Q T, whofe * bafe is the parallelogramme RY, and the oppofite fide 
nto the bafe the parallelogramme Q b, is equall to the folide Y V, whofe tafe isthe paral- 
lelogramme RY, and the oppofite fide unto the bafe the parallelogramme V. Z..For they con- 
fifte vpon one and the felfe fame bafe,namely, RY, and are under one and the felfe fame al- 
titude, and their Standing lines, namely, RQ, RV,T a,TW,SN,Sa; Yb, and YZ, 
are in the felfe fame right lines, namely, QW, and NZ ~ But the folide Y V. is proued e- 
quallto the folide AE. Wherefore alfo the folide Y Q ts equall tothe folide AE . Now 
forafmuch as the parallelogramme RV WT is equall tothe parallelogramme QT (bythe 
35.0f the firft) and the parallelogramme AB is equall to the parallelogramme RW: there- 
fore the parallelogramme QT is equall to the pardllelogramme AB, and the parallelo- 
gramme CT is equallto the parallelegramme A B (by {uppofition) . Wherefore the paralle- 
logramme C D is eynall to the parallelogramme QT . And there is a certaine other fuper- 
fies, namely, DT . Wherefore (by the 7.0f the fift) asthe bafe C D is tothe bale DT, fo 
isthe bafe QT tothe bale DT.. And forafmuch as the whole Parallelipipedon C1 is cut by 
the plane [upexficies RF which isa parallel to either of the oppofite plaine fuperficteces ther- 
fere as tbe bae C D isto the bafe DT, fois the folide.C-F tothe folide RI (by the 25.0f the 
elenenth ) . Andby the fame reafon. alfo, forafmuch 'as tbe whole Parallelipipedon 9 1 is 
cut by the plaine fuperfictes RY mbich is a parallel to either of the oppofite plaine fuperficieces, 
therefore as the bafe QT isto the bafe DT, fois the folide Q Y tothe folide R1. Butas tbe 
bale CD istothe bale DT, fois the bale QT tothe bafe T D .Wherefore ( by the 11.of 
the fift) asthe folide C F is to the folide R1, fois the folide QY to the folide R1 .Wherefore 
either of thefe foltdes C F and 2 Y haue to the folide RI one and the fame proportion.Wher- 
Sorethe folide C F is equallto the folide QT . But itis proued that the folide QY is equall 
tothe folide AE. Wherefore alfo the folide C F is equall to the folide .A E. 


But now fuppofe that the i 
frading lines, namely, AG,H K, 
BE,LM,CX,OP, DF,and 
RS, be not erected perpendicu- 
larly to the bafes AB and CD. 
Then alfo 1fay, that the folide 
AE isequall tothe folide C F. 
Draw (by the 11.0f the elenéth) 
unto the ground plaine [uperfi- 
cieces A B. and C D from thefe 
pontes K, E, G,M,P,F,X,S, 
thefe perpendicular lines K N, L 
ET,GV,M Z,PW,FY,X 9 , 
and $ 1 «4nd dram thefe right 
lins NT,NV,ZV,ZTWT, D ES 
W 9 ,I 9 and IY. Now(by l V N 
that which hath before bene prow © F 
ued in this 31. Propofition ) the 


E 








* Note nom bom. 
the bafe refpec- 
tinely is takeni, 

for fo may alte- 
rat of refpects 
alter the name 
of the Lowndes 
eyther of folides 
or playnes, 


Second cafes 


X There you 
perceane how 
the bafe is di- 
wer[ly confi - 
dered & cho- 
fen: as before 
Coane 


Jobe 
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folide K Z is equall to the folide P 
P I, for they.confift pon equall 
* bafes, namely, K M, and P S, 
and are. under one and the felfe 
fame altitude , whofe flanding 
lines alfo are erected perpendicu- 
larly to the bafes . But the folide 
KZ is equall to the folide AE 
(by the 29.0f the clenenth):and 
the folide P I is (by the fame) e- o 
quall to the folide C F, for`they 
confifl uppon one and the felfe 


— V1 
N 
fame bafe , and are under one a | 
«d the felfe fame altitude,whofe /. ~ x — — f 
Jianding lines are vpon the felfe «~. C Q, FK 


fame right lines .Wherefore alfo 


the folide A E is equali to the folideC F. Wherefore Paraltelipipedons confifting a equall 


bafes ana being under one and the felfe fame alsitude,are equall the one to the other « which 
was required to be demonftrated. 
D ; 2 


The dermonftration of the fitft cafe of chis propofition is very hard to conceaue by the figure def- 
cribed focit in a playne.And yet before M. Dee inuented that figure which we haue there placed for it, 
it was much harder.For both in the Greke and Lattin Euclide jitis very ill made;and itis ina maner im- 
pote to conceaue by it che conftruQien and demonftration thereto appertayning. Wherefore I haue 


ere defcribed other figures, which firftdefcribe vpon patted paper , or fuch like matter and then order 
them in maner following. 






/ 





As touching the folide A E in the firlt cafe , I neede not to make any new defcription . Forieis 
plavne inough to cenceaue as it is there drawne. Although you may for your more eale of imagination 
defcribe of pafted paper a parallelipipedon hauing his fides equall with the fides of che parallelipipedon 
A E before defcribed;and hauing alfo the fixe parallelogrammes thereof (contayned vnder thofe sue 

equiangle 
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equiangle with the fixe parallelogrammes of that figure,ech fide and eche angle equall to his correfpon 
dent fide,and to his correfpondent angle. A : 

But concerning the other folide. When ye haue defcribed thefe three figures vpon pafted pa» 
per: Where note for the proportion of eche line, to make your figure of pafted paper equall with the fi- 
guce before defcribed vpon the playne,let your lines 0 p,c x, R s,D F, Xc. namely the reft of the ftan- 
ding lines, of thefe figures, be equall to the flanding lines o »,c x;& s,p r, &c. of that figure . Likewife 
let the lines v d,c R,R D,» o, &c.namely,the fides which cótayne the bafes of thefe figures be equal co 
the lines o c,c R,& pp o, &c. namely,to the fids which cétayne the bafes of chat figure. Moreouer let 
the lines » x,x s,s F,F r,&c.namcely,the relt of the lines which cótaine the vpper fuperficieces of thefe 
figures,be equal to thelines e x,x s,s F,F »,&c.namely,to the reit of the lines which cótainethe vpper 
fuperficieces of that figure(to haue deícribed all thofe forefaid lines of thefe figures equal to all the lines 
of chat figure, would haue required much more fpace then here can be — I haue made them equall 
oncly to the halucs of thofe lines,but by the example of thefe ye may,if ye will defcribe the like figures 
hauing their lines equall to the whole lines of the figure in the playne;eche line co his correfpondent 
line). W henIfay ye haue as before is taught defcribed thefe three figures, cut finely the lines x c, s R, 
F p ofthe firft igure,and the lines s &,v rand rj of the fecond figure: likewife the lines s 8," Q,Z VV, 
and x r,of the third figure , and fold thefe figures accordingly , which ye can not chule but doo if ye 
marke well the letters of euery line. 


The three former figures being after this fore defcribed,fet them vpon this figure here defcribed 
vpon a playne,as vpó their bafes,namely,the linesOC,CR,RD,D O:RT,T of, kD, DR: VR RT, 
T W,W a; VQ, and Q Rof thefe-three figures vpon the lines correfpondenc vnto them in chis figure. 
And they fo itanding compare them with the 
conftruction and demon ftration of the firtt cafe, Oo 2 4 
and they will geue greaclight vnto it. This alfo ` 
ye muft note,that if ye make the lines of the fore 
fayd three figurcs equall co the lines ofthe figure : 
ofthz plaine defcribed before ia the demóllrati- ¢ 
on of the firlt cafe: then. muft ye make a new bafe 
for them like vnto this, which is eafy to doo , if 
ye draw a pallelogramme equall and like to the: I 
parallelogramme O C T »&« and thécut offrom yes y — — 
the famc a parallelogramme D R T »« equall 4m ocho B x 
aud ia like forcfituate to the parallelogramme $ 
DRT > of that figure: & vpon theline RT deícribe two parallelogrammes, the one equall like , and 
3n like fort fituate to the parallelogramme R T Q a ofthat figure, and the other equall, like and in like 
fore fituate to the parallelogramme R T V W ofthe fame figure . The lines of this bafe which 1 haue 
here put are equall'onely to the halues of the Lines of that figure in the demonftration. 

As touching the fecond cafe ye neede no new figures , for itis playne to fee by the figures (now 
reformed by A¢.Dee) defcribed for icin the playa , efpecially ifye remember the forme ofthe figure 
of the 25: ptoplofition of this booke; Only chat which there ye conceaue to be the bafe,imagine here in 
both the figures of this fecond cafeta be the vpper fuperficies oppofice'to the bafe, and that which was 
there fuppoled to be the vpper fuperficies conceauc here to be the bale. Ye may deícribe them vpon 
patted paper for your better fight, taking hede ye noce the letters rightly according as the conitructioa 
requireth:- | -7 owe ive Eme A UN 







x. 
Conflit Ziois, 


Demi fren 
. tion. 


Y eR UN 


t v9 vae HS 


Fluſſas demonſtrateth this ptopofition an other way taking onely the bafes 





vo 4*7 ^ 7 of the folides,and that after this maner, 
Take equall bafes(which F 
yet for the ſuter vnderſtan- ee ah Ne 
ding lec be vtterly vnlike) : js COM de ene 
namely, AEB Fand ADC 15 Ghi í 
H,and let one of the fides of 
eche concurre in one & the 
fame right line AE D,& the 
bales being vpon one and 
the felfe fame playne let 
there be fuppofed to be fet 
vpon thé parallelipipedons 
vader one. & the felfe (ame 
altitude. Then I (sy that the 
foiide fet vpó the bafe AB is 
equal to the folide fet vpon 
the bafe-A H . By chepoynt 
E draw vnto the line AC a 


mires E yasar y 





parallelline E G, which ifie 
fall without the bafe AB, 
produce the righe line HC 
to the poynt I. Now foral- 
much as A B and A H are pa- 
rallelogrmáes , therefore by 
the 34. of this booke , the 
triangles ACI and EGL 
fhall be equaliter the one to 
the other : and by the 4.of. 
the firlt,chey fhal be equian- 
gle and equall : and by the 
firit definition of the fixch, 
and fourth Propofition of 
the fame, they fhall be like, 
Wherfore Prifmes erected 2 E A 
` vppon thofe triangles and i 

vnder the fame altitude that che folides AB and A H a;e,fball be equall andlike, by the 8. definition 
of this booke.For they are contayned vnder like playne fuperficieces equall both in multitude and mag 
nitude.Adde the folide fet vpon the bafe A C L E common to them both. Wherefore the folide fet vp- 
pon the bale A E.G C.is equall to the folide fet vpon the Fafe A E L I. And forafmuch as the fuperficie- 
ces AE B F,and A D H C are equall (by fuppofition) :-and the part taken away A G is cquall to the part 
taken away AL : therefore che refidue B 1 fhall be equall to the refidue GD . Wherefore as A Gis to 
G D as A Lis to B I (name!y, equalis to equalls), But as A G iso G D, fo is the folide fetvpon A G to 
the folide fet vpon GD _ by the 25, oF this booke, for itis cut by a playne fuperficies fet vpon the line 
G E,which fuperficies is parallel to the oppofite fuperficieces . Wherefore as ALis to BI, fois the 
folide fet vpon A L to the folide fet vpon BI. Wherefore ( by the 11.0f the fifth) as the folide fet vpon 
AG ( orvponAL whichis equall vnco it jis to the folide fet vpon G D, [0 is the fame folide {et vpon 
AG or AL to the folide fet vpon B 1.Wherefore(by the 2.part of the 9.of the fifth) the folides fet vpon 
G D and B I fhall be equall ..Vnto which folides if ye adde equal folides, namely , the folide fet vpon 
AG co the folide fet vpon G D,and che folide fet vpon A L to the folide fec vpon B I: the whole folides 
fet vpon thebafe A H and vpon the bafe.A B [hall be equall. W herefore Parallelipedons confifting vpon 
equall bafes and being vnder one and the felfe (ame altitude are equall che one to the other: which was 
required to be proued, 
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QUeZÉDUS 


| qThe — The 32. Propofition. 


ver ipa es : coz 


" V E Er zen o : — 
Parallelipipedont being vnder one and the ſelfe ſame altitude, are in that 
proportion the one to the other that their baſes ar. 
ZV ppofe that thefe parallelipipedons AB and CD be under one dy the felfe fame 
‘altitude.T hen I fay that thofe parallelipipedons A B and C D are in that proa 
| portion the one to.the other that their bafes are,that is,that as the baft A Eis to 
BES the bale C F,fo is the parallelipipedon A B to the parallelipipedon C D.V pon the 
Confiruttion. line F G defcribe (by the 45. 
ofthe first) the parallelo- 
gramme F H equall to the 
parallelogramme A E and e- 
quiangle with the parallelo- 
aramme C F. And vpon tbe 
bafe FH defcribe aparalleli 
pipeds of the felfe fame alti- 
tude that the parallelipipedo 






B 





CD is, & let ſame be G K. 
Now (by the 31. of the ele- 7 
put wenth) iy parallelipipedon A Bis eqnall to the parallelipipedon G K ,for they confift upon a 
l quas 
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quall bafesnamel A E and F Hyandare under one and the felfe fame altitude, And foray - 
much as the parallelipipedon CK is cut by a plaine fuperficies D G;being parallel to either of 


the oppofite plaine fuperficieces, therfore ( by the 25. of the cleuenth) as the bafe H F is to the 
bafe F C fo is the paraliclipipedon G K to parallelipipedon C D : but the bafe H F is equal to 
the bafe A E, and the parallelipipedon G K is proued equall to the paralleliptpedon A B. 
Wherfore as the bafe AE ts to the bafe C F. fo is tbe parallelipedon A B, to tbe parallelipipe- 
don C D.Wherfore parallelipipedons being under one and the felfe fame altitude,are in that 
proportion the one to the other that their bafes are: which was required tobe demonftrated. 


Incede not to put any other figure for the declaration of this demonttration, for it is eafie to fee 
by the figure chere decribed. Howbeit ye may for the more full fight therof,defcribe folides of pafted 
paper according to the conttruction there fet forth, which will not be hard for you to do, ifye remem- 
ber the deícriptions of (uch bodies before taught, 


A Corollary added by Fifas. i 


Equal parallelipipedons catained under one and the felfe fame altitude hane alfo their bafis equal. 
For if the bafes fhould b e vnequall,the parallelipipedons alfo fhould be vnequal by this 32 propofitió 
e4nd equall parallelipipedons hauing equall bafes, bane alfo one and the felfe fame altitude. For if 


they fhould haue a greater altitude, they fhould exceede the equall parallelipipedons which, haue the | 


felfe fame altitude: Bur if they fhould hauc a leffe they fhould want fo much of thofe felfe fame equal 
parallelipipedons. 


The 28, T beoreme. T he 33.Propofition. 


Like parallelipipedons are in treble proportion the one to the other of that 
in which their fides of like proportion are. 






751 Vppofe that thefe parallelipipedans A B and C D be like, c let the fides AE and 
OX CE be fides of like proportion. Then I fay, the parallelipipedon A B is unto the 

“A parallelipipedon C D in treble proportion of that in which the fide A E is to the 
ZAM fide C F. Extend the right lines A E,G E and H E to the pointes K,L,M. And 


(by the 2. of the firft ) unto the 
line C F put the line E K equal, 


and. vnto theline F N put the S 
line E L equall, and moreouer À 
A 


B x 


H 













vato the line F R put the line E 

M equall, and make perfect tbe 

parallelogramme K L, and the 

parallelipipedon K O. Now for- i 

Afmuch as thefz two lines EK 

and EL are equall to thefe 

tivo lines C F and F N, but the 

angle KEL is equall to the 

angle CF N ( for the angle 

AEG is equall to the angle | | 

C F M by reafon that the folides =H A 

AB and C D are like) Wher- N N 

fore the parallelogrammeé K L c F 9 

és equall and like to the pa- 

rallelogramme CN, and by the fame veafon alfo the parallelogramme K M is equall and 
` like 





Conftrnction, 


Demonflrae 
tion. 
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like to the parallelogramme C- 
R, and moreouer the parallelo- 
gramme O E to the parallelo- 
gramme F D. Wherefore three 
parallelogrammes of she paralle- 
lipipedon Ko are like and equall 
to three parallelogrammes of the 
parallelipipeden C D : but. tbofc 
three fides are equalland like to 
the three oppofite fides: wherfore 
the whole parallelipipedon KO 
is egual and like to the whole pa- 
rallelivipedon C D.Make perfect 
the parallelogramme G K . And 
upon the bales GK and KL 
make perfect tothe altitude of 
the parallelinipedon A B,the pa- 
rallelipipedons EX @ L P.And c 
Sorafmuch as by reafon that the 
parallelipipedons AB & C D are like, as the line A E is tothe line C F, fo is the lineEG,to 
the line F N, and the line E H to the line F R. But the lineC F is equall to the line E K and 
the line F N to the line E L,and the line F R tothe line E M, therefore asthe line A E isto 
the line E K fois the line G E tothe line E L, and the line H E tothe line EM (by conftruc- 
tion). But as the line A E isto the line E K, fo is the parallelogramme AG to the parallelo- 
gramme G K (by the firft of the fixt).And as the line G E is to the line E L, fo is the paralle- 
logramme G K to the parallelográme K L. And mortouer a the line H E is totheline E M, 
fois the parallelogramme P E to the parallelogramme K M. Wherefore (by the 11. of the 
Sift) as the parallelogramme AG is to the parallelogramme G K, fo is the parallelogramme 
G K tothe parallelogramme K L, and the parallelograme P E to the parallelogramme K M. 
But as tue parallelogramme AG is to the. parallelogramme GK, fois the parallehpipedon 
AB to the parallellpipedon F X, by the former propofition, and as the parallelogramme G K 
is to the parallelogramme K L, {0 by the fame is the parallelipipedon X E to tbe parallelipipe- 
don P L: and agayne by the fame, as the parallelogramme P E is to tbe parallelogramme K- 
M, fois the parallelipipedon P L to the parallelipipedon K 0.Wherfore as the parillelipipedo 
A Bis to the parallelipipedon E X, fo is the parallelipipedon E X to the parallelipipedon P L, 
and the parallelipipedon P L to the parallelipipedon K O. But if there be fower magnitudes 
in™continuall proportion, the firft fhalbe unto the fourth in treble proportion that it is to the 
Second (by the 10. definition of the fift). Wherefore the parallelipipedon A B is unto the pa- 
rallelipedon K O intreble proportion that the parallelipipedon A B isto the parallelipipedon 
EX. But as the parallelipipedon A B is to the parallelspipedd E X, fo is the parallelogramme 
AC tothe parallelogramme G K, and the right line AE to the right line E K. Wherefore 
alfo the parallelipipedon A B is tø the parallelipipedon K O in treble proporti 7 that which 
the line A E hath to the line E K. But the parallelipipedon K O is equall to tbe parallelipz- 
pedon C D, and tbe right line E K to the right line C F. Wherefore the parallelipipedon A B 
ts tu the parallelipipedon C D in treble proportion that the fide of like proportion, namely, A- 
E is to the fide of like proportion namely, to C F. Wherefore like parallelspipedons are in tre- 
ble proportion the one to the other of that in which their fides of like proportion are: which 
was required to be demonftrated. i 





Becaule 
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q Corellary. 


Hereby it is manifeft that if there be fower right lines in * continual pros 
portion, as the firftis to the fourth, fo fhall the Parallelipipedon defcribed 
of the fir/t line be to the Parallelipipedon decribed of the fecond , both tbe 
Parallelipipedons being like andin like fort defcrited, For the firt line is co 


the fourth in treble proportion thar it is to the fecond: and it hath before bene 
proued that the Parallelipipedon defcribed of the firlt, is co the Parallelipipedon 
defcribed of the fecond, in the fame proportion that the firftline is to the fourth. 






















Becaufe the one ofthe figures before, 
defcribed in a plaine, pertayning to the 
demonftration of this 33. Propofition, is 
not altogether fo eafie to a younge begin- 
ner to conceaue, I haue here for the fame 
defcribed an other figure, which if ye firft 
drawe vpon pafted paper and afterward 
cur the lines & folde the fides accordingly, 
will agree with the conftruétion & demon- 
{tration of the fayd Propofition, Howbeie 
this ye muft note that ye muft cut the lines 
OQ & MR onthe contrary fide to that 
which ye cue the other lines. For the fo- 
lides which haue to their bafe the paralle- 
logramme LK are fet on vpward and the 
other downward! Ye may if ye thinke good 
de(cribe after the fame maner of pafted pa- 

. per a body equallto the folide C D: though 
that be eafie inough to conceaue by the fi- 
gure thereof defcribed in díe plaine, -— '' 


q Certaine moft profitable Corollaries, Annotations , T heos 
remes, and Problemes, with other prattifes, Logifticall, and 
cMechanicall, partly upon this 33.and partly upon 
the 34. 36. and other following, 
added by easter Iohan Dee. 


TA Corollary. 1. 


1. Hereby itis manifest, that two right lines may be found, which 
frall baue that proportion,the one to the other, that any two like Parattelipi- 
pedons, and in like fort defcribed, geuen hane the one to the other. 


Suppofe Q and X to be two like Parallelipipedons, and in like fort defcribed . Of Q takeany of 
the three lines, of which itis produced : as namely,R G. OF X, take that right line of his production, 
which line is aunfwerable to R G in proportion (which moft aptly, after the Greke name, may be 

AAa.j. called 
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called Omologall to R G)& 
lee that be T V. By the r1.0f i i 
the fixth, to. RG-and TV, E : . 


lecthe third line in propor- 
tion with them be fouade, 
and lec that be ¥. By the 
fame 1r. ofthe fixch,to T V 
and Y, let the thirde righe 
line be foüd,in the fayd pro 
portion ofT V to Y: & let 
that be Z.I fay now that R G 
hath that proportion to Z, 
which Q hath to X. For by 
contlruction, we haue fower 
right lines in conunuall pro- 
piotion,namely;R G,T V,Y, 
and Z, Wherfore by Euclides 
Corollary, here before, RG 
is to Z, as Qis to X.W bere- y 
fore we hauc foüd two righe , 
Jines hauing that proportion the one to the other,which any two like Parallelipipedons oflike deferip= 
tjon,geuen, haue the one to the other : which was required to be done. I 














y M cre 
«| CAI Corillary. 52, a — 
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As a Connerfe, of my former Corollary, doth it folowe : To finde two like Parallelipipedons of 
lke defeription, which fhall haue that proportion the oùe $o the other that any two right lines genen, 
hane the one tothe other. T 

Suppofe the two right lines genen to be A and B : Imagine of feure rightlines in continual] pro- 
portion,A,to be the firlt, and B to be the fourth : (or contrariwife, B to be firft, & A to be the fourth). 
The fecond and third are to be found; which may, betwene A & B; be two meanes in continuall pro- 
portion : as now, * fuppofe fuch two lines,found : andlet them be C'a20d D . Wherefore by. Euclides 
Corollary, as A is cob (if A were taken as firft ) fo fhall the Parallelipipedon defcribed of A, be to the 
like Parallelipipedon and in like fort defcribed of C : being the fecond of the fower lines in continual 
proportion : itis to wete,A,C,D,and B.. Or, if B fhall be taken as firft, (and that thus they are orderly 
1n continuall proportion, B,D,C,A, ) then, by the fayd Coroilary, as B 1s to A, fo fhall the Parallelipi- 
pedon defcribed of B, be vnto the like Parallelipipedon and in like fort defcribed of D . And vnto a Pa- 
rallelipipedon of A or B, at pleafure defcribed, may an other ofC or D be made like, and in like fort fi- 
tuaced or defcribed, by the 27.0f this eleuenth booke . Wherefore any two right Lincs being geué,&ct 


which was required to be done. 


Thus haue T moft briefly brought to your vnderftanding, if (firft) B were double to 
A, then what Parallelipipedon foeuer, were defcribed of A,the like Parallelipipedon 
andin like fort defcribed of C, (hall be double to the Parallelipipedon defcribed of A. 
And fo likewife (fecondly) ifA were double to B, the Parallelipipedon of D, fhoulde be 
double to the like,of B defcribed, both being like fituated. Wherefore if of A or B,were 
Cubes made, the Cubes. of € and. are proued double ta them: as. thas. of G, to the 
Cube of A : and the Cube gf D £o the Cube of B in the fecond cafe, * And fo of any 
proportionelsbetweneAand Be 777 5 0775. 7 

Now alfo do you moft clercly perceaue the Mathematicall occafion,whereby (firft of 
all men ) Hippocrates, to double any Cube geuen,was ted tothe former Lemma: Betwene 
any to right les genen to finde two other right tines, whieh fhall be with the two firft lines, in conti 
nuall proportion : After whofe tine (many yeares) diuine Plato,Heron,P hilo, Appollenins, 
Diocles, Pappus, Sporus enechmus,eArchytas T aremtinus (who made the wodden doueto 
flye ) Eratosthenc:,N scomedes,with many other (to their immortall fame and renowme) 
published, * divers their witty deuifes, methods, and engines ( which.yet are. extant) 
whereby to execute thys ProotematicallLemma.Butnotwithftanding all the trauailes 
ofthe forefayd Philofophers and Mathematiciens, yea and all others doinges and con- 
triuinges(vnto this day) about the (ayd Lemina,yet there remaincth fufficient matter, 
Mathematically fo to demonftrate che fase,that moft exattly e readily it may alfa be Mechanically 
pratlifed : what who foeuerfhallachicue that feate, {hall not be counted a fecond e 

Font A a gayi Gh v. medes, 
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medes,but rather a pereles Mathematicien,and eZVarbemsaticorum "Princeps. I will fundry 
wayes (in my briefe additions and annotations vpon Euclide ) excite you thereto, yea 
and bring before your eyes fundry new wayes,by meinuented : and in this booke fo 
placed,as matter thereof,to my innentions appertayning,may geue occafion:Leauing 
the farther, full, & abfolute my concluding of the Lemma, to an other place and time: 
which will,now, more cópendioufly be done : fo great a part therof, being before hand 
in thys booke publifhed. 


«| A Corollary added by Fluf‘as. 


"Pavallelipipedous confiff ing vpon equal! bafes are in proportion the one to te other as their alti- 
tudesare. For ifthofe altitudes be cut by a plaine fuperficies parallel to the bafes : the fections fhall 
be in proportion the one to the other as the fections of the bafes cur, by the 25.0f this booke . Which 
fe&tions of the bafes are che one to the other in that proportion that their fides or the altitudes of che 
folides are,by the firlt of the fixt . Wherefore the folides are the one to the other as their altitudes arc. 
But if the bafes be vnlike, the felfe fame thing may be proued by thie Corollary of the 25.0f this booke, 
which by the as.Propofition was proued in like bafes. 


y The 25. T beoreme. T he 14. Propofition. 


In equall Parallelipipedons the bafes are reciprokall to their altitudes. 
And Parallelipipedons whofe bafes are reciprokall to their altitudes, are 


equall the one to the other. 






MEV ppofe that thefe Parallelipipedons A B cr CD be equall the one to the other. Then 
J1 o that the bafes of the Parallelipipedons A B and € D. are reciprokall to their 
RONG altitudes, that is, as the bafe EH is tothe bafe NP, foisthe altitude of the folide 
C D to the altitude ofthe folide AB. Firft let the flanding lines 4G, E FL B,H K, of the 
Solide AB, the fading lines C M, N X,0 D and P R, of the felide C D ,be erectedperpt- 
dicularly to the bafes E H & N P ThE fa that as tbe bafe E H is to the bafe N P fo isthe 
line C M tothe line AG Now if 
the bafe E H be equal to the bafe 
N P,and the folide A B is equall 
to the folide C D, wherefore the 
line CM is equall to the line 
AG”. Forif the bafes E H and 
N P being equal, the altitudes 
A G and C M benot equall, net- 
ther alfo hall the folide A B be 
equall to the folide CD, but 
they are fuppofed to be equal. 
Wherefore the altitude C M is nut vnequall to the altitude AG .Wherefore itis equall. And 
therefore as the baft E H is to the bafe P N, fois the altitude C M to the altitude AG. Wher- 
fore it is manifefl, that tbe bafes ofthe Parallelipipedons AB and C D are reciprokallto 
their altitudes . 
But now fuppofe that the bafe E H be not equall to the bafe N P But let the baft E H be 
the greater. Now the folide AB is equall to the folideC D . Wherefore alfothe altitudeC M 
is greater then the altitude AG* . For if not, then againe are not the folides A B and C D 
equall : but they are by (uppofition equall . Wherefore (by the 2.of the firft) put unto the line 
AG anequallline CT . And upon the bafe'N P and the altitude being CT, make perfette 
a folide cotained under parallal plaine fuperficieces,and let the fame be C Z. And forafmuch 
AAi asthe 
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Jet lacking ré= 
quifite to the 
doubling ofthe 
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the former 
Corollary. 


The conuerfe 
of both the 
partes of che 
ff eee. 


J. 


3, 
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The eleuentb Booke 


esthefolide AB is equall to the  folide C D, and there is a certaine other ‘folide namely,C Z, 
but unto one and the felfe fame magnitude equall magnitudes haue one and the felfe fame 
proportion (by the 7.of the fift ). Wherefore as the folsde A B is to the folide C Z, fois the fo. 
lide CD tothe folide CZ. But 
asthe folide AB is tothe folide 
CZ, fo is the baft EH to the 
bafe NP (by the 32. of the cle- 
wenth ) - for the folides A Band 
CZ are under equall'altitudes. 
And as the folide C D is tothe 
folide CZ, fois the bafe M P. to 
the bafe P T and the line MC to 
the line CT. Wherefore (by the 
11.0f the fift ) asthe bafe E H is 
to the bafe N P, fo is the line C M totbeline CT . But tbe line CT is equall to the line A G. 
Wherefare (by the 7 of the fift)as the bafe E H is to the bafe N P, fo is the altitude C M tothe 
altitude AG. Wherfore in thefe Parallelipipedons AB and C D the bafes are veciprokall to 
their altitudes. 

But now'againe fuppofe that tbe bafes of tbe Parallelipipedons A B andC D be recipro- 
hall to their altitudes, that is, as the bafe E H is to thebafe NN P, fo let tbe altitude of the fo- 
lide C D be to the altitude of the folide A B. Then I fay, that the folide AB is equall to the 

ſolide C D . For againe let the landing lines be eretted perpendicularly to their bafes. 

And row if the bafe E H be equallto the bafe N P : but as the bafe EH is to the bafe 
NP, fois the altitude of the folide C D to the altitude of the folide AB. Wherefore the al- 
titude of tbe folide C D is equall to the altitnde of the folide AB . But Parallelipipedons con- 
Jiling upon equall bafes and under one and the felfe fame altitude , are ( by the 31. of the 
clenenth ) equall the one to the other . Wherefore the folide A B is equall to the folideC D. 

But now fuppofe that the bafe E H be not equall to the bafe N P : but let tbebafe EH 
be the greater Wherefore alfo the altitude of the folide C D, that is, the hne C M. is greater 
then the altitude of the falide AB, that is, then the line AG . Put againe ( by the 3. of the 
firft) the line CT equall tothe line AG, and make perfettethe folide CZ. Now for that 
as the bafe E Histo the bafe N P, fo isthe line MC tothe line AG . But the line AG ise- 
quallto tbe line C T. .Wherefore as tbe bafe E H is to tbe bafe "N P, fo is tbe line C M tothe 
Line CT . But.as the bafe E H isto the bafe N P, fo (by the 32. of the elenenth ) is the folide 
AB tothe folideC Z,for the folides A B and C Z are under equall altitudes. And as the line 
CM istothe line CT, fo (by the 1. of the fixt ) isthe bafe MP tothe bafe PT, and (by 
the 32.0f the eleuenth ) the folide C D to the folide C Z .Whereforealfo ( by tbe 11. and p. 
of the fife ) asthe folide AB is to the folide C Z, fois the folide C D to the folide C Z . Wher- 
fore either of thefe folides A B and € D hane to the folide C Z one and the fame proportion. 
Wherefore (by the 7 .of the fift ) the flide A B is equallto tbe folide C D : which wasrequi- 
red to be demonftrated. 





But now fuppofe that the Standing lines namely, F E,B L,G A, KH:XN,D0,MC, 
and RP, be not erected perpendicularly to their bafes . And (by the 11.of the eleuenth ) from 
the pointes F,G, B, K:X, M, D, R, draw unto the plaine fuperficies of the bafes E H and 
NP perpendicular lines, and let thofe perpendicular lines light vpõ the pointes S,T Vs 
Z:W,Y,d, and 9 , and make perfette the Parallelipipedons F Z,and X Q , 1 fay that, 
euenin this cafe alfo, if the folides 4 B and C D be equall, their bafes are reciprokall to 
their altitudes, that is, as the bafe E H is to the bafe N P, fo is the altitude of the folide CD 
so the altitude of the folide AB. For forafmuch as thefolide AB is equall to- the folide 

CD 
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CD, but the folide AB is equallto 
the folide BT ( by the 20.0f thee- 
leuenth ) for they are vpon one and 
the felfe fame bafe, namely, the pas 
rallelogramme K F, and under one 
and the felfe fame altitude, whofe 
standing lines are in the felfe fame 
right lines, namely, HZ AT, and 
LV ES: and the folide C D is by 
the fame reafon equallto the folide 
DT, for they both confit upon one 
and thefelfe fame bafe, namely, the 
parallelogramme X R, and arevun- 
der one and the felfe fame altitude, 
whofe flanding lines are in the 
fele [ame right lines, namely, 
P QGT,andOh NW . Wherefore the folide 
BT 1s cquall to the folide DT . But inequall 
Parallelipipedons , whofe altitudes are erctted D 
perpendicularly to their bafes, their bafes are re- 
ciprokall to thesr altitudcs(by the firft part of this 
Propofition) . Wherefore as the bafe F K is to 
the bafe X R, fo isthe altitude of the fulide DY 
to the altitude of the folide BT. But the bale F K 
és equall tothe bafe E H, and the bafe X R tothe 
bafe N P . Wherefore as the bafe EH is to the 
bafe NP, fois the altitude of: the folide DT to 
the altitude of the folide BT . But the altitudes 
of the folides DY GBT, and of the folides D C 
Or B Aare one and the felfe fame . Wherefore as 
the bafe EH is to the bafe N P, fois the altitude 
of the folide C D to the altitude of the folide AB. 
Wherfore the bafes of the Parallelipipedons AB 5 
and C D are reciprokall to their altitudes. 

Againe fuppefe that the bafes of the Paralleli- Pe e c., Y 
pipedons A B and C D bereciprokall to their al- Mim 3 
titudes that is,as the bafe E H is to the bafe NP fo let the altitude of the folide CD be to the 
altitude of tbe folide A B .'T ben 1 fay, that the folide A B is eguall to the folide C-D .For the 
fame arder of consirutlion vemayning, for tbat as the bafe E Bisto the bafe NP, fo isthe 
altitude of the folide C D to the altitude of the folide AB : but the bafe EH is equall to the 
parallelogramme F K, and the bafe NP tothe parallelogramme X R: wherefore as the bafe 
F K isto the bafe X R, fo is the altitude of tbe folide C D to the altitude of the [olde A B But 
the altitudes of the [olides A B and B T are equall, aud fa alfo are tbe altitudes of the folides 
D Cand DY .Wherefore as the bafe FK istothe bafe X R, fo is the altitude of the folide 
DY tothe altitude of the folide BT . Wherefore the bafes of the Parallelipipedons BT and 
D Tare reciprokall to their altitudes . But Parallelipipedons whofe altitudes are erected per- 
pendicularly to their bafes, and whofe bafes are reciprokall to their altitudes, are equall the 
one to the other (by this Propofition ) . Wherefore the folide BT is equall to the folide DY. 
But the folide BT is equallto the folsde B A (by the 29.0f the eleuenth) for they confit vpon 
one and the felfe fame bafe,namely, F K, and are under one and the Self) ‘fame altitude,whofe 
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Jain  condline c p,let i 
zu Ma a Cubebe made: 
` -a- Fé EC 
Qu whole {quare -- 
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Sefe fame altitude, whofe [landing lines are in the felfe fame right lines. Wherefore alfo tbe 
Solide A B is equallto the folideC D . Wherefore in eqaall Parallelipipedons the. bafes. are 
reciprokall to thcir altitudes. And Parallelipipedons whofe bafes are reciprokall with their 
altitudes are equall the one to the other : which was required to be proutdis,  \ > 


x 


The demonftration of the firit cafe ofthis Propofition is eafie to conccaue by the figure asitis defcri- 
Ded in che plaine. But ye may for your more full fight defcribe Parallelipipedons of palted paper, ac- 
cording as thc conitru&tion teacheth you. HERE: : 

And for the fecond cafe, ifyereméber well the forme of the figures which you made for the fecond 
cafe of the 31.Propofition: and defcribe the like for this;taking heedc to the letters that ye place chem 
like as thecóllrudion in this cafe requireth,ye fhall molt eafily by them come to the full vnder(tanding 
of the conftru@ion and demonttration of the faid cafe. 


M.lIobn Dee his fundry Inuentions and Annotacions very néceffary, 
x ere to be added and confidered. 
AThesremes” 

Uf fower right lines be in continuall proportion end vpon the [quare of the firft,as a bafe , be erec- 
red arectangle parallelipipedon, whofe heith is the fourth line: that reltangle parallelipipedon is equal 
tothe Cube made of the fecond line, And sf vpon the fquare of the faurth line , as a bafe be ereéled a 
reLangle parallelipipedon whoſe heith isthe firft line , that parallelipipedon is equall to tbe Cube 
made of the third line, — j 


Suppofe as, 
CD,8F,andcu 
to be fower right 


2K 
lines in cótinuall i 7 ` — 
proportion: and x 
vpó the (quare of Seaway ge ee! eee ZR 
ae(whichletbe | m D ] 
A 1) asa bafc,lét — E 
be erefted a reć- wane 2 
cagle parallelipi- ' ` 
pedó, hauing his "S 
heith r & , equall 
to GB the fourth I 


line. And let chat S | 
A B 


Qu 


4 


arallelipipedon 
ba x .Ofthe fe- 






baſe, let Bie noted' ved Cir S UN 
with c.q:aad fer 
his heith be no-, 
ted by q t: &let 
the whole Cube .. 
be fignified by c- 

x. I fay that a sis 
equall to c z. Let 
the like cóflructi- 
on be for the 
cube of the third 
line:thatis,vpon 
the (quzrz of o & 

(^ which fuppofe 
to be a») leta 
re&angle paralle- 
lipipedon be e- 
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re&ed,hauyng his heith w o,equall to A » the firfl line : which parallelipipedon let be noted with co. 
And -f{uppofe the cube ofthe third line (s r)to be x w: whofe fquarebafe,lec be noted by a r t and hys 
heith by x « . Lay now (fecondly) that 6 o isequalto x ^. For the firlt part confider, that a1 (the 
fquare bafe ofA K) is to c Q, the fquare bafe of c 1,as 4 s isto the third line x r,by thes.Corollary of 
the 20. ofthe fixth. Butas a e , isto E r, fo( by alternate proportion) is c n to c u, toc D. Thecubes 
rootc, is q L,the fame cubes heith equall:and to G # is 1K (by conftruétion)equall : wherefore,as a 1 
isto c Q, fois Q1 to 1K. The bafes therefore and heithes of A Kand c 1, are reciprocally:in proporti- 
on: wherefore by the fecond part of this 34. propofition, AK and c 1 are equall. For proofe of the: fe- 
cond part of my cheoreme, 1 ay, that as 4 8, c D, E r, and c H, areincontinuall proportion forward, 
fo are they backward in continuall proportion, as by thefourth ofthe fift may be proued . Wherefore 
now confidering c to beas firft,and fo a8 co be the fourth: the {quare bafe c n, is to the [quare bafe 
Ex, as GH isto c D, by thez. corollary of the 20. of che fixth: Butas G H is to c D, fo ise F to a g, by 
alcernate proportion: to the Cubik roote x r;is& w (the heith of the fame Cube x wj equall, And to 

^ Bis the heith w o equall,by conftruction: wherfore as 6 w isto E R, fo isr m to n o. Therfore by the 

fecond part of this 3 4. propofition, c o is equallto x w. If fowre right lincs (therefore) be in continu- 
all proportion &c. as in the propofition: which was required to be demonftrated.: tan 


A Corollary logifticall. : 
Of my former Theoreme it followeth: Any twonumbers being genen, betWwene Which t\vo We 
would hane two other numbers middle, ix continual proportion : T hat if Wwe multiply che fqnare of 
the firft number genen, by the other genen number (as sf st Were the fourth ):the roote Cubsk of that 
ofcome or produkt, fhall be the fecond number fought: eAnd farther, if We multiply the fquareof the 
other number genen, by the first geuen number , the roote Cabike of that ofcome {hall be the thirde 
number fought. : mM s 
For( by my T beoreme) thofe vetlangle parallelipipedós made of the fquares of the firft & fourth, 
multiplied by the fourth c the first accordingly, are equall ta the Cubes made of tbe fezond e third 
numbers: Which we make our two middle proportionals.. Wherefore. of thofe parallelipipedons (as 
Cubes ) the Cubskrootes, by good and vfuall arte fought and found, gene the very two middle num- 
bers defired. And where thofe numbers, are ot by logifTicall conftderation accounted Cubik, num- 
bers ye may ufé the logiftical fecret of approching nere to the precife verytye:fo that therof most eafily 
you (hall pecceane, that your fayle is of the fence neuer to be perceaued: it is to Wete, as ina lyne of an 
such long, not to want or exceede the thoufandthoufand part: or farther you may (infinitely approche 
at pleafure, O Mechanical frend, be ef good comfort, put to thy hand: Labor im probus, om- 


-nia vincit, $ 2 
A Probleme. 1. 
Vppon arighe lined payne fuperficiès genen ,to appiy a reclangle parallelipipedon genuen. 


Orwe may thus expreffe thefamething. | — 


Vppon aright lined playnefuperficies geuen, to erett a reilangle paralleliprpedon, equall toarec- 
tangle parallelipipedon genen. 


Suppofe the right lined playne fuperficies geuen to be s : and the rectangle parallelipipedon ge- 
7 Pu to be 4 M. Vppon 2,asa baíe mult 4 n be applyed: chat is, a reQangle parellipipedon mutt be ere- 
ed yppon s, - i f : 
as a bafe,whi- Ml, g 
che fhall be e- ` J y E 
val to AM, . 
y the lafte of 
the fecond, to 
the right ly- 
ned figures , 
let an equall 
{quare be 
made : which 
fuppofe to be 
FRX.*produce 
one fide of the 
bafe of the pa- 





x 


AAa iij. rallelipipedon 


Demonflratió 
of the first 
pare. 


Demouflratio 
of the fecond 
part. 


To finde two 
maddie proper 
ticnals be- 
twene two 
numbers gene, 


Note the prac 
tife of abp o- 
ching to pre- 
cienes in Che 
bik rootes, 


* This isthe 

way to apply 

any [quare 

genen, tos 

line alfo gene, 
Suffictenty ex- 
ten de d, 


A probleme ;, 
worththe 5, 
fearching n 


for. 


‘ allelipipedó 
AN , Which JL - F 
O 
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ler be ac, 

extended to 

the pointr. 

Let Pie o- N 

ther fide of 

the fayde 

bale , con- 

curring with ' 

Ac, bec 6. $ D 


As cc isto 

FR (the fide | ⸗ 

ol the ſquare ^ 

F R x ) folet 1 

the fame F A C T S 


x beto aline 

‘cut of from 

€ p fufficiently extended : by the rr.of the fixth : and let that third proportionallline be c pr. Lee the 
rectangle parallelogramme be made perfect;as c n.Ttis euident , that c p, is equall to the fquare r & x 
by the 17.0f the fixch: and by contlru&tion r & x,isequallto x. Wherfore c pis equallto s.Dy the 12. 
of the fixth,as c p,is to a c,fo let a n (the heith ofa m )be to the right line o.1 fay hata folide perpen- 
dicularly erected vppon the bafe s , haainge the heith of the line o , is equall to the parallefipipedon 4 
M.For.c D isto 4 G,as C P isto A c by the firlte of che fixch , and & is proued equall to c 0 : Wherfore 
by the 7. ofthe fifth , s isto a Gasc isto A c : ButascPistoa c ,foisANtoo,byconfttu&tion: 
Wherefore s is to a G asa wisto o , Sothan the bafess and. A c are reciprocally in proportion with 
the heithes 4 w and o.By this 34 therefore, a folide erected perpendicularly vppon s asa bafe , hauing 
the height 0, is equall to a m. Wherefore vppon a righrlyned playn fuperficiesgeuen , we haue applied 
a rcélangle parallelipipedon geuen: Which was requifite to be donne. 


[1 
[AN 


A Probleme 2. 
eA reitangle parallelipipedon being geuen to make an other equall to it of any beith afigned, 


Suppofe the reCtangle parallelipipedon geuen to be a, and the heith afsigned co be the right line 
*:Now mulftwe make a rc&langle parallelipipedon;equal to ^: Whofe heith muttbe equallto s. Ac- 
cording to the manner before v(ed;we mult frame our cóftru&tion to a reciprokall proportió betwene 
the bafes and heithes. Which will be done i£as the heith afsigned beareth it felfe in proportion to the 
heith of the parallclipipedon giuen: fo,one of the fides of the bafe of the parallelipipedon giuen, be to 
a fourth line, by the 12.0f the fixth found. For that line founde,and the other fide ot the bafe of the ge- 
ven parallelipipedon, contayne a parallelogramme , which doth ferue for the bafe , (which onely , we 
wanted)to vfe with our ginen heith :and {0 is the Probleme to be executed. 


Note». 

Euchdein the 27.of this eleuenth hath taught, how, ofa right line geué,to defcribe a 
parallepipedó, like, & likewife fituated, toa parallelipipedó geué : Ihauc alfo added, 
How;to a parallepipedon geuen,an other may be made equall, vppon any right lined 
bafe geuen,or of any heith a(signed:Butifcither Euclide,or any other before our time 
(anfwerably to the 25.of the fixth,in playns )had among folids inuented this propofi- 
tion: Two vneqnall and vnlikeparallelipspedons being genen, to defcribe a parallelipipedon equall to 
theone,and like ro the other,we would haue geuen them their deferued prai(e:and I would 
allo haue ben right glad to haue ben eafed of my great trauayles and difcourfes about 
the inuenting thereof, 

Here ende I. Dee his additions vppon this 


34. Propofition. V 


T he 3o.T beoreme. — T be 31. Propofition, 


If there be two fuperficiall angles equall,and from the pointes of id ane 
gles 


of Euclides Elementes. 350, 


gles be elenated on high right lines, comprehending together with thofe 
right lines which containe the fuperficiall angles equall angles eche to his 
corefpüdent angle and if in eche of the elenated lines be také a point at all 
anentures , and from thofe pointes be drawen perpendicular lines to the 
ground playne fuperficieces in-which are the angles genen at the begins 
ning, and from the pointes which are by thofe perpendicular lines made in 
the two playne fuperficieces be ioyned to thofe angles which were put at 
the beginning right lines : thofe right lines together with the lines elenas 
ted on high [hall contayne equall angles, 


"pf that thefe two rectiline fuperficiall angles B AC, and ED F be equall 
the one to the other:and from the pointes A.and D let there be eleuated upward 
theferight lines A G and D M, comprehendinge together with the lines put at 
the beginninge equall angles, ech to his correfpondent angle,that is,the angle M 
D E tothe angle GAB, and the angle M D F to the angle G AC, and take in the lines AG 
and D M pointes at all au£tures and let the fame be G and M.And (by the 11.0f the eleutth) 
from the pointes G and M draw unto the ground playne fuperficteces wherein are the an- 
gles BAC and E : 

D F perpendicular 
lines G L and At 
N and let them fall 
inthe fayd playne 
fuperficieces in the 
pointes N and L, 
and drawe aright 
line from the point 
Lto the point A 
andan other fiom 
the pointe Nto the 
pointe D. T ben I fay that the angle G A L ts equall to the angle M D N. Fro the greater of 
the two lines AG and D M, (which let be AG ) cut of by the 3. of the first the line AH 
equall unto the line D M.And (by the 31. of the fir5#) by the point H,drawe unto the line G 
La parallel line,and let the fame be H K. Now the line G L ws erected perpendicularly to the 
grounde playne fuperficies B A L : Wherfore alfo( by the 8. of the elewenth ) the line H K is 
erected d to the fame ond ne fuperficies B.A C.Drawe (by the 12. of the 
feft) frà the pointes K and N nto the right lines A B,A C,D FC D E perpedicular right 
Lines,and let the fame be K C, N F, K B, N E. And drawe theferight lines HC, C B, MF, 
F E.Now forafmuch as (by the 47. of the firft ) the (quare of the line H Ais equall tothe 
[quares of the lines H K and K A, but vnto the (quare of the line K A are equall the {quares 
of the lines K C and C A:Wherefore the fquare of the linc\H A'is equall to the [quares of 
the lines HK, KC and CA. But by the fame unto the fquares of thelines HK and 
KC is equall the (quare of the line HC : Wherefore the {quare of the line H Ais equall 
to the fquares of the lines H C and C A :wherfore the angle HC Ais(by the 48. of the fir(t)a 
right angle. And by the fame reafon alfo the angle M F Dis aright angle. Wherefore 
the angle H C A is equall to the angle M F D.But the angle H A Cis ( by fuppofitio equal 
to the angle M D F Wherfore there are tmo triangles M D F and H AC haning two an- 
gles of the one equall to twoo angles of the other , eche to his correfpondent angle,and one fide 
of the one equall to one fide of the other namely, that fide which fubtendeth one of the equall 


angles, 








Conflru Bion. 


Demonſtra- 
tion. 


The eleuenth Booke 


angles,that is,the fideH Aisequall tothe fide DM by conftruttion. Wherefore the fides 
zemayning art (by the 26 of the firit)equall tothe fides remayning . Wherefore the fide AC 
ds equallto tbefide D F Ja like fort may we proue tbat the fide AB is equall tothe fide D E, 
if ye drawe aright line frum the point H tothe point B,and an other from the point M tothe 
point E.F or forafmuch as the quare of the line AH is ( by the a7. of the firfle)equall to the 
[quares of the lines AK and K H, and (by the fame ) vato thefquare of the line A K are 
equall tbe (quares ef the limes A B and B K. Wherefore the (quares of the lines AB,BK, 
«nd K H arcequall to the {quare of the line AH . But unto the {quares of the lines B K and 
KH is equall tbe (quare of tbe line B H. (Dy tbe 47. of the firft) for the angle HKB is 
a right angle for that the line H K is erected perpedicularly to the ground playne fuperficies: 
Wherefore the! fquare of the line AH is equall to the Tues of the lines ABand BH. 
Wherefore (by the 48. of the firft) the angle AB His avight angle. And by the fame rea- 
Son the angle D EM aright angle. Now the angle B AH is equall to the angle E D M, 
Sor it fofuppofed, andthe line AH is equallto the line D M . Wherefare (b) the z6.of 
tie firfte) the line A Bis equall to the line D E. Now forafmuch as the line AC is equall 
to the line D F , and the linc AB to the line DE , therefore thefe two lines AC and 
A B arc egnallto theft two lines F D and D E . But tbe angle alfo C AB is by fuppofiti- 
en equallto tbe angle F D E.Wherefore(by the q.of the firfle ) tbe bafe B C is equall to 1he 
bafe E F and the triangle to the triangle,and the rest of the angles to the reste of the angles. 
Wherefore the angle AC Bis equalltu the angle D F E. And the right angle AC K is equal 
tothe right angle D F N.Wherfore the angle remayning, namely,B C K yis equall to the an. 
gleremayning, namely, to E F N.And by the fame reafo alfo the angle C B K is equal to the 
angle F E N Wher 
Jore there are two A 
triangles B CK, 
E F N,bauing two / 
angles of the one 
equalto two angles I Zu) 
ofthe other eche to — Nec 
his correfpondent | L— 
angle, and one fide H j 
of the one equallto 
one fide of the o- S L 
ther, namely , that ‘ . 
fide that lieth betwene the equall angles , that is the fide BC ss equall to the fide E F:Where- 
“fore (by the 26. of the firkt )the fides remaininge are equall to the fides remayning Wherfore 
the fide CK is equall to the fide F N:butthe fide AC 1s equall to the fide D F . Wherefore 
thefe tro fides AC andC K are equall to thefe two fides D F and F N „and they contayne 
eguall angles:Wherefore (by the 4.of the firit ) the bafe A K iseguallto the bafe D N. And 
poches asthe line AH wequallto the line D M , therefore the {quare of the line A H is 
equallto the [quare of the line D M. But unto the {quare of the line AH areequall the 
Squares of the lines A K and K H(by the 47 of the firft)for the angle A K H ts aright angle. 
And tothe (quare of the line D M are equall the {quares of | the lines D Nand N M, for the 
angle D N M is aright angle Wherefore the {quares of the lines A K and K H are equall to 
thefquares of the lines D N and NM: of which two,the {quare of theline AK ts equallto 
the (quare of the line D N (for the line A K is proued equal to the line A N).Wherefore the 
refidue,namely the [quare of the line K H ss equal to the reftdue namely,to the (quare of the. 
line NM .Wherefore tbe line H K is equall to the line M N 4nd forafmuch as the[e tmo 
lines H Aand AK are equallto tbefe two lines M D and D N, the one tothe —— / 
4 
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befe H Kis equallto the bafe M N therfore (by the 8.of thé firit) the angle H A K is equall 
to the angle M T).N . If therefore there be two fuperfictall avgles equall, and fro the pointes 
of thofe angles be elenated an high right lines comprehending together with thoferight lines 
which were put at the beginning,equall angles,ech to his corefpondent angle, and if in ech of 
the erected lines be taken a point at all aduentures,and from thofe pointes be drawen perpen- 
dicular lines to the plaine fuperficieces in which are the angles gewen at the beginning, and 
from the pointes which are by the perpendicular lines made in the two plaine [uperficieces be 
ioyned right lines to thofe angles which were put at the beginning, thofe right lines fhall to- 
gether with the lines elenated on high make equall angles: which was required to be proued. 


Becaufethe figures of the former demonftration aré fomewhat hard to conceaue as they are there 
draweh in a plaine,by reafon of the lines chac are imagined to be eleuated on high, I haue here fet oz 
ther figures, wherein you mult e- 
recte perpendicularly to the ground 
fuperficieces the two triangles 
BH K,and-EM N , and then ele- 
vate the triangles DFM,& A CH, 
in fuch fort that the angles M and 
H of thefe triangles, may concurre 
with the angles M and H of the o- 
ther ereéted triangles . Aud then 
imagining only a line to be drawen 
from the poine G ofthe line A G tø 
the point L in the ground fuperfi- 
cies, compare "it With thé former. / 
conítru&ion & demonftration, and ^ 
itwill make it very eafye to con- | 
ceaue. : 





q Corollary. 


By this it is manife/t, that if there be two retfiline fuferficiall angles e« 
quall, and vpon thofe angles be eleuated on high equall right lines-contays 
ning together with the right lines put at tbe b. ginning equall angles: pere. 
pendicular lines drawen from thofe eleuated lines to tbe ground plaine fue 
gerficieces wherein are-the angles put at the beginning, are equall the one 
tothe other . " Foritis manifelt, thac ehe perpendicular lines HK, &M N, which ate dra- 
— endes of the equall Seated lines A H, and DM, to the ground ſu perficieces, are 
equall. 


gi The 31. T heoreme. The 36. Propofition. 


Tf there be three right lines proportionall: a Parallelipipedon defcribed of 

 thofe three right ines, is equall to the Parallelipipedon defcribed of the 
middle line, fo that it confifte of equall fides, and alfo be equiangle to the 
forefayd Parallelipipedon. E 


. Then I fa», that the Parallelipipedon made of the lines A,B,C, is equall to the Pa- 
eh rallelipipedon made of the line B, fo that the folide made of the line B confist of e- 


4 "A 


ie Vppofe that thefe three lines. A,B,C, be proportionall, as Aisto B, fo let B beta C. 


of Euclidės Elementes, Folasi. 


bafe H K iseguallto the Lafe M N :tberfore (Dy the Sof thé frit) the angleH A K isequall 
to the angle M D-N . If therefore there be two [uperfictallayales equall, anid fro the pointes 
of thofe angles be eleuated an high right lines comiprehending tagetber with tbofé right lines 
which were put at tbe beginning ,equall angles,ech to bis corefpondent angle, and if in ech of 
the eretted lines be taken a point at all aduentures,and from thofe pointes be. drawen perpen- 
dicular lines to the plaine uperficieces in which are the angles geuen at the beginning, and 
from the pointes which are by the perpendicular lines made in the two plaine fuperficieces bé 
zoyned right lines to thofe angles which were put at the beginning, thofe right lines [Ball to- 
gether with the lines eleuated on high make equall angles: which was required to be proved. 


Becaufethe figures of the former demonftration are fomewhat hard to conceaue as they are there 
drawen ina plaine,by reafon of the lines that are imagined to be eleuated on high, I haue here fet o: 


ther figures, wherein you mult e- 

rece perpendicularly to che ground 

fuperficieces the two triangles 

BHK, and EMN, and then ele- D 
he triangles DFM,& ACH, N 


B 


By this it is manifeft, that if there be two rettiline fuperficiall angles es 

qual, and vpon thofe angles be elevated on high equall right lines-contays 

ning together with the right lines put at the b: ginning equali angles: pers 
pendicular lines drawen oe: eleuated lines to the ground plaine fus 

perficseces wherein are.the angles put at the beginning, are equall the one 

t0.0 be other w” For itis manifelt, chat the perpendicular lines H K, & MN, which afe dra 
Mesifronethe endes of she equall gteyated lines A'H,.and D M,to the ground fu perficieces, are’ 
“equal. 


f The 31. T heoreme. The 56. Propofition. as 


‘Tf there be three right lines proportional: a Parallelipipedon defcribed of 

thofe three right lines, is equall to the Parallelipipedon defcribed of the 
middle line, fo that it confifte of equall fides, and alfo be equiangle to the 
forefayd Parallelipipedon. 








ad VP, ofe that thefe three lines A,B,C, be proportionall, as A is to B, folet B beto C. 
S.T hen I fay, that the Parallelipipedon made of the lines A,B,C, is equall to the Pa- 
x rallelipipedon made of the line B, fo that the folide made of the line B confit of e- 


quall 


of Euchides Elementes. . Fol.35i. 


baſe H Nis equallto the afe M N :.therfore (by the Sof thé fir}t) the angle H A K is equall 
to the angle M DN . If therefore there be two ſuperficiall augles equall, and frà tbe pointes 
of thofè angles he eleuated an high right lines comprehending together with thofevight lines 
which were put at the beginning,equall angles, ech to his core[pondent angle, and if in ech of 
the erected lines be taken a point at all aduentures,and from thofe pointes be drawen perpen- 
dicular lines to the plaine fuperficieces in which are the angles geuen at the beginning, and 
from the pointes which are by the perpendicular lines made in the tvo plaine fuperficteces be 
toyned right lines to thofe angles which were put at the beginning, thofe right lines [hall to- 
gether with the lines eleuated on bigh sake equall angles: which was required to beproucd. 


—F 


n EN 
Becaufe the figures ofthe former demohftration arè fomewhar hard £o conceaue as they åre there 
drawef in a plaine,by reafon of the lines that are imagined to be eleuated on high, I haue here fet o- 


ther figures, whercin you mutt e- 

ređe perpendicularly to the ground : 
fuperficieces the two triangles 
BHK, and EMN, and then ele- 
uate the triangles DFM,& A CH, 

in fuch fortthat the anglece ^ — 

H of thefe triangles, 

with the angles Mand Hv. 

ther ereéted triangles . And tu. 
imagining only aline to be drawen , 


from the point G ofthe line A G tø 7 


X 
mU Ne exe 

the point L in the ground fuperfi- \ 7 om 
cies, compare ‘it with the former 
conftruétion & demonftration, and N 
itwill make it very ealye to con- . 
ceaue. : zo 

j i 





€ g Corollary. 


By this it is manife/t, that if there be two reftiline fuperficiall angles ea 
quall, and ypon thofe angles be elenated on high equall right lines-contays 
ning together with the right lines put at the b: ginning equall angles: pera 
pendicular lines drawen from thofeelenated lines to the ground plaine fue 
perficieces ‘wherein are the angles put at the beginning, are equall the one 
to.the other. - For itis manifeft, thatthe perpendicularlines H K, & M N, which are dra- 


ce teenie eades of the equall steyated lines A H;.and D M, to the ground fuperficieces, are 
equal. 


g T be 31. T beoreme. T'he 36. Propofition. 


Tf there be three right lines proportional: a Parallelipipedon decribed of 
thofe three right lines is equall to the. Parallelipipedon defcribed of the 
middle line, fo tbat it confifte of equall fides, and alfo be equiangle to the 
forefayd Parallelipipedon. — = 


NS T. hen I fa > that the Parallelipipedon made of the lines A,B,C, is equall to the Pa- 
HE ralleliptpedon made of the line B, fo that the folide made of the line B confió ofe- 


quall 


RS V ppofe that thefe three lines A,B,C, be proportionall, as Ais to B,folet B beta C. 


Confiruftions 


Demon ftra- 
cians 


* Tticenidet 
thae thofe per- 
pendiculars 
are all one 
with the flan- 
ding lines of 
the polides, if 
their fotide an 
gles be made 
of fuperfi- 
ciall right ane 
gles onelye 


The elenenth Booke 


quall fides, and be alfo equiangle to the folide made of the lines A,B,C . Defcribe (by the 23. 
of the elenenth) a folide angle E contained under three fuperficiall angles, that is, DEG, 
G E F, aud F E D s and (by the 3-of the firft) put unto the line B euery one of thefe lines 
D E,G E,& EF, equall: 
and make perfette the fo- 
lide EK. And unto the A Cc 
line Alettheline LMbe t ————————À — 
equall. And (by the 26.of 

the eleutth unto the right K : 

line L M, and at the point 

init L, defcribe unto the ewe Ne 8 

folide angle Ean equal fo- 

lide angle, cotained under 

thefe plaine f[uperfrciall an- 

gles NLX, XLM, and 

NLM, and nto the line N 

B pat tbe line L X equall, — — 

€ the line LIN, totheline. fy I 

C.Now for that as the ine Hl L> 

A isto the line D, fo is thc 

line B tothe line C:but the K 

line A is equall to tbe line : 

LM, and the line B to ene- 

ry one of thefe lines LX, 

EF,EG, and ED,and 

the line C tothe line LN. 

Wherefore as LM is to 

EF, foisDEtoLN:So 





then the fides about the e- F 
qnal angles MLN, & D- 

E F are geciprokall:Wher- D 
Sorella the x4. of the fixt) E 


the p arallélagrame MN 

is equal to'the parallelogranimie D F:And forafmuch as two plaine fuperficiallanyles,name. 
hy, DEF and NEM are equal} the one'to the other; and upon them are erected Ŭpward e- 
quatlright lines, L X and EG, comprehending with the right lines put at the beginning e- 
quallangles che are to the other “Wherefore* perpendicular lines drawen from the pointes 
X and G tothe plaine fuperficieces wherin are the angles NL M, and D E F, are(by the Co- 
rollary of the former Propofition) equall the one to the other: and thofe perpendiculars are 
the altitudes of the Parallelipipedons L Hand E K, by the g.definition of the fixt. Wherfore 
the [oirdes LH and E.K, axe under one and the felfe fame altitude. But Parallelipipedons 
conſiſtinę vpon equall bafessand being under one and the felfe fame altitude,are (by the 5 1. 

of theelewenth) equall the one toshe other . Wherefore the folide LH is equall to the folide 
EK ..Bwb.the folide L H is defcribed of the lines A,B;C, and thefolide E K is defcvibed of 
the line B .Wherefore the Parallelipipedon de[cribed of the lines A,B,C, is equall to the Pa- 
rallelipipedon made of the line B, which confiiteth of equall fides,and is alfo equiangle to the 

forefaid Parallelivipedon. If therfore there be three right lines proportronall,a Parallelipipe- 

di defcribed of thofe three right lines is equall to the Parallelipipedo decribed of the middle 

line, fo that it confiit of equal fides, and alfo be equiangle to the forefaid Parallelipipedon: 


which was required tobe proucd. ` ` 
* The 
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The conftruion and demonttration of this Propofition, and of the next Propofition following, 
may eafily be conceaued and vnderftanded by the figures defcribed in the plaine belonging to them. 
But ye may for che more full fight of chem, defcribe {uch bodies of palted paper,hauing their fides pro- 
portíonall, as is required in the Propofitions. " 


q New inuentions ( coincident ) added by Master Iobn Dee. 
ÆA Corollary. 1. 


Hereby it is enident, that if three right lines be proportionall:the Cube produced of the middle 
line, is equall to the rectangle Parallelipipedon made of thofe three lines. f 


Fora Cube isa Parallelipipedon of equall fides : and alfo rectangled : as we fuppofe the Parallelipi- 
pedon, made of the three lines to be likewife reclangled. 


A Probleme. 1. 


e4 Cube being genen, to finde three right lines proportionall, in any proportion genen betwene 


two right lines : of which three lines, the rettangle Parallelipipedon produced, [ball be equall so the 
Cube genen. 


Suppofe AC to be the 
Cube geuen : whofe roote, 
fuppofe to be A B ..Letthe 
proportion geuen , be char 
which is betwene the two 
right lincs D and E. Ifay 
now, three righe lines are 
to be found,proportionall, 
in the proportion of Dto E, 
of which, the rectangle Pa- 
rallelipipedon produced,; `; 
dhall be equallto AC. By , 
the 12.0f the fixeleca line be 
found , which to ‘AB haue 
that proportion that D hath 
to E. Let that line be F: and 
by the fame 12. of the fixth, 
Jet an other line be found, 
to which, AB , hath that 
proportion that D hath to 
E : and let that line found 
be H . Leta rectangle Paral- 
Jelipipedon mathematically 
be produced of the three 
right lines F, AB, and H, 
which fuppofe to be K:1 fy 
now, that F,A B, and H,are 
three righe lines found pro- 
portionall in the proporti- 
cn ofD to E, of which, che 
re@angle Parallelipipedon 
X , produced , is equall to 
AC the Cube geuen . Firft : : 
jcis euident that F,A Band ut 
H, are proportionall in the proportion ofD to E . For, by conftru&tion, asDis to E, fo isF to AB: and 
by conftru&tion likewife, as D is to E, fo is AB to H. Wherefore F isto AB, and AB isto H,as Dis 
to E . So then itis manifeft, F, A B, and H, to be proportional in the proportion of D to E,and A B to 
be the middle line . By my former Corollary, therefore, the reCtangle parallelipipedon made of F,A B, 
. and H,is equall co the Cnbe made of A B . But A C, is (by fuppofition)the Cube made of A B : and of. 
the three lines F, A B, and H, the re&ngle parallelipipedon produced, is K, by conftru&tion : Wher- 
fore, K, is equall to A C : A Cubc being geuen, therefore, three right lines are cand c ris in 
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any proportion geué betwene two right lines,of which three right lines the reCtangle parallelipipedon 
piaduced,is eqnall to the Cube geuen . Which ought to be done. 
- Mat ele 2m a 


xe A Probleme. 2. 


cA rettangle Pavallelipipedon being geuen, to finde threevight lines proportional : of the which, 
the rectangle larallelipipedon produced, is equall tothe rettangle Parallelipipedon genn. 


Lilten to this new deuife, you couragious Mathematiciens : confider, how nere this trepeth to 
the famous Probleme ofdoubling the Cube. What hope may (in maner)any young beginner cóceiue; 
by one meanes or other,at one time or other, to execute this Probleme? * Seing toa Cube may in- 
finitely infinite Parallelipipedons be found equall : all which Parallelipipedons fhall be produced of 
three right lines proportionall, by the former Probleme : butto any rectangle Parallelipipedon geuen, 
fome ong Cube is¢quall : asis eafie to demonttrare : We can not doubt, but vnto our rectangle Paral- 
Iclipipedon geuen, niany other rectangle Patallelipipedons are alfo equall, hauing their three lines of 
produ&tion;proportionall. In the former Probleme, infinitely infinite Parallelipipedons may be found 
of three proportionall lines produced, equall to che Cube geuen : itis to wete, the.three lines to be of 
all proportions, that a man can deui(e betwene two right lines : andhere any one will ferue : where 
alfo is infinite varietic : chough all of one quantitie : as betore in the Cube . Ileaue as now, with thys 
marke.here fer ypto fhoore at. Hitit who can. 3 : 

: Oe as Do HE — 
g The 32. T beoreme. The 37. Propofition. 


if there be fower right lines proportional: the Parallelipipedons defcrie 
bed of thofe lines being like and in like fort defcribed, fhall be proportio- 
nall. And if the Parallelipipedons defcribed of them being like and in like 
fort defcribed ,be proportionall: thofe right lines alfo fhall be proportional. 


ua qi Vppofe that tbefe fower right lines AB,C D, EF, and G H, be proportionall, 
Sof, | 4s ABistoC D, folet E F betoGH, and upon the lines AB,C D, EF, and 
|G H, defcrtbe thefe Parallelipipedons K A, LC, M F, and NG, being like and 
y eed in like fort defcribed . Then Ifay, that as the folide K A is tothe folide LC, fo 
ts the [olide M E to the ſolide 
NG. For forafmuch as the Pa- 
vallelipipedon K A ts liketo the L 
Parallelipipedon L C: therfore 
(by the 33 of the elenenth ) the 
folide K Ais tothe folide LC 
in treble proportion of that 
which the fide A B is to the fide 
CD: and by the fame reafon 
the Parallelipipedon M E 1 to 
the Parrallelipipedon NG in 
treble proportion ofthat which 
the fide E F is tothe fide G H. 
Wherfore(by the 11 of the fift) 
as the Parallelipipedon K A & 
‘tothe Parallelipipedon L C, fo . 
dt the Parallelipipedun M E to 
the Parallelipipedon NG. ` 
But now fuppofe, that as - 
the Parallelipipedon K A 6 t0 


K 
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the Parallelipipedon LC, fois the Pavallelipipedon M E to the Parallelipipedon NG.Then 
1 fay, that asthe right line AB iste theright line C D, fo u the right line EF to the right 


line GH . For againe forafmuch as thefolide K A is tothe folide L Cin treble proportion of 


that which the fide A b isto the fide CD, and the folide M E, alfo is to the folide NG in 
treble proportion cf that which the line E F is to the line G H, and as the folide K A isto the 
folide L C, fo is tbe folide M E to the folide NG . Wherefore alfo as the line A B isto the line 
C D, fo isthe line E F tothe lineG H . If therefore there be fower right lines proportional: 
the Paralielipipedons defcribed of tbofe lines, being like cr in like fort defcribed Jhall be pro- 
portional. And if the Parallelipipedons defcribed of them,and being like and in like fort de- 
feribed, be proportional : thofe right lines alfo hall be proportionall. which was required to 
be proued. 
f| Tbe 33. T heoremé, ~ T be 58. Propofition. 


Ifa plaine fuperficies be ereé?ed perpendicularly to a plaine fuperficies, 
and from a point taken in one of the plaine fuperficieces be drawen to the 
other plaine fupevficies a perpendicular line : that perpendicular line fhall 
fall ypon the common feétion of thofe plaine fuperficieces. 

oo HM S. 


FIR V PPofe that the plaine fuperficies C.D be trelfed perpédicularly to tbe plaire Superf- 
i cies A B, and let their common fection be the line D A * and in the fuperficies CD 
"take a point at all aduentures, and let the fame be E .T hen I fay, that a perpendicu- 
lar line drawen from ihe point E tothe 
plaine fuperficies AB, fhallfall upon the a i e 
right line DA. For if not,then let it fall : 
without the.line D A, as the line E F; 
doth, and le it fall upon the plaine fu-,/' 
perficies A Bin the point F . And (by 
the 12. of the firft) from the point F 
draw unto the line D A, being inthe 
Superficies AB a perpendicular line F- 2 
G, which line alfo is eretted perpendicu- 
larly to the plaine fuperficies C D: bythe 
third diffinitio: hy reafon we prefuppofe 
C D and AB to be perpendicularly erec- 
ted ech to other. Draw aright line from 
the point E to the point G . And foraf-. 
much asthe line F G is erected perpendi- B : 
eularly to tbe plaine fuperficies C D, and 
the line E G toucheth it being in tbe [uperficies C D.Wherefore the angle F G E is (Ey the z, 
definition of the elenenth) aright angle. But the line E F is alfo erected perpédicularly to the 
Superficies AB : wherefore the angle E F G is aright angle. Now therefore two angles of the 
triangle E F G, areequallto tmorigbt angles : which (by the 17. of the firft) is impofible. 
Wherfore a perpendicular line drawen fro the point E to the {uperficies A B,falleth not witha 
out the line D A. Wherefore it falleth upon the line D A : whichwas required to be proued. 







q Note. 

Campane maketh this as a Corollary, following vpon the 13: and very well, with fmall 
ayde of other Propofitions,he proueth it:whole demonftratié there, Flafa hath inthis 
place, and none other:though he fayth that Campane of (ach a Propofitió,as of Euclides, 
inaketh no mention, 
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In this fgure ye may more fully fee the former Propofi-, 
zion and demooftration ifye ereéte perpendicularly vnto 
the ground plaine fuperficies AB the fuperficies CD, and 
imagine a Line to be extended from the point E to the poiot 
B,ta ltede whereof ye may extend ifye will a thred. 
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g The 34. T beoreme. — The; 9. Propofition. 


Uf the oppofite fides of a Parallelipipedon Le-- deuided. into two equall 
partes , and by tbeir common fe£fions be extended plaine  fuperficieces: the 
comma ‘fe &ion of thofe plame 'fuperficieces) and tbe diameter of the Paral- 
lehpipedon Mall deuide the onethe other into two equall partes. 






2 ASKS Vppofe that A F bea Paralelipipedon, and let the oppofite fides thereof CF and 
| —* e C A H be deuided into two equall [partes in the pointes K,L,M,N, and likewife let 
[KOR the oppofite fides A D and G F be deuided into two equall partes in the pointes 
LAX, P,O ,R,and by thofe fettions extend thefe two plaine fuperficieces K N cy X R, 
and les the common fection of thofe plaine fuperficieces be the line F S, and les the diagonall 
line ef the folide AB be the line p 2 K P 
D G.T hen 1 fay,that the lines V S 
and DG dodenide the one theo~ 
ther into two equall partes that is, 
that the line VT is equall tothe 
line T S, and the line D T. to tbe 
line T G . Drame thefe vight lines 
D V,V E, BS, and 5 G. Now for- 
afmuch as the line D Xis a parallel 
to the line O E therfore(by tbe 2p. 
of the first) tbe angles D XV and 
y OE being alternate angles, are 
equall tbe one to tbe other... And 
forafmuch as the line D X is equall 
to theline O E, and the line XV to 
tbe line V. O, and they comprehend 
equallangles : Wherefore the bafe 
DP is equall to the bafe VE ( by 
the q of the fir[t) - and the triangle 
DXV is equall to the triangle 
V0 E, andthe reft of the angles to 
the reft of the angles . Wherefore the angle XV D is equall tothe angle OVE . Wherefore 
DV Eis one right line, aad by the fame reafon BSG is alfo one right line, and the line BS 
is equall to the line SG. And fora{much as the line C A is equall to the line D B,and is vn- 
to it a parallel, but the line C A is equallto tbe line G E, and is unto it alfo a parallel: wher- 
fore (by tbe fir(l common fentence) theline D B is equall to tbe line G E, Qr is alfo a parallel 
ento it : but tberight lines D E and BG ao ioyne thefe parallel lines together : Wherefore 


by the 33.0f the firft)the line D E is a parallel unto the line B G.And in either of thefe lines 
s are 
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are taken pointes at all aduentures, namely, D,V,G,S, anda right line is drawen from the 
point D to the point G, and an other from the point V tothe point S Wherefore (by the 7.0f 
the eleuenth) the lines D G and V S arein one and the felfe fame plaine fuperficies . And for- 
afmuch as the line D E is a parallel to the line B G, therefore (by the 24.0f the fir/t) the an- 
gle E DT i5 equallto tbe angle B GT , for they are alternate angles, and likewife the angle 
DTVisequalltothbeangle GT 5. Now then there are two triangles, that is, DTV and 
GT S, hauing two angles of the one equall to two angles of the other, and onc fide of the one 

_equall to one fide of the other , namely, the fide which [ubtendeth the equall angles that is ,the 
fide DV tothe fide GS, for they are the halfes of the lines D E and BG; Wherefore the fides 
remayning are equall to the fides remayning.Wherfore the line D T is equall to the line T G, 
andthe lineVT tothelineT S. If therefore the oppofite fides of a Parallelipipedon bede- 
uided into tmo equall partes, and by their fections be extended plaine fuperficseces, the com- 
mon fection of thofe plaine [uperficieces,and the diameter of the Parallelipipedon, do deuide 
the one the other into two equali partes : which was required to be demonftrated. 


A Corollary added by Flufas. 


Enery playne fuperficies extended by the center of a parallelipipedon, dinideth that folide into- 
two equall partes and [a doth not any other playne fuperficses not extended by the center. 


For euery playrc extended by the center,cutteth the diameter of the parallelipipedon in the cen- 
ter into two equall partes. For itis proued, that playne fuperficieces which cutte the folide into two 
equal] partes,do cut the dimetienc into two equall partes in the center. Wherefore all the lines drawen 
by the center in that playne fuperficies fhall make angles with the dimetient. And forafmuch as the di- 
ameter fallcth vpon the parallel right lines of the folide, which defcribe the oppofite fides of the fayde 
folide, or vpon the parallel playne fuperficieces of the folide, which make angels at the endes ofthe 
diameter: che triangles contayned vnder the diameter, and the right line extended in that playne by 
the center, and the right line, which being drawen in the oppofite fuperficieces of the folide,ioyneth 
together che endes of the forefayde right lines, namely, the ende of the diameter, and the ende of the 
line drawen by the center iu the füperficies extended by che center, fhallalwayes be equall, and equi- 
angle, by the 26. of the firlt. For the oppofite right lines drawen by the oppofite playne fuperficieces of 
the folide do make equall angles with the diameter, forafmuch as they are parallel lines, by the 14. of 
this booke. But the angles at the céter are equall, by the 15. ofthe firft, for they are head angles: & one 
fide is equall to one fide, namely, halfe the dimetient. Wherefore the triangles contayned vnder e- 
very right line drawen by the center of the parallelipipedon in the fuperficies, which is excended alfo 
by the fayd center, and the diameter thereof ,whole endes are the angles of the folide,are equall,equi- 
later, & equiangle( by the 26. ofthe firlt). Wherfore it followeth thac the playne fuperficies which cut- 
tech che parallelipipedon, doth make the partes ofthe bafes on the oppofite fide,equall,and equiangle, 
and therefore like ;and'équall both in multitude,and in magnitude: wherefore the ewo folide fections 
of that folide,fha!be equall and like;by.che 8. diffinition of this booke . And now that no other playne 
fuperficies befides chat which is extended by thc center, deuideth the parallelipipedon into two equall 
partes, itis manifeft: if vnto the playne fuperficies which is not extended by the center, we extend by 
the center 2 parallel playne fuperficies (by the Corollary of the 15. ofthis booke). For forafmuch as 
that fuperficies uid is extended by the centcr,doth deuide the parallelipipedó into two equall parts 
icis manifelt, chat che other playne fuperficies (which isa parallel co the fuperficies which deuideth 
the folide into two equall partes) is in one of che equall partes of the folide : wherefore feing chat the 
whole is euer greater then his partes, ict mult nedes be that one of thee (e&tionsis leffe then the halfe 
of the folide, and therefore the other is greater. 

For the better vnderltanding of this former propofition, & alfo of his Corollary added by Fluffas, it 
fhalbe very nedefull for you to defcribe of pafted paper or fuch like mattera parallelipipedé or a Cube, 
and to devide all che parallelogrames therofinto two equall parts, by drawing by the céters of the fayd 
parallelogrammes (which centers are the poynts made by the cutting of diagonall lines drawen fré the 
oppofice angles of the fayd parallelogrames) lines parallels to the fides of the parallelogrames:as in the 
former figure defcribed in a plaine ye may fee, are the fixe parallelogrames D E,E H,H A,A D, DH, and 
C G, whom thefe parallel lines drawen by the céters of the fayd parallelográmes, namely, X O, O n, 
P R „and P X, do deuide into two equall parts: by which fower lines ye mutt imagine a playne fuperfi- 
cies to be extended, alio thefe parallel lynes K L, L N, N M, and M K, by which fower lines likewife ye 
muft imagine a playne fuperficies to be extended ye: may ifyc will put within your body made thus of 
pus paper,two fuperficieces made alfo of the fayd paper,hauing to their limites lines equall to the 
‘orefayde parallel lines: which fuperficieces muft alfo be deuided into two equall partes by paraltel 
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In chis hgure yemay more fully fee the former Propofi-, 
tion and demooftration ifye ereéte perpendicularly vnto 
the ground plaine fuperficies AB the fuperficies C D, and 
imagine a line to be extended from the point E to the point 
F,ia tede whereof ye may extend if ye will a thred, 


=i 
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If the oppofite fides of a "Pavallelipipedon be: deuided- into two equall 
partes, and by their common fetfions be extended plaine  fuperficieces: the 
commõ ſection of thoſe plaine ſuperficieces]) and the diameter o tbe Paral 
lehipipedon fhall dentde the onethe other into two equall partes. 


) 





— V ppofe that A F bea Pavallelivipedon, and let the oppofite fides thereof CF and 
p ee] AH be denided into two equall —— the pie and — let 
| eX the oppofite fides A D and G F be denided into two equall partes in the pointes 
E X,P,0, R,and by thofe fetlions extend thefe two plaine fuperficieces K N e X R, 
and let the common {ection of thofe plaime [uperficieces be tbe line V $, and let tbe diagonall 
line of the folide AB be the line r 2K F 
D G.T hea I fay,that the lines V S 
and DG dodeuide the one the o- 
ther into two equall partes,that is, 
that the line VT is equall tothe 
line T S, and the line DT to the 
line TG. Drawe thefe right lines 
DY, E, BS, and S G. Now for- 
afmuch as the line D Xis a parallel 
to the line O E,therfore(by the 29. 
of the first) tbe angles D X V and 
V 0 E being alternate angles, ave 
equall tbe one ta tbe other . And 
forafmuch as the line D X is equall 
to theline O E, and the linc XV to 
the line V O, and they comprehend 
equall angles : Wherefore the bafe 
DP isequall to the bafe VE (by - 
the 4.of the firft) and the triangle 
DXYV is equall to the triangle 
VOE, andthe reft of the angles to 
the reft of the angles . Wherefore the angle X V D is equall to the angle OVE . Wherefore 
DV-E is onevight line, aud by the fame reafon BSG is alfo one right line, and the line BS 
is equall to the Line SG. And fora{much as the lineC A is equall to the line D B,and is va- 
10 it a parallel, but tbe line C A is equallto tbe line G E, and is vnto it alfo a parallel : wher- 
fore {by the fir[t common fentence) the line D B is equall to the line GE, 7 is alfoa parallel 
cyato it : but theright lines D E and B G doioyne thefe parallel lines together : Wherefore 


(by the 33 .0f the firft)the line D Eis a parallel vinto the line B G. And in either of thefe lines 
: are 
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Vines drawen by their centers, and mult cut the one the other by thefe parallel lines..And for the dia- 
meter of this body, extéd a thred from oneangle in the bafe of the folide to his.oppofite angle, which 
fhall paffe by the center of the parallelipipedon, as doth the line DG in the figure peer defcribed in 
the playne. And draw in the bafe and the oppofite fuperficies vnto it, Diagonal! lines,from the angles 
from which is extended the diameter ofthe folide: as in the former defcription are thelines B G and 
DE. And when you haue thus defcribed this body, compare it with the former demonttration, and it 
will make it very playne vnto you, fo your letters agree with the letters of the figure defcribed in the 
booke. And this defcriprion will playnely [et forth vnto you the corollary following that propofition. 
For where as to the vnderttanding of the demonitration of the propofition the fuperficieces put 
within the body were extended by parallellynes drawen by the céters of the bafes of the parallelipipe- 
don: to the ynderftanding of the fayd Corollary, ye may extende a fuperficies by any other lines dra- 
wen in the fayd bales, fo chat yec it paffe chrongh the middelt of the thred, which is fuppofed to be the 
«enter of the parallelipipedon. im x 


g The 35. T beoreme. The ao. Propofition. 


If there be two Prifmes '»nder equal altitudes , «7 the one aue to bis bafe 
‘a parallelogramme, and the other a triangle sand if the parallelogramme 
he double to the triangle: thofe Pri[mes are equall tbe one to tbe otber. 


NS 


Vppofe that thefe two Prifmes ABCD EF,GHK MON, be under equall 
altitudes, and let the one haue to his bafe tbe parallelogramme AC, and the o- 
ther the triangle G H K, and let the parallelogramme AC ‘be double to the tri- 
—8 angle G H K «S ben ſaj, that the Priſme IBCD E Fis equall to the Priſme 
GHK MON . Make perfette" ye — 

the Pavallelipipedous AX GO... 
And forafmuch as the parallela- — 

gramme AC is double tothe tri- K 
angle GH K , but the parallelo-. 









c 


of the first) double to tbe triangle — — rie (s 
GHK, wherefore the parallelo-, een o Sanesi onir K a 
gramme A C isequall to tbe: pa- i... Tum ace dU. tee s 
rallelogramme GH . But Parallelipipedons conf fing upon eqnall bafes dnd under one and 
she felfe fame altitude, are equall the one to the other (by the 31.0f the eleuenth) . Wherefore 
the folide AX is equall to the folide GO . But the halfe of the folide A X is the Prifme AB- 
C DE F, and the halfe of the folide G O is tbe Prifme GHK MON .Wherfore the Prifme 
ABCDEF isequalltothe Prifme GHK MON. If therefore there be twoPrifmes-un- 
der equall altitudes, andthe one haue to bis bafe aparallelygramme, dy tbe other a triangle, 
and if the parallelogramme be double to the triangle : thofe Prifmesare equall the one to the 
other : which was required to be proued. UU fee ak 


This Propofition and the demonttration thereof are not hard to conceaue by the former figures: 
but ye may for your fuller vnderftanding ofthé take two eqriall Parallelipipedons equilater and equiz 
angle the one to the other defcribed of palled paper or fuch like matter, and in the bafe of the one Pa- 
rallelipipedon draw a diagonall line, and draw an other diagonallline in the vpper fuperficies oppofice 
vnto.the faid diagonall line drawen in the bale , And in one of the parallelogrammes which are ce vp- 
on the hale ofthe other Parallelipipedon draw a diagonall line, and drawe an other diagonall line in 
the parallelogramme oppofite to the fame . For fo ifye extend plaine fuperficieces' by thofe diagonall 
lines there will be made two Prifmes in ech body . Ye muft take heede that ye put for'the bafes of eche 
of thefe Parallelipipedons equall parallelográmes . Aind then note thé with letters according to the let- 
ters of che figures before defcribed in the plaine. And cópare thé with the demontlration;and they will 
make both it and the Propofition very clerc vnto you', They will alfo geue great light to the Corollary 
following added by Fluffas. Coo ina Snell nsi : : 


By 


of Euclides Elementet, 355. 
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By this andthe former propofitions at ir manifeft tbat Priſuet and folides* contayned ander.two 
poligonon figures equall,like,and pavillels, and tle veft parallelogrammes:may becompared the one to 
the other after the felfe fame mantr that parallelipipedonsare, E 


For foráfmuch as (by this propofitian and by the fecond Carollary ofthe 2$. ofthis booke) itis 
manifelt, that cuery parallelipipedon may be refolued into.two like; and equal Prifimes,of one and the 
fame altitude, whofe bale fhalbe oneand the felfe fame with the. bafe of the paraHeljpipedon or the 
halfe theregf, which Prifmes alfo fhalbe concayned vader the felfe fame fides with thie parallelipipedd, 
the fayde fides beyng alfo fides of like proportion: I fay thas 'ri(mes may be compared together after 
the like maner that their Parallelipipedons are.For if we,would deuide a Prifine like vato his foli e by 
the as.of this booke,ye fhall inde iu the Corollaryes ofthe 25, prepofitió, that;that: which is fet forth 
touching a parallelipipedon, fo]loweth not oncly in 3 Pri(me; but alfo in any fided columne whofe op- 
pofite baíesare equall, and like, 3nd hisfides parallelogrammes, ~ . 

I£it be required by the27.propofitiqn vpon a right Line.geuen to defcribea Prifme like and in like 
forte fituate to a Prifme geueri: deícribe fitt the whole parallclipipedon whereofthe prifme geuen is 
the halfe (which thing ye fee by this 4o. propofition may be done). And vnto that parallelipipedó de- 
fcribe vpon therightline geuen by the {ayd 27. propofition an other parallelipipedon like : and the 
halfe thereof fhalbe the prifine which ye feeke for, namely, fhalbe a prifme defcribed vpon the right 


line geuen,and like vnto the prifme. geuen. 


\ 


In deede Prifmes can not be cut accordiag to the 28.propofition. For that in their oppofite fides 
can be drawen no diagonall lines: howbeit by that 28. propofition thofc Prifmes are manifeftly con- 
firmed to be equalland like, which are the halues of one and the felfe fame paralleJipipedon. 

And as touching the z9. propofition, and the three following it; which proueth that parallelipi- 
pedons vnder one and the felfe fame altitude, and vpon equall bales, or the felfe fame bafes,are equal: 
or if they be vnder one and the felfe fame altitude,théy arein proportion the one to the other,as their 
bafes are: to apply thefe comparifons vnto Prifmes, it is to be required, that the bales of the Prifmes 
compared together, be either all parallelogrammes, or all triangles . For fo ane and the felfe altitude 
remayning, the comparifon of thinges equall is euer one and the felfe fame, and the halfes of the bafes 
are ever the one to the other in the fame proportion; that their wholes are. Wherfore Prifmes which 
ate the halues of the parallelipipedons, and which haue the fame proportion the one to the other thae 
the whole parallelipipedons haue, which are vnder one and the felfe fame altitude: mult needes caufe 
chat their bafes being the halues of the bafes of the parallelipipedds are in the fame proportié the one 
to the other, thae their whole parallelipipedons are. If therefore the whole parallelipipedons bein the 
proportion of the whole bales, their halues alfo ( which are Prifmes) fhalbe in the*proportion either 
of the wholes if their bafes be parallelograrmmes,or of the halucs if they be triangles, whichyis euer all 
one by the 15. of the fiueth: 

And fora(much as by the 33. propoficion, like parállelipipedons which are the doubles of their 
Prifmes are in treble proportion the one to the‘other that their fides of lik» proportion are, it is mani- 
felt, thac Prifmes being their halues (which haue the one to the other the fame proportion that their 
wholes haue,by the 15 o£ the fiueth) and hauing the félfe f2me fides that their parallelipipedons haue, 
are the one to the other in treble proportion of that which the fides of like proportion are. 

And for that Priftmes are the one to the other in the fame proportion that their parallelipipedons 
are, and the bales of the Prifmes(being all either triangles or parallelogrames)are the one to the other 
in the fame proportion that the bales of the parallelipipedons are, whofe alticudes alfo are alwayes e- 
quall, we may by the 34. propofition conclude, that the bafes of the prifmes and the bafes of the paral- 
lelipipedons their doubles (being ech the one to the otherin oneand the fclfe fame proportion) are 
to the altitud es,in the fame proportion that che bafes of the double folides, namely, of the parallelipi- 
pedons are. For ifthe bafes of the equall parallelipipedós be reciprokall with their altitudes,then their 
halues which are Prifmes fhall haue their bafes reciprokall with cheir alticudes. . 

By the 36, propofition we may conclude, that if there be three right lines proportional, the an- 


gle of a Prifme made of thefe three lines( being common with the angle of his parallclipipedon which - 


1s double)doth makea prifme,which is equall co the Prifme defcribed of the middle line,and contay- 
ning the like angle, confifting alfo of equall fides. For as in the parallelipipedon, fo alfo in the Prifme, 
this one thing is required, namely that the three dimenfions ofthe proportionall lines do make an an- 
gle like vnto the angle contayned ofthe middle line taken three tymes. Now then ifthe folide angle 
ofthe Prifme be made of thofe three right lines, there íhall ofthem be made an angle like to the angle 


* Which of 
Jome are cal- 
ted fided Co= 
lumnes. 


of the parallelipipedon which is double vnto it. Wherefore it followeth of neceifitie,that the Prifmes 


which are alwayes the halues of the Parallelipipedons, are equiangle the one to the other, asalfo are 
their doubles, although they be not equilater : and therefore thofe halues of equall folides are equall 
the one to the other: namely, that which is decribed of the middle proportionall line is equall to that 

which is defcribed of the three proportionall lines. 
By the 37. propoficion alfo we may conclude the fame touching Prifmes which was concluded 
BBb.iiij. touching 


Sided Co- 
(omnes. 
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touching Parallelipipedons, For forafmuch as Prifmes,de(cribed like & in like fort ofthe lines geuen, 
are the halues of the Parallelipipedons which are like and in like fort defcribed, it followech that thele 
Prifmes haue the one to the other the fame proportion that the folides which are their doubles haue. 
And therfore ifthe lines which defcribe them be porportionall,they fhalbe proportional, and fo con- 
uerfedly accord ing to the rule of the fayd 37. propofition. . 

But forafmuch as the 39. propofition fuppofeth the oppofite fuperficiall fides ofthe folide to be 
parallelogrammes, and the fame folide to haue one diameter, which thinges a Pri(me can not haue, 
therefore this propofition can by no meanes be applyed to Prifmes, . 

Butas touching folides whofe bafes are two like, equall,and parallel poligonon figures and their 
fides are parallelogrammes, fora(much as'by the fecond Corollary of the:5. of this booke it hath bene 
declared,that fuch folides are compofed;of Pri(mes, it may eafely be proued that their nature 
is (uch, as ís the nature of the Prifmes, whereofthey are compofed . Wherefore a paralle- 
lipipedon being by the 27. propofition ofthis booké defcribed, there may alfo be de- 
ícribed the halfe thereof, which isa Pri(me : and by the defcription of Prifmes, 
there may be compofeda folide like vnto a folide geuen compofed of Prifmes. 

So thatit is manifeft , chat that which thez5. 50.31.32. 33. 34. and 
37. propofitions fet forth couching parallelipipedons, may well 
beapplyed alfo co.theíe kyndes of folides. 


The end oftheeleuenth booke 
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a The tweluethbooke of Eu- 
—— J cdlides Elementes. 


N rHIs TVVELVETH. BOOK E, EVCLIDP 
fetteth forth the paffionsand propricties of Pyramids, 
Prifmes,Cones,Cylinders,and Spheres. And compareth 
Pyramids, firft to Pyrainids,then to Prifmes : fo likewife 
doth he Cones, and Cylinders. And laftly he compareth 
Spheres the one to the other. But before he goeth to the 
treatie of thofe bodies, he proueth that, like Poligonon 
figures in{cribed in circles,and alo the circles thé felues 
are in proportion the one to the other, as the {quares of 
the diameters of thofe circles are . Becaufe that was ne- 
SAN MS ceffary to be proued, for the confirmation of certayne 
MJ paffionsand proprieties ofthofe bodies. 





f T he 1. T beoreme. T he 1. Propofition. 


Like Poligonon figures defcribed in circles : are in that proportion the one 
to the other , that the fquares of their diameters are. 


1] Fppofe that there be tmo circles ABCD E,and FGHKL, 

and in them let there be defer ibed like Poligonon figures,name- 

ly, L4 8 C D E, and F GH K L, and let the diameters of the 

| circles be B M, and G N . Then 1 fay, that as the fauare of the 

J| Line BM is to the fquare of the line GN, fois the Poligonon fi- 

LANNY! gure ABC DE to the Poligonon figure FGH KL . Drawe Confirnetion. 

A) | thefe right lines BE, A M,G L, and F N . And forafmuch as 
the Poligonon figure AB C D E is like tothe Poligonon figure Demonflre- 
FGHKL, therefore the angle B AE is equall to the angle "e. f 


H 














c 


GFL, andasthe line B Aistotheline AE, foisthe line GF tothe line F L ( by the defi- 
nition of like Poligonon figures ) . Nam therefore there are two triangles B AE and A FL, 
/ auing 

10/5 
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haning one angleof the one equall to one angle of the other, namely, tbe angle B A E. equall 
vothe angleG F L, and the fides about the equall angles are proportional: Wherefore ( by the 
Sirft definition of the fixt) the triangle AB E is equiangle to tbe triangleFG L. Wherefore 
the angle A E B is equall to the angle F LG . But (y the z1.of the third) the angle AEB 
as equallto the angle A.M B, for they confifte upon one and the felfe fame circumference:and 


Ed 


A 





by the fame reafon the angle F L G is equallto tbe angle F N G.Wherfore the angle AMB 
35 equall to tbe angle F.N G . And the right angle B A M yis ( by the 4. petition ) equallto 
the right angle G F N, Wherefore the angle remayning, is equallto the angle vemayning. 
Wherefore the triangle A M B isequiangle to tbe triangle F NG . Wherefore proportionally 
as the line B.Més to theline G N, fois the line B A tu the lineG F . But the [quare of the line 
B Mis tothe {yuare of the line G N in double proportion of that which the line B M isto the 
Jine G NC (Dy tbe Corollary of the 20.0f the fixt) . And the Poligonon figure AB C D E isto 
the Poligonox figure F G H K L in danble proportion of that which the line B Ais to the line 
G F (bythe zo of the fixt) . Wherefore (by the 11.0f the fift) as the {quare of the line BiM 
45 to the [quare of the line G N, [o is tbe Poligonon figure A BC D E, to tbe Poligonon fi- 
gare FGHK L. Wherefore like Poligonon figures defcribed in circles, are in that pro- 
portion the one to the other, thar she (quares of the diameters are: which was required to be 
demonftrated. . 


g Iobu "Dee bis fruitfull inflru&fions with certaine Corollaries, 
and their great vfe. 


Wwe can nor eafily perceaue, what occafion and ayde, Archimedes had, by thefe firft & fecond Pro- 
pofitious, to finde the nere Area,or Content ofa circle: betwenea Poligonon figure within the 
circle, and the like about the fame circle,defcribed ? Whofe precife quantities are molt eafily knowen: 
being comprehended of right lines. Where alo (co auoyde all occafions of errour) it is good in num- 
bers, noc hauing precife {quare rootes,to vfe the Logitticall proceffe, according to the rules, with 
Vir 12, J 35719, and fo, offuch like, Who can not readily fallinto Archimedes reckoning and ac- 
count, by his method? To finde the proportion ofthe circumference of any circle to his diameter, 
to be almott triple, and one feuenth of the diameter : but to be more then triple and ten one & feuen- 


tithes : that is to be leflethen 3—and more then 3. Andwhere Archimedes v{ed a Poligonoa 


7 , N 
figure of 96.fides : he that, for exercife fake,or for carnelt defire ofa more nerenes,will vle Polygonon 
figures of 384.fides (or more) may well trauaile therein, till either wearines caufe him flay, orels he 
fiade his labour fruitles . In deede Archimedes concluded proportion, of the circumference to the dia- 
meter, 
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meter, hath hitherto ferued the vulgare and Mechanicall warkemen : wherewich, who {0 isnotcon- 
tented, let his owne Methodicall trauaile fatiffie his defire : or let him procure other therto . For,nar- 
rower termes (of greater and leffe) found, and appointed to the circumference, willal(o winne to the 
Area of the circle a nearer quantiue : feing, tris well demoftrated of 4rchsmedes, thava triangle rectan- 
gle,of whofe two fides (contayning the rightangle ) one is equall to. the femidiameter of the circle, 
and the other to the circumference of che fame, is equall to the Area ofthatcircle. Vpon which two 
Theoremes, it followeth, that the fquare made of che diameter, is in, chat proportion to the circle (ve- 


ry neare) in which, 14, is to tr. Wherefore euery. circle is i^ eleuen fowertenthes ( well neare ) of 


d 
the fquare about him defcribed . The one fide, then, ofthat fquare, deuide into 14.equall partes : and 
from that point which endeth the eleuenth part, drawe to che oppofite fide, a line, parallel to the other 
fides, and fo make perfc&te the parallelogramme .Then, by the laft Propofiuon of the fecond booke, 
vnto that parallelogramme(whofe one fide hath thofe 11.equall partes), make a fquare equall . Then 
is it euident, that fquare to b& equall to.the circle, about which the fir(t quare is de[cribed. As ye may 


here beholdein chefefigures .— ` 


$1 —— 
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Gente frend, che great defire, which I haue,thatbath with pleafure and alfo profite, thou mayett 
fpend thy time in thefe excellent ftudies, doth caufe me here tofurnifhe thee fomewhat (extraordina- 
rily ) about the circle : not onely by pointing vnto thee,the welfpring of ¢rchimedes his fo much won- 
dred at, and inftly commended trauaile (in the former 3. Theoremes, here repeated),but alfo to make 
thee more apt, to vnderitand and pra&tife this and other bookes following , where, vfe of the circle 
may be had in any confideration : as in Cones, Cylinders,and Spheres, &c. 


\ 


©- Q Corollary. 1. 


By Archimedes fecond T heoreme ( as I hane here alleaged them )it is manifest , that a pa- 
rallelogramme contained,either under the femidiameter and halfe the circumference , or under the 
halfe femidiameter and Whole circumference of any circle, is equallto the circle: bythe 4x, of the 


first sand firft of tbe fixt. 
« Ct corollary. — 2. 


Likewife it is enident, that the paralelogramme contayned under the femidiameter,and halfe of 

any portion of the circumference of a circle genen, is equall to that feltor of the fame circle, to Which 

~ the whole portion of the circumference geuen, doth belong . Oryou may vfethe halfe femideameter, 
and the whole portion of the circumference : as fides of the asd parallelogramme, 


__ The farcher winning, and inferring, I committe to your (kill,care,and ftudye. But in an other fore 
willl gee you newe ayde, and inftruction here. 


T AT heoreme. 
36-4 T 


2a 


3. 


The fquaring 
of the circle. 
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Demon[lrati- 
on deading to 
an impofsibi- 
tities 
Twocafes in 
ehis hropoſi- 
tiat. 


Toe firfl cafe. 
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Of all circles, the circumferences to their awne diameters, hane one andthe fame proportion ; in 

what one circle foener, they ave affigned. ^ ; 

Thatis (as Archimedes hath demonftrated) almof…t, as 22. to 7 : or nearer, if nearer be fouud: vn- 


ull rhe very precife proportion be demontltated . Which, what focuer it be, in all circumferences to 
their proper diameters, will be demonftrated onc and the fame. a 


Æ A Corollary. 1. 
Wherefore if two circles be propounded, Which  fuppofe to be d and B, as tbe. circuvference of 4 
is tothe circumference of B, fo 1; e 
diameter of Ato the diameter of B. 





For by the former Theoreme, as 
the circumference of A,is co hisown 
diameter, fo is the circumference of 
B, to his own diameter : Wherfore, 


A 
alternately, as the ciccumferenceof— (—— | 
A, is to the circumference of B, fois 
the diameter of A, to the diameter 
of B : Which was required to be de- 
monftrated. 


% ACorollary. 2. 


i — 


| 
\ 

/ 
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= 


Je is now then enident, that Wwe can geue two circles Wwhofe circumferences one to she other , fhal 
hanc any proportion genen in tworight lines. 


i p A The great Mechanicall vfe ( befides Mathemaricall confiderations) which, thefe ewo Corollaryes 
may haué in Whecles of Milles, Clockes,Cranes,and other engines for water workes, and for warres, 


and many other purpofes, the carneft and wittie Mechanicien will foone boult out, & gladly prattife. 


2 Mee, G fobn Dee. ~** 


P 


4 Tbe 2. T'beoreme. s. The z. Propofition. 


Circles ave in that proporsion the one tothe other, that the {quares of their 
\ 


-a diameters are. 


TOD SGEN uU ' io . 
KAN V ppofe that there be twotircles ABC D, and E FGH, and let their diame- 






K| zers be B Dand FH . T hen 1 fay, that as the [quare ofthe line DB is to the 
S 7) 19 


SSO 8 fauareuf the line F H, fo isthe circle ABCD tothe arce EFGH. For if 


J| tbe circle A.B C D be not unto the circle E F G H,as the (quare of tbe line B D 
isto the (quare of tbe line  H : then the (quare of the line B D. hall be to tbe [quare ofthe 
line F H, as the circle A BC D isto a (uperficies,eitber leffe then the circle E F G H,or grea- 
ter . Firff let tbe fquare of the linB D Leto tbefquare of the line F H,asthe circle ABC D 
is vo a [uperficies leffe then the circle E F GH, namely, to the fuperficies S. Defcribe ( by the 
6. of the fourth )4n tbe circle EF G Ha quare E F G H,. Now rbi quare thui deferibed —— 
ter theo the balfe of the circle EFG M. Forif by the pointes E, F, G, H,we drawe right 1t 
touching 
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touching tbe circle , the [quare EFG H, is, the balfeof the Square, defiribed abont the. That a fauare 

circle, but tbe (quare deferibed about the cirtle ,, is greater then the circle. — the \Within any 
quare EF GH,which is infcribedin the circle, is greater then the halfe of the circle AH as 

EFGH. Denide the circumferences EF, F G,GH;andH E, into two equal partes in, pe n hehe she 

the pointes K,L, M,N. And drame thefe righi lines EK, K F,FL,LG,GM,M H, eire; / 

H N,and NE . Wherefore euery one of thefe triangles E K F,F L G,G M H,and H.N E," That the lfof- 





is greater then the halfe "Mr OUT edestrian- 
of the fegmet of the cir- = — gles,withont 
cle which is defcribed a- — — EIE NIAE 
bout it. For if by the. u Ere fee — 
pointes K,L,M, N,be en Us mar borin 
drawén lines touching - e .o.L they are, 

the circle, and then be : 

made perfecte the paral- 

lelogrames made of the E 

right linesEF,FG,G- & 


H, cr H E, enery one of 
the triangles E K F,F - 
LCG,G M H,¢& H N E, É 
is the halfe of the paral- 
lelograme which is de- 
ſcribed about it ( by the 
at.of the firTl): but the. - — 
ſegmt deſcribed about. N LIC 
it is leffe thenthe paral- `- Te IM. c 
lelogramme . Wherefore euer ont of thefe triangles EK F, F LG,GMH,and H NE, is 
greater then the halfe of the leak of the circle which as defzribed about it. Now then 
deuiding the circumferences rematning into two equall partes and drawing right lines from 
the pointes where s diuifions are made, C fo continually doing this,we fhall at the length 
(by the r.of the tenth) leaue certaine [eamentes of the circle,which fhall be lefe then the ex- 
. effe, wherby tbecircle E F G H excedetb fle fuperficies S | For it hath bene proned inthe 
frst — of the tenth booke, that two vnequall magnitudes being geuen, if from the 
greater be taken away more then the halfe, and likewife againe from the refidue more then 
the balfe, and fo continually, there fhall at the length be left a certaine magnitude which fhall 
Le lefe tben the lefe magnitude geuen . Let there be fuch fegmentes left, c let the fegmentes 
of the circle E F G H, namely, which are made by the lines E K,K F,F L, LG, G M,M H, 
H N,and N E,be leffe then the exceffe, whereby the circle E F GH excedeth the [uperficies S. 
Wherefore the refidue, namely, the Poligonon figure EK F LG MH N, is greater then the 
Superficies S. Inferibe inthe circle ABC D a Poligonan figure like to the Poligonon figure 
EK FLGMHN, and let the famelbe AX BOCP DR. Wherefore ( by the Propofition 
next going before ) as tbe [quare of tbe line B Dis tothe {quare of the line F H, fois the Po- 
ligonon figure AX BOCP DR to the Poligonon figureE KF LGCMHN. But as the 
Square of the line B D is to the {quare of the line F G, fois the circle ABC D fuppofed to be 
to the fuperficies S. Wherefore (by the 11.0f the fift) asthe circle ABC D isto the fuperfi- 
cies S, {0 is the Poligonon figure AX BOCP DR tothe Poligonon figure E K FLG M- 
HN. Wherefore alternately (by the 16 .of the fift) as the circle. ABC D is tothe Poligonon 
figure defcribed in it, fois the ſuperficies S to the Poligonon figure EK FL GM HN... Ent 
the circle ABC D is greater then the Poligonon figure defcribed in it. Wherefore alfo the 
Superficies S is greater then the Poligonon figure EK F LGH MN: butit is alfo lefe: 
which is impofüble .Wherefare as tbe (quare of the line B D is to the (quare of the line * H, 
CCcœ.i. 0 té 





Second cafes — 


“This ARU “ABCD .* But as the 


3s afterward 
atthe end of 
the demestra- 
tion proucd- 
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fois nos the circle’ ABC'D* to any fuperficies leffe then the circles EF G H. 
- dn li ke fort alfo-miay wproue,that as the {quare of the line F H is tothe {quare of the ine 
B D, fois not the circle EF GH to any {uperficies leffethen the circle ABC D.1 [ay namely, 
that ax tbe [quare of the. : 
ling B Disto the [quare 
‘ of the line’ F A, fo ws not 
“the circle ABCD toa- 
‘my fuperficies greater thé 
hen the circle E FGH. 
` For if it be pofiole, let it 
* be to a greater namely,to 
the fuperficies 8. Wher- 
fore by conuerfion, as the- 
Square ofthe line F H 
isto the [quare of the 
line B D, fo is the fu~ 
perficies S to the circle 


[uperficies 8 is to the cir- 

cle A BC D, fois the cir- 
cle EF GH to fome {u- 
perfictes leffe thé the cir- 
cle ABC D.. Wherefore (by the rr. of the fift) as thefquare of the line F H is to the [quare 
of the line BD, foisthecircle E FG H, to fome fuperficies leĝe then the circle ABCD: 
which isin the firft cafe proued to be impoffble. Wherefore as the (quare of the line B D isto 
the [quare of the line F H, fois not the circle ABCD to any fuperficies greater then the 
circle EFGH. Anditis alfo proued that itis not, ta amy lefe - Wherefore as the {quare 
of the line R D is to the [quare of the line F À fo is the circle AB C D to the circle EF G H. 
Wherefore circles are in that proportion the one to the other, that the {quares of their diame- 
ters ave : which was required to be proned. 





«| An Affumpt. 
_ I faynow, that the fuperficies S be- 
ing greater then the circle E F G Has 
the fuperficies S is to the circle ABC- 
D, fossthe circle EF GH to fome fu- 
perficies lefve then the circle ABCD. 
For, as the {uperficies S is to the circle 
ABCD, folet the circle EF GH be 
to the fuperficies T . Now 1 fay, that 
the fuperficies T is lefe then the circle 
A B C D.For für that as the fuperficies 
S dto the circle ABCD, fo is thecir- - 
cle EF GH tothe fuperficies T ,there- 


fore alternately (by the 16. of thefift) — E i 
as the fuperficies S us to the circle E F - S I x 2 
G H, fo is tbe circle AB C D to the fu- a mures 


perficies T. But the fuperficies S is grea- 

ser then the circle E F G H (by fuppofition) . Wherefore alfo the circle ABC D is greater 

then the fuperficies T (by the 14.0f the fift) . Wherefore as the {uperficies S is to the circle 
ABCD, 
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4 B C D,foisthecircle E F G H to fome fuperficies leffe then the circle A BC D : which 
was required to be demonstrated. . | EET is 


Las 


— 
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q A Corollary added by Fluftus. 
Circles bane the one tothe other, that proportion that like Poligonon figures aud in like fort de- 
feribed in them hane, For, it was by the firft Propofition proued, that the Poligonon figures haue 


that proportió the one to the other, that the {quares of the diameters haue,which proportion likewife, 
by this Propofition,the circleshaue. 0p e seeders : e 





i ; M: 
q Veryneedefull Problemes and C orollaryes by Maler Ihon Dee 
i inuented : whofe wonderfull vfealo, he partely declareth. 


A Probleme. 1. 


"v X a 


Two circles being gene: tofinde two right lines, which haue the fame proportion ont to thc other, 
that the genen circles hane, one to the other, ` I B 

Suppofe A and B, to be the diameters of two circles geuen: I fay that ewo right lines ate to be 
foüde;hauing that proportió,that che circle of A hath tothe circle ofB,Lerto A &B(by the 11: ofthe 
fixth) a third proportionall line be found,which fuppofe to be C. I fay now that A hath to C,that pro- Confirutlion; 
portion which the circle of A` hath to thecir- ` aon eae 
cle of B. For forafmuch as A,B,and C, ate (by 4. —————————————— —— ————— 


conftructiop) three proportionall lines , the . ; Demonſira- 
fquare of A isto the boue ofB,as A isto C, 5 —— — tiom, l 
(by the Corollary of thezo. of the fixth)tbue 77” v 

as the fquare ofthe line Á isto the (quare of : € ——— 


theline B,fo is the circle whofe diameter is the 
line A,to the circle whofe diameter is the line A puri ee f 

B, by this fecond of the eleuéth. Wherfore the circles of the lines A and B, are in the proportion ofthe 
right lines A and C, Therefore two circles being geuen, we haue found two right lines hauing the 
fame proportion beewene thé, that the circles geuen, haue oneto the other: which ought to be done. 


A Probleme.: 203.000.0004, 
Two circles being geuen , and a Pca Nai = 
right line:to finde an other right line, 
to which the line gene fhall baue that 
proportion, Which the one circle hath 
tothe other, 


Suppofe ewo circles geué: which lee 
be A & B, & aright line geué, which : 
let be C: I fay thatan otherrightline-- ;71: <- 
is to be founde, to which the line C 
fhall haue that proportion that the 
circle A, hath to the circleB . As che 
diameter ofthecircfe A,istothedia- ..— ., 
meter of thecircle B, fo lettheline "^^ ^"! 
C be ro afourth line, (by the 124o0f 





Ccaſflruction 





ht * 
NS TSE 


the fixth) feetharfourth line be D: And, bythe'rr.ofthe — 

fixth,let a thirde line proportionall be found, to the lines. ; 

C & D, which let be E: Ifay now, thattheline Chathto =. | 

the line E, chatproportion which the circle A, hath tothe q 7. 

circle B. For (by conftru&ion) the lines C,D, and E, are | i 
S * 


Deua) s 


pn 


Demonſtia- 
tot. 


b^: y 
Bo: 

proportionall : therefore the fquare of C ; 1s tó the fquare e 

of D, as C is to E, by the Corollary of the o. of the hath. 1 

But by conttruction, as the diameter of the circle A, 

is to the diameter of the circle B, fo is C, to D; wherefore 

as the {quare of che diameter ofthe circle A, is to the | 

Íquare of the diameter of the circle B, fo is the (quare of 

the line C to the fquare of thc line D, by theaz. of the E 

fixth. But as the {quare of the diameter of A, the circle, is 

to the {quare of the diameter of tlie circle B; fois thecir- 

cle A, to the circle B,by the fecond of the ewelfth: wherefore by 11. of the fiueth, as the circle A, isto 
0M CCc.ij. the 


D 


' 


Diffreence 
betwene the 
fir probleme 
and the fe- 
cond, 


Conftru ition. 


DenionStra- 
tion, 


ConfIruttion, 


Demonílra- 
tron, 


The twelueth Booke 


the circle B, fo is the fquare of the line C,to the {quare of thé line D.Buc itis proued xhat as the {quate 


“of the line C, is to the {quare of the line D, fo is the line C to the line E. Wherefore by the 11. ofthe 


fiueth, as the circle A, isto the circle B, fo is the line C to the line E. Two circles being geuen there- 
fore, and a right line, we haue found a right line, to which che right line geuen, hath that proportion, 
which the one circle hath to che other. Which oughtto be done; * 


` "gs Ab ge Ud ani S ES 


The difference betwene this Probleme, and that next before, is this: there,although we had two 
circles geuen, and two lines were found in that proportion the one co the other, in which the geuen 
circles were, : and here likewife are two circles geué; and cwo.lines alfo'are had in the fame proportio, 
that che geué circles are: yet there we tooke at plea(ure the firlt of the two lines, wherunto we framed 
the fecond proportionally, to the circles geuen. But here the firit ofthe two lines, isalligned poynted, 
and determined to vs: and not our choyfe to be had therein, as was ia the former Probleme. 


A Probleme. j ; 


eA circle being genen ,to finde an other circle, to whichshe genen circle is in any proportion geuë 
intworight lines, th ne T 


Me e 2 Baa jE a 


Suppofc thecircle ^ 1 c geuen, and therefore his femidiameter.isgeuen: whereby his diameter 
alfo is geuen: which diameter let be a c. Lec the proportion geuen, be that which is betwene E ,F,two 
right lines: I fay, à circle is to be found, vnto which A's c hath that proportion that hath to Ff. 
Às E is to f, fo let ac the diameter, be to an o- 
ther right iline, by the 12. 0f the fixth . Which line 
fuppofeeo be n. Betwene ac and n, finde a middle 


proportionallline, by the 13. of the fixth: whichlet be , 






L N. By the ro. of the firft, deuide 1 w, into two equall "4 E 
partes: and let that be done in the point c. Now vpon - 
o L, (o'being made the center) deícribe a circle: which’ t mF 


let be t m w. I fay that a » c, isto'É Mw, asr isto r.For 
feing thata c, £ n, and g, are threc right lines'in con. 
tinuall proportion (by conttruGtion) therefore (by the : 
Corollary of the 2o. of the fixth) as ^ c isto x, fo is the 
{quare of 4 c tothefquareof t w. Lut A c isto, as & 


is to F, by conftru&ion. Wherefore the fquare of 4 c is : 
to the fquare of r nasr isr : butasthe fquare ofthe -H 
diameter a c, is to the [quare of the diameter 1 w, fois — € 


the circle 4 » c to the circle 1 w , by this 2. of the 
twelueth, wherefore by the 11. of che fiueth, the circle 
as cistothecircle L m n,as £ isto f, A circle bein p 


geuen (therefore) an other circle is founde, to which Tm 
the gcuen circle is in any proportion geuen betwene two right lines: which ought to be done, 


cA Probleme. 4. 
T Wo circles being geuen, to finde one circle equall to them both. 


Suppofe the two circles geué,haue their diameters a s & c D. I fay thata circle muft be found 
equall to the two circles whofe diameters are a s and c n: vnto the 
line a s, at the point 4, ere& a perpendicular line 4 x : from which 
(fufficiently produced) cut a Jine equall to c p, which let be 4 r. By 
the firit peticion draw from F tos aright line: fo is F aè made a tri- 
angle recangle. I fay now thata circle whofe diameter is r » ,isequal 
so the two circles whofe diameters are a s and c p. For by the47, of 
the firft, che (quare of s s is equall to the (quares of a  & 4 r. Which 
a F is (by conitruétion) equallto c p: wherefore the fquare ofr x is 
equall to the fquares of a & and c p. Butcircles are one toan other, 
as the fquares of their diameters are one to the other, by this fecond 
ofthe twelueth Therefore the circle whofe diameter is Fs is equal 
to the circles whofe diameters are a 8 and c p. Therefore two circles 
being geuen we haue found acircle equall co them both. Which was 
required to be done. * 


Toga. UCM A Corollary 
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A cA Corollary. 1. 


v 


Hereby it is made enident that in all triangles reftangle, the sércles ,fersicircles , quadrants , or 
any other portions of circles defcribed upon the fubtendent line ,1s equall to the two-cticles femicircles, 
quadrants ,or any two other lke portions of circles defcribed on the two lsnes comprehending the right 
angle like to like being compared. duty — 

For like partes haue rhat proportion betwene them felues,that their whole raagnitudes haue , of 
which they are like partes,by the 15.0f the fifth . But of the whole circles , in the former probleme itis’ `- 
euident:and thérefore in the fornamed like portions ofcirclzs,it.is a crue confequent. ss 

ae Bs Dd: 


* Corollary. Au 


so L.C Ge 


By the former probleme,it is alfo manifest , vnto circles three, fower , fiue,or to how many [o euer 
ope Will gene one circle may be geuen equal, — 

For if firit , to any two , by the former probleme , you finde one equall,and then vnto your found 
circle and the third of the geven circles,as cwo geuen circles, finde one other circle equall, and then to 
that fecond found circle, and to the fourth of the firft geuen circles , as two circles, onenew circlebe ' 
found equall,and fo proceede till you haue once cuppled orderly, euery one of your propoüded circles 
(exceptthe firft and (econd already doone)with the new circle thus found: for fo the laft found circle is 
equallto all the fitit geuen circles.Ifye doubt;or fufficiently vnderitand me not: helpe your felfe by the 


difcourfe and demonilration ofthe laíl propofition in the fecond booke,and alfo ofthe 51. in the fixth 
booke. : Z 


QA Probleme 5. 


$ 


Two vsegual circles being genen to finde a circle equallta the exceffe of the greater to the leffe. 

Suppofe the two vnequal circles gené, to be ABC & DE F,& let AB C be the greater: whofe dia- Conflrnction: 
meter fuppefe to be A C: & the diameter of D EF fuppofe to be D F.I fay a circle mutt be found equal ° 
to that exceffe in magnitude,by which A B C is greater thé D E F.By the firf of the fourth in the circle 
A BC, Apply a right line equall to D F: 
whofe one end let be at C,and the other 
let be at B. Fró B to A draw aright line.: 
By the 30. of the.third', ie may appeare, 
that A B.C isa right angle: and thereby | 
A B C,the triangle is rectangled: wher- 
fore by the firlt of the two corollaries, 
here before,the circle A B C is equall to 
the circle DE F, (For BC by comttrudti- 
on isequall to D F ) and more ouer to 
the circle whofe diameter is AB . That 
circle therefore whofe diameter is A B, 


is the circle conteyning the magnitude,by which A B C is greater then D E F. Wherefore two vnequaf 


circles being geuen,we haue founda circle equal to the exceffe ofthe gréater to the leffe: which ought 
to be doone. : 


Demonſira- 
tuon. 





A Probleme. 6. 


eA Circle being genen to finde twe Circles egual 
tothe fame : which found Circles , [hall baue the onc to 
the other any proportion geuen in two right lines. 

Suppofe AB C,, acircle geuen:and the proportion 
geuen, letit be chat,which is beewene the two right lines 
D and E.I fay , that two circles are to be found equall co 
A B C:and with al,one co the other, in the proportió of A 
D to E.Let the diameter of AB C be A C. AsDü isto E, 
fo let A C be deuided,by the 10.0f the fixth,in the poynt 
F.AcF,to the line A C lec a perpédicular be drawne F B, 
and let it mete the circüferéceat che poynt B. From the 
poyntB to the points A and G letrightlines be drawne: 
B Aand B C .I fay that the circles whofe diametes are 
thelines B A and B C are cquall to the circle A B C:and 
that thofe circles having to their diameters the linesB A 
and B C are onetothe other in the proportion of the 
line D to the ine E. For , firft chatthey are equal,itis e- 


e Cor ſuullicn. 





Norerbis s, 
well: fort z, 
dsof great y 


efe. $ 


An other way 
vf demoni; ata 
ofthe Je Fro- 
bleme of this 
addition, 


Note this pro- 
pertse of a trim 
angle rectangle. 


Confiruttien, l 


T he twelueth Booke - 


uidenc: by reafon that AB Cisa triangle rectangle:wher « ` ¥ 

fore by the 47-0f the firlt che {quaresof B A and BC are B 
equall to the fquare of AC.: And {g by this fecond ic is 
manifeft,the two citcles to be equalIto the circle A BC. 
Secondly as D isto E, fois A F to F C : by conftruction, 
Andas the line A F is to the line FC fo is the [quare of the line 

B Atothe fquarecf the lme BC. Which thing, we will 
briefely, proue thus... The parallelogramme contayned 
vnder AC and A F,is equall to the fyuare ofB A:by the AL : 
Lemma after the 32-0f the tenth-booke: and by.the fame ...\ 202-1 7% 
Lemma or Affampr,the parallelogramme contayned vn- 
der A C and F C, is equall to the fquare ofthe line B C. 
Wherfore as the firit parallelogramme hath it felfe to the 
fecond: fo hath the fquare of B A ( equall co the firt pa- 
rallelogramme)ic felfe;ro the fquare of B C,equall to the, 
fecond parallelogramme. But both theparallelográmes |. p; : E 

haue one heigth, namely,the line AC : and bafes , the. e—————4 — — 

lines AFand F C : whereforeas AFisto F C ,foisthe . . 
parallelogramme contayned vrder A C ,A F , to the parallelogramme contayned vnder A C , F C,by 
the firftof the fixch And therefore as A F is to F C, fo is the Tquare of B A to the fquareofBC.J And 





` asthe fquare_of B A is to the {quare of B C: fois the circle whofe diameter is B A,to the circle whofe 


diameter is B C,by this fecond of the twelfth. Wherefore the circle whofe diameter is B A,is to the 
circle whofe diameter is B C , as DistoE. And before we prouedthem equall tothe circle ABC. 
Wherefore a circle being geuen , we haue found two circles equall to the fame : which haue the one 
to the other any proportion geuen in two rightlines. Which ought to be done. 

Note. 

Here may you perceive an other way how to execute my firft probleme, for if you make a right an- 
gle conteyned of the diameters geué, asin this figure füppofe them B A and B C:and then fubtend the 
right angle with the line A C:and from the right angle, let falla line perpendicular to the bafe AC: 
that perpendicular at the poine of his fall,dcuideth A C into A Fand FC,of the proportion required. 


XA Corollary. 


It followeth of thinges manifeftly proued in the demonftrarion of this probleme, that in atriana 
gle rettangle,if from the right angle tothe bafe, aperpendicular be let fall: the fame perpendicular 
catveth the bafe into two partes, sn that proportion , pne to the otber, that the/quares of the righ» 
lines,conteyning the right angle,are in,one to the other: thofe om the one fide the perpendicular , being 
compared to thofe on the other,both fquare and ſegment. * 

3% A Problemez, 

Betwenetwo circles genen,to finde a circlomiddell proportional, 

Let the two circles geuen,be ° 
A C Dand BEFiIfay,thata cir- 
cle is to be foüd, which betwene 
A C Dand B EF is middell pro- 
portionall . Let the diameter of 
ACD, be AD,and of BEF, let 
BF be the diameter: betwene A+ D 
D and BE , finde a line middell ` 
proportionall , by the r3.0f the 
fixchs which let be H K:I fay that 
acircle, whofe diameter is HK is 
middell proportionall betwene 
ACDandBEF.ToAD,HK, 
and BF, (three right lines in con 





. tinuall proportion:, by conttruc- 


Demonflra- 51 
4605. > 
» 
» 


» 


tion) let a fourth line be found: 
to which B F fhal haue that pro- E 
joon that AD hathto HK: ^* : 

y the 12.0f che fixth, & let chae m . m 
line be L . 72 is manifef that the . L 
fomer lines 4 D , HK,B F,and L, fi 
are in continzall proportion. [ For 
by cóftrndion;as ADistoHK, - ; 
fo isB Fto L. And by conftruĝi- x 

on 
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onjas A D isto H K,fo is HK to B F*wherefore H K isto B EjasD F is toT: by the rr, of che fifth, wher- 
fore the 4.linesarein continuallproportion.] Whereforeasthe firft is to the third, thatis A D to B F, 
fo is the (quave of the firft co the fquare of the fecond :thatis,the {quare of A D;to the fquare of HK : by 
the corollary of thez0.0f the fixeh.And by.cthe fama corollary , as HK is to L, fo is the {qdare of H K to 
the fquare of B F.Buc by alternate proportion, the line A D is to B F,as H K is to L: wherefore the (quare 
of A Dis to the fquare of H K,as the {quare of H K isto the {quare of B F.Whcrefore the {quare of H K; 
is middelt proportionail, betwene the {quae of A D and the [quare of B F.Butas the fquares are onc to 
` the other,fo are the circles(whofe diameters produce the fame {quares\one to the other,by this fecéd 
of the ewelfth: wherfore the circle whofe diameter is the line H K,is midde] proportional ,betwene the 
circles whofe diameters are the linesA DandBF . Wherefore betwene two circles geuen , wc haue 
found a circle middell proportional ; which was requifite to be doone. . 


l « v. Corollary. 


Hereby it is manifest, three lines oy more, berg: incontinuall proportion, that the circles haning 
thofé lines to their diameters, are alfo in continuall proportion. ' ; 
As of three, our demonttration hath already proued : fo of fower, will the proufe go forward: if 


you adde a fifth line in continuall proportion tothe fower geuen : as we did tothe three, adde the . 


fourth : namely, the line L. And fo, if youhave 6, by putting to one more, the demonftration will 
be eafie and plaine . And (o of as many as you will . 


k A Probleme. 8. 


Toacircle being geuen, to findethree circles equall : Which-three circles hall be in continnall 
proportion, in any proportion genen betwene two right lines. . 


Suppofe the circle geuen to be 4 8 C : and the proportion geuen to be that which is betwene 
the lines Xand T . I fay, that three circlesare to be geuen, which three,together, fhall be equall toche 
circle 4 B C : and withall in continuall proportion,in the fame proportion which is betwene the right 
lines X and r . Letthe diameter o£.4 B C, be 4 C . Of A C, makea fquare : by the 46.of the firft: which 
whichletbe 4C D E . From the point D ` 
drawe a line, fufficiently long ( any way, 
* without the fquare) : whichlet be 20. 
At the point D, and from the line D O, cut 
aline equallto X: which letbe D M .At 
chepoine M,and from the line 440, cuca 
line equall to T : which let be mM N. At the 
point N, to the two lines .D M and MN, 
fet a third line proportionall, by the 12. of 
the fixt : which letbe N 0. From E(one 
of the angles of the fquare 4€ D E, next 
to D ) draw arighzlineto O : making per- 
feéte the triangle DEO . Now fromithe 
pointes Mand N, drawe lines, to the fide 
DE, parallel to the fide £0 : by the 31. of 
the firit: which let be M F and N G.W her- 
fore, by the 1. of the fixt, the fide D Z,is 
proportionally cut in the pointes F and G, 
as D 0 is cut in the pointes Mand N : ther- 
fore,as DM isto M N,fois D Fito FG: 
and as MN is to NO, fois FG to GE, 
Wherefore, feing D M;'M N, and N O,are, 
by conftru&tion,continually proportioned, 
in the proportion of X to I: Solikewife, œ 
are D F,F G,and C E,in continuall propor-  ——— —— 
tion, inthe proportion of X to r, by the 'T* f 
y1.of the fift. From the pointes FandG,to 4 —— 
the oppofite fide 4C, let right litesbe ~ — — — 
drawen parallel to the other fides : which 
lines, fuppofe to be F Zand G K.: making thereby, three parallelogrammes D 7, F K, and C C, equall :o 
the whole fquare 4C D E. Which three parallelogrammes,by the firit of the fixt, are one to an other, 
as their bafes, D F, FG, and G.£, are. But D F, FG, and C E, were proued to be in continuall proper- 
tion, in the proportion of Xtor: Wherefore, the three parallelogrammes D/,\F K, and GC, by the 
11.0f the fifth, are alfo in continuall proportion,'and in the fame, which Xis in,to T . Let three {quares 
be made, equall to the three parallelogrammes D Z, F K,and GC: bythe laft ofthe fecond : Let the 
fides of hole fquares be, orderly, 5, T, and . Forafmuch as, it was laft concluded that the three paral- 

CCc.iiij. lclogrammes, 
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lelogrammes, D 1, F K,and CC ( which are equall to the fquare AC D E ) are alfo in continuall pro- 
are alfo equall to che whole fquare 4C D E, and in continvall proportion, iñ the proportion of Xto T. 
Wherefore che three circles, whofe diameters are 5, T, and 7, are equall to the circle, whofe diameter 
is AC, the fide ofthe fquare 4 C D E, and alfo in continuall propórtion,in the proportion of Xto r: by 
this fecond-of che twelfth . Bur, by conftrudtion, 4C is the diameter of the circle 48 C . Wherefore 
wehaue found three circles, equall to 44 8 C : namely, the circle, whofe diameter is S$: and the circle 
whole diameter is T: and the circle, whofe diametér is / : which three circles,alfo, arein continual 
proportion, in the proportion of Xto r . Wherefore toa circle being geuen,we haue found three cir- 
gles equallinaay proportion »geuen,betwene two right lines : which was requifite to be done. 


. portion, io the proportion of Xto T, therefore their equalls, namely, the three fquares of 8,7, & rv. 


qr Corollary. . 


Hereby, it is enident, that a circle geuen, We may finde circles 4, 5,6, 10, 20, 100, 1000, 
or how many foencr fhall be appointed, being im continual proportion, in any proportion, genen betwene 
two right: lines : Which circles, all together, fhall be equal to the circle Leuen. 

; f . ' 


. For,enermore deuiding the one fide of thé. chiefe fquate ( which is made ofthe diameter ofthe 
circle geuen) into fo many partes;as circles are to be made: fo that betwene thofe partes be continued 
che proportion geuen betweue two right lines * and from the pointes of thofe diuiftons, drawe paral-— 
lels, perpendiculars to the other fide of the faid chiefe {quare > making fo many parallelogrammes of 
the chiefe [quare, as are circles to be made : and to thofe parallelogrammes ( orderly ) making equal 


— z itis maniel that vhe fides of thofe {quares, are she diameters of the circles required to be 
made. f 


$ A Probleme. 9. 


i Three circles being genen, to finde three equallto thers: which three found circles fhall be in cone 
tinuall proportion, in any proportion genen betwene two right lines. i 


Suppofe the three circles 
geuen to be 4,B,and C, and 
let che preportion geuen, be 
that which is betwene the 
right lines X & r. Lay, three 
other circles are to be found, 
equall to 4,8, and C, & with 
all, in continuall proportion, 
ih che proportion of X to T. 
Ey the z.Corollary of my 4. 
Probleme,make one circle e- 
quallto the three circles 4,8, 
and C. Which one circle fup- 
poleto be D: Ard by the pro- 
bleme next before , let chrec 
circles be found, equall co D, 
and with all, in — pro- 

jon, in the fame propor- 
Pon which is betwene Xand 
T. Which three circles, fup- 
pofe to be E, F, and G.I fay, 
that £,F,G, are equallto 4,8, 
€ : and with all, in continuall 
proportion, in the proportió 
of Xto r. For,by coftruction, 
the circle D is equall to the 
circles 4,B;& Cı and by coa- 
ſtruction likewife, the circles 
E, F,and G, are equall to the 
fame circle D ; Wherfore the 
three circles £, F, & G, are e- 
quall to the three circles 4,B, 
& C:and by conftrudtion E,F, 
i ‘and 
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and G, are in continuall proportion, in the proportion of the line Z to the line Y. Wherefore £E, F, and 
Gare equall to 4, B, and C : and in continuall proportiob, in the proportion of X to 7. Threc circles; 
therefore, being geuen, we haue found three circles,equall to them and alfo in continuall proportion, 
in any proportion geuen, betwene two right lines . Whieh was requifite to be done. 


@ ACorollary. 1. 


Ie is hereby very manifest, that unto 4.5.6.10.20. 100. or how many circles foener, fhall be 
geuen, we may finde 3.4.5.8.10. 0r bow many foeuer, fhall be appointed : which, allt ogether,fhall be 
equall to the circles genen, bow many foeuer they ave : and With all,our found circles,to be in continu- 
all proportion,in any proportion affigned betwene two right lines genen. 

For, enermore, by the Corollary of the 4.Probleme, reduce all your circles to one : and by the Co- 
rollary of my 8.Probleme, make as many circles as you are appointed, equall to the circles geuen, and 
continuall in proportion,in the fame, wherein,the two right lines geuen are * Andío haue you perfor- 
med, thc thing required. 


Note». : 
Whatincredible fruite in the Science of proportions may hereby gor no mans tounge can lufa- 
o 


ciently — And fory Lam, chat veterly leyfure is taken from me, fomewhat to fpecifie in particu- 
lar hereof. 


«| T be key of one of the chiefe treafure houfes, belonging to the State 


eZH athematicall. 


Hat, whicli in thefe 9.Problemes,is faid of circles, is much more fayd of fquares, by whofe meanes, 
circles,are thus handled . And therefore {cing to all Polygonon right lined figures, equall fquares 
may be made, by the Jatt of the fecond:and contrariwife,to any {quare,a right lined figure may be made 
equall, and withall, like to any right lined figure geuen, by thez5 .of the fixe . And fourthly, feing vpon 


ye 
2° 


3; 


the faid plaine figures,as vp6 bafes,may Prifmes,Parallelizipedoas,Pyramids,fided Columnes,Cones, 4 


and Cylinders,be reared: which being * allcfoce height, fhall have that proportion,one to the o- 
ther, that their bafes haue, one to the other . And fiftly, feing Spheres, Cones,and Cylinders are one 
to otherin certaine knowen proportions: and fo may be mzde, one to the other in any proportion af- 
figned . And fixtly,feing vnder euery one of che kindes of figures, both plaine,and falide! infinite cafes 
may chaunce, by the ayde of thefe Prohlemes,to be foluted and executed : How infinite ( then ) vpon 
infinite, is che number of practifes, either Mathematical, or Mechanicall, to be performed , of compa- 
rifons betwene diuers kindes, of plaines to plaines,and folides to folides? 

Farthermore,to {peake of playne fuperficiall figures, in refpeét of the contét, or Area of the circle, 
fundry mixt line figures, Anular and Lunula; figures : and alfo of circles to be geuen equall to the fayd 
voufed figures: and in all proportions els : and evermore thinking of folides, (like high) fet vpona- 
ny of thofe vaufed figures,(O Lord)in cófideration of al the premiffes,how infinite, how ftraunge and 
incredible fpeculations and practifes,may (by the ayde ‘and direction of thefe few problemes),fall redi» 
ly into the imaginations and handes of them, that will bring their minde and intent wholy and fixedly 
to fuch mathematical! difcourfes? In thefe Elementes , I entend but to geue to young beginners fome 
light;aide,and courage to exercife their owne witts;and talent, in this molt pleafant and profitable fci- 
ence.ATl thinges may not;neither yet can , in euery place be ayd. Opportunitie, and Sufficiency ,beft are 
to beallowed, 


The 3. T beoreme. The 3. Propofition. 


Exery Pyramis bauing a triangle to bis bafe: may be deuided into two Py» 
-ramids equall and like the one to the other, and alfo like to the-whole, hae 

ning alfotriangles to their bafes, and into two equall prifmes: and thofe 

two prifmes are greater then the halfe of the whole Pyramis. ; 






| ppofe that there be a Pyramis, whofe bafe let be tbe triangle ABC , and bia 
‘toppe the point D .Then I fay, that the Pyramis A BC D may be denided into 
two Pyramids equall and like the one to the other, and alfo like to the whole,ha- 
SAAS uing alfo triangles to their bafes, and into two equall prifmes, and thofe two 
prifmes 


x Note and 
ge remember 
one heithin 
6. these fo- 
lids, 


Conftrattion, 


Demonſtraæti- 
on of the fir/t 
part,namely, 
chat the 
whole Pyrs- 
mids is deui- 
ded into two 
Pyramise- 
gnall and like 
the one to the 
ocher, and alſo 
to the whole, 
@ hauing tri 
angles to their 
befes. 


The conclufi- 
on ofthe first 
part. e 
Demonflratio 
of the fecond 


part, namely, 
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prifmes are greater then the halfe of the whole Pyramis . Denide (by the 10. of the fir(t) the 
Lines A B,BC,C 4,4 D,B D,C C D, intotmo equall partes in the pointes E,F ,6,H,K and 
L. And drame tbefevight lines EH,EG,GH,H K,K L,LH,EK,K F,and F G. Now 
foraſmuch as tbe line A E is equall to the line 
E B, and the line A H tothe line H D : therfore 
(by the 2.0f the fixt ) the line E H ss a parallel to 
the line D B. And by the fame reafon, the line 
HK is a parallel to tbe line AB : Wherefore 
H E K B is a parallelogramme . Wherefore the 
line H K is equall to the line EB. But the line 
E Bis equallto the line AE : Wherefore the line 
AEiscquallto tbe line H K . And the line AH 
ws equall to the line H D . Now therfore there are 
two lines AE and AH, equall to two lines KH 
and HD, the one to the other, and the angle 
E AH us (by the 29.0f the firft) equall to the an- 
gle K HD: Wherefore (by the 4.of the firit) the 
bafe EH is equallto the bafe K D .Wherefore the triangle AE H,t equall and like tothe 
triangle H K D . And by thefamereafon alfothe triangle AH G , 1 equall and like to the 
triangle H L D . And forafousch as two right lines E E & H G touching the one the other, 
are paralicls to tworight lines K D and D L touching alfo the one the other, and not being 
ia one and the felfe fame plaine fuperficies with the two firft : thofe lines (by the ro .of the cle- 
venth) containe equall angles .Wherefore the angle E HG is equall to the angle K D L.And 
forafmuch as two right lines E H and H G,are equall to two right lines K D & D L;the one 
to the other, and the angle E H G is ( by the r0.of the elewenth ) equall tothe angle K DL, 
therefore (by the 4.of the firft) the bafe E G is equall to the bafe L K . Wherefore the trian- 
gle EH Gis equalland Iske to the triangle K D L . And by the fame reafon alfo the triangle 
AEG is equall and like to tbe triangle H K L..Wherefore the Pyramis,whofe bafc is the tri- 
angle A E G,and toppe the point H, is equall and like to the Pyramis whofe bafe ts the trian- 
gle HH K L,and toppe the point D. 

And foralmuch as to one of the fides of the triangle_A D B, namely,to the fide A Byis 
drawen a parallel line H K, therefore the whole triangle A.D B ws equiangle to the triangle 
DH K, and their fidestare proportional ( by the Corollary of the 2.of the fixt ) . Wherefore 
the triangle A D B is like tothe triangle DHK . And by the fame reafon alfo the triangle 
D B Cw like tothe triangle D K L, and the triangle AD CtothetriangleDHL. And 

forafmuch as two right lines B A and AC touching the one the other,are parallels to two 

right lines K H and H L, touching alfo the one the other, but not being in one and the felfe 
Same fuperficies with the two firft lines, therefore (by the 10.0f the eleuenth) they containe e- 
quall angles .Wherefore the angle B AC is equall totheangleK HL. And asthe lineB A 
us to the line AC, fo isthe line KH tothe line HL. Wherefore the triangle A BC ts liketo 
the triangle K H L.Wherfore the whole Pyramis whofe bafe is the triangle A BC cy top the 
point D , is like to the pyramis whofe bafe is the triangle H K L, and toppe the point D . But 
the pryamis whofe bfa the triangle H K Land sppe the point Dis proued tobe like to the 
pyramis whofe bafeis the triangle AEG and toppe the poynt H . Wherefore alfo the pyramis 
whofe bafe is the triangle A B C,and toppe the poynt D is like to the pyramis whofe bafe is the 
triangle A E G and toppe the poynt H (by the 21.0f the fixth) . Wherefore either of thefe py- 
ramids AEG H andH K L Dis liketo the whole pyramis ABCD. 





[And forafmuch as the lines BE, K H,are parallel Jines and equall, as it hath bene proued , there- 
fore the right lines B K and EH, which ioyne them together, are equall and parallels, by the 33.0f the 
firlt . Againe forafmuch as the lines BE and FG are parallel lines and equall, cherefore the lines re 

an 
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and B F, which ioyne them together, are alfo equall and parallels : and by the fame reafon forafmuch 
as the lines F Gand K Hare equall parallels, the lines F K and GyH, which ioyne them tope alfo 
c quall parallels. Wherefore B EH K, BEG F, anid K H GF, are parallelogrammes . An Foraímuch zs 
their oppoftte fides are. equall, by che 34.of thc firft - therefore the triangles E H G, &'B KF,are e qui- 
angle,by the 8.ofthe firit : and therefore, by the 4.of the fame; thicy are equall : and Moreotier; bythe 
¥4,0f the eleventh, their fuperficteces are parallels., Wherefore the folide BK FEH G is aPrifme; by 
the r1.definition of the cleuenth . Likewile forafmuch as the fides of the triangle H K Lare cquall and 
parallels to the fides of the triangle G FC, asit hath before bene proued : It is maaifztl; that C FK L, 
FKHG,and CL HG, are parallelogrammes, by the 53. of the firit. Wherefors the whole folide kK L- 
HECG, isa Prifme,by the 11. definition of the eleuenth, and is contayned vnder the fayd parallelo- 
grammes C F K L,F K H G, and C L H G, and the two triangles H K L and G F C, which are oppofice 
and parallels. J 


And fora[much ae the line B F is equallto tbe line F C, therefore (by the a1. of the 


first) the parallelogramme E BE G ts double tothe triangle GF C. And forsfinuch as if 





there be two Prifmes of equall altitudes, and the one haue to his bafe a parallelogramesme,ana 
the other a triangle, and if the parallelogramme be double to the triangle, thofe Prifracs are 
(by the 4o.of the eleuenth ) equal the one to the other : therefore the Prifine contained un- 
der the two triangles BK F and EHG, and under the three parallelogrammes E BFG, 
EBKU, and K H F G, ts equallto the Prifme contained under the two triangles G F C, 
and H K L, and under the three parallelogrammes K FCL, LEGH, andH K FC. 

And it is manifeft, that both thefe Prifrses, of which the bafe of one w the parallelo- 
gramme EB F G, and the oppofite unto it the line K H, and the bafe of the other is the tri- 
angle G F C, and the oppofite fide vntoit the triangle K LH, are greater then both thee 
Pyramids, whofe bafes are the triangles AG E, and H K L, and toppes the portes H & D. 
For if we drawe thefe right lines E F and E K,the Prifme whofe bafe the parallelogramme 
E B FG,and theoppofite vnto it theright line H K, i greater then the Pyramis whofe bafe 
ws the triangle E BF, toppe the point K. But the Pyramis whofe bafe is the triangle EBF, 
and toppe the point K, is equall to the Pyramis whofe bafe is the triangle A E G and toppe the 
point H, for they are contained under equall and like plaine fuperficieces. Wherefore alfo the 
Prifine whofe bafe ts the parallelogramme EB FG and the oppofite unto it the right line 
H K ws greater then the Pyramis,whofe bafe is the triangle AE G,and toppe the point H. But 
the pri{me whofe bafe is the parallclogramme E B F G,ard tbe oppofite nto it the right line 
H K, is equall to the prime, whofe bafe is the triangle G F C,and the oppofite fide unto it the 
triangle HK L: And the Pyramis whofe bafe is the triangle A E G,and toppe the point H, 
ws equallto the Pyramis,whofe bafe is the triangle H K L,and toppe the peint D. Wherefore 
the forefaid two prifmes are greater then the forefatd two Pyramids, whofe bafes are the tri- 
angles AEG, HK L, and toppes the pointes H and D . Wherefore the whole Pyramis 
whofe bafe is the triangle A BC, and toppe the point D, is deuided into two Pyramids equall 
and like the one to the other, and like ap unto the whole Pyramis, hauing alfa triangles to 
their bafes, and into two equall prifrzes, and the two prifmes are greater then halfe of the 
whole Pyramis : which was required to be demonstrated. D 


Ifye will with diligence reade thefe fower bookes following of Euclide, which concerne bodyes, 
and clearely fee the demonttrations in them conteyned, it fhall be requifite for you when you come to 
any propofition which concerneth a body or bodies whether they be regular or not,firit to defcribe of 
patted paper(according as I taught you in the end of the definitions of the eleuenth booke)füch a body 

or bodyes,as are there required,and hauing your body , or bodycs thus defcribed , when you haue no- 
ted it with letters according to the figure {et forth vpé a plaine in the propofitió,follow the conitrudti- 
on required in the propofition.As for example,in this third propofitio itis fayd that, Ewery pyramis ha- 
wing a triangle to bis bafe,may be dewsded into to pyramidi.€d cere firlt defcribe a pyramis of paíted paper 
haning his bafe triangled(it fKilleth not whether it be equilater, or equiangled,or not;only in this pro- 
pofition is required that the bafe bea triangle. Then for that che propofition foppofeth the bafe of the 
pyramis to be thetriangle A » c,note the bafe of your pyramis which you haue defcribed with the lec- 
ters a g cand the toppe of your pyramis with the letter p : For fo is required in the propofition . And 
thus haue you your body ordered ready to theconftruction.Now in the conftru&ion itis required that 
ye deuide the lines,a 8,8 c,c a.&c,namely,the fixe lincs which are the fids ofthe fowcr triangles con- 


tayning 


that it îs deui- 
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into two equal 
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tvayning the piramis, into two equall partes in the poyntet , r, c, &c . Thatis,ye muft deuide the line 
A n of your pyramis into two equall partes,and note the poynt of the deuifion with the letter z , and fo 
the line s c being deuided into two equall pattes,note che poynt of the deuifion with the letter r. And 
fo the reft,and this order follow ye as touching the reft of the conftruction there puc,and when ye haue 
finifh ed te conflrudtion compare your body thus defcribed wich the demonftration: and it will make 
at very playne and cafy to be ynderttaded. Whereas without fuch a body defcribed of macter,it is hard 





for young bevinners(vnleffe they haue a very deepe imagination) fully to conceaue the demonftration 
by the figucas it is de(cribed ina plaine.Here for the better declaration of that which I haue fayd,haue 
I fer a figure, whofe forme ifye defcribe vpon pafted paper noted with the like letters,and cut the lines 

E A,D a,D cand folde I ;it will make 3 Pyramis defcribed according t the conftrucion 


required in the propofition . And this order follow.ve as touching all other propofitions which con- 
cerne bodyes. I 


4, An other demontftration after Campane of the 3.propofition. . 


Suppofe that there be a Pyramis 4 8 C D hauing to his bafe the triangle BCD, and let his toppe 
be the folide angle .4:from which let there be drawne threc fubtended lines 4 5, 4C, and A4 D to the 
three angles of the bafe, and deuide all the fides of the bafe into two equall partes in the three poyntes 
E,F,G: deuide alfo the three fubréded lines 4 B, A4 C, and A4 D in two equall partes in the three points 
#H,K,L.And draw in the balehefe ewo lines E Fand EG: 
So thall che bafe ofthe pyramis be deuided into three fu- 
perficieces: Whereoftwo are the two triangles 8 £ F, and 
E C D Nhich are like both the one to theother,and alfo to 
the whole bafe,by the z part ofthe fccód of thefixth,& by 
the definitió of like fuperficieces,& they are equal the one 
to the other,by the 8.of the firft : che third fuperficies isa 
quadrangled parallelogramme,namely, E F GC : whichis 
double to the triangle E G D,by the 40. and 4x. of the firft. 
Now then agayne from the poynt # draw vnto the points 
Eand F thefe two fubtendent lines A £ and 4 F:drawalfo 
a fubtended line from the poynt K to the poynt G . And 
draw thefe lines 4 4X L,and £ H. Wherefore the whole 
pyramis 48 C Dis deuided into two pyramids, which are 
HBEF,and AH KL, and into two prifmes of which the 
oneis EH FG KC,andis fet vpon the quadrangled bafe 
CFG E:the otherisE GDA K Lgand hath tohis bafe the 
triangle £ G D.Now as touching the two pyramids H B EF 
and 4 H K L,that they are equall che one to the other, and alfo that they are like both the one to the o- 
ther and alfo to the whole,it is manifelt by the definition of equall and like bodyes,ànd by the 10.0f the 
eleuenth,and by z part ofthe fecond of the fixth . And that the two Prifmes are equall itis manifeft by 
the laftofthe eleuenth. And now that both the prifmes raken together are greater then the halfe of the 
whole pyramis,hereby itis manifeft , for chat either of them may be deuided into two pyramids , of 
which the one is a triangular pyramis equall to one of the two pyramids into which together with the 
two prifmes is deuided the whole pyramis,and the other is a quadrangled pyramis double to the other 
pyramis. Wherefore it is playne that the two prifmes taken together are three quarters of the whole 


pyramis 
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pyramis denided.But if ye are defirous to know the proportió betwen them ,veade the 6.ofthis booke, 
Buc now here to this purpofe icihall be fufficient co know, that the two prifmes taken together do ex-, 
ceede in quantity the two partial pyramids taken togcther,into which together with the twó priftge" 
the whole pyramis was deuided. ` Y . . 
Y 
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If there be two Pyramids vnder equall altitudes, hauing triangles to their 
bafes, and either of thofe Pyramids be deuided into two Pyramids equall 
the ane tu the other and [ike vnto tbe whole, and into two equall Prifmes, 
and againe if in either of the Pyramids made of the two firft Pyramids be 
frill obferued the fame order and maner : then as the bafe of the one Pyras 
mis is to the bafe of the other Pyramis, fo are all the Prifmes which are in 
the one Pyramis to all the Prifmes which are inthe other ,being equall in 
multitude with them. i 








JV ppofe shat shere be two Pyramids under equall altitudes, hawing triangles to 
| heir bafes, namely, A B C, and D E F,and hauing to their toppes the pointes 
; Gand H. And let cither of the[e pyramids be diuided into two pyramids equak 
CESA the one to the other and like unto the whole,and into two ege pima (accor- 
ding to tbe methode of the former Propofition ) . And againe, let either of thofe pyramids fo 
made of the two firH pyramids be imagined tc be after the fame order denided,and fo do con- 
tinxally T ben fay,tbat as the bafe A B C is to the bafe D E F, fo areall the prifmes which 
are in the pyramis ABCG,to all 
the prifmes which arein the py- 
ramis D EF H being equallin 
multitude with them . For for- 
afmuch as the line B X & equall 
tothe line X C, andthe lige A L 
tothe line LC : ( For as we faw 
in the confiručtion pertayning 
to the former Propofttion, al the 
fixe fides of the whole pyramids, 
areech deuided into two equall 
ports, thelike of which conftruc- 
tion is in this propofition alfo 
Suppofed) : therefore the line X- 
Lis a parallel to tbe line A Bc 
the triangle A B C, is like to the 
triangle L X C, (by the Corolla- g 
ry of the fecond of the fixth): 
and by the fame reafon the tri- 
angle D E F is like to the triangle RW F. And forafmuch as the line BC is double to the line 
C X and the line F E to the line F W:therefore as the line B C is tothe line CX, [ois the line 
E F to tbe line F W. And upon the lines BC and C X are deferibed vetliline figures like and 
3n like fort fet, namely,the triangles A B C and L X C, and vpon the lines E F and FW arc 
alfo defcribed rettiline freures like and in like fort fet namely, the triangles D E F (p RW F 
But if there be fower right lines proportianall, the retliline figures defcribed of them being 
like undin like fors fes, Jhal alfo be proportionall ( by the 22.uf the fixt ) . Wherefore as the 
DD4.. triangle 
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sriangle ABC is tothe triangle LXC, fo isthe triangle D EF to the triangle RW F. 
Wherefore alternately ( by the 16.0f the fift ) as the triangle A B Cis tothe triangle D E F, 
fois the triangle LX Cto the triangle RW F .* But as the triangle LXC is to.the triangle: 
RW F, foss the prifme whofe bafe isthe triangle L X C, and the oppofite fide unto it the tri- 
angle OM N, tothe prifmewhofe bafe is the triangle RW F, and the oppofite fide vntoit 
she triangle STV ( by the Corollary of the 40.uf the eleuenth). For thefe prifmes are under 
one C7 the felfe fame altitude namely, under the halfe of the altitude of the whole Pyramids, 
which Pyramids are {uppofed to be under one and the felfe fame altitude : this is alfo proued 
4a the Affumpt following ) . Wherefore { by the 11.0f the fift ) as the triangle ABC isto 
the triangle DEF, fois the . ] E D 
prifine whofe bafe is the triangle” > = i s 
LXC, andthe oppofite fide vn- ; 
to it the triangle O M N, tothe 
prifme whofe bafe is the trian- 
gle RW È, and the oppofite fide 
vato it the triangle STV. Aand 
foraſmuch as there are two 
prifmes in thepyramis ABCG 
equal the ont to the other dr two 
prifmes alfo in the pyramis D E- 
F H equall the ene to the other: 
therefore as the prifme, whofe 
bafeis the parallelograme B R- 
LX, andthe oppofite fide unto 
atthe line M Oss to the prifme, 
whofe bafe is the triangle LXC, : 
and the oppofite fide unto it the 
triangle OCMN , fo is the 
prifme, whofe bafe isthe parallelogramme P E RW, and the oppofite untoit the line ST, te 
the prifme, whofe bafe is the triangle RW F and the oppofite fide vnto it 1be triangle S T V. 
Wherfore by copofition( by the 18 of the fift) as Derer KBXLMO,¢7LXCMNO, 
are tothe prifme LXC MNO, fo are the prifmes PEWRST, and RWFSTY, tothe 
prifme RW F STV . Wherefore alternately (by the 16.0f the fift ) as the two prifmes K B- 
X LMO,and LXC M N O,aretothe tmoprifmes PEWRST, and RWFSTYV,fois 
theprifme LX C MNO tothe prifme RW F STV. but as the prifme LXCM.NO isto 
tbe prifme RW F $T V , fo baue we proued that tbe Lafe L X C isto tbe bafe RW F and the 
bafe A B C to tbe bafe D EF -Wherefore (by tbe 16.0f the fifi ) as the triangle ABC is to 
the triangle D E F, fo are both the prifmes which are 1n the pyramis ABC G, to both the 
prifmes which are in the pyramis D E F H . And in like [ort if we diuide the other pyramid | 
after tbe felfe [ame maner, namely, the pyramis O M N G, and the pyramis STV H : as 
the bafe 0 M Nts to she bafe STV, fo fhall both the prifmes that are in the pyramis 
OM NG, be to both the prifmes which are in the pyramis STV H . But as the bafe 
OMN istothebsfe STV, fois the bale. ABC tothe bafe DE F . Wherefore (by the 
11.of the fift ) asthe bafe ABC istothe bafe DEF, fo are the two prifmes that are in 
the pyramis AB CG, tothe two prifmes that are in the pyramis D EF H, and the two 
prifmes that arċ inthe pyramis O M NG, to thetwo prifmes that are in the pyramis ST- 
VB, and the we pi to the fümer prifomes .« Aud fo alfo Jhallit followe in the prifmes 
made by diniding the twa pyramids AK LO, and D P RS, and of all the other pyramids 
in general), being equallin mautsitude. 
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A nd thatas thetriangle L X C isto the triangle RW F, fo isthe prifmewhofc bafe is 
the triangle L X C and the oppofite fide O M N to the prifme whofe bafe cs the triangle RWF 
and the oppofite fide the triangle ST Vay thus be proued. For in thy felfe fame conftruc- 
tion imagine perpendicular lines to be drawne from the poyntes Gand H to the two playne 
Superficieces wherein are the triangles A BC and D EF. Now thofe perpendicular lines Jhail 
be equall the one to the otker,for that the two pyramids are [uppofed tobe of equall attitude. 
And forafmuch as two right lines , namely , G C,and the perpendicular lire drawne from 
the poynt Gare deuided by two parallel playne  fuperficieces, namely, A B C and O M N, ther- 
fore (by the 17.of the elewenth) the partes of the lines denided are proportional! . But the line 
G Cis by the playne fuperficies O MN deuided inta two equall partes in tbe poynt N Where- 

ore Alfo tbe perpendicular line drawne from the poynt G to the playne fuperficies wherein is 
the triangle A B Cis denided into two equall partes by the fuperficies OM N-cr by the fame 
veafon al[o the perpendicular line which is drawze from the poyat H to the playne fuperficies 
D E F isdenided into two equall partes, by the playne fuperficies ST VAnd the perpendicu- 
lars drawne from the poyntes G and H to the playne [uperficieces 4 B C and D E F are equal. 
Wherefore alfothe perpendicular lines which are drawne from the triangles O M N and $ 
T V tothe playne fuper ficieces 4 B Cand D E F are equal the one to the other Wherfore alfo 
the prifmes whofe bafes are the triangles LX Cand RW F and the oppofite fides the tri- 
angles O M N and T V are of equal altitude . Wherefore alfo tbe parallelipipedons which 
are deferibed of the forfayd prifmes and being equall in altitude with them are the one to the 
other, as the bafe of the onc is tothe bafe of the other. Wherefore alfo as the halfe of the i 
of thofe parallelipipedons,namely , as the bafe LX Cistothe bafe RW F , foare the forfayd 
primes the one to tbe other 3 lf therfore there be two pyramis under equallaltitudes,hauing 
triangles to their bafes and either of thofe pyramids oc deuided into two pyramids equall the 
one to the other and like unto the whole,and into two equall pri{mes , and agayne if 1n either 
of the pyramids made of the two fir|t pyramids be fill obferued the fame order and maner: 
then as the bafe of the one pyramis is to the bafe of the other piramis, fo all the prifmes which 
arc in tbe one pyramis to all the prifmes which are in the other being equall in multitude: 
which was required to be proned. 


_ The. s. Theoreme. The s.Propofttion. 


Pyramids confifting ‘ynder' one and the felfe fame altitude, hauing tris 
“angles to their bafes: are in that proportion the one to the other that 
their baſes ar. 








Vppoſe that theſe two Ppramidso, whoſe baſes are the triangles ABCADEF, 
land toppes the pointes G and H, be under equall altitudes. Then 1 fay, that as 
the b CAB Cis tothe bafe D E F, fo is the pyramis A B CG to the pyramis 
SID EFH . Forifthe pyramis ABCG benot tothe pyramis D E F H, asthe 
bafe ABC isto the bafe D EF ,thenas the bafe A B Cis to the bafe D EF, fois the pyra- 
rnis A B.C G to a folide, either leffe then the pyramis D E F Hy or greater .— Firfl letit be 
ro fome lefe, and let the fame be X . And ( by the 3 .of the twelfth) let the pyramis DEFH 
be deuided into two pyramids equall the one tothe other, and like vnto the whole, and into 
two equall prifmes . Now the two prifmes are greater then the halfe of the whole pyramis. 
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And againe (by the fame let the 
vamids which are made of the 
diuifron,be in like fort. diuided, 
and do this continually, vatill 
abere vemaine fome pyramids 
made of the pyramis D E F H, 
which are lefe then the exceſſe, 
whereby the pyramis DEFH 
excedeth the folide X . Let fuch 
ramids be taken, and for ex- 
ample fake,let thofe pyramids be 
DPRS,GSTV HA .Wherfore 
the prifmes vemayning which 
arein the pyramis D E F H, are 
greater then the folide X . De- 
wide( by vba Propafitian aext go- 
ang before)the pyramis 4A BC G 
dn Like fort, ér as many tivues as 
she pyramis D E F Hus deuided. 
Wherefore (by the fame ) as the bafe ABC is to the bafe 
D.E F, foare all the prifmes which arein the pyramis A B- 
CG, to atl the prifmes which are in the pyramis DEF H. 
But as the bafe AB Casto the bafe D E F, fois the pyramis 
ABCG 0 the folide X . Wherefore ( by the 11. of the fift) 
as the pyramis A 5 CG, is tothe folide X, fo are the prifmes 
which ave in the pyramis A BCG, to the prifmes which are 
in the pyramis D E F H . Wherefore alternately (by the i6. 
of the fift ) as thepyransis ABCG 1s tothe pri[mes which 
arc init, fois the jolide X, tothe prifimes whith are in the 
pyramis D EF H But the pyramis A B CG is greater then ” 
the prifmes whith are in it . Wherefore alfo the folide X i 
greater then the prifmes which avein the pyramis D E F H ( by the 14.0f the fift) . Bus it is 
ſuppoſed io be leffe : which is impofsible.. Wherefore as the bafe A B Cis tothe be DEF, 
fois not the pyramis A B C G to any folide lek, then the pyramis DEF H. ~>, 

1 fay morcouer, that as thebaft ABC isto the bafe D E F, fo isnot the pyramis ABCG, 
toany folide Greater then the pyramis D E.F H . For tf it bc pofible, let it be unto fome 
greater namely, tothe folide X . Wherefore ( by conuerfion, by the Corollary of the 4. of the 
Sift) a the bafe D E F isto the bafe ABC, fois the [olide X tothe pyramis ABCG. But 
asthe folide X is ta the pyramis ABC GC, fois the pyramis D E F H tofome folide leffe 1ben 
the pyramis ABCG,™ aswebane before proued . Wherefore alfo ( by the 11. of the fift ) as 
the bafe D EF is tothe bife A BC, fois the pyramis D E F H, to fome folide lefe then the 
Pyramis ABC G : which thing we hane proued tobe impofible. Wherfore asthe bafe ABC 
żs tothe bafe DEF, fois not the pyramis ABGG toany folide greater then the pyramis 
D EF H: andiiisalfe proued that it is not in that proportion to any leffe then the pyramis 
D EF H. Woerefore as the bafe A B Cis tothe bafe D E F, foisthe pyramis A B CG tothe 
pyramis D E F H. Wherefore pyramids confifling vnder one and the felfe fame altitude, 
szd haning triangles to their bafèsy arein that proportion the one to the ather, that their 
befes are : which was required to be demonfirated. 
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g The 6. T beoreme. T be 6. Propofition. 
Pyramids confifting vnder one and the felfe [ame altitude, and haning 
Poligonon figures to their bafes:are in that proportion the one to the other, 
that their bafes are. 






\V ppofe that there be two Pyramids haning to their bafes thefe Poligonon figures 
lABCED,and F GH K L, and let their toppes be the pointes M and N. „which 
let be of one and the felfe fame altitude . T ben 1 fay, that as tbe bafe AB C E D 
SLL is to the bafe FG H K L, fois the pyramis A B C E D M,to the pyramis F G H- 
K LN. Diuide the bafe 
ABCE D intu thefetri- 
angles ABC, AC Dg 
CDE, and likewife the 
bafe FGHK L into 
thefe triangles FGH, 
FH L,and H K L. 4nd 
imagine that upon euer) 
one of thofe triangles be 
feta pyramis of equall al- 
titude with the two pyra- 
mids put at the begin- 
ning. And for that as the 
triangle ABC is to the 
triangle ADC, fois the 
pyramis ABCM tothe 
pyramis ADCM (by 
the s.of this boke).Wher- > 
fore, by compofition (by E3 5 e 
the 18. of the fift ) asthe ` "us hai) a SP gen e. 
Somer fided figure ABCD istothe triangle AC D, foiisthe pyramis ABCD M tothe py 
vamis ACD M. But asthe triangle AC D čto the triangle C D E, fo is the pyramis 
ACD M tothe pyramis CDEM .Wherefore of equalitie (by the 22.0f the fift) as the bafé 





ABC D isto the bafe C D E, fo is the pjrams A BC D M to the pyramis C D E M. Wher- - 
fore againe by compofition (by the.18.of the fift) as the bafe ABC D E isto the bafe C D E,’ 


foss the pyramis A B C E D M tothe pyramis C D E M . And by the fame vedfon alfo a the 
bafe FGH K L is to tbe bafe H K L, fo is the pyramis FGHK LN_to the pyramis 
HK LN. And forafinuch as there are two pyramids C D E M and HK LN, haning tri- 
angles to their bafes, and being vnder one and the felfe [ame altitude, therefore ( by the 5.of 
the twelfth) as tbe bafe C D Eis tothebafe H K L, fo istbepyrams C D E M totbe pyra- 
mis H K LN , Now for that asthe bafe ABCE D ss tothe bafeC DE, fo ts the pyramis 
ABC ED M tothe pyramis C D E M. But as the bafe C D E is to the bafe H K L, fo i the 
pyramis C D E M to the pyramis HK LN . Wherefore of equalitie ( by the 22. of the fifi) 
as the bafe ABCE D istothe bafe H K L, fois the pyramis ABC E D M to the pyramis 
HK LN. But alfo as the bafe H K L isthe bafe F GHK L, fois the Pyramis H R LN to 
to tbepyrams FGH K LN .Wherefore againe of equalitie ( by the 22. of the fift ) as the 
bafe ABCED is tothe bale FGH K Ë, fois the pyramis ABCE DM to the pyramis 
FG HK LN Wherefore pyramids confisting vnder one and the felfe fame altitude and ha- 
wing Polygonon figures to their bafes, are in that proportion the one to the other, that their 
bafesare : which was required to be proued. 
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s mis whofe bafe is thetriangle A B D and toppetbe 
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un — ed $ 
vA Enery prifme haning a triangle to his bafe, may be deuided into three pys 
ramids equall the one to the other ,bauin 1g alfo triangles to their bafes. 

SESTO Vppofe that A B C D E F beaprifme,bauing to bis bae the triangle A B C,and 
KS CS | the oppofite fide vato it the triangle D E FT hen 1 [ay tbat tbe prifme A B C D 
SA K E F,may be deuided into th ree piramids equall the one to the other and haning 
bec AX triangles to their bafes. Dram thefe right lines B D, E C, and C D . And foraj- 
much as A B E D isaparallelogramme, and bis di- — 
ameter is the line B D, therefore the triangle AB D 
is equall to the triangle E D B . Wherefore alfo the 
pyramis whofe bafe is the triangle A B D,and toppe 
the poynt C,is equall to tbe pyramis mbofe bafe is the 
triangle E D B; © toppe the point C,by the 5.of this 
booke.But the pyramis whofe bafe is the triangle E D 
B,and toppe the poynt C,ts one and the fame which 
the pyramis whofe bafe is the triangle EBC,and toppe 
the poyat D , for they are comprehended of the felfe 
Jane playne [uperficieces, namely, of. y triangles BDE 
D EC, D BÇ and E BC. Wherefore alfo the pyra- 








poyat C,ts equall to the pyramis whofe bafe is the triangle E B C and toppe the point D. A- 
gaine forafmuch as BC F Eis a parallelogramme,and the diameter thereof is E C,therefore 
the triangle E C F is equall to tbe triangle C B E . Wherefore alfo the pyramis whofe bafe is 
the triangle E B C and toppe the poynt D,is equall to the pyramts, whofebafe is the triangle 
EC F and toppe the poynt D,by the 5.of this booke. But the pjramis whofe bafe'is the trian- 
gle B EC and toppe the poynt D,is proned tu be equall to the pyramis whofe bafe is the trian- 
gle AB Dand toppe the poynt C. Wherfore alfo the pyramis whofe bafe is the triangle € E F 
and toppe the poynt D,is equall to the pyramis whofe bafeis the triangle A B D Cy toppe the 
poynt. C Wherefore the prifme A B D EF is deuided into three equall pyramids haning tri- 
angles to their bafes . And forafmuch as the pyramis whofe bafe is the triangle A B D and 
toppe the poynt Cis one Cythe felfe fame wath the pyramis whofe bafe is the triangle C A B cb. 
toppethe poynt D ( for they are contayned under the felfe fame playne fuperficieces ) butis 
hath-hene proved that the pyxamis whofe bafe is the triangle A B D and tappe the poynt Cyis . 
the third pyramis of the prifine whofe bafe is the triangle ABC aud the oppofite fide unto st 
the triangle D.E F . Whereforethe pyramis whofe bafe is the triangle ABC and toppe the. 
poyt Dis the third pyramis of the pri[me whofe bafe is the triangle A BC, and oppofite fide 
the triangle DE F Wherefore enery pri{me hawing a triangle to bis bafe,may be densded in- 
to three pyramids equall the une tothe other , hawing alfo triangles to their bafes : which was 
required to-be proued. CEN 
Y 


Nun. 
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m ed x q Corollary, 
- Hereby it is manifeit that euery pyramis-is the third part of a prifme hae 

"wine one and the fame bale with it and alfo being "ynder tbe [elfe [ame al- 

^ ^s litude with it.For if the bafe of the prifme be any otber ve£filine figure tb£- 
X triangle,tbat alfo may be deuided into prifmes which [hal haue triangles. 
to their bafes. v wn. a EL : 


-T Here 
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Here Campaneand Flsfas adde certayne Corollaryes. — 
3 / Firft Corollary. 


Euery Prifme is treble to the Piramis,which hath the felfe fame triangle to bis bafethat tbe 
Prifme hath, andthe felfe fame altitude. As itis manifelt by this propofition, where the Prifme is 
deuided into three equall Pyramids, of which, two are vpó one and the felfe fame bafe, and vnder one 
and the (elfe fame altitude. Buc if the Prí(me haue to his bafe a parallelogramme , and ifthe Pyramis 
haue to his bafe the halfe of the (ame parallelogramme,and their altitudes be equall, then agayne the 
Pyramis fhalbe the third part of the Prifme.For it was manifelt,by the 40. of the eleuéth,tbat Prifmes, 
being vnder equal altitudes, and the one hauing to his bafe a triangle and the other a parallelogramme 
double to the fame triangle, are equall the one to the other, Wherof followeth the former conclufion, 


m =u Second Corollary. 

If chere bemainy Prifmes under one and the fame altitude, and hauing trianglesto their bafes, 
and if the triangular bafes be fo ioynedtogether upon one and the fame playne,that they compofea Vo- 
ligonon figure: eA pyramts fet vpon that bafe being a Poligonon figure, and under the fame altitude, 
as the third part of that folide, which is compofed of all she Prifmes added together. 

For forafmuch as eusry one of the Prifmes which hath to his bafe a triangle, to every oné of the 
Pyramids fet vpon che fame bale (the altitude being alwayes one and the fame) is treble, itis manifeft 
by the 12. ofthe fiueth, that all the Prifmes are to all che Fyramids treble , Wherefore Parallel:pipe- 
dons are treble to Pyramids fet ypon the felfe fame bale with them, and vader the fame altitude, for 
that they contayne two Prifines. 


* Le > Third Corollary. 
Tf two Prifmes being under one and the filfe fame altitude, haneto their bafès either, both tri- 
angles, or bath parallelogrammes the "Prifmes are tbe one 1o the otber as their bafes are. 

. For forafmuch as thofe Prifmes are equemultiqlices vnto the Pyramids vpon the felfe fame bafes, 
and vnder the fame altitude; whicli Pyramids áre io proportion as their bafes, it is manifeft (by the 15. 
of the fift); tháctlre Prifmes are in clie proportion of the bales. For by the former Coroliary,the Prif- 
mcs are treb]e cothe Pyramids feevpan tbe triangular bafes. : 


Mek CD A e het ots 


see APA 
eee e ` = Fourth Corollary. 


Prifmesare in féfquealtera proportion to Pyramids which hane the felfe fame quadrangled bafe 
that the Prifmes haue, and are under the fefe fame altitude, 

For, that Pyramis contayneth two Pyramids fet vpon a triangular bafe of the fame Prifine, for itis 
proued, that that Prifme is treble to the Pyramis which is fe: vpon the halfe ofhisquadraagled bafe, 
vnto which the other Which is fec vpon the whole bafe is double,by the fixth ofthis booke. I 


mn ' 
S a. 


Fineth Corollary. 


Wherefore we may in like fort conclude, that folides menctoned in the fecond CoroHary (which 
Solids Campane callech fided Columnes ) being under one and the felfe fame altitude, are in proportion 
the one to the other, as their bafes, which are poligonon figures, 

For they are in the proportion of the Pyramids or Frifmes, fet vpon the felfe fame bafes, and vn- 
der the felfe fame altitude, chat is, they are in the proportió ofthe bafes of the fayde Pyramids or Prif- 
mes. For thofe folids may be deuided into Priimes hauirg the felfe fame altitude, when as their oppo- 
fite bafes may be devided into triangles, by the 20 of the fixth.Vpon which triangles Prifmes beyng fety 
are in proportion as their bales, . 

"xe 

By this 7. Propoficion it playnely appeareth that Ewe/ide,as it was before noted in the diffinitions, 
ynder the diffinicion ofa Prifme,comprehended alfo thefe kinds of folids', which Campane calleth fided 
Columnes. For in that he fayth, Enery Prifme hawing a triangle to his bafeymnay be denided. €£c- he neded 
not (taking a Prifme in that fenfe which Campane and molt mea takeit) to hauc added that particle; 
bawing fo hisbafe a triangle, For by their fenfe,there is no Prifme,butit may-haue to his. baíc a triangle: 
and fo it may {eeme that Ewclide ought without cxcepriou haué íayd;that,euery prifrae whatfoeuer,may 
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be deuided into three pyramids equalt the one to che other, hdving alfotciangles to their bales. For fo 
do Campane and Flufas put the propofition, Jeauing out the former particle hawing to his bafe a triangle, 
which yetis red in the Grecke copye,& not left out by any other interpreters knowne abroade except 
by Campane and Flufias. Yea and the Corollary following pfthis propofition added by Theon or Ewclide, 
and améded by M.Dee femeth to confirme this fence. 

Of this, ist made mamfeft bar. enev) pyramis is the third part of the prifme, haning the fame 
bafe with it , and equall altitude . Fav, and if the bafe of the prijme hare any other vight laedfigure 
(then atriangle) and alfo the fuperficies oppofite to the bafe, rhe fame figure: that prifme may be dea 
aided into prifmes, haumg triangled bafes: and tbe faperficiecertothofe bafes oppofite,alfo triangled 

tke and equally, not Vers. yt : 

For there, as we feeare put thefe wordes, For-andif the bale of the. prifme be any other right lined 
figure. €de.. Whércofa mau may well inferre that the:bafe may be.any other. re&lilinefigure what- 
foeuer , & notonly atriangle ora parallelogram me, and itis true alfo in that fenceyas itis plaine to fee 
by the fecond corollary added cut of Flaffas, which corollary, as alfo the firit of his corollaries, is ia 
a mancr all one with the Corollary added by Theomor Euclide . Farther Theon in the demonttration of 
the 10 . propofition of this booke ( as we fhall afterward fee ) moft playnely calleth.not onely fided co- 
lumnes prifmes,but alfo parallelipipedons.And although the 4o.propofition ofthe eleuenth booke may 
feme hereunto to bea let.For thacit can: be vnderftanded-of thofe prifmes onely which haue tridogles 
to their like,equall; oppofite,ànd parallel fides , or but of fome fided columnes, and. not ofal « yccipay 
that let be thus remoued away , to fay that £welide in that propofitié vied genus pro fpecie, that is,the ge- 
nerall word for fome (pecial kindc therof: which thing alfo is notrare,not only with him,butalío with: 
other learned philofophers.Thus much I thought good by che way to note in farther defence of Euclidi 
definition of a Prifac. i ' 


‘The 8. T beoreme. T he 8. Propofition. 


Pyramids being like «y hauing triangles to-their bafes are in treble propor 
tion the one to the other, of that in which their fides of like proportion are. 


Vppofe that thefe pyramids whofe bafes are the triangles G BC and H E F and 
toppes, the poyntes A and D be like , and in like fort defcribed , and let AB and 
© D E be fides of like proportion . T. henaf that the pyramis ABCG ts tothe 
ISKY | pyramis D E F H in treble proportio,of that in which the fide A.B is to the fide 
DE. Make perfect the iie eee : folides BC K Ld E F X O.And 'foraf- 
much as the pyramis ABCG is like to the pyramis D EF H,therfore the angle ABC is equall 
to the angle D E Fe the 
angle G B C to tbe angle 
HEF, and moreouer the 
angle ABG to the angle 
DEH, and asthe line A 
Bis tothe line DE, fois 
the line BC tothe line E 
F „and the line BG to the 
line E'H | And for that 
as the line AB i: to tbe 
line DE, fois ihe line B 
C tothe line E F , andthe 
fides abont the equall an- 
gles , are proportional, 
therefore the parallelo- 

ramme B M is like to the 
parallelograme EP: and 
by the [ame reafon the pa- 
rallelogramme B Nis like B 
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to the parallelogramme E R, and the parellelogramme B K is likevnto the parallelogramme 
EX. Wherefore the three parallelogrammes B M,'K B and BN are Like tothe three paral- 
lelogrammes EP,EX, and ER. But the three parallelogrammes B M, K B, and B Nare 
equall and like to the three oppofite parallelagram:mes, and the three parallelogrammes E P, 
E X , and E R are equall and leke ta the three oppofite parallelogrammes . Wherefore the pa- 
rallelipipedons BC K L and EF XO are comprehended under playne fuperficieces like and 
equallin multitude Wherefore the [olide BC K Lis like to the folide E F X O But like paral 
lelipipedons are( by the 3 3 of the eleuentb )in treble proportion tbe onc to the other of that in 
which fide of like proportion is to fide of like proportion . Wherefore the falide BC K L isto 
the folide E F X 0 in treble proportion of that in which the fide of luke proportion A Bis to 
the fide of like proportion D E. But as the folide BC K Lis to the folide E F X 0 ,fo is the py- 
ramis A BCG to the pyramis D E F H (by the 15. of the fifth ) for that the pyramis isthe 
Sixth part of this folide : for the prifme , being the halfe of the parallelipipedon is treble to 
the pyramis. Wherefore the pyramis A BC G is to the pyramis D E F H in treble proportion 
of that in which she fide A B is to the fide D E.Which was required to be proued. 


Corollary. 


Hereby it is manifeft that like pyramids bauing to their bafes poligonon 
figures are in treble proportion the one to the other of that in which fide of 
like proportion jis to fide of like proportion. 

For if they be deuided into pyramids hauing triangles to their bafes ( for like poligono 
figures are deuided into like triangles, and equal in muluitude,and the fides are of like propor- 
“tion)as one of the pyramids of the one,hauing a triangle to his bafe, is to one of the pyramids 
of the other ,haning alfo a triangle to his kafe , fo alfo are all the pyramids of the one pyramis 
haning triangles to their bafesto all the pyramids of the other pyramis hauing alfo triangles 
to their bafes.T hat is she pyramis hauing to his bafe a peligono figure, to the pyramis haning 
alfo so his bafe a paligond figure, Buta pyramishauing a triangle to his bafe,is to a pyramis ha 
zing alfo a triangle to lis bafe, c being like vnto it, in treble proportio of that in which fide 
of like proportiğts to fide of like proportio. Wherfore a pyramis hauing to his baft a poligona 
figure, is to a pyramis hauing alfo a poligonon figure to his bafe, the fayd pyramids being like 
the one to.the other, in treble proportion of that in which fide of like proportion is to fide of 


like proportion ‘Likewife Prifmesand fided colunnes, being fet vpon.the bales of thofe pyramids,and 
vnder the fame altitude (fcrafmuch as chey.are equemultiplices voto the pyramids , namcly,triples, by 
the corollary of the 7 of this booke)fhal haue che former porportion that the pyramids haue,by the 15, 
of the fifth,and therefore they fhall be in treble proportion of that in which the fides of like propor- 
tion are. 5 


g The 9. T beoreme. The 9. Propoſition. 


In equall pyramids hauing triangles to their bafes , the bafes ave vecipro- 
kall to their altitudes. And pyramids hauing triangles to their bafes whofe 
bafes are reciprokall to their altitudes are equall the one to the other. 










SZ 
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SEXO] V ppofe tbat B C G Aand E F H D be equall pyramids,haning to their bafes the 
A triangles BC G and E F H, and the i Me pitis Aand D .Then1 bd 
Kiet the bafes of the two pyramids RC G A and E F ii D are reciprokall to their al- 
ENS situdes:that is,as the bafe BC G is to the baft E F H fo isthe altitude of the py- 
ramis E F H D to the altitude of the pyramis B C G A . Make perfect the parallelipipedons, 

namely, 
30 
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namel,BGM Land EHP 0.And forafmuch as the pyramis ECG A is equallto the pyra- 
mis E FH D, & the folideB GML is fextuple to the pyramis BCG A. (For the paralleli- 
pipedon is duple to the Prifiae fet upon the bafe of the Pyxamis, Cr the Prifme is triple to the 
pyramis):and likewife the folide E H P 0 is fextuple tothe pyramis E F H D Wherefore the 


folide BG M Lis equal to the folide E H P O.But in-equall parallelipipedons the bafes are(by 


the 34.0f the eleuzth reci- 
prokall to their altitudes. 
Wherfore asthe bafeBN 
is to the baft E 2 fois the 5 
altitude of the folide E H 
P O,to the altitude of the 
folide BG M L. But as the 
bafe BN is to the baft E- 
2 fois the triangle GBC 
to the triangle H E F (by 
the 15.0f the fifth, for the A 
triangles GBC& HEF 
are the halues of the paral- 
lelogrammes 8 N and E- 
Q). Wherfore (by the 1. 
of the fifth )as the triangle 
G BCistothe triangle H- 
EF, fo isthealtitude of 
thefolide EHP O tothe B 
akitude of the folide BG- 





“E F 


M L.But the altitude of the folide E H P 0 is one and the fame with the ahitude of the pyra- 


mis E F H D,and the altitude of the folide B G M Lis one and the fame with the altitude of 
the pyramis BCG A. Wherefore as the bafe GB Cis tothe bafe HE F , fo is the altitude of 
the pyramis E F H D tothe altitude of the pyramis BCG A. Wherefore the bafes of the two 
pyramids BCG A and E F H Dare reciprokall to thes altitudes. ho — 
But now fuppofe that the bafes of thepyramids BC G A and E F H Dybereciprokall to 
their altitudes, that is,as the bale C B C isto tbe bafe :H E F fo let the altitude of the pyramis 
E FH D bets the altitude of the pyramis BC G A:Thén I fay that the pyramis BC GA ise 
guall to the pyramis E F H D.For(the felfe fame order of conftruction remaining), for that 
as the bafeG BCistothebafeh EF , fo isthe altitude of the pyramis E F H D to tbe alti- 
tude of the pyramis BCG A But as the baft G B'C istothe bafe H E F fo is the parallelo- 
gramme G C to the parallelogramme H F Wherefore( by the r1 of the fifth) as the parallelo- 
gramme G Cis to the parallegoramme H F, fo is the altstude of the pyramis E F H D tothe 
altitude of the pyramts BCG A. But the altitude of the pyramis E F H D and of the folide 
EH P 0,is one and the felfefanre, and the altitude of the pyramis BCG A and of the folide 
BG M L,isalfo one and the fame Wherefore as the bafe G C és to the bafe HF, fo isthe alti- 
tude of the folide EH P 0 to the altitude of the folide BG M L.But parallelipipedons, whofe 
bafes ave reciprokall to their altitudes are ( by the 3 4.0f the eleuenth } equall the one to the o- 
ther Wherefore the parallelipipedon B'S M L is equall tothe parallelipipedon E H P O . But 
the pyramis BCG Ais the fixth part of the folide B G M L,and hkewife vhepyramis EFHD 
isthe fixth part of the folide E H PO. Wherefore the pyramis BCG A is equallto the pyra- 
EF H D Wherefore in equall pyramids haning triangles to their bafes , the bafis are reci- 
prokall to their altitudes. And, pyramids haning triangles to their bafes,whofe bafes are reci- 
procalito their altitudes,are equall the one to the other:which was required to be demonftra- 
ted. 
A Corollary 


of Euchdes Elementes.. `. Fol.369. 
A Corrollary added by. Ganepane and Fluffas. 


: \ fee . ; 

Hereby it is manifeft that equall pyramids baning to their bafes Poligonon figures , hane their 
bafes reciprokall with their altitudes.o4nd Pyramids whofe ba/es being poligonon figures are recipro= 
kall with their altitudes are equall the one to the other. I 

Suppofe thát vpon the poligonon figures A i 


and B , be fet equall pyramids . Then I fay that 
their bales A and B are reciprokall with theíral- — ^ — ^ 

citudes. Defcribe by the 25. of the fixth triangles B 
equal! to che bafes AandB . Which let be C and A 


D .Vpon which let chere be fet pyramids equall 
in alatude wich the pyramids A and B. Whertore 
the pyramids C and D, being [et vpõ baſes equall 
with the bales ofthe pyramids A and B , and ha- 
uingalfo their altitudes equall with the altitudes 
of the fayd pyramids A and B, fhall be equall by 
the 6.of this booke. Wherefore by the frit pare 
of this propofition, the bafes of the pyramids , C 
toD arc reciprokall with the alticudes of D to C. 
Butin what proportion are the bafes C to D , in 
the fame arc the bafes A to B , forafmuch as they 
are equall . And in what proportion are the altitudes of D to C, in the fame are the altitudes oF B to Ay 
which altitudes are likewife equall . Wherefore by the11. ofthe fifth , in what proportion the bafes 
A to D are,in the fame reciprokally are the altitudes of the pyramids B to A . In like fore by the fecond 
part of this propofition may be proued the conuerfe of this corollary, The fame thing followeth alfo in 
2 Prifme,and in a fided columne,as hath before at large bene declared in the corollary ofthe 4o. propo- 
fition ofthe t1.booke. For thofe folides arc in proportió the one to the other, as the pyramids or paral- 
lelipipedons,for they are either partes of equemultiplices or equemultiplices to partes. 


The 10. Theoreme. The 10. Propofition. 


Euery cone is the third part of a cilinder haning one and the felfe fame bafe 
and one and the felfe fame altitude with it. 7. / 





1 V ppofe that there be a cone haning to, his bafe the circle ABCD, and let there bea 
OF cilinder hauing the felfe fame bafe,and habe fame altitude that the cone hath. 
ING. Then 1 fay that the cone is the third part of the cilinder, that is, that the cilinder 
is in treble proportion to the cone.F or if the cilinder be not in treble proportion so the cone, 
then the cilinder is either in greater proportion then triple to the cone,or els in lefe. FirH let 
it bein greater tien triple. And defcribe (by the 6. of i fourth) in the circle ABCDa 
fquare A B C D.Nom the (quare ABC D, H 

15 greater then the halfe of the circle A B C- D au CEU 

D. For if about the circle ABC D, we de- ZS 
fcribea {quare, the {quare defcribed in the 

circle ABCD is the halfe of the {quare 

defcribed about the circle. And let there be 

Parallelipipedon prifmes defcribed upon 

thofe (quares, equall in altitude with she E 

cilinder. But prifmes are in that proporti- 

on the oneto the “other, that their bafes 

are (by the 32. of the elenenth,and 5. Co- 

rollary of the 7.0f this booke).Wherefore 

the prifme defcribed un the [quare A- 

BC Dis the halfe of the prifme defcribed or ee 

upon the (quare that is de[cribed about tbe 7 * 

circle. Now the clinder is leſſe then the 


6 


prime 


«^ 
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priſme which is made of the fauare defcribed about the cirtle ABCD, being equal in 
altitude with it,for it contayneth it Wherforethe prifme defiriled upon thefquare A B C- 
D and being equall in altitude withthe vylinder , is greater then half the cylinder . Denide 
(by the 30.0f the third) the circumferences AB,E C,C D and D A into two equall parts in 
the points E,F,G,H, And draw thefe vight lines AE,EB,BE,FC,CG,GD,DH@&H A. 
Wherfore euery oxe of thefe triangles A E B,BF C,CG Dand DH Ais greater then halfe 
of that fegment of thecircle.A BC Dwhich1s defcribed about it,as we hane before in tbe 2. 
propofition dedared. D efcribe vpen euery one of thefe triangles AEB,BFC,CGD,and 
DH Aa prifme of equalt attitude with the cylinder. Wherefore euery one of thefe prifmes fo 
defcribed is greater then the halfe part of the feement of the cylinder that is fet upon the 
Sayd fegments of the circle. For if by the pointes E, F, G, H, be drawen parallell lines to the 
lines A B,B C,C D and D A, and then be made perfec? the parallelogrammes made Ly thife 
parallell lines, and moreoner vpon thofe parallelográmes be erected parallelipipedons equall 
in altitude with thecylinder , the prifmes which are deftribed upon eche of the triangles A 
E B,BF C,C G D,and D H A are the halfes of ewery one of thofe parallelipipedons. And the 
Segments of the cylinder are beffe then thufe parailelipipedons [o defcribed . Wherefore alfo 
euery one of the prifmes which are de(eribed «pon the triangles A E B, BF C,CG D and 
DH Ais greater then the halfe of the fegment of the cylinder fet upon the fayd fegment. 
Now therefore deniding euery one of the circumferences remaining into two equall partes, 
and drawing right lines,andrayfing vp upon enery one of thefe triangles pri(mes equall in 
altitude with the cylinder , and doing this continually we fhall at the length ( by the firit of 
the tenth )leane certainefegments of the cylinder which fhalbe lefe then the exceffe whereby 
the cylinder excedeth the cone mire then thrife . Let thefe fegments be A E,E BB F,FC,C 
G,G D,D'H and H A . Wherfore the prifme remayning,whofe bafe is the poligonon figure 
AEBFCGDH, and altitude the felfe ` H 

fame that the cylinder hath,is greater then 

the conc taken three tymes.* But the prifme B 

whofe bafe isthe poligonon figure AE BF 

CG DH and altitude the felfe fame that 

the cylinder hath,is rreble to the pyramis 

whofe bale is the policonon figure A E BF 

CGD Aand altitude the felfe fame that p G 
the cone hath,by the corollary of the 3. of 

this booke.Wherfore alfo the pyramis whofe 

bafe is the poligonon figure AER FCGD 

— e "a ame tht the cone 

hath ,is greater then the cone which hath 

to his bafe the circle ABCD. But it i Se ng 

alfo leffe , for itis contayned of st which is 

impoffible . Wherefore the cylinder ts not in F 


U^ greater proportion then triple to the cone. 


I fay mareoutr that the cylinder is not in leffe proportion then triple to tbe cone . For if 
at be pofvible let the cylinder be in lefe proportion then triple to the cone . Wherefore by con- 
nerfion,the cone is greater then the third part of the cylinder. Defcribe now ( by the fixth of 
the fourth)in the circle ABC D afquare A B C D.Wherefore tbe [quare AB C D ú grea- 
ter thea the halfe of the circle A B C D vvpon tbe [quare AB C D defcribe a pyramis hauing 
one & the felfe fame altitude with the cone Wherfore the pyramis Jo defcribed is greater the 
halfe of the cone. ( For if aswe haue before declared we defcribe a fquare about the circle, 
the (quare ABC D isthe balfe of the fquare defcribed about the circle , and if uppon the 

fquares be defcribed parallelipipedons equall in altitude with the cone, which folides a 5 
oo ca 


of Euchdes Elementes. Fol.391. 


called prifmes, the prifme or parallelipipedon de{cribed vpà the [quare A B C D is tbe halfeof 

the prifme which & deferibed vpó tbe [quare defcribed about the circle, for they are the one td 

the other in that proportid that their bafes are(by the 32. of | the elewéth, cr y.corollary of the 

7.0f this booke. )Wherfore alfo their third parts are in the felf [ame proportion(by the 15. of 

the fift) Wher fore the pyramis whofe bafeu the [quare ABCD is the halfe of the pyramis fet 

upon the [quare defcribed about the circle. But the pyram fet upon the ſquare deſcribed a- 

bout the circle is greater then the cone whome it comprehendeth.Wherfore the pyrams whofe 

bafe is the [quare A BC D,and altitude the elf fame that the cone hath, is greater then the 

halfe of the cone.) Denide (by the 30.0f the third) euery one of the circumferences AB, B C; 

C D,and D A into two equall partes in the pointes E, F, G, and H : and drawe thefe right 

lines AE, EB, BF, FC,CG,G D,D Hand H A , Wherefore euery one of thefe triangles 
AEB,BFC,CG Dand DH A i greater then the halfe part of the fegment of the circle 

deferibed about it . V ppon euery one of the[e triangles A E B,B F C,CG D, and D H A de- 
feribe a pyramis of equall altitude with tbe cone:and after thc fame maner euery one of thofé 

pyramids fo defcribed is greater then the balfe part of the feement of tbe cane fet vpon the l 
Segment of the circle. Naw therefore diniding( by the 30 of the third) the circumferences re- 
maining into two equall parts, cr drawing right lines c rayfing up upon enery one of thofe 
triangles a pyramis of equall altitude with the cone,and doing this continually,we fhal at the 
length (by the firft of the tenth )leaue certayne feqmentes of the cone , which [halbe leffe then 
the exceffe whereby the cone excedeth the third part of the cylinder . Let thofe fegmentesbe 
AE, EB,BF,FC,CG,GD,D+H, and H A. Wherefore the pyramis remayning , whofe $ 
bafe is the poligond figure AE B FCG DH and altitude the felf fame with the cone,is grea- 

ter then the third part of the cylinder . But thepyramis whofe bafe is the poligonon figure 
AEBFCGD H and —— the felf [ame with tbe cone, is tbe third part of tbe priſme 

whofe bafe is the poligond figure AE BF CG D Hand altitude the felf me with the cylin- 

der Wherfore *the prifme whofe bafe is the poligonon figure AEBFCGDH,andalutude , Apri 

the felf fame with the cylinder, is greater then the cylinder whofe bafeis the circle ABCD. pi, p = 
But it is alfo lefve,for itis contayned of it, which is tmpofable.Wherfore the cylinder is notin his bale apos 
leffe proportion tothe cone then in treble proportion. And tt is proued that it is notin grea- ligonen figure 
ter proportion to the cone then in treble proportion wherefore the cone is the third part of the as we hane 
cylinder Wherfore eucry cone is the third part of a cylinder ,hauing one cr the felf fame bafe, often before 
and one and the felfe fame altitude with it:which was required to be demonftrated. noted vnto 


Jom 
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T he fuperficies of enery upright Cylinder, except bis bafes,is equallto that circle whofe fimidide 
meter is middell proportional betwenet be fide of the Cylinder and the diameter of his bafe, 


A Theoreme. ꝛ. 


The fuperficies of enery upright ,or Iofceles Cone, except the bafe, is equall to that circle, whofe 
Semidiameter is middell proportionall berwene the fide of that Cone, and the femidiameter of the cit- 
cle: which is the bafe of the Cone. 


My ententin additions is not to amend Eaclides Method,(which nedeth litele adding’or none at all). 
Buc my defire is fomwhat co furnifh vou,toward a more general art Mathematical thé EwelsdesEleméts, Note: M, 
(remayning in the termes in which they are written ) can [ufficiently helpe you vnto. And though E#- Dee his chiefe 
chides Elementes with my Additions , run not in one Methodicall race toward my marke : yetiu the purpofe in bi 
meane fpace my Additions either geue light, where they are annexed to Ewelsdes matter,or geuc fone additi u 
ready ayde;and fhew the way to dilate yout difcourfes Mathematicall,or to inuent and pra&:fe chinges. * TOR 
EEe.). Mechanically 


Demonſtra- 
Bion as tou- 
ching Cones. 


Firfi cafe, 1. 
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Mechanically. And (in deede)if moreleyfor had happened, many more (traunge matters Mathemati- 
call had, ( according to my purpofe generall ) bene prefently publifhed co your knowledge : but want 
of due leafour cauleth you to want,that,which my good will coward you,mott hartely doth with you. 

As concerning the wo Theoremes here annexed, their veritie ; is by Archimedes „in his booke of the 
Sphere and Cylinder manifettly demonitrated , and at large : you may therefore boldly truit to them, 
and vfe them,as fuppofitions, in any your purpofes: till you haue alfo their dem dttrations. Bucif you 
well remember my inftructions vpon the firit propofition of this booke , and my other additions vpon 
the fecond , with the fuppofitions how a Cylinder and a Cone are Mathemarically produced , you will 
not neede Archimedes demonitration: nor yet be vtterly ignoraunt of the folide quantities of this Cylin 
der and Cone here compared: (the diameter of their bafe,and heith being knowne in any meafure)nei- 
ther can their croked fuperficies remayne vnmeafured. Whereof vndoubtedly great pleafure and com- 
moditie may grow to the fincere (tudent,and precife pracüfer, ` 


ff 1 be 11. T beoreme.. ` The 11 Propofition. 


Cones and Cylinders being bnder one andthe felfe fame altitude , are in 
that proportion the one other that their bafesare. 2° o 






Et there be takt cones dr cylindres under ont and the felfe fame altitude whofe 
E. bafes let be thecircles ABC D and E FĠH ,andaxes the lines K L& M N, 
A jazd let the diameters of their bafes be A C and E G-T bé 1 fay that as tbe circle 

2 A4BCDistothecircle E FGH , fo isthe cone A Lto the cone EN „and alfo 
the cylinder A L to the cylinder E N.. For if the cone A L be wot to the cone E- 


N asthe circle ABC Dis tothe circle E F G H,then'as the circle ABC Distothe circle E- 


yee 





FG H, fo is the cone A L to fome folide either lefe then the 
cone E Nor greater . Firit let it be vntoa lefe,namely ,to 
the folide X. And unto that which the folide X is lefe then 
the cone E N, let the folide Y be equal! . Wherefore the cone 
E Nis equal tothe folides X Cr Y:Defcribe(by the 6.of the 
fourth )in the circle E F GH a{quare E F GH.Wherefore 
thefquareis greater then halfe the circle. Rayfe vp upon 
the (quare E F G H apyramis of equall altitude with the 
cone. Wherefore the pyramis , forayfed vp is greater then 
halfe of the cone. For if we defcribe a {quare about the cir- 
cle,and upon that [quare rayfevup a pyramis of equall al- 





titude 


` 
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titude with tbe cone , tbe pyramis which iż fet vpon the (qiave de[cribed with in the circle i£ 
the balfe of the pyramis fet pon the (quare defcribed about the circle, for they are in propor: 
tion the one to the other as their bafes.But the cone is leffe then the pyramis which is fet upon 
the [quare defribed about be circle. Wherefore tbe pyramis whofe bafe is tbe [quare E F- 
G H and top one and the fame with the cone is greater tben balfe of tbe cone: deuidé (by the 
30.0f the third)the circumferences E F,F G,G H and H E into two equal partes in the points 
0,P,R,S,and draw thefe right lines H 0,0 E,E PP F,F RR G,G Sand S H . Whhevefore 
euery oge of tbefe triangles H O E,E P F, F RG,andG S H is greater then halfe the fegmét 
of the circle defcribed about the.Rayfeup vpà euery one of tbe triangles H O E,E P F,F RG 
andG S H a pyramis equallin altitude with the cone. Wherefore enery one of the pyramids fo 
rayfed up is greater then the halfe part of the fegment of the cone defcribed about it . Now 

then deuiding (by the 30.0f the third) the circumferences remayning into two equall partes, 


and drawing right lines, and rayfing up uppon entry one of thofe triangles a pyramis of > 


equall altitude with the cone, and thus doing continually, we [ball at. length by the 
frof the tenth lene certayne fegmentes of the cone which fhall be lelfe then the folide 
Y. Let thofe fegmentesbeH OE, EP F,F RG,and GS H .Wherefore the pyramis remay- 
ning whofe bafe is the poligonon figure HO E P F RGS Qr top the felfe fame with the cone, 
3 greater then the folide X. In[eribe in tbe circle A B C D a poliganon figure like and in like 
Sort fitwate to the poligonon figure H OE P F RG S,dnd letihefamebe DT AV BZCW, 
and upon it rayfe a pyramis of equall altitude with the cone A L. Now for that as the {quare 
of the line A C ic totbe fquare of tbe line E G, fois the poligonen figure DT AVBZCW 
to the poligonou freure H O E P F RGS (by the firft of this booke) : But as tbe (quare of the 
line AC is to the [quare of the line E G, fo is the circle A B C D to the circle E F G H(by the 
Second ofthis booke) Wherefore(by the 11.0f the fift Jas the circle ABC D is tothe circle E- 
FGH, fois the potigonon figure D T AV B Z CW tothe poligononfigure H O E P FRG- 
S(this foloweth alfo of the corollary of the 2.0f this booke): smortouer as tbe circle ABC D 
is to the circle E F G H fo is the cone A L tothe folide X. Andas the poligonon figure D T- 
AVBZCW,isto the poligonon figure HOEP RGS , foisthe pyramis whofe bafe is 
the poligonon fizureDTAVBZCW ,andtoppe the poynt L , tothe pyramis whofe bafe is 
the poligonon figure H O E P RS, and toppe the poynt N, Wherefore(by the 1r: of the fft) 
as the cone A Lis to tbe folide X fo is tbe pyramis whofe bafe is the poligona figure DTAV- 
BZC W,and toppe the poynt L, to the pyramis whofe bafe is she poligonon figure H EO P- 
F RG S,and toppe thepoynt N Wherefore alternately (by the 16. of the fift) as the cone A L 
i to the pyramis which is init , fo is the folide X , to the pyramis which isin the cone E N. 
But tbe cone A L, is greater then the pyramis which is in it . Wherefore alfo the folide X is 
greater then the pyramis which isin the cone E N. But it is alfo lefe by contruction Which 
is impofible. Wherfore as the circle ARB C D, is to the circle E FG H fo isnotthecone AL 
to any folide leffe then the cone E Ne,» . 

In like forte alfo may we prone, that as the circle E F G H,isto the circle A BC D fois 
not the cone E N to any [olide leffe then the cone A L.Now I fay that as the circle A BC D; 
ås to the circle E F G H fo is not the cone A L to any folide greater then the cone E N.For if 
it be pofftble let it be unto a greater , namely tothe folide X. Wherefore by conuerfion, as the 
circle E F G H,isto thecircle A BC D,fots the folide X to the cone AL : but as the ſolide 
X istothe cone AL, foisthe cone EN , to fome folide leffe then the cone A L ( 45 wemay 
fe by the affumpt put after the fecond of this booke): Wherefore(by the 11 .0f the fift)as the 
circle E £ G H 1s to the circle AB CG,foés the cone E N to fome folide leffe then the cone A- 
L,which we haue proned to be impefiible. Wherefore as the circle A B C D is tothe circle E- 
F GH, fois not the cone AL to any folide greater then the cone EN . And it is alfo proued 
shat it is not to any lefe Wherefore as the circle ABC D , us tothe circle E F GH , fo isthe 
cone A L tothecone E N. 

But as the cone is to the cone fo is the cylinder to the cylinder, (by the 15. of the fift)for 

EEe.ii. the 


Second cafes 
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Fir pave 
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the one is in treble proportion to the other. Wh ercfore by the r1.0f the fift)as the circle A. 

BCD istothe circle E FGH , fo are the cylinders which are fet vpon them the one to the 
other,the faid cylinders being under equall alturudes with the cones.Cones therefore and cy- 
linders,being under une & the felf fame altitude,are in that proportion the one to the other, 
that their bafes are:which was required to be demonftrated. 


f T he 12. T beoreme. The 12. Propofition. 


Like Cones and Cylinders ,are in treble proportion of that in which the dis 
ameters of their bafes are. 







| Vppofe that thefe Cones and Cylinders, whofe bafes are the circles ABC D,and 
 E F GH, and diameters of their bales B D and F H, be like, and let the axes of 


P 


Ase" the Cones or Cylinders be K Land MN, and let the centres of their bafes be 
the pointes K and M . Then I fay, that the cone, whofe bafe is the circle A B C D, Cr toppe 
the point L, is tothe Cone, whofe bafe is the circle E F G H, and toppe the point N, in treble 


which concer~ proportion of that in which the diameter BD is to the diameter FH . For if the cone 


neth sones. 


Fi«& cafe, 
Conflruci jon, 


ABCD Lbenottothecone EF GH N intreble proportion of that in which the diameter 





B D is to the diameter F H, the cone ABCD L fhallbe 
in treble proportion of that in which the diameter B D is 
to the diameter F A either to fome folide leffe then the cone 
EFGHN,or to fomefolide greater. Firitletit be untoa 
leffe,namely,to the [olide X.Defcribe(by the 6.of the fourth) 
inthe circle EF GH, a {quare EFGH . Wherefore the 
Square EF GH is greater then the halfe of the circle E F- 
GH. Raifevp from the quare E F G H a pyramis of equall 
altitude with the cone. Wher fore the pyramis fo raifed vp,is 
greater then the halfe part of the cone . Dinide now (by the 
39. of the third) the circumferences E F,F G,GH,cr H E, 
into two cquall partes in the pointes O, P, R, $, and drame 
sheferight lines EO,0F,F P,P G,GR,RH,HS, and S E. Wherefore euery one of thefe 
: triangles 
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triangles E O F,F P G,G RH, and H S E, isgreater then the halfe of the fegmentof the 
circle E F G H, decribed about ech of them. Erecte vpon enery one of thefetriangles EO F; 
FPG,GRH, and H $ E,a pyramis , bauing one and the felfe fame altitude with the 
cone. Wherefore euery one of the pyramids fo raifed up, % greater then the balfe of the 
ſegment of the cone defcribed about them. Now therefore diuiding the circumferences 
remayning into two equall partes, and drawing right lines, and raifing up upon eucry one 
of the triangles a pyramis, hauing one and thefelfe fame altitude with the cone, and,thus 
doing continually, we fhall at the length (by the 1. of the tenth) leaue certaine fegmentes of 
the cone,which fhall be leffe then the exceffe whereby the cone E F G H N excedeth the folide 
X . Let thofe fegmentes left be EO,0 F,F P,PG,GR, RH, HS, andSE. Wherefore the 
pyramis remayuing,whofe bafe is tbe Poligonan figure E O F P G R H S,and toppe the point 
N, is greater then the folide X . Defcribe (by the 18.0f the fixt ) intbecircle A BC Dyvn- 
to the Poligonon figure E O P P GR H $,4 Poligononfigure like and in like fort fituate,and 
let the fame be AT BV CZ DW, and from it raife up a pyramis, hauing one and the felfe 
fame altitude with the cone ABC L. Andles one of the triangles comprehending the pyra- 
mis, whofe bafe is the Poligonon figure AT BV CZ D W,and toppe the point L, be L BT, 
and let alfo one of the triangles comprehending the pyramis, whofe bafe is the Poligonon fi- 
gure EOF PGRHS, and toppe the point N, be NF O, and drawe thefe right lines KT 
and MO. And forafmuch as the conc ABCD L is like to tbe cone EF GH N, therefore 
(by the 20.definition of the elewenth ) as the diameter B D is tothe diameter F H, fo i she 
axe K Lto tbeaxe CM IN, : But as tbe diameter B D isto the diameter F H, fo ( by the 15. 
of the fift ) is tbe femidiameter B K ta the femidiameter F M . Wherefore (by the 11. of the 
fft) BK ito F M,foisK LtoM N . Wherefore alternately alfo ( by the 16. ofthe fift) 
as BK istoK L, fois F Mto MN Wherefore the fides about tbe equall angles b. K L and 
F MN ( which angles areequall, for that they areright angles ( by the 18. definition of the 
eleuenth ) are proportionall. Wherefore ( by the 1.definition of the fixt) the triangle B K L 
slike tothe triangle FMN. Agaime for that as BK isto KT, fois FM to MO, and 
they comprehend equall angles, namely, B K T and F M O, for what part the angle BKT 
ts of thofe fower right angles which are made at the centre K, the felfe fame part is the angle 
F M 0 of the fower right angles which are made at tbe centre M : forafmuch therefore as 
the fides about the equall angles are proportional, the triangle BKT is like to the triangle 


Demonflrati- 
0n ieadino to 

an impofabs- 

litie. 


FMO. Againe, foraſmuch as it was proued, that as B K isto K L, fois FM to NM, but 


BK is equallto KT, and F MtoM O, therefore as T K isto K L, fo is o M to M N.Wher- 
Sore the fides about the equall angles T K Land O M N. (which angles are equall, for that 
they are right angles ) are proportional .Wberefore the triangle LKT islske tothe trian- 
gle M NO . And for that (by the 6.of the fixt ) and by reafon of the skenes of the triangles 
LK Band NM F,asL BistoB K, fou N F to F M, andagaine by reafon of the likenes 
of the triangles B KT and F M 0, as K Bisto BT, fois M F to F O, therefore of equalítie 
(by the 22.0f the fft) as LB isto BT, fois NF toF 0. Againe for that by reafon of the 
likenes of the triangles LKT and NO M, as LT istoT K,fois 'N.O to O M, and by rea- 
Son ofthe likenes of the trianglesT K B&O M F,as KT istoT B, fois MO toO F : ther- 
Jore of equalitie (by the 22.0f the fift) as LT istoT B, fois NO to O F , Andit was proued 
that asT BistoB L, fois 0 F to F N..Wherefore againe of equalitie, ay T Listo LB, fois 

O Nto NF .Wherefore the fides of the triangles LT B cy NO F,are proportionall. Wher- 

fore ( by the .of the fixt) the triangles LT B and NO F, are equiangle . Wherefore alfo 

they are like Wherefore the pyramis, whofe bafe is the triangle BK T. : and toppe the point 
L, is like unto the pyramis,whofe bafe is the triangle F M O,and toppe the point N .For they 

care comprehended under like plaine | uperficieces, and equall in multitude . But pyramids be- 
ang like, and hauing triangles to their bafes, are ( by the 8.of the twelfth) in treble proporti- 

-on.the one to the other of that in which fides of like proportion are . Wherefore she pyramis 


EEc.iy. BRI L 
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BET L isto the pyramis F MO N, in treble proportion of ‘that in which the line BK isto 
the line F M. Anda like fort if we draw right lines from the pointes A,W,D,Z, C, andV, 
to the point K, and likewife from the pointes E,S,H,R,G,and P, to the point M, and raife 
up upon the triangles pyramids, hauing the felfe fame altitudes with the cones, we may proue 
that encry ouc of thofe pyramids of one Cr the felfe fame order, is to enery one of the pyramids 
-of the felfe fame order, in treble proportion of that in which the fide of like proportion B K is 
to fide of like proportion F M that is, of that which the line B D hath to the line F H. But as 
one of the antecedentes is to one of the confequentes, fo are all the antecedentes to all the con- 
fequétes (by the 1 2.of tbefift ).Wherfore as tbepyramis BK T Listothbepyrsmis F MON, — 
fois the whole pyramis, whofe bafess the Poligonon figure AT BV CZ DW, and toppe the 
point L, to the whole pyramis,whofe bafe is the Poligonon figure EOF PGRHS, and toppe 
the point N . Wherefore the pyramis, whofe bafe is the Poligonon figure AT BVCZ DW, 
and toppe the point L, és tothe pyramis whofe bale ts the Poligonon figureEO F PGRHS, 
and toppe the point N, in treble proportion of that in which the line BD istotheline F H. 





And it is fuppofed alfo that the cone, whofe bafeis the circle 
ABCD, and toppe the point L, isto the folide X, in treble 
proportion of that in which theline BD is tothe line F H. 
Wherefore as the cone, whofe bafeis the circle ABCD, and 
toppe the point L, is to the folide X, fois the pyramis, whofe 
bafe is the Poligonon figure AT BV CZ DW, toppe the 
point L, to the pyramis, whofe bafe is the Poligonon figure 
EO FPG RHS, and toppe the point N. Wherefore alter- 
nately ( by the r6 of thefift ) as the cone, whofe bafe is the 
circle A BC D,¢y toppe the point L, is to the pyramis which 
isin it, whofe bafe is the Poligon figure AT BV CZ DW, 
Ó toppe the point L, fo is the folide X,to the pyramis, whofe 
bafe is tbe Poligonon figure E O F P G RH S, and toppe the point N_. But the forefaid cone 
is greater then the pyramis which is in it, for it containeth it . Wherefore the folide X 
és greater then the pyramis, whofe bafe isthe Poligonon figure EO F P GRHS, and toppe 
the point N. But it was ſuppoſed to be leffe:which is impofsble. Wherfore thecone ABCD L 
is not to any folide leffe then the cone EF GH N, in treble proportion of that in — the 

jameter 
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diameter B D ìs tothe diameter F H In like fort alfo may we proue that tbe cone E FG H N 
is not to any folide leffe then the cone ABCD L, in treble proportion of that in which FH 
isto BD. 

Now alfo I fay, that the cone ABCD L isnot to any folide greater then the cone 
EF GHN, in treble proportion of that in which the diameter B D 1s to the diameter F H. 
For if it be poffible, let it be to a greater, namely, to the folide X. Wherefore by conuerfion(by 
the Corollary of the 4.of the fift) the folide X isto thecone ABCD L, in treble proportion 
of that in which the diameter F H is to the diameter B D . But asthe folide X isto the cone 
ABCDL, fois the cone EF GHN to fome folide lefe then the cone ABCD L (asitis 
cafie to fee by the Afvumpt put after the 2. Propofition) . Wherefore alfo the cone EF GHN 
is unto fome folide leffe then the cone ABC D L, in treble proportion of that in which the 
diameter F H is to the diameter B D : which is proued to be impofiible. Wherefore the cone 
ABCD L is notto any folide greater then the cone E F G H N in treble proportion of that 
in which the diameter BD is tothe diameter F H, andit is alfo prowed that it is not to any 
lefve. Wherefore the cone ABC D istatbecone E F G H N in treble proportion of that in 
which the diameter B Dis to the diameter F H. 

But as cone is tocone, {a is cylinder to cylinder (by the 15.of the fift ) for the cylinder is 
tripleto the cone which is defcribed on the one and felfe fame bafe, and haning one and she 
effe fame altitude with tbe cone . For it is proued ( by the 10.0f the twelfth ) that euery cone 
ts the third part of a cylinder, haying one and the felfe fame bafe with it, and one cy the felfe 
fame altitude. Wherefore the cylinder ss unto the cylinder in treble proportion of that in 
which the diameter B D is to the diameter F H.Wherfore like cones & cylinders are in treble 
proportion of that in which the diameters of their bafes are:which was required to be prowed. 


The 13.T heoreme. The 13.Propofition, 


Ifa Cylinder be dinided by a playne fuperficies 
being a parallell to the two oppofite playne fuper» 
ficieces : then as tbe one Cylinder is tothe other 
Grinder, fois the axe of the one to the axeof S 
the other. 





PAY ppofe that there be acylinder A D , whofe axe lee 
be EF, and lee the oppofite bafes be the circles A- B 
(NE B,andC F D, and let A D be diuided by the fu- 
ee perfices GH being 4 parallell to the two oppofite 
playne fuperficteces, A B,and C D. T, hen I fay that as the cylin- 
der B G & to the cylinder G D, fast theaxe E K totbeaxeK F.. H 
Extend the axe E F on either fide tothe pointes L Gy M.And 
unto the axe E K put as many axes equall as you will, namely, 
ENG NL, likewife unto the axe F K put as many axe; €- 
qual a« yowwil,namely,F X c X M.And Dy the points L,N, dr 
X, M ,extéde playne fuperficieces parallels to tbe tmo  fuperficieces 
A B,& C D (bythe corollary of the 15.0f the eleuzth): eh in the 
plaine fuperficieces thus extended by the pointes L, N, X, M, 
imagine to be drawne thefe circles, namely, 0P,RS,TF, 
and ZW, haning to their centers the pointes L, N, M, X, and 
let them be egual to either of the circles A B,and C D:and Vw 

pon thofe circles imagine thefe cylinders P R, RB,DT,T Wto y 
; EEe.iiij. be 
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be fet .. (Nm forafmmch a«1be axes L N , N E, and EK are 
equall the one to the other : Therefore the cylinders PR, RB, 
and B G are(by tbe 11.0f the twelueth )in proportion the one to 
the other as their bafes are.But the bafes are equall. Wherefore 
alfo the cylinders P R, R B, and B G are equall the one to the o- 
ther. And forafmuch as the axes L N,N E, and E K are equal 
the one to the other and tbe cylinders P. R,R B, and B G are al- 
fo equall the one to theother ,and the multitude of tbe axes L- 
N, NE, and E K is equallto tbe multitude of the cylinders P- 
R, R B,and B G:therefore how multiplex tke whole axe K Lis 
to the axe E, ſo cc be is the whole cylinder P G to the 
cylinder BG, And( by the fame reafon) alfo how multiplex the 
whole axe MK w the axe K F fo multiplex isthe whole cylin- 
der WG to the cylinder G D.Wherfore if the axe K L beequal 
the axe K M,the cylinder P G is equall to cilinder GW. And 
if the axe K L be greater then the axe K M, thecylinder PGs 
greater then the cylinder GW. And if 1t be leffe it is leffe . Now 
therefore there are foure magnitudes , namely , the two axes 
E K,and K F,and the two cylinders BG ‚and G D , and unto 
Abe axc E K and to the cylinder B G namely to tbe firf and the 
third are taken equemultiplices, namely, the axe K L, and the 
cylinder P G. And likewife unto the axe G F and unto the cy- 
Under GD, namely, the fecond and the fourth,are taken other 
equemultiplices namely,theaxe K M, and the cylinder GW. 
And itis proued that if theaxe K L , excede the axe K M, the 
cylinder P G excedeth the cylinder G Wand that if it be equall 
at is equall,and if it be leffe it és leffe.Wherfore (by the 6 .defini- 
tion of the fift) as the axe E K is tothe axe K F fois the cylinder BG tothe cylinder G D. If 
therfore a cylinder be'dinided by a plaine fuperficies being a parallel to the two oppofise plaine 
Superficieces:then as the one cylinder is 20 the other cilinder, fois the axe of the one to the axe 
of the other : which was required to be proned. 





q The 14.T beoreme. T be 14.Propofition. 


Cones and Gylinders confifting pon equall Lafes are in proportion the one 
to the other as their altitudes. 


ROR V ppofe that the cylinders F D , and EB , andthe cones AG B, and CK D,do 
A 


confiste vpon equall bafes, namely, ‘upon the circles AB, and CD. Then 
I rà that as the cylinder E B is to the cylinder F D, fo isthe axe G H tothe axe 
K L. Extende the axe K L direétly to the poynte N,and unto the axe G H,put 
theaxe L N equall:and about the axe L N imagine a cylinder C M- Now forafmuch as the 
cilinders E B ‚and C M, are under equall altitudes, therefore (by the 11.0f the twelueth) 
they are in the proportion the one to the other as their bafes ave. Bust the bafes are equall the 
one tothe other . Wherefore alfo the cylinders E B,and C M are equall the one to the other. 
And farafmuch as the whale cylinder F M, i dinided bya playne fuperficies € D being 





a parallel 
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a parallel to either of the oppofite plaine fu- 
perficieces: therefore ( by the 13. of the twel- 
ueth)as the cylinder CM ws to the cylinder 
F D,foistheaxe L Ntotheaxe LK. But 
the cylinder C M i equal to tbe cylinder E B, 
and the axe L N to tbe axe G H .Wherefore 
+ asthe cylinder EB is tothe cylinder F D, fo 
ii tbe axe G H tothbe axe K L. 
But as the cylinder E B isto the cylinder 
F D,fo(by the 15.0f the fift) is the cone AB 
G tothe cone C D K „for the cylinders are in 
treble proportion to the comes ( by the ro. of 
the twelueth) . Wherefore ( Ly the 11. of the 
fift)as the axeG H wstotheaxe KL, fou the 
cone A B Gto tbe cone C D K Cy the cylinder 
E B to the cylinder F D.Wherfore cones cy cy 
linders confifting upon equal bafes are in pro- 
portion the one to the other as tieir altitudes: 
which was required to be demonjtrated. 
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f T be 15. T beoreme. The 15.Propofition. 
In equall Cones and Cylinders , the bafes are reciprokall to their altie 


tudes. And cones and Glinders whofe bafes are reciprokall to their altie 
tudes are equall the one to the other. : 


Xoo} 
IX 








D 


V ppofe that thefe cones AC L,E GN or thefe cylinders AX,E0, whofe bafes 
art tbe circles ABCD,EFGH, : 
and axes K Land M N (which axes 





— 





are alſo the altitudes of the cones er \ ; 

cylinders) be equall tbe one to the — Thẽ I ſay / NA x LE 
that the bafes of the cylinders X A cy E O are reci A! demonfivated 
prokalto their altitudes, that is that as the bafe A- touching 
BC D is to the bafe E F G B fo the altitude M NL | CUL e, 
to thealtitude K L. For the altitude K L is either B ae cafes in 
equall to the altitude M N or not. Firit let it be e- y ; en pae 
quall.But the cylinder A X is equal to the cylinder à | Thefirf cafes 
E 0.But cones and cylinders confifting under one K a 

and the felfe fame altitude, are rn proportion the 

one to the other as their bafes are(by the 11.0f the 

twelueth) Wherfore the bafe ABC D is equall to 

the bafe E F G Wherefore alfo they are recipro- 

kal:as the bafe A BC D is to the bafe E F G H,fo j 

s the altitude M Ngo the altitude K L. s ] | 

But now fuppofe that the altitude LK benot $ 
equallto tbe altitude M N , but let tbe altitude — Second cafe. 
ConStrutlion. 


MN 
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MN be greater. And (by the 3.0f the firft) from 
the altitude M N take away P M equali tothe al- 
titude K L, fo that let the line PM, be pst 
equal to the line K L. And by the point P let there 
be extended a. playne fuperficies T V. S mbich let 
cut the eylinder E O , and be a parallell to tbe tmu 
oppofite playne [uperficieces , that is , to tbe circles 
E F G H,and RO. And making the bafe the circle 
EFGH,¢ the altitude M P imagine a cylinder 
ES. And for that the cylinder AX is equall to the. 
cylinder E O, and there i an other cylinder ES, 
therfore(by tbe 7 of thefift)as tbe cylinder A X 4| .| 
to the cylinder E Sfo us the cylinder E O to the cy\ 
linder E S.But as the cylinder AX isto the cylin} 
der E S fois the bafe ABCD toshe bafe EF -! / 
GH. For the cylinders A X ,and ES are vnder |] — | 
one and the D e fame dltitude . And as the p- ] 
cylinder E O , isto the cylinder ES , fo is the alti- E M 
tude M N to the altitude M P.For cylinders cofi- 
fing vpõequallbafes arein proportion the one to F 
the other as their altitudes Wherfore as the bafe ABC D i bothe baft E FGH fo es the al- 
titude M N to the altitude M P But the altitude P M is equallto the altitude K L.Where- 
fore as the bafe A BC D isto the bafe E FG HB, fo is the altitude M N to the altitude K L. 
Whereforein the equall cylinders A X, and E O tbe bafes are reciprokall to their altitudes. 
But now fuppo[e &bat tbe bafes of the cylinders AX,and E O bereciprokal to their altitudes, 
that is,as the bafe A BC Dis to the bafe E F G B, fo is the altitude MN to the altitude KL. 
Then I fay that the cylinder AX wequall tothe cylinder EO. For the felfe fame order of 
conflructio remayning,for that as the bafe ABCD isto the bafe E F G H,fo'w the altitude 
MN tothe altitude K L, but the altitude K L is equall to the altitude P 1. Wherefore as 
the bafe AB C D is to the bafe E F C H, fo is the altitude M N to the altitude P M . But as 
the bafe A BC D is to the baft E F G H fois the cylinder AX to the cylinder ES , for they 
ave under equall altitudes:and as the altitude M N is to the altitude P Mfo is the cylinder 
E 0 to the cylinder E S(by the 14. of the twelucth). Wherefore alfo as the cylinder AX is to 
the cylinder ES , fo isthe cylinder E 0 tothe cylinder ES . Wherefore the cylinder AX is 
equall to the cylinder E 0 (by the 9.of the fift) . And {0 al{o is it in the cones which haue the 
Selfe (ame bafes and altitudes with the cylinders . Wherefore tn equall cones and cylinders, 
the bafes are reciprokall to their altitudes Crc.which was required to be demonftrated. 











A Corrollary added by Campaneand Fluffas. 


Hitherto hath bene fhewed the paffionsand proprieties of cones and cylinders whofe altitudes fall 
perpendscularly upon the bafes. Now will we declare that conesand colinders whofe altitudes fall ob- 
lquely upon their bafeshaue alfa the felfe fame paffions and proprieties which tbe forefayd cones and 


cilinders haue. 


Forafmuch as in the tenth of this booke it was fayd that euery Cone is the third part ofa cilinder 


' hauing one;and the felfe fame bafe,& one & che felfe fame altitude with it,which thing was demóftra- 


ted by a cilinder geuen,whofe bafe is cur by a fquareinfcribed in it, and vpon the fidesof the fquare are 
defcribed Ifofceles triangles , making a poligonon figure , and againe vpon the fides of this poligonon 
figure are infinitely after the fame maner delcribed other IMofceles triangles taking away more thé the 


halfe,as hath oftétimes bene declared: therfore it is manifelt,that the folides fet vpon thefe eii 
g vader 
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vnder the fame altitude that the cilinder inclined is , and being alfo included in the fame cilinder , do 
take away more then the halfe of the cilinder, and alfo more ché chc halfe of che refidue,as it hath bene 
proued in erected cylinders For thefe inclined folides being vnder cquall altitudes and vpon equal ba- 
fes with the erected folides are equall to the erected folides by the corollary of the go. ofthe eleuench, 
Wherfore they alfo in like fortas the erected, takeaway more then thehalfe. Iftherfore we copare 
the inclined cilinder,to a cone fet vpon the felfe fame bafe. and hauing his alciende erected , and reafon 
by an argumencleading, to an impofibilizic by the — of the tenth of this booke , we may 
prose that the fided folide included in theinclined cylinder is greater then the triple of his pyramis, 
and itis alfo equall co che fame which is impoffible.And this is the firltca(e wherein it was proued that 
the cilinder not being equall to the triple of the cone is not greater then the triple of the fame : And as 
touching the fecond cafe , we may after the fame maner conclude that that fided folide contayned in 
the cyliader is greater then che cylinder :.which is very abfurd ..Wherefore ifthe cylinder be neither 
greater then the triple of che cone,nor leffe;it mult nedes be equall to the fame . The demonitration of 
thefe inclined cylinders mott playnely followéth the demonftration of che erected cylinders: for it hath 
already bene proued, that pyramids,and fided folides ( which are alío called generally Prifmes ) being 
fet vpon equall bafts and vnder one and the felfe fame altitude , whether the altitude be erected or in- 
clined , are equall che one to the other’, namely , ave in’ proportion as their bafes are by the. of this 
booke.W herefore:a cylinder inclined fhatl.be triple coeuéry cone(although alfo the cone be erected) 
fet vpon one and the fame bale with itand.Deing vnderthe fame altitude . Butthe cilinder erected was 
the triple of ths fame'cone by the centh gf this booke. Wherefore the cilinder inclined is equall to the 
cilindér cre&ted being both (et vpoh ene ind the felfe fame bafe ; and hauingone and the felfe fame al- 
titude. The lame alfo cometh to pafle in cones;which are the third partes ofequall cilinders, & there- 
fore are equallche one to the other. . 2 A ELA a < 


Wherefore according to the eleuenth of this booke it followeth , that cylinders and cones ineli- 
ned or erected. being vader one and the felfe fame altitude , are in proportion the one to the other as 
their bafes are.For forafmuch as the erected are in proportion as their bales are , and to the ere&ted ci- 
linders the inclined ave equall: therefore they alfo {hall bein proportion as their bafes are. 


And therefore by the t2.0f this booke like cones and cylinders being inclined are in triple propor- 
tion of that ia which the diameters of the bafes are. For forafmuch as they are equall to the erected 
which haue the proportion by the 12.of this booke,and cheir bafes alfo are equall with the bafes of the 
erccted,therefore they alfo fhall haue the fame proportion. . 


Wherefore it followeth by the 15.of this booke;thata cylinder inclined, being cut by a playne fu- 
perficies parallel to the oppofite playne fupetficieces cheroFfhall be cúr according to the proportions of 
the axes . For fuppofe that vpon oneand the felfe- fame bafe he lec an erected cylinder and av inclined 
cylinder, being both vnder one and the felfe fame altitude , which let be cut by a playne' füperficies pa- 
rallel to the oppofite bafes.Now itis manifelt that the fetions of the one cylinder are equall to the fec- 

“tion of the other cylinder, for.chey are fet vpon equall bales , and vnder one and che felfe famealtitude, 
namely, betwene the parallel playne fuperticieces . And their axes allo are by thofe parallel playne fu- 
perficieces cut propartionally:by rhe.r7, of the eleuenth. Wherefore the inclined cylinders(being equall 
to the erected cylinders) thall-haue the proportion of their axes, as alfo haue the erected.For in ech,the 


proportion of the axes is one and the fame, . 


` Wherefore inclined Cones and Cylinders, being fetvpon equall bales, fhall by the 14.0fthis booke 
Ee in proportion as their alticudesare “For forafmuch as che iaclined are equall to the erected which 
haue the felfe fame bafes and altitude,ahd che erected are in proportion as their altitudes: therfore the 
inclined fhall be in proportion the one to the other as the felfe (ame altitudes which are common to 
ech , namely;to the inclined and to the erected. 


And therefore in equall cones and cylinders whether they be inclined or erected , the bafes fhall 
be reciproka!ly proportionall with rhe altitudes , and contrariwife by the 15. ofthis booke . For foraf- 
much as we haue oftentimes lhewed that the inclined cones and cylinders áre cquall to the erected,ha- 
uing the fclf. fame bafes and alcitudes with them,and the erected ynto whome the inclined are equall, 
haue their-bafes reciprokall proportionally with theiralritudes, therefore itfolloweth , that theincli- 
ned (being equall to the erected )haue alfo their bafes and altitudes ( which are common to eche ) reci- 
prokally proportionall.Likewife if their altitudes & bafes be reciprokally proportionall,they théfelues 
alfo fall be equall, for that they are equall ro the erected cylinders and cones fet vpon the fame bafes 
and being vnder the fame altitude, which ereéted cylinders are equall the one to the other by the fame 
15 .of this booke. Whercfore we may conólude that thofe paflions & proprieties which in this twelfth 
booke haue bene proued to be in cones and cylinders whofe altitudes are erected perpendicularly to 
the bafes,are alfo in thofe cones and cylinders whofe altirudes are fet obliquely vpon their bafes. How- 
beit chis is to be noted chat fuch inclined cones or cylinders are not perfect round as are the — 

or 
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M,becaufe of 
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demonſtration. 


* For that the 
fefions were 
made by the 
number two: 
that is, bj ta- 
king halues,and 
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andfo,to L D, 
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which fball bea 
cõmon meaſure 
backe ageine ro 
mate fides of 
she Peligonon 
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fo rhat ifchey be cut by a playne fuperficies palling at righe angles with their altitude, this fection is å 
Conicall fection, which is called ENp/z,and thall not defcribe in their fuperficies a circle as it doth in e- 
rc&ted cylinders & cones,but a certaine figure, whofe leffe diameter is in cylinders equall to the dime- 
tient ofthe bafe: that is,is one and the (ame with it. And the fame thing happencth alfo in cones incli- 
aed, being cut after the fame maner. 


The 1. Probleme. _ The 16. Propofition. 


Two circles haning both one and the felfe fame centre being geuen ,to ine 
fcribe in the greater circle a poligonon figure, which fhall “con/i/t of equall 
and euen fides and fhall not touch the fuperficies of the leffe circle. 


7 AY ppofe that there be two tircls ABCD.,andEFGH haning one & the felfe 
| [ame centre,namely,K JH is required in the greater circle which let be A BC D 
|t0 infcribe a poligonon figure which fhalbe of equal and ewen fides and not touch 
Eie e| the circle E F G H.Drawe by the centre K aright line BD. And(by the 11.0f- 
the firft from the point G rayfeup unto the right line B D a perpendicular line A G,and ex- 
tend it to the point C .Whersfore the line AC toucheth the circle E F GH (by the 15. of the 
third) .Now therfore if(by the 3 0.0f the third) we dinide the circumference B A D into two 
equall partes , and againe the halfe of that into 
tivo equal partes,and thus do cotinually,we [ball 
( by the corollary of the 1. of the tenth ) at the 
length leane a certayne circumference leffe then 
the circkmperence A D . Let tbe circumference 
left be L D . And from the point L. Drawe (by . 
the 1 2 of the firff) untotheline B D a perpendi-8 
culareline* L M,and extende it to the point N. 
And draiv thefe right lines L D and D N. And 
fora{much as the angles DML, and DMN 
are right angles, therfore (by the 3.0f the third) 
the right'line B D dinideth the right line LN, 
into two equall parts in the pointe MWherfore | 
(by the 4.of the firft) the reft of the fides of the triangles DM L,and D M N , namely , the 
lines D L,and D N [halbe equall. And fora[much as the line AC is a D tothe LN, 
(bythe 28 .of the firft):But AC toucheth the circle E F G H,wherfore the line L M toucheth 
not the circle E F G H,and much leffe do the lines L D, and D 'N touch tbe circle E F GH. 
If therefore there be applied right lines equallto the line L D continually into the circle A- 
BC D(by the 1.of the fourth) there fhalbe defcribed in the circle ABC D a poligonon figure 
which fhalbe of equall,and * euen fides,and fhall not touch the leffe circle,namely, E F G Hz 
(by the 14.0f the third or by the2g.) which was required to be done. 








g Corollary, 


Hereby it is manifest that a perpendicular line drawen from the poynt L 
to the line B D toucheth not one of the circles. 


@ An Affumptadded by Fluffas. 


If a Sphere be cut of a playne Juperficies , the common fettion of the fuperficieces, fha bethe cir- 
cumference of a circle, 
Suppofe 
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ofe that the fphere ABC becut by the playne fuperficies AEB , and lec the centre of the 
cick tie poynt D.And from the poynt D he there be drawne vnto the playne fuperficies A EB a 
perpendicular liae(by the 11.of the eleuenth)which let be the line DE. And trom the poynt E drav in 
the playne fuperficies A E B vnto the common fe&tion of the fayd fuperficies and the fphere, lines iow 
many fo euer,namely , E A aod EB . And draw thefe lines D Aand DB . Now forafauch asthe right 
angles D E A and D EB are equall ( for the lioeDE is e- 
rected perpendicularly co the playne fuperficies).And the 
rightlines D A & D B which fubtend thofe angles are by 
the 12. definition of the cleuenth equall: which right lines z » 
moreouer(by the 47.of the firit)do contayne in power the : 
fquares of thelines D E,E A,and D E,E B :iftherfore from 
the {quares of the lines D E,E A,and D E,EB ye take away 
the fquare of che line D E which is cómon vnto them,the 
refidue namely the (quares of the linesEA &EB fhallbe 
equal. W herfore alfo the lines E A and E B are equall. And 
by che fame reafon may we proue, thatall the righe lines 
drawne from the poyat E to theline which isthe cómon 
feQion ofthe fuperficies of fphere and of the playne fu- 
perficies;are equall , Wherefore that line fhall be the cir- 
cumference of a circle, by the 15. definition of the firtt. 
* But if it happen the plaine fuperficies which cutteth the S 
fphere,to paffe by the centre of the fphere,the right lines drawne from the centre of the {phere to their 
common {eétion,fhal! be equall by the 12 definition of the cleuenth.For that common fection is in the 
fuperficies of the (pherc. Whercfore of neceffitie che playne fuperficies comprehended vnder that line 
of the common feétion fhall be a circle, and his centre fhall be one and the fame with the centre of the 
Sphere. 





Ç 


' 


Iohn Dee. 


Exelidehath among the definition of folides omitted certayne, which were eafy to conceaue bya 
kinde of Analogie. As a fegmenc ofa fphere,a fe&or ofa fphere,the vertex,or toppe of the fegment of a 
{phere: wich fuch like.But chac(ifnede be)fome farther light may be geuéjn this figure next before,vn- 
derftand a fegment c£ the fpherc A B C to be that part of the [phere contayned betwen the circle A B, 
(whofe center is E)and the fphericall fuperficies A FB. To which(being a leffe fegment) adde the cone 
À D B ( whofe bafe is the former circle : and toppe the center of the {phere ) and youhaueD AF Ba 
fe&or of a fphere,or folide feétor(as t callit). D E extended to F, fheweth the top or vertex of the feg- 
ment,to be the poynt Frand EF s the altitude ofthe fegment fpherical!l.Of (egmentes,fome are grca- 


ter ché the balfe fphere,fome are leffc.As before A B Fis lefle,the remanent, A B C isa fcgment greatet 
then the halfe fphere, 


ahs ode 


SA Corollary added by the fame F/»fas, 


By the forelayd a[fumpt st ismanifeft , that if from the centre of a {phere the lines drawnt per» 
pendicularly'uaro the circles which cutte the fphere, be equall: thofé circles are equall, end the 
perpendicular lines fo dravyne fall upon the centres of the fame circles. 


For the line which is drawne fré the centre of the {phere to the circumference,containeth in pow 
er,the power of the perpendicular line,and the power of the line which ioyneth together the endes of 
thofe lines. W herfore fró that fquare or power of the line from the centet of the {phere to the circum- 
ference or cómon fectió drawne, which is the femidiameter of the fphere,taking away the power of the 
perpendicular, which is cómon to them round about, it followeth,that the refidues how many fo euer 
they be , be cquall powers,and therefore the lincs are equall the one to the other, Wherefore they will 
defcribe equall circles , by the firft definition of the third.And vpon their centers fall the perpendicular 
lines by the 9.of the third . 

*And thofe citcles vpon which fallech the greater perpendicular lines äre the leffe circles.For the pow- 
ers of the lines drawne from the centre ofthe fphere to the circumference being alwayes one and e- 
quall,to the powers of the perpendicular lines and alfo to the powers of the lines drawne from the cen- 
tres ofthe circles co their circumference , the greater that the powers of the perpendicular lives taken 
away from the power contayning them both are, the lele are the powers and therefore thc lines re- 
mayning, which are the femidiameters of the circles and therefore the leffe are the circles which they 
defcribe. Wherefore if the circles be equall,the perpendicular lines falling from the centre of the {phere 
vpon thé, fhall alfo be equall.For if they fhould be greater or leffe,the circles fhould be vnequall as itis 
before manifeft . Buc we fuppofe the perpendiculars to be equall. ” Alfo the perpendicular lines falling 
vpon thofe bafes are the lealt ofall,that are drawne from the centre of the {phere :for the other drawne 
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From the centre of the {phere to the circumference of the circles, are in power equall both to the powe 
ers of the perpendiculars and to the powers of the lines ioyning thefe perpendiculars and thefe fubten- 
dent Lines together : making triangles reCtangleround about : as moft eafily you may conceaue of the 
figure here annexed. 


A the Center of the Sphere, 

AB the lines from the Center of 
the Sphere to thc Circumfe- 
rence ofthe Circles made by 
the SeGion, 

BCB the Diameters of Circles made 
by the Se@ions, 

AC the perpendiculars from the 
Center of the Sphere to the 
Circles: whofe diameters B C- 
Bare one both fides orin any 
fituation els, 

CB  theSemidiametrs of the Cir- 
cles made by the Sections. 

` AO a perpendicular longe then 
AC : and therefore the Semi- 
diameter O Bis lefie. 

ACB, &AOBtriangles reGangle. 


` 





q The 2.'Probleme. T he 17.Propofition. 


T wo fpheres confifting both about one ex the felfe fame cétre being gent, 
to infcribe in the greater [phere a folide of many fides ( whichis called a 
Polyhedron which fhallnot touch the fuperficies of the leffe phere. 








3 Vppofe that there be two  (pheres about one cy the felfe fame cttre,namely, about 
| A dt is required in the greater [phere to in{cribe a Polyhedron,or a ‘lid: of ma- 
SA m fidesmhich fhal not with bis (uper ficies touch the fuperficies of the leffe [bhere. 
SA DS Let tbe freres be cut by fome Pe pan  fuperficies pafing by the center A.T hen 
all their fclTios be circles." (For (by tbe 1 2.definition of the eleuemb) tbe Diameter remai- 
* Thisitelfo “ning fixed, and the femicircle being turned round about maketh a (phere. Wherefore in 
proucdintbe pit politia fo euer you imagine the femicircle to be,the playne {uperficies which paffeth by it 
Affumpt be- bein ob : E Bh ‘ocle And iti : hat is al rcl 
fore added Shal make in the  fuperficies of y [phere a circle. And it is manifeft t at is a Ifo a greater circle, 
out ot Fluf- for the diameter of the {phere which is aifo the diameter of the femicircle , and therefore alfo 
fas. of the circle is( by the 15.0f the third ) greater then all the right lines drawne in the circle or 
Note what a fpherel which circles hall hane both une center being both alfoin that one playne fuperficies, 
£ slr ae l by which the [pheres were cut. Suppofe that that fection or circle in the greater [phere be B Ca 
ea Spee D E,and in the leffe,be the circle F GH. Drawe the diameters of thofe two circles in fuch 
First part of forte that they make right angles,and let thofe diameters be B D , andC E. And let the line 
rhe Cenfiruc- AG, being part of the line AB , bethe femidiameter of the lefe phere and circle as A Bis 
sion, the femidiameter of the greater [phere and greater circle:both the fpheres and circles hauing 
one and the fame center. Now two circles that is, BC D E,and F GH conjfifting both about 
one,and the felfe fame centre being genen , let there be defcribed (by the propofition nexte 
going before)in the greater circle B C D Ea poligonon figure confifting of equall and euen 
fides not touching the leffe circle F GH. And let the fides of that figure in the fourth part of 
tbe circle , namely, in B E,be B K,K L,L M,and M E. And draw aright line from the 
point 





Conftruttion.: 
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point K tothe point A,and extende it to the point N. And (by the 12. of the eleuenth ) from 

the A rayfe up to the fuperficiesof the circle B C D-E a perpédicular line A X and let 1t light Nore: 
uppon the fuperficies of the greater {phere in the point X..And ty the line AX; and by either * row know 
of thefe lines B D,and K N extend playne [uperfict eces. Now by that which was before (poké, full well, 

thofe plaine fuperficieces [hal in the*(uperfictes af Y here make two greater circles.Let their that’? ke fis 


E ‘ : = s erficies of thè 
ſemicircles conſiſting vpon the diameters B D,and K NleBX D.and K X Nw And foraf- — rhe 
d ut Tenis i circumferences of the cir- 
s A. de Sore ] ver oles ave: but by thefe cir= 
. a7 > eN x races cumferences the limitato 


and afsgning. of circles 45 
Cfed:and fo ,the circumfe- 
rence of « circle, Gfually 
called a circle , which in 
this place caz nor offend. 


Thos figure is restored by 
M.Dee bis diligence. For 
in the greeke and Latine 
Enclides,tbe line G L,the 
line AG and the line K- 
Z, (in which three lynes 
the chicfe pinch of both 
the demsonftrations 

doth fiand), are Gntruely 
drawen:as by comparing, 
the fludsous may per- 


ceane, 


i Note. 
Vou mufi imagine 
she right line AX, tobe 
perpedicular Gpon the dis 
, ameters ED andC E; 
though here AC the fe- 
midiater, feme t0 be part 
ef AX. And fo in other 
pointes inthis figure, and 
many other firengthen 
: : . , ES Jour imagination ,accora 
N, (ive Maas, — — ding to the tener of con- 
^ PraGions: though in the 
: j delineati2 in plasme > Jenfe 
much as the line X A is creed perpendicularly to the playne fu- be ner fatiffied, 
perficies of the circle B C D E.T herfore al tbe plaine faperficieces — 5 
which are drawne by the lineX Aare erected perpendicularly to 
the fuperficies of the circle B C D E ( by the 18. of theeleuenth). — 
Wherefore the femicircles BX Dani KXN are erected perpen- 
dicularly to pig fuperficies of the circle BC DE: Andfor- \ 
KX 





afrauch as the femicircles B E D,B X D and KX N are eqtall,y- \~ 
for they confefl upon egualldiametersB D, and KN» therefore No, 
alfo the fourth parts or quarters of thofe eirclesgnamel),B.EjBX 0 0S Sa a 

and K X are equal the one to the uther.Whercfore haw many fides of a poligonon figure there 
arc im tbe fourth parte or quarter B ES fa many alo are therein the other fourth partes or 
quarters B X,and KX ,equall to the right. lines B K, K LL M, and M E. Let thofe fides be 
defcribed,and let them be B O,0-R, PR, RX K SyST ,T V,andV X xand drame thee BO P 
right linesSO,T P and VR. And from the pointes 0 and S. Drawe to the playne fuperfictes BK, i refpe® 
of the circle B.C D E perpendicular lines., which perpendicular lines willfall vpon the com: 4. Dee his 
mor fections of the plaine fuperficieces namely ip die the lines BD cy K N,(by the 38.of the foc) M 

; FFF 4. elenenth) ` 
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eleuentb ) for that the playne fuperficieces of tbe fernicircles B X D , K X N are erected per- 
pesdicularly to the playne fuperficies of tbecircleB C D E . Let thofe perpendicular lines be 
G Z,l and $ W. And drawe aright line from the point Z to thepoint W. And forafmuch as 


Zrbep yes may inthe equall femicircles B X D,and K X N the right lines BO, and K S are equall,from the 


the beria Ga- 
dried M. 
Deeks dems- 
frasana. 


ends wherof are drawne perpedicular lines 0 Z,and S Wtherfore(by the corollary of the 35. 
ef the eleuzth)the line O Z 1s equall to the line SW ey tbe line B Z is equal ta the line KW., 
(Fluffas proacth this an other way chus; Forafmuch as in the triangles S W K , and O Z B,the two an- 
gles$ W K,and O Z B are equal, for that by cóftruction they ate right angles,and by the 27.of third rhe 
angles W K S,and Z B O are equall,for chey fubtend cqual cicumter ences S X N and OX D, and the 
fide $ K is equall to the fide O B as it hath before ben proued.Wherefore (by the 26.of che firt) the o- 
thes ides & angles are equall, namely , the linc O Z to the line S W,and theline B Z co the line K W, J 





But the whole line B A is equall to the whole line K A: by the defi- 
nition of a circle Wherfore the refidue Z A is equall 10 the refidue 
W AWherfore the line Z W is a parallel to the lime B K (by tbe 2. 
of the fixt) And forafmuch as either of thefe lines 0 Z, S Wis 

ereed perpendicularly to the playne fuperficies of the circle BCD 
E, therefore the line O Z i5a paralleli to tbe line SW, (by the 6.0f 
the eleutth)and it is prowed that it is alfa equal vnto it.Wberfore yc. 
the lines W Z and $ O are ala equall and parallels (by the 7 of the 
eleuentbyand the 3 5 of the fir[l and by tbe 3.of the firsl) And for- 
afmuch asW Z is a parallellto S Q:But ZW is a parallell is to K B : Wherefore S 0 is alfo 
> ee to K B, (by the y.of thé cleuenth). And the lines B O, and K S do knit them toge- 
sher Wherefore the fower fided figure B O-K S isin one and the felfe ame playne fuperficies. 
I For 
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For(by the 7 ofthe elenenth)if there be any two parallell rightltnesand ifin eitherof them 
bè taken a point at allauentures,a right line drawn by thefepwints is in one, G vbe felfe [ame 
playne fuperficies with the parallels. And-by the fame reafon alfwexery one of the fower fided 
figuresSO PT,andT P RV isin one and the felfe {ame playne oi d And the-triangle 
V RX is alfo in one and thefelfe [ame plaine fuperficies(by the 2.0f the eleuenth). Now if we 
émagine right lines drawne frà tbe pointes Ó ,S,P T», R,V.,to the point A,tnere {hale defcri- 





— 


beda Polyhedrõ or a ſolide fiure of many ſides, betwene the circũ 
ferences BX and K X compofed of pyramids, whofe bafes are the us N 








fower fided figures B KOS;SQPT,T.P,RV,and the triangle. 
V RX,and toppe the point A ¢ And if.in euery one of the fides K- ., 
L,L Mand M E we ofc the felfe fame confiruction thar we did..( 
in B K , and moreouer in the other three quadrants or quarters, 
and alfoin the other halfe of the fubexe,there hall then be madeg Y 
a Polyhedron or Le ficure confsftizag. of many fides deJersbed ... & * 
jn the fphere, which Polyhedron às made of she pyramids whofe > 


bafes are the forefayd fower fided figures , and the triangle V R X pand others which ant in 
the felfe fame order with them.: andcommnun toppe to them allin the point Aœ -> 
NowI Jay that the for[ayd polibydran Tae: many fides toucherh not the (uperficies of the 
leffe phere in which is the circle P.G H. Dray (bythe 11 of the eleuemth)fro the poynt Ato Stond pars 
the playne,  fApericies o the fower.fided figure K BO.Sa perpenditedar line AT „and letit Of the con- 
fall upomshe ene inthe point 1. And drawe thefe right lins BY GYK. And fruttion, 
forafmuch as theline AY is eretled perpendicularly tothe playne fuper cies of BKOS, 

FFfiij. therefore 
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therefore the fame A Y is.eraltléd perpindécularly o all tbe vighi lines that touclit, ud are 
inthe plaive fuperficies of the fowerfided figure( by the 2.definition of thecleucnth) Wheres 
fare thelne AX 15 ercéhed perpendicularly to either of thefe linesBT, and Ks And foraf-, 
much as(by thers definition of the firft)the line A B is equall to the line AK , therfore the 
Square of the line AB is equalt to the {quare of the line AK. And to the (quare of the line 
A B are einall tbe fquares of the lines A Y,and 1B (by the 47. of the firft) for the angle. Ba 





Y Aisavight angle. And tothe fquare of the line AX areequal 
the {quares of the lines AY and Y Kv Wherefore the{quares of’ s 
the sies AY japd Y B ardequal tothe  [quares of thelines AT, — 
and Y, Ki take away the {quare of the line A Ywhith trcommon || 
to then both.Wherefore the refidne namely the} Qwiare of the B- 
7 is egualltothe refidue namely jo the quare of tbelne Y K.. 
Wherefore the-line BY is eqitall vo'the line Y K. In like fart alfoX 
may we prone that right lines drawne from the point Y to tbe" 
pontes o, end S jare cial) to either of the lines BY, and T K.— : 
Wherefore making the center the poynt T, and the ſpace either theline BY ar the line? 
K po acircle, and it [bal paffe by tbe poyniYo? , und S", and the foer, fd Wieure K- 
j j Ate bhen the line’ 
W 2 (by the 2.0f the fixt,becaufe A K is greater then AW), but the ling W Eh équall to the 
lines dist the line BK ingrate thEtbe line $.0. But tbe line BK ir equal to either 
` : 9 
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of the lines K S,and B O by conftruttion. Wherefore either of the lines K Sand B O îs greaz 
ter then the line S 0.And forafmuch as in the circle is a fower fided figure K BO S sand she 
fides BK,BO and K S are equat,and the fide O'S is leffe then any one of them , and the line 
BY is drawne from the centre of the circle: therefore the [quare of the line K Bis greater 
then the double of the {quare of the line BY (by the r2.of thefecend) (for that it {ubtendeth 
an angle greater then aright angle contayned of the two equalldizes BT , and Y K mhich 
angle BY K is.an obtufe angle.For the g.angles at the céter ¥ are equal to g.right angles: of 
which three,namely,the angles BY K,K 1S ,and BY O are equall by the g.of the firft,and 
the fourth namely,y angle S T O ìs leffe then any of thofe three angles by the 25.0f the frft.) 
Drawe (by the 1 z ofthe first) from the point K to the line BZ, a perpendicular line K Z. 
And forafmauch as the line B D is leffe then the double to the line D Z (for theline B Dis 
double to the line D A,which is leffe then the line DZ) : but as the line B D 1 to the line 
D Z, fois the parallelogramme contained under the lines D B and B Z,to the parallelo- 
gramme contained under the lines DZ and ZB - Bx 
(By the 1. of the fixt ) : therefore if ye defcribe vp- 

on the line B Z a fquare, and making perfette the 
parallelogramme contsined under the lines ZD 5 : Z B 
and Z B, that which ís contained vnder the lines 

DB GD Z, fhall be leffe then the double to that which is contained under the lines D Z and 
ZB. Andif ye drawe aright line from the point K to the point D, that which is contained 
under the lines D B and B Z, is equall to the quare of tbe line B K (by the Corollary of the 
B.of the fixt ) for the angle B K Dis avight angle, by the 31.0f the third, for it is ia the fee 
micixcle B E D ) : and that which is contained under the lines D Z and ZB, is equall to 
the (quare of the line K Z (by the fame C eroliary ) . Wherefore the quare of the line K B, 
14 lefte then the double to the fquare of the line K Z But the (quare of the line K B is greater 
then the double to the {quare of the line BY ,as before hath bene proued.Wherfore the quare 
of the line K Z, is greater then the (quare of the line B.Y (by tbe 10.of tbe fift ). And foraf- 
much as ( by the 15 definition of the first) the line B Aisequall tothe line K A: therefore al- 
fothe (quare of the line B.A is equallto tbe (quare of the line K A.But(by the 47.0f the first) 
vnto the (quare of tbeline A B, are equallthe [auares of the lines BY C Y A: (for the an- 
gle BY A ts Dyeonitruction, a right angle ) And (by the fame reafon).to the  fquare of the 
line K A, areequallthe fquares of tbelines K Z and Z A : ( far the angle K Z A is alfo by 
conftruttion, aright angle ) Wherefore the (quares of the lines BY and Y Ayare equall fo 
the fquares of the lines K and. Z A» Qf whivh tbe {quare of theline KZ is greater then 
the — of tbe line BY, as hath before bene proued . Wherefore the refidue, namely, the 
Square of the line Z A, is lef then the [qnare of the line YA. Wherfore the line Y Ais grea- 
ter then the line AZ.* Wherefore the line AY3s much greater then the line AG. But 
the line AY falleth upon one of the bafes of the Polibedron , aud the line A G falleth upon 


the uperficies of the leffe {phere. Wherefore the Polihedron toucheth not the fuperficies of the 
leffe phere. S — 


` An other and more ready deraonftration to proue that the line AY is greater then the 
line AG.Raife vp ( by the r1. of thefirft ) from thepoynt G to tbe ln AGa perpendicular 
line G L. And draw avight line fro the point A to the poynt L.Now thé deniding (by the 30. 
of the third )the circumference E B into balues, c agayne that halfe into balues c thus do- 
ing continually,we [ball at the length by the corollary of the firfi of the tenth leaue a certayne 
circumference which fhal be lefe then the circumference of the circle BC D which is fubten- 
ded of alme equall to the line G L. Let tbe circumference lefi be K B.Wherfore Alfa the right 
Une K Bis lefie shen theright lineG L . And forafmuch as the fower fided figure B K O'S is 


FFf iig. A in 


E Which ef 
necefity foal 
fall Gpon Z, ai 
M.Deepronci 
ths and bis 
profe ii fet af- 
terat this 
mare via 
following, 


£.Dee, 
* Bat AZ it 
greater the A» 
Carm the fore 
mer propofitie, 
K M mas eni- 
dent to be grea- 
ter then KG: 
fo may it aifo 
bemude manta 
SAB that KZ 
doth neyther 
touch nor cut 
the circle F Ge 
H 
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ina circle,and the lines O B,B K ,and & S are eqnall,and the line oS is lefve, therefore the an 
gle BY K is an obtufe angle. Wherefore the line B K is greater then the lineBY . But the line 
G L is greater then the line K B..Wherefore the ine G Lis much greater then the line BT. 
Wherefore alfo the (quare of the line GL is greater then {quare of the lineBY. And foraf- 
wauch as (by the 15 definition of the firft)the line A Lis equal to the line A B, therefore the 
Square of the line A Lis equall to tbe (quare of the line A B . But unto the (quare of the line 
A L are equall the (quaes of the lines A G and G L , and to tbe [quare of the line A B are e- 
quall tbe (quares of the lines B Y and Y A .Wherefore the (quares ofthe mes AG and GL 
«xe equall to tbe (quares of the lines B Y and Y A , of mbicb tbe (quare of the line B Y is lefe 
then tbe fquare of tbe line G L. Whevefore the refidue namely , the {quare of the lineY Ais 
greater the the diee of the line AG.Wherfore alfo the line AY is greater thé the line AG. 
Whierfore two fpheres confifting both about oneand the felfe fame center being genen, there 
is infcribed in the greater {phere a polihedvon or folide of many fides which toucheth not the 
Superficies of the leffe [phere:which was required to be done. 


g Corollary. 


And ifin the other {phere namely im the leffe {phere beinferibed a Polibedron or fo- 
lide of many fides like to the polibedran in[cribed 1m the {phere BC D E, then the polihedron 
infevibedin the [phere BC D E isto the polthedron infcribed inthe other [phere in treble 
proportion of that in which the diameter of the [phere B CD E isto the diameter of the other 
Sphere.For thofe folides being deutded into pyramids equall in number and equall in order, 
the pyramids [hall bc like.But lke pyramids are (by the 8. of the twelfth) the one to the other 
in treble proportion of that in which fide of lke proportion is to fide of like proportion. Wher- 
fore the pyramis whofe bafess the fower fided figure K B O $ and toppe tbe poynt A is to that 
pyramis which is of like order in the other [phere,in treble proportion of that in which fide of 
like propartio is to fide of like proporti, that is of that in which the fide A B which is draivne 
froshe céter of the [phere which ss about the céter A,is to she fide which is drawn fro the céter. 
of the other fphere. And in like fort alfa euery one of 3 pyramids which is in y [phere which is 

about the cétre A is to entry one of the pyramids of the [elfe fame order in the other {phere 
in treble proportio of thatin which the fide AB is tothe fide which isdrawne 
from the center of the other (phere.Bnt as one of tbe antecedentes is to one 
of the.confequentes , [o are all the antecedents to all she confe- 
quentes by the 12. of the fifth . Wherefore the whole polihe- 
.dron folide of many fides which isin the fpherewhich 
is about the center A,is to the whole polihedron or 
folide of many fides which isin’ the other 
Sphere,in treble proportion of that in 
which the fide AB isto the fide 
which 1s drawne from the 
center of the other 
Sphere,that is,of that which the diameter 
B D isto the diameter of the other 
Sphere, by the 15.0f the fifth: 
which was required to be 
demonftrated. ea: 
E g Maf 


of Euclides Elementes. 








Fol.38o. 


A 
M.Dee his deuife, to helpe the imagina- 
tion to young ftudéts in Geometry: and to 
make his demonftration more euident as 
concerning the errors by hym corrected in 
Euclides figure, by the ignorant, miflined. 


I. De. 


This figure is anfwerable to the firfte 
plaine: which, cutting the two Spheres by 
their common center A, made two corcen- 
tricall circles ( hauing the fame center with 
the two Spheres)namely B C D E,and F G- 
H. Vppon which, if you aptly reare perpen- 
dicularly , the fecond figure contayning 
two concentricall circles , (to the firlt e- 
quall) and make the pointes noted with like 
Ictters to agree,and afterward vppon the fe- 
cód figure, fet on the third eure bake here 
for the better handling made a femicirclez 
which vppon the firft igure mult alfo be e- 
re€ted perpendicularly And laftly if you 
take the little quadrangled figure BO KS, 
and make euery point to (ouch,his like: 8 
then reade the conftru€tion & wey the de- 
monilratió (twifc orthrife being red over) 
fhall you in this delineatid in apt paftborde, 
or like matter framed finde al things in this 


' probleme very euident. 


I neede not warne you,that the lineA Y 
may eafely be imagined;or with 2 fine thred 
fupplyed: or ofthe right lines imaginable 
betwene P and T, and betwene R and V, I 
neede fay nothing, truflipg that the great 
exercife paft, by that tyme you are orderly 
come to this place, will haue made you fuf- 
ficient perfe& to fupply any farther thipge 
herein to be confidered. 


The little fowertotnerd peeces remay 
ning to the femicircle, ateto be let through 
the firfl ground playne:therby cto ftay this fe 
micircle the better in his apt place and fitu- 
ation: whichirwillthe more aptly doo, if 
ye do abate flauntingly the contrary araffes 
of the flit of it;and of the fliet of the fecond 
figure,into which it is to be lec: abating thé 
alike much: 2 lirle will ferue. Experience, 
by aduife, will teach fufficiently. 


"Than o, 


'afampt it 
prefentty t 
proucd. 
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» 


» 


» 
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y Majter Dee his aduife and demonftration, reforming a great errour 


in the defignation of the former figure of Euclides fecond Probleme: with 
two Corollaries ( by bim inferred ) vpon his faid demonstration. i 


x CARE beoreme. 


i Thararight line éraroen from the point K, perpendicularly vpon the line BY, deth fall vpore 
the point 7 : Wwe Will, thus,make enident. = — 
x * 
Y the premiffes;it is manifelt, that the point Z is that point where a right line from the point O,be- 
ing perpendicularly lt fallto the circle B C D E, doth touch-the fame circle. Which point Z alfo is 
proued to bein the mghtline B A D, the common fection of two circles cutting eche other:being one 
to the other perpendicularly creCted . Thefe thinges with othcr, before demonitrated, I here make my 
fuppofitions . Confider now the two triangles re€tangles O ZB and KZB: Of which, the angle 


O ZB is equall to the angle KZB . For, by contruction, they are both rightangles : *and the angle 


ZB O is equall ta the angle Z B K . For, it from D to K youimaginea right line : and the like from D 
to O : you haue'two triangles in equall (emicircles, re&angles,namely, D K Band D OB : which haue 
thediameterB D common : and B K,the Chord, equall co B O the Chord, by conftruction. Where- 
fore (by the 47.0f the firlt) che third fide,namely, D K, is equall co the third, namely,D O : Wherefore 
(by the s.of the fixt) the angle Z B O,which is D B O;%s.equall to Z BK, which is D BK . (For the line 
ZC, by canftrution, is part of DB). And fcing two angles of O Z D,are proucd equall,to wo angles 
of KZB, of nccelfitie che third,namely, Z O B,is equallto the third,namely,Z K B,by the 32.0f the frft, 
Wherefore thc two triangles rectangles O Z B and K ZB, are proued equiangled. By the fourth, there- 
fore,ot the fixt, their fides are proportionall : therefore by the premiffes, proucd, as BO ists BK, fo 
is.O Zto K Z, aad rhe third line, which fubtendeth the angle Z O B, to che third line which fubten- 
dech the angle Z K B-. But, by copftcu&tion;B O is equall to B K : therefore O Zisequallto KZ : And 
the ibirdal lo 1S equall to the third : Wherefore tlie point Z,in refpc&le of the wo triangles rectangles, 
OZzBaudK Z B,determineth one and the /gme magnitude, in the line B Z. Which can not be : ifany 
other point, in the Jine BZ, were aligned 5 nearer, or farther of, from the point B. One onely poyne 
therefore, is that, ät which the two perpendiculars K Z and O Z fall : But, by conitruétion, OZ fal- 
leth at Z the point, and therefáre at the (ame Z, doth the perpéndicular, drawen from K, fall likewyfez 
Which was.reqnired.co bedemonitrated. . 

Although a briefe monition, mought herein haue ferued for che pregnant or the humble learner,yee 
for them chat are-well pleafed'to hauc thinges made plaine, with many wordes;and for the ttiffenecked 
bufié bodysit was neceflary, with my controlment of other, to annexe the caufe & reafon therof,both 
inuincibleandalfo euident. ' — s 


$ A Corollary.  1.- 
“Hereby it is manifest, that two equal! circles cutting öne the other by the whole diameter, if ‘from 


ene and tbe fame. end of their common diameter ,equall portions of their circumferences be taken : and 
from tbe pontes ending thofe equall portions; two perpendiculars be let downe to their common diame- 


“ter, thofe perpendiculars fhall fall upon one and the fame point of their common diameter. 


. 2. 
Secondly it followeth that thofe perpendiculars are equa. - 


q Note. 
From circles in our firft fuppoficion eche to other perpendicularly erected, we procede and inferre 


now thefe Corollaries, whether they be perpendicularly ercéted or no : by reafon the demonftration 
hath a like force , vpon our fuppofitions here vfed. 


g The 16. T heoreme. The 18. Propofition. 


Spheres are in treble proportion the one to the other of that in which their 
diameters are, 
Suppofe 
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i gl ppofe that there be two {pheres ABC and DE F , andlet their diameters be 
Q JB C and E F .T hen 1 fay that the fphere A B Cis tothefphbere D E F intreble 
S proportion of that in which the diameter B C is to the diameter E F. For if not, 
al then the [phere A BC is in treble proportion of that in which B Cis to E F , ei- 
ther to fome {phere I then the [phere D E F , or to fore [phere greater . Firft let is be unto 
a leffe,namely, to G H K . And imagine that the [pheres DE F andG H K be both about 
one and the [elfe fame centre. And(by tbe propofition next going before )defcribe in the grea- 
ter [phere D E F a polihedron or a folsde of many fides not touching the fuperficies of the lefe 
Sphere G HK . And fuppofe alfo that in the {phere ABC be infcribed a polthedron like to 
the polihedron which is in the {phere D E F Wherefore(by the corollary of the fame) the po- 
lihedron which isin the [phere ABC, isto the polihedron which is inthe [phere D E F in 
treble proportion of that in which the diameter BC isto the diameter E F But by fuppofitian 
the {phere A B Cis tothe {phere G H K in treble proportion of that in which the diameter B- 
Cisto the diameter E F. Wherefore as the [phere ABC isto the [phereG HK {ois the poli- 
hedrõ which is defcribed in the {phere A BC to the polihedro which is defcribed in the fphere 
D EF bythe 11.0f the fift Wherfore on (by the 16. of the fift)as the phere A BC is 
to the polshedron which is defcribed in it,fo is the {phere G H K to the polibedron which i5 in 
D 


fk 






the {phere D EF But the {phere A BC is greater then the polihedro which is defcribed init. 
Wherfore alfo the [phere GH K is greater then the polihedr which isin the {phere DEF by 
the 14.of the fift.But it is alfo leffe for itis contayned in it, which impoffible. Wherefore the 
Sphere ABC 15 not in treble proportsa of that in which the diameter BC, isto y diameter EF, 
toany fphere lefe then tbe [phere-D E.F.In like fort alfo may we prone thas the [phere D E F- 
is not in treble proportion of that in which she diameter E F is to the diameter BC, to any 
Sphere lefe then the [phere ABC. Now I fay that the fphere A BC is notin treble proportia of 
that in mhich the diameter B C js ta tbe diameter E F to any (phere greater the the {phere D 
EF. For if it be po[fible , letit beta a greater namely, to L M N Wherfore by conuerfion the 
[phere LM N isto the {phere A BC in treble proportion of thatin which the diameter EF 
6s tathe diameter B C.But as she phere LM Nis to the {phere ABC, jo is tbe [phere D E F 
to fome fphere leffe the the {phere A BC,*as it hath before bene proued,for the Abe: LMN 
4s greater then the {phere D E F.Wherfore the [phere D E F is in treble proporti of that in 
7 which 
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which the diameter EF is to the diameter BC to fome [phere lefe thë the [phere ABC, which 
is proued to be impoffible Wherefore the [phere ABC is notin treble proportion of that in 
which BE isto E F to any {phere greater thé the [phere D E F.And itis alfo proued that it is 
not to any lefe Wherefore the [phere AB C is to the [phere D E F in treble proportion of that 


- an which tbe diameter B C isto tbe diameter E F:which was required to be demonftrated. 


Note: a gene- 
call rule, 


Conftruflicn. 
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A Corrollary added by Fluffas. 


Hereby it is manifeft that fpheres are the one to the other,as like Polibedrons and in like fort defe 
sribedin them are:namely eche are in triple proportion of that in Which the diameters. 


% A Corollary added by M ‘Dee. 


Tr is then enrdent, how to geue two right lines, baning that proportion betwene them, Which,any 
two spheres genuen, hane the one tothe other, 


N 


For,if to their diameters, as to the firft and Tecànd lines ( offower in continuall proportion ) you 
adioyne a third and a fourth line in continuall proportion (as I haue zaught before ) : The firftand 
fourth lines,fhall aunfwere the Probleme . How generall this rule is,in any two like folides,with their 
correfpendent (or Omologall) lines, I ncede not, with more wordes, declare. 


q Certaine Theoremes and Problemes ( whofe vfe is manifolde, in 
Spheres, Cones,Cylinders and other folides ) added by Ioh. Dee. 


$ AT heoreme. r. 


The whole fuperficies of any Sphere, is quadrupla, tothe gveateff circle, in the fame Sphere cone 
tayned. 


Icie ncedeles to bring Archsmedes demonttration hereof, into this place: feing his boke of | roe 
and Cylinder, with other his workes,are eucry where to be had, and the deméitration therof,eafic. 


oe AT heoreme. 2. 


Euery fbhere, is quadrnpla,totbat Cone, Whofé bofé is thegreateft circlevet- height,the femidia- 
meter of thc (ame fphere. 
4 


This is the 32.Propofition of Archimedes firft booke of the Sphere and Cylinder. 


eco eon aa AeA Problemes. r. > 3 
Daxiil AN” NS Sere SN - e. 
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: — e g — — — - f =X M 
eA Sphere being genen,to make i i upright Cone ,equallto tbe fame : or in any other proportion, 
genen,berwenelworight lines. ay Pe nr ea 
gem Nat Eee ot — VM X 
^ 7 Suppofethe Sphere geuen, to. be s;his diameter being €, and cen ter D: with a line equall'to the 
femidiameter 5 D ( which let be 0^) deferibe a circle N R P ; whofe diameter let be N P, and center 
itis euidenr, that N-& P is cquallto cha greatelt circle int, çontayned. Ar the center O, leta perpen- 
dicular be reared equall to B D ( thè femidiameter of 4 ) whiċh fuppofe to be 0 2 : Itisnow plaine 
that.to the Cone, whófe bafe is che circle W^ RP jànd height o 2 . che Sphere 4, is quadrupla : by the 
2. Theoreme here, and by conltru&tiort «Take aine equall to AN, £^, which let be F E : and with the fe- 
yidiameter F £ ( making the point. center ) defcribe a circle : which fuppofe to be EKG, and dia- 
meter EG . Actlie céntbr F, reare a lie perpendicular to E K G, by'the 12.of the cleuenth : and make 
it equall tos9-2, : Letthatline be ££... 1 (ay chatehe Cone, whofe bifeisthecircle EKG, and height 
the line F L,,is-equall to.4~ For feing 3-£; the femitliameter of E K C,iscquallto N £^ (the diameter 
o£ N & P. ) by conftru&tion : £ C, the diameter of E KG, fhall be double go N + . Wherfore the (quare 
cf £ C, is quadrupla to che [quare of WP: by the-4.0Fthe fecond ; But as che [quare of £ G, is P n 
— quatę 
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fquare of N,P, fo is thecircle E X C to the 
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circle W RP, by the z.ofthis ewelueth. Whereforethe circle 


E (C6, is quadruple to thecitcie N A ^ . And F £, the height is( by conftru&tion ) 'equall ro ‘O 2 the 
height . Wherefore the cone, whofe bafe is che circle £6, and height F £,is quadruple ¢o the cone, 


whole bale is N RX 2, and the height o 


bale is NRP,and height 02, 


the Sphere A4 islikewife proued 


quadruplat. Wherefore the cone 
whofe bafe is E (C and height 
F L, is cquall to che Sphere 44: 
by the 7.0f the fift. To a Sphere 
being geuen therefore, we hauc 
made an vpright cone equall. 
And as concerning the other 
partof this Probleme, it is now 


eafie to execute, and that two j 


wayes 3 I meane to 4 the fpi ere 
geuensto make arvpright cone 
in any proportion geuen betwen 
two right lines, For, let the pro- 
portion geuen, be that which is 
betwene X and r . By theerder 
of my additions, vpon thea. of 
this twelfth booke : to the circle 
EKG make an other circle in 
that proportion that X is to Y: 

whichet be Z ; Vpon the center 
of Z, reare a line perpendiculac 
and equallto F L . Lfay chatthe 
cone, whofe bafe is Z,and the 
height equall to FL,is to 4,ia 


the proporuon of Y to T.Ferthe * 


cone vppon Z, by conttruation, 
hath height equall co, the height 
oftheconé LEK C : and Z,b 


Are SHIT rs 


conftruttion iste 2% G,as_xist Y * WR 
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oF chs twelfth, the con e vpon Z, isto the 


cone L £KG,as Xisco T. Butthecone £ EK Gisproved equall to the (phere AW herfóre che cone 
vpon Z, is to 44, as Xis to I, by the 7.cf the fit. Coa Sphere geuen therefore, we haue made a cone in 
any proportion geuen, becwene tworight lines. Sevondiy, a9-Xis @ IF foo FLitee there beafourth 
line, by the 12 .of the fixi : and fupvofe itta be £^. I fay thae a cone; whofe bafesis equall to EKG, 
and height the line 1/,is to 4,as x 1s to 7 Fer, by the +giofthisawelfe; cones being feton equall bales, 
are one to the other, as their heightes are + But, by conftrudtion, the height W, isto the height F L, as’ 
X isto 7. Wherefor2 the cone which hath his bafeequalltoc £X-G;and heighe the line W, isto the’ 
cone L E KG, as XISTO T | And itis proved, that ts thctone LEK G, the Sphere 4 is equall: Wher- 
fore, by the 7.0f the fitr, the cone, whofe bale is equoll to E KG, and height che line W, is to 4, as Xis 
to 1, Theiefore a Sphere heing geuch, we haue nade an vpright cone; in any proportion geuen ‘be- 
ewenetworightlines . And before, we made an vpright cone, equall co'the Sphere geuen . Wherfore ` 


a Sphere being geuen, we have made an vpright cove, equall'to the fame, or in any other 


oportion, - 


— J . < n T 
geuen betwenetwo right lines , I cail chzc au vpright cone, whofe axe is perpendicular telis bafe. 


whofe bafe 


e^t S 


Suppofe the S 
an vpright cone e 
of my add 


qr A Corollary. 


Of the firft part of the demonStration, it is cuident : A Sphere being propounded, that a Cone, 


hath bis femidianseter, equall to the diameter therofyand height equall to the femidiame- 
ter cf the fame Sphere, ts equal to that {phere propounded. EE 


~~ @ A Probl 


phere being genen añdä circle to reare an upright C. ore pon that circle (asa baje ) equali 
to tbe Sphere genen : or in any proportion betwene two right lines affigned. sels i 


OM ee 
eke 
\ 


phere geuen, to be Q : and the circle geueri to be C * By the firt Probleme make 
cone equall to Q theSpheregeuen : which cone (uppofe to be A : and (by the 2.Probleme 
itions vpoa the fecond of this avelfth booke) as C the cizcle geuen, is to the bale of A;fo ler 
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dire heightof A,be to aline found : whichletbe D. 
Then3tss euident, that die cope, which hath for his 
bafe.C, the eircle geuen, and height theline D, lat 
found fhal be equall-to.Q the Spherégeuen: which 
cone let be F . For, by con{truction, F hath his bafe 
and height in reciprokall proportion with the cone 
A, madeequall to Q_ the Sphere geuen : Wherfore 
by the 15.of this ewelfth, and 7.0f the fifth, this vp- 
right conet, reared vpon C, the circle geuen, is e- 
quall to Q. , the Sphere geuen : which thing the 
r Probleme firit required., 
And the fecond part of this Probleme is thus per- 
formed . Suppofe the proportion geuen to be that 
Thefeeand which is betwene X & Y.Then,as X is to Y fo lecan 
pertof the, — other rightline found,be to the height of F : which 
Probleme, line lèt be G. For this G, the found height (by con- 
ftrudtion) being to the height of F,as X is to Y, doth 
caufe chiscone (which let be M) vpon C,the circle 
=` geué (oran other to it equall)duely reared,to be vn- 
to the cone F, as X is to Y, by the 14.0f this ewelfth. x 
But F is proued equal to-the Sphere geuen: Wher- 
fore M, ts to the Sphere geuen,as Xis to Y. AndM, Y 
is reared vpon the circle geuen: or his equall.Wher- ———*"——"_ 
fore, a Sphere being geuen, & a circle, we haue rea- 
redan vpright cone, vpon that geuen circle (asa G 
bale) eguall co the Sphere geuen : orin any propor- — 
tion, betwene two right lines aſſigned: which was 
required to be done. š 








t 





A Probleme. E 


eA Spbere being geuen anda vigbt line, to make an upright cone, equal to the Sphere enen, or 
tn any other proportion genen betwee two right lines : Which made cone hall bauc his height equall 
tothe right lie een. — 


Sunppoſe the Sphere geuen, tebe R: and the 
righs lwegeuen, to be'S. Fo R the Sphere geuen, 
makean vprighe cone,cquall: by she frit Probleme: 
which cene fuppofe to:be:A. Then as S, the line ge- 
ven; iata the height of A, lo let the bafe of A, be to 
anerhar circle, which-let be K, by my additions, vp- 
on the fecond Propoficion ofthis twelfth booke . I 
fay thacar vpright cone, hauing.his height, equall 
ta S,. the ught tine geuer,and his bafe K,is-equall to 
the Sphere geucn . Let this cone be noted by L: for 
by contsuchon-, thys cone L, and A shane theyr 
heightes and bafes reciprokallin proportió: Wher- 
fore this cone L, andthe cone’A, are equall,iby the 
1s. of che ewelfth). But A is equall to the Sphere ge- 
uen by coníttuction . Wherefore L is equall co the 
Sphere geuen . And the height of L,is equall to the 
right line geuen, by conitruction - which ought to 


AE d part : finde a circle, which fhall 
For the fecond part : finde acircle, whicl 
The fecond haue to the bafe of L, any proportion appoincediin 


part of the right lines: as the proportion of X to Y.: which,by 
Probleme, my additions,vpó the fecond ofthis booke, ye haue 
learned to do. Then, with the height, equall to the 

heigti of L reared.vpon this laft found circle which 

let be T, asa bafe, you fhall fatiffie the Probleme, ~~ 

Let chat Cone be V . For chislaftcone V, isto L,as 

his bafe is to'the bafe of L, by the 11.0 this twelfth. 

But £ is.proued equall to the Sphere geuen: Wher- 

Éorc by the 7. ofthe fift, this laft cone V, hath to R 

the 
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the Sphere geuen; chat proportion which is betweüe X and Y affigned : and fora(much as the height 
of this cone V, is equall co che height of L.: and the height ofL, equal! to > the right line geuen ( by 
conftru&ion ) : itis euident, thata Sphere being geuen, & aright line,we Haue made an vpright cone, 
equall to the Sphere geuen, or in any other proportion geuen betwene two right lines : which made 
cones, haue their height equallto the right line geuen : which ought to be done. 
Vuwilling Iam to vfe thus many wordes, in matters fo plaine and eafie . But this (I thinke ) can 


` not hinder them, that by nature are not fo quicke ofinuention, as to lead every thing, generally fpo-. 


ken, to a particular execution. 
© ATheoreme. 3: 


Euery Cylinder which hath his bafe,the greateft Circle in a Sphere, cf heith equal to she diame- 
ter of that Sphere, is Sefquialteva to that Sphere. Alfathe fuperficies of that Cylinder, with his two 
befés is Sefquilatera to the fuperficies of the Sphere-and without bis tWo bafes sis equal to the fuperfi 
cies of that Sphere . 

Suppofe,a fphere to be fignified by A, and an vpright cylinder hauing to his bafe a ciicle equall to 
the greateft circle in A contayned , and his heith equall to the diameter of A , Jet be fignified by FG .I 
fay that F G,is fefquialter to A: Secondly I fay that the croked cylindricall fuperficies of F G , together 
with the fuperficieces of his two oppofit bafes, is fefquialtera to the whole fuperficies fphericall of A. 
Thirdly I fay that the cylindricall fuperficies of F G , omittinghis two oppofite bafes , is equallto the 
fupetficies of the fpere A . Let the bafe of FG, be the circle FLB : whofe center, fuppofe M, and 
diameter F B.And the axe of the f4me F G,lee be,M H. Which is his ħeith ( for we fuppofe the cy- 
linderto be vpright) :and fuppofe H,to be his toppe or vertex. Forafmuch as , by fuppofition M H is 
equall to the diameter of A. Let M H be deuided into two equall partes in the point N , by a playne fu- 
perficies paffiag by the point N, and bcing parallell to the oppofit bafes of F G,By the thirtenth of this 
twelfth booke,it then foloweth,that the cylinder F G , is alfo deuided into two equall parts: being cy- 
linders: which two equall cylinders let be I G, and F K: the axe of I G fuppofe to be H N : andof FK 
theaxeto be N M. And for that; F G,is 
an vpright cylinder , and at the poynt 
N,cutby a playne Superficies parallell DAS C 
to his oppofite bafes , the common fe- Qe 
€ion of that playne fuperficies and the 
cylinder F G,mult be a * circle, equall, © 
to his bafe F L B , and haue his center, 
the point N. Which circle,let be I Os, 
K:And feing that F L B is , by fuppofi- | 
tion, equal] to the greateft circlein A, 
I O K,alfo, fhall be equall to the grea-- 
telt circle,in A,contained: Alfo,by rea- 
fon M H,is by fuppofition equal to the B 
diameter of A: and NH, byconitru- F 
ctiõ, half of MH, it is manifeſt that N- 
His equallto the femidiameter of A. 
I£therefore;you fuppofe a cone to haue the circle I O K to his bafe : and N H to his heith,the fphere 
A,fhall be to thar Cone,quadrupla , by the 2. Theoreme.Lert that cone be H I O K . Wherefore A,is 
quadrupla to HI O K.And the Cylinder I G hauing the fame bale,with H I O K(the circle 1 O K)and 
the fame heith, (the right line N H)is trìple.to the cone H I O K* by the ro.of this twelfth booke. But 
to I G,the whole cylinder F G,is double,as is proued : Wherefore F G,is triple and triple , to the cone 
HIOK, that is, fextuple. And A is proued quadrupla tothefame HI O K. Whercfore F G is 
to H I O K,as 6.to 1:and A,is to H IO K;as 4.to 1: * Therfore F G is to A,as 6,to 4: which in the leaft 
termes,is,as 3 toz.but3 to 2,is the termes of fefquialtera proportion. Wherefore the cylinder FG, 
isto A fefquialtera in proportion . Secondly, foraímuch as the fuperficies of a cylinder(his two oppo- 
fite bafes excepted ) is equall to that circle whofe femidiameter is middell proportionall betwene the 
fide ofthe cylinder, and the diameter of his bafe: (as vnto the 10.of this booke ‚I haue added.) But 
of F G,the fideB G,being parallell and equall to the axe M H, muftalfo be equall co the diameter of A. 
And the bale F LB, being(by fuppofition)equall to the greatelt circle in A contained ,mutft haue his di- 
ameter(F B equal to the fayd diameter of A. The middle proportional therfore betwene B Gand F B, 
being equall eche to other,thall bea line, equall to either of them. 
[As it you fer B G and F B together , as one line , and vpon that line compofed , as 4 diameter make a 
femicircle: and from the center , to the circumference draw a line perpendicular to the fayd diameter: 
by the 13.ofthe fixth thac perpendicular, is middel proportional betwene F B and B G, the femidiame- 
ters:and he him felfe alfo a femidiameter -and therfore by the definition of a circle, equallto FB , and 
likewife,to B G.] Anda circle,hauing his femidiameter,equall to the diameter FB,is quadruple to the 
circle FLB. [ For the {quare of cuery whole line ,is quadruple to the {quare of his halfe line, as may 
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be proued by the 4.of the fecond:and by the fecond of this ewelfth,circlesare one to the other, as the 
{quares of their diameters,age.] Whertore the fuperficies cylindrical of F G,alone, is quadrupla to his 
bafe F L B. But ifa certayne quantity be dupla to one thing , and an other , quadrupla to the fame one 
thing,thofe rwo quantities together are fextupla to the fame one thing. Therefore feing the baſe, oppo- 
fite to FL B,( being equall toto FL B) 
added to F L B, maketh that cópound, 
double to F I. B : that double added to 
the cylindricall fuperficies of F G,doth 
make a fuperficies fextupla to FL B.. 
And the fuperficies of A, is quadrupla 
to the fame FLB, by the firit Theo- 
reme. Therefore the cylindricall fuper- 
ficies of F G, with the fuperficieces of 
his two bafes is to che fuperficies FLB, 
as 6 to 1. and the fuperficies of A to F- 
LB,isas 4to1. Wherfore the cylindri- 
call fuperficies of F G,& his two bales, 
together, are to the fuperficies of A,as 
6 to 4:thacis, in the fmallett termes;as i 
3 to 1. Which is proper to fefquialtera T m a 
proportion.Thirdly;itis already made-euident that the füperficies cylindrical,of F G'(onely by ic felf) 
is quadzupla to F L. B. And ffo it is proued , that the fu perficies of the fphere A , is quadrupla to the 
famc F L £,Whetefore by the 7.o£the fifth, the cylindricall fuperficies of F G, is equall to the fuperfi- 
cies of A. Therfore,euery cylinder which hath his bafe the greateft circle in a fphere;and heith equal to 
the diameter of that fphere;is fefquialtera to thatfpere: Alfo the fuperficies of that cylinder with his 
tWo bafes, is (efquialtera,to the füperficies of the [phere:and withouthis two bafes is equall to the fu- 
perficies of che fphere: which was to be demonltrated. Pur ads 





The Lemma. 


l If AbetoC,as 6,to t:and B,to C,as 4 to 1:.A,is to B,as 6,to 4- 


For,feing,B is to C,as 4 to 1,by {uppoficion : therefore backward, by the 4.of the fifth,C is to B,as 


1,to 4. Imagine now two orders of qnantities;the firft, A C B 

A,C,and B the fecond,6,1,and 4. Forafmuch as,A,is to CAA J 

Cas 6, to t, by (uppofition: and C is toB, as 1, to 4,25 * 

we haue proued: wherfore,A is to D;as 6 to 4,by the 22 _ 

of the fife. Therfore, if A be to Cas 6 to 1,4nd B to{C,as 6 I 4 

4t0 1:A is co Basé,to 4. which was to be proued. — — 
—— 


Note». 


Sleight things(fome times) lacking euidét proufe,brede doubt or ignorance.And,I nede not warne 
you,how gencrall,this demonitration is : for ifyou putin the place of &and 4,any other numbers, the 
like manner ofconclufion will follow.So likewife;in place of1.any other one number may be, as, if A 
be to Cas 6 to ;:and B vnto C,be as 7 to 5: A,fhall beto B;as 6 to 7. &c. 


A Probleme. 4. 


Toa Sphere geuen,to make a cylinder equal, or in any proportion genen betwene two right lines. 


Suppofe the geuen Sphere to be A : and the proportion geuen to be that betwene X and Y. Ifay 
thar a cylinder is to be made,equall to A: orelsin the fame proportion to A, that is betwene X to Y. 
Let cylinder be made (füch one as che Theoreme next before fuppofed) that thall haue his bafe equall 
to the greatelt circle ia A, and height equall to the diameter of A : Let that cylinder be the vprighe Jg 
linder B C.Let che one fide of B C,be cherightline Q C.Deuide Q C into three equal parts: of which, 
let Q Econaine two, and letthethird part be C E . By the point E fuppofe a plaine — to the 
bafes of BC ) to paffe through the cylinder B C, cutting the fame by the circle D E .I fay that the cy- 
linderB E is equall to theSphere A . For feing B C, being an vpright cylinder, is cut by a plaine; pa- 
rallel to his bafes, by conitru&ion : therefore as the cylinder D C, is to the cylinder B E, fo is theaxe 
of DC, to the axe of BE, by che 13.0f this ewelfth . Wherefore as the axe is to thelaxe, fo is cylinder 


to cylinder. But axe is to axe, as fide to fide namely, C Eto QE, becaufe the axe is parallel to — 
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of an vpright cylinder : by che.definition ofa cylin- * .^ 
der. And the circle ‘of the fe&30n, is parállel to the 
bafes, by con(truction. Wherefore in the parallelo- 
gramme (made of the axe, and of two femidiame- .: 
ters, on one fide parallels, one to the other, being 
coupled together by alios drawen betwene their 

endes in their circumferences, whuchline is the fide . 
Q C ) itiseuident, chat theaxe of B.Ciscucinlike. |. 4 — 
proportion, that the fide Q Cis cut. Wherfore the A | 
cylinder D C, is to the cylinder BE, as EC isto | / 
QE . Whercfore, by compofition, the cylinders , | ^ AI p 
D Cand B E, that is, whole B C, are to the cylinder ` KN ; "us e 

BE, as C Eand QE (the whole right line Q C) are | —— — 

co QE But by céltruction, Q Cis of 3 .fuch partes, 5 — — Q : t 

as QE containeth 2. Wherefore the cylinder B C, — — 

is of 3 .fuch partes, as B E contayneth 2. Wherefore — 

B C the cylinder, is to B E, as 3.t0 x : which is fefquialtera proportion. But by the former Theoreme, 


B C is fefquialtera to the Sphere A ; Wherefore, by che 7. of the fift, B E is equall to A. Therefore coa 
Sphere geuen, we haue made a cylinder equall. 











N 


Or thus more briefely omitting all cutting of the Cylinder, 


Forafmuch asB C isan vpright Cylinder: his fides are equall to his axe or heith: therefore the two 

cylinders , whereof one hath the heith Q C. and thc other the heith Q E,hauing both their bafes,che 
greatcil circle in the Sphere A,are one to thc otheras Q C is co Q E,by the 14.0f this twelfth,but Q.C 
15 to Q E,as 1.to »,by conltru&tion:and j.to 1.is in Sefquialtera proportion: therefore the cylinder B C 
hauing his heith Q.C,& his bale the greateft circle in A_coteyned,is Sefquialtera to the cylinder which 
hath his bafe the greateft circle in A conteyned,‘and heith the line Q E . But by the former Theoreme, 
B C,isalfo Sefquialtera to A: wherfore the cylinder hauing the bafe B Q(which by fuppofition,is equal 
to the greateft circlein A conteyned)and heich, Q E, is equall coche {phere A, by the7.of the fife. And The fecond 
now itcan not be hard,to geue a cylinder, to A, in that proportion , which is betwene Xand Y . Forlet partof the 
the fide Q E,be to Q P,as Y is to X, by the 12.0£ the fixt. Therefore backeward , QP is to QEas Xto Problemes 
Y.Wherefore the cylinder hauing the bafe the greateft circle in A and heith the line Q P , isto the cy- * 
linder hauing the fame bafe,and heiti the line Q E,as X is to Y,by the r4.0f this twelfth: but the cylin- 
der hauíng the heich Q E,& his bafe the greatéft circlein A, conteyned, js proued equall to the Sphere 
A.Wherefore by the 7.of the fift;the cylinder whofe heith is Q P and bafe the greatett circle in A,con- 
teyned,is to the {phere A,as Xto Y. Therefore to a {phete geuen: we haue made a cylinder, in any pro- 
portion geuen betwene two rigtit lines,and alfo , before we haue to a fphere geuen,madea cylinder ea 
quall. Therefore to a {phere geuen;we haut madea cylinder equall,or in any proportion geuen betwene 
two right lines. pet x i 

! ` : l 


1 


a OUR Probleme. ge 


: A Sphere being geuen, and à circle ,vpon that circle as bafé ,torere a cylinder , equall tothe 
Sphere ginen: or in any proportion genen berwene two right lines, 


AProbleme. 6. 


A Sphere being geuen , and aright line,to make a cylinder , equall tothe fphere genen, orin any oa 
ther proportion betwene two right lines ,geuen. 


D e 
In this s.and 6.probleme,firlt make a cylinder equall to the {phere geuen, by the 4.probleme:and 
then by the order of the z.and 3.problemes,in cones,execure chefe planer. 


A Probleme. 7. 


Two unlike Cones or Cylinders being genen,to finde two right lines , which hane the fame propor- 
tion one to the other ,that the two geuen cones or cylinders hane one tothe other, 


Vpon one of their bafes rere a cone(ifcones be compared)or acylinder(ifcylinders be compared 
equall to the óther : by the order ofthe fecond and third problemes : and the heith of the connor o 
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Linder,on whofe bafe you rered an equall cone or cylinder , with the new heith found , haue that pro- 
portion, which the cones of cylinders have, one to the other, by the 14.0f this ewelfth booke. 


A Probleme. 8. 


en upright Cone , and Cylinder , being geuen < to finde iwo right lines haning that proportion, 
the one to the other Which tbe Cone and Cylinder baue one to the other. 


Suppofe , Q EK an vpright 

coneand « Ban vpright cylinder P 
geuen . I fay ewo righe lines are to 
begeué which ball haue that pro- 
portion oneto the other , which 
Q E Kand A 5 haueone to the o- 
ther.Vpon the bafe B H, erectea 
Conc;equall to 9, E X: by theor- . 
der of the fecéd probleme: which `- 
letbe 0 7 H, and his heith let be 

O C,and let the heith of 4 5, (the 
cylinder) , be C5, producec sto 
P; fotharCr ,be triplato c s,& 
make perfect the cone 2 BA. I 
fay that Z C and O C haue that pro 
portion,which 4 B hath to QEK. ` 
For , by conitrućtion, O B H is e- 
quallto @ E X:and 2 B His equal 
to A Z,as we will proue,(Aflumpt 
wife) . And ^ B H, and O Z Hare 
vpon one bafe,namely 2 4: wher- 
fore by-ché r4.of this ewelfth, 7 B=. 
Hando B H are oneto the other 
as their heithes ^ C , and O C ; are 
one tó thé other )’ whereforé the | MM MARI : 
cylinder and cone eqpall to P B  ánd'O B Káré as P Cisto O C:by the 7.ofthe fifth.Buc 48 the cylin- 
der. 2 E K the cone,are equal] to B Hand o B H:by contlru&tion: wherefore A B the cylinder,is to Q; 
EK the coné,as P Ciisto O C. Wherefore we haue found two right lines hauing that proportion that 
2 cone anda cyliftider geuen,haue óne to che other. Which thing we may execute vpon the bafe of the 
€one geüéh as we did vpon the bafe ofthe cylinder geuen , on this maner. Vpon the bafe ofthe cone 
Q EK, whithbafelet be £ X; erecta cylinder , equall to 4 E , by the order of my fecond probleme. 
Which cylinder let be £ D,and GT his heith,and let che heith of the cone 2 E K,be @ G.Take the line 
G R,the third part of 2 G,(by the 9.0f the fixth): aod with a playne paling by R,parallel to E K, cut of 
the cylinder E F: which thall be equall to the cone-Q E Ksby-the affumpe following: I fay now, thae 4- 
B,the cvlinder,is to @ E K the cone,as G 7,is to G R.For the cylinder £ D is to the cylinder E F,as G T 
is to G R,by the 14. of the twelfth : and to & D is the cylinder 4 8 equall: by conltruĉtion : and to EF, 
we haue proued the cone 2 E K, equall, wherefore by the7. of the fifth, 4B isto QE K ,asGTisto 
Gk. Wherfore an vpright cone,& a cylinder being geuen,we haue found two right lines hauing the 
fame proportion becwene them , which the cone and the cylinder,haue one to the other : which was 
requifite to be done. 





go 3s — An aſſumpt. 


Jf a cone and a cylinder , being both on one bafe ave equall one to tbe other : the heith of the cone 
is triplato the heith of the cylinder. v-4nd sf a cone and a cylinder being both on one bafe, the heith of 
the cone be tripla to the heith of the cylinder ,the cone and the cylinder are equal, 


We will vle thc cylinder A B & the cone P B Hin the former probleme: with their bafe & heithes 
fo noted as before.I fay if P B H be equall to A B,that C P the hetth of P B H, is tripla to C S the heith 
of the cylinder A B. Suppofe vpon the bafe B H, acone to be rered of the heith of C S, which let be S- 
BH: itis manifefl that A B is tripla co that cone S B H, by the 10.0f this twelfth. Wherfore a cone equal 
co A Bthe cylinder is triplato $ BH the cone, by the7, ofthe fifth, butP BH is fuppofed equall to 
A B.Therefore P B H is tripla co S$ BH, therefore the heith of P B H fhall be tripla to the heith of SBH 
by the 14.0f the ewelfth.Buc the heich of P B H,is C P:and of S B H,the heith is C S: wherefore C P is 
tripla to C S.Aad C S is the heith of the cylinder À B by fuppofition . Therefore a coneand a mae 

` eing 
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being both on ane bafe,and equall, che heith of the cone is tripl2 to she heith of the cylinder. And the 
fecond part,as ealely may be confirmed.For if AB a cylinder, and P B Ha cone haue one bafe , as the 
citcleabouc B H :add ibe lieith ofP B H be tripla to the heith of A B, fay thatP B'H,and-A B arc equal: 
The heith of A B let be(asafore)C S: and of PB H , theheith, let be C P:of the heith C S , imagine a 
€orievpon thefime bafe B Hby che rovof this ewelfth, A B fhall be tripleto.that£one. Andthe cone 
P B Hi háviag-heidt.C P, (by fuppofiion)triplato C S, Ihall alo be'triplato chat tone S BH: by the 14. 
of chisewblich. Wherefore by che 7:ofche fifth A:B and P B H are equal! Therefore, if a cone and a cy- 
linder Being both onione baíc,che heic of che cone be tripla to the heith of rhe cylinder, the cone and 
ale cylindupare.cquall'So hauccwe demontliated.borh pareessas waerequired, |^. 6s vo 


AF beoreme. ` p 
T be fuperficies of the figment or protion of any (pheresis equall tothe circle, whoft femidiameter, 


is equall to that right kines hich is drawne from the toppe of that fegmsent to the circnmference of the 
circle, which is the bafe of that portion or fegnsent, E 
Ut — Pre n PRSE 





As im the Sphere 
A, 2 Segment being cut 
of by the cirtle , whofe 
diámeteris C Er & the 
fame circle being the 
bafe of the Segment, 
whofe top alfo is D: the 
croked fuperficies fphe- 
ricall of the fame Seg- 
ment; is equall to a cir- 
cle whofe Semidiame- 
ter is equall to the right 
lineDC .As isthecir- 
cle B. 


This hath Archimedes demonftrated in this firit booke of che Sphere and Cylinder, in his 40.and 41 
propofitions:and I remitte them thether , that will herein demonttratiuely be certified : I would. with 
all Mathematiciens, as well of verities eafy,as of verities rareand ob{cure , to feeke the caules-demon- 
{trative the finall fcuite chereof,is perfection in this art. Seth se tg 


^um o 
go Uu. 


% Nate. — 

Befidesall other vfes and commodities , that are of che Croked fuperficieces ofthe Cone, CyLn- 
der,and Sphere,fo eafely and certaynely,of vs to be dealt with all: this is not the leatt,that a notable Er- 
ror,which among Sophifticall brablers,and vngeometricall Mafters and Do&tors,hath along time bene 
vpholden : may molt euidently, hereby-be confuted, and vtterly rooted out ofall mens fantafies for e- 
uer.The Error is this, Curwi,«d re/Ium nulla eff proportio,that is; Betwene croked and {traight, is no pro- 
portion This error , in lines-, fuperficieces,and folides, may with more true demonttrations be oners 
throwne, then the fauourers of chat fond fantsfi are able, with argument , either probable or Sophi- 
flicall ro-make fhew or pretence to the contrary. tn lines,l omitte ( as now ) Archimedes two wayes,for 
the finding of thé proportion of the circles circumference to a ftraight line.. I meane, by the infcription 
and circtim{cription of like poligonon figures, and that other, by {pirall lines. And 1 omitte likewile (as 
now)in folides of a parallelipipedon,equall to a Sphere,Cone,or Cylinder: or any fegment or fector of 
the fayd folides . And onely , here requirc you to confider in this twelfth booke, the wayes brought to 
your knowledge,how to the croked fuperficies of a cone and cylinder, and ofa fphere, (the whole,any 
fegment or fe&tor thereof ) a playne and ftraighe fuperticies may be geuen equall : Namely ,a Circle to 
be geuen equall , co any of the fayd croked fuperficieces affgned , and geuen . And then farther by my 
Additions vpon the fecond propofiton,you have meanes to proceede in all proportions,that any man 
cain right lines geuc,or affigne. Ther fore ,Curui ad relBum,proportio omnimoda poteft dari.One thing itis, 
to demonllrate,that betwene a croked line and'a ftraight”or a croked fuperficies and a playne or ftraight 
fuperficies, &c. there is proportion . And an other thing itis , co demonttrate a particular and {peciall 
kinde af proportion, being betwenea croked fuperficies anda {traight or playne (uperficies. For this al- 
fo confirmeth the firit. This Shore warning will caufe you to auoyde the fayd error , and make you allo 
hable co cure them, which.are infeed therewith. 


% ATheoreme. 5. 


edny two Spheres being genen , as the Spherical Superficies of the one,is to the Sphiricall Super- 
ficies 


The conuerfe 
of tbe affupt. 


es 


A great error 
commonly 
maintained, 


Betwene 
Straight 
andcroked 
all maner 
ef propor- 
M E. be 
genen. 
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Bici of the other:So irthé gréatefl Cirle conFeyied ih that dne,to the greateft Cirt|econteyned in that’ 
other. And as greaveft: Cortle,rst0 p) énteft ene le, fo sj hericall juperficées,to Sphericall | fuptrficiei, 7 
227a * a oAst ms oN ESS SRN ge TE PPM 

For the füperficies of euety (phere is quat carla to-hisgreatettcircle,by my firft Theoremet wher- 

for ¢, of wo geuen fpheres yas the ph eulcan iapefiresof the one, isto his greatet circle fo is the 
fphericall fuperffcies-of the other,to lus esqatef caret: shertore by alternate proportion,as Spherical ſu- 
perficjes isco {phicrical fuperdges,fo is Qrratoiccinci¢-to gygaceldcircle.And thertore alfo as greateft cir 
€lc;is to greatell circle,fo is (pherical (aperfigiasa o fphezicallfuperficics: which was to be. demóttrated. 


A CK Prob9e. pp 


A Sphere boing genen,togepe dn other. Sphere.to whofeSphericall fuperficiess the fuperficies Sphe- 
rical of. the Sphevegcnen Shall bane any. proportion, bermen, two right ines geuene Mss sas 
Wess c XQ" AU TA Ge ox 
Suppofe A,co be a {phere geuen,and the proportion geuen,to be that,which is betwene the right 
lines X an Y.I fay that a (phere is co be geuen co whole iphericall fuperficies, the fuperficies fphericall 
ofA, [nal haue that proportion which X hath to Y.Let thegreateft circle,conteyned in A the {phere be 
Confirnction, the circle BC D.And by the probleme of my additions wpou-the fecond propofitign ofthis bopke. , as, 
Xis to Y, fo let the circle B C D be 60 an othercircte found: lec thatother circle be EF G t and his dia- 
meter EG, L fay that og rey eg [es zs 
the fphericall fuperfici- 
es ofihefphére A, hath 
to the, fpaericall fuper- 
ficies of the fphere, 
whofe greatelt circle is 
EFG, (or his equall) 
that proportion, which 
e e Xbhath to Y.For(by con 
RE ftrution)B CD is to E- 





F G,as Xis to Y:and by — 
thé theoreme next be- Qn TU X 
fore,as BC Disto EF? >. HB SS ji) bt à; 
G;Yo is the (phericalíu waits aie 


perlicies of A ( whofe 
grearett circle is BC D, 
by foppofition ) to the x YIA 
Ícncziczll fope:ficies,of 
the fpserc,whofe grea- . ade ce bee, 
teh Crvele” Ron own Cd, as a 
wherefore, by the rrp 770 1580570. ih [n 
ofeüfhasXistoY: 0 ^ ^] ^e k 
` . Soi¥sthe fphericall fue, deca an a. — 
—ö— FX ba RM reip cad 
Voit fphifica!l foperficies of the fPhere; wvhoſe greafel circle is EF G: wherefore, the fphere whofe diame- 
Asinan tezis E G, (the diameter alfo cf B'EG ; isthetphere , cowhdfe {phericall fuperficies , the {phericall fue 
erficies of thé [phere A,hath chat propyrtion:which X hath to Y. A (phere being geuen therefore, we 
have geuen an other {phere,to whofe fphetica!! fapcrficiés, the fiperficies fphericall of the fpherc geué 
hach any proportion geuen,berwené ti rightlines: whick ought tobedone; ` "" 


AS 








da Neng 


vits Pv, "e Y ; du 
wer m ^M Probleme. 10. Ange S 


i eA Sphère being genen, anda Circle leffethen the greateft Circle, in the fame Sphere conteyned, 
. tocoapt in the Sphere n Circle equall tothe Circle geuen. 

i p i . Suppofe A,to be the fphere geueu :and the circle geuen leffe then the greateft circle in A contey= 
The difini- , ned,to be F K G Vay, thar in the Sphere A,a-circle,equall to the circle F K G,is to be coapted. Firlt vn- 
tidofacir- 4 derltand,what we mcane here,by coapting of acirclein a Sphe re. We fay, that circle to be coapted ina 
cle ccapted ,, Sphere,whofe whole circumferéce is in che fuperficies of the fame Sphere. Let the greacelt circle in the 
an a (phere, Sph:re A conteyned,be the circle B C D, Whole diameter fuppofe to be B D , and ofthe circle F K G, 
Coufiratiign, let € G be the d:ameter.By the 1. of rhefourth, let aline equall to F G, be coapted in thecircle B C D, 
' Which line coapted,let be 8 E.And by the line B E,fuppofc a playne to paffe,cutting the Sphere ane 

— * Š — | tobe 
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to be perpendicularly erected to the (uperlicies 
of BCD. Scing that the portion ofthe playne- . 
remayning jn the fphere;is called their common-- . 
feQtiou: the fajd fection fhall bea ciréle , as be- 
fore is proued. And the common fetida ofthe fayd. 
plagne anå the greateft circle BC D , (which is BE 
by fuppofition ) foul! be the diameter of the farme cir- 
ele ,as We will proue . For,let that circle'be B Le . 
EM. Éet the center of the fphere Àjbz clie point-i 
H: whith H,is aifo the céter of chetircle BCD, 
becaufe B C D is the greateft circle in Acontey- : 
ned . From H, the center ofthe fphesé a , eta: 
line perpendicularly be let fall to thecircle BL) 
EM.‘Lecthachine be H O: andigis euident that 
HO hhall fall vpori the common fection BE, by 
the 38.of the eleventh And it deuidech B E,into 

: two equall parts, by the fecond part ofthe third. ` 
propofition of the third booke: by which poyne.. 
O , al other lines drawne in thecitcleB LE M,, 
are, at the fame pointe O , deuided into two e- 
quall parts, As if from the poyne M,by.the point 
O, aright line be drawne one the other fide com 
ming to the circumference , at thgpoynt N itis 
manifeft chat N O M is deuided ifto two equall - 
partes at the poynt O :by reafon,if from the cen-. 
ter H , to the poyntes'N ind M , rightlines be 
drawne,H N and H M , the fquares oFH M , and 
HN arecquall:'forthacall the femidfameters of 
the fphercare equat? arid therefovexhefs[quares 
are equal one to theothersandthet(quare ofthe 
perpendicular H Os, is common A£hierefore the 
Íquare of the third line M Otis equall to the 
fquare of the third line N O : and therefore the 
line M O to the line N O. So therefore is N_M equally deuided at the poynt O . And fo may be proued 
ofall other right lines, drawne in the cycle B LE M, palling by,phe poynct O,to the circumference one 
both fides. Wherefore O is the center ofthe circle BL’E M: aiid therefore B E pating by the poyoc O 
is the diameter of the circle BLEM.Which.circle(I fay)is equal to F K G: for by conitrugtion B E is e- 
guall toFGlatid BE is proued chedigoretet oF BE Myabd F Gis by fuppofition the diametez'of the 
circle F K G: wherefore BL EM is ¢quallto Ft. G the circle geyensand B LEM isin A the fpheregeué 
Whierfore we haue in a fphere geuen coapteda circle equall to a cirtle geuen: which was to be done. 








A Corollary: 


Befides our principall purpo(e, in cbis Problemeguidently demonstrated, this is alfi made mani- 
feft : that if the greateft circle ina Sphere, be cut by an other circle erciled vpou bim et right angles 
that the other circle is cut bythe center,and that their common fetlion i; tbe diameterof | that eer 
circle + and therefore that other circle deurded is inte two equal partes. ° 


A Probleme. n 


I et Sphere being geuen, and a cirele, leſothen double the greateſt circle in the: fame. Sp Dore rop s 
A Ro to cut of, afegment of the fame Sphere, Whofe'Spherscall fuperficies, fall be-eguall to the cir- 
slegenen. Meet : J 


`~ 


Suppofe K to be a Sphere geuen, whofe greateftcircle lerbe AB C ¥and the cirele g i 
tobe DEF . I fay,that a fegment of the Sphere, isto be cut of, fo great, that his SE AE 
cies, fhall be cquall to the circle DEF . Let the diameter ofthe circle A B C, be cheline AB. Atche 
oint A, in the circle A B C, coapta rightling gquall to the femidiam eterofthe circle DEE ( by the 
firit of che fourth) . Which line fuppofe to be A H . From the point H, to the diameter AB, letaper- 
pendicular line be drawen : which fuppofc to be HI . Produce. HI to the other fide of the ‘circutnife: 
rence, and let it come to the circumference at the point L. By.the rizheline HIL (perpendicular to 
A B ) fuppofe a plaine fuperficies to paffe, perpendicularly erected vpon the circle ABC: and by this 
: HHhj. .. playsie 


Demonfira- 
tion, 


Thi is mani- 
fefl:if you con 
fider the tinu 
triangles rete 
angles, Ti O M 
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_and they with 
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plaine fuperficies, the Sphere to be cutinto two feg- 

ro one lefe then the halfe Sphere, namely, HA- ` : A ; 
LI: and che other greater then the halfe Sphere, name- ae : "i 
ly,H BLI. I fay, thatthe Sphericall fuperficies of the iH, E. b. la 


fegment of the Sphere K, in which the fegment (of the 
greateft circle) H A LI, is contayned,(whofe bafe is che 
circle paffing by H I L, and toppe the point A ) is equall 

to the circle DEF. For thecircle,whofe femidiame- 

ter is equall co theline A H,is equall to che Sphericall fu- 
perficies of the (egment H A L,by the 4.Theoreme here 
added.And (by conftru&tion ) A H is equall to the femi- 
diameter ofthe circle DEE: therefore che Sphericall 
fuperficies of the fegment ofthe Sphere K (cutofbythe. i... 
circle pafhing by HILL) whofetoppeis thepoint A, isi: - 
equall to thecircle D EF. Wherefore,a Sphere being . 
geuen, and a circleleffe chen double the greateft circle 

10 the fame Sphere, we haue cutof; a fegment ofthe. 
fame Sphere, whofe Sphericall fuperficies, isequallto — .. 
the circle geuen : which was requifite to be dons. — 


LES aduife. 


In noting or fignifying of Spheres, fometimes we! 
vie by one and the fame circle, in plaine defigned,to re-: 
prefenza Sphere: and alfo the greaceltcircle in: the fame 
contained : and likewife,by a fegment of that circle, fig- . w^ AUS 
nifie a fegment of the fame Sphere, as by a ltraightline, we often fignifie the circle, which is the bafe of 
a fegment of a Sphere,Cone,or Cylinder : and fo in fuch like. Wherin, confider our fuppafitions; and 
take heede when we shift from one fignification to an otber,in ope.aad the fame,defignation,; and 
withall remember the principall intent of our drift : and fuch light: thinges, can not either trouble or. 





=> offend thee , Compendioufnes and artificiall cuftome , procureth fuch meanes :.fufücient,to flirre vp i- 
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E CA Probleme Ux TUN 
Tecta Sphere geuen, into two Juch fegmentes tbat the Sphericall feperfrieaes afila figota 
fhrall bane one to the other, amy proportion genen beiwene tworight line. sus 


à as — ay 
D enp - one >o rd 
renee SEN WT a AY 


Suppofe F to be a Sphere geuten: and the proportion geuen,to be that, which is betwene G H and 
H I. I fay, that the Sphere F, is to be cut into two fuch fegmentes , that the Sphericail fuperficies of 
thofe fegmentes, fhall haue that proportion, one to the other, which, the right line G H, hath to the 
rightline HI. Suppofe AB CE to beagreateft circle, inthe Sphere F, contained : aad his diameter, 
to be AB. Denide A B into two {uch partes, as 5 Iisdi- * Puer tuv why; 
uided into,in the poine H(by thé o.of rhe fixt)Let thofe + 
pattes be AD, and DD . So that, as G H isto HI, fo is 
A D to D B . By the point D, lera plaine fuperficies paffe, 
cutting the Sphere F, and the diameter A B : 3o, thac 
vnto that cutting plaine, the diameter A B, be perpendi- 


*cular : and the Sphere alfo thereby deuidedintotwoleg- ' ' 5 


mentes, whofe cómon bafe fuppofe to be the circle CE, 
hauing the center,the point D: and the toppe of the one’ 
to be the point A, and the toppe of the ocher to be the 
point B : and the fegmentes them felues, to be noted by 
EA C, andEBC : Drawe fromthe two toppes, A and 
B, to C ( a point iu the circumference oftheir common 
báf*) tworightliaes A C and B C : 1 fay now, thatthe: ^ 
Sphericall (uperficies of the fegment E’A'C, Kath to the 
Spheticatl füperficies of thé fegment EE C, the ‘farie 
ptoportión,which G H hath co HT: For, forafmuchas 
circles hdue that proportion, orie ro' thé éther; that the 
fquares of theif diameters liaue nerd thé other (by che c : 
2. of thig twelfth ) . And rhe fquáres' af bhey? femiliamte- ^ .H..I 
ters, bene the fame proportion öne ~to the other , whith rhe wt r DTE. ls 
fawares of theyr diameters baue , [ Fot'like partes haue 
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that proportion onc to the other , that the whole magnitudes, whofe like partes they are , haue the 


one to the other : by the 15.ofthe fif. But the (quare ofeuery diameter is quadruple to the fquare of. »? 


his femidiameter : as hath often before, bene proued : therefore, circles haue one to an other, that 
proportion, that the {quares of their femidiameters haue one to the other ] . Wherefore, feing AC 
and B C are femidiameters of two circles, whereof eche is equall to the Sphericall fuperficies ofthe feg- 
mentes, betwene whofe toppes and circumference of their bafe, they are drawen : by the 4.Theoreme 
ofthefe additions : it followeth that both thofe circles, whofe femidiameters they are : and alfo chofe 
Sphericall fuperficieces, which are equall to chofe circles, haue the one to the other, the fame propor- 
tion, which the {quare of A C hath to the quare of B C . But A C is drawen becwene the circumference 
of the bafe, and toppe of the fegment Sphericall, E A C, by conftru&tion : and likewife B C is drawen 
betwene the toppe, and circumference of the bafe, of the Sphericall (egmeat E B C, by conftru&tion: 
Wherefore the Svhericall (uperficies of the fegment E A C, is to the Sphericall fuperficies of the feg- 
mentE B C, as the (quare of A C isto the {quare of B C . But the fquare of A C is to the {quare of BC, 
as A Disto DB: by che Corollary of the Probleme of my additions vpon the fecond of this twelfth: 
And A DistoDB,asGH istoH 1: by conftruftion. Wherefore the Sphericall fuperficies of the feg- 
ment E AC, is to the Sphericall fuperficies of che RgmentE B C, as G H isto HI. We haue therfore, 
cut the Sphere geuen, into ewo (uch fegmentes, thatths Sphericall (uperficieces of the fegmentes,haue 
One to the other any proportion geuen betwene two righclines : which was ro be done. 


«pACorollary. 1. 


Here it appeareth demonStrated, that, circles are one tothe other, asthe {quares of thesr femidi- 
ameters are,one to the other. 


Wherby (as occafion fhall ferue) you may, by force of the former argument, vfe other like partes 
of che diameter, as wellas halues. 


G A Corollary. 2. 


It is alfo euident, that tbe Sphevicall /aperficiece⸗ of the two. feomentas of'any Sphere „to whofe 
common bafe,the diameter ( pa[feng to their twa toppes. ) is perpendicular, hane that proportion the 
one to the other, that the portions of the fayd diameter haue the one to the other : that fuperficies and 
that portian of the diameter on the one fide of the common bafe,being compared to that fuperficies,and 
that portion of the diameter, onthe other fide of the common bafe. 


«I 4 Corollary. 3. 


It likewife ewidently followeth that the ews Sphericall fuperficieces of two Segmentes of a Sphere: 
which two fegmentes are eqnall to the Sphere are in that proportion the one to tbe other,that their axes 


( perpendicularly eretted to their bafes ) are in, one to the other: where foeuer in she Sphere thofe feg- 
mentes betaken, I 


1fay thatthe Sphericall fuperficies of the fegmene 
C AE, and the Sphericall fuperficies of the fegment 
F GH , hauing theiraxes A D and G I ( perpendicular 
to their bales ) : are in proportion one to the other, as 
AD isto GI: if the fegment ofthe Sphere contai- 
ning CAE with ( the fegment ofthe fame Sphere) 
F GH, be equall to the whole Sphere. For feing the 
diameter ( or axe ) A D, extended to the other pole or 
toppe , oppófiteto A ( which oppofite toppe, let be 
Q ) doth make with the fegment C A E, the comple- 
ment of the whole pu : and by fuppofition, the 
fegment F G H, with the fegment C A E, are equall to 
the whole Sphere ; Wherefore from equall ,taking . 
C AE (the fegment common ) remayueth the feg- 
ment C Q E, equallto the Kamen FGH. Andtler- 
by, Axe, Bafe , Solitie, and fuperficies Sphericall of 
the fegment F G H, mutt ( of neceflitie) be equall to 
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she Axe,Bafe,Soliditie,and fapenficies Spherical of the fegmene C QE: Wherefore, by the fecond 
Corollary here, and the 7.0f the fift, our conclufion is inferred, the fuperficies Spherical, of the feg- 
ment C AE, to be, co the Juperficies Spherical of the fegment F GH, as AD isto GI. . 


ATheoreme. 6, 
To any folide fetor of a Sphere,that upright Cone is equal , whofe bafe is equallto the connex 
Sphericall fuperficses of that fellor and heit equall to the femsdiameter of the fame Sphere. 
Qa. T 
=<, 
m 
NP S 
o 
which is. equall to the fphericall fuperficies of the fayd 
folide fe&o",ór (ezment + as before is taught, Let thae 


line be Q P.By Q draw a line contingent: which let be S Q T.Art the poyne Q from theline QS, cut 
alineequall ro P Q_which let be S Q.And vato S Q, make Q T equall, then draw the right lines O S 
O Tand O Q. About which O Q /asan axe faltened) if you imagine the triangle O S T, to make an 
*halfe circular reuolution,you fhall haue the vpright cone O S T: (whofe heith is O Q , the lemidia- 
meter ofthe {phere,and bafe the circle, whofe diameter i5 $ T;)equall co thc folide fector P QRO, 


Hereof the demonftration in refpe& ofthe premi- 
fes : and the common argumentof infcription and cir- ` 
cumf{cription of figurcs 1s eafy : and neuertheleffe, i£ c 
your owne witte will not helpe you ‘futhciently: you ~* 
may take helpe at Archimedes hand , in his firlt booke & 
lait propofition of the {phere and cylinder. Whether if 
ye haue recouríe , you thall perceaue how your Theo- 
reme here amendeth the common tranflation there: 
anJ alfo our dclineaGon geuetli more liuély thew of 
the chiefe circumftances neceffary to the con(tru&ion, 
then there you fhall finde. Of the {phere here imagined 
to be A,we note a folide fe&or by che lecrers PQ RO, 
So that P. Q R doth fignifie the fphericall (uperficies, to 
thac folide fector belonging : (which ss alfo common to the 
figment of the fame [phere r K Q_) and therefore a line 
drawne from the toppe of that cement, which toppe 
fuppofe to be Q._, ) isthe femidiameter of the circle, 





ATbeoreme. 7. 


G 


To any figment ,or portion of a Sphere, that cone 
35 équell , Which hath that circle to his bafe , which 
is the bafeof the fzg mit and hesth, aright line, which 
unto the heith of the fegmét hath that proportiá which 
tbe. femidiameter of the Sphere , together with the 
beitb of the other fegment remayning hath tothe heitb 
of the fame other fegment veraayning. A 





This is well demonttrated by Archimedes & there- 
fore nedeth no inuention of myne, to confirme the 
fame ; and for chat che fayd demonttration is ouer long 
here to be added , L will refere you thether for the de- 
monttration: and here fupply that which to Archimedes 
demonftration fhall geue light,and co your farther fpe- 
culation and pradtife,thal bea gat ayde and direétion. 
Suppofe K to bea [phere : & the greatelt circle K in có- 
teyned,letbe A B C E;aod his diameter B E, & céter D... 
Let the fphere K,be cutce by a playne fuperficies , per- F 
pendicularly ereéted vpon the fayd greateft circle AB- © -~ E 
CE: let the fection be the circleabouc A Cand ler the 


fegmentes 
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fegmentes of the {phere be the one that wherein is A- 
BC, whofe toppe is B:and the other let be that where- 
inis AE Cand his toppe , let be E : 1 fay that acone 
which hath his bafe the circle about A C,& heith a line 
which to B F(the heith of the fegment, whofe toppe is 
B, ) hath that proportion that a line compoled of D E, 
the femidiamieter of the fphere , and E F ( the heith of 
the other remayning fegment , whofe toppe is E ) hath 
, to EF,(the heith ot that other fegment remayning) , is 
equall to the fegment of the {phere K , whofe toppe is 
B.To make this cone , take my eafy order thus . Frame 
your worke for the find'ng of the fourth proportionall 
line: by making E F the firit:and 2 line compofed of D- 
E and E F,the fecond:and the third, lecbe BF: then by 
the 12. of the fixth, lec the fourth proportional line be 
found: which let be F G : vpon F the center ofthe bafe 
of the feyment, whofe toppe is B, ere& aline perpendi- 
cular equall to F G found.and drawe the lines G A and 
G C: and fo make perfe& the cone GA C , lay , that 
, thecone GA C , isequall to the fegment (of the {phere 
K)whofe coppe is B. In like maner,for the other fegmée 
whofe toppe is E,to finde the heith due fora cone equal 
to it: by the order of the Theoreme you mutt thus 
frame your lines: let the firlt be B F: the fecond DB and 
B F, cempofed in one right Line, and the third mult be 
E F: where by the t. of the (ixth , finding the fourth, ie 
fhall be the heith , to rere vpon the bafe , ( the circle a- 
bout A C , ) to make an vpright cove,equall to the feg- 
menc,whofe toppeis E. 





© Logistical. Ty 


The Logifticall finding hereofis moft cafy :the diameter of the {phere being geuen , and the por- 
tions of the diameter in the fegmentes contey 


i a ai c EE eres 7a fegmentes ) being koowne, Then or- 
er cur numbers in the rule of proportion , asI here haue made mott p! in ordri ines: 
for chefought heith will be the producte. voit playne, in ordring of the lines: 


N, 


i A $A Corollary. r. 


Hereby,and other the pvemifes it is enident that te any Segment of a Sphere, whofe whole diame. 
ter is knowne and the Axe of the figment geuen, AK upright cone may be made equall : or in any prow 
portion , berwene two right lines affigned:and therefore ulfo a'cylinder may tothe fayd fegment of the Sphere,bo 
evade equall,or in any proportion genen,betorene two right lines, 


A Corollary. 2. 


eM anifeftly alfo,of the former theoreme,it may beinferred that a Sphere, and his diameter be~ 
ing deusded ,by one and the fame playne fupevficies , to which tbe fayd duarneter is perpendicular > the 
two fegmentes of the Sphere arc one to the other in that proportion, in which a reftangle parallelipipe-- 
don haning for his bafe the {quare of the greater pave of the diameter, and bis besth a [ime compofed of 
the leffe portion of the diameter,and the fenidiameter:tu the reltangle parallelipipedon haning for his 


bafe the fynare of the leffe portion of the diameter ,ee bis heith al he femidi 
the greater part of the diameter. — MANT S 


4 


ATheoreme. 8, betas 


Enery Sphere,to the cube made of his diameter, is (n maner ) a& 11.102 1. 
HHh.iij. As 


Nota 





The twelueth Booke 


As vpon the firft and fecond propofitiós of this booke, I began my additions with the circle (be. 
ing the chiefe among playne figures)and therein brought manifold confiderations, about circles : as of 
the proportion betwene their circumferences and their diameters:.of the content or Area of circles: of 
the proportion of circles to the {quares defcribed of their diameters: & of circles to be geuen in al pro 
portions,to other circles: with diuerfe other mott neceffary problemes ( whofe vie is partly there ſpeci- 
fied): So haueT in the end of this booke,added fome fuch Problemes & Theoremes, about chefphere 
(being among (olides the chicfe ) as of the fame , either in it felfe confidered , or to cone and cylinder, 
compared (by reafon of fuperficies, or foliditie,in the hole,or in part: ){uch certaine knowledge demon 
{trative may arife,and fuch mechanical zxercife thereby be deuifed,that(fure I am)to thefincere & true 
ftudent great light,ayde,and comfortable courage (farther to wade) will encerinto his hart: and to the 
Mechanicall, wicty,and indultrous deuifer,new manet of inuentions, & executions in his workes will 
(with fmall trauayle for fete application come to his perceraeraunce and vnder(tanding. Therefore, e-. 
uen as manifolde fpeculations & pra&tifes may be had with the circle , his quanutic being not knowne; 
in any kinde of fmalleft certayne meafure: So likewife of the fphere many Problemes may be executed 
and his precife quantitie,in certaine meafure,not determined,or knowne: yet,becaule, both one ofthe; 
fit (humane) occafiés of inuenting and fablishing this Arte,was .neafuring of the earth (and therfore 
called Geometria , thatis, Earthmeafuring) , and alfo che chiefe and generall end (in deede ) is mea- 
fure: and meafure requireth a determination of quantitie in a certayne meafure by nüber expreffed: It 
was nedefull for Mechanicall carthmeafures , not to be ignorant. of the meafure and contents of the 
circle , neither of che {phere his meafure and quantitie,2s neere as fenfe can imagine or wifh . And (in 
very deede)the quantitie and meafure of the circle, being knowpe, maketh noc onely,the cone and cy- 
linder,buz alfo the {phere his quantitie ro be as precifely knowne, and cerrayac. Therefore feing in re- 
{pett of the circles quantitie(by Archsraedes {pecified )this Theoreme is noted vnto you:I wil;by order, 
vpon that(as a fuppofition inferre the conclufion of this our Theoremes, 

Suppofe a {phere to be 
fignified by A: whofe diame- 
ter letbe R S. To RS,leta 
line equall be eaken , which; 
Jet be T V:of T V, by the 46. 
of the firlt, defcribe a {quare. 
Letthat fquare be T Y. With 
in T Y let acircle be infcri- 
bed : by the 2. ofthe fourth, 
which circle fuppofe to be 
OZW. Tht OZW ise- 
guall co the greatett circle ia 
the fphere A conteyned, itis 
euident by the diameter , e- 
gual co T V.If vpó the fquare 
T Y,asà bafe, be erected,a pa 
rallelippedó rećtágle , whofe.. 
heith is equallto T V, it is e- 
uident that that parallelipi- 

edonis acube. Which lee 
be done : and that cube pro- 
duced , let be noted by T X. 
Likewife ,ifvpon the circle: 
OZ W.asa bafe, andofthe . 
heith equall to theliae T V,. 
a cylinder be erected jit is ma 
nifett that tne cylinder hath 
his bafe equall ro che greateft 
circle , in the fphere A, con- 
tcined: & heich, a line equall 
to the diameter of the fame 
Ípbcre A, Which cylínder let. 
bz produced and noted by Z- 
M . I fay nbw that the (phere 
Aisto the cube T X, (in ma. 
ner Jas the number rr. is to 
the number 21. For feing the 
cube T X , was produced of 
his bafe; (che fquare T Y),be- 
ing brought into the heich of 
aline equallto T V : &like- 4- 
wife feing the cylinder ZM, 





^ 
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is ptoduceit,of his bafe(che-circleO Z W)being brought incoaline;equil to the faid T V :it followeth, 
feing their héithes isall.one;that the cubE-T X.fhall'be to the cylinder Z M;as the bafe of T X;( vhich is 
the fquare T Y ) is t6 the báfe of Z M; thatisthécircle O.Z W Bue the fquare'T Y;is to the circle O Z 
W as the nuttber r4,is'tó the nüber x 1. (ia imdner), by Arcbsmede: demóflratió: wherfore,the cube T X 
i$ to thé tylinder Z M,as ehé number 14; is'to-the nuriber 1:. (well nere) «And by my third Theoreme 
(here added jthe cyliadet Z Mis to che Sphere Ain fefquialtétapropoftíón: thatis,as 3, to 2. Where- 
fore the cylinder Z M,huuing the fame 1 1. equali partes (Which he cohteyneth in refpe& of the cube T- 
X,being 14, of the fame partes) deuided into 5.equall portions,euery one of thofe portionsis 3+ . And 


aed 


allowing to the Sphere A,two of thióle porti ds:itis euident,that the Sphere A fhall be 7 fuch partes 

as are 14.in the cube T X:and rr.in the cylinder z M. Wherefore the Sphere A, is to checube T X,as 

7 to 14. The fradtion being reduced, maketh; xand the namber 14. being brought to the fame name, 
: — 


> x j 4 ` $ 
and denomination of thirds, maketh —.Put away now theyr common denominator * and then remay- 


neth, for the Sphere A,22.fuch partes,as the cube T X hath 42. And thendepreifing them , to the fmal- 
left termes:for the Sphere A, you fhall haue rr.fuch partes as the cube T-Xconteyneth 21. Wherefore 
euery Sphere,to the cube made of his diameter is,as 11.to 21. which was requifite to be demonftrated. 


a 
i 


Notw. r. 


Wherfore if you deuide the- ; 
one fide (as T Q_) ofthe cube — 
T X into 21. equall partes, and EU 
Where 11.partes do end,recke- 
ning from T, fuppafe the point 
P:and by that point P imagine 
a plaine (paffing parallel to the 
oppofite bafes) to cut the cube 
T X: and therby the cube T X, 
tó be deuided into two reCtan- 
gle parallelipipedons, namely, 

T N, and PX: It is manifeft, 
* TN, to be equall to the 
Sphere A, by con(iru&tion:and. 2, 
the 7.of the fift. 


Note. UA 


Secondly, the whole quaa- ^ Y/ 
titie;of the Sphere A;being có- 
tayned in the rectangle paralle- 
lipipedon TN,youmayeafllie, : f, . 
tranfforme the fame quantitie,: i^; po^ 
jnto other parallelipipedons 
rc&angles, of what height,and 
of what parallelogramme bafe 'T 
youlift: by my firlt and (econd 
Problemes vpon the 34.0f this 
booke . And the like may you 
do,to any affigned part of the Sphere A: by the like meanes deuiding the parallelipipedon TN : as the 
partaffigoed doth require.As if a third, fourth, fifth, or fixth,part of the Sphere A , were to be had ina 
parallelipipedon,of any parallelogramme bafe afligned, or ofany beith affigned : then deuiding TP, in- 
to fo many partes(as into 4.ifa fourth part be’, co be tranfformed: or into fiue , ifa fifth part , be co be 
tranfformed &c.)and then proceede;as you did with cutting of T N,from T X. And that I fay of paral- 
lelipipedons,may in like fort(by my fayd wo problemes,added to the 34.of this booke) be done in any 
fided columnes,pyramids,and prifmés: fo chat in pyramids and fome prifmes you vie the cautions ne- 
ceflary,in refpett of their quantities, compared to the quantities of bodyes hauing parallel, equall, and 
oppofite bales : whofe partes thofe‘pyramidsor prifmes are : as béfore in their propofitions,is by Ew- 
elide demonttrated. And finally; feing, in thefe prefentadditions, you haue the wayes and orders how 
to geuc to a Sphere,or any fegment of the fame, Cones;or Cylinders equall, er in any proportion be- 
ewene two night lines , geuen : with many ether mott neceflary-{peculations and practifes abouc the 
Sphere: I truft that I haue fufficicatly.fraughted your.imagination, for your honelt and profitable ftu- 
die herein, and alfo geuen you ready matter, wherewith to ftop the mouthes ofthe malycious , igno- 

ay > HHh.iiij. rant, 





ARNa 


* A retlangle 
Parallelipspe- 
don geuen,er 
quali to a 
Sphere genen; 


Toa Sphere, or 
foany part of se - 
Sphere affig- 
zed:a1 third, 
fourth fifth Ede 
to genue a pural- 
lelipipedon e- 
guall. 
Sided Columes 
Pyramids, and 
prifmesto be gea 
wen equall to a 
Sphere, or to 
any certayne 
partthereof. 
To a Sphere or 
«ny fegment, er 
feor ofthe 


fame ,to genea 


cone or cylinder 
eguall or many 


proportion af- 
Signed. 
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rant;and arrogant;defpifers af the moft excellent difcourfes, trauavles; and inuentións mathematicall, 
Seingafwel the heauenly {pheres,& {terres their {pheracall foliditie,with theirconuiexe [pherical fupers 
ficies,to the earth at all times refpetting yand-their diftances from the earth , asalío the whole earthly. 
Sphere and globe is felfe,and infinite other cafes , concerning Spheres or globes, may hereby with as 
much eale and certainety be determined of, as of the quaatitic of avy bowle,-ball,or bullet; which we 
may gripe in our handes(rea(on, and experience, being our. witneffes) :and without thefeaydes, fuch 
thinges of importance neuer hable of vs,rertainely to be kngwne,or attayned vito... 


Here ende M John Dee his additions vpon 
the Taff propofition ofthe twelfth booke, 


A propofition added by Flefas. 


. ff a Sphere.tenche a playne faperfrcies:a right line drawn from the center to the touche , fha be 
eretked perpendicularly to the playne fuperficies. 


Suppofe that there bea Sphere B C DL : whofe centre let be the poynt A. And lee the playne fu- 
perficies G CI couch the Spere in che poynt € , and extend a right line from the centre A to the poyas 
C. ThenI fay that theline A C is erected per- L 
pendicularly to the playne G IC.Letthe fphere 
be curte by playne fuperficieces paffing by the 
right line LA C: which playnes let be AB C D- 
Land- ACEL , which letcut the playne G CI 
by the riglit lines GCH and K C1. Nowit is 
manifett (by the aflumpe put before the 17, of 
this booke ) that the two fe&tions of the fphere 
fhall be circles , hauingto their diameter the 
line LA C „which is alfo the diameter of the 
{pherg, Wherefore che right lines G C H and 
KCI which arc drawne in the playne G C I,do 
at the poyatC. fall without thecircles B CDL zl 
and ECL. Wherefore they touch the circles 
in the poynt C,by the fecond definitionofthe K 
third. — rightline LA C maketh P 
rightangles with thelines GC Hand K CI by . : 
the r6yof the third. Wherefore by che 4.of the eleuenth the right line AC is ereCted perpendicularly to 
to the playne fuperficies G C I wherein are drawne the lines G CH and K CI. Ifthereforea Sphere 
touch a playae fuperficies;a riglitline drawne from the centre co the touche, fháll be ereded perpendi- 
€ularly to the playne fuperficies: which was required to be proued. 





$a The ende of the twelfth booke 


of Euclides Elementes. 





Fol.390. 
e The thirtenth.booke of 
m Euclides Elementes. 


N,rHi1s THIRTENTH BQO x are fet forth The avounsent 
certayne moft wondeifull and excellent pafsions.of » ofthe thir- 
bila lyne deuided by an.extreme agd mean ‘pfoporti- ‘zeneh bovkes 
Xy] lon:a matter vndoubtedly ofgreatàrid infinite vfe in 7 
Y z€Geometry,as ye fhall both in thys bóokejand in the " 
PA TH other bookes following mott euidently perceaue. It. 
3 
ig 


teacheth moreouer the compofition ofthe fiue re-' 
© © THÈ T beoreme. — T be 1. Propofition. 





gular folides,and howto infcribe them in aSphere 
gcuen, and alfo fetteth forth certayne comparifons 
of the fayd bodyes both the one to the other, and * 
alfo'to the Sphere,wherein they are defcribed, `~! 


If aright line be deuided by an extreme and meane proportion , arid to the 

greater fegment, be added the halfe of the whole line: the fquare made of 

thofe two lines added together fhalbe.quintuple to the [quare made of the 
` “halfe of thewhole lyne: ` i mE 


t P 


Vppofe that the right 
line A B be deuided by an 
extreme and meant pro- 
eK porti in the point C. And 
let the greater fegment therof, be A C. 
And unto AC, adde diretfly a ryght 
line A D, and let A D beequall to the 
halfe of the line A B . T ben 1fay that 
the [quare of the line C D is quintuple 
to the [quare of the line D A.Defcribe 
(by the 46. of thefirft) upon tbe lines 
ABand DC {quares,namely, AEG 
D F. Andin the [quare D F defcribe 
and make complete the figure. And éx- 
tend the line F C, to the point G. And 
Sorafmuch as the line AB is deuided 
by an extreme and meane proportion 
in the point C,therefore that which is 
contayned under the lines A Band 
B Cis equall to the (quare of the line 
AC. But that which is contayned vun- 
der the lines AB and BC, is the pa- - z 
rallelogramne C E,and the fquare of . K i , G = 


Hi. ` the 








ConStraflion. 


Demonflra- 
tion, s 
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the line A Cis the fquare H F. Wherefore the parallelogramme C E isequallto the fquare 
H F. And forafmuch.ai the line B A, is double to the'line A D,by conflruttion: but the Lyne 
B Ais equallto the line K A,and the line A D, to thelyne AH: therefore alfo,the lyne KA, 
is double to the line A H. Bat asthe lyne K Ais to the line AH, fois the parallelogramme C- 
K to the parcllelogramme CH:Wherefore the parallelogramme C K is double to the paralle- 
logramme CH, And the parallelogrammes LH and CH are double to the parallelo- 
gramme CH (for fupplementes of arallelogrammes are by tbe 3 of the firft equall the one 
^to the other). Wherefore tbe parallelogramme C K is equallto tbe parallelogrammes L H ef 
7 CH. Andy is proued that tbe parallelogramime C E i5 gquallto tbefquare F H . Wherefore 
the whole {quare A E is equallto the gnomon.M X N.. And forafenuch as tbe line B A,is dou- 
ble to the line AP, therefore the [quare of the line B Ais, by the :20.0f the fixth quadruple 
to the Square ofthe line D A, tbat is, tbe [quare A E.to the [quare D H. But the quare AE 
ss equall to tbe qnam M X N, wherefore the gnam M X N, is alfo quadruple to tbe (quare 
D H Whberefarefhe whole fquare D F is quintuple to tbe fquare D H. But tbefquare D F, 
ås the [quare of the line C D, and the [quare D.H 1s — ofthe line D A. Wherefore 


she [quane of the line C D, is quintuple to the {quare of t be line D A. If therefore a right line 





be deuidec 


by an extreame and meane proportion, and to the greater fegment, be added the 


halfe ofthe whole line: the fquare made of thofe two lines added together fhalbe quintuple so 
tbe [quare made of the halfe of the whole line: Which was required to be demonflrated. 


des 


ámumg. 


Vppo[e that tbe right line 
D C be in power quin- 
; ON tupleto a fegment of the 
— SOS e ie — A- 
OSLAND, and let the double of 

the line A D be the line AB. Then I 

fa that the line AB is denided by an 

extreme and meane proportion , and 

the greater fegment thereof is the lyne 

Conftruftion, 4C.Deferibe on either of the lines AB 
and C D {quares,namely AE and D- 

Denonflra. — F- Ard ini the [qnare D F make per- 
tion, Sect the figure and extend the line FC 
to the point G. And fora[mucb as the 

fuare D Fis quintupleto tbe (quare 

D H, by fuppofsttion, therfore the gno- 

mon M N X is quadruple to the {quare 

DH. Andforafmuch as the line AB 

is double to the line A D therefore the 

Square of the line A Bis quadruple to 

the (quare of the line A D. (by the zo. 
of 


This propo. [AS 
KÍ 


bion is the con- 








Thys propofitien is an other way demonftrared after the fiueth propofition of this booke. 
s» Mf — o 


& nont ` 


V oobis sema! s The 2. Theoreme. The 2.Propofition. a 
Mauxvight line be in power quintuple to afegment of the fame line:the done 
ble of the fayd fegment is deuided by an extreame and meane proportion, 
and the greater fegment thereof is the other part of the line genen at the be 
F 
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of the frt), that is, tbe (quare A E to tbe [quare DH. And ít is proued tbat tbe gnomun M. 
N X is quadruple to the (quare D H.Whereforc tbe gnoman M N X is equall to the fyuare 
AE. And forafmuch as the line A B is double to the line A D, but the line AB is equallto 
the line A Kand the line A D tothe line AH: therefore thetine A K is double to the line A- 
H: wherefore alfo (by the first of the fixth) the parallelogramme A G is doubleto the paral- 
lelogrameme C H. But the paralielogrammes L H and C H are double to tbe parallelogramme 
CH (by the 43.0f the firit): wherefore the parallelogramume A G 1s equall to the parallelo- 
grammes L H and C H. And it is proued that the whole gnomon M NX is equallto the whale 
fquare A E.Wherefore the refidue H F is equell to the parallelogramme CE, And CE 
is that which is contained under the lines AB and CB, for theline A Bis equalt tothe line 
BE, and A F is the [quare made of the line A C.Wherefsre that which is contayned under 
the lines AB and BC, is equall to the [quare of the ine AC.Wherfore asthe line AB 
isto the line AC, fois the line AC tothe line C B. * Burthe line A Bis greater then the line AC, 
wherefore the line A Cis greater then the line C B. Wherefore theline A Bis deuided by an 
extreme and meane\proportion, and the greater fegment thereof is the line AC. If therfore a 
right line be in power quintuple toa fégment of the fame line,the double of the fayd fegment 
is denided by an extreance cy mieane proportion, and the greater fegment thereof is the other 
part of the line geuen at the beginning: Which was required to be proued. 

* Now, that the double of the line A D (thatis AB) is greater then the line A C may 
shus be proucd. For if not, then if if it be pofcblelet the line AC be double tothe line AD, 
wherefore the (quare of the line A C is quadruple to the (quare of the line AD. Wherefore 
the fquares of the lines AC and A D are quintuple to tbe (quare of the line A D. And it is 
Suppofed that the {quare of the line D C is quintuple to thefquare of the line A D, wherefore 
the [quare of the line D C is equall to the [quares of the lines A C and A D: whichis impof- 
fible (by the 4. of the fecond). Wherefore the line AC is not doubleto the line A D.In like 
forte alfo may we proue that the double of. the line A D is not leffe then the line AC, for this 
ts much more abfurd: wherefore the double of the line A D is greater thé the line AC. which 
was required to be proued. 


This propoficion alfo is an other way demonftrated after the fiueth propofition of this booke. 
Two Theoremes, (in Ewclides Method neceflary)added by M. Dee. 
ATheoreme. 1. 
Aright line can be denided by an extrrame and meane proportion, but in one onely poynt, 


Suppofe a line diuided by extreame and meane proportion,to be A B.And let the greater e 

be A C.I fay,thac A B can not be deuided by che Rd PPOO iN any other point en in M 
C . If an aduerfary woulde contend that ic may, in iike fort, be deuided in an other point: let his 
other point , be fuppofed to be: making A D,the greater fegment of his imagined diuifion. Which 
A D, al(o, let beletfe then our AC : furtne ficft di[courfe . Now, foralmuchas by our aduerfaries 
opinion, A D,is the greatet (egent, of his divided line: the parallelogránime conteyned vnder A E 

and D B, is cquall to the (quare of A D,by the third definition and 17.propofition of ‘the fixth Booke, 
And by the fame definition and propofition , the parailelogramme vnder A 8 , and C B, conteyncd 
is equall to the fquare of our greater fegment AC. Wherefore,as the parallelogramme, vnder AB 


and D B, isto the (quare of ADD ; fo is che parallelogramme, vader A B,and C B,to the {quare of AC 
For proportion of equality, is con- ' 
cluded in them both. Bur, foraf- 


2 


2 


much as D B, is ( by "fuppofition) 

greater ché C B, the parallelográme A Cc B 
vnder A B,and DB, is greater then — MP — 
the parallelogramme vnder AC, D 


nij. and 


* An ARüpts 


* The Affps 


proued. 


* Becaufe AC 
13 fuppofed greae 
ter then AD? 
therefore bis 
refidue 15 leff?, 
then the réfidue 
ef A D,5y the 
common fene 
tence. W herea 
fore,by the fup, 
pofition: D Bp 
greater shen 
Be. 
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2nd C B:by the firft ofthe fixth (for 

A Bis their equall heith .) Where- 

fore,the fquare of A D, fhalbe grea- A 

ter then the {quare of AC : by the : c B 
14.ofthefiith. But theline AD, — $3 ——————— 

is lefle then the line AC, by fuppofi- 

uon: wherefore the {quare of AD 

isleffe then the fquare of AC . Anditis concluded alfo to be greater then the quare of A C: Where- 
fore the fquare of A D, is both greater,then the fquare of A C : and alíoleffe, Which isa thing impof- 
fible. The (quare therefore of A D,is not equall to the parallelogramme vnder A B, and D B. And there- 
fore by the third definicion of the fixth , A B is not deuided by an extreame and meane proportion , in 
the point D:as our aduerfary imagined . And ( Secondly ) in like fore will the inconueniency fall out: 
if we affigne A D, our aduerfaries greater fegment , to be greater then our A C. Therefore feing neither 
on the onc fide of our point C ; neither on the other fide ofthe fame point C,any point can be had , at 
which the line A B can be deuided by an extreame and meane proportion , it followeth ofneceffitie, 
that A B can be deuided by an extreame and meane proportion in the point C,onely.Therefore;a righe 
linecan be deuided by an extreame and meane proportion , butin onc , onely point: which was requi- 
fite to be demonftrated. z 


AT heoreme. — 2. - 


2 


What right line fo ener being denided into two partes, hath thofe his ewe partes, proportional , to 
she two fegmentes of a line deutded by extreame and meane proportion:is alfo t felfe denided by an ex- 
treame and meane proportion and tbofe lis two partes are his two fegments ,of the fayd proportion. 


Suppofe,A B,to be aline deuided by an extreame and meane proportion in the point C,and A C 
to be the greater fegment.Suppofe alfo the rightline D E , to be deuided into two partes , in the point 
F:and that the part D F, is to FE,as tne fegment AC, is to C B: or DF, to be, to A C,as FE is to C B. 
For fo thefe partes are proportional] , to the fayd fegmentes . I fay now, that D E is alfo deuided by an 
extreame and meane proportion in the point F. And thac D F, FE, are his fegmentes of the [ayd pro- 
portion.For,(eing,as A C,is to C B:fo isD F,to F E: (by fuppofition).Therfore;2s A C,and C B(which 
1s A Bare to C B:fo is D F,and F E, (which is D Ejto F E: by the 18.of the fifth. W hercforc(alternate- 
lyjasABistoD E: foisCB,toF E. And 
therefore,the refidue A C , isto the refidue A c 5 
DF,as A Bisto D E,by the fifth of the fft. 

And thenaleernatcly,A C isto AB,asDE, ` p F E 

is to DF. Now therefore bachvard, A is —— — — — — 

to A C,as D Eis to D F. Butas AB is to A- 

C, fois AC toCPB : by the third definition 

of the fixth booke. Wherefore D E is to DF, as A Cisto CB : by the 11. of the fifth.And by fuppofici- 
on,as A Cisto C B,fo is D F to FE: wherefore by the 11.0fthe fifth ,asD EistoDF: foisDFtoFE. 
Wherefore by the 3.definition of the fixth , D Eis deuided by an extreame and meane proportion , ia 
the point F. Wherefore D F,and F E are the fegmences of the fayd proportion . Therefore , what right 
line fo euer , being deuided into two partes , hath thofe his two partes, proportional to the two feg- 
mentes of a line deuided by extreame and meane proportion.is alío it felfe deuided by an extreme and 
meane proportion, aud thofe his two partes are his two fegmentes,of the fayd proportion: which was 
requifite to be demonftrated. 


Note. 


Many wayes,thefe two Theoremes,may be demonftrated : which Ileaue to the exercife of young 
ftudences.But veterly co want thefe cwo Theoremes,and their demonttrations: in fo principalla line,or 
rather the chiefe piller of Euclides Geometrical] pallace,was hetherto, (and fo would remayne) agreat 
difgrace. AlfoI thinke it good to note vnto you,what we meanc,by ene omely poyne , We meane , that 
the quantities of the two fegmentes,can not be altered, the whole line being once geuen.And though, 
from either end of the whole line,the greater fegment may begin : And fo as it were the point of fecti- 
on may feeme to be altered : yet with vs, that is no alteration : forafmuch as the quantities of the feg- 
mentes,remayne all one.I meane, the quantitie ef che greater fegment,is all one : at which end fo euer 
it be taken: And therefore, likewife che quantitie of the leffe fegment is all one.&c. The like confidera- 
tion may be had in Euclides tenth booke,in the Binomiall ines, &c. 


Jobn Dee. 1 $ 6 9. Decemb. 15, 
T he 3. 


by 


- of &uclides Elementes. Fol.392. 
Thez, Theoreme. The 3. Propofition. 


Ifaright line be deuided by an extreme and meane proportion, and to tbe 
leffe fegment be added the balfe of tbe gerater fegment: tbe. [quare made 
of thofe two lines added together js quintuple to the fquare made of the balf 
line of tbe greater fegment. 







NPs V ppofe that the right line AB be denided by an extreme and meane proportion 
L^ VA in the point C. And let the greater fegment thereof be A C. And deuide A C into 
LX Se two equall partes in the point D. Then I fay that tbe [quare of the line BD , is 
e quintuple to the ſquare of the line D C. Defcribe (by the 46. of. the first) upon 
the line A Ba /quare A E. And defcribe and make perfect tbe figure (that ss dinide the lyne 
AT like unto the diuifion of the line AB,by the 10.0f 

the fixth, in the pointes R,H, by which pointes drawe B p e D 
(by the 31.0f the firft) vnto the line A B parallel lines 
RM and HN. Solikewife draw by the pointes D,C, 
unto the line BE thefe parallel lines D LandCS, & 
draw the diameter BT). And forafmuch as the line 
AC is double to the line D C, therefore the quare of R 


G(X A 
AC, isquadruple to the [quare of D C , by the 20. of p p 
the fixth, that is , the Javare RS to thefquare F- y P 4 


G. And forafmuch as that whichis contayned under 
the lines AB and BCis equall to the quare of the 
line AC, and that which is contaynea under the lines 
H 


A B and B C isequallto the parallelogramme CE, T L s 
the {quare of the line A Cis the {quare RS: wherefore the parallelogramme C E is equall to 
the [quare R S. But the [quare RS is quadrupleto tbe [quare F G : wherefore the parallelo- 
gramme C E alfois quadruple tothe {quare FG. Agayne forafmuch as the line AD is 
equal tothe line D C,therfore the line H K is eguall the line K F, wherefore alfo the {quare 
G F isequall to tbe (quare H L: wherefore tbe line G K is equall to the line K L, that is, the 
line MN tothe line NE: wherefore the parallelogramme M F is equall to the parallelo- 
gramme F E. But the parallelogramme M F is equall to the parallelogramme C G, wherfore 
- the parallelogramme C G is alfo equal to the paralleloeramme F E. Put the parallelogramme 
CN, common to the both: * Wherefore the gnomon X O P js equall t0 the parallelogramme © E- But the 
parallelogramme C E is proued to be quadruple to G F the {quare, wherefore the gnomon X- 
O P is quadruple to the [quare G F. Wherefore the (quare D N is quintuple to tbe (quare F- 
G. And D Nys the (quare of the line D B, and GF the {quare of the line D C.Wherefore 
the (quare of the line DB is quintuple to the [quare of the line DC. If thereforea right line 
be deuided by an extreme and meane proportion, and to theleffe fegment be added the haife 
of the greater fegment: the (quare made of thofe two lines added together is quintuple to the 
Square made of the halfe line of the greater fegmet. Which was required to be demonftrated. 


ex 





Ye fhall finde this propofition an other way demonftrated after the fiueth propofition of this booke, 
Here foloweth M.Dee,his additions. 
] ATheoreme. r. 


Tf aright line,geven,be quintuple in power,to the powre of a fegment of him felf:the donble of that 
Thy, Segment 


Conffrnttion. 


Demonſiras 
tion. 


Nore, how CE 
and the gnonem 
XOP are pro- 
wed equall, for 
it feructh in 

the conuerfe dea 
monfirated by 
M.Dee,hbera 
next after. 


Tbispropsf- 
tton, rthe 
connerfe of 
the farmer, 
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there-fan the 
demóflration 


ef tbe 3. 


The thirtenth Booke 


fegment and rhe other part remayning , of the frf genen line , make a line , dinided by extreme and 
meane proportion:and that double of the fegment ,ss the greater part thereof. 


Fora(much as,this;is the conuerfe of Euclides third propofition: we will vfe the (ame fuppofitions 
and conitructicns there fpecified : fo farre,as they fhall ferue our parpofe . Beginning therefore at the 
‘conclufien, we muftinter the pare of the propofition, before graunted. It was concluded, thatthe 
{quare of cheliae D B, is quintuple, tothe fyuare of the line DC, his owne fegment. Therefore 
D N(the {quare of DB)is quintuple, to G F, (the fquare of DC). But the {quare of AC (the dou- 
ble of DC) whichis RS, is quadruple to G F, (by the fecond Corollary of the 22. of the fixth): and 
therefore RS,with G F,are quintuple to G F:and fo itis euident , that the fquare D N , is equall to the 
fquare K'S,together wich the {quare G F. Wherefore, from thofe two;cqualles , taking, the fquare G E, 
(common to them both ):remayneth the {quare R S , equall to the Gnomon X O P. Butto the Gno- 
mon X O D,the parallelogramme* C E,is equall: Wherefore the quare oftheline A C , which isR S, 
is equail to rhe parallelográme C E. Which parallclogamme is cótained vnder B E,(equall to AB: )and 
C B,the part remayniog of the firfttine geuen: which was D B.And theline A B,is made of the double 
of the fegment D C,and of C B,theorher part of the line D B, firltgeuen. Wherefore the doubleofthe | 
fegmenc D C,with C B, che partremayning (which altogether, is the whole line AB) isto AC, (the 
double of the fegraent D C Jas that fame,A C,is to C B: by the fecond part of the 16.0fthe fixth. Ther- 
fore by the 3.defhuitié of the fixth booke,the whole line A B,is deuided by an-extreme and meane pro- 
portion,& A C,(the double of the fegmét D C)being middell proportionall,is the greater paretherof, 
oe rightline,be quintuple in power, &c..(as in the propofition ) which was to be demon- 
Itrated. s 


Or thes it may be demonftrated. 


'Forafmuch as the (quare,DN is quintuple to the {quare GF, (I meane the fquare ofDB theline gene, 
to the fquare of D C the fegmét): And the fame {quare D N,is equall co the parallelograme vnder A B, 
C B, with the [quare made of theline D C: by the fixth of the fecond: ( for vnto the line A C , equally 
deuided: the line,C B,is,as it were 2dioyned). W herefore the parallelogramme vnder A B, CB , toge- 
ther with the fquare of D C , which'is G E , is quintuple to A D c B 
the fquare G F, made of the line DC. Taking then , that 
Íquare G F,from the parallelogramme vader A B,CB: that 
parallelogramme(vnder A B,C B)remayning alone, is but 
quadruple co the fayd Huare of the line DC. But, (by the 
4.of thedecend , or the fecond Corollary of the 20, of ‘the 
fixth ) RS, the {quare of che line AC, isquadruphatothe | | 
fame {quare G F. Wherfore by the 7.of the fifth, the fquare R. 
of the line A C, is equall to the parallelozramme vnder A- 
B,C 3,and fo,by the [cond part of the t6. ofthe fixth: A- 
B,A C,and C B, are threelines in continuall proportion. H 
Aud feinz A B isgreaterthé A C,thefameA C,thedouble `. 
of theline D C , fhall be greater chen thepartB C ,remay- 
ning: Wherfore by the 3.definition of che fixch, A B,(cem- 
pofeder made of the double of DC, and she other part of 
D B remaining)is deuided by an extreme and middelpro- — 'T L S & 
portion: and alfo his greater (egmenris A C the double of 
the fegment D C.Wherfore, Ifa nght line be quintuple in power &c. as'in ‘the propofition: which was 
to be demonftrated. 





‘% ATheoreme. 2. 


If aright line,denided by an extreme and meane proportion , be geuen , andtothe great fegment 
therof be direttly adioyaed a line equal tothe whole lite geuen that adioyned line and the faid greater 
Segment ,do make a line dinided by cxtreme and meane proportion , whofe greater fegment is the line 
udioyned. 


Suppofe the line geuen , deuided by extreame and meane proportion ,to be AB deuided inthe 
point C,and his greater fegmenc,let be A C: vnto A C direétly adioyne a line equall to A B: lec that be 
AD: Lfay,thac AD, together with A C,(thacis DC)is a deuided by extreme and middel proportion, 
whofe greater fegmentis A D, the lineadioyned . Deuide A D, equally in the point E. Now , fora[- 
muchas A E, is thc halfe of A D, (by conttru&ion , ) itis alfo , the halfe of A P (equi to A D,by con- 
ftru&tion) : Wherfore by the 1, of che thirtenth,the fquare of che line compofed of A C and A E(which 
incis E C)isquintuple to che fquare of the line A E. Wherefore the double of A E , and the line d 

compofe 


of Euclides Elementes, Fol,393. 


compofed; (as in one right line) is line dé- 
uided by extreme and meane proportion,by 


the conuerfe of this chird(by me demonttra- we 
ted ) : and the double of A E , ische greater Rlcui pM. o ee D 
fegment . But DC is the line compofed of E * 

the double of A E, & the line A C:and with Wu | 4 . 

all; A D isthe double of A E.Wherfore,D C, xr x a 


isaline deuided by extreme and ineane pro- ^ ae ` 

portion,and A D,is his greater fégmenc.1Fa right line,therefore , deuided by extreme and meane pro- 
portion, be geuen,and to the greater fegment thereof, be diretly adioyned a line equall to the whole 
line geuen,that adioyned line , and the fayd greater fegment , do make a line diuided by extreame and 
ia proportion , whole greater fegment,is the line adioyned ; Which was required to be demon- 
fuated. 3 


` Two other briefe demonftraticns of the fame. 
R — 


. Fora(much as,a D isto a C:asaB,isto a c(becaufe 4 r is equall to 4 »,by conttrü&tion ).: butas 
AR isto 4 C/fo isa c to c s:by fuppofition.Therefore by the 11,0fthe fifth , asa c, isto c» ,foisA D 
to 4 c. * Wherefore , as 4 c , and c s,(which is A x )isto c B :fo isa p,and a c ( whichis p c)to a c. 
Therefore, euerfedly,as a B,isto a c :fois >c to a p . Anditis proued, a D,to beto a c: as a c isto 
c B. Wherefore as a B is to a cand a cto c s: foisDn c, to D,andA p, toa c.ButAB,Ac,andc s 
are in continuall proportion,by fuppofition: Wherfore o c,a Dand a c, are in continuall proportion. 
Wherefore,by the 3.definition of the fixth booke,p c,is deaided by exereme and middell proportion, 
and his greatelt fegment, is a v. Which was to be demonitrated,Noté from the marke *;how this hath 
two demonftrations.One I haue fet in the margent by. 


«| A Corollary. 1. 


"Upon Euclides third propofition demonffrated,it is made euident: that ,of a line denided by ex- 
treame and meane proportion sf yon produce the lefe fegment equally tothe length of the greater : the 
line therby adtoyned together wth the fayd leffe fegment,make a new line denided by extreame and 
muddle proportron:Whofe leffe fegment,is the tine adsoyned, tu ma 

For,if À B,be deuided by extreme and middell proportion in the'point C,AC, being the greater 
fegment,and C B be produced,trom the poynt B ,makinga line; with CB, equall to A C , which let be 


C Q :and the line thereby adioyned;let be B Q : i fay that CQ , is aline allo deuided by an-extreame - 


and meane proportion,in the point B:ahd that 3. (the line adioyned)is the leffe legment,For by the 
thirdc,it is proued, chat halfe A C, (which,lecbe,C D)with C B,as one line,compofed,hath his powre 
or quare, quintuple tu the powre of the i 
fegmeat C D: Wherfore, by the fecond 
of this booke, the double of C D, is de- 
uided by extreme and middell propor- 


A Le g 2 
— —À 
tion * and the greater fegment thercof, 


» Q 

fhalbe C B.But,by conftiuction, C Quis 

the double of CD, for itis equall to AC. Wherefore C Q is deuided by extreme and middle propor- 
tion,in the pointB:and the greater fegmenc thereof fhalbe,C B. WhereforeB Q, is the leffe fegment, 
which is the line adioyned. Therefore,a line being deuided, by extreme and middell proportion, if che 
leffe (egment,be produced equally to che length of che greater fegment,the line thereby adioyned to- 
gether with the fayd leffe fegment,make a new line deuided, by extreme & meane proportion, whofe 
leffe fegmene,is the line adioyned . Which was to be demonitrated. 


— — E 


« v Corollary. 2. 


Jf from the greater fegment of a line dinided,by extreme and middle proportion, a line,equallto 
the leffe fegment be cut of the greater feqment thereby,is alfo deuided by extreme and meane propor- 
tion Whofe greater fegment fhall be now that part of it which is cut of. 


For,taking from A C, a line equall to C B : let A Rremayne.I fay , that A C, is deuided by an ex- 
treme and meane proportion in the point R:and that C R,the line cut of;is che greater fegmenc. For it 
is proued in the former Corollary that C Q is deuided by extremeand meane proportion in the point 
B.But A C,is equallco C Q, by conftruétion: and C R is equail to C B by conitruction : Wherefore the 

Ili iiij; refidue, 


* Therefore,by 
my fecond Thes 
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tien 


DF: by the 9. of the fixch, And let chat fixth” 
“part, pe.the line D.G.Vppon D F,asadiame— 
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refidue,A R is equall to B Q the refidue.Seing therfore the whole A Cis equal! co the whole C Q:and 
the greater part of AC , which is C- r ` 
Risequalto CB thegreater part of 

C Q : and die effe fegmétalío equall 
tothe leffe;and withall feing C Qs 7 
proued to be diuided by extreme & ~ 
meane proportion in.the pointB , it a * AL e js 
foloweth of neceffity;that,A C,is diuided by extreme and meane proportion in the point R.And feing 
C Bis the greater fcgmentof C. Q. :- CR hall bethe;greater.fegmencof- A C Which was to be de- 


v BS 


e 





R av 


Monftrated, E 7 707 
ET A Corolla y y" 


Te is eusdent thereby, aline being dinided by extreme aud meane proportion, that the line where- 
by the greater figment excedeth the leffè tògether with tbe lejte Jfégment 1 do make a line dinided by 
extreme and meane proportion: whofe leffe fegment , is the fayd line of e xceeffe , or difference betwen 


the fegnsent rs s 
lohn Dee. 


— g T Wike» Dajes t Alde any right line genen byan éxtreme 
` ~ vandmeane praportion: demonjirated ind added by M::Ðee. 


CA Probleme. 
To denide by an extreme and meane proportion, any right line genen, in length and pofitim. 


_ Suppotea ligggeven in lengih and pofition,to be A B.I fay that. A Bis to be deuided by an-exeremeé, 
and meane proportion: Deuide A B into two equall pitts as in the póint C. Prodüce A B dire&ly,from 
the poiat B, to the poincD: making B D,equalto &C;Focthe line A D, and ac thé point D let a line be 
drawen *perpendicular: by the 11. of the firft, which let be D F: (of what length you will). From DF 
and at the pointD; cat ofthefithparteof. | mI . 


ter, defcribe a femicisclłe: which letbe D H- 4 
X. From the point G, rere a line perpendicu- 
larto D F,which fuppofe to be GH : and let 
it come to the circumference of DHF, in the 
point H.Draw right lines, H D,andHF.Pro- C 
duce D H, from the point H, fo long, villa. 
line adioyned with D H, bc equall to H F;- 
which let beDI, equall to H F. From the 

point H, to the point B. (the one ende of our -- 
line geuen) leta rightline be drawen : as H7... 
B. From the poiat lJet a dine be. dyawen, to; a 
theline A B: fo thatu be al. parallel eo the | | , C 

line HE, Which. parallellincfuppofetpjbel- | — |1/ dg: S 

IC: cutting the'line AB, atthe point X. Iſay D —ñ— — 

that AB, 1s deuided by an extreme & meine 

proportion, in the point K. For the triangle D K I, having H B, parallel to I K, hath his fides D K and D 
I, cut proportionally,by the 2. of the fixch. Wherefore as I His to H D: {o is K B,to B D, And therfore 
compoundingly, (by the 13. of the fiueth )as D I, isto DH: foisD K ro DB. But by conftruétion DI 
is equall to H F: wherefore by the-7, of che fifth, D I is toD H, as H F isto D H. Wherefore by the 11, 
‘of the fifth, D Kis to DB,as H Fis to DH. Wherefore che {quare of D Kisto the [quare of DB; as the 
{quare óf F, is to the (quare of D H: by the 22.0f the fixth. But the {quace of H F, ‘isto the: (quare of 
DH: as the line G F is to the line G D> by my corrollary vpon the 6, probleme of my additions to the 
{econd propofition of the twelfth. Wherefore hy the 11. of the fifth, the fquare of D K is to the fquare 
-of D B, as thelirte.G Fis to the lineG D., But: by conftruction, G F is quintuple to G D. Wherefore the 
{quare of D X is quintuple to the fquare of D B: and therefore, the double of D B, is deuided by an ex- 
1reme and meane proportió, and B K is the greater fegmenttherof, by the 2. of chis thircenth. Where- 
fore feing A B isthe double of D B by conitruion: theline A Bis deuided byan. extreme and meane 

. ' ` p roportion: 
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proportion: and his greater fegment,is the line BK. Wherefore AB is deuided by an extrertve and 
meane proportion, in the point K, We haue therefore deuided by extreme and meane proportion any 
line geuen in length and pofition. Which was requifite to be donc. ` 


, 


The fecond way to execute this problem?. oe 


Suppofe the line geuen to be 4 8.Deuide 4 B into ewo equall parts: as fuppofe it to be donein the 
pointc. Produce 4 & from the point B: adioyning a line equall.to & C, which let be 72. To the right 
line 4 D, and at the point D, ere& a perpendicular line equall to 7 D, let thatbe D £.Produte £0 tré 
the point D to the point F: making D F to contayne fiue fücli equall partes, as D E is oic, Now vpori 
EFasa diameter deferibe afemicircle which let be £ K £: ànd let the ` -— a 
point where the circumference of E KF, doth çue the line 4 B;bethe 
point K. 1 fay that 4 2, is deuided'in the point. K, by an extreme and — 
meane proportion. For by the 13 .of the fixch E D,D K, & D Fate three EC. SE 
lines in continwall proportion, (2 X being the middle proportionall). — 
Wherefore by che corollary of the 20. ofthe fixch, as E Dis to D F, fois A K B 
the fquare of £ D,to the fquare of D K, but by conftrustion, E D,is fub- 

uintuple to D £. Wherefore the [quare of E D, is lubquintuple to the 
Piare of D K. And therefore`the fyuare of D X , is quintuple to the 
fquare of E D. And B D isequállto £ D5by confiruction, therefore the 
fquare o£D-X ,is quintuple to the fqnare o£ 2D . Wherefore the dou- 
ble of BD, is deuided by an extreme and mcane proportion: whofe 

reaterfegmencis B IC: by the fecond ofthis thirteath . Buc by con- 
Rrudtion, AB, i$the double of & D; Wherefore 4 B, is diuided by ex- 
treme andineane proportion, and his greater fegment, is B.X and 
thereby, X, the point ofthe diuifion. We haue therefore deuidedby 
extreme and meané proportion, any rightliné geuen,in length and po- 
fition, Which was to be done. E 





‘Nate: ert 
F 


Ech of thele wayes,may well be executed: Butin the firft, you hauc this auantage: that the diame- 
ter is taken ac pleafure. Which in the (écond way;is euer iuttthrife fo long, asthe line geuen to be de- 


uided, i 


% Iokin Dee. F 
"e T be 4. Theoreme. Tbe 4. Propofition, 


Ifa right line be deuided byan extreame and meane proportion:tbe Jquares 
made of the whole line and of the leffe fegmét, are treble to tbe fquare made 
cof the greater ferment: Pa | 


PG Erba eh tne KB WS dest: 
les QU 209 by an éxtreare cr meane proportio 
RA lio the point C. And let the greater feg- 
ment thereof be A C.T ben I fay,that the fquares 
onade of the lines A B and B E „are treble tothe 
fquare of the line A C. Defcribe ( b tbe g0.0fthe 
fuit)vpon the line AB,a[quare ADEBswAnd p 
make perfect the figure. Now forafmuch as the 
line AB, is dewided by an extreame and meane 
proportion,in the point C:and the greater fimt 
thereof, is the line AC , therefore that which is 
contayned under the lines_AB and B Cis equall 
tothe (quare of the line AC . But that whichis 
contayned under the lines A Bund C B is tbe pa- - 
KKk,j, rallelo. ` 





Demenfiras - 
tion, 


The shirtenth Booke ` 
wallclogeanrme AK; and the {quare oftheline A- 2.0 
€ i5 the {quare F D. Wherefore thè parallelo- 
gramme AK isequasl tothe {quare F D. And 
the parallelogramme AF is equall to the pa- 
callelogramene F E , put the {quare C K common 
to thems both:wherfore the whole parallelograme 
AK tsequallto the whole parallelogramme C- 
E. Wherefore the parallelogrammes CE and A- 
K are double to the parallelogramme A K ~. But 
she parallelogrammes AK andC E; arethe gno- 
mon L M N, and the [quare € K Whereforethe 
gzomon L M N and thefquareC K are double te 
the parallelogramme AK But st is proned that the n 
parallelogramme A K is equal tá tbef- qnare D F. S d 
Wherefore the gnomon L M N and thef. quare CK are double to she {quare D F, menfe 
the guomon & M N and the {quaresC K and D F „are treble tothe [quare D F But the no» 
zenon LMN and the (quares C & and D Fare tbe wholé (quare A E together with the 
SGuare CK, which are the {quares of the lines A B and BCs And D F is thë [quare of the 
line AC Wherefore the [fquares ofthe lines A B and BC yare treble to the (quare of the line 
AC. If therefore a righi line be deuided by an extreame and meane proportion she f quares 
made of the whole line and of the leffe feameus , are treble to the [quare made ofthe greater 


Segment: which was required to be proued. wi, 


* 





Looke for an other demonftration of this propofition after the fifth propofition 
of this booke. 


-wi 


— vx — au — sov le doa 
a The y. T beoreme. 7? 055 The 3. Propoſition. 


itid 
Joi 








Ifa right line be deuided by an extreame and meane proportion, and vnto 






4.Dee. : $ z 7 
This is mof eni it be added a right line ,equall to tbe greater feginent , the whole right line 
E — is deuided by an extreame and meane proportion, and the greater fegment 
aidedsotoe thereof is the right line genen at the beginning, 5 wit sys 
shird propofitss. ^ E 23 iS Se" 4 GAIA SA f Rasa 
F ddetoa — NG PY . WU ed C SIS à 
—— [3 V ppofe tbat therighs lime A B be deuided by anextreame and m pre ni- 
bine equal te YS) oz in the point Cand let the greater fegment shexcof be AC. And untothe line 
the greater feg- <] < 


A B,adde the line AD equall tothe tine AG. FhenI fay that the line D Bijis 
Athe greater 


mét: EG to udde 3 
A MU P 


tothe greater - 
Segment a m fegment thereof, is the right line poU 
FE put at the beginning namely, AB. - 


pholeliness all ] 
one thing wm , Deferibe(by the 46 .of the firft) vp- 
the line produ- on theline AB afquare A E,and . 
ced, B y the i 
Si ine, , makeperfett the figure. And foraf- J 
meane tbe ne. PuCh as the line A B, is deuded bj 
divided byex- an cxtreameand meane proportion 
— in the point C,thereforethatwhich E 
meane propor- ù h liz A B 
— is contayned vnder the lines 

and B C irequallto tbe (quare of 

the lint A C.Butthat whichis cen- ape, 

tayned under the lines A B and B- — 

Cis — 





9 


|| deuided by an extreame and meane proportion in the point A 
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C is the parallelogramme C E. , and the [quare of the line AC is the {quare C H . Wherefore 
the payallelogramme C E is equall to tbe [quare C H . But nto tbe. (quare CH. is equal! 
15e [quare D. H by the first of tbe fixth:and nto tbe parallelogramme C E jis equall the pa- 
rallelogramme H E.Wherefore the parallelogramme D His equall to the parallelogramme 
HE. Adde the parallelogramme H B,common to them both . Wherefore the whole parallelo- 
gramme D Kis equall to the whole (quare A E . 4nd the parallelogramme D K , is 
that which is contayned vader the lines B D and D A, for the line AD is equall to 
the line D L,C tbe (quare A E is the {quare of the line A B.Wher fore that which is contay- 
ned under the lines A D and D Bis equall to the [quare of the line AB. Wherefore as the 
line D B isto tbe line B A , fois the line B A tothe line A D,by the 17. of the fixth . But the 
line D B is greater then the line B.A . Wherefore the line B A is greater then the line AD. 
Wherefore the line B D is deuided Lj an extreame and meane proportion in the point Aand 
bjs greater [egment is the line AB .If therefore aright line be deuided by an extreame and 
meane proportion and unto it be added aright line,equall to the greater fegment: ihe whole 
right. line is denided by an extreame and meane proportion,and the greater fegment therof, 
is the right line geuen at she beginning:which was required t6 be demonftrated. 


^N 


This ptopofition is agayne afterward demonttrated. 
A Corollary added by Campane. 


- « Hereby it is manifeft that if frons the greater fegment of aline denided byanextreame O meane This is before 
proportion, beraken avay the leffe fegmsent + the fayd greater fegment fhall be denided by anextreame demonfirated 


and weane proportion and the greater fegusent thereof hall ber he line taken away, — most enidently 
- yw AS. vat — eee, Meeks : and briefly by 
' Aslettheline s , be déuided by an extreame and meane SERE AM M, Dee after 
oportion,in the point c . Andlet the greater fegment ,bethe.. |. Ee tbe 3, propofíà 
Tire ^ eErom ec'take c s:makingtherefidueA p.IfaythatA-24 —— 2- c B tim = ` 
c isalíg dauided by.an extreameabd meane proportion in the ———— — E 


point p,an chat his greater portion is » é: Tor, by the definiti- 
no(ofaline fo deuided) A » isto ^ casa cistoc s .ButasA c 
is to c n, fo isa c to p ¢,by the 7.of the fifth(far > csby:coaftrugtion is equal to c » )wherefore,by the 
11.0f the fifth,as a 8 isto a c,foisa c to c n: and therefore by the 19.0f the fifth, as a s is to a c , fo is 

he refidue c 8,to the refidue4 p.But c » isto 4 n,asp c isto A D ( bythez.ofthefifth) for p cis by 
MENA equalite’c. 2 .Whelcfore,y:c.isz0 c,25 p c is to.a D;2td fo,by the definition ofa line de 
uided by an extrehme and meane ptopakton it appearethi;A c inche point p, to be deuided , by anex- |... va 
ueame and meane proportion: which was to be proued, ^ — NS ENS a Tere ee 


Two Corollavies( added by M.Dee falldwing chiefely vpon tbe veritie, 
da and depnaniiration of his Additions,unto the 3-porpofition annexed and 
DC PM par (ly vpenr this feb, by Euclide demonstrated, \t 
A RIGER) PUG Ta e a Aa T ate 7 i 





A. Corollary. r. . ES 
Sues Ce esie Y 

20 As any lize being denided by an extreame and middle peor , doth gene vs three right lines, 
Nh cien Dl frbyannn Soy citber by adieyning direti tà the greater fegment a line equal to the first E 
spbele dines ki. Serovdly ) Ey prodaciug the lefefegment , equallysothe length of the greater fegment: a. 
PN thirdly) Ay cute nlp. from sh — n pert equal to the leffe fegment:or(fourthly )by ad- 3 
Aorong.do«fly to toe réater, Seem ent a line equal to the fanse fegment it is manifefl that im euery of a 
phefé fewer wages, We baite tivo —— by an extreame and menne proportion: (ib Veto weete one 
genen andthe other made Jand With all in euery way, we D fower lines in continuall proportion, Nole, 

d nutu Ji — 
Ofthefe two lines, (by extteame and meane proportion deuided,)their demonftrations , are after 

Evuclides 3,propofition added: and here in this fifth by Ewcéde. proved, But òf the fower lines in continu- 
all proggstion,feing, the demonttration is moft eafy for any man to framie.I will here,buc note the lines 
KKK). voto 


Noreg. 1. 
Eroporrionch 
lines, 


8. 

3- 

4 

Note 1. 
twomid- i. 
dle propor- 3 
tsowalt, 4 


Hote 4. Wayes 
ef progréfom,in 
ree propersion 
ofa line dimided 
E extreme. and 
pim deret 
tion, 


What refolution 
and compofition 
s3,bath before 
bene taught in 
the beginning of 
the firft booke, 


^ 


d be thirtentb Booke 


vato you: às in euery ofthe fower places,the conftru&tions haue them lettred and fpecified. As ia my 
Brit way addedaftcr the third propofition,D C,A D,A C,and C B:arefower lines in continuall propor- 











p A co B 

A c B n 

A c B s 

NE d A c B. UE: 





tion.And in the fecond way,A B,C Q_(equall to A C)C B,andB Q:are fowerlines in continual pro> 
portion And in the third way,A B,A C,C R,(equall to C B) and A R, are the fower lines ig@dntinuall 
proportion.And in che fourth way(by Ewclide declared)D B,A B,A C(equallto A D and C B;ate fow« 
er lines in continuall proportion.5o;that in the firlt way you haue A D;and A C,middle proportionals 
betwenc D C,and C B.In the fecond way,you haue C Q , and CB,betwene A B,andB Q In the third 
way,you haue A C,C R,betwene AB aad A Rand in che fourth way,you haue AB,and A C,betwene 


D B,and C B, 
A Corollary. 2. 


İr is alfomanifeft that you may by any of the fower wayes,herefpecified,proceede infinitely , in the 
proportion of aine denided by extreame & middle proportion: Andin the firft and fourth Wayes, en= 
creafing continually the quanvities of the lines made : but in thefecond and third Wwayes , diminifhing 
continually the quantities of the fayd Whole lines ,made( and thereby thetr fegmentes) «end yet,ne- 
nertheleffe reteyning inenery line made ( by any of the Wwayes ) and in his fegments,all , and the fame 
properties, which the five line and his fegmentes hane. After which rate of Progreffion , as the termes 
in continuall proportion do encreafe and are mot in number:So, likewift, do the meddle proportionalls, 
(accordingly) become moe: Bus encr fewer in number,by tiyo,then the tèrmes of. thè Progriffioh are, ` 
s — — e DES E 
BpnjeUto 0 quhafefihtimi s 
ei. €. asi n Hu auio? 
-< . Refülwtipms the affumption av taking of the shing which is to be proned,as vaunted, 
and by hinges which necefartly follow it to pojfe nto ſome truth graumted. 35s 


coa ses 





alm uu, bat Compofitionis. Y... 
RI S ot a aree — 
Compofition;is anaffumption or taking of a thing graunted, and by thinge? which of 
neceffity follow it,to paffe unto the finding out of the thing fought or to be proued. 


Refolution of the firft T heoreme. 
vos . : OTt gu ge! : € 81 00 Naesdsu Lean te 

b s iuppofe that acertainevighttine A Bybe diuided by an extreame CF meane proportion in 
1he point Ce let the greater Jegmër therof be ACyvnto which adde a line equal tothe halfe 
af the line AB sand let that line be'A D.Then Lfay that the [quare of the line CD is quin- 
tuple to the (quare of AD. For fora(much as the [quare of she line CDis quintuple tothe 

Square of A D:but the quare of thelint seme. Sw BuU 
C D is(by the 4. of the fecond ) equall to 5 A à 5 
that which is compofed of the {quares of o r a m oa y 

the lines C A,cr AD, together withthar e atl ba cen s — 

í i 


Somi nonae omi a 
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which is combayried ‘under the tines C Aand A D twife. Wherfore that which is compofed of 
the fquaxéróf Mie lines C. A dr AD together with that which is cõtained vnder the lines C- 
Mi A Doneife d quintuple to the [quare ofthe line A D.Wherfore,that which ss compofed 
of the fqraresyvheVined A together with thit,which is contayned under the lines C A, and 
C D Wife 5ausdpuphrto tbe fquare of Vhe line. AD Bt entesthat, which is contayned 
tender Vbe bor CA) ad A D. , tenes quali that which is cootuyned vnder the lines C A, 
and A B for the line AB is doubletothe line A D . And vnto tbe (quare of the. line A- 
C, is equall that which is cótayned under the lines A Bér B C,for the line A B, is by Ji uppofi- 
tion diuided by an extreme amdeyeavipropovtionsin the point.C'» Wherefore, that, which is 
contayned under the lines A B, and AC, together with that which is contayned under the 
li — 55 C,ts quadruple to the (quare of the line A D.But that , which is compofed 
opis [DR Dplag wed dhaear the rev Band A C,togerher wish that which is contay- 
ned'under ne Dy band. avc; npe ire of the line AB(5} the 2. ofibe [econd:Wher- 
fore — the? ling A Bis quads iplero the [quare of the line A D .. And fo is itin 
eedt fot Fhe NAE AY ii donb RTO He Tit A D sas mas at the fF fuppofed. 


RS Apc Compofitian ofthe firft T heoreme. 


‘Now for pouch ai the [quare of the line. A B is quadruple to the [quare of the line A D, 
bee the ifr the dnc A bi * whichis — oD the o A Bes AC,toge- 
ler wit that which tt contayned under the lines B'A, ind B C. Wherefore that which is 
contayned under, the lines B A and A Ca tigether with that which ts contayned under the 
Gines B Aand E Cis quadruple to the [quare of the line AD. But that which is contayned 

nder the lines B and A Cis equall tothat which is contayned under the lines D A „and 
4 Cinch hes of the ixth), at which is contayned under the lines A B,and B Cis 
equal. rae fiia of the lin s Dg fbe, definition of a Une diuided by extreme and 
















of the line A 
maeane proportion Wherefore The [quare of the line A C,together with that, which is contay- 

ini the 19d A C fii[ests quaduplé —8 of the line D A Wherfore 
‘thes whichis ¢ ee of the]quares of the lines D A,and A C,together with that which is 
fomtayned vader f è lines D Aand AC, twife,is quintuple to the {quave of tbe line DA.But 
that whichis compofed of thé [quares of the lines DA’, and AC , together with that which 
is contayned under the lines D A,and AC twife,is equall to thefquare of tbe lineC D ( by 
the 4.of the fecond) Wherefore the {quare of the line C Dis quintuple to the {quare of the 
line A D which was required to he lerhonFipatid. | ra 


ques eco s Qefolitiünofthez. T beoreme, - 
Asal hun CA uo nS su De : 
RE UTEM LU EC fat er 3 : 
M wésbara cektayneviela lnejC D be quintuple to a fegm£t of tbe fame line namely, 
d Dd Revhe double oftheline DA, be ART is 1 fay fs the "i ise ts divided by B 
‘erstrobheand means proportion inthe point C-and she greater feemeét therofis AC, which is 
sasha ve oF thevight line put at tbe bevlaning.F or forafmuch as the line AB is diwided by an 
extreame and meane proportion in the piynt C., andsibe greater fegment thereof is the line 
A C,therefore that which is contained Under the lines A Band B C,is equall to the quare of 
she line AC . But that which is contay-.. ? 
ned under the lines B A, and AC ,ise- P A C B 
qual to that which is contayned vn- ~ 
sity she ines D A,and ACyvife: fortheline B.A,is doubletotheline AD. Wherefore that 
ssebich iy contaymed under the lines A B,and B C together with that which is citayned vnder 
sie Ginee® Mawel a C mblehis tbe fauare ofthe line A B(by the 2.0f the fecond) is equall to 
5 KKhig. that 
au) 
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that which is contayned under lincs D A, A€; twife together with the [guare of thie lin 
A C.Bnt tbe (quare of the line AB,is quadruple to the {quare of the line D.A.Wherfore thas 
which iscontayned under thelines.D A,and AC, tuife,together with the fqgarcof the line 
A C,is quadruple tothe {quare of the line A D. Wherefore the fquares af thatinpe QA, and, 
A C,together with that which is sontayned under.the lines D A,and AC, tivi e spfaedo is tbe 
Square of the line D C,are quintuple sashe{quare.of the.line DA. And [earsthoy-sn-dede 






by fuppofition. fatui eosdem unc Mea NUS tw st AOD i 
UXORES CO iso giova vos aga tO 

~ Compofition of the2vKheoreme: «: eiae «ait 

Saint s snis teyat OD to Ss MN od xor hte awon 


SAW TL el S ayuno CERRO S Sung toa 
ferui e CRURA 
But tbe [quare of the lin C Dt bak which (s or sbejauercrafsy het WA. AC. 
together withthat which is, Bek bs A PAC inde Me fore » [quaret 
of she line D A-A C sogather seith that Weh as ained ader tle ie (SE AC, 

y VM TES : 1 4 yo AAS AGS SATO Yas 

trife are quintupletotbefquare of the line DA.Wherfore,by diuifio that w ich ts cotaine 
under the lines D A and AX, twife together ith he {quare.of the line C A,is quadruple 
so the fquare of the line AD. And the [quare of the line A B, # quadruple tothe ſquare of 
theline AD . Wherefore that which is contayned under the lines D A, and AC tnife, 
which is that, which ts con tayned under the Dia Ay end AC oki; wenn 1 

Square ofthe line A C,isequallto the fquave of the line A B.But the — 2 3 AUi S 
whichis contayned under the Lines B A, and AC, together with that which 3 contayhed 
under the line: B A,and B.C.Wherfore that which is ur gander the lines BA, GR: 
C, together with that which is cotayned uaderithe lines AB, cy BC is equal to that whi 
is comtayned vader the lines B A,and A C bogethir with the :fauaré aft ene AX : Rè 
- shen taking away that whichis common to tbe both namely, thay whichis (Bey ned unc fey 
the LnesB A,and AC, the Zefidue,pamely that which ix contayned Apdaribe tier AB, 
B C isequallto the fquárz of tbe line A C. Whertfüre st tbeline B i Wibilne A C. fo 
is tholine A C-t0 the line C B-B ut tbe line BA ss greater then the line AC pyre 
shelineAC alo ji greater then the line C BWherefore the line ABis diuided by an'ex- 
ream and entane proportion in the poynt C 5 anid the greater fegmien i} she line 


v 
why 


\A C, which was required tobe demonftrated, ~~ 






EAD Oe 
EA REN E Pees : 
IR efolution of tbe 5:T beoremie, — neas 
Suppofe that a certayné ight line AB badiuided by anextreame , and meane propor- 

tion in the point C:and lee the greater fegment thereof be the line AC, and les the halfe of 
the line AC, be the line CD. Then fay that the [quare of the BD is-gninte, ple tu the 
Squareof the line CD.F or fora{much'as the {qnare of the line BD Jis quintuple to bhe [quare 
of thetine C D.But the {quare of the line D.B, ix that which is: contayned Vaderchetines 
AB, and BC, together with the {qnare of thelinaD Cy by the 6.0f the fecond) Wherefore 
shat which is coatayned under the Vines A Band BC, .— ` OPO Sen XS 
together with the [quare of the line D C , és quiatupke. oM EOR 
to the [quare of the line D C. Wherefore,that which is AOO Paon. 5 
contayned under the lines AB,and BC , is quadruple. ~» A A OA Ghats 
to tbe (quare of the line D C . Butvnto that whichis. © a, wy dw dh x 
contayned under the lint A Band B. C, ds equall the [quare of thelineA€ « for theline 
A Bis dinided by an extreame and meane proportion in the point C. Wherefore the fqnare 
of the line A. C is quadruple tothe fqnare of the line D C. and fois is in decde., forthe line 
KA C ss double to the line D C. 






Come 


of Euclides Elementest Fol.397. 
Compofition of the 3. T beoreme. — 


Foraſmuch as the line A C is double to the line DC , therefore the [quare of the line 
A Cis quadruple to the fquare of the line D C(bythe 20.0f the fixth) Bus onto tbe [quare 
of the line A C,is equall that which is contayned under the lines A B,and B C ¢ by fappofs- 
tion: wherefore that which is contayned under the lines AB, andBC, is quadruple to 
she {quare of the line CD. Wherefore,that which is contayned under A B, and B C,to- 
ther with the {quare the line. D-C, which is the [aware of the line D B ( by thes. of the fe- 
cond )is quintuple tothe [quare of ihe lineD C :which was required to be demonstrated. 


Refolution of the 4. T beoreme. 


Suppofe that a certayne iqbtline A B , be diuided by an extreme and. meane proportion 
in the point C. And let the greater fegment thereof be AC . Then 1 fay that the fquares of 
the lines A B,and B Care treble to the [quare of the line AC. For forafmuch as the fquares 
ofthelines AB, and BC, are treble n [quare of the line AC, but the fquares of the 
lines AB,and B C,are that which ts contayned under AB , and B C,twife together with the. 
Square of the line A C(by the 7 of the fecond) Wherefore shat which is contayned under the 
lines A B,and B C,twife,together with the fquare 
of the line AC,is treble tothe {quare’of the line ~~ 
AC. Wherefore, thatwhich iscontayned under ^ S 5 
the lines AB, Gy BC, twife,is dauble tothe ſquare : 
of the line AC: Wherefore that which is contayned under the lines AB, and BC , once,ts 
equall to the {quare of the ling AC. Aad fait isin deede. For the line AB.is diuided by an 
extreme,and meane proportion in the point C. 





.. Compofition of tbe 4. T beoreme. 


_ Fovafminch therefore ns the line AB , is diutded by an extremeand meant pronto 
ih thë pop Cand the gr bater {eaviens thereof is the line A C,therfore that which ts contay- 
ned under the lines A B Apa BC is equall to the {quare of the line A C.Wherfore that which , 
is cotayned under the lines A Band BC pwifeis doubleto thefquare of -A.C,Wherfurethat | 
which is contayned under the lites A Band BC , twife,together with the fquare of the line 
AG, is dreble to the quare of ihe line A C.But that which is contayned under the lines A- 
Band — together with the fquare of the line AG,is the {quares of the lines A B,and 
BC(by the7.of the fecond) Wherefore me pue of the lines A B and 8 C, are treble to tbe 

Jauareof the ling A C:which was required to be demonstrated. d i 


Refolution of the s. "T beoreme. 


- &mppofà thataeertaineriobt line AB , be diuided by amextreme end mane proportion 
in the point C. And let the greater fegment therof be the line A C. And unto the line AB, 
addea line equallto the line AC, and letthe fame be.A D . Then J fay that the line D- 
B,is dinided by an extreme and meane proportion in the point A. And the greater fegment 
therof is the line A B.For forafmuch as the line DB is diuided by an extreme Cy meane pro- 
portion in the point A,and the greater Segment thereof is the line AB , therfore as the ling 
D B,is to thedine B A fois the line B- ; ; 

A,bothe line AD: buttheline AD, ? e o STA — P 
3r equall to the line A C : wherefore as 
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The thirtenth Booke 


the line D B,is to the line B A fois the line B A tothe line A CWhierfore by conuer/id.as the 
line B D is to theline D A,fois the line AB to the line B C(by the corollary of the 19. of the 
ffth):wherfore by dinifion, by the 17 of the fifth,as the line B A,is to the line A D, fo isthe 
line A Cyto the line C B.But the line A D is equall tothe line A C Wherfore asthe line B. A, 
isto thè line AC fois the line AC tothe line C B. And fo it is indeede, for the line A B is, by 
ſuppoſition, diuided by an extreme and meane proportion in the point C. 


- Compofition of the s.Theoreme. 

Now forafmuch asthe line AB , is divided by an extreme and meane proportion in the 
point C-therefore as the line B A is ta the line A C fo is the line AC tothe line C B: but the 
liae A C is equall to the line A D.Wherefore as the tine B Ais to theline AD, fois the line 
AC tothe line CL Wherfore by compofition (by the 1 8.0f the fifth)as the line B D 1s to the 
line DA, fois the kine AB th the line B C.Wherefore by conutrfion(by the corollary of the 
19. of the fineth) asthe line D B is to thetine B A,fois the line B A to thetine AC-but the 
line A C isequallto tbe line 4 D Wherefore as the line D Bis tothe line B A,fois the line 
B A tothe line A C.Wherfore the line D B, is denided by an extreme and-meane proportion 
in the point A: and his rater fegment is theline AB : which was required to be demon- 


frrated. - I 2 
An Adnife by Iobn Dee added; 


Eing,it is doubteles,that this parcel of Re/olusson and Compofirion,isnot of Ewclider doyng: it can not 
iuttly be imputed to Ewcide,thac he hath, thetby ,ey ther fuperfuicie or any pare difproportioned ii 
bis whole Correa Elemental, knd though, for one thing , one good demonttration well fuffilech: 
for ftablifhing ofthe veritie: yet,oLone thing diuerfly demonftrated : to the diligent examiner of the 
diuerſe meanes, by Which, that várietié arífeth, doth grow good óccafions o£ inuenting demon- 
Nations ,;where matter is more ftraunge, harde, and barren.Alfo,though refolution were not in all 
Enclide beforc vied: yecthankes are to be geuen to the Greke Scholie writter, who did leaue both 
the definition, and allo, fo fhort and eafy examplesof a Method, ío auncient, and fo profitable. 
The antiquity of it, is aboue 2006, yeares: itis to wete, "euer fince Plato his time, and the profite, 
therof fo great,thac thus I finde in the Greeke recorded.*MeGodot dé uws zagad idoylau: xaX cv dy? 
5 die rhe avardas’, tx doy lu üsoAoyit dur uo, dvi ysica. ro (lod deep i xs 6 ITAarad (Os pass) 
Aeodauayrirapiduxny. dg Aie xad sxcnos roNNay ýla yeauerpiav tug£lug isopylan yeveedar, Proclus. 
haumg fpoken of fome by nature, excellent in inuenting demonftrations , pithy and breif fayeth : Yee’ 
are there Méchods geuen [for that purpofe].Andin dede,thar,che beft, which; by Refolütion,reduceth: 
the thiny inquired of,e%,a:¥ yndoubred principle. Which Method,Placo, taughe Leodamas ¢asis ree. 
ported)Andnessregili2d,chexeby,to haue bene the inuenter ofmanythings jnGcometry. — , 
- And; vércly sib Problemes , icis the chief ayde for Winning and ordring ademonftration : firft by 
Suppofition,of the thing inquired of, co be done: by dueand orderly Refolution to bringicto a ftay; 
at anvndoubeedsMhitie: In-which Pdincof Art ,:great abundance of examples, are to be {een i, in that 
excellegrand mighty Mathematicien Archimedes : & in-his expofitor,Eutocius, in Menzchm us likes 
wife:and in Diocles booke,de Pysijs:and in many other. And now, for as muchas, our Ewelsde in the 
lali fix Propofitions of this chirténth booke propoundeth , and concludeth thofe Problemes , which. 
were the ende,Scope, and principall purpofe,to which all the premiffes of the 12. bookes,and the reft 
of this thirtenth, are direéted and ordered : Ig thall be artificially doye,and co a great commodity, by 
Refolution , backward , from thele 6. Problemes , to returne to the firlt definition of the firft booke:T 
meane,to the definigion ofa point. Which,is nothing bard to do.AndI do counfaile all fuch,as defire 
to attciné S to theprofound knowledge of Geametrie , Ariyhmeticke, orarty brausche'of the ſciences 
Mathematicall , fo.by Refolution , (difcreatly and aduiledly) co,refolue,vnlofe, vnioyntan d diffcauer 
€uery part ofagy worke Mathematical), thac, rherby, a(well, che duc placing of euety verity » and his 
proofe/as alto, what is either fuperfluous or wanting,may euidencly appeare.For foro-inuent,&-there 
with to order their writings, was the cuftome of them who in the old time,were molt excellent, And 
V (for my:part)in writing any Mathematicall conclufion, which requireth great difcourfe, atlength. 
haue found, (by experience) the commoditie.ofit,fuch: that to do other wayes, were to me confu- 
^5njind an Vüfnetliodicall hezping of matter together: belides the difficulty of inuentirig thé matter 
to be difpofed and ordred.I haue occafion,thus to geue you friendely aduife,for your behofe: becaule 
fome,of late hawe inueyed againkt Ewclide,or Theon inthis place, otherwife than I would with they 
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of &uclides Elementes. Fol398. 


The 6.T beoreme. Thes.Propoſitin 
If a vationall right line be diuided by an extreme and meane proportion: 
eyther of the fegments, is an irrationall lime of that kinde,which ts called 
arefiduall line, — 
— DAF 

rg] Vepofe that AB, beyng a. vatiunall line be denided iy an extreme and meane 

NU proportion in the point Cand let the greater fegment thereof be AC.T hen I 
ND ay ay that eyther of thelines A Cand CB , isan irrationallline of that kinde, 

Ga which is called a refiduall.Extend the line A Bytotbe point D : and let the line 

AD, beequallto halfe of the line A B. ] 
Now foras much as the right line A B,is p y a B 
diuided by an extreme ci meane propor-  —— — —8——————— 
tion in the point C,and unto the greater 
fegmet AC is added a line A D,equall to the halfe of the right line A B:therfore( by the 1.0f 
the thirtenth) the {quare of the lineC D, is quintuple to the [quare of the line A D. Where- 
fore the [quare of the line C D hath to the {quare of the line AD that proportion that nüber 
bath to nüber Wberfare the (quare of the line C D is comme[urable to tbe quare of the line 
A D.But the {quare of the line D A is vationall, for the line D A is rationall,forasmuch as 
it is the halfe of the rationall line A B. Wherefore the [quare of the line C D,is rationall. 
Wherefore alfo the line C D,is rationall And fora{much as the {quare of the line C D hath 
mot to the (quare of theline AD , that proportion tbat a (quare number bath to a. [quare 
number ,therfore(by tbe 9.of the tenth) the line C D , is incommenfurable in length , to thé 
line A D .Wercfore the lines C D , and D A are rationall commenfurable in power only. 
Wherfore the line AC is a refiduall ling,by tbe 73 of the tenth. Againe , fora[much as tbe 
line A Byis deuided by an extreme and meane proportion,and the greater [egment thereof is 
A C,therfore that which is cotayned under the lines AB,¢y BC, is equall to the (quare of tbe 
line A C.Wherefore the {quare of the line AC,applyed to the rationall line A B, maketh the 
bredth BC. But the {quare of arefiduall ine, applyed toa rational line maketh the bredth 
a first refiduall line(by the 97. of the tenth) . Wherefore the line CB, isa firftrefiduall 
line. And itis proued that the line AC, is alfoarefiduallline. If therefore a rationall right 
line be diuided by an extreme and meane proportion either of the fegments,is an irrationall 
line of that kinde,which ts called a refiduall line,which was required to be demonftrated. 





qA Corollary added by Campane. 
à Hereby itis manifeft , that ifthe greater fegment be arationall line: the leffe fegment fhalbe a refi- 
uall line. 

For if che greater fegment A C,of the right line A C B be ditiided into two equall partes in the poinc 
D, the fquare of the line D B, fhalbe quintuple to the fquare of the line D C, (by the 3. of this booke.) 
And forafmuch as theline CD , (beyng thehalfe ofthe — ' x 
rationall line fuppofed A C) is rationall by che 6. diffini- 
tion of the tenth : And vnto the {quare of the line D C, A D c B 
the fquare of theline D B is commenfurable , ( for itis — —eꝰ —— 
quintuple vnto it ) wherfore the {quate of the line D B, i 
is rationali. W herfore alfo the line D B is rationall. And 
forafmuch as the fquares of the lines D B & D C,are not in proportion, asa [quare nübet is toa fquare 
number: therefore thelines DB and D C are incommenfurable in length ( by the 9. of the tenth.) 


Wherefore they are commenfarable in power only : Wherefore by the 73. of the tenth, theline B C, 
which is the leffe fegment,is a refiduall line. 


The7.T heoreme. ` The 7. Propofition. 


Ifan equilater Pétagon bane three of his angles whether they follow in ors 
LLli. der, 


Conſtenction. 


Demonſtra- 
tion. 


The thirtenth Booke 


der, or not in order, equall the one to the other : that Pentagon fhalbe equis 
angle. . 






; R N 7 Vppofe that ABCD E, bean equilater pentagon. And let the angles of the 
in Cafes in - VA —88 ſayd Pentagon, namely, firft , three angles folowing in order, which are at the 
pies di spofr- | SO) points A,B,C,be equal the one to the other.T hen I fay that the Pentagon A B C- 
Conitruftion. = c SSM D E is equiangle. Draw thefe right lines AC,B E, and F D. Now forafmuch as 
The firf cafe, theje tmo lines C B, and B A, are equall to thefe two lines B A,and A E, the one to the other, 


Demonstra- | and tbe angle C B A is equall to the angle B A E-therefore (by the 4. of the firft) the bafe A- 








tiem. Cisequall to the bafe B E,and the triangle AB Cis equall to the triangle A B E,and the veft 
of the angles are equal to the reft of the angles, under 
which are fubtended equall fides. Wherefore the an- d 


le B C A is equall to the angle B E A, andthe angle 
AB E tothe angleC A B. Wherefore alfo the fide A- 

F,is equallto the fide B F (by the 6.of the fir). And De 
dt was proued that the whole line ACisequal tothe 2¢ E 
whole line BE.Wheréfore the refidue C F 1s equall to 
the refidue FE. And the line CD, ts equall to the line 
D E. Wherefore thefe two lines F C,and C D aree- 
quall to hefe two lines F E,and ED,and the bafe F- 
D,is common to them both. Wherefore the angle F- 
CD, ts equailto the angle F ED (bythe 8. of the € D 

Sirft). And it ts proued that the angle b C A,is equal 

tothe angle A E B. Wherefore the whole angle B C D is equall to the whole angle A E D.But 
the angle BC D , 1s fuppofed to be equall tothe angles A , and B. Wherefore the angle A E- 
D, is equall to the angles A and B. In like fort alfo sway we proue that tbe angle C D E , is 
equallta tbe angles A,and B.Wherefore the Pentagon A B C D E is equiangle. 

But now fuppofe that three angles , which folow not in order , be equall the one to the o- 
ther namely, let the angles A,C,D be equall.T ben Vfay tbat in this cafe alfo the Pentagon 
ABC D E is equiangle. Draw a right line from the point B,to the point D.Now forafmuch 
as thefe two lines B A,and A E are equallto thefe two lines B'C, and C D, and they compre- 
hende equall angles,therefore(by the g.oftbefirst ) the bafe B E , is equallto tbebafe B D. 
And the triangle A B E , is equallto tbe triangle B D C,and the rest of the angles ave cqualt 
to the eft of the angles vnder which are fubtended equall fides : wherefore the angle A E B, 
is equallto the angle C D B. And the angle B E D,is equall to the angle B D E, (by the s.of 
the firft for the fide B E is equall tothe fide B D.Wherefore the whole angle A E D, is equal 
tothe whole angle C D E.But tbe angleC D E , is fuppo[ed to be equall to the angles A , and 
C.Whereforethe A E D,is equall to the angles A,and C.And by the fame reafon alfo the an- 
gle A BC,is equall to the angles A, C,and D.Wherefore the Pentagon ABC D E is equian- 
gle.lf therefore an equilater Pentagon haue three of his angles whither they follow in order, 
or not in order, equal the one to the other : that Pentagon fhalbe equiangle : which was re- 
quired to be proved. 


The 8. Probleme. T be 8. Propofition. 
If in an equilater u equiangle Pétagon two right lines do fubtend two of 
the angles following in order:thofe lines doo diuide the one the other by an 
extreme and meane proportion:and the greater fegments of thofe lines are 


ech equal to the fide of the Pentagon. 





The fecond 
cofe, 


\ 


Suppofe 


^ 


of Euclides Elementes. Fol.399. 


AV ppofe that ABCD E bean equilater and equiangle Pentagon. And let two 

fp | right lines AC,and B E,fubtend the two angles A,and B,which follow in order. 
A And let them cut the one the other in the point H. Then1 fay that either of 

ie Le] thofe lines is dinided by an extreme cr meane proportioin the point H: And that 

eche of tbe greater fegments of thofe lines are equal to the fide cf the Pentagon. Circum|cribe 

(by the 14.0f the fourth)acout the Pentagd ABCD E,acircle A BC D E.And forafmuch 

as thefe two right lines E A and A Byare equallto thefe two right lines A B , and BC , and 

they contayne equal! angles: therefore ( by the 4. of 

the firft)the bafe B E,is qual to the bafe AC. and the . ; 

triangle A B Eis eqzall to the triangle AB Cand the > — 

angles vemayring , are equall to the angles vemay- 


- N 
7 y — Pa : \ N 
mynz, the one tutae other, vader which are fub- ( 4 A 






tended equall fides . Wherefore the angle B AC, is 
equall to the angle A B E.Wherfore tbe angle A H E 

ds double ta the angle B AH. , (by tbe 32. of the firft) \ À 
for it is an outward angle of the triangle ABH.And Ke $ j 

the angle E AC is double tothe angle B AC ( by the NN A 

lafi of the [ixtb). For tbe circumference E D Cis don- N No m d 

bleto the circumference CB. Wherefore the angle H- E a 

A Eisequallto theangle AH E Wherefore alfo the 

right line H E , is ( by the 6. of thefirft) equallto the 

right line E A, thatistothelne AB. And forafmuch as the rightline BA is equall to the 
right line A E , thereforethe angle.A B E is equalltothe angle AEB. But itis prouedthat 
the angle A B Eis equal tothe angle B AH: wacrefore alfo tbe angle B E A is equallto the 
angle BA 11. And in the two triangles A B E,and AB H,the angle A B Eiscommon to 
them both wherefore the angle renayning, namely, B A E is equall to the angle remayning, 
namely,to AH B(by the corollary of the 32.0f the firit) .Wherfore the triangle A B E, is e- 
quiangleta tbe triangle A BH Wherefore proportionally as the line E B, isto the line B A, 
foistheline AB tothe line B H(by the 4.0f the fixth) , But the line B Ais equall to the line 
E H Wherefore as the line B Eisto the line E A, fo is the line E H to the line H B . But the 
line B E is greater then the line B A:wherefore the line E A „alfo is greater then theline H- 
B Wherefore the line B E,is dinided by an extreme and meane proportion in the point H(by 
the 3 diffinition of the fixth)and his greater fegusent E H is equall to tbe fide of the Penta- 
gon.-In lake fort alfo may we proue that the line A Cis dinided by an extreme and meane pro- 
portion in tbc point Hand that his greater fegment CH, is equall to tbe fide of the Penta- 
gon, (For the whole line A Cis equallto the whole line B E,and it hath bene proued that the 
parts taken away B Hard AH are eguall:wherfore the refidueCH is equall to the refidue 
E H(by thes 9.of the fifth) .1f therefore in an equilater and equiangle Pentagon two right 
lines di fubtend two of the angles following in order: thofelines doo diuide the one theo- 
ther by an extreme and meanc proportion : and the greater fegments of thofe lines are eche 
equal tothe fide of the Pentagon: which was required to be demonftrated. 


f T he 9. T beoreme. The 9.Propofition. 


If the fide of an equilater hexagon And tbe fide of an equilater decagan or 
téangled figure which both ave infcribed in one e the felfe fame circle, be 
added together : the whole right line made of them isa line diuided by an 
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extreame and meane proportion „and the greater fegment of the fame is 
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the fide of the hexagon. 






KS S figure inferibed in the circle A B C, be B Cand let the fide of an hexagon or fixe 
Kx W angled fgure inſcribed in the ſame circle, be C D. And let the lines BCand CD 
KOS-K-VA| be fo ioyned together directly that they both make one right line, namely, BD. 
Then I fay that the line B D is diwided by an extreame 

and meane proportion is the point C:and that the greater 

Segmts ther of is the line C D. Take( by the 1.0f the third) 

she centre of the circle. And let it be the point E:and draw 

thefe right lines E B,E C, and E D . And extend tbe line 

B E to the point A.Now forafmuch as B C is the fide of anB A 
eguilatcr decagon,therefore the circumference or femicir- 

cle AC B is quintuple to the circumference C B . Where- 
Sore the circumference AC is quadruple to the circumfe-  ¢ 
rence C B. But asthe circursference AC isto the circum- 
ference C B, fois the angle AEC to theangle C E B,by the 

Laft of the fixth . Wherefore the angle A E C is quadruple 
totheangleC EB. Ard forafmuch asthe angle EB Cis 
equall to the angle E C B( by the s.of the firft, for the line 

E Bis equal to the linc E C,by the diffinition of a circle, therefore the angle A E C is double 
to the angle E C B,by tbe 5 2 of the firft. And forafiauch asthe right line E C is equall to the 
right line C D by the corollary of tbe 1 $.of the fourth ( for either of them is equall to the fide 
of tbe bexagon in[cvibed in tbe circle A B C)ytherefore tbe angle C E D is equallto the angle 
T D E wherefore the angle E C B is double to the angle E D C,by the 5 2.of the firft. But it is 
proved tbat the angle A E C is doubh to the angle E C B, wherefore the angle A E Cis qua- 
drupleto the angle E D C. And it is proued that the angle AEC is quadruple so the angle 
BECWherefore the angle E D Cis equaltto the angle B EC. And the angle E B D is com- 
mon to the two triangles B E Cand BE D : wherefore the angle remayning B E D is equall 
to the angle remayning EC B,by the corollary of the 32. of the f - Wherefore the triangle 
EB Dis equiangle to the triangle E B C.Wherfore,by the 4.of the fixt,proportionally as the 
line B D isto the line B E, fo is the line B E to the line BC . But the line E B is eguall so the 
bne È D. Wherefore as tht line E D is tothe D C , fois the line D C to the line C B . Bat the 
line B D is greater then the line D C : wherefort alfo the line D C is greater then the line C- 
B. Wherefore theright line B D is dinided by an extreame and meane proportion in the 
point C:and bis greater fegment is D C . If therefore the fide of an equilater hexagon , and 
tbe fide of an equilater decagon or tenangled figure, which both are infcribed in one and the 
felfe fame circle, be added together -the whole right line made of them, is a line diuided by an 
extreame and meane proportion,and the greater fegment of the fame is the fide of the hexa- 
gontebich was required to be proucd. — 


Vppoſe that there be a cirele A BC. Ana let the fide of a decagon or tenangled 
l Q 
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A Corollary added by Flaffas. 


Hereby it is manifeft, that the fide of an exagon in(cribed in a circle being cut by an extreame and 


This — meane proportion , the greater fegment chercof is the fide of the decagon infcribed in the (ame circle. 
iptbe 99907. £r iffrom che right line D C be cut ofa righe line equal to the line C B, we may thus reafon , asche 


fiticnaf the 


4. bocke af- 


whole D B is to the whole D C , (o is the part taken away D C tothe parc taken away C B : wherefore 
by the 19 ofthe fifth, the refidue is to che refidue as the whole is to the whole. Wherefore the line D- 


ser Campanes C is cutte like vito the line D B:and therefore is cut by an extreame and meane proportion. 


Campane 


of Euclides Elementess Fol.400. 
Campane putteth the conuerfe of this. propofition after 
this maner. 


Jf à lint be diuided by an extveme and meane proportion, what circle the greater figment isthe 
fide of an equilater Hexagon, of the fame fhall the leffefegment bethe fide of an equilater Decagon. 
And of what circle the leffe fegment isthe fide of anequilater Decagon,of the fame is the greater feg- 
ment the fide of an equilater Hexagon. ° NE t 


For the former figure remayning,fuppofe that the line É D be diuided by an extreme and meane 

Freres in the pointC:and lec the greater fegment therot be D C. Thé Gy thacof what circle the 
ine D C is the fide of an equilater Hexagon, of the fame circle is the line C B the fide of an equi- 

later decagon : and of whatcircle, theline B Cis thefide of an equilater Decagon,of the fameis the 
line DC the fide ofan equilater Hexagon. For ifthe line 
D Che thefide ofan Hexagon infcribed in‘the circle,then 
by the coroilary of the 15. ofthe fourth , chelineD Cise- - 
qual to theline BE.And forafmuch as the proportió ofthe 
linc B Dto the line DC is as the proportion ofthe line D- 
C to the line C B,by fuppofition:therfore (by the7.ofthe 
fifth) the proportion of the line B D to the liae B E ,isas 
the proportion oftheline B E to theliae B C . Wherefore g 
(by the 6. of the fixth ) the two triangles DE B,E B C are 
equiangle ( forthe angle B is common to eche triangle). 
Wherefore the angle Dis equallco the angle CEB : for 
they are fubtended of fides of like proportion . And foral- 
much as the angle A EC is quadruple to the angle D (by 
the 32. of the fitft twife taken , and by the s.of che fame) 
therefore the fameaagle AE Cis quadruple to the angle 
CEB. Wherefore (by the laft of che fixth) che circumfe- .: 
rence A’C is quadruple to to the circumferéce C B.Wher- . - 
fore the line BC is the fide of a decagon in(cribed in the 
circle ACB. 

But nowif the line BC bethe fide of a decagon in- 


EM 





` 


{cribed in the circle A B C,the line C D [halbe the fide ofan Hexagon inícribed in the fame circle, For 
let D Cbe the fide ofan Hexagon infcribed in the circle H. Now by thefirft part of this propofition the 
linc B C thalbe the fide of a decagon in{cribed in the fame circle.Suppofe thatin the two circles A C= 
Band H be infcribed equilacer decagons,all whofe fides fhalbé ‘equall ra the line CB. And forafmuch 
as euery equilater figure inícribed in a circlz is alfo equiangle ; therefore bothe che decagons areequi- 


angle.And forafmueh as al the angles of the one taken to- 
gether are ‘equal to al che angles of the other taken togé= 
ther,as itis eafy to be prowed: by chat Which is added af- 
ter the 32. of the firlt, therefore one of thefe decagons is 
equiangle to the other: and therfore the one is like to the 
other by thediffnition of like füperticieces . And for chat 
if chere be two like re&tiline figures iüIctibed in two cir- 
cles , thepropartion of the fides of like proportion of 
- thofe figures, (halbe as the proportion of che Diameters 
vf thófecircléé, às itis éàly to ploue by the corollary oF 
the20.of the (ixth,and firft of this booke : büt the fidcs of 
the like decagóns infcribed in the two circles A B C and 
H are equall ;. therefore theyr Diameters alfo are equall. 
Wherefore alfo cheyr femidiameters aré equall . But the 
Temidiaimeters and the fide of che Hekagon are equall;by 
che corollary of the ts.ofthe fourth.. Wherefore the line 
D Cis the fide ofan hexagon inthe circle. A B C, as alfo 
it is thé fide ofan hexagon inferibed in the circle F,which z 
is equàll to thé circle A B C: which was required to be proued, . . Wes 
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Ifin aarcle be deferibed ant equilater Pentagon, the fide of | thé Pentagon 
contdineth in power both the fide of an hexagon and the fide ofa decagon, 
l Llij. ~ being 
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cond part, 


Confiruction. 


À point fc to the point L. Now foraf- ~ 
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ha The thirtenth Booke 
being all defcribed in okbanil the felfe farie circle. ; 
Vppofe that ABC D E bea circle. And in thecircle ABC D E defcribe ( by 
by \\the +2 of the fourth) pentagon figure A BGD E.T hen I fay, that the fide of 

- Whe pentagon figure A BC DE contdineth in power both the fide of an hexagon 

e fiure; and of a decagon figure, being defcribed in the civcle ABCD E. Take 
( by the 1. of the third ) the centre of the circle, and let the fame be F . And drawing a right 
line from the point A to the point F, extend it to the point G. And drawea right line from 
the point F to the paint B . And fram the point F drarve' (by the 12.0f the fert) unto the line 
AB a perpendicular lime F H': and extend it to the point K.. And drawe the right lines AK 
and K B ‘And dgaine, from the point F draw ( by the fame) unto the line AK, a perpendi- 
cular line F N+ andextend F N to the point M, whith line let cut the line AB in she point 
L . And.dram a right line from the .. . s 





vouch as the circumference ABCG ts `` 
eqiall to the circumference AE DG, — ‘ 
of which the circumference AB Cis 
equal! to the circennfirence AED, 
therfore the rest of the circumfertace, 
nameyC G, isequall to tbe eft of the - 
circumference, namely, to DG . But’ 
the circum Fence’ D is fubtinded of 
the fide of a pentagon : Wherefore the 
eiréusnference C G a» [abtended of the. ' 
fideef'a decagon figure. And foraf- “> ` 
much asthe line BH is egual! tothe «c. 
Tine HA T re ‘sof the PKWY Ahit, does 
Mene EE ds, čommon to there bh, 
& theangdes. at the point H-arenghtir: tont VU 
angles? Whircfore-( by the paf the'e: ONG ae BRL Er zi 3A caters 
first) the angle AF K ts equallto the angle K F B. Wherefore alfo (by the 26.of the third) 
the circumferenee Ht K , is equall to the circumference K B.Whereforetheeircumference A B 
is double to the cireumferencè B K . Wherefore the right line A K 4s the fide of adecagon fi- 
gure. And by the fime reafon alfo the cirtusaferehtp A K is double to the tirtùmference K M. 
Andferafmuch as the circumference A Ris double to-the circumference BK, but: the cir- 
curnference C D Y equali to the circumference A B i seherefore the circumference C D is 
double to the circumference BK . But the circumference C D is double to thé circumference 
CG: wherefore the circumference C G i equall ta the cireumferenceB K , Bút the. circum- 
ference B K is double tathe circumference K M ( for shat the tircumftrence K Ais double 
thereunto ) » wherefore alfo the circumference CG is double to the circiitsferenceK M . But 
the circusnference C Bis alfo double to the circumference BK (for the circumference C Bis 
equalltoshecircumferenceB A). — the whole tircumference GB is double to the 
whole circumference BM , by the r2.0f the fift . Wherefore alfothe angle € FB is double to 
the cagle BF M,by the laft of the fixt Bih theangleG F Bisdouble tothe angle F A B(lby 
the 3 2 of the firft, or 20.0f the third ) | Fór tbe angle F AB is equall to the angle AB F. 
Wherefore the gale BF Les equalitg tbe angle F AB ,Dy tbe s. of be fft | And tbe angle 
AB F is comman tothe two iriangles A B F and B F L .Wherefore ( by the Corollary of the 








32 Ape o first) the angle remayning A FB is equal! to the angle remayning. B.L.F, Where. 
^ ‘HE hicht line BF; oii the fame right line F Bto 


foret éfpiancle AB F is eqrhangle p the triangle B F L Wherefore ( by the 4. of the fixt) 
proportiondllys: the right ine ABS 4 
A . S A e the 
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the right line B L-wherefore that which is contained under the lines A B and BL is equall 
to the (quare of the line B F by the 17 .of the fixt. Againe forafmuch as the line A Lis equall 
to the line L KT for by the laf of the fixt,the angle K F Lis equall to the angle A F L,whith 
equal angles are contained under the lines F K,F L,and F A,F L,¢y the line F K is equall 
to the line F A, and the line E L is common to them both . Wherefore, by the 4. of the firft, 
the line A L is equall to the line L K ) and the line L Nis common to them both, œ> maketh 
right angles at the point N, and ( by the 3. of the third ) the bafe A N_is equall tothe 
bafe K N. Wherfore alfo the angle L K N is equall to the angle L A N.But the angle LAN 
is equall tothe angle K B L (by the s.of the firit) . Wherefore the angle L K N 15 equall to 
1he angle K B L . And the angle K A L is common to both the triangles A K B and AK L. 
Wherefore the angle remaining A K B is equall to the angle remayning A L K (by the Corol- 
‘lary of the 32.0f the firft). Wherefore the triangle K BA is equiangle tothe triangle K L A. 
Wherefore(by the 4.of the fixt) proportionally as theright line B Aisto the right line AK, 
fois the fame right line K A to the right line AL. Wherefore that which is contained « nder 
the lines B A 4nd A L is equallto the [quare of the line A K (by the 17.0f the fixt). And it is 
proned that that which is contained under the lines A Band BL, isequallto the (quare of 
the line B F. Wherefore that which is contained under A B Cy B L together with that which 
is contained under B.A and A L (which by the 2.0f the fecond isthe {quare of the line B A ) 
is equall to the {quares of the line: A F and AK . But the line B Ais the fide of the pentagon 
figure, and AF the fide of the hexagon figure (by the Corollary of the 1.of the fourth), and 
AK the fide of the decagon figure . Wherefore the fide of a pentagon figure, containeth in 
power both the fide of an hexagon figure, and of a decagon figure, being Aferibed allin one 
and the felfe fame circle : which was required to be demonftrated. 


gq A Corollary added by Flujfas. 


Y: 


o pespendicular line from any angle drawen to tbe bafe of a pentagon,paffeth by the centre. 


For if we drawea right line from the poynt A to thepoynt C , andan otherfrom the poynt A to 
the pointD : thofe righe lines fhail be equa)!,by the 4.0f the firlt : and therefore in the triangle A C D 
the angles at the points C and D,are by the s.0f che firlt,equall Bur the angles made at the point where 
the line A G cutteth the line CD, are by fuppofition right angles : wherefore by the 26. of the firft,the 
line CD is by theline AG diuided into two equall partes , and itis alfo diuided perpendicularly: 
wherefore by the corollary of the firit ofthe third in the line A G is the centre of the circle:and there- 
fore the line A G paffeth by the centre. 


f T be 11-T beoreme. The 11.Propofition. 


If ina circle hauing arationall line to his diameter be infcribed an equila» 
ter pentagon:the fade of the pentagonis an irrationall line , and is of that 
kinde which is called a leffe line. 


RS] ppofe that in the circle ABC D E bauing a rationall lineto bis diameter be 
infcribed a pentagon figure ABC DE, Then] fay that the fide of the pentagon 
figure ABCD E,namely, the fide A B,is an irrational line of that kinde which 
is called a leffe line. T ake(by the 1.of the third) the centre of the circle , and let 
the fame be the point F , and draw aright line from the point A tothe point F,and an other 
from the point F to the point B and extend thofe lines to tbepointes G and H . 4nd draw a 
right line from the potnt A to thc point C . And from the femidiameter F H take the fourth 
part(by the 9. of the fixt) and let the fame be F K : But the line FH is rationall (for 
thatit is the halfe of the diameter which is ſuppoſed to be rationall) , wherefore alſo the 


ine 






Couſtruſtion. 





Denonfira- 
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line F K isrationall. And the line or femidiameter B F is ratéonall. Wherefore the whole line 
B K is rationall. And forafmuch as the circumference ACG is equall tothe circumference 
AD G,of which the circumference A B C is equall to the circumference AE D, wherefore 
the refidue CG is equal to the refidue GD . Now if we drawe aright line from the point A 
to the point D it is manifeft that the angles ALC and AL D are right angles. For foraf: 
sauch as thetircumference CG is equall to thecircumference G D therefore ( by the laft of 
the fixth) the angle C A Gis equailto theangle D AG. And theline AC isequall te the line 
AD, for that the circumferences which they fubtendare equall,and the line AL is common 
to them both , therefore there ave two lines AC and, A L equall totwo lines A D and AL, 
and tbe angle C A L is equall to the angle D AL .Wherefore (by the 4. of the first) the bafe 
C Lis equall to the bafe L D , and the rest of the angles tothe ref of the angles , and the 
line C D is double to the line CL. \And by the fame reafon may it be proued,that the an- 
gles at the point M are right angles,and vhat the line AC is double to the line C M.Now for- 
afemuch astheangle ALC is equallo the angle .A M F for that they ave both right augles, 
and the angle L AC is common to both the triangles ALC and AM F: wherefore the an- 
gle remayning namely, A C L,és equal to the angle remayning AF M, by the corollary of the 
32.0f the firjt. Wherefore the triangle 4 C Lis equiangle tothe triangle A M F.Wherefore 
proportionally,by the 4.of the fixth,as the line L Cas to the line C A, fois the line M F to the 
line F A. And in the fame proportion alfo are the doubles of the antecedents LC and MF (by 
the 15.0f the fifth) Wherefore as the double of the line L Cisto thelineC A, fois the double 
of theline M F tothe line F A. But as the double of the line M F is tothe line F A, fo isthe 
bine MiF to the hgife of the line F A,by the 15.of the fifth wherefore as the double of the line 
LCistothe line C A fois the line M F to the halfe of the line FA,by the 11 of thefifib. And 
án the fame proportion, by tke 15.of tbe fiftb,are the balues of' tbe confequents,namely of C A 
and of tbe balues ef the line A F Wherefore asthe double of theline LC is to the halfe of the 
line AC, fois the line M F to the fourth part of the line F A. But the double of the line LC 
is the line D C,and the balfe of the line C Ais tbe line C M,as hath before bene proued, and 
the fourth part of the line F A is the line F K (for the line F K is the fourth part of the line 
F H by conftruction).Wherfore asthe line D C is to the line C M fois the line MF to the line 
F K Wherfore by compofition( by the 18.of the fifth) as both the lines DC and CM are to the 
line C M fois the whole line M K to the line F K. i 
Wherefore alfo (by she 22.0f the fixt ) as the 
fauares of the lines D C and CM areto the {quare 
of tbeline C M , fais tbe (quare of the line M K 
to the (quare of the line F K . And fara[much as 
(by the 8.of the thirtenth) a bine which ss fubten- 
ded under two fides of a pentagon figure , as is the 
line AC, being dinided by an extreame Cr meane 
proportion , the greater figment is eyuall to the 
fide of the pentagon figure , that is, vnto the line 
D C:and (by the 1. of the thirtenth ) thegreater 
Segment hauing added unto it the halfe of the 
whole, isin power quintuple to the Square made 
of the balfe of thewhole : and the halfe of the 
whole line AC isthe line CM . Wherefore the [quare that is made of the lines DC and 
CM, thatis, of the greater fegment and of the halfe of the whole,as of one line,is quintuple 
tothe {quare of the line C M,thas is , of the halfe of the whole. But as the {quare made of the 
lines D C and C M ,asof one lineyis to tbe [quare of thelineCM, "4 is it proued , that the 
_fquare of the line M K is to the fquare of the line F K. Wherefore the [quare of the line M- 
K is quintuple to the {quare of the line F K . But the {quare of the lint K F — 45 
Lu 
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hath before bene proued wherefore alfo the fquarz of the line M K is rationall,Ly the 9 diffi- 
nition of tbe tenth), for the (quare of the line M K hath tothe fquare of the line K F that 
proportion that number , hath to number , namely , that 5. hath tor. and therefore the fayd 
Sfqvares are commen{urable by the 6 . of the tenth) Wherefore alfo tbe line M K is rationall. 
And forafmuch as the line BF is quadruple to the lineF K (for the femidiameter BF is equal 
tothe femidiameter F H), therfore the line B K is quintuple to the line F K .Wherefore the 
fauare of theline B K is 25. times fo much as the [quare of the line K F, by the corollary of 
the.20 of the [ixt . But tbe quare of the line M K „is quintuple to tbe [quare ofthe F K,as ii 
proued.Wberfore tbe fquarc of the line B K is quigtupleto tbe [quare of the line K M.Wher- 
fore y [quare of tbe line BK "Path not to $ f quare of the line K M,that proportioshat a (quare 
number hath to a {quare number,by the corollary of the 25 .of the eight Wherefore (by the 9. 
of the tenth ) the line B K is incommenfurablein length to the line.K M , and either of the 
lines is rationall .Wherefore the lines B K and K M are rationall commenfurable in power 
onely.But if fro a rationall line be taken away a rationall line being commen(urable in power 
onely to the whole, that which remayneth is irrationall,and is (by the 73. of the tenth) cal- 
leda refiduall line W herefore the line M B isa vefrguali line. And the line conueniently ioy- 
ned vntoit, is the line M K. Now I fay that the lihr 5 M is a fourth refiduall line Vito the 
exceffe of the fquare of the line B K aboue the (quare ofthe line K M , let tbe fyuareof the 
line N be equall(sohich exceffe how to finde out is taught in the affumpt put after ther3 pro- 
pofition of thetenth ). Wherefore the line BK is in power more then the line K M by the 
fquare of the line N. And forafmuch as the line K F ts commenfurable in length to the line 
F B,for it is the fourth part thereof , therefore (by the 16.0f the tenth ) the whole line K B is 
commenfurable in length to the line F B.But the line F B is commenfurable in length to the 
line B.H,namely, the femidiameter.to the diameter : wherefore the line B K is commenfura- 
ble in length to the line B H,by the 12. of the tenth . And forafmuch as the [quare of the line 
B Kis quintuple to the [quare of the line K M, therefore the (quare of tbe line B K bath to 
the [quare of the line K M that proportion that fiue hath to one Wherefore by conuerfion 
-of proportion (by the corollary of the 9. of the fifth) the {quare of B K hath to the quare of 
the line N, that proportion that fiue hath to fower- cy therfore it hath not that proporti that 
a (quare number hath to a (quare number ,by the corollary of the 2 5 of the eight . Wherfore, 
the line B.K,is incommenfurablein length to the line N (by the 9.of the tenth) Wherfore the 
fine B K isin power more then the line K AL, by the {quare of aline incommenfurablein 
length to the line B K . Now then forafmuch as the whole line B K isin power more then the 
line conucniently iojned,namelyj,then K M, by the {quare of a line incomenfurable in length 
to the line B K;and the whole line B K is commenfurable in length to the rationall line genen 
B H:therefore the line LM B is a fourth refidugll line, by the diffinition of a fourth refiduall 
line.But a rectangle parallelogramme contayned under arationall line and a fourth refidual 
line, is irrational, and the line which centayneth in power the fame parallelogrammme is alfo 
irrationall,and is called a le(fe line (by the 94.0f the tenth ) . But the line AB contayneth in 
power the parallelogramme contayned under the lines H B and BM (for if me drame a right 
Line from the point A vo tbe point H tbe triangle A B H [ball be like to the triangle A BM, 
by the 8.of the fixth.F or from the right angle B AH is drawen to the baft B H a perpendicu- 
lar line, And therefore asthe line B H is to theline B A , fois the linc AB to the line B M. 
this followeth alfo of the corollary of the fayd 8 of the fixth. Wherefore the line A B which is 
the fide of the pentagon figure, is an irrationall line of tbat kinde which is ealled a leffe line. 
If therefore in a circle haning arationall line to his diameter be infcribed an equilater pen- 
tagon,the fide af the pentagon is an irrationall line,and is of that kinde which is called a leffe 
line: which was required to be demonstrated. 
ff T be 12. T beoreme. T he 12.Propofition. 
If in a circle be defcribed an equilater triangle: the fquare made of the fide of 
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the triangle is treble to the {quare made of the line, which is drawen from 
the centre of the circle to the circumference. 


S Vppofe that «LA B C be a circle , and init defcribe an equilater triangle ABC. 
71 ben faythat tbe (quare. made of the fide of the triangle ABC is treble to the 
fquare made of the line drawen from the center of the circle AB C to the circum- 





Conftruttion. _ference.T ake(by the r.of the third) the centre of the circle and let tbe fame be D. Aud dram 


Demonftra- 
tion. 


aright line from the point A tothe poynt D,and extend itto the point E.Apd draw a right 
line from the point B to the poynt E Now forafmuch as the triangle AB Cis equilater, 
therefore echeof thefe three circumferences AB, 
AC, BEC is the third part of the whole circum- 
ference of the circle AB C:wherefore the circumfe- 
vence BE is the fixth part of the circüference of the - 
circle Ufor the circumferéce of the femicirtle A B E 

35 equall to the circunsference of the femicircle A- 

C E from which taking away equal circumferences 
ABand AC, the circumference vemayning BE - 
fhalbe equal to tbe ciréumference vemayning E Cl: 
wherefore the right line B F is the fide of anequi- ~ 
later hexagon figure de{cribed in the circle.Where- 
fore it is equall to tbe line drawen from the centre 

of the circle to thé circumference , that is unto the 

line D E (by the corollary of the 15.0f the fixth) » And forafmuch as tbe line A E is double to 
the line D E,theréfore the fanare of the line A Eis quadruple tothe fquareof the line D E 
(by the 4.of the fecond) :tbat is,to the [quare of the line B E.But tbe [quare of the line AE 
is equall to the [quares of the lines A B,and B E ( by the 47 of the firfl) for the angle.A 8 E 
is(by the 31.0f the thivd)a right angle Wherfore the {quares of the line AB cy BE are qua- 
druple to tbe [quare of the line B E . Wherefore taking away the (quare of tbe line B E,the 
fauare of the line A B [balbe treble to tbe [quare of B E : but tbe line B E s equall to the line 
D E.Wherefore the {quare of the line A Bis treble tothe (quare of the line D E.Wherefore 
the [quare made of tbe lide of the triangle,is treble to tbe [quare made of the line drawen fra 
the centre of the circle to the circumference: which was required to be proued. 





æ A Corollary added by Campane. 

Hereby ic is manifett, that the line B C,which is the fide of the equilater triangle, diuideth the femi- 
diameter D E into two equall parts. For let the poynt ofthe diuifion be F. And fuppofe a line to be 
drawen from the poyntD to the B,and an other from the poynt D to the poynt C . Now itis manifeft 
(by che 4.of che fir(t)char che line B F is equall to the line F C,and therefore ( by the 3 . of che chird)all 
the angles at the poynt F are right angles. Wherefore(by the 47. of the firlt) the fquare ofthe line B D 
is equali to the (quares of the linesBFandFD, and by the fame the {quare ofthe line B E is equall to 
the {quares of the lines B F,a nd F E: buet the lineB D is equali to theline BE (ashath before bene 
proued). Wherefore by the common fentence the twoo fquares of the two lines BF and FD are 
equall to the two fquares ofthe lines BF, andFE. Wherefore taking away the {quare of the line B- 
F which is cOmon to them both: the refidue,namely,the fquare of the line D E fhalbe equall to the re- 
fidue,namely , to the fquare of the line.F E. Whertorealfo the line F D is equal to the line FE. Wher- 
fore hereby it is manifelt that a perpendicular line drawen from the centre of a circle to the fide of an 
equilatereríangle infcribed in it,is equall to halfe of the line drawen from the centre ofthe fame circle, 


to che circumference thereof, 
x. A Corollary added by Fluffas. 


The fide of an equilater triangle is in power fefquitertia to the perpendicular line which is drawé 


from one of the angles to the oppofite fide.For of what parts the line AB contayneth in pee 
ù 
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{uch parts the line B F which is the halfe of A B contayned in power 3. Wherefore the refidue namely, 
the perpendicular line A F concayaeth in power of [uch parts 9.(for the (quares of the lines AF,and B F 
are by the 43.0f the firlt equall to the {quare of the line AB ).Now tz. to 9.15 feíquitertia: wherfore the 
power of the line A B is to the power of the line A F in Lefquitertia proportion, 

_ Moreower the fide ofthe triangle is.the meane proportionall betwene the diameter and the per- 
pendicular line: For(by the Corollary of the 8.of the fixth) the line AE is to the line ABas the line AB 


is to theline AY. : . 

Farther che perpendicular line drawen from the angle diuideth the bafe into two equal parts and 
paffech by che gener, For if there fhould be drawen any other right linc fcó the point A co the poynt F, 
thé that which is drawen by the point D,two right lines fhould include a fuperficies, which is jmpoffi- 
ble. Wherefore Mic contrary followeth, namely, that the line, which being drawen from the angle pal- 
feth by the-center,is a perpendicular line ro.the bafe( by che 3 of the third). 


The 1:Probleme. > The 13.Propofition. 


To make a* Pyramis and to comprehend it in a fphere genen: and to proue 
that the diameter of the [phere is in power fefquialtera to the fide of the 
Pyramis. E 


€ 


did Vppofe that the diameter of the [phere geuen be ‘AB,and dinide AB in the poynt C, 
S * fothat the line A Cbe double to the line B C(by the 9. of the fixth) . And upon 
—— 


Ets the line A Byriaking tbe center the point N defcribe a f[emicircle A D B. AAnd(by 

the r1.0f the firft ) from the point C vayfe vp vnto the line AB a perpendicular lineC D. 
And drawe aright line from the point D to the point A. And defcribe a circle E F G hauing 
his femidiameter equall to the line CD.And defcribe in the circle E F G,an equilater trian- 
gle EFG (by the 2.0f the fourth). And (by the i 
1.of the thtrd) take the cétre of the civcle,and D 

let the fame be the point H. And draw thife 
right lines FH,H F cy H G. And (by the 12. 
of the elenenth)fro the point H rayfe up unto 
the playne fuperficies eft the circle E F Ga per- 
pédieular Une HK cy let the line HK be equal 
to the right line AC. And draw thefe right 
lines KE,KF, € K G.Now forafmuch as the A N c B 
line HK is eretfed perpedicularly to tbe plaine 
Superficies of the circle E F G, therfore(by the | 
2. definition of the eleuenth ) it maketh right 
angles with all the right lines that touch it, 
and which are in the felfe fame fuperficies of 
the circle E F G. But it toucheth enery one of 
thefe right lines, HE, H F and HG : Where- 
Jore the right line H K is erected perpendicu- 
larly to euery one of thefe lines H E, H F, and- 
HG.And forafmuch as the line AC is equal” 
tothe line HK , and the line C D to the line 

H E,and they comprebende right angles ther- 
forethe bafe D'A is equallto tbe bafe K E (by 
the 4 of the firft). And by the fame reafon ech 
ofthelines K F,and K Gis equall ta the line 

D AWherefore the three lines K E,K F and 

K G are equallthe one to the otber . And forafmuch as tbe line A C is double to tbe line C B, 

(6) conftruttion): therefore thé line A B is treble to the line BC: but as the line A Bis tothe 
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Fis ffumps ,, 906 B C,foiis the (quare of the line A D to tbe {quare of the line D C.Whiche may thus be 
isaganeat ,, proucd.lt is manifeft(by the Corollary of the 8 .of fixth) that the line C D is tbe meane pro- 
Das f B » portionall betwene the lines AC and C B.Wherfore (by the corollary of the 20. of tbe fame) 
f rheprobif > the [qnare of the line A C îs to the (quare of the line C D , as the line AC is totbeline C B: 
tan proved. ,, Wherefore by compofition( by the 8.of the fiueth ) the {quares of the lines AC andC D are 
» tothe fquare of thelineC D, as theline A B is to the line BC. But the Squares of the 
* lines AC andC D are (by the 47.0f the firft equal to the {quare of the line A D: wherefore 
” (by the 7 of the fiueth)the [quare of tbe line A D isto the {quare of the line D C , as the line 
» AB istothe line BC.1 Wherefore the {quare of the line AD is trebleto the {quare of the 
line D Cx And forafmuch as the line K Eis equall to the line AD ( as it hath ben proued) 
and the line H Eis put equall to the line C D: therefore the (quare of the line K E is triple to 
the (quare of the liae H E.But nto tbe [quare of ihe fame line H E is(by the 12. of the thir- 
tenth )the [quare of the line F E treble:wherefore the line E F is equallto tbe line K E. Nom 
the lines K E,K F and K G are equall tbe one to the other,as it hath before ben proued , and 
fo alfa ave tbe lines EF, F GandG E, for that they are the fides of an equilater triangle. 
Wherefore enery one of the[e lines E F, F G,and G Eis equall to enery one of the lines K E, 
K F and K G.Wherefore thefe fower triangles EF G,K E F, K F Gand K GE are equila- 
‘ter Wherefore there is made a Pyramis confifling of fower equalland equilater triangles, 
whofe kafe is the triangle E F Gand toppe the 
pon K. D 
Now it is required 10 comprehende the 


- 


Second par? vM 4 

did Ca ird z, Jame Pyramis in the fphere gene , and to prone 
that the diameter of the [phere is in power fef: 

Secondpart of — Jtialtera to the fide of be pyramis. Adde vn- 


the demiffratié. to the right lime H K aright Ime direttly, na- 
mely H Land let the line H K be equall to the 

* Lose at the — fheline BC.* Now for that as the line AC A N c B 
es ef a de- is tothe line CD, fois the line C D tothe 
— ee ” line CB(by the corollary of the 8. of the fixth) 
Pruttion and but the line AC is equal to the line KH, oy the 
demonftration line C D to tbe line H E, Cr the linc C B to the 
dr E n line HL.Therfore as the line KH is to the line 
fpu "^H E.fo is the line H E to the line H L.Where- 
fore that which is contayned under the lines 

HK and B Lis equallto the {quare of the line 

E H.And ether of the angles KHE,¢@ry EH L 
isarightangle , wherefore a femicircledefcri- 

bed upon the line K L fhall paffe by the poynt 

* Reade thetwe E.* For if we draw aright line from the point 
afumptsadded Eto the pont L, the angle LE K fhalbe a 
357 oe fa vight angle,for that the triagle E LK is equi- 
attheend ofthe angle to either of the triangles E L H and E- 
demonfiration H K (by the 8.of the fixth. ) Now then if the 
L rete” the diameter K L abiding fixed,the femicircle be turned round about,vntilit returne um. 
ter Gndertlan- tothe felfe fame place from whenfeit began to be moued, it fhall alfo paffe by the pointes F 
ding of thisrea- and G.For drawing a right line from the ponit F to the point L,and an other from the poynt 
i L to the point G which alfo maketh at the points F and G right angles , the pyramis fhall be 
contayned in the (phere genen.F or the line K L being the diameter of the phere is equi to 

the line A B which is the diameter of the [phere geuen for the line K H is put equall to the 

line A C,and the line H L tothe line C B. 





In 
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[1n the femicircle A D B of the former figure drawe theline D N. And diuide the line K L into . 
two equall parts in the poincM.And draw a line from Mto G. And forafmuch as by conftruéuon the 4 other cone 
line KH is equall to the ine A C,and the line HL. to the line C B : therefore che wholeline A Bis equal Aroction ana 
eo the whole line K L. Wherefore alfo the halfe of the line K L, namely, the line L M,is equal to the fe- demonffrarion ` 
midiameter B N : wherefore taking away from thofe equall lines,equall parts B C and L H, che refidues of the fecond 
N C,and M H fhalbe equall . Wherefore ia the two triangles M H Gand N C D,the two fidesabout part afier Flufe 
the equall right angles D C N and G H M,namely,the fides D C,CN,and G H,H M, are equall: wher- fas. 
fore the bafes M G and N Dare equall (by the 4.of the firit.) And by the fame reafon may it be proued. 
shatright:ines drawén from the poynt M to the points Eand Farc equal to the line N D. But the right 
line N D is equall to the line AN, which is drawcn from thecentre to thecircumference : wherefore 
the line M G 1s equall to the line M K,& alfo to the lines M E,M Fand M L. Wherfore making the cétre 
the poynt M;and the fpace M K orM G defcribe afemicircle K G L : and the diameter K L abiding 
fixed let the fayd femicircle K G L be moued róuude.about vntillit returne to the fame place from 
whence it began to be moucd:and there fhalbe defcribed a {phere about the centre M ( by the 12.diffi- 
nition cf the eleventh) touching every one of the angles of the Pyramis which are at the points K,E,F, 

G: for thofe angles are equally diftac from che centre of the [phere,namely, by the femidiameter of the 
fayd {phere,as hath before bene proued. Wherefore in the Sphere geuen whofe diameter is the line K- 
L,or the line AB, is infcribed a Tetrahedron EF G K.] 


Now I (ay, that the diameter of the (phere isin power fe(quialtera to the fide of the Py- 4; 4 pert of 
ramis.For forafmuch as the line A C is double to tbe line CB( by coftructio)therfore the line the demenfira- 
A Bis trebleto the line B C.Wherfore by conuerfion)by the corollary of the 19 .of thefiuetb) ftn. 
the line A B isfefquialtera tothe line AC . But asthe line B Ais totheline AC, f isthe 

Square of the line B A,to the (quare of the line A D.For if we draw a right line frö the point 
B,to the point D,as the lineB D is tothe line AD fo is tbe fame A D tothe line AC,by rea(ó 
of the likenes of the triangles D A BC» D AC(by the 8.of the fixth):& by reafon alfo that 
as the firft ts to the third {ois the {quare of the firfé ta the [suare of the fecüd (by the corallary 
of the 20. of the fixth) Wherfore the (quare of the line BA,is fe[quialter to the quare of the 
line A D.But the line B A is equal to the diameter of the [phere geut namely ,to the line K L, 
as hath bene proued,cy the line A D is equal to the fide of the pyramis in[cribed in the fphere. 
Wherfore y diameter of the phere is in power fe{quialter to the fide of the pyramis Wherfore 
there is made a pyramis comprehended in. a (phere geuen , and the diameter of the (phere is 
Sefquialtera to the fide of the pyramis:which was required to be done and proned. 


«An other demonftration to proue thatas the line A Bis to the line BC, 
fo is the {quare of the line A D to the fquare of the line D C. 


Let the defcription of the femicivcle A D B be asin the firft defcription.And upon the 
line AC defcribe (by the 46.of the firit) a{quare E C, and make perfecte the parallelograme 
FB. Now forafmuchas the triangle D A B is equiangle to the triangle D AC (by the 32.0f 
the fixt : therfore as the line B Aistotheline 
AD, foisthe line D A tothe line AC, by the 
4.0f the fixt. Wherefore that which is contai- 
ned under the lines B A and AC, is equall to 
_ thefquare of the line A D, by the 17. of the 

Sixt. And for that as the line A Bis to the line 
BC, fois the parallelogramme E B to the pa- 
rallelogramme F B, by the 1. of the fixt: and 
the parallelogramme E B is that which is con- 
tained under the lines B A and AC ( for the 
line E Aisequalltotheline AC): andthe 
parallelogramme BF is that which ts contat- 
ned under the lines A C and BC. Wherefore 
asthe line AB isto theline BC, fois that 
whichis contained under the lines B.A and 


D 
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AC, to that which is contained vader the lines AC andCB. But that which is contai- 


ned under the lines B A and A C, is equall to the f quare of the line A D, by the Corollary of 
the 8.of the fixt, and that which is contained under the ines AC and CB, is equall to the 
Square of the line C 1, for the perpendicular line D C is the meane proportionall betwene tbe 


Segmentes of the bafe namely, AC and C B, by the former Corollary of the 8.of the fixt , for 
that the angle A D Bis aright angle .Whereforeas the line AB is toithe line BC, fois the 


fquare of the line A D to the [quare of tbe line D C, by the 11.0f the fift : which was requi- 
red to be proued. : ` 


€ Two Affumptes added by Campane. 
First Affumpt. 


Suppofe that vpon the line A B be erééted perpendicularly the line D C, whichline D C let be the 
meane proportionall betwene the partes ofthe line A Bjnamclv, A C & CB : fothatas cheline A C is 
to the Jine C D, fo let the line C D be to the linc C B . And vpoa the line A B defcribe a femicircle. Thé 
I fay, thar the circumference ef chat femicirele (hall paffe by the point D,which is the end of the perpé- 
dicular lina.Bur sfnor,-then it fhall either cut the 
linc CD, orit fhall pale abouz it, and include it 
not touching it. Firtlet it cut itin the point E. 
And drawe thefe right Enes EB and EA. Wher- 
fore by the 3z.of the third, the whole angle A E- 
Bisaright angle. Wherefore by the firlt parc of 
the Corollary of the 8.of the fixe, the line AC is 
to the line EC, as the line EC is to the line C B. 
But by the 3.of the fift, the proporuon of thẹ line 
A C.to the line E C, is greater then the proporti- 
ton of the fame line A C to the line C D (for-the 

line C E istel& then the line CD) . Now forthat A - c B 

the line CE is tothe line C B, as the line A C is . ? . 
to.theline C E, and ihe line C D is to the line C B, as the line A C is to the line C D, therefore by the 
15.cf the fit, the proportion of the line E C to the line C B, is greater then the proportion of the tine 
C D to theline C P . Wherefore by the 10.of che fife, the [íne EC is greater then the line D C,namely, 
the part greater then the whole : which is impoilible . Wherefore the circumference fhall not cuc the 
line CD Now T fay, that it thall pot paffe aboue the line C D, and not touch it in the point D . For ifie 
be poMible, let it paffe aboue ir,and extend the line C D to the circüference, aud let it cut it in the point 
F. Aud draw the lines F B and F A , and ir fhall fohowe as before that the line C D is greater then the 
line C F.: whichisimpoffible . Wherefore that is manifeft which was required to be proued. 





«Second Affumpt. 
l Iibere bea right angle unto which a bafe és fubtended, and if vpon the feme he deſcribed a ſe- 
anicircle : tbe circumference thereof fhall paffe by thepoini of theright angle 


For fuppofe that there be a right angle A B C, vnto.which fubtend the bafe.A C,and'vpon the line 
AC defcribea femicircle . Then I fay, ‘that the circumfereuce thereof fhall paffe by the pòint B. For if 
nor, then it fhail paffe either aboue the poinc B,or vnder thepoineB . Firltletit pafle vnder the point 
B, and l:tthe circumference be A E C . And (iby che ‘12,0f the firlt) from the point B drawe vnto the 
line A Ca perpendicular line B D,whichiercutthe à 
circumference of the femicircle in the point E.And _ 
drawethefe right lines E A and EC. Now it is ma- 
nifett, by the 31.0f the third, thatthe angle AEC 
isarizht angle . But (by the 21.0f the firit ) the an- 
gle AEC is greater then the angle ABC : which. 
is impoMible, by the ro-common fentence . Where- 
fore the circumferéce of the femicircle paffeth not 
vnder the angle B . Now Lay, chat it pa(feth nota- ~ 
boue the angle B . For i£ it bepoffible, let it paffea- 
boue the point B, and let the circumference be A - | 
FC: and produce the perpendicular line B D till ic ` 
cut the circumference À FC inthepoint F*. And 
draw thefe right lines A Fand FC. Wherefore a- 
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gaine,by the 31.of the third, thé angle A F Cisa rightangle .Büt by fuppofition, theangle AB C isa 
right angle, andis, by the 2 1.of the fitit, greater then thé right angle A FC : which againe by thé ‘fore~ 
fayd common fenterice, is.impoffible . Wherfore a femicircle defcribed vpon the bafe A C, paffeth nei- 
ther vndet the point B,nor aboue it. Wherefore it paffeth by it : which was required to be proued. 

The — of this was added after the'démtontlrátion of che 31.of the third,out of Pelitarius; And 
thefe cwo Affumptes ofCampane are necelfary, for the. better vndeclanding of the demontftration of 
the fecond parc of this 13.Propofition, wherein is proued that the, pyramis is contained in the Spheré 
geuen. 


q Certaine Corollaryes added by Flufvas. 


% Firft Corollary. 


R 


T be diameter of the Sphere is in power quadruple Sefquialeera to the line which is drawen from 
the centre to the circumference of the circle Which containeth the bafe of the pyramis. 


For forafmuch as ic hath bene proued, that the diameter K L is in power fefquialter to the fide E F: 
and it is proued alfo, by the 12.of this booke, that the fide E F is in power triple to the line E H ( which 
is drawen from the centre of the circle contayning the triangle E F G ) . But the proportion of the ex- 
tremes,namely,of the diamcter to the line E H, confifteth of the proportions of the meanes, namely o£ 
the proportion of the diameter to the line E F, and of the proportion of the line EF to the line EH; by 
the ;.definition of the fixe : which proportions, namely, triple, and fefquialter, added together, make 


quadruple fefquialter (as it is eafie to proue by that which was taught in the declaration of the s.defini- ` 


uon of the fixt booke ) . Wherefore the Corollary is manifett, 
‘gq Second Corollary. 


Onely the line which is drawen from the angle of the pyramis to the bafe oppofite unto it, G paffing 
by the center of the Sphere,is perpendicular to the bafe, and falleth upon the centre of the circle Which 
containeth the bafe. 


For if any other line (then the line KM H which is drawen by the cenrre of the Sphere to the centre 
of the a) fhould fall perpendicularly E the plaine of che bafe,then, from one, and the felfe fame 
point ihould be drawen to one and the felfe fame plaine two perpendicular lines, contrary to the 13.0f 
the eleuenth : which is impoffible . Farther if from the coppe K fhould be drawen to the center of the 
bafe;namely, to the point H, any other right lite not paffing by the centre M, two right lines fhoulde 
include a fuperficies contrary to the laft common fentence : wliich were abfurde. Wherefore onely the 
line whichis drawen by the center of the Sphere to the centre ofthe bafe, is perpendicular to the fayd 
bafe. And the line which is drawen from the angle perpendicularly to the bafe, fhall paffe by che centre 
of the Sphere.. ` 


Third Ci orollary. 


T he perpendicular line Which is drawen from the centre of tbe Sphere to the bafe of the pyramis, 
is equal to the fixt part of the diameter of the Sphere. : ; 


For it is before proued,that the line M H (which is drawen from the centre of the Sphere to the cen- 
tre of the bafe ) is equal! to the line NC: which line N C is the fixe part of the diameter A B, and ther- 
fore the line M H is the fixe part of the diameter of the Sphere . For the diameter A B is equall to the di- 
ameter of the Sphere, as hath alfo before benc proued. 


q T he 2. Probleme. The 14. Propofition. 


Tomake an otfobedron , and to coprebend it in tbe [phere genen ramely,that 
wherein the pyramis was comprehended:and to prone that the diameter of the [phere is 


in power double to the fide of the oétabedron. 


Take 
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SFN Ake the diameter of the former fphere geuen, which let be tbe line A B : and 
) CAG diuideit(by the ro. of the firft into two equall partes in the point C. And de. 
A 2) Seribe upon the line AB a femicircle A D B.And(by the tr of the firft ) fro 
EME the point € rayfe vp unto the line A B-a perpendicular lineC D „And draw a 
ve right line from the point D to the point B . And defcribe a Square EF GH' 
hauing exiery one of his fides equail ta theline B D.--~’ n ee 
and draw the diagonal lines FH cy EG, cutting the 
one the other in the point K. And (by the 12. of the 
elenereth from the point K (namely the point where 
thelines FH and EG cut the one the other ) rayfe 
up to the playne fuperficies,wherein the {quare EF- 
GH is,a perpendicular line K Land extend the, 
line K L onthe other fide of the. playne fuperficies 4g 
tothe point M. And let eche of the lines K Land d 
K M beput equall to one of thefe lines K E,K F,K-'^ i 
H or K G:And draw thefe right lines lE, LR, L- ` ' 
Frifi part ofthe G,L H,M E,M F,M Gand M H. Now forafmuch : 
demonfirations, as she line K Eis ( by the corollary of the:3 4. of the 
z fir equal to the line K Hand the angle* EK H is 
rusa A7ight angle,therefore the [quare of AE is double. 
Kareeguallte tothe fanare of EK by the 47.0f the firft : Agayne 
fewer right as- forafmuch as the line LK is equall tothe line K E 
en d by pofition, andthe angle LK E,is by the fecond 
Isaf obe fips. iffinition Uf the elénantDya right angle : therefore" 
and thofe «un^. tbe (quare of sbeline E Lis doubleto tbefquareof ` 
Ie < -the line E K: and it is proued that the quare of the 
therby rhed.of Hine HE, is douple ta the fquare of the line EK. 
she fofl-and Wherefore the [quare of théline LE is equall to 
shereforeech' she fauare of the line EH . Wherefore. alfo the line 
WIENER LEi equall tothe Hine E H . And by the fame rea- 
fon th lige LH is alfo equall to the fine H E. Wherefore the triangle L H Eis equilater In 
like fort-maayzive prouc that euéry one of the rest of the triangles whofe bafes are the fides of 
tbe [quive E F G Hand tappe the poenves L aid Mare equilater. T he fayd eight triangles 
alfo ave equall the one to the other for exery fide of eche ts equall to the fide of the [qare E- 
F GH. Wherfore there is made an octohedron cotained under eight triangles whofe fides are 
equall.Now it is required to comprehend it in the [phere genen, and to proue that the diame- 
ter of the [phere isin power double to the fide of the oltobedran, 
aba Forafimuch as thefe three lines L K,K M,and K E are equall the one to the other, ther- 
icut tennis, fire a femicircle deferibed upon the line L M [hall paffe alfa by the point E. And by tbe [ame 
reafon,if the femictrcle be turned round about , vatill it returne vate the felfe fame place 
from whence firft it began to be moued, it [bal paffe by the pointes F,G,H,and the octobedron 
[hall be comprebendedin a [phere-Yfay alfo that it is comprehended in the [phere geuen . For 
forafmuch asthe line L K is equal to the line K M, by pofition,and the line K E is common 
to them beth.and they contayne right angles by the 3 .diffinition of the clenenth,therefore( by 
the 4 ofthe firft)the bafe L E isequali to the baft E M . And forafmuch as the angle LEM 
is aright angle,by the 31 of the third ;for it is in a femicircle, as hath bene proued, therefore 
tbe [quare of the line L M is double to the [quare of the line L E by the 47 of the firft. Againe 
forafmuchastheline AC is équatl to the line B C,therefore the line A B is double to tbe line 
B C,by the diffinition ofa circle. But as the line AB is to the line BC, [ois tbe Mer of the 
ne 
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line A B to the (quare of tbe line B D by the corollaries of the 8.and 20.9f the fixt., Where. 
fore the fquave of the lineA Bis double to the {quare.of theline B D . And it is proued that 
the [quare of the line L M is double to tbe quare of the lint, E Wherefare the [quareof' the 
line B D is equall to the fquare ofthe line LE. For the lineE Havbich is equall t the line 
L F, is put to be equall to the line DB. Wherefure the. {quare of the lined Bas equall ta the 
Square of the line L M Wherefore the line A B is equall to the line L M „And the line A B is 
thediameter of the [phere geuz wherefore the line L Misequalk to the diameter of the [phere 
geuen Wherefore the o€toedron is contayned in the (phere genen: * and it js alfo proned that 
the diameter of the [phere ts in power double to the fide of the oltohedron.Wherefore there is 
made an ottobedron,and it is comprehended in the [phere geuen wherein was comprehended 
the Pyramis:and it is proued that the diameter of the [phere 1s in power double to the fide of 
the ottohedrn:which was required to be doone,and to be proued. 


Certayne Corollaries added by Fluffas. — * 
* Firſt Corollary. ; x 


The [ide of a Pyramis isin power fefguitertia tothe fide of an octohedvon infivibed in the fame 
Sphere. * 

For forafmch as the diameter is in power double to thé fide of the otohedron, therefore of what 
partes che diameter contayneth in power &.of the (ame, the fide of the oCtohedron cótayneth in power 
3:büt of what pattes the diameter contayneth 6.ofthe (ame, the fide ofthe pyramis contayneth 4. by 


the 13.oFthisbooke . Wherefocé o£ what parces the fide of the. pyramis ¢ontayneth 4. of the fame the 
fide of thc octohedron contayneth 5. ' 


Second Corollary. 


An oftobedron is denided into two equall and like Pyramids: 
^ed eo opuesto soam us o Y uses 


— The comman bafes of thefe Pyrdmids are.fer vpon euery {quate contayned of the fides of the oc- 


* For the ‘fosare 
of the line AB; 
which ss proned 
equall to the 
Square of the 
line L Mys dou- 
He ro the fguare 
of che line BD, 
which is alfo c~ 
gaall to the 
[quore of tie 


line LE, f 


This Corelary 
the 6, propos 


"tohedron, vpon which Íquare are fet the'X, triangles of the o&ohedron : which pyramids are by the 8. fA effbe 14. : 


* difinitioh oftheveleuenttrequaltahd like; And che forefayd (quàre common to thofe Pyramids, is the 
Ghalfe of the fquare ofthe diamccerof he Tphére for itisthe fquarc ofthe fide of thé o&tohedron. 
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The three diameters of the otohedvon’ do cutee the one the other perpendicularly into twoequalt 
parts in the center of tbe {phere which.contayneth the fayd oftobedron. ; 
ACEITE 





peed US OU Agri As os ; ` ; 
manifett by the three diameters E.G, F H, and LM which cutte che one the other in the 
equally and perpendicularly, — A I . 

Way GVO Me e Tee e E 

co E Tbe js. Probleme, — The 1s. Propofition. 


3 ASMM 


ew Tomake a folide called a blood to comprehend it in the {phere genen, 


/ namely that Sphere wherein the former two folides were comprehended: and to proue that the 


. diameter of tbe fpheve ,is in power treble tothe fide of the cube. 


AAT ; 





ae Ake the diameter of the {phere geuen, namely, A B,and diuide it in the point C.so 
INE that let the line AC be doubleto the line 5C by the 9. of the fixe. And upon the 
Xni, line 


boote after 
Campane, 


Firft part of the 
demonffratign. 


Second part of 
dbe Conf ralib- 
Second part of 
she demonfira- 
sun, 


* Byrher. Af- 
femps of tbe 13. 
ef chis booke. 


Third part of. 
she demonlra- 
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line AB defcribe a femicircle A D B. And(by the 11.0f she fir lt ) from the poynt C ragfe up 
unto the line AB a perpedscular line C D..And draw aright line D B. And defevibe a {quare 
-E F GH, haning encry one of bis fides equall ` 
to theline D B,And from the pointes E,F,G, >w > D 
H,rayfe up ( by the 12. of the eleuenth ) unto 2 
‘the playne fuperficies of the [quare EF GH 
perpendicular lines E K,F L,G M, apd H N: 
and let euery one of tbeliaes E K,F L,GM, 
and H N beput equallto one of the lines E F, 
FG,GH ,or H E which are the fides of the 
Jquare, and draw theferight lines K L, LM, A c B 
M N,and N K. Wherfore there is madea cube i x G 
namely F N_which is contayned under fix e- 
quall {quarcs, Now itis required to compre- 
hend the fame cube in the [phere geuen, and to 
proue tbat y diameter of the [phare is in power 
ble t0 the fide of the cube. Draw thefe right 
dines K G and EG . And forafmuch as the an- 
gle K EG is a right angle, for that the line K- 
E is eredled perpendicularly to tbe playne f u- 
perficies EG „and therefore alfo tothe right 
line EG , by the 2. diffinitid of the eleuenth, 
wherefore afemitircle decribed upon the line 
K Gfhall*paffe by the poynt E. Agayne for- 
afmuch astheline F G 1s erected perpendicu- 
larly to either of thefe lines F L and F E,by z 
the diffinition of a quare, er 4 — — 
tion of the eleuenth, therefore the line F G is erečted perpendicularly to the playne fuperficies 
FK T the 4.of the eleuenth.Wherefore if we draw VP line fo thet SACR — 
K the line C F fhall beeneéted perpendicularly to tbe line K F,by the 2. iffinition of. he ele- 
sentb And by the [ame rea[on agayne a femitirclede[cribed vpon the line OK Jhall pafe alfo 
by the point F. And likewife fhall it pafve by the reft of the pointes of the angles of that cube.I 
j er nef gles of If 
nor the diameter K Gabiding fixed the femicirale beturned round about untill it returne 
into the felfe fame place from whence it began firft to be moued, the cube fhalbe comprehéded 
in a fphare.I [ay alfo that it is comprehended in she [phere genen. 

For forafmuch asthe line G F is equall to the line E and the angle F is aright an- 
gletherefore the [quare of the line E G is by the a7. of thefirfl duuble tothefquare of tbe. 
tine E F.But the line E Fis equdll tothe line EK . Wherefore the Square of the line E Gis 
double to the fquare of the line E K Wherfore the [quares of E G and E X that is tbe quare 
of the line G K,by the 47.of the fir flrane treble to the {qnare of theline EK . And fora{much 
as the line A Bis treble to the line B C,but asthe line A B istotheline BC , fois the [quare 
of the lene A.Bto the [quare of she line B D , by the corollaries of the 8.and 20. of the fixt. 
Wherefore the fqnare of the line A Bis treble to the {quare of the line B D. And it is prowed 
that the fquare of the line G K is treble to the fquare of the line K E, andthe line K F is pt 
equallto the line B D Wherefarc the líne K G is alfo equall to tbe line AB. And the line AB 
as the diameter of the [phere geuen . Wherefore the line KG is equallto tbe diameter of the 

Sphere geuen Wherfore the cube is coprehtded in the [phere geuen: andit is alfo proned that 
the diameter of the Sphere is in power treble to the fide of the cube : which was required to 
be doone,and to be proned. I 
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x: An other demonfttation after Fluffas. 


Suppofe that the diameter ofthe Sphere geuen in the former Propofitions, be the line AB. And 
Jet checenter be che point C, vpon which defcribe a femicircle A D B . And from the diameter A B 
cut ofa third part B G, by che ».ofthefixt. And from the point G ráife vp vnto the line A B a perpendis 
cular line D G, by the 11. of the firit, And draw thefe right lines D A,D C,and DB. And vato the righs 
line DB putan equallrightline'ZI: ‘ 
and vpon the line ZI defcribe a fquare D 
EZIT . Andfró the pointes E,Z,I,T; 
erecte vrito the füpeificies E ZIT per- iN 
pendicularlines EK,Z H,IM, T N(by 


the 12. of che eleuenth): and puteuery 
one of thofe perpendicular lines equall 
to thelineZI. Anddrawethefe right — ; 
lincs KH, HM, M N,and N K, ech of 
which fhall be equall and parallels to 

4 


— — 


the line ZI, and to the relt of the lines 
of the fquare by the 33.of the firft.And 
moreouer they fhall containe equall 
angles(by the 1o.of the eleuenth): and 
therefore the angles are rightangles, — p: 
for that EZIT is a fquare : wherfore fS 
che relt of the bales (hall be fquares. 
Wherfore the folide EZITKHMN 
being cótained vnder 6.equallíquares, 
isa cube, by the 21. definition ofthe 
eleuenth. Extend by the oppofite (ides 
KEand M I of the cube,a plaine KE I- 
M : andagaine by the other oppofite 
fides NT and HZ, extend an otüer 
plaine H Z 'T N.Now forafmuch as ech 
of thefe plaines deuide the folide into 
two equall partes, namely, into two 
Priímes equall and like ( by the 8. defi- 
nition of the eleuenth) : therfore chofe 
plaines fhall cut the cube by the cen- 
tre, by the Corollary of the 39. of the 
eleuenth. Wherefore the cómon fc&ti- 
on of thofe plaines fhall paffe by the 
centre:Let that common fedion be the 
line LF. And forafmuch as the fides 
H N and KM of the fuperficieces K E~ 
IM and HZT N do diuide the one 
the other into two equall partes, by 
the Corollary of the 34. ofthe firlt, and fo likewife do the fidesZ TandE1: therefore the common 
fection L F is drawen by thefe fe€tions, and diuideth the plaines KEIMandH'ZTN intotwo equalf 
partes, by the firit of the fixe : for their bafes are equall, and the altitude is one and the fame, namely, 
the altitude of the cube . Wherefore the line L F thal diuide into two equall partes che diameters of 
his plaines, namely, the right lines KJ, EM, ZN,and NT, which are the diameters of the cube. Wher= 
fore thofe drameters fhalf concurre and cut one the other in one and the felfe fame poynt, let the fame 
be O.Wherfore the rightlines O K, O E, O I, OM, OH, O Z, O T, and O N fhall be equal! the one 

to the other, for that they are the halfes ofthe diameters of equalt and like rectangle parallelogrames. 

Wherefore making the centre the poiut O, and the {pace any of thefe lines OE, or O K.&c.a Sphere 

defcribed, thall paffe by euery one of the angles of the cube,namely,which are at the pointes E,Z,1,T; 

K,H, M,N by the 12.definition of the eleuenth, for that ali the lines drawen from the point O to the an- 

gles of the cube are equall . But the right line E I containeth in power the two equall right lines E Z, 

and ZI, by the 47.of the firlt. Wherefore the fquare of the line E Iis double [to the {quare jof theline 

ZI. And forafmuch as the right line K I fübtendech the right angle K EI (for thar che right line K Ejis 

eze&ted perpendicularly to the plaine fuperficies of the right lines E Z and Z T(by the 4.of the eleuéth): 

therefore the (quare of the line K I is equall to che fquares of the lines E I and E K,tbuc the {quare of the 

line E Lis double co the {quare of the line E K (for it is double to the fquare ofthe line Z Las hath bene 

proued, and the bales of the cube are equall fquares ) . Wherefore the (quare of the line KI is triple to 

the fquare ofthe line K E, that is, to the fquare ofthe line Z1. Dut the right line ZI is equalt to the 

right line D B, by pofition, vnto whofe (quare the (quare of the diameter ÀB is triple, by that. which: 

was demontlrated in the 13.Propofition of this booke. Wherefore the diameters KI & D B are equall.. 

Wherefore there is defcribed a cube K Iand it is comprehended in the Sphere geuen wherin the other 

 NNDaRo o! folidee 
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folides were contained, the diameter of which Sphere is:the'line AB... And the diameter K lor AB of 
the fame Sphere, is proued tq be in power triple to the fide of the cube,namely, co the line D B, or ZI. 
Brev a . 





q Corollaryes added by. F/u/fas. 
% Firft Corollary. 


Hereby tr is manifef, chat Nee diameter of a Sphere contamerh in power thefides both of apyra- 
mis and of a cube infcribed init. : 

For the power of the fide ofthe pyramis is two thirdesof the power ofthe dian:eter ( by the r3.0f 
this booke ) . And the power ofthe fide of che cube is , by this Propofition, one third ofthe power of 
the fayd diameter. Wherefore the diameter of che Sphere contayneth in power the fides of the pyra- 
this and of thc cube.. 


Second Corollary. 


AN the diameters of acnbe cut the one the other into two equall partes in the centre of the phere 
which containeth che cube . Andmoreouer thofé diameters doin the felfe fame point cut into two e- 
gual partes she right lines Whéch soyne together the centres of the appofite baſes. 


i I 
As itis manifeht co fee by the righe line L O F. For the angles L K O,and F L O, are equall, by the 29. 
of che firft : and it is proued, chat they are contained vnder equall fides + Whercfore ( by the 4.of the 
firft) the bafes L O and F O are equall . In like fort may be proued,that the relt of the right lincs which 
doyae together the centres of the oppolice bafes do cut the one the other into two equall partes in the 
centre O. 


q Ihe 4.Probleme. ., The 16. Propofition. 


To make an Icofahedron and to comprehend it in the Sphere geuen ,where 
in were contained the former folides, and to prone that the fide of tbe Ico» 
Jahedron is anirrationall line of that kinde which is called a le/Se line. 


By Ake the diameter of the Sphere,namely, the line AB: and deuide it inthe 
point C, fo that let she line AC be quadruple tothe line C B, by the p. of the 
fixt.And defcribe vpo the line A B a femicircle A D B.And(by the 11.0f the 
fir it) from the point C raife vp untotheline A B a perpendicular line C D. 
ó © Andaraw a rizht line from the point D to the point B . And defcribe a circle 
EFGH K whofe line from the centre (which let be the point Z ) tothe circumference, let 
beeguall to the line DB. Aad inthe circle E F GH K deferibe (by the v1.of the fourth) an 
eqislater and equiangle Pentagon figure: EF GHK . And dewide the circumferences EF, 
F G,GH,H K,and K E, into two equall partes in the pointes L,M,N,X,0. Draw alfo thefe 
righs linss LM, M N, NX,XO, and O0 L : and moreouer thefe linesO E,EL,LF,F M, 
MG,GN,NH,HX,XK, and K O, and they (hall be the fides af an equilater decagon in- 
feribed inthe circle E FG H K, bythe 29.0f the third. Wherefore the figure LM NXO 
is an equilater pentagon, by the 29.0f the third,andtheright line E 0 is the fide of a decagon 
or ted angled figure. Raife up. (by the 12.0f the elenenth) from the pointes E,F,G,H,K and 
the centre Z,unto the plaine [uperficies of tbe cirele perpendicular lines E P,F R, G 5, H T, 
KV, and ZW, and let ech of them be pat equall tothe line drawen from the centre of 
the circle E F G H K, to the circumference, namely, to the line Z E. Whereforeright lines 
drawen fromW to P, fromW toV ,fromW toT ,fromW toS, from W to R, fhall be equall 
and parallels to right lines dramen from Z to E, from Z to K, from Z to H, from Z toG, 
and from Z to F, by the 6.and 7.0f theelenenth, and 33. of the firft . Wherefore the plaine 
ſupenfcieces E F GH K, and P RST V,which are extended by thofe parallel lines, are oe 
ra 
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rallel fuperficieces, by the 13.0f the eleuenth. Wherefore making the centre the point W, and 
the pace W Por WV, defcribea circle, and it {hall pfe) the pointes T ,S,R, and fhall Le 

equallto the circle E F G H K . For the femidiameters of eche are equal. And drawe theft. 
right lines P R,RS,ST,T V,V P,and they Jhall make a pentagon, whofe fides fhall be e- 

quallto the fides-of the Pentagon O LM N X,by the 29.0f the firit . For ech of them doth 

fubtend two fides of the decagon, or — 

the fift part of equall circles. From 
the upper pointes P ,R,S,T ,V,dvam 
shefe lines P O,P L,RE,R M,S M, 
SN,TN,TX,VX,VO: which 
hall fubtend right angles co:ained 
under the fides of the decagon EL- 
F:MGNHXKO , andthe per- 
pendicular lines PE , RF, SG, 
TH,FK. 








Now forafmuch as tbe perpendicular lines P E, R F, $ G, T H,and V K, are pute- Void part ofthe 
quallto tbe line Z E drawen from the centre, therefore they are equall to the fide of an equi» — 
later hexagon infcribed in tbe famecircle (by tbe Corollar of the 15. of the fourth). Where- 
forethe right lines PO, PL,¥O, andV X ( which fubtend the right angles contained un- 
der thofe perpendicular lines and the fides of the decagon) containe them in power,by the 47. 
of the firft . But the fide of a pentagon (namely, the fide E 0 or PV ) containeth in power the 

fides of an hexagon and of a decagon infirthed in one and the felfe fame circle, by the 10. of 
NNy.iy. ths 


Second part of. 
the cifirmttion. 
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this booke “Wherefore she [ubtending lines P 0, P L, P0, V X, T X, T N SNS MRM,- 
RL, cantainic in power the [tfe fme quare that the fides of. the pentagon\0-L MN XK con- 
taine, or thas the fides of the pentagon P RS TV containesand therefore thofe [nbtending , 
lintsare equallto the fides of the foréfaid. pentagons . Wherefore the triangles contained of , 
thofe fubtending lines and of the fides of the pentagons, and which are ten in number ,name- 
Wy, PLO,OVP,VOX,VXT,TXN,TNS,SNLM,S MUR, R ML, and RLP, 
are equilater. Againe produce the right line ZW on either fide to the points Q cy ¥ and un- 
tothe fide of the decagon,namely,to the line O E,put the lines- Z Y and W Q equal. And for- 
afmuch as theright ine QY isere- tA a 

Ged perpendicularly tothe plaine fu- ) — — Nt 
perfeics 0 L M N X, therefore tt is S ‘ uva tees 
alfo eretfed perpendicularly to the o- i 
ther plaine fuperficies P RST V,by 

the Corollay of the 14.0f the eleweth. 





And drame thefe right lines 9 P, — CONS : 
27,97,95, ELR : and thefe 
lines alfo TL, YM, ING Y X, e —À —— — N 


E \ 
amd Y 0, Wi DUE SE S 


^i * ML 





3 Now farafmuch as the lines QP, 9r, Q T, Q S, and 9 Rdoeche fubtend right an- 


second part of gles contayned under the fidcs of an equilater hexagon cx of an equilaser decagon inſcribed 
the demiftratii» in the circle P R$T V or inthecircle E FG H K(which two circles are equall) therfore the 


Jed lines ave eche equal to the fide of tbe pentagom in[cribed in tbe forc[ayd circle by the a 
: i s 
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of this booke,and are equall the ons to the other by the4.0f the fir? (for all the angles at the 
poynt which they fubtend are right angles) Wherefore the fine triangles QPV, QP R, 
QRS, QST and QT V wich are contayned under the (ayd lines 9 V, P,9 R,Q S, 
QT and under the fides of the pentagon V P RST, are equilatcr, and equal to the ten for- 
mer triangles. And by the fame reafon.the fine triangles oppofite unto them, namely, the tri- 
angles TM L,Y M N,T NX,T XO,and YO L,are equilater and equal to tbe faid ten triangles. 
For thelines 1 L,Y MyY NY Xyand Y. O dofubtend vightangles cótayned vnder the fides 
of an equilater bexagon and of an equilater decago infcribed in the circle E F Gt K which 
s; equall totbe circle P R$T V. Wherefore tbere is defcribed a folide contayned under 
zo.equilater triangles. Wherefore by the last diffinition of the eleuenth there ts defcribed an 
Icofabedron. 

Now it is required to comprehend it in the [phere genen,andto proue that the fide of the 
Jcofabedyen te an irrational line of that kinde which 1s called a leffe line . Forafmuch as the 
line Z Wi the fide of an hexagon,cy the line W Q isthe fide of a dceagon, therfore the line 
Z Q is diuided by an extreme and meane proportion in the point W, and bus greater feam£t 
is ZW (by the 9 .of the thirteth) Wherfore as the line Q Z isto the line ZW fo ú she line Z- 


W to the line W Q.But the Z Wis equall tothe line ZL by conftrultion, andthe lineW Q, 


10 tbe line ZY by conftruction alfo:Wherefere as the line QZ ts tothe line Z L,fo ws the line 
Z Ltotheline ZY ,and the angles 9 Z Land LZY are right angles (by the 2. diffinition 
of the elenenth): If therfore we draw aright line from the poynt L tothe poynt Q ,the angle 
TLQ fhalbe aright angle,by reafo of the likenes of the trianglesTL Qand ZL Q (bythe 
3.of the fixth) Wherforea femicircle defcriked po tbe line Q Y fhal paffe alfa by the point 
L(by the affumpts added by Campane after the 13.0f this booke). And by the fame reafo al- 
Sofor that as the line QZ ts the line Z W fo i the line ZW tothe line W Q,* bus the line 
Z Q i equallto the line Y W and the line ZW to the line PW : wherefore as the line YW 
is to the line W P fo ú the line PW tothe line W Q And therefore agayne if we draw aright 
linc from the poynt P to the point T,the angle Y P 2_fhalbe a right angle. Wherfore a femi- 
circle defcribed vpon the line QY fal, suff alfo by the point P by the former affumpts: & if 
the diameter QY abiding fixed the fercircle be turned round. about, vntil it come to the 
Selfe fase place from whence it began firft to be moued,jt hall paffe both Ly the point P , and 
alfo by theveft of the pointes of the angles of the Icofahedron , and the lcofahedron fhalbe 
comprehended in afphere.1fay alfa that it 1s contayned im the fere geuen. 
Diuide(by the 10.0f the firft the line Z W into two equal parts in the point a. And for- 
mach as the righi line Z Q y diuided by an extreme and meane proportion in the point 
Wand his teffe fegment is QW therefore the fegment QW hauing added unto it the halfe 
‘of the greater fegment, namely, the line W a,1s (hy the 3.of this bouke)in power quintuple to 
she [quare made of the halfe of the greater fegment : wherefore the {quare of theline Q a is 
quintuple to the fquare of the linea W.But unto the fquart of the Q 4,the [quare of the line 
QI is quadruple (by the corollary of the 20. of the fixth ) for the line QY is double tothe 
line  4:and by tbe fam veafon nto the [quare of. tbeW A tbe fquare of the line ZW is 
quaelruple : Wherefore the [quare of the line Q Y ts quintuple to the [quare of the line ZW 
(by the ry.of the fiueth). And forafmuch as the line AC, is quadruple to the line C B , there. 
fore the line A B is quintuple tothe line CB. But as the line AB w to the line BC , fo é the 
quare of the line A B to the fauare of theline B D (by the 8 of the fixth, and corollary of the 
20.0f the fame). Wherfore the (quare of the line A B is quintuple to. tbe (quare of the line B- 
D. And it isis proued that tbe [quare of the line Y t quintuple to the (quare of the line 
ZW.And theline B D is equallto tbe line ZW for either of them is by pofition equall to the 
line which is dramen from the centre of the circle E F GH K tothe circumference. Where- 
fire tbe line A B isequallto sbe Y Q.. Dut the line A Bis tbe diameter of 1be [bere geuen: 
Wherefore che line Y Q svhich is proued to be tbe diameter of the [phere contayning the Ico- 
' [abedron 


For the line Q- 
Wai equall to 
the lic Y Z,E8 
phe line E Ws 
commi fo them 
both. 

This part ta 
gene ofter- 
Tarddemen- 


frated by Fluf- 
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fabedron,iveqiall to the diameter of she (phere geuen . Wherefore the: Icofahedvonis contay- 

ned in the (phere geué.Now I fay that the fide of thetcofahedvon ws an irrationall line of that 
kinde which is called a le(fe line.F or forafnauch as the diameter of the [phere is rational, and 
isin power quintuple to the {quare of the line drawen fro the centre of the circleo LM NX: 
wherefore.alfo the line which ts drawen from the centre of the circle LM N.X is rationall: 
wherefore the diameter alfo being comen{urable to the fame liie by the 6 .of the tenth) -#s ra 
tionall.Butsfin.a circle hauing a vationall Line to his: diameter be. defcribedan equilater 
pentagon, the fide of the pentagon s5(by the 11 .of this booke)an irrational line,of that skinde 
which is called a leffe line .But the fide of the pentagon 0 L MN X is alfo the fide of the Ico- 
fahedron de[cribed,as hath before ben proued. Wherfore the fideof the Icofahedri is an itra- 
tionall linc of that kinde which is called a leffe line . Wherefore thercis de{cribed an Icifahe- 
dron and it is contayned in the (phere geuen, and tt is proued that the fide of the: Icofa- 
hedron is an irratjonall line af shat kind which wcalled aleffe line. Which wasrequiréd to 
be done,and to be proned. 


A Corollary. 


Hereby it is manifeft that the diameter of the fp here ,is in poiver quintuple 
to the line whith ts drawen from'the-centre of the circle to the circumference an 
which the Icofahedron is defcribed.And thac the diameter of the fphere is coma 
pofed of the fide of an hexagon ,and of two fades of a decagon-defcribed in one 
aud tbe felfe fame cir cle. n 


Fluffas proueth the Icofahedrou defcribed,to be cótayned.in afphere;by.drawing 
right lines.from.the poynt,a,ta the poyntes P and G after this manen, LUE 
"Foral much as the lides Z W,W P are put equal to.theline drawen from the centre to che cirtüin- 
ference,and the'linedrawen from-che-centre to ‘the circamferebce is double to che linea W by'con- 
ſtruction: therefore thelne W Pasalfo doable ta thefame linea W. Wherefore chefquare of che ine 
W P is quadruple to'tkhe{quare ofthe linea W(by the-corollary of theao.of the fixth).And.thofe lines 
P Wand Wacontayniig a right angle P W a (as hath before bene proued)are fabreadedaf hé’tight 
dine a P:Wherefore-(By the 47.0f the firft ) the line a P contayneth in poWer the lines P-W } aad Wa. 
Wherefore the right line a P isin power quintuple co the line. W a.Wherefore the rightmes 3 P,and 
a Q being quintuple to one and the fame line W a,are(by che 9:0f the fiueth )equall . In like {oreé alfo 
may we proue that vato thofelinesa P and a Q are equall thereit bFrhe. lines drawen from the poyne 
"ato the relt of the afigles R,S,T3V. For cheyfibrend night angles contayned of the line W a,and of the 
"lines drawcn from the cemtre to the circumference . And forafmuch as vato the line W à is equall the 
Jine V a, which islikewife eretted perpendicularly vnto the other plaine fuperficies O L M. N.X: tferc- 
orelines drawen from the point a tó the angles'O; LM,N, X and lübtending rightangles t chegoint 
‘2 contayned ‘vnder Jines drawenttrd the'centre to the circumfersnce,aad vnder the line 2Z are équil 
not onelpthe one to the other,bacalfo tq the lines,drawen fr the fayde poynca,td the former angles 
-at the poynts, P,R, S,T,V,. For the lines drawen fré the centre to the circumference of ech circle are 
equalk& the linea W is equallco the linea Z.Bue the line aP is proued equal to the linea Q , which 
ts the halfeof the whole Q‘Y. Therefore therefidue a¥ is equall tothe forefaydlines'a P,a Q’&c. 
" Wherefare making the centre the poyat.ajand the {pace one of hole linesa Q,a P, &cc.extende the tu- 
perficies of a (phere, & it thal touch the 12,aagles of the Icofahedson, which are at the poinses.O,L,M. 
N,X,P,K,S,7,V,Q.Y: which phere is de{cribed,if vp6 the diameter Q Y, be drawen a femicircle,and 
the fayd femicircle be moued about, tiflic reeurne vnto che fame placefrom whenfe it began firft to be 
moued. $ I — VE 


vA C orollary added by Fiuffas. - 


The oppofite fides of an Icofahedron are parallels.For the diameters of the {phere do fall vpon the 
oppofite angles of the Icofahedronsas it was manifeft by the right line Q Y . If therefore there be ima- 
gined to be drawen the two diameters P N,and O M they fhall concurrein the point F: wherefore the 

tight lines which ioyne them together,P V,and E N,are in one and the felte fame playne ſarecheiec· 
the 
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thes.ọf the cleytench’, And fórafmuch as thc alternate angles at che endes ofthe-diamerers are equall 
(by the 8.of elfe fielt) : for the triangles contayned vnder equall femidiamecers and the fide of the Ico- 
fahedron arc equiangle: thzrefore ( by the 8.ofthc firft)che lines P V and LN are paralles, 


ff T be s. Probleme. The 17. Propofition. 


To make a (Dodecabedron , and to comprebend it in tbe fbhere geuen, 
wherin were comprehended the forefayd folides:and to prone that the fide 
of the dodecahedron is an irrationall line of that kind whichis called a ree 
fiduall line. 


ER two playne fuperficieces or bafes of the fovefayde cube, which let be the two 
n) 


Jquares A B CD and C BEF , cutting tbe ope the other in the line BC per- 
pendicularly according 1a the nature of a cube. codnd (by the ro.of thefirfl) di- 
uide enery one of the lines A B,BC, C D, D A, E F, E B, and F C into two equall partes in 
the poyntes G, H, K, L, M, N, X.And drame thefe right lines G K and H L,cutting the one 
the other in the point P and likewife dram the right lines M H and N X cutting the one the 
other in the poynt O. And diuide euery one. of the[e right lines NO, O X , H P,and LP, 
by an;extreme and meane proportion in the | — 
points R,S,T ct, and let their greater fegments 
be RO,OS,T P,andP &. And ( bythe 12.4f 
the eleuenth ) fra the poynts R,O, 5, rayfe vp 
to the outward part of the playne fuperficies E- 7. o 
BCF of the fore{ayd cube, perpendicular lines | 
AV ,01 G S Z: and let echeof tbofe perpedi- . 
cular Vines be equall to one of thefe lines RQ, .. 
OS or TP , which perpendiculars [halbe paral- 
lels ( by tbe 6. of the eleuenth), and likewife 
from tbe pointes T ,P 8, vayfe vp vnto the out- `- 
ward part of the playne fuperfictes ABCDof . 
the fazd. cube thefe, perpendicular lines T W, 
PA, and & Leche of which perpendicular lines 
pee equal élfà xo the line O S, or Ror T P: 
and tbe[ayd yerpendienlars foalbe parallels (by . 
shefursfayd 6. of the eleuenth) -- And draw 
chefevight lints KH, HWBIVVC,C Zand 
\CB .cNom 2 fay phat the pentagon figure o 
KBW CZiseguilater and ip one and thefelf | 
fires plaine: foarficies , and moreouer mequs- 
vingk. Dres thoe right lines T B,RB, and 
SB ry Avid forafmiich as the right line N o i 
divided by an extreme and meane, Proportion in 
cbe poynt R, and his greater fegement js the line 
R Ontherefore the fquare of thefiries N 0 and NCR are treble to the  fquare of the line RO 
(by the g.0f this booke). But thelineo N & equallto the line NB, and thelineO R tothe. 
tine RY Wherefore the {quares of the lines B Nand RN are treble to the {quare of the line 
AV. But nto tbe {quares of the lines BN Land NR is equall the (quare of the line BR 
(5 the 47. of the firft) . Wherefore tbe fquare of the line B Ris treble tothe fquare of tbe 
line RV. Wherefore the fquares of the lines B Rand RV are quadruple to the {quare of 
the line RV But ymo the fquares ofthe lines BRand RV isequall in Square of the line 
BY 





000.3. 
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BY (by the 47 of the firft):for the angle B RV is aright angle ( by the 2. diffinttion of the 
cleuenth) Wherefore the {quare of the line BV 1s quadruple to the fquave of the line V R. 
Wherefore the line BV is hae to thethe line RV(by the Corollary of the 20.0f the fixth). 
And the line Z V is alfo double to the line RV( for* that theline S R 0 double to the line 0- 
R, that is,t0 the line RV which is equall to the line OS). Wherfore the line BV ts equall to the 
lineV Z . Andforafmuch as tbe two lines BN. 2 . 

and N Rare equall to tbe two lints B H and Hl- 
T ynamely,the wholes and tbe leffe ſegmẽts, and 
they comprehend right angles, namely, of the 
fauares,B O and B P, therefore (by the 4.of the 


afmuch as the lines B Rand B T are equall,and' . 
the two lines RV ; ànd T W ae alfo by tonflru- 
lion eqnall and ibe angles B RV, and B TW. 
are by [nppofition right anglestherefore againe - 
(by the ¢.of the firff the bales BV and B W are 
eqnall : but the line BV , wprowed equallto the: 
line VE.Wherfore the line BW is alfo equall to 
the line V Z. In like fort alfo may we proue that. - 
either of tbefe lizesWC,CZ is egual to the fame. 
line V Z Wherefore the pentagon figure BY Z- 
CW ù egquilater. ? 
Now Ufay that it is in one and she [elf [ama 
playne fuperficies . Fora]Jmuchas the line Z V is 
a parallell to the line S R(as was befare proucd) . 
but unto the Jame line S R, is theline CB a 2 
parallell( by the 28:0f the firft) . Wherfore (by. 
the p ofthe eleuenth ) tbe line V Z is a parallell 
tothe line C B.Wherefore, by the feutth of tbe ez j v 
lenenth,the right lines which ioyne thé together — s z 
are im the fefe fame playne wherein aye the parallell lines. Wherefore the Trapefium BV Z- 
C is in one playne:And the tridngle B WC is in one playne( by the 2.0f theelenenth). Nowte 
prone that the Trapefinm BV ZC & the triangle BWCarein one and the felf [ame plaine, 
we mult prove that the right lines Y H., and W ave made directly ‘one right line: which 
thing isthus proued. Fora ifmuch asthe line H P ts diuided bj an extreme and meane pro- 
portion in the point T,and his greater fegment isthe line PY; therefore x4 theline HP isto 
the line P T fois the line PT tothelineT H.But tbeline HP isequall to the line H O , and 
theline PT toeither of thefe lines T W and 0 1: Whereforeas the line BQ is to the line O- 
Y fo is the line W T to tbeline T H.But tbe lines HO-and TW being fides of ike proportion 
are parallels (by be 6.of the eleuemtb): (For either of them is erected perpendicularly to the 
plaine fuperfictes BD): and the lines T. H and OF uve paraltels, which are alfo fides of like 
proportion, by the fance 6.of the clewenth, (F or either of them is alfe-erelted perpendicu- 
larly to the playne [uperficies B F.) But when there are tmo triangles > haning two fides pro 
péttionallto evo fides Jo fer-vpon one anglesthat their fides of like proportya are alfo parallels 
Cas WrbteianglesT OH and H EW are) whofe thofides, OH dr HT, bengin the two ba- 
fei of thesube making an ancle at the point H,theyides remayning of thofertriangles hall by 
the 3 2:0f the Jixth) be in one right line Wherfore the lines TH Cr HW make both one right 
line-Isut enery right line 1s(by ther-vf the eleuenth)in one cy the felf fame plaine fuperficses. 





"Wherefareaf ye draw aright lintffómBtoT , there fhalbe made a triangle BW TY , which 


ſhalbe in one und the felfe fanre plaine (by the 2.0f the eleuenth) . And therefore the — 
—F is -pentagon 
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pentagon figureV BWC Z isin one and the felfe fameplayne fnpevficies. 

Now alfo 1 ay that it is equiangle.For forafmuch a« the right line NO is diuided by an 
extreame and meane proportion in the point R and his greater fegment OR, therefore “ 
both the lines N O and O R added together îs to the line O N, fo (by the 5. of this booke)ss 


the line O N to the line O R.But the line oO R is eguail to the line OS Wherefore as the line’ 


S Nis to the line NO fo is tbe line N O to tbe line OSWhezfore the line S N is diwided by 
an extreme Aud meane proportion in the point O,and his greater fegment is the lige NO. 
*herefore the [quares of the lines N S and S O arc treble tothe {quare of theline NO ( by 
the 4. of this booke) . But the line N O ts equall tothe NB, and the line SO tothe line SZ: 
wherfore the {quares of tbe lines N $ aud Z S are treble to tbe [quare of the line N B:wher- 
fore the {quares of! tbe lines Z $,5 N and NB,are quadruple to the fquare of the line N B. 
But unto the fquares of the lines SN Gy NB(by the 47.of the firit) is equal the [quare ofthe 
linc $ B: wherefore the [quares of the lines B S and S Z,that 15,the {quare of the tine BZ, by 
the 47.of the firft, (for the angle ZS Bis aright angle by pofitio) 1s quadruple to the [quare 
of the line N B.Wherfore the line B Z is double to the line B N(by the Corollary of the 20.0f 
the fixth) But the line B Cis alfo double to the line B N.Wherefore theline B Zis equal to 
the line BC.Now forafmuch as thefe two lines BY and F Z are equall to ibefe tmo lines B- 
V and W C,and the bafe BZ 1s equall to the bafe B C,therefore( by the 8 of the fir(l the an- 
gle BV Z isequall to the angle B WC. And in like fort ( by the 8. of the firft ) may we proue 
that theangleV ZC isequall to the angle BWC ( proning firft that the lines CB and CV 
are equal: which areproned equal Ly this,that the line N S is equal to the line X R,and ther- 
Jore the line CR is equal to the line D $,by the 47.0f the fir:wherfore alfo Ey the fame y line 
CY is equal to the line BZ, that is,to the line B C(for the lines BC cy BZ are proued equal.) 
Wherefore the three angles BWC,BV Z,andV ZC arc equall the one to the other.But if in 
an equilater pentagon figure there be thre angles equall the one to the other , the pentagon is 
(by the 7.0f the thirtieth )equiangle-waerfore the pentagon BV Z CW is equiangle. And tt 
is alfo proued that it is equilater . Wherfore the pentagon BV Z CW is both equilater Cr e- 
quiangle. And it is riade vpon one of the fides of the cube, namely upon BC.* If therefore 
upon eucry one of the twelue fides of the cube be ufed the Itke conftruttion,there fhal then be 
made a dodecahedron contayned under twelue pentagons equilater and cquiangle. 

Now it is required to comprehend it in the {phere gexen,and to prone that the fide of | the 
dodecahedron is an irrationall line of that kinde which is called a refiduall line. Extend 
the line Y O and let tbe line extended be Y Q: now then the line Y Q_fhall light uppon 
the diameter of the cube,and fhall dinide the one the other into two equail parts . For this is 
manifest to fe by the 39.of the clenenth . ( For if by the two lines NX and M H be drawen 
two playnes perpendicularly to the bafes , and cutting the cube , the common fection of thofe 
playnes [halbe tbe line Y O produced : for their common fettion is from tbe poynt O erefed. 
perpendicularly to tbe plaine E B C F,by the tg .of the clenenth).Let them cut the one the o- 
ther in the point Q wherefore Q is.the centre of the phere which comprehendeth the cube, 
and Y 9 isthe halfe diameter of the {there by that which was demoflrated in the 15. of this 
booke: wherefore the right lines drawen from the centre Q to all the angles of the cube halbe 
equall. And draw aright line from the point V to the point 2. Now forafmuch as theright 
line N Sis dinided by an extreme andmeane proportion in the point O and his greater feg- 
ment is the line N O,as hath before ben proued , therefore the (pre of the lines NS and 
S O arc treble to the {quare of the line N O by the 4.0f this booke.But the line N Sis equal to 
thelineT Q | for the line NO is equal to the line OQ as hath before ben proucd,& the line 
TO tothe line OS) being both leffe fegmentes: but the line OS ts equall tothe line V , for 
theline RO is equall thereunto:wherefore the fquares of the lines Y and YV are treble to 
the [quare of tbe line "NO But varo the (quares of tbelines QY cr TV the fquare of the line 
V Qs equall( by the 47 .of the firit): wherefore the [quare of the line V Q is trebleto the 
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Square of the line NO. But thefemidiameter 
of the phere copreheding the {aid cube is in po- 
wer treble tothe half of the fide of the cube. For 
we haue before(in the 15.0f this booke) taught 
how to make a cube ,and to comprehende it in a 
Sphere,and haue proued that the diameter of the 
Sphere isin power trebleto the fide of the cube. 
Now in what proportio y whole is tothe whole, 
in the fame is the halfe to the halfe( by the1s.of 
the fifth) .But the line NO is the half of the fide 


the femidiameter of the [phere coprehéding the 
cube. But the point Q is the centre of the [phere 
coprehending the cube. Wherefore the pot V, 
which is one of the angles of the dodecahedron, 
toucheth the (uperfictes of the [phere geuen In 
like fort alfo may we prone , that euery one of 
the reit of the angles of the dodecabedron 
toucheth the fuperfictes of the phere. Wherefore 
the dodecahedron is comprehended in the [phere 
geuen. 

Now 1 fay, that the fide of the dodecahedron 
is an irvationall line of that kinde which is 
called a vefiduall line . For forafmuch as tbe 
line NO is diuided b) an extreme and meane 
proportion in the point R, and his greater fegment is the line O R, and the line O X is alfo di- 
wided by an extreme and meane proportion in the point S, and his greater fegment is the line 
OS. Wherefore the whole line N X is diusded by an extreme and meane proportion, and his 
greater fegmens isthe line RS . ( For for that as the line O Nis tothe line O R, fo is the line 
O Rto the line N R, and in the [ame proportion alfo are their doubles ( for the partes of eque- 
multiplices haue one and the felfe fame proportion with the whole, by the 15. of the fifth). 
Wherefore asthe line N X is to the line R S, fo is the line RS to both fhe lines NR and SX 
added together. But the line NX is greater then the line RS, by both the lines NR and S X 
added together. Wherefore the line NX is dinided by an extreme and meane proportion and 
his greater fegment is the line RS . But the line RS is equalt to the lineV Z, as hath before 
bene proued . Wherefore the line NX is diuided by an extreme and meane proportion, and 
his greater fegment is the line V Z . And forafmuch as tbe diameter of the Sphere isratio- 
nall,and is in power treble to tbe fide of tbe cube, by tbe 15. of this booke, therefore the line 
N X, being the fide of the cube, is rationall . But if arationall line be diuided by an extreme 
and meane proportion, either of the fegmentes is ( by the 6.0f this booke) an. irrationall line 
of that kinde which is called a refiduallline . Wherefore tbe line V Z being the fide of the do- 
decabedron,is an irrational line of that kinde which is called a refiduall line Wherfore there 
is made a dodecahedron and it is coprehended in the Sphere geuen, wherein the other ſolides 
mere contained, and it is proued that the fide of the dodecahedron isa refiduall line : which 
fas required to be done, and alfo to be proued. 





q Corollary. 


Hereby it is manifeft, that the fide of a cube being dinided by an extreme 
and 
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and meane proportion tbe greater fegment thereof is the fide of the dodeo 


cahedron , Asit was manifeft by the line V Z which was proued to be the greater fegment 
of the right line N X, namely, of the fide cf the cube, 


A further conftruction of the dodecahedron after Fluffas. 


Foraftuch as it hath bene proued that the pentagon B V Z C W is equilater and equiangle and 
toucheth one of the fides ofthe cube.Leg£ 4s íhow alfo by what meanes vpon eche of the 1:.fides ofthe 
cube may in likc [ort be applyed pentagons iovning onc to the other,and compofing the 12.bafes of the 
dodecahedron. Draw in the former figure thefe right lines A L,I D,1 L, K.Now forafmuch as the line 
P Lwas in the point & divided like yato thelires P H,O N.or O X,and vpon the pointes T,P,Ct,were 
erected perpendicular lines equall vnto the line O Y,and the reft: namely,vnto the greater fegmét:and 
thelines T W and & I were proued parallels , therefore thelines WI and T &are parallels, by the 7. 
ofthe eleuenth;aud 53.of the firft. W herefore alfo, by the 9. of the eleuenth,the lines W Land D C are 
parallels. Wherefore by the 7.of the eleueuth C WI Disa playne fuperficies.And the triangle A I Dis 
a playne duperficies,by the a.of che eleuenth.Now it is manife(t chat the right Lines ID,& I Á are equall 
to the right line W C.For the right lines A L & L & (which are equall to the right lines B H,& H T)do 
make the fubtédcd lines A 7 and B T equall by the 4.of the firft.And agayne forafmuch as the lines B T 
and T W contayne a right angle B T W, as alfo doo the right lines A ét and &I contaynethe right an- 
gle A&I (for the right lines W T , and I & are erected perpendicularly vnto one and the felfe fame 
playne AB C D by fuppofition) . And the fquares of the lines B T and T W are equall to the fquares of 
the lines A & , and & I(forit is proued that the line B T is equall to the line A &, and the line T W to 
theline & I).And vnto the fquares of the lines B T and T W is equall the {quare of the line BW, by the 
47 of the firfl: likewife by the fame vnto the fquares of the lines A Gand & Lis equall the {quare of the 
line A I. Whercfore the [quare ofthe line B W is equall to the (quare of the line A I,wherefore alfo the 
line B T is equail to the line AT. And by the fame reafon are the lines 1D and WC equall to the fame 
lincs. Now forafinuch as the lines A Iand ID, and the lines A L and L D are equall , and the bafe 1L is 
common to them both,the angles AL Land D LI fhalbe equall by the 8.0f the firit: and therefore they 
are right angles,by the ro.diffinitiomof the firlt.And by the fame reafon are the angles W H B, and W- 
H C right angles.And foratmuch as the twolines H T and T W are equall to the two linesL & and &- 
I, and they contayne cquall angles, that is, right angles by fuppofition , thercfore the angles W H- 
T,and I L Gare equall by the4.of the firit. Wherefore the playne fuperficies A I D is in like fore incli- 
ned to the p!ayne [uperficies A B C D,as the playne fuperficies B W C is inclined to the fame playne A- 
BCD,by the 4.diffinition ofthe eleuenth . In like fort may we proue that the playne W CD Lis in like 
fort inclined to the playne A B C D,asthe playne B V Z C is to theplayne EB C F. For that in the trian- 
gles Y O H and Z P K which confitt of equall fides ( eche to his correfpondent fide) the angles Y H O, 
and 7 K P,which are the angles of che inclination,are equall.And now if the right line # K be extended 
to the pointa, and the pentagon C W I Dabe made perfect, we may,by the fame realon, proue that 
that playne is equiangle and equilater , that we proued the pentagon B V Z C W to be equaliter and e- 
quiangle.And likewife if the other playnes B W I'A and A 1D be made perfect, they may be proued to 
be equall and like pentagons and in like fore fituate,and they are fet vpon thefe common right lines B- 
W,W C,W LAI,andI D.Andobíeruing this methode , there fhall vpon euery one of the 12.fides of 
the cube be fet cuery one of the is .pentagons which compofe the dodecahedron. 


«| Certayne Corollaryes added by Flu/fas. 
l 3e Firff CoroMary. 


T be fide of a cube,is equal totbevigbt line which fubrendeth the angle of the pentagon of 8 dodes 
cabedron contayned in one and the felfe fame fphere with the cube. 


For the angles B W C and AID, are fubtended oF the lines BC and AD, Which are fides of the 
Cube. 


gq Second Corollary. 


Jaa dodecahedron there ave fixe fides enery two of which ave parallels and oppofite, whofe fifti- 
ont; into two equallpartes , are coupled by three right lines , Which inthe center of the {phere which 
contaynerh the dodecahedron denide into 1o equall partes and perpendicnlarly both thes felues aud 
alfo tbe fides. 


OOo.j. For 


Draw in the 
former figure 
ehefe lines, 
& 4,6 L, 

& D. 


The fide of 4 
pyramis, 


The fide of 4 
e nbe e. 
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For vpon the fixe bales of the cube are fet fixe fides of the dodecahedron , as it hath bene pro- 
ued (by the lines Z V, W I &c. ) which are cutte into two equall pattes by right lines, which ioyne 
together the centers of the bafes of the cube;as the line Y O produced, and the other like. Which lines 
coupling together the centers of the bafes are three ic number, cutting the one the other perpendicu- 
larly (for they are parallels to the fides of the cube ) and they cutte the one the other into two equall 
partes in the centerf the fphere which contayneth the cube ( by that which was demonltrated in the 
ts.of this booke ).And vnto thefe equall lines,ioyning together the centers of the bafes of the cube,are 
without the bales added equall partes O Y, P #, and the other like , which by fuppofition are equall to 
halfe of the fide of the dodecahedron. Wherefore the whole lines , which ioyne together the fe&oins 
ofthe oppofite fides of the dodecahedron , are cquall , and they cut thofe fides into twb equall pattes 
and perpendicularly. 


Third Corollary. 


~ Aright lne ioyning together the poynes of the feflions of the oppofite fides of the dodecahedron in- 
toto equall partes being dinided by an extrcame and meane preportion : the greater fegment thereof 


Shalbe the fide of the cube, and-the leffe fegment the fide of the dodecahedron contayued in the felfe 
fame phere. I i 


Forit was proued chat theright line ¥Y Q_is diuided by an extreame and meane proportion ia the 
oynt O, and that his greater fegmenet O Q is halfe the fide of the cube , and his leffe fegment O Y is 
b ofthe fidc V Z(which is thefide of the dodecahedron).W hercforc it followeth (by the 15.of the 
fifth) that their doublesare in the fame proportion. Wherefore the double oftheline Y Q wbich ioy- 
neth the poynt oppofite vnto the linc Y,is the whole: and the greater fegment is the double of the line 
© Q which is the fide of the cube: & the lelie fegmenc is the double o the line Y O, which is equal to 
the fidc of the dodecahedron,namely,to the fide V Z. 


EUNT] 


. E y The 6. Probleme. The 18. Propofition. 


; — T'o finde out the fides ofi the forefayd fine bodies, and to compare them 
~'. together. ` J 





Sy: Ake the diameter of the Sphere genen, and let the fame be A B, and diuide ib 
D f poe in the point C, fo that let the line AC be equallto CB, by the 10. of the frf: 
X EEZ) andin the point D ch that let A D be double to DB, by the 9.of the fixt.And 
— Sy REA iss upon the line AB defcribe a femicircle A E B . And from the pointes C and 
Serer ea D,raife up (by the 11.0f the firft) nto tbeline A B perpendicular lines C E 
and DF’. And draw thefevight lines A F, F B, and BE. Now forafmuch as the line A D 
is double to the line D B , thereforetheline A Bis treble to the line D B .. Wherefore the line 
B A is fe(quialter to the line A D ( for it is 4s 3.00 2.).But.asthe line B Ais tothe line A D, 
fois the {quare of the line B A to the (quare of the line A F. (by tbe 6 of thefixt,or by the Co- 
vollery of the fame, and by the Carollary of the 20.0f the fame ) : for the triangle AF Bs 
equiangle to the triangle A F D . Wherefore the {quare of the line. B A is fe[quialter to the 
Jauaxbof the Jine. AF. . But tbedrameter of a [pere is in power fe[quialter to the fide of the 
pyramis,by the 13 of this booke , and wheline A Bis the diameter of she [phere . Wherefore 
the line A F is equall to the fide of the pyramis. 
oli caine forafmilch as the line A Bis treble tothe line B D but as the line AB is to the line. 
B D, fois tbe [quare of the line A B to the [quare of the line F B , by the Corollartes of the 8. 
and 20.0f the fist. Wherefore the {quare of tbe line A B is treble to the [quare of the line F B. 
But the diameter of a [phere is in power tréble tothe fide of the cube ( by tbe 15.0f this booke) 
and the diameter of the (phere is the line A B.Wherefore the line BF is the fide of the cube. 
Y And fora[nztth às tbe line AC is eqiiallto the line C B, therefore the line A B is double to 
the line C B.But as the line AB isto the line CB, fois the fauare of the line A B to the (quare 
of the line B E (by the forrser Corollaries) Therefore the [quare of the line A B is double to 
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the (quare of the line BE . But the diameter of the fphereisin power doubleto the fide of the 
oltohedron, and A B is the diameter of the (phere geueis : wherefore the line B E is the fide of 
the oltohedron . Raife up ( Ly the rr.of the firft ) frowsthepoint A unto the right line AB 
a perpendicular line AG. And put the line AG equall tothe line AB. And drame aright 
Line from tho point G to.the point C~ And let tbe line G C cut the circumference in the point 
H. And ( by the 12.0f the firft ) from tbe paint H drame unto the line AB a perpendicular 
line HK . Now forafmuch as the line G A is double totheline AC (for G A rs equall to 
AB) .ButasG Aisto AC, fois HK to KC (bythe 28.0f the fir it, and Corollary of the 
2.0f the fixt ) : wherefore the line H K is double to the line K C. Wherefore the {quare of the 
line HK is. quadruple tothe (quare ofthe line KC, by the Corollary of the 20. of the fixt, 
Wherefore the [qüares of the lines H K and K C, which are all one wish the {quare of the line 
H C, by tbe 47 of the fir $t, is quintuple to the fquare ofthe line KC . Butthe line HC ises 
quiall to tbe line C B, by the definition of a circle. Wherfore the [quare of the line B C i5 quin- 
tuple to the fquare of the line ò` > à 
CK. And forafmuch as the line 
ABis doubletotheline BC, of 
which theline AD. is double to 
the line D B:.Wherfore the refi- - 
duenamely,B Dis double to the 
refidue,namelysto DC ( by the 
19.0f the fift ) . VV herefore the 
line B C is treble totheline C D. 
Wherefore the fquare ofthe line 
BC is nonecuple to the [quare of 
the line C D, by the Corollary of 
the 20.0f the fixt.But the {quare 
of BC is onely quintuple tothe 
Square of CK . Wherefore the 
* of CK is greater thé the 
jaye D,by on 10. of the 
t. Wherefore alfo the line C K : Se 
oa d — DCFn. ^ K E BE ya — 
tothe lin€C K put by the 2.of the firft ) an equallline C L . And from thepoint L raife vp 
vto tbe line A Ba perpendicular line L M. And drawe aright line from the point M tothe 
pont. Mow forafmuch as the quare of the line C B is quintuple to the qnare of tbe line. 
CK; andthe line A Bis double to the line BC, andthe line KL is double tothe line CK + 
therefore the {quare of the line AB is quintuple tothe {quare of the line. K L, bythe 15.0f 
the fift . But the diameter of a phere is in power quintuple to the line which is drawen from 
the centre of the circle to the circumference on which the Icofahedron is deferibed,by the:Co. 
riWaay. of the 18.of the fixt . And sheline AB isthe diameter of the {phere : wherefore the 
bine KL is the fomidtamiter of the circle on which the Lcofahedron is defcribed . Whereforb 
the line K Lixthe fide ofan hexagon figure defevibed in the fame circle, by the Corollary of 
she 13:0f the fourth. And forafmach as the diameter of the fphere is made of the fide an hex 
agds figure, und of two fides of a decagon being ach of them de[cribed in one and the felfe 
Same ojrele (by the Corcllary.of tbe 16 of this booke) : and the line A Bis tbe diameter of the 
fpe, and theline K Listhefide of the hexagon,and the line A K is equall tothe line L B: 
wherefore either of the linis AK and LB is thefide of adecagon defcribed in the circle on 
which the Icofahedron is defcribed( that is,in the circle whofe.femidiameter is the line K L). 
And forafinuch as the line.L B is the fide of adecagon,and the line M L of an hexagon (for 
M LisequallteK L, for thatitis equal to K H by the s4.of the third, for they are equally 
liſtant 








The fide ^f an 
otlobedron. 
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diftant from he cêntèe, and ech of the lines H K and K Lis double to.K C ) Wherefore the 

2, Hine M Bis the fide of a pentagon,by the 10.of this booke . Buttbe fide af tbe pentazon is alfo 

— 7— the fide pf she Icofahedron, by that which was dn UNO o p. Sid t 
to foretbeline MB is tbe fide of an Icofahedron. a * 

` And forafmuch as the line F B is the fide of a cube, let it be dinided by. an extreme and 

meane proportion in the point N, and let the greater fegmeut therof be. NB. Wherefore the 
Line NB ts the fide of a Dodecahedron, by the Corollary of the 17.0f this booke. 

Comparifonof And fovafmuch as it hath bene proucd, by the 13.0f this booke, that the diameter of the 

the fiue fides fohere isin power fefauialter to A F the fide of the pyramis and is in power double to B E the 

of the farefayd fide of the octobedron , by the 14.0f the fame, and 1s in power treble to F B thefide of the cube, 

bodies, by the 15.0f the fame . Wherefore ši followeth, that of what partes the diameter of the [phere 

containeth fixe, of [uch partes the fide of the pyramis contatweth fower : and the fide of the 

otfobedrap three : and the fide of the cube two .Wherefore the fide of the pyramis is in power, 

to the fide of tbe octobedron in fefquitertia proportion : and is in power to tbe fide of the cube 

in double proportion . Ard the fide of the oftonedron is in power to the fide of the cube in fef- 

quialtera proportion . Wherefore the fore{aid fides of the three figures, that is, of the pyra- 

mis,of the octohedron,and of the cube,are the one to the other in rationallproportions Wher- 

fore they arc rationall. But the other two fides namely the fides of the Icofahedy on and of the 

Dodecahedron, are neither the one to the other, nor alfo to the forefaid fides in rationall pro. 


The fides of 4 
dodecahedron. 


portions : for they areirrationall lines, namely,a lefe line, and arefiduall line. K 
Thefidzofthe But that MB the fidecfthe c . NS 
Teolaiedven  Teofahedronis greater then N B 5a ant we A 


proved greater. tbe fide of the Dodecahedron: 
iben theſide may thus be proged. Forafmuch 
ofthe dodecae as the triangle F D B isequian- 
bedrom gle to the triangle FAB, by the 
8 of thefixt; therefore proporti- 
onally, asthe line B D ts tothe , 
line B F, fo is the line B F tothe , 
line BA. And forafmuch as 
there are three right lines pro- 
portionall, therefore às the firft 
35 ta the third, fois the fquare ` 
made of the. firit to the fquare 
made of thefecond,by the Gorol- > 
Lary of the'z0. of the fixt. Wher, 
fore astheline D Bisto the line. sy 
B-A, fo isthe. [quare of the line .. 
D B. to the jquare: of tbe line MEE Die. t 
B.-F: Wherefore. (by conuerfton ,^by the" Corollary of rhe 4. of the fiueth ) , as:.the 
line, AB isto.the:line BD, fo-tsthe-Jquare of the lineF B tothe [quare ofthe line B D. 
"But theline.A Bis treble to the line BD; as hath before bene proued. Wherefore the [quare 
of the line FB is treble to the {quareof the line B D . But the {quare of the line A D is qua- 
drupleto the (quare of the line D B, by the Corollary of the 20. of the fixt, for she line AD 
is double to. the line D B . Whereforc the fquare of the line AD is greater then the fquare 
of the line FB, by the 10.0f the fift.Wherefare alfotheline A D is greater then the line FB. 
Wherefore the line AL is much greater then the line F B . And the line A L being diwided 
by.an extreme.cy meane proportion, his greater fegment isthe line K L,by the pof this boke: 
( for theline L.K is the fide of an hexagon, and the line K A is the fide of a decagon inferi- 
bed i one and the fame circle, as hath before bene proued ) + and the line F B being s 
4n 
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by an extreme and meane proportion, his greater [egment is NB. Wherefore the line K L is 

greater then the line NB. (* For two lines dinided by an extreme and meane proportion, are 
euery vay like proportionall ) . Bus the line K L isequall so the line LM .Whereforethe line 
LM is greater then the line NB. But the line M B is greater then the line L . Wher- 
fore the line M B being the fide of the Icofahedron, is much greater then the line NB be- 
ing the fide of the Dodecabearon : which was required to bedone , and to be proued. 

An other way to prowe that the line M B is greater then the line NB. Forafmuch 
asthe line A D is double to the line DB, therefore the line A Bis trebleto the line D B. But 
4s ABistoBD, f is the quare of tbe line A B to the (quare of the line B F, b; the 8 ofthe 

fixt (for the triangle F AB is equiangle to the triangle F DB). Wherefore the fauarc of 
the line A B is trebleto tbe fquare of tbe line B F . And it is before proued, that the [quare is 
the line A Bis quintuple to the {quare of the line K L . Wherefore fine {qnares made of the 
line K L, are equall to three (qnares made of the line F B . But three {quares made of the line 
F B, are greater then fixe (quares made of the line N B,.as is firaight way proued .Wherfore 
fiue [quares made of the line K L, are greater then fixe fquares made of the line N B. Wher- 
forealjo one fquare made of the line K L, 15 greater then one (quare made of the line NE. 
Wherefore the line K Lis greater then the line NB. Butthe line K L is equallto the lige 
LM Wherefore the line L M is greater then the line NB. Wherefore the line M B is much 
greater thea the line NB : which was required to be proued . 

But now let vs proue that three [fquares made of the line F Bare greater then fixe [4uaves 
made of the line NB. Forafmuch as the line B N is greater then theline N F, for it is the 
greater {cement of the line B F dinided by an extreme and meane proportion , therefore that 
which 1s contained under the lines B F and BN, tsgreater then that which is cotained un- 
der the lixes B F and F N, by the 1 of the fixt.Wherefore that which is contained under the 
lines BF and BN, together with that which is contained under the lines B F and F N, us 
greater then that which is contained under the lines B F and F N twife. But that which is 
contained under the lines BE and F N, together with that which is contained under the 
lines B F and B Nis the [quare of the line B F »Dy the 2.of the fecond , and that which is con- 
tained under the lines B F and F N once, is equall to the {quare of N_B . For the line F Bit 
diuided by an extreme and meane proportion in the point N: (and ( by the 17.0f the fixt) 
that which is contained under the extremes, is equall to the [quare made of the midle line ) . 
Wherefore the [quare of the line F B, is greater then the double of the {quare of the line BN. 
Wherefore one of the {quares made of the line B F, is greater then two {ynares made of the 
line BN, Wherefore alfo three [quares made of the line ¥ B, are greater then fixe fquaros 
made of the line BN : which was required to be proued. 


A Corollary. 


Now alfo 1 fay that befides the fine forefayd folides there can not be defcribed any other 
folide coprebéded vnder figures equilater Cr equiangle tbe one to the other. F or of two trian- 
gles.or of any two other playne fuperficieces can not be made a folide angle(for,that is cotrary 
tothe d:ffinition of afolide angle). Vnder three triangles is contayned the folide angle of a 
prramis:under fower,the folide angle of an oltohedro: under fiue,the folide angle of an Ico- 
fahedri: of fixe equilater oy equiangle triangles fet to one point can not be made a foltde an- 
gle.For forafmuch as the angle of an equilater triangle is two third partes of aright angle, 
the fixe angles of the folide fhalbe equall to fower right angles which is impoffible. For exery 
folide angle is(by the 21.0f the eleuéth ) contayned under playne angles lefve thé fower right 

angles. And by the fame reafon can not be made a folsde angle contained under more thé fixe 
playne fuperficiall angles of equilater triangles. Vnder three {quares is contained the angle of 
4 cube.V nder fower {quares it is impoffible that a folide angle fhould be contayned : for then 

PPp4. againe 


* This Affempe 
da aftermard 
proued im tbe 
14.beokc nnd 4, 
propofitiom. 


An other demb= 
monfirarion to 
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That 3. fquares 
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That there eam 
be no other. fo- 
lide befids sacle 


Siue,contayned 
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agayne it fhonld be contayned under fower right angles .Wherefore much lefve can any folide 
angle be contayned under more {quares then fower.V nder three equilater and equiangle pen- 
tagons ts contayned thefolide angle of a dodecahedron. But under fower it 1s impoffible. 
For forafmuch as the angle of a pentagun isa right angle and the fift part more of aright 
angle,the fower angles fhalbe greater then fower right angles: which is impoffible. And ther- 
fore much leffe can a folide anglebe compofed of more pentagons then fower . Neither cana 
Solide angle be contayned under any other equilater and equiangle figures of many angles, 


fe 


forthat that alfo |hould be abfurd.For the more the fides increafe , the greater are the angles 
which they contayne,ana therfore the farther of are the fuperficiall angles contayned of thofe 


Thar the angle 
ofan equilater 
andequiangle 
T'entugon 11 one 
right angle and 
« ffaeth part 
ouer: which 
shing was alfo 
before proued 
an tbe corollary 
of the 32.0f the 
Sif. 


The fides of th 
angle of the In-6 
chatten of the 
ſuperßeieces oſ 
the Tetrahedra 
are proned rati- 
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The fides of the 
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fides from compofing of a folide angle. Wherefore befides the fore[ayd fine figures there can 


not be made any folrde figure contayned under equall fides and equall angles : which was re- 


quired to be proueds 
An Affumpt. 


But now that the angle of. an equilater and equiangle pentagon is avight angle anda 


Y o 


fifth part mare of a vigbt anglemay thus be proued. Suppofethat ABC D E bean equilater 


and equiangle pentagon. And (by the 14.0f the fourth )defcribe about ita circle ABC DE. 


And take ( by tbe 1 of the third)the center thereof, 
and let the fame be F . And draw thefe right lines 
F A,F B,F C, F D,F E. Wherefore thofe lines do 
diuide the angles of the pentagon into tmo equall 
partes in the poyntes A,B,C, D, E, by the 4. of the 
firft. And forafmuch as the fine angles that are at 
the poynt F are equall to fower right angles , by tbe 
corollary of the 15. of the first , and they are equall 
the one to the other by the 8.of the firft: therfore one 
of thofe angles,as for example fake,the angle A F B \ 
isa fifth part lefe then a right angle.Wherfore the NY 
anglesyemayning,namely,F A B, AB Fare one 
right angleandafifih part ouer . But the angle F- 









A Bis equallto the angle F B C. Wherefore the whole angle ABC being one ofthe an- 


c 


quired to be proued. 


qA Corollary added by Fluffas. 


gles of the pentagon is aright angle and a fifth part more then a right angle: which was re- 


, 


N oW,let.vs teach,how thofe fine folides,baue eche like inclsnations of theyr bafes. 


Firftlet vs take a Pyramis, and diuide one of the fides thereof into rwo equall parts: and from the 
two angles oppofite vnto that fide,draw perpédiculars, which fhall fall vpon the feftion, by the co- 


- tollary of the 12.0f the thirtenth,and at the fayd poynt of diuifion(as may-eafily be proued). Wherfore 


they fha! containe theang e ofthe inclination ofthe plaines;by the 4.diffinition of the eleuenth, which 
angle is fubtended of the oppofite fide of the pyrantis . Now forafmuch as the rzftof the angles ofthe 
inclination of the playnes of the Pyramis,are contayned vnder two perpédicular lines ofthe triangles, ` 
and arc (ubtended ofthe fide ofthe Pyramis , it foloweth , by the 8. of the firft, chat thofe angles are - 
equall. Whevefore(by the s.diffinition of the eleuéth)the (uperficieces are in like fort inclined the one 


to the other. 


One of the fides ofa Cube being diuided into two equall parts,if from the fayd fection be drawen 
in two of the bafes chereof, two perpendicular lines,they fhalbe parallels and equall.to the fides ofthe : 
fquare which cótayne a rightangle. And forafmuch asall the angles of the bafes of the/Cube are right 
angles : therefore chofe perpendiculars falling vpon the fection of the fide common to the two bates, 
shall contayne a right angle (by the ro. of the eleuenth) : Which felfe angle is theangle of inclination 


(by.the.4-diffinition of the eleuenth)and is fubtended of the diameter of the bafe of the Cube, And by 


the 
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the fame reafon may we proue that the reft of chc angles of the inclination of the bafes ofthe cube art 
right angles. Wherefore the inclinations of the fupesficieces of the cube the one to the other,are equal 
(by che 5.diffinition of the eleuenth). ° 

In an O&ohedron take the diameter which coupleth the two oppofite angles. And from thofe 
oppofite angles draw to one and the felfe fame fide of the OCtohedron, in two bafes therrof,two per- 
pendicular lines which {hall diuide that fide into two equall parts and perpendicularly (by the Corol- 
lary ofthe 12.0f the chirtenth). Wherefore chofe perpendiculars fhall contayne the angle of the incli- 
nation of the bafes(by the 4.diffinition of the eleucth) and the fame angle is fubtended of the diame- 
rer ofthe Oftohedi6.Whertore the reit of the angles after the fa me maner defcribed in the reft of the 
bafes,being comprehended and fubtended of equall fides,thall (by the 3.of the firlt) be equall the one 
to the other.And therefore the inclinations of the playnes in the O@ohedron,fhal(by the 5.difinition 
of the eleuenth)be equall. 

Inan Icofahedron lec there be drawen from thcangles of two of the bafes , ¢o one fide common 
to both the fayd bafes perpendiculars , which fhall contayne the angle of the inclination of the bales 
(by the 4.diffinition ofthe eleuenth) : which angle is fubrended of the right line which fubreadech the 
angle of the pentagon which contayneth fiue fides of thc Icofahedron, by the 16. ofthis booke : foric 
coupleth the twoo oppofire angles of the triangles which are ioyned together . Wherefore che reit of 
the angles of the inclination of the bafes being after the fame maner found our, they fhalbe contayned 
vnder equail £&des,and fubtended of equall bafes,and therefore (by the 8.of the firft) thofe angles fhal- 
be equall. Wherfore alfo al the inclinations of the bales of the Icofahedron thc one to the other {halbe 
equall,by che 5.difinition ofthe eleuenth. 

Ina Dodecahedron,from the two oppofite angles of two next pentagons draw to theyrcommon 
fide perpendicular lines;paffing by the centres of the fayd pentagons, which fhal, where they fal,diuide 
the fide into two equall parts by the 3.of the third.(For the bafes of a Dodecahedron are contayned in 
acircle) And the angle contayned vnder thofe perpendicular lines is the inclination ofthofe bates (by 
the 4.diffinition of che eleventh). And the forefayd oppofite angies are coupled by a right line equal to 
the right line which coupleth the oppofite fe&tions into ewo equall parts of the fides of the dodecahe- 
dró(by the 55 of the firit). For they couple together the halfe fids of the dodecahed:6,which halfes are 
parallels and equall,by the 3.corollary of the 17. of this booke: which coupling lines alfo are equall,by 
the fame corollary. Wherefore the angles being contayned of equal perpendicular lines ,and fubrended 
of equall coupling lines,thall (by che 8.of the firit)be equal.And they are the angles of the inclinations. 
Wherefore the bafes ofthe dodecahedron are in like fort inclined the one to the other ( by the 5.diffi- 
nition of the eleuenth). 


Fluffas after this teacheth how to know the rationality orirrationality of the fides 
of the triangles, which contayne the angles of the inclinations of the fuperficieces of 
the forefayd bodies, 


In a Pyramis the angle of the inclinatió is contayned vnder two perpédicular lines of the triangles, 
and is fubtended of the fide of the Pyramis Now the fide of the pyramis is in power fefquitertia to the 
perpendicular line,by the coro]lary of the 12.ofthis booke: and therfore the triangle cétained of thole 
perpé dinlar lińes and the fide of pyrarnis,hath his fides rational &commenfurable in power the onc 
£0 the other... 

Forafmuch as the twoo fides of a Cube (orright lines equall to them ) fübtended vnder the dia- 
meter of one ofthe bafes,doo make the angle of the inclination : and the diameter of the cubeisin 
power fefquialter to the diameter of the bafe , which diameter of the bafe isin power double to the 
fide(by rhe 47.0f the firlt) : therefore thofe lines are rationall and commenfurable in power. 

In an O€tohedron, whole two perpendiculars of the bafes contayne the angle of the inclioation of 
the O&tohedron,which angle alfo js fubtended of the diameter of the O&ohedron , the diameter is in 

ower double to the fide of the Octohedron,& the fide is in power fequitertia to the perpédiclar line, 
b the 12.0f this booke: wherfore the diameter thereof is in power duple füpzrbipartiens tertias to the 
perpendicular line. W herfore alfo the diameter and the perpédicular line are rationall and commenfu- 
rable (by the 6.of che tenth.) 

As touching an Icofahedron,it was proued in the ré.ofthis booke , chat che fide thereof is a leſſe 
line, when the diameter of the phere is rationall. And forafmuch as the angle of the inclination ofthe 
bafes thereof, is contayned of the perpendicular lines of the criangles, and fubtended of the rightline 
which fubtendeth the angle of the Pentagon which contayneth fiue fides of the Icofahedron : and vn- 
to che perpendicular lines the fide is commenfurable (namely , is in power fefquitertia vnto them, by 
the Corollary of the tz.0f this booke) : therefore the perpendicular lines which contayne the angles 
are irrationall lines namely leffg Jines(by the ros .of the tenth booke.) And forafmuch as the diameter 
contayneth in power both the fide of the Icofahedron,and the line which fubtendeth the forefayd an- 
gle , iffrom the power of the diameter which is rationall , be caken away the power of the fide of the 
Icofahedron which is irrationall , it is manifeft that the refidue-which is the power of the fubrending 
line fhalbe irrationall.For if it houlde be rationall , the number which meafureth the whole power o£ 
the diameter,and the parc taken away of the fubtending line, fhould alfo by the 4.common fentence of 
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the feuenth meafure the refidue,namely, the power of the fide: which is irrational] for that it isa leffe 
line,which were abfurd. Wherefore itis manifeft that the tighclines which compofe theangle of the 
inclination of the bales of the Icofahedron are Irrationall lines.For the fubtending line hath to the line 
contayninge;a greater proportion,then the whole hath to the greater fegment. 

Theangle of the inclination of the bafes efa dodecahedron,is contayned vnder two perpendicu- 
Jars of the bales of the dodecahedron,and is fubtended of that right line, whole greater fegmentis the 
fide of a Cube inicribed in the dodecahedron, which right line is equall to the line which coupleth the 
fections,into two equal parts, of the oppofite fides of the dodecahedron, And this coupling line we fay 
is an iracionall Jine,for chat che diameter of the {phere contayneth in power both the coupling line, 
and the fide of the dodecahedron: bur the fide of the dodecahedron is an irrational line, namely,a re- 
fiduall line(by the 7.0f this booke ). Wherefore the refidue namely , the coupling line is an irrationall 

line,as it is eafy to proue by the 4.cómon fentence of the feuéth, And that the perpédicular lines which 
contayne the angle of the inclination are irrationall,is thus proued. 

Suppofe that there be a Pentagon A BC DE, and draw in it the perpendicular line, AG, and let 
the line fubtending the angle of the pentagon be A C.Now forafmuch as the right line A C is the fide 
of the cube,and C D the fide the Dodecahedron infcribed in oneand the felfe fame fphere , by the z. 
Corollary of the 17.0f this booke: but the line A C is commenfurable ¢o the diameter of the {phere,by 
the 15.0f this booke, and is therefore racionall,by the 6. : A 
diffinitió of che teath: & the right line C D which is the 
fide of the dodecahedron is irrationall (by the 17.of this 
booke).W herfore the line C G which is the halfe of the 
line C D is irrationall by the 163.ofthe 10.boke.And the 
rightline A C contayneth in power the two right lines t 
AG and G C(by the 47. of the firft).If therfore from the B E 
power of the right line A C being rational be také away ; 

the power of the line C G being irrationall , the power 
remayning , namely , the power of the line A G, fhall of 
neceffitie be irrational. For ifthe power of the line AG 
tuken away fhould be rationall , and the whole power of 
the line A C is rationall, the refidue, namely, the power 
ofthe line C G fhould be alfo rational], and fhould be 
meafured by the felfe fame numbers, by the 4.common 
fentence of the feuenth. Butitis proued that theline C- 
Gisirrationall, for it is the balfe of the whole refiduall 
line C D(by the i7-of the thirtenth): which is impoffible, Wherefore the perpendicular line A G is ir- 
rationall . Wherfore the angle of the inclination ofthe dodecahedron , which is contayned vnder cwo 
perpendicular lines of the pentagonzind is fubtended ofa righe line,which coupleth the fections into 
two equall parts of the oppofite fides of he dodecahedron(by the z.corollary of the 18. of this booke) 
which line we haue proued to be irrationall(for that it is equall :o the two lines A C,and C D by the 4. 
corollary of the 17.0f this booke)is contayned vnder irrationall right lines. 

By the proportion of the lubcending line(of che forefayd angles of inclination) to the lines which 
containe the angle,is found out the obliquitie of theangle.For ihe fubtending line be in power dou- 
ble to the line which contayneth che angle;then is the angle a right angle (by the 48.of th» firft. ) Bui 
it bein power lefe chen the double it is an acute angle ( by the 13. of the fecond) . Butifitbeia 

ower more then the double, or haue a greater pure rion then the whole hath to the greater (egmét, 
the angle fhalbe an obtufe angle(by the 12.0fthe fecond aud 4 . of the thirtenth ).By which may be 

proued that the fquare ofthe whole is greater then the double ofthe fquare of the greater fegment. 
This is to be noted that that which Fl»ffa; hath here taught touching the inclinations of the bafes 
of the fiue regular bodies, Hypficles teacheth after the 5. propofition ofthe ts .booke. Where he confef 

feth, char he receiued it of one Ifiderus , and feking to make the mater more cleare ,he endeuored 

himfelfe to declare, that the angles ofthe inclination of the folides are geuen, and that they 
are either acute or obtufe,according to the nature of the folide:alchough Ewelide 
in all his 15. bookes hath not yet fhewed, whata thing geuen is. Wherefore 
Fluffas framing his demóftration vpon an other ground procedeth after 
an other maner, which femeth more playne, and more aptly here- 
to be placed then there.Albeit che reader in that place fhal 
not befruftrate ofhis alfo. 
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q The fourtenth booke of 


Euclides Elementes. 


N this bòoke , which is commonly accompted the t4. 
booke of Enchde is more at large intreated of our prin- 
L3: |cipall purpofe: namely, ofthe compatifon and propor- 
-||tion of the fine regular bodies (cuftomably called the 
]|s-figures or formes of Pyrhageras) the one to the other, 
|fand alfo of their fides together , eche to other : which 
thinges are of moft fecret vfc,and ineftimable pleafure, 
SY |Jandcommoditietofuchas diligently fearch for them, 
à andattayne vnto them. Which chinges alfo vndovb- 
3 tedly for the woorthines and hardnes thereof ( for 
"|[thinges of moft price are moft hardeft ) were feft fear- 
ched,and found out of Philofophers, not of the inferi- 
SS Jor or meane fort, but of the depeft and moft grounded 
Philofophers , and beftexercifed in Geometry. And albeit this booke with the booke 
following,namcly,the 15.booke,hath bene hetherto ofall men forthe molt part, and 
isalfo at this day numbred and accompted améght Euclides bookes,and {uppoled to be 
ewo of his, namely, the 14.and 15.in order:as allexemplars (not onely new and lately 
(et abroade,butal(o old monumentes written by hand ) doo manifeltly witnes : yeric 
is thought by the beftlearned in tfiefe dayes , that theíe two. bockes are noue of. Ea- 
clides,but of fome other author,no leffe worthy, nor of leffe eftimation and authoritie, 
notwithftanding,then Exclide, Apollonius a man of deepe knowledge a great Philofopher 
and in Geometrie maruelous (whole wéderful bookes wricté of che feions of cones, 
which exercile & occupy thewittes of the wileft and beft learned,are yet remayning ) is 
thought,aad that not without iuft caufe, to be the author of them , oras fome thinke 
TOUS him felfe. For what can be more playnely,then that which he him felfe witnef- 
feth in the preface of this booke. Bafilides of T ire (faych Hyplicles) and my father together, 
Seanning and peyfing a Yoriting or booke of Apollonius , whith was of the comparifon of a dodecabe-. 
drontoan Icofahedron inferibed in one aadthe felfe fame [phere , and what proportion thefe figures 
hadthe one tothe other, foxndrhat Apollonius had fayled in this matter.But afterward (fayth he) 
M found an other copy er booke of Apollonius , wherein the demonftration of that matter was fall and 
perfelt,and fhewed it unto them, whereat they much reinyfed.By which wordes it femeth to be 
manifeft that Apollonius was the firit author of this booke , which was afterward fer 
forth by Hypficles. For fo his owne wordes after in the fame preface feme to import. 








sap The Pre face of Aypficles before 


the fourtenth booke. 







h familiar frend[hip with my father by reafon of his knowledge in the mathe- 
| maticall {ciences , be vemayned with him along time , yea enen all the time of 
| eise the pefHlence. And [pmetime reafoning betwene tbem[elues of that which A- 
X~  pollonius had written touching the comparifon of a dodecahedron and of 
an Icofahedron infcribed in one and the felfe fame (phere, what proportion [uch bodies haue 
the one to the other, they mdged that Apollonius had fomewhat erred therein. Wherefore 
shey(as my father declared unto me) diligently weighing it wrote it perfectly. Howbeit after- 
ward I happened to finde an other booke written of Apollonius, which contayned init the 
PP, right 
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right demonstration of that which they fought for : which when they faw;they much reioy- 

fed.As for thatwhich Apollonius srote,may befene of all men, for that it isin euer) mans 
hand. And that which wasof vs more diligently afterward written agayne ,1 thought good 
to fend and dedicate unto you,as to onewhome I thought worthy commendation , both for 
shat deepe knowledge which I know you haue in all kindes of learning and chiefely in Geome- 
trie,fo that you are able redily to indge of thofe thinges which are {poken , and alfo for the 
greate lone and good will which you beare towardes my father and me Wher fore vouchfafe 
gently to accept this which I fend upto you.But now is it time to end our preface, and to be- 
gin tbe matter. : 


f Tbe ru mE The 1. Propofition. 


A perpendicular line drawen from the centre ofa circle to the fide ofa 
Pentagon deferibed in the fame circle : is the halfe of thefe two lines names 


ly, of the fide of an hexagon figure, and of the fide of a decagon figure bes 
ing both defcribed in the felfe Jame circle, um fg 


P ppofe that the circlebe ABC. And let the fide of an equilater 
Pentagon defcribed in the circle AB C,be BC. And ( by the 1 of 
SN I| tbe third) take the centre of the circle and let the fame be D.And 
(ty the 12.0f the firit) from the point D draw unto the line BC 
| a perpendicular line D E . And extend the right line D E dired#- 
Ly t0 the point F. Then 1 fay,that the line D E (which is drawen 

SII from the centre to BC the fide of the pentagon ) is the halfe of the 
I ^ ı fides ofan hexagon and of a decagon taken together and deferi- 

LAEE bed in the fame circle. Draw thefe right lines D Cand C F.And 
watothe line E F put an equallline G E. And draw aright F 
Line from the point G tu the point C .Now forafmuch asthe 3 — Ve 
circumference of | the whole circle is quintuple to the circu- | 

erence B F C ( which is fubtended of the fide of the penta- 

gon ) and the circumference AC F is the halfe of the cir- 
cumfirence of the whole circle, and the circumference C F 

( which is fubtended of the fide of the decagon ) is the halfe 

of the circumference BCF: therefore the circumference 

ACF isguintuple to the circumference C F ( bythe 15.of 

the fifi ) Wherefore the circnmference AC is qradruple 

to the circumference F C. But as the circumference AC 

to the circumference F C,fois e angle e C H tbe angle 4 

D C,by the lafl of the fixt Wherefore she angle A D C i . 

sedi to ae n c. he angle 4D C is double to the angle E F C,by tbe zo. 
of the third : Wherefore the angle E F Cus double to tbe angle G D C.But the angle E F C 
equall to tbe angle E G C, Ly tbe eof the firft . Wherfore the angle E G C is double to shean- 
gle E D C .Wherefore the line D G is equall to the line G C (E) the 32. and 6.of the fr). 
But the linc G C is equall to the line C F by the 4.0f' the firft. Wherfore the line D G is egual’ 
to tbe line C F . Andthe line G E is équall to the line EF (by consiruction) .Wherefare the 
line D Eis equallto tbe lines E F and F C added together. Vnto the lines E F and F C adde 
the line D E . Wherefore the lines D F and F C added together, are double tothe line DE. 


But the line D F isequall to the fide of the hexagon : and FC tothe fide —— 
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Wherefore the line D E is the halfe of the fide of the hexagon, and of the fide ofthe decagon 
being both added together and defcribed in one and the felfe fame circle. 

It is manifest * by the Propofitions of the thirtenth booke, that a perpendicular line 
drawen from the centre of a circle tothe fide of an equslater- triangle de{cribed in the fame 
circle, is halfe of the femidiameter of the circle. Wherefore by this Prapefittan, a perpendicular dra- 


wen from the centre of a circle to the fide of a Pentagon, is equall po she perpendicular dramen from the centreto 


the fide of the triangle, and to halfe of the fide of the decagon deferibed im the farne circle, 


q The 2. T heoreme. The 2. Propofttion. 


One and the felfe fame circle comprehendeth both the Pentagon ofa Doz 
decahedron, and the triangle of an Icofabedron, defcribed in one and the 


felfe Jame Sphere. 


f His Theoreme is deftribed of Arifteus in that booke whofe title is, The 
XA comparifon of the fiue figures, and is defcribed of Apollonius ia his fe- 
22) cond edition of the coparifon of a Dodecahedron to an Icofahedron, which is, 
2 * that as tke [aperficies of « Dedecahedra is tothe fuperficiesof an icofahedron, fo ss the Dode- 

NISA cahedron to an Icofahedron, for that a perpendicular line drawen from the centre 
of a [phere to the pentagon ofa dodecahedron and tothe triangle of an Icofahedron isone 
and the felfe fame . Now must we alfo prone that one and the felfe fame circle comprekendeth 
both the pentagon of a Dodecabedron, and alfo the triangle of an Icofahedron defcribedin 
enc and the’ felfe fame phere, first this being proned : 
Uf in a circle be deferibed an equilater pentagon the [quares which are 


made of the fide of the pentagon, and of that right line which ss fab- 
scaded Gnder two fides of the pentagon, are quintuple to the [quare of 


she femidiameter of the circle. Suppofe that 4A B Che a circle. 
And let the fide of a pentagon in the circle A B C,be AC. 
And take (by the 1.0f the third ) tbe centre of the circle 
arid let the [ame bc D . And (by the 12.0f the firft) from 
the point D. draw vato the line A C a perpendicular line 
DF. And extend the line D F on either fide to the 
pointes Band E . And draw aright line from the point 
A to the point B. Now 1 fay, that the {quares of the lines 
B Aand AC are quintuple to the [quare of the line D E. 
Drawe a right line from the point A ta the peint E. 
Wherefore the line AE is the fide of a decagon figure. 
And forafmuch as the line B E. is double to tbc line D E : therefore the [quare of tbe line 
B E is quadruple to the [quare of D E ( bythe 20.of the fixt ) . But vito the quare of the 
line B E, are equall the {quares of the lines B Aand A E (by the 47.0f the firft, for the angle 
BAE is aright angle, by the 31.0f the third) . Wherefore the {quares of the lines B A and 
A E, are quadruple to the [quare of the line D E.Wherfore the {quares of the lines AB, AE, 
and D E, are quintupleto the (quare of the line D E . But the fquares of the lines D E and 
AE, are equall to the (quare of the line AC ( by the o. of the thirtenth ) . Wherefore the 

Squares of the lines B Aand AC, are quintuple to the (quare of tbe line D E. 
This being thus proned, now is to be demonftrated that one and the felfe fame circle cõ- 
prehendeth both the pentagon of a dodecahedron, e the triangle of an Icofahedron defcribed 
in one & the felf fame circle. T ake the diameter of the phere,cy let tbe fame be A B. And in 
the fame {phere defcribe adodecahed¥on,cy alfoan I cofahedron . And let one of the petagons 
of the dodecahedron be C D E F G, cy let one of the triangles of the Ico[abedron be K LH . 
Now I fay that the fermidiameters of the circles which are defcribed about ther are equall, 
thar 
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that is,that one and the felfe fame circle contayneth both the pentagon CDE FG , andthe 
triangle K LH.Draw a right line from the point D to the point G.Wherfore the line D Gis 
the fide of a cube(by the corollary uf the 17 .of the shirtéth).T ake a certayne right line M N. 
Aud let be (quarc of the line AB be quintuple to the {quare of the line M N,Ly the affumpt 
put after the 6.prepofitio of the teh. But the diameter of a/phere is in power quintuple to the 

(juare of thefemidsarmeter of the circle,on which is de{cribed the Icofahedro (by the corolla- 
ry of the 16 .of the thirtenth) Wherefore the line MN isthe femidiameter of the circle on 
which is defcribed the Icofabedron. Diuide ( by the 30. of the fixth ) the line MN by an 
extreame and meane proportion inthe poyntX. And x c s 
let the greater [egment thereof be M X .Wherefore the 
lene MX is the lide of a decagon defcribed in the fame 


the [quare of the line M N:But the quare of the line 
B Ads treble to tbe (quareaf tbe line D G ( by tbeco- 
rollary of the 15, of the thirtenth ).Wherfore three 


the line M N.*But as thre {quares of the line D G are 
to fiuefquares of the line M N,foare three {quares of 
the line CG to fiue {quares of she line M X Wherfore 
three [quares of y line C Gare equllto fine {quares of 
tbe line M X.But fiue (quaresof theline CG are equal 
to fi uc fquares of theline MN (f to fue {quares of the 
M X. For (bythe roof the thirtentb) one fquareof 4 mE 
the line C Gis eguall to one (quare ofthe line M N c 
to ope fquaze of theline M X. Wherforefiue (quares of the line C G are equall to thre [juares 
of the line D G and to three (quares of the line C G(as it is not bard to proue marking what 
hath before bene proued ) . But tbree [quares of tbe line D G, together with three {quares of 
the lint C G,are equall to fiftene {quares of the femidiameter of the circle defcribed about the 
pentagon C D E F G(for it was before proued in the affumpt put in this propofition that the 
[quares of D G and G C taken once,are quintuple tothe Ge of the femidiameter of the 
circle de{cribed about the pentagon C D E F G). And fiue (quares of the line K L are equalt 
to fiftene {quares of the emidiameter of the circle defiribed about the triangle K L H. (For 
by the 12.0 the thirtenth one [quare of the line L K is triple to one {quare of the line drawne 
from the centre to the circumference) . Wherefore fiftene fquares of the line drawne from 
the centre to the circumference (of the circle which contayneth the pentagon D E F G)are 
equal to fiftene (quares of the line drawne from the centre to the circumference of the circle 
which contayneth the triangle K L H) :wherefore one of the {quares which is drawne from 
the centre to the circumference of the one circle, isequall to one of the Squares which is 
drawne from the centre to the cercumference of the other circle. Wherefore the diameter is 
equall to the diameter , wherefore one and the felfe fame circle comprehendeth both the pen- 
tagon of 4 dodecahedron and the triangle of an Icofahedron defcrébed in one and the felfe 
feme circle which was required to be yroned. 
g T be 5. T beoreme. T he 5 Propofition. 
If there be an equilater and equiangle pétagon aud about it be defcribed a 
circle , and from the centre to one of the fides be drawne a perpendicular 
line that which is contayned ynder one of the fides and the perpendicular 
fe 3 / line 
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line thirty times is equall tb tbe fuperficies of the dodecahedron. 
qV/ppofe tbat ABC D be an gquilater and equiangle pentagon . And about the 
LNY | fame pentagon,deftribe(Ly the 14.of tbe fourth)a circle. Aud let she centre ther- 
Jed of be the poynt F . And fromthe poynt F draw ( by the 12. of the firit ) unto the 
ZN [re C D a perpendicular line FG. Now 1 fay that that which is contayned un- 
der the lines CD and G F thirtytimes, is equall to 12. pentagons of the fame quantitie that 
she pentagon ABC D is. Draw theferight lines CF and FQ. Now forafmuch as that 
which is contayned under thelines C D and FG is double to ho È 
the triangle C D F ( by the 41 . of the firft) therefore that 
which is contayned under the lines C D-and F G fine times 
is equall to ten of thofe triangles.. Rut ten. of thofe triangles 
are two pentagos,and fixe times ten of thofe triangles are all > | 
the pentagons Wherefore that which 1s contayned under the 
lines C D and EG thirty times. ts equall to 12. pentagons 
But 12 pentagons ave the {uperficies of dodecahedron. Wher 
fore that which is contayned under the lines C D and FG 
thirty times is equall to the fuperficies of the dodecahedron. 
In like fart alfo may we proue that if there be an equslater triangle , as for example; the 
triangle AB C,and about it be defcrioed a circle, and the centre of the circle be the point D, 












and the perpendicular line be theline D E: that which és contay- 

ned under the lines BC and D E thirty times, is equall to the ſu- A. 
perficies of the teofabedron. For agayne forafiauch as that which 
is contayned vider the lines D E and B C is double to the trian- 
gl D B C ( by the gr. of the firft) :therefore two triangles are e~. 
quall to that which is contayned under the lines D E and KC,, | 
and three of thofe triangles contayne the whole triangle. Where- ` X 
fore fixe fuch triangles as D B Cis, are equall to thatwhichis® e 
contayned under the lines D E and BC thrife.But fixe fuch tri- N i 
anglesas D B Cis , are equall totwo fuch trianglesas ABCis. — §. E 
Wherefore that which is contained under the lines D E and B C thrife,is equall to tmo [uch 
triangles as ABC is.But two of thefe triangles také ten times contayneth the whole Ycofahes 
dron.Wherfore that which is contayaed vander the lines DE & BC thirty times,is equall tq 
twenty fuch triangles as the triangle AB C is,that is,to 9 whole fuperficies of the Icofahedro, 
& Wherefore asthe fuperficies of the dodecahedron 13 10 the fuperfictes of the Ieofahedron,/o is that which iscon- 
tayneÁ e nder Phe linesC D and FC tà that which t1 contayned Vader the lines B C and D E. , 


Yo 


— — — — ! 


IN 


f Córollary. 


By this st is manifeft, that as the fuperficies of the Dodecahedron is to the 
- fupeificiesof the Icofahedvon, fo is that which is contained ‘ynder the fide 
of tbe Pentagon, and the perpédicular line which is drawen from the cen» 
tre of the circle defcribed about the Pentagon to the fame ‘fide, to that 
which is contained vnder the fide of the Icofabedron and tbe perpendicular 
line which is drawen from the centre of the circle defcribed about the tri- 


angle to the fame fide : fo that tbe Icofahedron and Dodecahedron be both.: 


dejcribed in onc and tbe felfe fame Sphere. I 
Q aj. pd 


Conſtructien. 


Demot Sra- 
ticn. 


The 5. propo- 
fitton after 
Finffas, 


Demonftra- 
tion. 


* This it tbe 


realon of the 


Corollary 
following, 


A Corollary 
Which allo. © 
Flnfas put- 
teth as a Co- 
rollary after 
the S propafi- 
tion in his 
order. 


The fourtenth Booke 


q The 4. Theoreme. The 4. Propofition. 
Fhe 6, pope/teis T his being done, now is to be proned, that as the fuperficies of the Do» 
Meere decahedron is to the fuperficies of the Icofabedron , fo is tbe fide of tbe cube 
to the fide of tbe Icofabedron. ` 


Y Ake ( bythe z2. Theoreme of this booke )a circle containiug both the penta- 
gon of a Dodecahedron, and the triangle of an Icofahedron, being both de- 

a22) [ertbed in ome and the felfe fame fphere,and let the fame circle be D BC. And 
AY inthe circle DBC defcrive the fide of an equilattr triangle, namely,C D, 
AES and the fide of an equitater pentagon,namely, AC. And take (by the 1.of the 
third ) tbe centre of shecircle, and let the fame be E . And from the point E draive unto the 
lines D Cand AC, perpendicular lines E F and EG .Andextend the line EG direétly to 

the point B. Anddrawt avight linefrom tbe point B to the poimt C. And let the fide of the 

cube be the line H. Nuw I fay, that as the fuperficies of the Dodecahedron isto the fuperficies 

Demouſtra- ofthe Icofahedron, fois the line H tothe line CD . Forafmuch as the line made of the lines 
Bene E B and BC added together (namely of the fide of the hexagon,and of the fide of a decagon) 
és (by the p.cf the thirtenth) divided by an extreme and meane proportion, and his greater 
fegmentis the ine BE: and theline EG ïs alfo ( by the 1. of the fouretenth) the halfe of 

the fame line , and the line E F isthe halfe of theline B E ( by the Corollary of the 12.0f the 

thirtenth) . Wherefore the line EG being diuided by 
eh an extreme and meane proportion,”* his ereater feg- 
— ment [hall be the line E T nd the line i alfo fe 
bydievga&, — dinided by an extreme<y meane proportion, his grea- 
and Bf rbe ter fegment is the line C A, as it was prowedt inthe 
Vos phe Corot- Dodecahedron.* Wherefore as the line His to the line 
lary of the 17. C A, fois the line EG tothe Une E F . Wherefore (by 
es she shirečib. she 16.0f the fixt ) that which is contained under the 
rese arte Enes H and E F, is equall to that which is contained 
fal which under the linesC Aand EG. And for that asthe line 
isafrerxard Histo the line C D, fois that which is contained un- 
P aan der the lines H and E F, to that which is contained 
S a vnder thelines CD and EF (bythe 1.0f the fixt ). 
But unto that whichis contained vader the lines H 

and E F, is equall that which is contained under the 
lines C A and E G. Wherefore (by the 11.0f the fift) as the line His tothe line C D, fo is thag 

which is contained under the lines C A and E G, to that which is contained under the lines 
C D and E F, that is (by the Corollary next going before ) asthe fuperficies of the Dodeca- 
hedron is to the fuperficses of the Icofahedron, (0 4s the line H tothelineC D. 


Couftruttion. 








An other demonftration to prone that as the fuperficies of the Dodecabes 
iuge dron is to the fuperficies of the Icofahedron, fois the fide of the cube to the 
Ajut follow- fide of the Icofahedron. + 


ong, the con- 
Lixudtion 

whereof bere 
begsoneth, n" 
Jo beproued. —.,. | 


Et there bea circle ABC. Andin it deferibe two fides of an equilater pen- 
tagon (by the 11.0f the fift) wamely, AB and AC: and draw aright line 
from the point B tothe point C . And (by the 1 of the third) take the centre 
of the circle, and let the fame be D . And dram a right line from the point 
BSN! A to the point D, and extend it directly to ce E,and les it cut the line 
C BCinthe point G . And let the line D F be halfe totheline D A, T let 
she line 
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the line G C betreble to tbe line H C, by tbe p.of the fixt , Now 1fay,rhat that which ss'contained ype stumps, 
Onder rhe lines AF und B His equall ro the pentagon infersbedin the circle ABC. Drawa right line from which alfo Flufs 
she point B to the point D . Now forafmuch as the line A D is double to the line D F, there- as — 
forethe line AF is fefquialter to tbe line A D. : the 6.propefities 
Againe,forafnuch asthe line GC 1s treble to the Derzenhration 
line € H, therefore the line G H is double to the ef the A femp 
line C H . Wherefore the line G C is fefquialter 
to the line H G . Wherefore as the line F A isto 
the line 4 D, foistheline GC tothe line GH. 
Wherefore ( by the 16.ofthe fixt ) that which is 
contained vader the lines AF & HG, 1s equall 
to that which is contained under the lines D A 
and GC .But the line GC is equall tothe line 
B G(by the 3.0f the third) .Wherfore that which 
is contained under the lines A D and BG, ise- 
quall to that which is contained under the lines 
AF and G H . But that which is contained vn- 
der the lines A D and BG, is equall to two fuch triangles as the triangle ABD is ( bythe 
at .of the firft ) .Wherefore that which is contained under the lines A F and G H, is equall 
to two fuch triangles as the triangle A E D is Wherefore that which is contained under the 
lincs A F and G H fiue times, is equall to ten triangles . But ten triangles are two pentagons. 
Wherefore that which is contained under the lines AF and GH fiue times, is equall to two 
pentagons . And forafmuch as.the line G H is double to the line H C, therefore that which is 
contained vader the lines A F and G Bis double to that whicn is contained under the lines 
AF and HC (by the 1 of the fixt) Wherefore that which is contained under the lines AF 
and C H twife, is equall to that which is contained vnder the lines A F and G H once. T ake 
eche of thafe parallelogrammes jiue times. Whersfore that which is contained under the lines 
AF and HC ten times, is equall to that which is contained under the lines A F c G H fiue 
times, that is, to two pentagons Wherefore that which is contained under the ints A F and 
H C fine times, is equall to one pentagon . But that which is contained under the lines AF 
and H C fiue times, is equall ( by the 1 .of the fixt) to that which is contained under the lines 
AF and B, for the line HB isquintupletothe line HC ( as it is eafie to fee bythe con- 
Siruttion and they are both vader one & the felfe [ame altitude namely ,vnder A F. Wher- » 
fore that which is contained vnder the lines A F and B H, is equall to one pentagon. 





This being proued;now let there be drawne a Circle comprehending both 
the Pentagon ofa Dodecahedron, and the triangle of an Icofabedron, 
being both defcribed in one and the felfe fame S phere. 


f "ti Et the circle be A B C. And in it defcribe as befove, two fides of an equilater Conflrudion 
pentagon namely B.A and A C:and draw aright line from tbe point B to tbe pertaining e 

IR point C:and take the centre of the circle and les the fame be E; And from the — 
point A to thc poiat E. draw avighn line A E: and extend the line A Eto the. thes prepyfnrié. 

point F And letit cut the line BC in the point K. And let the line A E be do- 

ble to the line EG & let the line C K be treble to the line CH, bythe. sof thefixth. And fro 

the point G raife vp (by the.r1.of the firft) unto the line A F a perpendicular line G M:and 

extend the line G M directly to the point D. Wherfore the line M D is the fide of an equi- 

Liter triagle,by the corollary of the.12.0f the thirtenth:draw theferight lines AD and AM. 

Wherfore A D M is an cquilater triangle. And for as much as that which is contained yn- tend demon- 

der the lines AG and B His equal to the pentagon (by the former affumpt) and shat which Protein sf rhe 
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Demonflra- 
tion, 


The fourtenth Booke 


ds cotained under the lines AG and D is equal 
to the triangle A D M: therefore as that which is 
contained under the lines A Gand H B isto that 
which is contained under the lines AG and,G D, 
fois the pentagon to the triagle.But as that which 
ts contained under the lines B H Gy AG isto that 
which is contained vader the lines AC and G D, 
fois the line B H to the line D G (by the.1.of the 
fixth ) wberefore (by tbe. j.ofthe fifib ) astz. 
Juch linesas B H isyare to.20 fnch lines as D Gis, 
fo are 1 2-pentagons to 2o triangles, tbat is the fn- 
perfictes of the Dodecahedron,to the fuperficies of 
the Icofabedron. And 12.fuche lines as B His,are 
equall to tenne Juche lines as BC is (for the 
line HB 1s quintuple to the line HC):and the line BC is fextuple to the line C H- 
Wherfore fix fa lines as B His,are equal to fine fuch lines as B C are: and in the fame pro- 
portion are their doubles : and 20 fuch lines as the line D Gis, are equal to.r0 fuch lines as 
the line D M is:for the line D M is double to the line D G.Wherfore as 10 fuch linesasB C 
isare to 10 fuch lines as D M is,that is,as the line B C is to the line D M fo is the fuperficies 
of the Dodecahedron tothe — of the Icofabedron. But the line BC is the fide of the 
enbe,and the tine D M the fide of the Icofahedron: wherefore (by the 1 .of the fifth) as the 
Superficies ofthe Dodecahedron is so the fuperficies of the Icofahedron, fois tbe line B C to 
the line D M that is,the fide of the cabe to the fide of the 1cofabedron. 





Nowe will we prone that aright line being denided by an extreme and 
meane proportid what proportid the line cotaining in power the (quares 
of the whole line and of the greater fegment hath to the line containing 
in power the fquares of the whole line and of the PI Segment, the fame 
proportion hath the fide of the cube to the fide of the Icofahedron, being 
both defcribed in one and the felfe fame fphere. 


AV ppofe that A B be a circle conta ning both the pentagon of a Dodecahedron dr 
E the trian rele of an Icofahedron defcrsbed bothe in. one and the felfe fame [phere. 
WAS "| Take tbe centre ofthe circleyand let tbe [ame bc C. Aud from the point C extend 
S tothe circumference a vighi line at all auentmres,and let tbe [ame B C. And (by 
the 30.0f the fixth)denide tbe line B C by an extreme and meane proportion in the point D, 
and let the greater fegment therof te C D.Wherfore the line C D is the fide of a Decagó de- 
feribed in the fame circle( by the corollary of the 9 .of the thirtenth).T ake the fide of an Ico- - 
fahedyon,and let the fame be the line E and the fide of a Dodecahedron, and let the fame be 
the line F and the fide of a cube Qr let the fame be the line G: Wherfore the line E is the fide 
of an equilater triangle, and F of an equaliter pentagon defcribed in one and the felfe fame 
circle. And the line G being deusded by an extreme and meane proportion, his greater feg- 
ment-is the line F, by the corollary of the 17 .0f the thirteth. Now forasmuch as theline E 
8s the fide of an equilater triangle, but (Ey the 12.0f the thirtenth) the fide of an equilater 
triangle is in power trebleto the line BC, (which is drawne from the center to the circum- 
ference) therefore the fquare of the line Eis trebletothe (quare of tbe lint BC : but the 
Squares ofthe line B C and B D are (by the q.of the thirsenth)treble to the [quare of the line 
C D.Wberfore as the [quare of tbe line E is to the [quare of tbe line C B, fo are the ſquares 
of the lines C B and BD to the fquare of the line CD. Wherefore alternately (by th 16.0f 
the 
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she fifth) as the (quare of tbe line E és to the {quares 
of the lines C B and B D, fois the (quare of the line 
CB to the [quare of'the line C D." Bnt as the fquare 
of the line B C is to the (quare of the line C D, fois 
the (quare of the line G (the fide of the cube) to the 
[quare of the line F the fide of Dodecahedron, For 
the line F isthe greater fegmét of tbe line G ( as 
was before proved .)Wher fore by the.t1. of the fift) 
as the (quare of the line E isto the [quares C B and 
E D, fois the {quare of the line G, to the {quare of 
the line F. Wherefore alternately (by tbe 16.0f the 
fifth) & alfo by conuerfion(by the corollary of the 4. 
of the fift)as the fquare of the line G,is to the fquare 
of the line E fo is the {quare of the line F, tothe 
ſquare of the lines CB Qr BD. But nto the  fquare 
of the line F are equal the {quares of the lines BC ¢ CD, for the fide ofa pentagon cotaineth 
sn power both the fide of a fixe angled figure,and the fide of a ten angled figure(by the 10.0f 
the thirtenth.) Wherfore as the {quare of the line G,is to the quare of' the linc E, fo are the 
Squares of the lines BC and C D tothe {quares of the lines C B and BD. But asthe [quares 
of the lines C B and C D areto the [quares of tbe lines C B fr B D,t fo (any right line what 
fo ener it be, being dinided by an extreme and meane proportion) is the line containing in 
power the {quares of | the whole line,and of the greater ‘feemtt,to the line containing in power 
the {quares of the whole line,and of the leffe fegment: wherfore( by the 11.0f i )as the 
Square of the line G(tbe fide of the cube )is to tbe [quare of the line E fo(any right line being 
denided by an extreme and meane proportion) is the line containing in power the fquares 
made of the whole line,and of the greater fegmét,to the lige containing in power the {quares 
made of the whole line,and of the lefe fegment: but the dine G is the fide of the Cube, and the 
line E of the Icofahedron( by fappofition.) If therfore aright line be deuided by an extreeme 
and meane proportion,as the line coraining in power the fquares of the whole line,and of the 
greater fegment,is to the line containing in power the fquares of the whole line and of the 
lefe fegment:fo is the fide of the cube to the fide of the. Icofahedron being both defcribed in 
one and the felfe fame (phere. : 





Now will we prowe that as the fide of the Cube is to the fide of tbe Ico» 
Jabedron yo is the -folide of the Dodecahedron to the foltde of the Icofae 
hedron. — 
j=} Ovasmuche as eqnal circles comprehend both the pentagon of a Dodecahe- 
I dron,and the triangle of an Icofahedron, being both defcribed in one and 
—— the felfe fame fphere, by the 2.0f this booke:but in a [phere equal circles are 
W equally diffant from the centre(for the perpendicular lines drawn from the 
MIN centre of the {phere to the plaine [uperficieces of the circles are equal,and do 
“fall upon the centres of the circles. twherfore perpendicular lines drawne 
from the centre of the (phere,to the centre of the circle,cumprehending bothe the triangle of 
an Icofahedron,and the pentagon of a Dodecabedron are equal : wherefore the pyramides, 

whofe bafes are the pentagons of the Dadecahedron are of equal altitude with the piramides 
whofe bafes are the triangles of the Icofabedron. But piramids of equal altitude, are in that 

proportion the one to the other, that their bafes are (by the s.of theswelfth) wherefore as the 

pentagon is tothe triangle, (ois the pyramis whofe bale is the pentagon of the Dodecahe- 
dron and toppe the centre of the fphere,to the pyramis whofe bafe is the triangle and top the 
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centre alfo of the phere Wherfore(by the vs.of the fifth )as 1 petagons ure por20. trlinigles; 


_ foare 12 pyransidshauing pentagons to theyr bafesto 20 pyramids haning tridgles to their 
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' 
E 


bafes. But 12.pentagons are the Superficies of the Dodécahedron, and zo triangles ave the 
Siperficies of the Icofabedron, Wherefore.as the fuperficies.of the Dodecahedron 1s to the fu- 
perfictes of the Icofahedron,fo are 12. pyramids hauing pentagons. to their bafes to 20.pyra- 
mids, hauing triangles to their bafes. But 12. pyramids hauing pentagons to their bafes, are 
the folide of the Dodecahedron, and 20.pyramidshauing triangles to their bafes are the fo- 
lide of the Icofahedron.wherfore (by the ¢1.of the fifthe) as the Juperficies of the Dodecabedron se te 
the [upzrficies of the Icofahedron fo isthe felide of the Dudecahedrun to thefalide of the Icofahedron But as the 
Jsperficies of the Dodecahedron, is to the fuperficies of the Icofahedron, fà baue we proutd 
that the fide of the cube is to the fide of the Icofahedron.Wherfore, by the 1 1.0f the fifth, as 
the fide of the cubes to the fide of the Iofabedron, fo is the folide of the Dodecahedron to 
the folide of the Icafuhedron. f : 


If tivo right lines Le diuided by an extreame and meane proportion they 
phll every way be in like proportion:-which thing is thus demonftrated. 


See 3 Et tbe line A B be(by the'3 0: of the fixth) divided by qn extredme and meane prow 
S (e portionin the poynt C , and let tbe greater fegrnent vereof be the linc C A . And 
se Ukewife aifoles the line D E be-dinided by an extreame and neane proportion in 
— ah poynt Vand lee the greater feement thereof be the line D F.Then I fay that as 
the whole line A B iste the greater fegrment thereof A C, fo is the whole line D E to the grea- 
ter fegment thereof D FF or forafntuch as that which is contayned under the lines A Band 
BC ssuequall to the fquare of the line AC (by the diffinition of line distided be an ex- 
treame anil meane proportion) :and that which is contayned under the lines D E and E F is 
alfo equall tv the fquare of the line D F {by the fame dlffinition ): therefore as that which is 
contayned ander thetines AB and B-Cis tothe fqusre of the line AC, fois that which is 
contayntd vnder the limes D. E and E F to the quare of the line DP. For in eche is the pro- 
portion of equalitie. Wher fore as that which is contayned under the lines A Band BC fower 
times, is tothe fquare of the line — i pes 
AC, fois that which is contaynd. A SUE 5e 5 
under the lines D E and E F 7 
fower times to, the [quare of the 
line D F (by thers. ofthe fifth) 
Wherfureby compofition (by the eu NS 
13.0f the fifth)as that which is contayned under the lines AB and BC fower times,together 
with the fquare of the line A C,is to the [quare of the line G, fois that which is contayned 
vider the lines DE and E F fower times,together with the {quare of the line D F,to the 
Square of the line D F. Wherefore as the {quare which is madeof the lines A B and B C ad- 
ded together and made one line (whith [quare by the 8. of the fecond is equall to that which 
as contayned under the lines A B and B C fower times together with (quare of the line AC) 
1s to the fquare of the line AC, fo is the [quare made of the lines D E Cy E F added together 
and made one line (which {quare is alfo,by the fame,equalto that which is contayned under 
the lines D E and E F fower times together with the [quare of the line DF) to.the ſquare 
the line D F Wherefore alfo as the lines AB &> B C added together ave to the line AC, fo are 
the lines D E Gt EF added together.to-the line D F(by the 22.0f the fixt) Wherefore Ly ci- 
pofttion (bythe 18: of the fifth) as both the lines AB Gr B.C added the ene tothe other,toge- 
ther with the line AC, that is,as two fuch lines as A B is., are to the line AC, fo are both the 


lines D.E and EF added the one to the other together with theline D F that is two fuch 
5 ] ` ` dines 
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lines as D E is to the line D F.And in the fame proportien are the halues of the antecedents 
by the 15.0f the fifth . Wherefore as the line A Bis tothe line AC, fois theline D E tothe 
line D F.( And therefore by the 1 p.of tbe fifth,as the line A Bis to the line BC, fois the line 
D F to the line F E.Wherefore alfa by deusfion by thes z4f the fifth,as the line A C is to the 
line C B, fo is the line D F tothe lime D E). — A 

Naw that we hane proud,” that any right line what[otuer being diuided by an extrcame 
and meaae proportion mbat proportion the line cuntayning in power the [quares made of the 
whole line and of the greater fegment added together,bath to the line contayning in power 


she {quares made of the whole line and of the leffe fegment added together , the fame propor-. 


tion hath the fide of the cube to the fide of tbe. Ico[abedron: Now alfo that we bau proved, 
tehat as tbe fide of the cube is to the fide of the lcofahedron , (0 is the fuperficies of the Dode- 
cahedron to the fuperficies of the Icofabedron being both defcribed in one and the felfe [ame 
Jphere:and moreouner feing that we haue proued, ſthat as the fuperficies of the Dodecahedron 
ás to thefuperficies of the Icofabedzo, fo is tbe Dodecabedr? to tbe Icofabedron, for that both 
the pentagon of the Dodecahedron, and the triangle of the Icofabedron are comprehended 
in one and the felfefame circle : All thefe thinges Lfay being proned,it is manifeft , shar if in 
one anà the felfe [ame [phere be deferibed a Dodecabedron,and n Icofabedron , they hall be in proportion 
the one to the other,as,a right line what{oewer being dinided by an extreame and meane pro- 
portion,the line contayning in power the fquares of the whole line and of the greater fegment 
added together,is to the line containing in power the {quares of the whole line and of the leffe 
Segment added together . For for that as the Dodecahedron is to the Icofahedron, fois 
the fuperficies of the Dodecahedron to the fuperficies of the Icofabedron, that is , the 
fide of the cube to the fide of the Icofahedron : but as the fide of the cube ss to the fide 
ofthe Icofahedron,fo,any right line what fà euer being dinided by an extreame 
and meane proportion,is the line contayning in power the {quares of the whole 
line and of the greater fegment added together tothe line contayning in pow- 
er the {quares of the whole line and of the leffe fegment added together. 
Wherefore as a Dodecahedron is so an Icofahedron defcribed in one 
and the felfe fame [phere, fo, any right line what fo ener being 
divided by an extreame and meane proportion,is the line 
contayning in power the {quares of the whole line cr 
of the greater fegment added together,to the 
line contayning in power the {quares of the 
whole line and of the leffe fegment 
added together. 
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The ende of the fourtenth Booke 
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» Or thatthe fouretenth Booke,asit is fet forth by Fluf- 
TY fas,containeth in it:moe Propofitions then ate found 


7 vo ia Hypficles, & alfo lome of thofe Propofitions which: 


9— Js Hypficles háth, are by him'fomewhat otherwife de- 










3 
4 Sg montad, {thought my labour well beltowed-for 
D er į the readers fake to terne italfo all whole,notwithftan- 
f, A o 'ding^my trauaile before taken in turning the fame 
a Sy booke after Hypficles, Where note'ye,that herejnshis. 
p 14.booke after Fluffas, and in the other bookes follo-- 
\ wing namely, the 15.and 16. Ihaue in alleadging of 
— the Propófitions ofthe fame" i 4ubooké followed the 
<<" ordgrand number ofthe Propolitions; as Fluffas hath: 
33 placed them, ie o Siso g . 
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ON he uve tote A iei 
m perpendicular line drawen from: the centre of a.circle, to the fide ofa 
Pentagon infcribed in tbe fame circle : is the halfe of thefe two lines taken 
together jtamely, of the fide of the hexagon, and of the fide of the decagon 
inforibedy the fame circle. oe cae 
a a PESA E i od i 


\ "eiua 


TELE m Akeacirde AB C; and inferibe init the fide of a pentagon, which let be 
—— ral NI B-C, and take the centre of thecircle; which lerbe the- point D : and fró 
y it draw voto the fidc BC a perpendicular line QD E-which produce to the 
y Point Fy And vata theline EF pucthe line E G equall. And draw thefe 
Tig: right lines C G,C D,and CF .Then1 fay, that the right line D E (which 
NES drawen from the centreto B C thefide ofthe pentagon ) is the halfe 
zu of thefides of ths decagonand hexagon, taken together . Forafmuch as 
EN | the lioe D'Eisu perpendicular vnto the line BC : therefore the fe&tions 
SS] BE and EC fhall be equall (by the 3.ofthe third) : and the line EFis 
A common vnto'them both, and the angles F E C and F E.B, are right an- 
gles,by fuppofition. Wherefore the bafes B Fand FC are equall (by che 
4.of the fif ) .Buttheline B C isthefide ofa pentagon, by conftru&ti- 
on . Wherefore F C which —— halfe ofthe fide of the FE 
entagon, isthe fide of the decagon in: cribed in the circle A B C. 
E it vie the line E C is, bv cheat the me — CG, Be) SSN c 
for they fubtend righeaogles CE Q,and, € E F, which’ are çon- į, | — 
ined vider eguali ides gne ort alfo che aheles CG E and. 
C E F,ofthe triangle C F G,are equallyhy ther s.of che firft; "And 
forafinuch as thearke F C is fubrended of the fide of a decagon, 
the arke C A fhall be quadruple to chearke C F Wherefore allo 
the angle CD A fhall be quadruple to the angle C D F ( by the 
laft of the fixt) . And forafmuch as che fame angle CD A, which 
is (et at the centr: ,is double to the angle C FA, which is fecatthe 
circumference,by the 2o.of the third* therefore che angle C FA, 
or CF D,is doublero the angle C D F, namely, the halfe ofqna- 
druple . Buc vnto the angle C FD or-C E4G, is proued eqtiall thé 
angle C G F : Wherefore the outward angle C G F, is doubleto 
thẽ angle C DF. Wherefore the angles CD G and D C G, fhall A 
be equall. For vnto thofe two augles the angle C G Fis equall,by 


che 32.0f the Arlt. Wherefore the fides G Cand GD, arc equall, by the 6.of the frit . Wherefore as 
] the 
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theline G D is equall to the liàe F Cs which is the fide ofthe decagon . But vitto the right line FE is e- 
quall the line E G, by conftrüction ; Wherefore die whole line D E is equall to the two lines C F and 
€ E.Wherefore thofe lines taken together (namely, the lines D F and F C,) fhall be double to the line 
DE. Wherefore the line D E(which is drawen from the centre perpendicularly to the fide ofthe pen- 
tagon)fhal be the halfe of both thefe lines taken cogether,namely,of D F the fide of the hexagon, and 
CF the fide of the decagon . For the [ine D F which is drawéa from the centre, is equall to the fide of 
the hexagon, by the Corollary of che 15.0f the fourth , Wherefore a perpendicular line drawen from 
the center ofa circle, to the fide ofa pentagon infcribed in the fame circle : is the halfe of thefe two 
lines taken together, namcly;of the fide of the hexagoh, aüid of the fide of the decagon infrcibed in the 
fame circle: which was required to be proued. "roce 


æ A Corollary. 





If aright line drawen perpendicularly from the centre of a circle to the fide - 
ofa pentagon, be dinided by an extreme and meane proportion.: the greater fege 
ment fhall be the line which is drawen from the fame centre to the fide of an. 


equilater triangle infcribed in the fame circle .. For, hat line (drawen to the fide of the 


eriang!e ) is ( by the Corollary of the 12-of the thirtench ) the halfe ofthe line drawen from the centre 

to the circumference,thac is, of the fide of the hexagon: Wherefore the refidue fhall be the halfe of the. 
fide of the decagon . For the whole line is the halfe of che ewo fides, namely, of the fide of the hexagon, 

and of the fide of the decagon But of the fide ofa decagon and of an hexagon taken together, the greater- 
fegment is the fide of the hexagon (by the 9.of the thirtenth) . Wherefore the greater fegment of their 

halfes fhall be the halfe of the hexagon,by the rs.of the Aft: which halfe is the perpendicular line draw- 

en from the centre to the fide of the wiangle, by the Corollary of the 12.0f the thirtenth. 


q The fecond Propofition. 
If two right lines be dinided by an — and meane proportion: they Ty, i 
| Shall be dinided into the felfe fame proportions. : à a fition uL e 


' Campane. 







zu adl VPPofc that thefe two right lines A B and D E bc eche cut by an extremeand meane pro- 
a portion in the poiutes Fand Z, Then I fay, that thefe two lines are diuided into the felfe 
£z lame proportions thatis;that the line A Bisin the poidt F diuided in Jike fortas the line 
D Eis in the point Z.For if they be not in like fort cut, let one of them,namely ,DE,becut 
like vnto the line, Bin te Point Cee be the line DE be to DC the greater part,as Demonfiratis 
e greater pare DC isto CE the leffe part,by the 3. itió o i- i 
tion) the line D E E to che lide D Z,as the party the 3 definitié of the fixt.But(by fuppofiti- om seading t0 





Di 





line D Z is to the line Z E . Wherefore the F an impußabi- 
right line DE is diuided by an extreme 4 ; B mie 

and meane proportion in two pointes C" dd 

andZ . But theproportion of DE toDC D CZ, E 





the Jeffe line, is greater then the propor- bois ok — 

tion ofthe fame D E to D Z the greater line,by the 2.part of the 8.of the fife . But as D E is to DC, fo is 
DC tof Ez Wherefore che proportion of D C to CE, is greater then the proportion of D Z to ZE. 
And forafmuch as D Z is greater then D C, the proportion of D Z to C E fhall be greater then the pro+ 
portion of D C to C E, by the 8.of the fift. Wherefore the proportion of DZ to CE, is much greater 
then the proportion of D Z to Z E. Wherefore one and the felfe fame magnitude,namelv, D Z, hath to 
C E the greater line, a greater proportion then it bath to Z F the lefe line, contrary to the fecond part 
of the 8.of the fift: whichisimpofble. Wherfore the rightlines A B & D E,are not cut vnlike.W her- 
fore they are cutlike,and into the {elfe fame proportions.And the fame demonftration alfo will ferue,if- 
the point C fall in any other place . For alwaies (ome one of them fhall be the greater . If therefore two 
right lines be cut by an extreme and meane proportior : they fhall be cuc into the felfe fame propor- 
tions : which was required to be proued, i l 


q The third Propofition. 
If in a circle be deferibed an equilater Pentagon : the fquares made of the 74 : 
fide of the Pentagon and of the line which Jubtendeth two fides of the fitout 


RRr J: Pen tagon, Campane. 


Conflru d:on. 


Demonſira- 


tion. 


This Corolla- 
ry Campane 
alſo putteth 
after the 4. 
propoſition in 
his order. 


"ec 


The s. prope- 
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bake 
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‘Pentagon, E two  fquares (I fy ) taken together, are quintuple to the 
Square of the line drawen from the centre of the circle to the circiference. 


x] Vppofe that in the circle B C G the fideiofa 

Pentagon be BG : and let she line B C fub- 

tend two fides thereof, And let the line BG 

be diuided into two equall pattes by a right 

line drawen from the centve D : nafnely, by 

the diameter C D E produced to the point 

Z. And drawe the rightline B Z . Then I fzy;that che right 

lines BC and B G, arcin power quintuple co the rightline 

D Z,whichis drawen from the centre to the circumference. 

Forfora(much as (by the 47.of the firft) the (quares-of the 

{ines C B and B Z, are equali to the fquare of the diameter 

C Z x therefore they are quadruple to the (quare of che line. 
D Z, by the 20.of the fixe( for the line CZ is double to the 

line DZ). Wherefore the right lines CB,BZ,and ZD,are in 

power quinruple to the line Z D. But che right line B G- con- 
taineth in power the two lines B Zand Z D,by the to.of the 

thictenth. For D Z is the fide of an hexagon, & B Z the fide 

ofa decagon. Wherefore the lines BC and B G (whofe powers are equall to the powers of the lines 
CB,B2Z,ZD) are inpower quintuple to the line D Z . If therefore in a circle be defcribed an equilater 
Pentagon : the fquares made of the fide of the Pentagon and of the line which fubtendeth two fides of 
the Pentagon, thefe two fquares ( Ifay) taken together, are quintuple co the {quaré of the line drawen 
trom che centre of che circle to the circumference, 





alos 





q A Corollary. > 


_ Ifa Cube anda Doderahedron be contained in one and the felfe fame 
Spheres the fide ofthe Cube, and the fide vof the Dodecahedron, are in power 
quintuple to the line which is drawen from the centre of the circle which contaie 


neth the Pentagon of the Dodecahedron. For itwas proued in the 17.0f the thirtenth, 
that the fide of the Cube fübtendethtwo fides ofthe Pentagon of the Dodecahedron, where the fayd 
folides are contained in oneand the {elfe ame Sphere . Wherfore the fide of the Cube fubtending two 
fides of the Pentagon, and the fide of the fame Pentagon,are contained in one and the felfe fame circle. 
Wherefore, by this Fropofitjon, they are.in power.quintuple to the line which is drawen from the cen- 
tre of the fame circle which containeth the Pentagon of the Dodecahedron. 


~The 4.Propofition, 


One and the [elfe fame circle containeth both the Penta gon of a Dodecas 
>. hedron,and the triangle of an. Icofabedron defcribed in one and the felfe 
E I 0L | 22: 


: en 

FT: Ec the diameter of the fphere geuen be A B, and let the bafes of the Icofahedron and Do- 

1 decahedron defcribed in it, be the triangle MNR; and the pentagon FKH, anda- 
e bout them let there be defcribed circles.by the 5.and.14.0f the fourth. And let the lines 

we drawne from the centres of thofe circles to the circumferences be LNand OK. ThenI 
srw (ay that the linés L Nand O K are equal,and therfore one and the felfe fame circle contai- 
neth both thole figures. Let the right line A B, be in power quintuple to fome one right line, as co che 
Jine C G(by the Corollary of the 6.of the tenth.)And making the cétre the poynt C,& the fpace C G, 
delcribe a circle D Z G. And let the fide ofa penragon infcribed in that circle (by the11.of che fourth) 
be theline Z G. And lec EG (fubtending ‘halfe of the arke Z G) be the fide of a Decagon infcribed 
in that circle.And by che so. ofthe fixt,diuide theline C G by an extreme & meane proportion in the 
poynt L.Now fora(muche as in the 16.of che thirtenth, it was proned,;thacthisline C G. (vnto whome 








` the diameter A B of che fphereis in powes qvintuple)is the line'which is drawne from the centre of 


the circle, which containetb fiue angles of che Icofaücdron, and the fide ofthe pentagon defcribed 
5 ber EA in 
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in chat circle D Z G,namely the line ZG 
is fide of the Icofahedron decribed ia 
the Sphere, whofe diameter is the linc A 
B:chcrefore che right lineZ G,is equal to 
the line MN, which was put to be the fide 
of the Icofahedré,or of his triagular bale. 
Morcouer, by the 17.0f the thircenth, ie 
was manifell that theright line r &(which 
fubtendeth the angle o£ the pentagon of 
the Dodecahedron infcribed in the fore- 
fayde (phere) is che fide of the Cube, in- 
{cribed in the felf fame {phere.(For vpon 
the angles of the cube, were made the an- 
gles of the Dodecahedron.) Wherefore 
the diameter A B is in power triple to F- 
Hythe fide of the Cube (by the 15. of the 
thirrench). Buc che fame line AB is (by 
fuppofition) in power quintuple to the 
line C G. Wherefore fiue fquares of the 
Line C G, are equal to thre {quares of the 
line FH; (fareche is equal to one and 
the felf fame (quare of the line AB). And 
forasmucheas EG the fide of the Deca- 
gon, cutceth che right line C G by an ex- 
treme and-meane proportion (by theco- 
rollary of the Sohe thirteenth) : Like- 
wife the line H K, cutteth the line F H, 
the fide of the Cube by an extreeme 
and meane proportion (by the Co- 


ase B 


— 
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rollary of the 17 of the thirtenth) : therfore the lines C G and F H, are deuided into the felf fame pro- 
portions, by the fecond ofthis booke:and the right lines C I and E G,which are the greater fegmentes 
of oneand the felfe fame line C G,are equal: And forasmuche as fue {quares of the line C G are equal 
to thre.fquares.ofthc lines F H ; therefore fiue fquares of the line G E, are equal to thre fquares of the 
Jiac H K (for thelines G E and H'Kare the greater fegméts of the lines C G and F H). Wherefore fiue 
{quares of rhe lines CG. & GE are equal'to thre {quares of the lines FH & HK,by the 12 of the fife. Buc 
vnto thefquares ‘of the lines C G and GE, is equal the fquare of theline Z G, by the 1o.of the thirtéth 
and vnto theline Z G the line M N was équal: wherfore fiue {quares of the line M N, are equall to three 
{quare's.ofthe lines F H,H K.. Burthe (quares of che lines F H and H K,are quintuple to the {quare of: 
the line O.K (which is drawne from the ceatre) by the third of this booke. Wherfore thre fquares of 
the liries F Hand H K make 15.fquares of the line O K . And forasmuch as the {quare of the line M N is’ 
triple to the fquare of theline L N (which is drawne from the centre)by the 12.0f the thirtenth, ther= 
fote fiue fquarcs of the line M N are equal to t5. (quares of che line L N.But fiue fquares of chelineM N 
are equal ynto thre {quares of the lines FH and H K . Wherefore one fquare ofthe line LN is equall 
to one (quare ofthe line O K (being eche the fivetenth part of equal magnitudes) by che 15.of che 
fifth, Whsrfore thelines L N and O K,which are drawne from the centers, are equal. Wherefore alfo 
the circles N R M,and F K H which are defcribed of thole lincs, are equal. And thofe circles contayne 
(by-fuppofition) the bales of the Dodecahedron and of the Icofahedron deferibed in one and the felfe 
fame (phere. Wherfore one and the felfe fame circle.&&c. asin the propofition: which was required to 


be proued. 


— The. Propoſition. 
Hf in a circle be infcribed tbe pentagon of a 'Dodecabedron , and tbe trian» 


3. gle.of an Icofahedron,and from the centre to one of theyr fides, be drawwne This is the 63 


_ lide, vpon whofe fide the perpendicular line falleth. 





and 7.propoe 


c. a perpendicular linie: T bat which is contained 30.times vnder the fide,<7 ftions after 
the perpendicular line falling 'ppon it ts equal to the fuperfictes of that foe Campane, 


= (i Vppofe that in the circle A G E,be defcribed the pentagon of a Dodecahedron, which 






RRr.ij. 


Pict be AB G D E,and the triangle of an Icofahedron de(cribed ia the fame fphere, which mE 
aJ let be A F H.Andlet checentre be the poynt C. From which draw perpendiculariy the — Con/frwetiem, 
line CI to the fide of the Pentagon,and the line C L to the fide of the triangle . ThenI 


S| Gy that the rectangle figure contained vader the lines CI and G D 3o.times, is equal to 
the 


the fuperficies of the Dodecahedron : and thatthat s 
which is cótained vnder the lines CL & AF 30. times 
is equal to the fuperficies of the Icofahedró defcribed 
in the fame fphere.Draw thefe right lines CA,CF,CG 
Demonfira- and CD.Now forasmuch as that which is cótained vn 
tione der the bafe G D & the altitude I C, is double to the 
triangle GCD,bythe 41.of the firft: And fiue triangles 
like and equal co the triangle G C D do make the pen- 
tagon AB GDEofthe Dodecahedron: wherfore that 
which is contained vader the lines G D and I C fiue 
.times is equal to two pentagés. Wherfore that which 
is contained vnder the lines G D andI C 5o. times is 
equal co the 12.pentagons, which containe the fuperG- 
ties of the Dodecahedron. 
Againe that which is contained vnder the lynes 
C Land A F, is double to the triangle A C F: where- 
fore that which is contained vader the lines C Land 
AF three times is equal to two fuche trianglesas A F- 
His,which is one of the bafes of the Icofahedron (for Lite 
the triangle A C F,is che third parc of the triangle AF- Hsu. 
Has it is eafie to proue;by che 3. & 4.0f the firlt.) Wherfore chat which is cótained vnder the lines CL 
and A F,30 times times, is equall to 20.fuch triangles as A F H is, which containe the fuperficies of the 
Icofahedron. And forasmuch as one aud the felfe fame {phere concaineth the Dodecahedron of this 
pentagon,and the Icofahedron of this triangle (by the 4.of this booke : ) and the line-C L falleth per- 
pendicularly vpon the fide of che Icofahedron, and theline CI vpon the fide of the Dodecahedron : 
chat which is 30.cimes contained vnder the fide, and the perpendicular line falling vpon it, is equal to 
the fuperficies of chat folide,vpon whofe fide the perpendicular falleth. Lf cherefore in a circle &c.asin 
the propofition: which was required co be demonftrated. 
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e t b A Corollary. - 


sae 7 


This Corolla- Tbe  Jnperficieces of a fDodecabedron and of an Icofabedron decribed in one 
ry Campane And the felfe Jame [Dbere , are tbe one to tbe other as that whichis contained vn 
«ffoaddeh — dey she fide of tbe one and tbe perpendicular line drasne vnto it from tbe cene 


be 7. — iu s : 
A Oii tre of bus bafe, tathat which is contained 'ynder the fide of tbe otber, and the 


bisorder. perpendicular line dra wne to it from the centre of bis bafe. Foras thircye timesisto 
thirty times,fo is once co once by the 15.ofthe fifth. — ` 


DE 


— e tas T be 6 Propofition. 


nite 


ann. The fuperficies of a Dodecahedron, is to the faperficies of an Icofabee 
FEES 52 dron defcribed in one and the felfe fame fpheré, i that proportion, that 
fion. Mie -the fide of the Cube is to the fide of the lcofabedron contained in the Sef 


Cumpane. ſame /pbere. 


| Vppofe that there be a circle A B G,& init (by the 4.of this boke) let chere be infcribed the 
. fides ofa Dodecahedron and ofan Icofahedron contained in one and the [elfe fame fphere. 
(oxfruttion. | And let the fide of the Dodecahedron be A Gand the fide of the Icofahedron be D G, And 
-' let the centre be the poynt E:from which draw vato thole fides, perpendicular lines EI and 
E Z.And produce the line E Ito the poyne B, and draw the line B G. And. let the fide of che cube con- 
tained in the felf(ame {phere be G C. Then I fzy that che fuperficies of the Dodecahedron is to the fu- 
perficies of the Icofahedron,as the line-C G,is to the line GD, Forforasmuche as the line EI being 
diuided by an extreme and meane proportion,the greater fegment cherof fhall be che line E Z, by the 
Demonffra- corollary of the firlt of this booke: and the line C G being diuided by an extreme and meane pro- 
Lion. portion, his greater fegment is the line A G, by checorollary of the 17. of the thircenth : Where- 
fore the right lines El and CG are cut proportionally by the fecond of this booke. Wherefore 
astheline CG,is to the line AG, fo is the line EItothe line EZ. Wherefore that which is con- 
tained vnder the extreames C G and E Z, is equall to that which is contayned vader the meanes 
À G and E L.(by the 16.0f the fixth.) But as that which is contained vnder the lines C G and EZ is to 
that which is contained ynder the lines D G and E Z,fo(by the firít of che fixth) is che line C G co the 
line 
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line DG, for both thofe parallelogrames haue oneand the * 
felfe ſame altitude, namely the line EZ. Mherfore as that 
which is contained vnder the lines E Land A G (which is 
proued equal to that which is conrained vnder the lines” 
C Gand E Z) is to that which is contained vader the 
lines D G and EZ, fo is the line CG tothe line DG. 
Butas that which is contained vnder the lines E[ and AG 

is to that which is contained vrider the lines D G and E Z, ~ ~- 
fo (by the corollary of the former propofition) is the fu- 
perficies of the Dodecahedron, to the fuperficies of the 1- 
cofahedron, Wherfore as the {uperfici¢s of the Dodécahe-. 
dron is to the fuperficies of the Icofahedron,{o is C G the 
fide of the cube,to G D the fide of the Icofahedron. The 
fuperficies therefore of a Dodecahedron is to the fuperfi- 
cies.&c. as in the propoficion, which was required to be 
proued. " : es 





An affumpt. . 


T he Pentagon of a Dodecahedron is equall to that which is contained vn- 
der the perpendicular line which falleth vpon the bafe of the triangle of the 
Icofabedron and fine fixth partes of the fade of the cube , the fayd three fas 
lides being defcribed in one and the felfe fame {phere. 


Suppofe that in the circle A B E G,the pentagon of a Dodecahedron be AB CIG , and Jet two 
fides thereof A B and A G be fubrended of the right Line BG. And let the triangle of the Icofahedron 
infcribed in che felfe fame {phere , by the 4.0f this booke,be AFH. And lec the centre of the circle be 
the poynt D,and let the diameter be A D E, cutting F H, the fide of the triangle in the poyne Z,and cut- 
ting the line B G in the poynt K. Aad draw the rightline BD. And from the right line K G cut ofa 
third parc T G,by the 9.0f the frxth.Now then the line BG fubtending two fides of the Dodecahedron, 
fhalbe the fide of the cube infcribed in the fame fphere,by the i7. of the thirtenth: and the triangle of 
the Icofahedron of the fame fphere fhalbe A F H by the 4, of this booke . And che Jine A Z which paf 
feth by thecentre D thall fall perpendicularly vpon che : s 
fide of che uriangle.For forafmych as the angles G A E & 
B AE are equall ( by the2z.’of the third , for they are fet 
vpon equall circumferences): therefore the bafes B K and 
K G are(by the 4.of the firft) equall . Wherefore the line 
B T tontayneth 5. fixth partes oftheline B G . Then I fay 
char that which is contayned vnder the lines A Zand B- 
T,is oquall co the pentagon AB C IG, For forafmuch as 
theline A Z is fefquialter to the line A D (for the line D- 
E is diuided into two equall partes in the poynt Z, by the 

corollary ofthe 12. of the thircegth ) . Likewife by con- 
firu&ion,the line K G is fefquialter co che line K T:. there- 
fore as the line A Z is to the line A D, fo is the line K G to 
thelíhe K T .: Whereforethat which is contayned vnder 
the extreames 4 Z and KT jis equali to that which is con- 
tayned vnder the meanes A D and K G, by the 16. of the 
fixch. Buc.vnto the line K G is the line B K proued equall. 
Wherefore that which is contayned vnder the lines A Z : 
and K T is equall to that which is contayned vnderthe lines A D and B K . Bue that which is contayned 
vnder the lines A D and B K is ( by the 41. of the firit ) double to thetriangle ABD . Wherefore that 
which is contayned vnder the lines A Z and K T is double to the fame triangle A B D . And forafmuch 
as the pentagon ABCIG contayneth fiue triangles equall to che triangle ABD, and that which is 
contayned vnder the lines A Z and KT contayneth two fuch triangles: therefore the pentagon ABCI 
Gis duple fefquialter to the rectangle parallelogramme contayned vnder the lines A Zand K T. And 
forafmuch as by conftruction the line B Tás duple fefquíalter to the rightline K T : but by x. of the 
Sixth chat which is cótcyned vnder the lines A Z and B T is to that which is contayned vnder the lines 
AZand K T,as the bafe B T [à to ehié bafe K T: therefore chat which is contayned vnder the lines A Z 
and B T is duple fe(quialter to that which is contayned vnder.theline A 7 & K T. But vnto that which 
is contayned vnder the lines A Z and K T the pentagon A BCIG is proued duple fefquialter. Wher 
fore the pentagon A B C1 G of the Dodecahedron is equall to that which iscontayned vader the per- 
: RRr.iii. pendicular 
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pendicular line A 2,and vader the line B T which is fue fixe partes of the line B G. 
q Uhe7. Propofition. 


A right line diuided by an extyeame and meane proportion : ‘what propore 

tion the line contayning in power the whole line andthe greater fegment, 

_ hath to the line contayning in power the whole and the leffe fegment : the 

| fame hath the fide of the cube to the fide of the Icofahedron contayned in 
one and the fame [phere. — 


zAkea circle A B E:and in it(by the 11.of the fourth)infcribe an equilater pentagon B 2 E C- 
H :and(by the fecond of the fame)an equilater triangle ABI. And lee the centre thereof be 
S the poync G. And drawea line from G to B . And diuide the line GB by zn extreame and 
“4d! meane proportion in the poynt D(by the 3o. of thefixth ) . And let the line M L contayne in 
power both the whole line G B and his leff¢ fegment B- B 
D/by the corollary of the 13 .of the tenth ).And draw che 
right line B F fubcéding the angle of the pentagon, which 
shill be she fide of the cube ( by the corollary of the 17. 
ofthe'thircenth) : and the line BI fhall be the fide af che 
Icofshedron , and the line B Z the fide of the Dodecahe- 
dron by che 4. of this booke . Then I fay thatB E the fide Z 
cfche cube isto B I the fide of the Icofahedron , as che 
line contayning in power the linesB G & GD isto the 
line contayning in power the lines G B and B D, For for- 
afmuch as (by the 12. of the thirtenth ) the line B Lis in 


pror to theline BG, aud ( by thes. of the fame) 
t 








2 


efquares of the lind G B & B D are triple to the quare 
oftheline G D . Wherefore ( by the 15. ofthe fifth ) the 
{quare of che line B1 isto the fquares of theliues G B & 
8 D(namely,triple to triple),as the (quare ofrheline B G 
is to the fquare of the line G D(namely,as one is to one). 

Burt as the (quare of the line B G is to the fquare of the a A aL 

GD, foisthe {quare of the line B E to the fquare of the _ 
line B Z. (For the lines BG, GD, andB E, B Zare in oneand the fame proportion , by the fecond of 
this booke. Eor B Z is the greater fegment of the line B E, by the corollary of the 17. of che chirrenth). 
Wherefore the {quare of the line B E is to the {quare of che line BZ , asthe {quare of the line B listo 
she fquaresofthelines BGandBD. Wherefore‘alternately the fquare of the line BE isto the fquare 
of the liae B Las the {quare of the line B Z is to thefquares of the lmes G B and B D. But the fquare of 
the line B Z is equall to the fquares of the linésB G and 'GD ( by the 10.0f the thirtenth ) . For the line 
B G is equall to the fide of the hexagon,and the line G.D to the fide ofthe decagon,by the corollary of 
the 9.of the fame . Wherefore the {quares of the lines B G and GD, are to the fquares of the lines GB 
and B D , as the {quare of the line B E is to che fquare of the line B 1 . But the line ZB contayneth in 
power the lines B G and G D,and the line M L contayncth in power the lines G B and B D by conftruc- 
tion, Wherefore as the line Z B (‘wnich contaynéth in power the whole line B G ard the greater feg- 
ment G D)ís to theline M L ( which contayncthin in power the whole fine G Band the leífe fegment 
B D Jfo is B E the fide of the cube to B I the fide of the Icofahedron, by the 22.0f the fixth . Wherefore 
a right line diuided by an extreame and meane proportion : what proportion the line contayningin 
power the whole line and the greater fegment , hath to the line contayning in power the whole line 
aad cheleffe (cgment:the Game hath the fide of the cube to the fide ofthe Icofahedron cótayned in one 
and tbc fame fphere: which was required to be proued. i 


g The 8. Propofition. 


, The folide ofa Dodecahedron is to tbe folide of an Icofabedron : as the fide 
- ofa Cubeis to tbe fide of an Icofabedvon, all thofe folides being defcribed 
` in one and the felfe fame Sphere. 


~ 


Forafmuch 
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Orafmuch as in rhe 4.of chis booke, it hath bene proued, that one and the felf fame cir- 
aKa containeth both the eriangle of an Icofahedron, and the pentagon of a Dodecahe- 





dron defcribed in one and the felfe fame Sphere : Wherefore the circles,which cótaíne 
| oy thofe bafes, being equal, the perpendiculars alfo which are drawen from the centre of 
deh Bee che Sphere to thole circles, thall be equal! (by the Corollary of cheAffumpe of the 16 of 
Cis) theewelfth ) . And therefore the Pyramids fet vpon the bafes of thole folides haue one 

and the felfe fame altitude : For the altitudes of thofe Pyramids concurte in the centre. 
Wherefore they are in proportion as their bafes are, by the 5.acid 6.0 the twelfth . And therefore the 
pyramids which compofe the Dodecahedron, are co the pyramids which compole the Icofahedron, 
as the bafzs are, which bafes are the fuperficieces of thofe folides . W hetefore their folides are the one ^ 
to the other,as their fuperficieces are . Butthe fuperficies ofthe Dodecahedron is to the fuperficies of 
the Icofahedron, as the fide of the cube is to the fide of the Icofahedron,by the &.of this booke. Wher- 
fore by the 11.0f the fifth, as the folide ofthe Dodecahedron is to the fotide of the Icofabedron, fo is 
the fide of the cube to the fide of the Icofahedron, all the [aid folides being infcribed in one and the 
felfe fame Sphere . Wherefore the folide ofa Dodecahcdron is to the folide of an Icofahedron : as the 
fide ofa cube is to the fide ofan Icofahedron, all thofe folides being defcribed in one and the felffame 
Sphere ; which was required to be proued. 





x A Corollary. 
The folide of a Dodecahedron is to the folide of an Icofahedron, as the fue This Corolla- 
perficieces of the one are tothe fuperficieces of the other being defcribed in one 95 abe 9. 


- propofition 
and the felfe [ame Sphere : Namely, as the fide ofthe cube is to the fide of the Icofahedron, ee 
as Was before manifeft : for they are refolued into pyramids of one and the felfe fame altitude. pane. 

q I he 9. Propofition. 
If the fide of an equilater triangle be rationall: the fuperficies Mall be irra⸗ Theat, pio- 
tionall, of that kinde which is called Medial. pofitio:: after 
Campane. 


Vppofe that AB G be an equilater triangle: and from the point A draw vnto the fide BG 
a perpendicular line A D : and let the line A B be rationall . Then I fay, thae the fuperfi- ConfirmBi 
«|| cies A B G is mediall . Forafmuch as the line AB is in power fefquitertia to the line AD SPPEEME HONO 
V (by the Corollary of the 12.0f the thirtench ) * of what partes the line A B containeth in 
dj power 12, òf the fame partes the line ADcontainethin power 9: wherefore the refi- Demonflra- 
: due B D conraineth in power of the fame partes 3. (Eor theline A B cótaineth ip power — tione 
the lines A D and B D,by the 47.of the ficft ). Wherfore the 
lines A D and DB are rationall and commenfurable to the 
rationall line {et A B, by the 6. of the tenth . But foraífmnch A 
as the power of the line A D isto the power of the line D B 
in that proportion that 9.a quare number is to 3.a number 
not fíquare :therfore thcy are not in the proportion offquare 
numbers, by the Corollary of the 25.of the eight. And ther- 
fore they are not commenfurable in length, by the 9. of the 
tenth . Wherefore chat which is contained vnder the lines 
AD and DB, which are rationall lines commenfurable in 
power onely,, is mediall, by the 22. of the tenth . Buethat 
Which is contained vnder the lines A D and D B, is double 
to the triangle A B D, by thc 41.ofthe firlt. Wherefore that 
which is contained vnder the lines AD and D B,is equall to 
the whole triangle AB G ( which is double to the triangle 
AB D,by the r.ofthe fixt). Wherefore thetriangle ABG B D e 
is mediall . Iftherfore thé fide of an equilater triangle be ra- 


tionall : the fupe rficies fhall be 1rrationall, ofthat kinde which is called Mediall : which was required 
to be proued. 3 






æ Å Corollary. 


Tf an O&fobedron and a T etrabedyon be infcribed in a Sphere whofe dias The 13.propo: 


met er is rationall : their Juperficieces Pall be mediall . For thofe fuperficieces confitte ition after 
of equilater triangles, whofe fides are commenfurable to the diameter which is radionall, by the 15.and Campane, 
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14.0f the thirtenth, and therefore they are rationall.But they are commenfurable in power onely to the 
perpendicular line, and therefore they containe a mediall triangle, as it was before manifett. 


qThe 10. Propofition. 


Ifa Tetrahedron and an O&fobedron be infcribed i one and tbe felf fame 
Sphere: the bafe of the T'etrabedron [ball be fefquitertia to the bafe of the 
O Gohedron and the [uperficieces of tbe O&Zobedron [ball be fcfquialtera to 


-  thefuperficieces of the Tetrahedron. 







sagra Orafmuch as the diameter of the Sphere is in power fefquialtera to the fide of the Tetrahe- 
1 Bazi dron (by the 13.0f the thirtenth) and the fame diameter is in power duple to the fide of the 
y GNSS Octohedron (by the 14.0f the fame booke) : therefore of what partes the diameter contai- 
ps neth in power fixe,of the fame the fide ofthe Tetrahedron contayneth in power 4,and of che 
HANSEN fame che fide of the O€ohedron containeth in power 3. Wherefore the power of the fide of 
che Tetrahedron, is to the power of the fide of the O@ohedron in the fame proportion that 4.isto 3: 
which is fefquicertia . And Jike criangles (which are che bales of the folides ) defcribed of thofe fides, 
fhall haue the one tothe other the fame proportion that the {quares made of thole fides haue.For both 
the triangles are rhe one to the other, and alfo the {quares are the one to the other, in double proporti- 
on of thar:in which the fides are, by the 20.0f the fixch . Wherefore of what partes one bafe ofthe Te- 
trattedrou was 4: of the fame are tower bafes of the Tetrahedron 16 : likewife of what partes of the 
fame one bafe of the OQohedron was 3 : of the fame are 8.bafes of the Oftohedron 24. Wherfore the 
bafes ofthe O&tohedron are to the bafes ofthe Tetrahedron,in that proportion that 24.is to 16: which 
is fcfquialteza . Yfthereforea Tetrahedron and an O&tohedron be infcribed in one and the felfe ame 
Sphere : the bafe of the Tetrahedron fhall be fefquitertia to the bale ofthe OGohedzon,and the fuper- 
ficieces of the O£tohedron fhall be fefquialeera to the fuperficieces of the Tetrahedron: which was re- 
quired to be proued. E 





g The 1. Propofition. 


A Tetrahedron is to an Offohedron 
infcribed in one and the felfe fame 
Sphere, in proportion ,as the reffane 
gle parallelograme contained vnder 
the line, which containeth in power 
27. fixty fower partes of the fide of 
the Tetrahedron, ex nder the line 
which is fubfe(quioltana tothe fame ? 
— fide of the Tetrahedron, is to the 

Square of the diameter of the sphere. 











Ag Et vs fuppofe a Sphere, whofe diame- 
Y terlet be the line AB, and Jet the cen- 
TAL tre be the point H . And in it let there be infcribeda 
Tetrahedron A D C, and an O&ohedron AEKB G. 
Z) And let the line N L containe in power I of AC the 
oD Nfide of the Tetrahedron.And let the line ML be in légeh 
fub(e(quioctauato the fame fide. Thé I fay, that the Tetrahedron ACD 
is to the O&tohedron AEB, as the rectangle parallelogramn:e contay- 
ned vnder the lines N Land LM,is to the fquare of the line A B.Foraf- 
much as theline drawen fró the angleA by the centre H perpédicular- 
ly vpon the bafe of the Tetrahedron,falleth vpon the céter T of thecir- 
cle which containeth that bafe,and maketh the righe line H T the fixth 
part ofthe diameter A B (by the Corollary of the 13.0f che thirtenth) :. 
therefore the line H A (which is drawen from the centre to the circü- 
ference ) is triple to the line HT: and therefore the whole line A T is 
to 


P ows 





c 
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to the line A H,as 4.is to 3. Let the Tetrahedron A D C be cut bya plaine G H K paling by the centre 
H, and being parallel vnto the bafe D T C, by the Corollary of the 15.of the eleuenth . Now then the 
triangle A D C of the Tetrahedron, fhall be cut by the rightline K G, which is parallel to the lineD C, 
by the 16.of the eleuench. Wherfore asthe line A T is to the line A H,fois the line A C to the line A G 
(by the :.of the fixth) . Wherefote the line A C is to the line A G (efquitertia, that is,as 4. to 3. And 
forafmuch as the triangles A DC; AKG, and die relt which árecut by the plaine K H G, are like the 
one to the otlier; by the ;.ofthe fixth : the pyramids AD C and A K G, fhall belike the one to the a- 
ther, by the 7.definition ofthe eleuenth .-Wherefore they are in triple proportión of that in which che 
fides AC and A Gare, by the 8. of the ewelfth . But the proportion of the fides A C to A G is, as the 
proportion of 4.to 3 . Now then, if, by thez.of the eight, ye finde out 4.of che left numbers in continu- 
all proportion, andın that proportion that 4.is to j : which fhall be 64.48.36. and 27: it is manifeft, 
by the r5. definition of chc fifth, that the extremes 64.t027. are in triple proportion of that in which 
the proportion geuen 4.to 3.is : Orthe quantitie ofthe proportion of 4. to 3. (which is 1. and l) 
being cwife multiplied into it felfe, there fhall be produced the proportion of 64.to 27. Wherefore the 
Pyramis or Tecrahedron A D.C is to the pyramis A K G, 35 64.is Co 27 : which is triple to the propor- 
tion of 4.to 3. And fora[much ás theline A C is vnto the line A G in length fe(quicertia: of what partes 
the line A C containeth in power 64 : of the fame partes doch the line A G containe in power 36. For 
(by the z.of the fixth) the proportion of the powers or fquares, is duple to the proportion of the fides 
which'are asé4.isto 48. : j 

Now then vpon the line R S which let be equall to theline A G , letthere be an equilater triangle 

QRS defcribed(by the firn ofthe firt). And from the angle Q_, draw to the bafe R S a erpendicular 
line Q T.And extend the line R $ to thepoyntX.And as 27.is to 64. (fo by the corollary of the 6.of the 
tenth)ler the line R S be to the line R X. And diuide the line R X into two cquall partes in the poynt V, 
and draw the line Q V . And fora(much as theline R S is equall to the line A G, of what partes the line 
AC contaynesh in power 64. of the fame part the line R S contayneth in power 36.for it 1s proued that 
theline A G contayneth in power 36. of thofe partes : And of what partes the line RS contayneth in 
power 36 of che fame partes theline Q T contayneth in power 17; by the corollary of the 12. ofthe 
thirtenth. Whezfore of what partes the line A C contayneth in power 64, of the fame parts the line Q- 
T contayneth in power 27 . Wherefore the right line QT fhall be equall ro the right line LN by füp- 
pofition.Agayne forafmuch as the line R S is put equall to the line A G: and of what partes the line R- 
$ contayneth in length 27. of the fame parts is the line R X put to contaync in length 64, and of what 
partes the line R X contaynethin 

ength £4. ofthe fame the line A- : Q 

C(which is inlength fefquitertia ` 

to the Jine AGor RS) contay= 

neth 56 . Whercfore the lineR V 

( which is the halfe ofthe line R- 

X)containeth in légth of the fame z 

partes 32. of which the line AC 

contayned in length 36. Where- 

fore the line R V isto theline A- 

C fuüb(eíquioCtaua: and thereforc R 
the line RV is equall co the line vs T 

LM which is alfo fubfefquicétaua . ; 

10 thefame line AC. Add fora(nucf as the line N L is equall to the line Q T , and the line M to the 
line R V (as before hath bene proued ) the.rectangle parallelogramme contáyned vnder thelines Q T 
and RV, fhall be equall to the rectangle parallelogramme , contayned vnder the line N L whichis in 


power Zt0 thefide A C,and vader the line LM,which is in length fubfefquiottzua to the fame fide A- 


C.Bur chat which is contayned vnder the fines Q T and R V is double to the triangle Q V R by the qr. 
of the firit:and co the fame triangle Q.V R is the triangle Q X R duple by ehe firft afthe fixch. Where- 
fore the whole triangle Q XR is equall to that which is contayned vnderthelines Q T and R V , and 
therefore is equall to the parallelogramme M N, And forafmuch as the line R X by fuppofition contay- 
neth in length 64.0f thofe partes of which che line RS contayneth 27: and the triangles Q R X,and Q- 
RS are, by the firlt of the fixth,in the proportion of their bafes, that is,as 64.1s to 27: but as 64.is to 27. 
fo is hie pyramis or tetrahedron A D C to the pyramis A K G: wherefore as the parallelogramme NM 
orthe triangle Q RX;,is to the triangle Q R S,fo is the pyramis A DC to the pyfamis A K G. And for- 
almuch as the femidiameter AH isthe altitude ofthe pyramis AK G , andalío of the two equall and 
like pyramids of the octohedron which haue their common bafe in the (quarc of the octohedron ( by 
the corollary of the 14.0f the thirteath) : therefore as the bafe of the pyramis A KG (which is the tri- 
angle QR S)is to ewo fquares of the o€tohedron, that is,to che fquare of the diameter A B,which is e- 
quall co chofe fquares(by the 47.0f che firft) ,f0 is the pyramis A K G to the odtohedron A EB, by the 6. 
of the ewelfth.And forafmuch as the parallclogramme M N is to thë bafe QR S,as the pyramis A D C 
is to the pyramis A K G,and the bafe QRS is to the fquare ofthe line B E , äs the pyramis A K Gis to 
the o&tohedron À E B: therefore by proportion ofequatity raking away the meanes ( by the 21. of the 
fiftb)as rhe parallelogramme N M is to the fquare of the linc B E , fo is the pyramis A D C to theocto- 
; SSs.i. hedroo 
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hedron AEB infcribed in one and the felfe fame (phere Bur the parállelogramme N M is contayned 
vnder the liae N L which by fuppofition is in power to AC the fide of the tetrahedron A D C „and 
vnder the line LM which is alfo by fuppofition in length fubfefquio&taua to the fame line A C. Wher- 
fore atetrahedron & an oGtohedron infcribed in onc and the felfe fame f[phere,are in proportió,as che 
re&angle parallclogramme contayned vnder the line;which contayneth in power 17.fixty fower parts 
of the fide of the Tetrahedron,and vnder the line which is fub{efquioétaua to the fame fide ofthe Tc- 
trahedron,is co the (quare of the diameter of the fphere: which was required to be proued. 


q ihe 12.Propofition. 


If a cube be contayned in a fphere:tbe (quare of the diameter doubled is es 
quall to all the fuperficieces of the cube taken together. And a perpendicus 
lar line drawne from the centre of the phere to any bafe of the cube , is e 
quall to halfe the fide of the cube. 


9] Or forafmuch as(by the rs.ofthe chirtenth) the diameter of che [phere is in power 
I triple co the fide of the cube : therefore the (quare of the diameter doubled is fex- 
1 tuple co the bafe of che (ame cube.But the fextuple of che power ofone ofthe fides 

CH SLA concaynech che whole fuperficies of thecube . For the cube is compofed of fixe 
| SS Jd {quare fuperficieces(by the 2 1,diffinition of the cleuenth) whofe fides therefore are 
N Wy’ o, uec equall: wherefore the (quare of the diameter doubled is.cquall to the whole fuper- 
Sear UTES ficies of the cube. And forafmuch as the diameter of the cube, and theline which 
falleth perpendicularly vpó the oppofite bafes of the cube, do cuc the one the other 
into two equall partes in checentre ofthe fphere which containeth the cube (by the ».corollary of the 
15.of the chircenth)and che whole rightline which couplech the centres of the oppofite bafes,is equall 
to the fide of che cube by the 33.0f che firlt,for it couplech the equall and parallel (emidiameters of the 
bafes : therefore the halfe thercof fhall be equall co the halfe of the fide of the cube by the rs. of the 
fifth. lf therefore a cube Ge contayned in afphere : the {quare of the diameter doubled is equall to all 
the fuperficieces of the cube taken together. Anda perpendicular line drawne from the centre of the 
Sphere co any bafe of the cube, is equal to halfe the fide of che cube: which was required co be proued. 





q A Corollary. 


If two thirds of the power of the diameter of the [phere be multiplyed into 
the perpendicular line equall te halfe the fide of the cube there fhall be produced 


afolide equali to tbe folide of the cube.For itis before manifeft that two third partes of the 
power of che diameter of the (phere are equall to two bafes of the cube.If therefore vnto eche of thofe 
two thirdsbe applyed halfe the altitude ofthe cube’, they fhall make eche of thofe folides equall to 
halfe of the cube, by the 31.0f the eleuenth:for they haue equall bafes. Wherefore two of chofe folides 
are ¢quall co the whole cube. 


You hhall vnderftand(gentle reader)that Campane in his 14. booke of Exclides Ele- 
mentes hath 18. propofitios with diuers corollaries following of them.Some of which 
propofitions and corollaries I haue before in the twelfth andthirtenth bookes added 
out of Fluffas as corollaries(which thing alfo I haue noted on the fide of thofe corol+ 
laries, namely, with what propofitioa or corollary of Campanes 14. booke they doo 
agree). The reft of kis 18. propofitions and corollaries are contained in the twelue for- 
mer propofitions and corollaries of this 14. booke after Fluffas: where ye may fee on 
the fide of eche propofition and corollary with what propofition and corollary of 
Campanes they agree. But che eight propofitions following together with their corol- 
latics,Flufías hath added of him (elfe, as he him felfe affirmeth. Th 

e 


of Euclides Elementes after Flufias. Fol.427. 


The 13.Propofition. 


One and the felf fame circle containeth both the [quare of a cube, and the 
triangle of an Otfobedron defcribed in one and tbe [elfe fame [bbere. 






Al Vppofe that there be a cube A B G, and an Octohedron D E F defcribed in one andthe 
A. felfe fame fpherc, whofe diameter letbe A B,or D H.And lecthe lines drawne from che 
CZ A cétres(that is the {emidiameters of the circles which créaine the bafes of chofe folides) 
Ie. beCA and 1D.Thea I fay thac the lines C A and I D are equal. Foraimuche as AB the 
BS E] diameter ofthe {phere which containeth the cube, is in power triple to B G the fide of 
the cube (by the 1s .of the thirtenth) vnto which fide,A G the diameter o£ the bafe of che cube, isin 
power double (by the 47.0f the firlt): which line A G is alfo the diameter ofthe circlc, which cótai- 
neth the bafe (by the» - ofthe fourth: )therfore A B the diameter of the (phere is in power fefquialter 
to the line A G:namely,of what partes the line A B,containeth in power 12.ofthe fame the line A G,i 
fh al containe in pow- 
er 8. And therfore the 
rightline A C whiche 
is drawn from the cé- 
tre of thecircle to the 
circumference,contei- 
neth in power of the 
fame partes 2. W here- 
fore the diameter of 
the {phere is in power 
Íextuple to the lyne 
which is drawne from 
the centre to the cir- 
cunference ofthe cir- 
cle whiche containeth 
the (quare of che cube 
Bue the Diameter of 
the felfe fame Sphere H 
whych containcth the 
E idt one : 
and the (elfe (ame with the diameter of the eube, namely, DH, is equall to AB: 
diameter is alfo the diameter ofthe (quare which is made ofte fides oE ahe Suae 
the faide diameter isin power double to the fide of che fame O&ohedron,by the 14.0f the thirtenth 
But the fide D F is in power triple co the line drawne from the centre to the circumference of the cir- 
cle which containeth the triangle of the oftohedron(namely to the line I D)by the 12.0f the thirtenth 
Wherfore the felfe fame diameter A Bor DH, which was in power fextuple to the line drawne from 
the centre to the circumference of the circle which containeth the fquare of the cube, isalfo fextuple 
to the line I D drawne from the centre to the circumference of the circle, which containeth the ee 
gle of the Oohedron : Wherefore the lines drawne from the centres of the circles to che circumfe 
rences which con faine e bafes A 2 and ofthe octohedron are equal. And therfore che circles 
are equal, by the firit diffinition of the third, Wherfore one and the felfe i i 
in the propofition: which was required to be proued. e fare circle contáinérh &ec.as 










D 





A Corollary. 


Hereby it is manife/t that perpendiculars coupling together ina phere, the 
centres of the circles which containe the oppofite bafes of the cube and of the 


O ffohedron are equal. For the circles are equal, by the fecond corollary of the affumpt of the 16. 


ofthe twelfth :and the lines which paffing by the centre of the (plier l 
the bafes,are alfo equal,by the firit corollary of the fame.Wherfore the e di which ee 
together the oppofite bales of the Octohedron,is equal to the fide of the cube. For either of them is 
the altitude erected. 


CT be ra Propofition. 


E 


An OGobedron is to the triple of a Tetrahedron contained in one and the 


SSfij filfe 
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The fourtenth Booke 
Jfelfe fame Sphere,in that proportion that t heir fides are. 






27-5. Vppofe that thece be an oCtohedrou A B C D,and a Tetrahedron E F G H:vpon whofe bafe 
g nAi FG H crcdla Prifme , which is done by ereéting from the angles of the bafe perpendicu- 

M lar lines equal to the altitude ofthe Tetrahedron ; which prifme fhalbe triple to the Tetra- 

NANA- hedron E F G H,by the firit corollary of the 7.of thc twelfth.Then I fay that the o€tohedron 

AB C Dis to the prifme which is triple to the Tetrahedron,E F G H,as the fide B C isto the fide FG. 
For forafmuch as the fides of the oppofite bales of the octohedron, are rightlines touching the one 
the other,and are parellels to other right lines touching the one the other, for the fides of the (quares 
which are côpofed. of the fides o£the octohedró,are oppofite: Wherfore the oppofite plaine triangles, 
namely, ABD C & K 1 D,fhalbe parallels, and fo the ret 

by the 15.of the eleventh. Let the diameter of the Oc- a 

tohedron,be the line A D. Now then the whole O&o- 

hedron is cucinto foure equal and like pyramids fet vp- 

on the bafes of the o¢tohedron,and hauing the fame al- 

titude with it, & beingabout che Diameter AD: namc- 

ly the pyramis fet vpon the bafe BID, and hauing his B € 
toppe the poynt A, andalfo the pyramis (ec vppon the 

bale B C D,hauing his top the (ame poynt A. Likewife 

the pyramis fet vpó the bafe I K D, & hauing his toppe 

the lame poyne A:and moreouer the pyramis fet vpon 

the bafe C K D, and hauing his toppe the former poynt 

A: which pyramids fhalbe equal by the 8.dsfinition of 

the eleuenth (for they eche confilt of two bafes of the 

oftohedron, and of two triangles contained vnder the I E 

diameter A D and two fides ofthe octohedró). Wher- 

fore the prifme which is fet vpon the bale of the Ofto- 
hedron, and hauing the fame altitude with ic,namelye, 
che altitude of the parallel bafes, as it is manifeft by the 
former,is equal to thre of thofe pyramids of the O€to- 
hedron ,by the firlt corollary of the feuéth of the twelft. 
Wherefore that prifme fhall haue to the other prifme 
voder the fame altitude,compofed of the 4 pyramids of 
the whole octohedron;the proportion of the triangular 
bales, by che 3 .coro!lary of the fame. And forasmuch as 
4-pyramids are vnto 3.pyramidsin fefquitercia propor- 
tion, therefore che trianguler bafe of the prifme which 
concaineth 4.pyramids, is in fefquitertía proportion to 
the bafe of che prifme which containcth thre pyramids 
of the fame o€tohedron,and are fet vpon the bafe ofthe 
O@ohedron and vnder the altitude thereof: thatis,in 
fefquitercia proportion to the bafe of the O@>he- 
dron. But the bafe of the fame o€tohedron is in fe(qui- 
tertia proportion to the bafe of the pyramis, by the 
tenth o£ this booke: Wherefore the triangular bafes, 
namely,of the prifme which cétaineth four pyramids F 
of the octohedron,and is vnder che altitude thereof,are 
equal to the triangular bafes of the prifme, which con- 
taineth three pyramids vnder the altitude of the pyra- 
mis E F G H.Bue the prifme of. the o€tohedron is equal 
to the o&tohe!ron : and the prifme of the pyramis E F- 
GH is proued triple to the fame pyramis EFGH. Now 
then the prifmes fet vpó equal bafes, are che one to the 
other as their altitudes are. (by che corollary of thea. . 
of the eleuenth) namely, as are the parallelipidedons their doubles, by the corollary of the 31.0f the 
eleuenth. Buc che altitude of the O&ohedron is equal to the fide of the cube contained in the fame 
{phere, by the corollary of the 13.0f this booke. And the fide of the cube is in power to the altitude of 
the Tetrahedon in chat proportion that 1z.is to 16,by the 18.of che thireenth:And the fide of the ofto- 
hedron is co the fide of the pyramis in that proportion that 18.is to 24.(by che fame 18.of the thirtéth) 
which proportion is one & the felf fame with the proportió of 12. to 16. Wherfore that prifme which 
is equal to the Octohedron, is to the prifme which is triple to che Tetrahedron, in that proportié that 
the altitudes,or that che fides are. W herfore an o&tohedró is to the triple ofa Tetrahedron cótained in 
one and the felfe fame fphere, in chat proportion thatcheirfidesare : which was required to be de- 
monílrated. P. 

A 





of &uclides Elementes after Flufas. Fol.428. 
A Corollary. P. 


T he (ides of à T'etrabedron «s of an O&fobedri are proportional with their 


altitudes.¥or the fides & altitudes were in power fefquitercia.Moreouer the diameter of the fphere 


isto the fide of the Tetrahedron,as the fide of che O&tohedron is to the fide of the cube, namely, the 
powers of eche is in fefquialter proportion, by the 18.0f the thirtench. 


T be 11.Propofition. 
If'a rational lime containing in power two lines, make the whole and the 
greater fegment and again containing in power two lines make the whole 
and the lefse fegment : the greater fegment fhalbe the fide of the Icofahe 
dron,and the leffe fegment fhalbe the fide of the Dodecahedron contayned 
in one and the felfe fame {phere. 







I Vppofe that A G be the diameter of the fphere which containeth the Icofahedron A B G C. 
gd And let BG fubtend the fides of the pentagon delcribed of the fides ofthe Icofahedron (by 
Bay] l| the 16.of the thircéch )Moreouer vpon the fame diameter A G;or D F equal vnto it, let ther 
, be defcribed a dodecahedron D E F H, by the i7. of the thirtenth, whofe oppofites fides ED 
and F H ler be cut into two equal partes in the poynts L and K,and draw a line from I to K, And let the 
line EF couple ewo of the oppofite angles of the bafes which are ioyned together.Thé I fay char AB the 
fide of the Icofahedron is the greater fegment which the diameter A G containeth in power together 
with che whole line,and line ED is the lelle (egment, which the fame diameter À G or D F containeth 
jo power together with the whole. For forafmuche as the " 
oppofite fides A B and G C ofthe Icofahedron being cou- B A 

led by the diameters A G and B C,are equal & parallels, 
b the z.corollary of the 16.0f chechirtéth :the right lines 
B G & AC which couple thé together are equal & paral- 
lels by the 33 .of the firlt.Moreouer the angles B AC & A- 
BG being {ubtended of equal diameters ,fhall by the 8. of 
the firft be equal, & by thez9 of che firft,they fhal be righe 
angles. Wherforejthe righ line AG córaineth in powerthe 
two lines AB and BG,by the 47.of the firi. And forafmuch 
as the line BG [ubcendeth the angle of the pentagon com- 

ofed of the fides of the leofahedron, the greater fegment 
of the right line B G, Ihaibe the right line A B,by the 8.of 
the thirtenth : which line A B, together with the'whole 
lineB G, the line A G containeth in power.Andforafmuch 
as the line IK coupling the oppofite and parallel fides ED 
and FH of the Dodecahedron, maketh at-chole poynees 
righeangles, by the 3.corollary ofthe 17.0f the chirtenth: 
she right line E F which coupleth together equaland pa- . 
zallcL linesE I & F K;(halbe equal to the fame line TK, by 
she 33, 0f the firft. Wherfore the angle DE F fhalbe a nghe 
angle by the 29.0f the firt. Wherefore the diameter D F 
cótaineth in power the two lines E D and E F. Bur the leffe 
fegment of che line IKis ED the fide of che Dodecahe- 
dron,by the 4.corollary of the 17.of thethirtenth. W her- 
forethe fame line ED isalfothele(Te fegment of the line 
EF (which is equal vnto the line 1 K): wherfore the diame 
ter D F containing in powcr the two lines E Dand EF (by 
the 47.0f the firft)containeth in power E D the fide of the dodecahedron, theleffe fegment;together 
with the whole.If therfore a rational line À G or D F containing in power two lines AB and B G,doo 
make the whole line and the greater fegment, and againe containing in powertwo lines E F and ED, 
do make the whole linc and the leffe fegment: the greater fegment A B,thall be the fide ofthe Icofahe- 
P theleffe fegment ED fhall be the fide of the Dodecahedron contained in one and the felfe 

me (phere. 


ER 





T he 16. Propofition. 
If tbe power of tbe fide of an O&obedron be expreffed by tivo right lines 


Sfi. ioyned 
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ioyned together by an extreme and meane proportion:the fide of the Icoe 
_ fahedron contained in the fame [phere fhalbe duple to the lefe fegment. 


~ —__ EtABthe fide of the Oétohedron AB G containe in power the two lines C and H, which 
Contenti e let baue that proportion that the whole hath to the greater fegment ( by thecorollarye of 
onitruttion. the firft propofition added by F/effzs after the laft propofitió of the fixth booke) And let the 
; Icofahedron contained in the fame fphere be D E F,whofe fide let be D E, and let the right 
2 Zi line fubtending the angle of the pentagon made of the fides of cheIcofahedron be theline 
EF.Then I fay that the fide ED is in power double to the lineH the leffe of thofe fegmentes. Foraf- 
Demonftya- | muchas by that which was demonttrated in the 15.0f this booke, it was manifelt that ED the fide of 
tions the Icofahedron is the greater fegment of the line E F,and thacthe diameter D F containeth in power 
the two lines ED and E F,namely, the whole and che greater fegment: but by fuppofition the ide AB 
cétaineth in po- 
werthe two lines . A 
C & Hioinedto- A 
gether in the fef 
fame proportió, 
Wherefore the 
line EF isto che 
line ED, as the 
line C,is to the 
line H, by thez. 
o'thisboke.And 
alternatly by.the 
16.0fthe-fiueth, 
the line EF isto 
the line C,as the ; 
- line ED,is to the 5 F 
line H. Andfor- c H 
afmuche as the an 
‘line D F concaineth in power the two lines E D and E F, and the line A B containeth in power the two 
lines C and H : therefore the fquares of the lines E F and E D are to the {quare of the line D F, as the 
fquares of the lines C and H to the fquare of the line A B.And alternately, the fquares of che lines E F 
and ED,are to the {quares of the lines C and H,as the fquare of the line D F is to the fquare of the line 
A B.But DF the diameter is (by the 14.0f thethirtenth) in powerdouble to A B the fide of the octo- 
hedron infcribed (by fuppofition) in the famefphere. Wherefore the {quares of the lines EF and ED, 
are double to the fquares of the lines C and H.And therfore one {quare ofthe line ED is double to one 
{quare of the linc H by the 12.0f the fifth. Wherfore E D the fide of the Icofahedron is in power duple 
co the line H,which is the leffe fegment. If therfore the power of the fide ofan oftohedron be expref- 
fed by two rightlines ioyned together by an extreme and meane proportion : the fide of che Icofahe- 
dron contained ip the fame fphere,fhalbe duple to the leffe fegmenc. 


The 17.Propofition. 
If the fide of a dodecahedron, and the right line, of whome the [aid fide is 
the leffe fegment, be fo fet that they make a right angle: the right line 
tolich containeth in power halfe the line fubtending the angle, is the fide 
of an Ocfobedron contained in tbe felfe fame fphere. 


N Vppoſe that A B be the fide of a Dodecahedron, andlet the 
CLI rightline of which that fide is the teffe fegment be A G,name- 
A a ly which coupleth the oppofite fides ofthe Dodecahedron, by 
the 4.corollary of the 17.0f the thirtenth : and let thofe lines 
&&j| befb fec that they.make 2 right angle at the point A.Anddraw C 
G the righelineB G. Andlet the line D containein powerhalfe 
the line B G (by the firlt propofition added by Féeffas after the latte of the 
- fixth). Then] fay thatthe line D is the fide of an O€tohedron contayned in 
. thc (ame fphere . Forasmuche as the line A G maketh the greater fegment 
Dem inftra- G C the fide of the cube contained in the fame {phere (by the [ame 4.corol.-- ^ 
tion. lary ofthe 17.of thethirtenth ) :and the fquares of the wholeline A G. and 
of the leffe fegment A B are triple to.the {quare of the greater (egment G C, 
by the g.of the thirtenth: Moreouer the diameter of the Iphere,isin power = 
ctripie to che famelline G C the fide of the cube(by the 15.0f the thirtenth: 
SUN Wherefore 


E D 
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Wherfore the line B G is equal to the diameter. For it containethan power the two lines AB and AG 
(by the47.of the firft;) and therefore it conraineth in power the triple of theline GC . But the fide of 
the OGohedron coutained inthe fame {phere,is in power triple to halfe the diameter ofthe fphere by 
the 14.of chethirtenth, And by fuppofinion theline D containeth in power the halfe of theline BG. 
Wherefore the line D (containing in power the halfe of che fame diameter) is the fide of an oftohe- 
dron, If cherfore the fide of a Dodecahedron and the right line ofwhome tbe faid fide is the leffe feg- 
ment,be o (et that chey make arightangle : therightline which containeth in power halfe the linc 
fubtending the anele,is the fide of an Octohedroa contained in the (elfe (ame fphere: Which was re- 
quired to be proucd. 


, 
. 


3- À Corollary. 


Vnto what right line the fide of tbe Oéfobedron is in power ſeſquialter: vnto 
the fame line the fide of tbe Dodecakedron infcribed in the fame fpbere, is the 


reater fegment,For the fide of the Dodecahedronis the greater (egment of the fegment C G,vn- 


to which D the fide ofthe O&ohedron is in power fe(quialeer, that is, ishalfe of che power of the line 
B G,which was triple vnto the line C G. 


f The 18. Propofition. 


If the fide of a Tetrahedron containe in power two right lines toyned toe 
ether by an extreme and meane proportion: the fide of an Icofabedron 


defcribed in the felfe fame Sphere, is in power fefquialter to the leffe 


right line. 











xu Vppofe that A B C bea Tetrahedron, and let his fide be A B, whofe power let be diuided 
sd] into thelines A G and GB, ioyned together by an extreme and meane proportion :name- 
NN Iy;letit be diuided into A G the whole line;and G B the greater fegment (by the Corolla- 
K w4 ry of the firlt Propofition added by Fluflas after the laft of the fixth) . And let ED be the 
= — fide ofthe Icofahedron E D F contained in the felfe fame Sphere . And lec the line which 
2 fubtendeth the angle of the Pentagon defcribed of the fides of the Icofahedron be E F. 
Then I fay, that ED the fide of ; . 
the Icofahedron is in powec E D x 
fefquialter co theleffe line G B. 
Forafmuch as (by that which 
was demonftrated in che r5.0f 
this booke ) the ide ED ‘s the A B 
greater fegment of the ine EF 
which fabtendeth the angle of 
the Pentagon.But as the whole 
line EF is to the greater feg- 
ment ED, fois the fame grea- 
ter fegment to chelelfe ( by the 
3o.of the fixth) * and by fuppo- z 
fition,A G,was the whole line, T 
and GB the greater fegment : Wherefore as E F is to E D, fo is AG to G B,by rhe fecond of the foure- 
tenth . And alternately, theline EF is to the line A G, as the line ED is to the line GB. And forafmuch 
as(by fuppofition) the line A B containcth in power the two lines AG and G B : therefore ( by the48. 
of che fitt) the angle A GB isa right angle . But the angle DE F isa right angle, by thae which was de- 
monftrated in the 1y.0f this booke . Wherefore the triangles A G B and FE D, arec uiangle,by the 6. 
of the fixch. Wherefore their fides are proportional]: namely,as the line E D is to meine GB, ri isthe 
line FD to the line A B, by the 4.of the fixth . But by that which hath before bene demonttrated, FD 
is the diameter ofthe acis which containeth the Icofahedron : which diameter is in power feíqui- 
alter to AB the fide ofthe Tetrahedron infcribed in che fame Sphere,by the 13.of the chirtenth. Wher- 
fore the line ED the fide of the Icofahedron,is in power fefquialter to G B the greater fegment or leffe 
line. If cherefore the fide of a Tetrahedron containe in power two right lines ioyned together by an ex- 


treme and meanc proportion : the fide of an Icofahedron defcribed in the (elfe fame Sphere, is in pow- 
ex fefquialter to che leffe right line. 
q The 
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f| T be 19. Propofition. 


The fuperficies of a Cube is to tbe fuperficies of an Offohedron infcribed 
„în one and the felfe fame Sphere, in that proportion that the folides are. 


rx KE Vppofe that A BC DE bea Cube, whofe fower diameters let be the lines AC,BC,DC, 
x and EC produced onech fide. Let alfo the O€tohedron infcribed in the felfe fame 
Sphere be F GH K: whofe three diameters let be F H,G K,and ON. Then I fay, that 
the cube A BD isto the Octohedron F'G H;as the fuperficies of che cube is to the fuper- 
XJ ficics of the O&tohedron . Drawe from thé centre of the cube to the bafe A B E D, a per- 

pendicular line CR . And from the centre of the O&ohedron draw to the bafe G N H, a 
perpendicularline LL . And forafmuch as thethree diameters of che cube do paffe by the centre C, 
therefore, by the 2 .Corollary of the 15.of the thirtenth, there fhall be made ofthe cube fixe pyramids, 
as thys pyramis ABDEC, equall to the whole cube . For there are in the cube fixe bafes, vpon which 
fall equall perpendiculars from the centre, by the Corollary of the Affumpt of the 16.0f the ewelfth,for 
the bafes are contained in equall circles of the Sphere . But in the O&ohedron the three diameters do 
make vpon the ¥.bafes, 8. pyramids, having their toppes in the centre, by the 3.Corollary of the 14.0f 
the thirtenth . Now the bales of the cube and of the Oftohedron are contained in equall circles of the 











Sphere, by the 13.0f this booke . Wherefore they fhall be equally diftane from the centre, and the per- 
pendicular lines C R and 1 L, fhall be equall, by the Corollary of the Affumpe of the 16, of the ewelfth. 
Wherefore the pyramids of the cube fhall be vnder one and the felfe fame altitude with the pyramids 
ofthe OGohedron, namely, vader the perpendicular line drawen from the centre to the bafes. Wher- 
fore fixe pyramids of the cube, are to 8.pyramids ofthe O&ohedron being vnder one and the fame al- 
titude, in that proportion that their bafes are, by the 6.of the twelfth : thatis,one pyramis fet vpon fixe 
bafes of the ibe; and hauing to his altitude the perpendicular line, which pyramis is equali to the fixe 
pyramids, by thefame s.of the twelfth, is to onc pyramis fet vpon the 8.bales of the OGtohedron, being 
equall to.the Oétohedron, and alfo vnder onc and the felfe fame altitude, in that proportion that fixe 
bafés of the cube, which containe the whole fuperficies ofthe cube, are to 8.bafes of the OCtohedron, 
which containe the whole fuperficies of the O&tohedron .For the folides ofthofe pyramids are in pro- 
portion the one to the other, as their bafes are, by the felfe fame 6.of the ewelfth . Wherefore the fu- 
perficies of the cube is to the fuperficies af the Odtohedron infcribed in one and the felfe fame Sphere, 
in that proportion, that the folides are : which was required to be proued. 


| f I le 2o. Propofition. 


Ifa Cube and an Offohedron be contained in one 7 tbe felfe fame Sphere: 


they fPall be in proportion the one to the other, as the fide of the Cube A to 
l the 


Y 


of Euclides Elementes after Flufas. Fol.436. 
the femidiameter of the Sphere. 


x) Vppofe that the O&tohedron A E CD D be infcribfd in the Sphere AB CD : andlet the 
cube in{cribed in the fame Sphere be FG HIM : whofe diameter letbe HI, which is e- 
<J} quall to the diameter A C, by the 15.of the chirtenth : let the halfe of the diameter be 
A E.ThenI fay,thac the cube F GHIM is tothe Octohedron AE C D B, as the fide 
MGistothe femidiameter A E . Forafmuch as the diameter A C isin power double to 
BK thefide of the O&tohedron ( by the 14.0f the thirtenth ) and is in. power jriple to 
M G the fide of the cube ( by the is.of fh fame) : therefore the fquare BK DL fhall be fefquialier co 
FM the fquare of the cube . From he line A E cut ofa third pare A N, and fró the line M G cut of like- 
wife a third parc G O, by the ».of che fixth. Now then the [ise EN Ííhall be two third partes ofthe 
line A E, and fo alfo fhall the line M O be of the line M G . Wherefore the parallelipipedon fet vpon 
the bafe B K D L,and hauing his altitude the line E A, is triple to the parallelipipedon fet vpon the fame 
bafe, and hauing his altitude the line A N, by the Corollary of the 5 1.ofthe cleuenth : bur itis alfo tri- 
ple to che pyramis À B K D L which is fet vpon the fame bafe,and is ynder the fame altitude (by the fe- 
cond Corollary of the 7.of the ewelfth ) . Wherefore the pyramis ABKDL is equall to the parallelipi+ 
pedon, whichis fet vpon the bafe B KD L, and 
hath to his altitude the line A N. But vnto thatpa- 
rallelipipedő,isdouble the parallelipipedon which 
is fet vppon the fame bafe BK DL , andhath 
to his altitude a line double to the line EN, by the 
Corollary of the 5 t.of the firit: and vnto the pyra- 
misis double the Octohedron ABKLDC, by 
the 2.Corollary of the 14.0f the thircenth. Where- 
fore the Octohedron A B KDL C isequall to the 
parallelipipedon fet vpon the bafe BK LD, & ha- 
uing his altitude the line EN (by the 15. of the 
fifth). But the parallelipipedon fet vpon the bale 
B K D L, which is fefquialter to thc bafe FM, and 
hauing to his altitude the line M O, which is two 
third partes ofthe fide of the cube M G, is equall 
to the cube F G: by the ».part ofthe 34.of the ele- 
uenth . ( For it was before proued that the bafe 
BKDL is fefquialeerto the ba(e F M) .Now then 
thefe two parallelipipedons,namely,the paralleli- 
pipedon which is fet vpó che bafe BKDL (which 
1s fefquialter to the bafe vf the cube ) and hath to 
his altitude the line M O ( which is two third 
partes ofM G the fide of the cube) which paral- 
epee is proued equall to the cube, aod the 
parallelipipedon fet vpon the fame bafe BKDL, 
and hauing his altitude che line EN ( which paral- 
lelipipedon is proued equall to the OGohedron): 
thefe two parallelipipedons (I fay) are the one to 
che other, as the aleieude M O,1s to the altitude 
EN (by the Corollary of the 31.0f the eleuenth). 
Wherefore alfo as the altitude M O, is to the alti- 
tude EN, fo is thecube FG HIM, to the O&o- 
hedron A BKDL C, by the 7.of the fifth . Butas 
theline M O is totheline EN, fo isthe whole G 1 

line M G co the whole line E A, by the 18.0f the fifth . Wherefore as MG the fide of the cubc,is to EA 
the femidiameter, fo is the line FG HIM tothe O€tohedron AB K DL C infcribed in one & the felfe 
fame Sphere . If therefore a cube and an OGtohedron be contained in one and the felfe fame Sphere. 
they shall be in proportion the one to the other,as the fide of the cube is to the femidiameter of the 
Sphere : which was required to be demonttraced. 








A Corollary. 


DiitinEtly to notefie the powers of the fides of the fine folides by the porver 
of the diameter of the phere. / 


The fides of the tetrahedron and ofthe cube doo cut the power of the diameter of the fphere in- 
to two fquares which are in proportion double the one to ie other , The o&ohedron cutteth the 


TTtj. power 


Coxfiruction, 


Demonffye- 
tion. 


The fourtenth Booke 


power of the diameter into two equall {quares. The Icofahedron into two fquares, whofe proportion 
is duple co the proportion ofaline divided by an extreame and meane proportion whofe leffe fegmée 
is the fide of the Icofahedron. And the dodecahedron into two fquares , whofe proportion is quadru- 
ple tothe proportion of a line diuided ce 

by an extreame and meane proportion, By 

whofe leffe fexment is the fide of the 

dodecahedron . For A D thediametcr of 

the (phere,contayneth in power A B the F 

fide of the tetrahedron, and B D the fide 

of the cube,which B D is in power halfe 

of the fide A B. The diameter alfo of the 

{phere contayneth in power A C and C- 

D two equall fides of che o&ohedron. 

Bat the diameter contayneth in power | 

the whole line A E and the greater feg- 

ment thereof ED, which is the fide of A 6 D 

the Icofahedroa,by the 15.of this booke. 

Wherfore their powers being in duple proportió of that in which the fides are, by the firftcorollary of 
the 20.0f che fixch,haue their proportion duple co the proportion ofan extreame & meane proportió. 
, Father the diameter córayneth in power the whole line A F,and his leffe fegment F D, which is the 
fide of the dodecahedron, by the fame 1s.of this booke . Wherefore che.whole hauing to thelefle, a 
double proportion of chat which the extreame hath to the meane, namely, of the whole to che greater 
fegment,by che ro. ditfinition of the fifth , itfolloweth that the proportion of the power is double to 
the doubled proportion of the fides, by the fame firlt corollary of the 2c.of the fixth: that is,is quadru- 
ple to the proportion of the extreame and of the meane, by the diffinition of the fixth. 


An aduertifinent added by F/sfas. 


Dy this meancs therefore, the diameter ofa fphere being geuen , there (hall be ge- 
uen the fide of euery one of the bodies in(cribed.And forafinuch as three of thofe bo- 
dies haue their fides commen(urable in power onely , and notin length,vuto the dia- 
meter gcuen ( for theit powers are in the proportion of a fquare number to a number 
not {quare ; wherefore they haue not the proportion of a fquare number toa {quare 
number, by the corollary of the 25. of the eight : wherefore alfo their fides are incom- 
menfarabe in length by the 9. of the tenth ) : therefore itis fufficient to compare the 
powers and not the lengths of thole fides the one tothe other: which powers are con- 
tained in the power of the diaineter:namely,from the power of the diameter,let there 
ble taken away the power of the cube,and thére fhall remayne the power cf the Tetra- 
hedron:and taking away the power of the Tetrahedron, there remayneth the power of 
the cube : and taking away from the power of the diameter halfe the power thereof, 
there (hall be left the power ofthe fide of the o&ohedron.Butfora(much as the fides.of 
the dodecahedron and of the Icofahedron are proued to be irrationall ( for the fide of 
the Icofahedronjs aleffe line,by che 16.of thethirtenth:and the fideof the dodecahe- 
dron is arefiduallline,by the 17.0f thefame) :therfore thofe fides are «nto the diaime- 
ter which is a rationall line fetjíncommenfurable both in length and in power, Where- 
fore their comparifon can not be diffined or de(cribed by any proportion exprefied by 
numbers, by the 8. of thetenth : neither can they be compared che one tothe other: 
for irrational lines of divers kindes are incéméfurable the one to the other: for ifthey 
thould be commen(urable,they fhould be of one and the felfe fame kinde,by the 103, 
and 105.of the tenth,which is impoffible, Wherefore we feking to compare them to 
the power of the diamerer,thought they could not be more aptly expreffed , then by 
fuch proportions,which cutte that rationall power of the diameter according to their 
fides:namely, dividing the power of the diameter by lines which haue that proportió, 
that the greater fegmenc hath to theleffe,to put the leffe fegment to be the fide of the 
Icofahedron: & deuiding the fayd power of the diameter bytines hauing the propor- 
tion of the whole to the ieffe fegment,to expreffe the fide of the dodecahedron by the 
leffe fegment:which thing may well be done betwene magnitudes incommenfurable. 


The ende of the fourtenth Booke 


of Euclides Elementes 
after Fluffas. 


Fol.43t, 


«he fifrenth bookeor A 


Euclides Elementes. 







His fiuetenth arid lat booke of Euclide, orratherthe 
fecond boke of Appollonius or Hypficles, tcacheth the in- 
A {cription and circumfcriptió of the fiue regular bodies 
one within and about an other:a thing vndoutedly ple- 
! (antand dele&able in minde to contemplate, and alfo 
6 M4 profitable and neceffary in a&to pra&ife, For without 
egre, practi(e in atit is very hard to fe and conceiue the con- 

xt OP ftru&ions and demonftrations of the propofitions of 













lu; 
^ 


v X this booke,vnles a man haue a very depe, (harpe,& fine 
imagination, Wherfore I would wih the diligent ftudét 
in this booke,(to make the ftudy thereof more pleafane 
yf vnto him ) to haue prefently before his eyes,the bodyes 

formed & framed of pafted paper (as I taught after the 
diffinitions of the eleuenth booke,) And then to drawe 
and defcribe the lines and diuifions, and fuperficieces according to the con{tru@ions 
of the propofitions. In which defcriptions ifhe be wary and diligent, he thall findeall 
things in taefe (clide matters,as clere and as manifeft vnto the eye, as were things be- 
fore taught only in plaing or fuperficial figures. And although I baue before in the 
twelfth bokeadmoniihed the reader hereof, yet bicanfe in this boke chiefly that thing 
is — I thought it fnonld not be irkefome ynto him, againe to be putin minde 
thereof. 

Farther thisis to be noted,that in the Greké exemplats are found in this 15. booke 
only 5.propofitions,which s,arealfo only touchedand fet forthe by Hypficles : vnto 
which Canipane addeth 8.and fo maketh-vp the number of 13, Campane vndoubted- 
ly although he were very well lerned,and that generally in all kinds of learning, yet af- 
furedly being brought vp in a time of rudenes, when all good letters were darkned, & 
barberou(nes had ouerthrowne and ouerwhelmed the whole world, he was vtterly 
rude and ignorant in the Greke tongue, fo that certenly he neuer redde Evclide inthe 
Greke,nor (of like) tranflated out of the Grcke : but had it tranflated out of the Ara- 
bike tonge. The Arabians were men of great ftudy, and induftry, and commonly great 
Philofophers, notable Phifitions, andin mathematicall Artes moft expert, fo tbatall 
kiuds of good learning flourifhed and raigued amongft them in a manner only. Thefe 
men turnedsvhatíoeuer good author was in the Greke tonge (of what Att and know- 
ledge fo euer it verc)into the Arabike tonge. And fró thence were many of thé turned 
inte the Latine,and by that meanes many Greeke authors came to the handesof the 
Latines,and oc from the firft fonntaine the Greke tonge, wherin they were firft writ- 
ten.As appeareth by many words of the Arabike tonge yet remaining in fuch bokes:as 
are Zenith nadir belmuayn helauariphe,and infinite {uche other. Which Arabians alfo in 
tranflating {uch Greke workes,were accuftomed to adde,as they thought good, & for 
the fuller vnderftanding of the author,many things:as is to be fene in diuers authors, 
as,namely;in 7 Feodofius de Spbera,wbere you fee in the olde tranflation (which was vn- 





doubtedly out of the Arabike) many propofitions,almoft euery third or fourth leafe. 


Some fuch copye of Exchde,mott likely did Campanus follow, wherein he founde thofe 
propofitiós, which he hath morc & aboue thofe which are found in the Greke fet out 
by Hypficles:and that not only in this 13. boke,but alfo in the 14.boke,wherinalfo ye 
finde many propofitions more thé are founde in the Grceke,fet out alfo by Hypficles. 
Likewife in the bookes before,ye fhalt finde many propofitions added, and manye in- 
uerted,and fct out of order farre otherwife, then they are placed in the Greeke cxam- 
plars. Fluffas alfo 2 diligent reltorer cf Enclide, a manalfo which hath well deferued o£ 
the whole Art of Geometrie,hath added moreouer in this booke(as alfo in the former 
TTtiij. 14. boke 


The argu- 
ment of the 
15. books, 


Lhe fiftenth Booke 


14.boke he added 8 propofitiés)9. propofitiés of his owne, touching the infcription, 

and circum{cription of thefe bodies, very fingular vndoubtedly and wittye.All which, 
for thac nothing fhould want to the defirous louer of knowledge, I haue faithfully with 
no fmall paines turned. And whereas Flafas in the beginning of the eleuenth booke, 
namely ,in the end of the diffinitions there fet,putteth rwo diffinitions, of the iafcrip- 
tion and circumícription of olides or corporall figures, within or about the one the 
other,which certainely ate notto be reieCted:yet for that vntill this prefent 15. boke, 
there is no mention made of the infcription or circumfcription of thefe bodyes , I 
thouehtit not fo conuenient there to place them, but to referre thé to the beginning 
ofthis 15.booke:where they arein maner of neceffitie required to the elucidation of 
the Propofitions and demonftrations of the fame. The diffinitions are thefe. 


Diffinition. I 


A folile figure, is then Jatd to be infcribed in a folide figure, when the ane 
gles of the figure infcribed touche together at one.time, either the an teles of 
the figure circum|cribed or the fuperficieces or tbe fides. 


Diffinition.2. 


A folide figure is then faid to be circum{cribed about a folide figure : when 
together at one time either the angles or the fuperficieces or the fides of the 
figure circumfcribed,touch the angles of the figure infcribed, 






' N thefourth bookein the diffinitions of the infcription or circumfcription of playne 
/ Arectiline figures one with in or about an other, was required chat all che angles of the 
s figure infcribed,fhould at one time touch all the fides of the figure circumfcribed:but 
fu the Bue regular folides (to whome chefely thefe two diffinitions pertaine) for that 
e Gv che nomber of their angles, fuperficieces,& fides are not equal,one compared to an o- 

NM) Nae’ cherzitis not of necefitie,thatall the angles of the folide mf{cribed Ihould togctherat 
one time touch either all the angles,orall the fuperficieces,or all the fides of the folide circum{cribed: 
buric is fvfficient,that thofc angles of che infcribed folide which touch,doe at onc time together eche 
touch fome one angle of che figure circum {cribed,or fome one bafe,or fome one fide: fo thatif the an- 
‘gles of the iufcribed figur= do atone time touche the angles of the figure circum{cribed,none of them 
may at che (ame time touche either the bafes or the fides of che famecircumfcribed figure : and fo if 
they touch the bafes they may touche neither angles nor Gdes : and likewife if they touche the fides, 
they may touch neitheranglesnorbafes. And alchough fometimes all che angles of the figure inferi- 

bed can nor couch cither the angles;or the bafes, or the fides of the figure circumcribed, by 
reafon the nomber of the angles, bafes-or fides of the {aid figure circumi{cri- i 
bed,wanteth of the nomber of the angles of the figure ioſcribed 
yetthall thofe angles of the infcribed figure which 
touch,fo touch, that the void places left betwene 
cheinfcribed and circum{cribed figures fhal 
on cuerv fide be equal and like. Asyc 
anay afterwarde in this fiftenth 
booke molt plainely 
perceiuc. 
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of Euclides Elementes. Fol.432, 
8 The 1. Propofition. The 1. Probleme. 
Ina Cube geuen to deftribe s a trilater — Pyramis. 
Vppofe that the x é 


cube genenbe AB. X is 
— —— In — 


1 
He fame cube itis. | 


n 








X| required to in- i 
crite a Tetrahe - 
dron . Drame thefe 
right lines AC, 
I $——— CE, AE, AH, 
EH,HC. Now it is manife/t, that the trian. D 
gles AEC, AHE, AHC,andCH E,aree- 
quilater, for their fides are the diameters of 
equall [quares. Wherfore A E C H is a trilater 
equilater pyramis,or T. etrahedron, cy it is in- 


foribed in the cube gent (by the first definition of this booke) which was required to be done. 





q The 2.Propofition. — The 2.Probleme. 
In atrilater equilater Pyramis geuen to defcribe an Offohedron. 


2 V ppofe that tbe trilater equi- 
later pyramis geué be A B C- 
D, whofe fides let be diuided 
“Kel into two equall partes in the 
pointes E,Z,1,K,L,T And draw thefe rz. 
right linesEZ,Z1,1E,KL,LT,TK, 
EK,KZ,ZL,LI,1T,andT E.Which 
12. right lines ave, by the 4.of the firft, e- 
quall. For they fubtend equall plaine. an- 
ales of the bafes of the pyramis, and thofe 
equal angles are contained under equall 
fides, namely, under the halfes of the fides 
of the pyramis . Wherefore the triangles 
TKL,TLI,TIE,TEK,ZK IL, : 
ZLI,Z1E,ZEK,are equilater : and C. 
they limitate, and containe the folide T K- 
LEZ1.Wherefore the folideT K LE Z1is an Olfohedron : by the 23. itj 
eleuenth . And the angles of the [ame Ocfobedron do touch the i efi the m oe 
in the pointes E,Z,1,T,K,L . Wherefore the oohedron is inferibed in the pyramis (by the 
1 definition of this booke ). Wherefore in the trilater equilater pyramis geuen, is infivibed 
an O&tohedron : which was required to be done. i 





3: A Corollary added by Flujvas. S. 


Hereby it is manifeft, that a pyramis is cut into two equall partes by euery 
Tey. one 


t dn this prope- 
fitiow as alſo im 
all the other 
following, by the 
name of ap J- 
ramis Guder- 
fanda tetras 
kedron:asI 
hance before 
adoxonifhed, 


Confiruction. 


Demenftra- 
tion. 


Con Struftion. 


Demonflra- 
Won. 


Conſtruction. 


Demonffre- 
tion. 


halfe fides of the cube which containe 


The rftenth Booke - 


one of the three equall (quares wbich diuide y Otfobedron into two equall partes 
and perpendicularly . For the three diameters of thofe fquares do in the centre cut the one the 


other into two equall partes and perpendicularly, by the third Corollary ofthe 14. of the thirtenth, 
which fquares, as for example, the {quare EK L I, do diuide in funder the pyramids and the prifmes, 
namely, che pyramis KL TD and the prifme KLTEIA from the pyramis EK ZB , and the prifme 
EKZILG, which pyramids are equall the one to the other,'and (o alfo are the prifmes equall che one. 
to the other : by the 3.of the twelfth. And in like fore do the reft of the {quares, namely, K ZIT and 


ZLTE: which {quares, by the fecond Corollary of the 14.0f the thirtenth, do diuide the Oohedron 
into ewo equal) partes, f 


g The 3. Propofition. T he 3. Probleme. 


In acube eeuen, to defcribe an O&fobedron. 


— 


SY Ake a Cube, namely, ABCD EF GH. And dinide enery one of the 
[ 3 fides thereof into two equall partes . And dramevight lines coupling together 











nee) the fections, as for example, thefe right lines, P 2 and RS, which fhall be 
EAS equall-unto the fide of the cube ( by the 33.6f the firft ) and fall diuide the 
=~ *= one the other into two cquall parts in the middeft of the diameter AG inthe 
point I (by the Corollary of the 3 4.0f the 
firft ) Wherefore the point I is the cen- 
tre of tne bafe of the cube. And by the 
fame reafon may be found out the ten- 
tres of the veft of the bafes, which let be 
the pointes ‘K,L,0,;N,M . And drawe 
thefe right lines LI,I M,M 0,0 L,K I, 
KL,CM,KO,NI,N L,N M, NO. 
And now forafmuch as the angle IP L 
isa right angle (by the ro. of the ele- 
uentb, for the lines 1 P and P L arepa- 
vallels to tbe lines R Aand AB) . And 
the right line 1 L fubtendeth the right 
angle 1 P L, namely, it fubtendeth the 


A 
v 


i4 


the right angle IP L, and likewife the 
right line 1M fubtendeth the angle 
1 .Q M which is equall to tbe fame an- 
gle IP L, and is contained under right 
lines equall to tbevight lines which containe tbe angle1 P L . Wherefare the right lineI M 
is equal to the right line I L ( by the 4.0f the firit ) . And by the fame reafon may we proue, 
that euery one of the right lines (M 0,0 L,K IK L,K M,KO,NI,NL,N M,and NO, 
which fubtend angles equall to the felfe fame angle 1 P Land are cotained under fides equall 
tothe fides which containe the angle 1 P L, are equallto the right line 1L. Wherefore the 
triangles KL1,K LO,KM1,K MO, and 'NLLI, NLO,N MI,N M O, are equilater 
“and equall : and they containe the folide1 K.LO N M .Wherefwe 1 K LO N Misan Odfo- 
“hedr on, by thé 23 definition of the eleventh . And forafmuch as the Se thereof do: alto- 
gether in the pointes I,K,L,0,N, M, touch the bafes of the cube which containeth 
it, it followeth that the Ocfobedrom is infcrtbed in the cube ( by the firft definition of 
phis booke) Wherefore in the cube genen is deftribed an Otlobedron : which was required 
robedone. 
Ho g;gRISNO CU 


^ : A | gA Corollary 





of Euclides Elementes. Fol.433. 
«| A Corollary added by Finffas. 


Hereby itis manifeft, that right lines. ioyning together the centres of the 
oppofite bafes of tbe cube, do cut tbe one tbe otber into two equall parts and 
perpendicularly, in tbe centre of tbe cube, orin tbe centre of the Sphere 
which containeth the cube. 


For forafmnch as the right lines LM and 10 which knit together the centres of the 
oppofite bafes of the cube, do alfo knit together the apne of the Ocfobedron in[cri- 
bed in the cube, it foloweth (by the 3.Corollary of the 14.0f the thirtenth ) that thofe lines 
LM and10, do cut the onc the other inso two equall partes in a point . But the diameters of 
the cube do alfa cut tbe one tbe other into two equall partes by the 2 o of the eleuentb . Wher- 

fore that point fhall be the centre of the fpherewbich containetb tbe cube . For making that 
point the centre, and the pace fome one of the fermdiameters, defcribe a fphere, and it fall 
pafe by the angles of the cube : and likewife making the fame point the centre, and the pace 
halfe of theline LM, defcribe a phere, and it fhall alfo paffe by the angles of the 0 obedron. 


g The 4. Propofttion. T be 4. Probleme. 
In an Ocfobedron geuen ,to deftribe a Cube. 


z V ppefe that the Ocfobedron geutn be A B G D E Z . And let the two pyramid: 
"hereof be 4 B G D E,and ZB G D E . Andtake the centres of the triangles 
of the pyramis A B G D E, that is, take the centres of | the circles which containe 
=< thofe triangles : and let thofe centres be the pointes T,1,K, L . And by thofe 
centres let there be drawen parallel lines to the fides of the — 
fquare B G D E : which parallel right lines let be MT N, 
NLX,XKO,GO1M. And forafmuch as thofe parallel 
right lines do ( bythe 2. of the fixth ) cut the equallright 
lines AB,AG,A D,and AE, proportionally, therfore they 
concurre in the pointes M, N,X,0 . Wherefore the right 
lines M N,N X, X 0, and 0 Mymhich fubtend equallan- 
gles fet at the point A,cy contained under equallright lines, B 
are equall ( by tbe g.of the firft). And moreouer, feing that 
they ave parallels unto the lines BG,G D, D E,E B, which 
make a fauare, therefore MN XO is alfo a fquare, by the 
10.0f the cienenth. Wherefore alfo, by the 1.0f the fame,the 
f quarc M (NL X 0 is parallel totbe (quare BG D E . For all 
the right lines touch the one the other in the pointes of their c 
fetfions ; From the centres T ,1,K,L, drawe thefe right lines 
TLIK,K L,LT . And drawe the right line AIC. And 
forafrauch as Lis the centre of | the equilater triangle ABE, 
therefare the right line AI being extended, cutteth the right 
line B E into two equall partes (by the Corollary of the 12.of 
the thirtenth ) . And forafmuch as M O isaparallelto B E, 
therefore the triangle AI 0 is like to the whole triangle ER 
A CE (Ly the Corollary of tbe z.of the fixth). And theright 
line M O is diuided into two equallpartes in tbe point I (by the g.of the fixth) . And by the 
fame reafon may we prone, thas the right lines M N,N X,X 0, are diuided into two equall 
partes 
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partes in the pointes T,L,K.Wherefore alfo againe, the bafes T 1,1 K,K L, LT which fub- 
tend the angles fet at the pointes M,0,X,N,which angles areright angles, and are contained 
vader eqnall fides thofe bafes, 1fay,arc equal. Andforalmuch asT IM is an Tfofceles tri- 
angle, therefore the angles fet at the bafe,wamely,the angles At T I and M 1T jare equal 
(5 the yof the firft) . But the angle M is aright angle : wherefore eche of the angles MIT 
aad MT I, isthe halfe of aright angle . And by the fame reafon the angles O1K @ OKI, 
are equall .Whereforeithe angle remayning, namely, T 1K, A 

isa right angle ( by the £3 .of the firit ). For the right lines 

T tand 1 K are fet pon the line M O . And by the fame rea- 
fon may the reit of the angles, namely, I K L, K LT,LT 1, 

be proued right angles, and they are in one and the felf [ame 
plaine fuperficies,namely,M NX 0 (by the 7.of the eleuéth). 
Wherefore the reghs lines which ioyne together the centres of 
the plaine fuperficiall triangles which make thefolide angle B 
Ado make the [quarc IT K L. And by the fame reafon may 
be proued, that the plaine fuperficiall triangles of the vef of 
the fine folide angles of the Octohedron fet at tbe pointes B, 
G,Z, D,E, do in the centres of their bafes receaue ſquarcs, 
Sothat there are in number fixe {quares, for enery Otfohe- 
dron hath fixe folide angles : and thofe {quares are equall : 
for their fides do containe equall angles of inclinations con- 
tained under equall fides, namely, under thofe fides which 
are drawen from the centre to the fide of the equall triangles 
(Ly thes: Corcllary ofthe 18.0f the thirtenth ) . Wherefore 
IT KLRPYV'S-is.acube ( by the.21. definition of theele- 
sunth ) and hath-bis angles in the centres of the bafes of the 
Ottohedron, and therefore is infcribed init ( by the firft de- 
[inition of this booke ) . Wherefore in an Ottohedron gener 
ts defcribed a cube : which was required to be done. 





/ 


Tied. Propofition. T he s. Probleme. 
In an Icofahedron geuen,to defcribe a Dodecahedron. 






fAke an Icofahedron., one of whofe folide angles let be Z . Now forafmuch as 
| WS (bythofe thinges which haue bene proued in the 16.of the thirtenth )the ba- 
Xe) fes of the triangles which contayne the angle of the Icofahedron doo make e 
“We pentagon infcribed in acircle , let that pentagon be ABGDE, which is 

TEAS made of the fine bales of the triangles , whofe playne Superficiall angles re- 
mayninig make the folide angle genen,namely, Z.And take the centres of the circles which 
contayne the forefaid triangles which centers ler be the poyntes 1,T ,K. ,M,L:and draw thefe 
right lines VT,T K,K M,M L,L 1. Now then a perpendicular line drawne from the poynt 
Z to the playne fuperficies of the pentagon ABG D E, fhall fall ‘upon the centre of the circle 
which contayneth the pentagon A BG D E(by thofe thinges which hane bene proud in the 
felfe fame 16. of the thirtenth).. Moreouer perpendicular lines drawne from the centre to 
the fides of the pentagon AB G DE fhaltin the poyntes CN, O where they fall cut the right 
lines A B,B G,G D into two equallpartes(By tbe 2 of the third). Draw thefe right lines CN 
and N 0.And forafmuch as the angles CB Nand N GO are equall,and are contained vn- 
der equall fides,therefore tbe bafe C N is equall to tbe bafe NO (by the 4.of the firft) .More- 
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ouer perpendicular lines drawne from the poynt Z tothe bafes of the pentagon ABG DE, 
[hall likewife cutte the bafes into two equall partes (by the 3 .of the third) . For the perpendi- 
culars paffe by the centre ( by the corollary A 
of the 12.0f the thirtéth):Wherfore thofe 
perpendicular lines [bal fal vpo the points . 
C,N,0 . And nom forafmuch as the right 
lines Z1,1C are equall tothe right lines 
ZT,TN,@& alfo to the right lines ZK KO% 
(5y reafon of' the likenes of the equall tri- 
angles). therefore the line IT is a parallell 
to the line C N , and fà alfois the lineT K 
to the line NO (by the 2.of th: fixt) Wher- 
fore the angles IT. K,and C N O areequal 
(by the r1.0f the elenenth). Agayne foraf- 
much as the triangles CBN ,and NGO 
are Ifofcels triangles , therefore the angles 
, BCN and BNC are equall (by the 5. 
of the firft) . And by the fame reafon the 
angles G N O,and G O N areequall . And morcoutr the angles B C N and B N C are equall 
to the angles G N O „and GO N , for that the triangles C B N and N G O are equall and 
like . But the three angles BN C,C N O,O N Gare equallto tmo right angles (by tbe 13. of 
the first) for that upon the right line B G are fet tbe right lines C N C O N. And the three 
angles of tbe triangle C B N , namely, the angles B NC,B C N_or G NO (for the angle G- 
NO is equall tothe angle BC Nas it hath bene proued ) and N E C are alfo equali to two 
right angles(by the 32.0f the firft) Wherefore taking away the angles B NE d» GIN. 0, the 
angle remayning,namely, C N O is equall to the angle remayning namely, to € B N. Wher- 
fore alfo the angle 1T K (which is proned to be equall to the angle C N O )is equall to tbe an- 
gleCBN.WhereforelT K is the angle of a pentagon . And by the fame reafon may be pro- 
ued that the rest of the anglesnamely tbe angles T IL] L MIL M K,M K T ,are equali to 
the reft of the angles,namely toB AE,AE D,E D G,D G B.Wherefore IT K M Lisan c- 
quilater and equiangle pentagon (by the 4. of the first) For the equall bafes of the pentagon 
1T K M L doo fubtend equall angles fet at the point Z,and comprehended under equall 
fides . Moreouer it is manifest that the pentagon IT K ML istnoaeand the [cfe fame 
playne fuperficies . For forafmuch as the angles ON Cand NCP are in one and the felfe 
fame playne fuperficies namely in the fuperficies A B G D E:But unto the fame playne fuper- 
ficies the playne fuper ficieces of the angles KT Land T I L are parallels (by the t5.of the ele- 
uenth ). And the triangles KT LandT IL concurre : wherefore they arein one and the 
Selfe [ame playne fuperfictes (by the corollary of the 16 of the eleuéth). And by the fame reafo 
fo may we proue that tbe triangles I L M, LM K,M K T are in the felfe fame playne fuper- 
fícies wherein are the triangles K T 1and T 1 L.Wherefore tbepentagon IT K M Litsin 
ont and the felfe fame playne fuperficies.Wherefore tbe folide angle of the Icofabedran,name 
ly the folide angle at the poynt Z [ubtendetb an equilater and equiangle pentagon plaine fu- 
perficies , which pentagon hath his plaine fuperficiall angles in the centres of the triangles 
which make the folide angle Z . And in like fort may we proue that the other eleuen folide 
angles of the Icofahedron , eche of which eleuen folide angles are equall and like to the folide 
angle Z (by the 16.0f the thirtenth) are fubtended unto pentagons equall , and like , and in 
Lake fort fet to the pentagon 1T K M L.And fora{much as in thofe petagons the right lines, 
which ioyne together the centers of the bafes,are common fides , it followeth that thofe 12. 
pentagons include a folide which folide is therefore a dodecahedron (by the 24. diffinition of 
the cleuenth): and is ,by the firft diffinition of this booke,de(cribed in the Icofabedron , fiue 
VE. fides 
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ides whereof are [et vpon the pentagon ABG DE . Wherefore in an Icofabedron gesen x 
infcribed a dodecahedron: which was required to be done. 


An annotation of Hypficles. 


This is to be noted, that if'a man fhould demaund how many fides an Jcofahedron hath, 
we may thus anfwere : It is manifefl tbatan. Icofabedron is contayned under 20. triangles, 
and that euery triangle conjifteth of three right lines . Now then multiply the 20. trian- 
gles into the fides of one of the triangles,and fo fall there be produced 60. the halfe of which 
45 30._And fo many fides hath an Icofahedron. And in like ‘fort in a dodecahedron , foraf- 
much as 12. pentagons make a dodecahedvon,ard euery pentagon contayneth s. right lines, 
multiply 5 into 12.and there fhall be produced 60.the halfe of which is 30 . And {o many are 
the fides of a dodecahedron. And the reafon why we take the halfe, is,for that euer) fede ;vbe- 
ther it be of a triangle or of a pentagon,or of a (quare as in a cube,is taken tmife . And by the 
fame veafon may you finde out bow many fides are ia a cube , and ina pyrmis,andin an 
octohedron. 2 

But now agayneif ye will finde out the number of the angles of enery one of the folide 
Sigures, when ye haue done the fame multiplication that ye did before, dimde she fame fides, 
by the number of the plaine fuperficieces which comprehend onc of the angles of the Jolides 
As for example forafmuch as s Iriangles contayne the folide angle of an Icofakedron, diuide 
6o.by sand there will come forth 2. and fo many folide angles hath an 1cofabedran . In à 
dodecahedron,forafmuch as three pentagons comprehend an angle dinide 60.by 3.and there 
will come forth 20: and fo many are the angles of a dodecahedron . And by the fanze reafon 
may you finde out low many angles are in eche of the reft of the folide figures. 

If it be required to be knowzie, how one of the plaines of any of the fiue folides being ge- 
wen, there may be found out the inclination of the fayd plaines the one to the other, which con 
tayne eche of the filides. This (as f[aytb Yhdorus our greate master ) is fonnd out afier this 
maner It is manifest that ina cube , the plaines which contayne it , doo cut tbe one the other 
bya right angle.But ina Tetrahedron, one of the triangles being geuen , le the endes of one 
of the fides of the fayd triangle be the centers,and let the fpace be the perpendicular line 
drawne from the toppe of the triangle to tbe bafe , and defcrtbe circumferences of a circle, 
which fhallcutte the one the other: and from the interfettion to the centers draw vight lines, 

vhich fhall containe the inclination of the plaines cotayning the T etrahedron.In an Olfoke- 
drap take one of tbe fides of tbe triangle thereof and vpon it defcribe a {quare,and draw thé 
diagonall line;and making the centres,the endes of the diagonall line, and the {pace likewife 
the perpendicular line drawne from the toppe of the triangle to the bafe , defcribe circumfe- 
rences : axd agayne from the common fettionto the centres draw right lines, and they 
frall contayne che inclination fought for.In an Icofahedron,vpon the fide of one of the tri- 
angles thercof ,de{cribe a pentagon, and draw the line which f(ubtendeth one of tbe angles of 
the fayd pentagon,and making the centres tbe endes of that line , and the fpace the perpendi- 
cular line of the triangle , defcribe circumferences: and draw from the common interfection 
of the circumferences,vatothe centres right lines : and they [hall contayne likemife the incli- 
nation of the plaines of the icofabedron. In a dodecahedron,take one of the pentagons , and 
draw likewife the line which [ubtendeth one of tbe angles of the pentagon , and making the 
“centres the endes of that line,and the {pace , the perpendicular line drawne from the fection 
iato two equall partes of that line to the fide of the pentagon , which is parallel unto it , de- 
feribe circunaferences:and from the point of the inter fection of the circumferences draw vn- 
tothe centres right lines:and they [Ball alfo containe tbe inclination of the plaines of the do- 
decahedron . Thus did this moft fingular learned man reafon , thinking the demonftration 
in enery one of themto be plaine and cleare. But to make tbe demonflration of them mani- 
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fI think it good to declare and makê open his wordes,and firft in a Tetrahedron, z 
Suppofe that there bea. Pyramis or T etrabtdrá ABCD A ; 
cotained vnder 4.equilater triangles:dr let the toppe ther- 
of be the point D.And(by the vo.of tbe fir (f) diuide the fide : ! 
AD into twa equall parts in the point E: Cr draw the lines 4 
BEandEC. And fora[much as AD Band AD Caree- i 
quilater triangles , and the line A D is dinided into two e- 
guall partes, therefore the lines B E and E C fall perpendi- 
cularly upon the line A D by the 8. of the firft. Now I fay 
that the angie BEC is anacute angle, For forafmuch as 
the line AC is double to the line A E ( for by construttion B c 
the line A D, which is equal to the line A C,is diuided into I 
two equall partes in tbe point E ) : therefore the (quare of the line AC is quadruple to the 
fauare of the line A E(by the corollary of the 20.0f the fixt ) . But the {quare of the line AC 
as equall to the {quares of the lines A E and E C(by the 47.0f the firit) :and the {quare of the 
line AC is tothe [quare of the line C E (fequitertia) as q.to 3 : ( for tbe quare of the. line 
A Cis protied quadruple to tbe [quare of the line A E.) : wherefove tbe [quare of the line B C 
(which is equall to the {quare of the line AC) is leffe then the {quares of the tmo perpendicu- 
lars BE cy E C(for it is unto them in fubfefquialter proportso,namely,as 4.t0 6.0r 2.t0 3.) 
Wherefore( by the 13 .0f the fecond the angle B ECis.an acute angle.Now forafmuch as the 
line A D is the common interfection of the two plaines AB D, and A D C, and in either of 
thofe plaines to one point othe common fection are drawne perpendicular lines B E atd EC 
which containe an acute angle B E C, therefore(by the 5 .diffinition of the elenenth )-the an= 
gle BE Cis the inclination of the plaines , and it is geuen. For the line B C,which is the fide 
of the triangle, being gewn, and any one of the lines B E or E C, whichis the perpendicular 
of the equilater triangle being alfo genen: make the centres the poyntes B and C, that is; the 
endes of one of the fides and the {pace the perpendicular of the triangle,and defcribe civcum- 
ferences,and they fhall cutte the one the other in the poynt E. And from the poynt E draw to 
the centre: B and C right lines,and they fhall containe the inclination of the plaines : and 
this istt which Ifidorus before fayd . And now that making the centres tbe poyuts B and C, 
ard the (pace tae perpendicular of the triangle ,. the circles defcribed [hall cutte the one the 


other,it 1s manifeft,” for either of the lines B E and E C is greater then halfe of the line B C. The reah, 
Now if the centers votre the poynts B and C,and the {pace the halfe of the line BC,the circles spi : s f 9 


rof 


deferibed jhail touch the one the other. But if tbe [pace be leffe then the halfe,they fhal neither mofi plaicely 
touch nor cut the one the other: but if it be greater, they fhall undoubtedly cut. Jee in that 
Againe fuppofe that upon the [quare ABCD be fet dá pyramis, haning his altitude the whtch is ad 


poynt E and let the triangles which containe it ,be 
equilater:wherfore the pyramis ABC DE fhalbe A 
the halfe of the octahedron (by the 2 corollary of ` 
the 14.0f tbe thirtentb.) Deuide by the vo.of the 
firft) one fide of one of the triangles, namely, the 
line ‘A E,into two equal partes in the poynt F:and 
draw the lines B F and D F : wherefore the lines 
BF and D F are equal and fal perpendicularly 
upon the line AE (by the 4, and 8.of the first.) 
Thea Lay that the angle B F D, isan obtufean- 
gle.F or draw the line B D. And forafmuch as AC 
isa — the diameter isB D:thereforethe B c 
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_ D F,asg.isto 3.) as was in the former proued.) Wherefore the [quare of the line D Bis to 
she ſquare of the line F D,as 8.15 to 3 (namely,as 2.to 1:and a.te 3 added together ) but the 
dine D F is equal to the line F B. Wherefore the [quare of the line D B,is greater then the 
Squares of the lines D F and F B (for it :s to themn,as 8.is 80 6.) Wherfore the angle B F D, 
is an obtufe angle (by the 12.0f the fecond.) And forafmuche as the line A E is tbe common 
fettion of the tmo plaines A B E and A D E cutting the one the other,and in either of thofe 
plaines to a poynt in the common [(cttion are dramne perpendicular lines,B F and D F,con- 
taining an obtufe angle B F D:wherfore the angle B F D (contained of the right lines B F 
and D F )is the angle of the inclination of the plaines AB E and AD E. If therefore the 
angle B F D be genen,the faide inclination alfois geuen.. For forafmuch as the triangle of 
the Oltohedron ts genen,and one of the fides of tbe Ocfobedron is tbe line A D, and upon itt 
as defcribed the {quare A C,and B D tbe diameter of that ‘[quare being geuen, and the lines 
BF and F D are tbe perpendicnlars of that triangle : wherefore alfo the angle B F D is ge- 
uen. Now then if vpon the fide of she triangle be defcribed a fquare:as tbe [quare AC, and 
the diameter B D be drawne, if alfo making the centres the poyntes B and D ad the [pace, 
the fasd perpendicular of the triangle,we defcribe circles, they fhall cut the one the other in 
the poynt F:And the right lines which are drawne from the centres tothe poynt F fhal con- 
taine that inclination which is comprehended under the angle B F D, which is the angle of 
the inclination of tbofe plaines. And it isynanifefl that either of tbe lines B F aud F Dis 
greater then the halfe of the line. For for that,by the demonstration, it was proued that the 
Square of the line B D isto the [quare of the line F D,as 8.13 t0 3 :therfore the [quare of half 
the line B D is to tbe (quare of the line F Das 2.8 to thre (for the (quare of halfe the line 
B Dis the fourth part of the [quare of the whole line B D,by the of the fecond). Wherefore 
either of the lines B F and F D,is greater then the lineB D : wherfore the circles which are 
deferibed by thofe lines B F and F D ,and haning their centres the poynts B «nd D [hall cut 
the one the other. And thus mucb touching the otfobedron. 

As touching the Icofahedron, fuppofe an equilater 
pétagon ABCDE, (f vpon st let there be fet a pyra- 
mis hauing his toppe the poynt F: and let the trian- 
gles which cõtaine it, be equilater.Now thé the pyra 
mis ABCDEF, [hal be à part of tbe Icofahedra.Let 
F C one fide of one of the triangles be deuided into 

two equal partes in the poynt G.And draw the lines 
BG & GD,which fhal be equal cy fal perpédicular- p 
Ly upon the line FC (as it is eafie to fe by the demo. 

ffratis of tbe former ) T b£ 1 fay that y angle BGD 

is an obtufe angle : which thing is manifest. For 
drawing the line B D,it fball[ubtend the obtufe an- c 

«le B C D of the pentagon (which is obtufe,by that 

which was demonitrated in the ende of the firit co- 

rollary of the 18.of the 13 .booke:)But the angle B G D is greater then the angle B C D, for 
the lines B G and G D are lefe then the lines B Cand C D:wherefore likewife asin the for- 
mer the angle B G D is the inclination of the triangles B F Cand C.F D.Wherfore the ann 
gle BG D being geuen,the inclination alfo of the plaines of the Icofahedron fhall be geuen. 
For if upon the fide of the triangleof' the. Iofabedron be deferibed an equilater pentagon, 
and then be draswne the line which [ubtendeth tmo fides of the pentagon,as in this figure tbe 
line B D Jf alfo the perpendiculars BG and G D of the triangles be drawne,the angle BGD 
halbe geuen. For if ye make the centres the endes of the line which {ubtendeth two fides of 
the pentagon, as the poynts B and D,and the [pace the perpendicular of the triangle, and fo. 
defcribe circles they foall cut the one the other in the poynt Gand from the poynt of the in- 
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terſection G, drawe vnto the centres B and D right lines, aud they fhal containe the angle of 
she inclination B G D.And skis manifeft by the defcription of the figure, that either of the 
lines B G and G D 4s greater then the line B D.Which thing may alfo thus be prowed. Sup- 
pofean equilater H K L,andvpon K L, (one of the fides thereof’) defcribe an equilater pen- 
tagon K M N X L,and draw the line M L.And dinide (by the c0.of the firft) the fide K L 
into two egual parts in the poynt O „£r draw the line H O which {hall be the perpendicular of 
the triangle H K L (by the 8 of the firft.) Then L fay that the line H O is greater then half 
of the line M L,which fubtendeth the inclination of the plaines. For from the poynt K draw 
(by the 12.0f the firft) unto the ling M L aperpendicular line K P : and forafmuche as the 
angle K L P is greater then the third part of a right angle, that is, then the angle K HO 
(For the angle K LM is two finesh partes of a rightangle,... . 

by the 4.0f the firft,and by the afvumpt put after the firft cos... 
rollary of the 18.uf. the shirtenth booke,and the angls KHO 
is one third part of one right angle, far the whole angle K- - 
HL,wherof the angle K HO is the half, dy the g.of the firft, 
is one third part of two right angles,by the 32.0f the fir/t:) 
vponthe lineML, and at the poynt L pst unto theangle 
K HO anequalangle PL R (by the 23.0f the firft.) whera 
fore the triangles P LR dr O H K,fhalbe equsangle, by the 
corollary of the 32.of the firit. Wherefore alfo the line P L 
Jhalbe the perpendicular of the equilater triangle defcribed 
upon the line RL. Wherefore (by the corollarye added 
Fluflas after the 12.propofition of the thirtenth booke) the 
line R Lis in power [efquitercia, that is,as 4.isto 3.80 the 
perpendicular L P. Bat the line K Lis greater then theline 
L R(by tbe 19 of the firt. Wherfore $ Jquare of she line K- 
L hath to the (quare of the line LP a greater proportion thé 
hath 4.80 3 :but it hath so the [quare of she line H O shat proportion that ¢.hath to 3.Wher- 
forethe line K L hath to the line LP a greater proportion then it hath to the line HO. 
Wherfore the line H 0 is greater then the lineL P by tbe vo of the fifth. 





— ON 


As concerning a Dodecahedron. Take one 5 the fqnares of the cube wheron the Dode- 
cahedron is defcribed (by the 17 of the thirtenth):and let the fame be ABC D:and let the 
two plaines of the Dodecahedron fit vpon it be A E B F G,and G F D H C.T hen 1 fay that 
here alfo is geuen the inclination of the two 


pentagons. Dinide (by the 10.0f the firft) * A 

the fide F G into two equal partes in the s 

poynt K. And from the poynt K dram vnto 

the line F G in either of the plaines AE B- y. L M E 


FG and GF DHC perpendicular lines 
K Land K M (bythe 11.0f the firft.) And 
draw the line ML. Firft 1 fay that the an- 
gleMK L is an obtufeangle. For,by the D B 
difcourfe of the demonftration of the 17. 
propofition of | the 13.boke, where is taught the defcription of the Dodecahedron,st is mani- 
Seft, that the line drawne perpendicularly from the poynt K to the fquare ABC D,isequat 
to halfe the fide of the pentagon. Wherefore is is lefe then halfe of she line M L. Wherefore ` 
theangleM K Lisan situ angle. Morcouer by the former difcourfe of the 17 propofition 
of the 13 .booke,st was manifeft that thc (quare of she line K Lis equal to uet of half 
she fide of the cube and to the (quare of balfe the fide of the pentagon. And forafmuche as 
VF» ij. the 


The ffienth Booke 


the lines K Land ¥.M are equal,and are eche greater then halfe of theline M Liwherfore 
the angle M.K L being geuen, there fhall alfo Le generi tbe inclination of the two plaines of 
the Dodecahedron. For forafmuch asthe fide of tbe [quare B C D fubtendetb two fides of 
the pentagon geucn,the pentagon alfo is genen and therefore alfo i1 geuen tbe line ML. But 
there is alfo genen either of the lines M K and K L.for they are dramne perpendicularly frá 
she fettion into two equal partes of the line AB, which fubtendeth two fidés.of the pentagon 
unto the fide of the pentagon, which is a parallel nto the line AB : namely,to the fide F G. 
Wherfore there is geaenthe angle L K M,which is the angle of the inclination fought for. 
And now touching Uidorus wordes,he fayeth that the pentagon being geuen,we muft draw 
the ling which [ubtendeth two fides. of the pentagon, whish-line 1s equal tothe fide of the 
cube:and making the centres the ender of that line, .and the pace the perpendicular line, 
whichis drawne from the {eltion af ths fame line into twoequal parts to the fide of the pen- 
tagen which is parellel to the, r faidline,as in the formar defriptian the line K-Ly or the line: 
KM, defcribe corcumferences,and from the poymt of the saterfettion s circumferences 
dram vate thecentres right lines which fhall coptaine the angle of the inclination. 
For by that which was fayd before,namely,touching the Icofahedron, itis 
manifcfl that tbe perpendicular:K Lir greater then halfe of the line 
M Lor C D which is equal unto it. And therefore the cir- 
eles deferibed byabofe ndiculari,and. haning 
to their centres the end of the lineC D, fhall 
cut sheone the osher, as was be- 


fare prowed. 


The ende of the fiuetenth Booke 
- Euclides Elementes 
Afer Hypfieler. 


of Euclides Elementes. Fol.437. 
q T be 6. Propofition. The 6. Probleme. 


In an Oifobedron geuen to infcribe a trilater equilater Pyramis. 


— | Vppofe that the O&ohedron wherein the Tetrahedron is required to be 
— infcribed, be AB GDE1. Take fower bafes of the Otohedron, that is, 
~ three which clofe in the loweft triangle EG D, namely, AEG, BED, 
I GD : and let the fourth be A I B,which is oppofite to the lowelt crian- 
; gle before put,namely, coE GD. And take the centres of thofe fower 
bafes, which let be the pointes H,C,N,L. And vpon the triangle HCN 
ere&tea pyramis HC NL . Now forafmuch as thefe two bales of the 
: OGohedron,namely, AG E and A. B I are fet vpon the rightlines EG 
and B I which are oppofite the one to the other, in the fquare G EB I of 
the OGtohedron , from the point A drawe by the centres of the bafes, 
namely, by the centres H,L, perpendicular lines A HF, A LK, cutting 
o -. ý the lines É G andBlIinto two cquall partes in the pointes F, K ( by the 
Corollaryofthe 12.ofthe thirtenth). Wherfore 
a right line drawen fró the point F to the point 
K, fhallbe a parallel and equall co the fides of 
the O&ohedron,namely,to EB and GI (by the 
33. ofthe firlt) . And the rightline H L which 
cutteth the equall fides A F,A K;proportionally 
(for AH aüd AL aredrawen from the centres 
of equall circles to the circumferences) is a pa- 
rallel to the right line F K (by the 2.of the fixth) 
and alfo to the fides of the O&ohedron,naine- 
ly,to EBandIG (by the 9, ofthe eleuenth) . 
Wherefore as the line A'F isto the line AH, 
fo is the line F K to the line H L (by the 4.of the 
fixth ) : Forthetrizngles A FK and AH Lare 
like (by the Corollary of the 2.0f the fixth).But 
the line A F isin fefquialter proportion to the 
line A H: (for ihe fide E G maketh HF rhe halfe 
ofthe rightline AH,by the Corollary ofthe 12. 
of the thirtenth).Whezfore FK or GI the fide 
of the O&ohedron, is fequialter to the right 
ine H L.And by thefame reafon may we proue 
hat the fides of the OGohedron are fefquialter : 
to the reft of the right lines which make the pyramis H N C L,namely, to the right lines H N,NC,CL, 
LN, and CH : wherefore thofe right lines are equall, and therefore the triangles which are defcribed 
of chem,namely, the triangles HC N,HNL,N C L,and CH L, whith make the pyramis HNCL,are 
equall and equilater . Andforafmuch as the angles of the fame pyramis,namely,the angles H, C, N, L, 
do end in the centres of the bafes of the O&ohedron, therefore it is infcribed inthe fame O€ohedron, 
by the frit definition of this booke , Whereforc in an O&ohedron geuen,is infcribed a trilater equila- 
ter pyramis : which was required to be done. 








D 


# A Corollary. 


T be bafes of a Dyramis infcribed in an Otfobedron, are parallels to the 


bafes of the OGohedron . For forafmuch as the fides of the bates of the Pyramis touching the 


one the other, are parallels to the fides of the O&tohedron which alfo touch the one the other, asfor 
example, H L was proucd to bea parallel to GI, and LC to D1, therefore, by the 15. of the eleventh, 
the plaine fuperficies which is drawen by the lines HL and LC, isa parallel to the plaine fuperficies 
"drawen by che lines Gand D1 . And folikewife of the reft. 


# Second Corollary, 


A right line ioyning together the centres of the oppofite bales of the Ocfo- 


hedron;tsfefquialter to the perpendicular line drawen from the angle of the ine 
féribed 


Conftratticne 


Demonflra- 


tion. 


^ 


Conftraition. 


Demonflra- 
tion, 


Confiruction. 
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feribed pyramis to the bafe thereof . For forafmuch as the pyramis and the cube which 


containeth it do in the felfe fame pointes end their angles ( by the 1. of this booke) : therefore they 
fhall both bc inclofed in one and the (elfe fame OGtohedron (by the 4.of this booke } . But the diame- 
ter o£ the cube ioyneth together the centres of the oppofite bafes ofthe OGohedron , and thereforeis 
the diameter of the Sphere which containeth the eke and the pyramis infcribed in the cube ( by the 
15. and 14. ofthe thirtenth) : which diameter is fefquialter to the perpendicular which is drawen trom 
the angle of the pyramis to the bafe thereof: for the line which is drawen from the centre of the {phere 
to the bafe of the pyramis, is the fixth part of the diameter (by the 3. Corollary ofthe 13.0f the thir- 
tenth ) . Wherefore of what partes the diameter containeth fixe,of the fame partes the perpendicular 
containeth fower. 


g The 7.Propofition. The 7. Probleme. 


In a dodecahedron genen, to infcribe an Icofahedron. 


Vppofe that the dodecahedron geuen ,be ABCD E. And let the centres of the circles 
o which cótayne fixe bales of the fame dodecahedron be the points L,M,N,P,Q ,O.And 
draw thefe rightlines OL, OM, ON, OP, O Q, and moreouer thefe right lines LM, 
MN,NP,P Q.QL. And now forafmuch as equail and equilarer pentagons are contay- 
ned in equall circles , therefore perpendicular lines drawne from their centres to the 
fides fhall be equall(by the 14. of che third) ,and fhall diuide the fides of the dodecahedron irito tivo e- 
quall partes(by the 3.of the fame) . Wherefore the forefayde perpendicular lines fhall concurre in the 
point of the feétion, wherein the fides are diuided 
into two equall partes, as L Fand M Fdoo.. And 
chey alfo conrainc equall angles,oamely, the in- 
clination of the bafes of the dodecahedron, ( by 
the a.corollary of the 18.0f the thirtenth).Wher- 
fore the right lines LMM N,N P,P Q ;Q Land , 
the reltof the rightlines which joyne together. 
two centres of the bafes , and which fübtende 
the equall angles contayned vnder the fayd equall 
perpendicular lines, are equall the one to the o- 
ther(by the 4.ofthe firít) , Whercfore the trian- 
glesOLM, OMN,ONP,OPQ,O QL, and 
the reft of che triangles which are fet at the cen- 
tres of the pentagons, are equilater and equall. — 
Now forafmuch as the 12.pentagons of a dodeca- 
hedron containe 60. plaine fuperficiall angles , of 
which 60.euery thre make one folide angle of the 
‘dodecahedron,it followeth that a dodecahedron 
hath 20.folideangles: but eche of thofe folide an- 
gles is fubréded of ech of the triangles of the Ico- pedes! 
fahedron,namely,of ech of thofe triangles which 
-ioyne together the centres of the pentagós which 
make the folide angle , as we haue before proued.. Wherefore the 20. equall and equilsver triangles 
which fubcende the 20. folide angles of the dodecahedron , and haue their fides which are drawne 
from the centres of the peniseons comnion,doo make an Icofahedron ( by the 25. diffinition of the e~ 
leuenth) :and it is infcribed in the dodecahedron geuen(by the firlt diffinition of this booke) for that 
the angles thereof doo all at one time touch the bafes of the dodecahedron. Wherefore in a dodzcahe- 
dron gewen,is infcribed an Icofahedron: which was required to be done. 







q Ihe 8. Propofition. T he 8.Probleme. 


Ina dodecahedron geuen,to include a cube. 


Efcribe(by the 17.of che thirtenth)a dodecahedron.And by the (ame;take the 12. fides 
Rof the cube,eche of which fubtend one angle ofeche ofthe 12. bafes of the dodecahe- 
P | dron :for the fide of the cube fubtendeth the angle of the pentagon of the dodecahe- 
2 LO 4 ^ dron,by the a.corollary of the 17. of the thirtenth . If therefore in the dodecahedron 
d AN (| defcribed (by che felfe fame 17. propofition) we draw the 12. right lines fubtended vn- 
Sp <P der the forefayd ta.angles , and ending in 8. angles of the dodecahedron , and concur- 
ME ring 
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ring together in fuch fort that they be in like fort fituate, 
asit Was plainely proued in that propofition , then thall 
it be mauife(t , that the right lines drawne in this dode- 
cahedron from the forefayd 8 . angles thereof doo make 
the forefayd cube,which therefore is included in the do- 
decahedron , for that the fides of the cube are drawne in 
the fides of the dodecahedron, and the angles of the 
fame cube are fet in the angles of the Laid dodecahedron. 
As for example cake 4. pentagons ofa dodecahedron, 
namely A GIBO,BHCNO,CKEDNand DFA O- 
N.And draw thefe rightlines A B,B C,C D,D A. Which 
fower right lines make a fquare : for that eche of thofe F 
right lines doo fubtend equall angles of equall penta- 
gons,& the angles which thofe 4.right lines cótaine are 
right angles,as we proued in the contruction of the do- 
decahedron, in the 17.propofitié before alledged. Wher 
fore the fixe bafes being fquares, do make a cube (by the 
21.diffinition of the eleuench ) and for chat the 8.angles 
of the fayd cube are fecin 8. angles of the dodecaheeron, 
therefore is the fayd cube infcribed in the dodecahedron 
(by the ficlt diffinition of this booke ) . Wherefore in a 
dodecahedron is in(cribed a cube : which was required 
to be doone. 


Demonftra- 
tton. 





q Ibe 9. Propofition. The 9.Probleme. 


Ina Dodecaledron geuen to include an Oéfohedron. 


eq. ppole that the dodecahedron ge | . 
X 8 uen be AB G D. Now(by the 5. ° A Conftruttions 








ix] f correllary of the 17.of the chirtéth 
[ves take theé.fides which are oppofíte 
the one tothe other, thofe 6.fides,I faye 
whofc fe&tions wherin they are deuidedin- 
to two equal partes, are coupled by three 
right lines whichin the centre of the fphere, 
wherin the Dodecahedron is contained,doe 
cut che one the other perpendicularly. And 
let che poyntes wherin the forfayde fides are Gf 
cut iato two equal pattes be A,B,G,D,C,I. 
And let the forefaid threright lines ioyning 
together the faide fe&ions be A B, G D and 
CI. Aad letthe centre of the (phere be E. 
Now forafmüch as (by the forefaid corrella- 
ry) thofe thre right lines are equal; i¢ folow- 
eth (by the 4.of the firft) chat the right lines 
fubtéding the right angles which they make 
at the centre of the {phere, whiche right an- B 
gles are contained vnder the halues of the faid three right lines,are equal the one to the other: that is, 
the right lines A G,G B,B D,D A,CA,CG,C B,C D, andI A,I G,IB,I D are equal the one to the o- 
ther.Wherfore alfo the 8.trianglesC A G,CGB,CBD,CDA,IAG,IGB,IBD &IDA are equal 
and equilater.And therefore A G B D C I isan Oétohedron by the 23.definition of the eleuéth.) And 
the fayd Octahedron is included in the dodecahedron (by the firft definition of this booke: ) for that 
all che angles,thereof.doe at one time touch, the fides of the dodecahedron. Wherefore in the dodeca- 
hedron geuen,is included an O@tohedron: which was required to be done. 


f The 10.Propofition. The 10.Probleme: 


Denontire- 
tiom 





Ina Dodecahedron geuen, to.infcribe an equilater trilater Pyramis. 


f. Vppofe that the Dodecahedron geuen,be A B C D,of which Dodecahedron take thre bafes 
SY meting at the poynt S,namely thefe thre bafes ALSIK, DNSLEandSIBRN:and of ConftruGion. 
thofe thre bafes take the three angles at the poynts A,B,D: and draw thefe right lines A B, 
B D and D A:and letthe diameter of the fphere containing the dodecahedron be S a and 
XXx.i. then 


Demonffra- 
Hon. 
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then draw thfe rightlines A O,B O and D O:Now forafmuch as (by the 17. of the thirteenth ) che aris 
gles of the dodecahedron are fet in the fuperficies ofthe {phere defcribed about the Dodecahedron + 
therefore if vpon the diameter S O,and by the poynt A,be defcribed a femicircle,ic thall make the ane 
gle S A O a night anple (by the 31.0f the third.) And likewife if the fame femicircle be drawne by the 
poyntes D and B,it fhall alfo make the angles S B O,and S D O right angles. Wherefore the diameter 
S O containeth in power bothe the lines S A,A O,or the lines SB,B O,orels S D,D O, but the lines 
S A,S D,S B are equal the one to the other,for they eche fubtend one of the angles of equal pentagós, 
Wherfore the other lines remaining nanely,A O,B O,D O are equal the onc to the other. And by the 
fame reafon may be proued thatthe diameter H D which fubcendeth the two right lines H A, AD, © 
containcth in power both the faid two right lines,and alfo concaineth in power bothe the right lines 
H BandB D, which two right lines it alfo fühtendeth.And morcouer by the fame reaíon the diameter 
A C, which fubtendeth the right lines C B and B A,containeth in power both the faid rightlines C B 
and B A. But the right lines H A,H B and C B 
are equal the one to the other, for that eche 
of them alfo fubtendeth one ofthe angles of 
equal pentagons: wherfore the righe lines re- 
maining,namely,A D, B D,andB A are equal 
the onc to the other. And by the fame reafon 
may be proued that eche of thole right lines 
AD,B Dand B A is equal to eche of therighe 
lines A O,B O and D O, Wherefore the fixe p 
rightlines AB,BD,DA, AO,BO, & DO are 
equal the one to the other.And therefore the 
triangles which are made of thé, namely, the 
triangles AB D,A O B,A O D and B O D are 
equal and equilater: which triangles therfore 
do make a pyramis ABDO, whofe bafe is A- F 
B D and toppe the poynt O. Eche ofthe an- 
gles of which pyramıs,namely, the angles at 
the pointes A,B,D,O,doe in the felfe fame 
pointes touche the angles of the Dodecahe- 
dron. Wherfore the faid pyramis isinfcribed 
in the Dodecahedron, (by the firft diffinition 
of this boke,) Wherefore in a Dodecahedron 
geuen, is infcribed a trilacer equilacer pyra~ 
mis: which was required to be done. 


f| 1 he 11. Propofition. T he 11. Probleme. 





In an Icofabedron geuen ,to infcribe a cube. 


T was manifeft by the 7,ofthis booke, that the angles of a Dodecahedron are fet in the cen- 

tres of the bafes of the Icofahedron.And by the 8.of this boke,it was proued, that che angles 
£z of a cube are fct in the angles ofa Dodecahedron. Whercfore the felfe fameangles of the 
1 9 cube fhall of neceffitie be fet in che centres of the bafes of Icofahedron, Wherfore the cube 
fhalbe infcribed in the Icofahedron(by the firft diffinition of this boke.) Wherforc in an Icofahedron 
geuen,is included a cube: which was required to be done. 


g T be 12. Propofition. — The iz Probleme. 


In an Icofahedron genen to infcribe a trilater equilater pyramis. 






7| Y the former propofition it was manifeft,that che angles of a cube are fer in the centres of 
E the bafes of the Icofahedron.And(by thc firft of this booke Jit was playne that che foure an- 

gles ofa pyramis are fet in foure angles of a cube. Wherefore it is evident, by the firlt diffini- 
= tion of this booke, that a pyramis defcribed of right lines ioyning together thefe foure cen- 
tres of the bates of the Icofahedron,fhalbe infcribed in the fame Icofahedron. Wherefore in an Icola- 
dron geuen,is infcribed an equilater trilater pyramis: which was required to be done. 





The 
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q The 13. Probleme The 13. Propofition. 


In a Cube genen, toinfcribe a Dodecahedron. 


Ake a Cube A D F L. And diuide euery one of the fides therof into rwo equall partes 
in the pointes T,H,K,P : G,L,M,F : and pk Q f. And drawe theferight lines T K, 
GF,pQ, Hk, Pf; andL M : which lines againe diuide into two equall partes in the 
pointes N,V,Y,LZ,X . And draw thefe rightlines N Y,V X, and 1Z : Now the three 
> lines N Y, V X, and IZ, together wich the diameter ofthe cube, fhall cut the one the 
£ DSS other into two equall partes in the cencre of the cube, by the 39. of the eleuenth : let 
that centre be the poine O. And not to 
fland long about the demonttration, vn- 
derltand all chefc right lines to be equall 
and parailels to the fides of the cube and 
co cut the one the other right angled 
wife, by the ay. of the firit . Ler cheir 
halfes,namelv, F V,G V;H Land k Land 
the rell fuch like, be diuided by an ex- 
treme and meane proportion, by the 3o. 
of the fixth: whofe greater fegméts letbe 
thelines FS, GB, H C,andk E,&c. and 
drawe thefe right lines G I,G E,B C,and 
BE. Now forafmuch as the line Glis)y 
equall to the whole line G V, which is 
the halfe of the fide of the cube : and the 
line 1 E is equall to the line B V, thatis, 
to the leffe fegmét : therfore, the fquares 
of thelines GI and IE, are triple ro the 
{quare of the line GB, by the 4.ofthe 
chirtenth ; But vnto the fquares of the 
lines GI and LE, the fquare of the line 
GE is equall, by the 47.0f the firft : for 
the angle GIEisa right angle: Where- 
fore the fquare of the line GE is triple 
to the fquare of the line GB . And foraf- 
much asthe line F G is ereded perpen- 
dicularly to the plaine AGKL , by the 
4-of the eleuenth : for it is erected per- 
pendicularly to the two lines AG and 
GL: therefore the angle B GE is aright 
angle : for the line GE is drawen in 
the plaineAGKL. Wherefore the line 
BE, containing in power the two lines 
BG and GE, by the 47. of the firft, 
is in power quadruple to the line G B (forthe line G E was proved to bein r tripl 

line GB): Wherefore che line B E is in length double co she Mae BG, by che ie afenie fit; dU 
conftrudtion ) the line C Eis double to theline 1E : Wherefore the halfes GB and LE, are in propor- 
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tion the one to the other, as their doubles B E and C E : by the rs.of the fifth. Wherefore the line CB 


is thegreater fegment of che line B E diuided by an extreme and meane proportion . And forafmuch as 
the (elfe fame thing may be proued touching the linc B C : therefore the lines B E and B C, are equall, 
making an Ifofceles triangle. Now let vs proue that three angles of the Pentagon of the Dodecahedron 


are fet ac the pointes B,C,E : and che other two angles are fet betwenethelines BC andBE. , 


Forafmuch as the circle which containeth the triangle B C E circumfcribeth the Pe 
fide is the line C E, by the t1.ofthe fourth : Extend the T ofthe triangle B C a Fe 
dB and HE, cutting the line A D, namely, the diameter of A D the bale ofthe cube in the point I > 
and letit cut the line Ah the diameter of the cube in the point m. And by the pointe! drawe in the 
bafe A D,a parallel line vnto theline Ad: which lecbe 11. And forafmuch as from the triangle AH N 
is, by che parallel line 11, caken away the triangle Al Llike vato che whole triangle A H N,by the Co- 
rollary of the 2. of the fixth : the lines Al, andi I, fhall be equal. Buras the line H A is to the line Ad, 
fo (by the 2.of the fixth ) is the line H1 to theline 1I,or to thelinc 1A, which is equall to the linelI. 
And the greater fegment of che line H AY( which is halfe the fide ofthe cube ) is, as before hath bene 
proucd, che line A d, that is, the line G B, which js equall to theline Ad (by the 55. of the fir(t). 
XXx.ij. Wherefore 
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Wherefore the greater fegment ofthe line H1 is the linc}.A . And as the wholeling H 1 is to the grea- 
ter fegmeot, fo fhall che fame greater fegment H1 be to the leffe fegment 1A, by the 5. of the thir- 
tenth . Wherefore the line H A is di- . 
uided by an extreme and meane pro- 
portion in thepoint 1. But in the tri- A d 
angle AHN, the line NA, which is 
drawen fró the centre ot the bafe A D, 
4s in.the-goint Ieut like wto the line’ y 
AR, bythe parallel imel11I(by thefame.[ :: 
fecond of the fixth ) : for the lines HN 
and 11, are parallels, by conftru£tion, 
Wherefore the line. N A is in the point 
Adiuided.by an extreme aud meaney 
proportion by the fuperficies d BE H. 
And forafmuch as the line YON which 
coupleth the centres. of the oppofite 
bafes, isa parallel to the line HE: A 
plaine fuperficies extended by the line 
Y O N, parallel wife to che plaine d B^ 
EH : thecwo plaines fhall cucthe lines 
A O and A N ( the femidiameter of the 
cube, and the femidiamerer ofthe bafe 
AD) into the feile fame proportions in_ 
the pointes m and T, by the 17. of the 
ejeuéth. But the line AN is in the point 
I diuided by an extreme & meane pro- 
portion : Wherefore the femidiameter 
of tlie Cubcds ini the peint m dinided:by 
an extreme and meane proportion by 
the plainc, ofthe triangle BCE. And 
foralmuchas the rett of the triangles de- 
fcribcd in the cube after the like maner, may by the fame reafons be proued to be in a plaine which 
cuiteth die (emidiarheter of rhe cube by an extreme and meane proportion : it is manifeft chat three 
plaines of the Dodecahedron fhallynder euery angle of the cube concurre in one & the felf (ame point 
of the femidiameter being cut by an extremeand meane proportion; Now refteth to proue that the 
right lines which couple that point of the {emidiameter with the angles of the triangle B EC, are c- 
quall : whereby may be proucd that the Pentagons are equilateeand equiangle. 





JA 


Take the two bales of the cube. 
Whereon are fet the triangle B C E, 
namely , the bafes A Fand A k , take 
alfo the fame diameter of the cube 
shat was before, namely, Ah : and let 
thc fide fet at the poynt n, of the feQti- 
on of che diameter by an extreame & 
meane proportion,be the line C n or 
Bn:and lerthe centre of the cybe .be 
as before the point O. And extend the 
line C'h to the Hine B d;and letit con-« * 
currevith icin'the point a. And foraf- 
much astehe plaine which palfeth by: 
thelire i C Éand the centre O (cut- 
ting the tube into qwo equall parces) 
iS parallelto AF the bafeofthe cube 
by conftruétion “imagine that by the 
poynt n, be extendeda playne fuper- 
ficies parallel to the former parallel. 37 
playnes, which fhall cutte the femidi- 
anicter O A. & rhe line C a,proporti- 
onally in the point n, by the 17. ofthe. 
eleuenth ; For thofe lines doo couch 
the extreame parallel plaines exten- 
ded by the lines H Eand E O , and by 
the lines A d and d B. But itis proued 
that the tine O A is diuided by an ex- 
treame aud meane proportion inthe `- 


S | | poynt 
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poyntn : wherefore the line Ca,is alo diuided by an extreame and meane proportion in the poyntn. 
Agayne fora(much as B C E is aa Ifoícels triangle , and itis proued that che line B I cutteth the bafe 
G E into two equall partes in the poynt I; theangles BI Capd B IE fhallbe dt angles. Imagine by 

theline BI and the centre O a plaine to paffe (cutting the cube into two equal partes ) parallel to the 
bale AD. And vnto thofe plaines let there be imagined an other paraflel plaine pafling by the poyne 
n: whichletbene : which fhall cutte the femidiameter A O and the halfe fide of the cube , namely, 
the line 1 H, EXe,in the pointes n and c by the 17. ofthe eleuenth . Wherefore theline IH isio the 
poynt e diuided by an extrearne & meane proportió. W herfore the Jine H e is equall to theline C I or 
IE:namely,ech are leffe fegm éts.A.nd fora(much as the line I eis to the line I C(which is equall to the 

line E H)as the whole is co the greatez fegment ; táke away from the whole line Te the greater fegmét 

IC:there fhalt remayne theleffe (egment C e by the ofthe thirtenth . Wherefore the line I eis diui- 
ded by an extreame & meane proportion in the point C. Againe vnto the (ame playnes imagine an o- 

ther playne to pa(fe by the point a,parallel wife, and let the (ame be a g.Now then ( by thc fame 17. of 
the eleuenth ) thelines C aand C garein like forc cut in the pointes nand e. But the line C a was in 
the point n cutte byan extreame and meaae proportion , wherefore the line Cg fhall becutte in the 

poynt e, by an extreamc & meane proportion.But the line IC is to the line C c;as the greater fegmenc 

isto the leffe: wherfore the line C e, is to the line e g,as the greater fegment to the lefle:and therefore 

their proportion is as the whole line IC is to the greater fegment C e,and as the greater fegment Ce 
is to the leffe fegmente g: wherefore the whole line C e g which maketh the greater feginent and the 
Jeffe is equall to the whole line I C orIE . And fora(much as two parallel plaine fuperficieces (namely, 

that which is extended by I O B aud that which is extended by the line ag) arecutte by the playne of 
the triangle B C E, which paffeth by the linesa g and I B,their common fe&tions a g and 1 B fhall be 
parallels(by the 16.0f the eleuenth ) . Buc the angle B I E or BI C isa rightangle , wherefore the angle 
ag C isalfo a right angle(by the 29, of the firlt)and thofe right angles are contayned vnder equall fides, 
namely,the line g C is equall co the line C I,and the line a g to the line B I,by the 33.0f the Aft : wher- 
fore the bafes C a and C B are — the 4.0f the firtt.But ofthe line C B theline C E was proued to 

be che greater fegment : wherefore the fame line C E is alfo the greater fegment of the line Ca : buc 

cn was alfo the greater fegment ofthe fame line C a. Wherefore vnto the line C E,cheline cn which 

is the fide of the dodecahedron , and isfet at the diameter,is equall.And by the (ame reafon the relt of 
the fides, which are fet at the diameter may be proued e quall to lines equall to the line C E. Wherfore 
the pentagon infcribed in the circle where in is contained the triangle B C Eis,by the 11,0f the fourth 

equiangle,and equilater. And forafmch as two pentagons , fet vpon euery one ofthe bafes of the cube 

doo make a dodecahedron,and fixe bafes of the cube doo receaue twelue anples of the dodecahedron: 

and the 8.femidiameters doo in the pointes where-they are cuite by an extreame and meane proporti- 

on reccaue the refl: therefore the 12. pentagon bafes contayning 1o. folide angles doo infcribe the do- 

decahedron in the cube: by the r. diffinition of this booke. Wherefore in a cube geuen isinícribeda 

dodecahedron: which was required to be done, 


Firft Corollary. 


The diameter of the Sphere which containeth the dodecahedron, containeth 


in power thefe two (ides namely, the fide of the Dodecahedron, and the fide of 


the cube wherein the Dodecahedron ts infcribed.For in che firlt figure aline drawne from 


the centre O,to the poynt B the angle of the Dodecahedron,namely the line O B,xontaineth in pow- 
er thefe two lines O V the halfe fide of the cube;and V B the halfe fide of the dodecahedron,by the 47. 
of the firlt. Wherefore by the 15,of che fiuech,che double of the line O B,which is the diameter of che 
{phere containing the Dodecahedron,containeth in power the double of the other lines O V and V B, 
which are the fides of che cube,and of the dodecahedron. 


q Second Corollary. 


The fide of a cube dinided by an extreme and meane proportion, maketh the 
leffe fegment the fide of the dodecahedron infcribed init: and the greater fege 


ment the fide of the cube infcribed in the fame Dodecahedron:For it was before pro- 
wed, that the fide of the dodecahedron is the greater fegment of B E the fide of the triangle BE C:but 
the fide B E(which is equall to the lines G B and S F)is the greater fegmét of G F the fide of the cube: 


which line B PE NE the angle of the pentagon) was(by tae 8.of this booke)the fide ofthe cube 
infcribed in the dodecahedron, 


XXx.iij. Third 


Conſtruction. 


Demonflra- 
tione 


T he fiftenth Booke 
Third Corollary. 


The fide of a cube, is equalto the fides of a Dodecahedron infcribed in it, 
ane amore about it For it was manifett by this propofition,that the fide of a cube ma- 
eth the leffe fegment,the fide of a Dodecahedron in{cribed in it, namely, as in the frh figure the line 
B S the fide of the Dodecahedron infcribed,is the leffe fegmét of che line G F the fide of the cube.And 
it wasproued in the 17.of thethirtenth that the fame fide of the cube fubtédeth the angle ofthe penta- 
gon of the Dodecahedron circumfcribed:and therefore it maketh the greater fegment the fide of the 


dune ofthe pentagon,by the frit corollary ofthe ame. Wherefore it is equal to bothe 


The 14.Probleme. The 14.Propofition. 


In a cube geuen, to infcribe an Icofahedron, 


Vppofethat the cube geuen 
y bc AB C, the Centres of 
whofe bafes letbe the points 
mW D,E,G,H,LK : by whiche L 
poyntes draw in the bafes vnto the o- 
ther fids parallels not touching the one 
che other.And deuide the lines drawn’ T | MG | 
Tom the centres, as the linc DT. (Is 
&c, by an extreme and meane pro-' R A — 
portion in the poyntes A, F: L, M: A E N M B 
N,B:P,Q:R,5:C,O:by the 3o.of the à j) 
Gixth:and let the greater fegmentes d : 
about the cétres. And draw thefe right! ' 
lines,A L,A G,A M,and T G.And for- 7 
afmuch as the lines cut are parallels to, D E 
the fides of thecube : they fhall make 


rightangles the one with the other by f 
the 19.0f the firft : and forafmuche as * \ 
c LN / K 
x ON 





they are equal: cheir feCuons fhall be e- 
qual;for that the fe&ions are like by the 
2.of the fourrenth. Wherfore the line T 
G is equal to the line D T, for they are 
eche,;halfe fides ofthe cube. Wherfore 
the fquare of the whole line TG, and of 
the leffe fegment T A, is triple to the 
fquare of the line AD the greater feg- c 
ment(by the 4.of the thirtéth).But the 
line A G containeth in power thelines 
AT & TG, forthe angle A T G is2 right angle. Wherefore the fquare of the line A Gis triple to the 
fquare of che line A D.And forafmuch as the line M G Lis erected perpendicularly to che plain pafling 
by the lincs AT, & which is parallel to the bafes of the cube(by the corollary of the 14.of the elenéth) 
therfore the angle A G Lisa right angle But the line LG is equal to the line AD, for they are che grea- 
ter fegments of equal lines : Wherfore the line A G (which is in power triple to the line A D)is in po- 
wer triple to the line L G. Wherefore adding voto the fame fquare of theline A G, the fquare ofthe 
line LG, the {quare of the line A L, which (by the 47.0f the firit) containeth in power the two lines A- 
G and GL, fhalbe quadruple to the line A D or L G. Wherefore the line A L is double to the line AD 
(by the 20.0f the fixch : and therfore is equal to the line A F,or to theline LM. And by the (ame rea- 
fon may we proue that euery one of the other lines which couple the next fe&tions of the lines cut, as 
the lines A M;P F,P M,M Q. and the reftare equal. Wherfore the triangles A LM,A P F,A M P,PMQ_, 
and che reit fuch like,are equal,equiangle,and equilater, by the 4.and eigth ofthe firft. And forafmuch 
as vpon euery onc of the lines cut of the cube are fet two triangles, as the triangles A L M,and BL M, 
there fhalbe made 12.triágles.And forafmuch as vnder euery onc ofthe $.angles of the cube,are fub- 
tended the other 8.triangles,as the triangle A M P.&c.of 12.and 8.triangles,fhall be produced 20.tri- 
angles equal and equilater cótaining the Blide ofan Icofahedron,by the 25.diffinition ofthe eleuenth, 
which fhalbe infcribed in the cube geuen A B C by the firft diffnition of this booke. The inuention of 
the demonftration of this dependeth of the ground of the former. Wherforein a cube geuen, we haue 
defcribed an Icofihedron:which was required to be done. Füft 

u 


+— 
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y Firn Corollary; I : 
T be diameter of a {phere which containeth an Icofahedron, containeth two 
fides namely the fide of the Icofahedron, and the fide of the cube ‘which contass 


neth the Tcofahedron.rorif we drawe the line A B,itfhall make the angles at the poynt A right 
angles:for chat itis a parallel ro the fides of the edbe 1 wherfore the line which conpleth the eppofics 
angles of the Icofahedronjas the poynes F and B,c6caineth in power the line A B (the fide o£ the cube) 
and the line A F (the fide of the Ieofahedion) by the 47,ef the firit. Which line ËB 1s eqüal to the dia 
meter of the {phere,which eontaineth the Icefahedron,by the demonitration ofthe r6.0f ele chircéel, 


. .  .  Sécorid Corollary. ay 
T be fix oppofite fides of the Icofahedron denided into two equal parts:their 
Jellions ave coupled by three equal right lines, cutting the one the other into two 
equal partes, and perpendicularly in the centre of the [phere which containeth 
t fe Ic ofahedron. For thófe three lines are the three lines which couple the centres of the bafes of 


the cube; which do in fuche fort in the centre ofthe cube,cut the one the other,by the corollary of thë 
third of this booke,and cherfore are equal to the fides of he cube.Bue right lines drawne from the c& 
tre of the cube to the angles of the Icofahedron, every oneof them fhall fubtend the halfe fide of the 
cube,and the halfe fideof the Icofahedron (which halfe fides containe a righ angle) wherefore thofe 
linesare equal. Wherby it i5 manifeft chat the foreíaid centre is the centre of the {phere which coitai- 
neth the Icofahedron. 


¥ Third Corollary. 
The fide of a cube deuided by an extreme and meane proportion; maketh the 


greater fegment the fide of an Icofahedron defcribed in it.For thehalf fide of the cube 
maketh the halfe of the fide of the Icofahc dron the greater fegment : wherefore alfo the whole fide of 


thc cube,maketh the whole fide of the Icofahedron the greater fegment by che 15.of the fifthe, for che 
fe€tions are like by che 2. of che fourtenth. 


e«jFourth Corollary. 4 
The fides and bafes of the Icofahedron , which are oppofite the one to the o» 


ther are parallels Foratauch as eliéry one of the oppofite fides of the Icofahedron may be In the 


parallel lines of che cube, namely,in thofe parallels which are oppofite in the cube : and ee triangles 
which are made of parallel lines, are parallels by the 15.0f the éleuénth: therfore the oppofite triangles 
of the Icofahedron,as alfo the fides,are parallels the one to the other. 


g The 1s, Probleme. The 15. Propofition. 
In an Icofahedron geuen, to infcribe an O &ohedron. 


j Vppofe that the Icofahedron geuen be ACD F : and by the former fetond Corollary, 
let there be také the three right lines which cuc the onc che other inte twe equall partes 
K]! perpendicularly, and which couple the fe&ions into twa equall pattés of the fidés of 
<] the Icofahedron : which lèt be B E,G H,and KL, cutting the one the othet in thè point 
X ESSE ALAS] I. And drawe thefe tight lines BG, GE, EB H,yand HB: And forifmuch 4s the áf- 
gles ac the point 1 are ( by conftrustion ) right aágles; 
8nd are contained vnder equalllines : che bifes GB and A B 
BE ffall make a. fquate, by the «.o£ ce fir ; Likewyf& —— 
Fto thois Dales fhal be equali che lines drawen from 
the pointes K and L,to euery ent ofthe pointes B,G ; 
E,H : And therefore tlie triangles Which fake ehe py« 
tamis B G E H K, fhall be equall aed equilater ; And by 
the tanio realon fhall the reik of the triangles which miake .— 
theother pyramis BGEH vpon. the fire balé B Gi - $9 
É H, be equall and eqoilater. , Wherefore BGEH KL 
thalf be an Otohedron ( by thé 13 definition of the dle- 
weach): Aid thall be infcribed in-che Lcofahedron,by die 
firl definition of this booke . Wherefore in an Ieofahax 
dren gute yis infcribed aa OGehedron *. hick was res 
quired ro be done, S 
qi he 
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Lon tra wn 


Demontira- 
biom 


Conſtruction. 


Demonftra- 
tion, 


lines KG, K E, and 


© The fiftenth Booke 
g T be 16. Probleme. ” The 16. Propofition. 


In an OGobedron geuen ,to infcribe an Icofabedron. 


yf Et there be taken an Octohedron, whofe .angles, letbe A,B,C,E,P,L. And draw the 
lines AC, B F;P L,cutting the one the other perpendicularly in the point R (by the 2. 
AS Corollary of the 14.0f the chirtenth ) . And let euery one of the idle of the O@ohe- 
W dron be diuided by an extreme and meane proportion;in the pointes H,X,M,K,D,S,N, 

EA G:V;E,Q. , T. And let the greaterfegmentes be che lines BH, B X,FM,FK,AD,AQ, 
E C5, CT,PN,PG,LV,LE: Anddrawethefelines HK, X M,GE,N V,DS,Q T. Now 
~~ “forafmuch as in the triangle AB F, the fides are cut proportionally, namely, as the line 

B H is to the line H A, fois the line F K to the line KA (by thez.of the fouretenth ) : therefore the line 
H K fhallbe a parallel co the line B F (by thez.of thie fixth) . And forafinuch as theline AC cutteth the 
line H K in the point Z, and the line Z K isa parallel vnto the line RF, the line R A fhall be cuc by an ex- 


treme and meane proportion in the point Z : by the 2. of the fixth ; namely, fhall be cuc like vnto the 
line FA: and the 


reater fegmét ther- 
of thall be che line 
ZR. Vnto the line 
ZKputtheline RO 
equall, by the 3. of 
the firft : and drawe 
the linc KO : now 
then, che line KO 
Íhall be equall to che. 
line Z R, by the 33.0f 
the fidt . Draw the 





KI. And fora{much 
as the triangles A R- 
F,and A = m ie 
uiangle (by the 6.0 
ihe Gath ) lhe fides p 
AZ and ZK,fhall be 
equall the one to the 
other,by the4.of the .- 
fixth, for the fides: 
AR and RF, are e- 
quall . Wherfore the 
line ZK fhallbe the 
leffe fegment ofthe 
line RA. But ifthe 
Ap fegment RZ 
€ diuided by an ex- 
tremc & meane pro- 
ortíon , the greater 
egment therof thall - €... ] 
be theline ZK , which was the l¢ffc fegment of the whole line R A, by the y.of the thirtenth , And for- 
a[much as the two lines F E and F G;are equall to the two lines A Hand A K, namely, echare leffe feg- 
mentes of quall fides of the O@ohedron, and the angles H A'K and EF G are equall,namely, are right 
angles, by the 14. ofthe thirtenth : the bafes H K and G F fhall be equallby the a.of thefirít : And by 
the fame reafon ynto them may be proued equall the lines XM,N VD S,and Q T . And forafmuch as 
the lines A C,B F,and P L, do cutthe one the other into two equall parts,and perpendicularly, by con- 
ftruction : the lines H K and G E (which fubtend angles of triangles like vnto the criangles whofe an- 
gies the lines.A C,B F,and P L fubtend ) are cut into two equall partes in the'pointes Z and T, by the 4. 
of the fixth, fo alfo are the other lines N V,X M,D S,Q T (which are.equall vnto the lites H K & G E) 
cut'in like fort, and they ihall cut the lines AC, B F,and P L like ~ Wherefore the liné K O ( which is 
equall to RZ ) shall make the greater fegment the line R O; which is quall to the line Z K (for the grea- 
ter fegment of RZ was the line Z K ) : and therefore the line O I fhall betheleffe fegment, when as the 
whole line RI fs equal to the whole line R Z. Wherefore the {quares of the whole line K O,and of the 
lefie fegment OI, ate triple to the fquare of the greater fegment R O,-by the 4.of the thircenth. Wher- 
fore the line KI, which containeth i power the two lines K O.and OT, isin power triple to thé line 
RQ (by the 47.0f the firit ) : for the angle K O I is a right angle . And forafmuch as the lines-FE and 
F G { whichare the lefe fegmentes ofthe fidesof the Octohcdron ) are equall : and the line FK is có- 
mon 
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mon to them both: and theangles KF G and KFE (cf the triangles of the C&ohedron ) are equall i 
the bafes K G and K E thall (by the 4.of the firlt) be equall : and‘ therefore the afigles KI E and KIG 
which they fubrend, are equall ( by the 8.of the firlt ): Wherefore they arc right angles, hy the 13.0fthe 
firit. Wherefore the right line K E. (which containeth in power the two lines K Land 1E, by the 47.0f 
the firlt) js in power quadruple'to the line RO (or1E) : for the line K Lis próved to bein power triple 
to the fame line R O: Burt the line G Eis double to the line IE : Wherfore the line G E is 2lfo in power 
quadrup'e to' the line LE (by the zo.of the fixth ) . Wherefore the two lines KE and GE are equall. 
And bythe fame realon, may the reft of the lines,namely, H K, H N, N V, V X; X S, and the other lincs 
whiclicotipte the fe&tions o£the fides ofthe Octohedron be proued equáll to the farae lines K E and 
GE. Whetefore thé triengles dcícribed of them,nameiy,GE K,G KD,G D $,G S M,G M E, fhall be e-. 
quall and equilater, by the 8.of che firft, making a folide angle at the point G : which is therefore the 
angle of an lcofahedron, by the 16.0f the thircenth, and is fet in the feétion G of the fide P F. And by 
the fame reafon may be proued,that the relt of the eleuen folide angles ofthe Icolahedron, are fecia 
the fections ofeuery one ofthe fides of the OGtohedron,namely, in the:pointes E,N,V,H,K,M,X,D,S, 
QT . Wherefore there are 13. angles of the Icofahed:on . Moreoucr, forafmuch as euery one of- 
the bafes of the Otohedron, do eche containe triangles of the Icofahedron, asin the pyramis AB C- 
EP (which is the halfe of the Oftohedron ) che triangle F C P. receaue:h in the fections of his fides the 
triangle G M S : and the triangle C P B containeth the triangle N XS : and the qiangle B A P contay-: 
neth the triangle HN D : and moreouer the triangle A P F containeth the triangle K D G, and the fame 
may be proued in the oppofite pyramis AB C FI : Wherefore there fball be eight triangles . And for- 
afmuch as befides thee triangles, to euery one ofthe folideangles ofthe Octohedron are fubrended 
two triangles,as the triangles KE G and M EG, to thezngle F : and che triangles HN V and XN V, 
to thc angle B : alfo thc triangles N D Sand G D S, co theangle P : likewife the triangles DHK and 
Q HK, to theangle A : Moreouer the triangles EQ T and V QT, to the angle L: and finally the tri- 
anglesSX M and T XM, to the angle C : thefe rz. triangles being added to the 8.former triangles, fhall 
produce 20. triangles equall and equilater coupled together : which fhall make an Icofahedron,by the 
15:definition of the eleucnth : and it {hall be inferibed in the O€tohedron geuen ABC FPL, bythe. 
firít definition of chis booke : for the 12. angies thereof are fet in 12. like fe&ions of the fides of the 
O&tohedron . Wherefore in an O@obedron geuen, is infcribed an Icofahedron. 


«| Firít Corollary. 


T be fide of an equilatev triangle being diuided by an extreme and meane 
proportion : a right line fubtending within the triangle, the angle which is cone 
tained ynder the greater feement and tbe leffe : is in power duple to the leffe fege 


ment of the fame fide. For the line KE,which fubtendeth the angle K FE of the triangle AF L, 


which angle K F E is contained vader.the two fegmentes K F & F E,was proued equall to the line H K, 
which containeth in power the two leffe fegmentes HA and AK, by the 47. of the firlt, for the angle 
HA Kis arightangle. Wherefore the line K E or HK, isin power duple to the line A K, 


x Second Corollary. 


T he bafes of the Icofabedron are concentricall ( that is, have one and the 
felfe fame centre ) with the bafes of the O&fobedron which contayneth it. 


For fuppofe that A B G be the bafe ofan Octohedron contay- 

ning E C D the bafe ofan Icofahedron.: and letthe centre ofthe. S B 
bale A D G bethe point F. And drawe thefe rightlines F A,F B, 
F C,and F E. Now then the two lines F A and À E'fhall be equall 
tothe two lines FBand BC : for theyare linesdrawen from 
the centre, and are alfo leffe (egmentes : and they contayne the 
hajfes of equall angles . Wherfore ( by the 4.ofthe firft) the bafes 
F Cand FÉ are equall : and by the fame realon vnto them fhall 
be equall the otherlioe F D. Wherefore making the centre the 
point F : and the {pace FE defcribe a circle and it fhall be cir- 
cumfcribed aboutthe triangle C ED : and fo hall the point F 
the centre of the bale of the O&tohedron bethe centreotC ED ^ 

the bafe of the Icofahedron, 





Conſcruclion. 


Demonlira- 
ton, 


ConStrultion. 


The fiftenth Booke 
g The 17. Probleme. The 17. Propofition. 


In an Ofohedron geuen, to infcribe a Dodecahedron. 


EXSCX] Vppofe that the O&tohedron geuen be A B GD EC : whofe 12 fides let be cut by an ex- 
treme and meane proportion, as in the former Propofition . It was manifeft that ofthe 
Q right lines which couple thele fe@tions,are made 20.uiangles,of which 8. are concentri- 
call with the bafes of the O&ohedron, by the fecond Corollary of the former Propofi- 
tion. If therefore in euery one ofthe centres of the 20. triangles be infcribed (by the 5.of 
this booke ) enery one of che 12.angles of the Dodecahedron, we thall finde, that 8, an- 
gles ofthe Dodecahedron 
are fet in the 8. centres of 
the bafes of the OGohe - 
dron: namely,thefe angles 
T,u, @, O,M,a,P,and X: 
and of the other 12. folide 
angles there are two in the 
centres of the two trian- 
gles which haue one fide 
common vnder euery one 
of the folide zngles ofthe 
O€ohedron :. namely, vn- 
der the folide angle A, the 
wo folide angles,K,Z: yn- 
der the folide angle B, theg 
two folide angles H, T: 
vnder the folide angle G, 
the two folide angles Y, V: 
vider the folide angle D, 
the two folide angles F,L: 
vnder the folide angle E, 
the ewo folide angles S,N: 
vader the folide angle C, 
the cwo folideangles QR: 
and forafmuch as in the 
O€ohedronare fixe folide 
angles, vnder them fhall be 
fabtended 12.folide angles 
of the Dade one and G. 
foare made 20. folide an- ' 

les compofed of 12.cquall and equilater fuperficiall pentagons ‘(as it was manifeft, by the s.of this 
Boke) which therefore containe a Dodecahedron (by the 14. definition of the eleuenth ) . And itis 
inícribed in the OGohedron (by the 1.definition of thisbooke ) : for chat euery ong ofthe bafes ofche 
—— do receaue angles cherof .. Wherefore in an O&ohedron geuen, is infcribed a Dodeca- 
hedron. 
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g The 18. Probleme. The 18. Propofition. 


In a trilater and equilater Pyramis, to infcribe a Cube. 


Rj] VPpofe that there be a trilater equilater Pyramis,whofe bafelet be A B C, and toppe the 
(S point D . Andler it be comprehended ina Sphere, by the 13. of the thirtenth . And leg 
Y. 9 the centre of that Sphere be the poinc E, And from the folide angles A,B,C,D, draw righe 
S iX ]|lines paffing by the centre E, vnto the oppofite bafes ofthe pyramis, and they fhall fall 
TX SCI perpendicularly vpon the bafes, and fhall alfo fall vpon the centres of the circles which 
— containe the bafes, by the Corollary of the 13.0f the thirtenth . Let che centre of the tri- 
angle A B C, be the point G, and lec the centre of the triangle A D C be the point H, and of the trian- 
gle A DB let the point N be the centre, and finally,let the point F be the cenue of the other triangle 
DBC. Andlet the right lines falling vpon thofe cétres be D E G,B E H,C E N,& A E F. And by thofe 
centers G,H,N,F,let chere be drawen from the angles co the oppofite fides thefe rightlines, A GL, 
DH 
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of Euclides Elementes. Fol.4.43. 


DHKBN M,andD EL, which thall fall perpendicularly vpon the fides B C,C A,A D, and CB,by the 
Corollary.of the 12.0f the thirtenth, and cherefore they fhall cut them into two equall partes in the 
pointes K, L,M, by the e p 8 eG 
3.ofthe third . Agayne 
let the lines which wer 
drawen from the folide 
angles to the oppofite 
bales be diuided into 
two equalpartes,name- 
ly, theline DG in the 
point T,the line C Nin 
the point O , the line 
AF inthe point P,and 
the line BH in che 
point R: and drawe the 
lines HT,FT,H O,and 
FO. Now forafmuch 
as the lines GK, and 
G L, which are drawea 
from the centre of one 
and the felf{ame trian- 
gle ABC cothe fides, 
are equall,and the lines 
D Kand D L are equall, 
for they are the perpen- 
diculars of equal & like 4 
triangles : and the line 
D G is common to thé. 
Wherefore, by the 8.0f 
the firft,che angles K D- 
G & LDG,are equall. 
And forafinuch as the 
lines HD &DF are dra~ 
wen from the centre of 
equal circles which có- 
taine the equal triangles A D C & D B C,therfore they are equal, & the line D T is cómon to thé both, 
and they containe equal angles;as before hath bene proued.Wherfore the bafes H T and F T are equal 
by the 4.of the firft.And by the fame reafon if we drawe the lines C F and C H, may we proue that the 
other ines H O and F O;are equal to the fame lines HT and F T and alfo the one to the other. Wher- 
fore alfo after the fame maner may be. proued that che reft of the lines, which couple.the centres of the 
triangles and che ſections of che perpendiculars into two equal partes,as the lines N P,G R,G P,R N: 
NT,P H,G O,and RF,are equal. And forafmuche as from euery one of the centres of the bales are 
drawne-thre rightlines to the fe&ions into two equal parts of the perpendiculers, and there are foure 
centres,it followeth,that thefe equal right lines fo drawne, are twelue in number,of which every three 
and three make a folide angle in the foure centres of the bafes, and in the foure fections into cwo equal 
partes of the perpendicular: wherfore that folide hath 8.angles contained vnder 12.equal fides, which 
make fixe. quadrangled figures, namely, H O E T,P GRN,PHOG,GOFR,ERN T,and TINP H. 
Now letvs proue that thofe quadrangled figures are rectangle. 

Forafmuchas vpon D C the common lac of the triangles A D C and B D C falleth the perpen- 
diculars A S and B S,which are drawne by the centres H and F: either of thefe lines H S and S F fhalbe 
the third part ofeither ofthefe lines À Sand S B :for the line AH is duple to the line H S,and deuideth 
the bale D C into ewo equal partes by the corollary of the 12.0f che thirtenth, Wherefore in the trian- 
gle AB S,the fides A S and B Sare cut proportionally in the poynts H and F:and therfore the line H F 
1s a parallel to the fide A B,by the z.of the fixth, Wherfore the triangles A S B and H S F are equiangle, 
by the &.of the fixch, Wherfore the bafe H F fhalbe the third part of the bafe A B,by the 4.of the fixch. 
We may alfo proue that theliae T O is the third part of the line D C,for the lines E C and ED, which 
are-drawne from the centre of the fphere which containeth the pyramis are egual: and the linc E N, 
(which is drawne from the centre to the bafe)is the third part of the line E C,fo alfo is cheline G E the 
third part ofthe line E D(by the corollary of the 13.0f the thirtenth) for itis the fixth parte of the dia- 
meter of che fphere which containeth the pyramis: And the line O N,is the half of the whole line NC 
wherfore the refidue E o is the third part ofthe line E C,and fo alfo is the line ET the third part ofthe 
line E D.Wherfore theline T O in thetriangleDE C isa parallel to theline D C,and is a third parte 
of che [ame,by the former z,and 4.of the fixth;as the line H F was proued the third parc of the line AB. 
But A B and D C being fides of the pyramis are equal. Wherfore the lines HF and TO,being the third 
partes of equal lines,are equal,by the 15.ofthe fiueth. W herfore by the 8.of the firlt che angles H T F, 
and T F O are equal:and by the (ame reafon the angles oppofite vnto them,namely, theang! «FOH 


YYy aj. and 





Demenſtra- 
tion. 


Produce in 
tbe figure tbe 
lise T Fo 
tbe point B. 


The fiftenth Booke 


and OH T are equal the orice to the other, and alfo-are equal to the faid. angles H'T Fand TF-O : bue 
theft foure angles are equat to 4.rightanglesby the corollary of the'3a.0f the firit : wherefore the an-' 
gles ofthe quadrangle H O F T are right angles.And by the fame reafon may the angles of the other 

fiue quadrangled figures be proued right angles. Now refteth to proue that the forefayde quadrangles 

areechinene andthe ~ D 

felfe fame plaine. 

Take the quadrágle 

HOFT : and foraf- 
much as in the trian- 
gle A SB, the line H F 
is proued a parallel to 
the line A B, therefore 
itcutteth the lines SV, 
and S B proportional- 
ly in the poyntsI.and 
F.by the z.of thefixth: 
Now then forafmuch 
as S F was proued the 
chird parte of the line 
S B, the line S I, thall 
alfo be the chirde part 
of theline S V. More- 
Quer forafmuch as the 
line V S,whiche cou- 
plech the íc&tions into 
equal partes of the op- 
pofite fides of the py- A 4 
ramis, namely, of the 
fides AB and DC, is 
by the centre E deui- 
ded into two equal 
partes, by the corolla- 
ry of the feconde of 
this boke (for icis the 
diameter of the octo- é wh 
kedron infcribed’in the pyramis) :therfore the line S I is two third partes of the halfe line SE.And by 
the fame reaíó, for2fmuch as in che triágle DEC the]ine TO is prouedto bea parallel to the fide DC, 
$t fhallin the felfe (4me triangle cut thelines C E and S E, proportionally in the poynts O and I by the 
fame ofthe fixth :but the line E O is ptoued to bea third parteoftheline E C. Whereforethe lyne 
EFisalfo a third pait of the line: E S. Wherefore the refidue IS fhalbetwo third partes of the whole 
line ES, W herefore the point I cutteth either ofthe lines T O and H F.Wherefore rhe two lines HI E 
and-T FO cutting che one cheother, are in one and the felfe (ame' plaine, by the 2. of the eleuenth. 
Artdtheteforé thé poyntes H,T,E,O arc in one & the felfe fame plaine. W herforejthe rectangle figure 
H OF T being quadrilater and equilater, and in one and the felfe fame playne, is a {quare, by the 
diffinition of a (quare.And by the fame rea(on may the reft of the bafes of the folide be proued to 
be fquares equall and plaine or fuperficial : Now then the folide is comprehended of 6.equal fquares 
(which are contained chia equal fides which {quares make 8.folide angles,of which foure are in the 
centres of che bales of the pyramis,and the other 4. are in the midle fe&tions of the foure perdendicu- 
Jars. Wherfore the folide H O F T P GR N,isacube by the 23.diffinition of the eleuenth, and is in- 
{cribed.in the pyrariis;by the fir(t definition of this boke. Wherfore in a trilater equilater pyramis ge- 
uenis inícribed a cube, 
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«| A Corrollary. 


T he line which cuttetb into two equall partes the oppofite fides of the Pye 
ramis js triple to the fide of the cube infcribed in the pyramis and paffeth by the 


centre of | the cube. For theline S E V,whofe third part the line S I is, cucteth the oppofite fides C- 


Dand AB into two equll partes : but the lineE I ( which is drawne from the centre of che cube to the 
bale is proued to be a third pare of the line E S: wherefore the fide ofthe cube which is double to the 
line E1 ihalli be a third part of the whole line V S , which is (as hath bene proued ) double to the line 


ES. 
; The 19.Probleme T he 19.Propofition, 


In a trilater equilater Pyramis genen,to infcribe an Icofahedron. 
Suppofe 


of Euclides Elementes. Fol.444. 


— 72 Vppofe that the pyramis geuen,be AB GD: euery oneofwhole fides let be diuided into 
N Z^" two equall partes inthe poyntes B,M,K,L,P,N.And in every one of the hafes of that py- 
i |ramis,deferide thetriznglesE FP, P MN, N K E, and E MK: which triangles (hall be e- 
4 P^ | quilacer by the 4.of the Arlt forthe fides fubrend equall angles of the pyramis, contayned 
es vader the halues of the fides of the fante pyramis: wherfore the fides of the faid criangles 
7 are equall .Leethole fides be divided by an extreame and meane proportion(by the 30.0f 
the fixth)in the poyntes C,E,Q,R,S,T, H, I, O, V, Y, X. Now then thofe fides are cutte inta the felfe 
fame proportious,by the ».ofthe fourtéth :and cherfore they make the like fectiós equall, by the z.pare 
of the ninth of the fiueth. Now I fay, thatthe farelayd poyntes doo receaue the. angles of the Icofahe- 
dron infcribed in the pyramis AB G D. In the forefayd triangles let there agayne be made other trian- 
gles by coupling the feétions,and let thofe triangles BOT RS, LO H,C E Q,and V XY, which fhall be 
equilater: for every ove of théir fides doo fubtend equallangles of equilater triangles , aad thofe fayd 
equall angles are contayned vnder equall fides (namely,vnder the greater fegment and the leffe ) : and 
therefore the fides which fubtend thofe angles are equall by the 4. ofthe firit. Now let vs proue that 
aceche of the forefayd poynes,as for example at T,is hee the folide angle of an Icofahedroo.Fora(much 
as the triangles T KS and T Q O are equilater and equall,the 4.righe lines T R,T S,T Qand T.O fball 
be equall . And forafmuch as F P N K is a {quare cutting the pyramis ABG D into two equall partes, 
by the corollay of thefecond of this booke: the line T H hall bein power duple to the line T N or N- 
H by the 47. of the firft. A 
Forthelines TNorNH 
are equall, for that by con 
ftru&ion they are eche 
leffe (egmentes : and the 
line RT or T S isin pow- 
er duple to the fame line 
TN orNH (by the co- 
rollary of the 1s. of this 
booke ) for it fubtendeth 
the angle of the triangle 
contayned vnder the two 
fegmentes. Wherfore the 
lines TH,TS,TR,TQ, 
aud T O are equall : and 
fo alfo are the lines HS, 
SR,RQ,QO,andOH, 
which fubtend the angles 
acthe poynt T;equall, For 
theline Q R contayneth 
in power the two lines P- 
Qt ind PR the leffe feg- 
mentes , which two lines 
the line TH alfo contay- 
ned;in power. And the 
reft of'the lines doo fub- 
tend angles ( of equilater £- 
D ) — vn⸗ M i a 
der the greater fegment and che leffe, Wherefore the fiue triangles TR S,T 
Rare equilater and equall making the folide angle of an Icofahedron at the — ip thee tie 
thircench,in the fide P N of the triangle P NM. And by the fame reafon in the oth fide fthe 91e 
anglesP NM,NK L,FM K,& LFP(which are infcribed in the bafes of the Sseu which ide d 
in aber fhalbe fet.12.anglesof the Icofahedró cótaiped vnder 20.equal & equilater vriangles of whi ch 
fowere arefetin the 4. bales of the pyramis,namely,thefe fower triangles, T RS,H OI CE Q VXY: 
atiasgles ate vnder 4.angles of the pyramis: that is,the fower triangles CI X, YSH,ERV, T QO: 
and vender euery one of the fixe fides of the pyramis are fet two triangles, namely vnder the fide F 
the triangles T HSand T H O :vnder the fide D B the triangles R Q Eand R QT: vnder the fide DA 
the triangles CO Q and C O I: vnder the fide A B,the triangles EXC and E XY: vnderthe fide BG 
the triangles SV R and S V Y:and vnder the fide A G the triangles UY H and 1Y X. Wherefore the fo 
lide being conrayned vader zo,equilater and equalleriangles fhall be an Icofahedron by the 23 difiniti- 
on of the eleventh: and fhall be infcribed in che pyramis A B G D by the firft diifinition of his booke, 


for all his angles doo at one time touch the bales of th i i i i 
e aaien ae Ne ARABES, do ig ofthe pyramis . Wherefore ina trilater equilater py- 









1T be zo. Propofition. The 20. Probleme. 
Ina trilater equilater Pyramis genen to infcribe a dodecahedron. 
: YYy iii. Suppofe 


Couſtrutlion. 


Demonſſra- 
tion. 


The fiftenth Booke 


Vppofe that the pyramis geuen be A B G D, eche of whofe fides lét Be curte into ewo e- 
quall partes:and draw the lines which couple the fections , which being divided by an 
| extreame and meane proportion , and right lines being drawne by the fedtions, fliall re- 
| ceaue 20.triangles making an Icofahedron , asin the former propofition it was manifeft. 
Now then if we take the centres of thofetriangles, we thall there finde the-ao. angles of 
- the dodecahedron infcribed init by the 5.of thisbooke.And forafmuch as 4.bàfes of the 
forefayd Icofahedró ate cócentricall with the bafes of the pytamis, as it was proued in-thez.corollary 
of the 6.of this boke: there fhal be placed 4 angles of the dodecahedré,namely, the 4,angles E,F,H,D, 
in the 4.centres ofthe bafes:and ofthe other 16.angles, vnder euery one of the 6, fides of the pyramis 
are fubtended two: namely,vnder the fide A D,theangles C K: vnderthe fide B D the angles:L I : vn- 
der the fide G D the angles M, N: vnder thefide A B the angles T, $ : ynder the fide B G theangles P, 
O:and vnder the fide A G the angles R,Q :fo there'relt 4. angles, whofe true place we will now ap- 
[renun asacube contayned in one and the felfe fame fphere witti a dodecahedron, is iufcri- 

ed in the fame.dodecahedron, ast was manifett by the.r7.of the thirtenth,and 8.of this booke:it fol- 
loweth thata cube and a dodecahedron circumfcribed -abouri¢, are contayned in one and. the felfe 
fame bodies, for that their angles concurre in one and the£felfe fame poyntes.And it was proued in the 
48.0f this booke;that 4.angles of the cube infcribed in che pyramis are fét in the. middle feQions of the 


A 


t 





B“ i € 
perpendiculars which are drawne from the folide angles of che pyramisto the oppofite bafes : where- 
fore the other 4.angles of the dodecahedron are alfo,as the angles of the cube, fetin thofe middle fec- 
tions of the perpendiculars.Namely,the angle V is fet in the mijdelt ofthe perpendicular AH'thean- 
gle Y in the middett of the perpenticular B F:theangle Xin the middeft of the perpendicular G E:and 
Jaftly the angle D in the middeft of the perpendicular D which is drawne from the toppe of the py- 
ramis to the oppofite bafe . Wherefore thofe 4.angles of the dodecahedron may be fayd to be direlly 
vnder the folide angles of the pyramis,or they may be fayd to be fet ar the perpendiculars. Wherefore 
the dodecahedron after this maner fet, is infcribed in the pyramis geuen ( by the firlt diffinition of this 
booke ) for that vpó euery one of che bafes of the pyramis are fet an angle of the dodecahedró infcri- 
bed. Wherefore ina trilater equilater pyramis is infcribed a dodecahedron. 


T he 21.Probleme. T he 21. Propofition. 


In euery one of tbe regular folides to infcribe a Sphere. 


of Euclides Elementes Fol.44.5. 


( N the 15. ofthe chirtenth and the other 4. propofitions following , it was declared that 
the s.regular folides,are fo contayned in a {phere, that right lines drawne from the cen- 
A tre of the fphere or o£the folide infcribed , to euery onc of the angles of the folide in- 
K fcribed,are equall . Which rightlines therefore make pyramids , whofe toppes are the 
S e centre of the [phere , or of the folide, and the bafts are cutry one of the bafes of chofe 
WZ, (olides . And foraímuch as thofe bafes are in euery folide equall and like the one tothe 
other,and defcribed in equall circles :thofe circles fhall curte the {phere : for the angles 
which touch the circumference of the circle,touch alfo the fuperficies of che fphere. Wherefore perpé- 
diculars drawne from the centre of the {phere to the bales , or to the playne — of the equall 
circles,are equall, by the corollary of the affumpt ofthe 16.0f che tweltch . Wherefore making the cen- 
tre the centre of the (phere which contayneth the folide, and the {pace fome one of the equall perpen- 
diculars,de(cribe a {phere, and it fhall couch euery one of the bafes of thac folide « neither fhall the fu- 
perficies of the {phere palfe beyond thofe bales: when as thofe perpendiculars are the left lines which 
are drawne from the centre to the bafes, by the 3.corollary of the fame affumpt. W herefore we haue in 
every one of the regular bodies infcribedá fphere: which regular bodiesare in number onely fiue, by 
the corollary ofthe 18.of thethirtenth, — 7*7 


A Corollary. 






T he regular figures infcribed in fpheres , and alfo the [pheres circumftri- 


bed about them or contayning them,haue one and the felfe fame centre. Namely; 
their pyramids , the angles of whofe bafes touch the fuperficies of the {phere , doo from thofe angles 
caufe equal right lines to be drawne to one and the felfe fame poynt , making the toppes of the pyra- 
mids in the fame poynt : and therefore they make the centres of the [pheres in the felis fame toppes’ 
when as the right lines drawne from thofe angles to the crooked fuperficies, wherein are fet the an- 
gles of the bales of che pyramids,are equall. 


An aduertifment of Fl a/fas 


Ofthefe folides,onely the Octohedron receaueth the other folides infcribed one withia aa 
other . For the O&ohedron contayneth the Icofahedron in{cribed in it : and the (ame 
Icofahedron contayneth the Dodecahedron infcribed in the fame Icofahedron: 
and the fame dodecahedron contayneth the cube infcribed in the fame 
O€tohedron, and finally the fame cube circumfcribeth the Pyra- 
mis infcribed in the fayd O@ohedron . But this happe- 
neth not in the other folides. 


(x) 


The ende of the fiuetenth Booke 


of Euclides Elementes after 


Campane and Flufas. 





This propofiti- 
on Campane 
hath, © ss tbe 
laft alfo in cr- 
derof tbe t5, 
booke with 
bim. 


The argu- 
ment of the 
16. booke. 





q | hefixtenth booke of 


the Elementes of Geometrie 
added by F/ufaas. 


N the former fiuetenth booke hath bene taught how 
to infcribe the fiue regular folides one with inan other. 
Now femeth to reft;to cópare thofe (olids fo infcribed, 
one toan other,and tofet forth their pa((ions and pro- 
prieties:which thing ,Fluffas confidering, in this fixtéth’ 
booke added by him „hath excellently well and moft 
conninely performed . For which vndoubtedly he hath 
ofall them whichhaue aloueto the Mathematicals,de- 
ferucd much prayfe and commendacion:both for the 
great trauailes and paynes ( which it is moftlikely ) he 
‘hath taken in inuenting fuch ftraunge and wonderfull 
WV" propofitions withtheir demonttrations , in this booke 
7 contayned , as alfo for participating and communica- 
— t ting abrodethe fame to others. Which booke al(o,thar 
the reader fhould want nothing conducing to the perfe&ion of Euclides Elements: 
Ihaue vith fome trauaile tranflated,& for the worthines thereof haue added.it, asa 
fixrenth booke to the 15. beokes of Euclide. Vouchfafe therefore gentle reader dili- 
gently to read and pey(e it, for in it (hall you finde not onely matter ftrange and delec- 
table, bucalfo occafion of inuention of greater things pertayning to the natures of the 
fiue regular folides. 


q The 1.Propofition. 


A Dodecahedvon, and a cube infcribed init, anda Pyramis infcribed in 
the fame cube are contained in one and the felfe [ame Sphere. 


3) Or the angles of the pyramis are fet in the angles of the:cube wherein it is inſcri- 

bed (by the firfFo£ the fiuetenth :and allsheangles of che cube are fet in the angles 
(‘I of the dodecahedron circum(cribed abourit (by the 8.of the fiuetenth) : Andall 
À the angles ofthe Dodecabcdron, are fet in the fuperficies of the fphere,by the 17. 
WS of che thirtenth, Wherefore thofe three folides infcribed ons within an other, are 
4X contained in one and the felfe fame fphere,by the firft diffinition of che fiuetenth. 
MIN A dodecahedron therfore and a cube infcribed in it, and a pyramis infcribed in che 
fame cube;are contained in one and the felfe fame fphere . 







. «A Corolla. - 
Thefe three folides likewife are fet in one and the felfe fame Icofahedron,or 


Otfobedron or Pyramis.For they are infcribed in one and the fame Icofahedron,by thes .11.& 


12.0f the fiuctenth: and they are infcribed in one and the felfe fame O&ohedroan, by the 4. 6.and 16,0f 
the fame: laltly chey are infcribed in one and the felfe fame pyramis,by the firft,18.and'19.0f the fame. 
For the angles ofall chefe folides are fet in the centres of the bafes of the circumfcribed Icofahedron, 
or o&tohedron,or pyramis. 


q The — Propofition. 


T he proportion of a Dodecahedron circum/cribed about a cube to a Dodecae 
bedron 


Elementes of Geometry added by Flnfas. Fol.446. 


hedré infcribed in the fame cube,is triple to an extreme (7 meane propartió, 


Orafmuch as in the z.corollary of the 15.0f the fiuetenth, it was proued, that the fide 
S ofa Dodecahedron infcribed in a cube,is the leffe fegment of the fide of that cube de- 
«f uided by an extreme and meane proportion: and the fide of the dodecahedron circum- 
S fcribed about tlie fame cube,is thegreater fcgment of the fide of the fame cube(which 
y thing alfo was taught in the 13 of the fiuetenth)the fide of the Dodecahedron circum- 
4) fcribed halbe to the fide of the Dodecahedron infcribed, as the greater fegment of a 
right line deuided by an extreme and meane proportion, is to the lefle fegment of the 
fame,which proportion is called an extreme.and meane proportion, by the diffnition,and by the 30.0f 
fixth.Dut rhe proportion of like folide prolihedrons,is triple to the proportion of the fides of like pro- 
portion, by the corollary of the 17.0fthe twelueth. Wherefore the proportion of the Dodecahedron 
circumfcribed about the cube, is to the dodecahedron infcribed in the fame cube, in triple proportion 
of the fides ioyned together by an extreme and meane proportion. The proportion therefore ofa Do- 
decabedron circum{cribed abouca cube to a dodecahedron in{cribed iv the fame cube, is triple to an 
extreme and meane proportion. 






T he 3.Propofition. 


In euery equiangle and equilater Pentagon, a perpendicular drawne from 
one of tbe angles to tbe bafe is deuided by an extreme and meane proporti- 
on by aright line fubtending tbe fame angle. 


Ez Vppofethat AB C DF bean equiangle and equilater 
pentagon : and from one ofthe angles namely, from 
: À let there be drawne to the bafe C D a perpendicu- 
E Eru- ar AG:andlettheline BF | fubtend theangleBAF, 
which line B Flee the line AD cutinthe poyntI. Then Ifay 
that the line B F,cutteth the line A G by an extreme and meane -g 
proportion, For forafmuche as the angles G A Fand GA Bare- 
equal by the 37.0f the third, and the angles A B Fand A F B, are | 
equal by the ;.of tlie firft:cherefore the angles remaining at the 
poynt E,of che triangles A EB and. A E Fare equal:for that they 
are the refidues of two right arigles by the corollary of the 32,0f 
the firit; But che angle E G C, is by conftructiona right angle : 
^yherfore thelincs B F & C Dare parallels by che 28.of the frf. 
"Wherefore as the line DI is to theline E A fo is theline.G Eto 
Aheline EA,by the z,ofthefixth.ButchelineDA,isinthepoint .— : biis 
I deuided by an extreme and meane proportion,by the 8.of the thirtenth. Wherfore the line G Aisin 
the poynt E,deuided by an extreme and meaüé proportion(by the 2.of the fourtenth). Wherfore in e- 
uery equiangle and equilater pentagon,a perpendicular drawne from one of the angles to the bafe, is 
deuided by an extreme and meane proportion by a right line {ubtending the fame angle. 






q A Corollary. 


T be line which fubtendetb tbe angle of a pentagon js a parallel to tbe fide 
oppofite nto the angle.Asit waiivanifeftin the lines B Fand C D. 


The 4.Propofition. 
If fro the angles of the bafe ofa * Pyramis be drawne tothe oppofit 


Construction, 


Denonffre- 
054 


e fides, * Bya Pyra- 


right lines cutting the fayd fides by an extreme and meane proportion:they mis ynder- 
Shall containe the bafe of the Icofahedron infcribed in the Pyramis, which ftandaTe- 


bafe fhatbe infcribed in an equilater triangle, whofe angles cut the fides o 
the bafe of the Pyremis by an extreme and meane proportion. 
AAA j. Suppofc 


trabedron 
throughout ah 
this booke, 


Conſtyuftion. 


Demonſtra- 
tion. 
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Vppofe that A B G be the bafe ofa pyramis, in which let be infcribed an equilater triangle 
F K H,which is done by deuiding the fides into two equal partes. And in this triangle let. 
there be infcribed the bafe of the Icofahedré infcribed in the pyramis: which is defcribed by 
deuiding the fides FK,KH,HF,by an extreme & meane proportié in the poynts C, D, E, by 
the 19.0f the fiuetéth. Againe lec the fides of the pyramis,namely,A B,B G,and G A be deuided by an 
extreme and meane proportion in the poynts I, M,L,by the 3o.of the fixch. And drawe thefe righclines 
A M,B L,G I. Then I fay that thofe lines defcribe the criangle CDE of the Icofahedron. For forafmuch 
as the lines B G and F H are parallels, by the 2.of thefixth: by the point D let che line ODN be drawne 
pite to either of the lines B G & F H.W herfore the triangle HDN fhalbe like to the triangle HKG, 
y the corollary of the 2 .0f the fixth. Wherfore either ofthefe lines DN and N H fhall be equal to the 
líne D H,the greater fegment of the line K HorF H. And-forafmuch as the line F O isa parallel to the 
Jine H K,and the line O D to theline F H:theline O D íhall be equal co the whole line F H in the pa- 
rallelogramme F O D H,by the 34.of the A i 
firit. Wherefore as the whole line F H is 
to the greater fegment F E, fo fhall the 
lines equal to them be, namely, the line 
O D cto the line DN,by the 7.of che fifth. 
Wherfore the line O N is deuided by an 
extreme and meane proportion in the 
poynt D,by the 2.0f the fourtenth. But 
the triangles AO D,A FE,and ABM, are 
like che one co the other, and (o alfo are 
the triangles ADN, AEH, andAMG, 
by che corollary of the fecód of the fixth: 
Wherefore as FEistoEH,fois O D to` 
D N,and B M to M G.Wherfore the line 
AM cutting the lines F H and O N, lyke 
vnto theline B G in the pointes E,D,M, 
defcribeth E D che fide of the criangle of 
the Icofahedron EC D, which is defcri- 
bed in the (c&tions E,C,D,by (uppofitió. 
And by the fame reafon the Jines BL and 
G Lihall defcribe the other fides EC and B = 
C D of the fame triangle.By the point E, R K M. T G 
let there be drawneto G I a parallel line P E Q.Now forafmuch as the lines B M and F E are parallels, 
the line A M is in the poynt E,cuc like to the line A B in the poynt F,by the z.of the fixth. Wherefore 
the line A E is equal to the linc:E M:and.vnto the line E M alfo are equal either of the lines GD and 
D I: which are cut like vnto the forfaid lines. Againe forafmuche asin the triangle A DI the lines D I 
and EP are parallels,as the line D I is to che line E P,fo is the line AD ro the line A E : butas the line 
ADis to theline AE,fo is the line D Gro the line E Q by thez.of the fixth: wherefore as thelineD I 
is tothe line E P,fois the line D G co the line EQ: and alternately as the line D1 is to the line, D G, fo 
isthe line EP to theline E Q:butthelines D I and IGare equal: wherfore alfo the lines EP and EQ. 
are equal. And fora(much as tle line A H isequal co theJine F H,whofe greater fegmét is the line HN: 
therfore the whole line A N,is deuided by an extreme and meane proportion in the poynt H, by the 
5.of the chirtenth. Bur as the line A N isco the line A H,fo is the line A D to the line A E,by the 2.gf 
fixth (for the lines F H and O N are parallels: )and againe as the line A D is to the line A E, fo-( by the 
fame) is the line A G to the line A Qand the line A 1 to thelinc AP + forthe lines P Q, and G I are 
parallels : Wherefore the lines A G and A I are deuided by an extreme and meane proportion in the 
points Q & P: & theline A Q fhalbe the greater fegmét of the line A Gor A B.And forafmuch as the 
whole line A G is to the greater fegment A Q_,as the greater fegment AT is to the refidue A P : the 
line A P thalbe the leffe fe —— whole line A B or A.G. Wherfore the line'P EQ ( which by 
the poynt E paffeth parallelwife to the line GI) cutteth the lines A G and B A byan extreme and 
meane proportion in de poynts Q and P.And by the fame reafon the line P R (which by the poynt C, 
a(fech parallelwife to the line A M)fhall fall vpon the feĉtions P and R: fo alfo fhal the line RQ (which 
b the poynt D paffeth parallelwife to theline B L)fall vpon the fections R Q. Wherefore either ofthe 
lines P E and E Q fhalbe equalto the line C D,in the parallelogrammes P D,and Q C,by the 34.ofthe 
firft.And fprafmuch as thelines P E and E Q are equal,thelines PC,C R,R D andD Q fhalbe likewife 
equal. Wherfore the triangle P R Q is equilater,and cutteth the fides of the bafe of the pyramis in the 
poyntes P,Q.R,by an extreme and meanc proportion.And in itis infcribed thebafe E C D of the Ico- 
fahedron contained in the forefayd pyramis; 1f therefore from theangles of the bafe ofa pyramis,be 
drawne to the oppofite dis lines cutting the fayde fides by an extreme and meane proportion : 
they fhall containe the bafe of the Icofahedron infcribed in the pyramis, which bafe fhall be infcribed 
inan equilater triangle, whofe aaglescut the-fides of the bale of che pyramis by an‘extreme &:meane 


proportion. 
«A 
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q A Corollary. / 


The fide of an Icofahedron infcribed in an O&fohedron, is the greater 
Segment of the line , which being drawen from the angle of the bafe of the 


Octobedron cuttetb tbe oppofite fide by an extreame and meane proportion. 
For, by the 16.0f che fuecenth,F K H is the bafe of the O@ohedron,which containeth the bale ofthe I- 
cofahedron CDE : vnto which criangle FKH,the triangle H K G is equall,as hath bene proued. By che 
point H draw vnto the line M E a parallel line H T, cutting thelline D N in the point S. Wherefore ES, 
DT,andE T,are parallelogrammes : and therefore thelines EH and M T are equall : andthe lines EM 
and HT are like cut in the pointes D and S, by the 34.0f the firft. Wherefore the greater fegmenit of the 
line HT is the line H $,which is cquall co ED the fide of the Icofahedron. But(by the 2.0f the fixth) che 
line T K iscut like to the line H K by the parallel D M.And therefore(by the 2.of the fourcenth) it is di- 
vided by au extreme and meane proportion.But the line TM is cquall to the line EH. Wherefore alfo 
the line TK is equall to the line EF or DH . Wherefore the refidues EH and TG are equali. Forthe 
whole lines FH and KG are equall, Wherefore KG the fide of the triangle H KG is in the point T diui- 
ded by an extreme and meane proportion in the point IT, by the right line H T,and the greater fegment 
thereof isthe line ED the fide ofthe Icofahedron infcribed in the OGtohedron, whofe bafe is the trian- 
gle H KG (or the wiangle FKH which is equall to the triangle HKG ) by the 16.0f the fiuetenth, | 


q Tbe 5. Propofition. 


T he fide ofa Pyramis diuided by an extreme and meane proportion, mae 
keth the leffe fegment in power double to the fide ofthe Icofahedron ine 
Soribed init. 


EN E REDE thatAB G be the bafe of a pyramis : and lee the bafe of the Icofahedron infcri- 
N c ibe in it,be C D E,defcribed of three Benne eich being drawen from the angles 
N bee of the bale A B G cut the oppofite fides by an extreme and meane proportion, by the ior- 
» mer Propofition:namely,of thefe three lines A M, B I,and G L. Then I fay, that A Ithe 
E ileffe fegment of the fide A G,is in power duple to C Ethe fide of the Icofahedron . For, 
forafmuch as by the former Propofition,it was proued that the triangle C D E. is infcri- 
bed inan equilater triangle, whofe angles cut the fides of 
ABG the bafe of the pyramis by an extreme and meane 
proportion, let that triangle be F H K, cutting the line A B -A 
1n the poine F . Wherefore theleffe fegment FA is equall 
to the fegment AI, by the 2.0f the fouretenth : (for the 
lines A B and A G are cut like ) . Moreouer the fide FH of 
the triangle F H K is in the point D cutinto two equall 
partes,as in the former Propofition it was proued,and F C- 
E D alfo by the fame isa parallelogramme: Wherefore the 
lines CE and F D are equall, by the 33,0f the firft.And for- 
afmuch as the line F H fubcendeth the angle B A G ofan e- 
quilater triangle, which angle is contained vnder the grea- 
ter fegment À H and che leffe fegment A F : therefore the 
line FH is in power double to theline A F or to theline AI 
the leffe [amens bythe Corollary ofthe ie. of the fiue- 
tenth . But the fame line F H isin power quadrupleto the £——————Z 
line CE, by the 4.of the fecond: (iur the libe F Hiis double 8 K m S 
to theline CE ). Wherefore theline A I being the halfe ofthe fquare ofthe line F H isin power duple 
to the line C E, to which the line FH was in power quadruple . Wherefore the fide A G of the pyramis 
being divided by an extreme and meane proportion, maketh the leffle fegment A 1 in poweg duple to the 
fide C E of the Icofahedron infcribed init. 















qA Corollary. 
The fide of an Icofahedron infcribed in a pyramis , is a veftduall line. 


For the diameter of the Sphere which containeth the fiue regular bodies, being rationall,,is in power fef- 
quialtera to the fide of the pyramis,by the 13.0f the thirtenth : and therefore the fide of the pyramisis 
rationall,by the definition : which fide being diuided by an extreme and meane proportion, maketh 

AAA ij. the 


Conftruttion. 


Demonfira- 
tione 


Conſtruclion. 


Lhe fixtenth Booke of the 


the leffe fegmenta refiduall line,by the 6. of the thirtenth. Wherefore the fide of the Icofahedron be- 
ing commenturable to the fame leffe fegment (for thefquare ofthe fide ofthe Icofahedron is the halfe 
of the fquare of the faid leffe (egment) is a refiduall line, by that which was added after the 103. of the 
senth booke, 


f Tbe 6. Propofition. 


T he fide of a Cube containeth in power halfe the fide of an equilater trian- 
gular Pyramis infcribed in the faid Cube. 


¢@ Or forafmuch as the fide of the pyramis infcribed in the cube'fubtédeth two fides ofthe cube 
NY which containe a right angle,by the 1.0f the fiuetenth : itis manifett, by che 47. of the firít, 

thatthe fide of the pyramis fubréding the {aid fides,is in power duple to the fide of the cube: 
OL Wherefore alfo the {quare of the fide of the cube is the halfe of thé fquare ofthe fide ofthe 
pyramis. The fide therefore ofa cube containeth in power halfe thc fide of au cquilater triangular pyra- 
mis infcribed in the faid cube. 





q Ihe 7.Propofition. 


— fide of a Pyramis is duple to the fide of an. O&obedron inſcri- 
ed init. 


x poum uch as by the z.of the fiuetenth it was proued,that the fide ofthe O&tohedron ia- 
S 3 cribed in a pyramis coupleth rhe idle festions of the fides of the pyramis . Wherefore 
la the fides of the pyramis and of the O€tohedron are parallels, by che Corollary of the 39. 
| —8 Y of the firlt : and therefore,by che Corollary of che z.of the fixth, they fubtend like trian- 
c J 9 XK gles . Wherfore (by the 4.of the fixth) the fide ofthe pyramis is double to the ‘fide of the 


E Otohedron,namely,in the proportion of the fides . The fide therefore ofa pyramis is 
duple to the fide ofan Otohedron infcribed init. 





y T be 2. Propofition. 
T be fide of a Cube is in power duple to tbe fide of an Otfobedron infcri» 


bed in it. 


TES T was proued in the 5 of the fiuetenth,that the diameter of the O&ohedron infcribed jin the 
«Jr cube,coupleth the centres ofthe oppofite bafes of the cube . Wherefore the faid diameter is 
^ e Y equall to the fideofthe cube . But the fame is alfo the diameter of the fquare made ofthe 

PEF 3:95 fides of the OGohedron, namely,is the diameter ofthe Sphere which containeth it, by che 

14.6 the thirtenth . Whercforcthat diameter being equall to the fide of the cube, isin power double 

to rae fide of that fquare;or to the fide ofthe O&tohedron infcribed in it;by the 47.of the firlt. The fide 

therefore. of a Cube, is in power duple to the fide ofan OGtohedron infcribed in it: which was requi- 
red to be proued. 






q The 9.Propofition. 


The fide of a Dodecahedron, is the greater fegment of the line which 
contamethin power halfe the fide of the Pyramis infcribed in the fayd 
Dodecahedron. ` 


=] Vppofe that ofthe Dodecahedron A B G D the fide be AB : and ler the bafe ofthe cube 

' infcribed in the Dodecahedron be E C F H,by the s. ofthe fiuerenth . And let the fide of 

Í the pyramis infcribedin the cube be C H, by the 1.of the fiuetenth. W hercfore the fame 

pyramis is infcribed in the Dodecahedron,by the 10.of the fiuetenth . Then I fay, that ` 

;| AD the fide of the Dodecahedron is the greater fegment of the line which contai- 

‘neth in power halfe the line C H, Which is the fide of the pyramis infcribed in the 
Dodecahedron, 
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Dodecahedron . For forafmuchas EC the fide of the cube be» A 
ing divided by an extren:e and meane proportion maketh the 
greater fegmenc the line A DB, thé fide of the Dodecahedron,by the 
firlt Corollary ofthe 17.0f the thirtenth : ( For they are contained 
in one and the fefe (ame Sphere ( by the firit of this booke ) : and 
theline EC the fide of the cube contayneth in power the halfe of 
the fide CH, by the 6. of this booke . Wherefore AB the fide of 
the Dodecahedron, is the ereater fegment ofthe line E C, which 
containeth in power the halfe of theltne C H, which is the fide of 
the Dedecahedron infcribed in the pyramis. The fide therefore 
ofa Dodecahedron, is the greater (egment of the line which con- 
taineth in power halfe the fide of the Pyramis infcribed in the faid 
Dodecahedron. 





g The 10. Propofition. 


The fide of an Icofahedron, is the meane proportionall betwene the fide of 


the Cube circumfcribed about the Icofabedron, and the fide of the Dodes 
cabedron infcribed in tbe fame Cube. 








TI Vppofe that there be a cube A B F D, in which lee there be infcribed an Icofahedron C L- 
( SN f 1G OR, by the 14.0f the Auetenth. Let alfo the Dodecahedron infcribed in the fame be 
ON m EDMNP S, by the 15.ofthe fame. Now fofa(much as CL the fide ofthe Icofahedron 
WY > (isthe greater fegmécof AB the fide of the cube circum(cribed about it,by the 3.Corolla- 
r S ry of the 14. of the fiuetenth: and the ſide ED of the 
~~ Dodecahedré infcribed in thefame cube is the leſſe 
fegmét of the fame fide A Biof the cube,by the 2.Corollary of the A 
13.of the fiuetenth: it followeth that A B the fide of the cube be- 
ing diuided by an extreme and meane proportion,maketh the 
greater fegment C L the fide ofthe Icofahedron infcribed in it, 
and the leffe fegment E D the fide of che Dodecahedron likewife 
in{cribed in ie. Wherefore as the whole Jine A B the fide of the T 
cube, is to the greater fegment C L the fide of the Icofahedron, 
fo is the greater fegment CL the fide of the Icofahedron, to che 
leffe fegment ED the fide of the Dodecahedron, by the third 
definition of the fixth . Wherefore the fide of an Icofahedron, 
is the meane pro»ortionall becwene the fide ofthe cube circum- F 
Ícribed about the Icofahedron, and the fide of che Dodecahe- 
dron infcribed in the fame cube. 





g The 11. Propofition, 


T he fide of a Pyramis, is in power + O€fodecuple to the fide of the cube ins 
feribed init. 


Or, by that which was demonftrated in the 18.0f the fiuetenth, the fide of the pyra- 
mis is triple to the diameter of the bafe of the cube infcribed in it : and therefore it 
&^Y| is in power nonecuple to the fame diameter (by the zo ofthe fixth ) . But the dia- 
INN 4A. mer is in power double to the fide of the cube, by the 47.0f the firit . And the dou- 
IW" (N8 ble of nonecuple maketh OGodecuple . Wherefore the fide of the pyramis isin 
Y 3 power Octodecuple to the fide of the cube infcribed in it. i 









x 


g The 12. Propofition. 


The fide of a Pyramis, is in power O€fodecuple to that right line, whofe 
AAAs. greater 
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greater fegment is the fide of the (Dodecabedron infcribed in tbe Pyramis. 


», Orafmuch as the Dodecahedron and the cube infcribed in it,are fet ia one and the felfe 
(A fame pyzamis,by the Corollary of the firitof this booke: and the fide of the pyramis cìr- 
VN cumícribed about the cube is in power o€todecuple to the fide of the cube in{cribed, by 
} che former Propofition: but the greater fegment of the felfe fame fide of the cube, is the 
«^ fide ofthe Dodecahedron which containeth the cube,by the Corollary of the 17.0f the 
°) thirtenth . Wherfore the fide of the pyramis is in power octodecuple to that right line, 


namely,to the fide of the cube, whole greater fegmentis the fide ofthe Dodecahedron 
iafcribed in the pyramis. 








g The 13. Propofition. 


T he fide of an Icofahedron infcribed inan Oltohedron, is in power duple 
to the le/Se fegment of the fide of tbe fame Otfobedron. 


CARR Orafmuch as in the 17.0f the fiuetenth, it was proued, that the fide ofan Icofahedron infcri- 

ATS bed in a pyramis, couplcth together the two fe&ions (which are produced by an extremeand 
)) eX meane proportion) of the fideof the O&ohedron which make a right augle : and that righe 
f S angleis contained vnder theleffe fegmentes of the fides ofthe O&ohedron, and is fubtended 
of the fide of the Jcofahedron infcribed : it followeth therefore, thatthe fide of the Icofahedron which 
fubtendeth the right angle, being in power equall to thetwo lines which containe the faid angle,by the 
47 ofthe firftis in power duple to every one of the leffe fegmétes of the fide of the Oftohedron which 
contine a righe angle . Wherefore the fide of an Icofahedron infcribed in an OGtohedron, is in power 
duple to the leffe (egment of the fide of the fame O&tohedron. 






g The 14. Propofition. 


The fides of the Ofokedron, and of the Cube infcribed in it, ave in power 
the one to the other + in quadrupla fe[quialter proportion. 





ERMC V ppofe thit A B G DE bean Oftohedron, and let the cube infcribed in itbe FCHI. Then 

NARS 1 fay, that A B the fide of che Otohedron,is ia power quadruple fefquialeer to F I the fide of 

Y N. thecube . Let chere be drawen to B Ethe bafe of the triangle À B E a perpendicular A N:and 
NG acainc let there bedrawen to the fame bafe in the uiangle GBE the perpendicular G N3 

which AN & GN fhall ; 

palle by the centres F 


andI: and the liac A F A 
is duple to the line FN, 
by the Corollary of the 
az. of the thirtench. 

Wherfore theline AO 
is duple to theline OE, 
by the z. of the fixth. 
For the lines FO and 
NE are parallels . And 
therefore the diameter 
A Gis triple to the line 
F I.Wherfore the pow- 


to the power of F I.But 
theline AG isin power 
duple co the fide AB, by 
the 14.0f che thirtenth. 
Wherefore the fquare 
of the line AB, being 
ing the halfe of the 

{quare of the line AG, 
which is noncuple to 
the fquare of the line 
F I,is quadruple fefqui- G 

alter - 
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alter to the quare of the line F I. The fides therefore ofthe Q&ohedron and ofthe cube infcribedin it, 
arein power theonc to the ocher,in quadruple fefquialter proportion. 


q The T Propofition. 


T be fide of the Ofohedron, is in power quadruple fefquialter to that right 
line, whofe greater fegment is the fide of tbe Dodecahedron inftribed in 
the fame O€fohedron. 


9 Ora(ímuch as in the 14.0f this booke, ic was proued, that the fide of die O&ohedron is in 
; power quadruple fefquialter to the fide of the cube in(cribed in it : but the fide of the cube 
ye being cut by an extreme and meane proportion, maketh che greater fegment che fide ofthe 
CMRK Dodecahedron circumfcribed about it, by the 3 .Corollary ofthe 15.of the fiuetenth : there- 
fore the fide of the O&tohedron is in power quadruple fefquialter to that rightline (namely,to the fide 
ofthe cube ) whofe greater fegment is the fide of che Dodecahedron infcribed in the cube, But rhe Do- 
decahedron and the cube infcribed one within an other, are infcribed in one and the felfe fame Ofo- 
hedron,by the Corollary of the firlt of this booke . The fide therefore ofthe O&ohcdron, is in power 
uadruple fefquialcer to that right line, whofe greater fegment is the de of the Dodecahedron inferis 
ed in the fame Octohedron. 







y 1 be 16. Propofition. 


The fide of an Icofahedron, is the greater fegment of that right line, 
which is in power duple to the fide of the Offohedron infcribed in the fame 
^  Icofabedron. 


So] Vppofe that there be an Icofahedron AB GD F HE C: whofe fide ler be B G or EC-and 
S letthe OGohedron infcribed in itbe A K D L.: and let the fide therofbe A L.Then I ay, 
that the fide E C is chegreater fegment of that right line which is in power duple to the 
fide AL . Forforafmuch as figures infcribed and circumfcribed haue onc & the felf fame 
7 VJ centre,by the Corollary of the 21.0f he fiuetenth, lec the fame be che point I. Now right 
— - lines drawen by that centre to the midle (eGions ofthe oppofite fides, namely, the lines 
AIDandKIL,doin the point Icut theone the otherin- 
to two equali partes,and perpendicularly, by the Corolla- 
ry ofthe 14.0fthe fiuetenth: and forafmuch asthey couple . 
the midle fections of che oppofite lines B G and H F,ther- 
fore they cut them perpendicularly : wherefore alfo the 
lines B G and H F, are parallels, by the 4. Corollary ofthe 
14.0f the fiuetenth . Now then draw a line from B to H: 
and the fayd line B H fhall be equall aad parallel co the line 
KL, by the 33.0f the firft.Buctheline BH fubtendeth two 
fides of the pentagon which is compofed of the fides of 
the Icofahedron,namely ,the fides B Aand A H: Wherfore 
the line B H being cur by an extreme and meane proporti- 
on maketh the greater fegment the fidẹ ofthe pentagon, by 
the 8.of the chircench :which fide is alfo che fide ofthe Ico-. G 
fahedron,namely,E C . Andvnto thelineBH thelineKL,:7 ^7 
is equall: and the Line K L is in power duple to AL the fide 
of the O&ohedron,by the 47. of the firk: for in the fqúare :: 
AKDL theangle KA Lisa right angle . Wherefore EC the fide of the Icofahedron, is the greater feg- 
ment of che line B H or K L,which is in power duple to A-L the fide ofthe O@ohedron inferibed in 
the Icofahedron. Wherefore the fide of an Icofahedron,is the greater fegment ofthatrighe line, which 
isin power duple to the fide of the O&tohedron infcribed in the fame Icofahedron. 








f T be 17. Propofstion. 
The fide of a Cube is to the fide of a Dodecahedron infcribed in it in duple 


, proportion of an extreame and meane proportion. 
For 


Draw inthe 
figure a line 
from B to H, 


co 
` 


# What the 
duple of an 
extreme and 
meane pro- 
portion i. 


Conffra lion. 
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Za Obit was manifett by the 2.corollary of che 13.of the fiuetenth , chat the fide ofa cube divis’. 
f) LXC, ded by an extreame and meanc proportion ; maketh theleffe fegmenits the fide af the dode- 
£y Js cahedron infcribed in it: but the whole is to theleffe fegment in duple proportion ofthat in 
VOR which itis co the greater, by the 10.diffinitié of the fifth. For the whole,the greater fegmér, 
and the lefle,are lines in continuall proportion, by the 3.diffinition of the fixth . Wherefore the whole 
namely the fide ofthe cube, is to the fide of the dodecahedron in{cribed in ic , namely, to his leffe feg- 
ment,in duple proportion of an extreame and meane proportion , namely , * of that which the whole 
hath co the greater ſegment, by the2.ofthefourtenth, = ^77 







g The " Propofition. 
` The fide of a Dodecahedron is to the fide of a Cube infcribed in it, in cone 


uerfe proportion of an extreame and meane proportion. . 






qo 


e) 


S T was proued in the 5 corollary ofthe r3.ofthe fiuetenth, that the fide ofa Dodecahe- 
dron circumfcribed about a Cube,is the greater fegmenc of the fide of the fame Cube. 
Wherefore the whole fide ofthe Cube infcribed is to the greater fegment, namely, 
S to the fide of the dodecahedron circuimfcribed,in an extreame and meane proportion: ' 
9 wherefore by conuerfion,the greater fegment,that is,the fide of the dodecahedron, is 
A g^ to the whole, namely, to the fide of thz Cube in(cribed , in the conuerfe proportion of 
an extreame and meane proportion,by the 15.diffinition of the fiueth. 





q The tp. Propofition. 


T beide of an Otfobedron;is fefquialter to tbe fide of a Pyramis infcrie 
bed in it. 


OI ( by the corollaryof the 14. of the thirtenth ) the OGohedron is cutte into two 
quadrilacer pyzamids,one of which let be A B GD F : and let the centres of the cir- 
| cles which rontayne the 4. bafes ofthe Octohedron be K, E, I, C. And draw thefe 
ÀJ rightlines KE;EELIC,C K,and EC Wherefore K E I C is a [quare , and one of the 
iN. bafes of the cube jafcribed in the O&ohedron,by the 4.of the fiuetenth. And foraf- 
HUN’ much as the angles ofa cube and of the pyramis infcribed in it,are fet in the centres 

IN of the bafes of the Octohedron circuinfcribed about the cube , by the 6. of the fiue- 
|. tenth : and the fide of the pyramis couplech the oppofice angles of he bale of the 
cube , by the 1.of the fiuetenth , it is manifeft chac : 
thelineEC is the fide of the pyramis infcribed in 
the Oétohedran AB GDF. Then I fay thatGD 
the fide ofthe O&ohedron , is fefquialeer to EC 
the fide of the pyramis infcribed init. Fromthe 
poynt A draw to the bafes B G and F D perpendi- 
culacs A N and AM: which(by the corollary of che 
12.0f the thirtenth) hall paffe by che-centres Eand 
C.And draw the-line NM . Now forafmuch,asB- ` Bé 
GD Fisa {quare , by the 14, of the thirtenth ythe (sa - 
lines NGand MD fhall be parallels and equall.: 
For thelines E'G and F D are by the perpendicu- — 
lars cutte into two equall partes in the poyntes N 
and M(by the3.of the third), Wherefore thelibes 
N M and G D [hall be parallels and cquall , by the 
33-0f the firit. And foralmuch as the lines A-N and 
AM which. are che pérpendiculars of-equall and 
like triangles are cut a like in the poyntes Band C, 
the lines E C and N M. fhall be parallels , by the 2:5: : AA a 
ofthe fixth : and therefore by the corollary of the fame , the triangles A EC , and AN M fhall belike, 
Wherefore as the line A N is to the line A E, fo is the line N Mto the line E C by the 4.of the fixch.But 
theline A N is fefquialter to the line A E, for the line A Eis duple to the line EN , by the corollary of 
the 12:0f the thirtenth: wherefore the lineN M3 or the line GD which is equall vnto it, is fefquialeer 
ro cheline EC. Wherefore,G D dhe fide of the'O Gohedron;, Is fe(quialter to EC the fide of the pyra- 
mis infcribed in it. s 

q The 










Elementes of Geometry added by Fluſſas. Fol-450. 
qf T be 20. Propófition. | 


If from the power of the diameter of an Icofabedron , be taken away the 
power tripled of the fide of the cube infcribed in the Icofahedron: the 
power remayning {hall be fefquitertia to the power of the fide of the I- 
cofabedron. 


Y fide be EH, and let the diameter of the Icofahedron be B G, and the fide be AB. 
Then | fay, thac if from the power of the diameter GB, be taken away the powcr 
tripled of EH the fide of the cuhe:the power remayning, fhall be feíquitertia co the 
power of AB the fide of the Icofahedron . For forafmuchas the centres of infcribed and circum- 
fcribed figures,arein one & the felfe aime poynt, by the corollary ofthe 21. of the fiuetéth: the di2me- 
ters B G and F H fhall in one and the felfe fame poyne 
cutte the one the other into two equall partes: for we 
haue before by the fame corollary taught , that the 
toppes of equall and like pyramids doo in that poynt 
concurre,let that poynt be the centre I . Now the an- 
les of the cube, which are at the poyates F and H aré 
fic atthe centres of the bales of the Icofahedron , by 
the rr.of the fuetench. Wherefore the line F H [hall 
be perpendicular to both the bales of the Icofzhedré, 
by the corollary of the alfape of the 16.0f the ewelfth. 
Whercfore the line IB contayneth in power the two 
lines I Hand HB, by the 47.0f the firft.But the line H- 
B, is drawne from the centre of the circle which con- 
taynech the bale ofthe Icofahedron,namely,the angle 
Bis placed in the circumference, and the poyntH is 
che centre. Wherefore the whole line B G contayneth 
jn power the whole lines FH aad the diameter of the 
circle(namely,the double of the line B H)by the rs\of 
che fiueth . Bucthe diameter which is double to the 
line HB isin power fefquitertia to the fide of thee- 
quilater triangle in{cribed in the fame circle,by the corollary of the 12.0f the thirtenth.Foric is in pra; 
portion to the fide,as the fide is to the perpendicular, by the corollary of the 8.of the fixth.And F H the 
diameter of the cube, isin power tripleto E H the fide of the fame cube,by the 15.of che thirtenth . 1f 
therefore [rom the power ofthe diameter B G ,be taken away the power tripled of EH the fide of the 
cube infcribed,thacis,tche power of the line F H: the refidue ( namely , the power ofthe diameter of 
ehe circle whichis duple to che line.HB )ihall be fefquitertia to the fide of the triangle in(cribed in chac 
circle: which felfe fide is A B che fide of che Icofahedron.If therfore froni the power of thediameter of 
anTcofahedré,be také away che power tripled of the fide of the cube inferibed in the Icofahedron,the 
power remayning thall be fefquitertia to che power of the fide of the Icofahedron. 


eA Et there be taken an Icofahecdron AB G D: andlettwo bafes of the cube infcribed in it; 
ey ioyned together be EH K Land LK FC: andlet the diameter ofthe cube be F H andthe 
$ (a d 
J | 





A Corollary. 


T he diameter of the Icofahedron, contayneth in power two lines, namely, 
the diameter of the cube infcribed which coupleth the centres of the oppofite bas 
fes sand the diameter of the circle which contayneth the bafe of the Icofahedron. 


For it was maniteft , that B G the diameter concayneth in power che line FH which coupleth the 
centres,and the double of the line B H,thac is,the diameter of the circle contayning the bafe whercia 
is the centre H. 


q Ube 21. Propofition, 


The fide of a Dodecabedron is tbe lefSe feement of that right line which 
is in power duple to the fide of the Offohedron infcribed in the fame Doe 


decahedron. l 
BBB i. Let 


Demonffra- 
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; x 
==] Ete ther be taken a Dodecahedron A B G DC T,one of whofe fides let be A B. And 
lee the O@ohedron infcribed in the Dodecahedron be EFLKI: one of whofe 
fides letbe E F . Then I fay chat AB the fide of the Dodecahedron, is the leffe feg- 
ment of acertayne right line(cut 
| by an extreame and meane pro- 


ELO S | A E B 
NS BN) porcion)which is in power fd ; 
-=A to EF the fide ofthe Octehedró 
infcribed in the Dodecahedron . Draw the diameters ; 
E Land FK ofthe O&tehedron . Now they couple — 
AAL amA 





the midle feQtions of the oppofite fides of the dode- 
-cahedron A Band GD, (by the y.of the fiuecenth, 8 
3.corollary of the 17. of che thirtéth )& eucry one of 

thofe diameters beiog diuided by an extreame and F 
meane proportion , doo make the lefle fegment , the 

fide of che dodecahedron , by the 4.coroflary of the 

fame. Wherefore the fide A B is the lefle fegment of 

the line F K.Bac the line F K contayneth in power the 

two equall fines E F & EX, by the 47.0f the firlt: for 
theangle FEK is arightangle of the (quare FEKL 
ofthe OCtehedron.W herforc the line F Kis in pow- 

er duple co the line EF. Wherefore the line A B (the F L D 

fide ofthe dodecahedron ) is the leffe fegmentof the 

line FK , which is in power dupleto EF thefide of 

che Octohedron.The fide theretore of aDodccahedron is the leffe fegmentofthatrightline , which is 
ån power duple to the fide of che Octohedron infcribed in the fame Dodecahedron. 





f| d be 22. Propofition. 


T he diameter of an Icofabedron is in power -fe/quitertia to the fide of the 
Jame Icofabedron and alfo is in power fefquialter to tbe fide of the Pyrae 
mis infcribed in tbe Icofabedron. 


4, »,Or forafmuch as it hath bene proued (by the 20.0f this booke) that if fro che power of 
(the diameter of the Icofahedré be taken away the triple of the power of the fide ofthe 
" cube infcribed in it;there fhalbeleft a quare fefquisertia to the (quare ofthe fide ofthe 
WW IcoGhedron: But the power of the fide of the cube tripled,is the diameter of the fame 
gf cube,by the ts.of che thircéth: And the cube, & the pyramis infcribed in it are contai- 
£=] — Ü ned in one & the felf fame (phere, by the firft of this booke,and in one & the {elf fame 
Icofahedron by the corollary of che fame. Wherfore one and the felfe fame diameter of che cube,orof 
che {phere which cétaineth the cube and the pyramis,is in power fcíquialter to the fide of the pyramis 
by the 13 .of the chirtenth Wherfore it followeth trat if from the diameter of the Icofahedron, be ta- 
ken away the triple power of the fide of the cube,or the fefquialter power of the fide of the pyramis, 
which are the powers of one and the felfe fame diameter, there fhall be lefe the fe(quitertia power of 
the fide of che Icofahedron.The diameter therefore of an Icofahedron is in power fe(quitertia to the 
fide of che fame Ico(ahedron,and alfo is in power felquialter to che fide of che Pyramis infcribed in 
the Icofahedron. 






The 23.Propofition. 


The fide of a Dodecahedyon is to the fide of an Icofahedron infcribed in 
it as the leffe fegment of the perpendicular of the Pentago,is to that line 
which 1s drawne from the centre to the fide of the fame pentagon. 


=== Etthere be rakena Dodecahedrop ABG DFS O.Whofe fidelet be A S or S O: and let the 








K) (af 9| Icof3hedron infcribed initbe KLHM N E,whofe fide letbe KL. From the two angles of 
p 8753 | thepentagons B AS and E A S ofthe Dodecahedron; namely, from the angles B and F, let 
ZS there be drawne to the common bafe A S perpendicular lines B C & F C: which fhal pafe 


= ——~ by the centres K & L of the fayd pentagons,by the corollary of the r0.0f the Mure aai 
z e 
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the lines B Fand R O.Now fora(muche as the 
lineR O fubtendeth the angle O FR of the 
zntagon of the dodecahedron jt fhall cut che 
finet C by an extreme and meane proportion, 
by the3.of this kooke, let it cutit in the poynt 
I. And forafmuche as che line K L is the fide of 
the Icofahedron infcribed in the Dodecahe« 
dron, it coupleth the cétres ofthe bafes of the 
dodecahedron : for the angles of the Icofahe- 
dron are (etin the centres of the bafes of the 
dodecahedron,by the 7.ofthe fiuetenth. Now 
I fay that S O, the fide of the dodecahedron is 
to KL the fide of the Icofahedron, as the leffe 
fegment EF ofthe perpendicular line C F,is to 
thelineL C which is drawne from thecentre 
LtoAS thc fide o£ the pentagon. For foraf- 
much as in che triangle BCE the two fides 
C Band C F arein thecentresL and K cutlike 
proporcionally,the lines BF and K L (halbe pa- 
rellels,by the z.oFthe fixth. Wherefore the tri» 
anglesB C F, and K CL (hall be equiangle, by 
the corollary of the fame. Wherfore as the line © Listo the line K L, fois theline C F to theline B F, 
by the 4.of the fixth. Bue C F maketh the leffe fegmenc the line I F,by the 3.of this booke, and the line 
BF maketh the leffe fegmenc the line S O,namely,the fide of the Dodecahedron,by the z.corollary of 
the 13.0f the uetenth For the line B F which coupleth the angles B and F of the bafes of che dodeca- 
hedron, is equall to the fide of the cube, which contayneth the dodecahedron, (by the.13.0f the 
fiuccenth). Wherefore as the whole line C F,is to the whole line B F, fo is the lefle fegment I F to the 
lefe (egment S O (by the z.of the 14) . But as the line CF is to the line BF, fois thelineCL 
roued to be co cheline K L. Wherefore as the line 1F isto thelineS O, fois theline CL to the 
[ine K L. Wherefore alternately by the 16.of the fiueths as theline I F the lefe fegment of the per- 
pendicular of the pentagon F A $,1s to the line L C which is drawne from the centre of the pentagon, 
to the bale, fois theline S O the fide ofthe Dodecahedron to the line K L the fide of the Icofahe- 
dren in(cribed in it. The fide therforc of a Dodecahedron is to the fide of an Icofahedron infcribed in 
it,as the leffe fegment of the perpendicularofthe pentagon, is to that line which is drawne from the 
centre co the fide of the fame pentagon. 





q The 24. Propofition. 


Ifhalfe of the fide of añ Ieofahedron be denided by an extreme ex meane 

proportion:and if the leffe fegment thereof be taken away from the ‘whole 

fide, and againe from the refidue be taken away the third part:that which 

remaineth fhall be equal to the fide of the Dodecahedron infcribed in the 
A 


fame I cofabedron. 


Vppofe that AB GDF bea 
pentagon , containing fiue 
fides of the Icofahedron by 
the 16.0f the thirtenth, and 
SISOS let it be infcribed in a circle, 
whofe centre let be che point E.And vpon 
the fides of the pentagon, let there be rea- 
red Iptranges making a folide angle of 
the Icofahedron at the poynt I,by the 16, 
of the chircenth. And in the circle ABD, 
infcribe an equilater triangle A H K.From 
the centre Edrawe to H K the fideof thc 
triangle, and G D the fide of the penta- 
gon.a perpendicular line, which lecbe E- 
CNM. And draw thefe rightlines EG, 
ED,I GandI D.And deuidetheline B G 
into two equal parts in thepoynt T. And 
BB it. draw 
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drawe thefelinesT N,I T,T N,E T. And 
forafmuche as in the perpendicularsI T A 
& INare the centresof the circles which I — 
containe the equilater triangles I B G, & j 
I G D,by the corollarye of the firft ofthe 
vhirde. Let thofe centres bethepoints 
S and O.And draw the line S O. Deuide 
theline T B the half of BG the fide ofthe á 
Icofahedron by an extreme and meane 
proportion in the poynt R, by. che 3o:of . A —“ F 
the fixch, and let the lelle fegment therof. N \ 
be RB.And forafmuch as the line SO cou 
pleth the centres of the triangles I B G, & 
IGD,itis by the ;.of the fuetenth, the 
fideof the Dodecahedro infcribed in the 
Icofahedron, whofe fide is the line B G. y 
From the fide BG take away B R the leffe Zn A 
fegment of the halfe fide. And from the H t 
refidue G R take away the third pare G V - j — 
(by the ».of che fixth.) Then I fay that che | ; \ 
refiduc R V is equal toS O the fide of the G — 
Dodecalicárót fnícribed, For foráfmuch N : D 
as.the perpendicular EN is in the poynt Li 
C deuided by an extreme and meane M J 
proportion, by the corollary ofthe firft of the fourrenth,and the greater fegment theroFis thelineEC, 
andvato cheline EC che line C M is equal, by the corollary of thé 11.0f the thirtenth; wherefore the 
line E C is to cheline C N; as the line C M is to the fame line C N, by the 7. of the fiueth. 
Bur ag thé line E C is to the line C N, fo i$ che whole libe E N ^ to the greater Segment E- 
C,by the s.diffihition of che fitth. Wherefore (by the 11. of the fiueth) , asthe whole line EN is 
to the gceüter (egment EC fo is the line CM to the line CN. Wherefore the line C M, is devided by an 
exereme ard mean proportion in the poyne Nj famely,is dewided liké vnto the line E N,by the 2.0f 
the fourtench. Wherfore the line EM excedeth the line E N by rhe leffe fegmene of his halfe,namely, 
by MN. And forafmuctic as E G D is the triangle of an equilater and eqaiangle pentagon AB GDF, 
ahd E T N islikewi(e the triangle of che like pentagon in{cribed in the pentagon A B G D F: Therefore 
by the 20.0f the fixth, the triangle ET N is like to the triangle E & D. Wherefore asthe line BG ik 
to the lineEN,fo by the 4.of the fixth, is thedine G D to the line N T. Wherefore the lineG D (or BG 
which is equal vnto it)excedeth the line N'T by theleffe fcgment of the balfe of B G. For the line EG 
didin like fort excede thedine E N.But thatlefle fegmenc is thé line B R. Wherefore the refidue R G is 
equal ro the line T N. And forafmuch as T'B G is an equilater triangle: the perpendicular ST fhalbe the 
halfe of the lihe SI which is drawnte from the céncre,by thé corollary of the tz.of the chirtedth: wher- 
fore the line IT excedech the line I S by his third part. And forafmuchieas the line S O whith coupleth 
the fe&tions,is a parallel to the line T N,by the 2.of the fixth. For the equal perpendiculars 1 T,and IN 
are cat like in the poynts S & O: therfore che triangles 1 T N & 15 O, ate like by the coróllty of the 
fecond of the fixth.W herfore as che line I T isto the line S, fo by the 4, ofthe fixth is the line T N to 
the line S O. Bur the line ET excedeth the line IS by a third pare: wherfore che line T N,excedeth the 
line S O by a third part: bur the line T N is proved equal to the line R G:Wherfore che line R G exce- 
deth chelioe S O bya third part of himfelf, which is G V. Wherfore the refidue R V,is equal to theline 
S O,which is the fide of che dodecahedron infcribed in the Icofahedron, whole fide is the line B G. If 
therfore halfe of the fide of an Icofahedr6, be deuided by an extreme & meane proportion :and if the 
leffe fegment therof be taken away from the whole fide,and "ne Trom therefidue be také away the 
b dd :that which remaineth íhall be equal to the fide of the dodecahedron infcribed in che fame 
Icofahedron. 


The zs. Propofition. 


To prone that a cube geuen,is to a trilater equilater pyramis inferibed init, 
triple. 


ypes that the cubegeuen,be AB CH : and let thé pyramis infcribed in itbe AGDF. 
Mes Then I fay that the cube AB C His triple to che pyramis AG DF. For forafmuche 4$ thé 
bY jjbafe A F D is common to the pyramis A F DB and A F DG, the pyramis A F DB fhalbe fee 
see without che pyramis A FD G. Likewife che relt of the bafes of the infcribed pyramis are 
common co the reft of the pyramids fette without : which are thefe : che pyrainís A G D C vppon 
the 
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thé bafe A G D: the pyramis A G FE vpof the bafeA GF. 
and the pyramis G DF H vpon the bafe G D F. Which py- 
ramids taken without,are foure innumber, equal and like 
the one to the other, by the 8.diffinition of thecleuéth, For 
every one of them is contained vnder thre halfe (quares of 
the cube, and one of the bafes of the pyramis infcribed. 
Wherfore every one of théis cótained vnder the halfe bafe 
of the cube, & the alticudeof che cube.As the pyramis A E- Ç 
G F,hath to his bafe halfe of the fquare E H,namely, the tri- 
angle E G F,& hath to his altitude, the altitude of the cube, 
namely,theline A E. Wherfore the fayd pyramis is the fixth 
part ofthe cube. For ifthe cube be deuided into two prif- 
mes,by the plaine C B F G „the prifme ACBGEF,fhalbe tri- 
ple to the pyramis AEGF,hauing one & the felfe fame bafe 
with it EGF,and one and the felfe fame altitude E A,by the 
firk corollary of the 7.of the cwelueth. Wherefore the [avd 
outward pyramís AEGF is the fixth part ofthe wholecube. g 
Wherfore alfo the fame pyramis together wytli the other 
threoutwarde pyramids A F D B,A G D C,and GDFH, thal 
containe two third partes of the cube. Wherfore the refi- 
due,namely,the pyramis in{cribed A GDF, thal conrain one 
third pare of the cube. And therefore conuerfedly the cube 
fhall be triple to it: wherefore we haue proued thatacube 
geué triple to a trilater & equilater pyramis infcribed init. 





H 
g The 26. Propofition. 


To proue that a trilater equilater Pyramis is duple to an O&fobedron in« 
foribed init. — 


oM Etc there be taken a trilater Pyramis ABCD : whofe fixe fides let becutinto twoe- 
J quall partes, in the pointes F,K,F,L,G,and H : infcribing thereby an. O&tohedron in 
Sthe pyramis, by the 4. ofthe fiuetenth . Wherefore the pyramids AEG H,BEFK, 
CFEGL, & DKHL, fall without che O@ohedion infcribed,by the fame fecond of the 
4 fiuetenth . Butthe outward Pyramids ( nam cy, AEG Hyand the three other)are like 
j vnto the whole pyramis, by she — of the eleuenth.For the bafes of the whole 
; . pyramis are by parallel lines drawen in chem cutinto li i 
che s.l the fil, of which the ferefayd pyra- tinto like eiingles by die Corolla of 
mid¢ are made. Whetefore the whole pyramis - 
is to eiéry ond of them In treble proportion of 
chat ih which the fides of like proportion are, 
by the 8.of.the twelfth But by conflruttion;thé - 
proportion of che fide AB to the fide AEis 
duple . Wherefore th¢ whole pyramis AB C D 
is óCtuplé to tlie pyrámis A E G H,and fo is it tø 
eüéty doe of the pyramids which are equall 
to AEGH. For duple proportion multiplyed 
into it felfe wife maketh oftuple. Wherétore it 
follówéch that the 4.pyramids A E GH,B EF K; 
C FG Land DKH L,rken cogether make the 
falte o thé whole pyramis ABCD . Whete- 
foie thé réhidue, namely, the Oohedion E G- 
LKHE, is the other half of the pyramis. Wher- 
fore the pyramis is duple to the Odtohedron. 
Wherefore we hate proued that a trilater e- 
juilater pjramis is duple to an OQohedron ig- 
cribed iv it. - i9 
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: l g The 27. Propofition. i 
To prone that a Cube is fextuple to an Otfohedron infcribed in it, 


DBB.iij. Let 


I 


Demonſtra- 
tion. 


The fixtenth Booke of the 


ne Ecchere be takenacube ABCD,EFGH : whole 4.ftanding lines AE,BF,;CH, & DG, 
letbe cut into two equall partes in the pointes 1,K,M,L : and by thofe pointes lec there be 
extended a plaine KLMI : which fhall be a fquare, and parallel to the (quares BC & FH, 
j ¥, by the 15.of the eleuenth . Whercfore in it fhall be the baíe which is common to the two 
. pyramids of the O&ohedron infcribed in the cube, by that which was demonitrated ia the 
third of the fiuetenth , Let that bafe be N P R Q, coupling : 
the centres of the bafes of the cube : and vpon that bafe let A 
be fet the wo pyramids of the O&ohedron, which let be 
NP QRS, andNP QRT . And forafmuch as thofe two 
yramids taken together, haue their altitude equall with 
the altitude of the whole cube, ech of them a part hath to 
his alttiude halfe the altitude of the cube,namely, halfe of 
the fide of the cube,as theline KB. And forafmuchas the 
fquare KL M Lis double to the fquare N R Q P, by the: 47. 
of the firt: che other (quares ofthe cube fhall alfo bedou- 
ble to the fquare NR Q P . And forafinuch as the cube, as 
it was manifelt by the latt ofthe fiuetenth, is refolued into 
fixe pyramids, whofe bales are the bafes of the cube, the 
altitudes the lines drawen fró the centre to the bafes,which 
are equall co halfe the fideof ihe cube + it followetrh that e- 
uery one ofthe fixe pyramids ofthe cube, hauing his bafe. 
double co the bafe of eche of the pyramids of the O&ohe- 
dron, aud che felfe fame altitude chat the faid pyran:ids of 
ch« Odtohedró haue,is double to either of the pyramids,of 
the octohedró,by the €.of che ewelfth . And forafmuch as 
euery one ofthe pyramids of the cube is equall to the two 
pyramids ofthe Octohedron,the fixe pyramids of the cube 
fhall be fexcuple co the whole Octohedron . Wherefore it 
E manire thata gube is fextuple to an O&tohedron inferi- 
ed in it. 








g The 28. Propofition. 


Te proue that an Ocfobedron is quadruple fefquialter toa Cube infcrie 
« bed int. DE p 


TR] Vppòfe that the Oltohedron geuen be ABCDEF : andlet the cube infcribed in it be 
GHIK, V QRS. Then ! fay, that che O&ohedron is quadruple fefquialeer to the cube 
infcribed init. Forafmuch asthe lines drawen from the centre ofthe Octohedron,ot of 

A g the Sphere which containeth it, vnto the centres of the bafes of the O&ohedron,are pro- 
X Y^) ucd equall, by the 21.of the fiuetenth : and the angles of the cubearefetin the centres 
of thole bales, by the 4. of the fiuetenth : ic followeth, that the felfe fame rightlines are 
drawen from one and the felfe fame centre of the cube and of the O@ohedron: for they haue eche one 
and the felfe fame centre, by rhe Corollary of the 21. of the fiuetenth ,. Let that centre be the poine 
T. Wherefore the bale B D F C,which cuttech che O&tohedron into two equall and quadrilater pyra- 
mids, by the Corollary of the. 14. ofthe thirtenth, fhallalfo cut the cube into two equall pattes , by 
the Coroilaryfot the 39.0fthe eleuenth . For it paffeth by the centre T,by that which was demonflra- 
ted in che 14.0f the thircench .. And foraf{much as the bafe of the cube is in the 4. centres G;H,L,K, of. 
the bafes of the pyramis A B D F C, a plaine L N O M, extended by thofe pointes, fhall be parallel to 
the plaine BD FC, by that which was demontlrated in the 4.ofthe fiuetenth;'and (hall cut the pyra- 
mis in the pointes L,N,O,M : and the lines L N, B D, and N O,DF, fhall be parallels, fo alfo fhall the 
lines O M, F C, and LM,BC : and the fquare G HIK ofthe cube fhal! be infcribed in the (quare 
LN OM, bythefame. Wherefore the (quare LN O M is duple to the fquare GH IK, bythe 47. 
of the firft . From the folide angle A, Jet there be drawen to the plainc fuperficies BD F C, a perpen- 
dicular, which let fall vppon it in the point T, and let the fame perpendicular be A T, cutting che 
plaine L N OM in thepoint P . Anditfhallalfo bea perpendicular to the plaine L N O'M, by the 
Corollary ofthe 14. of the eleuenth . Againe from the angle B AD of the triangle ADB, lec there 
be drawen by the centre H ofthe triangle, to the bafe aline AHX. Wherefore the line A X is fef- 
uialter to the line A H, by the Corollary ofthe 12. of the thircenth . Wherefore the line A His 
duple to the line H X . But the other lines A B, A D, A F, AC, and the perpendicular APT,are 
cutlike vnto the line AHX, by the 37, of he elesenth : Wherefore the line AP is double to the 
line PT. Wherefore the line AP isthe altitude of the cube, for the line P T is the halfe thereof. 
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And forafmuch as vpon the bafe A 
G HIK ofthe cube,and ynder the 
altieude ‘A P of the jfame cube, is 
fet the pyramis AG H I K: the faid 
pyramis is the third part. of the 
cube,by the Corollary of the 7.of 
the twelfth . But vnto the pyramis 

A G HIK the pyramis A LN OỌ M 

is duple, by the 6. of the twelfth, 

for the bafe of the one is double to 

the bafe of the other . Wherefore 
the pyramis ALN O Mistwo third 
partes of the cube. And foraímuch 

asthe pyramids ALN OM, and 
AB DE C,arelike, by the 7.'defi- 
nition of the eleuenth ; therefore 
they are in triple proportion of 
that in which the fides of like pro- 
portion AH toAX, or AL to AB, 

ate, by the Corollary of the 8. of 
the twelfth . Buc the fide AB is 
proued to be fefquialter to the fide 
AL. Wherefore the pyramis A- 
BCD Fisto the pyramis ALN- 

O M, as »7.is to 8. ( thatis, in fef- 
T proportion tripled : for E 

the quantitie or denomination of 

fefquialter proportion , namely , D . 
1 multiplied into it felfe once maketh 2 which againe multiplyed by s— maketh 3i, 
that is, 27.t0 8.) . But of what partes the pyramis AL N O M containeth 8,of the fame the ‘cube con- 
taineth 12 : namely, is fefquialter to the pyramis. Wherefore of what partes the cube containeth 12,0f 
the fame the whole Octohedron (which is double to the pyramis A B D F C ) containeth s4. Which 
$4. hath to 1 .quadruple fefquialter proportion . Wherefore che whole O&tohedron is to theicube in- 
fcribed in it, in quadruple fefquialter proportion . Wherefore we haue proued thatan O&tohedron ge- 
uen is quadruple fefquialter to a cube infcribed in it. ; 





gq A Corollary. 


An O&ohedron is to a cube infcribed in it, in that proportion that the fquares 


of. their fides are. For by the 14.of this booke, the fide of die Octohedron is in power quadruple 
felquialter to the fide of che cube in(cribed in it. 


ff I he 29. Propofition. 


To prove that an otfobedro geu£ is "tree 
decuple fefquialter to a trilater equilae 
ter pyramis infcribed in it. 


Lf Et the oCtohedron geuen, be AB : in whichlet 
there be infcribed a cube FCED, by the 4.of che 
fiuetenth, and in the cube let there be infcribed 
5 a pyramis FEGD,by the r.of the fiuetenth. And 
foraímuche as the angles of the pyramis are (by 

the fame firft of the fiuetenth) fet in the angles ofthe cube: 
and the angles of the cube are fet in the centres of the bafes 
of the OGohedron, namely,in the poyntes F,E,C,D,G by 
the H ofthe fiuetenth. Wherfore the angles of the pyramis, 
are fet in the centres F,C,E,D of the o€tohedron. Where- 
fore the pyramis FED G is infcribed in the o&ohedron 
(by theé-o£ the fiuetenth.) And forafmuche as the aoe 
ron 
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dron A Bis to the cube FC ED, infcribed in it quadruple 
fefquialter ( by the former propofitió):and the cube CDEF 
is to the pyramis F E D G infcribed in it triple, bythe 25.0£ 
booke: wherefore three magnitudes being geuen,namely, 
the oftohedron, the cube and the pyramis, che proportion 
of the extremes (namely, of the o¢tohedron to the piramis) 
is made of the proportions of the meanes, (namely, of the 
oftohedron to the cube,and of the cube to the pyramis, )as 
itis eafie to (ce by che declaration vpon the 10. diffinition of 
the fuech. Now chen multiplying the quantities or denomi 
nations of che proportions (namely, ot the octohedron co 


the cube which is 4 — and of che oube to the pyramis, 
which is 3)2s was taught in che diffinition of the fixth,there 
fhalbe produced 15 — ,namely,the proportion of the octo 


hedron to the pyramis infzribed in it.For 4 — mulüplyed 


by 3.produce 13 —. Wherefore the O&ohedron is to the 
pyramis infcribed in itin tredecuple fefquialter proportion. 
Wheretore we haue proued thatan Ostohedron is to a tri- 
later equilater pyramis infcribed init, in tredccuplefefqui- 
alter proportion. 
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g The 30.Propofition. 


To proue that a trilater equilater Pyramis, is noncuple to acube inftribed 
GAEE — P 


Vp ats that the pyeamis geuen, be ABC D, whole two bales let be ABC, and DBC, 
adikir centresberhe.poynts G and T.And from tlie angle A draw vito the bafe B- 


S -Ca perpendicular AE : likewile. from the ahgle D draw vnto the fame bafe B C, a per- 
C]  pendicular DE:and they fhal concurre in the fection E by che 5.of the third:and im them 
fhalbe the cétres G and I, by the corollary of the firft of the third.And fora(much as the 
line A Dis the fide of the pyramis,the fame A D fhall be che diamecer of the bale of the 
cube which cótaineth thepyramis,by the r.ofthe fiuetéth. A 
Draw thc line G I. And forafmuch as the line G1 coupleth 
the centres of the bales. of the pyramis : the faide line G I 
fhalbe the diameter of the bafe of the cube inftribedin the 
yramis by the.18.ofthe fuetenth. Ard fosafmuche as the: 
ine A G is double to theline G E, by the corollarye of the 
eweluech of the thurcenth: the whole line A E thal be triple ` 
tothe line GE : and (0 isalo the line D Eto the line I E. 
Wherefore the lines A D and G I are parallels, by the2.0f 
thefixch. And therefore the triangles AED,and G EI are 
like ,by the corollary ofthe fame. And forafmuch as the tri- 
angles A ED,and GE arelike,the line AD fhalbetriple to 
the line GI, by the 4.oF the fixth.But the line AD is the dia- 
meter of the bafe of the cubecircumfcribed about the py- : 
ramis À B C D,and theline GIis the diameter ofthe bafe ofthe cube infcribed in che pyramis ABCD: 
but the diameters ofthe bafes are equemultiplices to the fides(namcly;are in power duple). Wherfore 
the fide ofthe cube circumfcribed about the pyramis ABCD, is triple eo the fide of the cube, infcribed 
in the me piramis,by the 15.of the fiueth : buc likecubes are in triple proportion the oneto the other 
of that in which their fides are, by che 33 .of the eleuenth:and the fides are in triple proportion the one 
to rhe other: Wherfore triple taken thre times bringeth forth twenty feuencuple;which is 17.to 1: for 
the 4,termes 27.9.3.1,being fet in triple proportion : the proportiomef the firftto che fourth,namely,of 
27.0 1 fhalbe triple to the proportion of the firlt to the fecond, namely,of 27.t0 9,by the 10.difinition 
ofthe fiueth; which proportion of22.to r.is the proportié of the fides ripled,which proportió alfo is 
found in like folides. Wherefore of what partes the cube circumfcribed containeth z7.of the fame,the 
cube infcribed containeth one : but of whatpartes the cube círcumfcribed,containeth 27.of the fame, 
the pyramis in(cribcd in it,containeth 9.by the 25.of this booke: wherfore of what partes the pyramis 
A B CD containeth 9.of the fame, che cube in{cribed-in the pyraniis, containeth one. "Wherdbre we 
hauc proucd that a trilater and equilater pyràmis,is nonecupleto acubeinfcribedinit. ~ ^... 
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P q The 31.Propofitton. 
An Oéfohedron hath to an. Icofobedron infcribed init, that proportion, 
which two bafes of the Offokedron baue to fiue bafes of tbe Icofabedron. 


Vppofe chac che octohedron geuen be A B C D;and let theIcofahedron infcribed in it,be F- 
GHMKLIO. ThenlI fay that the oCctohedron is to the Icofahedron, as two bafes of the 
wZ o€tohedron are to fiue bafes of the Icofahedzon.For foraf{muche as the folide ofthe octohe- 
‘1% dron confilleth of cight pyramids,(et vpon the bafes ofthe o&tohedrou;and hauing to theyr 
altitude a perpendicular line drawne from the centreto the bafe: let that perpendicular be E R, or E S, 
being drawne from the centre E (which centreis common to either of the folides, by the corollary of 
rhe 2 1.of che fiuetenth)to the centres of the bafes,namely, to the poyntes Rand S, Whercfore for thac 
thre pyramids are equal and like,they fhalbe equal to a prifme fet vpon the felfe {ame bafe, and vnder 
the felfe (ame altitude, by the corollary of the feuenthof the ewelueth. But vnto this prifme is double 
that pri(me which is fet vpon the felf fame bafe,and hath his alticude duple, namely,the whole line RS 
by the corollary of the 2s.of the eleuenth:for itis equal to the two equal and like prifmes whereofit is 
compofed.Wherfore the prifme fet vpó the bafe of the o€tohedron,and hauing to his altitude the line 
RS is equal to fix pyramids, fet vpon fix bafes of the OGohedron, and hauing to their altitude the line 
ER. So thereremaine two pyramids (for in the o@ohedron are 8.bafes) which fhall be equal to che 
prifme which is fet vpoa the third part of the bafe of the otohedron,and vader the altitude RS. For 
panes vnder one and the felfe fame altitude, are in proportion the one to the other, as are cheir bales, 
y the corollary of the 7 of the 
twelueth . Wherefore the two 
prilmes which are fet vppon the 
bafe of the oftohedron, and vp.- 
ona third part therof, and vnder 
the alcitude R S, are equal tothe 
8. pyramids of the Otohedron, 
orto the whole folide of the oc- 
tohedron. And fora(much as the 
Iccfahedron infcribed in the oc- 
tohedron, hathe his bafes fer in 
the bafes of the Octohedron, by 
the 17.0f the fiuetenth:itfollow- 
eth thatthe pyramids fec vppon 
che bafes of the Icofahedron, & 
hauing to their toppes one and 
the felfe fame centre E, are con- 
tained vnder the felfe fame alti- 
tude, thae ehe pyramids of the 
oftohedron are cétained vader. 
namely,vnder the line ER,or ES, 
And therefore a prifme, fct vpon 
the bafe ofthe Icofahedron, and 
hauing his altitude double to the 
altitude of the pyramis, namely, e 
the whole line R S, is equal to 
fixe pyramids fet vpon the bafe ofthe Icofahedron, and vnder the altitude ER orES, as we haue pro- 
ued in the oftohedron. Wherfore the 20.pyramids, fet vpon the 20. bafes of the Icofahedron, are equal 
to chre prifmes fet vpon the bafe ofthe Icofahedron,and vnder the alticude R S, and moreouer to an o- 
ther prifme fet vppon a thirde part of the bafe of the Icofahedron and vnder the fame altitude R S, 
which pri(me is a thirde part of the former prifme,by the corollarye of the 7.of the twelueth : for 
their proportion is as the proportion of the bafes. Wherfore two prifmes fet vpon the bafe ofthe octo- 
hedron;and a third part therof,and vnder the altitude R Sis to 4.prifmes fet vpon three bafes of the I- 
cofahedron,and a chird part thereof;and vnder the famealeitude KS, in the {ame proportion that the 


bafes areythatis sas 4.third partes of the bale of the Octodron (which are equal to one bale, and c) 


to ten third partes of the bafe of the Icofahedron (which are equal to thre bafes & — Jor astwothird 


partes of the bafe of the OtoHedron, are to fiue thirde partes of the bafe of the Icofahedron, But 
two thirde partes of the bafe of the OGtohedron, are to fiue thitde partes of the bafe of the Icofa- 
hedron, as two bafes are to fue ba(es(by the 15.of the fifth, for they are partes of equemultiplices: ) 
And two prifmes of the O&ohedron are to. 4.prifmes of the Icofahedron , as the folide of the 
O€tehedronis to the folide of the Icofahedron, when as eche are equal to eche of the folides : 
Wherefore (bythe 11.ofthe fiuech) the folide of the O&ohedron, is to the folide ofthe Icofahedron 
infcribed in it, as two bafes of the Otohedron, are to fiue bales of the Icofahedron. An Oc- 
; CCC). tohedron, 
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tohedron therfore is to. an Icofahedron in{cribed in it, in chat proportion, that two bafes of the Ofe- 
hedron,are to fiue bafes ofthe Icofahedron. 


f T be 32. Propofition. 


The proportio of the folide of an Icofabedron to tbe folide of a fDodecabe« 

dron infcribed in it , confifteth of the proportion of the fide of the Icofahee 

dron to the fide of the Cube contayned in the fame [phere , and of the pros 

portion tripled of the diameter to the line ‘which conpleth the centers of 
the oppofite bafes of the Icofatedron. 


CX SS) Vppole that there be a Dodecahedron,whofe diameter let be HI, and lee the Icofahe- 
i SX] droncontaiued in the fame fphere be A BG G, whofe dimetient let be A C.And let the 
right line which coupleth the centres of the oppofite bafes be BG . And let the dodeca- 
hedron infcribed in che Icofahedron be that which is fet vpon the diameter B G, by the 
s.of the fiuetenth . And ler che fide of the cube be D E,aad let the fide of che Icofahe- 
dron be D F,both the fayd folides being de(cribed in one and the felfe fame fphere. Thé 
I (ay that the proportion of the (olíde of the Iéstihedion ABCG ocothe folide of the dodecahedron 
fet vpon che diameter B G, in{cribed in it, confilteth of the proportion ofthe line D F to the line DE, 
and of the proportion tripled of the line A C to theline B G', For forafmuch as the folide ofthe Icofa- 
hedron A BG Cis to the folide of the dodecahedron HI, being contayned in one and the felfe fame 
{phere ,asD Fisto DE, ; 
by the 8.of the fourtenth 
But che dodecahedron 
whofe diameter is H Lis 
to the dodecahedron 
whofe diamer is BG, in 
treble proportio of chat 
in which the diameter 
HI is to the diameter B- 
G , by the corollary of 
the 17.0f the twelfth: & 
the lines H Tand AC are 
equall by fuppofition 
(namely , the diameters 
of one and the felfe fame 
{phere).Whereforeas H 
Iis toBG, foisACto 
BG, Wherefore the pro- 
portion of the extremes, 
namely , of che Icofahe- 
dron AB G C to the Do- 
decahedron feet vppon 
the diameter B G which 
coupleth the centres,có- 
filteth (by the 5 .diffinici- 
on of the fixt)of the pro- 
portions of chie meanes, 
,of che proportió — 
SEM LAB OCA B C G to the dodecahedron H I (which is one and the fame with the proportion 
of D F to D E Jand of the proportion of the fame H 1 to the other dodecahedron fet vpon the diameter 
BG, in{cribed in the fame Icofahedron A B G C,by the fame y. of the fuetenth : which proportion is 
triple to the proportió of the line H 1 (or the line A C)to G B which coupleth the centres of the oppo- 
fite bales of the Icofahedron . The proportion therefore of the folide of the Icofahedron to the folide 
ofa Dodecahedron infcribed in it,confifteth of the proportion of the fide of the Icafahedron to the 
fide of the Cube contayned in she fame {phere , and of the proportion tripled of the diameter co the 
line which coupleth the centres of the oppofits bafes of the Icofahedron. " 
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q I he 33. Propofition. 
T he folide of a Dodecahedron excedeth the folide of a Cube in cribed in 
: y Y it 


Elementes of Geometry added by Fluflaz, — Fol.450. 


it by a parallelipipedon , whofe bafe wanteth of the bafe of the (ube by a 
third part of the leffe fegment and whofe altitude wanteth of the altitude 


of the (ube , by the le/Se fegment of the leffe fegment,of halfe the fide of 
the Cube. 


2478 Orafmuch as by the 17. of the thirtenth,and 8.of the fiuetenth,it was manifeſt, that the baſe 
1 ofa cube infcribed in a dodecahedron,doch with his fides fubrend the angles of 4.pentagous 
"Y elscócurring at one and the felfe (ame fide of the dodecahedron: let that bafe of the cube be A- 

- B OKOMUEB CD:and letthe fide wherat 4.bafes of the dodecahedroncircum(cribed concurre,be E G: 

which fhall contayne a folide A EB D GC fet vpon che bafe A B C D.Diuide the fides A B and D C in- 

to two equall partes in the poyntes Land N.And draw the line L N, which isa parallel to the fide E G, 

asit was manifeft by the i7.of che thirtenth.The perpendiculars alfo E R and G O which couple thofe 

parallels,are eche equall,to halfe of the fide E G,and eche is the greater (egment of halfe the fide of the 
cube , and therefore the whole line EG is the gue fegment of the whole line LN the fide of the 

cube(by theforefayd 17.0f the thirtenth) . By the povnees R and O , draw vnto the fides AB andC D 
arallel lines F H and { K.And draw thefe right lines E F,EH,G and G K, Now forafmuch as the two 





ConSiruffions 


ines F H & ER couching the one the ocherare parallels to the two lines I K and G O touching alfo the Demonfra- 


one the other, & not being in the felfe fame playne with the two firft lines: therfore the playne fuperfi- 
cieces E F H and G I K paifing by thofe lines arc parallels , by thers .of che eleuenths which playnes do 
cutte the folide AEBD GC. Whererefore there are made fower quadrangled pyramids fet vpon the 
re€tangle parallelogrames L H,L F,N K, and NI, aud hauing their toppes the poyntes E and G . And 
forafmuch as che triangles G O K and E R H are equalland like,by the 4.of the fixit , namely, they con- 





tayne equall angles comprehéded vnder equall fides,and they are parallels by conftruétion, being fet in 
the playnes G1 K and E F H: the figures G K H E,O K H R,and G O R E hhall be parallelogrammes, by 
the diffinition of a parallelogramme,and therefore the folidc G O K ER H isa prifme, by the rx .dffini- 
tion of the eleuenth.And by che fame reafon may the folide G O IE RF be proued to be a prifme.And 
forafmuch as vpon equall bafes N O K C, and R L B H,and vnder equallaltitudes O G and R Eare fet 
pyramids: thole pyramids fhall be equall to that pyramis which is fet vpon the bafe C KID (whichis 
double to either of the bafes N O K C,and R LB H)and ynder the fame altitude O G , by the 6. of the 
twelfth. And forafmuch as the fide G E is the greater fegment of the line C B, the line K H , which by 
che 33.0f the firlt,is equall to the line G E,fhall Be the greater fegment of the fame line C B, by the a.0f 
the fourtenth . Wherefore the refidues C K and H B fhall make the leffe fegment of the whole lineC- 
B.Butas the greater fegment K H is to the two lines C K andH B the leffe fegment, fo is the reftangle 
parallelogramme O H to the two re&angle parallelogrammes O C and H L,by the r.0f the fixe. Wher- 
fore the leffe fegment of the parallelogramme N B , ihall be thetwo parallelogrammes O C and HL. 
Put the line KM double to the line K C and draw theline M S parallel co the line C N. Wherefore the 
parallelogramme O K M S is equall to the parallelogrammes O Cand H L,by the 1.ofthe fixth. Wher- 
fore the pyramis fet vpon the bafe O KM $ contayneth two third partes of the prifme fet vpon the felfe 
fame bafe, by che 4.corollary of the 7.of the twelfth. Wherfore the priftne which is fet vpon two third 
CCC.u. partes 
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partes o£ the bafe O KM S is equall to the ewo pyramids NO KC.G and RLB HE For:the fetions of 
a prifme are one to the other,as the fections of the bafe are , by the firft corollary ofthe 25. of the ele- 
ueuth.Butthe (e&ions of the bafeare as the feGtioos of the lineC B or K M,by the r.ofthe fixt. Wher- 
Fore the two pyramids N O KC G andR LB H E,adde vnto the prifme G OKERH two third partes 
of the prifme fet vpon che bafe O KM S.Andforafmuch as the line K M is theleffe fegmét of the whole 
line B C(for it is equall to to the two lines CK and HB ) , and the prifme fet vpon the bafe O KH R is 
cutte like vnto the line K M , namely , in echeare taken two thirdes , as hath before bene proued : che 
prifme equall to the ewo pyramids, fhall adde vnto the prifne G O K ER H,whith is fet vpon the grea-. 
ter fcgment K H, two thirds of the lefle fegment. Wherefore in the line B C there fhallremayne onc 
third part of the leffe (egmentzand therefore in the re€tangle parallelogramme N B which is halfe tHe 
bafe ofthe cube,there fhall remayne the fame third part of the leffefegmene . And by che fame reafon 
may we prowe that in the other pyramids ON DIG,andRLAFE, and in theprifne GOIER Fis 
left the Eik fame exceffe of the De LAN D;oamely, the third part of theleffe (egmenc . Wherefore 
che whole prifine contayned betwene the triangles I G K and F E Hand ynder the length ofthe greater 


` 


A L B 





Tegment and two third partes of the leffe fegmentof B C the fide ofthe cube , is equall to the folide 
compofed of 4.bafes of the dodecahedron and fet vpon the bafe of the cube. Wherfore the bale of thae 
prifme wanteth of the whole bafe of the cube onely a third part of the lefle fegment : and the altitude 
of chat prifme was the line G O, which is the greater fegment of halfe the fide ofthe cube. And foraf- 
much as vnto the triangle [ G K, is double the rétangle parallelogramme fet vpon the fame bafe IK, 
(the fide ofthe cube) and vnder the altitude G O , by the 41. of the firlt: icfolloweth that three re@tan- 
gle parallelogrammes fet vpon the fame bafe I K,the fide of the cube , and vnder the altitude O G the 
greater fegment of halfe the fide of the cube, are fextuple to the triangle I G K, Wherefore thofe three 
rectangle parallelogrammes doo make one rectangle parallelogramme fet vpon the bafe 1K and vnder 
the alcitude of the line G O tripled.But by the 7. diffinition of the eleuench, there are fixe prifmes equal 
and like vnto the forefayd prifme,being fet vpon euery one of the fixe bales of the cube: which prifmes 
are in proportion the one to the other as their bafes are by the 5.corollary ofthe 7.of twelfth. Where- 
fore the folide compofed of thefe fixe prifmes, fall want of the bafe A B C D the third part of the lefe 
fegment,and taking his altitude of the forefayd rectangle parallelogramme, the fayd altitude fhall be e- 
quall to three greater fegmentes(one of which is G O)of halfe the fide of the cube. 

Now refteth to proue that thefe three fegmentes want of the fide of the cube by the leffe fegment 
ofthe leffe fegment of halfe the fide of the cube. Suppofe that A B the fide oF the cube be dinided into 
the greater fegmenr A C,and into thc leffe íegment C B(by the 30.0f the fixe) . And diuide into two e- 

uall partes the linc A C in the poynt G , andthe line CB in the poyneE . And vnto the line CG put 
die line % equall . Now forafmuch as thelines A G and G C are the greater fegmentes of halfe the 
line A B,for eche of ^ : I 
them is the halfe of rd 
the greater fegmene PATIOR MEC 
ofie whole fae A- A 6 c E £ : B 
B: the lines EB avd 7 
EC fhall be the leffe : 
fegmentes of halfe the line A B. Wherefore the whole line CL is che greater fegment , and dcs C- 

is 
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Eis the leffe fegment.Butas the line C L is to the line C E,fo is the line C E to therefidueE L . Wher~ 
fore the line EL is the greater fegment of the line C E,or of the line EB which is equall vnto#t. Wher- 
for e therefidue L B is the leffe fegment of the fame E B ( which is the lefle fegmenvof halte the-fide of 
thecube) . But the lines A G,G C , and C L arc three greater fegmentes of the halfe ofthe whole linc 
AB: which thre greater fegmentes make the altitude of the forefayd folide : wherefore the altitude of 
the fayd folide wanceth of A B the fide of the cube by the line LB, which is the leffe fegmentof the line 
B E. Which line B E agayne is the leffe fegment of halfe the fide AB of the cube . Wherefore the fore- 
fayd folide confifting of the fixe folides, whereby the dodecahedron exceedeth the:cube infcribed in it, 
is fet vpona bafe which wanteth of the bafe of the cube by a third part of che leffe fegment, and is 
vnderan altitude wanting of the fide of the cube by the leffe fegment of the leile fegmentof halfe the 
fide of che cube. The folide therefore ofa dodecahedron exceedeth the folide ofa cube iafczibed in it, 
by a parallelipipedon, whofe bafe wanteth of the bafe of the cube by a third part of the lefic {ugment, 
and whofe altitude wanteth of the altitude of the cube , by che leffe fegment of the lelic fecmentof 
halfe the fide of che cube. : 


e A Corollary. - 
A Dodecahedron is double to a Cube inftribed in it , taking away the third 
part of the leffe fegment of the cube and moreouer the deffe Jegment of the lefe 


Segment of halfe of that exce//e.For if there be geuen a cube, from iwhich is cut ofa folidz let 
vpon a third part of the leffe (egment of che bafc,and vnder one and the fame altitude with the cube: 

that folide taken away hath to the whole folide the proportion of the fection of the bafe to thé bafe, by 

the 32.0f theeleuenth. Wherefore from the cube is taken away a third part of the leffefegment . Far- 
ther, forafmuch as the refidue wanteth of the altitude of the cube,by the leffe fegment of the leffe feg- 
ment of halfe the altitude or fide,and that refidue is a parallelipipedon if it be cut bv a plaine fuperficies 

parallel to the oppoftte plaine fuperficieces cutting the altitude of the cube by a point itfha!l take away 

from that parallelipipedon afolide,hauing to the whole the proportion of the fection to the altitude, by 
che 3.Corollary of the 25. of the eleucnch.. Wherefore the exceffe wanteth of the fame cube by the 
chird pate tis leffe fegment ,and morcouer by the leffe fegment of the leffe fegment of halfe of 
chat exceffe. 


PT Y Tbe 34. Propofition. : 
T he proportion of tbe folide of a "Dodecabedron to tbe folide of an. Icofae 
hedvon infcribed in it, confifteth of the proportion tripled of tbe diameter 
to that line which coupleth the oppofite bafes of the Dodecahedron, and of 
| the proportion of tbe fide of the Cube to tbe fide of tbe Icofabedron inferis 
bed in one and the felfe fame Sphere. E ES 


Vppofe thae 

AN BCK Luan 
be a Dode- 
me. cahedron, 
whofe diameter let bz 
AB: and let the line -> 
Which coupleth the cé- , 
eres of the óppofite ba- 
fes beK H: and lec the 
Icofahedron iufcribed 
in che Dodecahedron 
ABC, be DEF : whofe 
diameter lec be D E. 
Now forafmuch as one 
and the (elfe (ame circle 
cótaineth thepentagon 
ofa Dodecahedron, & 
the triangle of an Ico- 
fahedron .defcribed in 
one and thc felfe (ame 
Sphere, by the y.of the 
fourtench: Lec that cir- 
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cle bel G O. Wherfore 
10 is the fide of the 
cube , and 1G the fide 
ofthe Icofahedron, by A 
the fame. Thé I fay,that 
the proportion of the 
Dodecahedron AHB- 
CK to theicofahedron 
DEF infcribed in it,có- 











tripled of che line A B 
to the line KH, and of 
the proportion of the : 
linel Oto thelinelG. H 
For forafmouch as the I- 
cofabcdron DEF is in- 
{cribedin the Dodeca- ` . 
hedré A BC, by fuppo- o 
fitió, the diameter DE G 
fhalbe equal tothe line : 
KH,bythe7.ofthef&ue- 
tenth . Wherefore the 
Dodecahedron fet vpõ 
thediameter KH fhall 
beiofcribedin the fame 
Sphere, wherem the I- 
cofahedron D E Fts m- ; . 
fcribed : but the Dodecahedron AH BCK is to the Dodecahedron vpon the diameter XH in tri- 
ple proportion of that in which the diameter AB is to the diameter K H,by the Corollary ofthe 17. of 
the twelfth : and thefame Dodecahedron whichis fet vpon the diameter K H, hath to the Icofahedraa 
DEF (whichis fet vpon the fame diameter, or vpon a diameter equall vnro it, namcly,D E) chat pro- 
pes which I O the fide ofthe cube hath to'1 G the fide of che Icofahedron, infczibed in one & the 
elfe (ame Sphere, by che 8 ofthe fouretenth . Wherefore the. proportion ofthe Dedecahedron A H- 
B CKto theIcofahedron D E F infcribed ib it;confiftcth of the proportion tripled of che diamerer AB 
to the line K H, which coupleth: the centres of the oppofite bafes of the Dodecahedron (which proper- 
tionis that which the Dodecahedron A H B C Khath to the Dodecahedron fet vpon the diameter X H) 
and of the proportion of 10 ‘the fide of the cube to I G the fide of che Tcofahedron ( which is the pro- 
portion of the Dodecahedron fer vpon the diameter K-H to the Icofahedron DEF defcribed ia one and 
the felfe fame Sphere ) by the 5. definition of the fixth.The proportion therefore of the folide ofa Do- 
decahedron to the folide of an Icofahedron infcribed init, confiteth of the proportion tripled of the 
diameter to that line which coupleth the oppolite bafes of che Dodecahedron,and of the proportion of 
the fide of the cube to the fide of the Icofahedron inIcribed in one and the felfe fame Sphere. 





I 


T be 35. Propoſition. 


T he folide ofa Dodecahedron containeth of a Pyramis circumfcribed a» 
bout it two ninth partes, taking away a third part of one ninth part of the 
leffe fegment (of aline dinided by an extreme and meane proportion) 
and moreouer the leffe fegment of the leffe fegment of halfethevefidue. 


T hath bene proued that the Dodecahedron,together with the tube infcribed in it is contai- 
ned in one and the felfe fame pyramis,by the Corollary of the firft of this booke . And by the 
Corollary ofthe 35.ofthis booke, it is manifell, that the Dodecahedron is double tothe 
f fame cube, caking away the chird part of the leffe fegment ,and moreouer the leffe fegment 
of the leffe fegment of halfe the refidue,or of thisexceffe. But a pyramis is to the famé cube infcribed in® 
it nonecuple,by the 30.0f this booke. Wherefore the Dodecahedron inícribed in the pyramis,and con- 
taining the fame cube ewife,taking away the felfe fame third of the leffe fegment, and moreouer the. 
lelle fegment of the leffe fegment of halfe the refidue, fhall containe two ninth ‘partes ofthe folide oF 
the pyramis ( of which ninth partes eche is equall vnto the cube ) taking away this fele fane exceffe. 
The (olide therefore ofa Dodecahedron containeth ofa Pyramis circumfcribed about it two ninth 
partes taking away a third part of one ninth part oftheleffe (egment ( of aline diuided. by an extmere 
and meane proportion ) and morcoucer the lelie (egment ofthe leffe fegment of halfe the refidue. 


qi be 
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q The 36. PPropofition. 


An Offohedron exceedeth an Icofabedron infcribed init, by a parallelipis 
pedon fet vpon the [quare of the fide of the Icofahedron , and bauing to 
his altitude the line which is the greater fegment of balfe tbe femidiame: 
ter of the Offohedron. 


Vppoſe that cere bean. O&toliedron AiB CF PL : in which let there be infcribed 2a 
Icofahedron HKEGM XN V DS Q T ,by the 16. ofthe fiuetenth.And draw the dia- 
meters A Z RC,BR O IF, and the perpendicular K O parallel to theline AZR. Then 
I fay,that the Oĉtohedron A B C F P L is greater then the Icofaħedron inícribed in it,by 
Gl a parallelipipedon fee vpon the {quare of the fide H K or GE, and hauing to his altitude 
the line K O or RZ: which is the greatec fegment of the femidiameter AR. Forafmuch 
as in the fame re. ithath beoe proued;that che triangles K D G and K E Q are defcribed in the bafes 
A P Fand ALF ofthe OGohedron : therefore about the folide angle there remaine vppon the bafe 
F E G three triangles K E G,K F E,and K F G,which containea pyramis K EF G . Vnto which pyramis 
fhall be equall and like the oppofite pyramis M EF G fet vpon the fame baíe F E G, by the 8.definition 
ofthe eleuenth . And by the famereafon fhall there at every folide angle of che Octohedron remayne 
two pyramids equa and Like : namely, two vpon the bafe A H K, two vpon the bale B N V,two vpon 
the bafe D P S,and : 
Moreouer two vp- 
on the bafe Q .. T. 
Now thé there [hal 
be made twelue 
pyramids, fec vpon 
a bafe contained of 
rhe fide of the Ico- 
fahedton, and vn- 
der two leffe feg- 
mentes ofthe fide 
of che OCtohedron 
conning a right 
angle, as for exam- 
plethe bafe GEF, 
And forafmuch as 
the fide GE fubré- 
ding a righr angle, 
is, by che 47. ofthe 
finit, in power du- 
le to either ofthe 
ines EF and FG, 
and fo che fide KH 
is in power duple 
to either of the 
fides A Hand A K: 
and either of the 
lines AH, AK, or 
EF, F G,is in pow- 
er duple to eyther 
ofthe lines AZ or 
ZK which cótayne . 
a right angle, made in the triangle or bafe A H K by the perpendicular A 2. Wherfofe it followeth that 
the fide G E or H K,is in power quadruple to the triangleE F G or AHK . But the pyramis K E FG,ha- 
uing his bafe EF G in the plaine F L B P ofthe O&tohedron, fhall haue t6 hisaltitude the perpendicu- 
larK O (by the 4. definition ofthe fixth ) which is the greater fegment of the femidiameter of the 
O€ohedron,by che 16.of che finetenth, Wherfore three pyramids fer. vader the fame altitude and vporr 
equall bafes,thall be equali to one prifme fet vpon the fame bafe,and vader the fame altitude, by the 1. 
Corollary of the 7.of the ewelfth.Wherefore 4.prifmes fet vpon the bafe G EF quadrupled ( which is 
equall to the fquare of the fide G E ) and vnder the altitude KO (orRZ the greater fegment which is 
equall co K O ) fhall coataíne a folide equall to the twelue pyramids, which twelue pyramids make the 
exceffe of che OQohedron aboue the Icofahedron infcribed init. An O&tohedron therefore excedeth 
an lcofahedron infcribed in it, by a parallelipipedon fet vpon the fquare of the fide of the Icofahedron, 
andi hauing to his altitude the line which is the greater fegment of balfe chefemidiameter ofthe O&o- 
cdron. 
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q A Corollary. 
A Pyramis exceedeth the double of an Icofabedron inferibed init, bya foe 
lide fet dpon the fquare of the fide of the Icofabedron infcribed in it and hauing 
to his altitude that whole line of which the fide of the cofabedron is tbe greater 


fegmet. For itis manifeft by the r9.0f the fiuetéth that an octohedró & an Icofahedró infcribed in it 


are infceibed in one & the felf me pyramis.Ic hath moreouer bene proued in the 26.of this boke,thar 
a pyramisis double toano&tohedró infcribed init. Wherforethe two excefles of the two oftohedrons 
(vnto which the pyramis is equdl}aboue che two Icofahedrons(infcribed in the faid two oftohedrons) 
being brought into an folide,the faid £olide fhalbe fet vpon the felfe fame fquare of the fide of the Ico- 
fahedron,aad fhall haue to his altitude the perpendicular K O doubled : whofe double coupling the 
oppofite ides H K and XM maketh the greater fegment the fame fide of the Icofahedron, by che firft 
aud {econd coroilaryof the.14,6f the fiuetenth. 


| T hea2.Propofition. 
Ffin a triangle haning to his bafearational line fet, the fides be commene 
furable in power to the bafe, and fromuthe toppe be drawn to the bafea pere 
pendicular line cutting the bafe:T he fections of the bafe fhall be commene 
furable in length to the whole bafe, and the perpendicular fhall be commene 
Jurablein power to the fait whole bafe. 


"d Vppofe that there bea triangle ABG, whofe bafe BG let bea rational line fet ef purpofe. 
And lec the fides A B and A G be vnto the fame B G commenfurable at theleaft in power. 
ic j| Andírez the coppe A draw vnto the baíe B G,a perpendicular,cutting the bafe inthe point 
exe] P. Then íay that the ections of the bafe, are commentfurable in lengthe ro the whole line 
B G,and thacthe perpendicular A Pis vnto-the fame bafe B G cémeafurable ac the lealt in-power.P ro~ 
duce on either fide the line B G to the poyntes C and E. And vnto-theline A G put theline G E equal, 
aud vnto the line-A B put theline B C equal.And vpon the lines C B,B G and GE defcribe ſquares B- 
K,B D,and GL.And from the greater of the fquares óf the lines A B or A G, which letbe GL cutof a 
parallelogrzzame E M equal to theleffe fquare B K (by the 45.0F the firft:) And (by thefame) voto the 
refidue G'M,lec cherebe applied vpon the line G D an equall rectangle parallelogramme QD.Now for- 
afmuch as the angles A P B and-A P G are righeanyles,therfore(by the 47.0f the firtt)the line AG-coa- 
'taiieth in power the two lines A P and P G,and the line AB thetwo lines A P and P B. Wherfore how 
much the line A G contaiacth in power more then the line A B,fo much alfo doth theline PG contain 
in power more then the line B P: namely, taking away the common (quare of AP, there isleft the ex- 
ceife of the (quare of P G aboue the fquare.of B P. Buc the (quare of A G (which is G L) excéedeth the 
fquare of A B. (namely,the (quare B K) by the rc&angle parallelogramme G M or O D;by conftruction* 
Wherfore the {quare of P G exceedeth the fquare of B P,by the rectangle parallelogzammc O D.And 
foraímuch as vnto the íquares of'A B and A Gare equal the fquares of A P and P B,and of AP and P- 
G and their exceffe is taken away,namely,the re€tangle parallelogramme O D : there fhallbe left the’ 
fauares of A P and P O equal to the fquares of A P and P B.And taking away thc fquare of A P. which 
‘is cOmon,the refidues 
‘namely, the fquares of 
BPandP O thalbee- 
qual : and therefore 
"their fides(namely,the ` 
Lincs B Pand P O) are 
equal. Aod forafmuch 
asthe {quares G Land 
BK are(by Tuppofitió) 
racional, and therefore . 
cóméf(urable their ex- 
ceffe OD, fhalbe com- 
méfurablevnto thé by 
the 15.of thetéth. And 
therfore ít'is rationall 
by the s. diffnition of. 
theréth. Wherfore the 
rational parallelogram F 
O D, being apptiedvp- i 
on thé rational line G- 5 k 

D (or BG)maketh the bredth 
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bredth O G rational and cómenfurable in légurto the wholeline B G,by the 2o.of the tenth.But if the 
whole line B G be commenfurable to one-of the partes O G,thelines B O,O G,and B G thall be com- 
meníurable,by the fame 15.o£ the tenth. W herfore alfo the line OG fhalbe commen furable to the half 
of the line B O,namely,co the line P O,or P B, by the 1240f the tenth. And forafímuch as the two lines 
P Oand O G ar comment{urable,the whole line P G fhalbe commeníurable to the line P O,or to the 
linc P B,by the fame 15.0f the centh. Wherfore either of the lines P G and P B fhall be comenfurable 


vnto the whole line P B,by the fame. Wherefore the lines B G,P B and P G haue the one to the other: 


that proportion which numbers haue,by che 5.of thirtenth, W herfore the fe&tions P B and P G of thg 
bafe B G are commenfurable in lenzth to the fame bale,by thes.ofchetenth. . I 

And now that the perpendicular A P is commen(urable in power to the bafe BG, is thus pro- 
ued . Forafmuch as the fquare of A Bis by fuppofition, commenfurable to the fquareof BG : an 
vnto the rational (quare of A Bis commenfurable the rational (quare of B P(by the 12.0f the cleuenth) 
Wherfore the refidue,namely,the fquare of P A is commenfurable to the fame {quare of BP, by the 
2.part of the 1s of the eleuenth.Wherefore by the 13.0f the centh,the (quare of P A is commenturable 


Second part 
ofthe De- 
- monfiration. 


to the whole [quare of BG. Wherefore the perpendicular A P is commentfurable in power to the bafe 


BG, by the 3 .diffinition of the tenth: which was required to be proved. 

In demonttrating of this, we made no mention at all of the length of the fides A Band A G,bue 
only of the length of the bafe B G: for that the line B G is therationalline firft fet : and che otherdines 
ABandAG are {uppofed to be commenfurable in power only co the line BG. Wherefore if that be, 
plainely demonftrated when the fides are commenfurable in power only to the bafe,much more eafily 
wil it follow, if the fame fides be fuppofed to be commenturable both in length and in power to the 
bafe:thatis,if their lengthes be expreffed by the rootes of {quare nombers. 


@ A Corollary. 1. 


By the former things demonftrated, it is manife/t that if from the powers 
of the bafe and of one of the fides be taken away the power of the other fide and 
if the halfe of the power remaining ,be applied vpon the whole bafe it [ball make 


the bredth that fection of the bafe which is coupled to the firft fide. For fromthe po- 
wers of the bale B G,and of one of the fides A G, that is,from the {quares BD and GL,the power of che 
other fide A B,namely the fquare B K (ot the parallelogramme B Mjis taken away. And of che refidue, 
(namely,of che fauare B D;and of the parallelogramme O D,or D R,which by fuppofition is equal vn- 
to O D)the halfe (namely;of the whole F R, Which is P D, for the lines G Rand P D are equal to the 
lines G O and P O)is applied to che whole line B G or G D. :-and maketh the’bredthe the line P G che 
fection of thebafe B/G which fection i$ coupled to the firlt fide'A G. And by the fame reafon in the o- 
ther fide,iffrom the fquares B D ahd BK be takén-away the {quare GL, there fhall romaine the re€tan- 
gle parallelogramme F O : For the parallalelogramime-E M is equal to the fquare B K, and the parallelo- 
guum GM toxhe parallelogramme O D. Wherefore F P the halfe of the refiduc F O, maketh the 
redth B P,which is coupled to the firit fide taken A B: ` 


* A Corollary. 2. 


If a perpendicular drawne from an angle of a triangle do cut tbe bafe: 
the fections are to the other fides in power proportionall by an Ae 


rithmetical proportion, For it was proued that the exceffe of the powers 


ofthe lines A G and A Bis one and the fame with theexceffe of the 
powers ofthe lines P Gand P B. If therfore the powers do 
equally excede-the one the other, they fhall by 
an Arithtnetical proportion, be 
proporuonall, 


The ende of the fixtenth Booke 


of the Elementes of Geometrie added 
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Flufíasof mixt and 


Se A briefe treatife, added by Fluffas, of mixt an 
compofed regular folides. 









gular folides are fayd to be compofed and mixt,when ech 
of them is tranfformed into other folides, keeping ftill the 
A forme, number, and inclination of the bafes , which they 
[before had one to the other : fome of which yet are tranf- 
formed into mixt folides, and other fome into fimple. Into 
/| mixt, as a Dodecahedron andan Icofahedron : which are 
cranfformed or altered, if ye divide their fides into twoe- 
quall partes, and take away the folide angles fubtended of 
plaine fuperficiall figures made by the lines coupling thofe 
middle fections : for the folide remayning after the taking away of thofe folide an- 
gles, is called an Icofidodecahedron, Ifye diuide the fides of a cubeand ofan 
O @ohedron into two equall partes, and couple the fections,the {olide angles fub- 
tended ofthe plaine fuperficieces madc by the coupling lines, being taken away, 
chere (hall be left a folide,which is called an Exo@ohedron. So that both ofa Do- 
decahedron and alfo ofan Icofahedron, the folide which is made, hall be called 
an Icofidodecahedron: and likewife the folide. made ofa Cube & alfo ofan O&o- 
hedron,fhall be called an Exo&ohedron . But the other folide, namely,a Pyramis 
(or Tetrahedron ) is tranfformed nto a fimple folide : for if ye diuide into two 
equall parres euery one of the fides of the pyramis, triangles defcribed of the lines 
which Couple the fe&ions, and fübrendipg, and taking away folide angles ofthe 
pyramis, arc oe and like vnto the equilarer triangles left in euery one of the 
baíes : ofall which triangles is produced an O&tohedron, namely, a fimple and 
riot 4 cotripofed folide . For die Octohed: »a hath fower bafes, like in number, 
formeynd mucuall indínatiori with the bafes ofthe pyramüs : and hath the other 
fower bafes with like fituation oppofite and parallel to the former, Whereforc the 
— of the pyramis taken cwife, maketh a fimple Octohedron, as the other 
Glides make a mixt cotnpound folide. 


q Firft Definition 


An Exottahedron is a folide figure contained of fixe equall {quares, and 
eight equilater and eqnall triangles. 


g Second Definition. 


An Icofidodecahedron is a ee figure , contuined bnder twelue equi» 
later equall and equiangle Pentagons , and twentie equall and equilater 
triangles. 


For the betrer vnderftanding of the two former definitions, and alfo of the 


rwo Propofitions following, I haue here {et ewo figures, whofe formes, if ye firft 
defcribe 


compofed regular folides. Fol.4$9. 


defcribe vpon pa(ted ne or fuch like matter, and then cut them and folde them 


accordingly, they will reprefent vnto you the perfect formes of an Exoctohedron 
and ofan Icofidodecahedron. 


q The first Probleme. 


"To deftribe an equilater and equiangle exotfobedron , and to contayne it 
in a fphere geuen:and to proue that tbe diameter of the phere is double to 
the fide of the fayd exotfobedron. 


EE ez] Vppofe that there bea fphere geuen, whofe diameter let be AB. And 
E jabout the diameter A B letthere be defcribed a {quare by the fixth of 
S S thefourth:andvpon the fquare letthere be defcribed a cube by the 15. 
se E of the thirtenthzwhich lebe C D EF Q T V R : and letthe diameter 
thereofbe Q Rand the centre S.And diuide the fides of the cube into two equall 
artes; in the poyntes GH;LK,L,M,N,O,P.&c.And couple the middle fe&ions 
y thétightlines IN,N O,O P,P Land fuch like,which fubtend the angles of the 
fquares orbafes ofthe cübe:and they are equall by the 4. firft, and contalne right 
angles,as the angle N EP. For the angle NID which is at the bafe of the Ifofceles 
triangle N D Lis the halfe ofa rightangle, and fo likewife is the oppofite angle R- 
IP.Wherefore the refidue N I P isa right angle,and fo the reft. Wherefore N I P- 
O i$a fquare.And by che fame reafon fhallthe reft N ML K,K G HI &c.infcribed 
DDD. ij. in 
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ConfruBion 
ofthe exotlo- 
bedron. 


- Flufas,of mixt and. - 


in the bafes of the cube,be (quares:and they (hall be fixe iri number, according to 
the niber ofthe bales ofthecube. c 0 C09 , 
Agayne forafmuch as the triangle 
KIN fubtendeth the folide angle 
D of the cube, and likewife the tri- 
angle K GL the folide angle C, & 
fo the reft,which fubtend the eight 
folide angles of the cube:and thefe 
triangles are equall and equilater, 
namely, being made of equall fides 
& they are the limmits or borders 
ofthe fquarcs , and the (quares the 
limmits or borders of thé, as hath 
before bene proued: wherefore L- 
MNOPHGK is an exoétohedré, 
by the diffinition , and is equilater, 
for itis contayned of equall fub- 
tendent lines:it isalío equiangle, A: 
for eucry folide angle thercof, is 
‘contayned vnder two fuperficiail angles of two fquares , and two fuperficiall an- 
gles of wo equilater triangles. 
That thee And now fora(inuchas the oppofite fides and diameters of the bafes ofthe 
m dr cube are parallels, the playne extended by the rightlines Q T, V R, fhall bea pa- 
contaynedin a *allelogramme. And for thatalfo in that playnelyeth QR the diameter of the 
Sphere, cube,and in the fame plaync alfo is the tine M H , which diuideth the fayd playne 
into two equall parts and alfo coupleth the oppofite angles of the exo¢tohedron 
thisline M H therefore diuideth the diameter into two equall partes , by the co- 
rollary of the 34.0f the firit, and alfo diuideth it felfe in the fame poynt , which let 
be S,into two equall partes, by the 4 ofthe firft . And by the fame reafon may we 
proue tharthe reftofthe lines, which couple the oppofite angles ofthe exo&ohe- 
dron, doo in S the centre ofthe cube diuide the one the otherinto two equall 
patts.For euery onc ofthe angles of che.exoahedren are fet in euery one of the 
bafes of the cube. Whercfore making the centre the poynt S,and the {pace SH 
orS.M; defartbe afpherc, and itthall touch euery ondof the angles equediftane 
from thè poynt S, x Dat K SUST Ga Rell Ag a 4 dai 
That th And forafmuch.as A B the diameter of the {phere geuen , is put equall to the 
ic. ving diameter of the bafe of the cube,namely,to the line RT , and the fame lineR Tis 
coutaynedin equall tothedine.M H,by the 33, of the firft: which ling M H coupling the op o» 
thijphere *' ftcanglesofthecxoctohedron , is drawne by, the centres wherefore itis the dia- 
gem, co meter of the {phere geuen which contayneth tha exoctohedron, — . i 
Tv Finally forafmuch as in the triangle R F T , the line P.O doth cutee the fides 
That the die» intotwo equal partes,it ball cutte them proportionally with the bafes,namely,as 
meter ofthe . ER isto FP, fofhallR T beto P O, by thea. ofthe fixth, But F R is doubleto F- 
Spbere sidou- P,by fuppofition: wherefore R T, or the diameter H M , 1s alfo double.to theline 
blewochelide »°O) thefide of the cxoCtohedron. Wherefore we hane deferibed an equilater & e- 
ef the exot]o- : 3 — d 
bedrotie uiangle exoctohedron,and comprehended itin a fpheregeuen,and haue proue 
— thst the diameter ofthe fphere is double to the fidc ofthe;exodohedron, .. 
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compofed regular folides. Fol.460. 
q The 2. Probleme. 


T'o defcribe an equilater t equiangle Icofidodecabedron , ex to cóprebend 
it ina {phere geuen:and to prowe that the diameter being dinided by an ex» 
treame and meane proportion , maketh the greater fegment double to the 
fide of tbe Icofidodecabedron. 






—— Fj Vppofe that the diameter of the {phere geuen be N L, and (by the 30. 
yy a of! dhie fixth ) diuide the line N L by an extreame and meane proporti- 
D jo. on in the poynt I:and the greater fegment thereof ler be N T. And vpó 
Saee the line N I defcribe a cube by the 15. of the thirtenth : and about this 
cubeler there be circumfcri- 
bed a dodecahedron , by the 
17.0f the thirtenth : & let the 
fame be ABCDEFHKMO. 
And diuide euery one of the 
fides into two equall parts in 
the poynts Q ,R, S, T, V,X, 
Y,Z,P, ¢,8,G. &c¢ and couple’ 
thefections with right lines, 
which hall fubtend the an- 
les of the pentagons , as the 
lines P G,G V,V Q, QY,Y- 
RR Q,V T,T XX V,andfo 
the reft. Now forafmuch as 
thefe lines fübtend equallan- 
gles of the pentagons , and 
thofe equall angles are con- 
tayned ofequall fides(name- 
ly of the halues of the fides. yy, I 
of the pentagons : therefore L 
thofe fubrending lines are cquall,by the 4.of the firft. Wherefore the triangles G- 
QY, Y QR, VX T, and the reft which take away folide angles ofthe dodecahe- 
dron, are equilater. Agayne forafmuch as in euery pentagon are defcribed fiue e- 
quall right lines,coupling the middle fections of the fides, as are the lines Q V,V- 
T,TS,SR,R Q: they defcribe a pentagon in the playne of the pentagon of the 
dodecahedron:and the fayd pentagon is contayned ina circle namely,whofe cen- 
tre is the centre of a pentagon of the dodecahedron. For the lines drawne from 
that centre to the angles of this pentagon are equall, for that they are perpendicu- 
lars vpon the bafes cutte,by the 12.0f the fourth. Wherefore the pentagon Q R S- 
T Vis equiangle,by the 11.0f the fame.And by the fame reafon may the reft of the 
pentagons defcribed in the bafes of the dodecahedron be proued equall and like. 
Wherefore thofe pentagons are 12.in number : And forafmuch as the equall and 
like triangles, doo fubtend and take away 20. folide angles of the dodecahedron, 
therefore the fayd triangles {hall be 20.in niiber. Wherfore we haue defcribed an 
Icofidodecahedré by the diffinitió, which Icofidodecahedró is equilater, for that 
all the fides ofthe triangles are equal & cómon with the pétagons:and itis alfo e- 
quianglc . For euery onc ofthe folide angles is made of two {uperficiall angles of 
an equilater pentagon,and of two {uperficiall angles ofan equilater triangle, 
DDD.iij. Now 
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Now let vs proue thatit ig contained in the Sphere geuen,whofe diameter is 
NL. Forafmuch as perpendiculars drawen/fró the centres of the Dodecahedron, 
to the inidle fections of his fides , are the halfes of the lines, which couplethe op- 
pofite midle feétions of the fides of the Dodecahedron,by the 3. Corollaty of the 
17.0f the thirtenth: which lines alfo,by the fame Corollary,do in the centre diuide 
the one the other into two equal partes : therefore right Lines drawen from that 
point to the angles of the Icofidodecahedron ( which are fet in thofe midle [ecti- 
ons) are equall : which lines are 3o. in number according to the number ofthe 
fides ofthe Dodecahedron:for euery one of the angles of the Icofidodecahedron 
are fet in the midle fe&tions of euery one of the fides.of the Dodecahedron. Wher- 
fore making the centre the centre of the Dodecahedron, and the {pace any one of 
the lines drawen from the centre to the midle fections, defcribe a. Sphere,and it 
thal! paffe by all the angles of the Icofidodecahedron,and fhall containeit: ' 

And forafmuch as the diameter of this folide, is that righrline, whofe grea- 
ter fegmentis the fide of the cube infcribed in the Dodecahedron, by the 4. Co- 
rollary of the 17. ofthe thirtenth, which fide is NI, by fuppofition. Wherefore 
that folide is contayned in the Sphere geuen whofe diameteris put to be the 
line NL. 

Now let vs proue that the 
grcater fegiment of che diame- 
ter is duple to QV the fide o£ 
this folide. Forafmuchas the 
fides ofthe triangle A E B are 
in the pointes Q and V diui- 
ded into two equall partes, 
thelines Q V and B Eare pa- 
rallels, by the Corollary of 
the 39.0f the firft. Wherefore 
as AE isto AV, fois EBtto 
VQ, bythe. ofthe fixth. 
Buttheline AE is doubleto 
theline A V . Wherefore the 
line BE is double to the line 
QV: by the 4. of the fixth. 
Now the line BE is equall to 
N Lorto the fide ofthe cube, 
by the 2. Corollary ofther7. yy: 
of the thirtenth , which line VUE ECT UM UT L 
Nis the greater fegment of the diameter N:L . Wherefore the greater feoment 
ofthe diameter gcuen, is double to the fide of the Icofidodecahedron infcribed in 
the Sphere geuen . Wherefore we haue defcribed an equilater and equiangle Ico- 
fidodecahedron,and contained it in a Sphere geuen,and haue proved that the di- 
ameter thereof being diuided by an extreme and meane ‘proportion, ‘maketh hys 
greater fegment double to the fide ofthe Icofidodecahedron. : 


yy An aduertifment of Fluffas. 


To the vnderftanding of the nature of this Icofidodecahedron , ye muft well 
conceaue the paffions and propricties of both thofe folides, ofwhofe bafes it con- 
fifteth,namely, of the icolhedron and ofthe Dodecahedron. And although n 

e 
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the bafes are placed oppofitely,yerhaue they one os dus other one & the fame in- 
clination . By reafon wherof there lic hidden:irr ic che actions and paffions of the o- 
ther regular folides . And Lwouldhaue thouphrit norimpertinen: to the purpofe 
to haue fet forth the infctiptions and circuimfcriptians ofi this folide, if want of time 
had nothindred. But to the end the reader may the better artaine to the vnder- 
ftanding therof, I haue here following briefly fet forth, how it may intor about ee 
uety one ofthe fiue regular folides be infenbed) or ciraunfcribed : by thehelpe 
whereof he may, with final trauaileor rather none arall, fo that he haue well B 
fed and confidered the demonftratians pertayning to the forefayd fiue regular fa- 
lides, demonftrate both the infcription of thc fayd folides in it, and rhe infetiption 
ofitin the [ayd folides. 


€ Of the inferiptions and circumfcriptions of 


an Icofidodecahedron. 


An Icofidodecahedron may containe the other fiue regular bodyes . Forít 
will receauc the angles ofa Dodecahedron,in the centres of the triangles which 
fubtend the folide angles of the Dodecahedron: which folideangles are 20.in nū- 
ber,and are placed in the fame order in which the folideangles of the Dodecahe- 
dron taken away or fubtended by them, are. And by thatreafon it fhallreceauea 
Cube and a Pyrainis contayned in the Dodecahedron : when as the angles of the 
one are {ct in theangles of the other. 

An Icofidodecahedron receaueth an O@ohedron, in the angles cutting the 
fixe oppofite fections of the Dodecahedron, euen.as if it were a fimple Dode- 
cahedron. 

Andítcontaineth an Icofahedron,placing the 12.angles of the Icofahedron 
in the felfe fame centres ofthe 12.Pentagons. 


It may alfo by the fame reafon beinfcribedin euery one ofthe fiue regular bo- 
dies : namely, ina Pyramis,ifye place 4.triangular bafes concentricall with 4.bafes 
of the Pyramis,after the fame maner, that ye infcribed an Icofahedró in a Pyramis, 
So likewife may it be infcribed in an O&ohedron, ifye make 8.bafes thereof con- 
cenuicall with the 8.bafes ofthe Octohedron . Ic thall alfo be infcribed in a Cube, 
if ye place the angles which receaue the O&ohedronin{cribed in it, in the centres 
of thé bafes ofthe Cube. Moreouer, ye fhallin{cribe ir in an Icofahedron, when 
the triangles compafed in of the Pentagon bafes, are concentricall with the mian- 
gles,which make a folide angle oftheIcofahedron. Finally, it fhall be infcribed 
jna Dodecahedron, if yc place euery one of the angles thereof in the midle feái- 
ons ofthe fides of the Dodecahedron, according to the order of the conítruái- 
on thereof. 


The oppofite plaine fuperficieces alfo of this folide are parallels. For the op- 
pofite folide angles are fubtended of parallel plaine füperficieces as well in thean- 
gles ofthe Dodecahedton fübtended by trianeles, as in the angles ofthe Icofahe- 
dron ſubtended of Pentagons, which thing may eafily be demonftrated.. More- 
ouer in this folide are infinice properties & paffions, fpringing of thie folides. wher- 
of it iscompofed; 

Whercfpre it ismanifeft chata Dodecafiedron &an Icofatredron, mixed, are 
tranfformed 


Flufías of inixt and 


tranfformed into one & thefelfc fame folide'of an Icofidodecahedron. A cube al^ 
Ío andan octohedró are mixed and altered into an. other folide, namely, into one 
and the fame Exoctohedron . But a pyramis is tranftormed into a fimple and per- 
fe&folide,namely iato an Octohedron. exo 
. Ifwewillframe thefetwo folides ioyned together into one folide, this onely 
muft we obferue, : 

In the pentagon of a dodecahedron infcribe a like pentagon,fo that let the an- 

gles of the pentagon infcribed be fetin the midlefe&ions ofthe fides of the pen- 
tagon circumfcribed;and then: vpon the faid pentagon infcribed, let there bc fet a 
folide angle of an Icofahedron, and fo obferue the felte fame order in euery one 
of the bafes of the Dodecahedron: and the folide angles of the Icofahedron fet 
vpon thefe pentagons fhall produce afolideconfifting of the whole Dodecahe- 
dron,and of the whole Icofahedron.In like fort,ifin eucry bafe ofthe Icofahedró, 
the fides being diuided into two equall partes bé infcribed an equilater triangle, 
and vpon euery one ofthofe cquilater triangles be feta folide angle ofa Dodeca- 
hedron: there fhall be produced the felfe fame folide confifting of the whole Ico- 
fahedron, & of the whole Dodccahedron. i. 
^ .Andaftertnefame orderjfin the bafes ofa cube, be infcribed fquares fübten- . 
ding the folide angles of an O@ohedron,or in the bafes ofan O€ohedron,be in” 
fcribed equilater.triangles fubtéding the folide angles of a cube, there fhall be pro- 
duced a folide confifting of either of the whole folides,namely,of the whole cube 
and of the whole O&ohedron. 
- : Butequilatertiiangles infcribed in the bafes ofa pvramis,hauing their angles 
fetinthe midle fections ofthe fides of the pyramis,and the folide angles of a pyra- 
inis fet vpon the fayd equilatertriangles;there fhall be produced a folide, confi- 
fting of wo equal and like pyramids. J m 

And now i£inthefefolides thus compofed, ye take away the folide angles, 
thcrefhalbe reftored againe the firft compofed folides : namely, the folide angles 
taken away from a Dodccahedron and an Icofahédron compofed into one, there 
fhalbc left an Icofidodecahedton:the folide angles také away from a cube,and an 
o&ohedtó cópofed into one folide,there fhalbeleft an exo&hedró.Moreouer the 
folide angles:taken away from two pyramids compofed into onefolide, there fhal 
beleftanO@ohedron, —— `` 


Fluffus after this fetteth forth certaine paffions and properties of the fiue fim- 

le regular bodies:svhich although lie demonftrateth not,yetare they nothard to 

be demonftrated, if we wel peafe and conceiue that, whith in the formcr bookes 
hath bene taught touching thofe folides. hs 


O fthe nature ofa trilater and equilater Pyramis. 


A trilater equilater Pyramis,is deuided into two equal partes, by three equal 
{quares,which in the cence of the pyramis cutte the onc the other into two equal 
partes,and perpendicularly,and whofe angles are fet in the midle fections of the 
fides ofthe pyramis. From a pyramis are taken away 4. pyramids like vnto the 
whole, which veterly take away the fides of the pyramis, and that which is left 
f DD is 
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is an octohedró infcribed in the pyramys in which all the folides infcribed in the 
pyramisare contained. — A perpendicular drawne from the angle of the pyramis 
to the bafe,is double to the diameter of the cubeinfcribed in it. And aright line 
coupling the midle fections of the oppofite fides of the pyramis,is triple to the fide 

ofthe felfe fame cube. The fide alfo ofthe pyramis is triple to the diameter of the 

bafe ofthe cube. Wherefore the fame fidc ot the pyramis is in power duple to 

the right line which coupleth the midle fections of the oppofite fides. And itis 

in powcr fefquialter to the perpendicular which is drawne from the angle to the 

bafe. Whercfore the perpendicular is in power fefquitertia to thie line which cou- 
‘pleth che midle fections of the oppofite (ides. A pyramis,and an O&ohedron ine 

{cribed in it,alfo an Icofahedron infcribed in the fame O &ohedron, doo contairie 

one and the felfe fame (phere. 


Ofthe nature ofan Octohedron. 


Foure perpendiculars ofan O€tohedron,drawne in 4.bafes therof from nwo 
oppofite angles of the faid O@ohedron, and coupled together by thofe 4.bafes, 
defcribe a Rhombus,or diamond figure : one of whofe diameters is in power-du- 
ple to the other diameter.For it hath the fame proportió thar the diameter of the 
O@ohedron,hath to thefide ofthe O&ohedron. An Octohedron X an Icofahe- 
dron infcribed in it,do containe one and the felfe fame fphere. The diameter of 
the folide of the Octohedron,is in power fefquialtcr to the diameter of the circle 
which containeth the bafe:and is in power triple to the right line which coupleth 
the cétres of the oppofite bafes:and is in power "duple fuperbipartiens tercias to 
the perpédicular or fide of the forefaid Rhombus:and moreoucr is in légth triple 
to the line which coupleth the centres of the next bafes. The angle of the incli- 
nation of the bafes of the Octohedron, doth with the angle of the inclination of 
the bafes of the pyramis,make angles equal to two rightangles. zs 


Ofthe nature ofa Cube. 


The diameter of acube,is in power fefquialterto the diameter of his bafe : 
and is in power triple to his fide : and vnto the line which coupleth the centres of 
the next bafes,it is in power fextuple. Moreouer the fide of the cube is to the fide 
ofthe Icofahedron infcribed in it, as the whole is to the greater fegment : vnto 
the fide ofthe Dodecahedron, itis as the wholeis to the leffe fegment: vnto the 
fide of the Octohedron, itis in power duple:and vnto the fide of the pyramis,it is 
in power fubduple. Moreouer the cube is triple to the pyramis : but to the cube 
the Dodecahedron is in a maner duple. Whcrfore the fame Dodecahedron is in a 
maner fextuple to the fayd pyramis. 


Of the nature ofan Icofahedron. 


Fiue triangles ofan Icofahedron,do make a folide angle, the bafes of which 
Ariangles make a pentagon. If therfore from the oppofite bafes of the Icofahedron 
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be taken the other pentagon by them defcribed,thefe pentagons fhall in fuch fort 
cut the diameter of the Icofahedron which coupleth the forfaid oppofite angles, 
that that part which is contained betweene the plaines of thofe two pentagons, 
fhalbe the greater fegment:and the refidue which is drawne from the plaine to 
the angle fhall be the leffe fegment.If the oppofite angles of two bafes ioyned to- 
gether,be coupled by aright line, the greater fegment of that rightline is the fide 
of the Icofahedron . A line drawne from the centre of the Icofahedron to the an- , 
gles, isin ee quintuple,to halfc that line which is také betwene the pentagós, 
or of the halfe of that line which is drawne from the centré of the circle which có- 
tayneth the forefaid pentagon: which two lines are therefore equall . The fide of 
the Icofahedron contayneth in power either of them „and alfo the leffe fegmene, 
namely,the line which falleth from the folide angle to the pentagon . The diame- 
ter of the Icofahedron contayneth in power the whole line, which coupleth the 
oppofite angles of the bafes ioyned together, and the greater fegment thereof, 
namely , the fide of the Icofahedron. The diameter alfo isin power quintuple to 
the line which was taken betwene the pentagons, or to theline which is drawne 
from the centre to the circumference of the circle which containeth the pentagon 
cépofed of the fides of the Icofahedron. The dimetient contayneth in power the 
right line which — the centres ofthe oppofite bafes of the Icofahedron, 
and the diameter of the circle which contayneth the bafe . Moreouer the fayd di- 
metient contayncth in power the diameter of the circle which contayneth the 
pentagon , and alfo the line which is drawne from the centre of the fame circle to 
thecircumference: Thatis, itis quintuple to the line drawne from the centre to 
the circumference.The line which coupleth the centres of the oppolite bafes,con 
fayneth in powerthe line which — the centres of the next baſes, and alſo 


cthe reſt of that line of which the ſide of the cube inſctibed in the Icoſahedron is 
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the greater fegment . The linc which coupleth the middle fections of the oppofite 
fidesjis triple to the fide of the dodecahedron infcribed init . Wherefore ifthe 
lide of the Icofahedron , and the greatcr fegment thereofbe made one line , the 
third part of the wholejis the fide of the dodecahedron jnfcribed in the Icofahe- 
dron, : 


Of the nature ofa Dodecahedron, 


_ The diameter of a dodecahedron contayncth in power the fide of the dode- 
cahedron, and alfo that right line, vnto which the fide of the dodecahedron is the 
leffc fegment, and the fide ofthe cube infcribed in itis the greater fegmét : which 
line is that which fubtendeth the angle of the inclination of the bafes, con tayned 
vader two perpendiculars of the bales of the dodecahedson.If there be taken two 
bafes of the dodecahedron diftant the one from the other by the length of one of 
the fides,a right line coupling their centres, being divided by an extreame and 
meane proportion , maketh the greater fegmenc the right line which coupleth the 
centres of the next bafes,If by the centres of fiue bafes fet vppon one bafe , be 
drawne a playne fuperficies,and by the centres of the bafes which are fet vpon the 
oppofite bafe be drawne alío a playne fuperficies, and then be drawne a right line 
coupling the centres of the oppofite bafes, that right linc is fo cut, that eche of his 
partes fet without the playne fuperficies,is the greater fegment of that part which 
1s contayned betwene the playnes , The fide of the dodecahedron E the greater 
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compofed regular folides. >> Fol 4.63. 
feomentof the line which fubtendeth the angle of the pentagon. A perpendicular 
line drawne from the centre‘of the dodecahedron to one of the bafes,is in power 
quintuple to half the line which is betwenc the playnes : And therfore the whole 
line which coupleth the centres of the oppofite bafes,is in power quintuple to the 

whole line which is berwene the fayd ptaynes. The line which fubtédeth the 
‘angle of the bafe of the dodecahedré together with the fide of the bafe,are 
" “in power quintuple to the line which is drawne from the cétre of the 
' circle, which conrayneth the bafe;to the circumference. A feGti- 
on ofa {phere contayning three bafes of the dodecahedron 
taketh a third part of the diameter oF the fayd fphere. 
The fide of the dodecahedron „and the line which 
fubcendeth the angle of the pentagon, are e- 
quall to the right line which coupleth the 
middle fections of the oppofite tides of 
the dodecahedron. — 
(32) 5 dee 
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Faultes efcáped. - ‘ 


M Aruaile not ( gentle reader ) that faultes here following, haue efcaped in the córre&tion of this 

booke. For,for that the matter in jt contayned isftraunge to our Printers here in England;notha- 
uing bene accuftomed to Print many,or rather any bookes contayning füch matter, which caufeth them 
to be vnfurnifhed ofa corretor f kilfull in that art : I was forced, to my great trauaile and paine,to cor- 
reéte the whole booke my felfe . And in déede fometimes for want of Argus eyes, and iutte confiderati- 
on notwithitanding my diligence in cotie£üng, faultes efcaped through me : fometimes alfo for lacke 
of diligence in the Printer to amend my corre£tions faultes remayued vncorrected by his meanes. So 
that betwene vs both. thefe faultes haue efcaped vncoirected ; which faiultes yet,to fay the trouth,for 
the moll part are fach, as a very young ftudene without n6üng them vrto hi, mought eafily ofhim 
felfe finde and corre&e.And this I dare boldly affirme,that not maay bookes if any, concerning this art" 
in other tounges,Greke,Latíne,or It2lian;a e with fo fewe faults of importance Priated , as this booke 
is . Fhe triall whèrof | referre to them which ha ered any-bookes of this arte in other founges, & thall 
happen hereafter to read this . And'as touchiag thefe faultes to bé tariected,1 would withe you (good 
reader ) before you beginne to read any of the 16;bookes in this volum« contained, firit to amend the 
faultes in that booke which you will read, according as they are here fignified vto you. Where you 
fhall &nde in what booke,leafe,fide,and line, both the faukc efcaped is, & alfo how itis to be corrected, 
Andifyou happen in reading to finde any more faultes iot here mentioned, as peraduenture you may, 
for that diuers faultes were vtterly fo eafie and light to corre&te, that I would not note them,& befides 
that, no one man though he be neuer fo diligent and circumfpc&te can efpie all thinges, I eruft you will 
therefore impute no blame either vnto meor tothe Prioter,butrently amend and correct them,accep- 
ting our good minde, which was to hauc had the booke paffed to your handes vtterly without fault, as 
touching the Printiag. 
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PREFACE 


er HERE never has been, and till we see it we never 

shall believe that there can be, a system of geometry 
worthy of the name, which has any material departures (we do 
not speak of corrections or extensions or developments) from 
the plan laid down by Euclid." De Morgan wrote thus in 
October 1848 (Short supplementary remarks on the first six 
Books of Euchid's Elements in the Companion to the Almanac 
for 1849); and I do not think that, if he had been living 
to-day, he would have seen reason to revise the opinion so 
deliberately pronounced sixty years ago. It is true that in the 
interval much valuable work has been done on the continent 
in the investigation of the first principles, including the 
formulation and classification of axioms or postulates which 
are necessary to make good the deficiencies of Euclid's own 
explicit postulates and axioms and to justify the further 
assumptions which he tacitly makes in certain propositions, 
content apparently to let their truth be inferred from observa- 
tion of the figures as drawn ; but, once the first principles are 
disposed of, the body of doctrine contained in the recent text- 
books of elementary geometry does not, and from the nature 
of the case cannot, show any substantial differences from that 
set forth in the Elements. In England it would seem that far 
less of scientific value has been done; the efforts of a multitude 
of writers have rather been directed towards producing alter- 
natives for Euclid which shall be more suitable, that is to say, 
easier, for schoolboys. It is of course not surprising that, in 
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these days of short cuts, there should have arisen a movement 
to get rid of Euclid and to substitute a "royal road to 
geometry "; the marvel is that a book which was not written 
for schoolboys but for grown men (as all internal evidence 
shows, and in particular the essentially theoretical character 
of the work and its aloofness from anything of the nature of 
“practical” geometry) should have held its own as a school- 
book for so long. And now that Euclid's proofs and arrange- 
ment are no longer required from candidates at examinations 
there has been a rush of competitors anxious to be first in the 
field with a new text-book on the more “practical” lines which 
now find so much favour. The natural desire of each teacher 
who writes such a text-book is to give prominence to some 
special nostrum which he has found successful with pupils. 
One result is, too often, a loss of a due sense of proportion; 
and, in any case, it is inevitable that there should be great 
diversity of treatment. It was with reference to such a danger 
that Lardner wrote in 1846: ‘Euclid once superseded, every 
teacher would esteem his own work the best, and every school 
would have its own class book. All that rigour and exactitude 
which have so long excited the admiration of men of science 
would be at anend. These very words would lose all definite 
meaning. Every school would have a different standard; 
matter of assumption in one being matter of demonstration in 
another; until, at length, Geometry, in the ancient sense of 
the word, would be altogether frittered away or be only 
considered as a particular application of Arithmetic and 
Algebra." It is, perhaps, too early yet to prophesy what will 
be the ultimate outcome of the new order of things; but it 
would at least seem possible that history will repeat itself and 
that, when chaos has come again in geometrical teaching, 
there will be a return to Euclid more or less complete for the 
purpose of standardising it once more. 

But the case for a new edition of Euclid is independent of 
any controversies as to how geometry shall be taught to 
schoolboys. Euclid’s work will live long after all the text-books 
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of the present day are superseded and forgotten. It is one 
of the noblest monuments of antiquity; no mathematician 
worthy of the name can afford not to know Euclid, the real 
Euclid as distinct from any revised or rewritten versions 
which will serve for schoolboys or engineers. And, to know 
Euclid, it is necessary to know his language, and, so far as it 
can be traced, the history of the “elements” which he 
collected in his immortal work. 

This brings me to the raison d'être of the present edition. 
A new translation from the Greek was necessary for two 
reasons. First, though some time has elapsed since the 
appearance of Heiberg's definitive text and prolegomena, 
published between 1883 and 1888, there has not been, so far 
as | know, any attempt to make a faithful translation from it 
into English even of the Books which are commonly read. 
And, secondly, the other Books, vit. to x. and xii, were not 
included by Simson and the editors who followed him, or 
apparently in any English translation since Williamson's 
(1781—8), so that they are now practically inaccessible to 
English readers in any form. 

In the matter of notes, the edition of the first six Books 
in Greek and Latin with notes by Camerer and Hauber 
(Berlin, 1824—5) is a perfect mine of information. It would 
have been practically impossible to make the notes more 
exhaustive at the time when they were written. But the 
researches of the last thirty or forty years into the history of 
mathematics (I need only mention such names as those of 
Bretschneider, Hankel, Moritz Cantor, Hultsch, Paul Tannery, 
Zeuthen, Loria, and Heiberg) have put the whole subject 
upon a different plane. I have endeavoured in this edition 
to take account of all the main results of these researches up 
to the present date. Thus, so far as the geometrical Books 
are concerned, my notes are intended to form a sort of 
dictionary of the history of elementary geometry, arranged 
according to subjects; while the notes on the arithmetical 
Books vi1.—1x. and on Book x. follow the same plan. 
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I desire to express here my thanks to my brother, 
Dr R. S. Heath, Vice-Principal of Birmingham University, 
for suggestions on the proof sheets and, in particular, for the 
reference to the parallelism between Euclid's definition of 
proportion and Dedekind's theory of irrationals, to Mr R. D. 
Hicks for advice on a number of difficult points of translation, 
to Professor A. A. Bevan for help in the transliteration of 
Arabic names, and to the Curators and Librarian of the 
Bodleian Library for permission to reproduce, as frontispiece, 
a page from the famous Bodleian MS. of the Elements. 
Lastly, my best acknowledgments are due to the Syndics of 
the Cambridge University Press for their ready acceptance 
of the work, and for the zealous and efficient coöperation of 
their staff which has much lightened the labour of seeing the 
book through the Press. 


T. L. H. 


November, 1908. 


PREFACE TO THE SECOND EDITION 


LIKE to think that the exhaustion of the first edition of 

this work furnishes a new proof (if such were needed) 
that Euclid is far from being defunct or even dormant, and 
that, so long as mathematics is studied, mathematicians will 
find it necessary and worth while to come back again and 
again, for one purpose or another, to the twenty-two-centuries- 
old book which, notwithstanding its imperfections, remains the 
greatest elementary textbook in mathematics that the world is 
privileged to possess. 

The present edition has been carefully revised throughout, 
and a number of passages (sometimes whole pages) have been 
rewritten, with a view to bringing it up to date. Some not in- 
considerable additions have also been made, especially in the 
Excursuses to Volume I, which will, I hope, find interested 
readers. 

Since the date of the first edition little has happened in the 
domain of geometrical teaching which needs to be chronicled. 
Two distinct movements however call for notice. 

The first is a movement having for its object the mitigation 
of the difficulties (affecting in different ways students, teachers 
and examiners) which are found to arise from the multiplicity 
of the different textbooks and varying systems now in use for 
the teaching of elementary geometry. These difficulties have 
evoked a widespread desire among teachers for the establish- 
ment of an agreed sequence to be generally adopted in teaching 
the subject. One proposal to this end has already been made: 
but the chance of the acceptance of an agreed sequence has in 
the meantime been prejudiced by a second movement which 
has arisen in other quarters. 
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I refer to the movement in favour of reviving, in a modified 
form, the proposal made by Wallis in 1663 to replace Euclid's 
Parallel-Postulate by a Postulate of Similarity (as to which see 
pp. 210—1 1 of Volume I of this work). The form of Postulate 
now suggested is an assumption that "Given one triangle, 
there can be constructed, on any arbitrary base, another triangle 
equiangular with (or similar to) the given triangle." It may 
perhaps be held that this assumption has the advantage of not 
referring, in the statement of it, to the fact that a straight line 
is of unlimited length; but, on the other hand, as is well known, 
Saccheri showed (17 33) that it involves more than is necessary 
to enable Euclid's Postulate to be proved. In any case it 
would seem certain that a scheme based upon the proposed 
Postulate, if made scientifically sound, must be more difficult 
than the procedure now generally followed. This being so, 
and having regard to the facts (1) that the difference between 
the suggested Postulate and that of Euclid is in effect so slight 
and (2) that the historic interest of Euclid's Postulate is so 
great, I am of opinion that the proposal is very much to be 
deprecated. 


T. L. H. 
December. 1925. 
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This is a facsimile of a page (fol. 45 verso) of the famous Bodleian Ms. of 
the Elements, D'Orville 301 (formerly x. t inf. 2, 30), written in the year 
888. The scholium in the margin, not very difficult to decipher, though 
some letters are almost rubbed out, is one of the scholia Vaticana given by 
Heiberg (Vol. v. p. 263) as i11. No. 15: Aià 700 xévrpov obodw obx Ñv 
qnr'ecus átxov, el ôlxa réuvovaw dANjNas: 0 yàp kévrpov aórÓv 1) Óxoroula. 
dpolws cal 7 el ras érépas dia Tov Kévrpou obons 7 érépa uh dia 700 Kévrpou etn, 
Ort ov Slya réuverac 7 dia Tod Kévrpov. The 7 before ef in the last sentence 
should be omitted. PF Vat. read 7 without el. The niarginal references 
lower down are of course to propositions quoted, (1) &d 70 a’ 70d y’, “ by 
I. t," and (2) &à rà y' roU avrov, ** by 3 of the same." 
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INTRODUCTION. 


CHAPTER I. 


EUCLID AND THE TRADITIONS ABOUT HIM. 


AS in the case of the other great mathematicians of Greece, so in 
Euclid’s case, we have only the most meagre particulars of the life 
and personality of the man. 

Most of what we have is contained in the passage of Proclus 
summary relating to him, which is as follows! : 

“Not much younger than these (sc. Hermotimus of Colophon and 
Philippus of Medma) is Euclid, who put together the Elements, collect- 
ing many of Eudoxus’ theorems, perfecting many of Theaetetus’, and 
also bringing to irrefragable demonstration the things which were 
only somewhat loosely proved by his predecessors. This man lived? 
in the time of the first Ptolemy. For Archimedes, who came imme- 
diately after the first (Ptolemy)*, makes mention of Euclid: and, 
further, they say that Ptolemy once asked him if there was in 
geometry any shorter way than that of the elements, and he answered 
that there was no royal road to geometry“. He is then younger than 
the pupils of Plato but older than Eratosthenes and Archimedes ; for 
the latter were contemporary with one another, as Eratosthenes some- 
where says.” 

This passage shows that even Proclus had no direct knowledge 
of Euclid's birthplace or of the date of his birth or death. He pro- 
ceeds by inference. Since Archimedes lived just after the first 


, 


! Proclus, ed. Friedlein, p. 68, 6—20. 

! The word yéyove must apparently mean ''flourished," as ileiberg understands it 
(Litterargeschichtliche Studien über Euklid, 1882, p. 26), not '* was born," as Hankel took 
it: otherwise part of Proclus’ argument would lose its cogency. 

5 So Heiberg understands é¢xifaddv 7g vpór (sc. IIroAeualy). Friedlein’s text has 
xal between éxifaAGv and rq wpóry; and it is right to remark that another reading is 
cal lv ry wpdry (without éwifaduv) which has been translated ‘in his first 400k,” by which 
is understood On the Sphere and Cylinder 1., where (1) in Prop. 2 are the words ‘let BC 
be made equal to D by the second (proposition) of the first of Euclid’s (books),"” and (3) in 
Prop. 6 the words *' For these things are handed down in the Elements " (without the name 
of Euclid). Heiberg thinks the former passage is referred to, and that Proclus must 
therefore have had before him the words '' by the second of the first of Euclid": a fair proof 
that they are genuine, though in themselves they would be somewhat suspicious. 

* The same story is told in Stobaeus, Ec. (11. p. 228, 3o, ed. Wachsmuth[ about 
Alexander and Menaechmus. Alexander is represented as having asked Menaechmus to 
teach him geometry concisely, but he replied : **O king, through the country there are royal 
roads and roads for common citizens, but in geometry there is one road for all.” 
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Ptolemy, and Archimedes mentions Euclid, while there is an anecdote 
about some Ptolemy and Euclid, therefore Euclid lived in the time of 
the first Ptolemy. 

We may infer then from Proclus that Euclid was intermediate 
between the first pupils of Plato and Archimedes. Now Plato died in 
347/6, Archimedes lived 287-212, Eratosthenes c. 284-204 B.C. Thus 
Euclid must have flourished c. 300 B.c., which date agrees well with 
the fact that Ptolemy reigned from 306 to 283 B.C. 

It is most probable that Euclid received his mathematical training 
in Athens from the pupils of Plato; for most of the geometers who 
could have taught him were of that school, and it was in Athens that 
the older writers of elements, and the other mathematicians on whose 
works Euclid's Elements depend, had lived and taught. He may 
himself have been a Platonist, but this does not follow from the state- 
ments of Proclus on the subject. Proclus says namely that he was of 
the school of Plato and in close touch with that philosophy’. But 
this was only an attempt of a New Platonist to connect Euclid with 
his philosophy, as is clear from the next words in the same sentence, 
“for which reason also he set before himself, as the end of the whole 
Elements, the construction of the so-called Platonic figures.” It is 
evident that it was only an idea of Proclus' own to infer that Euclid 
was a Platonist because his E/ements end with the investigation of 
the five regular solids, since a later passage shows him hard put to 
it to reconcile the view that the construction of the five regular solids 
was the end and aim of the Elements with the obvious fact that they 
were intended to supply a foundation for the study of geometry in 
general, “to make perfect the understanding of the learner in regard 
to the whole of geometry?" To get out of the difficulty he says’ that, 
if one should ask him what was the aim (cxomos) of the treatise, he 
would reply by making a distinction between Euclid's intentions 
(1) as regards the subjects with which his investigations are concerned, 
(2) as regards the learner, and would say as regards (1) that "the 
whole of the geometer’s argument is concerned with the cosmic 
figures.” This latter statement is obviously incorrect. It is true 
that Euclid's Elements end with the construction of the five regular 
solids; but the planimetrical portion has no direct relaticn to them, 
and the arithmetical no relation at all; the propositions about them 
are merely the conclusion of the stereometrical division of the work. 

One thing is however certain, namely that Euclid taught, and 
founded a school, at Alexandria. This is clear from the remark of 
Pappus about Apollonius‘: “he spent a very long time with the 
pupils of Euclid at Alexandria, and it was thus that he acquired 
such a scientific habit of thought.” 

It is in the same passage that Pappus makes a remark which 
might, to an unwary reader, seem to throw some light on the 


1 Proclus, p. 68, 20, cal 79 mpoaipécer 5¢ Tarwvixds dori cal rp Gidocogla ravrp oixeios. 

3 ibid. p. 7t, 8. 3 ibid. p. 70, 19 sqq. 

* Pappus, vil. p. 678, 10—12, evexoAácas rois mà EUxNelbov padnrais év ’ANeardpelg 
wreiorov xpbvov, blev loxe kal Tv Tavr ÉEw oix dpab7. 
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personality of Euclid. He is speaking about Apollonius' preface 
to the first book of his Comics, where he says that Euclid had not 
completely worked out the synthesis of the “three- and four-line 
locus,” which in fact was not possible without some theorems first 
discovered by himself. Pappus says on this': "Now Euclid— 
regarding Aristaeus as deserving credit for the discoveries he had 
already made in conics, and without anticipating him or wishing to 
construct anew the same system (such was his scrupulous fairness and 
his exemplary kindliness towards all who could advance mathematical 
science to however small an extent), being moreover in no wise con- 
tentious and, though exact, yet no braggart like the other [Apollonius] 
—wrote so much about the locus as was possible by means of the 
conics of Aristaeus, without claiming completeness for his demonstra- 
tions.” It is however evident, when the passage is examined in its 
context, that Pappus is not following any tradition in giving this 
account of Euclid: he was offended by the terms of Apollonius’ 
reference to Euclid, which seemed to him unjust, and he drew a 
fancy picture of Euclid in order to show Apollonius in a relatively 
unfavourable light. 

Another story is told of Euclid which one would like to believe true. 
According to Stobaeus’, “some one who had begun to read geometry 
with Euclid, when he had learnt the first theorem, asked Euclid, ‘ But 
what shall I get by-learning these things?’ Euclid called his slave 
and said ‘Give him threepence, since he must make gain out of what 
he learns. ” 

In the middle ages most translators and editors spoke of Euclid 
as Euclid of Megara. This description arose out of a confusion 
between our Euclid and the philosopher Euclid of Megara who lived 
about 400 B.C. The first trace of this confusion appears in Valerius 
Maximus (in the time of Tiberius) who says’ that Plato, on being 
appealed to for a solution of the problem of doubling the cubical 
altar, sent the inquirers to “Euclid the geometer.” There is no doubt 
about the reading, although an early commentator on Valerius 
Maximus wanted to correct “ Eucliden ” into “Eudoxum,” and this 
correction is clearly right. But, if Valerius Maximus took Euclid the 
geometer for a contemporary of Plato, it could only be through 
confusing him with Euclid of Megara. The first specific reference to 
Euclid as Euclid of Megara belongs to the 14th century, occurring in 
the úmouvnpatıopoi of Theodorus Metochita (d. 1332) who speaks of 
“Euclid of Megara, the Socratic philosopher, contemporary of Plato,” 
as the author of treatises on plane and solid geometry, data, optics 
etc.: and a Paris Ms. of the 14th century has " Euclidis philosophi 
Socratici liber elementorum." The misunderstanding was general 
in the period from Campanus’ translation (Venice 1482) to those of 
Tartaglia (Venice 1565) and Candalla (Paris 1566). But one 
Constantinus Lascaris (d. about 1493) had already made the proper 

1 Pappus, vir. pp. 676, 25—678, 6. Hultsch, it is true, brackets the whole passage 


pp- 676, 25—678, 15, but apparently on the ground of the diction only. 
3 Stobaeus, /.c. ? viti. 13, ext. 1. 
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distinction by saying of our Euclid that “he was different from him 
of Megara of whom Laertius wrote, and who wrote dialogues"; and 
to Commandinus belongs the credit of being the first translator? to 
put the matter beyond doubt : " Let us then free a number of people 
from the error by which they have been induced to believe that our 
Euclid is the same as the philosopher of Megara” etc. 

Another idea, that Euclid was born at Gela in Sicily, is due to tne 
same confusion, being based on Diogenes Laertius' description" of the 
philosopher Euclid as being “of Megara, or, according to some, of 
Gela, as Alexander says in the Avadoyai.” 

In view of the poverty of Greek tradition on the subject even as 
early as the time of Proclus (410-485 A.D.), we must necessarily take 
cum grano the apparently circumstantial accounts of Euclid given by 
Arabian authors; and indeed the origin of their stories can be 
explained as the result (1) of the Arabian tendency to romance, and 
(2) of misunderstandings. 

We read‘ that “ Euclid, son of Naucrates, grandson of Zenarchus*, 
called the author of geometry, a philosopher of somewhat ancient 
date, a Greek by nationality domiciled at Damascus, born at Tyre, 
most learned in the science of geometry, published a most excellent 
and most useful work entitled the foundation or elements of geometry, 
a subject in which no more general treatise existed before among the 
Greeks : nay, there was no one even of later date who did not walk 
in his footsteps and frankly profess his doctrine. Hence also Greek, 
Roman and Arabian geometers not a few, who undertook the task 
of illustrating this work, published commentaries, scholia, and notes 
upon it, and made an abridgment of the work itself. For this reason 
the Greek philosophers used to post up on the doors of their schools 
the well-known notice: ‘Let no one come to our school, who has not 
first learned the elements of Euclid" The details at the beginning 
of this extract cannot be derived from Greek sources, for even Proclus 
did not know anything about Euclid's father, while it was not the 
Greek habit to record the names of grandfathers, as the Arabians 
commonly did. Damascus and Tyre were no doubt brought in to 
gratify a desire which the Arabians always showed to connect famous 
Greeks in some way or other with the East. Thus Nasiraddin, the 
translator of the Evements, who was of Tis in Khurasan, actually 
makes Euclid out to have been *' Thusinus" also*. The readiness of 
the Arabians to run away with an idea is illustrated by the last words 


! Letter to Fernandus Acuna, printed in Maurolycus, Historia Siciliae, fol. 21 r. (see 
Heiberg, Eukiid-Studien, pp. 22—3, 25). 

? Preface to translation (Pisauri, 1572). 

* Diog. L. t1. 106, p. 58 ed. Cobet. 

“Casini, Bibliotheca Arabico-Hispana Escurialensis, 1. P.:339. Casiri’s source is al- 
Qifti (d. 1248), the author of the 7a’rikh al-Hukamd, a collection of biographies of phi- 
losophers, mathematicians, astronomers etc. 

The Fihrist says “son of Naucrates, the son of Berenice (?) "' (see Suter's translation in 
Abhandlungen sur Gesch. d. Math, vi. Heft, 1893, p. 16). 

ê The same predilection made the Arabs describe "Pythagoras as a pupil of the wise 
Salomo, Hipparchus as the exponent of Chaldaean philosophy or as the —8 Archi- 
medes as an Egyptian etc. (Haji Khalfa, Lexicon Biblioyraphicum, and Casiri). 
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of the extract. Everyone knows the story of Plato’s inscription over 
the porch of the Academy: “let no one unversed in geometry enter 
my doors”; the Arab turned geometry into Euclid’s geometry, and 
told the story of Greek philosophers in general and “their Academies.” 

Equally remarkable are the Arabian accounts of the relation of 
Euclid and Apollonius’. According to them the Elements were 
originally written, not by Euclid, but by a man whose name was 
Apollonius, a carpenter, who wrote the work in 15 books or sections?. 
In the course of time some of the work was lost and the rest became 
disarranged, so that one of the kings at Alexandria who desired to 
study geometry and to master this treatise in particular first questioned 
about it certain learned men who visited him and then sent for Euclid 
who was at that time famous as a geometer, and asked him to revise 
and complete the work and reduce it to order. Euclid then re-wrote 
it in 13 books which were thereafter known by his name. (According 
to another version Euclid composed the 13 books out of commentaries 
which he had published on two books of Apollonius on conics and 
out of introductory matter added to the doctrine of the five regular 
solids.) To the thirteen books were added two more books, the work 
of others (though some attribute these also to Euclid) which contain 
several things not mentioned by Apollonius. According to another 
version Hypsicles, a pupil of Euclid at Alexandria, offered to the 
king and published Books XIV. and xv., it being also stated that 
Hypsicles had "discovered" the books, by which it appears to be 
suggested that Hypsicles had edited them from materials left by Euclid. 

We observe here the correct statement that Books XIV. and XV. 
were not written by Euclid, but along with it the incorrect informa- 
tion that Hypsicles, the author of Book x1v., wrote Book xv. also. 

The whole of the fable about Apollonius having preceded Euclid 
and having written the Elements appears to have been evolved out of 
the preface to Book x1v. by Hypsicles, and in this way; the Book 
must in early times have been attributed to Euclid, and the inference 
based upon this assumption was left uncorrected afterwards when it 
was recognised that Hypsicles was the author. The preface is worth 
quoting : 

* Basilides of Tyre, O Protarchus, when he came to Alexandria 
and met my father, spent the greater part of his sojourn with him on 
account of their common interest in mathematics. And once, when 

! The authorities for these statements quoted by Casiri and Haji Khalfa are al-Kindi's 
tract de instituto libri Euclidis (al-Kindi died about 873) and a commentary by Qàdizáde 
ar-Rümi (d. about 1440) on a book called 4;442/ af-fà! sis (fundamental propositions) by 
Ashraf Shamsaddin as-Samarqandi (c. 1276) consisting of elucidations of 35 propositions 
selected from the first books of Euclid. Nasiraddin likewise says that Euclid cut out two of 
15 books of elements then existing and published the rest under his own name. According to 
Qadizade the king heard that there was a celebrated geometer named Euclid at Zyze: Nastr- 
addin says that he sent for Euclid of Tis. 

à So says the Fihrist. Suter (op. cit. p. 49) thinks that the author of the Fihrist did not 
suppose Apollonius of Perga to be the writer of the Elements, as later Arabian authorities 
did, but that he distinguished another Apollonius whom he calls "a carpenter.” Suter's 
argument is based on the fact that the Fihrist s article on Apollonius (of Perga) says nothing 


of the Elements, and that it gives the three great mathematicians, Euclid, Archimedes and 
Apollonius, in the correct chronological order. 
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examining the treatise written by Apollonius about the comparison 
between the dodecahedron and the icosahedron inscribed in the same 
sphere, (showing) what ratio they have to one anotber, they thought 
that Apollonius had not expounded this matter properly, and 
accordingly they emended the exposition, as I was able to learn 
from my father. And I myself, later, fell in with another book 
published by Apollonius, containing a demonstration relating to the 
subject, and I was greatly interested in the investigation of the 
problem. The book published by Apollonius is accessible to all— 
for it has a large circulation, having apparently been carefully written 
out later—but I decided to send you the comments which seem to 
me to be necessary, for you will through your proficiency in mathe- 
matics in general and in geometry in particular form an expert 
judgment on what I am about to say, and you will lend a kindly ear 
to my disquisition for the sake of your friendship to my father and 
your goodwill to me.” 

The idea that Apollonius preceded Euclid must evidently have 
been derived from the passage just quoted. It explains other things 
besides. Basilides must have been confused with Baosrevs, and we 
have a probable explanation of the “Alexandrian king,” and of the 
“learned men who visited” Alexandria. It is possible also that in 
the “Tyrian” of Hypsicles’ preface we have the origin of the notion 
that Euclid was born in Tyre. These inferences argue, no doubt, 
very defective knowledge of Greek: but we could expect no better 
from those who took the Organon of Aristotle to be “instrumentum 
musicum pneumaticum,” and who explained the name of Euclid, 
which they variously pronounced as Uclides or Icludes, to be com- 
pounded of Ucli a key, and Dis a measure, or, as some say, geometry, 
so that Uc/ides is equivalent to the key of geometry! 

Lastly the alternative version, given in brackets above, which says 
that Euclid made the Elements out of commentaries which he wrote 
on two books of Apollonius on conics and prolegomena added to the 
doctrine of the five solids, seems to have arisen, through a like 
confusion, out of a later passage’ in Hypsicles' Book XIV. : “ And this 
is expounded by Aristaeus in the book entitled ' Comparison of the five 
figures, and by Apollonius in the second edition of his comparison of 
the dodecahedron with the icosahedron.” The “doctrine of the five 
solids” in the Arabic must be the “Comparison of the five figures” 
in the passage of Hypsicles, for nowhere else have we any information 
about a work bearing this title, nor can the Arabians have had. The 
reference to the two books of Apollonius on conics will then be the 
result of mixing up the fact that Apollonius wrote a book on conics 
with the second edition of the other work mentioned by Hypsicles. 
We do not find elsewhere in Arabian authors any mention of a 
commentary by Euclid on Apollonius and Aristaeus: so that the 
story in the passage quoted is really no more than a variation of the 
fable that the Elements were the work of Apollonius. 


! Heiberg's Euclid, vol. v. p. 6. 


CHAPTER II. 


EUCLID'S OTHER WORKS. 


IN giving a list of the Euclidean treatises other than the Elements, 
I shall be brief: for fuller accounts of them, or speculations with 
regard to them, reference should be made to the standard histories of 
mathematics’. 

I will take first the works which are mentioned by Greek authors, 

I. The Pseudaria. 

I mention this first because Proclus refers to it in the general 
remarks in praise of the Elements which he gives immediately after 
the mention of Euclid in his summary. He says’: “But, inasmuch 
as many things, while appearing to rest on truth and to follow from 
scientific principles, really tend to lead one astray from the principles 
and deceive the more superficial minds, he has handed down methods 
for the discriminative understanding of these things as well, by the 
use of which methods we shall be able to give beginners in this study 
practice in the discovery of paralogisms, and to avoid being misled. 
This treatise, by which he puts this machinery in our hands, he 
entitled (the book) of Pseudaria, enumerating in order their various 
kinds, exercising our intelligence in each case by theorems of all 
sorts, setting the true side by side with the false, and combining 
the refutation of error with practical illustration. This book then is 
by way of cathartic and exercise, while the Elements contain the 
irrefragable and complete guide to the actual scientific investigation 
of the subjects of geometry.” ' 

The book is considered to be irreparably lost. We may conclude 
however from the connexion of it with the E/ementS and the reference 
to its usefulness for beginners that it did not go outside the domain 
of elementary geometry’. 

1 See, for example, Loria, Ze scienze esatte nell’ antica Grecia, 1914, pp. 245—268; 
T. L. Heath, History of Greek Mathematics, 1921, 1. pp. 421—446. Cf. Heiberg, Litterar- 
schichtliche Studien uber Euklid, pp. 36—153; Euclidis opera omnia, ed. Heiberg and 
enge, Vols. v1.—viti. 
? Proclus, p. 70, 1—18. 
> Heiberg points out that Alexander Aphrodisiensis appears to allude to the work in his 
commentary on Aristotle's Sophisticé Elenchi (fol. 25b): “Not only those (Meyxa) which do 
not start from the principles of the science under which the problem is classed...but also 
those which do start from the proper principles of the science but in some respect admit a 
paralogism, e.g. the Pseudographemata of Euclid.” Tannery (Bull. des sciences math. et astr. 


2° Séne, vI., 1882, 1è™® Partie, p. 147) conjectures that it may be from this treatise that the 
same commentator got his information about the quadratures of the circle by Antiphon and 
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2. The Data. 

The Data (SeS5ouéva) are included by Pappus in the 7vreasury of 
Analysis (rómos ávaXvóuevos), and he describes their contents, They 
are still concerned with elementary geometry, though forming part 
of the introduction to higher analysis. Their form is that of pro- 
positions proving that, if certain things in a figure are given (in 
magnitude, in species, etc.), something else is given. The subject- 
matter is much the same as that of the planimetrical books of the 
Elements, to which the Data are often supplementary. We shall see 
this later when we come to compare the propositions in the Elements 
which give us the means of solving the general quadratic equation 
with the corresponding propositions of the Data which give the 
solution. The Data may in fact be regarded as elementary exercises 
in analysis. 

It is not necessary to go more closeiy into the contents, as we 
have the full Greek text and the commentary by Marinus newly 
edited by Menge and therefore easily accessible’, 

3. The book On divisions (of figures). 

This work (epi Sia«péceov. BiXíov) is mentioned by Proclus*. 
In one place he is speaking of the conception or definition (Xóyos) 
of figure, and of the divisibility of a figure into others differing from 
it in kind ; and he adds: "For the circle is divisible into parts unlike 
in definition or notion (dvóuoia TQ Xóyg), and so is each of the 
rectilineal figures; this is in fact the business of the writer of the 
Elements in his Divisions, where he divides given figures, in one case 
into like figures, and in another into unlike*" "Like" and "unlike" 
here mean, not "similar" and "dissimilar" in the technical sense, but 
“like” or “unlike i definition or notion” (doy): thus to divide a 
triangle into triangles would be to divide it into “like” figures, to 
divide a triangle into a triangle and a quadrilateral would be to 
divide it into “unlike” figures, 

The treatise is lost in Greek but has been discovered in the 
Arabic. First John Dee discovered a treatise De divisionibus by one 
Muhammad Bagdadinus? and handed over a copy of it (in Latin) in 
1563 to Commandinus, who published it, in Dee's name and his own, 
in 1570*. Dee did not himself translate the tract from the Arabic; he 


Bryson, to say nothing of the lunules of Hippocrates. I think however that there is an 
objection to this theory so far as regards Bryson; for Alexander distinctly says that Bryson's 
quadrature did so/ start from the proper principles of geometry, but from some principles 
more general. 

1 Pappus, vtt. p. 638. 

4 Vol. vi. in the Teubner edition of Euclidis opera omnia by Heiberg and Menge. A 
translation of the Dafa is also included in Simson's Euclid (though naturally his text left 
much to be desired). 

? Proclus, p. 69, 4. * ibid. 144, 234—246. 

® Steinschneider places him in the rothc. H. Suter (Bibliotheca Mathematica, 1V,, 1903, 
Pp. 24, 27) identifies him with Abü (Bekr) Muh. b. 'AbdalbaqI al-BagdadI, Qadi (Judge) of 
Maristan (circa 1070-1141), to whom he also attributes the Liber judes (? judicis) super decimum 
Euclidis translated by Gherard of Cremona. 

© De superficierum divisionibus liber Machometo Bagdadino adscriptus, nunc primum 
Joannis Dee Londinensis et. Federici Commandini Urbinatis opera in lucem editus, Pisauri, 
1570, afterwards included in Gregory’s Euclid (Oxford, 1703). 
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found it in Latin in a MS. which was then in his own possession but 
was about 20 years afterwards stolen or destroyed in an attack by a 
mob on his house at Mortlake'. Dee, in his preface addressed to 
Commandinus, says nothing of his having /razs/ated the book, but 
only remarks that the very illegible Ms. had caused him much trouble 
and (in a later passage) speaks of "the actual, very ancient, copy from 
which I wrote out...” (in ipso unde descripsi vetustissimo exemplari). 
The Latin translation of this tract from the Arabic was probably made 
by Gherard of Cremona (1114-1187), among the list of whose numerous 
translations a “liber divisionum” occurs. The Arabic original cannot 
have been a direct translation from Euclid, and probably was not even 
a direct adaptation of it; it contains mistakes and unmathematical 
expressions, and moreover does not contain the propositions about 
the division of a circle alluded to by Proclus. Hence it can scarcely 
have contained more than a fragment of Euclid's work. 

But Woepcke found in a MS. at Paris a treatise in Arabic on the 
division of figures, which he translated and published in 18512 It is 
expressly attributed to Euclid in the MS. and corresponds to the 
description of it by Proclus. Generally speaking, the divisions are 
divisions into figures of the same kind as the original figures, eg. of 
triangles into triangles; but there are also divisions into “unlike” 
figures, e.g. that of a triangle by a straight line parallel to the base. 
The missing propositions about the division of a circle are also here: 
"to divide into two equal parts a given figure bounded by an arc 
of a circle and two straight lines including a given angle” and “to 
draw in a given circle two parallel straight lines cutting off a certain 
part of the circle" Unfortunately the proofs are given of only four 
propositions (including the two last mentioned) out of 36, because 
the Arabic translator found them too easy and omitted them. To 
illustrate the character of the problems dealt with I need only take 
one more example: “To cut off a certain fraction from a (parallel-) 
trapezium by a straight line which passes through a given point lying 
inside or outside the trapezium but so that a straight line can be 
drawn through it cutting both the parallel sides of the trapezium." 
The genuineness of the treatise edited by Woepcke is attested by the 
facts that the four proofs which remain are elegant and depend on 
propositions in the E/ements, and that there is a lemma with a true 
Greek ring: "to apply to a straight line a rectangle equal to the 
rectangle contained by AB, AC and deficient by a square.” Moreover 
the treatise is no fragment, but finishes with the words “end of the 
treatise,” and is a well-ordered and compact whole. Hence we may 
safely conclude that Woepcke’s is not only Euclid’s own work but 
the whole of it. A restoration of the work, with proofs, was attempted 
by Ofterdinger?, who however does not give Woepcke's props. 30, 31, 
34, 35, 36. We have now a satisfactory restoration, with ample notes 

! R. C. Archibald, Euclid’s Book on the Division of Figures with a restoration based on 
Woepckes text and on the Practica geometriae of Leonardo Pisano, Cambridge, 1915, pp. 4—9. 

z pum Asiatique, 1851, p. 233 sqq. i . A . 

* L. F. Ofterdinger, Beiträge zur Wiederherstellung der Schrift des Euklides über die 
Theilung der Figuren, Uim, 1853. 
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and an introduction, by R. C. Archibald, who used for the purpose 
Woepcke’s text and a section of Leonardo of Pisa’s Practica geometriae 
(1220)}. 

4. The Porisms. 

It is not possible to give in this place any account of the con- 
troversies about the contents and significance of the three lost books 
of Porisms, or of the important attempts by Robert Simson and 
Chasles to restore the work. These may be said to form a whole 
literature, references to which will be found most abundantly given 
by Heiberg and Loria, the former of whom has treated the subject 
from the philological point of view, most exhaustively, while the 
latter, founding himself generally on Heiberg, has added useful 
details, from the mathematical side, relating to the attempted restora- 
tions, etc? It must suffice here to give an extract from the only 
original source of information about the nature and contents of the 
Porisms, namely Pappus’. In his general preface about the books 
composing the Treasury of Analysis (róvros avakvópevos) he says : 

" After the Tangencies (of Apollonius) come, in three books, the 
Porisms of Euclid, [in the view of many] a collection most ingeniously 
devised for the analysis of the more weighty problems, [and] although 
nature presents an unlimited number of such porisms*, (they have 
added nothing to what was written originally by Euclid, except that 
some before my time have shown their want of taste by adding to a 
few (of the propositions) second proofs, each (proposition) admitting 
of a definite number of demonstrations, as we have shown, and 
Euclid having given one for each, namely that which is the most 
lucid. These porisms embody a theory subtle, natural, necessary, 
and of considerable generality, which is fascinating to those who can 
see and produce results]. 

“ Now all the varieties of porisms belong, neither to theorems nor 
problems, but to a species occupying a sort of intermediate position 
[so that their enunciations can be formed like those of either theorems 
or problems], the result being that, of the great number of geometers, 
some regarded them as of the class of theorems, and others of pro- 
blems, looking only to the form of the proposition. But that the 
ancients knew better the difference between these three things is 
clear from the definitions. For they said that a theorem is that 
which is proposed with a view to the demonstration of the very 
thing proposed, a problem that which is thrown out with a view to 
the construction of the very thing proposed, and a porism that which 
is proposed with a view to the producing of the very thing proposed. 
[But this definition of the porism was changed by the more recent 
writers who could not produce everything, but used these elements 


1 There is a remarkable similarity between the propositions of Woepcke's text and those 
of Leonardo, suggesting that Leonardo may have fad before him a translation (perhaps by 
Gherard of Cremona) of the Arabic tract. 

2 Heiberg, Euklid-Studien, pp. 56—79, and Loria, op. cit., pp. 253—265. 

3 Pappus, ed. Hultsch, vir. pp. 648—660. I put in square brackets the words bracketed 
by Hultsch. 

* I adopt Heiberg's reading of a comma here instead of a full stop. 
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and proved only the fact that that which is sought really exists, but 
did not produce it! and were accordingly confuted by the definition 
and the whole doctrine. They based their definition on an incidental 
characteristic, thus: A porism is that which falls short of a locus- 
theorem in respect of its hypothesis?» Of this kind of porisms loci 
are a species, and they abound in the Treasury of Analysis; but 
this species has been collected, named and handed down separately 
from the porisms, because it is more widely diffused than the other 
species]. But it has further become characteristic of porisms that, 
owing to their complication, the enunciations are put in a contracted 
form, much being by usage left to be understood; so that many 
geometers understand them only in a partial way and are ignorant of 
the more essential features of their contents. 

“[Now to comprehend a number of propositions in one enunciation 
is by no means easy in these porisms, because Euclid himself has not 
in fact given many of each species, but chosen, for examples, one or a 
few out of a great multitude* But at the beginning of the first book 
he has given some propositions, to the number of ten, of one species, 
namely that more fruitful species consisting of loci.] Consequently, 
finding that these admitted of being comprehended in one enunciation, 
we have set it out thus: 

If, in a system of four straight lines‘ which cut each other 
two and two, three points on one straight line be given while the 
rest except one lie on different straight lines given in position, 
the remaining point also will lie on a straight line given in 
Position’, 

1 Heiberg points out that Props. s—g of Archimedes’ treatise On Spirals are porisms in 
this sense. To take Prop. 5 as an example, D&F is a tangent to a circle with centre K. 


It is then possible, says Archimedes, to draw a straight line D B F 
KHF, meeting the circumference in A and the tangent in F, 
such that 


FH: HK «(acc BH): c, 


where c is the circumference of azy circle. To prove this he 
assumes the following construction. Æ being any straight line 
greater than c, he says: let KG be parallel to DF, ‘‘and let 
the line GH equal to Æ be placed verging to the point B.” 
Archimedes must of course have known how to effect this 
construction, which requires conics. But that it is possible requires very little argument, for 
if we draw any straight line BAG meeting the circle in A and XG in G, it is obvious that 
as G moves away from C, HG becomes greater and greater and may be made as great as we 
please. The "later writers ” would no doubt have contented themselves with this considera- 
tion without actually constructing HG. 

? As Heiberg says, this translation is made certain by a preceding passage of Pappus 

- 648, 1—3) where he compares two cnunciations, the latter of which "' falls short of the 
ormer in AyfotAesis but goes beyond it in reguirement." — E.g. the first enunciation requiring 
us, given three circles, to draw a circle touching all three, the second may require us, given 
only two circles (one less datum), to draw a circle touching them and of a given size (an 
extra requirement). 

* I translate Heiberg's reading with a full stop here followed by wpos dpyg 52 Suws [wpds 
4px (Sedouevov) Hultsch] rod mpwrov BiBMov.... 

* The four straight lines are described in the text as (the sides) Uwrlov 7 mapumrloy, i.e. 
sides of two sorts of quadrilaterals which Simson tries to explain (see p. 120 of the /ndex 
Graecttatis of Hultsch’s edition of Pappus). 

5 In other words (Chasles, p. 23; Loria, p. 256), if a triangle be so deformed that each of 
its sides turns about one of three points in a straight line, and two of its vertices lie on two 
straight lines given in position, the third vertex will also lie on a straight line. 
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“This has only been enunciated of four straight lines, of which not 
more than two pass through the same point, but it is not known (to 
most people) that it is true of any assigned number of straight lines 
if enunciated thus : 

If any number of straight lines cut one another, not more 
than two (passing) through the same point, and all the points 
(of intersection situated) on one of them be given, and if each of 
those which are on another (of them) lie on a straight line given 
in position— 

or still more generally thus: 

if any number of straight lines cut one another, not more than 
two (passing) through the same point, and all the points (of 
intersection situated) on one of them be given, while of the other 
points of intersection in multitude equal to a triangular number 
a number corresponding to the side of this triangular number lie 
respectively on straight lines given in position, provided that of 
these latter points no three are at the angular points of a triangle 
(sc. having for sides three of the given straight lines)—each of the 
remaining points will lie on a straight line given in position’. 

“Tt is probable that fhe writer of the Elements was not unaware 
of this but that he only set out the principle; and he seems, in the 
case of all the porisms, to have laid down the principles and the 
seed only [of many important things], the kinds of which should be 
distinguished according to the differences, not of their hypotheses, but 
of the results and the things sought. (All the hypotheses are different 
from one another because they are entirely special, but each of the 
results and things sought, being one and the same, follow from many 
different hypotheses.] 

“We must then in the first book distinguish the following kinds of 
things sought: 

" At the beginning of the book? is this proposition : 

I. ‘If from two given points straight lines be drawn meeting 
on a straight line given in position, and one cut off from a straight 
line given in position (a segment measured) to a given point on it, 
the other will also cut off from another (straight line a segment) 
having to the first a given ratio, 

‘Following on this (we have to prove) 

II. that such and such a point lies on a straight line given 

in position ; 

III. that the ratio of such and such a pair of straight lines 

is given;" 
etc. etc. (up to XXIX.). 

"'The three books of the porisms contain 38 lemmas; of the 
theorems themselves there are 171." 

! Lotia (p. 256, ». 3) gives the meaning of this as follows, pointing out that Simson was 
the discoverer of it: “If a complete #-lateral be deformed so that its sides respectively turn 
about points on a straight line, and (#- 1) of its #(—1)/2 vertices move on as many 
straight lines, the other (»-— 1) (n — 2)/2 of its vertices likewise move on as many straight 
lines: but it is necessary that it should be impossible to form with the (s - r1) vertices any 


triangle having for sides the sides of the polygon." 
2 Reading, with Heiberg, rod Bu$Mov [roi 4^ Hultsch]. 
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Pappus further gives lemmas to the Porisms (pp. 866—918, ed. 
Hultsch). 

With Pappus' account of Porisms must be compared the passages 
of Proclus on the same subject. Proclus distinguishes two senses in 
which the word wépicpa is used. The first is that of corollary where 
something appears as an incidental result of a proposition, obtained 
without trouble or special seeking, a sort of bonus which the investi- 
gation has presented us with’. The other sense is that of Euclid's 
Porisms’. In this sense* “porism is the name given to things which 
are sought, but need some finding and are neither pure bringing into 
existence nor simple theoretic argument. For (to prove) that the 
angles at the base of isosceles triangles are equal is a matter of 
theoretic argument, and it is with reference to things existing that 
such knowledge is (obtained). But to bisect an angle, to construct a 
triangle, to cut off, or to place—all these things demand the making 
of something ; and to find the centre of a given circle, or to find the 
greatest common measure of two given commensurable magnitudes, 
or the like, is in some sort between theorems and problems. For in 
these cases there is no bringing into existence of the things sought, 
but finding of them, nor is the procedure purely theoretic. For it is 
necessary to bring that which is sought into view and exhibit it to 
the eye. Such are the porisms which Euclid wrote, and arranged in 
three books of Porisms.’ 

Proclus' definition thus agrees well enough with the first, “older,” 
definition of Pappus. A porism occupies a place between a theorem 
and a problem: it deals with something already existing, as a theorem 
does, but has to find it (e.g. the centre of a circle), and, as a certain 
Operation is therefore necessary, it partakes to that extent of the 
nature of a problem, which requires us to construct or produce some- 
thing not previously existing. Thus, besides 111. 1 of the Elements 
and X. 3, 4 mentioned by Proclus, the following propositions are 
real porisms: III. 25, VI. 1I—13, VII. 33, 34, 36, 39, VIII. 2, 4, X. 10, 
XII. 18. Similarly in Archimedes On the Sphere and Cylinder 1. 2—6 
might be called porisms. 

The enunciation given by Pappus as comprehending ten of Euclid’s 
propositions may not reproduce the form of Euclid’s enunciations ; 
but, comparing the result to be proved, that certain points lie on 
straight lines given in position, with the c/ass indicated by 11. above, 
where the question is of such and such a point lying on a straight line 
given in position, and with other classes, e.g. (V.) that such and sucha 
line is given in position, (VI.) that such and such a line verges toa given 
point, (XXVII) that there exists a given point such that straight lines 
drawn from it to such and such (circles) will contain a triangle given 
in species, we may conclude that a usual form of a porism was “to 
prove that it is possible to find a point with such and such a property” 


1 Proclus, pp. 212, 143 301, 22. 
3 ibid. p. 212, r2. "The term porism is used of certain problems, like the Porisms 
written by Euclid.” 


3 ibid. pp. 301, 25 sqq. 
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or “a straight line on which lie all the points satisfying given 
conditions” etc. 

Simson defined a porism thus: “ Porisma est propositio in qua 
proponitur demonstrare rem aliquam, vel plures datas esse, cui, vel 
quibus, ut et cuilibet ex rebus innumeris, non quidem datis, sed quae 
ad ea quae data sunt eandem habent relationem, convenire ostendendum 
est affectionem quandam communem in propositione descriptam!" 

From the above it is easy to understand Pappus' statement that 
loci constitute a large class of porisms. A /ocus is well defined by 
Simson thus: "Locus est propositio in qua propositum est datam 
esse demonstrare, vel invenire lineam aut superficiem cuius quodlibet 
punctum, vel superficiem in qua quaelibet linea data lege descripta, 
communem quandam habet proprietatem in propositione descriptam." 
Heiberg cites an excellent instance of a /ocus which is a porism, namely 
the following proposition quoted by Eutocius’ from the Plane Loci of 
Apollonius : 

“Given two points in a plane, and a ratio between unequal straight 
lines, it is possible to draw, in the plane, a circle such that the straight 
lines drawn from the given points to meet on the circumference of 
the circle have (to one another) a ratio the same as the given ratio.” 

A difficult point, however, arises on the passage of Pappus, which 
says that a porism is “that which, in respect of its hypothesis, falls 
short of a locus-theorem” (romixod Oewpyjyaros). Heiberg explains it 
by comparing the porism from Apollonius’ Plane Loci just given with 
Pappus’ enunciation of the same thing, to the effect that, if from two 
given points two straight lines be drawn meeting in a point, and these 
straight lines have to one another a given ratio, the point will lie on 
either a straight line or a circumference of a circle given in position. 
Heiberg observes that in this latter enunciation something is taken 
into the hypothesis which was not in the hypothesis of the enunciation 
of the porism, viz. “that the ratio of the straight lines is the same.” 
I confess this does not seem to me satisfactory: for there is no real 
difference between the enunciations, and the supposed difference in 
hypothesis is very like playing with words. Chasles says: “Ce gui 
constitue le porisme est ce gui manque à l'hypothèse d'un théorème 
local (en d'autres termes, le porisme est inférieur, par l'hypothése, au 
théoréme local; c'est-à-dire que quand quelques parties d'une pro- 
position locale n'ont pas dans l'énoncé la détermination qui leur est 
propre, cette proposition cesse d'étre regardée comme un théoréme et 
devient un porisme).” But the subject still seems to require further 
elucidation. 

While there is so much that is obscure, it seems certain (1) that the 
Porisms were distinctly part of higher geometry and not of elementary 


1 This was thus expressed by Chasles: '' Le porisme est une proposition dans laquelle on 
demande de démontrer qu'une chose ou plusieurs choses sont données, qui, ainsi que l'une 
queiconque d'une infinité d'autres choses non données, ynais dont chacune est avec des choses 

onnées dans une méme relation, ont une certaine propriété commune, décrite dans la pro- 
position." 

! Commentary on Apollonius’ Conics (vol. 11. p. 180, ed. Heiberg). 
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geometry, (2) that they contained propositions belonging to the 
modern theory of transversals and to projective geometry. It should 
be remembered too that it was in the course of his researches on this 
subject that Chasles was led to the idea of anharmonic ratios. 

Lastly, allusion should be made to the theory of Zeuthen! on the 
subject of the porisms. He observes that the only porjsm of which 
Pappus gives the complete enunciation, “If from two given points 
straight lines be drawn meeting on a straight line given in position, 
and one cut off from a straight line given in position (a segment 
measured) towards a given point on it, the other will also cut off from 
another (straight line a segment) bearing to the first a given ratio,” 
is also true if there be substituted for the first given straight line a 
conic regarded as the “locus with respect to four lines,” and that this 
extended porism can be used for completing Apollonius’ exposition 
of that locus. Zeuthen concludes that the Porisms were in part by- 
products of the theory of conics and in part auxiliary means for the 
study of conics, and that Euclid called them by the same name as 
that applied to corollaries because they were corollaries with respect to 
conics. But there appears to be no evidence to confirm this conjecture. 

5. The Surface-loci (rémou mpos émupaveia). 

The two books on this subject are mentioned by Pappus as part 
of the Treasury of Analysis. As the other works in the list which 
were on plane subjects dealt only with straight lines, circles, and 
conic sections, it is a priori likely that among the loci in this treatise 
(loci which are surfaces) were included such loci as were cones, 
cylinders and spheres. Beyond this all is conjecture based on two 
lemmas given by Pappus in connexion with the treatise. 

(1) The first of these lemmas? and the figure attached to it are 
not satisfactory as they stand, but a possible restoration is indicated 
by Tannery‘. If the latter is right, it suggests that one of the loci 
contained all the points on the elliptical parallel sections of a cylinder 
and was therefore an oblique circular cylinder. Other assumptions 
with regard to the conditions to which the lines in the figure may be 
subject would suggest that other loci dealt with were cones regarded 
as containing all points on particular elliptical parallel sections of 
the cones". 

(2) In the second lemma Pappus states and gives a complete proof 
of the focus-and-directrix property of a conic, viz. that the locus of a 
point whose distance from a given point is ina given ratio to its distance 
Srom a fixed line ts a conic section, which is an ellipse, a parabola or a 
hyperbola according as the given ratio is less than, equal to, or greater 
than unity’. Two conjectures are possible as to the application of 
this theorem in Euclid’s Surface-loct. (a) It may have been used to 
prove that the locus of a point whose distance from a given straight 


1 Die Lehre von den Kegelschnitten im Altertum, chapter vitt. 

2 Pappus, VII. p. 636. * ibid. VII. p. 1004. 

* Bulletin des sciences math. et astron., 2° Série, Vi. 149. 

è Further particulars will be found in The Works of Archimedes, pp. lxii—lxiv, and in 
Zeuthen, Die Lehre von den Kegelschnitten, p. 425 sqq. 

* Pappus, vit. pp. 1006—1014, and Hultsch's Appendix, pp. 1270—3. 
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line is in a given ratio to its distance from a given plane is a certain 
cone. (4) It may have been used to prove that the locus of a point 
whose distance from a given point is in a given ratio to its distance 
from a given plane is the surface formed by the revolution of a conic 
about its major or conjugate axis. Thus Chasles may have been 
correct in his conjecture that the Surface-locit dealt with surfaces of 
revolution of the second degree and sections of the same’. 

6. The Conics. 

Pappus says of this lost work: “The four books of Euclid’s Conics 
were completed by Apollonius, who added four more and gave us 
eight books of Conics*" It is probable that Euclid’s work was lost 
even by Pappus' time, for he goes on to speak of “ Aristaeus, who wrote 
the still extant five books of Solid Loci connected with the conics.” 
Speaking of the relation of Euclid’s work to that of Aristaeus on conics 
regarded as loci, Pappus says in a later passage (bracketed however 
by Hultsch) that Euclid, regarding Aristaeus as deserving credit for 
the discoveries he had already made in conics, did not (try to) 
anticipate him or construct anew the same system. We may no 
doubt conclude that the book by Aristaeus on solid loci preceded 
Euclid’s on comics and was, at least in point of originality, more 
important. Though both treatises dealt with the same subject-matter, 
the object and the point of view were different; had they been the 
same, Euclid could scarcely have refrained, as Pappus says he did, 
from attempting to improve upon the earlier treatise. No doubt 
Euclid wrote on the general theory of conics as Apollonius did, but 
confined himself to those properties which were necessary for the 
analysis of the Solid Loci of Aristaeus. The Conics of Euclid were 
evidently superseded by the treatise of Apollonius. 

As regards the contents of Euclid's Comics, the most important 
source of our information is Archimedes, who frequently refers to 
propositions in conics as well known and not needing proof, adding 
in three cases that they are proved in the " elements of conics" or in 
"the conics,” which expressions must clearly refer to the works of 
Aristaeus and Euclid* 

Euclid still used the old names for the conics (sections of a right- 
angled, acute-angled, or obtuse-angled cone), but he was aware that 
an ellipse could be obtained by cutting a cone in any manner by a 
plane not parallel to the base (assuming the section to lie wholly 
between the apex of the cone and its base) and also by cutting a 
cylinder. This is expressly stated in a passage from the Phaenomena 
of Euclid about to be mentioned’. 

7. The Phaenomena. 

This is an astronomical work and is still extant. A much inter- 


! For further details see 75e Wor£s of Archimedes, pp. lxiv, Ixv, and Zeuthen, /. c. 

a2 Aperçu historique, pp. 373—4- 3 Pappus, vtl. p. 672. 

* For details of these propositions see my Apollonius of Perga, pp. xxxv, xxxvi. 

* Phaenomena, ed. Menge, p. 6: “lf a cone or a cylinder be cut by a plane not 
PAD, to the base, the section is a section of an acute-angled cone, which is like a shield 
Ovpeós).' 
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polated version appears in Gregory's Euclid. An earlier and better 
recension is however contained in the Ms. Vindobonensis philos. 
Gr. 103, though the end of the treatise, from the middle of prop. 16 
to the last (18), is missing. The book, now edited by Menge’, consists 
of propositions in spheric geometry. Euclid based it on Autolycus' 
work epi kivovuévns aQaípas, but also, evidently, on an earlier text- 
book of Sphaerica of exclusively mathematical content. It has been 
conjectured that the latter textbook may have been due to Eudoxus?. 

8. The Optics. 

This book needs no description, as it has been edited by Heiberg 
recently’, both in its genuine form and in the recension by Theon. 
The Catoptrica published by Heiberg in the same volume is not 
genuine, and Heiberg suspects that in its present form it may be 
Theon's, It is not even certain that Euclid wrote Cafoptrica at all, as 
Proclus may easily have had Theon’s work before him and inadvertently 
assigned it to Euclid‘. 

9. Besides the above-mentioned works, Euclid is said to have 
written the Elements of Music’ (ai nara povarkny stovyetwoets). Two 
treatises are attributed to Euclid in our Mss. of the Musici, the 
katatoun Kavovos, Sectio canonis (the theory of the intervals), and the 
eigaywry7 Eppovixy (introduction to harmony)*. The first, resting on 
the Pythagorean theory of music, is mathematical, and the style and 
diction as well as the form of tne propositions mostly agree with what 
we find in the Elements. Jan thought it genuine, especially as almost 
the whole of the treatise (except the preface) is quoted zz extenso, and 
Euclid is twice mentioned by name, in the commentary on Ptolemy's 
Harmonica published by Wallis and attributed by him to Porphyry. 
Tannery was of the opposite opinion’. The latest editor, Menge, sug- 
gests that it may be a redaction by a less competent hand from the 
genuine Euclidean Elements of Music. The second treatise is not 
Euclid's, but was written by Cleonides, a pupil of Aristoxenus*, 

Lastly, it is worth while to give the Arabians’ list of Euclid’s 
works. I take this from Suter’s translation of the list of philosophers 
and mathematicians in the Fihrist, the oldest authority of the kind 
that we possess’. “To the writings of Euclid belong further [in 
addition to the Elements]: the book of Phaenomena; the book of 


1 Euclidis opera omnia, vol. viti., 1916, pp. 2— 156. 

2 Heiberg, Euklid-Studien, p. 46; Hultsch, Autolycus, p- xii; A. A. Björnbo, Sludien 
über Menelaos’ Sphärik (Abhandlungen zur Geschichte der mathematischen Wissenschaften, 
XIV. 1902), p. 56 sqq. 

3 Euclidis opera omnia, vol. vit. (1895). 

* Heiberg, Euclid's Ogezes, etc. p. 1. 5 Proclus, p. 69, 3. 

® Both treatises edited by Jan in Musici Scriptores Graeci, 1895, pp. 113—166, 167—207, 
and by Menge in Euclidis opera omnia, vol. VIM., 1916, pp. 137—183, 185—223. 

7 Comptes rendus de [ Acad. des inscriptions et belles-leltres, Paris, 1904, pp. 439—445. 
Cf. Bibliotheca Mathematica, Viz, 1908-6, p. 225, note r. 

° Heiberg, Euklid-Studien, pp. §2—55; Jan, Musici Scriptores Graeci, PP- 169—174- 

°? H. Suter, Das Mathematiker- Verzeichniss im Fihrist in Abhandlungen zur Geschichte 
der Mathematik, vi., 1892, pp. 1—87 (see especially p. 17). Cf. Casiri, 1. 339, 340, and 
Gartz, De interpretibus et explanatoribus Euclidis Arabicis, 182 3 PP.4 5. 
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Given Magnitudes [Data]; the book of Tones, known under the name 
of Music, not genuine; the book of Division, emended by Thābit; 
the book of Utilisations or Applications [Porisms], not genuine; the 
book of the Canon; the book of the Heavy and Light; the book of 
Synthesis, not genuine; and the book of Analysis, not genuine.” 

It is to be observed that the Arabs already regarded the book of 
Tones (by which must be meant the eloaywyy ápuovuerj) as spurious. 
The book of Division is evidently the book on Divisions (of figures). 
The next book is described by Casiri as “ liber de utilitate suppositus." 
Suter gives reason for believing the Porisms to be meant’, but does 
not apparently offer any explanation of why the work is supposed to 
be spurious. The book of the Canon is clearly the cararopu7 xavovos. 
The book on “the Heavy and Light” is apparently the tract De levi 
et ponderoso, included in the Basel Latin translation of 1537, and in 
Gregory’s edition. The fragment, however, cannot safely be attributed 
to Euclid, for (1) we have nowhere any mention of his having written 
on mechanics, (2) it contains the notion of specific gravity in a form 
so clear that it could hardly be attributed to anyone earlier than 
Archimedes? Suter thinks? that the works on Analysis and Synthesis 
(said to be spurious in the extract) may be further developments of 
the Data or Porisms, or may be the interpolated proofs of Excl. 
XIII. 1—5, divided into analysis and synthesis, as to which see the notes 
on those propositions. 


1 Suter, op. cil. pp. 49, 50. Wenrich translated the word as “utilia.” Suter says that 
the nearest meaning of the Arabic word as of **porism" is use, gas» (Nutzen, Gewinn), while 
a further meaning is explanation, observation, addition: a gain arising out of what has 
preceded (cf. Proclus' definition of the porism in the sense of a corollary). 

* Heiberg, Euklid-Studien, pp. 9, 10. 3 Suter, of. cit. p. 50. 


CHAPTER III. 


GREEK COMMENTATORS ON THE ELEMENTS OTHER 
THAN PROCLUS. 


THAT there was no lack of commentaries on the Elements before 
the time of Proclus is evident from the terms in which Proclus refers 
to them; and he leaves us in equally little doubt as to the value 
which, in his opinion, the generality of them possessed. Thus he says 
in one place (at the end of his second prologue)! : 

" Before making a beginning with the investigation of details, 
I warn those who may read me not to expect from me the things 
which have been dinned into our ears ad nauseam (BuareBpUNrai) by 
those who have preceded me, viz. lemmas, cases, and so forth. For 
I am surfeited with these things and shall give little attention to them. 
But I shall direct my remarks principally to the points which require 
deeper study and contribute to the sum of philosophy, therein emulating 
the Pythagoreans who even had this common phrase for what I mean 
a figure and a platform, but not a figure and sixpence*. " 

In another place? he says: "Let us now turn to the elucidation 
of the things proved by the writer of the Elements, selecting the more 
subtle of the comments made on them by the ancient writers, while 
cutting down their interminable diffuseness, giving the things which 
are more systematic and follow scientific methods, attaching more 
importance to the working-out of the real subject-matter tham to the 
variety of cases and lemmas to which we see recent writers devoting 
themselves for the most part." 

At the end of his commentary on tuci. I. Prockas remarks‘ that 
the commentaries then in vogue were full of all sorts of confusion, and 
contained no account of causes, no dialectical discrimination, and no 
philosophic thought. 

These passages and two others in which Proclus refers to “the 
commentators" suggest that these commentators were numerous. 
He does not however give many names; and no doubt the only 
important commentaries were those of Heron, Porphyry, and Pappus. 

! Proclus, p. 84, 8. 
? i.e. we reach a certain height, use the platform so attained as a base on which to build 


another stage, then use that as a base and so on. 
* Proclus, p. 209, 10. * ibid. p. 432, 15. 5 ibid. p. 289, 11; p. 338, 16. 
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I. Heron. 

Proclus alludes to Heron twice as Heron mechanicus', in another 
place? he associates him with Ctesibius, and in the three other 
passages? where Heron is mentioned there is no reason to doubt that 
the same person is meant, namely Heron of Alexandria. The date of 
Heron is still a vexed question. In the early stages of the controversy 
much was made of the supposed relation of Heron to Ctesibius. The 
best MS. of Heron's Ze/opeeica has the heading “Hpwvos KrnatBiov 
BeXorroixd, and an anonymous Byzantine writer of the tenth century, 
evidently basing himself on this title, speaks of Ctesibius as Heron's 
xaOnyntys, “master” or “teacher.” We know of two men of the name 
of Ctesibius. One was a barber who lived in the time of Ptolemy 
Euergetes II, ie. Ptolemy VII, called Physcon (died 117 B.C.), and 
who is said to have made an improved water-organ*. The other was a 
mechanician mentioned by Athenaeus as having made an elegant 
drinking-horn in the time of Ptolemy Philadelphus (285-247 B.C.)*. 
Martin’ took the Ctesibius in question to be the former and accord- 
ingly placed Heron at the beginning of the first century B.C., say 
126-50 B.C. But Philo of Byzantium’, who repeatedly mentions Ctesi- 
bius by name, says that the first mechanicians had the advantage of 
being under kings who loved fame and supported the arts. Hence our 
Ctesibius is more likely to have been the earlier Ctesibius who was 
contemporary with Ptolemy 1I Philadelphus. 

But, whatever be the date of Ctesibius, we cannot safely conclude 
that Heron was his immediate pupil. The title * Heron's (edition of) 
Ctesibius's Belopoeica" does not, in fact, justify any inferenee as to 
the interval of time between the two works. 

We now have better evidence for a terminus post quem. The 
Metrica of Heron, besides quoting Archimedes and Apollonius, twice 
refers to “the books about straight lines (chords) in a circle” (év tots 
mepi rv év xúxhg eber). Now we know of no work giving a Table 
of Chords earlier than that of Hipparchus. We get, therefore, at 
once, 150 B.C. or thereabouts as the /erminus post quem. But, again, 
Heron's Mechanica quotes a definition of " centre of gravity " as given 
by “ Posidonius, a Stoic”: and, even if this Posidonius lived before 
Archimedes, as the context seems to imply, it is certain that another 
work of Heron's, the Definitions, owes something to Posidonius of 
Apamea or Rhodes, Cicero's teacher (135-51 B.C). This brings Heron's 
date down to the end of the first century B.C., at least. 

We have next to consider the relation, if any, between Heron and 
Vitruvius, In his De Architectura, brought out apparently in 14 B.C., 
Vitruvius quotes twelve authorities on machinationes including Archytas 


! Proclus, p. 305, 24 ; P. 346, 13- 

2 ibid. p. 41, 1O. 

3 ibid. p. 196, 16; P. 323, 7; P- 429, 13. 

* Athenaeus, Deifno-Soph. iv., c. 75, p. 174 ó—c-* 

5 ibid. xi., c. 97, p. 497 4—-cx. ’ 

o Martin, Recherches sur la vie et les ouvrages d' Héron d' Alexandrie, Paris, 1854, p. 27. 
7 Philo, Mechan. Synt., p. 50, 38, ed. Schone. 
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(second), Archimedes (third), Ctesibius (fourth) and Philo of Byzan- 
tium (sixth), but does not mention Heron. Nor is it possible to 
establish inter-dependence between Vitruvius and Heron ; the differ- 
ences between them seem on the whole more numerous and important 
than the resemblances (e.g. Vitruvius uses 3 as the value of T, While 
Heron always uses the Archimedean value 34). The inference is that 
Heron can hardly have written earlier than the first century A.D. 

The most recent theory of Heron’s date makes him later than 
Claudius Ptolemy the astronomer (100-178 A.D.). The arguments are 
mainly these. (1) Ptolemy claims as a discovery of his own a method 
of measuring the distance between two places (as an arc of a great 
circle on the earth's surface) in the case where the places are neither 
on the same meridian nor on the same parallel circle. Heron, in his 
Dioptra, speaks of this method as of a thing generally known to 
experts. (2) The dioptra described in Heron’s work is a fine and 
accurate instrument, much better than anything Ptolemy had at his 
disposal. (3) Ptolemy, in his work Ilepì porav, asserted that water 
with water round it has no weight and that the diver, however deep 
he dives, does not feel the weight of the water above him. Heron, 
strangely enough, accepts as true what Ptolemy says of the diver, but 
is dissatisfied with the explanation given by “ some,” namely that it is 
because water is uniformly heavy—this seems to be equivalent to 
Ptolemy's dictum that water in water has no weight—and he essays a 
different explanation based on Archimedes. (4) It is suggested that 
the Dionysius to whom Heron dedicated his Definitions is a certain 
Dionysius who was praefectus urbi in 301 A.D. 

On the other hand Heron was earlier than Pappus, who was 
writing under Diocletian (284-305 A.D.), for Pappus alludes to and 
draws upon the works of Heron. The net result, then, of the most 
recent research is to place Heron in the third century A.D. and perhaps 
little earlier than Pappus. Heiberg’ accepts this conclusion, which 
may therefore, perhaps, be said to hold the field for the present?. 

That Heron wrote a systematic commentary on the Elements 
might be inferred from Proclus, but it is rendered quite certain by 
references to the commentary in Arabian writers, and particularly in 
an-Nairizi's commentary on the first ten Books of the Elements. The 
Fihrist says, under Euclid, that " Heron wrote a commentary on this 
book [the E/ements], endeavouring to solve its, difficulties?" ; and 
under Heron, " He wrote: the book of explanation of the obscurities 
in Euclid*..." An-Nairizi's commentary quotes Heron by name very 
frequently, and often in such a way as to leave no doubt that the 
author had Heron's work actually before him. Thus the extracts are 
given in the first person, introduced by "Heron says" ("Dixit Yrinus" 


3 Heronis Alexandrini opera, vol. v. (Teubner, r9r4), p- ix. 

2 Fuller details of the various arguments will be found in my History of Greek Mathe- 
matics, 1921, vol. 11., pp. 298— 306. 

3 Das Mathematiker- Verzeichniss im Fihrist (tr. Suter), p. 16. 

4 ibid. p. 22. 
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or " Heron"); and in other places we are told that Heron “says 
nothing," or *is not found to have said anything," on such and such 
a proposition. The commentary of an-Nairizi is in part edited by 
Besthorn and Heiberg from a Leiden Ms. of the translation of the 
Elements by al-Hajjaj with the commentary attached’. But this MS. 
only contains six Books, and several pages in the first Book, which 
contain the comments of Simplicius on the first twenty-two defini- 
tions of the first Book, are missing. Fortunately the commentary of 
an-Nairizi has been discovered in a more complete form, in a Latin 
translation by Gherardus Cremonensis of the twelfth century, which 
contains the missing comments by Simplicius and an-Nairizi's com- 
ments on the first ten Books. This valuable work has recently been 
edited by Curtze?. 

Thus from the three sources, Proclus, and the two versions of 
an-Nairizi, which supplement one another, we are able to form a very 
good idea of the character of Heron’s commentary. In some cases 
observations given by Proclus without the name of their author are 
seen from an-Nairizi to be Heron’s; in a few cases notes attributed 
by Proclus to Heron are found in an-Nairizi without Heron's name ; 
and, curiously enough, one alternative proof (of I. 25) given as Heron's 
by Proclus is introduced by the Arab with the remark that he has 
not been able to discover who is the author. 

Speaking generally, the comments of Heron do not seem to have 
contained much that can be called important. We find 

(1) A few general notes, e.g. that Heron would not admit more 
than three axioms. 

(2) Distinctions of a number of particular cases of Euclid’s pra- 
positions according as the figure is drawn in one way or in another. 

Of this class are the different cases of 1. 35, 36, III. 7, 8 (where the 
chords to be compared are drawn on different sides of the diameter 
instead of on the same side), III. 12 (which is not Euclid's, but Heron’s 
own, adding the case of external contact to that of internal contact in 
III. 11), VI. 19 (where the triangle in,which an additional line is drawn 
is taken to be the smaller of the two), VII. 19 (where he gives the 
particular case of ¢#vee numbers in continued proportion, instead of 
four proportionals). 

(3) Alternative proofs. Of these there should be mentioned (a) 
the proofs of It. I—10 " without a figure," being simply the algebraic 
forms of proof, easy but uninstructive, which are so popular nowadays, 
the proof of III. 25 (placed after III. 30 and starting from the arc 
instead of the chord), III. 10 (proved by III. 9), MI. 13 (a proof 
preceded by a lemma to the effect that a straight line cannot meet a 
circle in more than two points). Another class of alternative proof is 


1 Codex Leidensis 399, 1. Euclidis Elementa ex interpretatione al-Hadschdschadschit 
cum commentariis al-Narizii. Five parts carrying the work to the end of Book 1v. were 
issued in 1893, 1897, 1900, 1905 and 19to respectively. 

2 Anarilis in decem libros priores elementorum. Euclidis commentarii ex interpretatione 
Gherardi Cremonensis.. edidit Maximilianus Curtze (Teubner, Leipzig, 1899). 
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(4) that which is intended to meet a particular objection (&varaaus) 
which had been or might be raised to Euclid’s construction. Thus 
in certain cases he avoids producing a particular straight line, where 
Euclid produces it, in order to meet the objection of any one who should 
deny our right to assume that there is any space available. Of this 
class are Heron's proofs of I. 11, I. 20, and his note on I. 16. Similarly 
on I. 48 he supposes the right-angled triangle which is constructed to 
be constructed on the same side of the common side as the given 
triangle is. A third class (c) is that which avoids reductio ad 
absurdum. Thus, instead of indirect proofs, Heron gives direct 
proofs of 1. 19 (for which he requires, and gives, a preliminary 
lemma), and of 1. 25. 

(4) Heron supplies certain converses of Euclid’s propositions, 
e.g. converses of II. 12, 13, VIIL 27. 

(5) A few additions to, and extensions of, Euclid’s propositions 
are also found. Some are unimportant, e.g. the construction of isosceles 
and scalene triangles in a note on I. 1, the construction of zwo tangents 
in III. 17, the remark that vII. 3 about finding the greatest common 
measure of three numbers can be applied to as many numbers as we 
please (as Euclid tacitly assumes in vil. 31). The most important 
extension is that of III. 20 to the case where the angle at the 
circumference is greater than a right angle, and the direct deduction 
from this extension of the result of 111. 22. Interesting also are the 
notes on I. 37 (on I. 24 in Proclus), where Heron proves that two 
triangles with two sides of one equal to two sides of the other and 
with the included angles supplementary are equal, and compares the 
areas where the sam of the two included angles (one being supposed 
greater than the other) is less or greater than two right angles, and 
on I. 47, where there is a proof (depending on preliminary lemmas) of 
the fact that, in the figure of the proposition, the straight lines AZ, 
BK, CF meet in a point. After 1v. 16 there is a proof that, in a 
regular polygon with an even number of sides, the bisector of one 
angle also bisects its opposite, and an enunciation of the corresponding 
proposition for a regular polygon with an odd number of sides. 

Van Pesch? gives reason for attributing to Heron certain other 
notes found in Proclus, viz. that they are designed to meet the same 
sort of points as Heron had in view in other notes undoubtedly written 
by him. These are (a) alternative proofs of 1. 5, I. 17, and I. 32, 
which avoid the producing of certain straight lines, (b) an alternative 
proof of I. 9 avoiding the construction of the equilateral triangle on 
the side of BC opposite to A ; (c) partial converses of I. 35—38, starting 
from the equality of the areas and the fact of the parallelograms or 
triangles being in the same parallels, and proving that the bases are 
the same or equal, may also be Heron's. Van Pesch further supposes 
that it was in Heron's commentary that the proof by Menelaus of 
I. 25 and the proof by Philo of I. 8 were given. 


! Cf. Proclus, 375, 7 e| 8& Myoi rus rómov ja) elüévas,.., 289, 18 Adyes ow Tus bri obr Fors 
rowos.... 
? De Procli fontibus, Lugduni-Batavorum, 1900, 
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The last reference to Heron made by an-Nairizi occurs in the note 
on VIII. 27, so that the commentary of the former must at least have 
reached that point. 

II. Porphyry. 

The Porphyry here mentioned is of course the Neo-Platonist who 
lived about 232-304 A.D. Whether he really wrote a systematic 
commentary on the Elements is uncertain. The passages in Proclus 
which seem to make this probable are two in which he mentions him 
(1) as having demonstrated the necessity of the words “not on the 
same side” in the enunciation of I. 141, and (2) as having pointed out 
the necessity of understanding correctly the enunciation of I. 26, since, 
if the particular injunctions as to the sides of the triangles to be taken 
as equal are not regarded, the student may easily fall into error’. 
These passages, showing that Porphyry carefully analysed Euclid’s 
enunciations in these cases, certainly suggest that his remarks were 
part of a systematic commentary. Further, the list of mathematicians 
in the Fihrist gives Porphyry as having written “a book on the 
Elements.” It is true that Wenrich takes this book to have been a 
work by Porphyry mentioned by Suidas and Proclus ( Theolog. Platon.), 
mepi apxav libri II.* 

There is nothing of importance in the notes attributed to Porphyry 
by Proclus. 

(1) Three alternative proofs of 1. 20, which avoid producing a side 
of the triangle, are assigned to Heron and Porphyry without saying 
which belonged to which. If the first of the three was Heron's, I 
agree with van Pesch that it is more probable that the two others 
were both Porphyry’s than that the second was Heron’s and only the 
third Porphyry’s. For they are similar in character, and the third 
uses a result obtained in the second‘. 

(2) Porphyry gave an alternative proof of I. 18 to meet a childish 
objection which is supposed to require the part of AC equal to AB to 
be cut off from CA and not from AC. 

Proclus gives a precisely similar alternative proof of I. 6 to meet a 
similar supposed objection ; and it may well be that, though Proclus 
mentions no name, this proof was also Porphyry's, as van Pesch 
suggests". 

Two other references to Porphyry found in Proclus cannot have 
anything to do with commentaries on the Elements. In the first a 
work called the Zuyysxera is quoted, while in the second a philo- 
sophical question is raised. 

III. Pappus. 

The references to Pappus in Proclus are not numerous; but we 
have other evidence that he wrote a commentary on the Elements. 
Thus a scholiast on the definitions of the Data uses the phrase “as 

1p i = c ? ibid. p. ing. 
3 M red P. 4$ (soie gi. Poast isrigand Che Pigeeprecedisg 
4 Van Pesch, De Procli fontibus, pp. 129, 130. Heiberg assigned them as above in his 
Euklid-Studien (p. 160), bul seems to bave changed hbis view later. (See Besthom- Heiberg; 


Codex Leidensis, p. 93, nole 2.) 
5 Van Pesch, of. cit. pp. 130—1. 
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Pappus says at the beginning of his (commentary) on the roth (book) 
of Euclid" Again in the Fihrist we are told that Pappus wrote a 
commentary to the tenth book of Euclid in two parts*. Fragments 
of this still survive in a MS. described by Woepcke’, Paris. No. 952. 2 
(supplément arabe de la Bibliothèque impériale), which contains a 
translation by Abū 'Uthman (beginning of roth century) of a Greek 
commentary on Book x. It is in two books, and there can now be 
no doubt that the author of the Greek commentary was Pappus‘. 
Again Eutocius, in his note on Archimedes, On the Sphere and 
Cylinder Y. 13, says that Pappus explained in his commentary on the 
Elements how to inscribe in a circle a polygon similar to a polygon 
inscribed in another circle; and this would presumably come in his 
commentary on Book XII, just as the problem is solved in the second 
scholium on Eucl. x11. 1. Thus Pappus’ commentary on the Elements 
must have been pretty complete, an additional confirmation of this 
supposition being forthcoming in the reference of Marinus (a pupil 
and follower of Proclus) in his preface to the Data to “the com- 
mentaries of Pappus on the book®.” 

The actual references to Pappus in Proclus are as follows: 

(1) On the Postulate (4) that all right angles are equal, Pappus is 
quoted as saying that the converse, viz. that all angles equal to a 
right angle are right, is not true’, since the angle included between 
the arcs of two semicircles which are equal, and have their diameters 
at right angles and terminating at one point, is equal to a right angle, 
but is not a right angle. 

(2) On the axioms Pappus is quoted as saying that, in addition to 
Euclid’s axioms, others are on record as well (suvavaypadeo Gar) about 
unequals added to equals and equals added to unequals’; these, says 
Proclus, follow from the Euclidean axioms, while others given by 
Pappus are involved by the definitions, namely those which assert 
that “all parts of the plane and of the straight line coincide with one 
another,” that “a point divides a straight line, a line a surface, and a 
surface a solid,” and that “the infinite is (obtained) in magnitudes 
both by addition and diminution*." 


! Euclid's Daza, ed. Menge, p. 262. a Fihrist (tr. Suter), p. 23. 

3 Mimoires présentds à l'académie des sciences, 1856, XIV. pp. 658—719. 

4 Woepcke read the name of the author, in the title of the first bool ds B los (the dot 
representing a missing vowel). He quotes also from other mss. (e.g. of the Ta'rikh al- 
Hukamé and of the Fihrist) where he reads the name of the commentator as A . lis, B.n.s 
or B. l.s. Moepcke takes this author to be Valens, and thinks it possible that he may be 
the same as the astrologer Vettius Valens. This Heiberg (Zuhstd-Studien, pp. 169, 170) 
proves to be impossible, because, while one of the Mss. quoted by Woepcke says that 
‘"B.n.s, le Rodmi" (late-Greek) was later than Claudius Ptolemy and the Fihrist says 
'" B. L.5, le Romi" wrote a commentary on Ptolemy's P/anispAaerium, Vettius Valens 
seems to have lived under Hadrian, and must therefore have been an elder contemporary of 
Ptolemy. But Suter shows (Fihrist, p. 22 and p. 54, note 92) that Banos is only distin- 
guished from Babos by the position of a certain dot, and Balos may also easily have arisen 
rom an original Za5o; (there is no P in Arabic), so that Pappus must be the person meant. 
This is further confirmed by the fact that the Fihrist gives this author and Valens as the 
subjects of two separate paragraphs, attributing to the latter astrological works only. 

® Heiberg, Euklid-Studien, p. 173; Euclid’s Data, ed. Menge, pp. 256, lii. 

* Proclus, pp. 189, 190. 7 ibid. p. 197, 6— 10. 

è ibid. p. 198, 3—15. 
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(3) Pappus gave a pretty proof of I. 5. This proof has, I think, 
been wrongly understood; on this point see my note on the 
proposition. 

(4) On 1. 47 Proclus says': “As the proof of the writer of the 
Elements is manifest, I think that it is not necessary to add anything 
further, but that what has been said is sufficient, since indeed those 
who have added more, like Heron and Pappus, were obliged to make 
use of what is proved in the sixth book, without attaining any 
important result." We shall see what Heron's addition consisted of; 
what Pappus may have added we do not know, unless it was some- 
thing on the lines of his extension of I. 47 found in the Synagoge 
(IV. p. 176, ed. Hultsch). 

We may fairly conclude, with van Pesch?, that Pappus is drawn 
upon in various other passages of Proclus where he quotes no 
authority, but where the subject-matter reminds us of other notes 
expressly assigned to Pappus or of what we otherwise know to have 
been favourite questions with him. Thus: 

I. We are reminded of the curvilineal angle which is equal to but 
not a right angle by the note on I. 32 to the effect that the converse 
(that a figure with its interior angles together equal to two right 
angles is a triangle) is not true unless we confine ourselves to 
rectilineal figures. This statement is supported by reference to a 
figure formed by four semicircles whose diameters form a square, and 
one of which is turned inwards while the others are turned outwards. 
The figure forms two angles “equal to” right angles in the sense 
described by Pappus on Fost. 4, while the other curvilineal angles are 
not considered to be angles at all, and are left out in summing the 
internal angles. Similarly the allusions in the notes on I. 4, 23 to 
curvilineal angles of which certain moon-shaped angles (unvoecdeis) 
are shown to be “equal to” rectilineal angles savour of Pappus. 

2. On I 9 Proclus says? that " Others, starting from the Archi- 
medean spirals, divided any given rectilineal angle in any given ratio." 
We cannot but compare this with Pappus IV. p. 286, where the spiral 
is so used ; hence this note, including remarks immediately preceding 
about the conchoid and the quadratrix, which were used for the same 
purpose, may very well be due to Pappus. 

3. The subject of isoperimetric figures was a favourite one with 
Pappus, who wrote a recension of Zenodorus' treatise on the subject‘, 
Now on I. 35 Proclus speaks* about the paradox of parallelograms 
having equal area (between the same parallels) though the two sides 
between the parallels may be of any length, adding that of parallelo- 
grams with equal perimeter the rectangle is greatest if the base be 
given, and the square greatest if the base be not given etc. He 
returns to the subject on I. 37 about triangles* Compare’ also his 
note on I. 4. These notes may have been taken (rom Pappus. 

1 Proclus, p. 429, 9—15. 

2 Van Pesch, De Procli fontibus, p. 134 sqq- 3 Proclus, p. 272, 10. 


4 Pappus, V. pp. 304—350 ; for Zenodorus’ own treatise see Hultsch’s Appendix, pp. 1189 
—I41I. 


? Proclus, pp. 396—8. * ibid. pp. 493—4- ? ibid. pp. 236—7. 
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4. Again, on I. 21, Proclus remarks on the paradox that straight 
lines may be drawn from the base to a point within a triangle which 
are (1) together greater than the two sides, and (2) include a less 
angle, provided that the straight lines may be drawn from points in 
the base other than its extremities. The subject of straight lines 
satisfying condition (1) was treated at length, with reference to a 
variety of cases, by Pappus’, after a collection of “paradoxes” by 
Erycinus, of whom nothing more is known. Proclus gives Pappus’ 
first case, and adds a rather useless proof of the possibility of drawing 
straight lines satisfying condition (2) alone, adding that “the proposi- 
tion stated has been proved by me without using the parallels of 
the commentators^" By “the commentators” Pappus is doubtless 
meant. 

5. Lastly, the “four-sided triangle,” called by Zenodorus the 
* hollow-angled,"* is mentioned in the notes on I. Def. 24—29 and 
L 21. As Pappus wrote on Zenodorus' work in which the terim 
occurred*, Pappus may be responsible for these notes. 

IV. Simplicius. 

According to the Fihrist", Simplicius the Greek wrote “a com- 
mentary to the beginning of Euclid’s book, which forms an introduc- 
tion to geometry.” And in fact this commentary on the definitions, 
postulates and axioms (including the postulate known as the Parallel- 
Axiom) is preserved in the Arabic commentary of an-Nairizi*. On 
two subjects this commentary of Simplicius quotes a certain “ Aganis,” 
the first subject being the definition of an angle, and the second the 
definition of parallels and the parallel-postulate. Simplicius gives 
word for word, in a long passage placed by an-Nairizi after I. 29, an 
attempt by " Aganis" to prove the parallel-postulate. It starts from 
a definition of parallels which agrees with Geminus' view of them as 
given by Proclus", and is closely connected with the definition given 
by Posidonius* Hence it has been assumed that “ Aganis” is none 
other than Geminus, and the historical importance of the commentary 
of Simplicius has been judged accordingly. But it has been recently 
shown by Tannery that the identification of " Aganis" with Geminus 
is practically impossible’. In the translation of Besthorn-Heiberg 
Aganis is called by Simplicius in one place “ philosophus Aganis,” in 
another ''magister noster Aganis," in Gherard's version he is “socius 
Aganis" and "socius noster Aganis" These expressions seem to 
leave no doubt that Aganis was a contemporary and friend, if not 
master, of Simplicius ; and it is impossible to suppose that Simplicius 
(fl. about 500 A.D.) could have used them of a man who lived four and 


2 Pappus, HI. pp. 104—130. ? Proclus, p. 328, 15. 
3 Proclus, p. 165, 24; cf. pp. 328, 329. * See Pappus, ed. Hultsch, pp. 1154, 1206. 
Fihrist (tr. Suter), p. 21. 

An-Nairizi, ed. Besthorn- Heiberg, pp. 9—41, 119—133, ed. Cuttze, pp. 1—37,635— 73. 
The Codex Leidensis, (com which Beer and Heiberg's dion is ket hes —— 
lost some leaves, so that there is a gap from Def. 1 to Def. 23 (parallels). The loss is, how- 
ever, made good by Curtze’s edition of the translation by Gherard of Cremona. 

? Proclus, p. 177, 21. 9 ibid. p. 176, 7. 
9 Bibliotheca Mathematica, M;, 1900, pp. 9—t1. 
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a half centuries before his time. A phrase in Simplicius’ word-for- 
word quotation from Aganis leads to the same conclusion. He speaks 
of people who objected “even in ancient times” (iam antiquitus) to 
the use by geometers of this postulate. This would not have been an 
appropriate phrase had Geminus been the writer. I do not think 
that this difficulty can he got over by Suter's suggestion! that the 
passages in question may have been taken out of Heron's commentary, 
and that an-Nairizi may have forgotten to name the author ; it seems 
clear that Simplicius is the person who described “ Aganis,” Hence 
we are driven to suppose that Aganis was not Geminus, but some 
unknown contemporary of Simplicius? Considerable interest will 
however continue to attach to the comments of Simplicius so 
fortunately preserved. 


Proclus tells us that one Aegaeas (? Aenaeas) of Hierapolis wrote an 
epitome of the Elements’; but we know nothing more of him or of it. 


| Zeitschrift für Math. u. Physik, XLIV., hist.-litt. Abth. p. 6r. 

? The above argument seems to me quite insuperable. The other arguments of Tannery 
do not, however, carry conviction to my mind. I do not follow the reasoning based on 
Aganis’ definition of an angle. It appears to me a purc assumption that Geminus would have 
seen that Posidonius' definition of parallels was not admissible. Nor does it seem to me to 
count for much that Proclus, while telling us that Geminus held that the postulate ought to be 
proved and warned the unwary against hastily concluding that two straight lines approaching 
one another must necessarily meet (cf. a curve and its asymptote), gives no hint that 
Geminus did try to prove the postulate. It may well be that Proclus omitted Geminus' 
( proof s he wrote one) because he preferred Ptolemy's attempt which he gives 

PP. 365—7). 
3 Proclus, p. 361, 21. 


CHAPTER IV. 


PROCLUS AND HIS SOURCES! 


IT is well known that the commentary of Proclus on Eucl. Book 1. 
is one of the two main sources of information as to the history of 
Greek geometry which we possess, the other being the Collection of 
Pappus. They are the more precious because the original works of 
the forerunners of Euclid, Archimedes and Apollonius are lost, having 
probably been discarded and forgotten almost immediately after the 
appearance of the masterpieces of that great trio. 

Proclus himself lived 410-485 A.D. so that there had already 
passed a sufficient amount of time for the tradition relating to the 
pre-Euclidean geometers to become obscure and defective. In this 
connexion a passage is quoted from Simplicius* who, in his account 
of the quadrature of certain lunes by Hippocrates of Chios, while 
mentioning two authorities for his statements, Alexander Aphro- 
disiensis (about 220 A.D.) and Eudemus, says in one place’, “As 
regards Hippocrates of Chios we must pay more attention to Eudemus, 
Since he was nearer the times, being a pupil of Aristotle.” 

The importance therefore of a critical examination of Proclus’ 
commentary with a view to determining from what original sources 
he drew need not be further emphasised. 

Proclus received his early training in Alexandria, where Olympio- 
dorus was his instructor in the works of Aristotle, and mathematics 
was taught him by one Heron‘ (of course a different Heron from the 
“‘mechanicus Hero” of whom we have already spoken). He after- 
wards went to Athens where he was imbued by Plutarch, and by 
Syrianus, with the Neo-Platonic philosophy, to which he then devoted 

! My task in this chapter is made easy by the appearance, in the nick of time, of the 
dissertation De Procli fontibus by J. G. van Pesch (Lugduni-Batavorum, Apud L. van 
Nifterik, mpcccc). The chapters dealing directly with the subject show a thorough 
acquaintance on the part of the author with all the literature bearing on it; he covers 
the whole field and he exercises a sound and sober judgment in forming his conclusions. 
The same cannot always be said of his only predecessor in the same inquiry, Tannery 
(in Za Gomtrie grecque, 1887), who often robs his speculations of much of their value 
through his proneness to run away with an idea; he does so in this case, basing most of his 
conclusions on an arbitrary and unwarranted assumption as to the significance of the words 
ol srepl rwa (e.g. " Hpura, IloseiBórioy etc.) as used in Proclus. 

? Simplicius on Aristotle's Physics, ed. Diels, pp. 54—69. 

* ibid. p. 68, 33. 

“Cf. Martin, Recherches sur la vie et les ouvrages d' Hiron d'Alexandrie, pp. 240—2. 


30 INTRODUCTION (cH. Iv 


heart and soul, becoming one of its most prorninent exponents. He 
speaks everywhere with the highest respect of his masters, and 
was in turn regarded with extravagant veneration by his contem- 
poraries, as we learn from Marinus his pupil and biographer. On 
the death of Syrianus he was put at the head of the Neo-Platonic 
school. He was a man of untiring industry, as is shown by the 
number of books which he wrote, including a large number of com- 
mentaries, mostly on the dialogues of Plato. He was an acute 
dialectician, and pre-eminent among his contemporaries in the 
range of his learning'; he was a competent mathematician ; he was 
even a poet. At the same time he was a believer in all sorts of 
myths and mysteries and a devout worshipper of divinities both 
Greek and Oriental. 

Though he was a competent mathematician, he was evidently 
much more a philosopher than a mathematician?» This is shown 
even in his commentary on Eucl. 1, where, not only in the Prologues 
(especially the first), but also in the notes themselves, he seizes any 
opportunity for a philosophical digression. He says himself that he 
attaches most importance to “the things which require deeper study 
and contribute to the sum of philosophy?"; alternative proofs, cases, 
and the like (though he gives many) have no attraction for him; 
and, in particular, he attaches no value to the addition of Heron to 
I. 474, which is of considerable mathematical interest. Though he 
esteemed mathematics highly, it was only as a handmaid to philosophy. 
He quotes Plato’s opinion to the effect that “mathematics, as making 
use of hypotheses, falls short of the non-hypothetical and perfect 
science®”...“Let us then not say that Plato excludes mathematics 
from the sciences, but that he declares it to be secondary to the one 
supreme science.” And again, while "mathematical science must be 
considered desirable in itself, though not with reference to the needs 
of daily life,” “if it is necessary to refer the benefit arising from it to 
something else, we must connect that benefit with intellectual know- 
ledge (voepàv vyvóatv), to which it leads the way and is a propaedeutic, 
clearing the eye of the soul and taking away the impcdiments which 
the senses place in the way of the knowledge of universals (t&v 
bory.” 

We know that in the Neo-Platonic school the younger pupils 
learnt mathematics; and it is clear that Proclus taught this subject, 
and that this was the origin of the commentary. Many passages 
show him as a master speaking to scholars, Thus “we Have illustrated 


1 Zeller calls him ‘‘ Der Gelehrte, dem kein Feld damaligen Wissens verschlossen ist.” 

2 Van Pesch observes that in his commentaries on the /imaeus (pp. 671—2) he speaks 
as no real mathematician could have spoken. In the passage referred to the question is 
whether the sun occupies a middle place among the planets. Proclus rejects the view of 
Hipparchus and Ptolemy because ''d Geoupyés”’ (sc. the Chaldean, says Zeller) thinks otherwise, 
“whom it is not lawful to disbelieve.” Martin says rather neatly, ‘“ Pour Proclus, les 
Éléments d'Euclide ont l'heureuse chance de n'étre contredits ni par les Oracles chaldaiqués, 
ni par les spéculations des pythagoriciens anciens et nouveaux...... p 

3 Proclus, p. 84, 13. * ibid. p. 429, 12. 

5 ibid. p. 31, 20. * ibid. p. 32, 2. 

7. ibid. p. 27, 27 to 38, 7; cf. also p. 21, 25, pp- 46, 47. 
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and made plain all these things in the case of the first problem, but 
it is necessary that my hearers should make the same inquiry as 
regards the others as well',” and “I do not indicate these things as a 
merely incidental matter but as preparing us beforehand for the 
doctrine of the Timaeus?” Further, the pupils whom he was 
addressing were beginners in mathematics; for in one place he says 
that he omits “for the present” to speak of the discoveries of those 
who employed the curves of Nicomedes and Hippias for trisecting 
an angle, and of those who used the Archimedean spiral for dividing 
an angle in any given ratio, because these things would be too 
difficult for beginners (BvaOewprjrovs tois eicayouevous)*. Again, if 
his pupils had not been beginners, it would not have been necessary 
for Proclus to explain what is meant by saying that sides subtend 
certain angles‘, the difference between adjacent and vertical angles’ 
etc., or to exhort them, as he often does, to work out other particular 
cases for themselves, for practice (yuuvac(ías évexa)*. 

The commentary seems then to have been founded on Proclus' 
lectures to beginners in mathematics. But there are signs that it 
was revised and re-edited for a larger public; thus he gives notice in 
one place? “to those who shall come upon" his work (rois évrevEo- 
Lévoi). There are also passages which could not have heen under- 
stood by the beginners to whom he lectured, e.g. passages about the 
cylindrical helix*, conchoids and cissoids*. These passages may have 
been added in the revised edition, or, as van Pesch conjectures, the 
explanations given in the lectures may have been much fuller and 
more comprehensible to beginners, and they may have been shortened 
on revision. 

In his comments on the propositions of Euclid, Proclus generally 
proceeds in this way: first he gives explanations regarding Euclid's 
proofs, secondly he gives a few different cases, mainly for the sake of 
practice, and thirdly he addresses himself to refuting objections 
raised by cavillers to particular propositions. The latter class of 
note he deems necessary because of "sophistical cavils" and the 
attitude of the people who rejoiced in finding paralogisms and in 
causing annoyance to scientific men". His commentary does not 
seem to have been written for the purpose of correcting or improving 
Euclid. For there are very few passages of mathematical content 
in which Proclus can be supposed to be propounding anything of his 
own; nearly all are taken from the works of others, mostly earlier 
commentators, so that, for the purpose of improving on or correcting 
Euclid, there was no need for his commentary at all. Indeed only in 
one place does he definitely bring forward anything of his own to get 
over a difficulty which he finds in Euclid"; this is where he tries to 


Proclus, p- 210, 18. : oe P. 384, 2. 
ibid. p. 272, 12. ibid. p. 238, 12. 

: Da e 208, 14. ' dés 15 (on 1. 2). 
ibid. p. 84, 9. ibid. p. 105. 

? ibid. p. 113. V jbid. p. 375, 8. 


M sbid. pp. 368—373. 
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prove the parallel-postulate, after first giving Ptolemy's attempt and 
then pointing out objections to it. On the other hand, there are a 
number of passages in which he extols Euclid; thrice! also he supports 
Euclid against Apollonius where the latter had given proofs which he 
considered better than Euclid’s (I. 10, 11, and 23). 

Allusion must be made to the debated question whether Proclus 
continued his commentaries beyond Book I. His intention to do so 
is clear from the following passages. Just after the words above 
quoted about the trisection etc. of an angle by means of certain curves 
he says, “For we may perhaps more appropriately examine these 
things on the third book, where the writer of the Elements bisects a 
given circumference.” Again, after saying that of all parallelograms 
which have the same peritheter the square is the greatest “and the 
rhomboid least of all,” he adds: “ But this we will prove in another 
place; for it is more appropriate to the (discussion of the) hypotheses 
of the second book?" Lastly, when alluding (on I. 45) to the squaring 
of the circle, and to Archimedes' proposition that any circle is equal 
to the right-angled triangle in which the perpendicular is equal to the 
radius of the circle and the base to its perimeter, he adds, “But of this 
elsewhere*” ; this may imply.an intention to treat of the subject on 
Eucl. xi1., though Heiberg doubts it®. But it is clear that, at the time 
when the commentary on Book I. was written, Proclus had not yet 
begun to write on the other Books and was uncertain whether he 
would be able to do so: for at the end he says*, " For my part, if I 
should be able to discuss the other books? in the same manner, I 
should give thanks to the gods; but, if other cares should draw me 
away, I beg those who are attracted by this subject to complete the 
exposition of the other books as well, following the same method, and 
addressing themselves throughout to the deeper and better defined 
questions involved” (rò mpayuareusóes mavrayoð Kai evdvaipetov 
peTaĝiwxovtas). 

There is in fact no satisfactory evidence that Proclus did actually 
write any more commentaries than that on Book 1.° The contrary 
view receives support from two facts pointed out by Heiberg, viz. (1) 
that the scholiast’s copy of Proclus was not so much better than our 


: Proclus, P. 220 9; p- 282, 20; PP- 335, 336. g ma P. 272, i 
ibid. p. 398, 18. ibid. p. 423, 
3 Heiberg, Euklid- Studien, p. 165, note. € Proclus, p. 432, 


7 The words in the Greek are : el uev 8vvzÓelnuev xai rots Xourois Tov E LN (eMe. 
For é£eA8eiv Heiberg would read éme£eX6ew. 

9? True, a Vatican Ms. has a collection of scholia on Books J. (extracts from the extant 
commentary of Proclus), 11., V., VI., X. headed Els rà EUxAelbov arouxeia wpoNaufavóuera ék 
rv Ipbxdov.cmopadny xal xar' émiroufjv.. Heiberg holds that this title itself suggests that the 


authorship of Proclus was limited to the scholia on Book 1.; for mpoAaufavóueva éx Gv 
lÍpóxAov suits extracts from Proclus’ prologues, but hardly scholia to later Books. Again, a 
certain scholium (Heiberg in Hermes. XXXVIII., 1903, p- 341, No. ¢7) purports to quote 


words from the end of '*a scholium of Proclus" on x. 9. The words quoted are from the 
scholium x. No. 62, one of the Scholia Vaticana. But none of the other, older, sources 
connect Proclus! name with x. No. 62; it is probable therefore that a Byzantine, who had in 
his Ms. of Euclid the collection of Schol. Vat. and knew that those on Book 1. came from 
Proclus, himself attached Proclus! name to the others. 
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MSS. as to suggest that the scholiast had further commentaries of 
Proclus which have vanished for us!; (2) that there is no trace in the 
scholia of the notes which Proclus promised in the passages quoted 
above. 

Coming now to the question of the sources of Proclus, we may say 
that everything goes to show that his commentary is a compilation, 
though a compilation “in the better sense” of the term?. He does not 
even give us to understand that we shall find in it much of his own; 
“let us,” he says, “now turn to the exposition of the theorems proved 
by Euclid, selecting the more subtle of the comments made on them 
by the ancient writers, and cutting down their interminable diffuse- 
ness...*": not a word about anything of his own. At the same time, 
he seems to imply that he will not necessarily on each occasion quote 
the source of each extract from an earlier commentary ; and, in fact, 
while he quotes the name of his authority in many places, especially 
where the subject is important, in many others, where it is equally 
certain that he is not giving anything of his own, he mentions no 
authority. Thus he quotes Heron by name six times; but we now 
know, from the commentary of an-Nairizi, that a number of other 
passages, where he mentions no name, are taken from Heron, and 
among them the, not unimportant addition of an alternative proof to 
I. 19. Hence we can by no means conclude that, where no authority 
is mentioned, Proclus is giving notes of his own. The presumption is 
generally the other way; and it is often possible to arrive at a con- 
clusion, either that a particular note is not Proclus’ own, or that it 
is definitely attributable to someone else, by applying the ordinary 
principles of criticism. Thus, where the note shows an unmistakable 
affinity to another which Proclus definitely attributes to some com- 
mentator by name, especially when both contain some peculiar and 
distinctive idea, we cannot have much doubt in assigning both to the 
same commentator‘. Again, van Pesch finds a criterion in the form 
of a note, where the explanation is so condensed as to be only just 
intelligible ; the note is that in which a converse of I. 32 is proved! 
the proposition namely that a rectilineal figure which has all its in- 
terior angles together equal to two right angles is a triangle. 

It is not safe to attribute a passage to Proclus himself because he 
uses the first person in such expressions as “I say” or “I will prove” 
—for he was in the habit of putting into his own words the substance 
of notes borrowed from others—nor because, in speaking of an 


1 While one class ot scnoua (Schol. Vat.) have some better readings than our Mss. of 
Proclus have, and partly fill up the gaps at 1. 36, 37 and I. 41—43, the other class (Schol. 
Vind.) derive from an inferior Proclus Ms. which also had the same lacunae. 

2 Knoche, Untersuchungen über des Proklus Diadochus Commentar zu Euklids Ele- 
menten (1862), p. 11. 

3 Proclus, p. 200, to— 13. 

4 Instances of the application of this criterion will be found in the discussion of Proclus’ 
indebtedness to the commentaries of Heron, Porphyry and Pappus. 

5 Van Pesch attributes this converse and proof to Pappus, arguing from the fact that the 
proof is followed by a passage which, on comparison with Pappus' note on the postulate that 
all right angles are equal, he feels justified in assigning to Pappus. I doubt if the evidence is 
sufficient. 
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objection raised to a particular proposition, he uses such expressions 
as “perhaps someone may object” (icws & ay tives évoraiev...): for 
sometimes other words in the same passage.indicate that the objection 
had actually been taken by someone’. Speaking generally, we shall 
not be justified in concluding that Proclus is stating something new of 
his own unless he indicates this himself in express terms. 

As regards the form of Proclus' references to others by name, van 
Pesch notes that he very seldom mentions the particular work from 
which he is borrowing. If we leave out of account the references to 
Plato's dialogues, there are only the following references to books: 
the Bacchae of Philolaus’, the Symmikta of Porphyry’, Archimedes Ou 
the Sphere and Cylinder’, Apollonius On the cochlias*, a book by 
Eudemus on The Angle’, a whole book of Posidonius directed against 
Zeno of the Epicurean sect’, Carpus’ Astronomy’, Eudemus' History of 
Geometry’, and a tract by Ptolemy on the parallel-postulate'. 

Again, Proclus does not always indicate that he is quoting some- 
thing at second-hand. He often does so, e.g. he quotes Heron as the 
authority for a statement about Philippus, Eudemus as attributing a 
certain theorem to Oenopides etc.; but he says on I. 12 that “ Oeno- 
pides first investigated this problem, thinking it useful for astronomy " 
when he cannot have had Oenopides' work before him. 

It has been said above that Proclus was in the habit of stating in 
his own words the substance of the things which he borrowed. We 
are prepared for this when we find him stating that he will select the 
best things from ancient commentaries and '' cut short their intermin- 
able diffuseness," that he will " briefly describe " (cvvrojv« ia Topica) 
the other proofs of I. 20 given by Heron and Porphyry and also the 
proofs of 1. 25 by Menelaus and Heron. But the best evidence is of 
course to be found in the passages where he quotes works still extant, 
eg. those of Plato, Aristotle and Plotinus. Examination of these 
passages shows great divergences from the original; even where he 
purports to quote textually, using the expressions “Plato says,” or 
* Plotinus says,” he by no means quotes word for word". In fact, he 
seems to have had a positive distaste for quoting textually from other 
works. He cannot conquer this even when quoting from Euclid; he 
says in his note on I. 22, “we will follow the words of the geometer” 
but fails, nevertheless, to reproduce the text of Euclid unchanged". 

We now come to the sources themselves from which Proclus drew 


! Van Pesch illustrates this by an objection refuted in the note on 1. 9, p. 273, !1 sqq. 
After using the above expression to introduce the objection, Proclus uses further on (p. 273, 25) 
the term “they say” (asly). 


i Proclus, p. 22, 15. : ibid. p. 56, 25. 

: s P. 7^ s > pus P. 105, 5. 
ibid. p. 125, 8. ibid. p. 200, 2. 

8 ibid. p. 241, t9. ?' ibid. p. 352, 15. 


16 jbid. p. 362, 15. 

1 See the passages referred to by van Pesch (p. 70). The most glaring case is a passage 
(p. 21, 19) where he quotes Plotinus, using the expression *' Plotinus says...... " Comparison 
with Plotinus, Ennead. 1. 3, 3, shows that very few words are those of Plotinus himself; the 
rest represent Plotinus' views in Proclus' own language. 

33 Proclus, p. 330, 19 sqq 
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in writing his commentary. Three have already been disposed of, 
viz. Heron, Porphyry and Pappus, who had all written commentaries 
on the Elements. We go on to 

Eudemus, the pupil of Aristotle, who, among other works, wrote a 
history of arithmetic, a history of astronomy, and a history of geometry. 
The importance of the last mentioned work is attested by the frequent 
use made of it by ancient writers, That there was no other history 
of geometry written after the time of Eudemus seems to be proved by 
the remark of Proclus in the course of his famous summary: “Those 
who compiled histories bring the development of this science up to 
this point. Mot much younger than these ts Euclid*..." The loss of 
Eudemus’ history is one of the gravest which fate has inflicted upon 
us, for it cannot be doubted that Eudemus had before him a number 
of the actual works of earlier geometers, which, as before observed, 
seem to have vanished completely when they were superseded by the 
treatises of Euclid, Archimedes and Apollonius. As it is, we have to 
be thankful for the fragments from Eudemus which such writers as 
Proclus have preserved to us. 

I agree with van Pesch? that there is no sufficient reason for 
doubting that the work of Eudemus was accessible to Proclus at first 
hand. For the later writers Simplicius and Eutocius refer to it in 
terms such as leave no room for doubt that ¢hey had it before them. 
I have already quoted a passage from Simplicius' account of the lunes 
of Hippocrates to the effect that Eudemus must be considered the 
best authority since he lived nearer the times‘’ In the same place 
Simplicius says’, “I will set out what Eudemus says word for word 
(xarà XéEw Xeyóueva), adding only a little explanation in the shape of 
reference to Euclid’s Elements owing to the memorandum-like style of 
Eudemus (81a tov tropynpatixoy Tpórrov tod Evdrpou) who sets out 
his explanations in the abbreviated form usual with ancient writers. 
Now in the second book of the history of geometry he writes as 
follows*" It is not possible to suppose that Simplicius would have 
written in this way about the style of Eudemus if he had merely been 
copying certain passages second-hand out of some other author and 
had not the original work itself to refer to. In like manner, Eutocius 
speaks of the paralogisms handed down in connexion with the 
attempts of Hippocrates and Antiphon to square:the circle’, “with 
which I imagine that those are accurately acquainted who have 
examined (ézeexeuuévovs) the geometrical history of Eudemus and 
know the Ceria Aristotelica.” How could the contemporaries of Euto- 
cius have examined the work of Eudemus unless it was still extant in 
his time? 

The passages in which Proclus quotes Eudemus by name as his 
authority are as follows : 

(1) On r. 26 he says that Eudemus in his history of geometry 


1 See pp. 20 to 27 above. 

? Proclus, p. 68, 4—7. 3 De Procli fontibus, pp. 73—75- 

4 See above, p. 29. ? Simplicius, /oc. cit., ed. Diels, p. 60, 24. 
* Archimedes, ed, Heiberg, vol. 111. p. 228. 
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referred this theorem to Thales, inasmuch as it was necessary to 
Thales’ method of ascertaining the distance of ships from the shore’. 

(2) Eudemus attributed to Thales the discovery of Eucl. I. 157, 
and 

(3) to Oenopides the problem of 1. 23% 

(4) Eudemus referred the discovery of the theorem in I. 32 to the 
Pythagoreans, and gave their proof of it, which Proclus reproduces*. 

(5) On r 44 Proclus tells us* that Eudemus says that “these 
things are ancient, being discoveries of the Pythagorean muse, the 
application (zapafdoXj) of areas, their exceeding (úmepporý) and 
their falling short (€dAeupus).” The next words about the appro- 
priation of these terms (parabola, hyperbola and ellipse) by later 
writers (i.e. Apollonius) to denote the conic sections are of course not 
due to Eudemus. 

Coming now to notes where Eudemus is not named by Proclus, 
we may fairly conjecture, with van Pesch, that Eudemus was really 
the authority for the statements (1) that Thales first proved that a 
circle is bisected by its diameter’ (though the proof by reductio ad 
absurdum which follows in Proclus cannot be attributed to Thales’), 
(2) that “Plato made over to Leodamas the analytical method, by 
means of which :/ is recorded (ictopnra:) that the latter too made 
many discoveries in geometry*" (3) that the theorem of I. 5 was due 
to Thales, and that for equal angles he used the more archaic 
expression “similar” angles’, (4) that Oenopides first investigated 
the problem of I. 12, and that he called the perpendicular the 
gnomonic line (xarà *yvópova)", (5) that the theorem that only three 
sorts of polygons can fill up the space round a point, viz. the 
equilateral triangle, the square and the regular hexagon, was 
Pythagorean", Eudemus may also be the authority for Proclus' 
description of the two methods, referred to Plato and Pythagoras 
respectively, of forming right-angled triangles in whole numbers", 

We cannot attribute to Eudemus the beginning of the note on 
1. 47 where Proclus says that “if we listen to those who like to’ 
recount ancient history, we may find some of them referring this 
theorem to Pythagoras and saying that he sacrificed an ox in honour 
of his discovery.” As such a sacrifice was contrary to the Pytha- 
gorean tenets, and Eudemus could not have been unaware of this, 
the story cannot rest on his authority. Moreover Proclus speaks as 
though he were not certain of the correctness of the tradition ; indeed, 


: Dec P- 352, 14—18. : n P- 299, 3. $ 
ibid. P. 333, 5 ibid. p. 379, 1—16. 
* ibid. p. 419, 15—18. * ibid. p. 157, 10, 11. 


7 Cantor (Gesch. d. Math. 13, p. 221) points out the connexion between the reductio ad 
absurdum. and the analytical method said to have been discovered by Plato. Proclus gives 
the proof by r¢ductio ad absurdum to meet an imaginary critic who desires a mathematical 
proof; possibly Thales may have been satished with the argument in the same sentence 
which mentions Thales, ‘‘the cause of the bisection being the unswerving course of the 
straight line through the centre.” 

© Proclus, p. 211, 19—23. ? ibid. p. 280, 20. 

10 ibid. p. 283, 7—10. n Fbid. pp. 304, 11—305, 3. 

V (i4. pp. 438, 7—4239, 9. 13 ibid. p. 426, 6—9. 
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so far as the story of the sacrifice is concerned, the same thing is told 
of Thales in connexion with his discovery that the angle in a semi- 
circle is a right angle’, and Plutarch is not certain whether the ox 
was sacrificed on the discovery of I. 47 or of the problem about 
application of areas". Plutarch’s doubt suggests that he knew of no 
evidence for the story beyond the vague allusion in the distich of 
Apollodorus “Logisticus” (the “calculator”) cited by Diogenes 
Laertius also*; and Proclus may have had in mind this couplet with 
the passages of Plutarch. 

We come now to the question of the famous historical summary 
given by Proclus No one appears to maintain that Eudemus is the 
author of even the early part of this summary in the form in which 
Proclus gives it. [t is, as is well known, divided into two distinct 
parts, between which comes the remark, ‘Those who compiled 
histories* bring the development of this science up to this point. 
Not much younger than these is Euclid, who put together the 
Elements, collecting many of the theorems of Eudoxus, perfecting 
many others by Theaetetus, and bringing to irrefragable demonstration. 
the things which had only been somewhat loosely proved by his pre- 
decessors" Since Euclid was later than Eudemus, it is impossible that 
Eudemus can have written this. Yet the style of the summary after 
this point does not show any such change from that of the former 
portion as to suggest different authorship. The author of the earlier 
portion recurs frequently to the question of the origin of the 
elements of geometry in a way in which no one would be likely to 
do who was not later than Euclid; and it must be the same hand 
which in the second portion connects Euclid’s Elements with the 
work of Eudoxus and Theaetetus*. 

If then the summary is the work of one author, and that author 
not Eudemus, who is it likely to have been? Tannery answers that 
it is Geminus”; but I think, with van Pesch, that he has failed to 
show why it should be Geminus rather than another. And certainly 
the extracts which we have from Geminus' work suggest that the sort 
of topics which it dealt with was quite different; they seem rather to 
have been general questions of the content of mathematics, and even 
Tannery admits that historical details could only have come inci- 
dentally into the work’. 

Could the author have been Proclus himself? Circumstances 


1 Diogenes Laertius, 1. 24, p. 6, ed. Cobet. 

2 Plutarch, non posse suaviter vivi secundum Epicurum, 1x; Symp. VIN, 2. 

? Diog. Laert. vitt. 12, p. 207, ed. Cobet: 

"Hrlxa Mudaybpys 7d wepixdeds eÜpero ypáupa, 
kev lp bry crewhy fryasye BovÜvalny. 

See on this subject Tannery, La Glométrie grecque, p. 105. 

4 Proclus, pp. 64—70. 

* The plural is well explained by Tannery, Le Glométrie grecque, pp. 73, 74. No doubt 
the author of the summary tried to supplement Eudemus by means of any other histories 
which threw light on the subject. Thus e.g. the allusion (p. 64, 21) to the Nile recalls 
Herodotus. Cf. the expression in Proclus, P- 64, 19, wapd rev wodNGw iorbpyras. 

* Tannety, Za Géométrie grecque, p. 75. 

7 ibid. pp. 66—75. 9 jbid. p. 19. 
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which seem to suggest this possibility are (1) that, as already stated, 
the question of the origin of the Elements is kept prominent, 
(2) that there is no mention of Democritus, whom Eudemys would 
not be likely to have ignored, while a follower of Plata would be 
likely enough to do him the injustice, following the example of Plato 
who was an opponent of Democritus, never once mentions him, and 
is said to have wished to burn all his writings’, and (3) the allusion at 
the beginning to the “inspired Aristotle” (0 Sacuovcos "Apsororédns)?, 
though this may easily have been inserted by Proclus in a quotation 
made by him from someone else. On the other hand there are 
considerations which suggest that Proclus himself was so the writer. 
(1) The style of the whole passage is not such as to point to him 
as the author. (2) If he wrote it, it is hardly conceivable that he 
would have passed over in silence the discovery of the analytical 
method, the invention of Plato to which he attached so much 
importance’. 

There is nothing improbable in the conjecture that Proclus quoted 
the summary from a compendium of Eudemus' history made by some 
later writer: but as yet the question has not been definitely settled. 
All that is certain is that the early part of the summary must have 
been made up from scattered notices found in the great work of 
Eudemus. 

Proclus refers to another work of Eudemus besides the history, 
viz. a book on The Angle (BiBdiov wepi yovias)*. Tannery assumes 
that this must have been part of the history, and uses this assumption 
to confirm his idea that the history was arranged according to sudyects, 
not according to chronological order’. The phraseology of Proclus 
however unmistakably suggests a separate work; and that the 
history was chronologically arranged seems to be clearly indicated by 
the remark of Simplicius that Eudemus “also counted Hippocrates 
among the more ancient writers” (èv trois madavorépois)®. 

The passage of Simplicius about the lunes of Hippocrates throws 
considerable light on the style of Eudemus’ history. Eudemus wrote 
in a memorandum-like or summary manner (róv v7ouvnpaTikóv TpóTrov 
tov Evénpuou)’ when reproducing what he found in the ancient writers ; 
sometimes it is clear that he left out altogether proofs or constructions 
of things by no means easy*. 

Geminus. 

The discussions about the date and birthplace of Geminus form a 
whole literature, as to which I must refer the reader to Manitius and 
Tittel*, Though the name looks like a Latin name (Geminus), Mani- 


! Diog. Laertius, IX. 40, p. 237, ed. Cobet. ? Proclus, p. 64, 8. 

* Proclus, p. 211, 19 sqq. ; the passage is quoted above, p. 36. 

* ibid. p. 125, 8. ? Tannery, £a Geometrie grecque, p. 36. 
® Simplicius, ed. Diels, p. 69, 23. 7 ibid. p: 60, 29. 


* CK. Simplicius, p. 63, 19 sqq. ;. p. 64. 25 sqq. ; also Usener's note "de supplendis 
Hippocratis quas omisit Eudemus constructionibus " added to Diels! preface, pp. xxiti—xxvi. 

? Manitius, Gemini elementa astronomiae (Teubner, 1898), pp. 237—252 ; Tittel, art. 
'"' Geminos" in Pauly-Wissowa’s eal-Encyclopidie der classischen Altertumswissenschaft, 
val. VIL. 1910. 
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tius concluded that, since it appears as l'euivos in all Greek MSS. and 
as l'enetvos in some inscriptions, it is Greek and possibly formed from 
yep as ‘Epyivos is from épy and 'AXe£ivos from aXeE (cf. also "Lertvos, 
Kparivos). Tittel is equally positive that it is Geminus and suggests 
that l'eutvos is due to a false analogy with 'AXe£ivos etc. and T'euetvos 
wrongly formed on the model of 'Avraveivos, Aypurmeiva. Geminus, 
a Stoic philosopher, born probably in the island of Rhodes, was the 
author of a comprehensive work on the classification of mathematics, 
and also wrote, about 73-67 B.C., a not less comprehensive commentary 
on the meteorological textbook of his teacher Posidonius of Rhodes, 

It is the former work in which we are specially interested here. 
Though Proclus made great use of it, he does not mention its title, 
unless we may suppose that, in the passage (p. 177, 24) where, after 
quoting from Geminus a classification of lines which never meet, he 
says, " these remarks I have selected from the $iXokaXía of Geminus," 
$«XoxaAMía is a title or an alternative title. Pappus however quotes a 
work of Geminus “on the classification of the mathematics” (év TÓ 
mepi Ts Tv naÜnuárev ráfeos), while Eutocius quotes from "the 
sixth book of the doctrine of the mathematics " (éy rà &krq Ts rv 
pa0nuárev Ücopías)  Tannery? pointed out that the former title 
corresponds well enough to the long extract* which Proclus gives in 
his first prologue, and also to the fragments contained in the Anonymi 
variae collectiones published by Hultsch at the end of his edition of 
Heron’; but it does not suit most of the other passages borrowed by 
Proclus. The correct title was therefore probably that given by 
Eutocius, The Doctrine, or Theory, of the Mathematics; and Pappus 
probably refers to one particular portion of the work, say the first 
Book. If the sixth Book treated of conics, as we may conclude from 
Eutocius, there must have been more Books to follow, because Proclus 
has preserved us details about higher curves, which must have come 
later. If again Geminus finished his work and wrote with the same 
fulness about the other branches of mathematics as he did about 
geometry, there must have been a considerable number of Books 
altogether. At all events it seems to have been designed to give 
a complete view of the whole science of mathematics, and in fact to 
be a sort of encyclopaedia of the subject. 

I shall now indicate first the certain, and secondly the probable, 
obligations of Proclus to Geminus, in which task I have only to follow 
van Pesch, who has embodied the results of Tittel’s similar inquiry also’, 
I shall only omit the passages as regards which a case for attributing 
them to Geminus does not seem to me to have been made out. 

First come the following passages which must be attributed to 
Geminus, because Proclus mentions his name: 

(1) (In the first prologue of Proclus”) on the division of mathe- 

! Pappus, ed. Hultsch, p. 1026, 9. ? Apollonius, ed. Heiberg, vol. tt. p. 170. 

* Tannery, Za GZométrie grecque, pp. 18, 19. * Proclus, pp. 38, 1—423, 8. 

* Heron, ed. Hultsch, pp. 246, 16—249, 12. 

* Van Pesch, De Procli fontibus, pp. 97—1 (3. The dissertation of Tittel is entitled De 


Gemini Stoici studiis mathematicis (1895). 
? Proclus, pp. 38, 1—42, 8, except (he allusion in p. 41, 8—10, to Ctesibius and Heron and 
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matical sciences into arithmetic, geometry, mechanics, astronomy, 
optics, geodesy, canonic (science of musical harmony), and logistic 
(apparently arithmetical problems) ; 

(2) (in the note on the definition of a straight line) on the 
classification of lines (including curves) as simple (straight or circular) 
and mixed, composite and incomposite, uniform (óuotouepeis) and 
non-uniform (dvouotopuepets), lines " about solids" and lines produced 
by cutting solids, including conic and spiric sections’ ; 

(3) (in the note on the definition of a plane surface) on similar 
distinctions extended to surfaces and solids? ; 

(4) (in the note on the definition of parallels) on lines which 
do not meet (dovumtwro) but which are not on that account 
parallel, e.g. a curve and its asymptote, showing that the property of 
not meeting does not make lines parallel—a favourite observation of 
Geminus—and, incidentally, on bounded lines or those which enclose a 
figure and those which do not? ; 

(5) (in the same note) the definition of parallels given by 
Posidonius‘; 

(6) on the distinction between postulates and axioms, the futility 
of trying to prove axioms, as Apollonius tried to prove Axiom 1, and 
the equal incorrectness of assuming what really requires proof, “as 
Euclid did in the fourth postulate [equality of right angles] and in 
the fifth postulate [the parallel-postulate]*” ; 

(7) on Postulates 1, 2, 3, which Geminus makes depend on the 
idea of a straight line being described by the motion of a point’; 

(8) (inthe note on Postulate 5) on the inadmissibility in geometry 
of an argument which is merely plausible, and the danger in this 
particular case owing to the existence of lines which do converge 
ad infinitum and yet never meet’ ; 

(9) (in the note on I. 1) on the subject-matter of geometry, 
theorems, problems and S«pieuoí (conditions of possibility) for 
problems’; 

(10) (in the note on I. 5) on a generalisation of 1. 5 by Geminus 
through the substitution for the rectilineal base of “one uniform line 
(curve),” by means of which he proved that the only “uniform lines” 


their pneumatic devices (@avyarowoiie4), as regards which Proclus’ authority may be Pappus 
(VIII. p. 1024, 24—27) who uses very similar expressions. Heron, even if not later than 
Geminus, could hardly have been included in a historical work by him. Perhaps Geminus 
may have referred to Ctesibius only, and Proclus may have inserted ‘and Heron” himself. 

1 Proclus, pp. 103, 231—107, t0; pp. 111, 1—113, 3 

3 ibid. Pp. 117, 14—120, 12, where perhaps in the passage pp. 117, 22—118, 23 we may 
have Geminus’ own words. 

> ibid. pp. 176, 18—177, 25; perhaps also p. 175. The note ends with the words 
*'These things too we have selected from Geminus! éiXoxaMa for the elucidation of the 
matters in question." Tannery (p. 27) takes these words coming at the end of the commen- 
tary on the definitions as referring to the whole of the portion of the commentary dealing 
with the definitions. Van Pesch properly regards them as only applying to the note on 
parallels. This seems to me clear from the use of the word too (rosavra xal). 

; Proclus; P- 176, 5—17. 

ibid. pp. 178—182, 4; pp. 183, 14—184, 10; cl. p. 188, 3—11. 
* ibid. p. 185, 6—as. ATER ES T : 1 
? ibid. p. 193, 5—a9. * ibid. pp. 200, 21—2302, 15. 
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(alike in all their parts) are a straight line, a circle, and a cylindrical 
helix' ; 

(11) (in the note on I. 10) on the question whether a line is made 
up of indivisible parts (apep), as affecting the problem of bisecting 
a given straight line?; 

(12) (in the note on I. 35) on topical, or Jocus-theorems?, where 
the illustration of the equal parallelograms described between a 
hyperbola and its asymptotes may also be due to Geminus‘ 

Other passages which may fairly be attributed to Geminus, though 
his name is not mentioned, are the following : 

(1) in the prologue, where there is the same allusion as in the 
passage (8) above to a remark of Aristotle that it is equally absurd to 
expect scientific proofs from a rhetorician and to accept mere plausi- 
bilities from a geometer’ ; 

(2) a passage in the prologue about the subject-matter, methods, 
and bases of geometry, the latter including axioms and postulates’ ; 

(3) another on the definition and nature of elements" ; 

(4) a remark on the Stoic use of the term axiom for every simple 
statement (arogavats adi)? ; 

(5) another discussion on theorems and problems’, in the middle 
of which however there are some sentences by Proclus himself. 

(6) another passage, in connexion with Def. 3, on lines including 
or not including a figure (with which cf. part of the passage (4) 
above)"; 

(7) a classification of different sorts of angles according as they 
are contained by simple or mixed lines (or curves)”; 

(8) a similar classification of figures”, and of plane figures*; 

(9) Posidonius’ definition of a figure”; 

(10) a classification of triangles into seven kinds” ; 

(11) a note distinguishing lines (or curves) producible indefinitely 
or not so producible, whether forming a figure or not forming a 
figure (like the "single-turn spiral ”)”; 

(12) passages distinguishing different sorts of problems”, different 
sorts of theorems”, and two sorts of converses (complete and partial)”; 

(13) the definition of the term '" porism " as used in the title of 
Euclid’s Porisms, as distinct from the other meaning of “corollary ”™; 

(14) a note on the Epicurean objection to I. 20 as being obvious 
even to an ass? ; 

(15) a passage on the properties of parallels, with allusions to 


! Proclus, p. 251, ?—11. 2 ibid. Pp- 277, 25—279, 11. 

3 ibid. PP. 394, 11—395, 2 and p. 395, 13—21. ibid. p. 395, 8—13. 

6 ibid. PP. 33, 21—34, I. * ihid. pp. 57, 9—58, 3. 

7 ibid. PP, 72, 3—75. 4- 9 ibid. p. 77, 3—6. 

9 ibid. pp. 77, 7—78, 13, and 79, 3—81, 4. Y ibid. pp. 78, 13—79, 2. 

dL ibid. pp. t02, -22— 103, 18. 12 ibid. pp. 126, 7—127, 16. 

13 ibid. pp. 159, 12—160, 9. M ibid. pp. 162, 27—164, 6. 

13 ibid. p. 143, 5—11. 16 ibid. p. 168, 4—12. 

17 ibid. p. 187, 19—27. 18 ibid. pp. 220, 7—222. 14; also p. 330, 6—9. 
19 ibid. Pp. 244, 14—246, 12. 99 ibid. pp. 252, $—25«, 20. 
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Apollonius’ Conics, and the curves invented by Nicomedes, Hippias 
and Perseus’; 

(16) a passage on the parallel-postulate regarded as the converse 
of 1.177%. 

Of the authors to whom Proclus was indebted in a less degree the 
most important is Apollonius of Perga. Two passages allude to his 
Conics*, one to a work on irrationals‘, and two to a treatise On the 
cochlias (apparently the cylindrical helix) by Apollonius’. But more 
important for our purpose are six references to Apollonius in connexion 
with elementary geometry. 

(1) He appears as the author of an attempt to explain the idea 
of a line (possessing length but no breadth) by reference to daily 
experience, e.g. when we tell someone to measure, merely, the length 
of a road or of a wall*; and doubtless the similar passage showing 
how we may in like manner get a notion of a surface (without depth) 
is his also’. 

(2) He gave a new general definition of an angle". 

(3) He tried to prove certain axioms’, and Proclus gives his 
attempt to prove Axiom 1, word for word". 

Proclus further quotes: 

(4) Apollonius' solution of the problem in Eucl. i. 10, avoiding 
Euclid’s use of 1. 9", 

(5) his solution of the problem in 1. 11, differing only slightly 
from Euclid's", and 

(6) his solution of the problem in 1. 23”. 

Heiberg" conjectures that Apollonius departed from Euclid’s 
method in these propositions because he objected to solving problems 
of a more general, by means of problems of a more particular, 
character. Proclus however considers all three solutions inferior to 
Euclid's; and his remarks on Apollonius’ handling of these ele- 
mentary matters generally suggest that he was nettled by criticisms 
of Euclid in the work containing the things which he quotes from 
Apollonius, just as we conclude that Pappus was offended by the 
remarks of Apollonius about Euclid's incomplete treatment of the 
* three- and four-line locus!" If this was the case, Proclus can hardly 
have got his information about these things at second-hand; and 
there seems to be no reason to doubt that he had the actual work of 
Apollonius before him. This work may have been the treatise 
mentioned by Marinus in the words “ Apollonius in his general 
treatise" ('AzoXXdwios év v) kaÜóXov Tparyuareía)". If the notice 
in the Frist" stating, on the authority of Thàbit b. Qurra, that 


1 Proclus, pp. 355, 20—356, 16. ? ibid. p. 364, 9—12; pp. 364, 20— 365, 4. 
3 ibid. p. 71, 19; p- 356, 8, 6. * ibid. p. 74, 23, 24- 


? ibid. pp. 105, 5, 6, 14, 15. * ibid. p. 100, 5—19. 
7 ibid. p. 114, 20—25. 9. ibid, p. 133, 15— 19 (cf. p. 124, 17, p. 125, 17). 
i itid. p. 183, it x i wig pp- ah 25—195, 5. 
ibid. pp. 279, 16—180, 4- ibid. p. 182, 8— 19. 
1 ibid. pp. 335, 16—336, 5. M. Philologus, vol. XLitt. p. 489- 
3 See above, pp. 2, 3. 10 Marinus in Euclidis boh, ed. Menge, p. 234, 16. 
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Apollonius wrote a tract on the parallel-postulate be correct, it may 
have been included in the same work. We may conclude generally 
that, in it, Apollonius tried to remodel the beginnings of geometry, 
reducing the number of axioms, appealing, in his definitions of lines, 
surfaces etc, more to experience than to abstract reason, and 
substituting for certain proofs others of a more general character. 

The probabilities are that, in quoting from the tract of Ptolemy in 
which he tried to prove the parallel-postulate, Proclus had the actual 
work before him. For, after an allusion to it as “a certain book!” 
he gives two long extracts?, and at the beginning of the second 
indicates the title of the tract, “in the (book) about the meeting of 
straight lines produced from (angles) less than two right angles,” as 
he has very rarely done in other cases. 

Certain things from Posidonius are evidently quoted at second- 
hand, the authority being Geminus (eg. the definitions of figure and 
parallels); but besides these we have quotations from a separate work 
which he wrote to controvert Zeno of Sidon, an Epicurean who had 
sought to destroy the whole of geometry’. We are told that Zeno 
had argued that, even if we admit the fundamental principles (dpyat) 
of geometry, the deductions from them cannot be proved without the 
admission of something else as well, which has not been included in 
the said principles‘ On 1. t Proclus gives at some length the argu- 
ments of Zeno and the reply of Posidonius as regards this proposition”. 
In this case Zeno's "something else" which he considers to be 
assumed is the fact that two straight lines cannot have a common 
segment, and then, as regards the “proof” of it by means of the 
bisection of a circle by its diameter, he objects that it has been 
assumed that two circumferences (arcs) of circles cannot have a 
common part. Lastly, he makes up, for the purpose of attacking it, 
another supposed " proof" of the fact that two straight lines cannot 
have a common part. Proclus appears, more than once, to be quoting 
the actual words of Zeno and Posidonius ; in particular, two expres- 
sions used by Posidonius about “the acrid Epicurean” (tov Bpuuvv 
*Esrixovpecov)" and his “ misrepresentations” (Mocedóviós nov tòv 
Znvova cvxopavreiv)’. It is not necessary to suppose that Proclus 
had the original work of Zeno before him, because Zeno's arguments 
may easily have been got from Posidonius' reply; but he would 
appear to have quoted direct from the latter at all events. 

The work of Carpus mechanicus (a treatise on astronomy) quoted 
from by Proclus? must have been accessible to him at first-hand, 
because a portion of the extract from it about the relation of theorems 
and problems’ is reproduced word for word. Moreover, if he were not 
using the book itself, Proclus would hardly be in a position to question 
whether the introduction of the subject of theorems and problems 


1 Proclus, p. 191, 23- 2 ibid. pp. 362, 14— 363, 18; Pp. 365, 7—367, 27- 
3 ibid. p. 200, 1— 3. 4 ibid. pp. t99, 11—200, 1. 

* ibid. pp. 214, 18—215, 13; pp- 216, 10—218, r1. 

* ibid. p. 216, 21. 7 ibid. p. 218, t. 
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was opportune in the place where it was found (e uév xarà xapóv rj 
Hh, rapeíaÜw Tpós Tò mapov)'. 

It is of course evident that Proclus had before him the original 
works of Plato, Aristotle, Archimedes and Plotinus, as well as the 
Zvuuxrá of Porphyry and the works of his master Syrianus (o zuérepos 
kaÜnyeuov)*, from whom he quotes in his note on the definition of an 
angle. Tannery also points out that he must have had before him a 
group of works representing the Pythagorean tradition on its mystic, 
as distinct from its mathematical, side, from Philolaus downwards, and 
comprising the more or less apocryphal íepós Aóyos of Pythagoras, the 
Oracles (Adyta), and Orphic verses’. 

Besides quotations from writers whom we can identify with more 
or less certainty, there are many other passages which are doubtless 
quoted from other commentators whose names we do not know. A 
list of such passages is given by van Pesch‘, and there is no need to 
cite them here. 

Van Pesch also gives at the end of his work’ a convenient list of 
the books which, as the result of his investigation, he deems to have 
been accessible to and directly used by Proclus. The list is worth 
giving here, on the same ground of convenience. It is as follows : 

Eudemus : Aistory of geometry. 

Geminus : the theory of the mathematical sciences. 
Heron : commentary on the Elements of Euclid. 
Porphyry : » » » 
Pappus: ‘i E » 
Apollonius of Perga: a work relating to elementary geometry. 
Ptolemy : on the parallel-postulate. 

Posidonius : a book controverting Zeno of Sidon. 
Carpus: astronomy. 

Syrianus: a discussion on the angle. 
Pythagorean philosophical tradition. 

Plato's works. 

Aristotle's works. 

Archimedes' works. 

Plotinus: Znneades. 

Lastly we come to the question what passages, if any, in the 
commentary of Proclus represent his own contributions to the subject. 
As we have seen, the onus probandi must be held to rest upon him 
who shall maintain that a particular note is original on the part of 
Proclus. Hence it is not enough that it should be impossible to point 
to another writer as the probable source of a note; we must have a 
positive reason for attributing it to Proclus. The criterion must there- 
fore be found either (1) in the general terms in which Proclus points 
out the deficiencies in previous commentaries and indicates the 
respects in which his own will differ from them, or (2) in specific 
expressions used by him in introducing particular notes which may 

1 Proclus, p. 241, 21, 22. 2 ibid. p. 123, 19. 


? Tannery, La Glométrie grecque, pp. 25, 26, 
* Van Pesch, De Procli fontibus, p. 139. * ibid. p. 155. 
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indicate that he is giving his own views. Besides indicating that he 
paid more attention than his predecessors to questions requiring 
deeper study (Tò wpayyatewwdes) and “pursued clear distinctions” 
(ro evStaiperoy peradi@xovtas)'—by which he appears to imply that 
his predecessors had confused the different departments of their 
commentaries, viz. lemmas, cases, and objections (évaracess)*—Proclus 
complains that the earlier commentators had failed to indicate the 
ultimate grounds or causes of propositions’. Although it is from 
Geminus that he borrowed a passage maintaining that it is one of the 
proper functions of geometry to inquire into causes (rHv aitiav xai 
ro ba ti)‘, yet it is not likely that Geminus dealt with Euclid’s 
propositions one by one; and consequently, when we find Proclus, on 
1. 8, 16, 17, 18, 32, and 47°, endeavouring to explain causes, we have 
good reason to suppose that the explanations are his own. 

Again, his remarks on certain things which he quotes from Pappus 
can scarcely be due to anyone else, since Pappus is the latest of the 
commentators whose works he appears to have used. Under this 
head. come 

(1) his objections to certain new axioms introduced by Pappus’, 

(2) his conjecture as to how Pappus came to think of his alterna- 
tive proof of I. 57, 

(3) an addition to Pappus' remarks about the curvilineal angle 
which is equal to a right angle without being one”, 

The defence of Geminus against Carpus, who combated his view 
of theorems and problems, is also probably due to Proclus’, as well as 
an observation on I. 38 to the effect that I. 35—38 are really compre- 
hended in VI. 1 as particular cases. 

Lastly, we can have no hesitation in attributing to Proclus himself 
(1) the criticism of Ptolemy’s attempt to prove the parallel-postulate™, 
and (2) the other attempted proof given in the same note” (on I. 29) 
and assuming as an axiom that “if from one point two straight lines 
forming an angle be produced ad infinitum the distance between them 
when so produced ad infinitum exceeds any finite magnitude (i.e. 
length),” an assumption which purports to be the equivalent of a 
statement in Aristotle’. It is introduced by words in which the 
writer appears to claim originality for his proof: “To him who 
desires to see this proved (xatacxevalopevov) let it be said by us 
(AeyéoOw trap’ jpdv)" etc.* Moreover, Philoponus, in a note on 
Aristotle’s Azad. post. I. 10, says that " the geometer (Euclid) assumes 
this as an axiom, but it wants a great deal of proof, insomuch that 
both Ptolemy and Proclus wrote a whole book upon it'*" 

! Proclus, p. » P- 435, 14, 15. 3 Cf. ihid. p. 289, 11—15; p. 432, 15—17. 
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* See Proclus, p. 270, 5—24 (1. 8); pp. 309, 3—310, 8 (1. 16); pp. 310, 19—311, 23 
(1. 17); pp- 316, 14—318, 2 (1. 18); p. 384, 13—21 (1. 32); pp- 426, 32—427, 8 (1. 47). 


* Proclus, p. (98, 5—15. 7 ibid. p. 250, 12—19. * ibid. p. 190, 9—23. 
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3 Aristotle, de caelo, 1. 5 (271 b 18—30). 1 Proclus, p. 371, 10. 


Berlin Aristotle, vol. IV. p. 214a 9—12. 


CHAPTER V. 


THE TEXT! 


IT is well known that the title of Simson's edition of Euclid (first 
brought out in "Latin and English in 1756) claims that, in it, “the 
errors by which Theon, or others, have long ago vitiated these books 
are corrected, and some of Euclid's demonstrations are restored " ; and 
readers of Simson’s notes are familiar with the phrases used, where 
anything in the text does not seem to him satisfactory, to the effect 
that the demonstration has been spoiled, or things have been interpo- 
lated or omitted, by Theon “or some other unskilful editor.” Now 
most of the MSS. of the Greek text prove by their titles that they 
proceed from the recension of the Elements by Theon; they purport 
to be either “from the edition of Theon” (é« 75s Oéwvos éxddcews) or 
“from the lectures of Theon” (d70 evvovatàv tod @éwvos). This was 
Theon of Alexandria (4th c. A.D.) who also wrote a commentary on 
Ptolemy, in which there occurs a passage of the greatest importance 
in this connexion’: “But that sectors in equal circles are to one 
another as the angles on which they stand has been proved by me in 
my edition of the Elements at the end of the sixth book.” Thus Theon 
himself says that he edited the Elements and also that the second part 
of VI. 33, found in nearly all the MSs., is his addition.  . 

This passage is the key to the whole question of Theon's changes 
in the text of Euclid ; for, when Peyrard found in the Vatican the 
MS. 190 which contained neither the words from the titles of the other 
MSS. quoted above nor the interpolated second part of VI. 33, he was 
justified in concluding, as he did, that in the Vatican MS. we have an 
edition more ancient than Theon's. It is also clear that the copyist 
of P, or rather of its archetype, had before him the two recensions and 
systematically gave the preference to the earlier one; for at XIII. 6 in 
P the first hand has added a note in the margin: “This theorem is 
not given in most copies of the mew edition, but is found in those of 
the old" Thus we are more fortunate than Simson, since our 
judgment of Theon's recension can be formed on the basis, not of 
mere conjecture, but of the documentary evidence afforded by a 
comparison of the Vatican MS. just mentioned with what we may 
conveniently call, after Heiberg, the Theonine MSs. 

1 The material for the whole of this chapter is taken from Heiberg’s cdition of the 
Elements, introduction to vol. v., and from the same scholar’s Lilterargeschichtliche Studien 


über Euklid, p. 1745sqq. and Paraligomena zu Euklid in Hermes, XXXVII., 1903. 
21. p. 201 ed. Halma=p. so ed. Basel. 
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The Mss. used for Heiberg's edition of the Elements are the 
following : 

(1) P= Vatican MS. numbered 190, 4to, in two volumes (doubt- 

less one originally); roth c. 

This is the Ms. which Peyrard was able to use; it was sent from 
Rome to Paris for his use and bears the stamp of the Paris Imperial 
Library on the last page. It is well and carefully written. There are 
corrections some of which are by the original hand, but generally in 
paler ink, others, still pretty old, by several different hands, or by one 
hand with different ink in different places (P m. 2), and others again 
by the latest hand (P m. rec.) It contains, first, the Elements 1.—XIII. 
with scholia, then Marinus commentary on the Data (without the 
name of the author), followed by the Daza itself and scholia, then the 
Elements X1V., XV. (so called), and lastly three books and a part of a 
fourth of a commentary by Theon eis roUs rpoxeipovs kavóvas IlroXe- 
pa tov. 

The other Mss. are “ Theonine.” 

(2) F=MS. XXVIII, 3, in the Laurentian Library at Florence, 4to; 

10th c. 

This MS. is written in a beautiful and scholarly hand and contains 
the Elements 1.—xv., the Optics and the Phaenomena, but is not well 
preserved. Not only is the original writing renewed in many places, 
where it had become faint, by a later hand of the 16th c., but the same 
hand has filled certain smaller lacunae by gumming on to torn 
pages new pieces of parchment, and has replaced bodily certain 
portions of the MS., which had doubtless become illegible, by fresh 
leaves. The larger gaps so made good extend from Eucl. VII. 12 to 
IX. 15, and from XII. 3 to the end ; so that, besides the conclusion of the 
Elements, the Optics and Phaenomena are also in the later hand, and we 
cannot even tell what in addition to the Elements 1.—XI1I. the original 
MS. contained. Heiberg denotes the later hand by ¢ and observes 
that, while in restoring words which had become faint and filling up 
minor lacunae the writer used no other MS, yet in the two larger 
restorations he used the Laurentian MS. XXVIII, 6, belonging to the 
I3th—14th c. The latter Ms. (which Heiberg denotes by f) was 
copied from the Viennese MS. (V) to be described below. 

(3) B= Bodleian Ms, D'Orville x. 1 inf. 2, 30, 4to; A.D. 888. 

This Ms. contains the E/ements IL.—XV. with many scholia. Leaves 
15—118 contain I. 14 (from about the middle of the proposition) to 
the end of Book vL, and leaves 123—387 (wrongly numbered 397) 
Books VIL—XV. in one and the same elegant hand (9th c). The 
leaves preceding leaf 15 seem to have been lost at some time, leaves 
6 to 14 (containing Elem. I. to the place in I. 14 above referred to) 
being carelessly written by a later hand on thick and common parch- 
ment (13th c). On leaves 2 to 4 and 122 are certain notes in the 
hand of Arethas, who also wrote a two-line epigram on leaf 5, the 
greater part of the scholia in uncial letters, a few notes and corrections, 
and two sentences on the last leaf, the first of which states that the 
MS. was written by one Stephen clericus in the year of the world 6397 
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(= 888 A.D.), while the second records Arethas’ own acquisition of it. 
Arethas lived from, say, 865 to 939 A.D. He was Archbishop of 
Caesarea and wrote a commentary on the Apocalypse. The portions 
of his library which survive are of the greatest interest to palaeography 
on account of his exact notes of dates, names of copyists, prices of 
parchment etc. It is to him also that we owe the famous Plato MS. 
from Patmos (Cod. Clarkianus) which was written for him in November 
895°. 
(4) V = Viennese Ms. Philos. Gr. No. 103; probably 12th c. 

This Ms. contains 292 leaves, Eucl. Elements 1.—XV. occupying 
leaves 1 to 254, after which come the Optics (to leaf 271), the 
Phaenomena (mutilated at the end) from leaf 272 to leaf 282, and lastly 
scholia, on leaves 283 to 292, also imperfect at the end. The different 
material used for different parts and the varieties of handwriting make 
it necessary for Heiberg to discuss this MS. at some length? The 
handwriting on leaves 1 to 183 (Book I. to the middle of X. 105) and 
on leaves 203 to 234 (from XI. 31, towards the end of the proposition, 
to XIII, 7, a few lines down) is the same; between leaves 184 and 202 
there are two varieties of handwriting, that of leaves 184 to 189 and 
that of leaves 200 (verso) to 202 being the same. Leaf 235 begins in 
the same handwriting, changes first gradually into that of leaves 184 
to 189 and then (verso) into a third more rapid cursive writing which 
is the same as that of the greater part of the scholia, and also as that 
of leaves 243 and 282, although, as these leaves are of different 
material, the look of the writing and of the ink seems altered. 
There are corrections both by the first and a second hand, and scholia 
by many hands. On the whole, in spite of the apparent diversity of 
handwriting in the MS., it is probable that the whole of it was written 
at about the same time, and it may (allowing for changes of material, 
ink etc.) even have been written by the same man. It is at least 
certain that, when the Laurentian MS. XXVIII, 6 was copied from it, the 
whole Ms. was in the condition in which it is now, except as regards 
the later scholia and leaves 283 to 292 which are not in the Laurentian 
MS., that MS. coming to an end where the Phaenomena breaks off 
abruptly in V. Hence Heiberg attributes the whole Ms. to the 12th c. 

But it was apparently in two volumes originally, the first con- 
sisting of leaves 1 to 183; and it is certain that it was not all copied 
at the same time or from one and the same original. For leaves 
184 to 202 were evidently copied from two MSS. different both from 
one another and from that from which the rest was copied. Leaves 
184 to the middle of leaf 189 (recto) must have been copied from a 
MS. similar to P, as is proved by similarity of readings, though not 
trom P itself. The rest, up to leaf 202, were copied from the Bologna 
MS. (b) to be mentioned below. It seems clear that the content of 
leaves 184 to 202 was supplied from other MSS. because there was a 
lacuna in the original from which the rest of V was copied. 


1 See Pauly-Wissowa, Real-Encyclopadie der class. Altertumswissenschaft, vol. M., 1896, 


® Heiberg, vol. v. pp. xxix—xxxiii. * 
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Heiberg sums up his conclusions thus. The copyist of V first 
copied leaves 1 to 183 from an original in which two guaterniones 
were missing (covering from the middle of Eucl. x. 105 to near the 
end of XI. 31). Noticing the lacuna he put aside one guaternio of the 
parchment used up to that point. Then he copied onwards from 
the end of the lacuna in the original to the end of the PAaenomena. 
After this he looked about him for another Ms. from which to fill up 
the lacuna ; finding one, he copied from it as far as the middle of leaf 
189 (recto). Then, noticing that the Ms. from which he was copying 
was of a different class, he had recourse to yet another MS. from which 
he copied up to leaf 202. At the same time, finding that the lacuna 
was longer than he had reckoned for, he had to use twelve more 
leaves of a different parchment in addition to the guaternio which he 
had put aside. The whole Ms. at first formed two volumes (the first 
containing leaves 1 to 183 and the second leaves 184 to 282); then, 
after the last leaf had perished, the two volumes were made into one 
tc which two more guaterniones were also added. A few leaves of the 
latter of these two have since perished. 

(5) b= MS. numbered 18—19 in the Communal Library at 

Bologna, in two volumes, 4to; 11th c. 

This MS. has scholia in the margin written both by the first hand 
and by two or three later hands; some are written by the latest hand, 
Theodorus Cabasilas (a descendant apparently of Nicolaus Cabasilas, 
14th c.) who owned the MS. at one time. It contains (a) in 14 quater- 
ntones the definitions and the enunciations (without proofs) of the 
Elements 1.—x1I. and of the Data, (P) in the remainder of the 
volumes the Proem to Geometry (published among the Variae 
Collectiones in Hultsch’s edition of Heron, Pp. 252, 24 to 274, 14) 
followed by the E/ements 1.—xr111. (part of XIII. 18 to the end being 
missing), and then by part of the Da/a (from the last three words of 
the enunciation of Prop. 38 to the end of the penultimate clause in 
Prop. 87, ed. Menge). From XI. 36 inclusive to the end of XII this 
MS. appears to represent an entirely different recension. Heiberg is 
compelled to give this portion of b separately in an appendix. He 
conjectures that it is due to a Byzantine mathematician who thought 
Euclid's proofs too long and tiresome and consequently contented 
himself with indicating the course followed’. At the same time this 
Byzantine must have had an excellent MS. before him, probably of the 
ante-Theonine variety of which the Vatican Ms. 190 (P) is the sole 
representative. 

(6) p= Paris MS. 2466, 4to; 12th c. 

This manuscript is written in two hands, the finer hand occupying 
leaves 1 to 53 (recto), and a more careless hand leaves 53 (verso) to 
64, which are of the same parchment as the earlier leaves, and leaves 
65 to 239, which are of a thinner and rougher parchment showing 
traces of writing of the 8th—gth c. (a Greek version of the Old 
Testament). The MS. contains the Elements 1.—XIII. and some scholia 
after Books XL, XII. and XIII. 

! Zeitschrift für Math. u. Physik, XXIX., hist.-litt. Abtheilung, p. 13. 
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(7) q= Paris Ms. 2344, folio ; 12th c. 

It is written by one hand but includes scholia by many hands. 
On leaves 1 to 16 (recto) are scholia with the same title as that found 
by Wachsmuth in a Vatican Ms. and relied upon by him to prove that 
Proclus continued his commentaries beyond Book L! Leaves 17 to 
357 contain the E/ements I.—XIII. (except that there is a lacuna from 
the middle of VIII. 25 to the &e@ears of IX. 14) ; before Books VII. and 
X. there are some leaves filled with scholia only, and leaves 358 to 366 
contain nothing but scholia. 

(8) Heiberg also used a palimpsest in the British Museum (Add. 
17211) Five pages are of the 7th—8th c. and are contained (leaves 
49—53) in the second volume of the Syrian Ms. Brit. Mus. 687 of the 
gth c.; half of leaf 50 has perished. The leaves contain various frag- 
ments from Book x. enumerated by Heiberg, Vol. IIL, P. v, and nearly 
the whole of XIII. 14. 

Since his edition of the Elements was published, Heiberg has 
collected further material bearing on the history of the text”. Besides 
giving the results of further or new examination of MSS., he has 
collected the fresh evidence contained in an-Nairizi’s commentary, 
and particularly in the quotations from Heron’s commentary given in 
it (often word for word), which enable us in several cases to trace 
differences between our text and the text as Heron had it, and to 
identify some interpolations which actually found their way into the 
text from Heron’s commentary itself; and lastly he has dealt with 
some valuable fragments of ancient papyri which have recently come 
to light, and which are especially important in that the evidence drawn 
from them necessitates some modification in the views expressed in 
the preface to Vol. v. as to the nature of the changes made in Theon’s 
recension, and in the principles laid down for differentiating between 
Theon’s recension and the original text, on the basis of a comparison 
between P and the Theonine Mss. alone. 

The fragments of ancient papyri referred to are the following. 

1. Papyrus Herculanensis No. 1061*. 

This fragment quotes Def. 15 of Book I. in Greek, and omits the 
words 7 «aħeîraı mepihépera, “which is called the circumference,” 
found in all our Mss., and the further addition Tpós T)v TOÜ KUKNOU 
vepióépeiav also found in practically all the Mss. Thus Heiberg's 
assumption that both expressions are interpolations is now confirmed 
by this oldest of all sources. 

2. The Oxyrhynchus Papyri Y. p. $8, No. XXIX. of the 3rd or 4th c. 

This fragment contains the enunciation of Eucl. 11. 5 (with figure, 
apparently without letters, immediately following, and not, as usual in 
our MSS, at the end of the proof) and before it the part of a word 
Tepiexoue belonging to II. 4 (with room for —ve ópÜoyovíq: ómep Eser 

1 [els 7]à roÜ. EóxAelBov &roixeia mpoAauBavóueva ér vOv IIpóxkhov qwopáónv xal rar’ èm- 
Toujv. Cf. p. 32, note 8, above. 

3 Heiberg, Paralipomena zu Euklid in Hermes, XXXVII., 1903, pp. 46—74, 161—201, 
321 —350. 


® Described by Heiberg in Oversigt over det kngl. danske Videnskabernes Selskabs 
Forhandlinger, 1900, p. 161. 
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detEac and a stroke to mark the end), showing that the fragment had 
not the Porism which appears in all the Theonine MSS. and (in a later 
hand) in P, and thereby confirming Heiberg’s assumption that the 
Porism was due to Theon. 

3. A fragment in Fayum towns and their papyri, p. 96, No. IX. of 
2nd or 3rd c. 

This contains L. 39 and I. 4t following one another and almost 
complete, showing that I. 40 was wanting, whereas it is found in all 
the Mss. and is recognised by Proclus. Moreover the text of the 
beginning of 1. 39 is better than ours, since it has no double Sopa pos 
but omits the first (“I say that they are also in the same parallels”) 
and has “and” instead of “for let AD be joined” in the next sentence. 
It is clear that I. 40 was interpolated by someone who thought there 
ought to be a proposition following I. 39 and related to it as I. 38 is 
related to I. 37 and I. 36 to I. 35, although Euclid nowhere uses I. 40, 
and therefore was not likely to include it. The same interpolator 
failed to realise that the words “let AD be joined” were part of the 
ExOeors or setting-out, and took them for the catacKeuny or “ construc- 
tion” which generally follows the Scoptopos or “ particular statement” 
of the conclusion to be proved, and consequently thought it necessary 
to insert a dvoptopos before the words. 

The conclusions drawn by Heiberg from a consideration of 
particular readings in this papyrus along with those of our MSS. will 
be referred to below. 

We now come to the principles which Heiberg followed, when 
preparing his edition, in differentiating the original text from the 
Theonine recension by means of a comparison of the readings of P 
and of the Theonine Mss. The rules which he gives are subject to a 
certain number of exceptions (mostly in cases where one Ms. or the 
other shows readings due to copyists' errors), but in general they may 
be relied upon to give conclusive results. 

The possible alternatives which the comparison of P with the 
Theonine Mss. may give in particular passages are as follows: 

I. There may be agreement in three different degrees. 

(1) P and aé/ the Theonine Mss. may agree. 

In this case the reading common to all, even if it is corrupt or 
interpolated, is more ancient than Theon, i.e. than the 4th c. 

(2) P may agree with some (only) of the Theonine Mss. 

In this case Heiberg considered that the latter give the true 
reading of Theon’s recension, and the other Theonine Mss. have 
departed from it. 

(3) P and one only of the Theonine MSS may agree. 

In this case too Heiberg assumed that the ove Theonine MS. which 
agrees with P gives the true Theonine reading, and that this rule even 
supplies a sort of measure of the quality and faithfulness of the 
Theonine Mss. Now none of them agrees alone v.ıth P in preserving 
the true reading so often as F. Hence F must be held to have pre- 
served Theon's recension more faithfully than the other Theonine MSS.; 
and it would follow that in those portions where F fails us P must 
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carry rather more weight even though it may differ from the Theonine 
MSS. BVpq. (Heiberg gives many examples in proof of this, as of his 
main rules generally, for which reference must be made to his Prole- 
gomena in Vol. v.) The specially close relation of F and P is also 
illustrated by passages in which they have the same errors; the 
explanation of these common errors (where not due to accident) is 
found by Heiberg in the supposition that they existed, but were not 
noticed by Theon, in the original copy in which he made his changes. 

Although however F is by far the best of the Theonine MSS., there 
are a considerable number of passages where one of the others (B, V, 
p or q) alone with P gives the genuine reading of Theon's recension. 

As the result of the discovery of the papyrus fragment containing 
I. 39, 41, the principles above enunciated under (2) and (3) are found 
by Heiberg to require some qualification. For there is in some cases 
a remarkable agreement between the papyrus and the Theonine Mss. 
(some or all) as against P. This shows that Theon took more trouble 
to follow older MSS., and made fewer arbitrary changes of his own, 
than has hitherto been supposed. Next, when the papyrus agrees 
with some of the Theonine MSS. against P, it must now be held that 
these MSS. (and not, as formerly supposed, those which agree with P) 
give the true reading of Theon. If it were otherwise, the agreement 
between the papyrus and the Theonine MsS. would be accidental: but 
it happens too often for this. It is clear also that there must have 
been contamination between the two recensions; otherwise, whence 
could the Theonine MsS. which agree with P and not with the papyrus 
have got their readings? The influence of the P class on the Theonine 
F is especially marked. 

II. There may be disagreement between P and all the Theonine 
MSS. 

The following possibilities arise. 

(1) The Theonine Mss. differ also among themselves. 

In this case Heiberg considered that P nearly always has the true 
reading, and the Theonine MSS. have suffered interpolation in different 
ways after Theon's time. 

(2) The Theonine mss. all combine against P. 

In this case the explanation was assumed by Heiberg to be one or 
other of the following. 

(a) The common reading is due to an error which cannot be 
imputed to Theon (though it may have escaped him when putting 
together the archetype of his edition); such error may either have 
arisen accidentally in all alike, or (more frequently) may be 
referred to a common archetype of all the MSS. 

(8) There may be an accidental error in P; eg. something 
has dropped out of P in a good many places, generally through 
OpoL0TÉXevTovV 

(y) There may be words interpolated in P. 

(8) Lastly, we may have in the Theonine MSS. a change made 
by Theon himself. 

(The discovery of the ancient papyrus showing readings agreeing 
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with some, or with all, of the Theonine MSS. against P now makes it 
necessary to be very cautious in applying these criteria.) 

It is of course the last class (8) of changes which we have to 
investigate in order to get a proper idea of Theon’s recension. 

Heiberg first observes, as regards these, that we shall find that 
Theon, in editing the Elements, altered hardly anything without some 
reason, often inadequate according to our ideas, but still some reason 
which seemed to him sufficient. Hence, in cases of very slight differ- 
ences where both the Theonine Mss. and P have readings guod and 
probable in themselves, Heiberg is not prepared to put the differences 
down to Theon. In those passages where we cannot see the least 
reason why Theon, if he had the reading of P before him, should have 
altered it, Heiberg would not at once assume the superiority of P 
unless there was such a consistency in the differences as would indicate 
that they were due not to accident but to design. In the absence of 
such indications, he thinks that the ordinary principles of criticism 
should be followed and that proper weight should be attached to the 
antiquity of the sources. And it cannot be denied that the sources of 
the Theonine version are the more ancient. For not only is the 
British Museum palimpsest (L), which is intimately connected with 
the rest of our MSS., at least two centuries older than P, but the other 
Theonine MSS. are so nearly allied that they must be held to have 
had a common archetype intermediate between them and the actual 
edition of Theon; and, since they themselves are as old as, or older 
than P, their archetype must have been much older. Heiberg gives 
(pp. xlvi, xlvii) a list of passages where, for this reason, he has 
followed the Theonine Mss. in preference to P. 

It has been mentioned above that the copyist of P or rather of its 
archetype wished to give an ancient recension. Therefore (apart from 
clerical errors and interpolations) the first hand in P may be relied 
upon as giving a genuine reading even where a correction by the first 
hand has been made at the same time. But in many places the first 
hand has made corrections afterwards; on these occasions he must 
have used new sources, eg. when inserting the scholia to the first 
Book which P alone has, and in a number of passages he has made 
additions from Theonine MSS. 

We cannot make out any “family tree” for the different Theonine 
Mss. Although they all proceeded from a common archetype later 
than the edition of Theon itself, they cannot have been copied one 
from the other; for, if they hac been, how could it have come about 
that in one place or other each of them agrees a/one with P in pre- 
serving the genuine reading ? Moreover the great variety in their 
agreements and disagreements indicates that they have all diverged 
to about the same extent from their archetype. As we have seen that 
P contains corrections from the Theonine family, so they show correc- 
tions from P or other MSS. of the same family. Thus V has part of 
the lacuna in the Ms. from which it was copied filled up from a MS. 
similar to P, and has corrections apparently derived from the same; 
the copyist, however, in correcting V, also used another MS. to which 
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he alludes in the additions to IX. 19 and 30 (and also on x. 23 Por.): 
“in the book of the Ephesian (this) is not found." Who this Ephesian 
of the 12th c. was, we do not know. 

We now come to the alterations made by Theon in his edition of 
the Elements. I shall indicate classes into which these alterations 
may be divided but without details (except in cases where they affect 
the mathematical content as distinct from form or language pure and 
simple)". 

I. Alterations made by Theon where he found, or thought he found, 
mistakes in the original. 

1. Real blots in the original which Theon saw and tried to 
remove. 

(2) Euclid has a porism (corollary) to VI. 19, the enunciation 
of which speaks of similar and similarly described figures though the 
proposition itself refers only to triangles, and therefore the porism 
should have come after v1. 20. Theon substitutes triangle for figure 
and proves the more general porism after VI. 20. 

(6) In IX. 19 there is a statement which is obviously incorrect. 
Theon saw this and altered the proof by reducing four alternatives to 
two, with the result that it fails to correspond to the enunciation even 
with Theon's substitution of “if” for “when” in the enunciation. 

(c) Theon omits a porism to IX. 11, although it is necessary for 
the proof of the succeeding proposition, apparently because, owing to 
an error in the text (xarà tov corrected by Heiberg into ezi 70), he 
could not get out of it the right sense. 

(d) I should also put into this category a case which Heiberg 
classifies among those in which Theon merely fancied that he found 
mistakes, viz. the porism to V. 7 stating that, if four magnitudes are 
proportional, they are proportional inversely. Theon puts this after 
V. 4 with a proof, which however has no necessary connexion with 
v. 4 but is obvious from the definition of proportion. 

(e) I should also put under this head xt. t, where Euclid's argu- 
ment to prove that two straight lines cannot have a common segment 
is altered. 

2. Passages which seemed to Theon to contain blots, and which 
he therefore set himself to correct, though more careful consideration 
would have shown that Euclid's words are right or at least may be 
excused and offer no difficulty to an intelligent reader. Under this 
head come: 

(a) an alteration in III. 24. 

(ò) a perfectly unnecessary alteration, in VI. 14, of “equiangular 
parallelograms " into * parallelograms having one angle equal to one 
angle," where Theon followed the false analogy of VI. 15. 

(c) an omission of words in v. 26, owing to his having been mis- 
led by a wrong figure. 

(d) an alteration of the order of x1. Deff. 27, 28. 

(e) the substitution of " parallelepipedal solid" for “cube” in x1. 


1 Exhaustive details under all the different heads are given by Heiberg (Vol. v. 
pp. lii—lxxv). 
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38, because Theon observed, correctly enough, that it was true of the 
parallelepipedal solid in general as well as of the cube, but failed to 
give weight to the fact that Euclid must have given the particular 
case of the cube for the simple reason that that was all he wanted for 
use in XIII. 17. 

(f) the substitution of the letter ® for N (V for Z in my figure) 
because he saw that the perpendicular from K to B® would fall on ® 
itself, so that ^, Q coincide. But, if the substitution is made, it should 
be proved that ®, Q coincide. Euclid can hardly have failed to notice 
the fact, but it may be that he deliberately ignored it as unnecessary 
for his purpose, because he did not want to lengthen his proposition 
by giving the proof. 

Il. Emendations intended to improve the form or diction of Euclid. 

Some of these emendations of Theon affect passages of appreciable 
length. Heiberg notes about ten such passages; the longest is 
in Eucl. XII. 4 where a whole page of Heiberg's text is affected and 
Theon's version is put in the Appendix. The kind of alteration may 
be illustrated by that in IX. 15 where Euclid uses successively the 
propositions VII. 24, 25, quoting the enunciation of the former but not 
of the latter; Theon does exactly the reverse. In a few of the cases 
here quoted by Heiberg, Theon shortened the original somewhat. 

But, as a rule, the emendations affect only a few words in each 
sentence. Sometimes they are considerable enough to alter the con- 
formation of the sentence, sometimes they ate trifling alterations 
"more magistellorum ineptorum" and unworthy of Theon. Generally 
speaking, they were prompted by a desire to change anything which 
was out of the common in expression or in form, in order to reduce 
the language to one and the same standard or norm. Thus Theon 
changed the order of words, substituted one word for another where 
the latter was used in a sense unusual with Euclid (e.g. éwecdqrep, 
“since,” for 67. in the sense of “ because”), or one expression for 
another in like circumstances (e.g. where, finding “that which was 
enjoined would be done” in a theorem, VII. 31, and deeming the phrase 
more appropriate to a problem, he substituted for it "that which is 
sought would be manifest"; probably also and for similar reasons he 
made certain variations between the two expressions usual at the end 
of propositions ómep ede Seifar and ómep ec moroa, quod erat 
demonstrandum and quod erat faciendum). | Sometimes his alterations 
show carelessness in the use of technical terms, as when he uses 
ämrteobaı (to meet) for épamtecOas (to touch) although the ancients 
carefully distinguished the two words. The desire of keeping to a 
standard phraseology also led Theon to omit or add words in a 
number of cases, and also, sometimes, to change the lettering of 
figures. 

But Theon seems, in editing the Elements, to have bestowed the 
most attention upon 

III. Additions designed to supplement or explain Euclid. 

First, he did not hesitate to interpolate whole propositions where 
he thought there was room or use for them. We have already 
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mentioned the addition to VI. 33 of the second part relating to sectors, 
for which Theon himself takes credit in his commentary on Ptolemy. 
Again, he interpolated the proposition commonly known as VII. 22 
(ex aequo in proportione perturbata for numbers, corresponding to V. 23), 
and perhaps also VII. 20, a particular case of VII. 19 as VI. 17 is of VI. 
16. He added a second case to VI. 27, a porism to II. 4, a second 
porism to III. 16, and a lemma after X. 12; perhaps also the porism 
to V. I9 and the first porism to VI. 20. He also inserted alternative 
proofs here and there, e.g. in 11. 4 (where the alternative differs little 
from the original) and in VIL. 31; perhaps also in X. I, 6, and 9. 

Secondly, he sometimes repeats an argument where Euclid had 
said “For the same reason,” adds specific references to points, 
straight lines etc. in the figures in order to exclude the possibility 
of mistake arising from Euclid’s reference to them in general terms, 
or inserts words to make the meaning of Euclid more plain, eg. 
componendo and alternately, where Euclid had left them out. Some- 
times he thought to increase by his additions the mathematical 
precision of Euclid's language in enunciations or elsewhere, sometimes 
to make smoother and clearer things which Euclid had expressed 
with unusual brevity and harshness or carelessness, in reliance on the 
intelligence of his readers. 

Thirdly, he supplied intermediate steps where Euclid's argument 
seemed too rapid and not easy enough to follow. The form of these 
additions varies; they are sometimes placed as a definite intermediate 
step with "therefore" or "so that," sometimes they are additions to 
the statement of premisses, sometimes phrases introduced by “since,” 
“for” and the like, after the inference. 

Lastly, there is a very large class of additions of a word, or one 
or two words, for the sake of clearness or consistency. Heiberg 
gives a number of examples of the addition of such nouns as 
“triangle,” “square,” “rectangle,” “magnitude,” “number,” “ point,” 
“side,” “circle,” “straight line,” "area" and the like, of adjectives 
such as “remaining,” “right,” “whole,” “ proportional,” and of other 
parts of speech, even down to words like “is” (éor/) which is added 
600 times, $5, dpa, uév, ydp, «ai and the like. 

IV. Omissions by Theon. 

Heiberg remarks that, Theon's object having been, as above 
shown, to amplify and explain Euclid, we should not natutally have 
expected to find him doing much in the contrary process of com- 
pression, and it is only owing to the recurrence of a certain sort of 
omissions so frequently (especially in the first Books) as to exclude 
the hypothesis of their being all due to chance that we are bound to 
credit him with alterations making for greater brevity. We have 
seen, it is true, that he made omissions as well as additions for the 
purpose of reducing the language to a certain standard form. But 
there are also a good number of cases where in the enunciation of 
propositions, and in the exposition (the re-statement of them with 
reference to the figure), he has left out words because, apparently, 
he regarded Euclid’s language as being ao careful and precise. 
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Again, he is apparently responsible for the frequent omission of the 
words dep de. Seikaı (or moroa), Q.E.D. (or F.), at the end of 
propositions. This is often the case at the end of porisms, where, 
in omitting the words, Theon seems to have deliberately departed 
from Euclid's practice. The Ms. P seems to show clearly that, where 
Euclid put a porism at the end of a proposition, he omitted the 
Q.E.D. at the end of the proposition but inserted it at the end of the 
porism, as if he regarded the latter as being actually a part of the 
proposition itself. As in the Theonine MSS. the Q.E.D. is generally 
omitted, the omission would seem to have been due to Theon. 
Sometimes in these cases the Q.E.D. is interpolated at the end of the 
proposition. 

Heiberg summed up the discussion of Theon's edition by the 
remark that Theon evidently took no pains to discover and restore 
from MSS. the actual words which Euclid had written, but aimed 
much more at removing difficulties that might be felt by learners 
in studying the book. His edition is therefore not to be compared 
with the editions of the Alexandrine grammarians, but rather with 
the work done by Eutocius in editing Apollonius and with an 
interpolated recension of some of the works of Archimedes by a 
certain Byzantine, Theon occupying a position midway between these 
two editors, being superior to the latter in mathematical knowledge 
but behind Eutocius in industry (these views now require to be some- 
what modified, as above stated). But however little Theon's object 
may be approved by those of us who would rather know the 
ipsissima verba of Euclid, there is no doubt that his work was 
approved by his pupils at Alexandria for whom it was written; and 
his edition was almost exclusively used by later Greeks, with the 
result that the more ancient text is only preserved to us in one MS. 

As the result of the above investigation, we may feel satisfied 
that, where P and the Theonine Mss. agree, they give us (except in a 
few accidental instances) Euclid as he was read by the Greeks of 
the 4th c. But even at that time the text had been passed from 
hand to hand through more than six centuries, so that it is certain 
that it had already suffered changes, due partly to the fault of 
copyists and partly to the interpolations of mathematicians. Some 
errors of copyists escaped Theon and were corrected in some MSS. 
by later hands. Others appear in all our MSS. and, as they cannot 
have arisen accidentally in all, we must put them down to a common 
source more ancient than Theon. A somewhat serious instance is 
to be found in 111. 8; and the use of aw7réoOw for é$amréaÓo in the 
sense of “touch” may also be mentioned, the proper distinction 
between the words having been ignored as it was by Theon also. 
But there are a number of imperfections in the ante-Theonine text 
which it would be unsafe to put down to the errors of copyists, those 
namely where the good MSS. agree and it is not possible to see any 
motive that a copyist could have had for altering a correct reading. 
In these cases it is possible that the imperfections are due to a 
certain degree of carelessness on the part of Euclid himself; for it 
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is not possible " Euclidem ab omni naevo vindicare," to use the 
words of Saccheri!, and consequently Simson is not right in attributing 
to Theon and other editors all the things in Euclid to which mathe- 
matical objection can be taken. Thus, when Euclid speaks of “the 
ratio compounded of the sides” for “the ratio compounded of the 
ratios of the sides,” there is no reason for doubting that Euclid himself 
is responsible for the more slip-shod expression. Again, in the Books 
XL—XIIL relating to solid geometry there are blots neither few 
nor altogether unimportant which can only be attributed to Euclid 
himself?; and there is the less reason for hesitation in so attributing 
them because solid geometry was then being treated in a thoroughly 
systematic manner for the first time. Sometimes the conclusion 
(evuTépacua) of a proposition does not correspond exactly to the 
enunciation, often it is cut short with the words «ai ra éẸ£ñs “and the 
rest" (especially from Book X. onwards), and very often in Books VIIL, 
IX. it is omitted. Where all the Mss. agree, there is no ground for 
hesitating to attribute the abbreviation or omission to Euclid; though, 
of course, where one or more Mss. have the longer form, it must be 
retained because this is one of the cases where a copyist has a 
temptation to abbreviate. 

Where the true reading is preserved in one of the Theonine Mss. 
alone, Heiberg attributes the wrong reading to a mistake which arose 
before Theon's time, and the right reading of the single MS. to a 
successful correction. 

We now come to the most important question of the /nterpolations 
introduced before Theon's time. 

I. Alternative proofs or additional cases. 

It is not in itself probable that Euclid would have given two 
proofs of the same proposition ; and the doubt as to the genuineness 
of the alternatives is increased when we consider the character of 
some of them and the way in which they are introduced. First of 
all, we have those of VI. 20 and XII. 17 introduced by “we shall prove 
this otherwise more readily (mpoxetpotepov)” or that of X. 9o “it is 
possible to prove more shortly (cvvtopwrepov).” Now it is impossible 
to suppose that Euclid would have given one proof as that definitely 
accepted by him and then added another with the express comment 
that the latter has certain advantages over the former. Had he con- 
sidered the two proofs and come to this conclusion, he would have 
inserted the latter in the received text instead of the former. These 
alternative proofs must therefore have been interpolated. The same 
argument applies to alternatives introduced with the words “or even 
thus” (9 «al ovTas), “or even otherwise” (h xai áXXe«). Under this 
head come the alternatives for the last portions of III. 7, 8; and 
Heiberg also compares the alternatives for parts of III. 31 (that the 
angle in a semicircle is a right angle) and XIII. 18, and the alternative 
proof of the lemma after X. 32. The alternatives to X. 105 and 106, 


1 Enclides ab omni naevo vindicatus, Mediolani, 1733. — 
2 Cf. especially the assumption, without proof or definition, of the criterion for egua! solid 
angles, and the incomplete proof of X11. 17. 
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again, are condemned by the place in which they occur, namely after 
an alternative proof to X. 115. The above alternatives being all 
admitted to be spurious, suspicion must necessarily attach to the few 
others which are in themselves unobjectionable. Heiberg instances 
the alternative proofs to III. 9, III. 10, VI. 30, VI. 31 and XI. 22, observing 
that it is quite comprehensible that any of these might have occurred 
to a teacher or editor and seemed to him, rightly or wrongly, to be 
better than the corresponding proofs in Euclid. Curiously enough, 
Simson adopted the alternatives to III. 9, 10 in preference to the 
genuine proofs, Since Heiberg’s preface was written, his suspicion 
has been amply confirmed as regards UI. 10 by the commentary of 
an-Nairizi (ed. Curtze) which shows not only that this alternative is 
Heron's, but also thát the substantive proposition III. I2 in Euclid 
is also Heron's, having been given by him to supplement III. 11 
which must originally have been enunciated of circles “touching one 
another” simply, i.e. so as to include the case of external as well as 
internal contact, though the proof covered the case of internal contact 
only. "Euclid, in the 11th proposition,” says Heron, “supposed two 
circles touching one another internally and wrote the proposition on 
this case, proving what it was required to prove in it. But J will 
show how it is to be proved if the contact be external.” This additional 
proposition of Heron’s is by way of adding another case, which brings 
us to that class of interpolation. It was the practice of Euclid and 
the ancients to give only one case (generally the most difficult one) 
and to leave the others to be investigated by the reader for himself. 
One interpolation of a second case (VI. 27) is due, as we have seen, 
to Theon. The two extra cases of XI. 23 were manifestly interpolated 
before Theon's time, for the preliminary distinction of three cases, 
“(the centre) will either be within the triangle LMN, or on one of 
the sides, or outside. First let it be within,” is a spurious addition 
(B and V only). Similarly an unnecessary case is interpolated in 
II., II. 

II. Lemmas. 

Heiberg has unhesitatingly placed in his Appendix to Vol. IIL 
certain lemmas interpolated either by Theon (on X. 13) or later 
writers (on X. 27, 29, 31, 32, 33, 34, Where V only has the lemmas). 
But we are here concerned with the lemmas found in all the MSS., 
which however are, for different reasons, necessarily suspected. We 
will deal with the Book x. lemmas last. 

(1) There is an a priori ground of objection to those lemmas 
which come after the propositions to which they relate and prove 
properties used in those propositions; for, if genuine, they would be a 
sign of faulty arrangement such as would not be likely in a systematic 
work so carefully ordered as the Elements. The lemma to VI. 22 is 
one of this class, and there is the further objection to it that in VI. 28 
Euclid makes an assumption which would equally require a lemma 
though none is found. The lemma after XII. 4 is open to the further 
objections that certain altitudes are used but are not drawn in the 


1) An-Nairizi, ed. Curtze, p. 131. 
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figure (which is not in the mauner of Euclid), and that a peculiar 
expression " parallelepipedal solids described on (dvaypapopeva aro) 
prisms” betrays a hand other than Euclid's. There is an objection on 
the score of language to the lemma after XIII. 2. The lemmas on 
XI. 23, XIII. 13, XIII. 18, besides coming after the propositions to 
which they relate, are not very necessary in themselves and, as regards 
the lemma to XIII. 13, it is to be noticed that the writer of a gloss 
in the proposition could not have had it, and the words “as will 
be proved afterwards” in the text are rightly suspected owing to 
differences between the Ms. readings. The lemma to XII. 2 also, to 
which Simson raised objection, comes after the proposition ; but, if it 
is rejected, the words “as was proved before” used in XII. § and 18, 
and referring to this lemma, must be struck out. 

(2) Reasons of substance are fatal to the lemma before X. 60, 
which is really assumed in X. 44 and therefore should have appeared 
there if anywhere, and to the lemma on X. 20, which tries to prove 
what is already stated in X. Def. 4. 

We now come to the remaining lemmas in Book X., eleven in 
number, which come before the propositions to which they relate and 
remove difficulties in the way of their demonstration. That before 
X. 42 introduces a set of propositions with the words “that the said 
irrational straight lines are uniquely divided ... we will prove after 
premising the following lemma," and it is not possible to suppose 
that these words are due to an interpolator; nor are there any 
objections to the lemmas before X. 14, 17, 22, 33, 54, except perhaps 
that they are rather easy. The lemma before X. 10 and X. 10 itself 
should probably be removed from the Elements ; for X. 10 really uses 
the following proposition X. 11, which is moreover numbered 10 by 
the first hand in P, and the words in X. 10 referring to the lemma “for 
we learnt (how to do this)" betray the interpolator. Heiberg gives 
reason also for rejecting the lemmas before X. 19 and 24 with the 
words “in any of the aforesaid ways” (omitted in the Theonine Mss.) 
in the enunciations of X. 19, 24 and in the exposition of X. 20. Lastly, 
the lemmas before X. 29 may be genuine, though there is an addition 
to the second of them which is spurious. 

Heiberg includes under this heading of interpolated lemmas two 
which purport to be substantive propositions, XI. 38 and XIII. 6. These 
must be rejected as spurious for reasons which will be found in detail 
in my notes on XI. 37 and XIII. 6 respectively. The latter proposition 
is only quoted once (in XIII. 17); probably the words quoting it 
(with ypaup instead of ev@eta) are themselves interpolated, and 
Euclid thought the fact stated a sufficiently obvious inference from 
XIII. I. 

III. Porisms (or corollaries). 

Most of the porisms in the text are both genuine and necessary ; 
but some are shown by differences in the MSS. not to be so, eg. those 
to I. 15 (though Proclus has it), 111. 31 and VI. 20 (Por. 2). Sometimes 
parts of porisms are interpolated. Such are the last few lines in 
the porisms to IV. 5, VI. 8; the latter addition is proved later by 
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means of VI. 4, 8, so that the writer of these proofs could not have had 
the addition to VI. 8 Por. before him. Lastly, interpolators have added 
a sort of proof to some porisms, as though they were not quite 
obvious enough; but to add a demonstration is inconsistent with the 
idea of a porism, which, according to Proclus, is a by-product of a 
proposition appearing without our seeking it. 

IV. Scholia. 

Several interpolated scholia betray themselves by their wording, 
e.g. those given by Heiberg in the Appendix to Book X. and contain- 
ing the words xanei, éáXeae ("he calls" or called"); these scholia were 
apparently written as marginal notes before Theon's time, and, being 
adopted as such by Theon, found their way into the text in P and 
some of the Theonine MSs. The same thing no doubt accounts for 
the interpolated analyses and syntheses to XIII. 1—5, as to which see 
my note on XIII. I. 

V. Interpolations in Book X. 

First comes the proposition “ Let tt be proposed to us to show that 
in square figures the diameter is incommensurable in length with the 
side,” which, with a scholium after it, ends the tenth Book. The form 
of the enunciation is suspicious enough and the proposition, the proof 
of which is indicated by Aristotle and perhaps was Pythagorean, is 
perfectly unnecessary when X. 9 has preceded. The scholium ends 
with remarks about commensurable and incommiensurable solids, 
which are of course out of place before the Books on solids. The 
scholiast on Book x. alludes to this particular scholium as being due 
to " Theon and some others." But it is doubtless much more ancient, 
and may, as Heiberg conjectures have been the beginning of 
Apollonius' more advanced treatise on incommensurables. Not only 
is everything in Book X. after X. 115 interpolated, but Heiberg doubts 
the genuineness even of X. 112—115, on the ground that X. III 
rounds off the theory of incommensurables as we want it in the Books 
on solid geometry, while X. 112—115 are not really connected with 
what precedes, nor wanted for the later Books, but seem to form the 
starting-point of a new and more elaborate theory of irrationals, 

VI. Other minor interpolations are found of the same character as 
those above attributed to Theon. First there are two places (XI. 35 
and XI. 26) where, after “ similarly we shail prove” and “for the same 
reason,” an actual proof is nevertheless given. Clearly the proofs are 
interpolated; and there are other similar interpolations. There 
are also interpolations of intermediate steps in proofs, unnecessary 
explanations and so on, as to which I need not enter into details. 

Lastly, following Heiberg's order, I come to 

VII. Interpolated definitions, axioms etc. 

Apart from vi. Def. 5 (which may have been interpolated by 
Theon although it is found written in the margin of P by the first 
hand), the definition of a segment of a circle in Book 1. is interpolated, 
as is clear from the fact that it occurs in a more appropriate place in 
Book 111. and Proclus omits it. vr. Def. 2 (reciprocal figures) is rightly 
condemned by Simson—perhaps it was taken from Heron—and 
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Heiberg would reject vir. Def. 10, as to which see my note on that 
definition. Lastly the double definition of a solid angle (x1. Def. 11) 
constitutes a difficulty. The use of the word émipdveca suggests that 
the first definition may have been older than Euclid, and he may have 
quoted it from older elements, especially as his own definition which 
follows only includes solid angles contained by 2/azes, whereas the 
other includes other sorts (cf. the words pau v, ypaupais) which are 
also distinguished by Heron (Def. 22). If the first definition had come 
last, it could have been rejected without hesitation : but it is not so 
easy to reject the first part up to and including “otherwise” (a\Xws). 
No difficulty need be felt about the definitions of “oblong,” “rhombus,” 
and “rhomboid,” which are not actually used in the Elements; they 
were no doubt taken from earlier e/ements and given for the sake of 
completeness. 

As regards the axioms or, as they are called in the text, common 
notions (kowal Evyo.at), it is to be observed that Proclus says! that 
Apollonius tried to prove "the axioms," and he gives Apollonius' 
attempt to prove Axiom 1. This shows at all events that Apollonius 
had some of the axioms now appearing in the text. But how could 
Apollonius have taken a controversial line against Euclid on the 
subject of axioms if these axioms had not been Euclid’s to his know- 
ledge? And, if they had been interpolated between Enclid’s time 
and his own, how could Apollonius, living so comparatively short a 
time after Euclid, have been ignorant of the fact? Therefore some of 
the axioms are Euclid’s (whether he called them common notions, or 
axioms, as is perhaps more likely since Proclus calls them axioms): 
and we need not hesitate to accept as genuine the first three discussed 
by Proclus, viz. (1) things equal to the same equal to one another, 
(2) if equals be added to equals, wholes equal, (3) if equals be 
subtracted from equals, remainders equal. The other two mentioned 
by Proclus (whole greater than part, and congruent figures equal) are 
more doubtful, since they are omitted by Heron, Martianus Capella, 
and others. The axiom that “two lines cannot enclose a space” is 
however clearly an interpolation due to the fact that I. 4 appeared to 
require it. The others about equals added to unequals, doubles of 
the same thing, and halves of the same thing are also interpolated ; 
they are connected with other interpolations, and Proclus clearly 
used some source which did not contain them. 

Euclid evidently limited his formal axioms to those. which seemed 
to him most essential and of the widest application; for he not un- 
frequently assumes other things as axiomatic, e.g. in VII. 28 that, if a 
number measures two numbers, it measures their difference. 

The differences of reading appearing in Proclus suggest the 
question of the comparative purity of the sources used by Proclus, 
Heron and others, and of our text. The omission of the definition of 
a segment in Book I. and of the old gloss “which is called the cir- 
cumference” in I. Def. 15 (also omitted by Heron, Taurus, Sextus 


1 Proclus, pp. 194, 10 sq. 
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Empiricus and others) indicates that Proclus had better sources than 
we have; and Heiberg gives other cases where Proclus omits words 
which are in all our MSS. and where Proclus' reading should perhaps 
be preferred. But, except in these instances (where Proclus may have 
drawn from some ancient source such as one of the older com- 
mentaries), Proclus' Ms. does not seem to have been among the best. 
Often it agrees with our worst MsS., sometimes it agrees with F where 
F alone has a certain reading in the text, so that (eg. in I. r$ Por.) 
the common reading of Proclus and F must be rejected, thrice only 
does it agree with P alone, sometimes it agrees with P and some 
Theonine Mss., and once it agrees with the Theonine MSS. against P 
and other sources. 

Of the other external sources, those which are older than Theon 
generally agree with our best MsS, eg. Heron, allowing for the 
difference in the plan of his definitions and the somewhat free adap- 
tation to his purpose of the Euclidean definitions in Books X., XI. 

Heiberg concludes that the Elements were most spoiled by inter- 
polations about the 3rd c., for Sextus Empiricus had a correct text, 
while Iamblichus had an interpolated one; but doubtless the purer 
text continued for a long time in circulation, as we conclude from the 
fact that our MSS. are free from interpolations already found in 
lamblichus’ Ms. 


CHAPTER VI. 


THE SCHOLIA. 


HEIBERG has collected scholia, to the number of about 1500, in 
Vol. v. of his edition of Euclid, and has also discussed and classified 
them in a separate short treatise, in which he added a few others’. 

These scholia cannot be regarded as doing much to facilitate the 
reading of the Elements. As a rule, they contain only such observa- 
tions as any intelligent reader could make for himself. Among the 
few exceptions are XI. Nos. 33, 35 (where XI. 22, 23 are extended to 
solid angles formed by any number of plane angles), xir. No. 85 
(where an assumption tacitly made by Euclid in xir. 17 is proved), 
IX. Nos. 28, 29 (where the scholiast has pointed out the error in the 
text of IX. I9). 

Nor are they very rich in historical information; they cannot be 
compared in this respect with Proclus commentary on Book I. or 
with those of Eutocius on Archimedes and Apollonius. But even 
under this head they contain some things of interest, eg. II. No. 1t 
explaining that the gnomon was invented by geometers for the sake of 
brevity, and that its name was suggested by an incidental characteristic, 
namely that “from it the whole is known (ywpiterac), either of the 
whole area or of the remainder, when it (the yuwpwyr) is either placed 
round or taken away"; II. No. 13, also on the gnomon; IV. No. 2 
stating that Book 1V. was the discovery of the Pythagoreans ; 
v. No. 1 attributing the content of Book v. to Eudoxus; X. No. 1 with 
its allusion to the discovery of incommensurability by the Pytha- 
goreans and to Apollonius' work on irrationals; X. No. 62 definitely 
attributing X. 9 to Theaetetus; XIII. No. 1 about the “ Platonic” figures, 
which attributes the cube, the pyramid, and the dodecahedron to the 
Pythagoreans, and the octahedron and icosahedron to Theaetetus. 

Sometimes the scholia are useful in connexion with the settlement 
of the text, (1) directly, e.g. 111. No. 16 on the interpolation of the 
word “within” (€vros) in the enunciation of III. 6, and X. No. 1 
alluding to the discussion by " Theon and some others" of irrational 
“surfaces” and “solids,” as well as “lines,” from which we may 

1 Heiberg, Om Scholierne til Euklids Elementer, Kjøbenhavn, 1888. The tract is 


written in Danish, but, fortunately for those who do not read Danish easily, the author has 
appended (pp. 70—78) a résumé in French. 
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conclude that the scholium at the end of Book X. is not genuine ; 
(2) indirectly in that they sometimes throw light on the connexion 
of certain MSS. 

Lastly, they have their historical importance as enabling us to 
judge of the state of mathematical science at the times when they 
were written. 

Before passing to the classification of the scholia, Heiberg remarks 
that we must separate from them a number of additions in the nature 
of scholia which are found in the text of our MSS. but which can, in 
one way or another, be proved to be spurious. As they are found 
both in P and in the Theonine Mss., they must have been in the MSS. 
anterior to Theon (4th c.). But they are, in great part, only found in 
the margin of P and the Theonine MSS.; in V they are half in the 
text and half in the margin. This can hardly be explained except 
on the supposition that these additions were originally (in the MSs. 
before Theon) in the margin, and that Theon kept them there in his 
edition, but that they afterwards found their way gradually into the 
text of P as well as of the Theonine MSS., or were omitted altogether, 
while particular MSS. have in certain places preserved the old arrange- 
ment. Of such spurious additions Heiberg enumerates the following: 
the axiom about equals subtracted from unequals, the last lines of the 
porism to VI. 8, second porisms to V. 19 and to VI. 20, the porism 
to II. 31, vi. Def. 5, various additions in Book X., the analyses and 
syntheses of XIII. 1—5, and the proposition XIII. 6. 

The two first classes of scholia distinguished by Heiberg are 
denoted by the convenient abbreviations "Schol. Vat." and "Schol. 
Vind." ; 

I. Schol. Vat. 

It is first necessary to set out the letters by which Heiberg 
denotes certain collections of scholia. 

P = Scholia in P written by the first hand. 

B= Scholia in B by a hand of the same date as the MS. itself, 
generally that of Arethas. 

F = Scholia in F by the first hand. 

Vat. = Scholia of the Vatican MS. 204 of the roth c, which has 
these scholia on leaves 198—205 (the end is missing) as an independent 
collection. It does not contain the text of the Elements. 

Vez Scholia found on leaves 283—292 of V and written in the 
same hand as that part of the MS. itself which begins at leaf 235. 

Vat. 192=a Vatican MS. of the 14th c. which contains, after 
(1) the Elements 1.—X111. (without scholia), (2) the Data with scholia, 
(3) Marinus on the Daza, the Schol. Vat. as an independent collection 
and in their entirety, beginning with 1. No. 88 and ending with XIII. 
No. 44. 


The Schol. Vat, the most ancient and important collection of 
scholia, comprise those which are found in PBF Vat. and, from VII. 12 
to IX. 15, in PB Vat. only, since in that portion of the Elements 
F was restored by a later hand without scholia; they also include I. 
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No. 88 which only happens to be erased in F, and IX. Nos. 28, 29 
which may be left out because F. here has a different text. In F 
and Vat. the collection ends with Book X.; but it must also include 
Schol. PB of Books X1.— XIII, since these are found along with Schol. 
Vat. to Books I.—x. in several MSS. (of which Vat. 192 is one) as a 
separate collection. The Schol. Vat. to Books X.—xrII. are also 
found in the collection V* (where, curiously enough, XIII. Nos. 43, 44 
are at the beginning) The Schol. Vat. accordingly include Schol. 
PBV* Vat. 192, and doubtless also those which are found in two of 
these sources. The total number of scholia classified by Heiberg as 
Schol. Vat. is 138. 

As regards the contents of Schol. Vat. Heiberg has the following 
observations. The thirteen scholia to Book I. are extracts made 
from Proclus by a writer thoroughly conversant with the subject, 
and cleverly recast (with some additions). Their author does not 
seem to have had the two lacunae which our text of Proclus has 
(at the end of the note on I. 36 and the beginning of the next note, 
and at the beginning of the note on I. 43), for the scholia I. Nos. 125 
and 137 seem to fill the gaps appropriately, at least in part. In 
some passages he had better readings than our MSS. have. The rest 
of Schol Vat. (on Books IL—XIIL) are essentially of the same 
character as those on Book L, containing prolegomena, remarks on 
the object of the propositions, critical remarks on the text, converses, 
lemmas; they are, in general, exact and true to tradition. The 
reason of the resemblance between them and Proclus appears to be 
due to the fact that they have thei origin in the commentary of 
Pappus, of which we know that Proclus also made use. In support 
of the view that Pappus is the source, Heiberg places some of the 
Schol. Vat. to Book x. side by side with passages from the com- 
mentary of Pappus in the Arabic translation discovered by Woepcke!; 
he also refers to the striking confirmation afforded by the fact that 
XIL No. 2 contains the solution of the problein of inscribing in a 
given circle a polygon similar to a polygon inscribed in another circle, 
which problem Eutocius says? that Pappus gave in his commentary 
on the Elements. 

But, on the other hand, Schol. Vat. contain some things which 
cannot have come from Pappus, e.g. the allusion in X. No. 1 to Theon 
and irrational surfaces and solids, Theon being later than Pappus; 
tu. No. 10 about povisms is more like Proclus’ treatment of the 
subject than Pappus’, though one expression recalls that of Pappus 
about forming (oynpariter@ar) the enunciations of porisms like those 
of either theorems or problems. 

The Schol. Vat. give us important indications as regards the 
text of the Elements as Pappus had it. In particular, they show that 
he could not have had in his text certain of the lemmas in Book X. 
For example, three of these are identical with what we find in Schol. 

1 Om Scholierne til Euklids Elementer, pp. 11, 1a: cf. Euklid-Studien, pp. 170, 171; 


Woepcke, Mémoires présent. à l Acad. des Sciences, 1856, XIV. p. 658 sqq. 
2 Archimedes, ed. Heiberg, 111. p. 28, 19—212. 
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Vat. (the lemma to X. 17=Schol. x. No. 106, and the lemmas to 
X. $4, 60 come in Schol. x. No. 328) ; and it is not possible to suppose. 
that these lemmas, if they were already in the text, would also be 
given as scholia. Of these three lemmas, that before x. 60 has 
already been condemned for other reasons; the other two, un- 
objectionable in themselves, must be rejected on the ground now 
stated. There were four others against which Heiberg found nothing 
to urge when writing his prolegomena to Vol. v., viz. the lemmas 
before X. 42, X. I4, X. 22 and X. 33. Of these, the lemma to x. 22 
is not reconcilable with Schol. x. No. 161, which takes up the 
assumption in the text of Eucl. x. 22 as if no lemma had gone before. 
The lemma to X. 42, which, on account of the words introducing it 
(see p. 60 above), Heiberg at first hesitated to regard as an inter- 
polation, is identical with Schol. x. No. 270. It is true that in 
Schol. x. No. 269 we find the words “this lemma has been proved 
before (€v rots éumpooGev), but it shall also be proved now for 
convenience’ sake (rod éroiuwou évexa),” and it is possible to suppose 
that “before” may mean in Euclid’s text before x. 42; but a proof 
in that place would surely have been as “convenient” as could be 
desired, and it is therefore more probable that the proof had been 
given by Pappus in some earlier place. (It may be added that the 
lemma to X. 14, which is identical with the lemma to XI. 23, con- 
demned on other grounds, is for that reason open to suspicion.) 

Heiberg's conclusion is that a// the lemmas are spurious, and that 
most or all of them have found their way into the text from Pappus' 
commentary, though at a time anterior to Theon’s edition, since 
they are found in all our Mss. This enables us to fix a date for these 
interpolations, namely the first half of the 4th c. 

Of course Pappus had not in his text the interpolations which, 
from the fact of their appearing only in some of our MSS., are seen to 
be later than those above-mentioned. Such are the lemmas which 
are found in the text of V only after X. 29 and X. 31 respectively and 
are given in Heiberg's Appendix to Book X. (numbered 10 and 11). 
On the other hand it appears from Woepcke's tract! that Pappus 
already had X. 115 in his text: though it does not follow from this 
that the proposition is genuine but only that interpolations began 
very early. 

Theon interpolated a proposition (or lemma) between X. 12 and 
X. I3 (No. 5 in Heiberg's Appendix) Schol Vat. has the same 
thing (x. No. 125). The writer of the scholia therefore did not find 
this lemma in the text. Schol. Vat. IX. Nos. 28, 29 show that neither 
did he find in his text the alterations which Theon made in Eucl. Ix. 
19; the scholia in fact only agree with the text of P, not with Theon's. 
This suggests that Schol. Vat. were written for use with a Ms. of the 
ante-Theonine recension snch as P is. This probability is further 
confirmed by a certain independence which P shows in several places 
when compared with the Theonine Mss. Not only has P better 
readings in some passages, but more substantial divergences, and, 

! Woepcke, of. cit. p. 702. 
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in particular, the absence in P of three notes of a historical character 
which are added, wholly or partly from Proclus, in the Theonine Mss. 
attests an independent and more primitive point of view in P. 

In view of the distinctive character of P, it is possible that some 
of the scholia found in it in the first hand, but not in the other 
sources of Schol. Vat., also belong to that collection; and several 
circumstances confirm this. Schol. xiit. No. 45, found in P only, 
which relates to a passage in Eucl. XIII. 13, shows that certain words 
in the text, though older than Theon, are interpolated; and, as the 
scholium is itself older than Theon, is headed "74r lemma," and 
follows a "second lemma" relating to a passage in the text im- 
mediately preceding, which "second lemma" belongs to Schol. Vat. 
and is taken from Pappus, the "third" in all probability came from 
Pappus also. The same is true of Schol. X1t. No. 72 and xtII. No. 69, 
which are respectively identical with the propositions vulgo XI. 38 
(Heiberg, App. to Book xı., No. 3) and XIII. 6; for both of these 
interpolations are older than Theon. Moreover most of the scholia 
which P in the first hand alone has are of the same character as 
Schol. Vat. Thus vil. No. 7 and xut. No. 1 introducing Books VII. 
and XIII. respectively are of the same historical character as several 
of Schol Vat.; that vil. No. 7 appears in the zexłt of P at the 
beginning of Book VII. constitutes no difficulty. There are a number 
of converses, remarks on the relation of propositions to one another, 
explanations such as XII. No. 89 in which it is remarked that «b, Q 
in Euclid’s figure to x11. 17 (Z, V in my figure) are really the same 
point but that thís makes no difference in the proof. Two other 
Schol. P on XII. 17 are connected by their headings with x11. No. 72 
mentioned above. XI. No. 1o (P) is only another form of XI. 
No. t1 (B); and B often, alone with P, has preserved Schol. Vat. 
On the whole Heiberg considers some 40 scholia found in P alone to 
belong to Schol. Vat. 

The history of Schol. Vat. appears to have been, in its main 
outlines, the following. They were put together after 500 A.D., since 
they contain extracts from Proclus, to which we ought not to assign 
a date too near to that of Proclus’ work itself; and they must at least 
be earlier than the latter half of the oth c, in which B was written. 
As there must evidently have been several intermediate links between 
the archetype and B, we must assign them rather to the first half of 
the period between the two dates, and it is not improbable that they 
were a new product of the great development of mathematical studies 
at the end of the 6th c. (Isidorus of Miletus). The author extracted 
what he found of interest in the commentary of Proclus on Book I. 
and in that of Pappus on the rest of the work, and put these extracts 
in the margin of a MS. of the class of P. As there are no scholia to 
I. 1—22, the first leaves of the archetype or of one of the earliest 
copies must have been lost at an early date, and it was from that 
mutilated copy that partly P and partly a MS. of the Theonine class 
were taken, the scholia being put in the margin in both. Then the 
collection spread through the Theonine MSS., gradually losing some 
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scholia which could not be read or understood, or which were 
accidentally or deliberately omitted. Next it was extracted from 
one of these Mss. and made into a separate work which has been 
preserved, in part, in its entirety (Vat. 192 etc.) and, in part, divided 
into sections, so that the scholia to Books X.—XIII. were detached 
(V*. It had the same fate in the Mss. which kept the original 
arrangement (in the margin), and in consequence there are some MSS. 
where the scholia to the stereometric Books are missing, those Books 
having come to be less read in the period of decadence. It is from 
one of these MSS. that the collection was extracted as a separate work 
such as we find it in Vat. (roth c.). 


II. The second great division of the scholia is Schol. Vind. 


This title is taken from the Viennese Ms. (V), and the letters used 
by Heiberg to indicate the sources here in question are as follows. 

Ve = scholia in V written by the same hand that copied the Ms. 
itself from fol. 235 onward. 

q=scholia of the Paris MS. 2344 (q) written by the first hand. 

l= scholia of the Florence Ms. Laurent. XXVIII, 2 written in the 
13th —14th c, mostly in the first hand, but partly in two later 
hands. 

V*-scholia in V written by the same hand as the first part 
(leaves 1— 183) of the Ms. itself; V^ wrote his scholia after V. 

q' — scholia of the Paris Ms. (q) found here and there in another 
hand of early date. 


Schol. Vind. include scholia found in V*q. 1 is nearly related to 
q; and in fact the three Mss. which, so far as Euclid's text is con- 
cerned, show no direct interdependence, are, as regards their scholia, 
derived from one original. Heiberg proves this by reference to the 
readings of the three in two passages (found in Schol. 1. No. 109 and 
X. No. 39 respectively). The common source must have contained, 
besides the scholia found in the three mss. V@ql, those also which 
are contained in two of them, for it is more unlikely that two of the 
three should contain common interpolations than that a particular 
scholium should drop out of one of them. Besides V* and q, the 
scholia V" and q' must equally be referred to Schol. Vind., since the 
greater part of their scholia are found in l. There is a lacuna in q 
from Eucl. VIII. 25 to IX. 14, so that for this portion of the Elements 
Schol. Vind. are represented by VI only. Heiberg gives about 450 
numbers in all as belonging to this collection. 

Schol. Vind. did not all come from one source; this is shown by 
differences of substance, eg. between X. Nos. 36 and 39, and by 
differences of time of writing: eg. VI. No. 52 refers at the beginning 
to No. 55 with the words “as the scholium has it" and is therefore 
later than that scholium ; X. No. 247 is also later than X. No. 246. 

The scholia to Book I. are here also extracts from Proclus, but 
more copious and more verbatim than in Schol. Vat. The author 
has not always understood Proclus; and he had a text as bad as 
that of our MSS, with the same lacunae, The scholia to the other 
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Books are partly drawn (1) from Schol. Vat., the MSS. representing 
Schol. Vind. and Schol. Vat. in these cases showing nearly all possible 
combinations; but there is no certain trace in Schol. Vind. of the 
scholia peculiar to P. The author used a copy of Schol. Vat. in the 
form in which they were attached to the Theonine text; thus Schol. 
Vind. correspond to BF Vat, where these diverge from P, and 
especially closely to B. Besides Schol. Vat., the editors of Schol. 
Vind. used (2) other old collections of scholia of which we find traces 
in B and F; Schol. Vind. have also some scholia common with b. 
The scholia which Schol. Vind. have in common with BF come from 
two different sources, and were apparently afterwards introduced 
into the other MSS.; one result of this is that several scholia are 
reproduced twice. 

But, besides the scholia derived from these sources, Schol. Vind. 
contain a large number of others of late date, characterised by in- 
correct language or by triviality of content (there are many examples 
in numbers, citations of propositions used, absurd dzopía;, and the 
like). Unlike Schol. Vat., these scholia often quote words from Euclid 
as a heading (in one case a heading is inserted in Schol. Vind. where 
a scholium without the heading is quoted from Schol. Vat, see V. 
No. 14). The explanations given often presuppose very little know- 
ledge on the part of the reader and frequently contain obscurities 
and gross errors. 

Schol. Vind. were collected for use with a MS. of the Theonine 
class; this follows from the fact that they contain a note on the 
proposition vulgo VII. 22 interpolated by Theon (given in Heiberg's 
App. to Vol. II. p. 430). Since the scholium to VII. 39 given in V and 
p in the text after the title of Book VIII. quotes the proposition as 
VII. 39, it follows that this scholium must have been written before 
the interpolation of the two propositions vu/go VII. 20, 22; Schol. 
Vind. contain (VII. No. 80) the first sentence of it, but without the 
heading referring to VIL 39. Schol. vit. No. 97 quotes VII. 33 as 
VII. 34, so that the proposition vulgo VII. 22 may have stood in the 
scholiast’s text but not the later interpolation vulgo VII. 20 (later 
because only found in B in the margin by the first hand). Of course 
the scholiast had also the interpolations earlier than Theon. 

For the date of the collection we have a lower limit in the date 
(12th c.) of Mss. in which the scholia appear. That it was not much 
earlier than the 12th c. is indicated (1) by the poverty of its contents, 
(2) by the quality of the Ms. of Proclus which was used in the 
compilation of it (the Munich MS. used by Friedlein with which the 
scholiast’s excerpts are essentially in agreement belongs to the 11th— 
12th c.), (3) by the fact that Schol. Vind. appear only in MSS. of the 
12th c. and no trace of them is found in our MSS. belonging to 
the 9th—1oth c. in which Schol. Vat. are found. The collection may 
therefore probably be assigned to the [1th c. Perhaps it may be in 
part due to Psellus who lived towards the end of that century: for in 
a Florence Ms. (Magliabecch. XI, 53 of the r5th c.) containing a 
mathematical compendium intended for use in the reading of Aristotle 
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the scholia I. Nos. 40 and 49 appear with the name of Psellus 
attached. 

Schol. Vind. are not found without the admixture of foreign 
elements in any of our three sources. In | there are only very few 
such in the first hand. In q there are several new scholia in the first 
hand, for the most part due to the copyist himself. The collection of 
scholia on Book X. in q (Heiberg's q*) is also in the first hand ; it is 
not original, and it may perhaps be due to Psellus (Maglb. has some 
definitions of Book X. with a heading "scholia of... Michael Psellus 
on the definitions of Euclid’s 10th E/ement" and Schol. x. No. 9), 
whose name must have been attached to it in the common source of 
Maglb. and q; to a great extent it consists of extracts from Schol. 
Vind. taken from the same source as Vl. The scholia q: (in an 
ancient hand in q), confined to Book II., partly belong to Schol. Vind. 
and partly correspond to b' (Bologna MS.). q* and q* are in one hand 
(Theodorus Antiochita), the nearest to the first hand of q; they are 
doubtless due to an early possessor of the MS. of whom we know 
nothing more. 

V* has, besides Schol. Vind., a number of scholia which also appear 
in other MSS., one in BFb, some others in P, and some in v (Codex 
Vat. 1038, 13th c.); these scholia were taken from a source in which 
many abbreviations were used, as they were often misunderstood by Va. 
Other scholia in V* which are not found in the older sources—some 
appearing in V* alone—are also not original, as is proved by mistakes 
or corruptions which they contain; some others may be due to the 
copyist himself. 

V* seldom has scholia common with the other older sources; for 
the most part they either appear in V* alone or only in the later 
sources as v or F? (later scholia in F), some being original, others not. 
In Book x. V* has three series of numerical examples, (1) with Greek 
numerals, (2) alternatives added later, also mostly with Greek numerals, 
(3) with Arabic numerals. The last class were probably the work of 
the copyist himself. These examples (cf. p. 74 below) show the facility 
with which the Byzantines made calculations at the date of the Ms. 
(12th c.). They prove also that the use of the Arabic numerals (in the 
East-Arabian form) was thoroughly established in the 12th c.; they 
were actually known to the Byzantines a century earlier, since they 
appear, in the first hand, in an Escurial Ms. of the 11th c. 

Of collections in other hands in V distinguished by Heiberg (see 
preface to Vol. v.), V! has very few scholia which are found in other 
sources, the greater part being original; V?, V? are the work of the 
copyist himself; V* are so in part only, and contain several scholia 
from Schol. Vat. and other sources. V? and V?* are later than 13th 
—14th c., since they are not found in f (cod. Laurent. XXVIII, 6) which 
was copied from V and contains, besides V> V’, the greater part of 
V! and vi. No. 20 of V? (in the text). 

In P there are, besides P? (a quite late hand, probably one of the 
old Scriptores Graeci at the Vatican), two late hands (P?), one of 
which has some new and independent scholia, while the other has 


72 INTRODUCTION [CH. v 


added the greater part of Schol. Vind., partly in the margin and 
partly on pieces of leaves stitched on. 

Our sources for Schol. Vat. also contain other elements. In P 
there were introduced a certain number of extracts from Proclus, to 
supplement Schol Vat. to Book I; they are all written with a 
different ink from that used for the oldest part of the MS., and the 
text is inferior. There are additions in the other sources of Schol. 
Vat. (F and B) which point to a common source for FB and which 
are nearly all found in other MSS., and, in particular, in Schol. Vind., 
which also used the same source; that they are not assignable to 
Schol. Vat. results only from their not being found in Vat. Of other 
additions in F, some are peculiar to F and some common to it and b; 
but they are not original. F* (scholia in a later hand in F) contains 
three original scholia; the rest come from V. B contains, besides 
scholia common to it and F, b or other sources, several scholia which 
seem to have been put together by Arethas, who wrote at least a part 
of them with his own hand. 

Heiberg has satisfied himself, by a closer study of b, that the 
scholia which he denotes by b, 3 and b! are by one hand; they are 
mostly to be found in other sources as well, though some are original. 
By the same hand (Theodorus Cabasilas, 15th c.) are also the scholia 
denoted by b?, B^, b? and B*. These scholia come in great part from 
Schol. Vind., and in making these extracts Theodorus probably used 
one of our sources, l, mistakes in which often correspond to those of 
Theodorus. To one scholium is attached the name of Demetrius (who 
must be Demetrius Cydonius, a friend of Nicolaus Cabasilas, 14th c.); 
but it could not have been written by him, since it appears in B and 
Schol. Vind. Nor are all the scholia which bear the name of 
Theodorus due to Theodorus himself, though some are so. 

As B (a late hand in B) contains several of the original scholia of 
b?, B! must have used b itself as his source, and, as all the scholia in 
B? are in b, the latter is also the source of the scholia in B? which are 
found in other Mss. B and b were therefore, in the 15th c., in the 
hands of the same person; this explains, too, the fact that b in a late 
hand has some scholia which can only come from B. We arrive then 
at the conclusion that Theodorus Cabasilas, in the 15th c., owned both 
the Mss. B and b, and that he transferred to B scholia which he had 
before written in b, either independently or after other sources, and 
inversely transferred some scholia from B to b. Further, B? are 
earlier than Theodorus Cabasilas, who certainly himself wrote B* as 
well as b? and b’. 

An author's name is also attached to the scholia vI. No. 6 and 
X. No. 223, which are attributed to Maximus Planudes (end of 13th c.) 
along with scholia on I. 31, X. 14 and x. 18 found in | in a quite late 
hand and published on pp. 46, 47 of Heibérg’s dissertation. These 
seem to have been taken from lectures of Planudes on the Elements 
by a pupil who used | as his copy. 

There are also in | two other Byzantine scholia, written by a late 
hand, and bearing the names Joannes and Pediasimus respectively ; 
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these must in like manner have been written by a pupil after lectures 
of Ioannes Pediasimus (first half of 14th c.), and this pupil must also 
have used |. 

Before these scholia were edited by Heiberg, very few of them had 
been published in the original Greek. The Basel editio princeps has a 
few (V. No. 1, vi. Nos. 3, 4 and some in Book X.) which are taken, 
some from the Paris MS. (Paris. Gr. 2343) used by Grynaeus, others 
probably from the Venice MS. (Marc. 301) also used by him; one 
published by Heiberg, not in his edition of Euclid but in his paper 
on the scholia, may also be from Venet. 301, but appears also in 
Paris. Gr. 2342. The scholia in the Basel edition passed into the 
Oxford edition in the text, and were also given by August in the 
Appendix to his Vol. 11. 

Several specimens of the two series of scholia (Vat. and Vind.) 
were published by C. Wachsmuth (Rhein. Mus. XVIII. p. 132 sqq.) 
and by Knoche (Untersuchungen über die neu aufgefundenen Scholien 
des Proklus, Herford, 1865). 

The scholia published in Latin were much more numerous. G. 
Valla (De expetendis et fugiendis rebus, 1501) reproduced apparently 
some 200 of the scholia included in Heiberg's edition. Several of 
these he obtained from two Modena MSS. which at one time were 
in his possession (Mutin. III B, 4 and II E, 9, both of the 15th c.); 
but he must have used another source as well, containing extracts 
from other series of scholia, notably Schol. Vind. with which he has 
some 87 scholia in common. He has also several that are new. 

Commandinus included in his translation under the title “ Scholia 
antiqua" the greater part of the Schol. Vat. which he certainly 
obtained from a Ms. of the class of Vat. 192; on the whole he 
adhered closely to the Greek text. Besides these scholia Com- 
mandinus has the scholia and lemmas which he found in the Basel 
editio princeps, and also three other scholia not belonging to Schol. 
Vat, as well as one new scholium (to XII. 13) not included in 
Heiberg's edition, which are distinguished by different type and were 
doubtless taken from the Greek Ms. used by him along with the 
Basel edition. 

In Conrad Dasypodius’ Lexicon mathematicum published in 1573 
there is (on fol. 42—44) “Graecum scholion in definitiones Euclidis 
libri quinti elementorum appendicis loco propter pagellas vacantes 
annexum.” This contains four scholia, and part of two others, 
published in Heiberg’s edition, with some variations of readings, and 
with some new matter added (for which see pp. 64—6 of Heiberg’s 
pamphlet). The source of these scholia is revealed to us by another 
work of Dasypodius, Zsaaci Monachi Scholia in Euclidis elementorum 
geometriae sex priores libros per C. Dasypodium in latinum sermonem 
translata et in lucem edita (19579). This work contains, besides 
excerpts from Proclus on Book I. (in part closely related to Schol. 
Vind.) some 30 scholia included in Heiberg's edition, several new 
scholia, and the above-mentioned scholia to tbe definitions of Book v. 
published in Greek in 1573. After the scholia follow " Isaaci Monachi 
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prolegomena in Euclidis Elementorum geometriae libros” (two 
definitions of geometry) and “ Varia miscellanea ad geometriae cogni- 
tionem necessaria ab Isaaco Monacho collecta” (mostly the same as 
PP. 252, 24—272, 27 in the Variae Collectiones included in Hultsch's 
Heron) ; lastly, a note of Dasypodius to the reader says that these 
scholia were taken “ex clarissimi viri Joannis Sambuci antiquo codice 
manu propria Isaaci Monachi scripto.” Isaak Monachus is doubtless 
Isaak Argyrus, 14th c.; and Dasypodius used a MS. in which, besides 
the passage in Hultsch’s Variae Collectiones, there were a number of 
scholia marked in the margin with the name of Isaak (cf. those in b 
under the name of Theodorus Cabasilas). Whether the new scholia 
are original cannot be decided until they are published in Greek ; but 
it is not improbable that they are at all events independent arrange- 
ments of older scholia. All but five of the others, and all but one of 
the Greek scholia to Book v., are taken from Schol. Vat.; three of the 
excepted ones are from Schol. Vind., and the other three seem to 
come from F (where some words of them are illegible, but can be 
supplied by means of Mut. 111 B, 4, which has these three scholia and 
generally shows a certain likeness to Isaak's scholia). 

Dasypodius also published in 1564 the arithmetical commentary 
of Barlaam the monk (14th c.) on Eucl. Book IL, which finds a place 
in Appendix Iv. to the Scholia in Heiberg's edition. 

Hultsch has some remarks on the origin of the scholia. He 
observes that the scholia to Book I. contain a considerable portion 
of Geminus' commentary on the definitions and are specially valuable 
because they contain extracts from Geminus oz/y, whereas Proclus, 
though drawing mainly upon him, quotes from others as well. On the 
postulates and axioms the scholia give more than is found in Proclus. 
Hultsch conjectures that the scholium on Book v., No. 3, attributing 
the discovery of the theorems to Eudoxus but their arrangement to 
Euclid, represents the tradition going back to Geminus, and that the 
scholium XIII., No. 1, has the same origin. 

A word should be added about the numerical illustrations of 
Euclid’s propositions in the scholia to Book x. They contain a large 
number of calculations with sexagesimal fractions?; the fractions go 
as far as fourth-sixtieths (1/60). Numbers expressed in these fractions 
are handled with skill and include some results of surprising accuracy? 


1 Art. “ Eukleides ” in Pauly-Wissowa’s Real-Encyclopadie, 

2 Hultsch bas written upon these in Bibliotheca Mathematica, Vy, 1904, pp- 225—233. 

* Thus 4/(27) is given (allowing for a slight correction by means of the context) as § 11’ 
46” 10'”, which gives for 4/3 the value t 43' 55" 237, being the same value as that given by 
Hipparchus in his Table of Chords, and correct to the seventh decimal place. Similarly /8 
is given as 2 49' 42” 20'” 10°”, which is equivalent to 4/2— 141421335. Hultsch gives 
instances of the various operations, addition, subtraction, etc., carried out in these fractions, 
and shows how the extraction of the square root was effected. Cf. T. L. Heath, History of 
Greek Mathematics, 1., pp. 59—63. 


CHAPTER VII. 


EUCLID IN ARABIA. 


WE are told by Hàji Khalfa! that the Caliph al-Mansür (754-775) 
sent a mission to the Byzantine Emperor as the result of which he 
obtained from him a copy of Euclid among other Greek books, and 
again that the Caliph al-Ma'mün (813-833) obtained manuscripts of 
Euclid, among others, from the Byzantines. The version of the 
Elements by al-Hajjáj b. Yüsuf b. Matar is, if not the very first, at 
least one of the first books translated from the Greek into Arabic? 
According to the Fihrist’ it was translated by al-Hajjāj twice; the 
first translation was known as “ Hārūni” (“ for Hārūn ^), the second 
bore the name "Ma'müni" ("for al-Ma'mün") and was the more trust- 
worthy. Six Books of the second of these versions survive in a Leiden 
MS. (Codex Leidensis 399, 1) now in part published by Besthorn 
and Heiberg* In the preface to this MS. it is stated that, in the reign 
of Hariin ar-Rashid (786-809), al-Hajjaj was commanded by Yahya 
b. Khalid b. Barmak to translate the book into Arabic. Then, when 
al-Ma'mün became Caliph, as he was devoted to learning, al-Hajjaj 
saw that he would secure the favour of al-Ma’min “if he illustrated 
and expounded this book and reduced it to smaller dimensions. He 
accordingly left out the superfluities, filled up the gaps, corrected or 
removed the errors, until he had gone through the book and reduced 
it, when corrected and explained, to smaller dimensions, as in this 
copy, but without altering the substance, for the use of men endowed 
with ability and devoted to learning, the earlier edition being left in 
the hands of readers.” 

The Fzkrist goes on to say that the work was next translated by 
Ishaq b. Hunain, and that this translation was improved by Thabit b, 
Qurra. This Abū Yaʻqūb Ishāq b. Hunain b. Ishaq al-'Ibadi (d. gro) 
was the son of the most famous of Arabic translators, Hunain b. Ishaq 
al-‘Ibadi (809-873), a Christian and physician to the Caliph al- 
Mutawakkil (847-861). There seems to be no doubt that Ishaq, who 


| Lexicon bibliogr. et encyclop. ed. Flügel, 111. pp. 91, 92. 

2 Klamroth, Zeitschrift der Deutschen Morgenlandischen Gesellschaft, XXXV. p. 303. 

3 Fihrist (tr. Suter), p. 16. 

* Codex Leidensis 399, 1. Euclidis Elementa ex interpretatione al- HadscAdschadschit eum 
commentariis al- Narizit, Hauniae, part 1. i. 1893, part. 1. ii. 1897, part 1I. i. 1900, part it. 
ii. 1905, part III. i. 1910. 
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must have known Greek as well as his father, made his translation 
direct from the Greek. The revision must apparently have been the 
subject of an arrangement between Ishaq and Thabit, as the latter 
died in gor or nine years before Ishaq. Thabit undoubtedly consulted 
Greek MSS. for the purposes of his revision. This is expressly stated 
in a marginal note to a Hebrew version of the Elements, made from 
Ishaq’s, attributed to one of two scholars belonging to the same family, 
viz. either to Moses b. Tibbon (about 1244-1274) or to Jakob b. Machir 
(who died soon after 1306). Moreover Thabit observes, on the pro- 
position which he gives as IX. 31, that he had not found this proposition 
and the one before it in the Greek but only in the Arabic ; from which 
statement Klamroth draws two conclusions, (1) that the Arabs had 
already begun to interest themselves in the authenticity of the text 
and (2) that Thabit did not alter the numbers of the propositions in 
Ishàq's translation?) The Fihrist also says that Yuhanna al-Qass (i.e. 
“the Priest”) had seen in the Greek copy in his possession the pro- 
position in Book 1. which Thabit took credit for, and that this was 
confirmed by Nazif, the physician, to whom Yuhanna had shown it. 
This proposition may have been wanting in Ishaq, and Thabit may 
have added it, but without claiming it as his own discovery’. As 
a fact, I. 45 is missing in the translation by al-Hajjaj. 

The original version of Ishaq wtthout the improvements by Thabit 
has probably not survived any more than the first of the two versions 
by al-Hajjaj; the divergences between the MSS. are apparently due to 
the voluntary or involuntary changes of copyists, the former class 
varying according to the degree of mathematical knowledge possessed 
by the copyists and the extent to which they were influenced by 
considerations of practical utility for teaching purposes‘. Two MSS. 
of the Ishaq-Thàbit version exist in the Bodleian Library (No. 279 
belonging to the year 1238, and No. 280 written in 1260-1)*; Books 
L—XIIL are in the Ishaq-Thabit version, the non-Euclidean Books 
XIV., XV. in the translation of Qusta b. Lüqa al-Ba'labakki (d. about 
912) The first of these MSs. (No. 279) is that-¢O) used by Klamroth 
for the purpose of his paper on the Arabian Euclid. The other Ms. 
used by Klamroth is (K) Kjobenhavn Lxxxi, undated but probably 
of the 13th c. containing Books v.—xv., Books v.—x. being in the 
Ishaq-Thabit version, Books XI.—XIII. purporting to be in al-Flajjaj’s 
translation, and Books XIV., XV. in the version of Qustà b. Lüqa. In 
not a few propositions K and O show not the slightest difference, and, 
even where the proofs show considerable differences, they are generally 
such that, by a careful comparison, it is possible to reconstruct the 
common archetype, so that it is fairly clear that we have in these cases, 
not two recensions of one translation, but arbitrarily altered and 


1 Steinschneider, Zeitschrift fiir Math. u. Physik, XXXI., hist.-litt. Abtheilung, pp. 85, 


86, 99. . . 

? Klamroth, p. 279. * Steinschneider, p. 88. 

* Klamroth, p. 306. 

® These mss. are described by Nicoll and Pusey, Catalogus cod. mss. orient. bibl. Boa- 
leianae, pt. 11. 1835 (pp. 257—1262). 
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shortened copies of one and the same recension'. The Bodleian Ms. 
No. 280 contains a preface, translated by Nícoll, which cannot be by 
Thabit himself because it mentions Avicenna (980-1037) and other 
later authors. The MS. was written at Maraga in the year 1260-1 and 
has in the margin readings and emendations from the edition of 
Nasiraddin at-Tusi (shortly to be mentioned) who was living at Maraga 
at the time. ls it possible that at-Tüsi himself is the author of the 
preface’? Be this as it may, the preface is interesting because it 
throws light on the liberties which the Arabians allowed themselves 
to take with the text. After the observation that the book (in spite 
of the labours of many editors) is not free from errors, obscurities, 
redundancies, omissions etc., and is without certain definitions neces- 
sary for the proofs, it goes on to say that the man has not yet been 
found who could make it perfect, and next proceeds to explain 
(1) that Avicenna "cut out postulates and many oaefinitions” and 
attempted to clear up difficult and obscure passages, (2) that Abü'l 
Wafa al-Büzjàni (939-997) "introduced unnecessary additions and 
left out many things of great importance and entirely necessary," 
inasmuch as he was too long in various places in Book VI. and too 
short in Book x. where he left out entirely the proofs of the apotomae, 
while he made an unsuccessful attempt to emend XII. 14, (3) that Aba 
Ja'far al-Khàzin (d. between 961 and 971) arranged the postulates 
excellently but “disturbed the number and order of the propositions, 
reduced several propositions to one” etc. Next the preface describes 
the editor's own claims! and then ends with the sentences, " But we 
have kept to the order of the books and propositions in the work itself 
(i.e. Euclid’s) except in the twelfth and thirteenth books. For we have 
dealt in Book XIII. with the (solid) bodies and in Book XII. with the 
surfaces by themselves.” 

After Thabit the FzAvis¢ mentions Aba ‘Uthman ad-Dimashqi as 
having translated some Books of the Elements including Book x. (It 
is Aba ‘Uthman’s translation of Pappus’ commentary on Book X. 
which Woepcke discovered at Paris) The FzArtst adds also that 
* Nazif the physician told me that he had seen the tenth Book of 
Euclid in Greek, that it had 40 propositions more than the version 
in common circulation which had 109 propositions, and that he had 
determined to translate it into Arabic." 

But the third form of the Arabian Euclid actually accessible to us 
is the edition of Abü Ja'far Muh. b. Muh. b. al-Hasan Nasiraddin 
at-Tüsi (whom we shall call at-Tüsi for short), born at Tis (in 
Khurasan) in 1201 (d. 1274). This edition appeared in two forms, a 
larger and a smaller. The larger is said to survive in Florence only 
(Pal. 272 and 313, the latter MS. containing only six Books); this was 
published at Rome in 1594, and, remarkably enough, some copies of 


! Klamroth, pp. 306— 8. 

1 Steinschneider, p. g8- Heiberg has quoted the whole of this preface in the Zeitschrift 
für Math. u. Physik, XXIX., hist.-litt. Abth. p. 16. 

3 This seems to include a rearrangement of the contents of Books x1v., xv. added to the 
Elements. 
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this edition are to be found with 12 and some with 13 Books, some 
with a Latin title and some without'. But the book was printed in 
Arabic, so that Kastner remarks that he will say as much about it as 
can be said about a book which one cannot read? The shorter form, 
which however, in most MSS., is in 15 Books, survives at Berlin, Munich, 
Oxford, British Museum (974, 1334*, 1335), Paris (2465, 2466), India 
Office, and Constantinople; it was printed at Constantinople in 
1801, and the first six Books at Calcutta in 18245 

At-Tisi’s work is however not a translation of Euclid’s text, but a 
re-written Euclid based on the older Arabic translations. In this 
respect it seems to be like the Latin version of the Elements by 
Campanus (Campano), which was first published by Erhard Ratdoit 
at Venice in 1482 (the first printed edition of Euclid*). Campanus 
(13th c.) was a mathematician, and it is likely enough that he allowed 
himself the same liberty as at-Tüsi in reproducing Euclid. What- 
ever may be the relation between Campanus' version and that of 
Athelhard of Bath (about 1120), and whether, as Curtze thinks®, they 
both used one and the same Latin version of toth— 11th c., or whether 
Campanus used Athelhard's version in the same way as at-Tüsi used 
those of his predecessors’, it is certain that both versions came from 
an Arabian source, as is evident from the occurrence of Arabic words 
in them’. Campanus’ version is not of much service for the purpose 
of forming a judgment on the relative authenticity of the Greek and 
Arabian tradition; but it sometimes preserves traces of the purer 
source, as when it omits Theon's addition to vi. 33*. A curious 
circumstance is that, while Campanus' version agrees with at-Tüsi's 
in the number of the propositions in all the genuine Euclidean Books 
except V. and IX., it agrees with Athelhard's in having 34 propositions 
in Book v. (as against 25 in other versions), which confirms the view 
that the two are not independent, and also leads, as Klamroth says, 
to this dilemma: either the additions to Book v. are Athelhard's 
own, or he used an Arabian Euclid which is not known to us", 
Heiberg also notes that Campanus’ Books XIV., XV. show a certain 
agreement with the preface to the Thābit-Ishāq version, in which the 
author claims to have (1) given a method of inscribing spheres in the 
five regular solids, (2) carried further the solution of the problem how 


1 Suter, Die Mathematiker und Astronomen der Araber, p. 151. The Latin title is 
Euclidis elementorum. geometricorum. libri. tredecim. — Ex traditione doctissimi Nasiridini 
Tusini nunc. primum arabice impressi. Romae in typographia Medicea MDXCIV. Cum 
licentia superiorum. 

1 Kastner, Geschichte der Mathematik, 1. p. 367. 

3 Suter bas a note that this Ms. is very old, having been copied from the original in the 
author's lifetime. 

* Suter, p. 151. 

° Described by Kästner, Geschichte der Mathematik, 1. pp. 289—199, and by Weiss- 
enborn, Die Ubersetzungen des Euklid durch Campano und Zamberti, Halle a. S., 1882, 
pp. 1—7. See also infra, Chapter viti, p. 97. 

* Sonderabdruck des /aAresbericAhtes über die. Fortschritte der. klassischen. Alterthums- 
wissenschaft vom Okt. 1879—1882, Berlin, 1884. 

7 Klamroth, p. 271. 

* Curtze, of. cit. p. 20; Heiberg, Euklia-Studien, p. 178. 

? Heiberg's Euclid, vol. v. p. ci. V1 Klamroth, pp. 273—4- 
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to inscribe any one of the solids in any other and (3) noted the cases 
where this could not be done’. 

With a view to arriving at what may be called a common measure 
of the Arabian tradition, it is necessary to compare, in the first place, 
the numbers of propositions in the various Books. Haji Khalfa says 
that al-Hajjaj’s translation contained 468 propositions, and Thabit’s 
478; this is stated on the authority of at-Tüsi, whose own edition 
contained 468". The fact that Thabit's version had 478 propositions 
is confirmed by an index in the Bodleian MS. 279 (called O by 
Klamroth). A register at the beginning of the Codex Leidensis 399, t 
which gives Ishaq's numbers (although the translation is that of 
al-Hajjaj) apparently makes the total 479 propositions (the number in 
Book xIv. being apparently 11, instead of the 10 of O°). I subjoin a 
table of relative numbers taken from Klainroth, to which I have added 
the corresponding numbers in August's and Heiberg's editions of the 
Greek text. 


The Arabian Euclid The Greek Euclid 
Books Ishaq at-Tüsl Campanus Gregory August Heiberg 
I 48 48 48 48 48 48 
n 14 14 14 14 14 14 
m" 36 36 36 37 37 37 
Iv 16 16 16 16 16 16 
v 2$ 2$ 34 25 25 25 
vi 33 32 32 33 33 33 
vit 39 39 39 41 41 39 
vin 27 25 25 27 27 27 
IX 38 36 39 36 36 36 
x 109 107 107 117 116 115 
xi 41 41 41 40 40 39 
xn 1$ 15 15 18 18 18 
xi 21 18 18 18 18 18 
462 452 464 470 469 465 
[xiv 10 10 18 7 ? 
xv 6 6 13 10 
478 468 495 487 ?] 


The numbers in the case of Heiberg include all propositions which 
he has printed in the text; they include therefore XIII. 6 and III. 12 
now to be regarded as spurious, and X. 112—115 which he brackets 
as doubtful. He does not number the propositions in Books XIV., XV., 
but I conclude that the numbers in P reach at least 9 in XIV., and 9 
in XV. 

1 Heiberg, Zeitschrift far Math. u. Physik, XXIX., hist.-litt. Abtheilung, p. 21. 

? Klamroth, p. 274; Steinschneider, Zeitschrift für Math. u. Physik, XXXI., hist.-litt. 


Abth. p. 98. I 
, Bésthora- Heiberg read *' 11?"' as the number, Klamroth had read it as 21 (p. 273). 
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The Fihrist confirms the number 109 for Book X., from which 
Klamroth concludes that Ishaq’s version was considered as by far the 
most authoritative. 

In the text of O, Book Iv. consists of 17 propositions and Book 
XIV. of 12, differing in this respect from its own table of contents ; IV. 
15, 16 in O are really two proofs of the same proposition. 

In al-Hajjàj's version Book I. consists of 47 propositions only, I. 45 
being omitted. It has also one proposition fewer in Book Itr, the 
Heronic proposition III. 12 being no doubt omitted. 

In speaking of particular propositions, I shall use Heiberg’s 
numbering, except where otherwise stated. 

The difference of 10 propositions between Thabit-[shaq and 
at-Tüsi is accounted for thus: 

(1) The three propositions VI. 12 and X. 28, 29 which both Ishaq 
and the Greek text have are omitted in at-Tüsi. 

(2) Ishaq divides each of the propositions XIII. 1—3 into two, 
making six instead of three in at-Tüsi and in the Greek. 

(3) Ishaq has four propositions (numbered by him VIII. 24, 25, 
IX. 30, 31) which are neither in the Greek Euclid nor in at-Tüsi. 

Apart from the above differences al-Hajjaj (so far as we know), 
Ishaq and at-Tusi agree; but their Euclid shows many differences 
from our Greek text. These differences we will classify as follows’. 


I. Propositions. 


The Arabian Euclid omits vil. 20, 22 of Gregory’s and August’s 
editions (Heiberg, App. to Vol. II. pp. 428-32) ; VIII. 16, 17; X. 7, 8, 
13, 16, 24, 112, 113, 114, besides a lemma vulgo X. 13, the proposition 
X. 117 of Gregory's edition, and the scholium at the end of the Book 
(see for these Heiberg's Appendix to Vol. III. pp. 382, 408—416); 
XI. 38 in Gregory and August (Heiberg, App. to Vol. IV. p. 354); 
XII. 6, 13, 14; (also all but the first third of Book xv.). 

The Arabian Euclid makes II. I1, 12 into one proposition, and 
divides some propositions (X. 31, 32; XI. 31, 34; XIII. I—3) into two 
each. 

The order is also changed in the Arabic to the following extent. 
V. 12, 13 are interchanged and the order in Books VIL, VIL, IX.— 
XIII. is: 

VI. 1—8, 13, II, 12, 9, 10, 14—17, 19, 20, 18, 21, 22, 24, 26, 23, 
25, 27— 30, 32, 31, 33. 

VII. 1—20, 22, 21, 23—28, 31, 32, 29, 30, 33— 39. 

IX. I— I3, 20, 14—19, 21—25, 27, 26, 28—36, with two new pro- 
positions coming before prop. 30. 

X. I—Ó, 9— 12, 15, 14, 17—23, 26—28, 25, 29—30, 31, 32, 33— 
IIL, 115. 

XL 1—30, 31, 32, 34, 33, 35 — 39. 

XII. 1—5, 7, 9, 8, IO, I2, II, I§, 16—18. 

XIII. '1—3, 5. 4, 6, 7, 12, 9, IO, 8, 11, 13, 15, 14, 16—18. 


1 See Klamroth, pp. 275—6, 280, 282—4, 314—15, 326; Heiberg, vol. v. pp. xcvi, xcvii. 
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2. Definitions. 

The Arabic omits the following definitions: 1v. Deff. 3—7, vil. 
Def. 9 (or 10), X1. Deff. 5—7, 15, 17, 23, 25—28; but it has the 
spurious definitions VI. Deff. 2, 5, and those of proportion and ordered 
proportion in Book v. (Deff. 8, 19 August), and wrongly interchanges 
v. Deff. 11, 12 and also vi. Deff. 3, 4. 

The order of the definitions is also different in Book vit. where, 
after Def. 11, the order is 12, 14, 13, 15, 16, 19, 20, 17, 18, 21, 22, 23, 
and in Book XI. where the order is 1, 2, 3, 4, 8, 10, 9, 13, 14, 16, 12, 2I, 
22, 18, 19, 20, 11, 24. 

3. Lemmas and porisms. 

All are omitted in the Arabic except the porisms to VI. 8, VIII. 2, 
X. 3; but there are slight additions here and there, not found in the 
Greek, eg. in VIII. 14, 15 (in K). 

4. Alternative proofs. 

These are all omitted in the Arabic, except that in x. 105, 106 they 
are substituted for the genuine proofs; but one or two alternative 
proofs are peculiar to the Arabic (VI. 32 and VIII. 4, 6). 

The analyses and syntheses to XIII. I—5 are also omitted in the 
Arabic. 

Klamroth is inclined, on a consideration of all these differences, to 
give preference to the Arabian tradition over the Greek (1) "on 
historical grounds," subject to the proviso that no Greek Ms. as 
ancient as the 8th c. is found to contradict his conclusions, which are 
based generally (2) on the improbability that the Arabs would have 
omitted so much if they had found it in their Greek mss., it being clear 
from the Fihrist that the Arabs had already shown an anxiety for a 
pure text, and that the old translators were subjected in this matter to 
the check of public criticism. Against the “historical grounds,” Heiberg 
is able to bring a considerable amount of evidence’. First of all there 
is the British Museum palimpsest (L) of the 7th or the beginning of 
the 8th c. This has fragments of propositions in Book x. which are 
omitted in the Arabic; the numbering of one proposition, which agrees 
with the numbering in other Greek MS., is not comprehensible on 
the assumption that eight preceding propositions were omitted in it, 
as they are in the Arabic; and lastly, the readings in L are tolerably 
like those of our MSS., and surprisingly like those of B. It is also to 
be noted that, although P dates from the roth c. only, it contains, 
according to all appearance, an ante-Theonine recension. 

Moreover there is positive evidence against certain omissions by 
the Arabians. At-Tüsi omits VL. 12, but it is scarcely possible that, 
if Eutocius had not had it, he would have quoted VI. 23 by that 
number’. This quotation of vI. 23 by Eutocius also tells against 
Ishàq who has the proposition as VI. 25. Again, Simplicius quotes VI. 
10 by that number, whereas it is VI. 13 in Ishàq; and Pappus quotes, 
by number, x1II. 2 (Ishaq 3, 4), XIII. 4 (Ishaq 8), X11. 16 (Ishaq 19). 


à Heiberg in Zeitschrift für Math. u. Physik, XX1Xx., hist.-litt. Abth. p. 3 qq. 
7 Apollonius, ed. Heiberg, vol. 11. p. 218, 3—$. 
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On the other hand the contraction of III. 11, 12 into one proposition 
in the Arabic tells in favour of the Arabic. 

Further, the omission of certain porisms in the Arabic cannot be 
supported; for Pappus quotes the porism to XIII. 17', Proclus those 
to II. 4, III. I, VII. 2?, and Simplicius that to IV. 15. 

Lastly, some propositions omitted in the Arabic are required in 
later propositions. Thus X. 13 is used in X. 18, 22, 23, 26 etc. ; X. 17 
is wanted in X. 18, 26, 36; XII. 6, 13 are required for XII. 11 and XII. 
15 respectively. 

It must also be remembered that some of the things which were 
properly omitted by the Arabians are omitted or marked as doubtful 
in Greek MSS. also, especially in P, and others are rightly suspected for 
other reasons (e.g. a number of alternative proofs, lemmas, and porisms, 
as well as the analyses and syntheses of xiir. 1—5). On the other 
hand, the Arabic has certain interpolations peculiar to our inferior 
MSS. (cf. the definition vi. Def. 2 and those of proportion and ordered 
proportion). 

Heiberg comes to the general conclusion that, not only is the 
Arabic tradition not to be preferred offhand to that of the Greek MSS., 
but it must be regarded as inferior in authority. It is a question 
how far the differences shown in the Arabic are due to the use of 
Greek Mss. differing from those which have been most used as the 
basis of our text, and how far to the arbitrary changes made by 
the Arabians themselves. Changes of order and arbitrary omissions 
could not surprise us, in view of the preface above quoted from the 
Oxford Ms. of Thabit-Ishaq, with its allusion to the many important 
and necessary things left out by Aba’l Wafa and to the author's 
own rearrangement of Books XII, XIII. But there is evidence of 
differences due to the use by the .Arabs of other Greek Mss. Heiberg? 
is able to show considerable resemblances between the Arabic text 
and the Bologna MS. b in that part of the MS. where it diverges so 
remarkably from our other MSS. (see the short description of it above, 
P. 49); in illustration he gives a comparison of the proofs of XII. 7 in b 
and in the Arabic respectively, and points to the omission in both of 
the proposition given in Gregory's edition as XI. 38, and to a remark- 
able agreement between them as regards the order of the propositions 
of Book XII. As above stated, the remarkable divergence of b only 
affects Books XI. (at end) and XII. ; and Book XIII. in b shows none 
of the transpositions and other peculiarities of the Arabic. There 
are many differences between b and the Arabic, especially in the 
definitions of Book XL, as well as in Book xır. It is therefore a 
question whether the Arabians made arbitrary changes, or the Arabic 
form is the more ancient, and b has been altered through contact 
with other Mss. Heiberg points out that the Arabians must be alone 
responsible for their definition of a prism, which only covers a prism 
with a triangular base. This could not have been Euclid's own, for 
the word prism already has the wider meaning in Archimedes, and 


2 Pappus, v. p. 436, s. ? Proclus, pp. 303—4. 
3 Zatschrift fur Math. u. Physih, XXIX., hist.-litt. Abth. p. 6sqq. 
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Euclid himself speaks of prisms with parallelograms and polygons 
as bases (XI. 39; XII. 10). Moreover, a Greek would not have been 
likely to leave out the definitions of the “ Platonic” regular solids, 

Heiberg considers that the Arabian translator had before him 
a MS. which was related to b, but diverged still further from the rest 
of our Mss. He does not think that there is evidence of the existence of 
a redaction of Books 1.—x. similar to that of Books XL, XIL in b; for 
Klamroth observes that it is the Books on solid geometry (XI.—XIIL) 
which are more remarkable than the others for omissions and shorter 
proofs, and it is a noteworthy coincidence that it is just in these 
Books that we have a divergent text in b. 

An advantage in the Arabic version is the omission of vir. Def. 10, 
although, as Iamblichus had it, it may have been deliberately omitted 
by the Arabic translator. Another advantage is the omission of the 
analyses and syntheses of XII. 1—5 ; but again these may have been 
omitted purposely, as were evidently a number of porisms which 
are really necessary. 

One or two remarks may be added about the Arabic versions 
as compared with one another.  Al-Hajjaj's object seems to have 
been less to give a faithful reflection of the original than to write 
a useful and convenient mathematical text-book. One characteristic 
of it is the careful references to earlier propositions when their results 
are used. Such specific quotations of earlier propositions are rare in 
Euclid; but in al-Hajjaj we find not only such phrases as “by prop, 
so and so,” “which was proved” or “which we showed how to do in 
prop. so and so,” but also still longer phrases. Sometimes he sefeats 
a construction, as in I. 44 where, instead of constructing “the parallelo- 
gram BEFG equal to the triangle C in the angle EBG which is equal 
to the angle D" and placing it in a certain position, he produces AB 
to G, making BG equal to half DE (the base of the triangle CDE in 
his figure), and on GB so constructs the parallelogram BHKG by 
I. 42 that it is equal to the triangle CDE, and its angle GBA is equal 
to the given angle. 

Secondly, al-Hajjaj, in the arithmetical books, in the theory of 
proportion, in the applications of the Pythagorean I. 47, and generally 
where possible, illustrates the proofs by numerical examples. It is 
true, observes Klamroth, that these examples are not apparently 
separated from the commentary of an-Nairizi, and might not there- 
fore have been due to al-Hajjaj himself; but the marginal notes to 
the Hebrew translation in Municn MS. 36 show that these additions 
were in the copy of al-Hajjaj used by the translator, for they expressly 
give these proofs in numbers as variants taken from al-Hajjaj’. 

These characteristics, together with al-Hajjaj’s freer formulation 
of the propositions and expansion of the proofs, constitute an in- 
telligible reason why Ishaq should have undertaken a fresh translation 
from the Greek. Klamroth calls Ishaq's version a model of a good 
translation of a mathematical text; the introductory and transitional 


! Klamroth, p. 310; Steinschneider, pp. 85—6. 
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phrases are stereotyped and few in number, the technical terms are 
simply and consistently rendered, and the less formal expressions 
connect themselves as closely with the Greek as is consistent with 
intelligibility and the character of the Arabic language. Only in 
isolated cases does the formulation of definitions and enunciations 
differ to any considerable extent from the original. In general, his 
object seems to have been to get rid of difficulties and unevennesses 
in the Greek text by neat devices, while at the same time giving a 
faithful reproduction of it’. 

There are curious points of contact between the versions of 
al-Hajjaj and Thabit-Ishaq. For example, the definitions and 
enunciations of propositions are often word for word the same. 
Presumably this is owing to the fact that Ishaq found these de- 
finitions and enunciations already established in the schools in his 
time, where they would no doubt be learnt by heart, and refrained 
from translating them afresh, merely adopting the older version with 
some changes? Secondly, there is remarkable agreement between 
the Arabic versions as regards the figures, which show considerable 
variations from the figures of the Greek text, especially as regards 
the letters; this is also probably to be explained in the same way, 
all the later translators having most likely borrowed al-Hajjaj's 
adaptation of the Greek figures’. Lastly, it is remarkable that the 
version of Books XI.—xXII. in the Kjgbenhavn Ms. (K), purporting 
to be by al-Hajjaj, is almost exactly the same as the Thabit-Ishaq 
version of the same Books in O. Klamroth conjectures that Ishaq 
may not have translated the Books on solid geometry at all, and that 
Thabit took them from al-Hajjaj, only making some changes in order 
to fit them to the translation of Ishaq‘. 

From the facts (1) that at-Tüsi's edition had the same number 
of propositions (468) as al-Hajjàj's version, while Thàbit-Ishaq's had 
478, and (2) that at-Tüsi has the same careful references to earlier 
propositions, Klamroth concludes that at-Tüsi deliberately preferred 
al-Hajjaj’s version to that of Ishaq’. Heiberg, however, points out 
(1) that at-Tüsi left out VI. 12 which, if we may judge by Klamroth's 
silence, al-Hajjaj had, and (2) al-Hajjaj's version had one proposition 
less in Books I. and IIL than at-Tisi has. Besides, in a passage quoted 
by Haji Khalfa* from at-Tüsi, the latter says that "he separated the 
things which, in the approved editions, were taken from the archetype 
from the things which had been added thereto," indicating that he 
had compiled his edition from doth the earlier translations’. 

There were a large number of Arabian commentaries on, or 
reproductions of, the Elements or portions thereof, which will be 


1 Klamroth, p. 290, illustrates Isháq's method by his way of distinguishing é$apuófew 
(to be congruent with) and /$apuófesÓat (to be applied to), the confusion of which by trans- 
lators was animadverted on by Savile. Ishaq avoided the confusion by using two entirely 
different words. 

? Klamroth, pp. 310—1. ! ibid. p. 387. 

* ibíd. pp. 304— 5. 5 shed. p.°274- 

* Haji Khalfa, 1. p. 383. 

* Heiberg, Zeitschrift für Math. w.' Physik, XXIX., bist.-litt. Abth. pp. 3, 3. 


cH. vii] EUCLID IN ARABIA 85 


found fully noticed by Steinschneider'. I shall mention here the 
commentators etc. referred to in the Fihrist, with a few others. 

I. Abū | 'Abbas al-Fadl b. Hàtim an-Nairizi (born at Nairiz, 
died about 922) has already been mentioned? His commentary 
survives, as — Books I.—VI., in the Codex Leidensis 399, I, now 
edited, as to four Books, by Besthorn and Heiberg, and as regards 
Books I.—x. in the Latin translation made by Gherard of Cremona 
in the 12th c. and now published by Curtze from a Cracow MS.’ Its 
importance lies mainly in the quotations from Heron and Simplicius. 

2. Ahmad b. ‘Umar al-Karabisi (date uncertain, probably 9th— 
ioth c.), “who was among the most distinguished geometers and 
arithmeticians*" 

3. Al-Abbas b. Sa'id al-Jauhari (fl. 830) was one of the astro- 
nomical observers under al-Ma'mün, but devoted himself mostly to 
geometry. He wrote a commentary to the whole of the Elements, 
from the beginning to the end; also the “Book of the propositions 
which he added to the first book of Euclid®.” 


4 Muh. b. ‘Isa Aba ‘Abdallah al-Mahani (d. between 874 and 
884) wrote, according to the Fihrist, (1) a commentary on Eucl. 
Book v., (2) “On proportion,” (3) “On the 26 propositions of the 
first Book of Euclid which are proved without reductio ad absurdum*.” 
The work “On proportion” survives and is probably identical with, or 
part of, the commentary on Book v? He also wrote, what is not 
mentioned by the Fihrist, a commentary on Eucl. Book X., a fragment 
of which survives in a Paris MS." 

$. Aba Ja‘far al-Khazin (ie. " the treasurer " or "librarian "), one 
of the first mathematicians and astronomers of his time, was born in 
Khurásán and died between the years 961 and 971. The Fihrist 
speaks of him as having written a commentary on the whole of the 
Elements’, but only the commentary on the beginning of Book x. 
survives (in Leiden, Berlin and Paris); therefore either the notes on 
the rest of the Books have perished, or the Fihrist is in error". The 
latter would seem more probable, for, at the end of his commentary, 
al-Khazin remarks that the rest had already been commented on by 
Sulaiman b. 'Usma (Leiden Ms.)" or ‘Oqba (Suter), to be mentioned 
below. Al-Khazin’s method is criticised unfavourably in the preface 
to the Oxford Ms. quoted by Nicoll (see p. 77 above). 

6. AbG'l Wafa al-Büzjàni (940-997) one of the greatest 
Arabian mathematicians, wrote a commentary on the Elements, but 


1 Steinschneider, Zeitschrift fiir Math. u. Physik, XXXI., hist.-litt. Abth. pp. 86 sqq. 

2 Steinschneider, p. 86, Frhrist (tr. Suter), pp. 16, 67; Suter, Die Mathematiker und 
Astronomen der Araber (1900), p. 45- 

3 Supplementum ad Euclidis opera omnia, ed. Heiberg and Menge, Leipzig, 1899. 

« Fthrist, pp. 16, 38; Steinschneider, p. 87; Suter, p. 65. 

6 Fihrist, pp. 16, 25; Steinschneider, p. 88; Suter, p. 12. 

€ Fihrist, pp. 16, 25, 58. 

7 Suter, p. 26, note, quotes the Paris MS. 2467, 16° containing the work “on proportion ” 
as the authority for this conjecture. 

© MS. 2457, 39° (cl. Woepcke in Mém. prés. à l'acad. des sciences, XIV., 1856, p. 669). 

? Fihrist, p. 17. Y Suter, p. 58, note b. ! Steinschneider, p. 89. 
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did not complete it! His method is also unfavourably regarded in 
the same preface to the Oxford Ms. 280. According to Haji Khalfa, he 
also wrote a book on geometrical constructions, in thirteen chapters. 
Apparently a book answering to this description was compiled by a 
gifted pupil from lectures by Abü '| Wafa, and a Paris Ms. (Anc. fonds 
169) contains a Persian translation of this work, not that of Abü '| Wafa 
himself. An analysis of the work was given by Woepcke?, and some 
particulars will be found in Cantor Abi’l Wafa also wrote a 
commentary on Diophantus, as well as a separate " book of proofs 
to the propositions which Diophantus used in his book and to what 
he (Abü '1 Wafa) employed in his commentary*" 

7. Ibn Ràhawaihi al-Arjàni also commented on Eucl. Book Xx.’ 

8. 'Ali b. Ahmad Abü'l-Qasim al-Antáki (d. 987) wrote a 
commentary on the whole book*; part of it seems to survive (from 
the sth Book onwards) at Oxford (Catal. Mss. orient. II. 281)". 

9. Sind b. 'Ali Abü 't-Taiyib was a Jew who went over to 
Islam in the time of al-Ma'mün, and was received among his astro- 
nomical observers, whose head hc became* (about 830); he died after 
864. He wrote a commentary on the whole of the Elements; “ Abi 
‘Alt saw nine books of it, and a part of the tenth*" His book “On 
the Apotomae and the Medials,” mentioned by the FzArist, may be 
the same as, or part of, his commentary on Book x. 

10. Abia Yusuf Ya‘qib b. Muh. ar-Razi “wrote a commentary 
on Book X., and that an excellent one, at the instance of Ibn al- 
* Amid." 

11. The Fihrist next mentions al-Kindī (Abu Yusuf Ya'qüb b. 
Ishaq b. as-Sabbah al-Kindi, d. about 873), as the author (1) of a 
work “on the objects of Euclid's book,” in which occurs the statement 
that the Elements were originally written by Apollonius, the carpenter 
(see above, p. § and note), (2) of a book “on the improvement of 
Euclid’s work,” and (3) of another “on the improvement of the 14th 
and 15th Books of Euclid.” “He was the most distinguished man 
of his time, and stood alone in the knowledge of the old sciences 
collectively; he was called ‘the philosopher of the Arabians’; his 
writings treat of the most different branches of knowledge, as logic, 
philosophy, geometry, calculation, arithmetic, music, astronomy and 
others".” Among the other geometrical works of al-Kindi mentioned 
by the Fihrist” are treatises on the closer investigation of the results 
of Archimedes concerning the measure of the diameter of a circle in 
terms of its circumference, on the construction of the figure of the two 
mean proportionals, on the approximate determination of the chords 


: Fihrist, p. 17. 
Woepcke, rnal Asiatique, Sér. v. T. v. pp. 218—256 and —359. 
3 Gesch. d. ok. vol. t, 9e 143—6. an : T 

4 Fihrist, p. 39 ; Suter, p. 71. 6 Fihrist, p. 17 ; Suter, p. 17. 

© Fihrist, p. 17. 7 Suter, p. 64. 

8 Fihrist, p. 17, 29; Suter, pp. 13, 14. ® Fihrist, p. 17. 

10 Fihrist, p. 17; Suter, p. i n Fihrist, p. 17, 10—18. 

13 The mere catalogue of al-Kindi's works on the various branches of science takes up 
four octavo pages (11—15) of Suter's translation of the Fihrist. 
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of the circle, on the approximate determination of the chord (side) of 
the nonagon, on the division of triangles and quadrilaterals and con- 
structions for that purpose, on the manner of construction of a circle 
which is equal to the surface of a given cylinder, on the division of 
the circle, in three chapters etc. 

12. The physician Nazif b. Yumn (or Yaman) al-Qass (“ the 
priest") is mentioned by the Fihrist as having seen a Greek copy 
of Eucl. Book X. which had 40 more propositions than that which 
was in general circulation (containing 109), and having determined 
to translate it into Arabic! Fragments of such a translation exist 
at Paris, Nos. 18 and 34 of the Ms. 2457 (952, 2 Suppl. Arab. in 
Woepcke’s tract); No. 18 contains “additions to some propositions 
of the roth Book, existing in the Greek language’.” Nazif must have 
died about 990’. 

13. Yühannà b. Yüsu( b. al-Harith b. al-Bitriq al-Qass (d. about 
980) lectured on the Elements and other geometrical books, made 
translations from the Greek, and wrote a tract on the “ proof” of the 
case of two straight lines both meeting a third and making with it, 
on one side, two angles together less than two right angles* Nothing 
of his appears to survive, except that a tract “on rational and irrational 
magnitudes,” No. 48 in the Paris MS. just mentioned, is attributed 
to him. 

14. Abi Muh. al-Hasan b. ‘Ubaidallah b. Sulaiman b. Wahb 
(d. 901) was a geometer of distinction, who wrote works under the 
two distinct titles * A commentary on the difficult parts of the work 
of Euclid” and “The Book on Proportion®.” Suter thinks that an- 
other reading is possible in the case of the second title, and that it 
may refer to the Euclidean work “on the divisions (of figures)*." 

15. Qustá b. Lüqà al-Ba'labakki (d. about 912), a physician, 
philosopher, astronomer, mathernatician and translator, wrote " on the 
difficult passages of Euclid's book" and "on the solution of arith- 
metical problems from the third book of Euclid?" ; also an *intro- 
duction to geometry," in the form of question and answer*. 

16. Thàbit b. Qurra (826—901), besides translating some parts 
of Archimedes and Books v.—vIt. of the Conics of Apollonius, and 
revising Ishaq’s translation of Euclid’s Elements, also revised the trans- 
lation of the Data by the same Ishaq and the book O» divisions of 
figures translated by an anonymous writer. We are told also 
that he wrote the following works: (1) On the Premisses (Axioms, 
Postulates etc.) of Euclid, (2) On the Propositions of Euclid, (3) On 
the propositions and questions which arise when two straight lines 
are cut by a third (or on the “ proof” of Euclid’s famous postulate). 
The last tract is extant in the MS. discovered by Woepcke (Paris 
2457, 32°). He is also credited with “an excellent work” in the 
shape of an “Introduction to the Book of Euclid,” a treatise on 

1 Fihrist, pp. 16, 17. 
2 Woepcke, Mém. pris. à l'acad. des sciences, XIV. pp. 666, 668. 
3 Suter, p. 68. * Fihrist, p. 38; Suter, p. 6o. 


*. Fihrist, p. 36, and Suter's note, p. 6o. — * Suter, p. 11, note 23. 
1 Fihrist, P. 43- ® Fihrist, p. 43; Suter, p. 4I. 
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Geometry dedicated to Isma‘il b. Bulbul, a Compendium of Geometry, 
and a large number of other works for the titles of which reference 
may be made to Suter, who also gives particulars as to which are 
extant}. 

17. Abi Sa‘id Sinan b. Thabit b. Qurra, the son of the translator 
of Euclid, followed in his father's footsteps as geometer, astronomer 
and physician. He wrote an “improvement of the book of ...... on 
the Elements of Geometry, in which he made various additions to the 
original.” It is natural to conjecture that Euclid is the name missing 
in this description (by Ibn abi Usaibi‘a); Casiri has the name Aqaton?, 
The latest editor of the Za’rikh al-Hukamda, however, makes the name 
to be Iflaton (= Plato), and he refers to the statement by the Fihrist 
and Ibn al-Qifti attributing to Plato a work on the Elements of 
Geometry translated by Qusta. It is just possible, therefore, that at 
the time of Qusta the Arabs were acquainted with a book on the 
Elements of Geometry translated from the Greek, which they attri- 
buted to Plato% Sinan died in 943. 

18. Aba Sahl Wijan (or Waijan) b. Rustam al-Kuhi (fl. 988), 
born at Kah in Tabaristan, a distinguished geometer and astronomer, 
wrote, according to the FzAvist, a “ Book of the Elements" after that 
of Euclid‘; the rst and 2nd Books survive at Cairo, and a part of 
the 3rd Book at Berlin (5922). He wrote also a number of other 
geometrical works: Additions to the 2nd Book of Archimedes on 
the Sphere and Cylinder (extant at Paris, at Leiden, and in the India 
Office), On the finding of the side of a heptagon in a circle (India 
Office and Cairo), On two mean proportionals (India Office), which 
last may be only a part of the Additions to Archimedes' On the Sphere 
and Cylinder, etc. 

19. Aba Nasr Muh. b. Muh. b. Tarkhan b. Uzlag al-Farabi 
(870-950) wrote a commentary on the difficulties of the introductory 
matter to Books I. and v.* This appears to survive in the Hebrew 
translation which is, with probability, attributed to Moses b. Tibbon’. 

20. Abi ʻAlī al-Hasan b. al-Hasan b. al-Haitham (about 965- 
1039), known by the name Ibn al-Haitham or Abà 'Ali.al-Basri, was a 
man of great powers and knowledge, and no one of his time approached 
him in the field of mathematical science. He wrote several works on 
Euclid the titles of which, as translated by Woepcke from Usaibi'a, 
are as follows*: 

I. Commentary and abridgment of the Elements. 

2. Collection of the Elements of Geometry and Arithmetic, 
drawn from the treatises of Euclid and Apollonius. 

3. Collection of the Elements of the Calculus deduced from 
the principles laid down by Euclid in his Elements. 


1 Suter, pp. 34—8. 
2 Fihrist (ed. Suter), p. 59, note 132; Suter, P- 52, note b. 
® See Suter in Bibliotheca Mathematica, IV}, 1903-4, pp. 296—7, review of Julius 
Lippert’s bn al-Qifti. — Ta'rich al-hukamá, Leipzig, 1903. 
Fihrist, p. 40. ^ Suter, p. 75. 
* Suter, p. 55. 7 Steinschnéider, P- 92. 
® Steinschneider, pp. 92—3. 
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4. Treatise on “measure” after the manner of Euclid’s 

Elements. 

5. Memoir on the solution of the difficulties in Book 1. 
6. Memoir for the solution of a doubt about Euclid, relative 

to Book v. 

7. Memoir on the solution of a doubt about the stereometric 
portion. 

8. Memoir on the solution of a doubt about Book XII. 

9. Memoir on the division of the two magnitudes mentioned 
in X. 1 (the theorem of exhaustion). 

IO. Commentary on the definitions in the work of Euclid 

(where Steinschneider thinks that some more general expression 

should be substituted for “definitions ”). 

The last-named work (which Suter calls a commentary on the 
Postulates of Euclid) survives in an Oxford Ms. (Catal. MSS. orient. 
I. 908) and in Algiers (1446, 1°). 

A Leiden MS. (960) contains his Commentary “on the difficult 
places” up to Book v. We do not know whether in this commentary, 
which the author intended to form, with the commentary on the 
Musadarat, a sort of complete commentary, he had collected the 
separate memoirs on certain doubts and difficult passages mentioned 
in the above list. 

A commentary on Book V. and following Books found in a 
Bodleian Ms. (Catal. II. p. 262) with the title “Commentary on Euclid 
and solution of his difficulties " is attributed to b. Haitham; this might 
be a continuation of the Leiden Ms. 

The memoir on X. t appears to survive at St Petersburg, Ms. de 
l'Institut des langues orient. 192, 5? (Rosen, Catal. p. 125). 

21. Ibn Sina, known as Avicenna (980-1037), wrote a Com- 
pendium of Euclid, preserved in a Leiden Ms. No. 1445, and forming 
the geometrical portion of an encyclopaedic work embracing Logic, 
Mathematics, Physics and Metaphysics!. 

22. Ahmad b. al-Husain al-Ahwazi al-Katib wrote a com-: 
mentary on Book X., a fragment of which (some 10 pages) is to be 
found at Leiden (970), Berlin (5923) and Paris (2467, 18°)? 

23.  Nasiraddin at-Tüsi (1201-1274) who, as we have seen, 
brought out a Euclid in two forms, wrote: 

I. A treatise on the postulates of Euclid (Paris, 2467, 5°). 

2. A treatise on the sth postulate, perhaps only a part of 
the foregoing (Berlin, 5942, Paris, 2467, 6°). 

3. Principles of Geometry taken from Euclid, perhaps 
identical with No. 1 above (Florence, Pal. 298). 

4. 105 problems out of the Elements (Cairo). He also edited 
the Data (Berlin, Florence, Oxford etc.)*. 

24. Muh. b. Ashraf Shamsaddin as-Samarqandi (fl. 1276) wrote 
" Fundamental Propositions, being elucidations of 35 selected proposi- 


1 Steinschneider, p. 92; Suter, p. 89. ? Suter, p. 57. 
3 Suter, pp. 150—1. 
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tions of the first Books of Euclid,” which are extant at Gotha (1496 
and 1497), Oxford (Catal. 1. 967, 2°), and Brit. Mus.". 

25. Misa b. Muh. b. Mahmiid, known as Qadizade ar-Rimi (ie. 
the son of the judge from Asia Minor), who died between 1436 and 
1446, wrote a commentary on the “Fundamental Propositions” just 
mentioned, of which many MSS. are extant”. It contained biographical 
statements about Euclid alluded to above (p. 5, note). 

26. Abi Da’iid Sulaiman b. 'Uqba, a contemporary of al-Khazin 
(see above, No. 5), wrote a commentary on the second half of Book X., 
which is, at least partly, extant at Leiden (974) under the title " On 
the binomials and apotomae found in the 1oth Book of Euclid*." 

27. The Codex Leidensis 399, 1 containing al-Hajjaj’s transla- 
tion of Books L—VI. is said to contain glosses to it by Sa‘id b. Mas'üd 
b. al-Qass, apparently identical with Abü Nasr Gars al-Na'ma, son of 
the physician Mas'üd b. al-Qass al-Bagdadi, who lived in the time of 
the last Caliph al-Musta'sim (d. 1258)* 

28. Abü Muhammad b. Abdalbaqi al-Bagdadi al-Faradi (d. 
1141, at the age of over 70 years) is stated in the Za'zikh al- Hukamá 
to have written an excellent commentary on Book x. of the Elements, 
in which he gave numerical examples of the propositions’. This is 
published in Curtze’s edition of an-Nairizi where it occupies pages 
252—386°. 

29. Yahya b. Muh. b. ‘Abdan b. ‘Abdalwahid, known by the 
name of Ibn al-Lubüdi (1210-1268), wrote a Compendium of Euclid, 
and a short presentation of the postulates’. 

30. Abia ‘Abdallah Muh. b. Mu‘adh al-Jayyani wrote a com- 
mentary on Eucl. Book Vv. which survives at Algiers (1446, 3°)*. 

31. Abū Nasr Mansür b. ‘Ali b. ‘Iraq wrote, at the instance of 
Muh. b. Ahmad Abi ’r-Raihan al-Biriini (973-1048), a tract “on 
a doubtful (difficult) passage in Eucl. Book x111.” (Berlin, 5925)*. 


1 Suter, p. 157. 3 ibid. p. 175. 3 ihid. p. 56. 

* ibid. pp. 153—4, 227. 

5 Gartz, p. 14; Steinschneider, pp. 94— 5. 

© Suter in Bibliotheca Mathematica, IV}, 1903, pp. 25; 295; Suter has also an article on 
its contents, Bibliotheca Mathematica, Viiz, t T: PP- 234—251. 

? Steinschneider, p. 94 ; Suter, p. 146. 

8 Suter, Nachträge und Berichtigungen, in Abhandlungen zur Gesch. der math. Wissen- 
schaften, XIV., 1902, p. 170. 

Suter, p. 81, and Machtrage, p. 172. 


CHAPTER VIII. 


PRINCIPAL TRANSLATIONS AND EDITIONS OF THE ELEMENTS. 


CICERO is the first Latin author to mention Euclid!; but it is not 
likely that in Cicero's time Euclid had been translated into Latin or 
was studied to any considerable extent by the Romans; for, as Cicero 
says in another place? while geometry was held in high honour 
among the Greeks, so that nothing was more brilliant than their 
mathematicians, the Romans limited its scope by having regard only 
to its utility for measurements and calculations. How very little 
theoretical geometry satisfied the Roman agrimensores is evidenced 
by the work of Balbus de mensuris*, where some of the definitions of 
Eucl. Book I. are given. Again, the extracts from the Elements found 
in the fragment attributed to Censorinus (fl. 238 A.D )* are confined to 
the definitions, postulates, and common notions. But by degrees the 
Elements passed even among the Romans into the curriculum of a 
liberal education ; for Martianus Capella speaks of the effect of the 
enunciation of the proposition "how to construct an equilateral 
triangle on a given straight line" among a company of philosophers, 
who, recognising the first proposition of the Elements, straightway 
break out into encomiums on Euclid* But the E/ements were then 
(c. 470 A.D.) doubtless read in Greek; for what Martianus Capella 
gives* was drawn from a Greek source, as is shown by the occurrence 
of Greek words and by the wrong translation of I. def. 1 (" punctum 
vero est cuius pars 5/i/ est") Martianus may, it is true, have 
quoted, not from Euclid himself, but from Heron or some other ancient 
source. 

But it is clear from a certain palimpsest at Verona that some 
scholar had already attempted to translate the Elements into Latin. 
This palimpsest” has part of the “ Moral reflections on the Book of 
Job” by Pope Gregory the Great written in a hand of the gth c. above 
certain fragments which in the opinion of the best judges date from 
the 4th c. Among these are fragments of Vergil and of Livy, as well 
as a geometrical fragment which purports to be taken from the 14tn 
and rsth Books of Euclid. As a matter of fact it is from Books XII. 
and XIII. and is of the nature of a free rendering, or rather a new 

1 De oratore 111. 132. 2 Tusc. 1. 5. 

E veteres, 1. 97 sq. (ed. F. Blume, K. Lachmann and A. Rudorff. Berlin, 
i ed. Hultsch, pp. 60— 3. 


* Martianus Capella, vt. 724. * ibid. vi. 708 sq. 
7 Cf. Cantor, 1,, p. 565. 
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arrangement, of Euclid with the propositions in different order!, The 
MS. was evidently the translator’s own copy, because some words are 
struck out and replaced by synonyms. We do not know whether the 
translator completed the translation of the whole, or in what relation 
his version stood to our other sources. 

Magnus Aurelius Cassiodorus (b. about 475 A.D.) in the geometrical 
part of his encyclopaedia De artibus ac disciplinis liberalium literarum 
says that geometry was represented among the Greeks by Euclid, 
Apollonius, Archimedes, and others, ‘of whom Euclid was given us 
translated into the Latin language by the same great man Boethius " ; 
also in his collection of letters? is a letter from Theodoric to Boethius 
containing the words, "for in your translations... Nicomachus the 
arithmetician, and Euclid the geometer, are heard in the Ausonian 
tongue.” The so-called Geometry of Boethius which has come down 
to us by no means constitutes a translation of Euclid. The Mss. 
variously give five, four, three or two Books, but they represent only 
two distinct compilations, one normally in five Books and the other 
in two. Even the latter, which was edited by Friedlein, is not 
genuine’, but appears to have been put together in the rith c., from 
various sources. It begins with the definitions of Eucl. L, and in these 
are traces of perfectly correct readings which are not found even in 
the MSS. of the roth c., but which can be traced in Proclus and other 
ancient sources; then come the Postulates (five only), the Axioms 
(three only), and after these some definitions of Eucl. IL, IIL, IV. 
Next come the enunciations of Eucl. L, of ten propositions of Book II, 
and of some from Books III., IV., but always without proofs ; there 
follows an extraordinary passage which indicates that the author will 
now give something of his own in elucidation of Euclid, though what 
follows is a literal translation of the proofs of Eucl. 1. 1—3. This 
latter passage, although it affords a strong argument against the 
genuineness of this part of the work, shows that the Pseudoboethius 
had a Latin translation of Euclid from which he extracted the three 
propositions, 

Curtze has reproduced, in the preface to his edition of the trans- 
lation by Gherard of Cremona of an-Nairizi’s Arabic commentary on 
Euclid, some interesting fragments of a translation of Euclid taken 
from a Munich MS. of the roth c. They are on two leaves used 
for the cover of the MS. (Bibliothecae Regiae Universitatis Monacensis 
29 757) and consist of portions of Eucl. I. 37, 38 and 1I. 8, translated 
literally word for word from the Greek text. The translator seems to 
have been an Italian (cf. the words "capitolo nono" used for the ninth 
prop. of Book IL.) who knew very little Greek and had moreover little 
mathematical knowledge. For example, he translates the capital letters 
denoting points in figures as if they were numerals: thus rà ABT, 


1 The fragment was deciphered by W. Studemund, who communicated his results to 
Cantor. 

2 Cassiodorus, Variae, I. 45, p. 40, 12 ed. Mommsen. 

3 See especially Weissenborn in Abhandlungen zur Gesch. d. Math. M. P. 185 sq.; 
Heiberg in Philologus, XLIII. p. 507 sq. ; Cantor, 1s, p. 580 sq. 
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AEZ is translated “que primo secundo et tertio quarto quinto et 
septimo,” T becomes "tricentissimo " and soon. The Greek MS. which 
he used was evidently written in uncials, for AEZ@ becomes in one 
place “quod autem septimo nono,” showing that he mistook AE for 
the particle 8é, and «ai o ZTU is rendered “sicut tricentissimo et 
quadringentissimo,” showing that the letters must have been written 
KAIOCTU. 

The date of the Englishman Athelhard (A®thelhard) is approxi- 
mately fixed by some remarks in his work Perdifficiles Quaestiones 
Naturales which, on the ground of the personal allusions they contain, 
must be assigned to the first thirty years of the 12th c! He wrote a 
number of philosophical works. Little is known about his life. He 
is said to have studied at Tours and Laon, and to have lectured at the 
latter school. He travelled to Spain, Greece, Asia Minor and Egypt, 
and acquired a knowledge of Arabic, which enabled him to translate 
from the Arabic into Latin, among other works, the Elements of 
Euclid. The date of this translation must be put at about 1120. 
MSS. purporting to contain Athelhard's version are extant in the 
British Museum (Harleian No. 5404 and others), Oxford (Trin. Coll. 
47 and Ball. Coll. 257 of 12th c.), Nürnberg (Johannes Regiomontanus' 
copy) and Erfurt. 

Among the very numerous works of Gherard of Cremona (1114— 
1187) are mentioned translations of “15 Books of Euclid” and of the 
Data’. Till recently this translation of the Elements was supposed to 
be lost; but Axel Anthon Bjórnbo has succeeded (1904) in discovering 
a translation from the Arabic which is different from the two others 
known to us (those by Athelhard and Campanus respectively), and 
which he, on grounds apparently convincing, holds to be Gherard's. 
Already in 1901 Bjórnbo had found Books x.—XV. of this translation 
in a MS. at Rome (Codex Reginensis lat. 1268 of 14th c.)*; but three 
years later he had traced three MSS. containing the whole of the same 
translation at Paris (Cod. Paris. 7216, 15th c.), Boulogne-sur-Mer 
(Cod. Bononiens. 196, 14th c.), and Bruges (Cod. Brugens. 521, t4th c.), 
and another at Oxford (Cod. Digby 174, end of 12th c.) containing a 
fragment, XL 2 to XIV. The occurrence of Greek words in this 
translation such as vombus, romboides (where Athelhard keeps the 
Arabic terms), ambligonius, orthogonius, gnomo, pyramis etc, show 
that the translation is independent of Athelhard’s, Gherard appears 
to have had before him an old translation of Euclid from the Greek 
which Athelhard also often followed, especially in his terminology, 
using it however in a very different manner. Again, there are some 
Arabic terms, e.g. meguar for axis of rotation, which Athelhard did not 
use, but which is found in almost all the translations that are with 
certainty attributed to Gherard of Cremona; there occurs also the 

1 Cantor, GescA. d. Math. 1, p. n 

? Boncompagni, Della vifa e delle opere di Gherardo Cremonese, Rome, 1851, p. 5. 

? Described in an appendix to Studien iiber Menelaos' Spharik (Abhandlungen zur 


Geschichte der mathematischen Wissenschaften, X1V., 1902). 
* See Bibliotheca Mathematica, V1, 1905-6, pp. 243— 8. 
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expression "superficies equidistantium laterum et rectorum angulorum," 
found also in Gherard's translation of an-Nairizi, where Athelhard says 
* parallelogrammum rectangulum." The translation is much clearer 
than Athelhard's: it is neither abbreviated nor "edited" as Athelhard's 
appears to have been ; it is a word-for-word translation of an Arabic 
MS. containing a revised and critical edition of Thabit’s version. It 
contains several notes quoted from Thābit himself ( Thebit dixit), e.g. 
about alternative proofs etc. which Thābit found “in another Greek 
MS.,” and is therefore a further testimony to Thàbit's critical treatment 
of the text after Greek Mss. The new editor also added critical 
remarks of his own, eg. on other proofs which he found in other 
Arabic versions, but not in the Greek: whence it is clear that he 
compared the Thabit version before him with other versions as care- 
fully as Thabit collated the Greek Mss. Lastly, the new editor speaks 
of " Thebit qui transtulit hunc librum in arabicam linguam” and of 
"translatio Thebit," which may tend to confirm the statement of al-Qifti 
who credited Thabit with an independent translation, and not (as the 
Fihrist does) with a mere improvement of the version of Ishaq b. 
Hunain. 

Gherard's translation of the Arabic commentary of an-Nairizi on 
the first ten Books of the Elements was discovered by Maximilian 
Curtze in a Ms. at Cracow and published as a supplementary volume 
to Heiberg and Menge's Euclid': it will often be referred to in this 
work. 

Next in chronological order comes Johannes Campanus (Campano) 
of Novara. He is mentioned by Roger Bacon (1214-1294) as a 
prominent mathematician of his time?, and this indication of his date 
is confirmed by the fact that he was chaplain to Pope Urban IV, who 
was Pope from 1261 to 1281*. His rnost important achievement was 
his -edition of the Elements including the two Books XIV. and XV. 
which are not Euclid’s. The sources of Athelhard’s and Campanus’ 
translations, and the relation between them, have been the subject of 
much discussion, which does not seem to have led as yet to any 
definite conclusion. Cantor (Il, p. 91) gives references‘ and some 
particulars. It appears that there is a MS. at Munich (Cod. lat. Mon. 
13021) written by Sigboto in the 12th c. at Priifning near Regensburg, 
and denoted by Curtze by the letter R, which contains the enunciations 
of part of Euclid. The Munich Mss. of Athelhard and Campanus’ 
translations have many enunciations textually identical with those in 
R, so that the source of all three must, for these enunciations, have 


1 Anaritii in decem libros priores Elementorum Euclidis Commentarii ex interpretatione 
Gherardi Cremonensis in codice Cracoviensi 569 servata edidit Maximilianus Curtze, Leipzig 
(Teubner), 1899. 

? Cantor, 1), p. 88. 

* Tiraboschi, Stería della letteratura italiana, 1V. 145—160. 

* H. Weissenborn in Zeitschrift fiir Math. u. Physik, xxv., Supplement, pp. 143—166, 
and in his monograph, Die Ubersetzungen des Euklid durch Campano und Zamberti (1884) ; 
Max. Curtze in Phtlologische Rundschau (1881), 1. pp. 943—950, and in Jahresbericht über 
die Fortschritte der classischen Alterthumswissenschaft, XL. (1884, 111.) pp. 19—22; Heiberg 
in Zeitschrift für Math. u. Physik, XXXV., bist.-litt. Abth., pp. 48—58 and pp. 81—6. 
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been the same; in others Athelhard and Campanus diverge com- 
pletely from R, which in these places follows the Greek text and is 
therefore genuine and authoritative. In the 32nd definition occurs the 
word “elinuam,” the Arabic term for “rhombus,” and throughout the 
translation are a number of Arabic figures. But R was not translated 
from the Arabic, as is shown by (among other things) its close 
resemblance to the translation from Euclid given on pp. 377 sqq. of 
the Gromatici Veteres and to the so-called gcometry of Boethius. The 
explanation of the Arabic figures and the word * elinuam " in Def. 32 
appears to be that R was a late copy of an earlier original with 
corruptions introduced in many places ; thus in Def. 32 a part of the 
text was completely lost and was supplied by some intelligent copyist 
who inserted the word “elinuam,” which was known to him, and also. 
the Arabic figures. Thus Athelhard certainly was not the first to 
translate Euclid into Latin; there must have been in existence before 
the 1th c. a Latin translation which was the common source of R, 
the passage in the Gromatici, and “ Boethius.” As in the two latter 
there occur the proofs as well as the enunciations of I. 1—3, it is 
possible that this translation originally contained the proofs also. 
Athelhard must have had before him this translation of the 
enunciations, as well as the Arabic source from which he obtained his 
proofs. That some sort of translation, or at least fragments of one, 
were available before Athelhard's time even in England is indicated 
by some old English verses! : 


“The clerk Euclide on this wyse hit fonde 
Thys craft of gemetry yn Egypte londe 
Yn Egypte he tawghte hyt ful wyde, 
In dyvers londe on every syde. 
Mony erys afterwarde y understonde 
Yer that the craft com ynto thys londe. 
Thys craft com into England, as y yow say, 
Yn tyme of good kyng Adelstone's day," 


which would put the introduction of Euclid into England as far back 
as 924—940 A.D. 

We now come to the relation between Athelhard and Campanus. 
That their translations were not independent, as Weissenborn would 
have us believe, is clear from the fact that in all MSS. and editions, 
apart from orthographical differences and such small differences as 
are bound to arise when MSS. are copied by persons with some 
knowledge of the subject-matter, the definitions, postulates, axioms, 
and the 364 enunciations are word for word identical in Athelhard 
and Campanus; and this is the case not only where both have the 
same text as R but where they diverge from it. Hence it would seem 
that Campanus used Athelhard's translation and only developed the 
proofs by means of another redaction uf the Arabian Euclid. It is 
true that the difference between the proofs of the propositions in the 
two translations is considerable; Athelhard's are short and com- 


! Quoted by Halliwell in Xara Mathematica (p. 56 note) from Ms. Bib. Reg. Mus. Brit. 
17 A. t. f. 2*—3. 


96 INTRODUCTION (cH. vin 


pressed, Campanus' clearer and more complete, following the Greek 
text more closely, though still at some distance. Further, the 
arrangement in the two is different; in Athelhard the proofs regularly 
precede the enunciations, Campanus follows the usual order. It is a 
question how far the differences in the proofs, and certain additions in 
each, are due to the two translators themselves or go back to Arabic 
originals. The latter supposition seems to Curtze and Cantor the 
more probable one. Curtze’s general view of the relation of Campanus 
to Athelhard is to the effect that Athelhard’s translation was gradually 
altered, from the form in which ít appears in the two Erfurt Mss. 
described by Weissenborn, by successive copyists and commentators 
who had Arabic originals before them, until it took the form which 
Campanus gave it and in which it was published. In support of this 
view Curtze refers to Regiomontanus’ copy of the Athelhard-Campanus 
translation. In Regiomontanus’ own preface the title is given, and 
this attributes the translation to Athelhard; but, while this copy 
agrees almost exactly with Athelhard in Book L, yet, in places where 
Campanus is more lengthy, it has similar additions, and in the later 
Books, especially from Book III. onwards, agrees absolutely with 
Campanus; Regiomontanus, too, himself implies that, though the 
translation was Athelhard's, Campanus had revised it; for he has 
notes in the margin such as the following, " Campani est hec," "dubito 
an demonstret hic Campanus " etc. 

We come now to the printed editions of the whole or of portions 
of the Elements. This is not the place for a complete bibliography, 
such as Riccardi has attempted in his valuable memoir issued in five 
parts between 1887 and 1893, which makes a large book in itself}. 
I shall confine myself to saying something of the most noteworthy 
translations and editions. It will be convenient to give first the Latin 
translations which preceded the publication of the editio princeps of 
the Greek text in 1533, next the most important editions of the Greek 
text itself, and after them the most important translations arranged 
according to date of first appearance and languages, first the Latin 
translations after 1533, then the Italian, German, French and English 
translations in order. 

It may be added here that the first allusion, in the West, to the 
Greek text as still extant is found in Boccaccio’s commentary on the 
Divina Commedia of Dante*. Next Johannes Regiomontanus, who 
intended to publish the E/ements after the version of Campanus, but 
with the latter's mistakes corrected, saw in Italy (doubtless when 
staying with his friend Bessarion) some Greek MSS. and noticed how 
far they differed from the Latin version (see a letter of his written in 
the year 1471 to Christian Roder of Hamburg)*. 


1 Saggio di una Bibliografia Euclidea, memoria del Prof. Pietro Riccardi (Bologna, 
1887, 1888, 1890, 1893). 

4 1. p. 404. 

* Published in C. T. de Murr's Memorabilia Bibliothecarum Norimbergensium, Part 1. 


P. 190 sqq. 
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I. LATIN TRANSLATIONS PRIOR TO 1533. 


1482. In this year appeared the first printed edition of Euclid, 
which was also the first printed mathematical book of any import- 
ance. This was printed at Venice by Erhard Ratdolt and contained 
Campanus’ translation’. Ratdolt belonged to a family of artists at 
Augsburg, where he was born about 1443. Having learnt the trade 
of printing at home, he went in 1475 to Venice, and founded there a 
famous printing house which he managed for 11 years, after which he 
returned to Augsburg and continued to print important books until 
1516. He is said to have died in 1528. Kastner? gives a short 
description of this first edition of Euclid and quotes the dedication to 
Prince Mocenigo of Venice which occupies the page opposite to the 
first page of text. The book has a margin of 24 inches, and in this 
margin are placed the figures of the propositions. Ratdolt says in 
his dedication that at that time, although books by ancient and 
modern authors were printed every day in Venice, little or nothing 
mathematical had appeared : a fact which he puts down to the diff- 
culty involved by the figures, which no one had up to that time 
succeeded in printing. He adds that after much labour he had 
discovered a method by which figures could be produced as easily as 
letters’. Experts are in doubt as to the nature of Ratdolt's discovery. 
Was it a method of making figures up out of separate parts of figures, 
straight or curved lines, put together as letters are put together to 
make words? In a life of Joh. Gottlob Immanuel Breitkopf, a con- 
temporary of Kastner's own, this member of the great house of 
Breitkopf is credited with this particular discovery. Experts in that 
same house expressed the opinion that Ratdolt's figures were wood- 
cuts, while the letters denoting points in the figures were like the 
other letters in the text; yet it was with carved wooden blocks that 
printing began. If Ratdolt was the first to print geometrical figures, 
it was not long before an emulator arose; for in the very same year 
Mattheus Cordonis of Windischgrátz employed woodcut mathematical 
figures in printing Oresme's De /atitudinibus*. How eagerly the 
opportunity of spreading geometrical knowledge was seized upon is 
proved by the number of editions which followed in the next few 
years. Even the year 1482 saw two forms of the book, though they 
only differ in the first sheet. Another edition came out in 1486 
(Ulmae, apud Jo. Regerum) and another in 1491 (Vincentiae per 

1 Curtze (An-Nairizi, p. xiii) reproduces the heading of the first page of the text as 
follows (there is no title-page): Preclariffima opus elemento2} Euclidis megarēfis vna cū 
cdmentis Campani pfpicacifimi in arté geometria incipit felicit', after which the definitions 
begin at once. Other copies have the shorter heading : Preclarissimus liber elementorum 
Euclidis perspicacissimi : in artem Geometrie incipit quam foelicissime. At the end stands 
the following : X1 Opus elementori euclidis megaren(is in geometria arté Jn id quoq) Campani 


pfpicacifimi Comentationes finit. Erhardus ratdolt Augustensis impreffor folertiffimus . 
venetijs impreffit . Anno falutis . M.cccc.Ixxxij . Octauis . Calefi . Jut . Lector . Vale. 

7 Kastner, Geschichte der Mathematik, \. p. 189 sqq. See also Weissenborn, Die Ubersets- 
ungen des Euklid durch Campano und Zamberti, pp. 1—7. 

3 “Mea industria non sine maximo labore effeci vt qua facilitate litterarum elementa 
imprimuatur ea etiam geometrice figure conficerentur.” 

* Curtze in Zeitschrift für Math. u. Physik, XX., hist.-litt. Abth. p. 58. 
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Leonardum de Basilea et Gulielmum de Papia), but without the dedi- 
cation to Mocenigo who had died in the meantime (1485). If Cam- 
panus added anything of his own, his additions are at all events not 
distinguished by any difference of type or otherwise; the enunciations 
are in large type, and the rest is printed continuously in smaller type. 
There are no superscriptions to particular passages such as Euclides 
ex Campano, Campanus, Campani additio, or Campani annotatio, which 
are found for the first time in the Paris edition of 1516 giving 
both Campanus’ version and that of Zamberti (presently to be men- 
tioned). 

1501. G. Valla included in his encyclopaedic work De expetendis 
et fugiendis rebus published in this year at Venice (în aedibus Aldi 
Romani) a number of propositions with proofs and scholia translated 
from a Greek Ms. which was once in his possession (cod. Mutin. III 
B, 4 of the 15th c.). 

1505. In this year Bartolomeo Zamberti (Zambertus) brought out 
at Venice the first translation, from the Greek text, of the whole of the 
Elements. From the title’, as well as from his prefaces to the Catoptrica 
and Darta, with their allusions to previous translators “who take some 
things out of authors, omit some, and change some,” or “to that most 
barbarous translator" who filled a volume purporting to be Euclid's 
“with extraordinary scarecrows, nightmares and phantasies,” one object 
of Zamberti’s translation is clear. His animus against Campanus 
appears also in a number of notes, e.g. when he condemns the terms 
“helmuain” and "helmuariphe" used by Campanus as barbarous, 
un-Latin etc., and when he is roused to wrath by Campanus’ unfortu- 
nate mistranslation of v. Def. 5. He does not seem to have had the 
penetration to see that Campanus was translating from an Arabic, 
and not from a Greek, text. Zamberti tells us that he spent 
seven years over his translation of the thirteen Books of the 
Elements. As he seems to have been born in 1473, and the Elements 
were printed as early as 1500, though the complete work (including the 
Phaenomena, Optica, Catoptrica, Data etc.) has the date 1505 at the 
end, he must have translated Euclid before the age of 30. Heiberg 
has not been able to identify the Ms. of the Elements which Zamberti 
used ; but it is clear that it belonged to the worse class of MSS., since 
it contains most of the interpolations of the Theonine variety. Zam- 
berti, as his title shows, attributed the proofs to Theon. 

1509. Asa counterblast to Zamberti, Luca Paciuolo brought out 
an edition of Euclid, apparently at the expense of Ratdolt, at Venice 
(per Paganinum de Paganinis), in which he set himself to vindicate 
Campanus. The title-page of this now very rare edition’ begins thus: 
“The works of Euclid of Megara, a most acute philosopher and without 


| The title begins thus: ''Euclidis megaresis philosophi platonicj mathematicarum 
disciplinarum Janitoris: Habent in hoc volumine quicunque ad mathematicam substantiam 
aspirant : elementorum libros xiij cum expositione Theonis insignis mathematici. quibus 
multa quae deerant ex lectione graeca sumpta addita sunt nec non plurima peruema et 
raepostere: voluta in Campani interpretatione: ordinata digesta et castigata sunt etc." 
or a description of the book see Weissenborn, p. 13 sqq. 
? See Weissenboro, p. 30 sqq. 
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question the chief of all mathematicians, translated by Campanus their 
most faithful interpreter” It proceeds to say that the translation had 
been, through the fault of copyists, so spoiled and deformed that it 
could scarcely be recognised as Euclid. Luca Paciuolo accordingly 
has polished and emended it with the most critical judgment, has 
corrected 129 figures wrongly drawn and added others, besides supply- 
ing short explanations of difficult passages. It is added that Scipio 
Vegius of Milan, distinguished for his knowledge “ of both languages” 
(i.e. of course Latin and Greek), as well as in medicine and the more 
sublime studies, had helped to make the edition more perfect. Though 
Zamberti is not once mentioned, this latter remark must have refer- 
ence to Zamberti's statement that his translation was from the Greek 
text; and no doubt Zamberti is aimed at in the wish of Paciuolo’s 
" that others too would seek to acquire knowledge instead of merely 
showing off, or that they would not try to make a market of the 
things of which they are ignorant, as it were (selling) smoke’.” 
Weissenborn observes that, while there are many trivialities in Paci- 
uolo’s notes, they contain some useful and practical hints and explana- 
tions of terms, besides some new proofs which of course are not 
difficult if one takes the liberty, as Paciuolo does, of diverging from 
Euclid's order and assuming for the proof of a proposition results not 
arrived at till later. Two not inapt terms are used in this edition to 
describe the figures of iI. 7, 8, the former of which is called the 
goose's foot ( pes anseris), the second the peacock’s tail (cauda pavonis) 
Paciuolo as the castigator of Campanus' translation, as he calls himself, 
failed to correct the mistranslation of v. Def. 5% Before the fifth 
Book he inserted a discourse which he gave at Venice on the 
15th August, 1508, in S. Bartholomew’s Church, before a select 
audience of $00, as an introduction to his elucidation of that Book. 

1516. The first of the editions giving Campanus' and Zamberti's 
translations in conjunction was brought out at Paris (in officina Henrici 
Stephani e regione scholae Decretorum). The idea that only the enun- 
ciations were Euclid's, and that Campanus was the author of the proofs 
in his translation, while Theon was the author of the proofs in the Greek 
text, reappears in the title of this edition; and the enunciations of the 
added Books xiv. Xv. are also attributed to Euclid, Hypsicles being 
credited with the proofs’, The date is not on the title-page nor at the 

! '' Atque utinam et alii cognoscere vellent non ostentare aut ea quae nesciunt veluti 
fumum venditare non conarentur." 

+ Campanus' translation in Ratdolt's edition is as follows: ''Quantitates quae dicuntur 
continuam habere proportionalitatem, sunt, quarum equé multiplicia aut equa sunt aut 
equé sibi sine interruptione addunt aut minuunt" (!), to which Campanus adds the note: 
*' Continue proportionalia sunt quorum omnia multiplicia equalia sunt continyé proportionalia. 
Sed nolvit ipsam diffinitionem proponere sub bac forma, quia tunc diffipiret idem per idem, 
aperte (?a parte) tamen rei est istud cum sua diffinitione convertibile. " 

3 *'Euclidis Megarensis: Geometricorum Elementorum Libri xv. Campani Galli trans- 
alpini in eosdem commentariorum libri XV. Theonis Alexandrini Bartholomaeo Zamberto 
Veneto interprete, in tredecim priores, commentationum libri Xirt.. Hypsiclis Alexandrini in 
duos posteriores, eodem Bartholoinaeo Zamberto Veneto interprete, commentariorum libri rj." 
On the last page (261) is a similar statement of content, but with the difference that the 


expression “ex Campani...deinde Theonis...et. Hypsiclis...£raditioniów;." For description 
see Weissenhorn, p. 56 sqq. 
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end, but the letter of dedication to Frangois Briconnet by Jacques 
Lefèvre is dated the day after the Epiphany, 1516. The figures are 
in the margin. The arrangement of the propositions is as follows: 
first the enunciation with the heading Euclides ex Campano, then the 
proof with the note Campanus, and after that, as Campani additio, any 
passage found in the edition of Campanus’ translation but not in the 
Greek text; then follows the text of the enunciation translated from 
the Greek with the heading Euclides ex Zamberto, and lastly the proof 
headed 7heo ex Zamberto. There are separate figures for the two proofs. 
This edition was reissued with few changes in 1537 and 1546 at Basel 
(apud Iohannem Hervagium), but with the addition of the Phaenomena, 
Optica, Catoptrica etc. For the edition of 1537 the Paris edition of 
1516 was collated with “a Greek copy" (as the preface says) by 
Christian Herlin, professor of mathematical studies at Strassburg, 
who however seems to have done no more than correct one or two 
passages by the help of the Basel editio princeps (1533), and add the 
Greek word in cases where Zamberti's translation of it seemed unsuit- 
able or inaccurate. 
We now come to 


II. EDITIONS OF THE GREEK TEXT. 


1533 is the date of the editio princeps, the title-page of which reads 
as follows: 


ETKAEIAOT XTOIXEION BIBA»* IE» 
EK TON 6EQNOZ ZYNOYZION. 

E/s rob abroü TÓ mpórov, éEnynudtwy YlpóxXov figA. 8. 
Adiecta praefatiuncula in qua de disciplinis 
Mathematicis nonnihil. 

BASILEAE APVD IOAN. HERVAGIVM ANNO 
M.D.XXXIII. MENSE SEPTEMBRI. 


The editor was Simon Grynaeus the elder (d. 1541), who, after 
working at Vienna and Ofen, Heidelberg and Tübingen, taught last 
of all at Basel, where theology was his main subject. His “ prae- 
fatiuncula” is addressed to an Englishman, Cuthbert Tonstall (1474- 
1559), who, having studied first at Oxford, then at Cambridge, where 
he became Doctor of Laws, and afterwards at Padua, where in addi- 
tion he learnt mathematics— mostly from the works of Regiomontanus 
and Paciuolo—wrote a book on arithmetic! as "a farewell to the 
sciences,” and then, entering politics, became Bishop of Londen and 
member of the Privy Council, and afterwards (1530) Bishop of Durham. 
Grynaeus tells us that he used two MSS. of the text of the Elements, 
entrusted to friends of his, one at Venice by “Lazarus Bayfius” 
(Lazare de Barf, then the ambassador of the King of France at Venice), 
the other at Paris by “Ioann. Rvellius” (Jean Ruel, a French doctor 
and a Greek scholar), while the commentaries of Proclus were put at 


1 De arte supputandi libri quatuor. 
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the disposal of Grynaeus himself by "Ioann. Claymundus" at Oxford. 
Heiberg has been able to identify the two Mss. used for the text; 
they are (1) cod. Venetus Marcianus 30I and (2) cod. Paris. gr. 2343 
of the 16th c., containing Books I.—xvV., with some scholia which are 
embodied in the text. When Grynaeus notes in the margin the 
readings from ‘the other copy," this "other copy" is as a rule the 
Paris MS, though sometimes the reading of the Paris Ms. is taken 
into the text and the "other copy" of the margin is the Venice Ms. 
Besides these two MSS. Grynaeus consulted Zamberti, as is shown by 
a number of marginal notes referring to “ Zampertus ” or to “latinum 
exemplar” in certain propositions of Books Ix.—XI. When it is con- 
sidered that the two MSS. used by Grynaeus are among the worst, it 
is obvious how entirely unauthoritative is the text of the editio princeps. 
Yet it remained the source and foundation of later editions of the 
Greek text for a long period, the editions which followed being 
designed, not for the purpose of giving, from other MSS., a text more 
nearly representing what Euclid himself wrote, but of supplying a 
handy compendium to students at a moderate price. 

1536. Orontius Finaeus (Oronce Fine) published at Paris (apud 
Simonem Colinaeum) " demonstrations on the first six books of Euclid's 
elements of geometry," *in which the Greek text of Euclid hímself is 
inserted in its proper places, with the Latin translation of Barth. 
Zamberti of Venice," which seems to imply that only the enunciations 
were given in Greek. The preface, from which Kastner quotes’, says 
that the University of Paris at that time required, from all who 
aspired to the laurels of philosophy, a most solemn oath that they 
had attended lectures on the said first six Books. Other editions of 
Fine's work followed in 1544 and 1551. 

1545. The enunciations of the fifteen Books were published in 
Greek, with an Italian translation by Angelo Caiani, at Rome (apud 
Antonium Bladum Asulanum). The translator claims to have cor- 
rected the books and “ purged them of six hundred things which did 
not seem to savour of the almost divine genius and the perspicuity of 
Euclid?” 

1549. Joachim Camerarius published the enunciations of the first 
six Books in Greek and Latin (Leipzig). The book, with preface, 
purports to be brought out by Rhaeticus (1514-1576), a pupil of 
Copernicus. Another edition with proofs of the propositions of the 
first three Books was published by Moritz Steinmetz in 1577 (Leipzig) ; 
a note by the printer attributes the preface to Camerarius himself. 

1550. Ioan. Scheubel published at Basel (also per Ioan. Her- 
vagium) the first six Books in Greek and Latin "together with true 
and appropriate proofs of the propositions, without the use of letters” 
(i.e. letters denoting points in the figures), the various straight lines 
and angles being described in words’. 

1557 (also 1558). Stephanus Gracilis published another edition 
(repeated 1573, 1578, 1598) of the enunciations (alone) of Books I.—xv. 


) Kastner, 1. p. 260. 2 Heiberg, vol. v. p. cvii. 3 Kästner, 1. p. 359. 
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in Greek and Latin at Paris (apud Gulielmum Cavellat). He remarks 
in the preface that for want of time he had changed scarcely anything 
in Books L—VI, but /n the remaining Books he had emended what 
seemed obscure or inelegant in the Latin translation, while he had 
adopted in its entirety the translation of Book x. by Pierre Mondoré 
(Petrus Montaureus), published separately at Paris in 1551. Gracilis 
also added a few " scholia." 

1564. In this year Conrad Dasypodius (Rauchfuss), the inventor 
and maker of the clock in Strassburg cathedral, similar to the present 
one, which did duty from 1571 to 1789, edited (Strassburg, Chr. 
Mylius) (1) Book 1. of the Elements in Greek and Latin with scholia, 
(2) Book 1I. in Greek and Latin with Barlaam’s arithmetical version 
of Book IL, and (3) the enunciations of the remaining Books III.— XIII. 
Book I. was reissued with “vocabula quaedam geometrica” of Heron, 
the enunciations of all the Books of the Elements, and the other works 
of Euclid, all in Greek and Latin. In the preface to (1) he says that it 
had been for twenty-six years the rule of his school that all who were 
promoted from the classes to public lectures should learn the frst 
Book, and that he brought it out, because there were then no longer 
any copies to be had, and in order to prevent a good and fruitful 
regulation of his school from falling through. In the preface to the 
edition of 1571 he says that the first Book was generally taught in all 
gymnasia and that it was prescribed in his school for the first class, 
In the preface to (3) he tells us that he published the enunciations of 
Books 111.—XIII. in order not to leave his work unfinished, but that, as 
it would be irksome to carry about the whole work of Euclid in 
extenso, he thought it would be more convenient to students of 
geometry to learn the E/ements if they were compressed into a smaller 
book. 

1620. Henry Briggs (of Briggs' logarithms) published the first 
six Books in Greek with a Latin translation after Commandinus, 
“corrected in many places” (London, G. Jones). 

1703 is the date of the Oxford edition by David Gregory which, 
until the issue of Heiberg and Menge'’s edition, was still the only 
edition of the complete works of Euclid’. Inthe Latin translation 
attached to the Greek text Gregory says that he followed Comman- 
dinus in the main, but corrected numberless passages in it by means 
of the books in the Bodleian Library which belonged to Edward 
Bernard (1638-1696), formerly Savilian Professor of Astronomy, who 
had conceived the plan of publishing the complete works of the ancient 
mathematicians in fourteen volumes, of which the first was to contain 
Euclid's Elements 1.—XV. As regards the Greek text, Gregory tells us 
that he consulted, as far as was necessary, not a few MSS. of the better 
sort, bequeathed by the great Savile to the University, as well as the 
corrections made by Savile in his own hand in the margin of the Basel 
edition. He had the help of John Hudson, Bodley's Librarian, who 

! ETKAEIAOT TA ZQZOMENA. Euclidis qnae supersunt omnia. Ex recensione 


Davidis Gregorii M.D. Astronomiae Professoris Saviliani et R.S.S. Oxoniae, e Theatro 
Sheldoniano, An. Dom. Mpcciir. 
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punctuated the Basel text before it went to the printer, compared the 
Latin version with the Greek throughout, especially in the E/ements 
and Data, and, where they differed or where he suspected the Greek text, 
consulted the Greek MSS. and put their readings in the margin if 
they agreed with the Latin and, if they did not agree, affixed an 
asterisk in order that Gregory might judge which reading was geo- 
metrically preferable. Hence it is clear that no Greek MS. but the 
Basel edition, was the foundation of Gregory's text, and that Greek 
MSS. were only referred to in the special passages to which Hudson 
called attention. 

1614-1818. A most important step towards a good Greek text 
was taken by F. Peyrard, who published at Paris, between these years, 
in three volumes, the Elements and Data in Greek, Latin and French’. 
At the time (1808) when Napoleon was having valuable MSS. selected 
from Italian libraries and sent to Paris, Peyrard managed to get two 
ancient Vatican MSS. (190 and 1038) sent to Paris for his use (Vat. 
204 was also at Paris at the time, but all three were restored to their 
owners in 1814). Peyrard noticed the excellence of Cod. Vat. 19o, 
adopted many of its readings, and gave in an appendix a conspectus 
of these readings and those of Gregory's edition; he also noted here 
and there readings from Vat. 1038 and various Paris Mss. He there- 
fore pointed the way towards a better text, but committed the error 
of correcting the Basel text instead of rejecting it altogether and 
starting afresh. 

1824-1825. A most valuable edition of Books 1.—Vv1. is that of 
J. G. Camerer (and C. F. Hauber) in two volumes published at 
Berlin? The Greek text is based on Peyrard, although the Basel 
and Oxford editions were also used. There is a Latin translation 
and a collection of notes far more complete than any other I have 
seen and well nigh inexhaustible. There is no editor or commentator 
of any mark who is not quoted from ; to show the variety of important 
authorities drawn upon by Camerer, I need only mention the following 
names: Proclus, Pappus, Tartaglia, Commandinus, Clavius, Peletier, 
Barrow, Borelli, Wallis, Tacquet, Austin, Simson, Playfair. No words 
of praise would be too warm for this veritable encyclopaedia of 
information. 

1825. J. G. C. Neide edited, from Peyrard, the text of Books 
L—VI, XI. and XII. (Halis Saxoniae). 

1826-9. The last edition of the Greek text before Heiberg’s is 
that of E. F. August, who followed the Vatican Ms. more closely 
than Peyrard did, and consulted at all events the Viennese MS. 
Gr. 103 (Heiberg's V). August's edition (Berlin, 1826-9) contains 
Books 1.—XIII. 


| Euclidis quae supersunt. — Les. Œuvres d Euclide, en. Grec, en Latin et en Francais 
d'afris un manusérit trhs-ancien, qui Mtait rest inconnu jusqu'à nos jours, Par F. Peyrard. 
Ouvrage approuvé par l'Institut de France (Paris, chez M. Patris). 

a Euclidis elementorum libri sex priores graece et latine commentario e scriptis veterum ac 
recentiorum mathematicorum et Pfleidereri maxime illustrati (Berolini, sumptibus G. Reimeri). 
Tom. 1. 1824 ; tom. 11. 1835. 
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III. LATIN VERSIONS OR COMMENTARIES AFTER 1533. 


1545. Petrus Ramus (Pierre de la Ramée, 1515-1572) is credited 
with a translation of Euclid which appeared in 1545 and again in 
1549 at Paris. Ramus, who was more rhetorician and logician than 
geometer, also published in his Scholae mathematicae (1559, Frankfurt; 
1569, Basel) what amounts to a series of lectures on Euclid’s Elements, 
in which he criticises Euclid's arrangement of his propositions, the 
definitions, postulates and axioms, all from the point of view of logic. 

1557. Demonstrations to the geometrical Elements of Euclid, six 
Books, by Peletarius (Jacques Peletier) The second edition (1610) 
contained the same with the addition of the "Greek text of Euclid"; 
but only the enunctations of the propositions, as well as the defini- 
tions etc, are given in Greek (with a Latin translation), the rest is 
in Latin only. He has some acute observations, for instance about 
the “angle” of contact. 

1559. Johannes Buteo, or Borrel (1492-1572), published in an 
appendix to his book De guadratura circuli some notes “on the errors 
of Campanus, Zambertus, Orontius, Peletarius, Pena, interpreters of 
Euclid" Buteo in these notes proved, by reasoned argument based 
on original authorities, that Euclid himself and not Theon was the 
author of the proofs of the propositions. 

1566. Franciscus Flussates Candalla (Francois de Foix, Comte de 
Candale, 1502-1594) “restored” the fifteen Books, following, as he 
says, the terminology of Zamberti’s translation from the Greek, but 
drawing, for his proofs, on both Campanus and Theon (i.e. Zamberti) 
except where mistakes in them made emendation necessary. Other 
editions followed in 1578, 1602, 1695 (in Dutch). 

1572. The most important Latin translation is that of Com- 
mandinus (1509-1575) of Urbino, since it was the foundation of most 
translations which followed it up to the time of Peyrard, including 
that of Simson and therefore of those editions, numerous in England, 
which give Euclid “chiefly after the text of Simson.” Simson’s first 
(Latin) edition (1756) has “ex versione Latina Federici Commandini” 
on the title-page. Commandinus not only followed the original Greek 
more closely than his predecessors but added to his translation some 
ancient scholia as well as good notes of his own. The title of his 
work is 

Euclidis elementorum libri XV, una cum scholiis antiquis. 
A Federico Commandino Urbinate nuper in latinum conversi, 
commentariisgue quibusdam illustrati (Pisauri, apud Camillum 
Francischinum). 

He remarks in his preface that Orontius Finaeus had only edited 
six Books without reference to any Greek MS., that Peletarius had 
followed Campanus' version from the Arabic rather than the Greek 
text, and that Candalla had diverged too far from Euclid, having 
rejected as inelegant the proofs given in the Greek text and 
substituted faulty proofs of his own. Commandinus appears to have 


1 Described by Boncompagni, Budlettino, 11. p. 389. 
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used, in addition to the Basel editio princeps, some Greek MS. so far 
not identified ; he also extracted his "scholia antiqua" from a Ms. 
of the class of Vat. 192 containing the scholia distinguished by 
Heiberg as " Schol. Vat." New editions of Commandinus' translation 
followed in 1575 (in Italian), 1619, 1749 (in English, by Keill and 
Stone), 1756 (Books I.—VL., XI, XII. in Latin and English, by Simson), 
1763 (Keill). Besides these there were many editions of parts of the 
whole work, e.g. the first six Books. 

1574. The first edition of the Latin version by Clavius! 
(Christoph Klau [?], born at Bamberg 1537, died 1612) appeared 
in 1574, and new editions of it in 1589, 1591, 1603, 1607, 1612. It is 
not a translation, as Clavius himself states in the preface, but it 
contains a vast amount of notes collected from previous commentators 
and editors, as well as some good criticisms and elucidations of his 
own. Among other things, Clavius finally disposed of the error by 
which Euclid had been identified with Euclid of Megara. He speaks 
of the differences between Campanus who followed the Arabic 
tradition and the “commentaries of Theon,” by which he appears to 
mean the Euclidean proofs as handed down by Theon; he complains 
of predecessors who have either only given the first six Books, or 
have rejected the ancient proofs and substituted worse proofs of their 
own, but makes an exception as regards Commandinus, “a geometer 
not of the common sort, who has lately restored Euclid, in a Latin 
translation, to his original brilliancy.” Clavius, as already stated, did 
not give a translation of the E/ements but rewrote the proofs, com- 
pressing them or adding to them, where he thought that he could 
make them clearer. Altogether his book is a most useful work. 

1621. Henry Savile's lectures (Praelectiones tresdecim in prin- 
cipium Elementorum Euclidis Oxoniae habitae MDC.XX., Oxonii 1621), 
though they do not extend beyond I. 8, are valuable because they 
grapple with the difficulties connected with the preliminary matter, 
the definitions etc., and the tacit assumptions contained in the first 
propositions. 

1654. André Tacquet’s Elementa geometriae planae et solidae 
containing apparently the eight geometrical Books arranged for 
general use in schools. It came out in a large number of editions up 
to the end of the eighteenth century. 

1655. Barrow's Euclidis Elementorum Libri XV breviter demon- 
strati is a book of the same kind. In the preface (to the edition of 
1659) he says that he would not have written it but for the fact that 
Tacquet gave only eight Books of Euclid. He compressed the work 
into a very small compass (less than 400 small pages, in the edition 
of 1659, for the whole of the fifteen Books and the Data) by abbre- 
viating the proofs and using a large quantity of symbols (which, he 
says, are generally Oughtred’s). There were several editions up to 
1732 (those of 1660 and 1732 and one or two others are in English). 


1 Euclidis elementorum libri XV. Accessit XVI. de solidorum regularium comparatione. 
Omnes perspicuis demonstrationibus, accuratisgue scholiis illustrati. Auctore Christophoro 
Clavio (Romae, apud Vincentium Accoltum), 2 vols. 
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1658. Giovanni Alfonso Borelli (1608-1679) published Euclides 
restitutus, on apparently similar lines, which went through three more 
editions (one in Italian, 1663). 

1660. Claude François Milliet Dechales' eight geometrical Books 
of Euclid’s Elements made easy. Dechales’ versions of the Elements 
had great vogue, appearing in French, Italian and English as well 
as Latin. Riccardi enumerates over twenty editions. 

1733. Saccheri's Euclides ab omni naevo vindicatus sive conatus 
geometricus quo stabiliuntur prima ipsa geometriae principia is 
important for his elaborate attempt to prove the parallel-postulate, 
forming an important stage in the history of the development of non- 
Euclidean geometry. 

1756. Simson's first edition, in Latin and in English. The Latin 
title is 

Euclidis elementorum libri priores sex, item undecimus et duo- 
decimus, ex versione latina Federici Commandini; sublatis iis 
quibus olim libri hi a Theone, aliisve, vitiati sunt, et quibusdam 
Euclidis demonstrationibus restitutis. A Roberto Simson M.D. 
Glasguae, in aedibus Academicis excudebant Robertus et Andreas 
Foulis, Academiae typographi. 

1802. Euclidis elementorum libri priores XII ex Commandini et 
Gregorii versionibus latinis. In usum juventutis Academicae...by 
Samuel Horsley, Bishop of Rochester. (Oxford, Clarendon Press.) 


IV. ITALIAN VERSIONS OR COMMENTARIES. 


1543. Tartaglia's version, a second edition of which was pub- 
lished in 1565}, and a third in 1585. It does not appear that he used 
any Greek text, for in the edition of 1565 he mentions as available 
only “the first translation by Campano,” “the second made by 
Bartolomeo Zamberto Veneto who is still alive,” “the editions of 
Paris or Germany in which they have included both the aforesaid 
translations,” and “our own translation into the vulgar (tongue).” 

1575. Commandinus' translation turned into Italian and revised 
by him. 

I613. The first six Books "reduced to practice" by Pietro 
Antonio Cataldi, re-issued in 1620, and followed by Books vi1.—1x. 
(1621) and Book X. (1625). 

1663. Borelli's Latin translation turned into Italian by Domenico 
Magni. 

1680. Euclide restituto by Vitale Giordano. 

1690. Vincenzo Viviani’s Elementi piani e solidi di Euclide 
(Book v. in 1674). 


1 The title-page of the edition of 1565 is as follows: Euclide Megarense Philosopho, solo 
introduttore delle scientie mathematice, diligentemente rassettato, el alla integritd ridotto, per il 
degno professore di tad scientie Nicolo Tartalea Brisciano. secondo le duc tradottioni. con una 
ampla espositione dello istesso tradottore di nuouo aggiunta. talmente chiara, che ogni mediocre 
ingegno, senza la notitia, ouer suffragio di alcun altra scientia con facilità serà capace a 
poterlo intendere. In Venetia, Appresso Curtio Troiano, 1565. 
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1731. Elementi geometrici piani e solidi di Euclide by Guido 
Grandi. No translation, but an abbreviated version, of which new 
editions followed one another up to 1806. 

1749. Italian translation of Dechales with Ozanam'’s corrections 
and additions, re-issued 1785, 1797. 

1752. Leonardo Ximenes (the first six Books). Fifth edition, 
1819. 

1818. Vincenzo Flauti's Corso di geometria elementare e sublime 
(4 vols.) contains (Vol. 1.) the first six Books, with additions and a 
dissertation on Postulate c, and (Vol. IL) Books xr, xit. Flauti 
also published the first six Books in 1827 and the Elements of geometry 
of Euclid in 1843 and 1854. 


V. GERMAN. 


1558. The arithmetical Books vrL.—IX. by Scheubel! (cf. the 
edition of the first six Books, with enunciations in Greek and Latin, 
mentioned above, under date 1550). 

1562. The version. of the first six Books by Wilhelm Holtzmann 
(Xylander) This work has its interest as the first edition ín German, 
but otherwise it is not of importance. Xylander tells us that it was 
written for practical people such as artists, goldsmiths, builders etc., 
and that, as the simple amateur is of course content to know facts, 
without knowing how to prove them, he has often left out the proofs 
altogether. He has indeed taken the greatest possible liberties with 
Euclid, and has not grappled with any of the theoretical difficulties, 
such as that of the theory of parallels. 

1651. Heinrich Hoffmann's Teutscher Euclides (2nd edition 1653), 
not a translation. 

1694. Ant. Ernst Burkh. v. Pirckenstein's Teutsch Redender 
Euclides (eight geometrical Books), "for generals, engineers etc." 
"proved in a new and quite easy manner." Other editions 1699, 
1744. 

1697. Samuel Reyher's Zz teutscher Sprache vorgestellter Euclides 
(six Books), “made easy, with symbols algebraical or derived from the 
newest art of solution.” 

1714. Euclidis xv Bucher teutsch, “treated in a special and 
brief manner, yet completely,” by Chr. Schessler (another edition in 
1729). 

1773. The first six Books translated from the Greek for the 
use of schools by J. F. Lorenz. The first attempt to reproduce 
Euclid in German word for word. 

1781. Books xr, XII. by Lorenz (supplementary to the pre- 
ceding). Also Euklid’s Elemente fünfzehn Bücher translated from 


1 Das sibend acht und neunt buch des hochberiimbten Mathematici Euclidis Megarensts.., 
durch Magistrum Johann Scheybl, der loblichen universitet zu Tiibingen, des Euclidis und 
Arithmetic Ordinarien, auss dem latein ins teutsch gebracht... 

Die sechs erste Bücher Euclidis vom anfang oder grund der Geometry... Auss Griechischer 
Sprach in die Teütsch gebracht. aipentlich erklärt... Demassen vormals in Teütscher sprach nie 

* worden...Durch Wilhelm Holtzman genant Xylander von Augspurg. Getruckht zu 
asel. 
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the Greek by Lorenz (second edition 1798; editions of 1809, 1818, 
1824 by Mollweide, of 1840 by Dippe). The edition of 1824, and 
I presume those before it, are shortened by the use of symbols and 
the compression of the enunciation and "setting-out" into one. 

1807. Books L— VI, XI., XiI. "newly translated from the Greek,” 
by J. K. F. Hauff. 

1828. The same Books by Joh. Jos. Ign. Hoffmann “as guide 
to instruction in elementary geometry,” followed in 1832 by observa- 
tions on the text by the same editor. 

1833. Die Geometrie des Euklid und das Wesen derselben by 
E. S. Unger; also 1838, 1851. 

1901. Max Simon, Euctid und die sechs planimetrischen Biicher. 


VI. FRENCH. 


1564-1566. Nine Books translated by Pierre Forcadel, a pupil 
and friend of P. de la Ramée. 

1604. The first nine Books translated and annotated by Jean 
Errard de Bar-le-Duc; second edition, 1605. 

1615. Denis Henrion's translation of the 15 Books (seven 
editions up to 1676). 

1639. The first six Books “demonstrated by symbols, by a 
method very brief and intelligible" by Pierre Hérigone, mentioned 
by Barrow as the only editor who, before him, had used symbols for 
the exposition of Euclid. 

1672. Eight Books “rendus plus faciles” by Claude François 
Milliet Dechales, who also brought out Les élémens d'Euclide ex- 
pligués d'une maniere nouvelle et trés facile, which appeared in many 
editions, 1672, 1677, 1683 etc. (from 1709 onwards revised by Ozanam), 
and was translated into Italian (1749 etc.) and English (by William 
Halifax, 1685). 

1804. In this year, and therefore before his edition of the Greek 
text, F. Peyrard published the Æ/ements literally translated into 
French. A second edition appeared in 1809 with the addition of the 
fifth Book. As this second edition contains Books L— vit. XL, XII. 
and x. 1, it would appear that the first edition contained Books L.—1v., 
VL, XL, XII. Peyrard used for this translation the Oxford Greek text 
and Simson. 


VII. DUTCH. 


1606. Jan Pieterszoon Dou (six Books). There were many later 
editions. Kästner, in mentioning one of 1702, says that Dou explains 
in his preface that he used Xylander's translation, but, having after- 
wards obtained the French translation of the six Books by Errard 
de Bar-le-Duc (see above), the proofs in which sometimes pleased 
him more than those of the German edition, he made his Dutch 
version by the help of both. 

1617. Frans van Schooten, " The Propositions of the Books of 
Euclid's Elements "; the fifteen Books in this version *enlarged" by 
Jakob van Leest in 1662. 

1695. C.J. Vooght, fifteen Books complete, with Candalla’s “16th.” 
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1702. Hendrik Coets, six Books (also in Latin, 1692); several 
editions up to 1752. Apparently not a translation. but an edition for 
school use. 

1763. Pybo Steenstra, Books I.—VI., XI., XII., likewise an abbre- 
viated version, several times reissued until 1825. 


VIII. ENGLISH. 


1570 saw the first and the most important translation, that of Sir 
Henry Billingsley. The title-page is as follows : 


THE ELEMENTS 
OF GEOMETRIE 
of the most auncient Philosopher 
EVCLIDE 
of Megara 


Faithfully (now first) translated into the Englishe toung, 
by H. Billingsley, Citizen of London. Whereunto are annexed 
certaine Scholies, Annotations, and Inuentions, of the best 
Mathematiciens, both of time past, and in this our age. 

With a very fruitfull Preface by M. I. Dee, specifying the 
chiefe Mathematicall Sciéces, what they are, and whereunto 
commodious: where, also, are disclosed certaine new Secrets 
Mathematicall and Mechanicall, untill these our dates, greatly 
missed. 

Imprinted at London by John Daye. 


The Preface by the translator, after a sentence observing that with- 
out the diligent study of Euclides Elementes it is impossible to attain 
unto the perfect knowledge of Geometry, proceeds thus. “ Wherefore 
considering the want and lacke of such good authors hitherto in our 
Englishe tounge, lamenting also the negligence, and lacke of zeale to 
their countrey in those of our nation, to whom God hath geuen both 
knowledge and also abilitie to translate into our tounge, and to 
publishe abroad such good authors and bookes (the chiefe instrumentes 
of all learninges): seing moreouer that many good wittes both of 
gentlemen and of others of all degrees, much desirous and studious of 
these artes, and seeking for them as much as they can, sparing no 
paines, and yet frustrate of their intent, by no meanes attaining to 
that which they seeke: I haue for their sakes, with some charge and 
great trauaile, faithfully translated into our vulgare toüge, and set 
abroad in Print, this booke of Euclide. Whereunto I haue added 
easie and plaine declarations and examples by figures, of the defini- 
tions. [n which booke also ye shall in due place finde manifolde 
additions, Scholies, Annotations, and Inuentions: which I haue 

thered out of many of the most famous and chiefe Mathematicies, 
both of old time, and in our age: as by diligent reading it in course, 
ye shall well perceaue...." 

It is truly a monumental work, consisting of 464 leaves, and there- 
fore 928 pages, of folio size, excluding the lengthy preface by Dee. 
The notes certainly include all the most important that had ever been 
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written, from those of the Greek commentators, Proclus and the others 
whom he quotes, down to those of Dee himself on the last books. 
Besides the fifteen Books, Billingsley included the " sixteenth " added 
by Candalla. The print and appearance of the book are worthy of its 
contents ; and, in order that it may be understood how no pains were 
spared to represent everything in the clearest and most perfect form, 
I need only mention that the figures of the propositions in Book XI. 
are nearly all duplicated, one being the figure of Euclid, the other an 
arrangement of pieces of paper (tríangular, rectangular etc.) pasted at 
the edges on to the page of the book so that the pieces can be turned 
up and made to show the real form of the solid figures represented. 

Billingsley was admitted Lady Margaret Scholar of St John's 
College, Cambridge, in 1551, and he is also said to have studied at 
Oxford, but he did not take a degree at either University. He was 
afterwards apprenticed to a London haberdasher and rapidly became 
a wealthy merchant. Sheriff of London in 1584, he was elected Lord 
Mayor on 31st December, 1596, on the death, during his year of office, 
of Sir Thomas Skinner. From 1589 he was one of the Queen's four 
" customers," or farmers of customs, of the port of London. In 1591 
he founded three scholarships at St John's College for poor students, 
and gave to the College for their maintenance two messuages and 
tenements in Tower Street and in Mark Lane, Allhallows, Barking. 
He died in 1606. 

1651. Elements of Geometry. The first VY Boocks: In a compen- 
dious form contracted and demonstrated by Captain Thomas Rudd, with 
the mathematicall preface of John Dee (London). 

1660. The first English edition of Barrow's Euclid (published in 
Latin in 1655), appeared in London. It contained “the whole fifteen 
books compendiously demonstrated”; several editions followed, in 
1705, 1722, 1732, 1751. 

1661. Euclid’s Elements of Geometry, with a supplement of divers 
Propositions and. Corollaries. To which is added a Treatise of regular 
Solids by Campane and Flussat; likewise Euclid's Data and Marinus 
his Preface. Also a Treatise of the Divisions of Superficies, ascribed to 
Machomet Bagdedine, but published by Commandine at the request of 
J. Dee of London. Published by care and industry of John Leeke and 
Geo, Serle, students in the Math. (London). According to Potts this 
was a second edition of Billingsley's translation. 

1685. William Halifax's version of Dechales' “ Elements of Euclid 
explained in a new but most easy method” (London and Oxford). 

1705. The English Euclide; being the first six Elements of 
Geometry, translated out of the Greek, with annotations and usefull 
supplements by Edmund Scarburgh (Oxford). A noteworthy and 
useful edition. 

1708. Books I.—VI1., XI., XII., translated from Commandinus' Latin 
version by Dr John Keill, Savilian Professor of Astronomy at Oxford. 

Keill complains in his preface of the omissions by such editors as 
Tacquet and Dechales of many necessary propositions (e.g. VI. 27— 29), 
and of their substitution of proofs of their own for Euclid's. He praises 
Barrow's version on the whole, though objecting to the “algebraical ” 


CH. viii] TRANSLATIONS AND EDITIONS III 


form of proof adopted in Book 1L, and to the excessive use of notes 
and symbols, which (he considers) make the proofs too short and 
thereby obscure; his edition was therefore intended to hit a proper 
mean between Barrow’s excessive brevity and Clavius’ prolixity. 

Keill's translation was revised by Samuel Cunn and several times 
reissued. 1749 saw the eighth edition, 1772 the eleventh, and 1782 
the twelfth. 

1714. W. Whiston's English version (abridged) of The Elements 
of Euclid with select theorems out of Archimedes by the learned Andr. 
Tacquet. 

1756. Simson’s first English edition appeared in the same year as 
his Latin version under the title: 

The Elements of Euclid, viz. the first six Books together with 
the eleventh and twelfth. In this Edition the Errors by which 
Theon or others have long ago vitiated these Books are corrected and 
some of Euclid’s Demonstrations are restored. By Robert Simson 
(Glasgow). 

As above stated, the Latin edition, by its title, purports to be “ex 
versione latina Federici Commandini,” but to the Latin edition, as well 
as to the English editions, are appended 

Notes Critical and Geometrical ; containing an Account of those 
things in which this Edition differs from the Greek text; and the 
Reasons of the Alterations which have been made. As also Obser- 
vations on some of the Propositions. 

Simson says in the Preface to some editions (e.g. the tenth, of 
1799) that “the translation is much amended by the friendly assistance 
of a learned gentleman.” 

Simson’s version and his notes are so well known as not to need 
any further description. The book went through some thirty suc- 
cessive editions. The first five appear to have been dated 1756, 1762, 
1767, 1772 and 1775 respectively; the tenth 1799, the thirteenth 1806, 
the twenty-third 1830, the twenty-fourth 1834, the twenty-sixth 1844. 
The Data “in like manner corrected” was added for the first time in 
the edition of 1762 (the first octavo edition). 

1781, 1788. In these years respectively appeared the two volumes 
containing the complete translation of the whole thirteen Books by 
James Williamson, the last English translation which reproduced 
Euclid word for word. The title is 

The Elements of. Euclid, with Dissertations intended to assist 
and encourage a critical examination of these Elements, as the most 
effectual means of establishing a juster taste upon mathematical 
subjects than that which at present prevails. By James Williamson. 

In the first volume (Oxford, 1781) he is described as “M.A. 
Fellow of Hertford College,” and in the second (London, printed by 
T. Spilsbury, 1788) as " B.D." simply. Books v., VI. with the Con- 
clusion in the first volume are paged separately from the rest. 

1781. An examination of the first six Books of Euclid's Elements, 
by William Austin (London). 

1795. John Playfair's first edition, containing "the first six Books 
of Euclid with two Books on the Geometry of Solids" The took 
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reached a fifth edition in 1819, an eighth in 1831,a ninth in 1836, and 
a tenth in 1846. 

1826. Riccardi notes under this date Euclid's Elements of Geo- 
metry containing the whole twelve Books translated into English, from the 
edition of Peyrard, by George Phillips. The editor, who was President 
of Queens' College, Cambridge, 1857-1892, was born in 1804 and 
matriculated at Queens' in 1826, so that he must have published the 
book as an undergraduate. 

1828. A very valuable edition of the first six Books is that of 
Dionysius Lardner, with commentary and geometrical exercises, to 
which he added, in place of Books XL, XIL, a Treatise on Solid 
Geometry mostly based on Legendre. Lardner compresses the pro- 
positions by combining the enunciation and the setting-out, and he 
gives a vast number of riders and additional propositions in smaller 
print. The book had reached a ninth edition by 1846, and an eleventh 
by 1855. Among other things, Lardner gives an Appendix “on the 
theory of parallel lines,” in which he gives a short history of the 
attempts to get over the difficulty of the parallel-postulate, down to 
that of Legendre. 

1833. T. Perronet Thompson's Geometry without axioms, or the 
first Book of Euclid's Elements with alterations and notes; and an 
tntercalary book in which the straight line and plane are derived from 
properties of the sphere, with an appendix containing notices of methods 
proposed for getting over the difficulty in the twelfth axiom of Euclid. 

Thompson (1783-1869) was 7th wrangler 1802, midshipman 1803, 
Fellow of Queens’ College, Cambridge, 1804, and afterwards general 
and politician. The book went through several editions, but, having 
been well translated into French by Van Tenac, is said to have 
received more recognition in France than at home. 

1845. Robert Potts' first edition (and one of the best) entitled: 

Euclid’s Elements of Geometry chiefly from the text of 
Dr Simson with explanatory notes...to which is prefixed an 
introduction containing a brief outline of the History of. Geometry. 
Designed for the use of the higher forms in Public Schools and 
students in the Universities (Cambridge University Press, and 
London, John W. Parker), to which was added (1847) An 
Appendix to the larger edition of Euclid’s Elements of Geometry, 
containing additional notes on the Elements, a short tract on trans- 
versals, and hints for the solution of the problems etc. 

1862. Todhunter's edition. 

The later English editions I will not attempt to enumerate ; their 
name is legion and their object mostly that of adapting Euclid for school 
use, with all possible gradations of departure from his text and order. 


IX. SPANISH. 
1576. The first six Books translated into Spanish by Rodrigo 
Camorano. 
1637. The first six Books translated, with notes, by L. Carduchi. 
1689. Books I.—VL, XI, XIL, translated and explained by Jacob 
Knesa. 
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X. RUSSIAN. 


1739. Ivan Astaroff (translation from Latin). 

1789. Pr. Suvoroff and Yos. Nikitin (translation from Greek). 
1880. Vachtchenko-Zakhartchenko. 

(1817. A translation into Polish by Jo. Czecha.) 


XI. SWEDISH. 


1744. Márten Strómer, the first six Books ; second edition 1748. 
The third edition (1753) contained Books XI.—xXII. as well; new 
editions continued to appear till 1884. 

1836. H. Falk, the first six Books. 

1844, 1845, 1859. P. R. Brākenhjelm, Books I.—VI., XI, XII. 

1850. F. A. A. Lundgren. 

1850. H. A. Witt and M. E. Areskong, Books L—VI., XL, XII. 


XII. DANISH. 


1745. Ernest Gottlieb Ziegenbalg. 
1803. H.C. Linderup, Books I.—VI. 


XIII. MODERN GREEK. 


1820. Benjamin of Lesbos. 


I should add a reference to certain editions which have appeared 
in recent years. 

A Danish translation (Euklid's Elementer oversat af Thyra Eibe) 
was completed in 1912; Books 1.—II. were published (with an Intro- 
duction by Zeuthen) in 1897, Books I1I.—Iv. in 1900, Books v.— VI. 
in 1904, Books VII.—XIII. in 1912. 

The Italians, whose great services to elementary geometry are 
more than once emphasised in this work, have lately shown a note- 
worthy disposition to make the zszssz»a verba of Euclid once more 
the object of study. Giovanni Vacca has edited the text of Book I. 
(Il primo libro degli Elementi. Testo greco, versione italiana, intro- 
duzione e note, Firenze 1916.) Federigo Enriques has begun the 
publication of a complete Italian translation (G/z Elementi d’ Euclide 
e la critica antica e moderna); Books I—IV. appeared in 1925 (Alberto 
Stock, Roma). 

An edition of Book I. by the present writer was published in 1918 
(Euclid in Greek, Book r., with Introduction and Notes, Camb. Univ. 
Press). 


CHAPTER IX. 


$1. ON THE NATURE OF ELEMENTS. 


IT would not be easy to find a more lucid explanation of the terms 
element and elementary, and of the distinction between them, than 
is found in Proclus’, who is doubtless, here as so often, quoting 
from Geminus. There are, says Proclus, in the whole of geometry 
certain leading theorems, bearing to those which follow the relation of 
a principle, all-pervading, and furnishing proofs of many properties. 
Such theorems are called by the name of elements; and their function 
may be compared to that of the letters of the alphabet in relation to 
langpage, letters being indeed called by the same name in Greek 
(aToiyeia). i 

The term e/ementary, on the other hand, has a wider application: 
it is applicable to things “which extend to greater multiplicity, and, 
though possessing simplicity and elegance, have no longer the same 
dignity as the e/ements, because their investigation is not of general 
use in the whole of the science, e.g. the proposition that in triangles 
the perpendiculars from the angles to the transverse sides meet in a 

int.” 
E " Again, the term e/ement is used in two senses, as Menaechmus 
says. For that which is the means of obtaining is an element of that 
which is obtained, as the first proposition in Euclid is of the second, 
and the fourth of the fifth. In this sense many things may even be 
said to be elements of each other, for they are obtained from one 
another. Thus from the fact that the exterior angles of rectilineal 
figures are (together) equal to four right angles we deduce the number 
of right angles equal to the internal angles (taken together)’, and 
vice versa, Such an element is like a emma. But the term element is 
otherwise used of that into which, being more simple, the composite is 
divided ; and in this sense we can no longer say that everything is an 
element of everything, but only that things which are more of the 
nature of principles are elements of those which stand to them in the 
relation of results, as postulates are elements of theorems. It is 

1 Proclus, Comm. on Eucl. 1., ed. Friedlein, pp. 72 sqq. 

2 7d whHOos Taw evrds ópÜais løwv, If the text is right, we must apparently take it as "the 


number of the angles equal to right angles that there are inside," i.e. that are made up by 
the internal angles. 
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according to this signification of the term element that the elements 
found in Euclid were compiled, being partly those of plane geometry, 
and partly those of stereometry. In like manner many writers have 
drawn up elementary treatises in arithmetic and astronomy. 

“Now it is difficult, in each science, both to select and arrange in 
due order the elements from which all the rest proceeds, and into 
which all the rest is resolved. And of those who have made the 
attempt some were able to put together more and some less; some 
used shorter proofs, some extended their investigation to an indefinite 
length; some avoided the method of reductio ad absurdum, some 
avoided proportion; some contrived preliminary steps directed against 
those who reject the principles; and, in a word, many different 
methods have been invented by various writers of elements. 

“It is essential that such a treatise should be rid of everything 
superfluous (for this is an obstacle to the acquisition of knowledge) ; 
it should select everything that embraces the subject and brings it to 
a point (for this is of supreme service to science); it must have great 
regard at once to clearness and conciseness (for their opposites trouble 
our understanding); it must aim at the embracing of theorems in 
general terms (for the piecemeal division of instruction into the more 
partial makes knowledge difficult to grasp). In all these ways 
Euclid's system of elements will be found to be superior to the rest ; 
for its utility avails towards the investigation of the primordial 
figures’, its clearness and organic perfection are secured by the 
progression from the more simple to the more complex and by the 
foundation of the investigation upon common notions, while generality 
of demonstration is secured by the progression through the theorems 
which are primary and of the nature of principles to the things sought. 
As for the things which seem to be wanting, they are partly to be 
discovered by the same methods, like the construction of the scalene 
and isosceles (triangle), partly alien to the character of a selection of 
elements as introducing hopeless and boundless complexity, like the 
subject of unordered irrationals which Apollonius worked out at 
length’, and partly developed from things handed down (in the 
elements) as causes, like the many species of angles and of lines. 
These things then have been omitted in Euclid, though they have 
received full discussion in other works ; but the knowledge of them is 
derived from the simple (elements).” 

Proclus, speaking apparently on his own behalf, in another place 
distinguishes two objects aimed at in Euclid’s Elements. The first 
has reference to the matter of the investigation, and here, like a good 
Platonist, he takes the whole subject of geometry to be concerned 
with the “ cosmic figures,” the five regular solids, which in Book XIII. 

! rüv dpxixdv oxnudruv, by which Proclus probably means the regular polyhedra 
(Tannery, p. 1437). 

à We have no more than the most obscure indications of the character of this work in an 
Arabic Ms. analysed by Woepcke, Essai d'une restitution de travaux perdus d Apollonius 
sur les quantités irrationelles d'après des indications tires d'un manuscrit arabe in. Mémoires 


frésentés à l'acad£Phie des sciences, XIV. 658—720, Paris, 1856. Cf. Cantor, Gesch. d. Math. 
Is, pp. 348—9: details are also given in my notes to Book x. 
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are constructed, inscribed in a sphere and compared with one another. 
The second object is relative to the learner; and, from this standpoint, 
the elements may be described as “a means of perfecting the learner's 
understanding with reference to the whole of geometry. For, starting 
from these (elements), we shall be able to acquire knowledge of the 
other parts of this science as well, while without them it is impossible 
for us to get a grasp of so complex a subject, and knowledge of the 
rest is unattainable. As it is, the theorems which are most of the 
nature of principles, most simple, and most akin to the first hypotheses 
are here collected, in their appropriate order; and the proofs of all 
other propositions use these theorems as thoroughly well known, and 
start from them. Thus Archimedes in the books on the sphere and 
cylinder, Apollonius, and all other geometers, clearly use the theorems 
proved in this very treatise as constituting admitted principles'.” 

Aristotle too speaks of elements of geometry in the same sense. 
Thus: “in geometry it is well to be thoroughly versed in the 
elements?”; “in general the first of the elements are, given the 
definitions, e.g. of a straight line and of a circle, most easy to prove, 
although of course there are not many data that can be used to 
establish each of them because there are not many middle terms?"; 
“among geometrical propositions we call those ‘elements’ the proofs of 
which are contained in the proofs of all or most of such propositions*”; 
“(as in the case of bodies), so in like manner we speak of the elements 
of geometrical propositions and, generally, of demonstrations ; for the 
demonstrations which come first and are contained in a variety of 
other demonstrations are called elements of those demonstrations... 
the term element is applied by analogy to that which, being one and 
small, is useful for many purposes’.” 


$2. ELEMENTS ANTERIOR TO EUCLID'S. 


The early part of the famous summary of Proclus was no doubt 
drawn, at least indirectly, from the history of geometry by Eudemus ; 
this is generally inferred from the remark, made just after the mention 
of Philippus of Medma, a disciple of Plato, that “those who have 
written histories bring the development of this science up to this 
point.” We have therefore the best authority for the list of writers of 
elements given in the summary. Hippocrates of Chios (fl. in second 
half of sth c.) is the first; then Leon, who also discovered diovismt, 
put together a more careful collection, the propositions proved in it 
being more numerous as well as more serviceable*. Leon was a little 
older than Eudoxus (about 408-355 R.C.) and a little younger than 
Plato (428/7-347/6 &.C.), but did not belong to the latter's school. The 
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geometrical text-book of the Academy was written by Theudius of 
Magnesia, who, with Amyclas of Heraclea, Menaechmus the pupil of 
Eudoxus, Menaechmus' brother Dinostratus and Athenaeus of Cyzicus 
consorted together in the Academy and carried on their investigations 
in common. Theudius " put together the elements admirably, making 
many partial (or limited) propositions more general!"  Eudemus 
mentions no text-book after that of Theudius, only adding that Her- 
motimus of Colophon "discovered many of the elements?"  Theudius 
then must be taken to be the immediate precursor of Euclid, and no 
doubt Euclid made full use of Theudius as well as of the discoveries of 
Hermotimus and all other available material. Naturally it is not in 
Euclid's Elements that we can find much light upon the state of the 
subject when he took it up; but we have another source of informa- 
tion in Aristotle. Fortunately for the historian of mathematics, 
Aristotle was fond of mathematical illustrations ; he refers to a con- 
siderable number of geometrical propositions, definitions etc, in a 
way which shows that his pupils must have had at hand some text- 
book where they could find the things he mentions; and this text-book 
must have been that of Theudius. Heiberg has made a most valuable 
collection of mathematical extracts from Aristotle’, from which much 
is to be gathered as to the changes which Euclid made in the methods 
of his predecessors ; and these passages, as well as others not included 
in Heiberg's selection, will often be referred to in the sequel. 


§ 3. FIRST PRINCIPLES: DEFINITIONS, POSTULATES, 
AND AXIOMS. 


On no part of the subject does Aristotle give more valuable 
information than on that of the first principles as, doubtless, generally 
accepted at the time when he wrote. One long passage in the 
Posterior Analytics is particularly full and lucid, and is worth quoting 
im extenso. After laying it down that every demonstrative science 
starts from necessary principles‘, he proceeds’: 

“ By first principles in each genus I mean those the truth of which 
it is not possible to prove. What is denoted by the first (terms) and 
those derived from them is assumed ; but, as regards their existence, 
this must be assumed for the principles but proved for the rest. Thus 
what a unit is, what the straight (line) is, or what a triangle is (must 
be assumed); and the existence of the unit and of magnitude must 
also be assumed, but the rest must be proved. Now of the premisses 
used in demonstrative sciences some are peculiar to each science and 
others common (to all), the latter being common by analogy, for of 
course they are actually useful in so far as they are applied to the sub- 
ject-matter included under the particular science. Instances of first 
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principles peculiar to a science are the assumptions that a line is of 
such and such a character, and similarly for the straight (line); whereas 
it is a common principle, for instance, that, if equals be subtracted 
from equals, the remainders are equal. But it is enough that each of 
the common principles is true so far as regards the particular genus 
(subject-matter); for (in geometry) the effect will be the same even if 
the common principle be assumed to be true, not of everything, but 
only of magnitudes, and, in arithmetic, of numbers. 

* Now the things peculíar to the science, the existence of which 
must be assumed, are the things with reference to which the science 
investigates the essential attributes, e.g. arithmetic with reference to 
units, and geometry with reference to points and lines. With these 
things it is assumed that they exist and that they are of such and 
such a nature. But, with regard to their essential properties, what is 
assumed is only the meaning of each term employed: thus arithmetic 
assumes the answer to the question what is (meant by) ‘odd’ or 
“even, ‘a square’ or ‘a cube,’ and geometry to the question 
what is (meant by) ‘the irrational’ or ‘deflection’ or (the so-called) 
‘verging’ (to a point); but that there are such things is proved by 
means of the common principles and of what has already been 
demonstrated. Similarly with astronomy. For every demonstrative 
science has to do with three things, (1) the things which are assumed 
to exist, namely the genus (subject-matter) in each case, the essential 
properties of which the science investigates, (2) the common axioms 
so-called, which are the primary source of demonstration, and (3) the 
properties with regard to which all that is assumed is the meaning of 
the respective terms used. There is, however, no reason why some 
sciences should not omit to speak of one or other of these things. 
Thus there need not be any supposition as to the existence of the 
genus, if it is manifest that it exists (for it is not equally clear that 
number exists and that cold and hot exist); and, with regard to the 
properties, there need be no assumption as to the meaning of terms if 
it is clear: just as in the common (axioms) there is no assumption as 
to what is the meaning of subtracting equals from equals, because it is 
well known. But none the less is it true that there are three things 
naturally distinct, the subject-matter of the proof, the things proved, 
and the (axioms) from which (the proof starts). 

“Now that which is per se necessarily true, and must necessarily be 
thought so, is not a hypothesis nor yet a postulate. For demon- 
stration has not to do with reasoning from outside but with the 
reason dwelling in the soul, just as is the case with the syllogism. 
It is always possible to raise objection to reasoning from outside, 
but to contradict the reason within us is not always possible. Now 
anything that the teacher assumes, though it is matter of proof, 
without proving it himself, is a hypothesis if the thing assumed is 
believed by the learner, and it is moreover a hypothesis, not abso- 
lutely, but relatively to the particular pupil; but, if the same thing 
is assumed when the learner either has no opinion on the subject 
or is of a contrary opinion. it is a postulate. This is the difference 
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between a hypothesis and a postulate ; for a postulate is that which 
is rather contrary than otherwise to the opinion of the learner, or 
whatever is assumed and used without being proved, although matter 
for demonstration. Now definitions are not hypotheses, for they do 
not assert the existence or non-existence of anything, while hypotheses 
are among propositions. Definitions only require to be understood : 
a definition is therefore not a hypothesis, unless indeed it be asserted 
that any audible speech is a hypothesis. A hypothesis is that from 
the truth of which, if assumed, a conclusion can be established. Nor 
are the geometer's hypotheses false, as some have said : I mean those 
who say that ' you should not make use of what is false, and yet the 
geometer falsely calls the line which he has drawn a foot long when 
it is not, or straight when it is not straight. The geometer bases no 
conclusion on the particular line which he has drawn being that which 
he has described, but (he refers to) what is z//ustrated by the figures. 
Further, the postulate and every hypothesis are either universal or 
particular statements; definitions are neither” (because the subject 
is of equal extent with what is predicated of it). 

Every demonstrative science, says Aristotle, must start from in- 
demonstrable principles : otherwise, the steps of demonstration would 
be endless. Of these indemonstrable principles some are (2) common 
to all sciences, others are (4) particular, or peculiar to the particular 
science; (a) the common principles are the axioms, most commonly 
illustrated by the axiom that, if equals be subtracted from equals, the 
remainders are equal. Coming now to (b) the principles peculiar to 
the particular science which must be assumed, we have first the genus 
or subject-matter, the existence of which must be assumed, viz. magni- 
tude in the case of geometry, the unit in the case of arithmetic. Under 
this we must assume definitions of manifestations or attributes of the 
genus, eg. straight lines, triangles, deflection etc. The definition in 
itself says nothing as to the existence of the thing defined: it only 
requires to be understood. But in geometry, in addition to the genus 
and the definitions, we have to assume the existence of a few primary 
things which are defined, viz. points and lines only: the existence 
of everything else, eg. the various figures made up of these, as 
triangles, squares, tangents, and their properties, e.g. incommensur- 
ability etc, has to be proved (as it is proved by construction and 
demonstration). In arithmetic we assume the existence of the unit: 
but, as regards the rest, only the definitions, e.g. those of odd, even, 
square, cube, are assumed, and existence has to be proved. We have then 
clearly distinguished, among the indemonstrable principles, axioms 
and definitions. A postulate is also distinguished from a Aypothests, 
the latter being made with the assent of the learner, the former 
without such assent or even in opposition to his opinion (though, 
strangely enough, immediately after saying this, Aristotle gives a 
wider meaning to “postulate” which would cover “hypothesis” as well, 
namely whatever is assumed, though it is matter for proof, and used 
without being proved). Heiberg remarks that there is no trace in 
Aristotle of Euclid’s Postulates, and that “ postulate” in Aristotle has 
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a different meaning. He seems to base this on the alternative 
description of postulate, indistinguishable from a hypothesis; but, 
if we take the other description in which it is distinguished from a 
hypothesis as being an assumption of something which is a proper 
subject of demonstration without the assent or against the opinion of 
the learner, it seems to fit Euclid’s Postulates fairly well, not only the 
first three (postulating three constructions), but eminently also the other 
two, that all right angles are equal, and that two straight lines meeting 
a third and making the internal angles on the same side of it less than 
two right angles will meet on that side. Aristotle's description also 
seems to me to suit the “ postulates” with which Archimedes begins 
his book Ox the equilibrium of planes, namely that equal weights balance 
at equal distances, and that equal weights at unequal distances do not 
balance but that the weight at the longer distance will prevail. 

Aristotle's distinction also between Aypothests and definition, and 
between Aypothesis and axiom, is clear from the following passage: 
“Among immediate syllogistic principles, I call that a ¢hesis which: 
it is neither possible to prove nor essential for any one to hold who 
is to learn anything; but that which it is necessary for any one to 
hold who is to learn anything whatever is an axiom: for there are 
some principles of this kind, and that is the most usual name by 
which we speak of them. But, of theses, one kind is that which 
assumes one or other side of a predication, as, for instance, that 
something exists or does not exist, and this is a Aypothesis ; the other, 
which makes no such assumption, is a definition. Fora definition is 
a thesis: thus the arithmetician posits (7i@erac) that a unit is that 
which is indivisible in respect of quantity; but this is not a hypo- 
thesis, since what is meant by a unit and the fact that a unit exists 
are different things.” 

Aristotle uses as an alternative term for axioms “common (things),” 
Ta Kowa, or “common opinions” («otval Sofas), as in the following 
passages. ‘That, when equals are taken from equals, the remainders 
are equal is (a) common (principle) in the case of all quantities, but 
mathematics takes a separate department (azoXafoóca) and directs its 
investigation to some portion of its proper subject-matter, as e.g. lines 
or angles, numbers, or any of the other quantities?" “The common 
(principles), e.g. that one of two contradictories must be true, that 
equals taken from equals etc., and the like?*...." " With regard to the 
principles of demonstration, it is questionable whether they belong to 
one science or to several. By principles of demonstration I mean the 
common opinions {rom which all demonstration proceeds, e.g. that one 
of two contradictories must be true, and that it is impossible for the 
same thing to be and not be.” Similarly “every demonstrative 
(science) investigates, with regard to some subject-matter, the essential 
attributes, starting from the common opinions*" We have then here, 
as Heiberg says, a sufficient explanation of Euclid's term for axioms, 
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viz. common notions (kowai évvotat), and there is no reason to suppose 
it to be a substitution for the original term due to the Stoics: cf. 
Proclus! remark that, according to Aristotle and the geometers, axiom 
and common notion are the same thing’. 

Aristotle discusses the ixdemonstrable character of the axioms 
in the Metaphysics. Since “all the demonstrative sciences use the 
axioms?,” the question arises, to what science does their discussion 
belong’? The answer is that, like that of Being (ovoia), it is the 
province of the (first) philosopher‘. It is impossible that there should 
be demonstration of everything, as there would be an infinite series of 
demonstrations: if the axioms were the subject of a demonstrative 
science, there would have to be here too, as in other demonstrative 
sciences, a subject-genus, its attributes and corresponding axioms’, thus 
there would be axioms behind axioms, and so on continually. The 
axiom is the most firmly established of all principles’. It is ignorance 
alone that could lead any one to try to prove the axioms’; the supposed 
proof would be a petitio principit®. If it is admitted that not every- 
thing can be proved, no one can point to any principle more truly 
indemonstrable*. If any one thought he could prove them, he could 
at once be refuted; if he did not attempt to say anything, it would 
be ridiculous to argue with him: he would be no better than a 
vegetable”. The first condition of the possibility of any argument 
whatever is that words should signify something both to the speaker 
and to the hearer: without this there can be no reasoning with any one. 
And, if any one admits that words can mean anything to both hearer 
and speaker, he admits that something can be true without demon- 
stration. And soon”. 

It was necessary to give some sketch of Aristotle’s view of the 
first principles, if only in connexion with Proclus’ account, which is 
as follows. As in the case of other sciences, so “the compiler of 
elements in geometry must give separately the principles of the 
science, and after that the conclusions from those principles, not 
giving any account of the principles but only of their consequences. 
No science proves its own principles, or even discourses about them: 
they are treated as self-evident.... Thus the first essential was to dis- 
tinguish the principles from their consequences. Euclid carries out 
this plan practically in every book and, as a preliminary to the whole 
enquiry, sets out the common principles of this science. Then he 
divides the common principles themselves into Aypotheses, postulates, 
and axioms. For all these are different from one another: an axiom, 
a postulate and a hypothesis are not the same thing, as the inspired 
Aristotle somewhere says. But, whenever that which is assumed and 
ranked as a principle is both known to the learner and convincing in 
itself, such a thing is an axiom, e.g. the statement that things which 
are equal to the same thing are also equal to one another. When, on 
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the other hand, the pupil has not the notion of what is told him 
which carries conviction in itself, but nevertheless lays it down and 
assents to its being assumed, such an assumption is a Aypothests. 
Thus we do not preconceive by virtue of a common notion, and 
without being taught, that the circle is such and such a figure, but, 
when we are told so, we assent without demonstration. When again 
what is asserted is both unknown and assumed even without the 
assent of the learner, then, he says, we call this a postulate, e.g. that 
all right angles are equal. This view of a postulate is clearly implied 
by those who have made a special and systematic attempt to show, 
with regard to one of the postulates, that it cannot be assented to by 
any one straight off. According then to the teaching of Aristotle, an 
axiom, a postulate and a hypothesis are thus distinguished'.” 

We observe, first, that Proclus in this passage confuses Aypotheses 
and definitions, although Aristotle had made the distinction quite 
plain. The confusion may be due to his having in his mind a passage 
of Plato from which he evidently got the phrase about " not giving 
an account of" the principles. The passage is?: “I think you know 
that those who treat of geometries and calculations (arithmetic) and 
such things take for granted (UTo0éuevo:i) odd and even, figures, 
angles of three kinds, and other things akin to these in each subject, 
implying that they know these things, and, though using them as 
hypotheses, do not even condescend to give any account of them 
either to themselves or to others, but begin from these things and 
then go through everything else in order, arriving ultimately, by 
recognised methods, at the conclusion which they started in search 
of." But the hypothesis is here the assumption, eg. ‘that there may 
be such a thing as length without breadth, henceforward called a line’,’ 
and so on, without any attempt to show that there is such a thing; 
it is mentioned in connexion with the distinction between Plato's 
‘superior’ and ‘inferior’ intellectual method, the former of which 
uses successive hypotheses as stepping-stones by which it mounts 
upwards to the idea of Good. 

We pass now to Proclus’ account of the difference between postu- 
lates and axioms. He begins with the view of Geminus, according 
to which “they differ from one another in the same way as theorems 
are also distinguished from problems. For, as in theorems we propose 
to see and determine what follows on the premisses, while in problems 
we are told to find and do something, in like manner in the axioms 
such things are assumed as are manifest of themselves and easily 
apprehended by our untaught notions, while in the postulates we 
assume such things as are easy to find and effect (our understanding 
suffering no strain in their assumption), and we require no complication 
of machinery*"..." Both must have the characteristic of being simple 
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and readily grasped, I mean both the postulate and the axiom; but 
the postulate bids us contrive and find some subject-matter (ŬA) to 
exhibit a property simple and easily grasped, while the axiom bids us 
assert some essential attribute which is self-evident to the learnet, 
just as is the fact that fire is hot, or any of the most obvious things!" 

Again, says Proclus, “some claim that all these things are alike 
postulates, in the same way as some inaintain that all things that are 
sought are problems. For Archimedes begins his first book on /#- 
equilibrium? with the remark ‘I postulate that equal weights at equal 
distances are in equilibrium, though one would rather call this an 
axiom. Others call them all axioms in the same way as some regard 
as theorems everything that requires demonstration?” 

“ Others again will say that postulates are peculiar to geometrical 
subject-matter, while axioms are common to all investigation which 
is concerned with quantity and magnitude. Thus it is the geometer 
who knows that all right angles are equal and how to produce in 
a straight line any limited straight line, whereas it is a common notion 
that things which are equal to the same thing are also equal to one 
another, and it is employed by the arithmetician and any scientific 
person who adapts the general statement to his own subject” 

The third view of the distinction between a postulate and an axiom 
is that of Aristotle above described’, 

The difficulties in the way of reconciling Euclid's classification 
of postulates and axioms with any one of the three alternative views 
are next dwelt upon. If we accept the first view according to which 
an axiom has reference to something known, and a postulate to 
something done, then the 4th postulate (that all right angles are 
equal) is not a postulate; neither is the 5th which states that, if a 
straight line falling on two straight lines makes the interior angles 
on the same side less than two right angles, the straight lines, if 
produced indefinitely, will meet on that side on which are the angles 
less than two right angles. On the second view, the assumption that 
two straight lines cannot enclose a space, “which even now,” says 
Proclus, “some add as an axiom,’ and which is peculiar to the 
subject-matter of geometry, like the fact that all right angles are 
equal, is not an axiom. According to the third (Aristotelian) view, 
“everything which is confirmed (wvotovrac) by a sort of demonstration 


spiral requiring more complex machinery and even the equilateral triangle needing a certain 
method. ‘' For the geometrical intelligence will say that hy conceiving a straight line fixed 
at one end but, as regards the other end, moving round the fixed end, and a point moving 
along the straight line from the fixed end, I have described the single-turn spiral ; for the 
end of the straight line describing a circle, and the point moving on the straight line simul- 
taneously, when they arrive and meet at the same point, complete such a spiral. And again, 
if I draw equal circles, join their common point to the centres of the circles and draw a 
straight line from one of the centres to the other, I shall have the equilateral triangle. 
These things then are far from being completed by means of a single act or of a moment’s 
thought" (p. 180, 8—21). 
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will be a postulate, and what is incapable of proof will be an axiom?.” 
This last statement of Proclus is loose, as regards the axiom, because 
it omits Aristotle's requirement that the axiom should be a self- 
evident truth, and one that must be admitted by any one who is to 
learn anything at all, and, as regards the postulate, because Aristotle 
calls a postulate something assumed without proof though it is 
“matter of demonstration" (dzo8euróv dv), but says nothing of a 
guasi-demonstration of the postulates. On the whole I think it is 
from Aristotle that we get the best idea of what Euclid understood 
by a postulate and an axiom or common notion. Thus Aristotle's 
account of an axiom as a principle common to all sciences, which is 
self-evident, though incapable of proof, agrees sufficiently with the 
contents of Euclid’s common notions as reduced to five in the most 
recent text (not omitting the fourth, that “things which coincide are 
equal to one another”). As regards the postulates, it must be borne 
in mind that Aristotle says elsewhere? that, “other things being equal, 
that proof is the better which proceeds from the fewer postulates or 
hypotheses or propositions.” If then we say that a geometer must 
lay down as principles, first certain axioms or common notions, and 
then an irreducible minimum of postulates in the Aristotelian sense 
concerned only with the subject-matter of geometry, we are not far 
from describing what Euclid in fact does. As regards the postulates 
we may imagine him saying: “ Besides the common notions there are 
a few other things which [ must assume without proof, but which 
differ from the common notions in that they are not self-evident. 
The learner may or may not be disposed to agree to them; but he 
must accept them at the outset on the superior authority of his 
teacher, and must be left to convince himself of their truth in the 
course of the investigation which follows. In the first place certain 
simple constructions, the drawing and producing of a straight line, 
and the drawing of a circle, must be assumed to be possible, and with 
the constructions the existence of such things as straight lines and 
circles; and besides this we must lay down some postulate to form 
the basis of the theory of parallels." It is true that the admission of 
the 4th postulate that all right angles are equal still presents a 
difficulty to which we shall have to recur. 

There is of course no foundation for the idea, which has found 
its way into many text-books, that “the object of the postulates is to 
declare that the only instruments the use of which is permitted in 
geometry are the rule and compass*.” 


§ 4 THEOREMS AND PROBLEMS. 


“ Again the deductions from the first principles,” says Proclus, 
“are divided into problems and theorems, the former embracing the 
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generation, division, subtraction or addition of figures, and generally 
the changes which are brought about in them, the latter exhibiting 
the essential attributes of each!” 

“Now, of the ancients, some, like Speusippus and Amphinomus, 
thought proper to call them all theorems, regarding the name of 
theorems as more appropriate than that of problems to theoretic 
sciences, especially as these deal with eternal objects. For there is 
no becoming in things eternal, so that neither could the problem 
have any place with them, since it promises the generation and 
making of what has not before existed, e.g. the construction of an 
equilateral triangle, or the describing of a square on a given straight 
line, or the placing of a straight line at a given point. Hence they 
say it is better to assert that all (propositions) are of the same kind, 
and that we regard the generation that takes place in them as 
referring not to actual making but to knowledge, when we treat things 
existing eternally as if they were subject to becoming: in other words, 
we may say that everything is treated by way of theorem and not 
by way of problem? (mávra Üeepnuaruos GAN ov mpoBAnpaTinds 
ap Saver Gar). 

“Others on the contrary, like the mathematicians of the school 
of Menaechmus, thought it right to call them all problems, describing 
their purpose as twofold, namely in some cases to furnish (ropé- 
cacOat) the thing sought, in others to take a determinate object 
and see either what it is, or of what nature, or what is its property, 
or in what relations it stands to something else. 

“In reality both assertions are correct. Speusippus is right 
because the problems of geometry are not like those of mechanics, 
the latter being matters of sense and exhibiting becoming and change 
of every sort. The school of Menaechmus are right also because the 
discoveries even of theorems do not arise without an issuing-forth 
into matter, by which I mean intelligible matter. Thus forms going 
out into matter and giving it shape may fairly be said to be like 
Processes of becoming. For we say that the motion of our thought 
and the throwing-out of the forms in it is what produces the figures 
in the imagination and the conditions subsisting in them. It is in 
the imagination that constructions, divisions, placings, applications, 
additions and subtractions (take place), but everything in the mind is 
fixed and immune from becoming and from every sort of change?.” 

“Now those who distinguish the theorem from the problem say 
that every problem implies the possibility, not only of that which is 
predicated of its subject-matter, but also of its opposite, whereas 
every theorem implies the possibility of the thing predicated but not 
of its opposite as well. By the subject-matter I mean the genus 
which is the subject of inquiry, for example, a triangle or a square 
or a circle, and by the property predicated the essential attribute, 
as equality, section, position, and the like. When then any one 


! Proclus, p. 77, 7—12. “ ibid. pp. 77, 15—78, 8. 
* ibid. pp. 78, 8—79, 2- 
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enunciates thus, 7o inscribe an equilateral triangle in a circle, he states 
a problem; for it is also possible to inscribe in it a triangle which 
is not equilateral. Again, if we take the enunciation On a given 
limited straight line to construct an equilateral triangle, this is a 
problem ; for it is possible also to construct one which is not equi- 
lateral. But, when any one enunciates that /n isosceles triangles the 
angles at the base are equal, we must say that he enunciates a theorem ; 
for it is not also possible that the angles at the base of isosceles 
triangles should be unequal. It follows that, if any one were to use 
the form of a problem and say 7n a semicircle to describe a right angle, 
he would be set down as no geometer. For every angle in a semi- 
circle is right!" 

" Zenodotus, who belonged to the succession of Oenopides, but 
was a disciple of Andron, distinguished the theorem from the problem 
by the fact that the theorem inquires what is the property predicated 
of the subject-matter in it, but the problem what is the cause of what 
effect (rívos üvros Tí éarw). Hence too Posidonius defined the one 
(the problem) as a proposition in which it is inquired whether a thing 
exists or not (ei écertv 7) uj), the other (the theorem?) as a proposition 
in which it is inquired what (a thing) is or of what nature (ti dst ñ 
moioyv tt); and he said that the theoretic proposition must be put in a 
declaratory form, e.g., Any triangle has two sides (together) greater than 
the remaining side and In any isosceles triangle the angles at the base 
are equal, but that we should state the problematic proposition as if 
inquiring whether it is possible to construct an equilateral triangle 
upon such and such a straight line. For there is a difference between 
inquiring absolutely and indeterminately (&mAó« re xai doplatws) 
whether there exists a straight line from such and such a point at 
right angles to such and such a straight line and investigating which 
is the straight line at right angles®.” 

“That there is a certain difference between the problem and the 
theorem is clear from what has been said; and that the Elements of 
Euclid contain partly problems and partly theorems will be made 
manifest by the individual propositions, where Euclid himself adds at 
the end of what is proved in them, in some cases, ‘that which it was 
required to do,’ and in others, ‘that which it was required to prove,’ 
the latter expression being regarded as characteristic of theorems, in 
spite of the fact that, as we have said, demonstration is found in 
problems also. In problems, however, even the demonstration is for 
the purpose of (confirming) the construction: for wé bring in the 
demonstration in order to show that what was enjoined has been 
done ; whereas in theorems the demonstration is worthy of study for 
its own sake as being capable of putting before us the nature of the 
thing sought. And you will find that Euclid sometimes interweaves 
theorems with problems and employs them in turn, as in the first 


1 Proclus, pp. 79, 11—80, 5. 

2 In the text we have 7ò 3è mpópAnpa answering to 7d èv without substantive : mpópAnua 
was obviously inserted in error. 

? Proclus, pp. 8o, 15—81, 4. 
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book, while at other times he makes one or other preponderate. 
For the fourth book consists wholly of problems, and the fifth of 
theorems?.” 

Again, in his note on Eucl. 1. 4, Proclus says that Carpus, the 
writer on mechanics, raised the question of theorems and problems in 
his treatise on astronomy. Carpus, we are told, “says that the class 
of problems is in order prior to theorems. For the subjects, the 
properties of which are sought, are discovered by means of problems. 
Moreover in a problem the enunciation is simple and requires no 
skilled intelligence; it orders you plainly to do such and such a 
thing, to construct an equilateral triangle, or, given two straight lines, to 
cut off from the greater (a straight line) equal to the lesser, and what is 
there obscure or elaborate in these things? But the enunciation of a 
theorem is a matter of labour and requires much exactness and 
scientific judgment in order that it may not turn out to exceed or 
fall short of the truth ; an example is found even in this proposition 
(1. 4), the first of the theorems. Again, in the case of problems, one 
general way has been discovered, that of analysis, by following which 
we can always hope to succeed ; it is this method by which the more 
obscure problems are investigated. But, in the case of theorems, the 
method of setting about them is hard to get hold of since ‘up to our 
time, says Carpus, ‘no one has been able to hand down a general 
method for their discovery. Hence, by reason of their easiness, the 
class of problems would naturally be more simple. After these 
distinctions, he proceeds: ‘Hence it is that in the Elements too 
problems precede theorems, and the Elements begin from them; the 
first theorem is fourth in order, not because the fifth? is proved from 
the problems, but because, even if it needs tor its demonstration none 
of the propositions which precede it, it was necessary that they should 
be first because they are problems, while it is a theorem. In fact, in 
this theorem he uses the common notions exclusively, and in some 
sort takes the same triangle placed in different positions; the 
coincidence and the equality proved thereby depend entirely upon 
sensible and distinct apprehension. Nevertheless, though the demon- 
stration of the first theorem is of this character, the problems properly 
preceded it, because in general problems are allotted the order of 
precedence®.’” 

Proclus himself explains the position of Prop. 4 after Props. 1—3 
as due to the fact that a theorem about the essential properties of 
triangles ought not to be introduced before we know that such a 
thing as a triangle can be constructed, nor a theorem about the 
equality of sides or straight lines until we have shown, by constructing 
them, that there can be two straight lines which are equal to one 
another* It is plausible enough to argue in this way that Props. 2 
and 3 at all events should precede Prop. 4. And Prop. 1 is used in 


1 Proclus, p. 81, 5—22. 

2 7ò wéunrrov. This should apparently be the fourth because in the next words it is 
implied that none of the first three propositions are required in proving it. 

3 Proclus, pp. 241, 19—243, 11. * ibid. pp. 233. 21—234, 6. 
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Prop. 2, and must therefore precede it. But Prop. 1 showing how to 
construct an eguz/ateral triangle on a given base is not important, in 
relation to Prop. 4, as dealing with the “production of triangles” in 
general : for it is of no use to say, as Proclus does, that the construc- 
tion of the equilateral triangle is “common to the three species (of 
triangles)!" as we are not in a position to know this at such an early 
stage. The existence of triangles in general was doubtless assumed as 
following from the existence of straight lines and points in one plane 
and from the possibility of drawing a straight line from one point to 
another. 

Proclus does not however seem to reject definitely the view of 
Carpus, for he goes on?: “And perhaps problems are in order before 
theorems, and especially for those who need to ascend from the arts 
which are concerned with things of sense to theoretical investigation. 
But in dignity theorems are prior to problems....It is then foolish to 
blame Geminus for saying that the theorem is more perfect than the 
problem. For Carpus himself gave the priority to problems in respect 
of order, and Geminus to theorems in point of more perfect dignity,” 
So that there was no real inconsistency between the two. 

Problems were classified according to the number of their possible 
solutions, Amphinomus said that those which had a unique solution 
(povayds) were called “ordered” (the word has dropped out in 
Proclus, but it must be rerayyuéva, in contrast to the third kind, 
&rax«ra); those which had a definite number of solutions "inter- 
mediate " (éga); and those with an infinite variety of solutions “ un- 
ordered" (dra«ra)*. Proclus gives as an example of the last the 
problem To divide a given straight line into three parts in continued 
proportion’. This is the same thing as solving the equations x+-y+2=a, 
Xz —)*. Proclus' remarks upon the problem show that it was solved, 
like all quadratic equations, by the method of " application of areas." 
The straight line a was first divided into any two parts, (x +z) and y, 
subject to the sole limitation that (x 4- z) must not be less than 2y, 
which limitation is the Ssopsopos, or condition of possibility. Then 
an area was applied to (x+ z), or (a — y), "falling short by a square 
Figure" (éXXetrrov eiBeu rerpa-yóvq) and equal to the squareon y. This 
determines x and z separately in terms of 2 and y. For, if z be the 
side of the square by which the area (i.e. rectangle) “falls short,” we 
have ((a —7) — z] z 2 9, whence 22-2 (2—y) t /((a — y? — 4x. And 
y may be chosen arbitrarily, provided that it is not greater than 2/3. 
Hence there are an infinite number of solutions. If y — 2/3, then, as 
Proclus remarks, the three parts are equal. 

Other distinctions between different kinds of problems are added 
by Proclus. The word “problem,” he says, is used in several senses. 
In its widest sense it may mean anything “ propounded” (aporewvo- 
pevov), whether for the purpose of instruction (waĝnoews) or construc- 
tion (momaews). (In this sense, therefore, it would include a theorem.) 


! Proclus, p. 234, 21. 2 ibid. p. 143, 12—25. 
? ibid. p. 320, 7—12. 4 ibid. pp. 220, 16—221, 6. 
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But its special sense in mathematics is that of something “propounded 
with a view to a theoretic construction!" 

Again you may apply the term (in this restricted sense) even to 
something which is impossible, although it is more appropriately used 
of what is possible and neither asks too much nor contains too little in 
the shape of data. According as a problem has one or other of these 
defects respectively, it is called (1) a problem zz excess (zrXeovátov) or 
(2) a deficient problem (édAurés mpoBAnua). The problem in excess 
(1) is of two kinds, (2) a problem in which the properties of the 
figure to be found are either znconsistent (GavpBara) or non-existent 
(avUTrape«ra), in which case the problem is called impossible, or (^) a 
problem in which the enunciation is merely redundant: an example 
of this would be a problem requiring us to construct an equilateral 
triangle with its vertical angle equal to two-thirds of a right angle; 
such a problem is possible and is called “more than a problem" (uettov 
7 TpóflXgua) The deficient problem (2) is similarly called “less than 
a problem” (é\accov ñ mpóßňnpua), its characteristic being that 
something has to be added to the enunciation in order to convert it 
from indeterminateness (dopiotia) to order (ta&is) and scientific deter- 
Minateness (dpos émtotnpovixos): such would be a problem bidding 
you "to construct an isosceles triangle," for the varieties of isosceles 
triangles are unlimited. Such " problems" are not problems in the 
proper sense («vpíces Xeyóuseva Trpo uara), but only equivocally?. 


$ 5. THE FORMAL DIVISIONS OF A PROPOSITION. 


“Every problem,” says Proclus’, “and every theorem which is 
complete with all its parts perfect purports to contain in itself all of 
the following elements: enunciation (mporaais), setting-out (xOects), 
definition or specification (S:opicpos), construction or machinery 
(xatacxeun), proof (d7rodeEs), conclusion (cuurépacua). Now of 
these the enunciation states what is given and what is that which is 
sought, the perfect enunciation consisting of both these parts. The 
setting-out marks off what is given, by itself, and adapts it before- 
hand for use in the investigation. The definition or specification 
states separately and makes clear what the particular thing is which 
is sought. The construction or machinery adds what is wanting to the 
datum for the purpose of finding what is sought. . The proof draws 
the required inference by reasoning scientifically from acknowledged 
facts. The conclusion reverts again to the enunciation, confirming 
what has been demonstrated. These are all the parts of problems 
and theorems, but the most essential and those which are found in all 
are enunciation, proof, conclusion. For it is equally necessary to know 
beforehand what is sought, to prove this by means of the intermediate 
steps, and to state the proved fact as a conclusion; it is impossible 
to dispense with any of these three things. The remaining parts 
are often brought in, but are often left out as serving no purpose. 


1 Proclus, p. 241, 7— tt. 2? ibid. pp. 221, 13—223, 14. 
3 ibid. pp. 303, 1—204, 13; 204, 13—205, 8. 
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Thus there is neither setting-out nor definition in the problem of 
constructing an isosceles triangle having each of the angles at the 
base double of the remaining angle, and in most theorems there 
is no construction because the setting-out suffices without any addition 
for proving the required property from the data. When then do 
we say that the setting-out is wanting? The answer is, when there 
is nothing given in the enunciation; for, though the enunciation is 
in general divided into what is given and what is sought, this 
is not always the case, but sometimes it states only what is sought, 
ie. what must be known or found, as in the case of the problem 
just mentioned. That problem does not, in fact, state beforehand 
with what datum we are to construct the isosceles triangle having 
each of the equal angles double of the remaining angle, but (simply) 
that we are to find such a triangle.... When, then, the enuncia- 
tion contains both (what is given and what is sought), in that case 
we find both definition and setting-out, but, whenever the datum 
is wanting, they too are wanting. For not only is the setting-out 
concerned with the datum, but so is the definition also, as, in the 
absence of the datum, the definition will be identical with the 
enunciation. In fact, what could you say in defining the object of 
the aforesaid problem except that it is required to find an isosceles 
triangle of the kind referred to? But that is what the enunciation 
stated. If then the enunciation does not include, on the one hand, 
what is given and, on the other, what is sought, there is no setting-out 
in virtue of there being no datum, and the definition is left out in 
order to avoid a mere repetition of the enunciation.” 

The constituent parts of an Euclidean proposition will be readily 
identified by means of the above description. As regards the def- 
nition or specification (Svopicpos) it is to be observed that we have 
here only one of its uses. Here it means a closer definition or descrip- 
tion of the object aimed at, by means of the concrete lines or figures 
set out in the é«@eaus instead of the general terms used in the enun- 
ciation; and its purpose is to rivet the attention better, as Proclus 
indicates in a later passage (rpd7oy twa mpocexeias éoriv aitios 6 
Stopio pós)’. 

The other technical use of the word to signify the limitations to 
which the possible solutions of a problem are subject is also described 
by Proclus, who speaks of ŝopiøpoi determining “whether what is 
sought is impossible or possible, and how far it is practicable and in 
how many ways?” ; and the ĉiopio pos in this sense appears in Euclid 
as well as in Archimedes and Apollonius. Thus we have in Eucl. I. 
22 the enunciation “From three straight lines which are equal to 
three given straight lines to construct a triangle," followed imme- 
diately by the /r/miting condition (Bwpiauós). "Thus two of the 
straight lines taken together in any manner must be greater than the 
remaining one.” Similarly in vi. 28 the enunciation “To a given 
straight line to apply a parallelogram equal to a given rectilineal 


! Proclus, p. 208, 21. 2 sbid. p. 202, 3. 
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figure and falling short by a parallelogrammic figure similar to a 
given one” is at once followed by the necessary condition of possi- 
bility: “Thus the given rectilineal gure must not be greater than 
that described on half the line and similar to the defect.” 

Tannery supposed that, in giving the other description of the 
topia pós as quoted above, Proclus, or rather his guide, was using the 
term incorrectly. The ĉiopiopós in the better known sense of the 
determination of limits or conditions of possibility was, we are told, 
invented by Leon. Pappus uses the word in this sense only. The 
other use of the term might, Tannery thought, be due to a confusion 
occasioned by the use of the same words (8e? 55) in introducing the 
parts of a proposition corresponding to the two meanings of the word 
&topua uos. On the other hand it is to be observed that Eutocius 
distinguishes clearly between the two uses and implies that the differ- 
ence was well known? The dsopicpos in the sense of condition of 
possibility follows immediately on the enunciation, is even part of it; 
the S:opuauos in the other sense of course comes immediately after the 
setting-out. 

Proclus has a useful observation respecting the conclusion of a 
proposition’. “The conclusion they are accustomed to make double 
in a certain way: I mean, by proving it in the given case and then 
drawing a general inference, passing, that is, from the partial con- 
clusion to the general. For, inasmuch as they do not make use of 
the individuality of the subjects taken, but only draw an angle or a 
straight line with a view to placing the datum before our eyes, they 
consider that this same fact which is established in the case of the 
particular figure constitutes a conclusion true of every other figure of 
the same kind. They pass accordingly to the general in order that 
we may not conceive the conclusion to be partial. And they are 
justified in so passing, since they use for the demonstration the par- 
ticular things set out, not gud particulars, but gud typical of the rest. 
For it is not in virtue of such and such a size attaching to the angle 
which is set out that I effect the bisection of it, but in virtue of its 
being rectilineal and nothing more. Such and such size is peculiar to 
the angle set out, but its quality of being rectilineal is common to all 
rectilineal angles. Suppose, for example, that the given angle is a 
right angle. If then I had employed in the proof the fact of its being 
right, I should not have been able to pass to every species of recti- 
lineal angle; but, if [ make no use of its being right, and only consider 
it as rectilineal, the argument will equally apply to rectilineal angles 
in general." 


! La Céométrie grecque, p. 149 note. Where Set 87 introduces the closer description of 
the problem we may translate, ‘it is then required” or ‘‘ thus it is required” (to construct etc.): 
when it introduces the condition of possibility we may translate ‘thus it is necessary etc.” 
Heiberg originally wrote ôe? õè in the latter sense in 1. 22 on the authority of Proclus and 
Eutocius, and against that of the mss. Later, on the occasion of Xt. 23, he observed that he 
should have followed the mss. and written de? 67 which he found to be, after all, the right 
reading in Eutocius (Apollonius, ed. Heiberg, 11. p. 178). 5¢¢ 5 is also the expression used 
by Diophantus for introducing conditions of possibility. 

2 See the passage of Eutocius referred to in last note. 3 Proclus, p. 207, 4—25. 


132 INTRODUCTION (cn. ix. $6 


§ 6. OTHER TECHNICAL TERMS. 


I. Things said to be given. 

Proclus attaches to his description of the formal divisions of a 
proposition an explanation of the different senses in which the word 
given or datum (Sebouévov) is used in geometry. ‘Everything that is 
given is given in one or other of the following ways, in position, in 
ratio, in magnitude, or in species. The point is given in position only, 
but a line and the rest may be given in all the senses!” 

The illustrations which Proclus gives of the four senses in which a 
thing may be given are not altogether happy, and, as regards things 
which are given in position, in magnitude, and in species, it is best, I 
think, to follow the definitions given by Euclid himself in his book of 
Data. Euclid does not mention the fourth class, things given in ratio, 
nor apparently do any of the great geometers. 

(1) Given in position really needs no definition; and, when Euclid 
says (Data, Def. 4) that “ Points, lines and angles are said to be given 
in position which always occupy the same place,” we are not really 
the wiser. 

(2) Given in magnitude is defined thus (Data, Def. 1): " Areas, 
lines and angles are called given in magnitude to which we can find 
equals" Proclus' illustration is in this case the following: when, he 
says, two unequal straight lines are given from the greater of which 
we have to cut off a straight line equal to the lesser, the straight lines 
are obviously given in magnitude, "for greater and less, and finite 
and infinite are predications peculiar to magnitude" But he does not 
explain that part of the implication of the term is that a thing is given 
in magnitude oz/y, and that, for example, its position is not given and 
is a matter of indifference 

(3) Given in species.  Euclid's definition (Data, Def. 3) is: 
* Rectilineal figures are said to be given in species in which the angles 
are severally given and the ratios of the sides to one another are 
given" And this is the recognised use of the term (cf. Pappus, 
passim) Proclus uses the term in a much wider sense for which I am 
not aware of any authority. Thus, he says, when we speak of (bisect- 
ing) a given rectilineal angle, the angle is given in species by the word 
rectilineal, which prevents our attempting, by the same method, to 
bisect a curvilineal angle! On Eucl. 1. 9, to which he here refers, he 
says that an angle is given in species when eg. we say that it is right 
or acute or obtuse or rectilineal or " mixed," but that the actual angle 
in the proposition is given in species only. As a matter of fact, we 
should say that the actual angle in the figure of the proposition is 
given zn magnitude and not im species, part of the implication of given 
in species being that the actual magnitude of the thing given in species 
is indifferent ; an angle cannot be given in species in this sense at all. 
The confusion in Proclus’ mind is shown when, after saying that a 
right angle is given 7» species, he describes a third of a right angle as 
given zn magnitude. 


1 Proclus, p. 205, 13—15. 
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No better example of what is meant by given in species, in its 
proper sense, as limited to rectilineal Agures, can be quoted than the 
given parallelogram in Eucl. vi. 28, to which the required parallelo- 
gram has to be made similar; the former parallelogram is in fact 
given in species, though its actual size, or scale, is indifferent. 

(4) Given in ratio presumably means something which is given 
by means of its ratio to some other given thing. This we gather from 
Proclus’ remark (in his note on I. 9) that an angle may be given in 
ratio “as when we say that it is double and treble of such and such an 
angle or, generally, greater and less" The term, however, appears to 
have no authority and to serve no purpose. Proclus may have 
derived it from such expressions as "in a given ratio" which are 
common enough. 

2. Lemma. 

“The term lemma,” says Proclus’, “is often used of any proposition 
which is assumed for the construction of something else: thus it is a 
common remark that a proof has been made out of such and such 
lemmas. But the special meaning of lemma in geometry is a 
proposition requiring confirmation. For when, in either construction 
or demonstration, we assume anything which has not been proved but 
requires argument, then, because we regard what has been assumed as 
doubtful in itself and therefore worthy of investigation, we call it a 
lemma’, differing as it does from the postulate and the axiom in being 
matter of demonstration, whereas they are immediately taken for 
granted, without demonstration, for the purpose of confirming other 
things. Now in the discovery of lemmas the best aid is a mental 
aptitude for it. For we may see many who are quick at solutions and 
yet do not work by method ; thus Cratistus in our time was able to 
obtain the required result from first principles, and those the fewest 
possible, but it was his natural gift which helped him to the discovery. 


1 Proclus, pp. 211, 1—212, 4 

2 It would appear, says Tannery (p. 151 ».), that Geminus understood a lemma as being 
simply XAauflavóuevor, something assumed (cf. the passage of Proclus, p. 73, 4, relating to 
Menaechmus'’ view of e/ements): hence we cannot consider ourselves authorised in attributing 
to Geminus the more technical definition of the term here given by Proclus, according to 
which it is only used of propositions not proved beforehand. This view of a lemma must 
be considered as relatively modern. It seems to have had its origin in an imperfection of 
method. In the course of a demonstration it was necessary to assume a proposition which 
required pues but the proof of which would, if inserted in the particular place, break the 
thread of the demonstration: hence it was necessary either to prove it beforehand as a 
preliminary proposition or to postpone it to be proved afterwards (os é£5s Sex6faera:). 

hen, after the time of Geminus, the progress of original discovery in geometry was arrested, 
geometers occupied themselves with the study and elucidation of the works of the great 
mathematicians who had preceded them. This involved the investigation of propositions 
explicitly quoted or tacitly assumed in the great classical treatises; and naturally it was found 
that several such remained to be demonstrated, either because the authors had omitted 
them as being easy enough to be left to the reader himself to prove, or because books in 
which they were proved bad been lost in the meantime. Hence arose a class of complementary 
or auxiliary propositions which were called /emmas. Thus Pappus gives in his Book vila 
collection of lemmas in elucidation of the treatises of Euclid and Apollonius included in the 
so-called '' Treasury of Analysis " (róros dvaAvóuevos). When Proclus goes on to distinguish 
three methods of discovering lemmas, analysis, division, and reductio ad absurdum, he seems 
to imply that the principal business of contemporary geometers was the investigation of these 
auxiliary propositions. 
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Nevertheless certain methods have been handed down. The finest is 
the method which by means of analysis carries the thing sought up to 
an acknowledged principle, a method which Plato, as they say, com- 
municated to Leodamas!, and by which the latter, too, is said to have 
discovered many things in geometry. The second is the method of 
division?, which divides into its parts the genus proposed for con- 
sideration and gives a starting-point for the demonstration by means 
of the elimination of the other elements in the construction of what is 
proposed, which method also Plato extolled as being of assistance to 
all sciences. The third is that by means of the reductio ad absurdum, 
which does not show what is sought directly, but refutes its opposite 
and discovers the truth incidentally.” 

3. Case. 

“ The case’ (mtõous),” Proclus proceeds‘, “announces different ways 
of construction and alteration of positions due to the transposition of 
points or lines or planes or solids. And, in general, all its varieties 
are seen in the figure, and this is why it is called case, being a trans- 
position in the construction.” 

4. Porism. 

“The term porism is used also of certain problems such as the 
Porisms written by Euclid. But it is specially used when from what 
has been demonstrated some other theorem is revealed at the same 
time without our propounding it, which theorem has on this very 
account been called a porism (corollary) as being a sort of incidental 
gain arising from the scientific demonstrations" Cf. the note on I. 15. 


! This passage and another from Diogenes Laertiüs (III. 24, p. 74 ed. Cobet) to the effect 
that ‘He (Plato) explained (elemyjoaro) to Leodamas of Thasos the method of inquiry by 
analysis " have been commonly understood as ascribing to Plato the invention of the method 
of analysis; but Tannery points out forcibly (pp. 112, 143) how dificult it is to explain in 
what Plato’s discovery could have consisted if analysis be taken in the sense attributed to it 
in Pappus, where we can see no more than a series of successive, reductions of a problem 
until it is finally reduced to a known problem. On the other hand, Proclus' words about 
carrying up the thing sought to ‘‘an acknowledged principle" suggest that what he had in 
tind was the process described at the end of Book vi of the Republic by which the dialec- 
tician (unlike the mathematician) uses hypotheses as stepping-stunes up to a principle which 
is not hypothetical, and then is able to descend step by step verifying every one of the 
hypotheses by which he ascended. This description does not of course refer to mathematical 
analysis, but it may have given rise to the idea that analysis was Plato's discovery, since 
analysis and synthesis following each other are related in the same way as the upward and 
the downward progression in the dialectician's intellectual method. And it may be that 
Plato's achievement was to observe the importance, from the point of view of logical rigour, 
of the confirmatory synthesis following analysis, and to regularise in this way and elevate 
into a completely irrefragable method the partial and uncertain analysis upon which the 
works of his predecessors depended. 

2 Here again the successive bipartitions of genera into species such as we find in the 
Sophist and Kepublic have very little to say to geometry, and the very fact that they are here 
mentioned side by side with analysis suggests that Proclus confused the latter with the 
philosophical method of Ae. vi. 

3 Tanncry rightly remarks (p. 152) that the subdivision of a theorem or problem into 
several cases is foreign to the really classic form ; the ancients preferred, where necessary, to 
multiply enunciations. As, however, some omissions necessarily occurred, the writers of 
lemmas naturally added separate cases, which in some instances found their way into the text. 
A good example is Euclid 1. 7, the second case of which, as it appears in our text-books, 
was interpolated: On the commentary of Proclus on this proposition Th. Taylor rightly 
remarks that '' Euclid everywhere avoids a multitude of cases.” 

* Proclus, p. 2172, 5—11. 

5 Tannery notes however that, so far from distinguishing his corollaries from the con- 
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5. Objection. 

“The objection (€veracts) obstructs the whole course of the argu- 
ment by appearing as an obstacle (or crying ‘halt, dravtdca) either 
to the construction or to the demonstration. There is this difference 
between the objection and the case, that, whereas he who propounds 
the case has to prove the proposition to be true of it, he who makes 
the objection does not need to prove anything : on the contrary it is 
necessary to destroy the objection and to show that its author is 
saying what is false!" 

That is, in general the objection endeavours to make it appear that 
the demonstration is not true in every case ; and it is then necessary 
to prove, in refutation of the objection, either that the supposed case 
is impossible, or that the demonstration zs true even for that case. A 
good instance is afforded by Eucl. 1.7. The text-books give a second 
case which is not in the original text of Euclid. Proclus remarks on 
the proposition as given by Euclid that the objection may conceivably 
be raised that what Euclid declares to be impossible may after all be 
possible in the event of one pair of stiaight lines falling completely 
within the other pair. Proclus then refutes the objection by proving 
the impossibility in that case also. His proof then came to be given 
in the text-books as part of Euclid’s proposition. 

The objection is one of the technical terms in Aristotle's logic and 
its nature is explained in the Prior Analytics? “An objection is a 
Proposition contrary to a proposition.... Objections are of two sorts, 
general or partial.... For when it is maintained that an attribute 
belongs to every (member of a class), we object either that it belongs 
to none (of the class) or that there is some one (member of the class) 
to which it does not belong.” 

6. Reduction. 

This is again an Aristotelian term, explained in the Prior 
Analytics’. Yt is well described by Proclus in the following passage: 

“ Reduction (amaywy7) is a transition from one problem or theorem 
to another, the solution or proof of which makes that which is pro- 
pounded manifest also. For example, after the doubling of the cube 
had been investigated, they transformed the investigation into another 
upon which it follows, namely the finding of the two means ; and from 
that time forward they inquired how between two given straight lines 
two mean proportionals could be discovered. And tney say that the 
first to effect the reduction of difficult constructions was Hippocrates of 
Chios, who also squared a lune and discovered many other things in 
geometry, being second to none in ingenuity as regards constructions‘,” 


clusions of his Propositions, Euclid inserts them before the closing words ‘‘ (being) what it 
was required to do" or ''to prove." In fact the porism-corollary is with Euclid rather a 
modified form of the regular conclusion than a separate proposition. 

1 Proclus, p. 212, 18—23. 

à Anal. prior. 11. 26, 69 a 37-- ? ibid. 11. 35, 69a 20. 

4 Proclus, pp. 212, 24—213, 11. This passage has frequently been taken as crediting 
Hippocrates with the discovery of the method of geometrical reduction : cf. Taylar (Transla- 
tion of Proclus, rt. p. 26), Allman (p. 417., 59), Gow (pp. 169, 170). As Tannery remarks 
(p. 110), if the particular reduction of the duplication problem to that of the two means is 
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7. Reductio ad absurdum. 

This is variously called by Ar " reductio ad absurdum" (1) eis 
TÓ dbóvarov ámayowyn). " proof per impossibile" (n 81a tov advyatou 
SetEts or amodeckts)?, “proof leading to the impossible” (ù) eis rò 
aðúvatov äyovoa amóðeikıs)”. It is part of “proof (starting) from a 
hypothesis!” (€& úmoðésews) “All (syllogisms) which reach the 
conclusion per impossibile reason out a conclusion which is false, and 
they prove the original contention (by the method starting) from a 
hypothesis, when something impossible results from assuming the 
contradictory of the original contention, as, for example, when it is 
proved that the diagonal (of a square) is incommensurable because, 
if it be assumed commensurable, it will follow that odd (numbers) 
are equal to even (numbers)*" Or again, “proof (leading) to the 
impossible differs from the direct (Seria s) in that it assumes what 
it desires to destroy (namely the hypothesis of the falsity of the 
conclusion] and then reduces it to something admittedly false, whereas 
the direct proof starts from premisses admittedly true®.” 

Proclus has the following description of the reductio ad absurdum. 
“ Proofs by reductio ad absurdum in every case reach a conclusion 
manifestly impossible, a conclusion the contradictory of which is 
admitted. In some cases the conclusions are found to conflict with 
the common notions, or the postulates, or the hypotheses (from which 
we started); in others they contradict propositions previously estab- 
lished?"..." Every reductio ad absurdum assumes what conflicts with 
the desired result, then, using that as a basis, proceeds until it arrives 
at an admitted absurdity, and, by thus destroying the hypothesis, 
establishes the result originally desired. For it is necessary to under- 
stand generally that all mathematical arguments either proceed from 
the first principles or lead back to them, as Porphyry somewhere says. 
And those which proceed from the first principles are again of two 
kinds, for they start either from common notions and the clearness of 
the self-evident alone, or from results previously proved ; while those 
which lead back to the principles are either by way of assuming the 
principles or by way of destroying them. Those which assume the 
principles are called analyses, and the opposite of these are syntheses— 
for it is possible to start from the said principles and to proceed in 
the regular order to the desired conclusion, and this process is syn- 
thesis —while the arguments which would destroy the principles are 


the first noted in history, it is difficult to suppose that it was really the first ; for Hippocrates 
must have found instances of it in the Pythagorean geometry. Bretschneider, I think, comes 
nearer the truth when he boldly (p. gg) translates: “This reduction of the aforesaid con- 
struction is said to have been first given by Hippocrates." The words are mpirov ôl pası 
rév dropoupdvuy Siaypauudrew rivy dmaywyny rojoagdas, which must, literally, be translated 
as in the text above; but, when Proclus speaks vaguely of ‘‘ difficult constructions,” he 
probably means to say simply that “this first recorded instance of a reduction of a difficult 
construction is attributed to Hippocrates.” 

1 Aristotle, Anal. prior. 1.7, 29 b 5; 1. 44, §0 4 30- 

2 ibid. 1. 21, 39 b 32; 1. 29, 45 a 35. 

> Anal. post. 1. 24, 85 a 16 etc. * Anal. prior. 1. 23, qo b 2$. 

^ Anal. prior. 1. 23, 41a 24. 5 ibid. M. 14, 63 b 29. 

? Proclus, p. 254, 22—27. 
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called reductiones ad absurdum. | For it is the function of this method 
to upset something admitted as clear!" 

8. Analysis and Synthesis. 

It will be seen from the note on Eucl. XIII. 1 that the Mss. of the 
Elements contain definitions of Analysis and Synthesis followed by 
alternative proofs of x11. 1—5 after that method. The definitions and 
alternative proofs are interpolated, but they have great historical 
interest because of the possibility that they represent an ancient 
method of dealing with these propositions, anterior to Euclid. The 
propositions give properties of a line cut “in extreme and mean ratio,” 
and they are preliminary to the construction and comparison of the 
five regular solids. Now Pappus, in the section of his Collection dealing 
with the latter subject? says that he will give the comparisons between 
the five figures, the pyramid, cube, octahedron, dodecahedron and 
icosahedron, which have equal surfaces, “ not by means of the so-called 
analytical inquiry, by which some of the ancients worked out the proofs, 
but by the synthetical method®....” The conjecture of Bretschneider 
that the matter interpolated in Eucl. XIII. is a survival of investiga- 
tions due to Eudoxus has at first sight much to commend it’. In the 
first place, we are told by Proclus that Eudoxus "greatly added to 
the number of the theorems which Plato originated regarding the 
section, and employed in them the method of analysis^" It is obvious 
that “the section” was some particular section which by the time of 
Plato had assumed great importance; and the one section of which 
this can safely be said is that which was called the “ golden section,” 
namely, the division of a straight line in extreme and mean ratio 
which appears in Eucl. II. 11 and is therefore most probably Pytha- 
gorean. Secondly, as Cantor points out*, Eudoxus was the founder 
of the theory of proportions in the form in which we find it in Euclid 
V., VI, and it was no doubt through meeting, in the course of his 
investigations, with proportions not expressible by whole numbers 
that he came to realise the necessity for a new theory of proportions 
which should be applicable to incommensurable as well as commen- 
surable magnitudes. The “golden section” would furnish such a case. 
And it is even mentioned by Proclus in this connexion. He is 
explaining’ that it is only in arithmetic that all quantities bear 
"rational" ratios (fyró« Xóyos) to one another, while in geometry there 
are “irrational” ones (dppytos) as well. “Theorems about sections 
like those in Euclid’s second Book are common to both [arithmetic 
and geometry] except that in which the straight line is cut in extreme 
and mean ratio?” 


1 Proclus, p. 255, 8—26. 

2 Pappus, V. p. 410 sqq. 3 ibid. pp. 410, 27—412, 2. 

4 Bretschneider, p. 168. See however Heiberg’s recent suggestion (Paralipomena zu 
Euklid in Hermes, XXXVIII., 1903) that the author was Heron. The suggestion is based 
on a comparison with the remarks on analysis and synthesis quoted from Heron by an-Nairizi 
(ed. Curtze, p. 8g) at the beginning of his commentary on Eucl. Book 11. On the whole, 
this suggestion commends itself to me more than that of Bretschneider. 

® Proclus, p. 67, 6. ë Cantor, Gesch. d. Math. \y, p. 241. 

1 Proclus, p. 60, 7—9. 8 ibid. p. 60, 16—19. 
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The definitions of Analysis and Synthesis interpolated in Eucl. 
XIII. are as follows (I adopt the reading of B and V, the only in- 
telligible one, for the second). 

“Analysis is an assumption of that which is sought as if it were 
admitted < and the passage > through its consequences to something 
admitted (to be) true. 

“ Synthesis is an assumption of that which is admitted < and the 
passage > through its consequences to the finishing or attainment of 
what is sought.” 

The language is by no means clear and has, at the best, to be 
filled out. 

Pappus has a fuller account! : 

“The so-called dvadvopevos (‘ Treasury of Analysis’) is, to put it 
shortly, a special body of doctrine provided for the use of those who, 
after finishing the ordinary Elements, are desirous of acquiring the 
power of solving problems which may be set them involving (the 
construction of) lines, and it is useful for this alone. It is the work 
of three men, Euclid the author of the Elements, Apollonius of Perga, 
and Aristaeus the elder, and proceeds by way of analysis and synthesis. 

“ Analysis then takes that which is sought as if it were admitted 
and passes from it through its successive consequences to something 
which is admitted as the result of synthesis: for in analysis we assume 
that which is sought as if it were (already) done (yeyovos), and we 
inquire what it is from which this results, and again what is the ante- 
cedent cause of the latter, and so on, until by so retracing our steps 
we come upon something already known or belonging to the class of 
first principles, and such a method we call analysis as being solution 
backwards (dvdmadu dvotv). 

“ But in synthesis, reversing the process, we take as already done 
that which was last arrived at in the analysis and, by arranging in 
their natural order as consequences what were before antecedents, 
and successively connecting them one with another, we arrive finally 
at the construction of what was sought ; and this we call synthesis. 

* Now analysis is of two kinds, the one directed to searching for 
the truth and called ¢heoretical, the other directed to finding what we 
are told to find and called problematical. (1) In the theoretical kind 
we assume what is sought as if it were existent and true, after which 
we pass through its successive consequences, as if they too were true 
and established by virtue of our hypothesis, to something admitted: 
then (a), if that something admitted is true, that which is sought will 
also be true and the proof will correspond in the reverse order to the 
analysis, but (4), if we come upon something admittedly false, that 
which is sought will also be false. (2) In the problematical kind we 
assume that which is propounded as if it were known, after which we 
pass through its successive consequences, taking them as true, up to 
something admitted: if then (a) what is admitted is possible and 
obtainable, that is, what mathematicians call gzvez, what was originally 
proposed will also be possible, and the proof will again correspond in 

3 Pappus, VIL. pp. 634—6. 
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reverse order to the analysis, but if (6) we come upon something 
admittedly impossible, the problem will also be impossible." 

The ancient Analysis has been made the subject of careful studies 
by several writers during the last half-century, the most complete 
being those of Hankel, Duhamel and Zeuthen ; others by Ofterdinger 
and Cantor should also be mentioned). 

The method is as follows. It is required, let us say, to prove that 
a certain proposition A is true. We assume as a hypothesis that A 
is true and, starting from this we find that, if A is true, a certain 
other proposition B is true; if B is true, then C; and so on until 
we arrive at a proposition K which is admittedly true. The object 
of the method is to enable us to infer, in the reverse order, that, since 
K is true, the proposition A originally assumed is true. Now 
Aristotle had already made it clear that false hypotheses mizht lead 
to a conclusion which is true. There is therefore a possibility of error 
unless a certain precaution is taken. While, for example, B may be a 
necessary consequence of A, it may happen that A is not a necessary 
consequence of B. Thus, in order that the reverse inference from the 
truth of K that A is true may be logically justified, it is necessary 
that each step in the chain of inferences should be unconditionally 
convertible. As a matter of fact, a very large number of theorems in 
elementary geometry are unconditionally convertible, so that in practice 
the difficulty in securing that the successive steps shall be convertible 
is not so great as might be supposed. But care is always necessary. 
For example, as Hankel says’, a proposition may not be uncon- 
ditionally convertible in the form in which it is generally quoted. 
Thus the proposition “ The vertices of all triangles having a common 
base and constant vertical angle lie on a circle” cannot be converted 
into the proposition that “All triangles with common base and vertices 
lying on a circle have a constant vertical angle”; for this is only true 
if the further conditions are satisfied (1) that the circle passes through 
the extremities of the common base and (2) that only that part of the 
circle is taken as the locus of the vertices which lics on one side of the 
base. If these conditions are added, the proposition is unconditionally 
convertible. Or again, as Zeuthen remarks’, K may be obtained by 
a series of inferences in which A or some other proposition in the 
series is only apparently used ; this would be the case e.g. when the 
method of modern algebra is being employed and the expressions on 
each side of the sign of equality have been inadvertently multiplied 
by some composite magnitude which is in reality equal to zero. 

Although the above extract from Pappus does not make it clear 
that each step in the chain of argument must be convertible in the 
case taken, he almost implies this in the second part of the definition 
»f Analysis where, instead of speaking of the consequences B, C... 


1 Hankel, Zur Geschichte der Mathematik in Alterthum und Mittelalter, 1874, pp. 137—150; 
Duhamel, Des'‘méthodes dans les sciences de raisonnement, Part 1., 3 ed., Paris, 1885, pp. 39—68; 
Zeuthen, Geschichte der Mathematik im Altertum und Mittelalter, 1896, pp. 91—104; 
Ofterdinger, Beiträge zur Geschichte der griechischen Mathematik, Ulm, 1860; Cantor, 
Geschichte der Mathematik, 13, pp. 220—2. 

2 Hankel, p. 139. ? Zeuthen, p. 193. 
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successively following from A, he suddenly changes the expression 
and says that we inquire what it zs (B) from which A follows (A being 
thus the consequence of B, instead of the reverse), and then what 
(viz. C) is the antecedent cause of B; and in practice the Greeks 
secured what was wanted by always insisting on the analysis being 
confirmed by subsequent synthesis, that is, they laboriously worked 
backwards the whole way from K to A, reversing the order of the 
analysis, which process would undoubtedly bring to light any faw 
which had crept into the argument through the accidental neglect of 
the necessary precautions. 

Reductio ad absurdum a variety of analysis. 

In the process of analysis starting from the hypothesis that a 
proposition A is true and passing through B, C... as successive con- 
sequences we may arrive at a proposition K which, instead of being 
admittedly true, is either admittedly false or the contradictory of the 
original hypothesis A or of some one or more of the propositions B, C... 
intermediate between A and K. Now correct inference from a true 
proposition cannot lead to a false proposition ; and in this case there- 
fore we may at once conclude, without any inquiry whether the 
various steps in the argument are convertible or not, that the hypo- 
thesis A is false, for, if it were true, all the consequences correctly 
inferred from it would be true and no incompatibility could arise. 
This method of proving that a given hypothesis is false furnishes an 
indirect method of proving that a given hypothesis A is true, since we 
have only to take the contradictory of A and to prove that it is false. 
This is the method of reductio ad absurdum, which is therefore a variety 
of analysis. The contradictory of A, or not-A, will generally include 
more than one case and, in order to prove its falsity, each of the cases 
must be separately disposed of: e.g., if it is desired to prove that a 
certain part of a figure is egual to some other part, we take separately 
the hypotheses (1) that it is greater, (2) that it is /ess, and prove 
that each of these hypotheses leads to a conclusion either admittedly 
false or contradictory to the hypothesis itself or to some one of its 
consequences. 

Analysis as applied to problems. 

It is in relation to problems that the ancient analysis has the 
greatest significance, because it was the one general method which 
the Greeks used for solving all “the more abstruse problems” (ra 
daagéatepa tav TpoBdnpadtwv)'. 

We have, let us suppose, to construct a figure satisfying a certain 
set of conditions If we are to proceed at all methodically and not 
by mere guesswork, it is first necessary to “analyse” those conditions. 
To enable this to be done we must get them clearly in our minds, 
which is only possible by assuming all the conditions to be actually 
fulfilled, in other words, by supposing the problem solved. Then we 
have to transform those conditions, by all the means which practice in 
such cases has taught us to employ, into other conditions which are 
necessarily fulfilled if the original conditions are, and to continue this 

! Proclus, p. 242, 16, 17. 
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transformation until we at length arrive at conditions which we 
are in a position to satisfy. In other words, we must arrive at 
some relation which enables us to construct a particular part of 
the figure which, it is true, has been hypothetically assumed and 
even drawn, but which nevertheless really requires to be found in 
order that the problem may be solved. From that moment the 
particular part of the figure becomes one of the data, and a fresh 
relation has to be found which enables a fresh part of the figure 
to be determined by means of the original data and the new one 
together. When this is done, the second new part of the figure also 
belongs to the data; and we proceed in this way until all the parts 
of the required figure are found’, The first part of the analysis 
down to the point of discovery of a relation which enables 
us to say that a certain new part of the figure not belonging 
to the original data is given, Hankel calls the transformation; the 
second part, in which it is proved that all the remaining parts of 
the figure are "given," he calls the resolution. Then follows the 
synthesis, which also consists of two parts, (1) the construction, in 
the order in which it has to be actually carried out, and in general 
following the course of the second part of the analysis, the resolution ; 
(2) the demonstration that the figure obtained does satisfy all the given 
conditions, which follows the steps of the first part of the analysis, 
the ¢ransformation, but in the reverse order. The second part of 
the analysis, the resolution, would be much facilitated and shortened 
by the existence of a systematic collection of Da/a such as Euclid's 
book bearing that title, consisting of propositions proving that, if 
in a figure certain parts or relations are given, other parts or relations 
are also given. As regards the first part of the analysis, the trans- 
formation, the usual rule applies that every step in the chain must 
be unconditionally convertible; and any failure to observe this 
condition will be brought to light by the subsequent synthesis. 
The second part, the resolution, can be directly turned into the 
construction since that only is given which can be constructed by 
the means provided in the Elements. 

It would be difficult to find a better illustration of the above than 
the example chosen by Hankel from Pappus*. 

Given a circle ABC and two points D, E. external to it, to draw 
straight lines DB, EB from D, E to a point B on the circle such that, 
if DB, EB produced meet the circle again in C, A, AC shall be parallel 
to DE. 

Analysis. 

Suppose the problem solved and the tangent at A drawn, meeting 
ED produced in F. 

(Part I. Transformation.) 

Then, since AC is parallel to D&, the angle at C is equal to the 
angle CDE. 

But, since FA is a tangent, the angle at C is equal to the angle FALE. 

Therefore the angle FAE is equal to the angle CDE, whence A, 
B, D, F are concyclic. 


ì Zeuthen, p. 93- 2 Hankel, p. r41. 3 Pappus, vii. pp. 830—2. 
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RUPES the rectangle AE, EB is equal to the rectangle FE, 
ED. 

(Part II. Resolution.) 

But the rectangle A£, EB is given, 
because it is equal to the square on the 
tangent from £. 

Therefore the rectangle FZ, ED is 
given ; 
and, since ED is given, FE is given (in 
length). [ Data, 57.] 

But FE is given in position also, so £ B x 
that F is also given. [Data, 27.) 

Now FA is the tangent from a given point F to a circle ABC 
given in position ; 
therefore FA is given in position and magnitude. [Data, 90.] 

And F is given ; therefore A is given. 

But £ is also given; therefore the straight line AZ is given in 


position. [ Data, 26.] 
And the circle ABC is given in position ; 
therefore the point B is also given. [Data, 25.] 


But the points D, Æ are also given ; 
therefore the straight lines DB, BE are also given in position. 

Synthesis. 

(Part I. Construction.) 

Suppose the circle ABC and the points D, E given. 

Take a rectangle contained by £D and by a certain straight 
line EF equal to the square on the tangent to the circle from £. 

From £ draw FA touching the circle in A ; join ABE and then 
DB, producing DP to meet the circle at C. Join AC. 

l say then that ÆC is parallel to DE. 

(Part 1I. Demonstration.) 

Since, by hypothesis, the rectangle FE, ED is equal to the square 
on the tangent from Æ, which again is equal to the rectangle AE, EB, 
the rectangle AZ, EB is equal to the rectangle FE, ED. 

Therefore A, B, D, F are concyclic, 
whence the angle FAE is equal to the angle BDE. 

But the angle FAE is equal to the angle ACB in the alternate 
segment ; 
therefore the angle A CB is equal to the angle BDE. 

Therefore AC is parallel to DE 

In cases where a Scopicpds is necessary, ie. where a solution is 
only possible under certain conditions, the analysis will enable those 
conditions to be ascertained. Sometimes the Svopsopes is stated and 
proved at the end of the analysis, e.g. in Archimedes, On the Sphere 
and Cylinder, Y. 7 ; sometimes it is stated in that place and the proof 
postponed till after the end of the synthesis, eg. in the solution of 
the problem subsidiary to On the Sphere and Cylinder, \\. 4, preserved 
in Eutocius’ commentary on that proposition. The analysis should 
also enable us to determine the number of solutions of which the 
problem is susceptible. 
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$7. THE DEFINITIONS. 


General. “Real” and “ Nominal” Definitions. 

It is necessary, says Aristotle, whenever any one treats of any 
whole subject, to divide the genus into its primary constituents, those 
which are indivisible in species respectively: e.g. number must be 
divided into triad and dyad; then an attempt must be made in this 
way to obtain definitions, e.g. of a straight line, of a circle, and of 
a right angle’. 

The word for definition is ópos. The original meaning of this 
word seems to have been “boundary,” “landmark.” Then we have 
it in Plato and Aristotle in the sense of standard or determining 
principle (“id quo alicuius rei natura constituitur vel definitur,” 
Index Aristotelicus)?; and closely connected with this is the sense of 
definition. Aristotle uses both $pos and dpiopos for definition, the 
former occurring more frequently in the Topics, the latter in the 
Metaphysics. 

Let us now first be clear as to what a definition does mot do. 
There is nothing in connexion with definitions which Aristotle takes 
more pains to emphasise than that a definition asserts nothing as to 
the existence or non-existence of the thing defined. It is an answer 
to the question what a thing is (T écr:), and does not say zhat it 
is (87 éore). The existence of the various things defined has to be 
proved, except in the case of a few primary things in each science, 
the existence of which is indemonstrable and must be assumed among 
the first principles of each science; e.g. points and lines in geometry 
must be assumed to exist, but the existence of everything else must 
be proved. This is stated clearly in the long passage quoted above 
under First Principles’. It is reasserted in such passages as the 
following. “The (answer to the question) what ts a man and the 
fact that a man exists are different things.” “It is clear that, even 
according to the view of definitions now current, those who define 
things do not prove that they exist.” “We say that it is by 
demonstration that we must show that everything exists, except 
essence (e& u) oùgia ein). But the existence of a thing is never 
essence; for the existent is not a genus. Therefore there must be 
demonstration that a thing exists. Thus, what is meant by triangle 
the geometer assumes, bat that it exists he has to prove’.” “Anterior 
knowledge of two sorts is necessary : for it is necessary to presuppose, 
with regard to some things, that they exist; in other cases it is 
necessary to understand what the thing described is, and in other 
cases it is necessary to do both. Thus, with the fact that one of two 
contradictories must be true, we must know that it exists (is true); 


1 Anal. post. 11. 13, 96 b 15. 

? Cf. De anima, 1. 2, 404 a 9, where “ breathing” is spoken of as the Spos of “ life,” and 
the many passages in the Politics where the word is used to denote that which gives its 
special character to the several forms of government (virtue being the ðpos of aristocracy, 
wealth of oligarchy, liberty of democracy, 1294 a 19) ; Plato, Republic, viii. 551 C. 

> Anal. post. 1. 10, 76 a 31 sqq. ibid. 11. 7, 92 b 10. 

5 ibid. 91 b 19. * ibid. 93 b ra sqq. 
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of the triangle we must know that it means such and such a thing ; of 
the unit we must know both what it means and that it exists” What 
is here so much insisted on is the very fact which Mill pointed out 
in his discussion of earlier views of Definitions, where he says that 
the so-called veal definitions or definitions of things do not constitute 
a different kind of definition from nominal definitions, or definitions 
of names , the former is simply the latter #/us something else, namely 
a covert assertion that the thing defined exists. “This covert assertion 
is not a definition but a postulate. The definition is a mere identical 
proposition which gives information only about the use of language, 
and from which no conclusion affecting matters of fact can possibly 
be drawn. The accompanying postulate, on the other hand, affirms 
a fact which may lead to consequences of every degree of importance. 
It affirms the actual or possible existence of Things possessing the 
combination of attributes set forth in the definition: and this, if true, 
may be foundation sufficient on which to build a whole fabric of 
scientific truth*." This statement really adds nothing to Aristotle's 
doctrine*: it has even the slight disadvantage, due to the use of 
the word “postulate” to describe “the covert assertion” in all cases, 
of not definitely pointing out that there are cases where existence 
has to be proved as distinct from those where it must be assumed. 
It is true that the existence of a definiend may have to be taken 
for granted provisionally until the time comes for proving it; but, 
so far as regards any case where existence must be proved sooner 
or later, the provisional assumption would be for Aristotle, not a 
postulate, but a hypothesis. In modern times, too, Mill's account of 
the true distinction between veal and nominal definitions had been 
fully anticipated by Saccheri‘, the editor of Euclides ab omni naevo 
vindicatus (1733), famous in the history of non-Euclidean geometry. 
In his Logica Demonstrativa (to which he also refers in his Euclid) 
Saccheri lays down the clear distinction between what he calls de- 
finitiones quid nominis or nominales, and definitiones quid rei or reales, 
namely that the former are only intended to explain the meaning 


2 Anal. posl. 1. 1, 7t a 11 sqq. 2 Mill's System of Logic, Bk. I. ch. viii. 

3 It is true that it was in opposition to ‘the ideas of most of the Aristotelian logictans” 
(rather than of Aristotle himself) that Mill laid such stress on his point of view. Cf. his 
observation: ‘‘ We have already made, and shall often have to repeat, the remark, that the 
philosophers who overthrew Realism by no means got rid of the consequences of Realism, 
but retained long afterwards, in their own philosophy, numerous propositions which could 
only have a rational meaning as part of a Realistic system. It had been handed down from 
Aristotle, and probably from earlier times, as an obvious truth, that the science of geometry 
is deduced from definitions. This, so long as a definition was considered to be a proposition 
‘unfolding the nature of the thing,’ did well enough. But Hobbes followed and rejected 
utterly the notion that a definition declares the nature of the thing, or does anything but 
state the meaning of a name; yet he continued to affirm as broadly as any of his predecessors 
that the ápxal, principia, or original premisses of mathematics, and even of all science, are 
definitions ; producing the singular paradox that systems of scientific truth, nay, all truths 
whatever at which we arrive by reasoning, are deduced from the arbitrary conventions of 
mankind concerning the signification of words.” Aristotle was guilty of no such paradox ; 
on the contrary, he exposed it as plainly as did Mill. 

* This has been fully brought out in two papers by G. Vailati, La /eoria Aristotelica della 
definizione (Rivista di Filosofia e scienze affini, 1903), and Di un’ opera dimenticata del 
P. Gerolamo Saccheri (** Logica Demonstrativa," 1697) (in Rivista Filosofica, 1903). 
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that is to be attached to a given term, whereas the latter, besides 
declaring the meaning of a word, affirm at the same time the existence 
of the thing defined or, in geometry, the possibility of constructing it. 
The definitio quid nominis becomes a definitio quid rei “by means of a 
postulate, or when we come to the question whether the thing exists and 
it is answered affirmatively!.” Definitiones quid nominis are in them- 
selves quite arbitrary, and neither require nor are capable of proof; 
they are merely provisional and are only intended to be turned as 
quickly as possible into definitiones quid rei, either (1) by means of 
a postulate in which it is asserted or conceded that what is defined 
exists or can be constructed, e.g. in the case of straight lines and 
circles, to which Euclid’s first three postulates refer, or (2) by 
means of a demonstration reducing the construction of the figure 
defined to the successive carrying-out of a certain number of those 
elementary constructions, the possibility of which is postulated. Thus 
definitiones quid rei are in general obtained as the result of a series of 
demonstrations. Saccheri gives as an instance the construction of a 
square in Euclid 1. 46. Suppose that it is objected that Euclid had 
no right to define a square, as he does at the beginning of the Book, 
when it was not certain that such a figure exists in nature; the 
objection, he says, could only have force if, before proving and making 
the construction, Euclid had assumed the aforesaid figure as given. 
That Euclid is not guilty of this error is clear from the fact that 
he never presupposes the existence of the square as defined until 
after I. 46. I 

Confusion between the nominal and the veal definition as thus de- 
scribed, ie. the use of the former in demonstration before it has been 
turned into the latter by the necessary proof that the thing defined 
exists, is according to Saccheri one of the most fruitful sources of 
illusory demonstration, and the danger is greater in proportion to 
the “complexity” of the definition, i.e. the number and variety of 
the attributes belonging to the thing defined. For the greater is the 
possibility that there may be among the attributes some that are 
incompatible, i.e. the simultaneous presence of which in a given figure 
can be proved, by means of other postulates etc. forming part of the 
basis of the science, to be impossible. 

The same thought is expressed by Leibniz also. "If," he says, 
“we give any definition, and it is not clear from it that the idea, which 
we ascribe to the thing, is possible, we cannot rely upon the demon- 
strations which we have derived from that definition, because, if that 
idea by chance involves a contradiction, it is possible that even con- 
tradictories may be true of it at one and the same time, and thus our 
demonstrations will be useless. Whence it is clear that definitions 
are not arbitrary. And this is a secret which is hardly sufficiently 
known?” Leibniz’ favourite illustration was the “regular polyhedron 
with ten faces,” the impossibility of which is not obvious at first sight. 

1 “Definitio guid nominis nata est evadere definitio quid rei per postulatum vel dum 


venitur ad quaestionem an cst et respondetur affirmative. ' : 
2 Opuscules et fragments inddits de Leibniz, Paris, Alcan, 1993, p. 431. Quoted by Vailati. 
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It need hardly be added that, speaking generally, Euclid's defini- 
tions, and his use of them, agree with the doctrine of Aristotle 
that the definitions themselves say nothing as to the existence of the 
things defined, but that the existence of each of them must be 
proved or (in the case of the “principles ”) assumed. In geometry, 
says Aristotle, the existence of points and lines only must be as- 
sumed, the existence of the rest being proved. Accordingly Euclid’s 
first three postulates declare the possibility of constructing straight 
lines and circles (the only "lines" except straight lines used in the 
Elements). Other things are defined and afterwards constructed and 
proved to exist: e.g. in Book L, Def. 20, it is explained what is meant 
by an equilateral triangle; then (I. 1) it is proposed to construct it, 
and, when constructed, it is proved to agree with the definition. 
When a square is defined (1. Def. 22), the question whether such a 
thing really exists is left open until, in I. 46, it is proposed to construct 
it and, when constructed, it is proved to satisfy the definition. 
Similarly with the right angle (1. Def. 10, and I. 11) and parallels 
(1. Def. 23, and I. 27—29). The greatest care is taken to exclude 
mere presumption and imagination. The transition from the sub- 
jective definition of names to the objective definition of things is 
made, in geometry, by means of constructions (the first principles of 
which are postulated), as in other sciences it is made by means of 
experience’. 

Aristotle's requirements in a definition. 

We now come to the positive characteristics by which, according 
to Aristotle, scientific definitions must be marked. 

First, the different attributes in a definition, when taken separately, 
cover more than the notion defined, but the combination of them 
does not. Aristotle illustrates this by the “triad,” into which enter 
the several notions of number, odd and prime, and the last “in both 
its two senses (a) of not being measured by any (other) number (as 
un uerpeiaÜa, dpiÓuo) and (b) of not being obtainable by adding 
numbers together” (ós u) avyxeta ac é£ apiÜuóv), a unit not being a 
number. Of these attributes some are present in all other odd 
numbers as well, while the last [primeness in the second sense] 
belongs also to the dyad, but in nothing but the triad are they all 
present*" The fact can be equally well illustrated from geometry. 
Thus, eg. into the definition of a square (Eucl. 1., Def. 22) there enter 
the several notions of figure, four-sided, equilateral, and right-angled, 
each of which covers more than the notion into which all enter as 
attributes‘. 

Secondly, a definition must be expressed in terms of things which 
are prior to, and better known than, the things defined* This is 


1 Trendelenburg, Elementa Logices Aristoteleac, § 50. 

2 Trendelenburg, Erläuterungen zu den Elementen der aristotelischen Logik, 3 ed. p. 107. 
On construction as proof of existence in ancient geometry cf. H. G. Zeuthen, Die geometrische 
—— als “ Existentbeweis" in der antiken Geometrie (in Mathematische Annalen, 

. Band). 
Sg Anal. post. 11. 13, 96 a 33—b 1r. 
4 Trendelenburg, Erläuterungen, p. 108. ^ Topics VI. 4, t41 a 26 sqq. 
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clear, since the object of a definition is to give us knowledge of the 
thing defined, and it is by means of things prior and better known 
that we acquire fresh knowledge, as in the course of dernonstrations. 
But the terms “ prior” and “better known” are, as usual susceptible 
of two meanings; they may mean (1) absolutely or logically prior and 
better known, or (2) better known relatively to us. In the absolute 
sense, or from the standpoint of reason, a point is better known than 
a line, a line than a plane, and a plane than a solid, as also a unit is 
better known than number (for the unit is prior to, and the first 
principle of, any number). Similarly, in the absolute sense, a letter is 
prior to a syllable. But the case is sometimes different relatively to 
us; for example, a solid is more easily realised by the senses than a 
plane, a plane than a line, and a line than a point. Hence, while it is 
more scientific to begin with the absolutely prior, it may, perhaps, be 
permissible, in case the learner is not capable of following the scientific 
order, to explain things by means of what is more intelligible Zo Aim. 
“Among the definitions framed on this principle are those of the 
point, the line and the plane; all these explain what is prior by 
means of what is posterior, for the point is described as the extremity 
of a line, the line of a plane, the plane of a solid.” But, if it is asserted 
that such definitions by means of things which are more intelligible 
relatively only to a particular individual are really definitions, it will 
follow that there may be many definitions of the same thing, one for 
each individual for whom a thing is being defined, and even different 
definitions for one and the same individual at different times, since at 
first sensible objects are more intelligible, while to a better trained 
mind they become less so. It follows therefore that a thing should 
be defined by means of the absolutely prior and not the relatively 
prior, in order that there may be one sole and immutable definition. 
This is further enforced by reference to the requirement that a good 
definition must state the genus and the differentiae, for these are 
among the things which are, in the absolute sense, better known than, 
and prior to, the species (ràüv amas yrwopimwTépwv Kal mpotépav ToU 
eldous éavív). For to destroy the genus and the differentia is to 
destroy the species, so that the former are prior to the species; they 
are also better known, for, when the species is known, the genus and 
the differentia must necessarily be known also, eg. he who knows 
“man” must also know “animal” and “land-animal,” but it does not 
follow, when the genus and differentia are known, that the species is 
known too, and hence the species is less known than they are’. It 
may be frankly admitted that the scientific definition will require 
superior mental powers for its apprehension; and the extent of its 
use must be a matter of discretion. So far Aristotle; and we have 
here the best possible explanation why Euclid supplemented his 
definition of a point by the statement in I. Def. 3 that the extremities of 
a line are points and his definition of a surface by I. Def. 6 to the effect 
that the extremities of a surface are lines. The supplementary expla- 


1 Topics VI. 4, 141 b 25—34. 
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nations do in fact enable us to arrive at a better understanding of the 
formal definitions of a point and a line respectively, as is well ex- 
plained by Simson in his note on Def. 1. Simson says, namely, that 
we must consider a solid, that is, a magnitude which has length, 
breadth and thickness, in order to understand aright the definitions of 
a point, a line and a surface. Consider, for instance, the boundaty 
common to two solids which are contiguous or the boundary which 
divides one solid into two contiguous parts; this boundary is a surface. 
We can prove that it has no thickness by taking away either solid, 
when it remains the boundary of the other; for, if it had thickness, the 
thickness must either be a part of one solid or of the other, in which 
case to take away one or other solid would take away the thickness 
and therefore the boundary itself: which is impossible. Therefore 
the boundary or the surface has no thickness. In exactly the same 
way, regarding a line as the boundary of two contiguous surfaces, we 
prove that the line has no breadth; and, lastly, regarding a point as 
the common boundary or extremity of two lines, we prove that a 
point has no length, breadth or thickness. 

Aristotle on unscientific definitions. 

Aristotle distinguishes three kinds of definition which are un- 
scientific because founded on what is zo prior (u) é« mporépev). The 
first is a definition of a thing by means of its opposite, e.g. of " good " 
by means of “bad”; this is wrong because opposites are naturally 
evolved together, and the knowledge of opposites is not uncommonly 
regarded as one and the same, so that one of the two opposites 
cannot be better known than the other. It is true that, in some 
cases of opposites, it would appear that no other sort of definition is 
possible: e.g. it would seem impossible to define double apart from the 
half and, generally, this would be the case with things which in their 
very nature (xa8' avrd) are relative terms (mpós t Xéyerai), since one 
cannot be known without the other, so that in the notion of either the 
other must be comprised as well! The second kind of definition 
which is based on what is not prior is that in which there is a 
complete circle through the unconscious use in the definition itself of 
the notion to be defined though not of the name? Trendelenburg 
illustrates this by two current definitions, (1) that of magnitude as 
that which can be increased or diminished, which is bad because the 
positive and negative comparatives “more” and “less” presuppose 
the notion of the positive “great,” (2) the famous Euclidean definition 
of a straight line as that which “ lies evenly with the points on itself ” 
(€€ toou trois fp’ éavrf)s onpeiois xeîrar), where “lies evenly ” can only 
be understood with the aid of the very notion of a straight line which is 
to be defined’, The Ard kind of vicious definition from that which 
is not prior is the definition of one of two coordinate species by means 
of its coordinate (avTidenpnyuevov), e.g. a definition of “odd” as that 
which exceeds the even by a unit (the second alternative in Eucl. vit. 
Def. 7); for “odd” and “even” are coordinates, being differentiae of 

1 Topics VI. 4, 142 a 22—31. 2 ibid. 142 a 34—b 6. 
3 Trendelenburg, Erläuterungen, p. 115. 
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number! This third kind is similar to the first. Thus, says Tren- 
delenburg, it would be wrong to define a square as "a rectangle 
with equal sides." 

Aristotle's third requirement. 

A third general observation of Aristotle which is specially relevant 
to geometrical definitions is that “to know what a thing is (ri éorev) is 
the same as knowing wAy it is (&à Tí éarww)*" “ What is an eclipse? 
A deprivation of light from the moon through the interposition of the 
earth. Why does an eclipse take place? Or why is the moon 
eclipsed? Because the light fails through the earth obstructing it. 
What is harmony? A ratio of numbers in high or low pitch. Why 
does the high-pitched harmonise with the low-pitched? Because 
the high and the low have a numerical ratio to one another*" “We 
seek the cause (ro 567+) when we are already in possession of the 
fact (ro 67+). Sometimes they both become evident at the same time, 
but at all events the cause cannot possibly be known [as a cause] 
before the fact is known*" “It is impossible to know what a thing is 
if we do not know //a/ it is"" Trendelenburg paraphrases: “The 
definition of the notion does not fulfil its purpose until it is made 
genetic. It is the producing cause which first reveals the essence of 
the thing... . The nominal definitions of geometry have only a 
provisional significance and are superseded as soon as they are made 
genetic by means of construction" Eg. the genetic definition of a 
parallelogram is evolved from Eucl. I. 31 (giving the construction for 
parallels) and 1, 33 about the lines joining corresponding ends of two 
straight lines parallel and equal in length. Where existence is proved 
by construction, the cause and the fact appear /ogetAer *. 

Again, “it is not enough that the defining statement should set 
forth the fact, as most definitions do; it should also contain and 
present the cause ; whereas in practice what is stated in the definition 
is usually no more than a conclusion (cvzmépacya). For example, 
what is quadrature? The construction of an equilateral right-angled 
figure equal to an oblong. But such a definition expresses merely the 
conclusion. Whereas, if you say that quadrature is the discovery of a 
mean proportional, then you state the reason’.” This is better under- 
stood if we compare the statement elsewhere that “the cause is the 
middle term, and this is what is sought in all cases*," and the illustra- 
tion of this by the case of the proposition that the angle in a semi- 
circle is a right angle. Here the middle term which it is sought to 
establish by means of the figure is that the angle in the semi-circle is 
equal to the half of two right angles. We have then the syllogism : 
Whatever is half of two right angles is a right angle; the angle in a 
semi-circle is the half of two right angles; therefore (conclusion) the 
angle in a semi-circle is a right angle’. As with the demonstration, so 


1 Topics Vi. 4, 142 b 7—10. 4 Anal. post. 11. 4, 90 a 31. 

3 Anal. post. 11. 2, 90 à 15—21. * ibid. 11. 8, 93 a 17. 

® ibid. 93 a 20. è Trendelenburg, Erläuterungen, p. 110. 
7 De anima 11. 2, 413 a 13—20. 9 Anal. post. 11. 2, go a 6, 


* ibid. 11. 11, 94 a 28. 
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it should be with the definition. A definition which is to show the 
genesis of the thing defined should contain the middle term or cause; 
otherwise it is a mere statement of a conclusion. Consider, for 
instance, the definition of “quadrature” as “ making a square equal in 
area to a rectangle with unequal sides.” This gives no hint as to 
whether a solution of the problem is possible or how it is solved: but, 
if you add that to find the mean proportional between two given 
straight lines gives another straight line such that the square on it is 
equal to the rectangle contained by the first two straight lines, you 
supply the necessary middle term or cause’. 

Technical terms not defined by Euclid. 

It will be observed that what is here defined, “ quadrature” or 
“ squaring ” (rerpayoviauós), is not a geometrical figure, or an attribute 
of such a figure or a part of a figure, but a technical term used to 
describe a certain problem. Euclid does not define such things; but 
the fact that Aristotle alludes to this particular definition as well as to 
definitions of deflection (xexdacGat) and of verging (velew) seems to 
show that earlier text-books included among definitions explanations 
of a number of technical terms, and that Euclid deliberately omitted 
these explanations from his Elements as surplusage. Later the 
tendency was again in the opposite direction, as we see from the much 
expanded Definitions of Heron, which, for example, actually include 
a definition of a deflected [ine (kexkaeuév pap). Euclid uses the 
passive of xXàv occasionally?*, but evidently considered it unnecessary 
to explain such terms, which had come to bear a recognised meaning. 

The mention too by Aristotle of a definition of verging (vevew) 
suggests that the problems indicated by this term were not excluded 
from elementary text-books before Euclid. The type of problem 
(vedovs) was that of placing a straight line across two lines, eg. two 
straight lines, or a straight line and a circle, so that it shall verge to a 
given point (i.e. pass through it if produced) and at the same time the 
intercept on it made by the two given lines shall be of given length. 


! Other passages in Aristotle may be quoted to the like effect : e.g: Anal. post. 1. 2, 
71 b 9 '' We consider that we know a particular thing in the absolute sense, as distinct 
from the sophistical and incidental sense, when we consider that we know the cause on 
account of which the thing is, in the sense of knowing that it is the cause of that thing and 
that it cannot be otherwise,” jbid. 1. 13, 79 a 2 ‘For here to know the fact is the function of 
those who are concerned with sensible things, to know the cause is the function of the mathe- 
matician ; it is he who possesses the proofs of the causes, and often he does not know the 
fact.” In view of such passages it is difficult to see how Proclus came to write (p- 202, 11) 
that Aristotle was the originator ('Apieroréovs xardptavros) of the idea of Amphinomus and 
others that geometry does not investigate the cause and the why (76 8d rl). To this Geminus 
replied that the investigation of the cause does, on the contrary, appear in geometry. '* For 
how can it be maintained that it is not the business of the geometer to inquire for what reason, 
on the one hand, an infinite number of equilateral polygons are — in a circle, but, on 
the other hand, it is not possible to inscribe in a sphere an infinite number of polyhedral 
figures, equilateral, equiangular, and made up of slmilar plane figures? Whose business is it 
to ask this question and Gnd the answer to it if it is not that of the geometer? Now when 
geometers reason fer impossibile they are content to discover the property, but when they 
argue by direct proof, if such proof be only partial (él uépovs), this does not suffice for 
showing the cause ; if however it is general aad applies to all like cases, the why (rà &ià r1) 
is at once and concurrently made evident." 

? Heron, Def. 12 (vol: 1v. Heib. pp. 22-24). 3 eg. in n1. 20 and in Data 89. 
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In general, the use of conics is required for the theoretical solution of 
these problems, or a mechanical contrivance for their practical 
solution’. Zeuthen, following Oppermann, gives reasons for supposing, 
not only that mechanical constructions were practically used by the 
older Greek geometers for solving these problems, but that they were 
theoretically recognised as a permissible means of solution when the 
solution could not be effected by means of the straight line and circle, 
and that it was only in later times that it was considered necessary to 
use conics in every case where that was possible’. Heiberg’ suggests 
that the allusion of Aristotle to vevce« perhaps confirms this sup- 
position, as Aristotle nowhere shows the slightest acquaintance with 
conics. I doubt whether this is a safe inference, since the problems 
of this type included in the elementary text-books might easily have 
been limited to those which could be solved by “plane” methods (i.e. 
by means of the straight line and circle). We know, e.g., from Pappus 
that Apollonius wrote two Books on plane vevoess. But one thing 
is certain, namely that Euclid deliberately excluded this class of 
problem, doubtless as not being essential in a book of Elements. 

Definitions not afterwards used. 

Lastly, Fuclid has definitions of some terms which he never after- 
wards uses, e.g. oblong (évepoynxes), rhombus, rhomboid. The “oblong” 
occurs in Aristotle; and it is certain that all these definitions are 
survivals from earlier books of Elements. 


1 Cf. the chapter on vedas in The Works of Archimedes, pp. c—cxxii. 

2 Zeuthen, Die Lehre von don Kegelschnitten im. Altertum, ch. 12, p. 262. 
* Heiberg, Mathematisches su Aristoteles, p. 16. 

* Pappus VII. pp. 670—2. 


BOOK I. 


DEFINITIONS. 


A point is that which has no part. 
A line is breadthless length. 
The extremities of a line are points. 

4. A Straight line is a line which lies evenly with the 
points on itself. 

5. A surface is that which has length and breadth only. 

6. The extremities of a surface are lines. 

7. A plane surface is a surface which lies evenly with 
the straight lines on itself. 

8. A plane angle is the inclination to one another of 
two lines in a plane which meet one another and do not lie in 
a straight line. 

9. And when the lines containing the angle are straight, 
the angle is called rectilineal. 

10. When a straight line set up on a straight line makes 
the adjacent angles equal to one another, each of the equal 
angles is right, and the straight line standing on the other is 
called a perpendicular to that on which it stands. 

11. An obtuse angle is an angle greater than a right 
angle. 

12. An acute angle is an angle less than a right angle. 

13. A boundary is that which is an extremity of any- 
thing. 

14. A figure is that which is contained by any boundary 
or boundaries. 

15. A circle is a plane figure contained by one line such 
that all the straight lines falling upon it from one point among 
those lying within the figure are equal to one another ; 
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16. And the point is called the centre of the circle. 


17. A diameter of the circle is any straight line drawn 
through the centre and terminated in both directions by the 
circumference of the circle, and such a straight line also 
bisects the circle. 


18. A semicircle is the figure contained by the diameter 
and the circumference cut off by it. And the centre of the 
semicircle is the same as that of the circle. 


19. Rectilineal figures are those which are contained 
by straight lines, trilateral figures being those contained by 
three, quadrilateral those contained by four, and multi- 
lateral those contained by more than four straight lines. 


20. Of trilateral figures, an equilateral triangle is that 
which has its three sides equal, an isosceles triangle that 
which has two of its sides alone equal, and a scalene 
triangle that which has its three sides unequal. 


21. Further, of trilateral figures, a right-angled tri- 
angle is that which has a right angle, an obtuse-angled 
triangle that which has an obtuse angle, and an acute- 
angled triangle that which has its three angles acute. 

22. Of quadrilateral figures, a square is that which is 
both equilateral and right-angled; an oblong that which is 
right-angled but not equilateral; a rhombus that which is 
equilateral but not right-angled ; and a rhomboid that which 
has its opposite sides and angles equal to one another but is 
neither equilateral nor right-angled. And let quadrilaterals 
other than these be called trapezia. 

23. Parallel straight lines are straight lines which, 
being in the same plane and being produced indefinitely in 
both directions, do not meet one another in either direction. 


POSTULATES. 


Let the following be postulated : 
1. To draw a straight line from any point to any point. 


2. To produce a finite straight line continuously in a 
straight line. 


3. To describe a circle with any centre and distance. 
4. That all right angles are equal to one another. 
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5. That, if a straight line falling on two straight lines 
make the interior angles on the same side less than two right 
angles, the two straight lines, if produced indefinitely, meet 
on that side on which are the angles less than the two right 
angles. 


COMMON NOTIONS. 


I. Things which are equal to the same thing are also 
equal to one another. 


2. If equals be added to equals, the wholes are equal. 


3. If equals be subtracted from equals, the remainders 
are equal. 


[7] 4. Things which coincide with one another are equal to 
one another. 


[8] 5. The whole is greater than the part. 


DEFINITION I. 


Xyneóv éovw, oU pépos ovÓty. 

A point ts that which has no part. 

An exactly parallel use of pépos (éor¢) in the singular is found in Aristotle, 
Metaph. 1035 b 32 pepos uiv olv ori xal tov eidovs, literally “There is a 
fart even of the form”; Bonitz translates as if the plural were used, ‘“Theile 
giebt es," and the meaning is simply “even the form is divistb/e (into parts).” 
Accordingly it would be quite justifiable to translate in this case “A point is 
that which is indivisible into parts." 

Martianus Capella (sth c. A.D.) alone or almost alone translated differently, 
"Punctum est cuius pars z/41/ est," *'a point is that a part of which is nothing.” 
Notwithstanding that Max Simon (Euclid und die sechs planimetrischen Bücher, 
1901) has adopted this translation (on grounds which I shall presently mention), 
I cannot think that it gives any sense. If a part of a point is nothing, Euclid 
might as well have said that a point is stse/f “nothing,” which of course he 
does not do. 


Pre-Euclidean definitions. 


It would appear that this was not the definition given in earlier text- 
books ; for Aristotle (Zoics v1. 4, 141 b 20), in speaking of “the definitions” 
of point, line, and surface, says that they a// define the prior by means of the 
posterior, a point as an extremity of a line, a line of a surface, and a surface 
of a solid. 

The first definition of a point of which we hear is that given by the 
Pythagoreans (cf. Proclus, p. 95, 21), who defined it as a “monad having 
position" or **with position added" («ovas tpocAaBoitea Oéow). It is frequently 
used by Aristotle, either in this exact form (cf. De anima 1. 4, 409 a 6) or its 
equivalent: e.g. in Metaph. 1016 b 24 he says that that which is indivisible 
every way in respect of magnitude and 444 magnitude but has not position is 
a monad, while that which is similarly indivisible and has position is a point. 

Plato appears to have objected to this definition. Aristotle says (Metaph. 
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992 a 20) that he objected "'to this genus [that of points] as being a geometrical 
fiction (yewperpixév Séypa), and called a point the beginning of a line (4px) 
yeaypys), while again he frequently spoke of 'indivisible lines." To which 
Aristotle replies that even “indivisible lines” must have extremities, so that 
the same argument which proves the existence of Zines can be used to prove 
that points exist. It would appear therefore that, when Aristotle objects to 
the definition of a point as the extremity of a line (mépas ypaypys) as un- 
scientific (Zopics vi. 4, 141 b 21), he is aiming at Plato. Heiberg conjectures 
(Mathematisches zu. Aristoteles, p. 8) that it was due to Plato’s influence that 
the word for "point" generally used by Aristotle (ortyuy) was replaced by 
onpeiov (the regular term used by Euclid, Archimedes and later writers), the 
latter term (— &ofa, a conventional mark) probably being considered more 
suitable than ercyusj (a puncture) which might appear to claim greater reality 
for a point. 

Anstotle’s conception of a point as that which is indivisible and has 
Position is further illustrated by such observations as that a point is not a 
body (De caelo 11. 13, 296 a 17) and has no weight (ibid. ul. 1, 299 a 30); 
again, we can make no distinction between a point and the 2/ace (róros) where 
it is (Physics tv. 1, 209 a 11). He finds the usual difficulty in accounting for 
the transition from the indivisible, or infinitely small, to the finite or divisible 
magnitude. A point being indivisible, no accumulation of points, however far 
it may be carried, can give us anything divisible, whereas of course a line is a 
divisible magnitude. Hence he holds that poiots cannot make up anything 
continuous like a line, point cannot be continuous with point (où ydp éorw 
€Xóuevov anjeiov. anpeiov 1j arcypz) areyptjs, De. gen. et corr. 1. 2, 317 a 10), and 
a line is not made up of points (ov ovyxerat ex oreypav, Physics wv. 8, 215 
b r9). A point, he says, is like the ow in time: now is indivisible and is 
not a fart of time, it is only the beginning or end, or a division, of time, and 
similarly a point may be an extremity, beginning or division of a line, but is 
not parf of it or of magnitude (cf. De caelo 1. 1, 300 a 14, Physics 1v. 11, 
220 a I—21, VI. I, 231 b 6 sqq). It is only by motion that a point can 
generate a line (De anima 1. 4, 409 a 4) and thus be the origin of magnitude. 


Other ancient definitions. 


According to an-Nairizi (ed. Curtze, p. 3) one “Herundes” (not so far 
identified) defined a point as ‘‘the indivisible beginning of all magnitudes,” 
and Posidonius as “an extremity which has no dimension, or an extremity of 
a line.” 


Criticisms by commentators. 


Euclid's definition itself is of course practically the same as that which 
Aristotle's frequent allusions show to have been then current, except that it 
omits to say that the point must have position. Is it then sufficient, seeing 
that there are other things which are without parts or indivisible, e.g. the now 
in time, and the waif in number? Proclus answers (p. 93, 18) that the point 
is the only thing sn the subject-matter of geometry that is indivisible. Relatively 
therefore to the particular science the definition is sufficient. Secondly, the 
definition has been over and over again criticised because it is purely negative. 
Proclus’ answer to this is (p. 94, 10) that negative descriptions are appropriate 
to first principles, and he quotes Parmenides as having described his first and 
last cause by means of negations merely. Aristotle too admits that it may 
sometimes be necessary for one framing a definition to use negations, e.g. in 
defining privative terms such as “blind”; and he seems to accept as proper 
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the negative element in the definition of a point, since he says (De anima 111. 6, 
430 b 20) that “‘the point and every division [e.g. in a length or in a period 
of time], and that which is indivisible in this sense, is exhibited as privation 
(SnAotrat Ws orépyars).” 

Simplicius (quoted by an-Nairizi) says that "a point is the beginning of 
magnitudes and that from which they grow ; it is also the only thing which, 
having position, is not divisible.” He, like Aristotle, adds that it is by its 
motion that a point can generate a magnitude: the particular magnitude can 
only be “of one dimension,” viz. a line, since the point does not “spread 
itself” (dimittat). Simplicius further observes that Euclid defined a point 
negatively because it was arrived at by detaching surface from body, line from 
surface, and finally point from line. “Since then body has three dimensions 
it follows that a point [arrived at after successively eliminating all three 
dimensions] has none of the dimensions, and has no part.” This of course 
reappears in modern treatises (cf. Rausenberger, E/ementar-geometrie des 
Punktes, der Geraden und der Ebene, 1887, p. 7). 

An-Nairizi adds an interesting observation. ‘If any one seeks to know 
the essence of a point, a thing more simple than a line, let him, in the sensible 
world, think of the centre of the universe and the poles.” But there is 
nothing new under the sun: the same idea is mentioned, in an Aristotelian 
treatise, in controverting those who imagine that the poles have some influence 
in the motion of the sphere, “when the poles have no magnitude but are 
extremities and points” (De motu animalium 3, 699 a 21). 


Modern views. 


In the new geometry represented by the excellent treatises which start 
from new systems of postulates or axioms, the result of the profound study of 
the fundamental principles of geometry during recent years (I need only 
mention the names of Pasch, Veronese, Enriques and Hilbert), points come 
before lines, but the vain effort to define them a priori is not made ; instead 
of this, the nearest material things ir. nature are mentioned as illustrations, 
with the remark that it is from them that we can get the abstract idea. Cf. 
the full statement as regards the notion of a point in Weber and Wellstein, 
Encyclopadie der elementaren Mathematik, 11, 1905, p. 9. “This notion is 
evolved from the notion of the real or supposed material point by the process 
of limits, i.e. by an act of the mind which sets a term to a series of presen- 
tations in itself unlimited. Suppose a grain of sand or a mote in a sunbeam, 
which continually becomes smaller and smaller. In this way vanishes more 
and more the possibility of determining still smaller atoms in the grain of 
sand, and there is evolved, so we say, with growing certainty, the presentation 
of the point as a definite position in space which is one and is incapable of 
further division. But this view is untenable ; we have, it is true, some idea 
how the grain of sand gets smaller and smaller, but only so long as it remains 
just visible; after that we are completely in the dark, and we cannot see or 
imagine the further diminution. That this procedure comes to an end is 
unthinkable ; that nevertheless there exists a term beyond which it cannot go, 
we must believe or postulate without ever reaching i. . . . Itis a pure 
act of will, not of the understanding.” Max Simon observes similarly (Zuclid, 
p. 25) “The notion ‘point’ belongs to the limit-notions (Grenzbegriffe), the 
necessary conclusions of continued, and in themselves unlimited, series of 
presentations.” He adds, “The point is the limit of localisation; if this is 
more and more energetically continued, it leads to the limit-notion ‘point,’ 
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better ‘position,’ which at the same time involves a change of notion. Content 
of space vanishes, relative position remains. ‘Point’ then, according to our 
interpretation of Euclid, is the extremest limit of that which we can still think 
of (not observe) as a sfatza/ presentation, and if we go further than that, not 
only does extension cease but even relative p/ace, and in this sense the ‘part’ 
is nothing.’ I confess I think that even the meaning which Simon intends to 
convey is better expressed by “it has zo part” than by “the part is nothing,” 
since to take a “part” of a thing in Euclid’s sense of the result of a simple 
division, corresponding to an arithmetical fraction, would not be to change 
the notion from that of the thing divided to an entirely different one. 


DEFINITION 2. 

Tpappy St pos drAarés. 

A line ts breadthless length. 

This definition may safely be attributed to the Platonic School, if not to 
Plato himself. Aristotle (Zopics vi. 6, 143 b 11) speaks of it as open to 
objection because it “divides the genus by negation,” length being necessarily 
either breadthless or possessed of breadth; it would seem however that the 
objection was only taken in order to score a point against the Platonists, since 
he says (tbid. 143 b 29) that the argument is “of service omy against those 
who assert that the genus [sc. length] is one numerically, that is, those who 
assume ideas,” e.g. the idea of length (airo 475xos) which they regard as a 
genus: for if the genus, being one and selfexistent, could be divided into 
two spécies, one of which asserts what the other denies, it would be self- 
contradictory (Waitz). 

Proclus (pp. 96, 21—97, 3) observes that, whereas the definition of a point 
is merely negative, the line introduces the first. "dimension," and so its 
definition is to this extent positive, while it has also a negative element which 
denies to it the other “dimensions” (Sacrdoeas). The negation of both 
breadth and depth is involved in the single expression “breadthless” (awAarés), 
since everything that is without breadth is also destitute of depth, though the 
converse is of course not true. 


Alternative definitions. 

The alternative definition alluded to by Proclus, uéyeBos «$' êv Suacrarcv 
* magnitude in one dimension” or, better perhaps, ‘‘ magnitude extended one 
way” (since duacracts as used with reference to line, surface and solid scarcely 
corresponds to our use of “dimension” when we speak of “one,” “ two,” or 
“three dimensions”), is attributed by an-Nairizi to ** Heromides," who must 
presumably be the same as ‘“‘ Herundes,” to whom he attributes a certain 
definition of a point. It appears however in substance in Aristotle, though 
Aristotle does not use the adjective &aeraróv, nor does he apparently use 
Buda ranis except of Jody as having free ** dimensions " or “having dimension 
(or extension) a// ways (mdvry),” the “dimensions” being in his view (1) up 
and down, (2) before and behind, and (3) right and left, and ‘‘up” being the 
principle or beginning of /ength, “right” of breadth, and “before ” of depth 
(De caelo 11. 2, 284 b 24). A line is, according to Aristotle, a magnitude 
“ divisible in one way only” (povaxq Siarperdv), in contrast to a magnitude 
divisible iñ wo ways (Buxij &aiperóv), or a surface, and a magnitude divisible 
“in all or in three ways" (mdvrg xai rpugj Suuperov), or a body (Metaph. 
1016 b 25—27); or it is a magnitude “continuous one way (or in one 
direction)," as compared with magnitudes continuous fwo ways or ‘three ways, 
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which curiously enough he describes as “ breadth” and “depth” respectively 
(méyeBos dé 70 piv ep’ ev auvexis pcos, 70 9 ém úo wAdros, 76 S eri trpia Babos, 
Metaph. 1020 a 11), though he immediately adds that '*length " means a line, 
“breadth” a surface, and “depth” a body. 

Proclus gives another alternative definition as ‘flux of a point” (picrs 
onpeiov), i.e. the path of a point when moved. This idea is also alluded to in 
Aristotle (De anima 1. 4, 409 a 4 above quoted): ‘‘they say that a line by its 
motion produces a surface, and a point by its motion a line.” “This 
definition,” says Proclus (p. 97, 8—13), "is a perfect one as showing the 
essence of the line: he who called it the flux of a point seems to define it 
from its genetic cause, and it is not every line that he sets before us, but only 
the immaterial line ; for it is this that is produced by the point, which, though 
itself indivisible, is the cause of the existence of things divisible." 

Proclus (p. 100, 5—19) adds the useful remark, which, he says, was 
current in the school of Apollonius, that we have the notion of a line when we 
ask for the length of a road or a wall measured merely as length; for in that 
case we mean something irrespective of breadth, viz. distance in one 
“dimension.” Further we can obtain sensible perception of a line if we look 
at the division between the light and the dark when a shadow is thrown on 
the earth or the moon; for clearly the division is without breadth, but has 
length. 


Species of “lines.” 


After defining the “line” Euclid only mentions oze species of line, the 
straight line, although of course another species appears in the definition of a 
circle later. He doubtless omitted all c/assification of lines as unnecessary for 
his purpose, whereas, for example, Heron follows up his definition of a line by 
a division of lines into (1) those which are “straight” and (2) those which are 
not, and a further division of the latter into (a) “circular circumferences,” 
(6) "spiral-shaped" (&uxoe«és) lines and (¢) “curved” (kaymvAaz) lines generally, 
and then explains the four terms. Aristotle tells us (Me/aph. 986 a 25) that 
the Pythagoreans distinguished straight (ev6v) and curved (xayrvAov), and this 
distinction appears in Plato (cf. Republic x. 602 C) and in Aristotle (cf. “to a 
line belong the attributes straight or curved,” Anal. post. 1. 4,73 b 19; ‘as in 
mathematics it is useful to know what is meant by the terms straight and 
curved,” De anima 1. 1, 402 b 19). But from the class of “curved” lines 
Plato and Aristotle separate off the wepipepys or "circular" as a distinct 
species often similarly contrasted with straight. Aristotle seems to recognise 
broken lines forming an angle as one line: thus “a line, if it be bent (xexap- 
pém), but yet continuous, is called one” (Afetaph. 1016 a 2); " the straight line 
is more one than the bent line” (ibid. 1016 a 12). Cf. Heron, Def. 12, “A 
broken line (xexAacpévm ypaypy) so-called is a line which, when produced, 
does not meet itself.” 

When Proclus says that both Plato and Aristotle divided lines into those 
which are “straight,” “circular” (weptpepys) or “a mixture of the two,” adding, 
as regards Plato, that he included in the last of these classes ‘‘those which are 
called helicoidal among plane (curves) and (curves) formed about solids, and 
such species of curved lines as arise from sections of solids” (p. 104, 1—5), 
he appears to be not quite exact. The reference as regards Plato seems to be 
to Parmenides 145 B: “At that rate it would seem that the one must have 
shape, either straight or round (atpoyyvAov) or some combination of the two”; 
but this scarcely amounts to a formal classification of lines. As regards 


160 BOOK I [1. DEF. 2 


Aristotle, Proclus seems to have in mind the passage (De cae/o 1. 2, 268 b 17) 
where it is stated that “all motion in space, which we call translation (dopa), is 
(in) a straight line, a circle, or a combination of the two; for the first two are 
the only simple (motions).” 

For completeness it is desirable to add the substance of Proclus’ account 
of the classification of lines, for which he quotes Geminus as his authority. 


Geminus' first classification of lines. 


This begins (p. 111, 1—9) with a division of lines into composite (aWvOer0s) 
and incomposite (ác vÓeros). The only illustration given of the composite 
class is the “broken line which forms an angle” (7 xexAacpévy xal yovíav 
movotga) ; the subdivision of tne incomposite class then follows (in the text as 
it stands the word “composite” is clearly an error for ‘incomposite ”). The 
subdivisions of the incomposite class are repeated in a later passage (pp. 176, 
27—177, 23) with some additional details. The following diagram reproduces 
the effect of both versions as far as possible (all the illustrations mentioned by 


Proclus being shown in brackets). 
lines 





. + a . 
composite incomposite 
(broken line forming an angle) 


— —— 
forming a figure not forming a figure 
exnparomoo)cat or 

or determinate indeterminate 
opurpévat dóporo 

(circle, ellipse, cissoid) and 


extending without limit 
ér’ Awetpov éxBadr\bpevac 
(straight line, parabola, hyperbola, conchoid) 


The additional details in the second version, which cannot easily be shown 
in the diagram, are as follows : 

(1) Of the lines which extend without limit, some do not form a figure at 
all (viz. the straight line, the parabola and the hyperbola); but some first 
" come together and form a figure" (ie. have a loop), "and, for the rest, 
extend without limit" (p. 177, 8). 





As the only other curve, besides the parabola and the hyperbola, which 
has been mentioned as proceeding to infinity is the conchoid (of Nicomedes), 
we can hardly avoid the conclusion of Tannery’ that the curve which has a 
loop and then proceeds to infinity is a variety of the conchoid itself. As is 


l Notes pour Phistoire des lignes et surfaces courbes dans Cantiquité in Bulletin des sciences 
mathém. et astronom, 2 sér. VIM. (1884); pp. t08—9 (Mémoires scientifiques, VY. p. 23). 
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well known, the ordinary conchoid (which was used both for doubling the 
cube and for trisecting the angle) is obtained in this way. Suppose any 
number of rays passing through a fixed point (the Jole) and intersecting a 
fixed straight line; and suppose that points are taken on the rays, beyond the 
fixed straight line, such that the portions of the rays intercepted between the 
fixed straight line and the point are equal to a constant distance (Sáornpa), 
the locus af the points is a conchoid which has the fixed straight line for 
asymptote. If the “distance” @ is measured from the intersection of the ray 
with the given straight line, not in the direction away from the pole, but 
towards the pole, we obtain three other curves according as a is less than, 
equal to, or greater than /, the distance of the pole from the fixed straight line, 
which is an asymptote in each case. The case in which a > gives a curve 
which forms a loop and then proceeds to infinity in the way Proclus describes. 
Now we Rnow both from Eutocius (Comm. on Archimedes, ed. Heiberg, ut. 
p. 98) and Proclus (p. 272, 3—7) that Nicomedes wrote on conchoids (in 
the plural), and Pappus (tv. p. 244, 18) says that besides the “ first” (used as 
above stated) there were "the second, the third and the fourth which are 
useful for other theorems." 

(2) Proclus next observes (p. 177, 9) that, of the lines which extend 
without limit, some are “asymptotic” (acvprrwro), namely “those which 
never meet, however they are produced,” and some are ‘‘ symptofic,” namely 
“those which will meet sometime”; and, of the “asymptotic” class, some 
are in one plane, and others not. Lastly, of the “asymptotic” lines in one 
plane, some preserve always the same distance from one another, while others 
continually “lessen the distance, like the hyperbola with reference to the 
straight line, and the conchoid with reference to the straight line.” 


Geminus’ second classification. 


This (from Proclus, pp. 111, 9—20 and 112, 16—18) can be shown in a 
diagram thus: 


Incomposite lines 
dow Gero. ypaypal 
—— —n— 





EA T 
simple, àxA$ mixed, juxr1j 
A ILI | 
making a figure indeterminate 
exfjpa Wooica dbpurros | 
(e.g. circle) (straight line) 
* 
lines in planes lines on solids 
al év rois arepeois 
—À 
line meeting itself extending without limit 


3 év airh evusizrovca — 7) éx' &xeipor éxBaXNouér? 
(e.g. cissoid) 


— ñ —⸗— 
lines formed by sections lines round solids 
al xarà ràs Touás al wepl rà arepeá 
(e.g. conic sections, spire curves) (e.g. helix about a sphere or about a cone) 
nhomoeomeric not homotomeric 
(cylindrical helix) (all others) 


Notes on classes of “lines” and on particular curves. 


We will now add the most interesting notes found in Proclus with 
reference to the above classifications or the particular curves mentioned. 
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1. Homoeomeric lines. 


By this term (óporouepéis) are meant lines which are alike in all parts, so 
that in any one such curve any part can be made to coincide with any other 
part. Proclus observes that these lines are only three in number, two being 
“simple” and in a plane (the straight line and the circle), and the third 
“mixed,” (subsisting) “about a solid,” namely the cylindrical helix. The 
latter curve was also called the cochlias or cochlion, and its homoeomeric 
property was proved by Apollonius in his work mepi rot xoxAtov (Proclus, 
p. 105, S). The fact that there are only three Aomocomeric lines was proved 
by Geminus, “who proved, as a preliminary proposition, that, if from a point 
(iró rov onpecou, but on p. 251, 4 d$' évós axu«'ov) two straight lines be drawn 
to a homoeomeric line making equal angles with it, the straight lines are 
equal" (pp. 112, 1—113, 3, cf. p. 251, 2—19). 

2. Mixed lines. 


It might be supposed, says Proclus (p. 105, 11), that the cylindrical helix, 
being Aomocomeric, like the straight line and the circle, must like them be 
simple. He replies that it is not simple, but mixed, because it is generated by 
two unlike motions. Two /ike motions, said Geminus, e.g. two motions at the 
same speed in the directions of two adjoining sides of a square, produce a 
simple line, namely a straight line (the diagonal); and again, if a straight line 
moves with its extremities upon the two sides of a right angle respectively, 
this same motion gives a simple curve (a circle) for the locus of the middle 
point of the straight line, and a mixed curve (an ellipse) for the locus of any 
other point on it (p. 106, 3—15). 

Geminus also explained that the term “ mixed,” as applied to curves, and 
as applied to surfaces, respectively, is used in different senses. As applied to 
curves, “mixing” neither means simple “putting together” (avvOeors) nor 
“blending” (xpaors). Thus the helix (or spiral) is a “mixed” line, but (1) it 
is not “mixed” in the sense of “putting together,” as it would be if, say, part 
of it were straight and part circular, and (2) it is not mixed in the sense of 
“blending,” because, if it is cut in any way, it does not present the appearance 
of any simple lines (of which it might be supposed to be compounded, as it 
were). The “mixing” in the case of lines is rather that in which the con- 
stituents are destroyed so far as their own character is concerned, and are 
replaced, as it were, by a chemica? combination (čorw èv aùr) ovvepbappéva tà 
dxpa ga ovyxexvpéva). On the other hand “mixed” surfaces are mixed in 
the sense of a sort of “blending” (xard rwa xpásw). For take a cone gene- 
rated by a straight line passing through a fixed point and passing always 
through the circumference of a circle: if you cut this by a plane parallel to 
that of the circle, you obtain a circular section, and if you cut it by a plane 
through the vertex, you obtain a triangle, the “mixed” surface of the cone 
being thus cut into ssmp/e lines (pp. 117, 22—118, 23). 


3. Spiric curves. 


These curves, classed with conics as being sections of solids, were dis- 
covered by Perseus, according to an epigram of Perseus’ own quoted by 
Proclus (p. 112, 1), which says that Perseus found “three lines upon (or, 
perhaps, in addition to) five sections” (rpéis ypaupds émi mévre Topais). 
Proclus throws some light on these in the following passages: 

"Of the spiric sections, one is interlaced, resembling the horse-fetter 
(irmov 0455) ; another is widened out in the middle and contracts on each 
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side (of the middle), a third is elongated and is narrower in the middle, 
broadening out on each side of it” (p. 112, 4—8). 

“This is the case with the spiric surface ; for it is conceived as generated 
by the revolution of a circle remaining at right angles [to a plane] and turning 
about a point which is not its centre [in other words, generated by the revo- 
lution of a circle about a straight line in its plane not passing through the 
centre]. Hence the spire takes three forms, for the centre [of rotation] is 
either on the circumference, or within it, or without it. And if the centre of 
rotation is on the circumference, we have the continuous spire (ovvexys), if 
within, the énéerlaced (¢umerAeypévn), and if without, the ofen (sexys). And 
the spiric sections are three according to these three differences” (p. 119, 
8—17). 

“When the Aippopede, which is one of the spiric curves, forms an angle 
with itself, this angle also is contained by mixed lines " (p. 127, 1— 3). 

"Perseus showed for spirics what was their property (evumropa)" 
(p. 356, 12). 

Thus the spiric surface was what we call a fore, or (when open) an anchor- 
ring. Heron (Def. 97) says it was called alternatively spive (oweipa) or ring 
(xpixos); he calls the variety in which “the circle cuts itself,” not “interlaced,” 
but '"'crossing-itsel(" (éraAAdrrovaa). 

Tannery? has discussed these passages, as also did Schiaparelli*. It is clear 
that Proclus’ remark that the difference in the three curves which he mentions 
corresponds to the difference between the three surfaces is a slip, due perhaps 
to too hurried transcribing from Geminus : all three arise from plane sections 
of the ofen anchor-ring. If 7 is the radius of the revolving circle, a the 
distance of its centre from the axis of rotation, d the distance of the plane 
section (supposed to be parallel to the axis) from the axis, the three curves 
described in the first extract correspond to the following cases : 

(1) d=a-r. Im this case the curve is the Aippopede, of which the 
lemniscate of Bernoulli is a particular case, namely that in which a = 27. 

The name Aippopede was doubtless adopted for this one of Perseus’ curves 
on the ground of its resemblance to the Aippopede of Eudoxus, which seems to 
have been the curve of intersection of a sphere with a cylinder touching it 
internally. 

(2) a+r>d>a. Here the curve is an oval. 

(3 a»d»a-r. The curve is now narrowest in the middle. 

Tannery explains the “three lines upon (in addition to) five sections” 
thus. He points out that with the open fore there are two other sections 
corresponding to 

(4) @=a: transition from (2) to (3). 

(s) a-*»4d»o, in which case the section consists of two symmetrical 
ovals. 

He then shows that the sections of the closed or continuous tore, corre- 
sponding to a =z, give curves corresponding to (2), (3) and (4) only. Instead 
of (1) and (s) we have only a section consisting of two equal circles touching 
one another. 

On the other hand, the /Ai7d spire (the interlaced variety) gives three new 
forms, which make a group of three in addition to the first group of five sections. 


1 Pour (histoire des lignes et surfaces courbes dans Cantiquité in Bulletin des sciences 
mathém. et astronom. NU. (1884), pp. 25—27 (Mémoires scientifiques, Y. pp. 24—28). 

2 Die homocentrischen Spháren des. Eudoxus, des Kallippus und des Aristoteles (Abhand- 
lungen zur Gesch. der Math. 1. Heft, 1877, pp- 149—152). 
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The difficulty which I see in this interpretation is the fact that, just after 
‘three lines on five sections” are mentioned, Proclus describes three curves 
which were evidently the most important; but these three belong to three of 
the five sections of the open tore, and are not separate from them. 


4. The cissoid. 

This curve is assumed to be the same as that by means of which, according 
to Eutocius (Comm. on Archimedes, v. p. 66 sqq.), Diocles in his book mepi 
mupiwy (On burning-glasses) solved the problem of doubling the cube. It is 
the locus of points which he found by the following construction. Let AC, 
BD be diameters at right angles in a circle with centre O. 

Let E, F be points on the quadrants BC, BA respectively such that the 
arcs BE, BF are equal. 

Draw EG, FH perpendicular to CA. D 
Join AZ, and let P be its intersection / 
with FH. 

The cissoid is the locus of all the 
points P corresponding to different posi- 
tions of Æ on the quadrant BC and of F 
at an equal distance from Z along the arc 
BA. 

A is the point on the curve correspond- 
ing to the position C for the point £, and 
B the point on the curve corresponding 
to the position of Æ in which it coincides 
with Z. 

It is easy to see that the curve extends 
in the direction AB beyond Ø, and that 
CX drawn perpendicular to CA is an 
asymptote. It may be regarded also as 
having a branch 4D symmetrical with 
AB, and, beyond D, approaching XC produced as asymptote. 

If OA, OD are coordinate axes, the equation of the curve is obviously 

X (a * x) - (a - x", 
where a i: the radius of the circle. 

There is a cusp at A, and it agrees with this that Proclus should say 
(p. 126, 24) that ‘‘cissoidal lines converging to one point like the leaves of 
ivy—for this is the origin of their name—form an angle.” He makes the 
slight correction (p. 128, 5) that it is not two parts of a curve, but one curve, 
which in this case makes an angle. 

But what is surprising is that Proclus seems to have no idea of the curve 
passing outside the circle and having an asymptote, for he several times 
speaks of it as a closed curve (torming a figure and including an area): cf. 
P. 152, 7, "the plane (area) cut off by the cissoidal line has une bounding 
(line), but it has not in it a centre such that all (straight lines drawn to the 
curve) from it are equal." It would appear as if Proclus regarded the cissoid 
as formed by the four symmetrical cissoidal arcs shown in the figure. 

Even more peculiar is Proclus’ view of the 





5. “Single-turn Spiral.” 
This is really the spiral of Archimedes traced by a point starting from 
the fixed extremity of a straight line and moving uniformly along it, while 
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simultaneously the straight line itself moves uniformly in a plane about its fixed 
extremity. In Archimedes the spiral has of course any number of turns, the 
straight line making the same number of complete revolutions. Yet Proclus, 
while giving the same account of the generation of the spiral (p. 180, 8— 12), 
regards the single-turn spiral as actually stopping short at the point reached 
after one complete revolution of the straight line: “it is necessary to know 
that extending without limit is not a property of all lines; for it neither 
belongs to the circle nor to the cissoid, nor in general to lines which form 
figures; nor even to those which do not form figures. For even the single- 
turn spiral does not extend without limit—/or st ss constructed between two 
points—nor does any of the other lines so generated do so” (p. 187, 19—25). 
It is curious that Pappus (vii. p. 1110 sqq.) uses the same term povoorpogos 
tAc€ to denote one turn, not of the spiral, but of the cy/indrical helix, 


DEFINITION 3. 


Tpapprs 5& répara onpeia, 

The extremities of a line are points. 

It being unscientific, as Aristotle said, to define a point as the “ extremity 
of a line” (wépas ypappys), thereby explaining the prior by the posterior, 
Euclid defined a point differently; then, as it was necessary to connect a 
point with a line, he introduced this explanation after the definitions of both 
had been given. This compromise is no doubt his own idea; the same 
thing occurs with reference to a surface and a line as its extremity in Def. 6, 
and with reference to a solid and a surface as its extremity in xt. Def. 2. 

We miss a statement of the facts, equally requiring to be known, that a 
“division ” (8uaipeors) of a line, no less than its “ beginning” or “end,” is a 
point (this is brought out by Aristotle: cf, Metaph. 1060 b 15), and that 
the intersection of two lines is also a point. If these additional explanations 
had been given, Proclus would have been spared the difficulty which he finds 
in the fact that some of the lines used in Euclid (namely infinite straight lines 
on the one hand, and circles on the other) have no “extremities.” So also 
the ellipse, which Proclus calls by the old name @upeds (“shield”). In the 
case of the circle and ellipse we can, he observes (p. 103, 7), take a portion 
bounded by points, and the definition applies to that portion. His rather 
far-fetched distinction between two aspects of a circle or ellipse as a Zine and 
as a closed figure (thus, while you are describing a circle, you have two extremi- 
ties at any moment, but they disappear when it is finished) is an unnecessarily 
elaborate attempt to establish the literal universality of the ‘‘definition,” 
which is really no more than an explanation that, if a line Aas extremities, 
those extremities are points. 


DEFINITION 4. 


Eideia ypappy tor, Aris é€£ Urov tois è$’ éavrijs oncedors kerar. 
A straight line is a line which lies evenly with the points on itself. 


The only definition of a straight line authenticated as pre-Euclidean is 
that of Plato, who defined it as “that of which the middle covers the ends” 
(relatively, that is, to an eye placed at either end and looking along the 
straight line). It appears in the Parmenides 137 £: “straight is whatever has 
its middle in front of (i.e. so placed as to obstruct the view of) both its ends” 
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(e800 ye ob bv 76 pécov dudoiv roiv ée xárow érímpoa0ev f). Aristotle quotes it in 
equivalent terms (Z29ics vi. 11, 148 b 27), oi ró uécoy émimpoaÓét rots mépacw ; 
and, as he does not mention the name of its author, but states it in combina- 
tion with the definition of a line as the extremity of a surface, we may assume 
that he used it as being well known. Proclus also quotes the definition as 
Plato's in almost identical terms, 77s Tà péra rots d«pois érvrpoaÓ« (p. 109, 21). 
This definition is ingenious, but implicitly appeals to the sense of sight and 
involves the postulate that the line of sight is straight. (Cf. the Aristotelian 
Problems 31, 20, 959 a 39, where the question is why we can better observe 
straightness in a row, say, of letters with one eye than with two.) As regards 
the straightness of “visual rays,” owes, cf. Euclid's own Optics, Deff. 1, 2, 
assumed as hypotheses, in which he first speaks of the “straight lines” drawn 
from the eye, avoiding the word owes, and then says that the figure contained 
by the visual rays (des) is a cone with its vertex in the eye. 

As Aristotle mentions no definition of a straight line resembling Euclid’s, 
but gives only Plato’s definition and the other explaining it as the ‘extremity 
of a surface,” the latter being evidently the current definition in contemporary 
textbooks, we may safely infer that Euclid’s definition was a new departure of 
his own. 


Proclus on Euclid’s definition. 


Coming now to the interpretation of Euclid’s definition, «t@cia ypaypuy 
dor, Ars ef (rov rois e$! éavrijs ampeíois kéira, we find any number of slightly 
different versions, but none that can be described as quite satisfactory ; some 
authorities, e.g. Savile, have confessed that they could make nothing of it. It 
is natural to appeal to Proclus first; and we find that he does in fact give an 
interpretation which at first sight seems plausible. He says (p. 109, 8 sq.) that 
Euclid “shows by means of this that the straight line alone [of all lines] 
occupies a distance (xaréxety Sidornpa) equal to that between the points on it. 
For, as far as one of the points is distant from another, so great is the length 
(uéye8os) of the straight line of which they are the extremities; and this is the 
meaning of lying é£ ivov to (or with) the points on it” [é tov being thus, 
apparently, interpreted as “at” (or ‘‘over”) ‘an equal distance”]. “But if 
you take two points on the circumference (of a circle) or any other line, the 
distance cut off between them along the line is greater than the interval 
separating them. And this is the case with every line except the straight line. 
Hence the ordinary remark, based on a common notion, that those who 
journey in a straight line only travel the necessary distance, while those who 
do not go straight travel more than the necessary distance.” (Cf. Aristotle, 
De caelo i. 4, 271 a 13, " we always call the distance of anything the straight 
line” drawn to it.) "Thus Proclus would interpret somewhat in this way: "a 
straight line is that which represents extension equal with (the distances 
separating) the points on it." This explanation seems to be an attempt to 
graft on to Euclid’s definition the assumption (it is a AapBavépevov, not a 
definition) of Archimedes (On the sphere and cylinder 1. ad init.) that “of all 
the lines which have the same extremities the straight line is least.” For this 
purpose é£ igov has apparently to be taken as meaning “at an equal distance,” 
and again “lying at an equal distance” as equivalent to “extending over (or 
representing) an equal distance." This is difficult enough in itself, but is 
seen to be an impossible interpretation when applied to the similar definition 
of a plane by Euclid (Def. 7) as a surface “which lies evenly with the straight 
lines on itself.” In that connexion Proclus tries to make the same words é£ trou 
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xeirac mean “extends over an equal area with.” He says namely (p. 117, 2) 
that, “if two straight lines are set out” on the plane, the plane surface 
* occupies a space equal to that between the straight lines.” But two straight 
lines do not determine by themselves any space at all; it would be necessary 
to have a c/esed figure with its boundaries in the plane before we could arrive 
at the equivalent of the other assumption of Archimedes that “of surfaces 
which have the same extremities, if those extremities are in a plane, the plane is 
the least (in area].” This seems to be an impossible sense for é£ tcov even on 
the assumption that it means ‘at an equal distance” in the present definition. 
The necessity therefore of interpreting é€ ‘cov similarly in both definitions 
makes it impossible to regard it as referring to distance or /ength at all. It 
should be added that Simplicius gave the same explanations as Proclus 
(an-Nairizi, p. 5). 


The language and construction of the definition. 


Let us now consider the actual wording and grammar of the phrase 7r:s èé 
igov tois é$' éaurys onpciors kerai. As regards the expression ¿£ (cov we note 
that Plato and Aristotle (whose use of it seems typical) commonly have it in 
the sense of “on a footing of equality”: cf. oi è toov in Plato's Laws 777 D, 
919 D; Aristotle, Po/ifics 1259 b 5 &£ iaov «lvac BovAerat 73v. $aw, "tend to 
be on an equality in nature," Ef. Nic. vri. 12, 1161 a 8 évraüfa mávres d 
igov, “there all are on a footing of equality." Slightly different are the uses 
in Aristotle, Eth. Mic. x. 8, 1178 a 26 àv uiv yap dvayxaiwy ypeia xai èf Irov 
éarw, “both need the necessaries of life fo the same extent, let us say"; Topics 1X. 
15, 174 a 32 &£ (aov motobvra tHy épwrnow, “asking the question indifferently” 
(i.e. without showing any expectation of one answer being given rather than 
another). The natural meaning would therefore appear to be “evenly placed” 
(or balanced), “in equal measure,” “ indifferently” or “without bias” one way 
or the other. Next, is the dative rots ê’ ċéavrhs aņpeíors constructed with é& vov 
or with xeivac? In the first case the phrase must mean “that which lies evenly 
with (or in respect to) the points on it,” in the second apparently *'that which, 
in (or by) the points on it, lies (or is placed) evenly (or uniformly).” Max Simon 
takes the first construction to give the sense “die Gerade liegt in gleicher 
Weise wie ihre Punkte.” If the last words mean “in the same way as (or in 
like manner as) its points,” I cannot see that they tell us anything, although 
Simon attaches to the words the notion of distance (Abstand) like Proclus. 
The second construction he takes as giving ‘‘die Gerade liegt für (durch) ihre 
Punkte gleichmassig,” ‘the straight line lies symmetrically for (or through) its 
points”; or, if xerar is taken as the passive of riOnui, ‘die Gerade ist durch 
ihre Punkte gleichmassig gegeben worden,” “the straight line is symmetrically 
determined by its points." He adds that the idea is here direction, and that 
both direction and distance (as between two different given points simply) 
would be to Euclid, as later to Bolzano (Betrachtungen über einige Gegenstände 
der Elementargeometrie, 1804, quoted by Schotten, Znhalt und Methode des 
Alanimetrischen Unterrichts, V. p. 16), primary itreducible notions. 

While the language is thus seen to be hopelessly obscure, we can safely 
say that the sort of idea which Euclid wished to express was that of a line 
which presents the same shape at and relatively to all points on it, without 
any irregular or unsymmetrical feature distinguishing one part or side of it 
from another. Any such irregularity could, as Saccheri points out (Engel and 
Stackel, Die Theorte der Parallellinien von Euklid bis Gauss, 1895, p. 109), be 
at once made perceptible by keeping the ends fixed and turning the line about 


168 BOOK I (1. DEF. 4 


them right round; if any two positions were distinguishable, e.g. one being to 
the left or right relatively to another, “it would not lie in a uniform manner 
between its points.” 


A conjecture as to its origin and meaning. 


The question arises, what: was the origin of Euclid’s definition, or, how 
was it suggested to him? It seems to me that the basis of it was really 
Plato’s definition of a straight line as ‘that line the middle of which covers 
the ends.” Euclid was a Platonist, and what more natural than that he 
should have adopted Plato’s definition in substance, while regarding it as 
essential to change the form of words in order to make it independent of any 
implied appeal to vision, which, as a physical fact, could not properly find a 
place in a purely geometrical definition? I believe therefore that Euclid's 
definition is simply an attempt (albeit unsuccessful, from the nature of the 
case) to express, in terms to which a geometer could not object as not being 
part of geometrical subject-matter, the same thing as the Platonic definition. 

The truth is that Euclid was attempting the impossible. As Pfleiderer 
says (Scholia to Euclid), “It seems as though the notion of a straight line, 
owing to its simplicity, cannot be explained by any regular definition which 
does not introduce words already containing in themselves, by implication, 
the notion to be defined (such e.g. are direction, equality, uniformity or 
evenness of position, unswerving course), and as though it were impossible, if 
a person does not already know what the term straight here means, to teach 
it to him unless by putting before him in some way a picture or a drawing of 
it" This is accordingly done in such books as Veronese’s Elementi di 
geometria (Part 1., 1904, p. 10): “A stretched string, e.g. a plummet, a ray of 
light entering by a small hole into a dark room, are rectilineal objects. The 
image of them gives us the abstract idea of the limited line which is called a 
rectilineal segment.” 


Other definitions. 


We will conclade this note with some other famous definitions of a straight 
line. The following are given by Proclus (p. r1o, 18—23). 

1. 4 line stretched to the utmost, év' dxpoy rerapévy ypauus. This appears 
in Heron also, with the words “towards the ends” (émi ra mépara) added. 
(Heron, Def. 4). 

2. Part of it cannot be in the assumed plane while part ts in one higher up 
(&v perewporépw). This is a proposition in Euclid (x1. 1). 

3. All its parts fit on all (other parts) alike, mávra airs rà uépy máaw 
opolws épapydle. Heron has this too (Def. 4), but instead of “alike” he 
says mavroíws, “in all ways,” which is better as indicating that the applied part 
may be applied one way or the reverse way, with the same result. 

4- That line which, when its ends remain fixed, itself remains fixed, xj àv 
wepdtwv pevovtwy Kai a’ry wévovea. Heron’s addition to this, “when tt is, as 
tt were, turned round in the same plane” (olov èv ré airg érimédw orpepouen), 
and his next variation, “and about the same ends having always the same 
position,” show that the definition of a straight line as “that which does 
not change its position when it is turned about its extremities (or any two 
points in it) as poles” was no original discovery of Leibniz, or Saccheri, or 
Krafft, or Gauss, but goes back at least to the beginning of the Christian era. 
Gauss’ form of this definition was: ‘The line in which lie all points that, 
during the revolution of a body (a part of space) about two fixed points, 
maintain their position unchanged is called a straight line.” Schotten 
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(I. p. 315) maintains that the notion of a straight line and its property of 
being determined by two points are unconsciously assumed in this definition, 
which is therefore a logical “circle.” 

S- That line which with one other of the sume species cannot complete a 
Sikure, ġ perà ms Spoedois pds oxjpa py droreActaa, This is an obvious 
Sarepov-mporepov, since it assumes the notion of a figure. 

Lastly Leibniz’ definition should be mentioned: A straight line is one 
which divides a plane into two halves identical in all but position. Apart from 
the fact that this definition introduces the plane, it does not seem to have any 
advantages over the definition last but one referred to. 

Legendre uses the Archimedean property of a straight line as the shortest 
distance between two points. Van Swinden observes (Elemente der. Geometrie, 
1834, P. 4), that to take this as the definition involves assuming the proposition 
that any two sides of a triangle are greater than the third and proving that 
straight lines which have two points in common coincide throughout their 
length (cf. Legendre, Éléments de Géométrie 1. 3, 8). 

The above definitions all illustrate the observation of Unger (Die Geometrie 
des Euklid, 1833): ‘ Straight isa simple notion, and hence all definitions of 
it must fail.... But if the prope: idea of a straight line has once been grasped, 
it will be recognised in all the various definitions usually given of it; all 
the definitions must therefore be regarded as explanations, and among them 
that one is the best from which further inferences can immediately be drawn 
as to the essence of the straight line.” 


DEFINITION 5. 


"Emd¢dvaa 8¢ dor, & ufjxos kai mAdros povov exe, 


A surface ts that which has length and breadth only. 


The word émipdvea was used by Euclid and later writers to denote surface 
in general, while they appropriated the word érimeSov for plane surface, thus 
making éwimedov a species of the genus émgpdvaa. A solitary use of émpdvea 
by Euclid when a plane is meant (xt. Def. 11) is probably due to the fact that 
the particular definition came from an earlier textbook. Proclus (p. 116, 17) 
remarks that the older philosophers, including Plato and Aristotle, used the 
words éri$dyeua and. émírebov indifferently for any kind of surface. Aristotle 
does indeed use both words for a surface, with perhaps a tendency to use 
érupavea more than émiredov for a surface not plane. Cf. Categories 6, 5 a 1 sq., 
where both words are used in one sentence: “You can find a common 
boundary at which the parts fit together, a point in the case of a line, and a line 
in the case of a surface (émipavea); for the parts of the surface (érurébov) do fit 
together at some common boundary. Similarly also in the case of a body you 
can find a common boundary, a line or a surface (ér«avea), at which the 
parts of the body fit together." Plato however does not use éri$dvea at all in 
the sense of surface, but only émímebov for both surface and plane surface. 
There is reason therefore for doubting the correctness of the notice in 
Diogenes Laertius, ti. 24, that Plato “was the first philosopher to name, 
among extremities, the p/ane surface” (émimedos exipavea). 

émpavea of course means literally the feature of a body which is apparent 
to the eye (émgavjs), namely the surface. 

Aristotle tells us (De sensu 3, 439 a 31) that the Pythagoreans called a 
surface xpo, which seems to have meant shin as well as colour. Aristotle 
explains the term with reference to colour (xpape) as a thing inseparable from 
the extremity (mépas) of a body. 
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Alternative definitions. 


The definitions of a surface correspond to those of a line. As in Aristotle 
a line is a magnitude "(extended) one way, or in one ' dimension" (£$' &), 
" continuous one way" (é$' tv ew«xé), or ''divisible in one way" (uovaxg 
Statperdv), so a surface is a magnitude extended or continuous fwo ways (imi 
úo), or divisible in two ways Boca). As in Euclid a surface has “length and 
breadth " only, so in Aristotle *' breadth " is characteristic of the surface and is 
once used as synonymous with it (Metaph. 1020 a 12), and again “lengths 
are made up of long and short, surfaces of broad and narrow, and solids (dyxor) 
of deep and shallow ” (Metaph. 1085 a 10). 

Aristotle mentions the common remark that a dine by its motion produces a 
surface (De anima 1. 4, 409 a 4). He also gives the a posteriori description of 
a surface as the “extremity of a solid ” (Topics vi. 4, 141 b 22), and as “ the 
section (roxy) or division (Siatpeors) of a body” (Metaph. 1060 b 14). 

Proclus remarks (p. 114, 20) that we get a notion of a surface when we 
measure areas and mark their boundaries in the sense of length and breadth ; 
and we further get a sort of perception of it by looking at shadows, since 
these have no depth (for they do not penetrate the earth) but only have length 
and breadth. 


Classification of surfaces. 


Heron gives (Def. 74, p. 50, ed. Heiberg) two alternative divisions of 
surfaces into two classes, corresponding to Geminus’ alternative divisions of 
lines, viz. into (1) zncompostte and composite and (2) simple and mixed. 

(1) Zncomposite surfaces are "those which, when produced, fall into (or 
coalesce with) themselves" (cai éxfaAAónevat abrai. kaÜ" éavrav mirrovow), 
i.e. are of continuous curvature, e.g. the sphere. 

Composite surfaces are "those which, when produced, cut one another." 
Of composite surfaces, again, some are (a) made up of non-homogeneous 
(elements) (&£ ávouocoyevóv) such as cones, cylinders and hemispheres, others 
(^) made up of homogeneous (elements), namely the rectilineal (or polyhedral) 
surfaces. 

(2) Under the alternative division, simple surfaces are the plane and the 
spherical surfaces, but no others; the mixed class includes all other surfaces 
whatever and is therefore infinite in variety. 

Heron specially mentions as belonging to the mixed class (a) the surface 
of cones, cylinders and the like, which are a mixture of plane and circular 
(pexrat €€ érumédov Kai mepipepeias) and (b) spiric surfaces, which are “a mixture 
of two circumferences” (by which he must mean a mixture of two circular 
elements, namely the generating circle and its circular motion about an axis in 
the same plane). 

Proclus adds the remark that, curiously enough, mixed surfaces may arse 
by the revolution either of simple curves, e.g. in the case of the spire, or of 
mixed curves, e.g. the “right-angled conoid” from a parabola, “another 
conoid” from the hyperbola, the “oblong” (êriun«es, in Archimedes mapa- 
paxes) and “ flat” (éirAarv) spheroids from an ellipse according as it revolves 
about the major or minor axis respectively (pp. 119, 6—120, 2). The homoeo- 
meric surfaces, namely those any part of which will coincide with any other 
part, are zwo only (the plane and the spherical surface), not three as in the case 
of lines (p. 120, 7). 


1. DEFF. 6, 7] NOTES ON DEFINITIONS 5—7 171 


DEFINITION 6. 


"Empaveias 5i wepara ypappai. 

The extremities of a surface are lines. 

It being unscientific, as Aristotle says, to define a line as the extremity of 
a surface, Euclid avoids the error of defining the prior by means of the 
posterior in this way, and gives a different definition not open to this 
objection. Then, by way of compromise. and in order to show the connexion 
between a line and a surface, he adds the equivalent of the definition of a line 
previously current as an explanation. 

As in the corresponding Def. 3 above, he omits to add what is made 
clear by Aristotle (Metaph. 1060 b 15) that a “division” (d:aipects) or 
“section” (roxy) of a solid or body is also a surface, or that the common 
boundary at which two parts of a solid fit together (Categories 6, 5 a 2) 
may be a surface. 

Proclus discusses how the fact stated in Def. 6 can be said to be true of 
surfaces like that of the sphere “which is bounded (werepaorar), it is true, but 
not by lines.” His explanation (p. 116, 8—14) is that, “if we take the surface 
(of a sphere), so far as it is extended two ways (Bu S:avrar7), we shall find 
that it is bounded by lines as to length and breadth ; and if we consider the 
spherical surface as possessing a form of its own and invested with a fresh 
quality, we must regard it as having fitted end on to beginning and made 
the two ends (or extremities) one, being thus one potentially only, and not in 
actuality." 


DEFINITION 7. 


"Eniredos émipavea cor, aris ¿É loov rais èg éavrzjs evÂeiais xerar. 

A plane surface is a surface which lies evenly with the straight lines on 
itself. 

The Greek follows exactly the definition of a straight line mutatis mutandis, 
i.e. with rais...evOelats for rois...cmpetors. Proclus remarks that, in genera), 
all the definitions of a straight line can be adapted to the plane surface by 
merely changing the genus. Thus, for instance, a plane surface is “a surface 
the middle of which covers the ends” (this being the adaptation of Plato’s 
definition of a straight line). Whether Plato actually gave this as the defini- 
tion of a plane surface or not, I believe that Euclid's definition of a plane 
surface as lying evenly with the straight lines on itself was intended simply to 
express the same idea without any implied appeal to vision (just as in the 
corresponding case of the definition of a straight line). 

As already noted under Def. 4, Proclus tries to read into Euclid's defini- 
tion the Archimedean assumption that "of surfaces which have the same 
extremities, if those extremities are in a plane, the plane is the least.” But, 
as I have stated, his interpretation of the words seems impossible, although it 
is adopted by Simplicius also (see an-Nairizi). 

Ancient alternatives. 

The other ancient definitions recorded are as follows. 

1. The surface which ts stretched to the utmost (én axpov rerapévy): a 
definition which Proclus describes as equivalent to Euclid’s definition (on 
Proclus’ own view of that definition). Cf. Heron, Def. 9, “(a surface) which 
is right (and) stretched out " (ċpĝù oŭùra amorerapévņ), words which he adds to 
Euclid's definition. 
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2. The least surface among all those which have the same extremities. 
Proclus is here (p. 117, 9) obviously quoting the Archimedean assumption. 

3. A surface all the parts of which have the property of fitting on (each 
other) (Heron, Def. y). 

4. A surface such that a straight line fits on all parts of it (Proclus, 
p. 117, 8), or such that the straight line fits on tt all ways, i.e. however placed 
(Proclus, p. 117, 20). 

With this should be compared : 

“(A plane surface is) such that, if a straight line pass through two 
points on tt, the line coincides wholly with tt at every spat, all ways,” i.e. however 
placed (one way or the reverse, no matter how), 7s éreóàv vo onpetwy dyqrat 
Oeia, xal GAy aùr Kata wavra rómov mavroíoes éjapuoterac (Heron, Def. 9). 
This appears, with the words xarà zdvra rómov mavroíws omitted, in Theon of 
Smyrna (p. 112, 5, ed. Hiller), so that it goes back at least as far as the 
Ist c. a.D. It is of course the same as the definition commonly attributed to 
Robert Simson, and very widely adopted as a substitute for Euclid's. 

This same definition appears also in an-Nairizi (ed. Curtze, p. 10) who, 
after quoting Simplicius’ explanation (on the same lines as Proclus’) of the 
meaning of Euclid’s definition, goes on to say that “others defined the plane 
surface as that in which it is possible to draw a straight line from any point to 
any other.” 


Difficulties in ordinary definitions. 


Gauss observed in a letter to Bessel that the definition of a plane surface 
as a surface such that, if any two points in it be taken, the straight line joining 
them lies wholly in the surface (which, for short, we wilt call “Simson’s” 
definition) contains more than is necessary, in that a plane can be obtained by 
simply projecting a straight line lying in it from a point outside the line but also 
lying on the plane; in fact the definition includes a theorem, or postulate, as 
well. The same is true of Euclid’s definition of a plane as the surface which 
“lies evenly with (a//) the straight lines on itself," because it is sufficient for a 
definition of a plane if the surface ''lies evenly " with those lines only which 
pass through a fixed point on it and each of the several points of a straight line 
also lying in it but not passing through the point. But from Euclid's point 
of view it is immaterial whether a definition contains more than the necessary 
minimum Provided that the existence of a thing possessing all the attributes 
contained in the definition is afterwards proved. This however is not done 
in regard to the plane. No proposition about the nature of a plane as such 
appears before Book xı., although its existence is presupposed in all the 
geometrical Books 1.—1v. and vr.; nor in Book xt. is there any attempt to 
Prove, e.g. by construction, the existence of a surface conforming to the 
definition. The explanation may be that the existence of the plane as defined 
was deliberately assumed from the beginning like that of points and lines, the 
existence of which, according to Aristotle, must be assumed as principles 
unproved, while the existence of everything else must be proved ; and it may 
well be that Aristotle would have included plane surfaces with points and 
lines in this statement had it not been that he generally took his illustrations 
from plane geometry (excluding solid). 

But, whatever definition of a plane is taken, the evolution of its essential 
Properties is extraordinarily difficult. Crelle, who wrote an elaborate article 
Zur Theorie der. Ebene (read in the Academie der Wissenschaften in 1834) of 
which account must be taken in any full history of the subject, observes that, 
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since the plane is the field, as it were, of almost all the rest of geometry, while 
a proper conception of it is necessary to enable Eucl. 1. 1 to be understood, 
it might have been expected that the theory of the plane would have been the 
subject of at least the same amount of attention as, say, that of parallels. This 
however was far from being the case, perhaps because the subject of parallels 
(which, for the rest, presuppose the notion of a plane) is much easter than that 
of the plane. The nature of the difficulties as regards the plane have also 
been pointed out recently by Mr Frankland (Zhe First Book of Euclid's 
Elements, Cambridge, 1905): it would appear that, whatever definition is 
taken, whether the simplest (as containing the minimum necessary to deter- 
mine a plane) or the more complex, e.g. Simson’s, some postulate has to be 
assumed in addition before the fundamental properties, or the truth of the 
other definitions, can be established. Crelle notes the same thing as regards 
Simson’s definition, containing more than is necessary. Suppose a plane in 
which lies the triangle ABC. Let AD join the vertex 4 
to any point D on BC, and BE the vertex B to any 
point Æ on CA. Then, according to the definition, AD 
lies wholly in the plane of the triangle; so does AZ. 
But, if both AD and BE are to lie wholly in the one §—p © 
plane, 4D, BE wust intersect, say at F: if they did not, 

there would be two planes in question, not one. But the fact that the lines 
intersect and that, say, 4.D does not pass above or below AZ, is by no 
means self-evident. 

Mr Frankland points out the similar difficulty as regards the simpler 
definition of a plane as the surface generated by a straight 
line passing always through a fixed point and always 
intersecting a fixed straight line. Let OPP’, OQQ' 
drawn from O intersect the straight line X at P, Q 
respectively. Let & be any third point on X: then it 
needs to be proved that OR intersects P'Q' in some 
point, say &'. Without some postulate, however, it is 
Not easy to see how to prove this, or even to prove that P’Q intersects X. 


Crelle's essay. Definitions by Fourier, Deahna, Becker. 


Crelle takes as the standard of a good definition that it shall be, not only as 
simple as possible, but also the best adapted for deducing, with the aid of the 
simplest possible principles, further properties belonging to the thing defined. 
He was much attracted by a very lucid definition, due, he says, to Fourier, 
according to which a plane is formed by the aggregate of all the straight lines 
which, passing through one point on a straight line in space, are perpendicular 
to that straight line. (This is really no more than an adaptation from Euclid’s 
proposition x1. 5, to the effect that, if one of four concurrent straight lines be 
at right angles to each of the other three, those three are in one plane, which 
proposition is also used in Aristotle, Meteorologica ni. 3, 373 a 13.) But 
Crelle confesses that he had not been able to deduce the necessary properties 
from this and had had to substitute the definition, already mentioned, of a 
plane as the surface containing, throughout their whole length, all the straight 
lines passing through a fixed point and also intersecting a straight line in space; 
and he only claims to have proved, after a long series of propositions, that the 
“ Fourier”: or “ perpendicular ”-surface and the p/ane of the other definition 
just given are identical, after which the properties of the “ Fourier ”-surface 
can be used along with those of the plane. The advantage of the Fourier 
definition is that it leads easily, by means of the two propositions that 
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triangles are equal in all respects (1) when two sides and the included angle 
are respectively equal and (2) when all three sides are respectively equal, to the 
property expressed in Simson's definition. But Crelle uses to establish these 
two congruence-theorems a number of propositions about equa/ angles, supple- 
mentary angles, right angles, greater and /ess angles; and it is difficult to 
question the soundness of Schotten's criticism that these notions in themselves 
really presuppose that of a plane. The difficulty due to Fourier’s use of 
the word “ perpendicular,” if that were all, could no doubt be got over. Thus 
Deahna in a dissertation (Marburg, 1837) constructed a plane as follows. 
Presupposing the notions of a straight line and a sphere, he observes that, if a 
sphere revolve about a diameter, all the points of its surface which move 
describe closed curves (circles). Each of these circles, during the revolution, 
moves along itself, and one of them divides the surface of the sphere into two 
congruent parts. The aggregate then of the lines joining the centre to the 
points of this circle forms the plane. Again, J. K. Becker (Die Elemente der 
Geometrie, 1877) pointed out that the revolution of a right angle about one 
side of it produces a conical surface which differs from all other conical 
surfaces generated by the revolution of other angles in the fact that she 
particular cone coincides uth the cone vertically opposite to it: this characteristic 
might therefore be taken in order to get rid of the use of the right angle. 


W. Bolyai and Lobachewsky. 


Very similar to Deahna's equivalent for Fourier's definition is the device 
of W. Bolyai and Lobachewsky (described by Frischauf, Elemente der 
absoluten Geometrie, 1876). They worked upon a fundamental idea first 
suggested, apparently, by Leibniz Briefly stated, their way of evolving a 
plane and a straight line was as follows. Conceive an infinite number of 
pairs of concentric spheres described about two fixed points in space, O, O', 
as centres, and with equal radii, gradually increasing: these pairs of equal 
spherical surfaces intersect respectively in homogeneous curves (circles), and 
the “Inbegriff” or aggregate of these curves of intersection forms a /aze. 
If A be a point on one of these circles (k say), suppose points M, M’ to start 
simultaneously from A and to move in opposite directions at the sume speed 
till they meet at B, say: Z then is “opposite” to 4, and A, B divide the 
circumference into two equal halves. If the points 4, & be held fast and the 
whole system be turned about them until O takes the place of O’, and O’ of 
O, the circle will occupy the same position as before (though turned a 
different way). Two opposite points, P, Q say, of each of the other circles 
will remain stationary during the motion as well as ÆA, B: the “ Inbegriff” or 
aggregate of all such points which remain stationary forms a straight line. It 
is next observed that the p/ane as defined can be generated by the revolution 
of the straight line about OO’, and this suggests the following construction 
for a plane. Let a circle as one of the curves of intersection of the pairs of 
spherical surfaces be divided as before into two equal halves at 4, B. Let the 
arc ADB be similarly bisected at D, and let C be the 
middle point of 4B. This determines a straight line CD 
which is then defined as “perpendicular” to AB. The revo- 
lution of CD about AB generates a plane. The property 4 B 
stated in Simson's definition i$ then proved by means of the 
congruence-theorems proved in Eucl r 8 and r 4. The 
first is taken as proved, practically by considerations of 
symmetry and homogeneity. If two spherical surfaces, not necessarily equal, 
with centres O, O’ intersect, Æ and its “opposite” point B are taken as 
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before on the curve of intersection (a circle) and, relatively to OO’, the point 
A is taken to be convertible with Z or any other point on the homogeneous 
curve. The second (that of Eucl. 1. 4) is established by simple application. 
Rausenberger objects to these proofs on the grounds that the first assumes 
that the two spherical surfaces intersect in one single curve, not in several, 
and that the second compares angles: a comparison which, he says, is possible 
only in a plane, so that a plane is really presupposed. Perhaps as regards 
the particular comparison of angles Rausenberger is hypercritical; but it is 
difficult to regard the supposed proof of the theorem of Eucl. 1. 8 as sufficiently 
rigorous (quite apart from the use of the uniform motion of points for the 
purpose of bisecting lines). 

Simson's property is proved from the two congruence-theorems thus. 
Suppose that A47 is “ perpendicular” (as defined by Bolyai) to two generators 
CM, CN of a plane, or suppose CM, CN respectively to make with 4B two 
angles congruent with one another. It is enough to prove that, if P be any 
point on the straight line AZM, then CP, just as 
much as CM, CM respectively, makes with 4B two 
angles congruent with one another and is therefore 
a generator. We prove successively the congruence 
of the following pairs of triangles : N 


ACM, BCM c 
ACN, BCN 
AMN, BMN 
AMP, BMP 
ACP, BCP, 
whence the angles ACP, B CP are congruent. 
Other views. 


Enriques and Amaldi (Elementi di geometria, Bologna, 1905), Veronese 
(in his E/ementr) and Hilbert all assume as a postulate the property stated in 
Simson's definition. But G. Ingrami (Elementi di geometria, Bologna, 1904) 
proves it in the course of a remarkable series of closely argued proposition 
based upon a much less comprehensive postulate. He evolves the theory of 
the plane from that of a triangle, beginning with a triangle as a mere ¢hree-side 
(trilatero), i.e. a frame, as it were. His postulate relates to the shree-side and 
is to the effect that each *' (rectilineal) segment " joining a vertex to a point of 
the opposite side meets every segment similarly joining each of the other two 
vertices to the points of the sides opposite to them respectively, and, con- 
versely, if a point be taken on a segment joining a vertex to a point of the 
opposite side, and if a straight line be drawn from another vertex to the point 
on the segment so taken, it will if produced meet the opposite side. A 
triangle is then defined as the figure formed by the aggregate of all the 
segments joining the respective vertices of a /reeside to points on the 
opposite sides. After a series of propositions, Ingrami evolves a plane as the 
SJigure formed by the “half straight-lines” which project from an internal point 
of the triangle the points of the perimeter, and then, after two more theorems, 
proves that a plane is determined by any three of its points which are not in 
a straight line, and that @ straight line which has two points in a plane has all 
als Points in tt. 

The argument by which Bolyai and Lobachewsky evolved the plane is 
of course equivalent to the definition of a plane as /Ae locus of all points 
equidistant from two fixed points in space. 
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Leibniz in a letter to Giordano defined a plane as that surface which 
divides space into two congruent parts. Adverting to Giordano's criticism that 
you could conceive of surfaces and lines which divided space or a plane into 
two congruent parts without being plane or straight respectively, Beez ( Uber 
Euklidische und Nicht-Euktidische Geometrie, 1888) pointed out that what was 
wanted to complete the definition was the further condition that the two 
congruent spaces could be std along each other without the surfaces ceasing 
to coincide, and claimed prionty for his completion of the definition in this 
way. But the idea of al the parts of a plane fitting exactly on all other parts 
is ancient, appearing, as we have seen, in Heron, Def. 9. 


DEFINITIONS 8, 9. 


8. ‘Emiredos 8¢ yuvia éoriv 7 ev émirédy Sv0 ypappiv dmropévwy ddApAwy 
«ai jj] €r' eUcías keuiéyoy mpós dAArjAas ray ypaugov xAíats. 

9. “Orav b& ai meptéxovoat tiv ywviay ypappai evOeiar dow, ebOvypappos 
ka irat »] yovía. 

8. A plane angle ts the inclination to one another of two lines in a plane 
which meet one another and do not lie in a straight line. 

9. And when the lines containing the angle are straight. the angle is called 
rectilineal. 

The phrase “not in a straight Jine" is strange, seeing that the definition 
purports to apply to angles formed by curves as well as straight lines. We 
should rather have expected continuous (avvexys) with one another; and 
Heron takes this to be the meaning, since he at once adds an explanation as 
to what is meant by lines not being continuous (ob avvexeis). It looks as though 
Euclid really intended to define a recti/ineal angle, but on second thoughts, 
as a concession to the then common recognition of curvilineal angles, altered 
“straight lines” ‘nto “lines” and separated the definition into two, 

I think al) our evidence suggests that Euclid’s definition of an angle as 
inclination (xdiow) was a new departure. The word does not occur in 
Aristotle; and we should gather from him that the idea generally associated 
with an angle in his time was rather deflection or breaking of lines («Adous) : cf. 
his common use of «xexAdoGac and other parts of the verb «Ady, and also his 
reference to one bent /ine forming an angle (77v xexapjévgv xai éqovsav. yavíav, 
Metaph. 1016 a 13) 

Proclus has a long and elaborate note on this definition, much of which 
(pp. 121, 12— 126, 6) is apparently taken direct from a work by his master 
Syrianus (6 juerepos kaÜmyeuuv). Two criticisms contained in the note need 
occasion no difficulty. One of these asks how, if an angle be an inclination, 
one inclination can produce two angles. The other (p. 128, 2) is to the effect 
that the definition seems to exclude an angle formed by one and the same 
curve with itself, e.g. the complete cs50/2 (at what we call the “ cusp ”] or the 
curve known as the /ippopede (horse-fetter) [shaped like a lemniscate}. But 
such an "angle" as this belongs to higher geometry, which Euclid may well 
be excused for leaving out of account in any case. 

Other ancient definitions: Apollonius, Plutarch, Carpus. 

Proclus! note records other definitions of great interest. Apollonius 
defined an angle as a contracting of a surface or a. solid ut one point under a 
broken line or surface (awaywyy émaveias Ñ arepeov mpós dvi onpeiy Und 
xexAacpevg ypaypy 4 émipaveig), where again an angle is supposed to be 
formed by one broken line or surface. Still more interesting, perhaps, is the 
definition by “those who say that the first distance under the point (10 wpdrov 
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Sudornpa vrs rò onpeiov) ts the angle. Among these is Plutarch, who insists 
that Apollonius meant the same thing; for, he says, there must be some first 
distance under the breaking (or deflection) of the including lines or surfaces, 
though, the distance under the point being continuous, it is impossible to 
obtain the actual first, since every distance is divisible without limit” (êr 
drepov). There is some vagueness in the use of the word “distance” (Séorzpa) ; 
thus it was objected that ‘if we anyhow separate off the first” (distance being 
apparently the word understood) ‘and draw a straight line through it, we get 
a triangle and not one angle.” In spite of the objection, I cannot but see in 
the idea of Plutarch and the others the germ of a valuable conception in 
infinitesimals, an attempt (though partial and imperfect) to get at the rafe 
of divergence between the lines at their point of meeting as a measure of the 
angle between them. 

A third view of an angle was that of Carpus of Antioch, who said “that 
the angle was a guantity (rogov), namely a distance (Sorna) between the 
lines or surfaces containing it. This means that it would be a distance (or 
divergence) in one sense (ép' êv corws), although the angle is not on that 
account a straight line. For it is not everything extended in one sense (ro &Q tv 
Stagraróv) that is a line.” This very phrase “extended one way” being held 
to define a /ine, it is natural that Carpus’ idea should have been described as 
the greatest possible paradox (dvrwv mapadoférarov). The difficulty seems to 
have been caused by the want of a different technical term to express a new 
idea; for Carpus seems undoubtedly to have been anticipating the more 
modern idea of an angle as representing divergence rather than distance, and to 
have meant by é@’ & tn one sense (rotationally) as distinct from ome way or in 
one dimension (linearly). 


To what category does an angle belong? 


There was much debate among philosophers as to the particular category 
(according to the Aristotelian scheme) in which an angle should be placed ; 
is it, namely, a quantum (roaóv), quale (mowv) or relation (npós 1)? 

t. "Those who put it in the category of quan/ify argued from the fact that 
a plane angle is divided by a line and a solid angle by a surface. Since, then, 
it is a surface which is divided by a line, and a solid which is divided by 
a surface, they felt obliged to conclude that an angle £s a surface or a solid, and 
therefore a magnitude. But homogeneous finite magnitudes, e.g. plane 
angles, must bear a ratio to one another, or one must be capable of being 
multiplied until it exceeds the other. This is, however, not the case with a 
rectilineal angle and the Aorv-like angle (xeparoedys), by which latter is meant 
the “angle” between a circle and a tangent to it, since (Eucl. 11. 16) the 
latter “angle” is less than any rectilineal angle whatever. The objection, it 
will be observed, assumes that the two sorts of angl& aze homogeneous. 
Plutarch and Carpus are classed among those who, in one way or other, placed 
an angle among magnitudes; and, as above noted, Plutarch claimed Apollonius 
as a supporter of his view, although the word contraction (of a surface or solid) 
used by the latter does not in itself suggest magnitude much more than Euclid’s 
inclination. It was this last consideration which doubtless led ‘‘ Aganis,” the 
“friend” (socius) apparently of Simplicius, to substitute for Apollonius’ 
wording “ a quantity which has dimensions and the extremities of which arrive 
at one point” (an-Nairizi, p. 13). 

2. Eudemus the Peripatetic, who wrote a whole work on the angle, main- 
tained that it belonged to the category of guality. Aristotle had given as his 
fourth variety of gua/tty “figure and the shape subsisting in each thing, and, 
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besides these, straightness, curvature, and the like " (Categories 8, 10 a 11). 
He says that each individual thing is spoken of as guaée in respect of its form, 
and he instances a triangle and a square, using them again later on (sóid. 11a 5) 
to show that it is not all qualities which are susceptible of more and Kss; again, 
in Physics 1. 5, 188 a 25 angle, straight, circular are called kinds of figure. 
Aristotle would no doubt have regarded deflection (xaxhdoOa:) as belonging to 
the same category with straightness and curvature (xaynvAorys). At all events, 
Eudemus took up an angle as having its origin in the breaking or deflection 
(xAdots) of lines: deflection, he argued, was quality if straightness was, and that 
which has its origin in quality is itself quality. Objectors to this view argued 
thus. If an angle be a quality (ours) like heat or cold, how can it be bisected, 
say? It can in fact be divided ; and, if things of which divisibility is an 
essential attribute are varieties of quantum and not qualities, an angle cannot 
be a quality. Further, the more and the /ess are the appropriate attributes of 
quality, not the equal and the unequal; if therefore an angle were a quality, 
we should have to say of angles, not that one is greater and another smaller, 
but that one is more an angle and another less an angle, and that two angles 
are not unequal but dissimilar (avopotn). As a matter of fact, we are told by 
Simplicius, 538, 21, on Arist. De caelo that those who brought the angle under 
the category of guale did call equal angles similar angles; and Aristotle 
himself speaks of similar angles in this sense in De caelo 296 b 20, 311 b 34. 

3. Euclid and all who called an angle an inclination are held by Syrianus 
to have classed it as a re/ation (mpós ti). Yet Euclid certainly regarded angles 
as magnitudes; this is clear both from the earliest propositions dealing 
specifically with angles, e.g. 1. 9, 13, and also (though in another way) from 
his describing an angle in the very next definition and always as contained 
(meptexoa£vy) by the two lines forming it (Simon, Ew, p. 28). 

Proclus (i.e. in this case Syrianus) adds that the truth lies between these 
three views. The angle partakes in fact of all those categories: it needs the 
quantity involved in magnitude, thereby becoming susceptible of equality, 
inequality and .the like; it needs the gua/ity given it by its form, and lastly 
the elation subsisting between the lines or planes bounding it. 


Ancient classification of ‘‘ angles.” 
An elaborate classification of angles given by Proclus (pp. 126, 7—127, 16) 
may safely be attributed to Geminus. In order to show it by a diagram it 
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will be necessary to make a convention about terms. Angles are to be under- 
stood under each class, *'line-circumference " means an angle contained by a 
straight line and an arc of a circle, “line-convex” an angle contained by a 
straight line and a circular arc with convexity oufwards, and so on in every 
case. 


Definitions of angle classified. 


As for the point, straight line, and plane, so foi the angle, Schotten gives 
a valuable summary, classification and criticism of the different modem views 
up to date (Znhalt und Methode des planimetrischen Unterrichts, 11., 1893, 
pp. 94—183); and for later developments represented by Veronese reference 
may be made to the third article (by Amaldi) in Questioni riguardanti le 
matematiche elementari, 1. (Bologna, 1912). 

With one or two exceptions, says Schotten, the definitions of an angle may 
be classed in three groups representing generally the following views : 

1. The angle is the difference of direction between two straight lines. (With 
this group may be compared Euclid’s definition of an angle as an inclination.) 

2. The angle is the quantity or amount (or the measure) of the rotation 
necessary to bring one of its sides from its own position io that of the other side 
without its moving out of the plane containing both. 

The angle is the portion of a plane included between two Straight lines in 
the plane which meel in a point (or two rays issuing from the point). 

It is remarkable however that nearly all of the text-books which give 
definitions different from those in group 2 add to them something pointing to 
a connexion between an angle and rotation: a striking indication that the 
essential nature of an angle is closely cannected with rotation, and that a good 
definition must take account of that connexion. 

The definitions in the first group must be admitted to be tautologous, or 
circular, inasmuch as they really presuppose some conception of an angle. 
Direction (as between two given points) may no doubt be regarded as a primary 
notion; and it may be defined as “the immediate relation of two points which 
the ray enables us to realise” (Schotten). But “a direction is no intensive 
magnitude, and therefore two directions cannot have any quantitative 
difference” (Birklen). Nor is direction susceptible of differences such as 
those between qualities, e.g. colours. Direction is a singular entity: there 
cannot be different sorts or degrees of direction. If we speak of “a different 
direction,” we use the word equivocally ; what we mean is simply “another ” 
direction. The fact is that these definitions of an angle as a difference of 
direction unconsciously appeal to something outside the notion of direction 
altogether, to some conception equivalent to that of the angle itself. 


Recent Italian views. 


The second group of definitions are (says Amaldi) based on the idea of the 
rotation of a straight line or ray in a plane about a point: an idea which, 
logically formulated, may lead to a convenient method of introducing the 
angle. But it must be made independent of metric conceptions, or of the 
conception of congruence, so as to bring out first the notion of an angle, and 
afterwards the notion of equal angles. 

The third group of definitions satisfy the condition of not including metric 
conceptions ; but they do not entirely correspond to our intuitive conception 
of an angle, to which we attribute the character of an entity in one dimension 
(as Veronese says) with respect to the ray as element, or an entity in ¢ao 


180 BOOK I (1. Der. 9 


dimensions with reference to points as elements, which may be called an angular 
sector. The defect is however easily remedied by considering the angle as 
“ the aggregate of the rays issuing from the vertex and comprised in the angular 
sector.” 

Proceeding to consider the principal methods of arriving at the logical 
formulation of the first superficial properties of the p/ane from which a 
definition of the angle may emerge, Amaldi distinguishes two points of view 
(1) the genetic, (2) the actual. — 

(1) From the first point of view we consider the cluster of straight lines 
or rays (the aggregate of all the straight lines in a plane passing through a 
point, or of all the rays with their extremities in that point) as generated by 
the movement of a straight line or ray in the plane, about a point. This leads 
to the postulation of a closed order, or circular disposition, of the straight lines 
or rays in a cluster. Next comes the connexion subsisting between the 
disposition of any two clusters whatever in one, plane, and so on. I 

(2) Starting from the point of view of the actual, we lay the foundation 
of the definition of an angle in the division of the plane into two parts (half- 
planes) dy the straight line. Next, two straight lines (a, b) in the plane, inter- 
secting at a point O, divide the plane into four regions which ate called 
angular sectors (convex); and finally the angle (ab) or (ba) may be defined as 
the aggregate of the rays issuing from O and belonging to the angular sector 
which has a and b for sides. : 

Veronese's procedure (in his E/ementt) is as follows. He begins with the 
first properties of the plane introduced by the following definition. : 

The figure given by all the straight lines joining the points of a straight 
line r to a point P outside it and by 
the parallel to 7 through Pis called a | — ———— — — r 


cluster of straight lines, a cluster of rays, s 
or a plane, according as we consider 
the e/ement of the figure itself to be the 5 
straight line, the ray terminated at Z, P á 
or a point. 

[It will be observed that this method of producing a plane involves using 
the parallel to r. This presents no difficulty to Veronese because he has 
previously defined parallels, without reference to the plane, by means of reflex 
or oppostte figures, with respect to a point O: “two straight lines are called 
parallel, if one of them contains two points opposite to (or the reflex of) two 
points of the other with respect to the middle point of a common transversal 
(of the two lines).” He proves by means of a postulate that the parallel 7 
does belong to the plane Py. Ingrami avoids the use of the parallel by 
defining a p/ane as “the figure formed by the half straight lines which project 
from an internal point of a triangle (i.e. a point on a line joining any vertex of 
a three-side to a point of the opposite side) the points of its perimeter,” and 
then defining a c/usfer of rays as “the aggregate of the half straight lines in a 
plane starting from a given point of the plane and passing through the points 
of the perimeter of a triangle containing the point.” 

Veronese goes on to the definition of an angle. “ We call an angle a part 
of a cluster of rays, bounded by two rays (as the segment is a part of a straight 
line bounded by two points). 

“An angle of the cluster, the bounding rays of which ave opposite, is called a 
flat angle.” 


Then, after a postulate corresponding to postulates which he lays down for 
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a rectilineal segment and for a straight line, Veronese proves that al? flat angles 
are equal to one another. 





a b 


Hence he concludes that “the cluster of rays is a homogeneous linear 
system in which the element is the ray instead of the point. The cluster 
being a homogeneous linear system, all the propositions deduced from 
[Veronese’s] Post. 1 for the straight line apply to it, e.g. that relative to 
the sum and difference of thc segments: it is only necessary to substitute 
the ray for the point, and the angle for the segment.” 


DEFINITIONS 1O, II, 12. 


IO. “Orav è bca én’ eùbeñav arabera ras épetiis yovías (cac åñàýiaıs 
nop, dp ¿xarépa dv owy ywrwy éori, Kai 7) éj«orr«via eU0cia káÜeros kaXeiras, 
i$ fv piorna. i 

11. 'AufjAéia yovía darriv *) ue((uv ópÜrjs. 

12. ‘Ofeia 88 4 Adcowy épOjs. 

10. When a straight line set up on a straight line makes the adjacent angles 
equal to one another, each of the equal angles is right, and the straight line 
standing on the other ts called a perpendicular fo that on which it stands. 

11. An obtuse angle is an angle greater than a right angle. 

12. An acute angle ts an angle less than a right angle. 


épetys is the regular term for adjacent angles, meaning literally (next) in 
order." I do not find the term used in Aristotle of ang/es, but he explains its 
meaning in such passages as Physics vi. 1, 231 b 8: “those things are (next) 
in order which have nothing of the same kind (ovyyevés) between them." 

xáberos, perpendicular, means literally /et fal! : the full expression is perpen- 
dicular straight line, as we see from the enunciation of Eucl. 1. 11, and the 
notion is that of a straight line let fall upon the surface of the earth, a plumb- 
dine. Proclus (p. 283, 9) tells us that in ancient times the perpendicular was 
called gnomon-wise (xara yvwova), because the gnomon (an upright stick) was 
set up at right angles to the horizon. 

The three kinds of angles are among the things which according to the 
Platonic Socrates (Kefub/ic V1. 510 C) the geometer assumes and argues from, 
declining to give any account of them because they are obvious. Aristotle 
discusses the priority of the right angle in comparison with the acute (Metaph. 
1084 b 7): in one way the right angle is prior, i.e. in being defined (dr 
dpurrac) and. by its notion (7G Adyw), in another way the acute is prior, i.e. as 
being a part, and because the right angle is divided into acute angles; the 
acute angle is prior as matter, the right angle in respect of form; cf. also 
Metaph. 1035 b 6, "the notion of the right angle is not divided into 
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that of an acute angle, but the reverse; for, when defining an acute angle, 
you make use of the right angle." Proclus (p. 133, 15) observes that it is by 
the perpendicular that we measure the heights of figures, and that it is by 
reference to the right angle that we distinguish the other rectilineal angles, 
which are otherwise undistinguished the one from the other. 

The Aristotelian Prodlems (16, 4, 913 b 36) contain an expression perhaps 
worth quoting. The question discussed is why things which fall on the 
ground and rebound make “similar” angles with the surface on both sides of 
the point of impact; and it is observed that “the right angle is the limit 
(6pos) of the opposite angles,” where however ‘‘ opposite” seems to mean, not 
* supplementary " (or acute and obtuse), but the equal angles made with the 
surface on opposite sides of the perpendicular. 

Proclus, after his manner, remarks that che statement that an angle less 
than a right angle is acute is not true without qualification, for (1) the Aorn-/rke 
angle (between the circumference of a circle and a tangent) is less than a 
right angle, since it is less tnan an acuée angle, but is not an acute angle, while 
(2) the “angle of a semicircle” (between the arc and a diameter) is also less 
than a right angle, but is not an acute angle. 

The existence of the right angle is of course proved in I. 11. 


DEFINITION 13. 


“Opos éariv, 6 Twos ere wepas. 

A boundary is that which is an extremity of anything. 

Aristotle also uses the words dpos and mépas as synonymous. Cf. De gen. 
animal. 11. 6, 745 a 6, 9, where in the expression “limit of magnitude ” first 
one and then the other word is used. 

Proclus (p. 136, 8) remarks that the word boundary is appropriate to the 
origin of geometry, which began from the measurement of areas of ground 
and involved the marking of boundaries. 


DEFINITION 14. 


Iud dori Tò ùró twos Ñ rwov Ópov mepiexópevov. 

A figure is that which is contained by any boundary or boundaries. 

Plato in the Meno observes that rowndness (arpoyyvAorns) ot the round is a 
“figure,” and that ¢he s/raight and many other things are so too; he then 
inquires what there is common to all of them, in virtue of which we apply the 
term “figure” to them. His answer is (76 a): “with reference to every 
figure I say that that in which the solid terminates (rovro, eis à 10 arepeóv 
wepaiva) ts a. figure, or, to put it briefly, a figure is an extremity of a solid.” 
The first observation is similar to Aristotle’s in the Physics 1. 5, 188 a 25, 
where angle, straight, and circular are mentioned as genera of figure. In the 
Categories 8, 10 a 11, “ figure” is placed with straightness and curvedness in 
the category of quality. Here however ''figure" appears to mean shape 
(mopon) rather than “figure” in our sense. Coming nearer to “figure” in our 
sense, Aristotle admits that figure is “a sort of .nagnitude" (De anima wt. r, 
425 a 18), and he distinguishes p/ane figures of two kinds, in language not 
unlike Euclid’s, as covtfained by straight and circular lines respectively: ‘every 
plane figure is either rectilineal or formed by circular lines (repipepoypapypov), 
and the rectilineal figure is contained by several lines, the circular by one 
line ” (De caelo 11. 4, 286 b 13). He is careful to explain that a plane is not a 
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figure, nor a figure a plane, but that a plane figure constitutes one notion and 
is a species of the genus figure (Anal. post. 11. 3, 90 b 37). Aristotle does not 
attempt to define figure in general, in fact he says it would be useless : ‘‘ From 
this it is clear that there is one definition of soul in the same way as there is 
one definition of figure; for in the one case there is no figure except the 
triangle, quadrilateral, and so on, nor is there any soul other than those above 
mentioned. A definition might be constructed which should apply to all 
figures but not specially to any particular figure, and similarly with the 
species of soul referred to. [But such a general definition would serve no 
purpose.] Hence it is absurd here as elsewhere to seek a general definition 
which will not be properly a definition of anything in existence and will not 
be applicable to the particular irreducible species before us, to the neglect of 
the definition which is so applicable" (De anima ut. 3, 414 b 20—28). 

Comparing Euclid's definition with the above, we observe that by intro- 
ducing boundary (spos) he at once excludes the straight which Aristotle classed 
as figure; he doubtless excluded angle also, as we may judge by (1) Heron's 
statement that “neither one nor two straight lines can complete a figure,” 
(2) the alternative definition of a straight line as ‘that which cannot with 
another line of the same species form a figure,” (3) Geminus’ distinction 
between the line which forms a figure (axnparomoitea) and the line which 
extends indefinitely (tx drepov txBaddAopém), which latter term includes a 
hyperbola and a parabola. Instead of calling figure an extremity as 
Plato did in the expression “extremity (or limit) of a solid,” Euclid 
describes a figure as that which has a boundary or boundaries. And lastly, 
in spite of Aristotle’s objection, he does attempt a general definition to 
cover all kinds of figure, solid and plane. It appears certain therefore that 
Euclid’s definition is entirely his own. 

Another view of a figure, recalling that of Plato in Meno 76 A, is attributed 
by Proclus (p. 143, 8) to Posidonius. The latter regarded the figure as the 
confining extremity or limit (mépas ovy«Adiov), “ separating the notion of figure 
from quantify (or magnitude) and making it the cause of definition, limitation, 
and inclusion (rov wpicbat xai wenepacbat xa ris mepioxjs)... Posidonius thus 
seems to have in view only the boundary placed round from outside, Euclid 
the whole content, so that Euclid will speak of the circle as a figure in 
respect of its whole plane (surface) and of its inclusion (from) without, whereas 
Posidonius (makes it a figure) in respect of its circumference...Posidonius 
wished to explain the notion of figure as itself /imsting and confining magnitude.” 

Proclus observes that a logical and refining critic might object to Euclid’s 
definition as defining the genus from the species, since that which is enclosed 
by one boundary and that which is enclosed by severa! are both species of 
figure. The best answer to this seems to be supplied by the passage of 
Aristotle’s De anima quoted above. 


DEFINITIONS 15, 16. 

15. Kudos lori oynpa éwiredov tnd pads ypaypijs meprexdpevov [9 xadeira 
mepipepeo], mpos qv agp” dvds oypeiov dv évrüs Tov axypaTOS Kaevuv Taca ai 
— THY TOU Kixdov mepipéeperar] Laas dAARAaLS ciciv. 

16. Kevrpov 8% rov xvxAov 76 onpetoy KaXcirat. 

15. A circle ss a plane figure contained by one line such that all the straight 
lines falling upon it from one point among those lying within the figure are equal 
to one another ; 

16. And the point ts called the centre of the circle. 
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The words # xaAcira: wepipépea, “which is called the circumference,” and 
wpós Tijv TOU xvxÀov mepipepaay, “to the circumference of the circle," are 
bracketed by Heiberg because, although the mss. have them, they are 
omitted in other ancient sources, viz. Proclus, Taurus, Sextus Empiricus and 
Boethius, and Heron also omits the second gloss. The recently discovered 
papyrus Herculanensis No. 1061 also quotes the definition without the words 
in question, confirming Heiberg’s rejection of them (see Heiberg in Hermes 
xXxvil., 1903, p- 47). The words were doubtless added in view of the 
occurrence of the word “circumference” in Def. 17, 18 immediately 
following, without any explanation. But no explanation was needed. Though 
the word zepipépeaa does not occur in Plato, Aristotle uses it several times 
(1) in the general sense of contour without any special mathematical signification, 
(2) mathematically, with reference to the rainbow and the circumference, as 
well as an arc, of a circle. Hence Euclid was perfectly justified in employing 
the word in Deff. 17, 18 and elsewhere, but leaving it undefined as being a 
word universally understood and not involving in itself any mathematical 
conception. It may be added that an-Nairizi had not the bracketed words 
in his text; for he comments on and tries to explain Euclid’s omission to 
define the circumference. 

The definition itself contained nothing new in substance. Plato (Parme- 
nides 137 E) says: “ Round is, I take it, that the extremes of which are every 
way equally distant from the middle " (erpoyysAov yé mov gare ToUro, ob dv rà 
layata mavray) arò toô pérov (aov áréxyy). In Aristotle we find the following 
expressions : “the circular (mepipepóypaypov) plane figure bounded by one 
line” (De caelo 1t. 4, 286 b 13— 16) ; "the plane equal (i.e. extending equally 
all ways) from the middle" (émímeBov 7ó é« ro pécov (cov), meaning a 
circle (Rhetoric 11. 6, 1407 b 27); he also contrasts with the circle ‘any 
other figure which has not the lines from the middle equal, as for example an 
egg-shaped figure” (De caclo 11. 4, 287 a 19). The word "' centre " (xévrpov) 
was also regularly used: cf. Protlus’ quotation from the “ oracles” (Acyia), 
“the centre from which all (lines extending) as far as the rim are equal.” 

The definition as it stands has no genetic character. It says nothing as to 
the existence or non-existence of the thing defined or as to the method of 
constructing it. It simply explains what is meant by the word '' circle,” and 
is a provisional definition which cannot be used until the existence of circles 
is proved or assumed. Generally, in such a case, existence is proved by 
actual construction; but here the possibility of constructing the circle as 
defined, and consequently its existence, are postulated (Postulate 3). A genetic 
definition might state that a circle is the figure described when a straight line, 
always remaining in one plane, moves about one extremity as a fixed point 
until it returns to its first position (so Heron, Def. 27). 

Simplicius indeed, who points out that the distance between the feet of a 
pair of compasses is a straight line from the centre to the circumference, will 
have it that Euclid intended by this definition to show how to construct a 
circle by the revolution of a straight line about one end as centre ; and an- 
Nairizi points to this as the explanation (1) of Euclid's definition of a circle 
as a plane figure, meaning the whole surface bounded by the circumference, 
and not the circumference itself, and (2) of his omission to mention the 
* circumference," since with this construction the circumference is not drawn 
separately as a /ime. But it is not necessary to suppose that Euclid himself 
did more than follow the traditional view; for the same conception of the 
circle as a plane figure appears, as we have seen, in Aristotle. While, however, 
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Euclid is generally careful to say the “circumference of a circle" when he means 
the circumference, or an arc, only, there are cases where "circle" means 
“circumference of a circle,” e.g. in ii. 10: '* A circle does not cut a circle 
in more points than two." 

Heron, Proclus and Simplicius are all careful to point out that the centre 
is not the only point which is equidistant from all points of the circumference. 
The centre is the only point in the plane of the circle (“lying within the figure,” 
as Euclid says) of which this is true; any point not in the same plane which 
is equidistant from all points of the circumference is a fo/e. If you set up a 
* gnomon " (an upright stick) at the centre of a circle (i.e. a line through the 
centre perpendicular to the plane of the circle), its upper extremity is a pole 
(Proclus, p. 153, 3); the perpendicular is the locus of all such poles. 


DEFINITION 17. 


Aidpuerpog Ó& roU kíxAov doriv eUU«iá ris Bà roU xévrpov 1yuévr) kai mepatov- 
bem ed” Exdrepa ra pépy bd THs TOD KUKAOU mepipepedas, Aris kai B(xa r&uvec vv 
nvxdov, 

A diameter of the circle is any straight line drawn through the centre and 
terminated in both directions by the circumference of the circle, and such a straight 
line also bisects the circle. 


The last words, literally “which (straight line) also bisects the circle,” 
are omitted by Simson and the editors who followed him. But they are 
necessary even though they do not “belong to the definition” but only 
express a property of the diameter as defined. For, without this explanation, 
Euclid would not have been justified in describing as a semi-circle a portion 
of a circle bounded by a diameter and the circumference cut off by it. 

Simplicius observes that the diameter is so called because it passes through 
the whole surface of a circle as if measuring it, and also because it divides the 
circle into two equal parts. He might however have added that, in general, it 
is a line passing through a figure where it is widest, as well as dividing it 
equally: thus in Aristotle ra xara Sidperpov xeipeva, “things diametrically 
situated" in space, are at their maximum distance apart. Diameter was the 
regular word in Euclid and elsewhere for the diameter of a square, and also 
of a parallelogram; dragona/ (Bayww«os) was a later term, defined by Heron 
(Def. 67! as the straight line drawn from an angle to an angle. 

Proclus (p. 157, 1o) says that Thales was the first to prove that a circle is 
bisected by its diameter; but we are not told how he proved it. Proclus gives 
as the reason of the property ‘the undeviating course of the straight line 
through the centre” (a simple appeal to symmetry), but adds that, if it is 
desired to prove it mathematically, it is only necessary to imagine the diameter 
drawn and one part of the circle applied to the other; it is then clear that 
they must coincide, for, if they did not, and one fell inside or outside the 
other, the straight lines from the centre to the circumference would not all be 
equal: which is absurd. 

Saccheri's proof is worth quoting. It depends on three “Lemmas” 
immediately preceding, (1) that two straight lines cannot enclose a space, 
(2) that two straight lines cannot have one and the same segment common, 
(3) that, if two straight lines meet at a point, they do not touch, but cut one 
another, at it. 

“Let MDHNKM be a circle, A its centre, MN a diameter. Suppose 
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the portion MVK'M of the circle turned about the fixed points M, N, so 
that it ultimately comes near to or coincides with the remaining portion 
MNHDM. 

“Then (i) the whole diameter MAM, with all D 
its points, clearly remains in the same position, H 
since otherwise two straight lines would enclose a 
space (contrary to the first Lemma). 

“(ii) Clearly no point K of the circumference M N 
NKM falls within or outside the surface enclosed 
by the diameter MAN and the other part, VH DM, 
of the circumference, since otherwise, contrary to K 
the nature of the circle, a radius as 4K would be 
less or greater than another radius as AH. 

"(ii) Any radius MA can clearly be rectilineally produced only along a 
single other radius ÆA, since otherwise (contrary to the second Lemma) two 
lines assumed straight, e.g. MAN, MAH, would have one and the same 
common segment. 

“(iv) All diameters of the circle obviously cut one another in the centre 
(Lemma 3 preceding), and they bisect one another there, by the general 
properties of the circle. 

“From all this it is manifest that the diameter MAM divides its circle 
and the circumference of it just exactly into two equal parts, and the same 
may be generally asserted for every diameter whatsoever of the same circle ; 
which was to be proved.” 

Simson observes that the property is easily deduced from it. 31 and 24; 
for it follows from itt. 31 that the two parts of the circle are “similar 
segments” of a circle (segments containing equal angles, 10. Def. 11), and 
from 111. 24 that they are equal to one another. 


DEFINITION 18. 


"HuucókAvov. 8€ éore 7d mepeexcpevoy oxuma ind re ris Staperpov Kai THs 
GrodapBavopérys in’ atras wepipepetas. xévrpov 5% Tod muccuxAiov Tò aùró, ô 
kai roU kUxkÀov écrív. 

A semicircle is the figure contained by the diameter and the circumference cut 
off by it. And the centre of the semicircle is the same as that of the circle. 


The last words, * And the centre of the semicircle is the same as that 
of the circle,” are added from Proclus to the definition as it appears in the 
MSS, Scarburgh remarks that a semicircle has no centre, properly speaking, 
and thinks that the words are not Euclid’s, but only a note by Proclus. I am 
however inclined to think that they are genuine, if only because of the very 
futility of an observation added by Proclus. He explains, namely, that the 
semicircle is the only plane figure that has its centre on its perimeter (!), “so 
that you may conclude that the centre has three positions, since it may be 
within the figure, as in the case of a circle, or on the perimeter, as with the 
semicircle, or outside, as with some conic lines (the single-branch hyperbola 
presumably)” ! 

Proclus and Simplicius point out that, in the order adopted by Euclid for 
these definitions of figures, the first figure taken is that bounded by one line 
(the circle), then follows that bounded by ‘wo lines (the semicircle), then the 
triangle, bounded by ¢hrce lines, and so on. Proclus, as usual, distinguishes 
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different kinds of figures bounded by two lines (pp. 159, 14—160, 9). Thus 
they may be formed 

(1) by circumference and circumference, e.g. (a) those forming angles, as 
a /une (tò pnvoadés) and the figure included by two arcs with convexities 
outward, and (^) the angle-/ess (dywvov), as the figure included between two 
concentric circles (the coronal) ; 

(2) by circumference and straight line, e.g. the semicircle or segments of 
circles (dyes is a name given to those less than a semicircle); 

(3) by “mixed” line and “mixed” line, e.g. two ellipses cutting one 
another ; 

(4) by “mixed” line and circumference, e.g. intersecting ellipse and 
circle ; 

(s) by “mixed” line and straight line, e.g. half an ellipse. 

Following Def. 18 in the Mss. is a definition of a segment of a circle which 
was obviously interpolated from ut. Def. 6. Proclus, Martianus Capella and 
Boethius do not give it in this place, and it is therefore properly omitted. 


DEFINITIONS I9, 20, 2I. 


I9. Sxypara dOVypappa ori rà rò eiÓedv mepiexóneva, TpímAevpa jv 
ra bro tpuav, rerpámAcvpa Ut rà $m recaapuv, moAUmAevpa Ó& rà $rà mAeóvov 1j 
recGápov evOewv meprexdpeva. 

20. Tov à rpurAevpov exqyparov (aómAevpor. uiv rpCyavóv éart To Tas Tpeis 
las Eyov mAcupas, loooxedts 5é 76 ras S¥0 uóvas (gas Cxov mAevpas, oxadnvov dé 
TÒ tàs Tpeîs avicous éxov mevpas. 

21. "Er 8 róv rpurAeópov axnpdrov ópÜoydvior uiv tpiywrov éore 75 Exov 
dpOyv ywviav, duBAvyuviov 8€ rò (xov apSAeav yavíav, ó£vydviov 8 TÓ ràs Tpéis 
ôteías &xov uvías. 

19. Rectilineal figures are /Aose wAtch are contained by straight lines, 
trilateral figures being those contained by three, quadrilateral those contained by 
four, and multilateral those contained by more than four straight lines. 

20. Of trilateral figures, an equilateral triangle ñs that which has its three 
sides equal, an isosceles triangle (hat which has two of tts sides alone equal, and 
a scalene triangle ¢hat which hus its three sides unequal. 

21. Further, of trilateral figures, a right-angled triangle ts that which has 
a right angle, an obtuse-angled triangle that which has an obtuse angle, and an 
acute-angled triangle that which has tts three angles acute. 


19. 

The latter part of this definition, distinguishing shree-sided, four-sided and 
many-sided figures, is probably due to Euclid himself, since the words 
rpirAevpov, TerpdwAevpov and zoAvrAevpuv do not appear in Plato or Aristotle 
(only in one passage of the Mechanics and of the Problems respectively does 
even rterpamÀevpov, guadrilateral, occur). By his use of rerpdmAevpov, 
quadrilateral, Euclid seems practically to have put an end to any ambiguity 
in the use by mathematicians of the word rerpuywvov, literally "' four-angled 
(figure),” and to have got it restricted to the sguare. Cf. note on Def. 22. 


20. 


Tsosceles (taooxedys, with equal legs) is used by Plato as well as Aristotle. 
Scalene (axadnvos, with the variant oxaAnvjs) is used by Aristotle of a triangle 
with no two sides equal: cf. also Tim. Locr. 98 B. Plato, Euthyphro 12 p, 
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applies the term “scalene ” to an odd number in contrast to “isosceles” used 
of an even number. Proclus (p. 168, 24) seems to connect it with oxalw, to 
limp; others make it akin to exoAds, crooked, as/ant. Apollonius uses the 
same word “scalene ” of an obligue circular cone. 

Triangles are classified, first with reference to their sides, and then with 
reference to their angles. Proclus points out that seven distinct species of 
triangles emerge: (t) the egui/atera/ triangle, (2) three species of isosceles 
triangles, the right-angled, the obtuse-angled and the acute-angled, (3) the 
same three varieties of sca/ene triangles. 

Proclus gives an odd reason for the dual classification according to sides 
and angles, namely that Euclid was mindful of the fact that it is not every 
triangle that is frilafera/ also. He explains this statement by reference 
(p. 165, 22) to a figure which some called barb-like (dxidoedqs) while 
Zenodorus called it Aollow-angled (xocywvios). Proclus mentions it again 
in his note on 1. 22 (p. 328, 21 sqq.) as one of the paradoxes of geometry, 
observing that it is seen in the figure of that proposition. This “ triangle” is 
merely a quadrilateral with a re-entrant angle ; and the idea that 
it has only three angles is due to the non-recognition of the 
fourth angle (which is greater than two right angles) as being an 
angle at all. Since Proclus speaks of the four-sided triangle as 
“one of the paradoxes in geometry,” it is perhaps not safe to 
assume that the misconception underlying the expression existed 
in the mind of Proclus alone ; but there does not seem to be any evidence 
that Zenodorus called the figure in question a triangle (cf. Pappus, ed. 
Hultsch, pp. 1154, 1206). 


DEFINITION 22. 


Tov ài rerpamAeipov aXnuaruv rerpayovov pév tori, à laómAeupóv vé dar: 
xai épBoyunov, érepounnes 5¢, 8 ÓpÜloydviov. uév, oix. laómAevpoy é, Pouos 5e, à 
laónAevpov uév, oix ópÜoyuvcov 96, pou[Soeis 94 ró ràs árevavr(ov wevpas Te Kal 
yovias toas dAAnAas Exov, ó ovre. laómAevpóy ¿otw ovre ópÜoyuviov: rà dé mapa 
TaUra rerpdmAevpa. rpamé(ta. kaAe(a Üu. 

Of quadrilateral figures, a square is that which is both equilateral and right- 
angled; an oblong that which is right-angled but not equilateral; a rhombus 
that which is equilateral but not right-angled; and a rhomboid that which has 
its opposite sides and angles egual to one another but is neither equilateral nor 
right-angled. And Jet quadrilaterals other than these be called trapezia. 


Terpdyovov was already a square with the Pythagoreans (cf. Aristotle, 
Metaph. 986a 26), and it is so most commonly in Aristotle; but in De anima 
1. 3, 414 b 31 it seems to be a quadrilateral, and in Metaph. 1054 b 2, 
"equal and equiangular terpaywva,” it cannot be anything else but quadri- 
lateral if “equiangular” is to have any sense. Though, by introducing 
Terpam)evpov for any quadrilateral, Euclid enabled ambiguity to be avoided, 
there seem to be traces of the older vague use of rerpdywrov in much later 
writers. Thus Heron (Def. 100) speaks of a cube as “contained by six equi- 
lateral and egutangular rerpdywva” and Proclus (p. 166, 10) adds to his 
remark about the “four-sided triangle” that ‘you might have rerpaywva with 
more than the four sides,” where terpaywva can hardly mean squares. 

érepopunxes, oblong (with sides of different length), is also a Pythagorean term. 

The word right-angled (ôpĝoywviov) as here applied to quadrilaterals 
must mean rectangular (i.e., practically, having all its angles right angles) ; 
for, although it is tempting to take the word in the same sense for a 
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square as for a triangle (i.e. “having one right angle”), this will not do in the 
case of the oblong, which, unless it were stated that ‘Arce of its angles are 
right angles, would not be sufficiently defined. 

If it be objected, as it was by Todhunter for example, that the definition 
of a square assumes more than is necessary, since it is sufficient that, being 
equilateral, it should have one right angle, the answer is that, as in other cases, 
the superfluity does not matter from Euclid’s point of view; on the contrary, 
the more of the essential attributes of a thing that could be included in its 
definition the better, provided that the existence of the thing defined and its 
possession of all those attributes is proved before the definition is, actually 
used; and Euclid does this in the case of the square by construction in 1. 46, 
making no use of the definition before that proposition. 

The word rhombus (pouBos) is apparently derived from péuBw, to turn 
round and round, and meant among other things a spinning-top. Archimedes 
uses the term solid rhombus to denote a solid figure made up of two right 
cones with a common circular base and vertices turned in opposite directions. 
We can of course easily imagine this solid generated by spinning ; and, if the 
cones were equal, the section through the common axis would be a plane 
thombus, which would also be the apparent form of the spinning solid to the 
eye. The difficulty in the way of supposing the plane figure to have been 
named after the solid figure is that in Archimedes the cones forming the solid 
are not necessarily equal. It is however possible that the solid to which the 
name was originally given was made up of two equal cones, that the plane 
rhombus then received its name from that solid, and that Archimedes, in 
taking up the old name again, extended its signification (cf. J. H. T. Miller, 
Beiträge zur Terminologie der griechischen Mathematiker, 1860, p. 20). 
Proclus, while he speaks of a rhombus as being like a shaken, i.e. deformed, 
square, and of a rhomboid as an oblong that has been moved, tries to explain 
the rhombus by reference to the appearance of a spinning square (Terpáywvov 
pop Bovpevov). 

It is true that the definition of a rhomboid says more than is necessary in 
describing it as having its opposite sides and angles equal to one another. 
The answer to the objection is the same as the answer to the similar objection 
to the definition of a square. 

Euclid makes no use in the Elements of the oblong, the rhombus and 
the rhomboid. The explanation of his inclusion of definitions of these 
figures is no doubt that they were taken from earlier text-books. From 
the words ‘‘/e¢ quadrilaterals other than these de ca//ed trapezia” we may 
perhaps infer that /rafezium was a new name or a new application of an old 
name. 

As Euclid has not yet defined parallel lines and does not anywhere 
define a parallelogram, he is not in a position to make the more elaborate 
classification of quadrilaterals attributed by Proclus to Posidonius and 
appearing also in Heron’s Definitions. It may be shown by the following 
diagram, distinguishing seven species of quadrilaterals. 


Quadrilaterals 
— — 


— — — Se te ne € 
parallelograms non-parallelograms 
mm E r 
rectangular non-rectangular two sides parallel no sides parallel 
(trapezium) (trapezoid) 


a H . - - 
square oblony rhombus rhomboid isosceles trapesium scalene trapezium 
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It will be observed that, while Euclid in the above definition classes as 
trapezia all quadrilaterals other than squares, oblongs, rhombi, and rhomboids, 
the word is in this classification restricted to quadrilaterals having two sides 
(only) parallel, and /rafezoid is used to denote the rest. Euclid appears to 
have used /rapezium in the restricted sense of a quadrilateral with two sides 
parallel in his book wepi diapévewy (on divisions of figures). Archimedes 
uses it in the same sense, but in one place describes it more precisely as a 
trapezium with its two sides parallel. 


DEFINITION 23. 


Ilapáànàoi eow efca, aires èv Te abrg émmédy ovoat Kai éxBadddcpavac 
els drreipov éf' éxarepa tà pepy émi pnd€érepa ovprinrovaw ddAnAas. 

Parallel straight lines are straight lines which, being in the same plane and 
being produced indefinitely in both directions, do not meet one another in either 
direction. 


TlapdAAnAos (alongside one another) written in one word does not appear 
in Plato ; but with Aristotle it was already a familiar term. 

eis areipoy cannot be translated “to infinity” because these words might 
seem to suggest a region or f/ace infinitely distant, whereas «i« dmreqov, which 
seems to be used indifferently with ¿r' drepov, is adverbial, meaning “without 
limit,” i.e. “indefinitely.” Thus the expression is used of a magnitude being 
“infinitely divisible,” or of a series of terms extending without limit. 

Ln both directions, €f ixátepa Tà pépn, literally "towards both the parts” 
where “parts” must be used in the sense of “regions” (cf "Thuc. ii. 96). 

It is clear that with Aristotle the general notion of parallels was that of 
straight lines whch do not meel, as in Euclid: thus Aristotle discusses the 
question whether to think that parallels do meet should be called a 
geometrical or an ungeometrical error (Anal. fost. 1. 12, 77 b 22), and (more 
interesting still in relation to Euclid) he observes that there is nothing 
surprising in different hypotheses leading to the same error, as one might 
conclude that parallels meet by starting from the assumption, either (a) that 
the interior (angle) is greater than the exterior, or (^) that the angles of a 
triangle make up more than two right angles (44224. prior. M. 17, 66 a 11). 

Another definition is attributed by Proclus to Posidonius, who said that 
“parallel lines are those which, (being) in one plane, neither converge nor diverge, 
but have all the perpendiculars egual which are drawn from the points of one 
ine to the other, while such (straight lines) as make the perpendiculars less and 
less continually do converge to one another ; for the perpendicular is enough 
to define (ógiew dvvarac) the heights of areas and the distances between lines. 
For this reason, when the perpendiculars are equal, the distances between the 
straight lines are equal, but when they become greater and less, the interval is 
lessened, and the straight lines converge to one another in the direction in 
which the less perpendiculars are ” (Proclus, p. 176, 6—17). 

Posidonius’ definition, with the explanation as to distances between straight 
lines, their convergence and divergence, amounts to the definition quoted by 
Simplicius (an-Nairizi, p. 25, ed. Curtze) which described straight lines as 
parallel sf, when they are produced indefinitely both ways, the distance between 
them, or the perpendicular drawn from either of them to the other, ts always 
equal and not different. To the objection that it should be proved that the 
distance between two parallel lines is the perpendicular to them Simplicius 
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replies that the definition will do equally well if all mention of the perpen- 
dicular be omitted and it be merely stated that the distance remains equal, 
although “for proving the matter in question it is necessary to say that one 
straight line is perpendicular to both” (an-Nairizi, ed. Besthorn-Heiberg, p. 9). 
He then quotes the definition of “the philosopher Aganis”: “ Parallel 
straight lines are straight lines, situated in the same plane, the distance between 
which, if they are produced indefinitely in both directions at the same time, is 
everywhere the same.” (This definition forms the basis of the attempt of 
" Aganis" to prove the Postulate of Parallels.) On the definition Simplicius 
remarks that the words “situated in the same plane” are perhaps unnecessary, 
since, if the distance between the lines is everywhere the same, and one does 
not incline at all towards the other, they must for that reason be in the same 
plane. He adds that the “distance” referred to in the definition is the 
shortest line which joins things disjoined. Thus, between point and point, 
the distance is the straight line joining them ; between a point and a straight 
line or between a point and a plante it is the perpendicular drawn from the point 
to the line or plane; “as regards the distance between two lines, that distance 
is, if the lines are parallel, one and the same, equal to itself at all places on 
the lines, it is the shortest distance and, at all places on the lines, perpendicular 
to both " (z/Z. p. 1o). 

The same idea occurs in a quotation by Proclus (p. 177, 11) from 
Geminus. As part of a classification of lines which do not meet he observes : 
“Of lines which de not meet, some are in one plane with one another, others 
not. Of those which meet and are in one plane, some are always the same 
distance from one another, others lessen the distance continually, as the hyper- 
bola (approaches) the straight line, and the conchoid the straight line (i.e. the 
asymptote in each case). For these, while the distance is being continually 
lessened, are continually (in the position of) not meeting, though they converge 
` to one another; they never converge entirely, and this is the most paradoxical 
theorem in geometry, since it shows that the convergence of some lines is non- 
convergent. But of lines which are always an equal distance apart, those 
which are straight and never make the (distance) between them smaller, and 
which are in one plane, are parallel." 

Thus the egurdtstance-theory of parallels (to which we shall return) is very 
fully represented in antiquity. I seem also to see traces in Greek writers of a 
conception equivalent to the vicious direction-theory which has been adopted 
in so many modern text-books. Aristotle has an interesting, though obscure, 
allusion in Asal. prior. u. 16, 65 a 4 to a petitio principii committed by “those 
who think that they draw parallels” (or “establish the theory of parallels,” 
which is a possible translation of ras mapaAAyAous ypdpev): “for they un- 
consciously assume such things as it is not possible to demonstrate if parallels 
do not exist.” It is clear from this that there was a vicious circle in the then 
current theory of parallels; something which depended for its truth on the 
Properties of parallels was assumed in the actual proof of those properties, 
e.g. that the three angles of a triangle make up two right angles. This is not 
the case in Euclid, and the passage makes it clear that it was Euclid himself 
who got rid of the pefitio principit in earlier text-books by formulating and 
premising before 1. 29 the famous Postulate 5, which must ever be regarded 
as among the most epoch-making achievements in the domain of geometry. 
But one of the commentators on Aristotle, Philoponus, has a note on the 
above passage purporting to give the specific character of the petitio Principii 
alluded to; and it is here that a direction-theory of parallels may be hinted at, 
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whether Philoponus is or is not right in supposing that this was what Aristotle 
had in mind. Philoponus says: “The same thing is done by those who draw 
parallels, namely begging the original question; for they will have it that it is 
possible to draw parallel straight lines from the meridian circle, and they 
assume a point, so to say, falling on the plane of that circle and thus they 
draw the straight lines. And what was sought is thereby assumed; for he 
who does not admit the genesis of the parallels will not admit the point 
referred to either.” What is meant is, I think, somewhat as follows. Given 
a straight line and a point through which a parallel to it is to be drawn, we 
are to suppose the given straight line placed in the plane of the meridian. 
Then we are told to draw through the given point another straight line in the 
plane of the meridian (strictly speaking it should be drawn in a plane parallel 
to the plane of the meridian, but the idea is that, compared with the size of 
the meridian circle, the distance between the point and the straight line is 
negligible) ; and this, as I read Philoponus, is supposed to be equivalent to 
assuming a very distant point in the meridian plane and joining the given 
point to it. But obviously no ruler would stretch to such a point, and the 
objector would say that we cannot really direct a straight line to the assumed 
distant point except by drawing it, without more ado, parallel to the given 
straight line. And herein is the f«ifío principii. I am confirmed in seeing 
in Philoponus an allusion to a direction-theory by a remark of Schotten on a 
similar reference to the meridian plane supposed to be used by advocates of 
that theory. Schotten is arguing that direction is not in itself a conception 
such that you can predicate one direction of fo different lines. “If any one 
should reply that nevertheless many lines can be conceived which all have the 
direction from north to south," he replies that this represents only a nominal, 
not a real, identity of direction. 

Coming now to modern times, we may classify under three groups 
practically all the different definitions that have been given of parallels 
(Schotten, o. cif. n. p. 188 sqq.). 

(1) Parallel -straight lines have no point common, under which general 
conception the following varieties of statement may be included: 

(a) they do not cut one another, 

(è) they meet at infinity, or 

(c) they have a common point at infinity. 

(2) Parallel straight lines have the same, or like, direction or directions, 
under which class of definitions must be included all those which introduce 
transversals and say that the parallels make equal angles with a transversal. 

(3) Parallel straight lines have the distance between them constant; 
with which group we may connect the attempt to explain a parallel as ¢he 
geometrical locus of all points which ave equidistant from a straizht line. 

But the three points of view have a good deal in common ; some of them 
lead easily to the others. Thus the idea of the lines having no point common 
led to the notion of their having a common point at infinity, through the 
influence of modern geometry seeking to embrace different cases under one 
conception ; and then again the idea of the lines baving a common point at 
infinity might suggest their having the same direction. The “non-secant ” 
idea would also naturally lead to that of equidistance (3), since our 
observation shows that it is things which come nearer to one another that 
tend to meet, and hence, if lines are not to meet, the obvious thing is to see 
that they shall not come nearer, i.e. shall remain the same distance apart. 


1. Der. 23] NOTE ON DEFINITION 23 193 


We will now take the three groups in order. 

(1) The first observation of Schotten is that the varieties of this group 
which regard parallels as (a) meeting at infinity or (/) having a common 
point at infinity (first mentioned apparently by Kepler, 1604, as a “façon de 
parler” and then used by Desargues, 1639) are at least unsuitable definitions 
for elementary text-books. How do we know that the lines cut or meet at 
infinity? We are not entitled to assume either that they do or that they do 
not, because “infinity” is outside our field of observation and we cannot verify 
either. As Gauss says (letter to Schumacher), “Finite man cannot claim to 
be able to regard the infinite as something to be grasped by means of ordinary 
methods of observation.” Steiner, in speaking of the rays passing through a 
point and successive points of a straight line, observes that as the point of 
intersection gets further away the ray moves continually in one and the same 
direction (“nach einer und derselben Richtung hin”); only in one position, 
that in which it is parallel to the straight line, “there is zo real cutting” 
between the ray and the straight line; what we have to say is that the ray is 
“directed towards the infinitely distant point on the straight line.” It is true 
that higher geometry has to assume that the lines do meet at infinity: whether 
such lines exist in nature or not does not matter (just as we deal with “‘straight 
lines” although there is no such thing as a straight line). But if two lines do 
not cut at any finite distance, may not the same thing be true at infinity also? 
Are lines conceivable which would not cut even at infinity but always remain 
at the same distance from one another even there? Take the case of a line 
of railway. Must the two rails meet at infinity so that a train could not stand 
on them there (whether we could see it or not makes no difference)? It 
seems best therefore to leave to higher geometry the conception of infinitely 
distant points on a line and of two straight lines meeting at infinity, like 
imaginary points of intersection, and, for the purposes of elementary geometry, 
to rely on the plain distinction between “parallel” and “cutting ” which 
average human intelligence can readily grasp. This is the method adopted 
by Euclid in his definition, which of course belongs to the group (1) of 
definitions regarding parallels as non-secant. 

It is significant, I think, that such authorities as Ingrami (Elementi di 
geomelria, 1904) and Enriques and Amaldi (Elementi di geometria, 1905), 
after all the discussion of principles that has taken place of late years, give 
definitions of parallels equivalent to Euclid’s: “those straight lines in a plane 
which have not any point in common are called parallels.” Hilbert adopts 
the same point of view. Veronese, it is true, takes a different line. In his 
great work Fondamenti di geometria, 1891, he had taken a ray to be parallel to 
another when a point at infinity on the second is situated on the first; but he 
appears to have come to the conclusion that this definition was unsuitable for 
his Elementi. He avoids however giving the Euclidean definition of parallels 
as “straight lines in a plane which, though produced indefinitely, never meet,” 
because “no one has ever seen two straight lines of this sort,” and because 
the postulate generally used in connexion with this definition is not evident in 
the way that, in the field of our experience, it is evident that only one straight 
line can pass through two points. Hence he gives a different definition, for 
which he claims the advantage that it is independent of the plane. It is 
based on a definition of figures “opposite to one another with respect to a 
point” (or reflex figures). ‘Two figures are opposite to one another with 
respect to a point O, e.g. the figures ABC... and 4'B'C' ..., if to every point 
of the one there corresponds one sole point of the other, and if the segments 
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OA, OB, OC, ... joining the points of one figure to O are respectively equal 
and opposite to the segments OA’, OB’, OC’, ... joining to O the corresponding 
points of the second”: then, a transversal of two straight lines being any 
segment having as its extremities one point of one line and one point of the 
other, “two straight lines are called parallel if one of them contains two points 
opposite to two points of the other with respect to the middle point of a common 
transversal.” It is true, as Veronese says, that the parallels so defined and the 
parallels of Euclid are in substance the same ; but it can hardly be said that 
the definition gives as good an idea of the essential nature of parallels as does 
Euclid’s. Veronese has to prove, of course, that his parallels have no point in 
common, and his “Postulate of Parallels” can hardly be called more evident 
than Euclid’s: “If two straight lines are parallel, they are figures opposite to 
one another with respect to the riddle points of all their transversal segments.” 


(2) The direction-theory. 

The fallacy of this theory has nowhere been more completely exposed 
than by C. L. Dodgson (Zuchid and his modern Rivals, 1879). According to 
Killing (Zinfiihrung in die Grundlagen der Geometrie, 1. p. 5) it would appear 
to have originated with no less a person than Leibniz. In the text-books 
which employ this method the notion of direction appears to be regarded as a 
primary, not a derivative notion, since no definition is given. But we ought 
at least to know how the same direction or like directions can be recognised 
when two different straight lines are in question. But no answer to this 
question is forthcoming. ‘The fact is that the whole idea as applied to non- 
coincident straight lines is derived from knowledge of the properties of 
parallels; it is a case of explaining a thing by itself. ‘The idea of parallels 
being in the same direction perhaps arose from the conception of an angle as 
a difference of direction (the hollowness of which has already been exposed) ; 
sameness of direction for parallels follows from the same “difference of 
direction” which both exhibit relatively to a third line. But this is not 
enough. As Gauss said ( Werke, 1v. p. 365), “IE it [identity of direction) is 
recognised by the equality of the angles formed with one third straight line, 
we do not yet know without an antecedent proof whether this same cquality 
will also be found in the angles formed with a fourth straight line” (and any 
number of other transversals); and in order to make this theory of parallels 
valid, so far from getting rid of axioms such as Euclid's, you would have to 
assume as an axiom what is much less axiomatic, namely that “straight lines 
which make equal corresponding angles with a certain transversal do so with 
any transversal ” (Dodgson, p. 101). 


(3) In modern times the conception of parallels as eguidistant straight 
lines was practically adopted by Clavius (the editor of Euclid, born at 
Bamberg, 1537) and (according to Saccheri) by Borelli (Euclides restitutus, 
1658) although they do not seem to have defined parallels in this way. 
Saccheri points out that, before such a definition can be used, it has to 
be proved that “the geometrical locus of points equidistant from a straight 
line is a straight line.” To do him justice, Clavius saw this and tried to 
prove it: he makes out that the locus is a straight line according to the 
definition of Euclid, because "it lies evenly with respect to all the points 
on it”; but there is a confusion here, because such “evenness” as the locus 
has is with respect to the straight line from which its points are equidistant, 
and there is nothing to show that it possesses this property with respect 
to itself. In fact the theorem cannot be proved without a postulate. 
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POSTULATE 1. 


"Herya0u amo ravros onpetov eri wav onpetov eiOciav ypappyv dyayev. 
Let the following be postulated: to draw a straight line from any point to 
any point. 


From any point to any point. In general statements of this kind 
the Greeks did not say, as we do, “amy point,” ‘any triangle” etc., but 
“every point,” “every triangle” and the like. Thus the words are here 
literally “from every point to every point." Similarly the first words of 
Postulate 3 are “with every centre and distance,” and the enunciation, e.g., of 
1. 18 is “In every triangle the greater side subtends the greater angle.” 

It will be remembered that, according to Aristotle, the geometer must in 
general assume what a thing is, or its definition, but must prove ‘hat it is, 
i.e. the existence of the thing corresponding to the definition : only in the case 
of the two most primary things, points and lines, does he assume, without 
proof, both the definition and the existence of the thing defined. Euclid has 
indeed no separate assumption affirming the existence of points such as we find 
nowadays in text-books like those of Veronese, Ingrami, Enriques, “there exist 
distinct points” or “there exist an infinite number of points.” But, as re- 
gards the only lines dealt with in the Elements, straight lines and circles, 
existence is asserted in Postulates 1 and 3 respectively. Postulate 1 however 
does much more than (1) postulate the existence of straight lines. It is 
(z) an answer to a possible objector who should say that you cannot, with the 
imperfect instruments at your disposal, draw a mathematical straight line at all, 
and consequently (in the words of Aristotle, Ava. post. 1. 10, 76 b 41) that 
the geometer uses false hypotheses, since he calls a line a foot long when it is 
not or straight when it is not straight. It would seem (if Gherard’s translation 
is right) that an-Nairizi saw that one purpose of the Postulate was to refute 
this criticism: “the utility of the first three postulates is (to ensure) that the 
weakness of our equipment shall not prevent (scientific) demonstration” 
(ed. Curtze, p. 30). The fact is, as Aristotle says, that the geometer’s demon- 
stration is not concerned with the particular imperfect straight line which he 
has drawn, but with the ideal straight line of which it is the imperfect 
representation. Simplicius too indicates that the object of the Postulate is 
rather to enable the drawing of a mathematical straight line to be imagined 
than to assert that it can actually be realised in practice: “he would be a 
rash person who, taking things as they actually are, should postulate the 
drawing of a straight line from Aries to Libra.” 

There is still something more that must be inferred from the Postulate 
combined with the definition of a straight line, namely (3) that the straight 
line joining two points is uaéyue: in other words that, if to straight lines 
(“rectilineal segments," as Veronese would call them) Aave the same extremities, 
they must coincide throughout their length. The omission of Euclid to state 
this in so many words, though he assumes it in 1. 4, is no doubt answerable for 
the interpolation in the text of the equivalent assumption that two straight 
lines cannot enclose a space, which has constantly appeared in Mss. and editions 
of Euclid, either among Axioms or Postulates. That Postulate 1 included it, 
by conscious implication, is even clear from Proclus' words in his note on I. 4 
(p. 239, 16): “therefore two straight lines do not enclose a space, and it was 
with knowledge of this fact that the writer of the Elements said in the first of 
his Postulates, /o draw a straight line from any point to any point, implying 
that it is one straight line which would always join the two points, not zwo.” 
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Proclus attempts in the same note (p. 239) to prove that two straight lines 
cannot enclose a space, using as his basis the definition of the diameter of a 
circle and the theorem, stated in it, that any diameter divides the circle into 
two equal parts. 

Suppose, he says, ACB, ADB to be two straight lines enclosing a space. 
Produce them (beyond 7) indefinitely. With centre B 


and distance 4B describe a circle, cutting the lines so 
produced in Æ Æ respectively. E 
Then, since ACBF, ADBE are both diameters 
cutting off semi-circles, the arcs AE, AEF are equal: AKC > 
which is impossible. Therefore etc. 
It will be observed, however, that the straight lines F 
produced are assumed to meet the circle given in two 


different points E, F, whereas, for anything we know, 
E, F might coincide and the straight lines have Arce common points. The 
proof is therefore delusive. 

Saccheri gives a different proof. From Euclid’s definition of a straight 
line as that which lies evenly with its points he infers that, when 
such a line is turned about its two extremities, which remain fixed, 


x 
all the points on it must remain throughout in the same position, and 
8 
8 


$ 


cannot take up different positions as the revolution proceeds. “In 
this view of the straight line the truth of the assertion that two 
straight lines do not enclose a space is obviously involved. In fact, 
if two lines are given which enclose a space, and of which the two 
points 4 and X are the common extremities, it is easily shown that 
neither, or else only one, of the two lines is straight." 

It is however better to assume as a postulate the fact, inseparably 
connected with the idea of a straight line, that there exists only one straight 
line containing two given points, or, if two straight lines have two points in 
common, they coincide throughout. 


POSTULATE 2. 

Kai werepaopémy heiav xarà tò avvexis én’ edOeias éxBareiv. 

To produce a finite straight line continuously in a straight line. 

I translate merepaopévny by finite, because that is the received equivalent, 
and because any alternative word such as /imited, terminated, if applied to a 
straight line, would equally fail to express what modern Italian geometers aptly 
call a rectilineal segment, that is, a straight line having “wo extremities. 

Just as Post. 1 asserting the possibility of drawing a straight line from any 
one point to another must be held to declare at the same time that the 
straight line so drawn is unique, so Post. 2 maintaining the possibility of 
producing a finite straight line (a *'rectilineal segment”) continuously in a 
straight line must also be held to assert that the straight line can only be 
produced s# one way at either end, or that the produced part in either 
direction is wnigue; in other words, that two straight lines cannot have a 
common segment. This latter assumption is not expressly appealed to by 
Euclid until xı. 1. But it is needed at the very beginning of Book 1. Proclus 
(p. 214, 18) says that Zeno of Sidon, an Epicurean, maintained that the very 
first proposition 1. 1 requires it to be admitted that “two straight lines cannot 
have the same segments " ; otherwise 4C, BC might meet before they arrive 
at C and have the rest of their length common, in which case the actual 
triangle formed by them and AZ would not be equilateral. The assumption 
that two straight lines cannot have a common segment is certainly necessary 
in 1. 4, where one side of one triangle is placed on that side of the other 
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triangle which is equal to it, and it is inferred that the two coincide throughout 
their length: this would by no means follow if two straight lines could have a 
common segment. Proclus (p. 215, 24), while observing that Post. 2 clearly 
indicates that the produced portion must be one, attempts to prove it, but 
unsuccessfully. Both he and Simplicius practically 


use the same argument. Suppose, says Proclus, E 

that the straight lines 4C, AD have AB as a 

common segment. With centre B and radius BA e 
describe a circle (Post. 3) meeting 4C, 4D in 4 D 


C, D.- Then, since AAC is a straight line through 
the centre, AEC is a semi-circle. Similarly, ABD 
being a straight line through the centre, AED is a 
semi-circle. Therefore AEC is equal to AED: 
which is impossible. 

Proclus observes that Zeno would object to this proof as really depending 
on the assumption that ‘‘two circumferences (of circles) cannot have one 
portion common” ; for this, he would say, is assumed in the common proof 
by superposition of the fact that a circle is bisected by a diameter, since that 
proof takes it for granted that, if one part of the circumference cut off by the 
diameter, when applied to the other, does not coincide with it, it must neces- 
sarily fall either entirely outside or entirely inside it, whereas there is nothing 
to prevent their coinciding, not altogether, but in part only; and, until you 
really prove the bisection of a circle by its diameter, the above proof is not 
valid. Posidonius is represented as having derided Zeno for not seeing that 
the proof of the bisection of a circle by its diameter goes on just as well if the 
circumferences fail to coincide iz parf only. But the true objection to the 
proof above given is that the proof of the bisection of a circle by any diameter 
itself assumes that two straight lines cannot have a common segment; for, if 
we wish to draw the diameter of a circle which has its extremity at a given point 
of the circumference we have to join the latter point to the centre (Post. 1) and 
then to produce the straight line so drawn till it meets the circle again (Post. 2), 
and it is necessary for the proof that the produced part shall be unigue. 

Saccheri adopted the proper order when he gave, first the proposition that 
two straight lines cannot have a common segment, and after that the 
Proposition that any diameter of a circle bisects the circle and its circumference. 

Sacchen's proof of the former is very interesting as showing the thorough- 
ness of his method, if not at the end entirely convincing. It is in five stages 
which I shall indicate shortly, giving the full argument of the first only. 

Suppose, if possible, that AX is a common segment of both the straight 
lines 4X7, AXC, in one plane, produced beyond 
X. Then describe about X as centre, with radius 
XB or XC, the arc BMC, and draw through X to 
any point on it the straight line XM. 

(i) I maintain that, with the assumption 
made, the line AXM is also a straight line which 
is drawn from the point A to the point X and pro- 
duced beyond X. 

For, if this line were not straight, we could draw 
another straight line 47 which for its part would 
be straight. This straight line will either (a) cut one 
of the two straight lines X, XC in a certain point 
XK or (4) enclose one of them, for instance XB, in 
the area bounded by AX, XM and APLM. 
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But the first alternative (a) obviously contradicts the foregoing lemma [that 
two straight lines cannot enclose a space], since in that case the two lines 
AXK, ATK, which by hypothesis are straight, would enclose a space. 

The second possibility (4) is at once seen to involve a similar absurdity. 
For the straight line XZ must, when produced beyond Ø, ultimately meet 
APLM in a point Z. Consequently the two lines AXZZL, APL, which by 
hypothesis are straight, would again enclose a space. If however we were to 
assume that the straight line XB produced beyond # will ultimately meet 
either the straight line XM or the straight line XA in another point, we should 
in the same way arrive at a contradiction. 

From this it obviously follows that, on the assumption made, the line 
AXM is itself the straight line which was drawn from the point 4 to the point 
M; and that is what was maintained. 

The remaining stages are in substance these. 


(ü) Lf the straight line AXB, regarded as rigid, revolves about AX as axis, 
st cannot assume two more positions in the same plane, so that, for example, in 
one position XB should coincide with XC, and in the other with XM. 

[This is proved by considerations of symmetry. AXB cannot be altogether 
“similar or equal to” AXC, if viewed from the same side (left or right) of 
both : otherwise they would coincide, which by hypothesis they do not. But 
there is nothing to prevent AXB viewed from one side (say the left) being 
“similar or equal to” AXC viewed from the other side (i.e. the right), so that 
AXB can, without any change, be brought into the position AXC. 

AXB cannot however take the position of the other straight line 4X M as 
well. If they were like on one side, they would coincide; if they were like on 
opposite sides, AXM, AXC would be like on the same side and therefore 
coincide. | 


(ii) The other positions of AXB during the revolution must be above or 
below the original plane. 


(iv) It is next maintained that /Aere is a point D on the arc BC such that, if 
XD is drawn, AXD ts not only a stratght line but is such that viewed from the left 
side it is exactly “similar or egual” to what it is when viewed from the right side. 

[Fizst, it is proved that points 77, F can be found on the arc, corresponding 
in the same way as B, C do, but nearer together, and of course AXM, AXF 
are both straight lines. 

Secondly, similar corresponding points can be found still nearer together, 
and so on continually, until either (z) we come to one point D such that AXD 
ts exactly like itself. when the right and [eft sides are compared, or (b) there are 
two ultimate points of this sort M, F, so that loth AXM, AXF have this 
property. 

Thirdly, (b) is ruled out by reference to the definition of a straight line. 

Hence (a) only is true, and there is only oze point 2 such as described.] 


(v) Lastly, Saccheri concludes that the straight line 4XD so determined 
“is alone a straight line, and the immediate prolongation from A beyond X to 
2D," relying again on the definition of a straight line as “lying evenly.” 


Simson deduced the proposition that /wo straight lines cannot have a 
common segment as a corollary from 1. 11; but his argument is a complete 
petitio principii, as shown by Todhunter in his note on that proposition. 

Proclus (p. 217, 10) records an ancient proof also based on the proposition 
I. 11. Zeno, he says, propounded this proof and then criticised it. 
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Suppose that two straight lines AC, AD have a common segment 4Z, and 
let BZ be drawn at right angles to AC. 

Then the angle ZAC is right. 

If then the angle E is also right, the two 
angles will be equal : which is impossible. 

If the angle EBD is not right, draw BF at right D 
angles to AD; therefore the angle FBA is right. 

But the angle LBA is right. A B C 

Therefore the angles EBA, FBA are equal: 
which is impossible. 

Zeno objected to this, says Proclus, because it assumed the later pro- 
position 1. 11 for its proof. Posidonius said that there was no trace of such 
a proof to be found in the text-books of Elements, and that it was only invented 
by Zeno for the purpose of slandering contemporary geometers. Posidonius 
maintains further that even this proof has something to be said for it. There 
must be some straight line at right angles to each of the two straight lines 4C, 
AD (the very definition of right angles assumes this): “suppose then it happens 
to be the straight line we have set up.” Here then we have an ancient instance 
of a defence of Aypothetical construction, but in such apologetic terms (“it is 
possible to say something even for this proof”) that we may conclude that in 
general it would not have been accepted by geometers of that time as a 
legitimate means of proving a proposition. 

Todhunter proposed to deduce that /wo straight lines cannot have a 
common segment from 1. 13. But this will not serve either, since, as before 
mentioned, the assumption is really required for 1. 4. 

It is best to make it a postulate. 


Fm È 


POSTULATE 3. 


Kai ravri xévrpw xat ĉiaorýpatı kókov ypaheo ba.. 
To describe a circle with any centre and distance. 


In this case Euclid’s text has the passive of the verb: “a circle can be 
drawn" ; Proclus however has the active (ypeya:) as Euclid has in the first 
two Postulates. 

Distance, Siaorypar. This word, meaning “ distance” quite generally (cf. 
Arist. Melaph. 1055 a9 ‘‘it is between extremities that distance is greatest,” 
thid. 1056 36 " things which have something between them, that is, a certain 
distance”), and also “distance” in the sense of “dimension ” (as in "space 
has three dimensions, length, breadth and depth,” Arist. Physics Iv. 1, 209 a 4), 
was the regular word used for describing a circle with a certain radius, the 
idea being that each point of the circumference was at that distance from the 
centre (cf. Arist Meteorologica 11. 5, 376 b 8: "if a circle be drawn...with 
distance MII”). The Greeks had no word corresponding to radius: if they 
had to express it, they said “(straight lines) drawn from the centre” (ai éx roU 
xévrpov, Eucl. itt. Def. 1 and Prop. 26; Meteorologica 11. 5, 362 b 1 has the full 
phrase ai é« rov xévrpov dyopevar ypappaé). 

Mr Frankland observes that it would be remarkable if, unlike Postulates 1 
and 2, this Postulate implied mere/y what it says, that a circle can be drawn 
with any centre and distance. We may regard it, if we please, as helping to the 
complete delineation of the Space which Euclid’s geometry is to investigate 
formally. The Postulate has the effect of removing any restriction upon the 
size of the circle. It may (1) be indefinitely small, and this implies that space 
is continuous, not discrete, with an irreducible minimum distance between 
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contiguous points in it. (2) The circle may be indefinitely large, which 
implies the fundamental hypothesis of infinttude of space. This last assumed 
characteristic of space is essential to the proof of 1. 16, a theorem not 
universally valid in a space which is unbounded in extent but finite in size. It 
would however be unsafe to suppose that Euclid foresaw the use to which his 
Postulate might thus be put, or formulated it with such an intention. 


POSTULATE 4. 


Ka mágoas tàs dpOas yuvias tvas dAyAas elvac. 

That all right angles are equal to one another. 

While this Postulate asserts the essential truth that a right angle is a 
determinate magnitude so that it really serves as an invariable standard by 
which other (acute and obtuse) angles may be measured, much more than 
this is implied, as will easily be seen from the following consideration. If the 
statement is to be proved, it can only be proved by the method of applying one 
pair of right angles to another and so arguing their equality. But this method 
would not be valid unless on the assumption of the invariability of figures, 
which would therefore have to be asserted as an antecedent postulate. Euclid 
preferred to assert as a postulate, directly, the fact that all right angles are 
equal; and hence his postulate must be taken as equivalent to the principle of 
invariability of figures or its equivalent, the homogeneity of space. 

According to Proclus, Geminus held that this Postulate should not be 
classed as a postulate but as an axiom, since it does not, like the first three 
Postulates, assert the possibility of some construction but expresses an essential 
property of right angles. Proclus further observes (p. 188, 8) that it is not a 
postulate in Aristotle’s sense either. (In this I think he is wrong, as explained 
above.) Proclus himself, while regarding the assumption as axiomatic (“the 
equality of right angles suggests itself even by virtue of our common notions"), 
is prepared with a proof, if such is asked for. 

Let ABC, DEF be two right A D 
angles. 

If they are not equal, one of them 
must be the greater, say ABC. 

Then, if we apply DE to 4B, EF H 
will fall within 48C, as BG. 

Produce CB to H. Then, since 
ABC isa right angle, so is ABH, and the two angles are equal (a right angle 
being by definition equal to its adjacent angle). 

Therefore the angle ABH is greater than the angle ABG. 

Producing GB to Ķ, we have similarly the two angles ABX, ABG both 
right and equal to one another; whence the angle ABH is less than the angle 
ABG. 

But it is also greater : which is impossible. 

Therefore etc. 

A defect in this proof is the assumption that CB, GB can each be 
produced only in one way, and that ZØ falls outside the angle ABH. 

Saccheri's proof is more careful in that he premises a third lemma in 
addition to those asserting (1) that two straight lines 





cannot enclose a space and (2) that two straight lines g X— ——s. 
cannot have a common segment. The third lemma is: 

Jf two struight lines AB, CXD meet one another atan C 

intermediate point X, they do not touch at that point, but D 


cut one another. 
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Suppose now that DA standing on BAC makes the two angles DAF, 
DAC equal, so that each is a right angle by the definition. 

Similarly, let ZZ form with the straight line FÆM the right angles LAF, 
LHM. 

Let DA, HZL be equal; and sup- 
pose the whole of the second figure 
so laid upon the first that the point 
H falls on 4, and Z on D. 

Then the straight line FHM will 
(by the third lemma) not zouch the 
straight line BC at A; it will either 

(a) coincide exactly with BC, or 

(b) cut it so that one of its extremities, as £z, will fall above [BC] and the 
other, M, below it. 

If the alternative (a) is true, we have already proved the exact equality of 
all rectilineal right angles. 

Under alternative (4) we prove that the angle ZZ, being equal to the 
angle DAF, is less than the angle DAB or DAC, and a fortiori less than the 
angle DAM or LHM: which is contrary to the hypothesis. 

[Hence (2) is the only possible alternative, so that all right angles are 
equal.] 

Saccheri adds that it makes no difference if the, angle DAF diverges 
infinitely little from the angle DAB. This would equally lead to a conclusion 
contradicting the hypothesis. 

It will be observed that Saccheri speaks of “the exact equality of all 

rectilineal right angles.” He may have had in mind the remark of Pappus, 
quoted by Proclus (p. 189, 11), that the converse of 
this postulate, namely that an angle which is equal A 
to a right angle is also right, is not necessarily true, 
unless the former angle is vecti/ineal. Suppose two 
equal straight lines BA, BC at right angles to one € D 
another, and semi-circles described on BA, BC 
respectively as AEB, BDC in the figure. Then, 
since the semi-circles are equal, they coincide jf 
applied to one another. Hence the “angles” B © 
EBA, DBC are equal. Add to each the “angle” 
ABD , and it follows that the /unular angle EBD is equal to the right angle 
ABC. (Similarly, if BA, BC be inclined at an acute or obtuse angle, instead 
of at a right angle, we find a /unular angle equal to an acute or obtuse angle.) 
This is one of the curiosities which Greek commentators delighted in. 

Veronese, Ingrami, and Enriques and Amaldi deduce the fact that a// 
right angles are equal from the equivalent fact that a// flat angles are equal, 
which is either itself assumed as a postulate or immediately deduced from some 
other postulate. 

Hilbert takes quite a different line. He considers that Euclid did wrong 
in placing Post. 4 among “axioms.” He himself, after his Group nı. of 
Axioms containing six relating to congruence, proves several theorems about 
the congruence of triangles and angles, and then deduces our Postulate. _ 

As to the raison d’étre and the place of Post. 4 one thing is quite certain. 
It was essential from Euclid’s point of view that it should come before Post. 5, 
since the condition in the latter that a certain pair of angles are together less 
than two right angles would be useless unless it were first made clear ihat 
right angles are angles of determinate and invariable magnitude. 
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POSTULATE 5. 


Kai éav eis dup ebOeias etOeia euminrovea ras £vrós Kai émi rà abra pépy ywvias 
80 dpOav eAdoaovas mot, éxBadAopevas Tas SV0 eWOelas én’ dreipov ouprinrey, 
€Q' à uépn ciaty al raiv Suu dpOav édaccoves. 

That, if a straight line falling on two straight lines make the interior angles 
on the same side less than two right angles, the two straight lines, if produced 
indefinitely, meet on that side on which are the angles less than the two right 
angles. 


Although Aristotle gives a clear idea of what he understood by a postulate, 
he does not give any instances from geometry; still less has he any allusion 
recalling the particular postulates found in Euclid. We naturally infer that 
the formulation of these postulates was Euclid's own work. There is a more 
positive indication of the originality of Postulate s, since in the passage (Anal. 
Brior. WX. 16, 65 a 4) quoted above in the note on the definition of parallels he 
alludes to some petitio principii involved in the theory of parallels current in 
his time. This reproach was removed by Euclid when he laid down this 
epoch-making Postulate. When we consider the countless successive attempts 
made through more than twenty centuries to prove the Postulate, many of 
them by geometers of ability, we cannot but admire the genius of the man 
who concluded that such a hypothesis, which he found necessary to the 
validity of his whole system of geometry, was really indemonstrable. 

From the very beginning, as we know from Proclus, the Postulate was 
attacked as such, and attempts were made to prove it as a theorem or to get 
rid of it by adopting some other definition of parallels; while in modern times 
the literature of the subject is enormous. Riccardi (Saggio di una bibliografia 
Luctidea, Part 1v., Bologna, 1890) has twenty quarto pages of titles of mono- 
graphs relating to Post. s between the dates 1607 and 1887. Max Simon 
(Ueber die Entwicklung der Elementar-geometrie im XIX. Jahrhundert, 1906) 
notes that he has seen three new attempts, as late as 1891 (a century after 
Gauss laid the foundation of non-Euclidean geometry), to prove the theory of 
parallels independently of the Postulate. Max Simon himself (pp. 53 —61) 
gives a large number of references to books or articles on the subject and 
refers to the copious information, as to contents as well as names, con- 
tained in Schotten's Znhalt und Methode des planimetrischen Unterrichts, u. 
Ppp. 183—332. . 

This note will include some account of or allusion to a few of the most 
noteworthy attempts to prove the Postulate. Only those of ancient times, as 
being less generally accessible, will be described at any length; shorter 
references must sufficein the case of the modern geometers who have made 
the most important contributions to the discussion of the Postulate and have 
thereby, in particular, contributed most towards the foundation of the non- 
Euclidean geometries, and here I shall make use principally of the valuable 
Article 8, Su//a teoria delle paraltele e sulle geometrie non-euclidee (by Roberto 
Bonola), in Questioni riguardanti le matematiche elementari, Y. pp. 247— 363. 

Proclus (p. 191, 21 sqq.) states very clearly the nature of the first objec- 
tions taken to the Postulate. 

* This ought even to be struck out of the Postulates altogether ; for it is a 
theorem involving many difficulties, which Ptolemy, in a certain book, set 
himself to solve, and it requires for the demonstration of it a number 
of definitions as well as theorems. And the converse of it is actually 
proved by Euclid himself as a theorem. It may be that some would be 
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deceived and would think it proper to place even the assumption in question 
among the postulates as affording, in the lessening of the two right angles, 
ground for an instantaneous belief that the straight lines converge and meet. 
To such as these Geminus correctly replied that we have learned from the 
very pioneers of this science not to have any regard to mere plausible imagin- 
ings when it is a question of the reasonings to be included in our geometrical 
doctrine. For Aristotle says that it is as justifiable to ask scientific proofs of 
a rhetorician as to accept mere plausibilities from a geometer; and Simmias is 
made by Plato to say that he recognises as quacks those who fashion for 
themselves proofs from probabilities. So in this case the fact that, when the 
right angles are lessened, the straight lines converge is true and necessary; 
but the statement that, since they converge more and more as they are pro- 
duced, they will sometime meet is plausible but not necessary, in the absence 
of some argument showing that this is true in the case of straight lines. For 
the fact that some lines exist which approach indefinitely, but yet remain 
non-secant (devumrwrot), although it seems improbable and paradoxical, is 
nevertheless true and fully ascertained with regard to other species of lines. 
May not then the same thing be possible in the case of straight lines which 
happens in the case of the lines referred to? Indeed, until the statement in 
the Postulate is clinched by proof, the facts shown in the case of other lines 
may direct our imagination the opposite way. And, though the controversial 
arguments against the meeting of the straight lines should contain much that 
is surprising, is there not all the more reason why we should expel from our 
body of doctrine this merely plausible and unreasoned (hypothesis) ? 

“It is then clear from this that we must seek a proof of the present 
theorem, and that it is alien to the special character of postulates. But how 
it should be proved, and by what sort of arguments the objections taken to 
it should be removed, we must explain at the point where the writer of the 
Elements is actually about to recall it and use it as obvious. It will be 
necessary at that stage to show that its obvious character does not appear 
independently of proof, but is turned by proof into matter of knowledge.” 

Before passing to the attempts of Ptolemy and Proclus to prove the 
Postulate, I should note here that Simplicius says (in an-Nairizi, ed. Besthorn- 
Heiberg, p. 1 19, ed. Curtze, p. 65) that this Postulate is by no means manifest, 
but requires proof, and accordingly " Abthiniathus" and Diodorus had 
already proved it by means of many different propositions, while Ptolemy also 
had explained and proved it, using for the purpose Eucl. 1. 13, 15 and 16 (or 
18). The Diodorus here mentioned may be the author of the 4za/emma on 
which Pappus wrote a commentary. It is difficult even to frame a conjecture 
as to who “Abthiniathus” is. In one place in the Arabic text the name 
appears to be written “ Anthisathus” (H. Suter in Zeitschrift für Math. und 
Physik, xxxvii, hist. litt. Abth. p. 194). It has occurred to me whether he 
might be Peithon, a friend of Serenus of Antinoeia (Antinoupolis) who was 
long known as Serenus of Antissa. Serenus says (De sectione cylindri, ed. 
Heiberg, p. 96): “Peithon the geometer, explaining parallels in a work of his, 
was not satisfied with what Euclid said, but showed their nature more cleverly 
by an example; for he says that parallel straight lines are such a thing as we 
see on walls or on the ground in the shadows of pillars which are made when 
either a torch or a lamp is burning behind them. And, although this has only 
been matter of merriment to every one, I at least must not deride it, for the 
respect I have for the author, who is my friend.” If Peithon was known as 
“of Antinoeia ” or “of Antissa,” the two forms of the mysterious name might 
perhaps be an attempt at an equivalent; but this is no more than a guess. 
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Simplicius adds in full and word for word the attempt of his “friend” or 
his “ master Aganis” to prove the Postulate. 

Proclus returns to the subject (p. 365, 5) in his note on Eucl. 1. 29. He 
says that before his time a certain number of geometers had classed as a 
theorem this Euclidean postulate and thought it matter for proof, and he then 
proceeds to give an account of Ptolemy’s argument. 


Noteworthy attempts to prove the Postulate. 
Ptolemy. 


We learn from Proclus (p. 365, 7—11) that Ptolemy wrote a book on the 
proposition that “straight lines drawn from angles less than two right angles 
meet if produced,” and that he used in his “ proof” many of the theorems in 
Euclid preceding 1. 29. Proclus excuses himself from reproducing the early 
part of Ptolemy's argument, only mentioning as one of the propositions 
proved in it the theorem of Eucl. i. 28 that, if two straight lines meeting a 
transversal make the two interior angles on the same side equal to two right 
angles, the straight lines do not meet, however far produced. 


I. From Proclus’ note on 1. 28 (p. 362, 14 sq.) we know that Ptolemy 
proved this somewhat as follows. 

Suppose that there are two straight lines AB,'CD, and that EFGH, 
meeting them, makes the angles BFG, FGD equal to two right angles. 
I say that AB, CD are parallel, that is, they 
are non-secant. 

For, if possible, let FB, GD meet at X. 

Now, since the angles BFG, FGD are 
equal to two right angles, while the four 
angles AFG, BFG, FGD, FGC are together 
equal to four right angles, 

the angles AFG, FGC are equal to two 
right angles. 

"Jf therefore FB, GD, when the interior angles are equal to two right 
angles, meet at K, the straight lines FA, GC will also meet if. produced; for the 
angles AFG, CGF are also equal to two right angles. 

“Therefore the straight lines will either meet in both directions or in 
— direction, if the two pairs of interior angles are both equal to two right 
angles. 

“Let, then, FA, GC meet at Z. 

“Therefore the straight lines ZABK, LCDK enclose a space: which is 
impossible. 

“Therefore it is not possible for two straight lines to meet when the 
interior angles are equal to two right angles. Therefore they are parallel.” 

[The argument in the words italicised would be clearer if it had been 
shown that the two interior angles on one side of EH are severally equal to the 
two interior angles on the other, namely BFG to CGF and FGD to AFG; 
whence, assuming FB, GD to meet in X, we can take the triangle KFG and 
place it (e.g. by rotating it in the plane about O the middle point of FG) so 
that FG falls where GZ is in the figure and GD falls on FA, in which case 
£B must also fall on. GC; hence, since FB, GD meet at K, GC and FA 
must meet at a corresponding point Z. Or, as Mr Frankland does, we may 
substitute for FG a straight line MAN through O the middle point of FG 
drawn perpendicular to one of the parallels, say AB. Then, since the two 
triangles OF, ONG have two angles equal respectively, namely FOM to 
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GON (t. 15) and OFM to OGN, and one side OF equal to one side OG, the 
triangles are congruent, the angle ONG is a right angle, and AZM is perpen- 
dicular to both AB and CD. Then, by the same method of application, 
MA, NC are shown to form with ACN a triangle MALCN congruent with 
the triangle VDKBM, and MA, NC meet at a point Z corresponding to X. 
Thus the two straight lines would meet at the fwo points Æ, Z. This is what 
happens under the Riemann hypothesis, where the axiom that two straight 
lines cannot enclose a space does not hold, but all straight lines meeting in 
one point have another point common also, and e.g. in the particular figure 
just used K, Z are points common to all perpendiculars to MN. If we 
suppose that Æ, Z are not distinct points, but one point, the axiom that two 
straight lines cannot enclose a space is nof contradicted. ] 


II. Ptolemy now tries to prove 1. 29 without using our Postulate, and 
then deduces the Postulate from it (Proclus, pp. 365, 14— 367, 27) 

The argument to prove 1. 29 is as follows. 

The straight line which cuts the parallels must make the sum of the 
interior angles on the same side equal to, greater 


than, or less than, two right angles. A F B 
“Let AB, CD be parallel, and let FG meet 

them. I say (1) that FG does not make the 

interior angles on the same side greater than two é a D 


right angles. 

“For, if the angles 4FG, CG are greater than two right angles, the 
remaining angles BFG, DGF are less than two right angles. 

'* But the same two angles are also greater than two right angles; /or AF, 
CG are no more parallel than FB, GD, so that, if the Straight line falling on 
AF, CG makes the interior angles greater than two right angles, the straight line 
Salling on FB, GD will also make the interior angles greater than two right 
angles. 

* But the same angles are also less than two right angles; for the four 
angles AFG, CGF, BFG, DGF are equal to four right angles : 
which is impossible. 

"Similarly (2) we can show that the straight line falling on the parallels 
does not make the iaterior angles on the same side less than two right angles. 

“But (3), if it makes them neither greater nor less than two right angles, 
it can only make the interior angles on the same side egual to two right 
angles." 


III. Ptolemy deduces Post. 5 thus: 

Suppose that the straight lines making angles with a transversal less than 
two right angles do not meet on the side on which those angles are. 

Then, @ fortiori, they will not meet on the other side on which are the 
angles greater than two right angles. 

Hence the straight lines will not meet in either direction; they are there- 
fore parallel. 

But, if so, the angles made by them with the transversal are equal to two 
right angles, by the preceding proposition (- 1. 29). 

Therefore the same angles will be both equal to and less than two right 
angles : 
which is impossible. 

Hence the straight lines will meet. 
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IV. Ptolemy lastly enforces his conclusion that the straight lines will 
meet on the side on which are the angles less than two right angles by recurring 
to the a fortiori step in the foregoing proof. 

Let the angles AFG, CGF in the accompanying figure be together less 
than two right angles. à 

Therefore the angles BFG, DGF are greater E 8 
than two right angles. 

We have proved that the straight lines are not 
non-secant. 

If they meet, they must meet either towards 
A, C, or towards 2, D. 

(1) Suppose they meet towards Z, D, at K. 

Then, since the angles AFG, CGF are less than 
two right angles, and the angles AFG, GFB are 
equal to two right angles, take away the common angle 4FG, and 


the angle CGF is less than the angle ZFG ; 


that is, the exterior angle of the triangle AFG is less than the interior and 
opposite angle BFG : 
which is impossible. 

Therefore AB, CD do not meet towards B, D. 

(2) But they do meet, and therefore they must meet in one direction or 
the other : 

therefore they meet towards 4, Z, that is, on the side where are the 
angles less than two right angles. 

The flaw in Ptolemy’s argument is of course in the part of his proof of 
1. 29 which I have italicised. As Proclus says, he is not entitled to assume 
that, if 44, CD are parallel, whatever is true of the interior angles on one 
side of FG (i.e. that they are together equal to, greater than, or less than, two 
right angles) is necessarily true at the same time of the interior angles on the 
other side. Ptolemy justifies this by saying that FA, GC are no more parallel 
in one direction than “8, GD are in the other: which is equivalent to the 
assumption that through any point only one parallel can be drawn to a given 
straight line. That is, he assumes an equivalent of the very Postulate he is 
endeavouring to prove. 





Proclus. 


Before passing to his own attempt at a proof, Proclus (p. 368, 26 sqq.) 
examines an ingenious argument (recalling somewhat the famous one about 
Achilles and the tortoise) which appeared tọ show that it was impossible for 
the lines described in the Postulate to meet. 

Let AB, CD make with 4C the angles BAC, ACD together less than 
two right angles. 

Bisect 4C at £ and along 472, CD 
respectively measure 4/, CG so that each 
is equal to AZ. 

Bisect FG at Z and mark of FX, 
GL each equal to FH; and so on. eat 

Then AF, CG will not meet at any 
point on FG ; for, if that were the case, two sides of a triangle would be 
together equal to the third: which is impossible. 





B 
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Similarly, 48, CD will not meet at any point on KZ; and “proceeding 
like this indefinitely, joining the non-coincident points, bisecting the lines so 
drawn, and cutting off from the straight lines portions equal to the half of 
these, they say they thereby prove that the straight lines 48. CD will not 
meet anywhere.” 

It is not surprising that Proclus does not succeed in exposing the fallacy 
here (the fact being that the process will indeed be endless, and yet the straight 
lines will intersect within a finite distance). But Proclus’ criticism contains 
nevertheless something of value. He says that the argument will prove too 
much, since we have only to join AG in order to see that straight lines making 
some angles which are together less than two right angles do in fact meet, 
namely AG, CG. “Therefore it is not possible to assert, without some definite 
limitation, that the straight lines produced from angles less than two right 
angles do not meet. On the contrary, it is manifest that some straight lines, 
when produced from angles less than two right angles, do meet, although the 
argument seems to require it to be proved that this property belongs to a// 
such straight lines. For one might say that, the lessening of the two right 
angles being subject to no limitation, with such and such an amount of 
lessening the straight lines remain non-secant, but with an amount of lessening 
in excess of this they meet (p. 371, 2 —10)." 

[Here then we have the germ of such an idea as that worked out by 
Lobachewsky, namely that the straight lines issuing from a point in a plane 
can be divided with reference to a straight line lying in that plane into two 
Classes, "secant" and “non-secant,” and that we may define as parallel the 
two straight lines which divide the secant from the non-secant class. ] 

Proclus goes on (p. 371, ro) to base his own argument upon “an axiom 
such as Aristotle too used in arguing that the universe is finite. For, if from 
one point two straight lines forming an angle be produced indefinitely, the distance 
(Stacracs, Arist. didornpa) between the said straight lines produced indefinitely 
will exceed any finite magnitude. Aristotle at all events showed that, if the 
straight lines drawn from the centre to the circumference are infinite, the 
interval between them is infinite. For, if it is finite, it is impossible to 
increase the distance, so that the straight lines (the radii) are not infinite. 
Hence the straight lines, when produced indefinitely, will be at a distance from 
one another greater than any assumed finite magnitude." 

This is a fair representation of Aristotle's argument in De caelo 1. 5, 271 
b 28, although of course it is not a proof of what Proclus assumes as an 
axiom. 

This being premised, Proclus proceeds (p. 371, 24): 


I. “TI say that, if any straight line cuts one of two parallels, it will cut 
the other also. 

“For let 42, CD be parallel, and let EFG cut AB; I say that it will cut 
CD also. 


“For, since BF, FG are two straight lines from E 
one point Æ, they have, when produced indefinitely, A B 
a distance greater than any magnitude, so that it will F 
also be greater than the interval between the parallels. G 
Whenever therefore they are at a distance from one C — — o 


another greater than the distance between the parallels, 
FG will cut CD. 
“ Therefore etc." 
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II. *Having proved this, we shall prove, as a deduction from it, the 
theorem in question. 

“For let 4B, CD be two straight lines, and let ZF falling on them make 
the angles BEF, DFE less than two right angles. 


“T say that the straight lines will meet on that ^ E H 
side on which are the angles less than two right K B 
angles. 

“For, since the angles BEF, DFE are less ¢ F D 
than two right angles, let the angle AEB be equal 
to the excess of two right angles (over them), and let HZ be produced to K. 

“Since then EF falls on KH, CD and makes the two interior angles 


HEF, DFE equal to two right angles, 
the straight lines A, CD are parallel. 

“And AB cuts KH;; therefore it will also cut CD, by what was before 
shown. 

“Therefore AB, CD will meet on that side on which are the angles less 
than two right angles. 

“Hence the theorem is proved." 

Clavius criticised this proof on the ground that the axiom from which 
it starts, taken from Aristotle, itself requires proof. He points out that, just 
as you cannot assume that two lines which continually approach one another 
will meet (witness the hyperbola and its asymptote), so you cannot assume 
that two lines which continually diverge will ultimately be so far apart that a 
perpendicular from a point on one let fall on the other will be greater than 
any assigned distance; and he refers to the conchoid of Nicomedes, which 
continually approaches its asymptote, and therefore continually gets farther 
away from the tangent at the vertex; yet the perpendicular from any point on 
the curve to that tangent will always be less than the distance between the 
tangent and the asymptote. Saccheri supports the objection. 

Proclus’ first proposition is open to the objection that it assumes that two 
“parallels” (in the Euclidean sense) or, as we may say, two straight lines 
which have a common perpendicular, are (not necessarily equidistant, but) 
so related that, when they are produced indefinitely, the perpendicular from a 
point of one upon the other remains finite. 

This last assumption is incorrect on the hyperbolic hypothesis; the 
“axiom” taken from Aristotle does not hold on the elliptic hypothesis. 

Nasiraddin af-Tüsi. 

The Persian-born editor of Euclid, whose date is 1201— 1274, has three 
lemmas leading up to the final proposition. "Their content is substantially as 
follows, the first lemma being apparently assumed as evident. 

I. (a) If AB, CD be two straight lines such that successive perpen- 
diculars, as EF, GĦ, KL, from points on AB to CD always make with AB 
unequal angles, which are always acute on the side towards Z and always 
obtuse on the side towards 44, then the lines 4B, 

CD, so long as they do not cut, approach continually kaE — 
nearer in the direction of the acute angles and diverge 8 

continually in the direction of the obtuse angles, and 

the perpendiculars diminish towards Z, D, and in- 

crease towards 4, C. Ü tH FO Cc 

(P) Conversely, if the perpendiculars so drawn 
continually become shorter in the direction of B, D, and longer in the 
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direction of A, C, the straight lines 48, CD approach continually nearer in 
the direction of B, D and diverge continually in the other direction ; also 
each perpendicular will make with 42 two angles one of which is acute and 
the other is obtuse, and all the acute angles will lie in the direction towards 
B, D, and the obtuse angles in the opposite direction. 

(Saccheri points out that even the first part (a) requires proof. As 
regards the converse (4) he asks, why should not the successive acute angles 
made by the perpendiculars with 4B, while remaining acute, become greater 
and greater as the perpendiculars become smaller until we arrive at last at a 
perpendicular which is a common perpendicular to doth lines? If that happens, 
all the author’s efforts are in vain. And, if you are to assume the truth of the 
statement in the lemma without proof, would it not, as Wallis said, be as 
easy to assume as axiomatic the statement in Post. 5 without more ado?] 


II. /f AC, BD Ze drawn from the extremities of AB at right angles to it 
and on the same side, and tf AC, BD be made equal to one another and CD be 
Joined, each of the angles ACD, BDC will be right, and D 
CD will be equal to AB. e 

The first part of this lemma is proved by veductio ad 
absurdum from the preceding lemma. If, e.g., the angle 
ACD is not right, it must either be acute or obtuse. B A 

Suppose it is acute; then, by lemma 1, AC is greater 
than SD, which is contrary to the hypothesis. And so on. 

The angles ACD, BDC being proved to be right angles, it is easy to 
prove that 48, CD are equal. 

[It is of course assumed in this “proof” that, if the angle ACD is acute, 
the angle BDC is obtuse, and vice versa.] 


HI. Zn any triangle the three angles are together equal to two right angles. 

This is proved for a right-angled triangle by means of the foregoing lemma, 
the four angles of the quadrilateral 4 BCD of that lemma being all right angles. 
The proposition is then true for any triangle, since any triangle can be divided 
into two right-angled triangles 


IV. Here we have the final “proof” of Post. s. Three cases are 
distinguished, but it is enough to show the case where one of the interior 
angles is right and the other acute. 

Suppose 4, CD to be two straight lines met by FCE making the angle 
ECD a right angle and the angle CEB 
an acute angle. 

Take any point G on ÆÐ, and draw 
GH perpendicular to EC. 

Since the angle CEG is acute, the 
perpendicular GÆ will fall on the side of 
E towards 2, and will either coincide 
with CD or not coincide with it. In the 
former case the proposition is proved. 

If GH does not coincide with CD 
but falls on the side of it towards Æ CD, being within the triangle formed by 
the perpendicular and by C£, EG, must cut EG. [An axiom is here used, 
namely that, if CD be produced far enough, it must pass outside the triangle 
and therefore cut some side, which must be ÆÐ, since it cannot be the 
perpendicular (1. 27), or CZ.] 

Lastly, let G fall on the side of CD towards Æ. 





210 BOOK I (1. Post. 5 


Along HC set off HK, KL etc., each equal to EH, until we get the first 
point of division, as M, beyond C. 

Along GB set off GN, NO etc., each equal to EG, until EP is the same 
multiple of EG that EAM is of EH. 

Then we can prove that the perpendiculars from N, O, P on ÆC fall on 
the points X, Z, M respectively. 

For take the first perpendicular, that from Æ, and call it AS. 

Draw ÆQ at right angles to EZ and equal to GĦ, and set of SR along 
SN also equal to GĦ. Join QG, GR. 

Then (second lemma) the angles EQG, QG/ are right, and QG = EH. 

Similarly the angles SRG, RGA are right, and RG = SH. 

Thus RGQ is one straight line, and the vertically opposite angles WGR, 
EGQ are equal. The angles VRG, EQG are both right, and VG = GE, by 
construction. 

Therefore (1. 26) RG = GQ, 

whence SH = HE = KH, and S coincides with X. 

We may proceed similarly with the other perpendiculars. 

Thus ZM is perpendicular to FE. Hence CD, being parallel to MP and 
within the triangle PME, must cut EP, if produced far enough. 


John Wallis. 

As is well known, the argument of Wallis (1616—1703) assumed as a 
postulate that, given a figure, another figure is possible which ts similar to the 
given one and of any size whatever. In fact Wallis assumed this for /ríangles 
only. He first proved (1) that, if a finite straight line is placed on an infinite 
straight line, and is then moved in its own direction as far as we please, 
it will always lie on the same infinite straight line, (2) that, if an angle be 
moved so that one leg always slides along an infinite straight line, the angle 
will remain the same, or equal, (3) that, if two straight lines, cut by a third, 
make the interior angles on the same side less than two right angles, each 
of the exterior angles is greater than the opposite 
interior angle (proved by means of 1. 13). Ao 8 

(4) If AB, CD make, with AC, the interior 
angles less than two right angles, suppose 4C 
(with AZ rigidly attached to it) to move along |——; "t ACE 
AF to the position ay, such that a coincides 
with C. If AZ then takes the position af, aß lies entirely outside CD (proved 
by means of (3) above). 

(5) With the same hypotheses, the straight line aB, or AB, during its 
motion, and before a reaches C, must cut the straight line CD. 

(6) Here is enunciated the postulate stated above. 

(7) Postulate 5 is now proved thus. 

Let AB, CD be the straight lines which make, with the infinite straight 
line ACF meeting them, the interior angles 





BAC, DCA together less than two right angles. PN 
Suppose AC (with AB rigidly attached to bx 
it) to move along ACF until AZ takes the B. |o NB 
position of aß cutting CD in m. 
Then, aCr being a triangle, we can, by " 
the above postulate, suppose a triangle drawn — g 3 C4 A 
on the base CA similar to the triangle aCr. 
Let it be ACP. 


[Wallis here interposes a defence of the hypothetical construction. ] 
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Thus CP and AP meet at P; and, as by the definition of similar figures 
the angles of the triangles PCA, Ca are respectively equal, the angle PCA 
being equal to the angle m Ca and the angle PAC to the angle raC or BAC, 
it follows that CP, AP lie on CD, AB produced respectively. 

Hence 4S, CD meet on the side on which are the angles less than two 
nght angles. 

(The whole gist of this proof lies in the assumed postulate as to the 
existence of similar figures; and, as Saccheri points out, this is equivalent to 
unconditionally assuming the “hypothesis of the right angle,” and consequently 
Euclid's Postulate 5.] 


Gerolamo Saccheri. 


The book Ewcides ab omni naevo windicatus (1733) by Gerolamo Saccheri 
(1667—1733), a Jesuit, and professor at the University of Pavia, is now 
accessible (1) edited in German by Engel and Stackel, Die Theorie der 
Parallellinien von Euklid bis auf Gauss, 1895, pp. 41—136, and (2) in an 
Italian version, abridged but annotated, Z’ Euclide emendato del P. Gerolamo 
Saccheri, by G. Boccardini (Hoepli, Milan, 1904). It is of much greater 
importance than all the earlier attempts to prove Post. 5 because Saccheri 
was the first to contemplate the possibility of hypotheses other than that of 
Euclid, and to work out a number of consequences of those hypotheses. 
He was therefore a true precursor of Legendie and of Lobachewsky, as 
Beltrami called him (1889), and, it might be added, of Riemann also. For, 
as Veronese observes (Fondamenti di geometria, p. $70), Saccheri obtained 
a glimpse of the theory of parallels in all its generahty, while Legendre, 
Lobachewsky and C. Bolyai excluded a priori, without knowing it, the “ hypo- 
thesis of the obtuse angle," or the Riemann hypothesis. Saccheri, however, 
was the victim of the preconceived notion of his time that the sole possible 
geometry was the Euclidean, and he presents the curious spectacle of a man 
laboriously erecting a structure upon new foundations for the very purpose of 
demolishing it afterwards; he sought for contradictions in the heart of the 
systems which he constructed, in order to prove thereby the falsity of his 
hypotheses. 

For the purpose of formulating his hypotheses he takes a plane quadri- 
lateral ABDC, two opposite sides of which, AC, BD, 
are equal and perpendicular to a third AZ. Then the 
angles at C and 2 are easily proved to be equal. On 
the Euclidean hypothesis they are both right angles; 
but apart from this hypothesis they might be both 
obtuse or both acute. To the three possibilities, whick en : 
Saccheri distinguishes by the names (1) the hypothesis of ^ 8 
the right angle, (2) the hypothesis of the obtuse angle and 
(3) the hypothesis of the acute angle respectively, there corresponds a certain 
group of theorems; and Saccheri’s point of view is that the Postulate will 
be completely proved if the consequences which follow from the last twc 
hypotheses comprise results inconsistent with one another. 

Among the most important of his propositions are the following : 

(1) Uf the hypothesis of the right angle, or of the obtuse angle, or of the acute 
angle is proved true in a single case, it is true in every other case. (Props. v., 
VI., VII. 

(2) ) According as the hypothesis of the right angle, the obtuse angle, or the 
acute angle is true, the sum of the three angles of a triangle ts equal to, greater 
than, or less than two right angles. (Prop. 1x.) 
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(3) From the existence of a single triangle in which the sum of the angles ts 
equal to, greater than, or less than two right angles the truth of the hypothesis 
of the right angle, obtuse angle, or acute angle respectively follows. (Prop. XV.) 

These propositions involve the following: Zf im a single triangle the sum 
of the angles is equal to, greater than, or less than two right angles, then any 
triangle has the sum of its angles equal to, greater than, or less than two right 
angles respectively, which was proved about a century later by Legendre for 
the two cases only where the sum is equal to or less than two right angles. 

The proofs are not free from imperfections, as when, in the proofs of 
Prop. xu. and the part of Prop. xi. relating to the hypothesis of the obtuse 
angle, Saccheri uses Eucl. 1. 18 depending on 1. 16, a proposition which is 
only valid on the assumption that straight lines are infinite in length ; for this 
assumption itself does not hold under the hypothesis of the obtuse angle 
(the Riemann hypothesis). 

The hypothesis of the acute angle takes Saccheri much longer to dispose 
of, and this part of the book is less satisfactory ; but it contains the following 
propositions afterwards established anew by Lobachewsky and Bolyai, viz.: 

(4) Two straight lines in a plane (even on the hypothesis of the acute 
angle) either have a common perpendicular, or must, tf produced in une and the 
same direction, either intersect once at a finite distance or at least continually 
approach one another. (Prop. xxu.) 

(5) Zn a cluster of rays issuing from a point there exist always (on the 
hypothesis of the acute angle) wo determinate straight lines which separate the 
straight lines which intersect a fixed straight line from those which do not 
intersect tt, ending with and including the straight line which has a common 
perpendicular with the fixed straight line. (Props. XXX., XXXI., XXXN.) 


Lambert. 

A dissertation by G.S. Klügel, Conatuum praecipuorum theoriam parallelarum 
demonstrandi recensio (1763), contained an examination of some thirty *' demon- 
strations" of Post. 5 and is remarkable for its conclusion expressing, apparently 
for the first time, doubt as to its demonstrability and observing that the 
certainty which we have in us of the truth of the Euclidean hypothesis is 
not the result of a series of rigorous deductions but rather of experimental 
observations. It also had the greater merit that it called the attention of 
Johann Heinrich Lambert (1728—1777) to the theory of parallels. His 
Theory of Parallels was written in 1766 and published after his death by 
G. Bernoulli and C. F. Hindenburg ; it is reproduced by Engel and Stackel 
(op. cit. pp. 152—208). 

The third part of Lambert's tract is devoted to the discussion of the same 
three hypotheses as Saccheri's, the hypothesis of the right angle being for 
Lambert the first, that of the obtuse angle the second, and that of the acute 
angle the third, hypothesis ; and, with reference to a quadrilateral with éhree 
right angles from which Lambert starts (that is, one of the halves into which 
the median divides Saccheri's quadrilateral), the three hypotheses are the 
assumptions that the fourth angle is a right angle, an obtuse angle, or an 
acute angle respectively. 

Lambert goes much further than Saccheri in the deduction of new 
propositions from the second and third hypotheses. The most remarkable is 
the following. 

The area of a plane triangle, under the second and third hypotheses, is 
proportional to the difference between the sum of the three angles and two right 
angles. 
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Thus the numerical expression for the area of a triangle is, under the 
third hypothesis 


A=k(t-A-B-C)....... Sues — (1), 
and under the second hypothesis 
A-zk(A«*B&*C- m)... — sae sek pe Sea e2cd (2), 


where & is a positive constant. 

A remarkable observation is appended (§ 82): ‘In connexion with this it 
seems to be remarkable that the second hypothesis holds if spherica/ instead of 
plane triangles are taken, because in the former also the sum of the angles is 
— than two right angles, and the excess is proportional to the area of the 
tnang e. 

“It appears still more remarkable that what I here assert of spherical 
triangles can be proved independently of the difficulty of parallels.” 

This discovery that the second hypothesis is realised on the surface of a 
sphere is important in view of the development, later, of the Riemann 
hypothesis (1854). 

Still more remarkable is the following prophetic sentence : “ Z am almost 
inclined to draw the conclusion that the third hypothesis arises with an imaginary 
spherical surface” (cf. Lobachewsky’s Géométrie imaginaire, 1837). 

No doubt Lambert was confirmed in this by the fact that, in the formula 
(2) above, which, for 4 —7?, represents the area of a spherical triangle, if 


r J—1 is substituted for 7, and 7°=4, we obtain the formula (1). 


Legendre. 


No account of our present subject would be complete without a full 
reference to what is of permanent value in the investigations of Adrien Marie 
Legendre (1752— 1833) relating to the theory of parallels, which extended over 
the space of a generation. His different attempts to prove the Euclidean 
hypothesis appeared in the successive editions of his Eléments de Géométrie 
from the first (1794) to the twelfth (1823), which last may be said to contain 
his last word on the subject. Later, in 1833, he published, in the Mémoires 
de l'Académie Royale des Sciences, XU. p. 367 sqq., a collection of his different 
proofs under the title Réflexions sur différentes manières de démontrer la théorie 
des parallèles. His exposition brought out clearly, as Saccheri had done, and 
kept steadily in view, the essential connexion between the theory of parallels 
and the sum of the angles of a triangle. In the first edition of the Æ/éments 
the proposition that the sum of the angles of a triangle ts equal to two right 
angles was proved analytically on the basis of the assumption that the choice 
of a unit of length does not affect the correctness of the proposition to be 
proved, which is of course equivalent to Wallis’ assumption of the existence of 
similar figures. A similar analytical proof is given in the notes to the twelfth 
edition. In his second edition Legendre proved Postulate 5 by means of the 
assumption that, grven three points not in a straight line, there exists a arcle 
passing through all three. In the third edition (1800) he gave the proposition 
that zhe sum of the angles of a triangle is nol greater than two right angles; 
this proof, which was geometrical, was replaced later by another, the best 
known, depending on a construction like that of Euclid 1. 16, the continued 
application of which enables any number of successive triangles to be evolved 
in which, while the sum of the angles in each remains always equal to the 
sum of the angles of the original triangle, one of the angles increases and the 
sum of the other two diminishes continually. But Legendre found the proof 
of the equally necessary proposition that the sum of the angles of a triangle is 
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not less than two right angles to present great difficulties. He first observed 
that, as in the case of spherical triangles (in which the sum of the angles is 
greater than two right angles) the excess of the sum of the angles over two 
right angles is proportional to the area of the triangle, so in the case of 
rectilineal triangles, if the sum of the angles is less than two right angles by a 
sertain deficit, the deficit will be proportional to the area of the triangle. 
Hence if, starting from a given triangle, we could construct another triangle 
in which the original triangle is contained at least m times, the deficit of this 
new triangle will be equal to at least m times that of the original triangle, so 
that the sum of the angles of the greater triangle will diminish progressively 
as m increases, until it becomes zero or negative: which is absurd. The 
whole difficulty was thus reduced to that of the construction of a triangle 
containing the given triangle at least twice; but the solution of even this 
simple problem requires it to be assumed (or proved) that /Arough a grven 
point within a given angle less than two-thirds of a right angle we can always 
draw a straight line which shall meet both sides of the angle. This is however 
really equivalent to Euclid’s Postulate. The proof in the course of which the 
necessity for the assumption appeared is as follows. 

It is required to prove that the sum of the angles of a triangle cannot be 
less than two right angles. 

Suppose A is the least of the three angles of a triangle ABC. Apply to 
the opposite side BC a triangle DAC, equal to 
the triangle ACB, and such that the angle E 
DBC is equal to the angle ACB, and the angle 
DCB to the angle ABC; and draw any straight 0, 8 
line through D cutting AB, AC produced in 
E, F 

If now the sum of the angles of the triangle £ c A 
ABC is less than two right angles, being equal 
to 27 - 9 say, the sum of the angles of the triangle DAC, equal to the 
triangle ABC, is also 22 - à. 

Since the sum of the three angles of the remaining triangles DEZ, FDC 
respectively cannot at all events be greater than two right angles (for Legendre's 
proofs of this see below], the sum of the twelve angles of the four triangles in 
the figure cannot be greater than 


4R * (2R 6) - (48 — 5), Le. 8R — 28. 


Now the sum of the three angles at each of the points B, C, D is 2. 

Subtracting these nine angles, we have the result that the three angles of 
the triangle AEF cannot be greater than 2R — 28. 

Hence, if the sum of the angles of the triangle ABC is less than two nght 
angles by à, the sum of the angles of the larger triangle 4E is less than two 
right angles by at /east 28. 

We can continue the construction, making a still larger triangle from AEF, 
and so on. 

But, however small à is, we can arrive at a multiple 2^6 which shall exceed 
any given angle and therefore 2A itself; so that the sum of the three angles 
of a triangle sufficiently large would be zero or even less than zero: which is 
absurd. 

Therefore etc. 

The difficulty caused by the necessity of making the above-mentioned 
assumption made Legendre abandon, in his ninth edition, the method of the 
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editions from the third to the eighth and return to Euclid's method pure and 
simple. 

But again, in the twelfth, he returned to the plan of constructing any 
number of successive triangles such that the sum of the three angles in all of 
them remains equal to the sum of the three angles of the original triangle, 
but two of the angles of the new triangles become smaller and smaller, while 
the third becomes larger and larger ; and this time he claims to prove in one 
proposition that the sum of the three angles of the original triangle is egua/ to 
two night angles by continuing the construction of new triangles indefinitely 
and compressing the two smaller angles of the ultimate triangle into nothing, 
while the third angle is made to become a fat angle at the same time. The 
construction and attempted proof are as follows. 

Let ABC be the given triangle; let 42 be the greatest side and BC the 
least ; therefore C is the greatest angle and 4 the least. 

From A draw AD to the middle point of BC, and produce 42 to C', 
making AC equal to AB. 

Produce AB to B’, making AB’ equal to twice AD. 

The triangle 4Z'C' is then such that the sum of its three angles is equal 
to the sum of the three angles of the triangle 4 8C. 





A KB K' 8 B" 


For take AX along AB equal to AD, and join C'K. 

Then the triangles ABD, AC’K have two sides and the included angles 
respectively equal, and are therefore equal in al! respects ; and C'K is equal to 
BD or DC. 

Next, in the triangles B’C’X, ACD, the angles Z'KC', 4DC are equal, 
being respectively supplementary to the equal angles AKC’, ADB; and the 
two sides about the equal angles are respectively equal ; 

therefore the triangles B’C’K, ACD are equal in all respects. 


Thus the angle AC’Z’ is the sum of two angles respectively equal to the 
angles Z, C of the original triangle ; and the angle 4 in the original triangle 
is the sum of two angles respectively equal to the angles at 4 and J’ in the 
triangle ABC’. 

It follows that the sum of the three angles of the new triangle 4B’C’ is 
equal to the sum of the angles of the triangle ABC. 

Moreover, the side AC’, being equal to AB, and therefore greater than 
AC, is greater than B’C’ which is equal to AC. 

Hence the angle C’AS’is less than the angle 48°C’; so that the angle 
C'AB' is less than $A, where A denotes the angle CAB of the original 
triangle. 

[It will be observed that the triangle AZC’ is really the same triangle as 
the triangle AZZ obtained by the construction of Eucl. 1. 16, but differently 
placed so that the longest side lies along 4Z.] 

By taking the middle point D’ of the side B’C’ and repeating the same 
construction, we obtain a triangle 4B’C” such that (1) the sum of its three 
angles is equal to the sum of the three angles of ABC, (2) the sum of the 
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two angles C"4B", AB"C" is equal to the angle C’AB’ in the preceding 
triangle, and is therefore less than 14, and (3) the angle CAS” is less than 
half the angle C'AB’, and therefore less than 14. 

Continuing in this way, we shall obtain a triangle Adc such that the sum of 


two angles, those at 4 and 4, is less than m^ and the angle at c is greater 


than the corresponding angle in the preceding triangle. 
If, Legendre argues, the construction be continued indefinitely so that 


zd becomes smaller than any assigned angle, the point c ultimately lies on 


Ab, and the sum of the three angles of the triangle (which is equal to the sum 
of the three angles of the original triangle) becomes identical with the angle 
at c, which is then a fat angle, and therefore equal to two right angles. 

This proof was however shown to be unsound (in respect of the final 
inference) by J. P. W. Stein in Gergonne’s Annales de Mathématiques xv., 
1824, PP. 77—79- 

We will now reproduce shortly the substance of the theorems of Legendre 
which are of the most permanent value as not depending on a particular 
hypothesis as regards parallels. 


I. The sum of the three angles of a triangle cannot be greater than two 
right angles. 

This Legendre proved in two ways. 

(1) First proof (in the third edition of the Eléments). 

Let ABC be the given triangle, and ACJ a straight line. 

Make CE equal to AC, the angle DCE equal to the angle BAC, and DC 
equal to AB. Join DE. 

Then the triangle DCE is equal to the triangle BAC in all respects. 

If then the sum of the three angles of the triangle AAC is greater than 


8 D F K 


A C E G J 


2X, the said sum must be greater than the sum of the angles BCA, BCD, 
DCE, which sum is equal to 2K. 


Subtracting the equal angles on both sides, we have the result that 
the angle ABC is greater than the angle BCD. 


But the two sides AB, BC of the triangle ABC are respectively equal to 
the two sides DC, CB of the triangle BCD. 

Therefore the base AC is greater than the base BD (Eucl. 1. 24). 

Next, make the triangle FEG (by the same construction) equal in all 
respects to the triangle BAC or DCE; and we prove in the same way that 
CE (or AC) is greater than DF. 

And, at the same time, BD is equal to DF, because the angles BCD, 
DEF are equal. 

Continuing the construction of further triangles, however small the 
difference between AC and BD is, we shall ultimately reach some multiple 
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of this difference, represented in the figure by (say) the difference between 
the straight line 4/7 and the composite line BDFAK, which will be greater 
than any assigned length, and greater therefore than the sum of A# and /K. 

Hence, on the assumption that the sum of the angles of the triangle ABC 
is greater than 2A, the broken line 48 DFHK/ may be less than the straight 
line 4/7: which is impossible. 

Therefore etc. 

(2) Proof substituted later. 

If possible, let 2R + a be the sum of the three angles of the triangle ABC, 
of which 4 is not greater than either of the 


others. c D 
Bisect BC at H, and produce AH to D, 
making HD equal to AH; join BD. H 


Then the triangles 477C, D are equal in 
all respects (1. 4) ; and the angles CA ZZ, AC are 
respectively equal to the angles ADH, DBH. B 

It follows that the sum of the angles of the 
triangle ABD is equal to the sum of the angles of the original triangle, i.e. 
to 2A * a. 

And one of the angles DAB, ADB is either equal to or less than half the 
angle. CAB. 

Continuing the same construction with the triangle ADB, we find a third 
triangle in which the sum of the angles is still 27 * a, while one of them is 
equal to or less than (2 CAB)/4. 

Proceeding in this way, we arrive at a triangle in which the sum of the 
angles is 2R +a, and one of them is not greater than (2 CAB)/2". 

And, if # is sufficiently large, this will be less than a; in which case we 
should have a triangle in which two angles are together greater than two right 
angles: which is absurd. 

Therefore a is equal to or less than zero. 

(It will be noted that in both these proofs, as in Eucl. 1. 16, it is taken for 
granted that a straight line is infinite in length and does not return into itself, 
which is not true under the Riemann hypothesis.) 


II. On the assumption that the sum of the angles of a triangle is /ess 
than two right angles, if a triangle 1s made up of two others, the deficit” of th 
former ts equal to the sum of the “ deficits” of the others. 

In fact, if the sums of the angles of the component triangles are 2A — a, 
2A -B respectively, the sum of the angles of the whole triangle is 


(2R-a)+(2R-B)-2R=2R-(a+ß). 


III. Jf the sum of the three angles of a triangle 1s equal to two right 
angles, the same ts true of all triangles obtained by subdividing it by straight 
lines drawn from a vertex to meet the opposite side. 

Since the sum of the angles of the triangle ABC is equal to 28, if the 
sum of the angles of the triangle 4B.D were 2 - a, it 
would follow that the sum of the angles of the triangle A 
ADC must be 2 +a, which is absurd (by I. above). 


IV. Uf in a triangle the sum of the three angles ts 
equal fo two right angles, a quadrilateral can always be 
constructed with four right angles and four equal sides B c 
exceeding in length any assigned rectilineal segment. 

Let ABC be a triangle in which the sum of the angles is equal to two 
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right angles. We can assume ABC to be an ssosceles right-angled triangle 
because we can reduce the case to this by making subdivisions of ABC by 
straight lines through vertices (as in Prop. tti. above). 

Taking two equal triangles of this kind and placing their hypotenuses 
together, we obtain a quadrilateral with four right angles and four equal 
sides. 

Putting four of these quadrilaterals together, we obtain a new quadrilateral 
of the same kind but with its sides double of those of the first quadrilateral. 

After # such operations we have a quadrilateral with four right angles and 
four equal sides, each being equal to 2" times the side 4A. 

The diagonal of this quadrilateral divides it into two equal isosceles right- 
angled triangles in each of which the sum of the angles is equal to two right 
angles. 

Consequently, from the existence ot one triangle in which the sum of the 
three angles is equal to two right angles it follows that there exists an isosceles 
right-angled triangle with sides greater than any assigned rectilineal segment 
and such that the sum of its three angles is also equal to two right angles. 


V. Uf the sum of the three angles of one triangle is equal to two right 
angles, the sum of the three angles of any other triangle is also egual to two 
right angles. 


It is enough to prove this for a right-angled triangle, since any triangle can 
be divided into two right-angled triangles. 
Let ABC be any nghtangled triangle. c' 
If then the sum of the angles of any one 
triangle is equal to two right angles, we can 
construct (by the preceding Prop.) an isosceles 
right-angled triangle with the same property and 
with its perpendicular sides greater than those of c 
ABC. 
Let A'B'C' be such a triangle, and let it be 
applied to ABC, as in the figure. 
Applying then Prop. i. above, we deduce 
first that the sum of the three angles of the ^^ A 8(8') 
triangle AŻ’ C is equal to two right angles, and 
next, for the same reason, that the sum of the three angles of the original 
triangle ABC is equal to two right angles. 


VI. Zf in any one triangle the sum of the three angles is less than two 
right angles, the sum of the three angles of any other triangle is also less than 
hwo right angles. 


This follows from the preceding theorem. 

(It will be observed that the last two theorems are included among those 
of Saccheri, which contain however in addition the corresponding theorem 
touching the case where the sum of the angles is greater than two right 
angles.) 

We come now to the bearing of these propositions upon Euclid's Postulate 
5; and the next theorem is 


VII. Z the sum of the three angles of a triangle is egual to two right 
angles, through any point in a plane there can only be drawn one parallel to a 
given straight line. 
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For the proof of this we require the following 

Lemma. Jt is always possible, through a. point P, fo draw a straight line 
which shall make, with a given straight line (r), an angle less than any assigned 
angle. 

Let Q be the foot of the perpendicular from P upon +. 

Let a segment QA be taken on r, 
on either side of Q, such that QA is P , 
equal to PQ. 

Join PR, and mark off the segment 


RR’ equal to PR; join PR’. / 
If w represents the angle QPR or 


the angle QAP, each of the equal a R r R 
angles RPR', RR'P is not greater 
than w/2. 


Continuing the construction, we obtain, after the requisite number of 
operations, a triangle PA,., A, in which each of the equal angles is equal to 
or less than v/27. 

Hence we shall arrive at a straight line PA, which, starting from P and 
meeting 7, makes with 7 an angle as small as we please. 

To return now to the Proposition. Draw from P the straight line s 
perpendicular to PQ. 

Then any straight line drawn from P which meets 7 in A will form equal 
angles with x and s, since, by hypothesis, the sum of the angles of the triangle 
PQR is equal to two right angles. 

And since, by the Lemma, it is always possible to draw through P straight 
lines which form with x angles as small as we please, it follows that all the 
straight lines through 2, except s, will meet 7 Hence s is the only parallel 
to r that can be drawn through 7. 

The history of the attempts to prove Postulate 5 or something equivalent 
has now been brought down to the parting of the ways. The further 
developments on lines independent of the Postulate, beginning with 
Schweikart (1780—1857), Taurinus (1794—1874), Gauss (1777—1855), 
Lobachewsky (1793—1856), J. Bolyai (1802—1860), Riemann (1826— 1866), 
belong to the history of non-Euclidean geometry, which is outside the scope 
of this work. I may refer the reader to the full article Sulla teoria delle 
parallele e sulle geometrie nonæuclidee by R. Bonola in Questioni riguardanti 
le matematiche elementari, 1., of which I have made considerable use in the 
above, to the same author's Za geometria non-euclidea, Bologna, 1906, to the 
first volume of Killing's Einführung in die Grundlagen der Geometrie, 
Paderborn, 1893, to P. Mansion's Premiers principes de métagtométrie, and 
P. Barbarin's La géométrie non-Euclidienne, Paris, 1902, to the historical 
summary in Veronese’s Fondamenti di geometria, 1891, p. 565 sqq., and (for 
original sources) to Engel and Stäckel, Die Theorie der Parallellinien von 
Euklid bis auf Gauss, 1895, and Urkunden zur Geschichte der nicht-Euklidischen 
Geometrie, 1. (Lobachewsky), 1899, and u. (Wolfgang und Johann Bolyai). 
I will only add that it was Gauss who first expressed a conviction that the 
Postulate could never be proved ; he indicated this in reviews in the Göttin- 
gische gelehrte Anzeigen, 20 Apr. 1816 and 28 Oct. 1822, and affirmed it in a 
letter to Bessel of 27 January, 1829. The actual indemonstrability of the Pos- 
tulate was proved by Beltrami (1868) and by Hoiiel (Mole sur l'impossibilité de 
démontrer par une construction plane le principe de la théorie des paralloles dit Pos- 
tulatum d’ Euclide in Battaglini’s Giornale di matematiche, viii., 1870, pp. 84—89). 
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Alternatives for Postulate 5. 


It may be convenient to collect here a few of the more noteworthy 
substitutes which have from time to time been formally suggested or tacitly 
assumed. 

(1) Through a given point only one parallel can be drawn to a given 
straight line or, Two straight lines which intersect one another cannot both be 
parallel to one and the same straight line. 

This is commonly known as “ Playfair’s Axiom,” but it was of course not 
a new discovery. It is distinctly stated in Proclus’ note to Eucl. 1. 31. 

(1a) fa straight line intersect one of two parallels, it will intersect the 
other also (Proclus). 

(14) Straight lines parallel to the same straight [ine are parallel to one 
another. 

The forms (1 a) and (1 4) are exactly equivalent to (1). 

(2) There exist straight lines everywhere equidistant from one another 
(Posidonius and Geminus); with which may be compared Proclus’ tacit 
assumption that Parallels remain, throughout their length, ata finite distance 
from one another. 

(3) There exists a triangle in which the sum of the three angles is equal to 
two right angles (Legendre). 

(4) Given any figure, there exists a figure similar to tt of any size we please 
(Wallis, Carnot, Laplace). 

Saccheri points out that it is not necessary to assume so much, and that it 
is enough to postulate that there exist two unequal triangles with equal angles. 

(S) Through any point within an angle less than two-thirds of a right angle 
a straight line can always be drawn which meets both sides of the angle 
(Legendre). 

With this may be compared the similar axiom of Lorenz (Grundriss der 
reinen und angewandten Mathematik, 1791): Every straight line through a 
point within an angle must meet one of the sides of the angle. 

(6) Given any three points not ina straight line, there exists a circle passing 
through them (Legendre, W. Bolyai). 

(7) “Lf I could prove that a rectilineal triangle is possible the content of 
which is greater than any given area, [am in a position to prove perfectly 
rigorously the whole of geometry” (Gauss, in a letter to W. Bolyai, 1799). 

Cf. the proposition of Legendre numbered 1v. above, and the axlom of 
Worpitzky: There exists no triangle in which every angle ts as small as we 
please. 

(8) Lf in a quadrilateral three angles are right angles, the fourth angle ts 
a right angle also (Clairaut, 1741). 

(9) Jf two straight lines are parallel, they are figures opposite to (or the 
reflex of) one another with respect to the middle points of all (heir transversal 
segments (Veronese, Elementi, 1904). 

Or, Two parallel straight lines intercept, on every transversal which passes 
through the middle point of a segment included between them, another segment 
the middle point of whith is the middle point of the first (Ingrami, Elementi, 
1904). 

Veronese and Ingrami deduce immediately Playfair’s Axiom, 
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AXIOMS OR COMMON NOTIONS. 


In a paper Sur l'authenticité des axiomes d' Euclide in the Bulletin des sciences 
math. et astron. 1884, p. 162 sq. (Mémoires scientifiques, \1., pp. 48—63), Paul 
Tannery maintained that the Common Notions (including the first three) were 
not in Euclid’s work but were interpolated later. The following are his main 
arguments. (1) If Euclid had set about distinguishing between indemon- 
strable principles (2) common to all demonstrative sciences and (4) peculiar 
to geometry, he would, says Tannery, certainly not have placed the common 
principles second and the special principles (the Postulates) first. (2) If the 
Common Notions are Euclid’s, this designation of them must be his too ; for he 
must have used some name to distinguish them from the Postulates and, if he 
had used another name, such as Axioms, it is impossible to imagine why that 
name was changed afterwards for a less suitable one. The word ¿wowa 
(notion), says Tannery, never signified a notion in the sense of a proposition, 
but a notion of some object; nor is it found in any technical sense in Plato 
and Aristotle. (3) Tannery’s own view was that the formulation of the 
Common Notions dates from the time of Apollonius, and that it was inspired 
by his work relating to the Elements (we know from Proclus that Apollonius 
tried to prove the Commun Notions). This idea, T annery thought, was 
confirmed by a “fortunate coincidence” furnished by the occurrence of the 
word évo.a (notion) in a quotation by Proclus (p. 100, 6): “we shall agree 
with Apollonius when he says that we have a notion (&vvoxav) of a line when 
we order the lengths, only, of roads or walls to be measured." 

In reply to argument (1) that it is an unnatural order to place the purely 
geometrical Postulates first, and the Common Notions, which are not peculiar 
to geometry, last, it may be pointed out that it would surely have been a still 
more awkward arrangement to give the Definitions first and then to separate 
from them, by the interposition of the Common Notions, the Postulates, which 
are so closely connected with the Definitions in that they proceed to postulate 
the existence of certain of the things defined, namely Straight lines and circles. 

(2) Though it is true that évou in Plato and Aristotle is generally a 
notion of an object, not of a fact or proposition, there are instances in Aristotle 
where it does mean a notion of a fact : thus in the Eth. Mic. 1x. 11, 1171 a 32 
he speaks of “the notion (or consciousness) /Aa/ Sriends sympathise” (4 &vvota 
Tov gwahyeiv robs Pidous) and again, b 14, of “the notion (or consciousness) 
that they are pleased at his good fortune.” It is true that Plato and Aristotle 
do not use the word in a technical sense ; but neither was there apparently in 
Aristotle’s time any fixed technical term for what we call “axioms,” since he 
speaks of them variously as “the so-called axioms in mathematics,” “the so- 
called common axioms,” “the common (things) ” (rà xowd), and even “the 
common opinions” (xowai dofat). I see therefore no reason why Euclid should 
not himself have given a technical sense to “Common Notions,” which is at 
least a distinct improvement upon “common opinions.” 

(3) The use of &vvoa in Proclus' quotation from Apollonius seems to me 
to be an unfortunate, rather than a fortunate, coincidence from Tannery’s point 
of view, for it is there used precisely in the old sense of the notion of an 
object (in that case a line). 

No doubt it is difficult to feel certain that Euclid did himself use the term 
Common Notions, seeing that Proclus’ commentary generally speaks of Axioms. 
But even Proclus (p. 194, 8), after explaining the meaning of the word 
“axiom,” first as used by the Stoics, and secondly as used by “Aristotle and 
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the geometers," goes on to say: “For in their view (that of Aristotle and the 
geometers) axiom and common notion are the same thing.” This, as it seems 
to me, may be a sort of apology for using the word “axiom” exclusively in 
what has gone before, as if Proclus had suddenly bethought himself that he 
had described both Aristotle and the geometers as using the one term 
“axiom,” whereas he should have said that Aristotle spoke of “axioms,” while 
“the geometers” (in fact Euclid), though meaning the same thing, called them 
Common Notions. It may be for a like reason that in another passage (p. 76, 
16), after quoting Aristotle’s view of an “axiom,” as distinct from a postulate 
and a hypothesis, he proceeds: “For it is not by virtue of a common notion 
that, without being taught, we preconceive the circle to be such and such a 
figure.” If this view of the two passages just quoted is correct, it would 
strengthen rather than weaken the case for the genuineness of Common Notions 
as the Euclidean term. 

Again, it is clear from Aristotle’s allusions to the “common axioms in 
mathematics” that more than one axiom of this kind had a place in the text- 
books of his day; and as he constantly quotes the particular axiom that, ¿f 
equals be taken from equals, the remainders are egual, which is Euclid’s Common 
Notion 3, it would seem that at least the first three Common Notions were 
adopted by Euclid from earlier text-books {t is, besides, scarcely credible 
that, if the Common Notions which Apollonius tried to prove had not been 
introduced earlier (e.g. by Euclid), they would then have been interpolated as 
axioms and not as propositions to be proved. The line taken by Apollonius 
is much better explained on the assumption that he was directly attacking 
axioms which he found already admitted into the Elements. 

Proclus, who recognised the five Common Notions given in the text, warns 
us, not only against the error of unnecessarily multiplying the axioms, but 
against the contrary error of reducing their number unduly (p. 196, 15), ‘as 
Heron does in enunciating three only; for it is also an axiom that the whole is 
greater than the part, and indeed the geometer employs this in many places for 
his demonstrations, and again that things which coincide are equal.” 

Thus Heron recognised the first three of the Common Notions ; and this 
fact, together with Aristotle’s allusions to “common axioms” (in the plural), 
and in particular to our Common Notion 3, may satisfy us that at least the first 
three Comman Notions were contained in the Elements as they left Euclid’s 
hands. 

COMMON NOTION 1. 

Ta tw atr@ iva xai dÀAyAoss écriv (ao. 

Things which are equal to the same thing are also equal to one another. 

Aristotle throughout emphasises the fact that axioms are self-evident truths, 
which it is impossible to demonstrate. If, he says, any one should attempt to 
prove them, it could only be through ignorance. Aristotle therefore would 
undoubtedly have agreed in Proclus' strictures on Apollonius for attempting 
to prove the axioms. Proclus gives (p. 194, 25), as a specimen 
of these attempted proofs by Apollonius, that of the first of the 
Common Notions. “Let A be equal to B, and the latter to C; 
I say that Æ is also equal to C. For, since 4 is equal to B, it A| B| c 
occupies the same space with it; and since Z is equal to C, it 
occupies the same space with it. 

Therefore A also occupies the same space with C.” 

Proclus rightly remarks (p. 194, 22) that “the middle tcrm is no more 
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intelligible (better known, yvwpywrepov) than the conclusion, if it is not 
actually more disputable.” Again (p. 195, 6), the proof assumes two things, 
(1) that things which “occupy the same space” (rowus) are equal to one 
another, and (2) that things which occupy the same space with one and the 
same thing occupy the same space with one another ; which is to explain the 
obvious by something much more obscure, for space is an entity more 
unknown to us than the things which exist in space. 

Aristotle would also have objected to the proof that it is partial and not 
general (xaóAov), since it refers only to things which can be supposed to 
occupy a space (or take up room), whereas the axiom is, as Proclus says 
(p. 196, 1), true of numbers, speeds, and periods of time as well, though of 
course each science uses axioms in relation to its own subject-matter only. 


COMMON NOTIONS 2, 3. 


2. Kai ¿àv igors ira rpooreby, rà 0a éoriv ioa. 
CANTUS US Lis m iis — —— 
3. Kai «àv amó icov (ca d$aipeÓp, 14 xaraderopeva eor (oa. 
2. Lf equals be added to equals, the wholes are equal. 
3. Mf equals be subtracted from cquals, the remainders are equal. 


These two Common Notions are recognised by Heron and Proclus as 
genuine. The latter is the axiom which is so favourite an illustration. with 
Aristotle. 

Following them in the mss. and editions there came four others of the 
same type as 1—3. ‘Three of these are given by Heiberg in brackets ; the 
fourth he omits altogether. 


The three are: 

(a) Lf equals be added to unequals, the wholes ave unequal. 

(f) Things which are dovhle of the same thing are equal to one another. 
() Things which are halves of the same thing are equal to one another. 
The fourth, which was placed between (a) and (4), was: 

(d) Uf equals be subtracted from unequals, the remainders are unequal. 


Proclus, in observing that axioms ought not to be multiplied, indicates 
that all should be rejected which follow from the five admitted by him and 
appearing in the text above (p. 155). He mentions the second of those just 
quoted (^) as one of those to be excluded, since it follows from Common 
Notion 1. Proclus does not mention (a), (z) or (2); an-Nairizi gives (a), (2), (6) 
and (c), in that order, as Euclid’s, adding a note of Simplicius that “three 
axioms (sententiae acceptae) only are extant in the ancient manuscripts, but 
the number was increased in the more recent.” 

(a) stands self-condemned because ‘unequal ” tells us nothing. It is easy 
to see what is wanted if we refer to 1. 17, where the same angle is added to a 
greater and a less, and it is inferred that the first sum is greater than the second. 
So far however as the wording of (a) is concerned, the addition of equal to 
greater and /ess might be supposed to produce /ess and greater respectively. If 
therefore such an axiom were given at all, it should be divided into two. 
Heiberg conjectures that this axiom may have been taken from the commentary 
of Pappus, who had the axiom about equals added to unequais quoted below 
(¢); if so, it can only be an unskilful adaptation of some remark of Pappus, for 
his axiom (e) has some point, whereas (a) is useless. 

As regards (b), I agree with Tannery in seeing no sufficient reason why, if 
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we reject it (as we certainly must), the words in 1. 47 “ But things which are 
double of equals are equal to one another” should be condemned as an 
interpolation. If they were interpolated, we should have expected to find the 
same interpolation in 1. 42, where the axiom is /acitly assumed. I think 
it quite possible that Euclid may have inserted such words in one case and 
left them out in another, without necessarily implying either that he was 
quoting a formal Common Notion of his own or that he had uol included 
among his Common Notions the particular fact stated as obvious. 

The corresponding axiom (c) about the Aaéves of equals can hardly be 
genuine if (4) is not, and Proclus does not mention it. Tannery acutely 
observes however that, when Heiberg, in 1. 37, 38, brackets words stating that 
“the halves of equal things are equal to one another” on the ground that 
axiom (c) was interpolated (although before Theon’s time), and explains that 
Euclid used Common Notion 3 in making his inference, he is clearly mistaken. 
For, while axiom (4) is an obvious inference from Common Notion 2, axiom (¢) 
is not an inference from Common Notion 3. Tannery says, in a note, that (c) 
would have to be established by reductio ad absurdum with the help of axiom 
(b), that is to say, of Common Notion 2. But, as the hypothesis in the reductio 
ad absurdum would be that one of the halves is greater than the other, and it 
would therefore be necessary to prove that the one whole is greater than the 
other, while axiom (b) or Common Notion 2 only refers to eguals, a little 
argument would be necessary in addition to the reference to Common Notion 2. 
I think Euclid would not have gone through this process in order to prove (c), 
but would have assumed it as equally obvious with (b). 

Proclus (pp. 197, 6—-198, 5) definitely rejects two other axioms of the 
above kind given by Pappus, observing that, as they follow from the genuine 
axioms, they are rightly omitted in most copies, although Pappus said that 
they were ** on record" wkh the others (avvavaypad«aba:) : 

(e) Lf unequals be added to equals, the difference between the wholes is equal 
to the difference between the added parts ; and 

(f) Lf equals be added to unequals, the difference between the wholes is equal 
to the difference between the original unequals. 

Proclus and Simplicius (in an-Nairizi) give proofs of both. ‘The proof of 
the former, as given by Simplicius, is as follows : 

Let 48, CD be equal magnitudes ; and let EZ, FD be eœ 
added to them respectively, ZB being greater than FD. 

I say that 4£ exceeds CF by the same difference as that by 
which BE exceeds DF. BF O 

Cut off from BE the magnitude BG equal to DF. 

Then, since AZ exceeds AG by GE, and AG is equal to CF 
and BG to DF, Alc 

AE exceeds CF by the same difference as that by which BE 
exceeds DF. 


COMMON NOTION 4. 


Kai rà é$appoCovra ér' dÀÀqAa ioa adAyAots éoriv. 

Things which coincide with one another are equal to one another. 

The word é$apuo(«w, as a geometrical term, has a different meaning 
according as it is used in the active or in the passive. In the passive, 
épappolecGar, it means “to be applied to” without any implication that the 
applied figure will exactly fit, or coincide with, the figure to which it is applied; 
on the other hand the active epappofew is used intransitively and means “to 
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fit exactly,” “to coincide with.” In Euclid and Archimedes éfappoew is 
constructed with érí and the accusative, in Pappus with the dative. 

On Common Notion 4 Tannery observes that it is incontestably geometrical 
in character, and should therefore have been excluded from the Common 
Notions; again, it is difficult to see why it is not accompanied by its converse, 
at all events for straight lines (and, it might be added, angles also), which 
Euclid makes use of in 1. 4. As it is, says Tannery, we have here a definition 
of geometrical equality more or less sufficient, but not a real axiom. 

It is true that Proclus seems to recognise this Common Notion and the next 
as proper axioms in the passage (p. 196, 15—21) where he says that we should 
not cut down the axioms to the minimum, as Heron does in giving only three 
axioms ; but the statement seems to rest, not upon authority, but upon an 
assumption that Euclid would state explicitly at the beginning all axioms 
subsequently used and not reducible to others unquestionably included. Now 
in I. 4 this Common Notion is not quoted ; it is simply inferred that “the base 
BC will coincide with EF, and will be equal to it.” The position is therefore 
the same as it is in regard to the statement in the same proposition that, “if... 
the base BC does not coincide with ÆA, two straight lines will enclose a space: 
which is impossible” ; and, if we do not admit that Euclid had the axiom that 
“two straight lines cannot enclose a space,” neither need we infer that he had 
Common Notion 4. 1 am therefore inclined to think that the latter is more 
likely than not to be an interpolation. 

It seems clear that the Common Notion, as here formulated, is intended 
to assert that superposition is a legitimate way of proving the equality of two 
figures which have the necessary parts respectively equal, or, in other words, 
to serve as an axtom of congruence. 

The phraseology of the propositions, e.g. 1. 4 and 1. 8, in which Euclid 
employs the method indicated, leaves no room for doubt that he regarded one 
figure as actually moved and placed upon the other. Thus in 1. 4 he says, 
“The triangle ABC being applied (€pappofouévov) to the triangle DEF, and 
the point A being Placed (rHeuévov) upon the point D, and the straight line 
AB on DE, the point Z will also coincide with E because AB is equal to 
DE"; and in 1. 8, " If the sides BA, AC do not coincide with ED, DF, but 
fall beside them (take a different position, mapaAAd£ovaw), then" etc. At the 
same time, it is clear that Euclid disliked the method and avoided it wherever 
he could, e.g. in 1. 26, where he proves the equality of two triangles which have 
two angles respectively equal to two angles and one side of the one equal to 
the corresponding side of the other. It looks as though he found the method 
handed down by tradition (we can hardly suppose that, if Thales proved that 
the diameter of a circle divides it into two equal parts, he would do so by any 
other method than that of superposition), and followed it, inthe few cases 
where he does so, only because he had not been able to see his way to a 
satisfactory substitute. But seeing how much of the E/ements depends on 1. 4, 
directly or indirectly, the method can hardly be regarded as being, in Euclid, 
of only subordinate importance ; on the contrary, it is fundamental. Nor, as 
a matter of fact, do we find in the ancient geometers any expression of doubt 
as to the legitimacy of the method. Archimedes uses it to prove that any 
spheroidal figure cut by a plane through the centre is divided into two equal 
parts in respect of both its surface and its volume; he also postulates in 
Equilibrium of. Planes 1. that " when equal and similar plane figures coincide 
if applied to one another, their centres of gravity coincide also." 

Killing (Einführung in die Grundlagen der Geometrie, v. pp. 4, 5) 
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contrasts the attitude of the Greek geometers with that of the philosophers, 
who, he says, appear to have agreed in banishing motion from geometry 
altogether. In support of this he refers to the view frequently expressed by 
Aristotle that mathematics has to do with i» movable objects (dxivyra), and that 
only where astronomy is admitted as part of mathematical science is motion 
mentioned as a subject for mathematics. Cf. Metaph. 989 b 32 “For mathe- 
matical objects are among things which exist apart from motion, except such 
as relate to astronomy”; Metaph. 1064 a 30 “Physics deals with things 
which have in themselves the principle of motion; mathematics is a theoretical 
science and one concerned with things which are sationary (uévovra) but not 
separable” (sc. from matter); in Physics 11. 2, 193 b 34 he speaks of the 
subjects of mathematics as “in thought separable from motion." 

But I doubt whether in Aristotle’s use of the words “immovable,” “ with- 
out motion” etc. as applied to the subjects of mathematics there is any 
implication such as Killing supposes. We arrive at mathematical concepts 
by abstraction from material objects; and just as we, in thought, eliminate 
the matter, so according to Aristotle we eliminate the attributes of matter as 
such, e.g. qualitative change and motion. It does not appear to me that the 
use of “immovable” in the passages referred to means more than this. I do 
not think that Aristotle would have regarded it as illegitimate to move a 
geometrical figure from one position to another; and I infer this from a 
passage in De caelo 111. 1 where he is criticising "those who make up every 
body that has an origin by putting together 2/azes, and resolve it again into 
planes.” The reference must be to the Zimaeus (54 B sqq.) where Plato 
evolves the four elements in this way. He begins with a right-angled triangle 
in which the hypotenuse is double of the smaller side; six of these put together 
in the proper way produce one equilateral triangle. Making solid angles with 
(a) three, (b) four, and (c) five of these equilateral triangles respectively, and 
taking the requisite number of these solid angles, namely four of (a), six of (b) 
and twelve of (c) respectively, and putting them together so as to form regular 
solids, he obtains (a) a tetrahedron, (@) an octahedron, (y) an icosahedron 
respectively. For the fourth element (earth), four isosceles right-angled triangles 
are first put together so as to form a square, and then six of these squares are 
put together to form a cube. Now, says Aristotle (299 b 23), “it is absurd that 
planes should only admit of being put together so as to touch in a /ine; for just 
as a line and a line are put together in both ways, lengthwise and breadthwise, 
so must a plane anda plane. A line can be combined with a line in the sense 
of being a line superposed, and not added" ; the inference being that a p/ane can 
be superposed on a f/ane. Now this is precisely the sort of motion in question 
here; and Aristotle, so far from denying its permissibility, seems to blame 
Plato for not using it. Cf. also Physics v. 4, 228 b 25, where Aristotle speaks 
of “the spiral or other magnitude in which any part will not coincide with 
any other part,” an where superposition is obviously contemplated. 


Motion without deformation. 


It is well known that Helmholtz maintained that geometry requires us to 
assume the actual existence of rigid bodies and their free mobility in space, 
whence he inferred that geometry is dependent on mechanics. 

Veronese exposed the fallacy in this (Fondamenti di geometria, pp. xxxv— 
XXXVI, 239—249 note, 615— 7), his argument being as follows. Since geometry 
is concerned with empty space, which is immovable, it would be at least strange 
if it was necessary to have recourse to the real motion of bodies for a definition, 
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and for the proof of the properties, of immovable space. We must distinguish 
the intuitive principle of motion in itself from that of motion without deforma- 
tion. Every point of a figure which moves is transferred to another point in 
space. ‘‘ Without deformation” means that the mutual relations between the 
points of the figure do not change, but the relations between them and other 
figures do change (for if they did not, the figure could not move). Now 
consider what we mean by saying that, when the figure 4 has moved from 
the position A, to the position 4,, the relations between the points of 4 in 
the position A, are unaltered from what they were in the position 4,, are the 
same in fact as if 4 had not moved but remained at 4,. We can only say 
that, judging of the figure (or the body with its physical qualities eliminated) 
by the impressions it produces in us during its movement, the impressions 
produced in us in the two different positions (which are in time distinct) 
are equal, In fact, we are making use of the notion of egua/ity between two 
distinct figures. Thus, if we say that two bodies are equal when they 
can be superposed by means of movement without deformation, we are com- 
mitting a petitio principii. The notion of the equality of spaces is really prior 
to that of rigid bodies or of motion without deformation. Helmholtz supported 
his view by reference to the process of measurement in which the measure 
must be, at least approximately, a rigid body, but the existence of a rigid body 
as a standard to measure by, and the question how we discover two equal 
spaces to be equal, are matters of no concern to the geometer. The method 
of superposition, depending on motion without deformation, is only of use as 
a practical test ; it has nothing to do with the theory of geometry. 

Compare an acute observation of Schopenhauer (Die Welt als Wille, 2 ed. 
1844, 11. p. 130) which was a criticism in advance of Helmholtz’ theory: “I 
am surprised that, instead of the eleventh axiom [the Parallel-Postulate], the 
eighth is not rather attacked: ‘Figures which coincide (sich decken) are 
equal to one another.’ For coincidence (das Sichdecken) is either mere 
tautology, or something entirely empirical, which belongs, not to pure intuition 
(Anschauung), but to external sensuous experience. It presupposes in fact 
the mobility of figures; but that which is movable in space is matter and 
nothing else. Thus this appeal to coincidence means leaving pure space, the 
sole element of geometry, in order to pass over to the material and empirical.” 

Mr Bertrand Russell observes (Encyclopaedia Britannica, Suppl. Vol. 4, 
1902, Art. *' Geometry, non-Euclidean ") that the apparent use of motion here 
is deceptive; what in geometry is called a motion is merely the transference 
of our attention from one figure to another. Actual superposition, which is 
nominally employed by Euclid, is not required; all that is required is the 
transference of our attention from the original figure to a new one defined hy 
the position of some of its elements and by certain properties which it shares 
with the original figure. 

If the method of superposition is given up as a means of defining theoreti- 
cally the equality of two figures, some other definition of equality is necessary. 
But such a definition can be evolved out of empirical or practical observation 
of the result of superposing two material representations of figures. This is 
done by Veronese (Elementi di geometria, 1904) and Ingrami (Elementi di 
geometría, Y904).  Ingrami says, namely (p. 66): 

* If a sheet of paper be folded double, and a triangle be drawn upon it 
and then cut out, we obtain two triangles superposed which we in practice call 
equal. If points A, B, C, D ... be marked on one of the triangles, then, 
when we place this triangle upon the other (so as to coincide with it), we see 
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that each of the particular points taken on the first is superposed on one 
particular point of the second in such a way that the segments 48, AC, AD, 
BC, BD, CD, ... are respectively superposed on as many segments in the 
second triangle and are therefore equal to them respectively. In this way we 
justify the following 


“Definition of equality. 


“ Any two figures whatever will be called egual when to the points of one 
the points of the other can be made to correspond untvocally [i.e. every one 
point in one to ome distinct point in the other and vice versa] in such a way 
that the segments which join the points, two and two, in one figure are 
respectively equal to the segments which join, two and two, the corresponding 
points in the other.” 

Ingrami has of course previously postulated as known the signification of 
the phrase equal (rectilinea/) segments, of which we get a practical notion when 
we can place one upon the other or can place a third movable segment 
successively on both. 


New systems of Congruence-Postulates. 


In the fourth Article of Questioni riguardanti le matematiche elementari, \., 
PP- 93—122, a review is given of three different systems : (1) that of Pasch in 
Vorlesungen über neuere Geomelrie, 1882, p. 101 sqq., (2) that of Veronese 
according to the Fondamenti di geometria, 1891, and the Elementi taken 
together, (3) that of Hilbert (see Grundlagen der Geometrie, 1903, pp. 7—15). 

These systems difer in the particular conceptions taken by the three 
authors as primary. (1) Pasch considers as primary the notion of congruence 
or equality between any figures which are made up of a finite number of points 
only. The definitions of congruent segménts and of congruent angles have to 
be deduced in the way shown on pp. 102—103 of the Article referred to, after 
which Eucl. 1. 4 follows immediately, and Eucl. 1. 26 (1) and i. 8 by a method 
recalling that in Eucl. r. 7, 8. 

(2) Veronese takes as primary the conception of congruence between 
segments (rectilineal). The transition to congruent angles, and thence to 
triangles is made by ineans of the following postulate: 

“Let AB, AC and A'S’, A’C’ be two pairs of straight lines intersecting 
at A, A’, and let there be determined upon them the congruent segments 
AB, A'B and the congruent segments AC, A'C ; 


then, if BC, B'C' are congruent, the two pairs of straight lines are con- 
gruent." 


(3) Hilbert takes as primary the notions of congruence between both 
segments and angles. 

It is observed in the Article referred to that, from the theoretical stand- 
point, Veronese's system js an advance upon that of Pasch, since the idea of 
congruence between segments is more simple than that of congruence between 
any figures ; but, didactically, the development of the theory is more compli- 
cated when we start from Veronese's system than when we start from that of 
Pasch. 

The system of Hilbert offers advantages over both the others from the 
point of view of the teaching of geometry, and I shall therefore give a short 
account of his system only, following the Artiole above quoted. 


L C. N. 4] NOTE ON COMMON NOTION 4 229 


Hilbert's system. 
The following are substantially the Postulates laid down. 


(1) Zf one segment ts congruent with another, the second ts also congruent 
with the first. 


(2) Zf an angle is congruent with another angle, the second angle is also 
congruent with the first. 


(3) Two segments congruent with a third are congruent with one another. 
(4) wo angles congruent with a third are congruent with one another. 


(5) Any segment AB is congruent with itself, independently of its sense. 
This we may express symbolically thus : 


AB=AB=BA. 


(6) Any angle (ab) is congruent with itself, independently of its sense. 
This we may express symbolically thus : 


(ab) = (ab) = (ba). 


(7) On any straight line 1’, starting from any one of its points A', and on 
cach side of it respectively, there exists one and only one segment congruent with a 
segnient AB belonging to the straight line x. 


(8) Given a ray a, issuing from a point O, in any plane which contains it 
and on each of the two sides of it, there exists one and only one ray b issuing 
from O such that the angle (ab) is congruent with a given angle (a'b'). 


(9) Zf AB, BC are two consecutive segments of the same straight line r 
(segments, that is, having an extremity and no other point common), and A'B', 
B'C' £wo consecutive segments on another straight line r, and if AB = A'P', 
BC = B'C', then 

ACZ AC. 

(10) Jf (ab), (bc) are two consecutive angles in the same plane v (angles, 
that is, having the vertex and one side common), and (a'b’), (b'c’) two consecu- 
tive angles in another plane v', and if (ab) = (a’b’), (bc) = (b'c’), then 

(ac) = (a’c’). 
(11) Zf two triangles have two sides and the included angles respectively 


congruent, they have also their third sides congruent as well as the angles 
opposite to the congruent sides respectively. 


As a matter of fact, Hilbert’s postulate corresponding to (r1) does not 
assert the equality of the third sides in each, but only the equality of the two 
remaining angles in one triangle to the two remaining angles in the other 
respectively. He proves the equality of the third sides (thereby completing 
the theorem of Eucl. 1. 4) by reductio 
ad absurdum thus. Let ABC, A'B'C' A A 
be the two triangles which have the 
sides AB, AC respectively congruent 
with the sides A’B’, A’C’ and the 
included angle at A congruent with 7 ' 
the included angle at 4’. 2 — Eis 

Then, by Hilbert’s own postulate, the angles 4.BC, A'B'C’ are congruent, 
as also the angles ACB, A'C'B'. 

If BC is not congruent with B’C’, let D be taken on Z'C' such that BC, 
B'D are congruent. and join A’D. 
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Then the two triangles ABC, A'B'D have two sides and the included 
angles congruent respectively ; therefore, by the same postulate, the angles 
BAC, B'A'D are congruent. 

But the angles BAC, B’A'C' are congruent ; therefore, by (4) above, the 
angles B’A'C’, B’A'D are congruent: which is impossible, since it contradicts 
(8) above. 

Hence BC, B’C’ cannot but be congruent. 

Eucl. 1. 4 is thus proved ; but it seems to be as well to include all of that 
theorem in the postulate, as is done in (11) above, since the two parts of it are 
equally suggested by empirical observation of the result of one superposition. 

A proof similar to that just given immediately establishes Eucl. 1. 26 (1), 
and Hilbert next proves that 

Jf two angles ABC, A'B’C’ are congruent with one another, their supple- 
mentary angles CBD, C’'B'D’ are also congruent with one another. 

We choose 4, D on one of the straight lines forming the first angle, and 
4’, D' on one of those forming the second angle, and again C, C’ on the other 


c c' 


Js 


A B D A B’ D' 


straight lines forming the angles, so that 4’B’ is congruent with AB, C'S’ 
with CZ, and D'Z' with DB. 

The triangles ABC, A’S'C’ are congruent, by (11) above; and AC is 
congruent with 4’C’, and the angle CAB with the angle C'A’ B”. 

Thus, 4D, A’D' being congruent, by (9), the triangles CAD, C'A'D' are 
also congruent, by (11); 
whence CD is congruent with C’D’, and the angle ADC with the angle 
ADC. 

Lastly, by (11), the triangles CD, C'D' B' are congruent, and the angles 
CBD, C'B'D are thus congruent. 

Hilbert’s next proposition is that 

Given that the angle (h, k) in the plane a is congruent with the angle (h’, k’) 
in the plane a', and that \ is a half-ray in the plane a starting from the vertex 
of the angle (h, k) and lying within that angle, there always exists a half-ray Y 
in the second plane a’, starting from the vertex of the angle (h', k') and lying 
within that angle, such that 


(hb, 1) = (b', 1), and (k, 1) = (k’, l’). 
If O, O' are the vertices, we choose points 4, B on 7, k, and points 4’, B’ 
on X’, A respectively, such that OA, O' A' are congruent and also OZ, O'B'. 





The triangles OA, O' A' B' are then congruent; and, if / meets 4B in C, 
we can determine C’ on A'B’ such that A4'C' is congruent with 4C. 
Then / drawn from O through C is the half-ray required. 
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The congruence of the angles (A, Z), (%', Z) follows from (11) directly, and 
that of (k, Z) and (A, 7) follows in the same way after we have inferred by 
means of (9) that, 4, AC being respectively congruent with 4' P", A’C’, the 
difference AC is congruent with the difference B’ C”. 

It is by means of the two propositions just given that Hilbert proves that 

All right angles are congruent with one another. 
. Let the angle BAD be congruent with its adjacent angle CAD, and 
likewise the angle B’A’D’ congruent with its adjacent angle C'4'Z' — All four 
angles are then right angles. 





Bg ru c' 


If the angle B’A’D’ is not congruent with the angle BAD, let the angle 
with AZ for one side and congruent with the angle B’A’D’ be the angle 
BAD", so that AD” falls either within the angle BAD or within the angle 
DAC. Suppose the former. 

By the last proposition but one (about adjacent angles), the angles 
B'A'D', BAD" being congruent, the angles C'A' D', CAD" are congruent. 

Hence, by the hypothesis and postulate (4) above, the angles BAD", 
CAD" are also congruent. 

And, since the angles BAD, CAD are congruent, we can find within the 
angle CAD a half-ray CAD” such that the angles BAD’, CAD" are 
congruent, and likewise the angles DAD”, DAD" (by the last proposition). 

But the angles BAD", CAD" were congruent (see above); and it 
follows, by (4), that the angles CAD", CAD” are congruent: which is 
impossible, since it contradicts postulate (8). 

Therefore etc. 

Euclid 1. 5 follows directly by applying the postulate (11) above to ABC, 
ACB as distinct triangles. 

Postulates (9), (10) above give in substance the proposition that “the 
sums or differences of segments, or of : 
angles, respectively equal, are equal.” A A 

Lastly, Hilbert proves Eucl. 1. 8 by 
means of the theorem of Eucl. 1. 5 and 
the proposition just stated as applied to 
angles. 

ABC, A'B'C being the given triangles 
with three sides respectively congruent, 
we suppose an angle CBA” to be deter- A' 
mined, on the side of BC opposite to A, 
congruent with the angle 4’3’C’, and we make BA” equal to A'S". 

The proof is obvious, being equivalent to the alternative proof often given 
in our text-books for Eucl. 1. 8. 
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COMMON NOTION 5. 

xai 1à óXov ToU uépovs ueitóv [éorw]. 

The whole is greater than the part. 

Proclus includes this “axiom” on the same ground as the preceding one. 
I think however there is force in the objection which Tannery takes to it, 
namely that it replaces a different expression in Eucl. 1. 6, where it is stated 
that “the triangle DBC will be equal to the triangle ACB, the less to the 
greater: which is absurd.” The axiom appears to be an abstraction or 
generalisation substituted for an immediate inference from a geometrical 
figure, but it takes the form of a sort of definition of whole and part. The 
probabilities seem to be against its being genuine, notwithstanding Proclus’ 
approval of it. 

Clavius added the axiom that the whole is the equal to the sum of tts parts. 


OTHER AXIOMS INTRODUCED AFTER EUCLID’S TIME. 
[o] Two straight lines do not enclose (or contain) a space. 


Proclus (p. 196, 21) mentions this in illustration of the undue multiplication 
of axioms, and he points out, as an objection to it, that it belongs to the 
subject matter of geometry, whereas axioms are of a general character, and 
not peculiar to any one science. ‘The real objection to the axiom is that it is 
unnecessary, since che fact which it states is included in the meaning of 
Postulate 1. It was no doubt taken from the passage in 1. 4, “if...the base 
BC does not coincide with the base ZF, two straight lines will enclose a space: 
which is impossible”; and we must certainly regard it as an interpolation, 
notwithstanding that two of the best Mss. have it after Postulate 5, and one 
gives it as Common Notion 9. 

Pappus added some others which Proclus objects to (p. 198, 5) because 
they are either anticipated in the definitions or follow from them. 

(g) <All the parts of a plane, or of a straight line, coincide with one another. 

(A) A point divides a line, a line a surface, and a surface a solid; on which 
Proclus remarks that everything is divided by the same things as those by 
which it is bounded, 

An-Nairizi (ed. Besthorn-Heiberg, p. 31, ed. Curtze, p. 38) in his version 
of this axiom, which he also attributes to Pappus, omits the reference to 
solids, but mentions planes as a particular case of surfaces. 

s Pi A surface cuts a surface in a line ; 
(B) Jf two surfaces which cut one another are plane, they cut one another 
in a straight line ; 
(y) A line cuts a line ina point (this last we need in the first proposition).” 

(k) Magnitudes are susceptible of the infinite (or unlimited) both by way of 
addition and by way of successive diminution, but in both cases potentially only 
(16 dwreipov gv Trois peyebeotv &xTw xai rj poaÜÉéce: xai rjj érxaDaipéc e, Suvdpet 
86 éxdrepov). 

An-Nairizi's version of this refers to straight lines and plane surfaces only : 
“as regards the straight line and the plane surface, in consequence of their 
evenness, it is possible to produce them indefinitely. 

This “axiom” of Pappus, as quoted by Proclus, seems to be taken directly 
from the discussion of rò drepov in Aristotle, Physics 11. 5—8, even to the 
wording, for, while Aristotle uses the term division (ŝtaíipeois) most frequently 
as the antithesis of addition (civOeors), he occasionally speaks of subtraction 
(dgpaipects) and diminution (xaOaipeors). Hankel (Zur Geschichte der Mathe- 
matik im. Alterthum und Mittelalter, 1874, pp. 119—120) gave an admirable 
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summary of Aristotle’s views on this subject; and they are stated in greater 
detail in Görland, Aristoteles und die Mathematik, Marburg, 1899, pp. 157— 
183. The infinite or unlimited (drepov) only exists potentially (Svvaper), not 
in actuality (€vepyeia). The infinite is so in virtue of its endlessly changing 
into something else, like day or the Olympic Games (PAys. ul. 6, 206 a 15—25). 
The infinite is manifested in different forms in time, in Man, and in the 
division of magnitudes. For, in general, the infinite consists in something new 
being continually taken, that something being itself always finite but always 
different. Therefore the infinite must not be regarded as a particular thing 
(ro8¢ 71), as man, house, but as being always in course of becoming or decay, 
and, though finite at any moment, always different from moment to moment. 
But there is the distinction between the forms above referred to that, whereas 
in the case of magnitudes what is once taken remains, in the case of time and 
Man it passes or is destroyed but the succession is unbroken. The case of 
addition is in a sense the same as that of division ; in the finite magnitude the 
former takes place in the converse way to the latter; for, as we see the finite 
magnitude divided ad infinitum, so we shall find that addition gives a sum 
tending to a definite limit. I mean that, in the case of a finite magnitude, 
you may take a definite fractior. of it and add to it (continually) in the same 
ratio; if now the successive added terms do not include one and the same 
magnitude whatever it is [i.e. if the successive terms diminish in geometrical 
progression], you will not come to the end of the finite magnitude, but, if the 
ratio is increased so that each term does include one and the same magnitude 
whatever it is, you will come to the end of the finite magnitude, for every 
finite magnitude is exhausted by continually taking from it any definite 
fraction whatever. Thus in no other sense does the infinite exist, but only 
in the sense just mentioned, that is, potentially and by way of diminution 
(206 a 25—b 13). And in this sense you may have potentially infinite 
addition, the process being, as we say, in a manner, the same as with division 
ad infinitum: for in the case of addition you will always be able to find some- 
thing outside the total for the time being, but the total will never exceed every 
definite (or assigned) magnitude in the way that, in the direction of division, 
the result will pass cvery definite magnitude, that is, by becoming smaller 
than it. The infinite therefore cannot exist even potentially in the sense of 
exceeding every finite magnitude as the result of successive addition (206 b 
16—22). It follows that the correct view of the infinite is the opposite of 
that commonly held: it is not that which has nothing outside it, but that 
which always has something outside it (206 b 33—207 a 1). 

Contrasting the case of number and magnitude, Aristotle points out that 
(1) in number there is a limit in the direction of smallness, namely unity, but 
none in the other direction: a number may exceed any assigned number 
however great ; but (2) with magnitude the contrary is the case: you can find 
a magnitude smaller than any assigned magnitude, but in the other direction 
there is no such thing as an infinite magnitude (207 b r—5). The latter 
assertion he justified by the following argument. However large a thing can 
be potentially, it can be as large actually. But there is no magnitude 
perceptible to sense that is infinite. Therefore excess over every assigned 
magnitude is an impossibility ; otherwise there would be something larger 
than the universe (oipavós) (207 b 17—21). 

Aristotle is aware that it is essentially of physical magnitudes that he is 
speaking. He had observed in an earlier passage (Phys. 111. 5, 204 a 34) that 
it is perhaps a more general inquiry that would be necessary to determine 
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whether the infinite is possible in mathematics, and in the domain of thought 
and of things which have no magnitude; but he excuses himself from entering 
upon this inquiry on the ground that his subject is physics and sensible 
objects. He returns however to the bearing of his conclusions on mathematics 
in I, 7, 207 b 27: “my argument does not even rob mathematicians of their 
study, although it denies the existence of the infinite in the sense of actual 
existence as something increased to such an extent that it cannot be gone 
through (dd:efirqrov) ; for, as it is, they do not even need the infinite or use 
it, but only require that the finite (straight line) shall be as long as they please; 
and another magnitude of any size whatever can be cut in the same ratio as 
the greatest magnitude. Hence it will make no difference to them for the 
purpose of demonstration.” 

Lastly, if it should be urged that the infinite exists in thought, Aristotle 
replies that this does not involve its existence in fact. A thing is not greater 
than a certain size because it is conceived to be so, but because it /5; and 
magnitude is not infinite in virtue of increase in thought (208 a 16—22). 

Hankel and Gorland do not quote the passage about an infinite series of 
magnitudes (206 b 3— 13) included in the above paraphrase; but I have 
thought that mathematicians would be interested in the distinct expression of 
Aristotle's view that the existence of an infinite series the terms of which are 
magnitudes is impossible unless it is convergent, and (with reference to 
Riemann's developments) in the statement that it does not matter to geometry 
if the straight line is not infinite in length, provided that it is as long as we 
please. 

Aristotle's denial of even the potential existence of a sum of magnitudes 
which shall exceed every definite magnitude was, as he himself implies, in 
conflict with the lemma or assumption used by Eudoxus (as we infer from 
Archimedes) to prove the theorem about the volume of a pyramid. The 
lemma is thus stated by Archimedes (Quadrature of a parabola, preface): 
“The excess by which the greater of two unequal areas exceeds the less can, 
if it be continually added to itself, be made to exceed any assigned finite 
area.” We can therefore well understand why, a century later, Archimedes 
felt it necessary to justify his own use of the lemma as he does in the same 
preface: ‘‘The earlier geometers too have used this lemma: for it is by its 
help that they have proved that circles have to one another the duplicate 
ratio of their diameters, that spheres have to one another the triplicate ratio 
of their diameters, and so on. And, in the result, each of the said theorems 
has been accepted no less than those proved without the aid of this lemma.” 


Principle of continuity. 


The use of actual construction as a method of proving the existence ot 
figures having certain properties is one of the characteristics of the Elements. 
Now constructions are effected by means of straight lines and circles drawn 
in accordance with Postulates 1—3 ; the essence of them is that such straight 
lines and circles determine by their intersections other points in addition to 
those given, and these points again are used to determine new lines, and so on. 
This being so, the existence of such points of intersection must be postulated 
or proved in the same way as that of the lines which determine them. Yet 
there is no postulate of this character expressed in Euclid except Post. 5. 
This postulate asserts that two straight lines meet if they satisfy a certain 
condition. The condition is of the nature of a &opwruós (discrimination, or 
condition of possibility) in a problem ; and, if the existence of the point of 
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intersection were not granted, the solutions of problems in which the points of 
intersection of straight lines are used would not in general furnish the required 
proofs of the existence of the figures to be constructed. 

But, equally with the intersections of straight lines, the intersections of 
circle with straight line, and of circle with circle, are used in constructions. 
Hence, in addition to Postulate 5, we require postulates asserting the actual 
existence of points of intersection of circle with straight line and of circle 
with circle. In the very first proposition the vertex of the required equilateral 
triangle is determined as one of the intersections of two circles, and we need 
therefore to be assured that the circles will intersect. Euclid seems to assume 
it as obvious, although it is not so; and he makes a similar assumption in 
1. 22. It is true that in the latter case Euclid adds to the enunciation that 
two of the given straight lines must be together greater than the third; but 
there is nothing to show that, if this condition is satisfied, the construction is 
always possible. In 1. 12, in order to be sure that the circle with a given 
centre will intersect a given straight line, Euclid makes the circle pass through 
a point on the side of the line opposite to that where the centre is. It appears 
therefore as if, in this case, he based his inference in some way upon the 
definition of a circle combined with the fact that the point within it called 
the ceutre is on one side of the straight line and one point of the circumference 
on the other, and, in the case of two intersecting circles, upon similar con- 
siderations. But not even in Book 111., where there are several propositions 
about the relative positions of two circles, do we find any discussion of the 
conditions under which two circles have two, one, or no point common. 

The deficiency can only be made good by the Principle of. Continuity. 

Killing (Ernführung in die Grundlagen der. Geometrie, V. p. 43) gives the 
following forms as sufficient for most purposes. 

(2) Suppose a line belongs entirely to a figure which is divided into two 
parts ; then, if the line has at least one point common with each part, it must 
also meet the boundary between the parts; or 

(A) 1f a point moves in a figure which is divided into two parts, and if it 
belongs at the beginning of the motion to one part and at the end of the 
motion to the other part, it must during the motion arrive at the boundary 
between the two parts. 

Inthe Questioni riguardanti le matematiche elementari,1., Art. 5, pp. 123—143, 
the principle of continuity is discussed with special reference to the Postulate 
of Dedekind, and it is shown, first, how the Postulate may be led up to and, 
secondly, how it may be applied for the purposes of elementary geometry. 

Suppose that in a segment AB of a straight line a point C determines 
two segments AC, CB. If we consider the point C as belonging to only one 
of the two segments AC, CB, we have a division of the segment 4B into two 
parts with the following properties. 

1. Every point of the segment AB belongs to one of the two parts. 

2. The point 4 belongs to one of the two parts (which we will call the 
first) and the point B to the other; the point C may belong indifferently to 
one or the other of the two parts according as we choose to premise. 

3. Every point of the first part precedes every point of the second in the 
order AB of the segment. 

(For generality we may also suppose the case in which the point C falls at 
A orat Z. Considering C, in these cases respectively, as belonging to the 
first or second part, we still have a division into parts which have the 
properties above enunciated, one part being then a single point 4 or Z.) 
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Now, considering carefully the inverse of the above proposition, we see 
that it agrees with the idea which we have of the continuity of the straight 
line. Consequently we are induced to admit as a postulate the following. 

If a segment of a straight line AB is divided into two parts so that 

(1) every point of the segment AB belongs to one of the parts, 

(2) the extremity A belongs to the first part and B to the second, and 

(3) any point whatever of the first part precedes any point whatever of the 

second part, in the order AB of the segment, 
there exists a point C of the segment AB (which may belong either to one 
part or to the other) such that every point of AB that precedes C belongs to the 
first part, and every point of AB that follows C belongs to the second part in 
the division originally assumed. 

(If one of the two parts consists of the single point 4 or B, the point C 
is the said extremity A or B of the segment.) 

This is the Postulate of Dedekind, which was enunciated by Dedekind 
himself in the following slightly different form (Stetigkeit und irrationale Zahlen, 
1872, new edition 1905, p. 11). 

“ If all points of a straight line fall into two classes such that every point of 
the first class lies to the left of every point of the second class, there exists one and 
only one point which produces this division of all the points into two classes, this 
division of the straight line into two parts.” 

The above enunciation may be said to correspond to the intuitive notion 
which we have that, if in a segment of a straight line two points start from 
the ends and describe the segment in opposite senses, they meet in a point. 
The point of meeting might be regarded as belonging to both parts, but for 
the present purpose we must regard it as belonging to one only and subtracted 
from the other part. 

Application of Dedekind's postulate to angles. 


If we consider an angle less than two right angles bounded by two rays 
a, b, and draw the straight line connecting A, a point on a, with Ø, a point 
on À, we see that all points on the finite segment AZ correspond univocally to 
all the rays of the angle, the point corresponding to any ray being the point 
in which the ray cuts the segment AZ; and if a ray be supposed to move 
about the vertex of the angle from the position @ to the position 4, the 
corresponding points of the segment AZ are seen to follow in the same 
order as the corresponding rays of the angle (aé). 

Consequently, if the angle (ad) is divided into two parts so that 

(1) each ray of the angle (a2) belongs to one of the two parts, 

(2) the outside ray a belongs to the first part and the ray 4 to the second, 

(3) any ray whatever of the first part precedes any ray whatever of the 

second part, 

the corresponding points of the segment AB determine two parts of the 
segments such that 

(1) every point of the segment 42 belongs to one of the two parts, 

(z) the extremity Æ belongs to the first part and Z to the second, 

(3) any point whatever of the first part precedes any point whatever of 

the second. 

But in that case there exists a point C of AB (which may belong to one 
or the other of the two parts) such that every point of AB that precedes C 
belongs to the first part and every point of AB that follows C belongs to the 
second part. 


I. Axx.) APPLICATIONS OF DEDEKIND'S POSTULATE 237 


Thus exactly the same thing holds of c, the ray corresponding to C, with 
reference to the division of the angle (ab) into two parts. 

It is not difficult to extend this to an angle (ab) which is either fal or 
greater than two right angles ; this is done (Vitali, o2. cit. pp. 126—127) by 
supposing the angle to be divided into two, (ad), (db), each less than two 
right angles, and considering the three cases in which 

(1) the ray d is such that all the rays that precede it belong to the first 

patt and those which follow it to the second part, 

(2) the ray d is followed by some rays of the first part, 

(3) the ray d is preceded by some rays of the second part. 


Application to circular arcs. 


If we consider an arc AB of a circle with centre O, the points of the arc 
correspond univocally, and in the same order, to the rays from the point O 
passing through those points respectively, and the same argument by which 
we passed from a segment of a straight line to an angle can be used to make 
the transition from an angle to an arc. 


Intersections of a straight line with a circle. 
It is possible to use the Postulate of Dedekind to prove that 


Jf a straight line has one point inside and one point outside a circle, it has 
two points common with the circle. 


For this purpose it is necessary to assume (1) the proposition with reference 
to the perpendicular and obliques drawn from a given point to a given straight 
line, namely that of all straight lines drawn from a given point to a given 
Yraight line the perpendicular is the shortest, and of the rest (the obliques) 
that is the longer which has the longer projection upon the straight line, while 
those are equal the projections of which are equal, so that for any given 
length of projection there are two equal obliques and two only, one on each 
side of the perpendicular, and (2) the proposition that any side of a triangle 
is less than the sum of the other two. 

Consider the circle (C) with centre O, and a straight line (r) with one 
point A inside and one point Z outside the 
circle. 

By the definition of the circle, if œ is 
the radius, 

OA < R, OB> R. 


Draw OP perpendicular to the straight 
line 7. 

Then OP « OA, so that OP is always 
less than A, and P is therefore within the 
circle C. 

Now let us fix our attention on the finite segment AB of the straight 
line r. It can be divided into two parts, (1) that containing all the points 
for which OH < (ie. points inside C), and (2) that containing all the 
points X for which OX 2 X (points outside C or on the circumference of C). 

Thus, remembering that, of two obliques from a given point to a given 
straight line, that is greater the projection of which is greater, we can assert 
that all the points of the segment PB which precede a point inside C are 
inside C, and those which follow a point on the circumference of C or outside 
C are outside C. 

Hence, by the Postulate of Dedekind, there exists on the segment PB a 
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point 77 such that all the points which precede it belong to the first part ana 
those which follow it to the second part. 

I say that JZ is common to the straight line z and the circle C, or 

OM - &. 

For suppose, e.g., that OM < R. 

There will then exist a segment (or length) o less than the difference 
between £ and OM. 

Consider the point M’, one of those which follow M, such that MM is 
equal to ø. 

Then, because any side of a triangle is less than the sum of the other two, 

OM' <OM+ MM". 

But OM+MM' =OM+¢<R, 
whence OM' <k, 
which is absurd. 

A similar absurdity would follow if we suppose that OM > R. 

Therefore OM must be equal to &. 

It is immediately obvious that, corresponding to the point 47 on the segment 
PB which is common to r and C, there is another point on » which has the 
same property, namely that which is symmetrical to M with respect to P. 

And the proposition is proved. 

Intersections of two circles. 


We can likewise use the Postulate of Dedekind to prove that 

Jf in a given plane a circle C has one point X inside and one point V outside 
another circle C', the two circles intersect in two points. 

We must first prove the following 


Lemma. 

If O, O' are the centres of two circles C, C', and A, R’ their radii 
respectively, the straight line OO' meets the circle C in two points 4, Z, one 
of which is inside C' and the other outside it. 

Now one of these points must fall (1) on the prolongation of O'O 
beyond O or (2) on OO’ itself or (3) on the 
prolongation of OO’ beyond 0’. 

(1) First, suppose A to lie on O'O pro- 
duced. 

Then AO'=A0+00'=R+00 ...... (a). 
But, in the triangle OO’ Y, 
OY<OY+00, 
and, since O'Y > R’, OY=R, 
R'<R+00'. 

It follows from (a) that AO' > &'; and 4 
therefore lies outside C’. 

Secondly, suppose 4 to lie on 





(2) 
00. 
Then O00'= 04+ A0=R+A0....(B). 
From the triangle OO'X we have 

OO «OX«O'X, 
and, since OX=R, O'X < R’, it follows 
that 





OO <R+R, 
whence, by (8), 4O' « R’, so that A lies inside C’. 


1. Axx.] APPLICATIONS OF DEDEKIND'S POSTULATE 239. 


(3) Thirdly, suppose 4 to lie on OO' produced. 


Then R-0A-00'*0A........ (y). 
And, in the triangle OO'X, 

OX « OO' « O'X, 
that is R«OO «O'X, 


whence, by (y), 

OC + O'A < OO + O'X, 
or O'A< OX, 
and 4 lies inside C’. 

It is to be observed that one of the two points A, B is in the position of 
case (1) and the other in the position of either case (2) or case (3): whence 
we must conclude that one of the two points A, B is inside and the other 
outside the circle C’. 


Proof of theorem. 


The circle C is divided by the points 4, B into two semicircles. Consider 
one of them, and suppose it to be 
described by a point moving from 4 
to B. 

Take two separate points P, Q 
on it and, to fix our ideas, suppose 
that P precedes Q. 

Comparing the triangles OO'P, 
OO" Q, we observe that one side OO 
is common, OP is equal to OQ, and 
the angle POO’ is less than the angle 
QOO. 

Therefore O'P < O'Q. 

Now, considering the semicircle 4/PQ7 as divided into two parts, so that 
the points of the first part are inside the circle C’, and those of the second 
part on the circumference of C' or outside it, we have the conditions necessary 
for the applicability of the Postulate of Dedekind (which is true for arcs of 
circles as for straight lines); whence there exists a point M separating the two 
parts. 

I say that O'M = X. 

For, if not, suppose O'M < KX. 

If then o signifies the diference between X’ and O'M, suppose a point M’, 
which follows M, taken on the semicircle such that the chord MM’ is not 
greater than ø (for a way of doing this see below). 

Then, in the triangle C MM', 

OM'«OM«*« MM'«OM*«c, 
and therefore OM <P. 

It follows that M, a point on the arc MB, is inside the circle C’: 
which is absurd. 

Similarly it may be proved that O'M is not greater than &. 

Hence OM = R. 

[To find a point M’ such that the chord MM’ is not greater than c, we 
may proceed thus. 

Draw from M a straight line MP distinct from OM, and cut of MP on it 
equal to o/2. 
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Join OP, and draw another radius OQ such that the angle POQ is equal 
to the angle MOP. Q 
The intersection, M’, of OQ with the / 
circle satisfies the required condition. 
For MM’ meets OP at right angles 
in S. 
Therefore, in the right-angled triangle 
MSP, MS is not greater than MP (it is 
less, unless MP coincides with MS, when 
it is equal). 
Therefore MS is not greater than o/2, so that 7M’ is not greater than s.) 


=v 


BOOK I. PROPOSITIONS. 


PROPOSITION I. 


On a given finite straight line to construct an equilateral 
triangle. 


Let AB be the given finite straight line. 
Thus it is required to con- 


s struct an equilateral triangle on x. 
the straight line AZ. / N 
With centre 4 and distance 
AB let the circle BCD be p A E 
described ; [Post. 3) 


io again, with centre B and dis- 
tance BA let the circle ACE 
be described ; [Post. 3] 
and from the point C, in which the circles cut one another, to 
the points 4, Z let the straight lines CA, CB be joined. 


(Post. 1] 

15 Now, since the point 4 is the centre of the circle CDB, / 
AC is equal to AZ. [Def. 15] 

Again, since the point Z is the centre of the circle CAE, 

BC is equal to BA. [Def. 15] 


But CA was also proved equal to 48; 
z therefore each of the straight lines CA, CB is equal to AA. 
And things which are equal to the same thing are also 
equal to one another ; [C- M. 1] 
therefore CA is also equal to CB. 
Therefore the three straight lines CA, AB, BC are 


25 equal to one another. 
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Therefore the triangle ABC is equilateral; and it has 
been constructed on the given finite straight line 42. 


(Being) what it was required to do. 


I. On a given finite straight line. The Greek usage differs from ours in that the 
definite article is employed in such a phrase as this where we have the indefinite. éri ris 
5obelons ebBelas memepacuévos, " on /Ae given finite straight line," i.e. the finite straight line 
which we choose to take. 

-3. Let AB be the given finite straight line. To be strictly literal we should have to 
translate in the reverse order ‘‘let the given finite straight line be the (straight line) 4B"; 
but this order is inconvenient in other cases where there is more than one datum, e.g. in the 
setting-out of 1. 2, ‘let the given point be A, and the given straight line BC,” the awkward- 
ness arising from the omission of the verb in the second clause. Hence I have, for clearness’ 
sake, adopted the other order throughout the book. 

8. let the circle BCD be described. Two things are here to be noted, (1) the elegant 
and practically universal use of the perfect passive imperative in constructions, yeypd~0w 
meaning of course ‘‘let it Aave been described ” or "suppose it described,” (2) the impossi- 
bility of expressing shortly in a translation the force of the words in their original order. 
kúxňos yeypáģðw à BA means literally ‘‘let a circle have been described, the (circle, namely, 
which I denote by) BCD.” Similarly we have lower down "let straight lines, (namely) the 
(straight lines) CA, CZ, be joined,” éwefevxOwoav evbeîaı al T'A, TB. There seems to be 
no practicable alternative, in English, but to translate as I have done in the text. 

13. from the point C... Euclid is careful to adhere to the phraseology of Postulate 1 
except that he speaks of ‘‘joining’’ (éwefedx@woav) instead of ‘ drawing" (ypá$ew). He 
does not allow himself to use the shortened expression “tet the straight line AC be joined" 
(without mention of the points A, C) until 1. 5. 

20. each of the straight lines CA, CB, xarépa rà» TA, TB and 24. the three 
straight lines CA, AB, BC, al rpeis al TA, AB, BI’. I have, here and in all similar 
expressions, inserted the words ‘‘straight lines” which are not in the Greek. The possession 
of the inflected definite article enables the Greek to omit the words, but this is not possible 
in English, and it would scarcely be English to write ‘‘each of CA, CB” or “the three CA, 
AB, BC? 


It is a commonplace that Euclid has no right to assume, without pre- 
mising some postulate, that the two circles zw/// meet in a point C. To 
supply what is wanted we must invoke the Principle of Continuity (see note 
thereon above, p. 235). It is sufficient for the purpose of this proposition and 
of 1. 22, where there is a similar tacit assumption, to use the form of postulate 
suggested by Killing. “Zf a line (in this case e.g. the circumference ACE] 
belongs entirely to a figure [in this case a plane] which is divided into two parts 
[namely the part enclosed within the circumference of the circle BCD and 
the part outside that circle], and sf the line has at least one point common with 
cach part, it must also meet the boundary between the parts (i.e. the circum- 
ference ACE must meet the circumference A C2]." 

Zeno’s remark that the problem is not solved unless it is taken for granted 
that two straight lines cannot have a common segment has already been 
mentioned (note on Post. 2, p. 196). Thus, if AC, BC meet at F before 
reaching C, and have the part FC common, the triangle obtained, namely 
FAB, will not be equilateral, but A4, F7 will each be less than AZ. But 
Post. 2 has already laid it down that two straight lines cannot have a common 
segment. 

Proclus devotes considerable space to this part of Zeno's criticism, but 
satisfies himself with the bare mention of the other part, to the effect that it. 
is also necessary to assume that two circumferences (with different centres) 
cannot have a common part. That is, for anything we know, there may be 
any number of points C common to the two circumferences ACE, BCD. It 
is not until 1". ro that it is proved that two circles cannot intersect in more 
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points than two, so that we are not entitled to assume it here. The most we 
can say is that it is enough for the purpose of this proposition if one equilateral 
triangle can be found with the given base; that the construction only gives 
two such triangles has to be left overto be proved subsequently. And indeed 
we have not long to wait; for 1. 7 clearly shows that on either side of the 
base AB only one equilateral triangle can be described. Thus 1. 7 gives us 
the number of solutions of which the present problem is susceptible, and it 
supplies the same want in 1. 22 where a triangle has to be described with 
three sides of given length; that is, 1. 7 furnishes us, in both cases, with one 
of the essential parts of a complete d:opipyés, which includes not only the 
determination of the conditions of possibility but also the number of solutions 
(morayâs èyxwp® Proclus, p. 202, 5). This view of 1. 7 as supplying an 
equivalent for 11. 10 absolutely needed in 1. 1 and 1. 22 should serve to correct 
the idea so common among writers of text-books that 1. 7 is merely of use as a 
lemma to Euclid's proof of 1. 8, and therefore may be left out if an alternative 
proof of that proposition is adopted. 

Agreeably to his notion that it is from 1. 1 that we must satisfy ourselves 
that isosceles and scalene triangles actually exist, as well as equilateral triangles, 
Proclus shows how to draw, first a particular isosceles triangle, and then a 
scalene triangle, by means of the figure of the proposition. To make an 
isosceles triangle he produces AZ in both directions to meet the respective 
circles in D, Z, and then describes 
circles with 4, Z as centres and AZ, F 
BD as radii respectively. The result is 
an isosceles triangle with each of two [\ 
sides double of the third side. To make 
an isosceles triangle in which the equal CINA 

|j Y 
triangles would surely be to conceive any 2 
two radii of a circle drawn and their 
extremities joined. 

There is more point in Proclus’ construction of a scalene triangle. Suppose 
AC to be a radius of one of the two 
circles, and D a point on AC lying in 
that portion of the circle with centre 4 
of Heron; Proclus does not mention his 
source. 
In addition to the above construction 
for a scalene triangle (producing a triangle in which the "given" side is 
greater than one and less than the other of the two remaining sides), Heron 
has two others showing the other two possible cases, in which the “given” 
side is (1) less than, (2) greater than, either of the other two sides. 





sides are not so related to the third side 
but have any given length would require 
the use of 1. 3; and there is no object in 
treating the question at all in advance of 
L 22. An easier way of satisfying our- 
selves of the existence of some isosceles 
which is outside the circle with centre B. 
Then, joining BD, as in the figure, we 
have a triangle which obviously has all its 
sides unequal, that is, a scalene triangle. 
The above two constructions appear in 
an-Nairizi’s commentary under the name 





5 


10 


(5 
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PROPOSITION 2. 


To place at a given point (as an extremity) a straight line 
equal to a given straight line. 

Let A be the given point, and BC the given straight line. 

Thus it is required to place at the point 4 (as an extremity) 
a straight line equal to the given 
straight line BC. 

From the point A to the point B 
let the straight line AB be joined ; 


[Post 1] 
and on it let the equilateral triangle 
DAB be constructed. li. 


1) 
Let the straight lines AE, BF be 
produced in a straight line with DA, 





DB; [Post. 2] 
with centre Z and distance BC let the 
circle CGA be described ; [Post. 3] 
and again, with centre D and distance DG let the circle GL 
be described. (Post. 3] 


Then, since the point B is the centre of the circle CGA, 
BC is equal to BG. 
Again, since the point D is the centre of the circle GKL, 


DL is equal to DG. 
And in these DA is equal to DB; 
therefore the remainder AZ is equal to the remainder 
BG. (CM. 3] 
But BC was also proved equal to BG; 
therefore each of the straight lines 4Z, BC is equal 
to BG. 
And things which are equal to the same thing are also 
equal to one another ; [C.N. 1] 


therefore AL is also equal to BC. 
Therefore at the given point A the straight line AZ is 

placed equal to the given straight line BC. 
(Being) what it was required to do. 


I. (as an extremity). I have inserted these words because “to place a straight line 
af a given point (wpos ry S00év71 onuely) is not quite clear enough, at least in English. 

It. Let the straight lines AE, BF be produced... It will be observed that in this 
first application of Postulate 2, and again in I. §, Euclid speaks of the con/inwation of the 
straight line as that which is produced in such cases, éxBeB\}oOwoar and wpocexBeB\habueas 
meaning little more than drawing straight lines ‘‘in a straight line with" the given straight 
lines. The first place in which Euclid uses phraseology exactly corresponding to ours when 
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speaking of a straight line being produced is in t. 16: ‘let one side of it, AC, be produced 
to D" (pozexBeBXdo00 abroû ula wAevpà 3) BT évl ro A). 

33. the remainder AL...the remainder BG. The Greek expressions are Aor) $ 
AA and dowg rj BH, and the literal translation would be “AZ (or BG) remaining,” 
but the shade of meaning conveyed by the position of the defnite article can hardly be 
expressed in English. 


This proposition gives Proclus an opportunity, such as the Greek 
commentators revelled in, of distinguishing a multitude of cases. After 
explaining that those theorems and problems are said to have cases which 
have the same force, though admitting of a number of different figures, and 
preserve the same method of demonstration while admitting variations of 
position, and that cases reveal themselves in the construction, he proceeds to 
distinguish the cases in this problem arising from the different positions 
which the given point may occupy relatively to the given straight line. It may 
be (he says) either (1) outside the line or (2) on the line, and, if (1), it may be 
either (2) on the line produced or (b) situated obliquely with regard to it; if 
(2), it may be either (a) one of the extremities of the line or (4) an intermediate 
point on it. It will be seen that Proclus' anxiety to subdivide leads him to 
give a "case," (2) (a), which is useless, since in that “case” we are given 
what we are required to find, and there is really no problem to solve. As 
Savile says, “ qui quaerit ad 8 punctum ponere rectam aequalem rf fy rectae, 
quaerit quod datum est, quod nemo faceret nisi forte insaniat.” 

Proclus gives the construction for (2) (^) following Euclid's way of taking 
G as the point in which the circle with centre Z intersects DB produced, and 
then proceeds to “ cases,” of which there are still more, which result from the 
different ways of drawing the equilateral triangle and of producing its sides. 

This last class of “cases” he subdivides into three according as AZ is 
(1) equal to, (2) greater than or (3) less than BC. Here again “case ” (1) serves 
no purpose, since, if 4B is equal to BC, the problem is already solved. But 
Proclus’ figures for the other two cases are worth giving, because in one of 
them the point G is on BD produced beyond J, and in the other it lies on 
BD itself and there is uo need to produce any side of the equilateral triangle. 





A glance at these figures will show that, if they were used in the proposition, 
each of them would require a slight modification in the wording (1) of the 
construction, since BD is in one case produced beyond D instead of B and 
in the other case not produced at all, (2) of the proof, since BG, instead of 
being the difference between DG and DB, is in one case the sum of DG and 
DB and in the other the difference between DB and DG. 
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Modern editors generally seem to classify the cases according to the 
possible variations in the construction rather than according to differences in 
the data) Thus Lardner, Potts, and Todhunter distinguish eight cases due 
to the three possible alternatives, (1) that the given point may be joined to 
either end of the given straight line, (2) that the equilateral triangle may then 
be described on either side of the joining line, and (3) that the side of the 
equilateral triangle which is produced may be produced in either direction. 
(But it should have been observed that, where 4 is greater than BC, the 
third alternative is between producing DF and not producing it at all.) Potts 
adds that, when the given point lies either on the line or on the line produced, 
the distinction which arises from joining the two ends of the line with the 
given point no longer exists, and there are only four cases of the problem 
(I think he should rather have said solutions). 

To distinguish a number of cases in this way was foreign to the really 
classical manner. Thus, as we shall see, Euclid’s method is to give one case 
only, for choice the most difficult, leaving the reader to supply the rest for 
himself. Where there was a real distinction between Cases, sufficient to 
necessitate a substantial difference in the proof, the practice was to give 
Separate enunciations and proofs altogethei, as we may see, e.g., from the 
Conics and the De sectione rationis of Apollonius. 

Proclus alludes, in conclusion, to the error of those who proposed to solve 
1. 2 by describing a circle with the given point as centre and with a distance 
egual to BC, which, as he says, is a petitio principii. De Morgan puts the 
matter very clearly (Supplementary Remarks on the first six Books- of Euclid’s 
Elements in the Companion to the Almanac, 1849, p. 6). We should “insist,” 
he says, “here upon the restrictions imposed by the first three postulates, 
which do not allow a circle to be drawn with a compass-carried distance ; 
suppose the compasses to close of themselves the moment they cease to touch 
the paper. These two propositions [. 2, 3] extend the power of construction 
to what it would have been if a// the usual power of the compasses had been 
assumed ; they are mysterious to all who do not see that postulate iii does 
not ask for every use of the compasses.” 


PROPOSITION 3. 


Given two unequal straight lines, to cut off from the 
greater a straight line equal to the 
less. c 


Let AB, C be the two given un- 
equal straight lines, and let 447 be 9 
the greater of them. 

Thus it is required to cut off from E 
AB the greater a straight line equal 
to C the less. 

At the point 4 let 4D be placed E 
equal to the straight line C ; (r- 2] 


and with centre 4 and distance AD let the circle DEF be 
described. (Post. 3] 
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Now, since the point 4 is the centre of the circle DEF, 
AE is equal to AD. (Def. 15] 
But C is also equal to 4D. 
Therefore each of the straight lines 4Z, C is equal to 
AD ; sothat A E is also equal to C. [C.N.. 1] 
Therefore, given the two straight lines 42, C, from AB 
the greater AZ has been cut off equal to C the less. 
(Being) what it was required to do. 
Proclus contrives to make a number of “cases” out of this proposition 
also, and gives as many as eight figures. But he only produces this variety by 
practically incorporating the construction of the preceding proposition, instead 
of assuming it as we are entitled to do. If Prop. 2 is assumed, there is really 
only one “case” of the present proposition, for Potts distinction between two 


cases according to the particular extremity of the straight line from which the 
given length has to be cut off scarcely seems to be worth making. 


PROPOSITION 4. 


Jf two triangles have the two sides equal to two sides 
respectively, and have the angles contained by the equal straight 
lines equal, they will also have the base equal to the base, the 
triangle will be equal to the triangle, and the remaining angles 

s will be egual to the remaining angles respectively, namely those 
which the equal sides subtend. 

Let ABC, DEF be two triangles having the two sides 
AB, AC equal to the two sides DE, DF respectively, namely 
AB to DE and AC to DF, and the angle BAC equal to the 

w angle EDF. 

I say that the base BC is also equal to the base ZF, the 
triangle ABC will be equal to the triangle DEF, and the 
remaining angles will be equal to the remaining angles 
respectively, namely those which the equal sides subtend, that 

15is, the angle ABC to the angle DEF, and the angle ACB 
to the angle DFE. 

For, if the triangle 4 BC be ^ D 
applied to the triangle DEF, 

and if the point 4 be placed 
20 on the point D 
and the straight line 4B 6 c E F 
on DE, 
then the point Z will also coincide with Æ, because 4B is 
equal to DE. 
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235 Again, AB coinciding with DZ, 
the straight line AC will also coincide with DF, because the 
angle BAC is equal to the angle EDF; 


hence the point C will also coincide with the point F, 
because AC is again equal to DF. 


30 But Æ also coincided with £ ; 


hence the base ZC will coincide with the base £F. 

[For if, when B coincides with Æ and C with F, the base 
BC does not coincide with the base ZF, two straight lines 
will enclose a space: which is impossible. 


35 Therefore the base BC will coincide with 
EF ] and will be equal to it. (CM. 4] 


Thus the whole triangle ABC will coincide with the 
whole triangle DEF, 


and will be equal to it. 


4 And the remaining angles will also coincide with the 
remaining angles and will be equal to them, 


the angle ABC to the angle DEF, 
and the angle ACB to the angle DFE. 


Therefore etc. 


45 (Being) what it was required to prove. 


1—3. It is a fact that Euclid's enunciations not infrequently leave something to be 
desired in point of clearness and precision. Here he speaks of the triangles having ''the 
angle equal to the angle, namely the angle contained by the equal straight lines "" (r3v -ywvlay 
TD yovlo tony Exp rip bwd Trav Louw evdady meprexoueyav), only one of the two angles being 
described in the latter expression (in the accusative), and a similar expression in the dative 
being left to be understood of the other angle. It is curious too that, after mentioning two 
“sides,” he speaks of the angles contained by tne equal ‘straight lines,” not ‘‘sides.” It 
may be that he wished to adhere scrupulously, at the outset, to the phraseology of the 
definitions, where the angle is the inclination to one another of two lines or straight lines. 
Similarly in the enunciation of t: s he speaks of producing the equal " straight lines" as if to 
keep strictly to the wording of Postulate 2. 

2. respectively. I agree with Mr H. M. Taylor (Euclid, p. ix) that it is best to 
abandon the traditional translation of ‘‘each to each," which would naturally seem to imply 
that all the four magnitudes are equal rather than (as the Greek éxarépa éxarépg does) that 
one is equal to one and the other to the other. 

3. the base. Here we have the word dase used for the first time in the Elements. 
Proclus explains it (p. 236, t2—15) as meaning (1), when no side of a triangle has been 
mentioned before, the side *' which is on a level with the sight" (rà» mpós r5 Bye reul), 
and (2), when two sides have already been mentioned, the third side. Proclus thus avoids 
the mistake made by some modern editors who explain the term exclusively with reference to 
the case where two sides have been mentioned before. That this is an error is proved (1) by 
the occurrence of .the term in the enunciations of 1. 37 etc. about triangles on the same base 
and equal bases, (2) by the application of the same term to the bases of parallelograms in 
1. 35 etc. The truth is that the use of the term must have been suggested by the practice of 
drawing the particular side horizontally, as it were, and the rest of the figure above it. The 
base of a figure was therefore spoken of, primarily, in the same sense as the base of anything 
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else, e.g. of a pedestal or column; but ‘vhen, as in I. 5$, two triangles were compared 
occupying other than the normal positions which gave rise to the name, and when two sider 
had been previously mentioned, the base was, as Proclus says, necessarily the third side. 

6. subtend. úrorelvew vwd, “to stretch under," with accusative. 

g. the angle BAC. The full Greek expression would be 4 07d 7G BA, AT mweprexopulyn 
qula, ‘the angle contained by the (straight lines) BA, AC.” Butit was a common practice 
of Greek geometers, e.g. of Archimedes and Apollonius (and Euclid too in Books x.—X11I.), to 
use the abbreviation al BAI’ for al BA, Al', ‘‘the (straight lines) BA, AC.” Thus, on 
repiexoueyn being dropped, the expression would become first jj 07d rév BAT’ ywela, then 
4 wd BAL yovla, and finally 7j vró BAT, without ywrla, as we regularly find it in Euclid. 

17. if the triangle be applied to..., 23. coincide. The difference between the 
technical use of the passive ¢papustec@as ‘‘to be applied (to),”” and of the active 4$apubtew 
** to coincide (with)" has been noticed above (note on Common Notion 4, pp. 134—5)- 

32. [For if, when B coincides...36. coincide with EF]. Heiberg (Paralipomena su 
Euklid in Hermes, XXXVII, 1903, p. å has pointed out, as a conclusive reason for regaraing 
these words as an early interpolation, that the text of an-Nairizi (Codex Leidensis 399, 1, ed. 
Besthorn-Heiberg, p. 55) does not give the words in this place but after the conclusion Q. E. D., 
which shows that they constitute a scholium only. They were doubtless added by some 
commentator who thought it necessary to explain the immediate inference that, since Z 
coincides with Æ and C with A, the straight line ØC coincides with the straight line ZF, 
an inference which really follows from the definition of a straight line and Post. 1; and no 
doubt the Postulate that '' Two straight lines cannot enclose a space" (afterwards placed 
among the Common Notions) was interpolated at the same time. 

44. Therefore etc. Where (as here) Euclid's conc/uston merely repeats the enunciation 
word for word, I shall avoid the repetition and write *' Therefore etc." simply. 


In the note on Common Notion 4 1 have already mentioned that Euclid 
obviously used the method of superposition with reluctance, and I have given, 
after Veronese for the most part, the reason for holding that that method is 
not admissible as a ¢Acoretical means of proving equality, although it may be 
of use as a practical test, and may thus furnish an empirical basis on which to 
found a postulate. Mr Bertrand Russell observes (Principles of Mathematics 
I. p. 405) that Euclid would have done better to assume 1. 4 aS an axiom, as 
is practically done by Hilbert (Grundlagen der Geometric, p. 9). It may be 
that Euclid himself was as well aware of the objections to the method as are 
his modern critics; but at all events those objections were stated, with almost 
equal clearness, as early as the middle of the 16th century. Peletarius 
(Jacques Peletier) has a long note on this proposition (7n Euclidis Elementa 
geometrica. demonstrationum. libri. sex, 1557), in which he observes that, if 
superposition of lines and figures could be assumed as a method of proof, the 
whole of geometry would be full of such proofs, that it could equally well have 
been used in 1. 2, 3 (thus in I. 2 we could simply have supposed the line taken 
up and g/aced at the point), and that in short it is obvious how far removed the 
method is from the dignity of geometry. The theorem, he adds, is obvious in 
itself and does not require proof ; although it is introduced as a theorem, it 
would seem that Euclid intended it rather as a definition than a theorem, “ for 
I cannot think that two angles are equal unless I have a conception of what 
equality of angles is." Why then did Euclid include the proposition among 
theorems, instead of placing it among the axioms? Peletarius makes the best 
excuse he can, but concludes thus: '* Huius itaque propositionis veritatem non 
aliunde quam a communi iudicio petemus ; cogitabimusque figuras figuris 
superponere, Mechanicum quippiam esse: intelligere verb, id demum esse 
Mathematicum." 

Expressed in terms or the modern systems of Congruence-Axioms referred 
to in the note on Common Notion 4, what Euclid really assumes amounts to 
the following : 

(1) On the line DZ, there is a point Z, on either side of D, such that 4B 
is equal to DZ. 
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(2) On either side of the ray D there is a ray DF such that the angle 
EDF is equal to the angle BAC. 

It now follows that on DF there is a point F such that DF is equal 
to AC. 

And lastly (3), we require an axiom from which to infer that the two 
remaining angles of the triangles are respectively equal and that the bases are 
equal. 

I have shown above (pp. 229—230) that Hilbert has an axiom stating the 
equality of the remaining angles simply, but proves the equality of the bases. 

Another alternative is that of Pasch (Vorlesungen über neuere Geometrie, 
p. 109) who has the following *' Grundsatz" : 

If two figures 48 and FGH are given (FGH not being contained in a 
straight length), and 48, FG are congruent, and if a plane surface be laid 
through 4 and J, we can specify in this plane surface, produced if necessary, 
two points C, D, neither more nor less, such that the figures AZC and ABD 
are congruent with the figure FGH, and the straight line CD has with the 
straight line 4B or with AB produced one point common. 

I pass to two points of detail in Euclid's proof : 

(1) The inference that, since Z coincides with Æ, and C with Æ the 
bases of the triangles are wholly coincident rests, as expressly stated, on the 
impossibility of two straight lines enclosing a space, and therefore presents no 
difficulty. 

But (2) most editors seem to have failed to observe that at the very 
beginning of the proof a much more serious assumption is made without any 
explanation whatever, namely that, if 4 be placed on D, and AB on DE, the 
point Z will coincide with Æ, because AB is equal to DE. That is, the 
converse of Common Notion 4 is assumed for straight lines. Proclus merely 
observes, with regard to the converse of this Common Notion, that it is only 
true in the case of things '*of the same form" (ónoe55), which he explains as 
meaning straight lines, arcs of one and the same circle, and angles “contained 
by lines similar and similarly situated " (p. 241, 3—8). 

Savile however saw the difficulty and grappled with it in his note on the 
Common Notion. After stating that all straight lines with two points common 
are congruent between them (for otherwise two straight lines would enclose a 
space), he argues thus. Let there be two straight lines 48, DE, and let A be 
placed on D, and AB on DE. Then Z will coincide with E. For, if not, 
let B fall somewhere short of Æ or beyond Æ; and in either case it will follow 
that the less is equal to the greater, which is impossible. 

Savile seems to assume (and so apparently does Lardner who gives the 
same proof) that, if the straight lines be “applied,” B will fall somewhere on 
DE or DE produced. But the ground for this assumption should surely be 
stated ; and it seems to me that it is necessary to use, not Postulate 1 alone, 
nor Postulate 2 alone, but both, for this purpose (in other words to assume, 
not only that two straight lines cannot enclose a space, but also that two straight 
lines cannot have a common segment). For the only safe course is to place A 
upon J and then tum AZ about D until some point on AB intermediate 
between 44 and Z coincides with some point on DE. In this position AB and 
DE have two points common. Then Postulate 1 enables us to infer that the 
straight lines coincide Zefweez the two common points, and Postulate 2 that 
they coincide beyond the second common point towards B and Æ. Thus the 
straight lines coincide throughout so far as doth extend; and Savile’s argument 
then proves that Z coincides with Æ. 
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PROPOSITION 5. 


In isosceles triangles the angles at the base are equal to one 
another, and, if the equal straight lines be produced further, 
the angles under the base will be equal to one another. 


Let ABC be an isosceles triangle having the side AB 
s equal to the side 4C ; : 
and let the straight lines BD, CE be produced further in a 
straight line with 4B, AC. [Post. 2] 
I say that the angle 4 AC is equal to the angle ACB, and 
the angle CBD to the angle BCE. 
x Let a point F be taken at random 
on BD; 
from AE the greater let AG be cut off 
equal to AF the less ; (1. 3] 
and let the straight lines FC, G7 be joined. 
[Post. 1] 
1$. Then, since AF is equal to AG and 
AB to AC, 


the two sides 4, AC are equal to the 
two sides GA, AB, respectively ; 


and they contain a common angle, the angle FAG. 
20 Therefore the base FC is equal to the base G7, 
and the triangle 4 FC is equal to the triangle AGB, 


and the remaining angles will be equal to the remaining angles 
respectively, namely those which the equal sides subtend, 


that is, the angle ACF to the angle ABG, 
25 and the angle AFC to the angle AGB. [t. 4] 
And, since the whole 4 F is equal to the whole 4G, 
and in these 4B is equal to AC, 
the remainder AF is equal to the remainder CG. 
But FC was also proved equal to GB; 
yo therefore the two sides BF, FC are equal to the two sides 
CG, GB respectively ; 
and the angle BFC is equal to the angle CGB, 
while the base BC is common to them ; 


therefore the triangle BFC is also equal to the triangle CGB, 
j and the remaining angles will be equal to the remaining 
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angles respectively, namely those which the equal sides 
subtend ; 


therefore the angle FBC is equal to the angle GC, 
and the angle BCF to the angle CBG. 


4» — Accordingly, since the whole angle 48G was proved 
equal to the angle ACF, 


and in these the angle CBG is equal to the angle BCF, 


the remaining angle ABC is equal to the remaining angle 
ACB; 


4s and they are at the base of the triangle ABC. 
But the angle FBC was also proved equal to the angle GCB; 
and they are under the base. 
Therefore etc. Q. E. D. 


2. the equal straight lines (meaning the equal sides). Cf. note on the similar 
expression in Prop. 4, lines 3, 3 

10. Leta point F be taken at random on BD, e/$$6o évi rs BA rvxór enueior 70 Z, 
where rvxàv e»ueiov means ''a chance point." 

17. the two sides FA, AC are equal to tbe two sides GA, AB respectively, 8óo 
al ZA, AT duel rats HA, AB fca. eloly éxarépa éxarépg. Here, and in numberless later 

es, I have inserted the word ‘‘sides” for the reason given in the note on I. r, line 20. 
It would have been permissible to supply either ‘‘ straight lines” or "sides"; but on the 
whole ''sides " seems to be more in accordance with the phraseology of I. 4. 

33. the base BC is common to them, i.e., apparently, common to the anges, as 
the arv in Bdows adrGy row) can only refer to -yovía and ywvlg preceding. Simson wrote 
“and the base AC is common to the two triangles BFC, CGB"; Todhunter left out these 
words as being of no use and tending to perplex a beginner. But Euclid evidently chose 
to quote the conclusion of t. 4 exactly; the first phrase of that conclusion is that the bases 
(of the two triangles) are equal, and, as the equal bases are here the same base, Euclid 
naturally substitutes the word '* common " for ‘‘ equal.” 

48. As “ (Being) what it was required to prove” (or "^ do") is somewhat long, I shall 
henceforth write the time-honoured ‘‘Q. E. D.” and ‘'Q. E. F."” for Sep des Sitar and bxep 
er worjoas. 


According to Proclus (p. 250, 20) the discoverer of the fact that in any 
isosceles triangle the angles at the base are equal was Thales, who however 
is said to have spoken of the angles as being similar, and not as being egual. 
(Cf. Arist. De caelo 1V. 4, 311 b 34 mpòs potas ywvias paiverar pepõpevov where 
equal angles are meant.) 


A pre-Euclidean proof of I. 5. 


One of the most interesting of the passages in Aristotle indicating differences 
between Euclid's proofs and those with which Aristotle was familiar, in other 
words, those of the text-books immediately preceding Euclid's, has reference to 
the theorem of 1. 5. The passage (Anal. Prior. 1. 24, 41 b 13—22) is so 
important that I must quote it in full. Aristotle is illustrating the fact that in 
any syllogism one of the propositions must be affirmative and universal 
(xa8óXov). “This,” he says, “is better shown in the case of geometrical 
propositions” (év rots S:aypapypaory), e.g. the proposition that the angles at the 
base of an isosceles triangle are equal. 

“For let .4, B be drawn (i.e. joined] to the centre. 
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** If, then, we assumed (1) that the angle AC [i.e. 4 + C] is equal to the 
angle BD [i.e. B + D) without asserting generally 
that the angles of semicircles are equal, and again 
(2) that the angle C is equal to the angle D without 
making the further assumption that the two angles of 
all segments are equal, and if we then inferred, lastly, 
that, since the whole angles are equal, and equal 
angles are subtracted from them, the angles which — 
remain, namely Æ, A are equal. we should commit ^ B 
a petitio principii, unless we assumed (generally | 
that, when equals are subtracted from equals, the 
remainders are equal.” 

The language is noteworthy in some respects. 

(1) A, B are said 10 be drawn (jypéva) to the centre (of the circle of 
which the two equal sides are radii) as if 4, B were not the angular points but 
the sides or the radii themselves. (There is a parallel for this in Eucl. 1v. 4.) 

(2) “The angle AC” is the angle which is the sum of A and C, and 4 
means here the angle at A of the ssosceles triangle shown in the figure, and 
afterwards spoken of by Aristotle as Z, while C is the “ mixed” angle between 
AB and the circumference of the smaller segment cut off by it. 

(3) The “angle of a semicircle” (i.e. the angle" between the diameter 
and the circumference, at the extremity of the diameter) and the “angle of a 
segment” appear in Euclid 11. 16 and 11. Def. 7 respectively, obviously as 
survivals from earlier text-books. 

But the most significant facts to be gathered from the extract are that in 
the text-books which preceded Euclid's " mixed" angles played a much more 
important part than they do with Euclid, and, in particular, that at least two 
propositions concerning such angles appeared quite at the beginning, namely 
the propositions that the (mixed) angles of semiarcles are equal and that the two 
(mixed) angles of any segment of a circle are equal. The wording of the first 
of the two propositions is vague, but it does not necessanly mean more than 
that the two (mixed) angles in one semicircle are equal, and I know of no 
evidence going to show that it asserts that the angle of any one semicircle is 
equal to the angle of any other semicircle (of different size). 1t is quoted in 
the same form, “because the angles of semicircles are equal,” in the Latin 
translation from the Arabic of Heron's Catoptrica, Prop. 9 (Heron, Vol. 11., 
Teubner, p. 334), but it is only inferred that the different radii of one circle 
make equal * angles " with the circumference ; and in the similar proposition 
of the Pseudo-Euclidean Ca/optrica (Euclid, "Vol. vir. +» P. 294) angles of the 
same sort in one circle are said to be equal “because they are (angles) of 
a semicircle.” Therefore the first of the two propositions may be only a 
particular case of the second. 

But it is remarkable enough that the second proposition (that /Ae fwo 
“angles of” any segment of a circle are equal) should, in earlier text-books, have 
been placed before the theorem of Eucl. 1.5. We can hardly suppose it to 
have been proved otherwise than by the superposition of the semicircles into 

which the circle is divided by the diameter which bisects at right angles the 
base of the segment; and no doubt the proof would be closely connected with 
that of Thales’ other proposition that any diameter of a circle bisects it, which 
must also (as Proclus indicates) have been proved by superposing one of the 
two parts upon the other. 

It is a natural inference from the passage of Aristotle that Euclid's proof of 
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I. § was his own, and it would thus appear that his innovations as regards 
order of propositions and methods of proof began at the very threshold of the 
subject. 

Proof without producing the sides. 

In this proof, given by Proclus (pp. 248, 22—249, 19), D and Z are taken 
on AB, AC, instead of on AB, AC produced, so that AD, AE are equal. The 
method of proof is of course exactly like Euclid’s, but it does not establish the 
equality of the angles beyond the base as well. 

Pappus’ proof. 
Proclus (pp. 249, 20— 250, 12) says that Pappus proved the theorem in a 
still shorter manner without the help of any construction whatever. 
This very interesting proof is given as follows: 
“Let ABC be an isosceles triangle, and AB equal to A 
AC. 
Let us conceive this one triangle as two triangles, and let 
us argue in this way. 
Since AB is equal to AC, and AC to AB, 
the two sides AB, AC are equal to the two sides AC, AB. 


And the angle BAC is equal to the angle CAB, for it is & c 
the same. 
Therefore all the corresponding parts (in the triangles) are equal, namely 


BC to BC, 
the triangle ABC to the triangle ABC (ie. ACB), 
the angle ABC to the angle ACB, 
and the angle ACB to the angle ABC, 
(for these are the angles subtended by the equal sides AB, AC. 
Therefore in isosceles triangles the angles at the base are equal.” 


This will no doubt be recognised as the foundation of the alternative 
proof frequently given by modern editors, though they do not refer to Pappus. 
But they state the proof in a different form, the common method being to 
suppose the triangle to be taken up, turned over, and placed again upon itself, 
alter which the same considerations of congruence as those used by Euclid in 
1. 4 are used over again. There is the obvious difficulty that it supposes the 
triangle to be taken up and at the same time to remain where it is. (Cf. 
Dodgson’s humorous remark upon this, Euclid and his modern Rivals, Pp: 47.) 
Whatever we may say in justification of the proceeding (e.g. that the triangle 
may be supposed to leave a race), it is really equivalent to assuming the 
construction (hypothetical, if you will) of another triangle equal in all respects 
to the given triangle; and such an assumption is not in accordance with 
Euclid’s principles and practice. 

It seems to me that the form given to the proof by Pappus himself is by far 
the best, for the reasons (1) that it assumes no construction of a second 
triangle, real or hypothetical, (2) that it avoids the distinct awkwardness 
involved by a proof which, instead of merely quoting and applying the result 
of a previous proposition, repeats, with reference to a new set of data, the 
process by which that result was established. If it is asked how we are to 
realise Pappus’ idea of /wo triangles, surely we may answer that we keep to one 
triangle and merely view it in two aspects. If it were a question of helping a 
beginner to understand this, we might say that one triangle is the triangle 
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looked at in front and that the other triangle is the same triangle looked at 
from behind ; but even this is not really necessary. 

Pappus’ proof, of course, does not include the proof of the second part of 
the proposition about the angles under the base, and we should still have to 
establish this much in the same way as Euclid does. 


Purpose of the second part of the theorem. 


An interesting question arises as to the reason for Euclid’s insertion of the 
second part, to which, it will be observed, the converse proposition 1. 6 has 
nothing corresponding. As a matter of fact, it is not necessary for any 
subsequent demonstration that is to be found in the original text of Euclid, 
but only for the interpolated second case of 1. 7; and it was perhaps not 
unnatural that the undoubted genuineness of the second part of 1. 5 convinced 
many editors that the second case of 1. 7 must necessarily be Euclid's also. 
Proclus’ explanation, which must apparently be the right one, is that the 
second part of 1. § was inserted for the purpose of fore-arming the learner 
against a possible objection (évaraats), as it was technically called, which might 
be raised to 1. 7 as given in the text, with one case only. The objection would, 
as we have seen, take the specific ground that, as demonstrated, the theorem 
was not conclusive, since it did not cover all possible cases. From this point 
of view, the second part of t. 5 is useful not only for 1. 7 but, according to 
Proclus, for 1 9 also. Simson does not seem to have grasped Proclus’ 
meaning, for he says: “ And Proclus acknowledges, that the second part of 
Prop. 5 was added upon account of Prop. 7 but gives a ridiculous reason for 
it, ‘that it might afford an answer to objections made against the 7th,’ as if the 
case of the 7th which is left out were, as he expressly makes it, an objection 
against the proposition itself.” 


Proposition 6. 


If in a triangle two angles be equal to one another, the 
sides which subtend the equal angles will also be equal to one 
another. 


Let ABC be a triangle having the angle ABC equal to 
the angle ACB ; 
I say that the side AB is also equal to the ^ 
side AC. D 
For, if AB is unequal to AC, one of them is 
greater. 
Let AB be greater; and from AZ the 
greater let DP be cut off equal to AC the less ; 
let DC be joined. 
Then, since DZ is equal to AC, 
and BC is common, 


the two sides DB, BC are equal to the two sides AC, 
CB respectively ; 
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and the angle D&C is equal to the angle ACB; 
therefore the base DC is equal to the base AB, 
and the triangle D&C will be equal to the triangle ACB, 
the less to the greater: 
which is absurd. 
Therefore AZ is not unequal to AC; 
it is therefore equal to it. 


Therefore etc. 
Q. E. D. 


Euclid assumes that, because D is between A and ZB, the triangle DBC 
is less than the triangle ABC. Some postulate is necessary to justify this 
tacit assumption ; considering an angle less than two right angles, say the 
angle ACB in the figure of the proposition, as a cluster of rays issuing from 
C and bounded by the rays CA, CB, and joining AZ (where A, B are any 
two points on CA, CB respectively), we see that to each successive ray taken 
in the direction from CA to CB there corresponds one point on AZ in which 
the said ray intersects A, and that all the points on AB taken in order from 
A to B correspond univocally to all the rays taken in order from CA to 
CB, each point namely to the ray intersecting AZ in the point. 

We have here used, for the first time in the Z/ements, the method of 
reductio ad absurdum, as to which I would refer to the section above (pp. 136, 
140) dealing with this among other technical terms. 

This proposition also, being the converse of the preceding proposition, 
brings us to the subject of 


Geometrical Conversion. 


This must of course be distinguished from the /ogica/ conversion of a 
proposition. Thus, from the proposition that all isosceles triangles have the 
angles opposite to the equal sides equal, /ogica/ conversion would only enable 
us to conclude that some triangles with two angles equal are isosceles. Thus 
1. 6 is the geometrical, but not the logical, converse of 1. s. On the other 
hand, as De Morgan points out (Companion to the Almanac, 1849, p. 7), 1. 6 is 
a purely /ogical deduction from 1. 5 and 1. 18 taken together, as is 1. 19 also. 
For the general argument see the note on 1. 19. For the present proposition 
it is enough to state the matter thus. Let X denote the class of triangles 
which have the two sides other than the base equal, Y the class of triangles 
which have the base angles equal; then we may call non-X the class of 
triangles having the sides other than the base unequal, non-Y the class of 
triangles having the base angles unequal. 

Thus we have 

AM X is Y, ft. 5] 

All non-X is non-Y;  [1. 18] 
and it is a purely logical deduction that 

All Y is X. [. 6] 

According to Proclus (p. 252, 5 sqq.) two forms of geometrica! converston 
were distinguished. 

(1) The leading form (rpoynyoupéry). the conversion par excellence (4 xupiws 
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dvrurrpo$*j), is the complete or simple conversion in which the hypothesis 
and the conclusion of a theorem change places exactly, the conclusion of the 
theorem being the hypothesis of the converse theorem, which again establishes, 
as its conclusion, the hypothesis of the original theorem. The relation between 
the first part of 1. 5 and 1. 6 is of this character. In the former the hypothesis 
is that two sides of a triangle are equal and the conclusion is that the angles 
at the base are equal, while the converse (1. 6) starts from the hypothesis that 
two angles are equal and proves that the sides subtending them are equal. 


(2) The other form of conversion, which we may call purtial, is seen 
in cases where a theorem starts from two or more hypotheses combined into 
one enunciation and leads to a certain conclusion, after which the converse 
theorem takes this conclusion in substitution for one of the hypotheses of 
the original theorem and from the said conclusion along with the rest of the 
original hypotheses obtains, as its conclusion, the omitted hypothesis of the 
original theorem. 1. 8 is in this sense a converse proposition to 1. 4; for 1. 4 
takes as hypotheses (1) that two sides in two triangles are respectively equal, 
(2) that the included angles are equal, and proves (3) that the bases are equal, 
while 1. 8 takes (1) and (3) as hypotheses and proves (2) as its conclusion. It 
is clear that a conversion of the /eadiny type must be unique, while there 
may be many Parfial conversions of a theorem according to the number of 
hypotheses from which it starts. 

Further, of convertible theorems, those which took as their hypothesis 
the genus and proved a property were distinguished as the /eading theorems 
(mporyovpeva), while those which started from the property as hypothesis 
and described, as the conclusion, the genus possessing that property were the 
converse theorems. 1. 5 is thus the leading theorem and I. 6 its converse, 
since the genus is in this case taken to be the isosceles triangle. 


Converse of second part of I. 5. 


Why, asks Proclus, did not Euclid convert the second part of 1. 5 as well? 
He suggests, properly enough, two reasons: (1) that the second part of r. s 
itself is not wanted for any proof occurring in the original text, but is only put 
in to enable odyections to the existing form of later propositions to be met, 
whereas the converse is not even wanted for this purpose ; (2) that the converse 
could be deduced from 1. 6, if wanted, at any time after we have passed I. 13, 
which can be used to prove that, if the angles formed by producing two sides 
of a triangle beyond the base are equal, the base angles themselves are equal. 

Proclus adds a proof of the converse of the second part of 1. s, i.e. of the 
proposition that, if the angles formed by producing two 
sides of a triangle beyond the base are equal, the triangle 
is isosceles; but it runs to some length and then only 
effects a reduction to the theorem of 1. 6 as we have it. 
As the result of this should hardly be assumed, a better 
proof would be an independent one adapting Euclid’s 
own method in 1. 6. Thus, with the construction of 1. 5, 
we first prove by means of 1. 4 that the triangles BFC, 
CGB are equal in all respects, and therefore that FC is 
equal to GØ, and the angle BFC equal to the angle CGB. 
Then we have to prove that AF, AG are equal. If they 
are not, let AF be the greater, and from FA cut of FH equal to GA. 
Join CZ. 
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Then we have, in the two triangles HFC, 4GB, 
two sides H/F, FC equal to two sides AG, GB 
and the angle HFC equal to the angle AGZ. 
Therefore (1. 4) the triangles HFC, AGB are equal. But the triangles 
BFC, CGB are also equal. 
Therefore (if we take away these equals respectively) the triangles HBC, 
ACB are equal: which is impossible. 
Therefore AF, AG are not unequal. 
Hence AF is equal to AG and, if we subtract the equals BF, CG respec- 
tively, AZ is equal to AC. 
This proof is found in the commentary of an-Nairizi (ed. Besthorn-Heiberg, 
p. 61; ed. Curtze, p. 50). 


Alternative proofs of I. 6. 


Todhunter points out that 1. 6, not being wanted till 11. 4, could be 
postponed till later and proved by means of 1. 26. Bisect the angle BAC 
by a straight line meeting the base at D. Then the triangles ABD, ACD 
are equal in all respects. 

Another method depending on 1. 26 is given by an-Nairizi after that 
proposition. 

Measure equal iengths BD, CZ along the sides BA, CA. A 
Join BE, CD. 

Then [1. 4] the triangles DBC, ECB are equal in all 
respects ; O E 


therefore £Z, DC are equal, and the angles BEC, CDB 
are equal. 


The supplements of the latter angles are equal (t. 13], 
and hence the triangles ABZ, ACD have two angles equal respectively and 
the side BL equal to the side CD. 

Therefore (1. 26] AB is equal to AC. 


c 


PROPOSITION 7. 


Given two straight lines constructed on a straight line 
(from its extremities) and meeting in a point, there cannot be 
constructed on the same straight line (from its extremities), 
and on the same side of rt, two other straight lines meeting in 

s another point and egual to the former two respectively, namely 
each to that which has the same extremity with it. 


For, if possible, given two straight lines AC, CB con- 
structed on the straight line 4 Z and meeting 
at the point C, let two other straight lines c 
10 AD, DB be constructed on the same straight 
line AZ, on the same side of it, meeting in 
another point D and equal to the former two 
respectively, namely each to that which has 4 B 
the same extremity with it, so that CA is 
15 equal to DA which has the same extremity 4 with it, and 


D 
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CB to DP which has the same extremity B with it; and let 
CD be joined. 
Then, since 4C is equal to AD, 
the angle ACD is also equal to the angle ADC; (x. 5] 
2 therefore the angle ADC is greater than the angle DCB; 
therefore the angle CDB is much greater than the angle 
DCB. 
Again, since CZ is equal to DB, 
the angle CDZ is also equal to the angle DCB. 
25 But it was also proved much greater than it: 
which is impossible. 
Therefore etc. Q. E. D. 


i—6. In an English translation of the enunciation of this proposition it is absolutely 
necessary, in order to make it intelligible, to insert some words which are not in the Greek. 
The reason is partly that the Greek enunciation is itself very elliptical, and partly that some 
words used in it conveyed more meaning than the corresponding words in English do. 
Particularly is this the case with ov cvgra@joovra: éwl ‘‘there shall not be constructed upon,” 
since cuvis7ag6a is the regular word for constructing a ¢riangie in particular. Thus a Greek 
would easily understahd cvgra@jcovra éwl as meaning the construction of two lines forming 
a triangle on a given straight line as base; whereas to ‘‘construct two straight lines on a 
straight line" is not in English sufficiently definite unless we explain that they are drawn 
from the ends of the straight line to seet at a point. I have had the less hesitation in putting 
in the words ''from its extremities" because they are actually used by Euclid in the somewhat 
similar enunciation of I. 2t. 

How impossible a literal translation into English is, if it is to convey the meaning of the 
enunciation intelligibly, will be clear from the following attempt to render literally: ‘On the 
same straight line there shall not be constructed two other straight lines equal, each to each, 
to the same two straight lines, (terminating) at different points on the same side, having the 
same extremities as the original straight lines" (érl 75s avrfjs e00elas 0óo rais aírais eU8elais 
&XAXa4 6o eUOcia: loa, éexarépa éxardpe ob cvoradhoovrar wpds AdrAw Kal ANY onuely éwl rd avrd 
pép Tà avrà wépara Éxovsa« rais é ápx?js eó0elais). ; 

The reason why Euclid allowed himself to use, in this enunciation, language apparently 
so obscure is no doubt that the phraseology was traditional and therefore, vague as it was, 
had a conventional meaning which the contemporary geometer well understood. This is 
proved, I think, by the occarrence in Aristotle (Meteorologica Mt. 5, 376 a 2 sqq.) of the very 
same, evidently technical, expressions. Aristotle is there alluding to the theorem given by 
Eutocius from Apollonius’ Plane Loci to the effect that, if Æ, Æ be two fixed points and M 
such a variable point that the ratio of MH to MK is a given ratio (not one of equality), the 
locus of M is a circle. (For an account of this theorem see note on VI. 3 below.) Now 
Aristotle says ‘‘ The lines drawn up from 4, X in this ratio cannot be constructed to two 
different points of the semicircle A” (al obv dwd ré» HK dvaybuevar ypaupai év rovry TQ 
Abyy ob cvarab61courac roÜ eg GA qusuedlou wpds AAXo Kal Addo onpeiov). 

If a paraphrase is allowed instead of a translation adhering as closely as possible to the 
original, Simson's is the best that could be found, since the fact that the straight lines form 
triangles on the same base is really conveyed in the Greek. Simson's enunciation is, Upon 
the same base, and on the same side of it, there cannot be two triangles that have their sides 
which are terminated in one extremity of the base egual to one another, and likewise those 
which are terminated al the other extremity. Th. Taylor (the translator of Proclus) attacks 
Simson's alteration as ''indiscreet" and as detracting from the beauty and accuracy of 
Euclid’s enunciation which are enlarged upon by Proclus in his commentary. Yet, when 
Taylor says * Whatever difficulty learners may find in conceiving this proposition abstractedly 
is easily removed by its exposition in the figure,” he really gives his case away. The fact is 
that Taylor, always enthusiastic over his author, was nettled by Simson’s slighting remarks 
on Proclus’ comments on the proposition. Simson had said, with reference to Proclus’ 
explanation of the bearing of the second part of 1. § on I. 7, that it was not ‘‘ worth while 
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to relate his trifles at full length," to which Taylor retorts ‘‘But Mr Simson was no 
prunes and therefore the greatest part of these Commentaries must be considered by 
im as trifles, from the want of a philosophic genius to comprehend their meaning, and 
a taste superior to that of a mere mathematician, to discover their beauty and elegance.” 

20. It would be natural to insert here the step “but the angle ACJ is greater than the 
angle BCD. [C. N. 5.]" 

71. mucb greater, iiterally "greater by much" (yo03Àq ueifur). Simson and those who 
follow him translate: ‘‘ much more then is the angle BDC greater than the angle BCD," 
but the Greek for this would have to be woAX@ (or worl) MaAN bY dors...welfwv. wordy wAddov, 
however, though used by Apollonius, is not, apparently, found in Euclid or Archimedes. 


Just as in 1. 6 we need a Postulate to justify theoretically the statement that 
CD falls within the angle ACB, so that the triangle DAC is less than the 
triangle ABC, so here we need Postulates which shall satisfy us as to the 
relative positions of CA, CB, CD on the one hand and of DC, DA, DB 
on the other, in order that we may be able to infer that the angle BDC is 
greater than the angle 4 DC, and the angle ACD greater than the angle BCD. 

De Morgan (of. cf. p. 7) observes that 1. 7 would be made easy to 
beginners if they were first familiarised, as a common notion, with “if two 
magnitudes be equal, any magnitude greater than the one is greater than any 
magnitude less than the other." I doubt however whether a beginner would 
follow this easily; perhaps it would be more easily apprehended in the form 
"if any magnitude A is greater than a magnitude A, the magnitude 4 is 
greater than any magnitude equal to B, and (a fortiori) greater than any 
magnitude less than B.” 

It has been mentioned already (note on r. 5) that the second case of 1. 7 
given by Simson and in our text-books generally is not in the original text 
(the omission being in accordance with Euclid's general practice of giving 
only one case, and that the most difficult, and leaving the others to be worked 
out by the reader for himself). The second case is given by Proclus as the 
answer to a possible objection to Euclid’s proposition, which should assert that 
the proposition is not proved to be universally true, since the proof given does 
not cover all possible cases. Here the objector is supposed to contend that 
what Euclid declares to be impossible may still be possible if one pair of lines 
lie wholly within the other pair of lines; and the second part of 1. 5 enables 
the objection to be refuted. 

If possible, let 4D, DB be entirely within the triangle formed by AC, 
CB with AB, and let AC be equal to AD and BC 
to BD. E 

Join CD, and produce AC, AD to £ and £ 

Then, since AC is equal to AD, 


the triangle ACD is isosceles, 
and the angles ECD, FDC under the base are equal. 
But the angle ECD is greater than the angle BCD, 
therefore the angle FDC is also greater than the angle 
BCD. 
Therefore the angle BDC is greater by far than the angle BCD. 
Again, since DB is equal to CB, 
the angles at the base of the triangle BDC are equal, (1. 5] 
that is, the angle BDC is equal to the angle BCD. 


Therefore the same angle BDC is both greater than and equal to the angle 
BCD: which is impossible. 
The case in which D falls on AC or BC does not require proof. 
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I have already referred (note on 1. r) to the mistake made by those 
editors who regard 1. 7 as being of no use except to prove i. 8. What t. 7 
proves is that if, in addition to the base of a triangle, the length of the side 
terminating at each extremity of the base is given, only one triangle satisfying 
these conditions can be constructed on one and the same side of the given 
base. Hence not only does 1. 7 enable us to prove r. 8, but it supplements 
1. 1 and 1. 22 by showing that the constructions of those propositions give one 
triangle only on one and the same side of the base. But for 1. 7 this could 
not be proved except by anticipating 111. 10, of which therefore 1. 7 is the 
equivalent for Book 1. purposes. Dodgson (Euclid and his modern Rivals, 
Pp. 194—S) puts it in another way. “It [1. 7] shows that, of all'plane figures 
that can be made by hingeing rods together, the /4ree-sided ones (and these 
only) are rigid (which is another way of stating the fact that there cannot be 
two such figures on the same base). This is analogous to the fact, in relation 
to solids contained by plane surfaces hinged together, that any such solid is 
rigid, there being no maximum number of sides. And there is a close analogy 
between 1. 7, 8 and 111. 23, 24. These analogies give to geometry much of its 
beauty, and I think that they ought not to be lost sight of.” It will therefore 
be apparent how ill-advised are those editors who eliminate 1. 7 altogether and 
rely on Philo's proof for 1. 8. 

Proclus, it may be added, gives (pp. 268, 19—269, ro) another explanation 
of the retention of 1. 7, notwithstanding that it was apparently only required 
for 1. 8. It was said that astronomers used it to prove that three successive 
eclipses could not occur at equal intervals of time, i.e. that the third could not 
follow the second at the same interval as the second followed the first ; and it 
was argued that Euclid had an eye to this astronomical application of the 
proposition. But, as we have seen, there are other grounds for retaining the 
proposition which are quite sufficient of themselves. 


Proposition 8. 


If two triangles have the two sides equal to two sides 
respectively, and have also the base equal to the base, they will 
also have the angles equal which are contained by the equal 
straight lines. 

5 Let ABC, DEF be two triangles having the two sides 
AB, AC equal to the two sides 
DE, DF respectively, namely 
AB to DE, and AC to DF; and 
let them have the base BC equal 

10 to the base EZ; 

I say that the angle BAC is S 
also equal to the angle EDF. 8 

For, if the triangle ABC be 
applied to the triangle DEF, and if the point 7 be placed on 

is the point Æ and the straight line BC on EF, 

the point C will also coincide with Æ, 
because BC is equal to £F. 


A D G 
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Then, BC coinciding with ZF, 
BA, AC will also coincide with ED, DF; 


20 for, if the base BC coincides with the base ZF, and the sides 
BA, AC do not coincide with ED, DF but fall beside them 
as EG, GF, 

then, given two straight lines constructed on a straight 

line (from its extremities) and meeting in a point, there will 

2shave been constructed on the same straight line (from its 

extremities), and on the same side of it, two other straight 

lines meeting in another point and equal to the former 

two respectively, namely each to that which has the same 
extremity with it. 


30 But they cannot be so constructed. li. 7] 


Therefore it is not possible that, if the base BC be applied 
to the base ZF, the sides BA, AC should not coincide with 
ED, DF; 


they will therefore coincide, 


3sso that the angle BAC will also coincide with the angle 
EDF, and will be equal to it. 


If therefore etc. Q. E. D. 


tg. BA, AC. The text has here “ BA, CA.” 
31. fall beside them. The Greek has the future, wapadddgouss. wapa\\dr7w means 
'' to pass by without touching," *' to miss" or *'to deviate." 


As pointed out above (p. 257) 1. 8 is a partial converse of 1. 4. 

It is to be observed that in 1. 8 Euclid is satisfied with proving the equality 
of the vertical angles and does not, as in 1. 4, add that the triangles are equal, 
and the remaining angles are equal respectively. The reason is no doubt (as 
pointed out by Proclus and by Savile after him) that, when once the vertical 
angles are proved equal, the rest follows from 1. 4, and there is no object in 
proving again what has been proved already. 

Aristotle has an allusion to the theorem of this proposition in Meteorologica 
UL 3, 373 à 5—16. He is speaking of the rainbow and observes that, if equal 
rays be reflected from one and the same point to one and the same point, the 
points at which reflection takes place are on the circumference of a circle. 
“For let the broken lines ACB, AFB, ADB be all reflected from the point 
A to the point B (in such a way that) AC, AF, AD are all equal to one 
another, and the lines (terminating) at B, i.e. CB, FB, DB, are likewise all 
equal; and let 4EB be joined. It follows that the triangles are equal; for 
they are upon the equal (base) AEB.” 

Heiberg (Mathematisches zu Aristoteles, p. 18) thinks that the form of the 
conclusion quoted is an indication that in the corresponding proposition tc 
Eucl. 1. 8, as it lay before Aristotle, it was maintained that the friangles were 
equal, and not only the angles, and “we see here therefore, in a clear example, 
how the stones of the ancient fabric were recut for the rigid structure of his 
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Elements." I do not, however, think that this inference from Aristotle's 
language as to the form of the pre-Euclidean proposition is safe. Thus if we, 
nowadays, were arguing from the data in the passage of Aristotle, we should 
doubtless infer directly that the triangles are equal in all respects, quoting 1. 8 
alone. Besides, Aristotle’s language is rather careless, as the next sentences 
of the same passage show. “Let perpendiculars,” 
he says, “be drawn to AZZ from the angles, CE 
from C, FE from Fand DE from D. These, then, 
are equal; for they are all in equal triangles, and B 
in one plane; for all of them are perpendicular ^ 

to AEB, and they meet at one point Æ. There- 

fore the (line) drawn (through C, F, D) will be a s 

circle, and its centre (will be) Z.” Aristotle should 

obviously have proved that the three perpendiculars wi meet at one point Æ 
on AEB before he spoke of drawing the perpendiculars CE, FE, DE. 
This of course follows from their being *'in equal triangles” (by means of 
Eucl. 1. 26); and then, from the fact that the perpendiculars meet at one 
point on AZ, it can be inferred that all three are in one plane. 


Philo’s proof of I. 8. 


This alternative proof avoids the use of 1. 7, and it is elegant ; but it is 
inconvenient in one respect, since three cases have to be distinguished. 
Proclus gives the proof in the following order (pp. 266, 15—268, 14). 

Let ABC, DEF be two triangles having the sides 48, AC equal to the 
sides DE, DF respectively, and the base BC equal to the base EF. 

Let the triangle ABC be applied to the triangle DEF, so that Z is placed 
on Æ and BC on £F, but so that 4 falls on the opposite side of EF from D, 
rr the position G. Then C will coincide with F, since BC is equal to 

F 


C, 


Now FG will either be in a straight line with DF, or make an angle with 
it, and in the latter case the angle will either be interior (xara 16 évrds) to the 
figure or exterior (xarà tò éxros). 


I. Let FG be in a straight line with A i D 
DF. 

Then, since DE is equal to ZG, and 
DFG is a straight line, E F 


DEG is an ísosceles triangle, and the 
angle at D is equal to the angle at G. 


(r. 5]. 
II. Let DF, FG íorm an angle rnterior to the figure. 


Let DG be joined. 
Then, since DE, EG are equal, A 


the angle EDG is equal to the angle 
EGD. 

Again, since DF is equal to FG, E F 
the angle FDG is equal to the angle 
FGD. 

Therefore, by addition, Q 
the whole angle ED is equal to the ; 
whole angle EGF, 
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III. Let DF, FG form an angle exterior to the figure. 
Let DG be joined. 
The proof proceeds as in the last case, 


except that subtraction takes the place of A D 
addition, and "m 
the remaining angle ED is equal to the. & é E 
remaining angle EGF. 

Therefore in all three cases the angle 
EDF is equal to the angle EGF, that is, G 
to the angle BAC. 

It will be observed that, in accordance with the practice of the Greek 
geometers in not recognising as an “angle” any angle not less than two right 


angles, the re-entrant angle of the quadrilateral DEG F is ignored and the angle 
DFG is said to be outside the figure. 


PROPOSITION 9. 


To bisect a given rectilineal angle. 

Let the angle BAC be the given rectilineal angle. 
Thus it is required to bisect it. A 
Let a point D be taken at random on AB; 


let AE be cut off from AC equal to AD; [1.3] 
let DZ be joined, and on DE let the equilateral 
triangle DEF be constructed ; B Y c 
let 4F be joined. 
I say that the angle BAC has been bisected by the 
straight line 74 7. 
For, since AD is equal to AZ, 
and AF is common, 
the two sides DA, AF are equal to the two sides 
EA, AF respectively. 
And the base DF is equal to the base EF; 
therefore the angle DAF is equal to the angle EAF. 
18 
Therefore the given rectilineal angle BAC has Ps 
bisected by the straight line AF. Q. E. F. 


o 


It will be observed from the translation of this proposition that Euclid 
does not say, in his description of the construction, that the equilateral triangle 
should be constructed on the side of DE opposite to 4 ; he leaves this to be 
inferred from his figure. There is no particular value in Proclus’ explanation 
as to how we should proceed in case any one should assert that he could not 
recognise the existence of any space below DZ. He supposes, then, the 
equilateral triangle described on the side of DÆ towards A, and hence has to 
consider three cases according as the vertex of the equilateral triangle falls 
on A, above A or below it. The second and third cases do not differ 
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substantially from Euclid’s. In the first case, where ADE is the equilateral 
triangle constructed on DZ, take any point Fon AD, and from AE cut off 
AG equalto AF. Join DG, EF meeting in H; and 
join AH, Then AA is the bisector required. 

Proclus also answers the possible objection that 
might be raised to Euclid’s proof on the ground that 
it assumes that, if the equilateral triangle be described 
on the side of DE opposite to 4, its vertex Æ will lie 
within the angle BAC. The objector is supposed to 
argue that this is not necessary, but that Æ might fall 
either on one of the lines forming the angle or outside 
it altogether. The two cases are disposed of thus. 

Suppose F to fall as shown in the two figures below respectively. 

Then, since FD is equal to FE, 
the angle FDZ is equal to the angle FED. 

Therefore the angle CED is greater than the angle FDE; and, in the 
second figure, a fortiori, the angle CED is greater than the angle BDE. 

But, since ADE is an isosceles triangle, and the equal sides are produced, 





A 


F, c 
8 


the angles under the base are equal, 
i.e., the angle CED is equal to the angle ZDE. 

But the angle CZD was proved greater: which is impossible. 

Here then is the second case in which, in Proclus’ view, the second part 
of 1. 5 is useful for refuting objections. 





On this proposition Proclus takes occasion (p. 271, 15—19) to emphasize 
the fact that the given angle must be zectilineal, since the bisection of any sort 
of angle (including angles made by curves with one another or with straight 
lines) is not matter for an elementary treatise, besides which it is questionable 
whether such bisection is always possible. ‘Thus it is difficult to say 
whether it is possible to bisect the so-called Aorn-like angle” (formed by the 
circumference of a circle and a tangent to it). 


Trisection of an angle. 


Further it is here that Proclus gives us his valuable historical note about 
the frisection of any acute angle, which (as well as the division of an angle in 
any given ratio) requires resort to other curves than circles, i.e. curves of the 
species which, after Geminus, he calls “mixed.” “This,” he says (p. 272, 
1—12), “is shown by those who have set themselves the task of trisecting such 
a given rectilineal angle. For Nicomedes trisected any rectilineal angle by 
means of the conchoidal lines, the origin, order, and properties of which he 
has handed down to us, being himself the discoverer of their peculiarity. 
Others have done the same thing by means of the guadratrices of Hippias 
and Nicomedes, thereby again using 'mixed' curves. But others, starting 
from the Archimedean spirals, cut a given rectilineal angle in a given ratio." 
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(a) Trisection by means of the conchoid. 

I have already spoken of the conchotd of Nicomedes (note on Def. 2, 
pp. 160—1); it remains to show how it could be used for trisecting an 
angle. Pappus explains this (1v. pp. 274— $5) as follows. 

Let ABC be the given acute angle, and from any point 4 in AB draw 
AC perpendicular to BC. 


8 c 


Complete the parallelogram FBCA and produce FA to a point Æ such 
that, if BE be joined, BE intercepts between AC and AE a length DE equal 
to tuice AB. 

I say that the angle EBC is one-third of the angle ABC. 

For, joining A to G, the middle point of DÆ, we have the three straight 
lines AG, DG, EG equal, and the angle 4G is double of the angle 4ED 
or EBC. 

But DZ is double of AB; 
therefore AG, which is equal to DG, is equal to AB. 


Hence the angle AGD is equal to the angle ABG. 
Therefore the angle ABD is also double of the angle EBC; 
so that the angle EBC is one-third of the angle ABC. 


So far Pappus, who reduces the construction to the drawing of BE so 
that DE shall be equal to twice AB. 

This is what the conchoid constructed with Bas pole, AC as directrix, and 
distance equal to twice AB enables us to do; for that conchoid cuts AE in 
the required point Æ. 


(b) Use of the guadratrix. 


The plural guadratrices in the above passage is a Hellenism for the 
singular quadratrix, which was a curve discovered by Hippias of Elis about 
420 B.C. According to Proclus (p. 356, 11) Hippias proved its properties ; 
and we are told (1) in the passage quoted above that Nicomedes also 
investigated it and that it was used for trisecting an angle, and (2) by Pappus 
(tv. pp. 250, 33—252, 4) that it was used by Dinostratus and Nicomedes and 
some more recent writers for squaring the circle, whence its name. It is 
described thus (Pappus Iv. p. 252). 

Suppose that ABCD is a square and BED a quadrant of a circle with 
centre A. 

Suppose (1) that a radius of the circle moves 
uniformly about A from the position AZ to the 
position AD, and (2) that in the same time the 
line BC moves uniformly, always parallel to itself, 
and with its extremity B moving along BA, from 
the position BC to the position AD. 

Then the radius AZ and the moving line BC 
determine at any instant by their intersection a 
point F. 

The locus of Fis the guadratrix. 
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The property of the curve is that, if F is any point, the arc BED is 
to the arc ED as AB is to FH. 
In other words, if $ is the angle FA D, p the radius vector AF and a the 


side of the square, 
(psin $)/a= $/4r. 


Now the angle EAD can not only be /risecfed but divided in any given 
ralio by means of the quadratrix (Pappus tv. p. 286). 

For let FH be divided at X in the given ratio. 

Draw XZ parallel to AD, meeting the curve in Z; join AZ and produce 
it to meet the circle in W. 

Then the angles EAN, NAD are in the ratio of FEX to KH, as is easily 
proved. 


(c) Use of the spiral of Archimedes. 


The trisection of an angle, or the division of an angle in any ratio, by 
means of the spiral of Archimedes is of course an equally simple matter. 
Suppose any angle included between the two radii vectores OA and OZ of the 
spiral, and let it be required to cut the angle AOZ in a given ratio. Since 
the radius vector increases proportionally with the angle described by the 
vector which generates the curve (reckoned from the original position of the 
vector coinciding with the initial line to the particular position assumed), we 
have only to take the radius vector OB (the greater of the two OA, OB), 
mark off OC along it equal to OA, cut CB in the given ratio (at D say), and 
then draw the circle with centre O and radius OD cutting the spiral in Æ. 
Then OE will divide the angle AOZ in the required manner. 


PROPOSITION 10. 


To bisect a given finite straight line. 


Let AB be the given finite straight line. 
Thus it is required to bisect the finite straight line 4 B. 
Let the equilateral triangle ABC be 


constructed on it, (1. 1] 9 
and let the angle ACB be bisected by the 
straight line CD; [1. 9] 


I say that the straight line 4B has 
been bisected at the point D.. 
For, since AC is equal to CB, A D 8 
and CD is common, 
the two sides AC, CD are equal to the two sides AC, 
CD respectively ; 


and the angle ACD is equal to the angle BCD ; 
therefore the base 4D is equal to the base BD. (x. 4] 


Therefore the given finite straight line AB has been 
bisected at D. Q. E. F. 
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Apollonius, we are told (Proclus, pp. 279, 16— 280, 4), bisected a straight 
line AB by a construction like that of 1. r. 
With centres A, B, and radii AB, BA respec- 


tively, two circles are described, intersecting in g 
C, D. Joining CD, AC, CB, AD, DB, Apol- 
lonius proves in two steps that CD bisects 4B. 


(1) Since, in the triangles 4 CD, BCD, 
two sides AC, CD are equal to two sides VY 
BC, CD, 
and the bases AD, BD are cqual, C 


the angle ACD is equal to the angle 
BCD. [1. 8] 


(2) The latter angles being equal, and AC being equal to CB, while CE 
is common, 
the equality of AZ, EB follows by 1. 4. 


The objection to this proof is that, instead of assuming the bisection of 
the angle ACB, as already effected by 1. 9, Apollonius goes a step further 
back and embodies a construction for bisecting the angle. That is, he 
unnecessarily does over again what has been done before, which is open to 
objection from a theoretical point of view. 

Proclus (pp. 277, 25—279, 4) warns us against being moved by this 
proposition to conclude that geometers assumed, as a preliminary hypothesis, 
that a line is not made up of indivisible parts (€€ duepav). This might he 
argued thus. If a line is made up of indivisibles, there must be in a finite 
line either an odd or an even number of them. If the number were odd, 
it would be necessary in order to bisect the line to bisect an indivisible (the 
odd one). In that case therefore it would not be possible to bisect a straight 
line, if it is a magnitude made up of indivisibles. But, if it is not so made 
up, the straight line can be divided ad infinitum or without limit (é' dwepov 
Siatpetrac). Hence it was argued (pasiv), says Proclus, that the divisibility 
of magnitudes without limit was admitted and assumed as a geometrical 
principle. ‘To this he replies, following Geminus, that geometers did indeed 
assume, by way of a common notion, that a continuous magnitude, i.e. a 
magnitude consisting of parts connected together (cvwvjppdrur), is divisible 
(Statperdv). But infinite divisibility was not assumed by them ; it was proved 
by means of the first principles applicable to the case. ‘For when,” he 
says, “they prove that the incommensurable exists among magnitudes, and 
that it is not all things that are commensurable with one another, what 
else will any one say that they prove but that every magnitude can be 
divided for ever, and that we shall never arrive at the’ indivisible, that 
is, the least common measure of the magnitudes? This then is matter of 
demonstration, whereas it is an axiom that everything continuous is divisible, 
so that a finite continuous line is divisible. The writer of the Elements 
bisects a finite straight line, starting from the latter notion, and not from any 
assumption that it is divisible without limit.” Proclus adds that the proposition 
may also serve to refute Xenocrates’ theory of indivisible lines (dropo: ypappat). 
The argument given by Proclus to disprove the existence of indivisible lines 
is substantially that used by Aristotle as regards magnitudes generally (cf. 
Physics VI. 1, 231 a 21 sqq. and especially vi. 2, 233 b 15— 32). 
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PROPOSITION 11. 


To draw a straight line at right angles to a given straight 
line from a given point on u. 
Let AB be the given straight line, and C the given point 
on it. 
s Thus it is required to draw from the point C a straight 
line at right angles to the straight 
line AB. 4 
Let a point D be taken at ran- 
dom on AC; 
to let CE be made equal to CD ; [. 3] 
on DE let the equilateral triangle 
FDE be constructed, [1 :] — 
and let FC be joined ; 
I say that the straight line FC has been drawn at right 
15 angles to the given straight line 47 from C the given point 
on it. 
For, since DC is equal to CZ, 
and CF is common, 
the two sides DC, CF are equal to the two sides EC, 
20 CF respectively ; 
and the base DF is equal to the base FE ; 
therefore the angle DCF is equal to the angle ECF; 


1.8 

and they are adjacent angles. ea 

But, when a straight line set up on a straight line makes 

25 the adjacent angles equal to one another, each of the equal 

angles is right ; [Def. 10] 

therefore each of the angles DCF, FCE is right. 

Therefore the straight line CF has been drawn at right 

angles to the given straight line AA from the given point 
39 C on it. 


c E B 


Q. E. F. 


so. let CE be made equal to CD. The verb is keløĝw which, as well as the other 
arts of xeipas, is constantly used for the passive of 7lOnue ‘to place”; and the latter word 
is constantly used in the sense of making, e.g., one straight line equal to another straight line. 


De Morgan remarks that this proposition, which is “to bisect the angle 
made by a straight line and its continuation” [i.e. a flat angle], should be a 
particular case of 1. 9, the constructions being the same. This is certainly 
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worth noting, though I doubt the advantage of rearranging the propositions 
in consequence. 

Apollonius gave a construction for this proposition (see Proclus, p. 282, 8) 
differing from Euclid's in much the same way as his construction for bisecting 
a straight line differed from that of 1. 10. Instead of assuming an equilateral 
triangle drawn without repeating the process of 1. 1, Apollonius takes D and 
E equidistant from C as in Euclid, and then draws circles in the manner of 


F 


A D C E 8 


1.1 meeting at Æ This necessitates proving again that DF is equal to FE; 
whereas Euclid’s assumption of the construction of 1. 1 in the words “let the 
equilateral triangle FD be constructed” enables him to dispense with the 
drawing of circles and with the proof that D is equal to FZ at the same 
time. While however the substitution of Apollonius’ constructions for 1. 10 
and 11 would show faulty arrangement in a theoretical treatise like Euclid’s, 
they are entirely suitable for what we call practical geometry, and such may 
have been Apollonius’ object in these constructions and in his alternative for 
I. 23. 

Proclus gives a construction for drawing a straight line at right angles to 
another straight line but from one end of it, instead of from an intermediate 
point on it, it being supposed (for the sake of argument) that we are not 
permitted to produce the straight line. In the commentary of an-Nairizi (ed. 
Besthorn-Heiberg, pp. 73—4; ed. Curtze, pp. 54—5) this construction is 
attributed to Heron. 

Let it be required to draw from A a straight line at right angles to 42. 

On A take any point C, and in the manner of the proposition draw CE 
at right angles to AB. 

From CE cut off CD equal to AC, bisect the 
angle ACE by the straight line CF, (1. 9] 
and draw DF at right angles to CE meeting CF 
in F Join FA. 

Then the angle FAC will be a right angle. 

For, since, in the triangles ACF, DCF, the 
two sides AC, CF are equal to the two sides 
DC, CF respectively, and the included angles 
ACF, DCF are equal, 

the triangles are equal in all respects. [. 4) 

Therefore the angle at 4 is equal to the angle at D, and is accordingly a 

right angle. 





PROPOSITION 12. 
To a given infinite straight line, from a given point 
which is not on it, to draw a perpendicular straight line. 


Let AB be the given infinite straight line, and C the 
given point which is not on it ; 
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sthus it is required to draw to the given infinite straight 
line AB, from the given point 
C which is not on it, a per- F 
pendicular straight line. 
For let a point D be taken 
io at random on the other side of 
the straight line 4B, and with 
centre Cand distance CD let 
the circle EFG be described ; 
(Post. 3] 
let the straight line EG 
T be bisected at Æ, i [r. 10] 
and let the straight lines CG, CH, CE be joined. 
[Post. 1] 
I say that C7 has been drawn perpendiculer to the given 
infinite straight line AB from the given point C which is 
not on it. 
20 For, since GA is equal to HE, 
and AC is common, 
the two sides GH, HC are equal to the two sides 
EH, HC respectively ; 
and the base CG is equal to the base CE; 
25 therefore the angle CHG is equal to the angle EAC. 


[1. 8] 





And they are adjacent angles. 


But, when a straight line set up on a straight line makes 
the adjacent angles equal to one another, each of the equal 
angles is right, and the straight line standing on the other is 

3o called a perpendicular to that on which it stands. [Def. 19] 

Therefore C/7 has been drawn perpendicular to the given 
infinite straight line AB from the given point C which is 
not on it. 


Q. E. F. 


^. a perpendicular straight line, c40crov evOciav ypauuhv. This is the full expressiun 
fur a perpendicular, xdBeros meaning Jet full or let down, so thal the expression corresponds 
lu our plumb-line. 7 wdOeros is however constantly used alone for a perpendicular, yeaupeh 
being understood. 

10. on the other side of the straight line AB, literally “towards the other parts of 
the straight line AB," éxl rà Erepa uépn rìs AB. Cf. “on the same side" (éwl ra aura 
pép) in Post. 5 and “in both directions” (é9' éxárepa ra Kém) in Def. 23. 


“This problem,” says Proclus (p. 283, 7—10), “was first investigated 
by Oenopides [sth cent. B.c.], who thought it useful for astronomy. He 
however calls the perpendicular, in the archaic manner, (a line drawn) 
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gnomon-wise (xara yvwpova), because the gnomon is also at right angles to the 
horizon." In this earlier sense the yvomon was a staff placed in a vertical 
position for the purpose of casting shadows and so serving as a means of 
measuring time (Cantor, GescAicAte der. Mathematik, t, p. 161). The later 
meanings of the word as used in Eucl. Book m. and elsewhere will be 
explained in the note on Book ir. Def. 2. 

Proclus says that two kinds of perpendicular were distinguished, the “plane” 
(éríéreBos) and the “solid” (orepea), the former being the perpendicular 
dropped on a line in a plane and the latter the perpendicular dropped on a 
plane. The term “solid perpendicular” is sufficiently curious, but it may 
perhaps be compared with the Greek term “solid locus” applied to a conic 
section, apparently on the ground that it has its origin in the section of a 
solid, namely a cone. 

Attention is called by most editors to the assumption in this proposition 
that, if only D be taken on the side of 4B remote from C, the circle described 
with CD as radius must necessarily cut AB in two points. To satisfy us of 
this we need, as in ı. 1, some postulate of continuity, e.g. something like that 
suggested by Killing (see note on the Principle of Continuity above, p. 235): 
“Tf a point [here the point describing the circle] moves in a figure which is 
divided into two parts [by the straight line], and 1f it belongs at the beginning 
of the motion to one part and at another stage of the motion to the other 
part, it must during the motion cut the boundary between the two parts," and 
this of course applies to the motion in two directions from D. 

But the editors have not, as a rule, noticed a possible objection to the 
Euclidean statement of this problem which is much more difficult to dispose 
of at this stage, i.e. without employing any proposition later than this in 
Euclid’s order. How do we know, says the supposed critic, that the circle 
does not cut AB in three or more points, in which case there would be not 
one perpendicular but Z/ree or more? Proclus (pp. 286, 12— 289, 6) tries to 
refute this objection, and it is interesting to follow his argument, though it 
will easily be seen to be inconclusive. He takes in order three possible 
suppositions. 


1. May not the circle meet 4Z in a third point Æ between the middle 
point of GE and either extremity of it, taking the form drawn in the figure 
appended ? 

Suppose this possible. Bisect GÆ in Æ. Join CH, and produce it to 
meet the circle in Z. Join CG, CK, CE. 

Then, since CG is equal to CZ, and 
CH is common, while the base GZ is 
equal to the base HZ, 

the angles CHG, CHE are equal and, 
since they are adjacent, they are both right. 

Again, since CG is equal to CZ, 

the angles at G and Z are equal. Á à c B 

Lastly, since CK is equal to CG and t 
also to C£, the angles CGK, CKG are 
equal, as also are the angles CK£, CEK. 

Since the angles CGK, CEK are equal, it follows that 


the angles CAG, CKE are equal and therefore both right. 
Therefore the angle CAH is equal to the angle CHK, 
and CA is equal to CX. 
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But CX is equal to CZ, by the definition of the circle; therefore CH is 
equal to CZ: which is impossible. 

Thus Proclus; but why should not the circle meet 4 in Z7 as well as K? 

2. May not the circle meet 4B in A the middle point of GE and take 
the form shown in the second figure? 

In that case, says Proclus, join CG, CH, CE as before. Then bisect HE 
at X, join CX and produce it to meet 
the circumference at Z. 

Now, since HX is equal to KE, CK 
is common, and the base CZ is equal to 
the base CZ, 

the angles at X are equal and therefore 
both right angles. 

Therefore the angle CZZK is equal to Á d E ð 
the angle CK, whence CX is equal to CH L 
and therefore to CZ: which is impossible. 

So Proclus; but why should not the circle meet 47 in K as well as Æ? 


3. May not the circle meet AB in fwo points besides G, Æ and pass, 
between those two points, to the side of AZ towards C, as in the next figure? 
Here again, by the same method, Proclus proves that, K, Z being the 
other two points in which the circle cuts 
AB, 
CK is equal to CZ, 


and, since the circle cuts CH in M, 

CM is equal to CK and therefore to 
CH: which is impossible. 

But, again, why should the circle not 
cut AB in the point Æ as well? A GOK H CE 

In fact, Proclus’ cases are not mutually 
exclusive, and his method of proof only enables us to show that, if the circle 
meets 4Z in one more point besides G, Æ, it must meet it in more points 
still. We can always find a new point of intersection by bisecting the distance 
separating any two points of intersection, and so, applying the method ad 
infinitum, we should have to conclude ultimately that the circle with radius 
CH (or CG) coincides with AB. It would follow that a circle with centre 
C and radius greater than CH would not meet ABS at all. Also, since all 
straight lines from C to points on AB would be equal in length, there would 
be an infinite number of perpendiculars from C on AB. 

Is this under any circumstances possible? It is not possible in Euclidean 
space, but it is possible, under the Riemann hypothesis (where a straight line 
is a “closed series” and returns on itself), in the case where C is the pole of 
the straight line 42. 

It is natural therefore that, for a proof that in Euclidean space there is 
only one perpendicular from a point to a straight line, we have to wait until 
1. 16, the precise proposition which under the Riemann hypothesis is only valid 
with a certain restriction and not universally. There is no difficulty involved 
by waiting until 1. 16, since 1. 12 is not used before that proposition is reached ; 
and we are only in the same position as when, in order to satisfy ourselves of 
the number of possible solutions of 1. 1, we have to wait till 1. 7. 

But if we wish, after all, to prove the truth of the assumption without 
recourse to any later proposition than 1. 12, we can do so by means of this 
same invaluable 1. 7. 
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If the circle intersects 4B as before in G, Æ, let Z7 be the middle point of 
GE, and suppose, if possible, that the 
circle also intersects AZ in any other point c 
K on AH. 
From Æ, on the side of AZ opposite to 
C, draw HZ at right angles to AB, and 
make HZ equal to HC. A d E 8 
Join CG, LG, CK, LK. 
Now, in the triangles CHG, LHG, 
CH is equal to ZH, and HG is common. l 
Also the angles CHG, ZHG, being 
both right, are equal. 
Therefore the base CG is equal to the base ZG. 
Similarly we prove that CX is equal to LX. 
But, by hypothesis, since Æ is on the circle, 


CK is equal to CG. 


Therefore CG, CK, LG, LXK are all equal. 

Now the next proposition, 1. 13, will tell us that CÆ, ZZ are in a straight 
line; but we will not assume this. Join CZ. 

Then on the same base CZ and on the same side of it we have two pairs 
of straight lines drawn from C, Z to G and X such that CG is equal to CK 
and ZG to LK. 

But this is impossible [1. 7]. 

Therefore the circle cannot cut BA or BA produced in any point other 
than G on that side of CZ on which G is. 

Similarly it cannot cut AB or AB produced at any point other than Æ 
on the other side of CZ. 

The only possibility left therefore is that the circle might cut AZ in the 
same point as that in which CZ cuts it. But this is shown to be impossible 
by an adaptation of the proof of 1. 7. 

For the assumption is that there may be some point M on CZ such that 
CM is equal to CG and ZM to LG. 

If possible, let this be the case, and produce CG N 
to N. 9 

Then, since CA is equal to CG, 
the angle WGM is equal to the angle GMZ [1 5, part 2}. 

Therefore the angle GMZ is greater than the angle 
MGL. M E 

Again, since ZG is equal to ZM, 
the angle GML is equal to the angle MGZ. 

But it was also greater: which is impossible. 

Hence the circle in the original figure cannot cut AZ in the point in 
which CZ cuts it. 

Therefore the circle cannot cut AB in any point whatever except G and Æ. 

(This proof of course does not prove that CK is /ess than CG, but only 
that it is not equal to it. The proposition that, of the obliques drawn 
from C to AB, that is less the foot of which is nearer to Æ can only be proved 
later. The proof by 1. 7 also fails, under the Riemann hypothesis, if C, Z are 
the poles of the straight line AB, since the broken lines CGZ, CKZ etc. 
become equal straight lines, all perpendicular to 42.] 

Proclus rightly adds (p. 289, 18 sqq.) that it is not ¢cessary to take D on 
the side of AB away from A if an objector “says that there is no space on 
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that side.” If it is not desired to trespass on that side of AB, we can take D 
anywhere on AB and describe the arc of a circle between D and the point 
where it meets 4A again, drawing the arc on the side of AZ on which C is. 
If it should happen that the selected point 2 is such that the circle only meets 
AB in one point (D itself), we have only to describe the circle with CD as 
radius, then, if Æ be a point on this circle, take Fa point further from C than 
E is, and describe with CF as radius the circular arc meeting 4B in two 
points. 


PROPOSITION 13. 


Jf a straight line set up on a straight line make angles, it 
will make either two right angles or angles equal to two right 
angles. 


For let any straight line AZ set up on the straight line 
s CD make the angles CBA, ABD; 
I say that the angles CBA, ABD E A 
are either two right angles or equal to 
two right angles. 
Now, if the angle CBA is equal to 5 B c 
io the angle ABD, 


they are two right angles. (Def. 1o] 
But, if not, let BE be drawn from the point BZ at right 
angles to CD; (r. 11] 


therefore the angles CBE, EBD are two right angles. 
i5 Then, since the angle CBZ is equal to the two angles 
CBA, ABE, 
let the angle EBD be added to each ; 
therefore the angles CBE, EBD are equal to the three 
angles CBA, ABE, EBD. [C M. 2] 
æ Again, since the angle DBA is equal to the two angles 
DBE, EBA, 
let the angle ABC be added to each ; 
therefore the angles DBA. ABC are equal to the three 
angles DBE, EBA, ABC. [C. X. 2] 
25 But the angles CBZ, EBD were also proved equal to 
the same three angles ; 
and things which are equal to the same thing are also 
equal to one another ; [C. W. 1] 
therefore the angles CAE, EBD are also equal to the 
30 angles DBA, ABC. 
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But the angles CBZ, EBD are two right angles ; 
therefore the angles DBA, ABC are also equal to two 
right angles. 
Therefore etc. 
Q. E. D. 


17. let the angle EBD be added to each, literally “let the angle EBD be added 
(so as to be) common,” «ow? mpogreloĝw ù iwò EBA. Similarly xowh døppheðw is used of 
subtracting a straight line or angle from each of two others. ‘‘Let the common angle EBD 
be added" is clearly an inaccurate translation, for the angle is not common before it is added, 
Le. the kou?) is — '* Let the common angle be subtracted" as a translation of xou) 
4$ppic0c would be less unsatisfactory, it is true, but, as it is desirable to use corresponding 
words when translating the two expressions, it seems hopeless to attempt to keep the word 
“common,” and I have therefore said “to each "" and '' kom each ” simply. 


PROPOSITION 14. 


Zf with any straight line, and at a point on it, two straight 
lines not lying on the same side make the adjacent angles egual 
to two right angles, the two straight lines will be in a straight 
line with one another. 

s For with any straight line AZ, and at the point Z on it, 
let the two straight lines BC, BD not lying on the same side 
make the adjacent angles ABC, ABD equal to two right 
angles ; 

I say that BD is in a straight line with CZ. 

w For, if BD is not in a straight line E 


with BC, let BE be in a straight line ^ 
with CZ. 

Then, since the straight line AB ¢ 5 D 
stands on the straight line CBZ, 


15 the angles ABC, ABE are equal to two right angles. 


[1. 13] 
But the angles ABC, A BD are also equal to two right angles ; 


therefore the angles CBA, ABE are equal to the angles 
CBA, ABD. (Post. 4 and C. N. 1] 


Let the angle CBA be subtracted from each ; 


z therefore the remaining angle ABE is equal to the remaining 
angle ABD, [C. N. 3] 


the less to the greater : which is impossible. 
Therefore BE is not in a straight line with CZ. 


Similarly we can prove that neither is any other straight 
as line except BD. 
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Therefore CZ is in a straight line with BD. 


Therefore etc. Q. E. D. 


r.. If with any straight line... There is no greater difficulty in translating the works 
of the Greek geometers than that of accurately giving the force of prepositions. pés, for 
instance, is used in all sorts of expressions with various shades of meaning. The present 
enunciation begins 'Eav wpés rim evdelg wal ry pds airy onuely, and it is really necessary in 
this one sentence to translate wpér by three different words, with, at, and om. The first wpós 
must be translated by with because two straight lines ‘‘ make” an angle with one another. On 
the other hand, where the similar expression wpos 7g S00eloy evelg occurs in I. 33, but it is 
a question of ‘constructing ” an angle (cverfoacGa), we have to say ‘‘to construct om a 
given straight line." Against would perhaps be the English word coming nearest to 
expressing all these meanings of wpés, but it would be intolerable as a translation. 

‘odhunter points out that for the inference in this line Post. 4, that all right angles 
are equal, is necessary as well as the Common Notion that things which are equal to the same 
thing (or rather, here, to egual things) are equal. A similar remark applies to steps in the 
proofs of 1. 15 and 1. 28. 

24. we can prove. The Greek expresses this by the future of the verb, belopev, 
“ we shall prove,” which however would perhaps be misleading in English. 


Proclus observes (p. 297) that two straight lines on the same side of another 
straight line and meeting it in one and the same . 
point may make with one and the same portion D E 
of the straight line terminated at the point two 
angles which are together equal to two right angles, 
in which case however the two straight lines would 
not be in a straight line with one another. And Á c B 
he quotes from Porphyry a construction for two 
such straight lines in the particular case where they 
form with the given straight line angles equal 
respectively to half a right angle and one and a F 
half right angles. There is no particular value in 
the construction, which will be gathered from the annexed figure where CZ, 
CF are drawn at the prescribed inclinations to CD. 


PROPOSITION 15. 
Lf two straight lines cut one another, they make the vertical 
angles equal to one another. 


For let the straight lines 48, CD cut one another at the 
point Z ; 


s Isay that the angle AEC is equalto ^ 
the angle DEB, E 
and the angle CEB to the angle © c 
AED. B 


For, since the straight line A£ stands 
10 on the straight line CD, making the angles CEA, AED, 


the angles CEA, AED are equal to two right angles 
U. 13 
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Again, since the straight line DZ stands on the straight 
line AB, making the angles AED, DEB, 
the angles AED, DEB are equal to two right angles. 
[1. 13] 
's But the angles CEA, AE were also proved equal to 
two right angles; 


therefore the angles CEA, AED are equal to the 
angles AED DEB. [Post. 4 and C. N. 1] 


Let the angle 44 E D be subtracted from each ; 


20 therefore the remaining angle CEA is equal to the 
remaining angle BED. [C. W. 3] 


Similarly it can be proved that the angles CEB, DEA 
are also equal. 
Therefore etc. Q. E. D. 


25 [Porism. From this it is manifest that, if two Straight 
lines cut one another, they will make the angles at the point 
of section equal to four right angles, ] 


t. the vertical angles. The difference between aayacent angles (al épetis ywelas) and 
vertical angles (al xarà xopuøhv yuwvlas) is thus explained by Proclus (p. 298, 14— 24). The 
first term describes the angles made by two straight lines when one only is divided by the 
other, i.e. when one straight line meets another at a point which is not either of its extremi- 
ties, but is not itself produced beyond the point of meeting. When the first straight line iz 
produced, so that the lines cross at the point, they make two pairs of vertical angles (which 
are more clearly described as vertically opposite angles), and which are so called because their 
convergence is from opposite directions to one point (the intersection of the lines) as vertex 
(xopupy). 

26. at the point of section, literally **at the section,” mpds 79 rouf. 


This theorem, according to Eudemus, was first discovered by Thales, but 
found its scientific demonstration in Euclid (Proclus, p. 299, 3—6). 

Proclus gives a converse theorem which may be stated thus. Zf a straight 
line is met at one and the same point intermediate in its length by two other 
straight lines on diferent sides of it and such as to make the vertical angles 
equal, the latter straight lines are in a straight line with one another. The 
proof need not be given, since it is almost self-evident, whether (1) it is direct, 
by means of 1. 13, 14, or (2) indirect, by reductio ad absurdum depending 
On I. IS. 

The balance of Ms. authority seems to be against the genuineness of this 
Porism, but Proclus and Psellus both have it. The word is not here used, as it 
is in the title of Euclid’s lost Porisms, to signify a particular class of independent 
propositions which Proclus describes as being in some sort intermediate between 
theorems and problems (requiring us, not to bring a thing into existence, but 
to find something which we know to exist). Porism has here (and wherever 
the term is used in the Elements) its second meaning; it is what we call a 
corollary, i.e. an incidental result springing from the proof of a theorem or the 
solution of a problem, a result not directly sought but appearing as it were by 
chance without any additional labour, and constituting, as Proclus Says, a sort 
of windfall ($puawov) and bonus (xépSos). These Porisms appear in both the 


5 


10 
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geometrical and arithmetical Books of the Z/ements, and may either result 
from theorems or problems. Here the Porism is geometrical, and springs out 
of a theorem; vir. 2 affords an instance of an arithmetical Porism. As an 
instance of a Porism to a problem Proclus cites “that which is found in the 
second Book” (rò év rg Sevrépp BiBrip keiwevov) ; but as to this see notes on 
Il. 4 and iv. 15. 

The present Porism, says Proclus, formed the basis of “that paradoxical 
theorem which proves that only the following three (regular) polygons can fill 
up the whole space surrounding one point, the equilateral triangle, the square, 
and the equilateral and equiangular hexagon.” We can in fact place round a 
point in this manner six equilateral triangles, three regular hexagons, or four 
squares. “But only the angles of these regular figures, to the number specified, 
can make up four right angles: a theorem due to the Pythagoreans.” 

Proclus further adds that it results from the Porism that, if any number of 
straight lines intersect one another at one point, the sum of all the angles so 
formed will still be equal to four right angles. This is of course what is 
generally given in the text-books as Corollary 2. 


PROPOSITION 16. 


In any triangle, if one of the sides be produced, the exterior 
angle is greater than either of the interior and opposite angles. 

Let ABC be a triangle, and let one side of it BC be 
produced to D; 

I say that the exterior angle ACD is greater than either 
of the interior and opposite angles 
CBA, BAC. 

Let AC be bisected at Z [1. 10], 
and let BE be joined and produced 
in a straight line to Z; 

let EF be made equal to BE [1. 3], 
let FC be joined [Post. 1), and let 4C B 
be drawn through to G [Post. 2]. 

Then, since 44Z is equal to EC, a 
and BE to EF, 

the two sides AZ, EB are equal to the two sides CZ, 
EF respectively ; 

and the angle 4 ZB is equal to the angle FEC, 

for they are vertical angles. 1. 15] 
Therefore the base AZ is equal to the base FC, 
and the triangle 4 BZ is equal to the triangle CFZ, 
and the remaining angles are equal to the remaining angles 
respectively, namely those which the equal sides subtend ; [t. 4] 
therefore the angle BAZ is equal to the angle ECF. 


A 
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2s But the angle ECD is greater than the angle ECF; 
[C. N. s] 


therefore the angle 4 C2 is greater than the angle £A £F. 


Similarly also, if BC be bisected, the angle BCG, that is, 
the angle ACD [1 15], can be proved greater than the angle 
ABC as well. 

Therefore etc. Q. E. D. 


1. the exterior angle, literally ‘‘the outside angle," 7 éxrds ywwla. 

2. the interior and opposite angles, rav évrds xal árevayrloy ywnav. 

12. let AC be drawn through to G. The word is 8:7x4w, a variation on the more 
usual éxfePrHoOu, ‘let it be produced.” 

a1. CFE, in the text “ FEC." 


As is well known, this proposition is not universally true under the 
Riemann hypothesis of a space endless in extent but not infinite in size. On 
this hypothesis a straight line is a “closed series” and returns on itself; and 
two straight lines which have one point of intersection have another point of 
intersection also, which bisects the whole length of the straight line measured 
from the first point on it to the same point again; thus the axiom of Euclidean 
geometry that two straight lines do not enclose a space does not hold. If 44 
denotes the finite length of a straight line measured from any point once 
round to the same point again, 24 is the distance between the two intersections 
of two straight lines which meet. Two points A, B do not determine one 
sole straight line unless the distance between them is different from 2A. In 
order that there may only be one perpendicular from a point C to a straight 
line 4B, C must not be one of the two “poles” of the straight line. 

Now, in order that the proof of the present proposition may be universally 
valid, it is necessary that CZ should always fall within the angle ACD so that. 
the angle ACF may be less than the angle ACD. But this will not always be 
so on the Riemann hypothesis. For, (1) if BZ is equal to A, so that BF is 
equal to 2A, F will be the second point in which BZ and BD intersect ; i.e. 
F will lie on CD, and the angle ACF will be egual to the angle ACD. In 
this case the exterior angle ACD will be egual to the interior angle BAC. 
(2) If BE is greater than A and less than 24, so that BF is greater than 24 
and less than 4A, the angle ACF will be greater than the angle ACD, and 
therefore the angle 4 C2 will be /ess than the interior angle BAC. Thus, e.g., 
in the particular case of a right-angled triangle, the angles other than the right 
angle may be (1) both acute, (2) one acute and one obtuse, or (3) both obtuse 
according as the perpendicular sides are (1) both less than A, (2) one less and 
the other greater than A, (3) both greater than A. 

Proclus tells us (p. 307, 1— 12) that some combined this theorem with the 
next in one enunciation thus: /n any triangle, if one side be produced, the 
exterior angle of the triangle is greater than either of the inierior and opposite 
angles, and any two of the interior angles ave less than two right angles, the 
combination having been suggested by the similar enunciation of Euclid 1. 32, 
In any triangle, if one of the sides be produced, the exterior angle is equal to the 
two interior and opposite angles, and the three interior angles of the triangle are 
equal to two right angles. 

The present proposition enables Proclus to prove what he did not succeed 
in establishing conclusively in his note on t. 12, namely that from one point: 
there cannot be drawn to the same straight line three straight lines equal in length. 
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For, if possible, let 42, AC, AD be all equal, B, C, D being in a 
straight line. 

Then, since AB, AC are equal, the angles 
ABC, ACB are equal. A 

Similarly, since 48, AD are equal, the angles 
ABD, ADB are equal. 

Therefore the angle ACB is equal to the angle 
ADC, i.e. the exterior angle to the interior and g C D 
opposite angle: which is impossible. 

Proclus next (p. 308, 14 sqq.) undertakes to prove by means of 1. 16 that, 
if a straight line falling on two straight lines make the exterior angle equal to 
the interior and opposite angle, the two straight lines will not form a triangle or 
meet, for in that case the same angle would be both greater and equal. 

The proof is really equivalent to that of Eucl. r. 27. If BZ falls on the 
two straight lines AB, CD in such a way that the angle 
CDE is equal to the interior and opposite angle ABD, a c 
AB and CD cannot form a triangle or meet. For, if 
they did, then (by 1. 16) the angle CDE would be 
greater than the angle 42, while by the hypothesis 
it is at the same time egual to it. 

Hence, says Proclus, in order that Z4, DC may 
form a triangle it is necessary for them to approach one B E 
another in the sense of being turned round one pair of 
corresponding extremities, e.g. B, D, so that the other extremities 4, C come 
nearer. This may be brought about in one of three ways: (1) AB may 
remain fixed and CD be turned about 2 so that the angle CDZ increases ; 
(2) CD may remain fixed and 4B be turned about # so that the angle ABD 
ber ames smaller; (3) both 48 and CD may move so as to make the angle 
ABD smaller and the angle CDE larger at the same time. The reason, then, 
of the straight lines 48, CD coming to form a triangle or to meet is (says 
Proclus) the movement of the straight lines. 

Though he does not mention it here, Proclus does in another passage 
(p. 371, 2—10, quoted on p. 207 above) hint at the possibility that, while I. 16 
may remain universally true, either of the straight lines BA, DC (or both 
together) may be turned through any angle not greater than a certain finite 
angle and yet may not meet (the Bolyai-Lobachewsky hypothesis). 


PROPOSITION 17. 


In any triangle two angles taken together in any manner 
are less than two right angles. 


Let ABC be a triangle ; 


I say that two angles of the triangle ABC taken together in 
any manner are less than two right angles. 

For let BC be produced to D. [Post. 2] 

Then, since the angle ACD is an exterior angle of the 
triangle ABC, 

it is greater than the interior and opposite angle 4 BC. 
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Let the angle ACB be added to each; 


therefore the angles ACD, ACB are greater than the angles 
ABC, BCA. 


A 


8 c D 


But the angles ACD, ACB are equal to two right angles. 


(1. 13) 

Therefore the angles 4 BC, BCA are less than two right 
angles. 

Similarly we can prove that the angles BAC, ACB are 
also less than two right angles, and so are the angles CAB, 
ABC as well. 

Therefore etc. 

Q. E. D. 


1. taken together in any manner, Tárr] uera auBarvóuevai, i.e. any pair added 
together. 


As in his note on the previous proposition, Proclus tries to state the cause 
of the property. He takes the case of two straight lines forming right angles 
with a transversal and observes that it is the convergence of the straight lines 
towards one another (aivevors tuév evOeusv), the lessening of the two right angles, 
which produces the triangle. He will not have it that the fact of the exterior 
angle being greater than the interior and Opposite angle is the cause of the 
property, for the odd reason that ‘‘it is not necessary that a side should be 
produced, or that there should be any exterior angle constructed...and how can 
what is not necessary be the cause of what is necessary ? ” (p. 311, 17—21). 

Agreeably to this view, Proclus then sets himself to prove the theorem 
without producing a side of the triangle. 


Let ABC be a triangle. Take any point D on A 
BC, and join AD. 
Then the exterior angle ADC of the triangle ABD 
is greater than the interior and opposite angle 4BD. 
Similarly the exterior angle ADB of the triangle 8 o c 
ADC is greater than the interior and opposite angle 
ACD. 


Therefore, by addition, the angles ADB, ADC are together greater than 
the angles ABC, ACB. 

But the angles ADB, ADC are equal to two right angles ; therefore the 
angles ABC, ACB are less than two right angles. 

Lastly, Proclus proves (what is obvious from this proposition) that (Aere 
cannot be more than one perpendicular to a straight line from a point without 
it. For, if this were possible, two of such perpendiculars would form a triangle 
in which two angles would be right angles: which is impossible, since any two 
angles of a triangle are together less than two right angles. 
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PROPOSITION 18. 


In any triangle the greater side subtends the greater angle. 


For let ABC be a triangle having the side AC greater 
than AB; 


I say that the angle ABC is also greater than the angle 
BCA 


For, since AC is greater than AB, let AD be made equal 
to AB (i. 3], and let BD be joined. 

Then, since the angle ADB A 
is an exterior angle of the triangle D 


BCD, 
it is greater than the interior 

and opposite angle DCB. (x 16] 8 c 
But the angle ADB is equal i 

to the angle ABD, 


since the side AZ is equal to AD; 


therefore the angle ABD is also greater than the angle 
ACB; 


therefore the angle ABC is much greater than the angle 
ACB. 
Therefore etc. 
Q. E. D. 


In the enunciation of this proposition we have tworelvew (‘‘subtend”) used with the 
simple accusative instead of the more usual óró with accusative. The latter construction 
is used in the enunciation of 1. 19, which otherwise only differs from that of 1. 18 in the order 
of the words. The point to remember in order to distinguish the two is that the datum 
comes first and the guaesitum second, the datum being in this proposition the greater side 
and in the next the greater angle. Thus the enunciations are (I. 18) savrós rprydvov 3) uel pur 
TAevpà. riw pelfova ywlay Uworelves and (I. 19) mavrds rpeywvou Und Tiw pelfova ywvlay 7 
uel(uv wrevpd vworelve. In order to keep the proper order in English we must use the 
passive of the verb in 1. t9. Aristotle quotes the result of 1. 19, using the exact wording, 
bwd yap riv peltw ywvlav Urorelver (Meteorologica 111. 5, 376 a. 1a). 


“In order to assist the student in remembering which of these two 
propositions (t. 18, 19] is demonstrated directly and 
which indirectly, it may be observed that the order is A 
similar to that in 1. 5 and 1. 6” (Todhunter). 

An alternative proof of 1. 18 given by Porpnyry D 
(see Proclus, pp. 315, 11— 316, 13) is interesting. It 
starts by supposing a length equal to AZ cut off from 
the other end of AC; that is, CD and not AD is B 
made equal to AZ. 

Produce AB to E so that BE is equal to AD, and 
join EC. 

Then, since AB is equal to CD, and BE to AD, E 

AE is equal to AC. 
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Therefore the angle AEC is equal to the angle ACE. 
Now the angle ABC is greater than the angle AEC, [r. 16] 


and therefore greater than the angle ACE. 
Hence, a fortiori, the angle ABC is greater than the angle ACB. 


PROPOSITION 19. 
In any triangle the greater angle is subtended by the 
greater side. 


Let ABC be a triangle having the angle ABC greater 
than the angle BCA ; 


I say that the side AC is also greater than the side AZ. 
For, if not, AC is either equal to AZ or less. 


Now AC is not equal to AB; A 
for then the angle 48C would also have been 
equal to the angle ACB; (r s] 
but it is not ; 
therefore AC is not equal to AB. c 


Neither is AC less than AB, 
for then the angle ABC would also have been less than the 
angle ACB; (1. 18] 
but it is not ; 
therefore AC is not less than AZ. 
And it was proved that it is not equal either. 
Therefore AC is greater than AZ. 
Therefore etc. Q. E. D. 


This proposition, like 1. 6, can be proved by merely /ogrcal deduction from 
1. $ and 1. 18 taken together, as pointed out by De Morgan. The general 
form ane argument used by De Morgan is given in his Formal Logic (1847), 
. 25, thus: 
: d Hypothesis. Let there be any number of propositions or assertions— 
three for instance, X, Y and Z—of which it is the property that one or the 
other must be true, azd one only. Let there be three other propositions 
P, Q and & of which it is also the property that one, and one only, must be 
true. Let it be a connexion of those assertions that: 
when X is true, P is true, 
when Yis true, Q is true, 
when Z is true, & is true. 
Conseguence : then it follows that, 
: when FP is true, X is true, 
when Q is true, Y is true, 
when 2& is true, Z is true.” 
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To apply this to the case before us, let us denote the sides of the triangle 
ABC by a, b, c, and the angles opposite to these sides by 4, Z, C respectively, 
and suppose that a is the base. 


Then we have the three propositions, 


when å is equal to c, B is equal to C, [t. 5] 

when 4 is greater than ¢, B is greater than ^j (. 18] 

when 4 is less than ¢, B is less than C, i 
and it follows /ogically that, 

when Z is equal to C, b is equal to ¢, [1. 6] 

when Z is greater than C, b is greater than 2) [1. 19] 

when Z is less than C, 2 is less than c. f 


Reductio ad absurdum by exhaustion. 

Here, says Proclus (p. 318, 16—23), Euclid proves the impossibility “ by 
means of dtvision” (éx Siaipécews). This means simply the separation of 
different hypotheses, each of which is inconsistent with the truth of the 
theorem to be proved, and which therefore must be successively shown to be 
impossible. If a straight line is not greater than a straight line, it must be 
either equal to it or less; thus in a reductio ad absurdum intended to prove 
such a theorem as 1. 19 it is necessary to dispose successively of two hypotheses 
inconsistent with the truth of the theorem. 


Alternative (direct) proof. 


Proclus gives a direct proof (pp. 319—321) which an-Nairizi also has and 
attributes to Heron. It requires a lemma and is consequently open to the 
slight objection of separating a theorem from its converse. But the lemma 
and proof are worth giving. 


Lemma. 


Jf an angle of a triangle be bisected and the straight line bisecting it meet the 
base and divide it into unequal parts, the sides containing the angle will be 
unequal, and the greater will be that which meets the greater segment of the base, 
and the less that which meets the less. 


Let AD, the bisector of the angle A of the triangle ABC, meet BC in D, 
making CD greater than BD. 

I say that AC is greater than AB. 

Produce AD to E so that DE is equal to 
AD. And, since DC is greater than BD, cut 
off DF equal to BD. 

Join ZF and produce it to G. 

Then, since the two sides AD, DB are 
equal to the two sides ED, DF, and the 
vertical angles at D are equal, 

AB is equal to EF, 
and the angle DEF to the angle BAD, 
ie. to the angle DAG (by hypothesis). 

Therefore 4G is equal to EG, 

and therefore greater than ZF, or AB. 
Hence, a fortiori, AC is greater than AB. 
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Proof of I. 19. 
— ABC be a triangle in which the angle ABC is greater than the angle 

B. 

Bisect BC at D, join AD, and produce it to E so that DE is equal to 
AD. Join BE. 

Then the .wo sides BD, DE are equal to the two A 
sides CD, DA, and the vertical angles at D are equal ; 

therefore B E is equal to AC, 

and the angle DE to the angle at C. 

But the angle at C is less than the angle ABC; 

therefore the angle DBZ is less than the angle 8 c 
ABD. 

Hence, if BF bisect the angle ABZ, BF meets 
AE between A and D. Therefore ZF is greater 
than FA. E 

It follows, by the lemma, that BZ is greater than 
BA, 

that is, ÆC is greater than 47. 


PROPOSITION 20. 


Jn any triangle two sides taken together in any manner 
are greater than the remaining one. 


For let ABC be a triangle ; 
I say that in the triangle ABC two sides taken together in 
any manner are greater than the remaining one, namely 
BA, AC greater than BC, 
AB, BC greater than AC, 
BC, CA greater than AB. 


For let BA be drawn through to the point D, 
let DA be made equal to CA, and let DC be 
joined. 

Then, since DA is equal to AC, 
the angle ADC is also equal to the angle A 


ACD; [1. 5] 
therefore the angle BCD is greater than 
the angle ADC. (C. N. s] 


And, since DCB is a triangle having the angle BCD 
greater than the angle BDC, 
and the greater angle is subtended by the greater side, 


[1. 19] 
therefore DZ is greater than BC. 
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But DA is equal to AC; 
therefore BA, AC are greater than BC. 


Similarly we can prove that 48, BC are also greater 
than CA, and BC, CA than AZ. 
Therefore etc. 


Q. E. D. 


It was the habit of the Epicureans, says Proclus (p. 322), to ridicule this 
theorem as being evident even to an ass and requiring no proof, and their 
allegation that the theorem was “known” (yvwpijzov) even to an ass was based 
on the fact that, if fodder is placed at one angular point and the ass at another, 
he does not, in order to get to his food, traverse the two sides of the triangle 
but only the one side separating them (an argument which makes Savile exclaim 
that its authors were “digni ipsi, qui cum Asino foenum essent,” p. 78). 
Proclus replies truly that a mere perception of the truth of the theorem is a 
different thing from a scientific proof of it and a knowledge of the reason why 
it is true. Moreover, as Simson says, the number of axioms should not be 
increased without necessity. 


Alternative Proofs. 


Heron and Porphyry, we are told (Proclus, pp. 323— 6), proved this 
theorem in different ways as follows, without producing one of the sides. 

First proof. 

Let ABC be the triangle, and let it be required to prove that the sides 
BA, AC are greater than AC. 

Bisect the angle BAC by AD meeting BC in D. A 

Then, in the triangle ABD, 

the exterior angle ADC is greater than the 
interior and opposite angle BAD, [1. 16] 

that is, greater than the angle DAC. 

Therefore the side AC is greater than the side 8 D c 
CD. (1. 19] 
Similarly we can prove that AZ is greater than BD. 
Hence, by addition, BA, AC are greater than BC. 


Second proof. 


This, like the first proof, is direct. There are several cases to be considered. 

(1) If the triangle is egus/atera/, the truth of the proposition is obvious. 

(2) If the triangle is ssoscedes, the proposition needs no proof in the case 
(a) where each of the equal sides is greater than the base. 

(4) If the base is greater than either of the other sides, we have to prove 
that the sum of the two equal sides is greater than 


the base. Let BC be the base in such a triangle. A 
Cut off from BC a length BD equal to 4B, and 
join AD. 
Then, in the triangle ADA, the exterior angle 
ADC is greater than the interior and opposite angle 8 D c 
BAD. [1. 16] 


Similarly, in the triangle ADC, the exterior angle ADB is greater than the 
interior and opposite angle CAD. 
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By addition, the two angles BDA, ADC are together greater than the 
two angles BAD, DAC (or the whole angle BAC). 

Subtracting the equal angles BDA, BAD, we have the angle ADC 
greater than the angle CAD. 

It follows that AC is greater than CD; [1. 19) 
and, adding the equals 4B, BD respectively, we have BA, AC together 
greater than BC. 


(3) If the triangle be sca/ene, we can arrange the sides in order of length. 
Suppose ZC is the greatest, AØ the intermediate and ÆC the least side. 
Then it is obvious that 4.8, BC are together greater than AC, and BC, CA 
together greater than AB. 

It only remains therefore to prove that CA, AB are together greater 
than BC. 

We cut off from BC a length BD equal to the adjacent side, join AD, and 
proceed exactly as in the above case of the isosceles triangle. 


Third proof. 
This proof is by reductio ad absurdum. 


Suppose that BC is the greatest side and, as before, we have to prove that 
BA, AC are greater than BC. 


If they are not, they must be either equal to A 
or less than BC. 

(1) Suppose BA, AC are together equal 
to BC. 

From BC cut off BD equal to BA, and B o c 
join 42. 


It follows from the hypothesis that DC is equal to AC. 
Then, since Z4 is equal to BD, 
the angle BDA is equal to the angle BAD. 
Similarly, since AC is equal to CD, 
the angle CDA is equal to the angle CAD. 
By addition, the angles BDA, ADC are together equal to the whole angle 
BAC. 
That is, the angle BAC is equal to two right angles: which is impossible. 


(2) Suppose BA, AC are together less than BC. 
From BC cut off BD equal to BA, and from CZ cut off CE equal to 
CA. Join AD, AE. 


In this case, we prove in the same way that A 
the angle BDA is equal to the angle BAD, and 
the angle CEA to the angle CAE. 
By addition, the sum of the angles BDA, 
AEC is equal to the sum of the angles BAD, 8B D E c 
CAE. 


Now, by r. 16, the angle BDA is greater than the angle DAC, and 
therefore, a fortiori, greater than the angle ZAC. 

Similarly the angle AZC is greater than the angle BAD. 

Hence the sum of the angles BDA, AEC is greater than the sum of the 
angles BAD, EAC. 

But the former sum was also equal to the latter: which is impossible. 
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PROPOSITION 21. 


If on one of the sides of a triangle, from its extremities, 
there be constructed two straight lines meeting within the 
triangle, the straight lines so constructed will be less than the 
remaining two sides of the triangle, but will contain a greater 

s angle. 


On BC, one of the sides of the triangle ABC, from its 
extremities Z, C, let the two straight lines BD, DC be con- 
structed meeting within the triangle ; 

I say that BD, DC are less than the remaining two sides 

10 of the triangle B.A, AC, but contain an angle BDC greater 
than the angle BAC. 

For let BD be drawn through, to Æ. A 

Then, since in any triangle two E 
sides are greater than the remaining 

15 One, (1. 20] 

therefore, in the triangle ABZ, the 
two sides/4Z, 4 E aregreaterthan BE. 8 

Let EC be added to each ; 

therefore BA, AC are greater than BE, EC. 
26 Again, since, in the triangle CED, 
the two sides CE, ED are greater than CD, 
let DB be added to each; 
therefore CE, EZ are greater than CD, DB. 

But BA, AC were proved greater than BZ, EC; 

25 therefore BA, AC are much greater than BD, DC. 


Again, since in any triangle the exterior angle is greater 
than the interior and opposite angle, [1 16] 
therefore, in the triangle CDZ, 
the exterior angle BDC is greater than the angle CED. 
30 For the same reason, moreover, in the triangle ABE also, 
the exterior angle CE is greater than the angle BAC. 
But the angle 8DC was proved greater than the angle CEZ; 
therefore the angle BDC is much greater than the angle 
BAC. 
3; Therefore etc. Q. E. D. 


2. be constructed...meeting within the triangle. The word ‘‘meeting” is not in 
the Greek, where the words are évros gvoraGdow. owloracba is the word used of con- 
structing two straight lines fo @ point (cf. 1. 7) or so as to form a triangle ; but it is necessary 
in English to indicate that they meet. 

the straight lines so constructed. Observe the elegant brevity of the Greek al 
overadeioas, 
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The editors generally call attention to the fact that the lines drawn within 
the triangle in this proposition must be drawn, 
as the enunciation says, from the ends of the A 
side; otherwise it is not necessary that their 
sum should be less than that of the remaining 
sides of the triangle. Proclus (p. 327, 12 sqq.) 
gives a simple illustration. 

Let ABC be a right-angled triangle. Take 
any point D on BC, join DA, and cut off . 
from it DE equal to AB. Bisect AE at F, 'B D c 
and join FC. 

Then shall CF, FD be together greater than CA, AB. 

For CF, FE are equal to CF, FA, 
and therefore greater than C4. 
Add the equals ÆD, AB respectively ; 
therefore CF, FD are together greater than CA, AB. 

Pappus gives the same proposition as that just proved, but follows it up 
by a number of others more elaborate in character, selected apparently from 
“the so-called paradoxes " of one Erycinus (Pappus, 111. p. 106 sqq.). Thus 
he proves the following : 

t. In any triangle, except an equilateral triangle or an isosceles triangle 
with base less than one of the other sides, it is possible to construct on the 
base and within the triangle two straight lines the sum of which is equal to 
the sum of the other two sides of the triangle. 

2. In any triangle in which it is possible to construct two straight lines on 
the base which are equal to the sum of the other two sides of the triangle it is 
also possible to construct two others the sum of which is greater than that sum. 

3. Under the same conditions, if the base is greater than either of the 
other two sides, two straight lines can be constructed in the manner described 
which are respectively greater than the other two sides of the triangle ; and the 
lines may be constructed so as to be respectively egual to the two sides, if one 
of those two sides is less than the other and each of them less than the base. 

4. The lines may be so constructed that their sum will bear to the sum 
of the two sides of the triangle any ratio less than 2 : 1, 

As a specimen of the proofs we will give that of the proposition which has 





been numbered (1) for the case where the triangle is isasceles (Pappus, 1m. 
pp. 108—110). 
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Let ABC be an isosceles triangle in which the base AC is greater than 
either of the equal sides AB, BC. 
With centre A and radius AB describe a circle meeting AC in D. 
Draw any radius AE such that it meets ZC in a point Z outside the circle. 
Take any point G on ZF, and through it draw GZ parallel to AC. Take 
any point K on GH, and draw XZ parallel to FA meeting AC in Z. 
From BC cut off BN equal to ZG. 
Thus AG, or LK, is equal to the sum of 4B, BN, and CV is less than ZX. 
Now GF, FAH are together greater than GH, 
and CH, AK together greater than CK. 
Therefore, by addition, 
CF, FG, HK are together greater than CX, HG. 
Subtracting 7X from each side, we see that 
CF, FG are together greater than CK, KG ; 
therefore, if we add AG to each, 
AF, FC are together greater than 4G, GK, KC. 
And AB, BC are together greater than AF, FC. [r. 21] 
Therefore AA, BC are together greater than AG, GK, KC. 
But, by construction, AB, BN are together equal to 4G ; 
therefore, by subtraction, VC is greater than GX, XC, 
and a fortiori greater than KC. 
Take on XC produced a point M such that KM is equal to VC; 
with centre X and radius XM describe a circle meeting CZ in O, and join XO. 
Then shall ZX, KO be equal to AB, BC. 
For, by construction, ZX is equal to the sum of AB, BM, and KO is 
equal to VC; 
therefore ZX, KO are together equal to AB, BC. 


It is after 1. 21 that (as remarked by De Morgan) the important 
proposition about the perpendicular and obliques drawn from a point to a 
straight line of unlimited length is best introduced : 


Of all straight lines that can be drawn to a given straight line of unlimited 
length from a given point without it: 

(a) the perpendicular ts the shortest ; 

(P) of the obliques, that is the greater the foot of which is further from the 
perpendicular ; 

(c) given one oblique, only one other can be found of the same length, namely 
that the foot of which ts equally distant with the foot of the given one from the 
perpendicular, but on the other side of tt. 

Let A be the given point, AC the given straight line; let AD be 
the perpendicular from A on BC, 
and AZ, AF any two obliques of 
which AF makes the greater angle 
with 42. 

Produce AD to A’, making A’D 
equal to 4D, and join A'E, A’F. 

Then the triangles ADE, A'DE 
are equal in all respects; and so are 
the triangles ADF, A4'DF. 

Now (1) in the triangle AZ’ the 
two sides AZ, EA’ are-greater than Ad’ [1. 20], that is, twice AZ is greater 
than twice 4D. 
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Therefore AZ is greater than AD. 

(2) Since AE, A'E are drawn to Æ, a point within the triangle AFA’, 
AF, FA’ are together greater than AZ, ZA’, [1 21] 

or twice AF is greater than twice AZ. 

Therefore AF is greater than AZ. 

(3) Along 2 measure off DG equal to DF, and join AG. 

The triangles AGD, AFD are then equal in all respects, so that the 

angles GAD, FAD are equal, and AG is equal to AF. 


PROPOSITION 22. 


Out of three straight lines, which ave equal to three given 
straight lines, to construct a triangle: thus it is necessary that 
two of the straight lines taken together in any manner should 
be greater than the remaining one. [1. 29] 

Let the three given straight lines be A, B, C, and of these 
let two taken together in any manner be greater than the 
remaining one, 


namely A, B greater than C, 
A, C greater than B, 
and B, C greater than 4 ; 


thus it is required to construct a triangle out of straight lines 
equal to 4, B, C. 








Let there be set out a straight line DZ, terminated at D 
but of infinite length in the direction of Æ, 
and let DF be made equal to 4, FG equal to B, and GH 
equal to C. (1. 3] 
With centre F and distance FD let the circle DAL be 
described ; 
again, with centre G and distance GH let the circle KLH be 
described ; 
and let KF, KG be joined ; 
I say that the triangle AFG has been constructed out of 
three straight lines equal to A, B, C. 
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For, since the point F is the centre of the circle DZ, 
FD is equal to FK. 

But FD is equal to 4 ; 
therefore K'F is also equal to A. 

Again, since the point G is the centre of the circle LAH, 
GH is equal to GK. 

But GH is equal to C; 
therefore XG is also equal to C. 

And FG is also equal to B; 


therefore the three straight lines AF, FG, GX are equal to 
the three straight lines 4, B, C. 


Therefore out of the three straight lines KF, FG, GK, 
which are equal to the three given straight lines 4, B, C, the 


triangle K FG has been constructed. — 


3—4. This is the first case in the Elements of a Ssopiouss to a problem in the sense of a 
statement of the conditions or limits of the possibility of a solution. The criterion is of 
course supplied by the preceding proposition. 

3. thue it is necessary. this is usually translated (e.g. by Williamson and Simson) 
' Bst it is necessary,” which is however inaccurate, since the Greek is not 9e? 86 but Sez 34. 
The words are the same as those used to introduce the Stopwyós in the other sense of the 
'! definition " or ‘‘ particular statement” of a construction to be effected. Hence, as in the 
latter case we say ‘‘thus it is required " (eg. to bisect the finite straight line A45, 1. to), we 
sbould here translate '' /As« it is necessary. 

4 To this enunciation all the Mss. and Boethius add, after the &opieuós, the words 
“because in any triangle two sides taken together in any manner are greater than the 
remaining one." But this explanation has the appesrance of a gloss, and it is omitted by 
Proclus and Campanus. Moreover there is no corresponding addition to the dupopuds 
of vi. 38. 


It was early observed that Euclid assumes, without giving any reason, that 
the circles drawn as described will meet if the condition that any two of the 
straight lines 4, Z, C are together greater than the third be fulfilled. Proclus 
(p. 331, 8 sqq.) argues the matter by means of reductio ad absurdum, but 
does not exhaust the possible hypotheses inconsistent with the contention. 
He says the circles must do one of three things, (1) cut one another, (2) touch 
one another, (3) stand apart (B«erava:) from one another. He then considers 
the hypotheses (a) of their touching externally, (b) of their being separated 
from one another by a space. He should have considered also the hypothesis 
(c) of one circle touching the other internally or lying entirely within the 
other without touching. These three hypotheses being successively disproved, 
it follows that the circles must meet (this is the line taken by Camerer and 
Todhunter). 

Simson says: “Some authors blame Euclid because he does not 
demonstrate that the two circles made use of in the construction of this 
problem must cut one another: but this is very plain from the determination 
he has given, namely, that any two of the straight lines DF, FG, GH must 
be greater than the third. For who is so dull, though only beginning to 
learn the Elements, as not to perceive that the circle described from the 
centre Z, at the distance FD, must meet FH betwixt F and H, because FD 
is less than FZ7; and that, for the like reason, the circle described from the 
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centre G at the distance GH must meet DG betwixt D and G; and that 
these circles must meet one another, because FD and GH are together 
greater than FG." 

We have in fact only to satisfy ourselves that one of the circles, e.g. that 
with centre G, has at least one point of its circumference outside the other 
circle and also at least one point of its circumference inside the same circle ; 
and this is best shown with reference to the points in which the first circle 
cuts the straight line DZ. For (1) FH, being equal to the sum of Z and C, 
is greater than A, i.e. than the radius of the circle with centre Æ and therefore 
ff is outside that circle. (2) If GM be measured along GF equal to GH 
or C, then, since GM is either (a) less or (4) greater than GF, M will fall 
either (a) between G and F or (b) beyond F towards D; in the first case 
(a) the sum of FM and C is equal to FG and therefore less than the sum 
of A and C, so that FM is less than A or FD; in the second case (b) the 
sum of MF and FG, i.e. the sum of MF and B, is equal to GM or C, and 
therefore less than the sum of 4 and B, so that A/F is less than A or FD A 
hence in either case M falls within the circle with centre Æ 

It being now proved that the circumference of the circle with centre G 
has at least one point outside, and at least one point inside, the circle with 
centre Z, we have only to invoke the Principle of Continuity, as we have to 
do in 1. 1 (cf. the note on that proposition, p. 242, where the necessary 
postulate is stated in the form suggested by Killing). 

That the construction of the proposition gives only ‘wo points of 
intersection between the circles, and therefore only two triangles satisfying 
the condition, one on each side of FG, is clear from 1. 7, which, as before 
pointed out, takes the place, in Book 1., of 11. 10 proving that two circles 
cannot intersect in more points than two. 


PROPOSITION 23. 


On a given straight line and at a point on it to construct a 
rectilineal angle equal to a given rectilineal angle. 

Let AZ be the given straight line, 4 the point on it, and 
the angle DCE the given rectilineal angle; 

thus it is required to construct on the given straight line 
AB, and at the point A on it, a rectilineal angle equal to the 
given rectilineal angle DCE. 


D 
F 


E 
A G B 


On the straight lines CD, CE respectively let the points 
D, E be taken at random ; 
let DE be joined, 


and out of three straight lines which are equal to the three 
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straight lines CD, DE, CE let the triangle AFG be con- 
structed in such a way that CD is equal to AF, CE to AG, 
and further DE to FG. (1. 22] 


Then, since the two sides DC, C£ are equal to the two 
sides FA, AG respectively, 


and the base DE is equal to the base FG, 
the angle DCZ is equal to the angle FAG. [r. 8) 


Therefore on the given straight line 44 Z, and at the point 
A on it, the rectilineal angle FAG has been constructed equal 


to the given rectilineal angle DCZ. Q. E. F. 


This problem was, according to Eudemus (see Proclus, p. 333, 5), “rather 
the discovery of Oenopides," from which we must apparently infer, not that 
Oenopides was the first to find any solution of it, but that it was he who dis- 
covered the particular solution given by Euclid. (Cf. Bretschneider, p. 65.) 

The editors do not seem to have noticed the fact that the construction of 
the triangle assumed in this proposition is not exactly the construction given 
in 1.22. We have here to construct a triangle on a certain finite straight line 
AG as base; in 1. 22 we have only to construct a triangle with sides of given 
length without any restriction as to how it is to be placed. Thus in I. 22 we 
set out any line whatever and measure successively three lengths along it 
beginning from the given extremity, and what we must regard as the base is the 
intermediate length, not the length beginning at the given extremity, of the 
straight line arbitrarily set out. Here the base is a given straight line abutting 
at a given point. Thus the construction has to be modified somewhat from 


that of the preceding proposition. We must measure 4G along AB so that 
AG is equal to CE (or CD), and GH along GB equal to DE; and then we 
must produce BA, in the opposite direction, to 7, so that ÆA F is equal to CD 
(or CE, if AG has been made equal to CD). 

Then, by drawing circles (1) with centre 4 and radius AF, (2) with centre 
G and radius GH, we determine X, one of their points of intersection, and we 
prove that the triangle XAG is equal in all respects to the triangle DCZ, and 
then that the angle at 4 is equal to the angle DCZ. 

I think that Proclus must (though he does not say so) have felt the same 
difficulty with regard to the use in 1. 23 of the result of 1. 22, and that this is 
probably the reason why he gives over again the construction which I have 
given above, with the remark (p. 334, 6) that “you may obtain the construction 
of the triangle in a more instructive manner (8:SacxaAuxurrepov) as follows." 

Proclus objects to the procedure of Apollonius in constructing an angle 
under the same conditions, and certainly, if he quotes Apollonius correctly, the 
latter's exposition must have been somewhat slipshod. 
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“He takes an angle CDE at random,” says Proclus (p. 335, 19 sqq.), “and 
a straight line 42, and with centre D and distance 
CD describes the circumference CZ, and in the same c 
way with centre A and distance AB the circumference 
FB. Then, cutting off FB equal to CZ, he joins AF. 
And he declares that the angles 4, D standing on 
equal circumferences are equal.” 

In the first place, as Proclus remarks, it should be E 
premised that 4B is equal to CD in order that the 
circles may be equal; and the use of Book itr. for 
such an elementary construction is objectionable. 4 
The omission to state that AB must be taken equal 
to CD was no doubt a slip, if it occurred. And, as 
regards the equal angles “standing on equal circum- F 
ferences,” it would seem possible that Apollonius said 
this in explanation, for the sake of brevity, rather than by way of proof. It 
seems to me probable that his construction was only given from the point of 
view of practica/, not theoretical, geometry. It really comes to the same thing 
as Euclid’s except that DC is taken equal to DZ. For cutting off the arc BF 
equal to the arc CZ can only be meant in the sense of measuring the chord 
CE, say, with a pair of compasses, and then drawing a circle with centre B 
and radius equal to the chord CZ. Apollonius’ direction was therefore 
probably intended as a practical short cut, avoiding the actual drawing of the 
chords CZ, BF, which, as well as a proof of the equality in all respects of the 
triangles CDE, BAF, would be required to establish theoretically the correct- 
ness of the construction. 


PROPOSITION 24. 


If two triangles have the two sides equal to two sides 
respectively, but have the one of the angles contained by the equal 
straight lines greater than the other, they will also have the 
base greater than the base. 


s Let ABC, DEF be two triangles having the two sides 
AB, AC equal to the two sides DE, DF respectively, namely 
AB to DE, and AC to DF, and let the angle at A be greater 
than the angle at D; 

I say that the base BC is also greater than the base EF. 

10 For, since the angle BAC 
is greater than the angle EF, A D 
let there be constructed, on the 
straight line DZ, and at the 
point D on it, the angle EDG 

15 equal to the angle BAC; [1. 23] B 
let DG be made equal to either a+ 
of the two straight lines AC, 

DF, and let EG, FG be joined. 
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Then, since 4B is equal to DE, and AC to DG, 
20 the two sides BA, AC are equal to the two sides ED, DG, 
respectively ; 
and the angle BAC is equal to the angle EDG ; 
therefore the base AC is equal to the base EG. [1.4] 


Again, since DF is equal to DG, 
25 the angle DG is also equal to the angle DFG; [1 5] 
therefore the angle DFG is greater than the angle EGF. 
Therefore the angle EG is much greater than the angle 
EGF. 
And, since EFG is a triangle having the angle EFG 
3o greater than the angle EGF, 
and the greater angle is subtended by the greater side, 


(1. 19] 
the side EG is also greater than E. 


But ZG is equal to BC. 
Therefore BC is also greater than EF. 


3s Therefore etc. 
Q. E. D. 


10. I have naturally left out the well-known words added by Simson in 
order to avoid the necessity of considering three cases: ''Of the two sides 
DE, DF let DE be the side which is not greater than the other.” I doubt 
whether Euclid could have been induced to insert the words himself, even if 
it had been represented to him that their omission meant leaving two possible 
cases out of consideration. His habit and that of the great Greek geometers 
was, not to set out all possible cases, but to give as a rule one case, generally 
the most difficult, as here, and to leave the others to the reader to work out for 
himself. We have already seen one instance in 1. 7. 

Proclus of course gives the other 
two cases which arise if we do not 


A D 
first provide that DZ is not greater 
than DF. 
(1) In the first case G may fall 
on £F produced, and it is then 
B C E F G 


obvious that ZG is greater than EF 
(2) In the second case ÆG may 
fall below £F 


If so, by 1. 21, DF FE are A R 
together less than DG, GE. 
But DF is equal to DG ; there- 
fore EF is less than EG, i.e. than 
BC. 
B c E a 


These two cases are therefore 
decidedly simpler than the case taken 
by Euclid as typical, and could well be left to the ingenuity of the learner. 
If however after all we prefer to insert Simson's words and avoid the latter 
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two cases, the proof is not complete unless we show that, with his assumption, 
F must, in the figure of the proposition, fall below EG. 

De Morgan would make the following proposition precede: Every straight 
line drawn from the vertex of a triangle fo the base is less than the greater of the 
two sides, or than either if they ave equal, and he would prove it by means of 
the proposition relating to perpendicular and obliques given above, p. 291. 

But it is easy to prove directly that Æ falls below EG, if 
DE is not greater than DG, by the method employed by D 
Pfleiderer, Lardner, and Todhunter. 

Let DF, produced if necessary, meet EG in Æ. 

Then the angle DHG is greater than the angle DEG ; E 

(1. 16) 
and the angle DEG is not less than the angle DGE ; 
[1. 18] 
therefore the angle DHG is greater than the angle DGH. a 
Hence DH is less than DG, [t. 19] 
and therefore DH is less than DF 


Alternative proof. 
Lastly, the modern alternative proof is worth giving. 


A D A 0 
8 © A 6 c AL \ 
F 
Let DH bisect the angle FDG (after the triangle DEG has been made 
equal in all respects to the triangle ABC, as in the proposition), and let DH 


meet EG in ZZ. Join HF. 
Then, in the triangles FDH, GDH, 
the two sides FD, D are equal to the two sides GD, DH, 

and the included angles DH, GDH are equal ; 
therefore the base H/F is equal to the base HG. 

Accordingly ZG is equal to the sum of EH, HF; 

and EH, HF are together greater than EF; (1. 20) 
therefore EG, or BC, is greater than EF. 

Proclus (p. 339, 11 sqq.) answers by anticipation the possible question that 
might occur to any one on this proposition, viz. why does Euclid not compare 
the areas of the triangles as he does in 1. 4? He observes that inequality of 
the areas does not follow from the inequality of the angles contained by the 
equal sides, and that Euclid leaves out all reference to the question both for 
this reason and because the areas cannot be compared without the help of the 
theory of parallels. “But if,” says Proclus, “we must anticipate what is to 

. come and make our comparison of the areas at once, we assert that (1) ¿f 
the angles A, D—supposing that our argument proceeds with reference to the 
figure in the proposition—are (together) equal to two right angles, the triangles 
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are proved egual, (2) if greater than two right angles, that triangle which has 
the greater angle is less, and (3) if they are less, greater.” Proclus then gives 
the proof, but without any reference to the source from which he quoted 
the proposition. Now an-Nairizi adds a similar proposition to 1. 38, but 
definitely attributes it to Heron. I shall accordingly give it in the place 
where Heron put it 


PROPOSITION 25. 


If two triangles have the two sides equal fo two sides 
respectively, but have the base greater than the base, they will 
also have the one of the angles contained by the equal straight 
lines greater than the other. 


Let ABC, DEF be two triangles having the two sides 
AB, AC equal to the two sides DE, DF respectively, namely 
AB to DE, and AC to DF; and let the base BC be greater 
than the base EF; 

I say that the angle BAC is also greater than the angle 
EDF. 

A 


B F 


For, if not, it is either equal to it or less. 
Now the angle BAC is not equal to the angle EDF; 
for then the base BC would also have been equal to the base 
EF, (1. 4] 
but it is not; 
therefore the angle BAC is not equal to the angle EDF. 
Neither again is the angle BAC less than the angle EDF; 


for then the base BC would also have been less than the base 
EF, [1. 24] 
but it is not; 


therefore the angle BAC is not less than the angle EDF. 
But it was proved that it is not equal either ; 
therefore the angle BAC is greater than the angle EDF. 
Therefore etc. 
Q. E. D. 
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De Morgan points out that this proposition (as also 1. 8) is a purely /ogical 
consequence of 1. 4 and 1. 24 in the sane way as I. 19 and 1. 6 are purely 
Jlogizal consequences of 1. 18 and t. s. If 4, 4, ¢ denote the sides, 4, B, C the 
angles opposite to them in a triangle ABC, and a’, /', d, A’, B’, C the sides 
and opposite angles respectively in a triangle 4'Z'C', 1. 4 and 1. 24 tell us 
that, 4, c being respectively equal to 7, Z, 

(1) if A is equal to 4’, then a is equal to a’, 

(2) if A is less than 4’, then a is less than a’, 

(3) if A is greater than 4’, then a is greater than a’; 
and it follows ogically that, 


(1) if a is equal to a’, the angle A is equal to the angle 4’, [1. 8) 
(2) if a is less than a', A is less than A’, 
(3) if a is greater than a’, A is greater than A’. } (t. 25) 


Two alternative proofs of this theorem are given by Proclus (pp. 345—7), 
and they are both interesting. Moreover both are direct. 


I. Proof by Menelaus of Alexandria. 


Let ABC, DEF be two triangles having the two sides BA, AC equal to 
the two sides ED, DF, but the base BC greater than the base EF. 


A D 


H 


Then shall the angle at 4 be greater than the angle at D. 
From ZC cut off BG equal to EF. At B, on the straight line ÆC, make 
the angle GBH (on the side of BG remote from A) equal to the angle FED. 
Make BH equal to DE; join HG, and produce it to meet AC in K. 
Join AH. 
Then, since the two sides GB, BH are equal to the two sides FE, ED 
respectively, 
and the angles contained by them are equal, 
HG is equal to DF or AC, 
and the angle BAG is equal to the angle EDF. 
Now AK is greater than HG or AC, 
and a fortiori greater than AX ; 
therefore the angle XA is greater than the angle KA. 
And, since AB is equal to BH, 
the angle BAZ is equal to the angle BHA. 
Therefore, by addition, 
the whole angle BAC is greater than the whole angle BHG, 
that is, greater than the angle EDF. 
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II. Heron's proof. 

Let the triangles be given as before. 

Since BC is greater than ZF, produce EF to G so that EG is equal to 
BC. 

Produce ED to H so that DH is equal to DF. The circle with centre 
D and radius D will then pass through Æ. Let it be described, as FKH. 


H 





Now, since BA, AC are together greater than BC, 
and BA, AC are equal to ED, DH respectively, 
while BC is equal to EG, 
EH is greater than EG. 

Therefore the circle with centre Zand radius ZG will cut ZA, and 
therefore will cut the circle already drawn. Let it cut that circle in X, and 
join DX, KE. 

Then, since D is the centre of the circle FX, 

' DK is equal to DF or AC, 

Similarly, since Æ is the centre of the circle ÆG, 

EK is equal to EG or BC, 

And DE is equa) to AB. 

Therefore the two sides BA, AC are equal to the two sides ED, DK 
respectively ; 

and the base AC is equal to the base EX ; 
therefore the angle BAC is equal to the angle EDX. 

Therefore the angle BAC is greater than the angle EDF. 


PROPOSITION 26. 


Jf two triangles have the two angles egual to two angles 
respectively, and one side egual to one side, namely, either the 
side adjoining the equal angles, or that subtending one of the 
equal angles, they will also have the remaining sides egual to 

5 (he remaining sides and the remaining angle to the remaining 
angle. 
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Let ABC, DEF be two triangles having the two angles 
ABC, BCA equal to the two angles DEF, EFD respectively, 
namely the angle ABC to the angle DEF, and the angle 

10 BCA to the angle EFD; and let them also have one side 
equal to one side, first that adjoining the equal angles, namely 
BC to EF; 
I say that they will also have the remaining sides equal 
to the remaining sides respectively, namely AZ to DE and 
15 AC to DF, and the remaining angle to the remaining angle, 
namely the angle BAC to the angle EDF. 
A D 


G 


B c 
For, if AB is unequal to DZ, one of them is greater. 
Let AB be greater, and let BG be made equal to DE; 
and let GC be joined. 
20 Then, since BG is equal to DZ, and ZC to EF, 
the two sides GB, BC are equal to the two sides DE, EF 
respectively; 
and the angle GBC is equal to the angle DEF; 
therefore the base GC is equal to the base DF, 
2s and the triangle GAC is equal to the triangle DEF, 
and the remaining angles will be equal to the remaining angles, 
namely those which the equal sides subtend ; [1. 4] 
therefore the angle GCB is equal to the angle DFE. 
But the angle DFE is by hypothesis equal to the angle BCA ; 
therefore the angle BCG is equal to the angle BCA, 
the less to the greater: which is impossible. 
Therefore AZ is not unequal to DE, 
and is therefore equal to it. 
But BC is also equal to EZ; 
35 therefore the two sides AB, BC are equal to the two 
sides DE, EF respectively, 
and the angle ABC is equal to the angle DEF; 
therefore the base AC is equal to the base DF, 
and the remaining angle BAC is equal to the remaining 
4o angle EDF. (1. 4] 


30 
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Again, let sides subtending equal angles be equal, as 4B 
to DE; 
I say again that the remaining sides will be equal to the 
remaining sides, namely AC to DF and BC to £F, and 
4s further the remaining angle BAC is equal to the remaining 
angle EDF. 
For, if BC is unequal to EF, one of them is greater. 
Let BC be greater, if possible, and let 877 be made equal 
to EF; let AH be joined. 
sx Then, since BA is equal to EF, and AB to DE, 
the two sides 4B, BH are equal to the two sides DE, EF 
respectively, and they contain equal angles ; 
therefore the base 74 77 is equal to the base DF, 
and the triangle 44877 is equal to the triangle DEF, 
ss and the remaining angles will be equal to the remaining angles, 
namely those which the equal sides subtend ; [1. 4] 
therefore the angle BHA is equal to the angle EFD. 
But the angle Z FD is equal to the angle BCA ; 


therefore, in the triangle AAC, the exterior angle BHA is 
6o equal to the interior and opposite angle BCA : 
which is impossible. (1. 16] 
Therefore BC is not unequal to ZF, 
and is therefore equal to it. 
But AZ is also equal to DE ; 
65 therefore the two sides 48, BC are equal to the two sides 
DE, EF respectively, and they contain equal angles ; 
therefore the base AC is equal to the base DF, 
the triangle ABC equal to the triangle DEF, 
and the remaining angle BAC equal to the remaining angle 
yo EDF. [1. 4] 
Therefore etc. 
Q. E. D. 


2—3. the side adjoining the equal angles, wAevpáày rj» xpos rais (oars yuwvlais. 

39. Is by hypothesis equal úrórera: fon, according to the elegant Greek idiom. 
Owbxeipas is used for the passive of vworl@nus, as xeiuas is used for the passive of rl@nu, and 
so with the other compounds. Cf. wpooxeie@a:, ** to be added." 


The alternative method of proving this proposition, viz. by applying one 
triangle to the other, was very early discovered, at least so far as regards the 
case where the equal sides are adjacent to the equal angles in each. An- Nairizi 
gives it for this case, observing that the proof is one which he had found, but 
of which he did not know the author. 
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Proclus has the following interesting note (p. 352, 13—18): “ Eudemus 
in his geometrical history refers this theorem to Thales. For he says that, in 
the method by which they say that Thales proved the distance of ships in the 
sea, it was necessary to make use gf this theorem.” As, unfortunately, this 
information is not sufficient of itself to enable us to determine how Thales 
solved this problem, there is considerable room for conjecture as to his 
method. 

The suggestions of Bretschneider and Cantor agree in the assumption 
that the necessary observations were probably made from the top of some 
tower or structure of known height, and that a right-angled triangle was used in 
which the tower was the perpendicular, and the line connecting the bottom of 
the tower and the ship was the base, as in the annexed figure, where 4B is the 
tower and C the ship. Bretschneider (Dre Geometrie und die Geometer vor 
Euklades, § 30) says that it was only necessary for 
the observer to observe the angle CAS, and then A 
the triangle would be completely determined by pve 
means of this angle and the known length AB. 

As Bretschneider says that the result would be 

obtained “in a moment” by this method, it is not 

clear in what sense he supposes Thales to have 

“observed” the angle BAC. Cantor is more 

definite (Gesch. d. Math. 1,, p. 145), for he says that 9 c 
the problem was nearly related to that of finding the 

Segt from given sides. By the Scgf in the Papyrus Rhind is meant the 
ratio to one another of certain lines in pyramids or obelisks. Eisenlohr and 
Cantor took the one word to be equivalent, sometimes to the cosine of the 
angle made by the edge of the pyramid with the co-terminous diagonal of the 
base, sometimes to the /angent of the angle of slope of the faces of the pyramid. 
It is now certain that it meant one thing, viz. the ratio of half the side of 
the base to the height of the pyramid, i.e. the cotangent of the angle of 
slope. The calculation of the Seg¢ thus implying a sort of theory of simi- 
larity, or even of trigonometry, the suggestion of Cantor is apparently that 
the Scg/ in this case would be found from a small right-angled triangle ADE 
having a common angle A with 4BC as shown in the figure, and that the 
ascertained value of the Svgf with the length AB would determine ZC. This 
amounts to the use of the property of similar triangles ; and Bretschneider’s 
suggestion must apparently come to the same thing, since, even if Thales 
measured the angle in our sense (e.g. by its ratio to a right angle), he would, 
in the absence of something correspondingto a table of trigonometrical ratios, 
have gained nothing and would have had to work out the proportions all the 
same. 

Max C. P. Schmidt also (Xulturhistorische Beiträge zur Kenntnis des 
griechischen und römischen Altertums, 1906, p. 32) similarly supposes Thales to 
have had a right angle made of wood or bronze with the legs graduated, to 
have placed it in the position ADE (A being the position of his eye), and 
then to have read off the lengths AD, DE respectively, and worked out the 
length of BC by the rule of three. 

How then does the supposed use of similar triangles and their property 
square with Eudemus' remark about 1. 26? As it stands, it asserts the 
equality of two triangles which have two angles and one side respectively 
equal, and the theorem can only be brought into relation with the above 
explanations by taking it as asserting that, if two angles and one side of one 
triangle are given, the triangle is completely determined. But, if Thales 
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practically used proportions, as supposed, 1. 26 is surely not at all the theorem 
which this procedure would naturally suggest as anderlying it and being 
“necessarily used”; the use of proportions or of similar but not equal 
triangles would surely have taken attention altogether away from 1. 26 and 
fixed it on vi. 4. 

For this reason I think Tannery is on the right road when he tries to find 
a solution using 1. 26 as it stands, and withal as primitive as any recorded 
solution of such a problem. His suggestion (Za Géométrie grecque, pp. 90—1) 
is based on the fluminis varatio of the Roman agrimensor Marcus Junius 
Nipsus and is as follows. 

To find the distance from a point A to an inaccessible point B. From 4 
measure along a straight line at right angles to 42 a 
length AC and bisect it at D. From C draw CE at right g 
angles to CA on the side of it remote from J, and let E 
be the point on it which is in a straight line with Z and D. 

Then, by 1. 26, CZ is obviously equal to 47. 

As regards the equality of angles, it is to be observed 
that those at D are equal because they are vertically 
opposite, and, curiously enough, Thales is expressly 
credited with the discovery of the equality of such angles. 

The only objection which I can see to Tannery's 
solution is that it would require, in the case of the ship, a 
certain extent of free and level ground for the construction 
and measurements. 

I suggest therefore that the following may have been 
Thales’ method. Assuming that he was on the top of a 
tower, he had only to use a rough instrument made of a straight stick and a 
cross-piece fastened to it so as to be capable of turning about the fastening 
(say a nail) so that it could form any angle with the stick and would remain 
where it was put. Then the natural thing would be to fix the stick upright 
(by means of a plumb-line) and direct the cross-piece towards the ship. 
Next, leaving the cross-piece at the angle so found, the stick could be turned 
round, still remaining vertical, until the cross-piece pointed to some visible 
object on the shore, when the object could be mentally noted and the distance 
from the bottom of the tower to it could be subsequently measured. This 
would, by 1. 26, give the distance from the bottom of the tower to the ship. 
This solution has the advantage of corresponding better to the simpler and 
more probable version of Thales’ method of measuring the height of the 
pyramids; Diogenes Laertius says namely (t. 27, p. 6, ed. Cobet) on the 
authority of Hieronymus of Rhodes (B.C. 299—230), that he waited for this 
purpose until the moment when our shadows are of the same length as ourselves. 


E 


Recapitulation of congruence theorems. 


Proclus, like other commentators, gives at this point (p. 347, 20 sqq.) a 
summary of the cases in which the equality of two triangles in all respects can 
be established. We may, he says, seek the conditions of such equality by 
successively considering as hypotheses the equality (1) of sides alone, (2) of 
angles alone, (3) of sides and angles combined. Taking (1) first, we can only 
establish the equality of the triangles in all respects if all three sides are 
respectively equal; we cannot establish the equality of the triangles by any 
hypothesis of class (2), not even the hypothesis that all the three angles are 
respectively equal; among the hypotheses of class (3), the equality of one 
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side and one angle in each triangle is not enough, the equality (a) of one side 
and all three angles is more than enough, as is also the equality (4) of two 
sides and two or three angles, and (c) of three sides and one or two angles. 
The only hypotheses therefore to be examined from this point of view are 
the equality of 
(a) three sides [Eucl. 1. 8]. 


(8) two sides and one angle [t. 4 proves one case of this, where the angle 
is that contained by the sides which are by hypothesis equal]. 

(y) one side and two angles [1. 26 covers all cases]. 

It is curious that Proclus makes no allusion to what we call the ambiguous 
case, that case namely of (8) in which it is an angle opposite to one of the 
two specified sides in one triangle which is equal to the angle opposite to the 
equal side in the other triangle. Camerer indeed attributes to Proclus the 
observation that in this case the equality of the triangles cannot, unless some 
other condition is added, be asserted generally; but it would appear that 
Camerer was probably misled by a figure (Proclus, p. 351) which looks like a 
figure of the ambiguous case but is really only used to show that in 1. 26 the 
equal sides must be corresponding sides, i.e., they must be either adjacent to the 
equal angles in each triangle, or opposite to corresponding equal angles, and 
that, e.g., one of the equal sides must not be adjacent to the two angles in 
one triangle, while the side equal to it in the other triangle is opposite to one 
of the two corresponding angles in that triangle. 


The ambiguous case. 


Jf two triangles have two sides equal to two sides respectively, and if the 
angles opposite to one pair of equal sides be also equal, then will the angles 
opposite the other pair of equal sides be cither equal or supplementary ; and, in 
the former case, the triangles will be equal in all respects. 


Let ABC, DEF be two triangles such that AB is equal to DE, and AC 
to DF, while the angle ABC is equal to the angle DEF; 
it is required to prove that the angles ACB, DFE are either equal or 
supplementary. 


D 


8 C 8 c E F a 


Now (1), if the angle BAC be equal to the angle EDA, it follows, since 
the two sides 43, AC are equal to the two sides DE, DF respectively, that 
the triangles ABC, DEF are equal in all respects, D. 4] 
and the angles ACB, DFE are equal. 


(2) If the angles BAC, EDF be not equal, make the angle EDG (on 
the same side of E as the angle £D) equal to the angle BAC. 

Let EF, produced if necessary, meet DG in G. 

Then, in the triangles ABC, DEG, 
the two angles BAC, ABC are equal to the two angles EDG, DEG 
respectively, 
and the side 47 is equal to the side DE; 
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therefore the triangles ABC, DEG are equal in all respects, (t. 26] 
so that the side AC is equal to the side DG, 
and the angle ACB is equal to the angle DGE. 
Again, since AC is equal to DF as well as to DG, 
DF is equal to DG, 


and therefore the angles DFG, DGF are equal. 
But the angle DFE is supplementary to the angle DFG; and the angle 
DGF was proved equal to the angle: ACB; 


therefore the angle DE is supplementary to the angle ACB. 


If it is desired to avoid the ambiguity and secure that the triangles may 
be congruent, we can introduce the necessary conditions into the enunciation, 
on the analogy of Eucl. vi. 7. 


Jf two triangles have two sides of the one equal to two sides of the other 
respectively, and the angles opposite to a pair of equal sides equal, then, if the 
angles opposite to the other pair of equal sides are both acute, or both obtuse, or sf 
one of (hem is a right angle, the two triangles are egual in all respects. 


The proof of the three cases (by reductio ad absurdum) was given by 
Todhunter. 


PROPOSITION 27. 


Lf a straight line falling on two straight lines make the 
alternate angles equal to one another, the straight lines will be 
parallel to one another. 


For let the straight line £7 falling on the two straight 
s lines AB, CD make the alternate angles AEF, EFD equal 
to one another ; 


I say that AB is parallel to CD. 
For, if not, AB, CD when pro- 
duced will meet either in the direction 
10 0f Z, D or towards A, C. 
Let them be produced and meet, 
in the direction of Z, D, at G. 
Then, in the triangle GE, 
the exterior angle 4 ZF is equal to the interior and opposite 
is angle EFG: 
which is impossible. [1. 16) 


Therefore AB, CD when produced will not meet in the 
direction of B, D. 
Similarly it can be proved that neither will they meet 
zæ towards 4, C. 
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But straight lines which do not meet in either direction 
are parallel ; [Def. 23] 
therefore AZ is parallel to CD. 


Therefore etc. 
Q. E. D. 


t. falling on two straight lines, els 360 eóelas éux(mrovea, the phrase being the same 
us that used in Post. 5, meaning a ¢ransversal. 

2. the alternate angles, al evadddg ywwlas. Proclus (p. 357, 9) explains that Euclid 
uses the word alternate (or, more exactly, alternately, évadd4£) in two connexions, (1) of a 
certain transformation of a proportion, as in Book v. and the arithmetical Books, (2) as here, 
of certain of the angles formed by parallels with a straight line crossing them. Alternate 
angles are, according to Euclid as interpreted by Proclus, those which are not on the same 
side of the transversal, and are not adjacent, bul are separated by the transversal, both being 
within the parallels but one ''above" and the other " below." The meaning is natural 
enough if we imagine the four internal angles to be taken in cyclic order and alternate angles 
to be any two of them not successive but separated by one angle of the four. 

9. in the direction of B, D or towards A, C, literally **towards the £ar/; B, D or 
towards A, C," éxl rà B, A uépy 5; évl rà A, T. 


With this proposition begins the second section of the first Book. Up 
to this point Euclid has dealt mainly with triangles, their construction 
and their properties in the sense of the relation of their parts, the sides and 
angles, to one another, and the comparison of different triangles in respect of 
their parts, and of their area in the particular cases where they are congruent. 

'The second section leads up to the third, in which we pass to relations 
between the areas of triangles, parallelograms and squares, the special feature 
being a new conception of eguwa/ify of areas, equality not dependent on 
congruence. This whole subject requires the use of parallels. Consequently 
the second section beginning at 1. 27 establishes the theory of parallels, 
introduces the cognate matter of the equality of the sum of the angles of a 
triangle to two right angles (1. 32), and ends with two propositions forming the 
transition to the third section, namely 1. 33, 34, which introduce the parallelo- 
gram for the first time. 


Aristotle on parallels. 


We have already seen reason to believe that Euclid’s personal contribution 
to the subject was nothing less than the formulation of the famous Postulate 
5 (see the notes on that Postulate and on Def. 23), since Aristotle indicates 
that the then current theory of parallels contained a fetitio principii, and 
presumably therefore it was Euclid who saw the defect and proposed the 
remedy. 

But it is clear that the propositions 1. 27, 28 were contained in earlier 
text-books. They were familiar to Aristotle, as we may judge from two 
interesting passages. 

(1) In Anal. Post. 1. 5 he is explaining that a scientific demonstration 
must not only prove a fact of every individual of a class (xarà mavros) but 
must prove it primarily and generally true (zporov xa0óAov) of the wAo/e of 
the class as one ; it will not do to prove it first of one part, then of ariother 
part, and so on, until the class is exhausted. He illustrates this (74 a 13— 16) 
by a reference to parallels: “If then one were to show that right (angles) do 
not meet, the proof of this might be thought to depend on the fact that this 
is true of all (pairs of actual) right angles. But this is not so, inasmuch as 
the result does not follow because (the two angles are) equal (to two right 
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angles) in the particular way [i.e. because each is a right angle], but by virtue 
of their being equal (to two right angles) in any way whatever [i.e. because 
the sum only needs to be equal to two right angles, and the angles themselves 
may vary as much as we please subject to this].” 

(2) ‘The second passage has already been quoted in the note on Def. 23: 
“there is nothing surprising in different hypotheses leading to the same false 
conclusion ; e.g. the conclusion that parallels meet might equally be drawn 
from either of the assumptions (a) that the interior (angle) is greater than the 
exterior or (^) that the sum of the angles of a triangle is greater than two 
right angles” (Anal. Prior. ut. 17, 66 a 11—15). 

I do not quite concur in the interpretation which Heiberg places upon 
these passages (Mathematisches zu Aristoteles, pp. 18—19). He says, first, 
that the allusion to the "' interior angle" being "greater than the exterior" in 
the second passage shows that the reference in the first passage must be to 
Eucl. 1. 28 and not to r. 27, and he therefore takes the words ór« 4i tea in 
the first passage (which I have translated “ because the two angles are equal 
to two right angles in the particular way”) as meaning “because the angles, 
viz. the exterior and the inferior, are equal in the particular way." He also 
takes ai ôpĝaì où avurlrrovo: (which I have translated “right angles do not 
meet,” an expression quite in Aristotle’s manner) to mean “ perpendicular 
straight lines do not meet"; this is very awkward, especially as he is obliged 
to supply angles with toa: in the next sentence. 

But I think that the first passage certainly refers to 1. 28, although I do 
not think that the alternative (2) in the second passage suggests it. This 
alternative may, I think, equally with the alternative (4) refer to 1. 27. That 
proposition is proved by reductio ad absurdum based on the fact that, if the 
straight lines do meet, they must form a /ziang/e in which case the exterior 
angle must be greater than the interior (while according to the hypothesis 
these angles are equal) It is true that Aristotle speaks of the hypothesis 
that the in/eríor angle is greater than the exferior ; but after all Aristotle had 
only to state some incorrect hypothesis. It is of course only in connexion 
with straight lines meeting, as the hypothesis in 1. 27 makes them, that the 
alternative (^) about the sum of the angles of a triangle could come in, and 
alternative (2) implies alternative (4). 

It seems clear then from Aristotle that 1. 27, 28 at least are pre-Euclidean, 
and that it was only in 1. 29 that Euclid made a change by using his Postulate. 

De Morgan observes that 1. 27 is a /ogiza/ equivalent of 1. 16. Thus, if 4 
means "straight lines forming a triangle with a transversal," Z ''straight lines 
making angles with a transversal on the same side which are together less 
than two right angles," we have 

All 4 is B, 
and it follows /ogically that 
All not-Z is not-A. 


PRroposITION 28. 


Lf a straight line falling on two straight lines make the 
exterior angle equal to the interior and opposite angle on the 
same side, or the interior angles on the same side equal to two 
right angles, the straight lines will be parallel to one another. 
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For let the straight line ZF falling on the two straight 
lines AB, CD make the exterior angle EGA equal to the 
interior and opposite angle GAD, or the interior angles on 
the same side, namely BG, GAD, equal to two right angles; 

I say that AB is parallel to CD. 

For, since the angle EGZ is 


m 


equal to the angle GĦ D, x G à 
while the angle E'GZ is equal to the 
angle AGH, [1- 15] 5 
the angle AGH is also equal tothe € D 
angle GHD; F 
and they are alternate ; 

therefore AZ is parallel to CD. [1. 27] 


Again, since the angles BGH, GHD are equal to two 
right angles, and the angles AGH, BGH are also equal to 
two right angles, [1. 13] 
the angles AGH, BGH are equal to the angles BGH, GHD. 

Let the angle BGH be subtracted from each ; 


therefore the remaining angle AGH is equal to the remaining 
angle GHD; 


and they are alternate ; 
therefore AB is parallel to CD. [1. 27] 
Therefore etc. 
Q. E. D. 


One criterion of parallelism, the equality of alternate angles, is given in 
1. 27; here we have two more, each of which is easily reducible, and is actually 
reduced, to the other. 

Proclus observes (pp. 358—9) that Euclid could have stated six criteria as 
well as three, by using, in addition, other pairs of angles 
in the figure (not adjacent) of which it could be predi- 
cated that the two angles are equal or that their sum 
is equal to two right angles. A natural division is to 
consider, first the pairs which are on the same side of 
the transversal, and secondly the pairs which are on 
different sides of it. 

Taking (1) the possible pairs on the same side, we 
may have a pair consisting of 





(a) two internal angles, viz. the pairs (BGH, 
GHD) and (AGH, GHC); 


(4) two external angles, viz. the pairs (EGS, DAF) and (EGA, CHF); 


(c) one external and one internal angle, viz. the pairs (EGB, GHD), 
(FHD, HGB), (EGA, GHC) and (FHC, HGA). 
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And (2) the possible pairs on different sides of the transversal may consist 
respectively of 

(a) two internal angles, viz. the pairs (4GH, GAD) and (CHG, HGB); 

(4) two external angles, viz. the pairs (A4GZ, DHF) and (EGS, CHF); 

(à one external and one internal, viz. the pairs (AGE, GHD), (EGB, 
GHC), (FHC, HGB) and (FHD, HGA). 


The angles are equal in the pairs (1) (c), (2) (2) and (2) (b), and the sum 
is equal to two right angles in the case of the pairs (1) (a), (1) (6) and (2) (c). 
For his criteria Euclid selects the cases (2) (a) [1. 27] and (1) (à), (x) (a) [1. 28], 
leaving out the other three, which are of course equivalent but are not quite 
so easily expressed. 

From Proclus' note on 1. 28 (p. 361) we learn that one Aigeias (? Aineias) 
of Hierapolis wrote an epitome or abridgment of the E/ements. This seems 
to be the only mention of this editor and his work; and they are only 
mentioned as having combined Eucl. 1. 27, 28 into one proposition. To do 
this, or to make the three hypotheses the subject of /Zree separate theorems, 
would, Proclus thinks, have been more natural than to deal with them, as 
Euclid does, in two propositions. Proclus has no suggestion for explaining 
Euclid's arrangement unless the ground were that 1. 27 deals with angles on 
different sides, 1. 28 with angles on one and the same side, of the transversal. 
But may not the reason have been one of convenience, namely that the 
criterion of 1. 27 is that actually used to prove parallelism, and is moreover 
the basis of the construction of parallels in 1. 31, while 1. 28 only reduces the 
other two hypotheses to that of 1. 27, so that precision of reference, as well as 
clearness of exposition, is better secured by the arrangement adopted ? 


PROPOSITION 29. 


A straight line falling on parallel straight lines makes 
the alternate angles equal to one another, the exterior angle 
equal to the interior and opposite angle, and the interior angles 
on the same side equal to two right angles. 

s For let the straight line EF fall on the parallel straight 
lines AB, CD; 

I say that it makes the alternate angles AGH, GHD 
equal, the exterior angle EGA equal to the interior and 
opposite angle GAD, and the interior angles on the same 

10 side, namely BGH,, GHD, equal to two right angles. 

For, if the angle AGH is unequal 
to the angle GAD, one of them is E 
greater. 

Let the angle AGH be greater. ^ 

15 Let the angle BGH be added to 
each ; c D 
therefore the angles AGH, BGH 
are greater than the angles BGH, 
GAD. 


312 BOOK I [1. 29 


32 ~—s But the angles AGH, BGA are equal to two right ue j 
L 13 
therefore the angles BGH, GHD are less than two 
right angles. 
But straight lines produced indefinitely from angles less 
than two right angles meet ; (Post. 5] 
25 therefore AB, CD, if produced indefinitely, will meet ; 
but they do not meet, because they are by hypothesis parallel. 
Therefore the angle AGA is not unequal to the angle 
GHD, 
and is therefore equal to it. 
3 — Again, the angle 4GZ7 is equal to the angle EG; (x. 15) 
therefore the angle EG is also equal to the angle 
GHD. [C N. 1] 
Let the angle BGH be added to each ; 
therefore the angles EGB, BGH are equal to the 


3s angles BGH, GHD. [C. N. 2] 
But the angles EGZ, BGH are equal to two right angles i 
L 13 


therefore the angles BGH, GHD are also equal to 
two right angles. 
Therefore etc. Q. E. D. 


33. straight lines produced indefinitely from angles less than two right angles, 
al 6édw’ éhaccbruw 7 560 dpOdv exBadrrbuerar els dweipow guuwlerovew, a variation from the 
more explicit language of Postulate 5. A good deal is left to be understood, namely that the 
straight lines begin from points at which they meet a transversal, and make with it internal 
angles on the same side the sum of which is less than two right angles. 

36. because they are by hypothesis parallel, literally *' because they are supposed 
parallel,” 3d 7d wapaddHdous avrds Uroxeto Oat. 


Proof by “ Playfair’s’’ axiom. 


If, instead of Postulate 5, it is preferred to use “ Playfair’s” axiom in the 
proof of this proposition, we proceed thus. 

To prove that the alternate angles AGH, 
GHD are equal. 

If they are not equal, draw another straight 
line XZ through G making the angle KGH 
equal to the angle GHD. 

Then, since the angles KG, GH are equal, 

KL is parallel to CD. [1. 27] 


Therefore two straight lines KL, AB intersecting at G are both parallel to 
the straight line CD: 
which is impossible (by the axiom). 

Therefore the angle 4G cannot but be equal to the angle GAD. 

The rest of the proposition follows as in Euclid. 
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Proof of Euclid's Postulate 5 from ‘ Playfair’s’’ axiom. 


Let AB, CD make with the transversal ZF the angles AEF, EFC 
sogether less than two right angles. 

To prove that AB, CD meet towards A, C. 

Through Z draw GA making with EF the angle G- 
GEF equal (and alternate) to the angle EZ. A 





Thus GA is parallel to CD. [r. 27] B 
Then (1) AB must meet CDin one direction or € F 
the other. 


For, if it does not, 48 must be parallel to CD; hence we have two 
straight lines AZ, GA intersecting at E and both parallel to CD: 


which is impossible. 

Therefore 48, CD must meet. 

(2) Since 4B, CD meet, they must form a triangle with EF 

But in any triangle any two angles are together less than two right angles. 

Therefore the angles AEF, EFC (which are less than two right angles), 
and not the angles BEF, EFD (which are together greater than two right 
angles, by 1. 13), are the angles of the triangle ; 


that is ÆA, FC meet in the direction of 4, C, or on the side of EF on 
which are the angles together less than two right angles. 


The usual course in modern text-books which use ''Playfair's " axiom in 
lieu of Euclid's Postulate is apparently to prove t. 29 by means of the axiom, 
and then Euclid’s Postulate by means of 1. 29, 

De Morgan would introduce the proof of Postulate 5 by means of 
“ Playfair's ” axiom before 1. 29, and would therefore apparently prove t. 29 as 
Euclid does, without any change. 

As between Euclid’s Postulate 5 and '' Playfair's" axiom, it would appear 
that the tendency in modern text-books is rather in favour of the latter. 
Thus, to take a few noteworthy foreign writers, we find that Rausenberger 
stands almost alone in using Euclid's Postulate, while Hilbert, Henrici and 
Treutlein, Rouché and De Cornberousse, Enriques and Amaldi all use 
* Playfair's " axiom. 

Yet the case for preferring Euclid's Postulate is argued with some force by 
Dodgson (Euclid and his modern Rivals, pp. 44—6). He maintains (1) that 
‘Playfair’s” axiom in fact involves Euclid's Postulate, but at the same time 
involves more than the latter, so that, to that extent, it is a needless strain on 
the faith of the learner. This is shown as follows. 

Given AZ, CD making with E the angles AEF, EFC together less than 
two right angles, draw GA through Æ so that the angles GEF, EFC are 
together equa/ to two right angles. 

Then, by 1. 28, GH, CD are “‘separational.” 

We see then that any lines which have the property (a) that they make 
with a transversal angles less than two right angles have also the property (8) 
that one of them intersects a straight line which is “separational” from 
the other. 

Now Playfair’s axiom asserts that the lines which have property (8) meet 
if produced : for, if they did not, we should have two intersecting straight 
lines both “‘separational” from a third, which is impossible. 

We then argue that lines having property (a) meet because lines having 
property (a) are lines having property (8). But we do not know, until we 
have proved 1. 29, that all pairs of lines having property (8) have also property 
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(a). For anything we know to the contrary, class (8) may be greater than 
class (a). Hence, if you assert anything of class (8), the logical effect is more 
extensive than if you assert it of class (a) ; for you assert it, not only of that 
portion of class (8) which is known to be included in class (a), but also of the 
unknown (but possibly existing) portion which is “of so included. 

(2) Euclid's Postulate puts before the beginner clear and fosítive con- 
ceptions, a pair of straight lines, a transversal, and two angles together less 
than two right angles, whereas *'Playfair's" axiom requires him to realise a 
pair of straight lines which never meet though produced to infinity : a negative 
conception which does not convey to the mind any clear notion of the relative 
position of the lines. And (p. 68) Euclid's Postulate gives a direct criterion 
for judging that two straight lines meet, a criterion which is constantly required, 
e.g. in L 44. It is true that the Postulate can be dedwed from “Playfair’s ” 
axiom, but editors frequently omit to deduce it, and then tacitly assume it 
afterwards: which is the least justifiable course of all. 


PROPOSITION 30. 


Straight lines parallel to the same straight line are also 
parallel to one another. 


Let each of the straight lines AZ, CD be parallel to EF; 
I say that 42 is also parallel to CD. 

s For let the straight line GX fall upon 
them, 

Then, since the straight line GK 
has fallen on the parallel straight lines 
AB, EF, 

10 the angle AGK is equal to the 
angle GZF. [1 29] 
Again, since the straight line GX has fallen on the parallel 
straight lines EF, CD, 
the angle G//F is equal to the angle GAD. [1. 29] 
15 But the angle AGX was also proved equal to the angle 
GHF; 
therefore the angle AGK is also equal to the angle 
GKD; [C. M. 1] 
and they are alternate. 
z2 Therefore 4B is parallel to CD. 





Q. E. D. 


20. The usual conclusion in general terms (** Therefore etc.") repeating the enunciazion 
is, curiously enough, wanting at the end of this proposition. 


The proposition is, as De Morgan points out, the /agica/ equivalent of 
‘‘Playfair’s” axiom. Thus, if X denote “pairs of straight lines intersecting one 
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another,” Y “pairs of straight lines parallel to one and the same straight line,” 
we have 

No X is Y, 
and it follows logically that 

No Y is X. 

De Morgan adds that a proposition is much wanted about parallels (or 
perpendiculars) to two straight lines respectively making the same angles with 
one another as the latter do. The proposition may be enunciated thus : 

Jf the sides of one angle be respectively (1) parallel or (2) perpendicular to 
the sides of another angle, the two angles are either 
equal or supplementary. 

(1) Let DE be parallel to 4B and GEF parallel 
to BC. 

To prove that the angles ABC, DEG are equal 
and the angles 48C, DEF supplementary. 

Produce DÆ to meet BC in H. 

Then [t. 29) the angle DEG is equal to the angle — 

DAC, B H c 
and the angle ABC is equal to the angle DAC. 
Therefore the angle DEG is equal to the angle ABC; whence also the 
angle DEF is supplementary to the angle 47C. 

(2) Let ED be perpendicular to 42, and GF perpendicular to BC. 

To prove that the angles ABC, DEG are 
equal, and the angles ABC, DEF supplementary. 

Draw ED’ at right angles to ED on the side 
of it opposite to Z, and draw ZG’ at right angles 
to EF on the side of it opposite to B. 

Then, since the angles ZDE, DED, being 
right angles, are equal, 


ED' is parallel to BA. [r. 27] 
Similarly ZG’ is parallel to BC. 
Therefore [Part (1)] the angle D'ZG’ is equal to the angle ABC. 


But, the right angle DZD’ being equal to the right angle GEG’, if the 
common angle GED" be subtracted, 


the angle DEG is equal to the angle D'EG'. 


Therefore the angle DEG is equal to the angle ABC; and hence the 
angle DEF is supplementary to the angle ABC. 








PROPOSITION 31. 
Through a given point to draw a straight line parallel toa 
given straight line. 
Let A be the given point, and BC the given straight 
line ; 
thus it is required to draw ru the point 4 a straight 
line parallel to the straight line BC. 
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Let a point D be taken at random on AC, and let AD be 
joined; on the straight line DA, 


and at the point 4 on it, let the A F 
angle DAE be constructed equal E 

to the angle 4DC [1. 23]; and let the 

straight line AF be produced in a 6 D c 


straight line with ZA. 

Then, since the straight line 4D falling on the two 
straight lines BC, EF has made the alternate angles EAD, 
ADC equal to one another, 


therefore ZA F is parallel to BC. (i. 27] 


Therefore through the given point A the straight line 
EAF has been drawn parallel to the given straight line AC. 


Q. E. F. 


Proclus rightly remarks (p. 376, 14—20) that, as it is implied in 1. 12 
that only one perpendicular can be drawn to a straight line from an external 
point, so here it is implied that only one straight line can be drawn through a 
point parallel to a given straight line. The construction, be it observed, 
depends only upon 1. 27, and might therefore have come directly after that 
proposition. Why then did Euclid postpone it until after 1. 29 and 1. 30? 
Presumably because he considered it necessary, before giving the construction, 
to place beyond all doubt the fact that only one such parallel can be drawn. 
Proclus infers this fact from t. 3o; for, he says, if two straight lines could be 
drawn through one and the same point parallel to the same straight line, the two 
straight lines would be parallel, though intersecting at the given point: which 
is impossible. I think it is a fair inference that Euclid would have considered 
it necessary to justify the assumption that only one parallel can be drawn 
by some such argument, and that he deliberately determined that his own 
assumption was more appropriate to be made the subject of a Postulate 
than the assumption of the uniqueness of the parallel. 


PROPOSITION 32. 


In any triangle, if one of the sides be produced, the exterior 
angle 1s equal to the two interior and opposite angles, and the 
three interior angles of the triangle ave equal to two right 
angles. 

Let ABC be a triangle, and let one side of it BC be 
produced to D; 

I say that the exterior angle ACD is equal to the two 
interior and opposite angles CAB, ABC, and the three 
interior angles of the triangle ABC, BCA, CAB are equal 
to two right angles. 
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For let CE be drawn through the point C parallel to the 
straight line 42. (1. 31] 
Then, since 4B is parallel to C£, A 


and AC has fallen upon them, 


the alternate angles BAC, ACE are 
equal to one another. [1. 29] 


Again, since AB is parallel to & c b 
CE, 
and the straight line BD has fallen upon them, 


the exterior angle ECD is equal to the interior and opposite 
angle ABC. [1. 29] 


But the angle ACE was also proved equal to the angle 
BAC; 


therefore the whole angle ACD is equal to the two 
interior and opposite angles BAC, ABC. 


Let the angle ACB be added to each ; 


therefore the angles CD, ACB are equal to the three 
angles ABC, BCA, CAB. 


But the angles 4CD, ACB are equal to two right angles; 


I. 13 
therefore the angles 4C, BCA, CAB are also — 
to two right angles. 
Therefore etc. 


Q. E. D. 


This theorem was discovered in the very early stages of Greek geometry. 
What we know of the history of it is gathered from three allusions found in 
Eutocius, Proclus and Diogenes Laertius respectively. 


1. Eutocius at the beginning of his commentary on the Comic of 
Apollonius (ed. Heiberg, Vol. i1 p. 170) quotes Geminus as saying that “the 
ancients (oi daxaio) investigated the theorem of the two right angles in each 
individual species of triangle, first in the equilateral, again in the isosceles, 
and afterwards in the scalene triangle, and later geometers demonstrated the 


general theorem to the effect that in any triangle the three interior angles are 
equal to two right angles.” 


2. Now, according to Proclus (p. 379, 2—5), Eudemus the Peripatetic 
refers the discovery of this theorem to the Pythagoreans and gives what he 
affirms to be their demonstration of it. This demonstration will be given 
below, but it should be remarked that it is general, and therefore that the 
*' later geometers" spoken of by Geminus were presumably the Pythagoreans, 
whence it appears that the “ancients” contrasted with them must have 
belonged to the time of Thales, if they were nat his Egyptian instructors. 


3. That the truth of the theorem was known to Thales might also 
be inferred from the statement of Pamphile (quoted by Diogenes Laertius, 
1. 24—5, P. 6, ed. Cobet) that “he, having learnt geometry from the 
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Egyptians, was the first to inscribe a right-angled triangle in a circle and 
sacrificed an ox" (on the strength of it) ; in other words, he discovered that 
the angle in a semicircle is a right angle. No doubt, when this fact was once 
discovered (empirically, say), the consideration of the two isosceles tnangles 
having the centre for vertex and the sides of the right angle for bases 
respectively, with the help of the theorem of Eucl. 1. 5, also known to 
Thales, would easily lead to the conclusion that the sum of the angles of 
a right-angled triangle is equal to two right angles, and it could be readily 
inferred that the angles of any triangle were likewise equal to two right angles 
(by resolving it into two right-angled triangles). But it is not easy to see how 
the property of the angle in a semicircle could be proved except (in the reverse 
order) by means of the equality of the sum of the angles of a right-angled 
triangle to two right angles; and hence it is most natural to suppose, with 
Cantor, that Thales proved it (if he did prove it) practically as Euclid does 
in 11. 31, i.e. by means of I. 32 as applied to right-angled triangles at all events. 
If the theorem of 1. 32 was proved before Thales’ time, or by Thales 
himself, by the stages indicated in the note of Geminus, we may be satisfied 
that the reconstruction of the argument of the older proof by Hankel 
(pp. 96—7) and Cantor (1, pp. 143—4) is not far wrong. First, it must have 
been observed that six angles equal to an angle of an equilateral triangle would, 
if placed adjacent to one another round a common vertex, fill up the whole 
space round that vertex. It is true that Proclus attributes to the Pythagoreans 
the general theorem that only three kinds of regular polygons, the equilateral 
triangle, the square and the regular hexagon, can fill up the entire space round 
a point, but the practical knowledge that equilateral triangles have this 
property could hardly have escaped the Egyptians, whether they made floors 
with tiles in the form of equilateral triangles or regular hexagons (Allman, 
Greek Geometry from Thales to Euclid, p. 12) or joined the ends of adjacent 
radii of a figure like the six-spoked wheel, which was their common form of 
wheel from the time of Ramses II. of the nineteenth Dynasty, say 1300 B.C. 
(Cantor, 1, p. 109). It would then be clear that six angles equal to an angle 
of an equilateral triangle are equal to four right angles, and therefore that the 
three angles of an equilateral tnangle are equal to two right angles. (It would 
be as clear or clearer, from observation of a square divided into two triangles 
by a diagonal, that an isosceles right-angled triangle has each of its equal 
angles equal to half a right angle, so that an isosceles right-angled triangle 
must have the sum of its angles equal to two right angles.) Next, with regard 
to the equilateral triangle, it could not fail to be observed 
that, if AD were drawn from the vertex 4 perpendicular 
to the base BC, each of the two right-angled triangles so 
formed would have the sum of its angles equal to two right 
angles; and this would be confirmed by completing the 
rectangle ADCE, when it would be seen that the rectangle 
(with its angles equal to four right angles) was divided by : 
its diagonal into two equal triangles, each of which had 8 D C 
the sum of its angles equal to two right angles. Next it 
would be inferred, as the result of drawing the diagonal of any rectangle and 
observing the equality of the triangles forming the two halves, that the sum of 
the angles of any right-angled triangle is equal to two right angles, and hence 
(the two congruent right-angled triangles being then placed so as to form one 
isosceles triangle) that the same is true of any isosceles triangle. Only the 
last step remained, namely that of observing that any triangle could be 
regarded as the half of a rectangle (drawn as indicated in the next figure), or 
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simply that any triangle could be divided into two right-angled triangles, 
whence it would be inferred that in general the 
sum of the angles of any triangle is equal to two 
right angles. 

Such would be the probabilities if we could 
absolutely rely upon the statements attributed to 
Pamphile and Geminus respectively. But in fact 
there is considerable ground for doubt in both cases. 


t. Pamphile's story of the sacrifice of an ox by Thales for joy at his 
discovery that the angle in a semicircle is a right angle is too suspiciously like 
the similar story told with reference to Pythagoras and his discovery of the 
theorem of Eucl. 1. 47 (Proclus, p. 426, 6—9). And, as if this were not 
enough, Diogenes Laertius immediately adds that “others, among whom is 
Apollodorus the calculator (ò Acysorixos), say it was Pythagoras” (sc. who 
“inscribed the right-angled triangle in a circle”). Now Pamphile lived in the 
reign of Nero (A.D. 54—68) and therefore some 700 years after the birth of 
Thales (about 640 B.c.). I do not know on what Max Schmidt bases his 
statement (Kulturhistorische Beiträge zur Kenntnis des griechischen und römischen 
Altertums, 1926, p. 31) that ‘other, much older, sources name Pythagoras as 
the discoverer of the said proposition,” because nothing more seems to be 
known of Apollodorus than what is stated here by Diogenes Laertius. But it 
would at least appear that Apollodorus was only one of several authorities 
who attributed the proposition to Pythagoras, while Panfphile is alone 
mentioned as referring it to Thales. Again, the connexion of Pythagoras with 
the investigation of the right-angled triangle makes it a priori more likely 
that it would be he who would discover its relation to a semicircle. On 
the whole, therefore, the attribution to Thales would seem to be more than 
doubtful. 


2. As regards Geminus' account of the three stages through which the 
proof of the theorem of 1. 32 passed, we note, first, that it is certainly not 
confirmed by Eudemus, who referred to the Pythagoreans the discovery of the 
theorem that the sum of the angles of amy triangle is equal to two right 
angles and says nothing about any gradual stages by which it was proved. 
Secondly, it must be admitted, I think, that in the evolution of the proof as 
reconstructed by Hankel the middle stage is rather artificial and unnecessary, 
since, once it is proved that any right-angled triangle has the sum of its angles 
equal to two right angles, it is just as easy to pass at once to any scalene 
triangle (which is decomposable into two unegual right-angled triangles) as to 
the isosceles triangle made up of two congruent right-angled triangles. Thirdly, 
as Heiberg has recently pointed out (Mathematisches zu Aristoteles, p. 20), it 
is quite possible that the statement of Geminus from beginning to end is 
simply due to a misapprehension of a passage of Aristotle (447a. Post. 1. 5, 
74 a 25) Aristotle is illustrating his contention that a property is not 
scientifically proved to belong to a class of things unless it is proved to belong 
primarily (xpérov) and generally (xa8éddou) to the whole of the class. His first 
illustration relates to parallels making with a transversal angles on the same 
side together equal to two right angles, and has been quoted above in the note 
on I. 27 (pp. 308—9). His second illustration refers to the transformation of 
a proportion a/fernando, which (he says) "used at one time to be proved 
separately " for numbers, lines, solids, and times, although it admits of being 
proved of all at once by one demonstration. The third illustration is: “ For 
the same reason, even :f one should prove (o08. dv vis Šein) with reference to 
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each (sort of) triangle, the equilateral, scalene and isosceles, separately, that 
each has its angles equal to two right angles, either by one proof or by different 
proofs, he does not yet know that the triangle, i.e. the triangle in general, has 
its angles equal to two right angles, except in a sophistical sense, even though 
there exists no triangle other than triangles of the kinds mentioned. For he 
knows it, not gud triangle, nor of every triangle, except in a numerical sense 
(xar' dpiÓnóv); he does not know it nofionally (xar' «lBos) of every triangle, even 
though there be actually no triangle which he does not know." 

The difference between the phrase “used at one time to be proved” in 
the second illustration and ‘if any one should prove” in the third appears to 
indicate that, while the former referred to a historical fact, the latter does not p 
the reference to a person who should prove the theorem of 1. 32 for the three 
kinds of triangle separately, and then claim that he had proved it generally, 
states a purely hypothetical case, a mere illustration. Yet, coming after the 
historical fact stated in the preceding illustration, it might not unnaturally give 
the impression, at first sight, that it was historical too. 

On the whole, therefore, it would seem that we cannot safely go behind 
the dictum of Eudemus that the discovery and proof of the theorem of 1. 32 
in all its generality were Pythagorean. This does not however preclude its 
having been discovered by stages such as those above set out after Hankel 
and Cantor. Nor need it be doubted that Thales and even his Egyptian 
instructors had advanced some way on the same road, so far at all events as 
to see that in an equilateral triangle, and in an isosceles right-angled triangle, 
the sum of the angles is equal to two right angles. 


The Pythagorean proof. 

This proof, handed down by Eudemus (Proclus, p. 379, 2— 15), is no less 
elegant than that given by Euclid, and is a natural 
development from the last figure in the recon- 
structed argument of Hankel. It would be seen, 
after the theory of parallels was added to geometry, 
that the actual drawing of the perpendicular and 
the complete rectangle on BC as base was 
unnecessary, and that the parallel to BC through & Cc 
A was all that was required. 

Let ABC be a triangle, and through 4 draw DE parallel to BC. [t. 31] 

Then, since BC, DE are parallel, 
the alternate angles DAB, ABC are equal, [!. 29] 
and so are the alternate angles EAC, ACB also. 

Therefore the angles ABC, ACB are together equal to the angles 
DAB, EAC. 

Add to each the angle BAC; 
therefore the sum of the angles ABC, 4CB, BAC is equal to the sum of the 
angles DAB, BAC, CAE, that is, to two right angles. 


Euclid's proof pre- Euclidean. 

The theorem of 1. 32 is Aristotle's favourite illustration when he wishes to 
refer to some truth generally acknowledged, and so often does it occur tbat 
it is often indicated by two or three words in themselves hardly intelligible, 
e.g. 76 duciv opOais (Anal. Post. 1. 24, 85 b 5) and Vrdpye mavri rprywvy 70 Bio 
(ibid. 85 b 11). 

One passage (Metaph. 1051 a 24) makes it clear, as Heiberg (of. cif. 
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P. r9) acutely observes, that in the proof as Aristotle knew it Euclid's 
construction was used. “Why does the triangle make up two right angles? 
Because the angles about one potnt are equal to two right angles. If then the 
parallel to the side had been drawn up (avyjxro), the fact would at once have 
been clear from merely looking at the figure.” The words ‘the angles about 
one point” would equally fit the Pythagorean construction, but “drawn 
upwards” applied to the parallel to a side can only indicate Euclid’s. 


Attempts at proof independently of parallels. 


The most indefatigable worker on these lines was Legendre, and a sketch 
of his work has been given in the note on Postulate 5 above. 

One other attempted proof needs to be mentioned here because it has 
found much favour. I allude to : 


Thibaut's method. 


This appeared in Thibaut's Grundriss der reinen. Mathematik, Góttingen 
(2 ed. 1809, 3 ed. 1818), and is to the following effect. 

Suppose CZ produced to D, and let BD (produced to any necessary extent 
either way) revolve in one direction (say 
clockwise) first about Z into the position A 
BA, then about 4 into the position of AC 
produced both ways, and lastly about C 
into the position CZ produced both ways. 

The argument then is that the straight 
line BD has revolved through the sum of D 8 c 
the three exterior angles of the triangle. 

But, since it has at the end of the revolution 
assumed a position in the same straight line with its original position, it must 
have revolved through four right angles. 

Therefore the sum of the three exterior angles is equal to four right 
angles ; 
from which it follows that the sum of the three angles of the triangle is equal 
to two right angles. 

But it is to be observed that the straight line BD revolves about different 
points in it, so that there is translation combined with rotatory motion, and it 
is necessary to assume as an axiom that the two motions are independent, and 
therefore that the ¢rans/ation may be neglected. 

Schumacher (letter to Gauss of 3 May, 1831) tried to represent the 
rotatory motion graphically in a second figure as mere motion round a point ; 
but Gauss (letter of 17 May, 1831) pointed out in reply that he really 
assumed, without proving it, a proposition to the effect that “If two straight 
lines (1) and (2) which cut one another make angles 4 , A” with a straight 
line (3) cutting both of them, and if a straight line (4) in the same plane is 
likewise cut by (1) at an angle 4’, then (4) will be cut by (2) at.the angle 4”. 
But this proposition not only needs proof, but we may say that it is, in 
essence, the very proposition to be proved" (see Engel and Stáckel, Die 
Theorie der Parallellinien von Euklid bis auf Gauss, 1895, p. 230). 

How easy it is to be deluded in this way is plainly shown by Proclus' 
attempt on the same lines. He says (p. 384, 13—21) that the truth of the 
theorem is borne in upon us by the help of “common notions” only. '* For, 
if we conceive a straight line with two perpendiculars drawn to it at its ex- 
tremities, and if we then suppose the perpendiculars to (revolve about 
their feet and) approach one another, so as to form a triangle, we see that, 
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to the extent to which they converge, they diminish the right, angles which 
they made with the straight line, so that the amount taken from the right 
angles is also the amount added to the vertical angle of the triangle, and the 
three angles are necessarily made equal to two right angles.” But a moment’s 
reflection shows that, so far from being founded on mere “common notions,” 
the supposed proof assumes, to begin with, that, if the perpendiculars ap- 
proach one another ever so little, they will then form a triangle immediately, 
Le., it assumes Postulate 5 itself; and the fact about the vertical angle can only 
be seen by means of the equality of the alternate angles exhibited by drawing 
a perpendicular from the vertex of the triangle to the base, i.e. a parallel to 
either of the original perpendiculars. 


Extension to polygons. 


The two important corollaries added to 1. 32 in Simson’s edition are given 
by Proclus; but Proclus’ proof of the first is different from, and perhaps 
somewhat simpler than, Simson’s. 


1. The sum of the interior angles of a convex rectilineal figure is equal to 
twice as many right angles as the figure has sides, 
less four. D 


For let one angular point 4 be joined to all 
the other angular points with which it is not con- 9 E 
nected already. 

The figure is then divided into triangles, and 
mere inspection shows 

(1) that the number of triangles is two less F 
than the number of sides in the figure, G 

(2) that the sum of the angles of all the 
triangles is equal to the sum of all the interior angles of the figure. 

Since then the sum of the angles of each triangle is equal to two right angles 


the sum of the interior angles of the figure is equal to 2 (n—2) right angles, 
ie. (27 — 4) right angles, where » is the number of sides in the figure. 


2. The exterior angles of any convex rectilineal 
figure are together equal to four right angles. 

For the interior and exterior angles together are 
equal to 27 right angles, where z is the number of sides. 

And the intenor angles are together equal to 
(21-4) right angles. 

Therefore the exterior angles are together equal to 
four right angles. 

This last property is already quoted by Aristotle 
as true of all rectilineal figures in two passages (Anal. 
ost. 1. 24, 85 b 38 and it. 17, 99 a 19). 


PRoPOSITION 33. 

The straight lines joining equal and parallel straight 
lines (at the extremities which are) in the same directions 
(respectively) are themselves also equal and parallel. 

Let AB, CD be equal and parallel, and let the straight 

slines AC, BD join them (at the extremities which are) in the 
same directions (respectively) ; 
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I say that 4C, BD are also equal and parallel. 
Let BC be joined. 5 — 
Then, since AB is parallel to CD, 
1» and BC has fallen upon them, 
the alternate angles ABC, BCD 
are equal to one another. (t. 29] 
And, since AB is equal to CD, 
and BC is common, 
15 the two sides 4B, BC are equal to the two sides DC, CB; 
and the angle 4BC is equal to the angle BCD; 
therefore the base AC is equal to the base BD, 
and the triangle 4BC is equal to the triangle DCB, 
and the remaining angles will be equal to the remaining angles 
» respectively, namely those which the equal sides subtend ; [r. 4] 
therefore the angle ACB is equal to the angle CBD. 
And, since the straight line BC falling on the two straight 
lines AC, BD has made the alternate angles equal to one 
another, 
25 AC is parallel to BD. 0 [r 27] 
And it was also proved equal to it. 
Therefore etc. Q. E. D. 

1. jolning...(at the extremities which are) in the same directions (respectively). 
T have for clearness’ sake inserted the words in brackets though they are not in the original 
Greek, which has “‘joining...in the same directions” or “on the same sides," éwl 7a abra wep 
éwifevytovea. The expression ‘‘towards the same parts,” though usage has sanctioned it, 
is perhaps not quite satisfactory. 

15. DC, CB and 18. DCB. The Greek has '! BC, CD” and “ BCD" in these places 
respectively. Euclid is not always careful to write in corresponding order the letters denoting 
corresponding points in congruent figures. On the contrary, he evidently prefers the alpha- 
betical order, and seems to disdain to alter it for the sake of beginners or others who might 
be confused by it. In the case of angles alteration is perhaps unnecessary ; but in the case 


of triangles and pairs of corresponding sides I have ventured to alter the order to that which 
the mathematician of to-day expects. 


This proposition is, as Proclus says (p. 385, 5), the connecting link between 
the exposition of the theory of parallels and the investigation of parallelograms. 
For, while it only speaks of equal and parallel straight lines connecting those 
ends of equal and parallel straight lines which are in the same directions, it 
gives, without expressing the fact, the construction or origin of the parallelogram, 
so that in the next proposition Euclid is able to speak of “ parallelogrammic 
areas” without any further explanation. 


PROPOSITION 34. 
In parallelogrammic areas the opposite sides and angles 
are equal to one another, and the diameter bisects the areas. 


Let ACDB be a parallelogrammic area, and BC its 
diameter ; 
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5 I say that the opposite sides and angles of the parallelogram 
ACDB are equal to one another, and the diameter BC 
bisects it. 

For, since 48 is parallel to CD, A B 
and the straight line BC has fallen 

' upon them, 

the alternate angles ABC, BCD 
are equal to one another, [29] é 
Again, since AC is parallel to BD, 
and BC has fallen upon them, 
15 the alternate angles ACB, CBD are equal to one 
another. [1. 29] 
Therefore 4BC, DCB are two triangles having the two 
angles ABC, BCA equal to the two angles DCB, CBD 
respectively, and one side equal to one side, namely that 

20 adjoining the equal angles and common to both of them, BC; 

therefore they will also have the remaining sides equal 

to the remaining sides respectively, and the remaining angle 

to the remaining angle ; (1. 26] 
therefore the side AB is equal to CD, 

25 and AC to BD, 
and further the angle BAC is equal to the angle CDB. 

And, since the angle 4AC is equal to the angle BCD, 
and the angle CBD to the angle ACB, 


the whole angle 42D is equal to the whole angle ^ CD. 
C. Na 


30 And the angle BAC was also proved equal to the angle CDB. 
Therefore in parallelogrammic areas the opposite sides 
and angles are equal to one another. 
I say, next, that the diameter also bisects the areas. 
For, since AB is equal to CD, 
35 and BC is common, 
the two sides AB, BC are equal to the two sides DC, CB 
respectively ; 
and the angle AAC is equal to the angle BCD ; 
therefore the base AC is also equal to DB, 
4» and the triangle ABC is equal to the triangle DCB. [1. 4] 
Therefore the diameter BC bisects the parallelogram 
ACDB. Q. E. D. 
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1. It is to be observed that, when parallelograms have to be mentioned for the first time, 
Euclid calls them ‘‘ parallelogrammic areas" or, more exactly, ‘‘ parallelogram" areas 
(wapaddydbypayya xwpla). The meaning is simply areas bounded by parallel straight lines 
with the further limitation placed upon the term by Euclid that only four-sided figures are so 
called, although of course there are certain regular polygons which have opposite sides 
parallel, and which therefore might be said to be areas bounded by parallel straight lines. We 
gather from Proclus (p. 393) that the word ‘‘ parallelogram” was first introduced by Euclid, 
that its use was suggested by 1. 33, and that the formation of the word mapadA\7\b-ypaypos 
(parallel-lined) was analogous to that of ev@vypaupos (straight-lined or rectilineal). 

17, 18, 40. DCB and 36. DC, CB. The Greek has in these places '* ACD" and 
‘CD, BC” respectively. Cf. note on I. 33, lines 15, 18. 


After specifying the particular kinds of parallelograms (squares and rhombi) 
in which the diagonals bisect the angles which they join, as well as the areas, 
and those (rectangles and rhomboids) in which the diagonals do not bisect 
the angles, Proclus proceeds (pp. 399 sqq.) to analyse this proposition with 
reference to the distinction in Aristotle's 4za/. Post. (1. 4, 5, 73 a 21—74 b 4) 
between attributes which are only predicable of every individual thing (xara 
mayros) ina class and those which are true of it primarily (rovrov mpuwrov) and 
generally (x«aóXov). We are apt, says Aristotle, to mistake a proof xarà 
mavros for a proof rovrov mpwrov xafóAov because it is either impossible to 
find a higher generality to comprehend all the particulars of which the 
predicate is true, or to find a name for it. (Part of this passage of Aristotle 
has been quoted above in the note on 1. 32, pp. 319—320.) 

Now, says Proclus, adapting Aristotle’s distinction to theorems, the present 
proposition exhibits the distinction between theorems which are general and 
theorems which are not general. According to Proclus, the first part of 
the proposition stating that the opposite sides and angles of a parallelogram 
are equal is general because the property is only true of parallelograms ; but 
the second part which asserts that the diameter bisects the area is of general 
because it does not include all the figures of which this property is true, e.g. 
circles and ellipses. Indeed, says Proclus, the first attempts upon probiems 
seem usually to have been of this partial character (uepexwrepac), and generality 
was only attained by degrees. Thus “the ancients, after investigating the 
fact that the diameter bisects an ellipse, a circle, and a parallelogram 
respectively, proceeded to investigate what was common to these cases,” 
though “it is difficult to show what is common to an ellipse, a circle and a 
parallelogram.” 

I doubt whether the supposed distinction between the two parts of the 
proposition, in point of “generality,” can be sustained. Proclus himself admits 
that it is presupposed that the subject of the proposition is a quadri/ateral, 
because there are other figures (e.g. regular polygons of an even number of 
sides) besides parallelograms which have their opposite sides and angles 
equal; therefore the second part of the theorem is, in this respect, no more 
general than the other, and, if we are entitled to the tacit limitation of the 
theorem to quadrilaterals in one part, we are equally entitled to it in the other. 

It would almost appear as though Proclus had drawn the distinction for 
the mere purpose of alluding to investigations by Greek geometers on the 
general subject of diameters of all sorts of figures; and it may have been these 
which brought the subject to the point at which Apollonius could say in the 
first definitions at the beginning of his Comics that “In any bent line, such as 
is in one plane, I give the name diameter to any straight line which, being 
drawn from the bent line, bisects all the straight lines (chords) drawn in the 
line parallel to any straight line.” The term bent line (xayrvAn ypapupy) 
includes, e.g. in Archimedes, not only curves, but any composite line made 
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up of straight lines and curves joined together in any manner. It is of course 
clear that either diagonal of a parallelogram bisects all lines drawn within the 
parallelogram parallel to the other diagonal. 

An-Nairizi gives after 1. 31 a neat construction for dividing a straight line 
into any number of equal parts (ed. Curtze, p. 74, ed. Besthorn-Heiberg, 
PP. 141— 3) which requires only one measurement repeated, together with the 
properties of parallel lines including 1. 33, 34. As 1. 33, 34 are assumed, I 
place the problem here. The particular case taken is the problem of dividing 
a straight line into ¢hvee equal parts. 

Let AB be the given straight line. Draw AC, BD at right angles to it 
on opposite sides. 

An-Nairizi takes AC, BD of the same 


length and then bisects AC at E and BD / D 
at F. But of course it is even simpler to 
measure AZ, EC along one perpendicular K F 


equal 4nd of any length, and BF, FD along 
the other also equal and of the same length. H 

Join ED, CF meeting AB in G, H A 8 
respectively. 

Then shall 4G, GH, HB all be equal. E 

Draw HK parallel to AC, or at right 


angles to AB. 
Since now EC, FD are equal and parallel, c 
ED, CF are equal and parallel. [1. 33] 


And ZZK was drawn parallel to AC. 
Therefore ECHK is a parallelogram; whence AA is equal as well as 
parallel to ZC, and therefore to EA. 


The triangles EAG, KHG have now two angles respectively equal and the 
sides AZ, HK equal. 
Thus the triangles are equal in all respects, and 


AG is equal to GH. 
Similarly the triangles KHG, FBH are equal in all respects, and 
GH is equal to HB. 


If now we wish to extend the problem to the case where AB is to be 
divided into » parts, we have only to measure (2— 1) successive equal lengths 
along AC and (#—1) successive lengths, each equal to the others, along BD. 
Then join the first point arrived at on AC to the last point on BD, the 
second on AC to the last but one on BD, and so on; and the joining lines 
cut 4Z in points dividing it into 7 equal parts. 


PROPOSITION 35. 
Parallelograms which ave on the same base and in the 
same parallels are equal to one another. 


Let ABCD, EBCF be parallelograms on the same base 
BC and in the same parallels AF, BC; 


s I say that ABCD is equal to the parallelogram EBCF. 
For, since ABCD is a parallelogram, 
AD is equal to BC. [1. 34] 
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For the same reason also 
EF is equal to BC, 
1o so that AD is also equal to EF; [C. N. 1) 
and DE is common; 


therefore the whole 74 £ is equal to the whole DF. 
[C. N. 2) 


But AB is also equal to DC; (1. 34] 


therefore the two sides EA, AB are equal to the two sides 
15 FD, DC respectively, ai : 


and the angle FDC is equal to i Z 


the angle £A, the exterior to the 
interior ; [t. 29] 
therefore the base EZ is equal k d 


20 to the base FC, 


and the triangle EAB will be equal to the triangle FDC. 


(1. 4] 
Let DGE be subtracted from each ; 


therefore the trapezium ABGD which remains is equal to 
the trapezium EGCF which remains. (C. W. 3] 


25 — Let the triangle GBC be added to each ; 


therefore the whole parallelogram 4 BCD is equal to the whole 
parallelogram ZBCF. [C. N. 2] 


Therefore etc. 
Q. E. D. 


21. FDC. The text has “ DFC.” 

22. Let DGE be subtracted. Euclid speaks of the triangle DGE without any 
explanation that, in the case which he takes (where 4D, EF have no point in common), 
BE, CD must meet at a point G between the two parallels. He allows this to appear from 
the figure simply. 


Equality in a new sense. 


It is important to observe that we are in this proposition introduced for 
the first time to a new conception of equality between figures. Hitherto we 
have had equality in the sense of congruence only, as applied to straight lines, 
angles, and even triangles (cf. 1. 4). Now, without any explicit reference to 
any change in the meaning of the term, figures are inferred to be egua/ which 
are equal in area or in content but need not be of the same form. No 
definition of equality is anywhere given by Euclid; we are left to infer its 
meaning from the few axioms about “equal things.” It will be observed that 
in the above proof the “equality ” of two parallelograms on the same base 
and between the same parallels is inferred by the successive steps (1) of 
subtracting one and the same area (the triangle DG) from two areas equal 
in the sense of congruence (the triangles AEB, DFC), and inferring that the 
remainders (the trapezia 48GD, EGCF) are “equal”; (2) of adding one and 
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the same area (the triangle GBC) to each of the latter “equal” trapezia, and 
inferring the equality of the respective sums (the two given parallelograms). 

As is well known, Simson (after Clairaut) slightly altered the proof in order 
to make it applicable to all the three possible cases. The alteration 
substituted oe step of subtracting congruent areas (the triangles 4ZB, DFC) 
from one and the same area (the trapezium ABCF) for the ¢wo steps above 
shown of first subtracting and then adding a certain area. 

While, in either case, nothing more is explicitly used than the axioms that, 
Uf equals be added to equals, the wholes ave equal and that, tf equals be subtracted 
from equals, the remainders are egual, there is the further facit assumption that 
it is indifferent to what part or from what part of the same or equal areas the 
same or equal areas are added or subtracted. De Morgan observes that the 
postulate “an area taken from an area leaves the same area from whatever 
part it may be taken ” is particularly important as the key to equality of non- 
rectilineal areas which could not be cut into coincidence geometrically. 

Legendre introduced the word equivalent to express this wider sense of 
equality, restricting the term egua/ to things equal in the sense of congruent ; 
and this distinction has been found convenient. 

I do not think it necessary, nor have I the space, to give any account of 
the recent developments of the theory of equivalence on new lines represented 
by the researches of W. Bolyai, Duhamel, De Zolt, Stolz, Schur, Veronese, 
Hilbert and others, and must refer the reader to Ugo Amaldi’s article Sulla 
leoria dell’ equivalenza in Questioni riguardanti le matematiche elementari, V. 
(Bologna, 1912), pp. 145—198, and to Max Simon, Uber die Entwicklung der 
Llemertar-geometrie im XIX. Jahrhundert (Leipzig, 1906), pp. 115—120, with 
their full references to the literature of the subject. 1 may however refet to 
the suggestive distinction of phraseology used by Hilbert (Grund/agen der 
Geometrie, pp. 39, 49): 

(1) ''Two polygons are called dzvisibdy-equa/ (zerlegungsgleich) if they cap 
be divided into a finite number of triangles which are congruent two and two." 

(2) “Two polygons are called egual in content (inhallsgletch) or of equal 
content if it is possible to add drvistbly-egual polygons to them in such a way 
that the two combined polygons are divisibly-equal.” 

(Amaldi suggests as alternatives for the terms in (1) and (2) the expressions 
equivalent by sum and eguivalent by difference respectively.) 

From these definitions it follows that “by combining divisibly-egual 
polygons we again arrive at dtvistbly-egual polygons; and, if we subtract 
divisibly-egual polygons from divisibly-egual polygons, the polygons remaining 
are egual in content.” 

The proposition also follows without difficulty that, ‘‘if two polygons are 
divisibly-equal to a third polygon, they are also detstbly-egual to one another ; 
and, if two polygons are egual in content to a third polygon, they are egual in 
content to one another.” 


The different cases. 


As usual, Proclus (pp. 399—400), observing that Euclid has given only the 
most difficult of the three possible cases, adds the other two with separate 
proofs. In the case where Æ in the figure of the proposition falls between 4 
and D, he adds the congruent triangles ABE, DCF respectively to the 
smaller trapezium Æ CD, instead of subtracting them (as Simson does) from 
the larger trapezium ABCE. 
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An ancient “ Budget of Paradoxes.” 


Proclus observes (p. 396, 12 sqq.) that the present theorem and the 
similar one relating to triangles are among the so-called paradoxical theorems 
of mathematics, since the uninstructed might well regard it as impossible that 
the area of the parallelograms should remain the same while the length of the 
sides other than the base and the side opposite to it may increase indefinitely. 
He adds that mathematicians had made a collection of such paradoxes, the 
so-called /reasuzy of paradoxes (6 mapáBo£os tóros)}—cf. the similar expressions 
rómos dvaAvop.«vos (treasury of analysis) and romos agrpovopovmevos——in the same 
way as the Stoics with their z//ustrations (jomep oi amò rijs Xroás émi ràv 
Seyudrev). It may be that this treasury of paradoxes was the work of 
Erycinus quoted by Pappus (111. p. 107, 8) and mentioned above (note on 


Ll. 21, p. 290). 


Locus-theorems and loci in Greek geometry. 


The proposition 1. 35 is, says Proclus (pp. 394— 6), the first /ocus-theorem 
(romxdv Bewpnua) given by Euclid. Accordingly it is in his note on this 
proposition that Proclus gives us his view of the nature of a locus-theorem 
and of the meaning of the word /ocus (réwos) ; and great importance attaches 
to his words because he is one of the three writers (Pappus and Eutocius 
being the two others) upon whom we have to rely for all that is known of the 
Greek conception of geometrical loci. 

Proclus’ explanation (pp. 394, 15—395, 2) is as follows. “TI call those 
(theorems) /ocus-theorems (romixa) in which the same property is found to exist 
on the whole of some locus (mpés 6Aw rui rémw), and (I call) a locus a position 
of a line or a surface producing one and the same property (ypappas Ñ êm- 
$aveías Béow rowioav ty kai ravróv avmropa). — For, of locus-theorems, some 
are constructed on lines and others on surfaces (rdv yàp romuxóv rà pev da 
mpos ypappats ouviotapeva, Tà Ôè mpor cmipavecars). And, since some lines are 
plane (eiwe8o.) and others solid (crepea’)—those being plane which are simply 
conceived of in a plane (dv év émmédy dady 7 vonors), and those solid the 
origin of which is revealed from some section of a solid figure, as the cylin- 
drical helix and the conic lines (us rs xvÀwópugs Éukos xai Tdv KwriKav 
ypappôv)—I should say ($aígv dy) further that, of locus-theorems on lines, 
some give a plane locus and others a solid locus." 

Leaving out of sight for the moment the class of /oci on surfaces, we find 
that the distinction between plane and solid loci, or plane and solid lines, was 
similarly understood by Eutocius, who says (Apollonius, ed. Heiberg, 1. 
p. 184) that “solid lod have obtained their name from the fact that the lines 
used in the solution of problems regarding them have their origin in the 
section of solids, for example the sections of the cone and several others." 
Similarly we gather from Pappus that p/ane /ocí were straight lines and circles, 
and solid loci were conics. "Thus he tells us (vit. p. 672, 20) that Aristaeus 
wrote five books of Solid Loci “supplementary to (literally, continuous with) 
the conics”; and, though Hultsch brackets the passage (vii. p. 662, ro—15) 
which says plainly that p/ane loci are straight lines and circles, while solid loci 
are sections of cones, i.e. parabolas, ellipses and hyperbolas, we have the 
exactly corresponding distinction drawn by Pappus (111. p. 54, 7-—16) between 
plane and solid problems, plane problems being those solved by means of 
straight lines and circumferences of circles, and solid problems those solved 
by means of one or more of the sections of the cone. But, whereas Proclus 
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and Eutocius speak of other solid Joc’ besides conics, there is nothing in 
Pappus to support the wider application of the term. According to Pappus 
(iti. p. 54, 16—21) problems which could not be solved by means of straight 
lines, circles, or conics were /inear (ypappixa) because they used for their 
construction lines having a more complicated and unnatural origin than those 
mentioned, namely such curves as guadratrices, conchoids and cissoids. 
Similarly, in the passage supposed to be interpolated, near Joci are distin- 
guished as those which are neither straight lines nor circles nor any of the 
conic sections (vil. p. 662, 13—15). Thus the classification given by Proclus 
and Eutocius is less precise than that which we find in Pappus; and the 
inclusion by Proclus of the cylindrical helix among solid loci, on the ground 
that it arises from a section of a solid figure, would seem to be, in any case, 
due to some misapprehension. 

Comparing these passages and the hints in Pappus about /oa' on surfaces 
(rémoc mpds émepaveig) with special reference to Euclid's two books under that 
title, Heiberg concludes that /ozí o^ /imes and loci on surfaces in Proclus’ 
explanation are loci which are lines and loci which are surfaces respectively. 
But some qualification is necessary as regards Proclus’ conception of /oci on 
lines, because he goes on to say (p. 395, 5), with reference to this proposition, 
that, while the locus is a /ocus on lines and moreover plane, it is “the whole 
space between the parallels” which is the locus of the various parallelograms 
on the same base proved to be equal in area. Similarly, when he quotes 
111. 21 about the equality of the angles in the same segment and 111. 31 about 
the right angle in a semicircle as cases where a circumference of a circle 
takes the place of a straight line in a p/ane locus-theorem, he appears to 
imply that it is the segment or semicircle as an area which is regarded as the 
locus of an infinite number of /riang/es with the same base and equal vertical 
angles, rather than that it is the circumference which is the locus of the angular 
points. Likewise he gives the equality of parallelograms inscribed in “the 
asymptotes and the hyperbola” as an example of a so/i? locus-theorem, as if 
the area included between the curve and its asymptotes was regarded as the 
focus of the equal parallelograms. However this may be, it is clear that the 
locus in the present proposition can only be either (1) a Zine-locus of a dine, 
not a point, or (2) an area-locus of an area, not a point or a line; and we 
seem to be thus brought to another and different classification of loci 
corresponding to that quoted by Pappus (vii. p. 660, 18 sqq.) from the pre- 
liminary exposition given by Apollonius in his Plane Loci. According to this, 
loci in general are of three kinds: (1) éfexrixod, Aolding-in, in which sense 
the locus of a point is a point, of a line a line, of a surface a surface, and of a 
solid a solid, (2) d:efodixot, moving along, a line being in this sense a locus of a 
point, a surface of a line and a solid of a surface, (3) dvaerpo$uxot, where a 
surface is a locus of a point and a solid of a line. Thus the locus in this 
proposition, whether it is the space between the two parallels regarded as the 
locus of the equal parallelograms, or the line parallel to the base regarded as 
the locus of the sides opposite to the base, would seem to be of the first class 
(€pexrixds) ; and, as Proclus takes the former view of it, a /ocus on lines is 
apparently not merely a locus which ¢s a line but a locus bounded by lines 
also, the locus being f/ane in the particular case because it is bounded by 
straight lines, or, in the case of 111. 21, 31, by straight lines and circles, but 
not by any higher curves. 

Proclus notes lastly (p. 395, 13—21) that, according to Geminus, 
* Chrysippus likened locus-theorems to the ideas. For, as the ideas confine 
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the genesis of unlimited (particulars) within defined limits, so in such theorems 
the unlimited (particular figures) ace confined within defined places or loci 
(rómo). And it is this boundary which is the cause of the equality ; for the 
height of the parallels, which remains the same, while an infinite number of 
parallelograms are conceived on the same base, is what makes them all equal 
to one another.” 


PROPOSITION 36. 


Parallelogrvams which ave on equal bases and in the same 
parallels are equal to one another. 


Let ABCD, EFGH be parallelograms which are on 
equal bases BC, FG and in the same parallels 4H, BG; 


A D E H 


8 c F G 
I say that the parallelogram ABCD is equal to EFGH. 
For let BE, CH be joined. 
Then, since BC is equal to FG 
while FG is equal to ZA, 
BC is also equal to EH. [C. N. 1] 
But they are also parallel. 
And ÆB, HC join them ; 
but straight lines joining equal and parallel straight lines (at 
the extremities which are) in the same directions (respectively) 
are equal and parallel. [1. 33] 
Therefore EBCH is a parallelogram. (1. 34] 
And it is equal to ABCD ; 
for it has the same base ZC with it, and is in the same 
parallels BC, AA with it. [1. 35] 
For the same reason also EFGAH is equal to the same 
EBCH ; [1 35] 
so that the parallelogram ABCD is also equal to EFGZ. 


[C. N. 1] 
Therefore etc. 


Q. E. D. 
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PROPOSITION 37. 


Triangles which ave on the same base and in the same 
parallels ave equal to one another. 


Let ABC, DBC be triangles on the same base BC and 
in the same parallels 4D, BC; 


51 say that the triangle ABC is equal to the triangle DAC. 
Let AD be produced in both 


directions to £, F; E Ao É 
through Z let BE be drawn parallel 
to CA, [r. 31] 
1 and through C let CF be drawn 
parallel to BD. [r. 31] 8 c 


Then each of the figures 
EBCA, DBCF is a parallelogram ; 


and they are equal, 
's for they are on the same base BC and in the same 
parallels BC, EF. [1. 35) 
Moreover the triangle ABC is half of the parallelogram 
EBCA ; for the diameter AZ bisects it. (1. 34] 
And the triangle D&C is half of the parallelogram DBCF; 
zo for the diameter DC bisects it. (1. 34] 
[But the halves of equal things are equal to one another. ] 
Therefore the triangle 4 BC is equal to the triangle DAC. 
Therefore etc. 
Q. E. D. 


21. Here and in the next proposition Heiberg brackets the words “But the halves of 
equal things are equal to one another” on the ground that, since the Common Notion 
which asserted this fact was interpolated at a very early date (before the time of Theon), 
it is probable that the words here were interpolated at the same time. Cf. note above 
(p. 224) on the interpolated Common Notion. 


There is a lacuna in the text of Proclus' notes to 1. 36 and 1. 37. 
Apparently the end of the former and the beginning of the latter are missing, 
the mss. and the editio princeps showing no separate note for 1. 37 and no 
lacuna, but going straight on without regard to sense. Proclus had evidently 
remarked again in the missing passage that, in the case of both parallelograms 
and triangles between the same parallels, the two sides which stretch from one 
parallel to the other may increase in length to any extent, while the area 
remains the same. Thus the perimeter in parallelograms or triangles is of 
itself no criterion as to their area. Misconception on this subject was rife 
among non-mathematicians; and Proclus (p. 403, 5 sqq.) tells us (1) of 
describers of countries (xwpoypado:) who drew conclusions regarding the size 
of cities from their perimeters, and (2) of certain members of communistic 
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societies in his own time who cheated their fellow members by giving them 
land of greater perimeter but less area than they took themselves, so that, on 
the one hand, they got a reputation for greater honesty while, on the other, they 
took more than their share of produce. Cantor (Gesch. d. Math. 13, p. 172) 
quotes several remarks of ancient authors which show the prevalence of the 
same misconception. Thus Thucydides estimates the size of Sicily according 
to the time required for circumnavigating it. About 130 B.c. Polybius said 
that there were people who could not understand that camps of the same 
periphery might have different capacities. Quintilian has a similar remark, 
and Cantor thinks he may have had in his mind the calculations of Pliny, who 
compares the size of different parts of the earth by adding their length to their 
breadth. 

The comparison however of the areas of different figures of equal contour 
had not been neglected by mathematicians. "Theon of Alexandria, in his 
commentary on Book i. of Ptolemy's .Sysfaxis, has preserved a number of 
propositions on the subject taken from a treatise by Zenodorus m«pi ivouérpwy 
exnuárov (reproduced in Latin on pp. rrg0—r1211 of Hultsch's edition of 
Pappus) which was written at some date between, say, 200 B.c. u..d 9o A.D., 
and probably not long after the former date. Pappus too has at the beginning 
of Book v. of his Collection (pp. 308 sqq.) the same propositions, in which he 
appears to have followed Zenodorus pretty closely while making some changes 
in detail. The propositions proved by Zenodorus and Pappus include the 
following: (1) that, of ad/ polygons of the same number of sides and equal 
perimeter, the equilateral and equiangular polygon is the greatest in area, 
(2) that, of regular polygons of equal perimeter, that is the greatest. in. area 
which has the most angles, (3) that a circle is greater than any regular polygon 
of equal contour, (4) that, of all circular segments in which the arcs are egual in 
length, the semicircle 1s the greatest. The treatise of Zenodorus was not con- 
fined to propositions about plane figures, but gave also the theorem that, of 
all solid figures the surfaces of which are equal, the sphere is the greatest in 
volume. 


PROPOSITION 38. 


Triangles whith are on equal bases and in the same 
parallels ave equal to one another. 


Let ABC, DEF be triangles on equal bases BC, EF and 
in the same parallels BF, AD; 
I say that the triangle ABC is a AD H 
equal to the triangle DEF. 

For let AD be produced in 
both directions to G, Æ; 
through B let BG be drawn 8 c E F 
parallel to C4, (1. 31] 
and through Æ let FH be drawn parallel to DZ. 

Then each of the figures GBCA, DEFH isa parallelo- 
gram; 
and GBCA is equal to DEFH ; 
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for they are on equal bases JC, £F and in the same 
parallels BF, GH. (1. 36] 


Moreover the triangle ABC is half of the parallelogram 
GBCAA ; for the diameter AB bisects it. [r. 34] 

And the triangle FZD is half of the parallelogram DE FF/; 
for the diameter DF bisects it. [1. 34] 

[But the halves of equal things are equal to one another. ] 

Therefore the triangle ABC is equal to the triangle DEF. 

Therefore etc. 

Q. E. D. 


On this proposition Proclus remarks (pp. 4o05—6) that Euclid seems to 
him to have given in vi. 1 one proof including all the four theorems from 
I. 35 to 1. 38, and that most people had failed to notice this. When Euclid, 
he says, proves that triangles and parallelograms of the same altitude have to 
one another the same ratio as their bases, he simply proves all these 
propositions more generally by the use of proportion ; for of course to be of 
the same altitude is equivalent to being in the same parallels. It is true that 
VI. 1 generalises these propositions, but it must be observed that it does not 
prove the propositions themselves, as Proclus seems to imply; they are in fact 
assumed in order to prove VI. 1. 


Comparison of areas of triangles of I. 24. 


The theorem already mentioned as given by Proclus on 1. 24 (pp. 349—4) 
is placed here by Heron, who also enunciates it more clearly (an-Nairizi, ed. 
Besthorn-Heiberg, pp. 155— r61, ed. Curtze, pp. 75—8). 

Jf in two triangles two sides of the one be equal to two sides of the other 
respectively, and the angle of the one be greater than the angle of the other, 
namely the angles contained by the equal sides, then, (1) if the sum of the two 
angles contained by the equal sides ts equal to two right angles, the two triangles 
are equal fo one another ; (2) if less than two right angles, the triangle which 
has the greater angle is also itself greater than the other ; (3) if greater than two 
right angles, the triangle which has the less angle ts greater than the other 


triangle. 
A D 
Jui e H 
B C E 
G 
F 


Let two triangles ABC, DEF have the sides AB, AC respectively equal 
to DE, DF. 

(1) First, suppose that the angles at Æ and JD in the triangles ABC, 
DEF are together equal to two right angles. 

Heron’s construction is now as follows. 

Make the angle EG equal to the angle BAC. 

Draw EZ parallel to £D meeting DG in Æ. 

Join EZ. 
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Then, since the angles BAC, EDF are equal to two right angles, the 
angles EDH, EDF are equal to two right angles. 

But so are the angles EDH, DHF. 

Therefore the angles EDF, DHF are equal. 


And the alternate angles EDF, DFH are equal. [1. 29] 
Therefore the angles DHF, DFH are equal, 
and DF is equal to DH. (1. 6] 


Hence the two sides ED, DH are equal to the two sides BA, AC; and 
the included angles are equal. 

Therefore the triangles AZC, DEH are equal in all tespects. 

And the triangles DEF, DEH between the same parallels are equal. 


1. 37 
Therefore the triangles ABC, DEF are equal. Ion 
[Proclus takes the construction of Eucl. 1. 24, i.e. he makes DZ equal to 
DF and then proves that ED, FH are parallel.] 
(2) Suppose the angles BAC, EDF together /ess than. two right angles. 
As before, make the angle EDG equal to the angle BAC, draw FH 
parallel to ED, and join EH. 


A D 
uw 4 
8 c E G 


In this case the angles EDH, EDF are together less than two right 
angles, while the angles ED, DHF are equal to two right angles. [t. 29] 

Hence the angle EDF, and therefore the angle D/A, is less than the 
angle DHF. 

Therefore DH is less than DA (1. 19] 

Produce DH to G so that DG is equal to DF or AC, and join £G. 

Then the triangle DEG, which is equal to the triangle AZC, is greater 
than the triangle DEZ, and therefore greater than the triangle DEF. 

(3) Suppose the angles BAC, EDF together greater than two right 


angles. 
A D 
A — 
B Cc E 
F 


We make the same construction in this case, and we prove in like manner 

that the angle DZZF is less than the angle DEZ, 
whence D is greater than DF ot AC. 

Make DG equal to AC, and join ZG. 

It then follows that the triangle DEF is greater than the triangle 4 BC. 

(In the second and third cases again Proclus starts from the construction 
in 1. 24, and proves, in the second case, that the parallel, FH, to ED cuts 
DG and, in the third case, that it cuts DG produced.] 
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There is no necessity for Heron to take account of the position of Fin 
relation to the side opposite D. For in the first and third cases Æ must fall 


B c E G 


in the position in which Euclid draws it in 1. 24, whatever be the relative 
lengths of AB, AC. In the second case the figure may be as annexed, but the 
proof is the same, or rather the case needs no proof at all. 


PROPOSITION 39. 


Equal triangles which ave on the same base and on the 
same side are also in the same parallels. 
Let ABC, DBC be equal triangles which are on the same 
base BC and on the same side of it ; 
s[I say that they are also in the same parallels.) 
And [For] let 4D be joined ; 
I say that AD is parallel to BC. A D 
For, if not, let 4E be drawn through 
the point A parallel to the straight line 
10 BC, (1. 31] 
and let £C be joined. B e 
Therefore the triangle 4C is equal 
to the triangle EAC; 
for it is on the same base BC with it and in the same 


15 parallels. (1. 37] 
But ABC is equal to DBC ; 
therefore DAC is also equal to EBC, [C. M. 1) 


the greater to the less: which is impossible. 
Therefore AZ is not parallel to BC. 
20 Similarly we can prove that neither is any other straight 
line except AD ; 
therefore AD is parallel to AC. 
Therefore etc. 
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5. [I say that they are also in the same parallels.] Heiberg has proved (Hermes, 
XXXVII., 1903, p. 50) from a recently discovered papyrus-fragment (Faysim towns and their 
papyri, p. 96, No. 1X.) that these words are an interpolation by some one who did not observe 
that the words “ And let 4 be joined” are part of the selling-out (Exdeocs), but took them 
as belonging to the construction (xaragxevh) and consequently thought that a diopioyss or 
“definition” (of the thing to be proved) should precede. The interpolator then altered 
“And” into “For” in the next sentence. 


This theorem is of course the partial converse of 1. 37. Inr 37 we have 
triangles which are (1) on the same base, (2) in the same parallels, and the 
theorem proves (3) that the triangles are equal. Here the hypothesis (1) and 
the conclusion (3) are combined as hypotheses, and the conclusion is the 
hypothesis (2) of 1. 37, that the triangles are in the same parallels. The 
additional qualification in this proposition that the triangles must be on the 
same side of the base is necessary because it is not, as in 1. 37, involved in the 
other hypotheses. 

Proclus (p. 407, 4—17) remarks that Euclid only converts 1. 37 and 1. 38 
relative to triangles, and omits the converses of 1. 35, 36 about parallelograms 
as unnecessary because it is easy to see that the method would be the same, 
and therefore the reader may properly be left to prove them for himself. 

The proof is, as Proclus points out (p. 408, 5—21), equally easy on the 
supposition that the assumed parallel AE meets BD or CD produced 
beyond D. 


[PRoPosrTIoN 40. 


Equal triangles which are on equal bases and on the same 
side are also in the same parallels. 


Let ABC, CDE be equal triangles on equal bases BC, 
CE and on the same side. 
I say that they are also in the same parallels. 
For let 4D be joined ; 
I say that 4D is parallel to BZ. A D 
For, if not, let 4 F be drawn through 
44 parallel to Z£ [r. 31], and let FE be 
joined. 
Therefore the triangle ABC is equal 8 c E 
to the triangle FCE ; 
for they are on equal bases BC, CZ and in the same parallels 
BE, AF. [1. 38] 
But the triangle ABC is equal to the triangle DCE; 
therefore the triangle DCE is also equal to the triangle 
FCE, [C. N. 1] 
the greater to the less: which is impossible. 
Therefore AF is not parallel to BZ. 
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Similarly we can prove that neither is any other straight 
line except 4D; 


therefore 4D is parallel to BEL. 
Therefore etc. 
Q. E. D.] 


Heiberg has proved by means of the papyrus-fragment mentioned in the 
last note that this proposition is an interpolation by some one who thought 
that there should be a proposition following 1. 39 and related to it in the same 
way as 1. 38 is related to 1. 37, and 1. 36 to 1. 35. 


PROPOSITION 41. 


If a parallelogram have the same base with a triangle and 
be in the same parallels, the parallelogram is double of the 
triangle. 


For let the parallelogram ABCD have the same base BC 
with the triangle EAC, and let it be in the same parallels 
BC, AE; 

I say that the parallelogram ABCD is double of the 
triangle BEC. 


For let AC be joined. A D E 
Then the triangle ABC is equal to 
the triangle EBC; 


for it is on the same base AC with it 
and in the same parallels BC, AZ. 6 c 


[. 37] 
But the parallelogram ABCD is double of the triangle 
ABC; 
for the diameter AC bisects it; (1. 34] 


so that the parallelogram ABCD is also double of the triangle 
EBC. 


Therefore etc. 
Q. E. D. 


On this proposition Proclus (pp. 414, 15—415, 16), " by way of practice” 
(yvpvaaías &vexa), considers the area of a /rapezium (a quadrilateral with only 
one pair of opposite sides parallel) in comparison with that of the triangles 
in the same parallels and having the greater and less of the parallel sides of 
the trapezium for bases respectively, and proves that the trapezium is less 
than double of the former triangle and more than double of the latter. 

He next (pp. 415, 22—416, 14) proves the proposition that, 

Jf a triangle be formed by joining the middle point of either of the non- 
parallel sides to the extremities of the opposite side, the area of the trapezium is 
always double of that of the triangle. 
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Let ABCD be a trapezium in which AD, BC are the parallel sides, and 
£ the middle point of one of the non-parallel sides, 
say DC. A F 

Join EA, EB and produce BE to meet AD 
produced in Æ 

Then the triangles BEC, FED have two angles 
equal respectively, and one side CE equal to one 
side DE; 
therefore the triangles are equal in all respects. (1. 26] 

Add to each the quadrilateral ABED ; 
therefore the trapezium ACD is equal to the triangle ABA, 

that is, to twice the triangle 4ZB, since BE is equal to EF. [1. 38] 

The three properties proved by Proclus may be combined in one enuncia- 
tion thus : 

Lf a triangle be formed by joining the middle point of one side of a trapezium 
to the extremities of the opposite side, the area of the trapezium is (1) greater 
than, (2) egual to, or (3) less than, double the area of the triangle according as 
the side the middle point of which ts taken is (1) the greater of the parallel sides, 
(2) either of the non-parallel sides, or (3) the lesser of the parallel sides. 


B c 


PROPOSITION 42. 


To construct, in a given rectilineal angle, a parallelogram 
equal to a given triangle. 

Let ABC be the given triangle, and D the given recti- 
lineal angle ; 
thus it is required to construct in the rectilineal angle D a 


parallelogram equal to the 
triangle ABC. 


A F G 
Let BC be bisected at Æ, vl 
and let AE be joined ; 
on the straight line EC, and 
B E c 


at the point Æ on it, let the 
angle CEF be constructed 
equal to the angle D ; [1. 23] 
through 4 let AG be drawn parallel to EC, and (1. 31] 
through C let CG be drawn parallel to EF. 

Then FECG is a parallelogram. 

And, since BE is equal to EC, 

the triangle 4 BE is also equal to the triangle 4 EC, 
for they are on equal bases BZ, EC and in the same parallels 
BC, AG; [1. 38] 

therefore the triangle ABC is double of the triangle 
AEC, 
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But the parallelogram ECG is also double of the triangle 
AEC, for it has the same base with it and is in the same 
parallels with it; (1. 41] 

therefore the parallelogram FECG is equal to the 
triangle ABC. 

And it has the angle CZF equal to the given angle D. 

Therefore the parallelogram FECG has been constructed 
equal to the given triangle AAC, in the angle CEF which is 
equal to D. Q. E. F. 


PROPOSITION 43. 


In any parallelogram the complements of the parallelograms 
about the diameter are equal to one another. 
Let ABCD be a parallelogram, and AC its diameter ; 
and about AC let EH, FG be parallelograms, and BK, KD 
s the so-called complements ; 
I say that the complement BX is equal to the complement 


For, since 4 BCD is a parallelogram, and AC its diameter, 
the triangle ABC is equal to 
10 the triangle ACD. [1. 34] ^ H g 
Again, since E/7 is a parallelo- E F 
gram, and AX is its diameter, 
the triangle 4 ZX is equal to 
the triangle AK. 
1s For the same reason 
the triangle AFC is also equal to AGC. 


Now, since the triangle 42K is equal to the triangle 
AHK, 


B G c 


and KFC to KGC, 
20 the triangle 44 EK together with K'GC is equal to the triangle 
AHK together with KFC. [C. N. 2] 
And the whole triangle ABC is also equal to the whole 
ADC; 
therefore the complement BA which remains is equal to the 
as complement AD which remains. [C. W. 3] 
Therefore etc. 
Q. E. D. 
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1. complements, waparAnpdyara, the figures put in to fill up (interstices). 

4. and about AC... Euclid’s phraseology here and in the next proposition implies 
that the complements as well as the other parallelograms are “about” the diagonal. The 
words are here wepl 6¢ rhv AI mapa MAgMe:pauua dv (cro rà EO, ZH, rà bà Neyóueva 
TapazA»póuara rà BK, KA. The expression “the so-called complements” indicates that 
this technical use of rapaxMypópnara was not new, though it might not be universally known. 


In the text of Proclus’ commentary as we have it, the end of the note on 
1. 41, the whole of that on 1. 42, and the beginning of that on 1. 43 are 
missing. 

Proclus remarks (p. 418, 15—20) that Euclid did not need to give a 
formal definition of complement because the name was simply suggested by the 
facts; when once we have the two "'parallelograms about the diameter,” 
the complements are necessarily the areas remain- 
ing over on each side of the diameter, which fill 
up the complete parallelogram. Thus (p. 417, 

1 sqq.) the complements need not be parallelo- 

grams. They are so if the two “parallelograms 

about the diameter” are formed by straight lines 

drawn through one point of the diameter parallel 

to the sides of the original parallelogram, but not 

otherwise. If, as in the first of the accompanying figures, the parallelograms 
have no common point, the complements are five-sided figures as shown. 
When the parallelograms overlap, as in the second figure, Proclus regards 
the complements as being the small parallelo- 

grams FG, EH. But, if complements are strictly A F 

the areas required to fill up the original parallelo- M A 
gram, Proclus is inaccurate in describing FG, EH 

as the complements. The complements are really € 

(1) the parallelogram FG minus the triangle LN, 

and (2) the parallelogram EH minus the triangle B H C 
KMN, respectively; the possibility that the re- 

spective differences may be negative merely means the possibility that the 
sum of the two parallelograms about the diameter may be together greater 
than the original parallelogram. 

In all the cases it is easy to show, as Proclus does, that the complements 
are still equal. 


PROPOSITION 44. 


To a given straight line to apply, in a given rectilineal 
angle, a parallelogram equal to a given triangle. 


Let AB be the given straight line, C the given triangle 
and D the given rectilineal angle ; 

s thus it is required to apply to the given straight line 447, in 
an angle equal to the angle D, a parallelogram equal to the 
given triangle C. 

Let the parallelogram BEFG be constructed equal to 
the triangle C, in the angle EZG which is equal to 2 (t. 42]; 
10 let it be placed so that ZZ is in a straight line with 442 ; let 
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FG be drawn through to ZZ, and let AH be drawn through 
A parallel to either BG or EF. 1. 31] 
Let 777 be joined. 


^ AL 


Then, since the straight line A/F falls upon the parallels 
1s AH, EF, 
the angles AHF, HFE are equal to two right angles. 


(1. 29] 
Therefore the angles BHG, GFE are less than two right 
angles ; 
and straight lines produced indefinitely from angles less than 
20 two right angles meet ; [Post. s] 
therefore HB, FE, when produced, will meet. 
Let them be produced and meet at A’; through the point 
K let KL be drawn parallel to either £4 or FH, (1. 31] 
and let HA, GB be produced to the points Z, M. 
55 Then HLKFis a parallelogram, 
HK is its diameter, and AG, ME are parallelograms. and 
LB, BF the so-called complements, about 77K ; 


therefore LZ is equal to BF. (1. 43) 
But BF is equal to the triangle C ; 
30 therefore ZZ is also equal to C. [C. N. 1) 
And, since the angle GBE is equal to the angle ABM, 


(r. 15] 
while the angle GZZ is equal to 2, 


the angle 4424 is also equal to the angle D. 
Therefore the parallelogram ZZ equal to the given triangle 


3s C has been applied to the given straight line 4, in the angle 
ABM which is equal to D. 


Q. E. F. 


14. since the straight line HF falls... The verb is in the aorist (év&recev) here and 
in similar expressions in the following propositions. 


This proposition will always remain one of the most impressive in all 
geometry when account is taken (1) of the great importance of the result 
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obtained, the transformation of a parallelogram of any shape into another 
with the same angle and of equal area but with one side of any given 
length, e.g. a unit length, and (z) of the simplicity of the means employed, 
namely the mere application of the property that the complements of the 
“parallelograms about the diameter” of a parallelogram are equal. The 
marvellous ingenuity of the solution is indeed worthy of the “godlike men of 
old," as Proclus calls the discoverers of the method of “ application of areas”; 
and there would seem to be no reason to doubt that the particular solution, 
like the whole theory, was Pythagorean, and not a new solution due to Euclid 
himself. 


Application of areas. 

On this proposition Proclus gives (pp. 419, 15—420, 23) a valuable note 
on the method of “application of areas” here introduced, which was one of 
the most powerful methods on which Greek geometry relied. The note runs 
as follows : 

“These things, says Eudemus (oi epi rov EvSquov), are ancient and are 
discoveries of the Muse of the Pythagoreans, I mean the application of areas 
(wapaBody töv xwpiwv), their exceeding (imepBody) and their falling-short 
(4AXeyus).. It was from the Pythagoreans that later geometers [i.e. Apollonius] 
took the names, which they again transferred to the so-called coste lines, 
designating one of these a parabola (application), another a hyperbola 
(exceeding) and another an ¢//:pse (falling-short), whereas those godlike men 
of old saw the things signified by these names in the construction, in a plane, 
of areas upon a finite straight line. For, when you have a straight line set 
out and lay the given area exactly alongside the whole of the straight line, then 
they say that you apply (rapafgaAAewv) the said area; when however you 
make the length of the area greater than the straight line itself, it is said to 
exceed (érepBaAAew), and when you make it less, in which case, after the area 
has been drawn, there is some part of the straight line extending beyond it, 
it is said to fall short (édAcimew). Euclid too, in the sixth book, speaks in 
this way both of exceeding and falling-short; but in this place he needed the 
application simply, as he sought to apply to a given straight line an area equal 
to a given triangle in order that we might have in our power, not only the 
construction (viaracis) of a parallelogram equal to a given triangle, but also 
the application of it to a finite straight line. For example, given a triangle 
with an area of 12 feet, and a straight line set out the length of which is 
4 feet, we apply to the straight line the area equal to the triangle if we take 
the whole length of 4 feet and find how many feet the breadth must be in 
order that the parallelogram may be equal to the triangle. In the particular 
case, if we find a breadth of 3 feet and multiply the length into the breadth, 
supposing that the angle set out is a right angle, we shall have the area. Such 
then is the gøp/ication handed down from early times by the Pythagoreans.” 

Other passages to a similar effect are quoted from Plutarch. (1) ‘‘ Pytha- 
goras sacrificed an ox on the strength of his proposition (Biéypauua) as 
Apollodotus (? rus) says... whether it was the theorem of the hypotenuse, viz. 
that the square on it is equal to the squares on the sides containing the 
right angle, or the problem about the application of an area.” (Non posse 
suaviter vivi secundum Epicurum, c. 11.) (2) “ Among the most geometrical 
theorems, or rather problems, is the following: given two figures, to apply a 
third equal to the one and similar to the other, on the strength of which 
discovery they say moreover that Pythagoras sacrificed. This is indeed 
unquestionably more subtle and more scientific than the theorem which 
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demonstrated that the square on the hypotenuse is equal to the squares on 
the sides about the right angle” (Symø. vini. 2, 4). 

The story of the sacrifice must (as noted by Bretschneider and Hankel) 
be given up as inconsistent with Pythagorean ritual, which forbade such 
sacrifices; but there is no reason to doubt that the first distinct formulation 
and introduction into Greek geometry of the method of application of areas 
was due to the Pythagoreans. The complete exposition of the application of 
areas, their exceeding and their falling-short, and of the construction of a 
rectilineal figure equal to one given figure and similar to another, takes us 
into the sixth Book of Euclid; but it will be convenient to note here the 
general features of the theory of application, exceeding and falling-short. 

The simple application of a parallelogram of given area to a given 
straight line as one of its sides is what we have in 1. 44 and 45; the general 
form of the problem with regard to exceeding and falling-short may be stated 
thus : 

“To apply to a given straight line a rectangle (or, more generally, a 
parallelogram) equal to a given rectilineal figure and (1) exceeding or 
(2) falling-short by a square (or, in the more general case, a parallelogram 
similar to a given parallelogram).” 

What is meant by saying that the applied parallelogram (1) exceeds or 
(2) falls short is that, while its base coincides and is coterminous af one end 
with the straight line, the said base (1) overlaps or (2) falls short of the 
straight line af fhe other end, and the portion by which the applied 
parallelogram exceeds a parallelogram of the same angle and height on the 
given straight line (exactly) as base is a parallelogram similar to a given 
parallelogram (or, in particular cases, a square). In the case where the 
parallelogram is to fa// short, a d:opopds is necessary to express the condition 
of possibility of solution. 

We shall have occasion to see, when we come to the relative Propositions 
in the second and sixth Books, that the general problem here stated is 
equivalent to that of solving geometrically a mixed quadratic equation. We 
shall see that, even by means of tt. 5 and 6, we can solve geometrically the 
equations 

axt tb, 
x-ax=b; 
but in vi. 28, 29 Euclid gives the equivalent of the solution of the general 
equations 
C 


b 
axt-Xx—. 
Te m 


We are now in a position to understand the application of the terms 
parabola (application), hyperbola (exceeding) and ellipse (falling-short) to 
conic sections. These names were first so applied by Apollonius as expressing 
in each case the fundamental property of the curves as stated by him. This 
fundamental property is the geometrical equivalent of the Cartesian equation 
referred to any diameter of the conic and the tangent at its extremity as (in 
general, oblique) axes. If the parameter of the ordinates from the several 
points of the conic drawn to the given diameter be denoted by ? (2 being 

^2 
accordingly, in the case of the hyperbola and ellipse, equal to T’ where d is 
the length of the given diameter and a’ that of its conjugate), Apollonius gives 
the properties of the three conics in the following form. 
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(1) For the parabola, the square on the ordinate at any point is equal to 
a rectangle applied to as base with altitude equal to the corresponding 
abscissa. That is to say, with the usual notation, 

y= px. 

(2) For the Ayperbola and ellipse, the square on the ordinate is equal to 
the rectangle applied to ? having as its width the abscissa and exceeding (for 
the hyperbola) or fa//ing-short (for the ellipse) by a figure similar and similarly 
situated to the rectangle contained by the given diameter and f. 


2 
That is, in the Aygerdola — y! -px« ^ pd, 


or Jy-px 2 x’; 
and in the e//ipse y -px- a 


The form of these equations will be seen to be exactly the same as that of 
the general equations above given, and thus Apollonius’ nomenclature followed 
exactly the traditional theory of application, exceeding, and falling-short. 


PROPOSITION 45. 


To construct, in a given rectilineal angle, a parallelogram 
equal to a given rectilineal figure. 
Let ABCD be the given rectilineal figure and Z the given 
rectilineal angle ; 
sthus it is required to construct, in the given angle Æ, a 
parallelogram equal to the rectilineal figure ABCD. 


P F G L 
A c 
k 
E K H M 

Let DB be joined, and let the parallelogram FH be 
constructed equal to the triangle ABD, in the angle HAF 
which is equal to £; (t. 42] 
tolet the parallelogram G/M equal to the triangle DBC be 
applied to the straight line GH, in the angle GAM which is 
equal to Æ. [1. 44] 
Then, since the angle Æ is equal to each of the angles 


HKF, GH M, 
1s the angle ZKF is also equal to the angle GZ7/4. [C. N. 1] 
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Let the angle KH/G be added to each ; 
therefore the angles FKH, KHG are equal to the angles 
KHG, GHM. 

But the angles FKA, KHG are equal to two right angles; 

[t 29 
20 — the angles KHG, GHM are also equal to two vighe 
angles. 

Thus, with a straight line GH, and at the point Æ on it, 
two straight lines KÆ, HM not lying on the same side make 
the adjacent angles equal to two right angles ; 

25 therefore XÆ is in a straight line with 77/7. (1. 14] 

And, since the straight line ÆG falls upon the parallels 
KM, FG, the alternate angles MHG, HGF are equal to one 
another. (1. 29] 

Let the angle /Z7GZ be added to each ; 


30 therefore the angles MHG, HGL are equal to the angles 


HGF, HGL. [C ~M. 2] 
But the angies HG, HGL are equal to two right s 
L 2 
therefore the angles /7GF, /7GL are also equal to two EUR 
angles. [C. N. 1] 
35 Therefore FG.is in a straight line with GZ. [t 14] 
And, since FA is equal and parallel to WG, [1. 34] 
and HG to ML also, 

KF is also equal and parallel to MZ ; [C N. 1; 1.30) 
and the straight lines KM, FL join them (at their extremities); 
40 therefore XM, FL are also equal and parallel. (1. 33] 


Therefore KFLM is a parallelogram. 
And, since the triangle 4 BD is equal to the parallelogram 


n and DBC to GM, 
asthe whole rectilineal figure ABCD is equal to the whole 
parallelogram XFL M. 

Therefore the parallelogram KFZ 77 has been constructed 
equal to the given rectilineal figure ABCD, in the angle FKM 
which is equal to the given angle Æ. Q. E. F. 

3, 3, 6, 45, 48. rectilineal figure, in the Greek “rectilineal” simply, without figure,” 
ei0cypaupuor being here used as a substantive, like the similarly formed wapadAnAdypaypor. 

Transformation of areas. 


We can now take stock of how far the propositions 1. 43—45 bring us in 
the matter of transformation of areas, which constitutes so important a part of 
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what has been fitly called the geometrical algebra of the Greeks. We have 
now learnt how to represent any rectilineal area, which can of course be 
resolved into triangles, by a single parallelogram having one side equal to any 
given straight line and one angle equal to any given rectilineal angle. Most 
important of all such parallelograms is the rectangle, which is one of the simplest 
forms in which an area can be shown. Since a rectangle corresponds to the 
product of two magnitudes in algebra, we see that application to a given 
Straight line of a rectangle equal to a given area is the geometrical equivalent 
of algebraical division of the product of two quantities by a third. Further 
than this, it enables us to add or subtract any rectilineal areas and to represent 
the sum or difference by one rectangle with one side of any given length, the 
process being the equivalent of obtaining a common factor. But one step 
still remains, the finding of a sgw«ze equal to a given rectangle, ie. to a 
given rectilineal figure; and this step is not taken till 1. 14. In general, 
the transformation of combinations of rectangles and squares into other 
combinations of rectangles and squares is the subject-matter of Book 11., with 
the exception of the expression of the sum of two squares as a single square 
which appears earlier in the other Pythagorean theorem 1. 47. Thus the 
transformation of rectilineal areas is made complete i# one direction, i.e. in the 
direction of their simplest expression in terms of rectangles and squares, by the 
end of Book i1. The reverse process of transforming the simpler rectangular 
area into an equal area which shall be similar to any rectilineal figure requires, 
of course, the use of proportions, and therefore does not appear till vi. 25. 

Proclus adds to his note on this proposition the remark (pp. 422, 24— 
423, 6): “I conceive that it was in consequence of this problem that the 
ancient geometers were led to investigate the squaring of the circle as well. 
For, if a parallelogram can be found equal to any rectilineal figure, it is worth 
inquiring whether it be not also possible to prove rectilineal figures equal to 
circular. And Archimedes actually proved that any circle is equal to the 
right-angled triangle which has one of its sides about the right angle [the 
perpendicular] equal to the radius of the circle and its base equal to the 
perimeter of the circle. But of this elsewhere.” 


PROPOSITION 46. 


On a given straight line to describe a square. 


Let AB be the given straight line ; c 
thus it is required to describe a square 
on the straight line AB. 
S Let AC be drawn at right anglesto © E 
the straight line 42 from the point 4 
on it (x. rr], and let 4D be made equal 
to AB; 
through the point D let DE be drawn 
io parallel to AB, ^ 8 
and through the point Z let Z£ be drawn parallel to AD. 
(t. 31] 
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Therefore ADEZB is a parallelogram ; 
therefore AB is equal to DE, and AD to BE. [i 34] 
But AB is equal to 4D; 


15 therefore the four straight lines BA, AD, DE, EB 
are equal to one another ; 


therefore the parallelogram ADEZB is equilateral. 


I say next that it is also right-angled. 

For, since the straight line 4D falls upon the parallels 
2 AB, DE, 

the angles BAD, ADE are equal to two right angles. 


[1. 29) 
But the angle BAD is right ; 
therefore the angle 4 DZ is also right. 


And in parallelogrammic areas the opposite sides and 
as angles are equal to one another ; DET 


therefore each of the opposite angles ABEL, BED is also 
right. 
Therefore ADEZB is right-angled. 
And it was also proved equilateral. 
3» . Therefore it is a square; and it is described on the straight 
line AB. 
Q. E. F. 


1, 3, 30. Proclus (p. 423, 18 sqq.) notes the difference between the word construct 
(avørhoacðaı) applied by Euclid to the construction of a triangle (and, he might have added, 
of an angle) and the words describe on (åvaypáew åró) used of drawing a square on a given 
straight line as one side. The (riangle (or angle) is, so to say, pieced together, while the 
describing of a square on a given straight line is the making of a figure '‘ from" one side, 
and corresponds to the multiplication of the number representing the side by itself. 


Proclus (pp. 424— 5) proves that, £f squares are described on equal straight 
lines, the squares are equal, and, conversely, that, 
if two squares ave equal, the straight lines are D F 
equal on which they are described. The first 
proposition is immediately obvious if we divide 
the squares into two triangles by drawing a 
diagonal in each. The converse is proved as 
follows. A c 

Place the two equal squares AF, CG so 
that AB, BC are in a straight line. Then, 
since the angles are right, FB, BG will also 
be in a straight line. Join AA, FC, CG, GA. 

Now, since the squares are equal, the à E 
triangles ABF, CBG are equal. 

Add to each the triangle FBC ; therefore the triangles AFC, GFC are 
equal, and hence they must be in the same parallels. 
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Therefore AG, CF are parallel. 
Also, since each of the alternate angles 4G, FGC is half a right angle, 
AF, CG are parallel. 
Hence AFCG is a parallelogram ; and 4F, CG are equal. 
n the triangles ABA, CBG have two angles and one side respectively 
equal ; 
therefore 47 is equal to BC, and BF to BG. 


PROPOSITION 47. 


In right-angled triangles the square on the side subtending 
the right angle is equal to the squares on the sides containing 
the right angle. 


Let ABC be a right-angled triangle having the angle 

s BAC right; 

I say that the square on BC is equal to the squares on 
BA, AC. 
For let there be described 
on BC the square BDEC, 
1oand on BA, AC the squares 
GB, HC; [1. 46] 
through 4 let AZ be drawn 
parallel to either BD or CE, 
and let AD, FC be joined. 

15 Then, since each of the 
angles BAC, BAG is right, 
it follows that with a straight 
line BA, and at the point 4 
on it, the two straight lines 

2 AC, AG not lying on the 
same side make the adjacent 





angles equal to two right O L E 
angles ; 
therefore CA is in a straight line with 4G. [. 14] 


25 For the same reason 
BA is also in a straight line with 74 77. 
And, since the angle D&C is equal to the angle FBA: for 
each is right : 
let the angle 4.BC be added to each ; 
3» therefore the whole angle DBA is equal to the whole 
angle FBC. [C. N. 2) 
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And, since DB is equal to BC, and FB to BA, 
the two sides AB, BD are equal to the two sides FB, BC 
respectively , 
35 and the angle ABD is equal to the angle FAC ; 
therefore the base 4D is equal to the base FC, 


and the triangle 4 BD is equal to the triangle FBC. [1 4] 
Now the parallelogram AZ is double of the triangle ABD, 
for they have the same base BD and are in the same parallels 
«o BD, AL. (1. 41] 
And the square GB is double of the triangle “BC, 
for they again have the same base FB and are in the same 
parallels AZ, GC. [r. 41] 
( But the doubles of equals are equal to one another.] 
45 Therefore the parallelogram AZ is also equal to the 
square GØ. 
Similarly, if 44 £, BX be joined, 
the parallelogram CZ can also be proved equal to the square 


therefore the whole square BDEC is equal to the two 
squares GB, HC. [C. N. 2] 
And the square BDEC is described on BC, 
and the squares GB, HC on BA, AC. 
Therefore the square on the side BC is equal to the 
ss Squares on the sides BA, AC. 
Therefore etc. Q. E. D. 


1. the square on, 70 ázà...rerpáyuvov, the word dvaypadév or deayeypaypévor being 


understood. 
subtending the right angle. Here rorewovons, “subtending,” is used with the 


simple accusative (rv ôpðňv ywvlav) instead of being followed by twé and the accusative, 
which seems to be the original and more orthodox construction. Cf. 1. 18, note. 

33. the two sides AB, BD.... Euclid actually writes * D8, BA,” and therefore the 
equal sides in the two triangles are not mentioned in corresponding order, though he adheres 
to the words éxarépa éxarépa '' respectively." Here DA is equal to BC and BA to FB. 

44. [But the doubles of equals are equal to one another.] Heiberg brackets 
these words as an interpolation, since it quotes a Common. Notion which is itself interpolated. 
Cf. notes on 1. 37, p. 332, and on interpolated Common Notions, pp. 223—4- 

“Tf we listen," says Proclus (p. 426, 6 sqq.), "to those who wish to 
recount ancient history, we may find some of them referring this theorem to 
Pythagoras and saying that he sacrificed an ox in honour of his discovery. 
But for my part, while I admire those who first observed the truth of this 
theorem, I marvel more at the writer of the Elements, not only because he 
made it fast (xaredjoaro) by a most lucid demonstration, but because he 
compelled assent to the still more general theorem by the irrefragable 
arguments of science in the sixth Book. For in that Book he proves 
generally that, in right-angled triangles, the figure on the side subtending 
the right angle is equal to the similar and similarly situated figures described 
on the sides about the right angle." 


50 
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In addition, Plutarch (in the passages quoted above in the note on I. 44), 
Diogenes Laertius (viir. 12) and Athenaeus (X. 13) agree in attributing this 
proposition to Pythagoras. Itis easy to point out, as does G. Junge (“Wann 
haben die Griechen das Irrationale entdeckt?" in Movae Symbolae Joachimicae, 
Halle a. S., 1907, pp. 221—264), that these are late witnesses, and that the 
Greek literature which we possess belonging to the first five centuries after 
Pythagoras contains no statement specifying this or any other particular great 
geometrical discovery as due to him. Yet the distich of Apollodorus the 
* calculator," whose date (though it cannot be fixed) is at least earlier than 
that of Plutarch and presumably of Cicero, is quite definite as to the existence 
of one “famous proposition” discovered by Pythagoras, whatever it was. Nor 
does Cicero, in commenting apparently on the verses (De nat. deor. 11. c. 36, 
$ 88), seem to dispute the fact of the geometrical discovery, but only the story 
of the sacrifice. Junge naturally emphasises the apparent uncertainty in the 
statements of Plutarch and Proclus. But, as I read the passages of Plutarch, 
I see nothing in them inconsistent with the supposition that Plutarch un- 
liesitatiogly accepted as discoveries of Pythagoras doth the theorem of the 
square of the hypotenuse and the problem of the application of an area, and 
the only doubt he felt was as to which of the two discoveries was the mare 
appropriate occasion for the supposed sacrifice. There is also other evidence 
not without bearing on the question. The theorem is closely connected with 
the whole of the matter of Eucl. Book tt., in which one of the most prominent 
features is the use of the gnomon. Now the gnomon was a well-understood 
term with the Pythagoreans (cf. the fragment of Philolaus quoted on p. 141 of 
Boeckh's Philolaos des Pythagoreers Lehren, 1819). Aristotle also {Physics 
IIl. 4, 203 à 10—15) clearly attributes to the Pythagoreans the placing of odd 
numbers as gnomons round successive squares beginning with 1, thereby 
forming new squares, while in another place (Cafeg. 14, 15 a 30) the word 
gnomon occurs in the same (obviously familiar) sense: “e.g. a square, when a 
gnomon is placed round it, is increased in size but is not altered in form.” 
The inference must therefore be that practically the whole doctrine of Book 11. 
is Pythagorean. Again Heron (? 3rd cent. a.v.), like Proclus, credits Pythagoras 
with a general rule for forming right-angled triangles with rational whole 
numbers for sides. Lastly, the “summary” of Proclus appears to credit 
Pythagoras with the discovery of the theory, or study, of irrationals (rjv ràv 
dÀóyuy mpaypare(av). But it is now more or less agreed that the reading here 
should be, not ràv aAóyov, but róv dvaAóyoev, or rather róv avà doyov (“of 
proportionals "), and that the author intended to attribute to Pythagoras a 
theory of proportion, i.e. the (arithmetical) theory of proportion applicable 
only to commensurable magnitudes, as distinct from the theory of Eucl. 
Book v., which was due to Eudoxus. It is not however disputed that the 
Pythagoreans discovered the irrational (cf. the scholium No. 1 to Book x.). 
Now everything goes to show that this discovery of the irrational was made 
with reference to ,/2, the ratio of the diagonal of a square to its side. It is 
clear that this presupposes the knowledge that I. 47 is true of an isosceles 
right-angled triangle ; and the fact that some triangles of which it had been 
discovered to be true were rational right-angled triangles was doubtless 
what suggested the inquiry whether the ratio between the lengths of the 
diagonal and the side of a square could also be expressed in whole numbers. 
On the whole, therefore, I see no sufficient reason to question the tradition 
that, so far as Greek geometry is concerned (the possible priority of the 
discovery of the same proposition in India will be considered later), Pythagoras 
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was the first to introduce the theorem of 1. 47 and to give a general proof 
of it. 

On this assumption, how was Pythagoras led to this discovery? It has 
been suggested and commonly assumed that the Egyptians were aware that a 
triangle with its sides in the ratio 3, 4, 5 was right-angled. Cantor inferred 
this from the fact that this was precisely the triangle with which Pythagoras 
began, if we may accept the testimony of Vitruvius (1x. 2) that Pythagoras 
taught how to make a right angle by means of three lengths measured by the 
numbers 3, 4, 5. If then he took from the Egyptians the triangle 3, 4, s, he 
presumably learnt its property from them also. Now the Egyptians must 
certainly be credited from a period at least as far back as 2000 B.c. with the 
knowledge that 47+3’=5% Cantor finds proof of this in a fragment of 
papyrus belonging to the time of the 12th Dynasty newly discovered at 
Kahun. In this papyrus we have extractions of square roots: e.g. that of 16 
is 4, that of 1,5 is 11, that of 6] is 23, and the following equations can be 


traced : 
re€( (y 
8*4 6 =i 


28+ (14)? = (24) 


167+ 12? =202% 


It will be seen that 4*-3*- 5? can be derived from each of these by 
multiplying, or dividing out, by one and the same factor. We may therefore 
admit that the Egyptians knew that 3+ 4?= 57. But there seems to be no 
evidence that they knew that the triangle (3, 4, 5) is right-angled; indeed, 
according to the latest authority (T. Eric Peet, Zhe Rhind Mathematical 
Papyrus, 1923), nothing in Egyptian mathematics suggests that the Egyptians 
were acquainted with this or any special cases of the Pythagorean theorem. 
How then did Pythagoras discover the general theorem? Observing that 
3» 4, 5 was a right-angled triangle, while 3°+ 4? = 5°, he was probably led to 


consider whether a similar relation was true of the sides of right-angled 
triangles other than the particular one. The simplest case (geometrically) to 
investigate was that of the ssosce/es right-angled triangle ; and the truth of the 
theorem in this particular case would easily appear from the mere construction 
of a figure. Cantor (1,, p. 185) and Allman (Greek Geometry from Thales to 
Euclid, p. 29) illustrate by a figure in which the squares are drawn outwards, 
as in I. 47, and divided by diagonals into equal triangles; but I think that the 
truth was more likely to be first observed from a figure of the kind suggested 
by Burk (Das Apastamba-Sulba-Sutra in Zettschrift der deuts hen morgenland. 
Gesellschaft, LV., 1901, p. §§7) to explain how the Indians arrived at the 
same thing. The two figures are as shown above. When the geometrical 
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consideration of the figure had shown that the isosceles right-angled triangle 
had the property in question, the investigation of the same fact from the 
arithmetical point of view would ultimately lead to the other momentous 
discovery of the irrationality of the length of the diagonal of a square expressed 
in terms of its side. 

The irrational will come up for discussion later; and our next question 
is: Assuming that Pythagoras had observed the geometrical truth of the 
theorem in the case of the two particular triangles, and doubtless of other 
rational right-angled triangles, how did he establish it generally ? 

There is no positive evidence on this point. Two possible lines are 
however marked out. (1) Tannery says (La Géométrie grecque, p. 105) that 
the geometry of Pythagoras was sufficiently advanced to make it possible 
for him to prove the theorem by similar triangles. He does not say in 
what particular manner similar triangles would be used, but their use must 
apparently have involved the use of proportions, and, in order that the proof 
should be conclusive, of the theory of proportions in its complete form 
applicable to incommensurable as well as commensurable magnitudes. Now 
Eudoxus was the first to make the theory of proportion independent of the 
hypothesis of commensurability ; and as, before Eudoxus' time, this had not 
been done, any proof of the general theorem by means of proportions given 
by Pythagoras must at least have been inconclusive. But this does not 
constitute any objection to the supposition that the truth of the general 
theorem may have been discovered in such a manner; on the contrary, the 
supposition that Pythagoras proved it by means of an imperfect theory of 
proportions would better than anything else account for the fact that Euclid 
had to devise an entirely new proof, as Proclus says he did in 1. 47. This 
proof had to be independent of the theory of proportion even in its rigorous 
form, because the plan of the E/ements postponed that theory to Books v. 
and vri, while the Pythagorean theorem was required as early as Book 11. 
On the other hand, if the Pythagorean proof had been based on the doctrine 
of Books 1. and 11. only, it would scarcely have been necessary for Euclid to 
supply a new proof. 

The possible proofs by means of proportion would seem to be practically 
limited to two. 

(a) One method is to prove, from the similarity of the triangles ABC, 
DBA, that the rectangle CB, BD is equal to the 
square on BA, and, from the similarity of the A 
triangles ABC, DAC, that the rectangle BC, CD 
is equal to the square on CA; whence the result 
follows by addition. 

It will be observed that this proof is in substance 
identical with that of Euclid, the only difference B OD c 
being that the equality of the two smaller squares 
to the respective rectangles is inferred by the method of Book vr. instead 
of from the relation between the areas of parallelograms and triangles on the 
same base and between the same parallels established in Book 1. It occurred 
to me whether, if Pythagoras' proof had come, even in substance, so near to 
Euclid's, Proclus would have emphasised so much as he does the originality 
of Euclid’s, or would have gone so far as to say that he marvelled more at 
that proof than at the original discovery of the theorem. But on the whole 
I see no difficulty ; for there can be little doubt that the proof by proportion 
is what suggested to Euclid the method of 1. 47, and the transformation of 
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the method of proportions into one based on Book 1. only, effected by a 
construction and proof so extraordinarily ingenious, is a veritable /our de 
force which compels admiration, notwithstanding the ignorant strictures of 
Schopenhauer, who wanted something as obvious as the second figure in 
the case of the isosceles right-angled triangle (p. 352), and accordingly 
(Sámmtliche . Were, ut. $ 39 and 1. § 15) calls Euclid’s proof “a mouse-trap 
proof” and “a proof walking on stilts, nay, a mean, underhand, proof” (‘Des 
Eukleides stelzbeiniger, ja, hinterlistiger Beweis "). 

(4) The other possible method is this. As it would be seen that the 
triangles into which the original triangle is divided by the perpendicular from 
the nght angle on the hypotenuse are similar to one another and to the whole 
triangle, while in these three triangles the two sides about the right angle in the 
original triangle, and the hypotenuse of the original triangle, are corresponding 
sides, and that the sum of the two former similar triangles is identically equal 
to the similar triangle on the hypotenuse, it might be inferred that the same 
would also be true of squares described on the corresponding three sides 
respectively, because squares as well as similar triangles are to one another in 
the duplicate ratio of corresponding sides. But the same thing is equally true 
of any similar rectilineal figures, so that this proof would practically establish 
the extended theorem of Eucl. vi. 31, which theorem, however, Proclus 
appears to regard as being entirely Euclid's discovery. 

On the whole, the most probable supposition seems to me to be that 
Pythagoras used the first method (a) of proof by means of the theory of 
proportion as he knew it, i.e. in the defective form which was in use up to the 
date of Eudoxus. 

(2) I have pointed out the difficulty in the way of the supposition that 
Pythagoras’ proof depended upon the principles of Eucl. Books 1. and 11. only. 





a 


Were it not for this difficulty, the conjecture of Bretschneider (p. 82), followed 
by Hankel (p. 98), would be the most tempting hypothesis. According to this 
suggestion, we are to suppose a figure like that of Eucl. it. 4 in which a, 2 are 
the sides of the two inner squares respectively, and a + b is the side of the 
complete square. Then; if the two complements, which are equal, are divided 
by their two diagonals into four equal triangles of sides a, b, c, we can place 
these triangles round another square of the same size as the whole square, in the 
manner shown in the second figure, so that the sides a, 4 of successive triangles 
make up one of the sides of the square and are arranged in cyclic order. It 
readily follows that the remainder of the square when the four triangles are 
deducted is, in the one case, a square whose side is c, and in the other the sum of 
two squares whose sides are a, b respectively. Therefore the.square on c is equal 
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to the sum of the squares on a, b. All that can be said against this con- 
jectural proof is that it has no specifically Greek colouring 

but rather recalls the Indian method. Thus Bhāskara 

(born 1114 A.D.; see Cantor, 1s, p. 656) simply draws 

four right-angled triangles equal to the original one in- 

wards, one on each side of the square on the hypotenuse, 

and says ‘‘see!”, without even adding that inspection 

shows that 


Ong (a-f =at. 


Though, for the reason given, there is difficulty in supposing that 
Pythagoras used a general proof of this kind, which applies of course to right- 
angled triangles with sides incommensurable as well as commensurable, there 
is no objection, I think, to supposing that the truth of the proposition in the 
case of the first rational right-angled triangles discovered, e.g. 3, 4, 5, Was 
proved by a method of this sort. Where the sides are commensurable in this 
way, the squares can be divided up into small (unit) squares, which would 
much facilitate the comparison between them. That this subdivision was in 
fact resorted to in adding and subtracting squares is made probable by 
Aristotle's allusion to odd numbers as £zomons placed round unity to form 
successive squares in PAysics It. 4; this must mean that the squares were 
represented by dots arranged in the form of a square and a gnomon formed of 
dots put round, or that (if the given square was drawn in the usual way) the 
gnomon was divided up into unit squares. Zeuthen has shown (“ Théorème 
de Pythagore,” Origine de la Glométrie scientifigue in Comptes rendus du 
IIl™ Congrès international de Philosophie, Genève, 1904), how easily the 
proposition could be proved by a method of this kind for the triangle 3, 4, 5. 
To admit of the two smaller squares being shown side by side, take a square 
on a line containing 7 units of length (4+ 3), and divide it up into 49 
small squares. It would be obvious that the 
whole square could be exhibited as containing 
four rectangles of sides 4, 3 cyclically arranged A 
round the figure with one unit square in the 
middle. (This same figure is given by Cantor, 1;, 
p. 680. to illustrate the method given in. the 
Chinese “Chéu-pei”.) It would be seen that 

(i) the whole square (7") is made up of two 
squares 3' and 4?, and two rectangles 3, 4; 

(ii) the same square is made up of the square 
EFGH and the halves of four of the same rect- 
angles 3, 4, whence the square E FG Z, being equal 
to the sum of the squares 3? and 4*, must contain 25 unit squares and its side, 
or the diagonal of one of the rectangles, must contain 5 units of length. 

Or the result might equally be seen by observing that 


(i) the square EFGZ on the diagonal of one of the rectangles is made 
up of the halves of four rectangles and the unit square in the middle, while 

(ii) the squares 3? and 4? placed at adjacent corners of the large square 
make up two rectangles 3, 4 with the unit square in the middle. 


The procedure would be equally easy for any rational right-angled triangle, 
and would be a natural method of trying to prove the property when it had 
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once been empirically observed that triangles like 3, 4, 5 did in fact contain a 
right angle. 

Zeuthen has, in the same paper, shown in a most ingenious way how the 
property of the triangle 3, 4, 5 could be verified by a sort of combination of 
the second possible method by similar triangles, 
(b) on p. 354 above, with subdivision of rectangles 
into similar small rectangles. I give the method on 
account of its interest, although it is no doubt too 
advanced to have been used by those who first 
proved the property of the particular triangle. 

Let ABC be a triangle right-angled at 4, and 
such that the lengths of the sides 48, AC are 4 and 
3 units respectively. 

Draw the perpendicular AD, divide up AB, AC 
into unit lengths, complete the rectangle on BC as 
base and with AD as altitude, and subdivide this rectangle into small 
rectangles by drawing parallels to BC, AD through the points of division of 
AB, AC. 

Now, since the diagonals of the small rectangles are all equal, each being 
of unit length, it follows by similar triangles that the small rectangles are all 
equal. And the rectangle with AM for diagonal contains 16 of the small 
rectangles, while the rectangle with diagonal AC contains 9 of them. 

But the sum of the triangles 48D, ADC is equal to the triangle ABC. 

Hence the rectangle with BC as diagonal contains 9 + 16 or 25 of the 
small rectangles ; 


and therefore BC = 5. 





Rational right-angled triangles from the arithmetical stand- 
point. 


Pythagoras investigated the arithmetical problem of finding rational 
numbers which could be made the sides of right-angled triangles, or of finding 
square numbers which are the sum of two squares; and herein we find the 
beginning of the indeterminate analysis which reached so high a stage of 
development in Diophantus. Fortunately Proclus has preserved Pythagoras’ 
method of solution in the following passage (pp. 428, 7—429, 8). “Certain 
methods for the discovery of triangles of this kind are handed down, one of 
which they refer to Plato, and another to Pythagoras. (The latter] starts from 
odd numbers. For it makes the odd number the smaller of the sides about 
the right angle; then it takes the square of it, subtracts unity, and makes 
half the difference the greater of the sides about the right angle; lastly it adds 
unity to this and so forms the remaining side, the hypotenuse. For example, 
taking 3, squaring it, and subtracting unity from the 9, the method takes half 
of the 8, namely 4; then, adding unity to it again, it makes 5, and a right- 
angled triangle has been found with one side 3, another 4 and another 5. But 
the method of Plato argues from even numbers. For it takes the given even 
number and makes it one of the sides about the right angle; then, bisecting 
this number and squaring the half, it adds unity to the square to form the 
hypotenuse, and subtracts unity from the square to form the other side about 
the right angle. For example, taking 4, the method squares half of this, or 
2, and so makes 4; then, subtracting unity, it produces 3, and adding unity 
it produces 5. Thus it has formed the same triangle as that which was 
obtained by the other method.” 
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The formula of Pythagoras amounts, if m be an odd number, to 


3 E= (= 3! 
m + = -), 
2 2. 
20 2 
the sides of the right-angled triangle being 77, e r T. '. Cantor 
(13, pp. 185—6), taking up an idea of Roth (Geschichte der abendlandischen 


Philosophie, u. 527), gives the following as a possible explanation of the way in 
which Pythagoras arrived at his formula. It e =a? + b’, it follows that 


@ =P -b = (c+ b)(c- b). 


Numbers can be found satisfying the first equation if (1) c * ? and c — 2? are 
either both even or both odd, and if further (2) c+ and «—^ are such 
numbers as, when multiplied together, produce a square number. The first 
condition is necessary because, in order that ¢ and 4 may both be whole 
numbers, the sum and difference of c+ 4 and ¢—4 must both be even. The 
second condition is satisfied if ¢+4 and ¢--d are what were called similar 
numbers (Spov dpiOyot); and that such numbers were most probably known 
in the time before Plato may be inferred from their appearing in Theon of 
Smyrna (Expositio rerum mathematicarum ad legendum Platonem utilium, ed. 
Hiller, p. 36, 12), who says that similar plane numbers are, first, all square 
numbers and, secondly, such oblong numbers as have the sides which contain 
them proportional. Thus 6 is an oblong number with length 3 and breadth 2; 
24 is another with length 6 and breadth 4. Since therefore 6 is to 3 as 4 is 
to 2, the numbers 6 and 24 are siinilar. 

Now the simplest case of two similar numbers is that of r and a*, and, 
since 1 is odd, the condition (1) requires that a*, and therefore a, is also odd. 
That is, we may take 1 and (25 * 1)! and equate them respectively to c— b and 
€ * b, whence we have 














Querido. 
b= 1 7 

$ 
E, 


while a=2+1. 


As Cantor remarks, the form in which ¢ and 4 appear correspond sufficiently 
closely to the description in the text of Proclus. 

Another obvious possibility would be, instead of equating ¢- 4 to unity, to 
put ¢~4=2, in which case the similar number ¢+4 must be equated to 
double of some square, i.e. to a number of the form 2’, or to the half of an 


2a)’ à : 
even square number, say Gu . This would give 
a- an, 
ósmn-ri, 
c2n'* 1, 


which is Plato's solution, as given by Proclus. 

The two solutions supplement each other. It is interesting to observe that 
the method suggested by Roth and Cantor is very like that of Eucl. x. 
(Lemma 1 following Prop. 28). We shall come to this later, but it may be 
mentioned here that the problem is fo find (wo square numbers such that their 
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sum is also a square. Euclid there uses the property of 11. 6 to the effect that, 
if 4B is bisected at C and produced to D, 
AD. DB + BC -= CD. 
We may write this uv=C-B6, 
where u-cetb, v-c-b. 
In order that uv may be a square, Euclid points out that v and v must be 
similar numbers, and further that 4 and v must be either both odd or both 
even in order that ^ may be a whole number. We may then put for the 
similar numbers, say, af and ay’, whence (if af, ay" are either both odd or 
both even) we obtain the solution 
2 a 2\9 2 
af. ay + (Em S (gm y. 

But I think a serious, and even fatal, objection to the conjecture of Cantor 
and Röth is the very fact that the method enables both the Pythagorean and 
the Platonic series of triangles to be deduced with equal ease. If this had 
been the case with the method used by Pythagoras, it would not, I think, have 
been left to Plato to discover the second series of such triangles. It seems to 
me therefore that Pythagoras must have used some method which would 
produce his rule on/y; and further it would be some less recondite method, 
suggested by direct observation rather than by argument from general 
principles. 

One solution satisfying these conditions is that of Bretschneider (p. 83), 
who suggests the following simple method. Pythagoras was certainly aware 
that the successive odd numbers are gnomons, or the differences between 
successive square numbers. It was then a simple matter to write down in 
three rows (a) the natural numbers, (b) their squares, (c) the successive odd 
numbers constituting the differences between the successive squares in (b), thus: 

1234 5 6 7 8 9 1o I I2 13 4 

149 1625 36 49 64 81 roo i21 144 169 196 

1357 9 II I3 IS 1] 19 21 23 28 27 

Pythagoras had then only to pick out the numbers in the third row which are 
squares, and his rule would be obtained by finding the formula connecting the 
square in the third line with the two adjacent squares in the second line. But 
even this would require some little argument; and I think a still better 
suggestion, because making pure observation play a greater part, is that of 
P. Treutlein (Zeitschrift fir Mathematik und Physik, xxvin., 1883, Hist.-litt. 
Abtheilung, pp. 209 sqq.). 

We have the best evidence (e.g. in Theon of Smyrna) of the practice of 
representing square numbers and other figured numbers, e.g. oblong, triangular, 
hexagonal, by dots or signs arranged in the shape of the particular figure. 
(Cf. Aristotle, Metaph. 1092 b 12). Thus, says Treutlein, it would be easily 
seen that any square number can be turned into the next higher square 
by putting a single row of dots round two adjacent sides, in the form of a 
gnomon (see figures on next page). 

If a is the side of a particular square, the gnomon round it is shown by 
simple inspection to contain 2a * 1 dots or units. Now, in order that 2a 4 1 
may itself be a square, let us suppose 

aa@+1=7', 
whence a=4$(n'-1), 
and i a* 1-3 (s 9 1). 
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In order that a and a + 1 may be integral, # must be odd, and we have at 
once the Pythagorean formula 


2, [PIV "H xax? 
n = ; 
2 2 


I think Treutlein's hypothesis is shown to be the correct one by the passage 
in Aristotle’s Physics already quoted, where the reference is undoubtedly to the 
Pythagoreans, and odd numbers are clearly identified with gvomons “placed 
round 1.” But the ancient commentaries on the passage make the matter 
clearer still. Philoponus says: “As a proof...the Pythagoreans refer to what 








12 
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happens with the addition of numbers; for when the odd numbers are 
successively added to a square number they keep it square and equilateral.... 
Odd numbers are accordingly called gzomons because, when added to what are 
already squares, they preserve the square form....Alexander has excellently 
said in explanation that the phrase ‘when gnomons are placed round’ means 
making a figure with the odd numbers (rjv xarà roù mepirrovs apBpovs 
oxnparoypadiav)...for it is the practice with the Pythagoreans to represent 
things in figures (exnparoypad&v)." 

The next question is: assuming this explanation of the Pythagorean 
formula, what are we to say of the origin of Plato's? It could of course be 
obtained as a particular case of the general formula of Eucl. x. already 
referred to; but there are two simple alternative explanations in this case also. 
(1) Bretschneider observes that, to obtain Plato's formula, we have only to 
double the sides of the squares in the Pythagorean formula, 
for (2m)? + (n° — 1)? = (2? +1), 
where however si is not necessarily odd. 

(2) Treutlein would explain by means of an extension of the gnomon idea. 
As, he says, the Pythagorean formula was obtained by placing a gnomon 
consisting of a single row of dots round two adjacent sides of a square, it 
would be natural to try whether another solution could not 
be found by placing round the square a gnomon consisting of 
a double row of dots. Such a gnomon would equally turn the 
square into a larger square; and the question would be 
whether the double-row gnomon itself could be a square. If 
the side of the original square was a, it would easily be seen 
that the number of units in the double-row gnomon would be 4a + 4, and we 
have only to put 
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whence a-n'-m1, 
a+2=7'+1, 
and we have the Platonic formula 
(2n) + (n*— 1)? = (+1). 
I think this is, in substance, the right explanation, but, in form, not quite 
correct. The Greeks would not, I think, have 
treated the double row as a gnomon. Their com- 
parison would have been between (1) a certain 
square plus a single-row gnomon and (2) the same 
square minus a single-row gnomon. As the 
application of Eucl. 11. 4 to the case where the 
segments of the side of the square are a, 1 enables 
the Pythagorean formula to be obtained as 
Treutlein obtains it, so I think that Eucl. n. 8 
confirms the idea that the Platonic formula was 
obtained by comparing a square plus a gnomon 
with the same square minus a gnomon. For 1. 8 proves that 
4ab + (a - b)*=(a + 5)’, 
whence, substituting 1 for 4, we have 
4a * (a — 1 z (a * 1) 
and we have only to put a — *! to obtain Plato's formula. 
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The “theorem of Pythagoras” in India. 


This question has been discussed anew in the last few years as the result 
of the publication of two important papers by Albert Bürk on Das Apastamba- 
Sulba-Sütra in the Zeitschrift der deutschen morgenländischen Gesellschaft 
(LY, 1901, Pp. 543—591, and LVI, 1902, pp. 327—391). The first of 
the two papers contains the introduction and the text, the second the 
translation with notes. A selection of the most important parts of the 
material was made and issued by G. Thibaut in the Journal of the Asiatic 
Society of , Bengal, xuiv., 1875, Part 1. (reprinted also at Calcutta, 1875, 
as Te Sulvasutras, by G. Thibaut) Thibaut in this work gave a most 
valuable comparison of extracts from the three Sulvasatras by Baudhayana, 
Apastamba and Katyàyana respectively, with a running commentary and an 
estimate of the date and originality of the geometry of the Indians. Bürk 
has however done good service by making the Apastamba-S.-S. accessible in 
its entirety and investigating the whole subject afresh. With the natural 
enthusiasm of an editor for the work he is editing, he roundly maintains, not 
only that the Pythagorean theorem was known and proved in all its generality 
by the Indians long before the date of Pythagoras (about 580—500 B.c.), but 
that they had also discovered the irrational; and further that, so far from 
Indian geometry being indebted to the Greek, the much-travelled Pythagoras 
probably obtained his theory from India (/zc. cif. Lv., p. 575 note). Three impor- 
tant notices and criticisms of Bürk's work have followed, by H. G. Zeuthen 
(“ Théorème de Pythagore,” Origine de la Gtométrie scientifique, 1904, already 
quoted), by Moritz Cantor (Uber die älteste indische Mathematik in the Archiv 
der Mathematik und Physik, viii., 1905, pp. 63—72) and by Heinrich Vogt 
(Haben die alten Inder den Pythagoreischen Lehrsatz und das Irvativnale 
gekannt? in the Bibliotheca Mathematica, Vil,, 1906, pp. 6—23. See also 
Cantor's Geschichte der Mathematik, 1» pp. 635—645. 
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The general effect of the criticisms is, I think, to show the necessity for 
the greatest caution, to say the least, in accepting Bürk's conclusions. 
_ I proceed to give a short summary of the portions of the contents of the 
Apastamba-S.-S. which are important in the present connexion. It may be 
premised that the general object of the book is to show how to construct 
altars of certain shapes, and to vary the dimensions of altars without altering 
the form. It is a collection of rw/es for carrying out certain constructions. 
There are no proofs, the nearest approach to a proof being in the rule for 
obtaining the area of an isosceles trapezium, which is done by drawing a 
perpendicular from one extremity of the smaller of the two parallel sides to 
the greater, and then taking away the triangle so cut off and placing it, the 
other side up, adjacent to the other equal side of the trapezium, thereby 
transforming the trapezium into a rectangle. It should also be observed that 
Apastamba does not speak of right-angled triangles, but of two adjacent sides 
and the diagonal of a reclangle. For brevity, I shall use the expression 
“rational rectangle” to denote a rectangle the two sides and the diagonal of 
which can be expressed in terms of rational numbers. The references in 
brackets are to the chapters and numbers of Apastamba’s work. 


(1) Constructions of right angles by means of cords of the following 
relative lengths respectively : 


| $ 4 5 (l3, V 3) 
12, 16,20 (v. 3) 
15, 20,25 (V. 3) 
( 5, 12, 13. (V. 4) 
15, 36, 39 (1.2, V. 2, 4) 
8,15 17 (v. 5) 
12,35, 37. (V. 5) 

(2) A general enunciation of the Pythagorean theorem thus: ‘The 
diagonal of a rectangle produces (i.e. the square on the diagonal is equal to] 
the sum of what the longer and shorter sides separately produce (i.e. the 
squares on the two sides] (1. 4) 

(3) The application of the Pythagorean theorem to a square instead of a 
rectangle [i-e. to an ssosce/es right-angled triangle): “The diagonal of a square 





produces an area double (of the original square]." (1. 5) 
(4) An approximation to the value of ./2; the diagonal of a square is 
1, I1 I : : 
(s +-+— - ) times the side. : (1. 6) 
3 3.4 3.4.34 


(s) Application of this approximate value to the construction of a square 


with side of any length. (11. 1) 

(6) The construction of a ,/3, by means of the Pythagorean theorem, as 

the diagonal of a rectangle with sides a and a ,/2. (u. 2) 
(7) Remarks equivalent to the following : 

(a) a Jy is the side of 3 (a J3)’, or a JẸ = ba J3. (i1. 3) 

(6) A square on length of r unit gives 1 unit square (u. 4) 

» 3 2 units gives 4 unit squares (ur. 6) 

» » 3 » 9 » (m. 6) 


» n 1} » 24 » (u. 8) 
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A square.on length of 2} units gives 6} unit squares (m. 8) 

» D 3 unit gives ] unit square (utt. 10) 

" » b 5 i ” (ur. 10) 

(c) Generally, the square on any length contains as many rows (of 

small, unit, squares) as the length contains units. (a. 7) 
(8) Constructions, by means of the Pythagorean theorem, of 

(a) the sum of two squares as one square, (u. 4) 

(P) the difference of two squares as one square. (11. 5) 

(9) A transformation of a rectangle into a square. (u. 7) 


[This is not directly done as by Euclid in 11. 14, but the rectangle is first 
transformed intọ a gnomon, i.e. into the difference 
between two squares, which diference is then trans- 
formed into one square by the preceding rule. If 
ABCD be the given rectangle of which BC is the 
longer side, cut off the square ABEF, bisect the 
rectangle DE left over by HG parallel to FZ, move 
the upper half DG and place it on AF as base in the 
position AX. Then the rectangle ABCD is equal to 
the gnomon which is the difference between the square 
ZB and the square ZF. In other words, Apastamba 
transforms the rectangle að into the difference between 


a+b? 4- 4 
the squares (=) and = -] 


(to) An attempt at a transformation of a square (a) into a rectangle 
which shall have one side of given length (^). (ur. 1) 


(This shows no sign of such a procedure as that of Eucl. 1. 44, and indeed 
does no more than say that we must subtract ab from a’ and then adapt the 
remainder a°- ah so that it may “fit on” to the rectangle ab. The problem 
is therefore only reduced to another of the same kind, and presumably it was 
only solved arsthmetically in the case where a, b are given numerically. The 
Indian was therefore far from the general, geometrical, solution.] 





(11) Increase of a given square into a larger square. (n. 9) 


(This amounts to saying that you must add two rectangles (a, b) and 
another square (b°) in order to transform a square a? into a square (a+ by. 
The formula is therefore that of Eucl. 11. 4, a? + 2ab + /* » (a « 0f] 


'The first important question in relation to the above is that of date. 
Birk assigns to the Apastamba-Sulba-Sutra a date at least as early as the sth 
or 4th century B.c. He observes however (what is likely enough) that the 
matter of it must have been much older than the book itself. Further, as 
regards one of the constructions for right angles, that by means of cords of 
lengths 15, 36, 39, he shows that it was known at the time of the Zai/frriya- 
Samhita and the Satapatha-Brahmaya, still older works belonging to the 
8th century B.C. at latest. It may be that (as Bürk maintains) the discovery 
that triangles with sides (a, 4, c) in rational numbers such that a’ + 7 - are 
right-angled was nowhere made so early as in India. We find however in two 
ancient Chinese treatises (1) a statement that the diagonal of the rectangle 
(3, 4) is 5 and (2) a rule for finding the hypotenuse of a “right triangle” from 
the sides, while tradition connects both works with the name of Chou Kung 
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who died 1105 s.c. (D. E. Smith, ZZistozy of Mathematics, 1. pp. 30—33, 11. 
. 288). 

i — the various “rational rectangles” used by Apastamba, it is to 
be observed that two of the seven, viz. 8, 15, 17 and 12, 35, 37, do not belong 
to the Pythagorean series, the others consist of two which belong to it, viz. 3, 
4 5 and 5, 12, 13, and multiples of these. It is true, as remarked by 
Zeuthen (of. cif. p. 842), that the rules of ir. 7 and 111. 9, numbered (9) and 
(11) above respectively, would furnish the means of finding any number of 
“rational rectangles.” But it would not appear that the Indians had been 
able to formulate any general rule; otherwise their list of such rectangles 
would hardly have been so meagre. Apastamba mentions seven only, really 
reducible to four (though one other, 7, 24, 25, appears in the Bàudhàyana- 
§.-S., supposed to be older than Apastamba). These are all that Apastamba 
knew of, for he adds (v. 6): ‘‘So many recognisable (erkennbare) constructions 
are there,” implying that he knew of no other “rational rectangles” that could 
be employed. But the words also imply that the theorem of the square on 
the diagonal is also true of other rectangles not of the “recognisable ” kind, 
ie. rectangles in which the sides and the diagonal are not in the ratio of 
integers; this is indeed implied by the constructions for ,/2, ./3 etc. up to J/6 
(cf. 11. 2, viti. 5). This is all that can be said. The theorem is, it is true, 
enunciated as a general proposition, but there is no sign of anything like a 
general proof; there is nothing to show thai the assumption of its universal 
truth was founded on anything better than an imperfect induction from a 
certain number of cases, discovered empirically, of triangles with sides in the 
ratio of whole numbers in which the property (1) that the square on the 
longest side is equal to the sum of the squares on the other two sides was 
found to be always accompanied by the property (2) that the latter two sides 
include a right angle. 

It remains to consider Bürk's claim that the Indians had discovered the 
irrational. This is based upon the approximate value of 2 given by 
Apastamba in his rule 1. 6 numbered (4) above. There is nothing to show 
how this was arrived at, but Thibaut’s suggestion certainly seems the best and 
most natural The Indians may have observed that 17*- 289 is nearly 
double of 12*- 144. If so, the next question which would naturally occur to 
them would be, by how much the side 17 must be diminished in order that 
the square on it may be 288 exactly. If, in accordance with the Indian 
fashion, a gnomon with unit area were to be subtracted from a square with 
17 as side, this would approximately be secured by giving the gnomon the 
breadth gr, for 2 x 17 x Jt; - 1. The side of the smaller square thus arrived 
at would be 17 — gy = 12 + 4+1— yi, whence, dividing out by 12, we have 


1 I 1 
2=1+-+—-— 

v 3 3:4 3.4.34 
But it is a far cry from this calculation of an approximate value to the 
discovery of the irrational. First, we ask, is there any sign that this value 
was known to be inexact? It comes directly after the statement (t. 6) that 
the square on the diagonal of a square is double of that square, and the rule is 
quite boldly stated without any qualification : “lengthen the unit by one-third 
and the latter by one-quarter of itself less one-thirty-fourth of this part.” 
Further, the approximate value is actually used for the purpose of constructing 
a square when the side is given (ri. 1). So familiar was the formula that it 
was apparently made the basis of a sub-division of measures of length. 





, approximately. 
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Thibaut observes (Journal of the Asiatic Society of Bengal, XLIX., p. 241) that, 
according to Bāudhāyana, the unit of length was divided into 12 Singerbreadths, 
and that one of two divisions of the fingerbreadth was into 34 Sesame-corns, and 
he adds that he has no doubt that this division, which he has not elsewhere 
met, owes its origin to the formula for ,/z. The result of using this sub- 
division would be that, in a square with side equal to 12 fingerbreadths, the 
diagonal would be 17 fingerbreadths less 1 sesame-corn. Is it conceivable that 
a subdivision of a measure of length would be based on an evaluation known 
to be inexact? No doubt the first discoverer would be aware that the area of 
a gnomon with breadth j'; and outer side 17 is not exactly equal to 1 but less 
than it by the square of sẹ or by yyy, and therefore that, in taking that 
gnomon as the proper area to be subtracted from 17%, he was leaving out of 
account the small fraction yy; as, however, the object of the whole 
proceeding was purely practical, he would, without hesitation, ignore this as 
being of no practical importance, and, thereafter, the formula would be 
handed down and taken as a matter of course without arousing suspicion as 
to its accuracy. This supposition is confirmed by reference to the sort of 
rules which the Indians allowed themselves to regard as accurate. "Thus 
Apastamba himself gives a construction for a circle equal in area to a given 
square, which is equivalent to taking v — 3:09, and yet observes that it gives the 
required circle “exactly” (111. 2), while his construction of a square equal to 
a circle, which he equally calls “exact,” makes the side of the square equal 
to iiths of the diameter of the circle (ur. 3), and is equivalent to taking 
-— 3:004. But, even if some who used the approximation for A/? were 
conscious that it was not quite accurate (of which there is no evidence), there 
is ar immeasurable difference between arrival at this consciousness and the 
discovery of the irrational. As Vogt says, three stages had to be passed 
through before the irrationality of the diagonal of a square was discovered in 
any real sense. (1) All values found by direct measurement or calculations 
based thereon have to be recognised as being inaccurate. Next (2) must 
supervene the conviction that it is ‘mpossib/e to arrive at an accurate arithmetical 
expression of the value. And lastly (3) the impossibility must be proved. 
Now there is no real evidence that the Indians, at the date in question, had 
even reached the first stage, still less the second or third. 

The net results then of Bürk's papers and of the criticisms to which they 
have given rise appear to be these. (1) It must be admitted that Indian 
geometry had reached the stage at which we find it in Apastamba quite 
independently of Greek influence. But (2) the old Indian geometry was 

urely empirical and practical, far removed from abstractions such as the 

wrrational. The Indians had indeed, by-trial in particular cases, persuaded 
themselves of the truth of the Pythagorean theorem and enunciated it in all 
its generality ; but they had not established it by scientific proof. 


Alternative proofs. 


L. The well-known proof of 1. 47 obtained by putting two squares side 
by side, with their bases continuous, and cutting off right-angled triangles 
which can then be put on again in different positions, is attributed by 
an-Nairizi to Thàbit b. Qurra (826—901 A.p.). 

His actual construction proceeds thus. 

Let ABC be the given triangle right-angled at 4. 

Construct on AB the square AD; 


produce AC to F'so that EF may be equal to AC. 
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Construct on EF the square EG, and produce DH to & so that DK 
may be equal to AC. 

It is then proved that, in the triangles K 
BAC, CFG, KHG, BDK, 
the sides Z4, CF, KH, BD are all equal, 
and 


the sides AC, FG, HG, DK are all equal. 
The angles included by the equal sides 
are all right angles; hence the four triangles 
are equal in all respects. (1. 4 
Hence BC, CG, GK, KB are all equal. 
Further the angles DBX, ABC are equal ; 
hence, if we add to each the angle DAC, 


the angle KC is equal to the angle ABD 
and is therefore a right angle. 


In the same way the angle CGK is right ; 
therefore Z CGK is a square, i.e. the square on BC. 


Now the sum of the quadrilateral GCZ ZZ and the triangle £D together 
with two of the equal tnangles make the squares on AB, AC, and together 
with the other two make the square on BC. 

Therefore etc. 


II. Another proof is easily arrived at by taking the particular case of 
Pappus’ more general proposition given below in which the given triangle 
is right-angled and the parallelograms on the sides containing the right angles 
are squares. If the figure is drawn, it will be seen that, with no more than 
one additional line inserted, it contains Thabit’s figure, so that Thabit’s proof 
may have been practically derived from that of Pappus. 


III. The most interesting of the remaining proofs seems to be that 
shown in the accompanying figure. 
It is given by J. W. Müller, Systema- 
fische Zusammenstellung der wichtigsten 
bisher bekannten. Beweise des Pythag. 
Lehrsatzes (Nürnberg, 1819), and in 
the second edition (Mainz, 1821) of 
Ign. Hoffmann, Der Pythag. Lehr- 
salz mit 32 theils bekannten theils 
neuen Beweisen [3 more in second 
edition]. It appears to come from 
one of the scientific papers of Lion- 
ardo da Vinci (1452—1519). 

The tnangle HAZ is constructed 
on the base KH with the side XZ 
equal to BC and the side ZH equal 
to AB. 

Then the triangle A’ZA is equal in all respects to the triangle ABC, 
and to the triangle EBF. 

Now DB, BG, which bisect the angles ABE, CBF respectively, are 
in a straight line. Join BZ. 

It is easily proved that the four quadrilaterals ADGC, EDGF, ABLK, 
HLBC are all equal. 
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Hence the hexagons 4DEFGC, ABCHLK are equal. 
Subtracting from the former the two triangles ABC, EBF, and from the 
latter the two equal triangles ABC, HLK, we prove that 


the square CK is equal to the sum of the squares 4E, CF 


Pappus' extension of I. 47. 


In this elegant extension the triangle may be azy triangle (not necessarily 
right-angled), and azy parallelograms take the place of squares on two of the 
sides. 

Pappus (iv. p. 177) enunciates the theorem as follows : 

Tf ABC be a triangle, and any parallelograms whatever ABET), BCFG 
be described on AB, BC, and if DE, FG be 
produced to H, and HB be joined, the 
parallelograms ABED, BCFG are equal 
to the parallelogram contained by AC, 
HB in an angle which ts equal to the 
sum of the angles BAC, DHB. 

Produce HB to X; through A, C 
draw AL, CM parallel to HK, and join 
LM. 

Then, since 4LZP is a parallelo- 
gram, AZ, HB are equal and parallel. 
Similarly MC, HB are equal and parallel. 

Therefore AZ, MC are equal and 
parallel; 
whence ZM, AC are also equal and parallel, 

and AZMC is a parallelogram. 

Further, the angle ZAC of this parallelogram is equal to the sum of the 
angles BAC, DHB, since the angle DHB is equal to the angle ZAB. 

Now, since the parallelogram DABE is equal to the parallelogram ZABH 
(for they are on the same base 4B and in the same parallels 48, DA), 
and likewise £477 is equal to LAKN (for they are on the same base LA 
and in the same parallels Z4, HK), 


the parallelogram DABE is equal to the parallelogram LAKN, 
For the same reason, 
the parallelogram BGAFC is equal to the parallelogram NCM. 


Therefore the sum of the parallelograms DABEZ, BGFC is equal to the 
parallelogram Z4 CM, that is, to the parallelogram which is contained by AC, 
HB in an angle LAC which is equal to the sum of the angles BAC, BHD. 

** And this is far more general than what is proved in the Elements about 
squares in the case of right-angled (triangles)." 





Heron's proof that AL, BK, CF in Euclid's figure meet in 
a point. 

The final words of Proclus’ note on 1. 47 (p. 429, 9—15) are historically 
interesting. He says: “The demonstration by the writer of the Elements being 
clear, I consider that it is unnecessary to add anything further, and that we may 
be satisfied with what has been written, since in fact those who have added 
anything more, like Pappus and Heron, were obliged to draw upon what is 
proved in the sixth Book, for no really useful object.” These words cannot 
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of course refer to the extension of t. 47 given by Pappus; but the key to 
them, so far as Heron is concerned, is to be found in the commentary of 
an-Nairizi (pp. 175— 185, ed. Besthorn-Heiberg ; pp. 78— 84, ed. Curtze) on 
1. 47, wherein he gives Heron’s proof that the lines AZ, FC, BX in Euclid’s 
figure meet in a point. Heron proved this by means of three lemmas which 
would most naturally be proved from the principle of similitude as laid down 
in Book vı., but which Heron, as a four de force, proved on the principles of 
Book 1. only. The firs/ lemma is to the following effect. 

If, in a triangle ABC, DE be drawn parallel to the base BC, and if AF be 
drawn from the vertex A to the middle point F af BC, then AF will also 
bisect DE. 

This is proved by drawing 77K through A parallel 
to DE or BC, and HDL, KEM through D, E re- 
spectively parallel to AGA, and lastly joining DA, £F. 

Then the triangles ABAF, AFC are equal (being 
on equal bases), and the triangles DBF, EFC are also 
equal (being on equal bases and between the same 
parallels). 

Therefore, by subtraction, the triangles ADF, AEF 
are equal, and hence the parallelograms AZ, 4M are 
equal. 

These parallelograms are between the same parallels LM, HK ; therefore 
LF, FM are equal, whence DG, GE are also equal. 

'The second lemma is an extension of this to the case where DE meets 
BA, CA produced beyond 4A. 

The third \emma proves the converse of Euclid 1. 43, that, Zf a paral- 
lelogram AB ts cut into four others ADGE, DF, FGCB, CE, so that DF, 
CE are equal, the common vertex G will be on the diagonal AB. 

Heron produces AG till it meets CF in H. Then, if we join AB, we 
have to prove that AGB is one straight line. The 
proof is as follows. Since the areas DF, EC are 
equal, the triangles DGF, ECG are equal. 

If we add to each the triangle GCF, 

the triangles ECF, DCF are equal ; 
therefore ED, CF are parallel. 

Now it follows from 1. 34, 29 and 26 that the 
triangles AXE, GXD are equal in all respects ; 


therefore EK is equal to KZ. 
Hence, by the second lemma, 
CA is equal to HF 

‘Therefore, in the triangles FB, CHG, 

the two sides BF, FA are equal to the two sides GC, CH, 
and the angle BFH is equal to the angle GC; 

hence the triangles are equal in all respects, 
and the angle BAF is equal to the angle GHC. 


Adding to each the angle G/F, we find that the angles BHF, FHG ate 
equal to the angles CHG, GHF, 


and therefore to two right angles. 
Therefore 4772 is a straight line. 
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Heron now proceeds to prove the proposition that, in the accompanying 
figure, if AXZ perpendicular to BC meet 
EC in M, and if BM, MG be joined, 

BM, MG are in one straight line. 

Parallelograms are completed as shown 
in the figure, and the diagonals OA4, FZ 
of the parallelogram FH are drawn. 

Then the triangles FAH, BAC are 
clearly equal in all respects ; 

therefore the angle ÆFA is equal to 
the angle ABC, and therefore to the angle 
CAK (since AK is perpendicular to BC). 

But, the diagonals of the rectangle 
FH cutting one another in Y, 

FY is equal to YA, 

and the angle HFA is equal to the 

angle OAF. 

Therefore the angles OAF, CAK are 
equal, and accordingly 

OA, AK are in a straight line. 

Hence OM is the diagonal of SQ; 

therefore 4S is equal to AQ, 
and, if we add AM to each, 
FM is equal to MH. 
But, since ÆC is the diagonal of the parallelogram FX, 
FM is equal to MN. 

Therefore MH is equal to MN; 

and, by the third lemma, BM, MG are in a straight line. 





Proposition 48. 


Tf in a triangle the square on one of the sides be equal to 
the squares on the remaining two sides of the triangle, the 
angle contained by the remaining two sides of the triangle is 
right. 

For in the triangle ABC let the square on one side BC 
be equal to the squares on the sides BA, AC; 

I say that the angle BAC is right. c 

For let AD be drawn from the point 4 at 
right angles to the straight line AC, let AD 
be made equal to BA, and let DC be joined. 

Since DA is equal to AB, 
the square on DA is also equal to the square 
on AB. oA 

Let the square on AC be added to each; 
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therefore the squares on DA, AC are equal to the squares 
on BA, AC. 


But the square on DC is equal to the squares on DA, 
AC, for the angle DAC is right ; (1. 47] 
and the square on AC is equal to the squares on BA, AC, for 
this is the hypothesis ; 

therefore the square on DC is equal to the square on BC, 

so that the side DC is also equal to BC. 

And, since DA is equal to AB, 
and AC is common, 


P two sides DA, AC are equal to the two sides BA, 
and the base DC is equal to the base BC ; 
therefore the angle DAC is equal to the angle BAC. [}. 8] 
But the angle DAC is right; 
therefore the angle BAC is also right. 
Therefore etc. Q. E. D. 


Proclus’ note (p. 430) on this proposition, though it does not mention 
Heron’s name, gives an alternative proof, which is the same as that definitely 
attributed by an-Nairizi to Heron, the only difference being that Proclus 
demonstrates two cases in full, while Heron dismisses the second witb a 
“ similarly.” The alternative proof is another instance of the use of 1. 7 as a 
means of answering objections. If, says Proclus, it be not admitted that the 
perpendicular 4D may be drawn on the opposite side of AC from B, we may 
draw it on the same side as 48, in which case it is impossible that it should 
not coincide with 48. Proclus takes two cases, 
first supposing that the perpendicular falls, as AD, A 
within the angle CAB, and secondly that it falls, 
as AE, outside that angle. In either case the 
absurdity results that, on the same straight line 4C 
and on the same side of it, AD, DC must be re- 
spectively equal to 4B, BC, which contradicts 1. 7. 

Much to the same effect is the note of De Morgan that there is here “an 
appearance of avoiding indirect demonstration by drawing the triangles on 
different sides of the base and appealing to 1. 8, because drawing them on the 
same side would make the appeal to 1. 7 (on which, however, 1. 8 is founded).” 


c p? 


BOOK II. 


DEFINITIONS. 


1. Any rectangular parallelogram is said to be contained 
by the two straight lines containing the right angle. 


2. And in any parallelogrammic area let any one whatever 
of the parallelograms about its diameter with the two comple- 
ments be called a gnomon. 


DEFINITION 1. 


Tlav rapadAndéypappov ópÜoyoviov mepiexer Oar Aéyerar Urs v0 rev my 
CpOnv yuviay meprexovowy «dO uav. 

As the full expression in Greek for “the angle BAC” is “the angle 
contained by the (straight lines) B4, AC," s và róv BA, AT Teptexonern 
ywvia, so the full expression for “the rectangle contained by BA, AC” 
Is 16 Ure rov BA, AT zepiexóuevov. ópfoydviov. In this case too BA, AD is 
commonly abbreviated by the Greek geometers into BAT. Thus in Archi- 
medes and Apollonius zò úrò BAT or rà vró róv BAT' means /Ae rectangle 
BA, AC, just as 7 urd BAT means the angle BAC; the gender of the article 
shows which is meant in each case. In the early Books Euclid uses the full 
expression rò Umé rav BA, AI’; but the shorter form 75 Urs rov BAD is found 
from Book x. onwards. Cf. xii. 11, where rà (rux&ara) éri róv OOE, ENZ, 
ZPH, H2@ means the segments on the eight straight lines 90, OE, EII, OZ, 
ZP, PH, H3, 30. 


DEFINITION 2. 


Ilavròs òè mapadAnAoypdupmov xwpiov Tüv mepi mv Báperpov avroU mapaÀAn- 
Aoypdppuy €y ómouovotv aiv Tois Suci mapawAnpupact yvupwy Kadreiobu. 

Meaning literally a thing enabling something to be known, observed or 
verified, a teller or marker, as we might say, the word gnomon (yuu) was 
first used in the sense (1) in which it appears in a passage of Herodotus (11. 109) 
stating that “ the Greeks learnt the módos, the gnomon and the twelve parts of 
the day from the Babylonians.” According to Suidas, it was Anaximander 
(611—545 B.C.) who introduced the gnomon into Greece. Whatever may be 
the details of the construction of the two instruments called the móAos and 
the gnomon, so much is certain, that the gnomon had to do with the 
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measurement of time by shadows thrown by the sun, and that the word 
signified the placing of a staff perpendicular to the horizon. This is borne 
out by the statement of Proclus that Oenopides of Chios, who first investigated 
the problem (Eucl. 1. 12) of drawing a perpendicular from an external point 
to a given straight line, called the perpendicular a straight line drawn 
* gnomon-wise" (xarà yvépova). Then (2) we find the 

term used of a mechanical instrument for drawing right 

angles, as shown in the figure annexed. This seems to be 

the meaning in Theognis 805, where it is said that the 

envoy sent to consult the oracle at Delphi should be 

“straighter ({@vrepos) than the ropvos, the ord#un and the 

gnomon,” and all three words evidently denote appliances, 

the rópvos being an instrument for drawing a circle 

(probably a string stretched between a fixed and a moving point), and the 
eráÜu» 4 plumbline. Next (3) it was natural that the gnomon, owing to its 
shape, should become the figure which remained of a square when a smaller 
square was cut out of one corner (or the figure, as Aristotle says, which when 
added to a square increases its size but does not alter its form). We have 
seen (note on I. 47, p. 351) that the Pythagoreans used the term in this sense, and 
further applied it, by analogy, to the series of odd numbers as having the same 
property in relation to square numbers. The earliest evidence for this is the 
fragment of Philolaus (¢. 460 B.c.) already mentioned (see Boeckh, Phé/olaos 
des Pythagoreers Lehren, p. 141) where he says that “number makes all things 
knowable and mutually agreeing (wordyopa éAAdAous) in the way characteristic of 
the gnomon” (xara yvupovos ¢uow}. As Boeckh says (p. 144), it would appear 
from the fragment that the connexion between the gnomon and the square to 
which it is added was regarded as symbolical of union and agreement, and that 
Philolaus used the idea to explain the knowledge of things, making the 
knowing embrace and grasp the kuown as the gnomon does the square. Cf. 
Scholium 11. No. 11 (Euclid, ed. Heiberg, Vol. v. p. 225), which says “It is 
to be noted that the gnomon was discovered by geometers with a view to 
brevity, while the name came from its incidental property, namely that from 
it the whole is known, whether of the whole area or of the remainder, when it 
is either placed round or taken away. In sundials too its sole function is to 
make the actual time of day known.” 

The geometrical meaning of the word is extended in the definition of 
gnomon given by Euclid, where (4) the gnomon has 
the same relation to any parallelogyam as it before 
had to a square. From the fact that Euclid says 
"^et" the figure described '* Ae ca/led a gnomon" we 
may infer that he was using the word in the wider 
sense for the first time. Later still (5) we find 
Heron of Alexandria defining a gnomon in general 
as any figure which, when added to any figure 
whatever, makes the whole figure similar to that to which it is added. In 
this definition of Heron (Def. 58) Hultsch brackets the words which make it 
apply to any number as well; but'Theon of Smyrna, who explains that plane, 
triangular, square, solid and other kinds of numbers are so called after the 
Wkeness of the areas which they measure, does make the term in its most 
general sense apply to numbers. “AIl the successive numbers which [by 
being successively added] produce triangles or squares or polygons are called 
gnomons" (p. 37, 11—13, ed. Hiller). Thus the successive odd numbers added 
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together make square numbers; the gnomons in the case of triangular 
numbers are the successive numbers I, 2, 3, 4...; those for pentagonal 
numbers are the series t, 4, 7, 10... (the common difference being 3), and so 
on. In general, the successive gaomonic numbers tor any polygonal number, 
say of ^ sides, have »4— 2 for their common difference (Theon of Smyrna, 
P- 34, 13—15). 

GEOMETRICAL ALGEBRA. 


We have already seen (cf. part of the note on 1. 47 and the above note on 
the gnomon) how the Pythagoreans and later Greek mathematicians exhibited 
diferent kinds of numbers as forming different geometrical figures. Thus, 
says Theon of Smyrna (p. 36, 6—11), “plane numbers, triangular, square 
and solid numbers, and the rest, are not so called independently (xvpiws) but 
in virtue of their similarity to the areas which they measure ; for 4, since it 
Measures a square area, is called square by adaptation from it, and 6 is called 
oblong for the same reason.” A “plane number” is similarly described as a 
number obtained by multiplying two numbers together, which two numbers 
are sometimes spoken of as “sides,” sometimes as the “ length” and 
“breadth” respectively, of the number which is their product. 

The product of two numbers was thus represented geometrically by the 
rectangle contained by the straight lines representing the two numbers 
respectively. It only needed the discovery of incommensurable or irrational 
straight lines in order to represent geometrically by a rectangle the product of 
any two quantities whatever, rational or irrational; and it was possible to ad- 
vance from a geometrical arithmetic to a geometrical a/geóra, which indeed by 
Euclid’s time (and probably long before) had reached such a stage of develop- 
ment that it could solve the same problems as our algebra so far as they do 
not involve the manipulation of expressions of a degree higher than the 
second. In order to make the geometrical algebra so generally effective, the 
theory of proportions was essential. Thus, suppose that x, y, z etc. are 
quantities which can be represented by straight lines, while a, B, y etc. are 
coefficients which can be expressed by ratios between Straight lines. We can 
then by means of Book vi. find a single straight line d such that 

ax+By+yzt+...=d. 
To solve the simple equation in its general form 
ax+a=h, 

where a represents any ratio between straight lines also requires recourse to 
the sixth Book, though, e.g., if a is 9 or 4 or any submultiple of unity, or if a is 
2, 4 or any power of 2, we should not require anything beyond Book 1. for 
solving the equation. Similarly the general form of a quadratic equation 
requires Book vi. for its geometrical solution, though particular quadratic 
equations may be so solved by means of Book 11. alone. 

Besides enabling us to solve geometrically these particular quadratic 
equations, Book 11. gives the geometrical proofs of a number of algebraical 
formulae. Thus the first ten propositions give the equivalent of the several 
identities 

1. a(6+c¢+d+...)=ab+act+ad+..., 
2. (a+h)a+(a+b)b= (ath), 

3. (a+b)a=ab+a’, 

4 (ath)? =a? + 0+ 2ab. 


GEOMETRICAL ALGEBRA 3713 


a+b 2 fa+a? 
5. a» « (527 : -4) - (£25. 
or (a + B) (a - B) + B= a’, 
6. (2a*/)^5 * a! - (a * by, 
or (a « f) (8 — a) «a^ - ff, 
7. (a+b +@=2(a+b)a+ 
or a? + 8" = 208 « (a - By", 
8 4(a+b)2+ P= ((a+ d)+ a}}, 
or 408 + (« — B)’ = (a + BY, 


REI 2 
9. a'«P-2 (C) * (£2 -9)). 
2 2 
or (a + BY + (a — B)* - 2 (a? « 8), 
10. (2a + 5? * P — 2 |a! * (a & 0) 

ot (a * B)! « (B — af - 2 (à? «p. 
fhe form of these identities may of course be varied according to the different 
symbols which we may use to denote particular portions of the lines given in 
Euclid's figures. They are, for the most part, simple identities, but there is no 
reason to suppose that these were the only applications of the geometrical 
algebra that Euclid and his predecessors had been able to make. We may 
infer the very contrary from the fact that Apollonius in his Conics frequently 
states without proof much more complicated propositions of the kind. 

It is important however to bear in mind that the whole procedure of 
Book 11. is geometrical; rectangles and squares are shown in the figures, and 
the equality of certain combinations to other combinations is proved by those 
figures. We gather that this was the classical or standard method of proving 
such propositions, and that the algebraica! method of proving them, with no 
figure except a line with points marked thereon, was a later introduction. 
Accordingly Eutocius’ method of proving certain lemmas assumed by 
Apollonius (Comics, 11. 23 and 11. 29) probably represents more nearly than 
Pappus' proof of the same the point of view from which Apollonius regarded 
them. 

It would appear that Heron was the first to adopt the a/gebvatcal method 
of demonstrating the propositions of Book 11., beginning from the second, 
without figures, as consequences of the first proposition corresponding to 


a(b+¢+d)=ab+actad, 


According to an-Nairizi (ed. Curtze, p. 89), Heron explains that it is not 
possible to prove it. 1 without drawing a number of lines (i.e. without actually 
drawing the rectangles), but that the following propositions up to 11. 10 
inclusive can be proved by merely drawing one line. He distinguishes two 
varieties of the method, one by dissolutio, the other by compositio, by which he 
seems to mean splitting-up of rectangles and squares, and combination of them 
into others. But in his proofs he sometimes combines the two varieties. 

When he comes to 1I. r1, he says that it is not possible to do without a 
figure because the proposition is a problem, which accordingly requires an 
operation and therefore the drawing of a figure. 

The algebraical method has been preferred to Euclid's by some English 
editors ; but it should not find favour with those who wish to preserve the 
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essential features of Greek geometry as presented by its greatest exponents, or 
to appreciate their point of view. 

It may not be out of place to add a word with reference to the geometrical 
equivalent of the algebraical operations. The addition and subtraction of 
quantities represented in the geometrical algebra by lines is of course effected 
by producing the line to the reyuired extent or cutting off a portion of it. The 
equivalent of multiplication is the construction of the rectangle of which the 
given lines are adjacent sides. The equivalent of the division of one quantity 
represented by a line by another quantity represented by a line is simply the 
statement of a ratio between lines on the principles of Books v. and vr. The 
division of a product of two quantities by a third is represented in the 
geometrical algebra by the finding of a rectangle with one side of a given 
length and equal to a given rectangle or square. This is the problem of 
application of areas solved in 1. 44, 45. The addition and subtraction of 
products is, in the geometrical algebra, the addition and subtraction of 
rectangles or squares ; the sum or difference can be transformed into a single 
rectangle by means of the application of areas to any line of given length, 
corresponding to the algebraical process of finding a common measure. Lastly, 
the extraction of the square root is, in the geometrical algebra, the finding of a 
square equal to a given rectangle, which is done in 11. 14 with the help of 1. 47. 


BOOK II. PROPOSITIONS. 


PROPOSITION 1. 


Jf there be two straight lines, and one of them be cut into 
any number of segments whatever, the rectangle contained by 
the two straight lines 1s equal to the rectangles contained by the 
uncut straight line and each of the segments. 

s Let A, BC be two straight lines, and let BC be cut at 
random at the points D, £ ; 
I say that the rectangle contained by 4, BC is equal to the 
rectangle contained by 4, BD, 
that contained by A, DE and 


10 that contained by 4, EC. a A-o E 
For let BF be drawn from B 
at right angles to BC ; [r. 11] 


let BG be made equal to A, [t. 3] 
through G let GH be drawn 4g 
15 parallel to BC, [r 31) 
and through D, Æ, C let DK, F 
EL, CH be drawn parallel to 
BG. 
Then BH is equal to BK, DL, EH. 
20 Now BH is the rectangle 4, BC, for it is contained by 
GB, BC, and BG is equal to 4 ; 
BK is the rectangle A, ABD, for it is contained by GB, 
BD, and BG is equal to A ; 
and DL is the rectangle 4, DE, for DK, thatis BG (t. 34], 
ag is equal to 4. 
Similarly also EZ is the rectangle 4, EC. 
Therefore the rectangle A, BC is equal to the rectangle 
A, BD, the rectangle A, DE and the rectangle 4, EC. 
Therefore etc. 
Q. E. D. 
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20. the rectangle A, BC. From this point onward I shall translate thus in cases where 
Euclid leaves out the word con/a/ned (vepiexóuevov). Though the word ''rectangle" is also 
omitted in the Greek (the neuter article being sufficient to show that the rectangle is 
meant), it cannot be dispensed with in English. De Morgan advises the use of the expres- 
sion “the rectangle under two lines." This does not seem to me a very good expression, 
and, if used in a translation from tbe Greek, it might suggest that Uwé in 7d Uwé meant 
under, which it does not. 

This proposition, the geometrical equivalent of the algebraical formula 

a(b+e+d+...)=ab+act+ad+..., 


can, of course, easily be extended so as to correspond to the more general 
algebraical proposition that the product of an expression consisting of any 
number of terms added together and another expression also consisting of 
any number of terms added together is equal to the sum of all the products 
obtained by multiplying each term of one expression by all the terms of the 
other expression, one after another. The geometrical proof of the more 
general proposition would be effected by means of a figure showing all the 
rectangles corresponding to the partial products, in the same way as they are 
shown in the simpler case of 11. 1; the difference would be that a series of 
parallels to BC would have to be drawn as well as the series of parallels 
to BF. 


PROPOSITION 2. 


If a straight line be cut at random, the rectangle contained 
by the whole and both of the segments 1s equal to the square on 
the whole. 


For let the straight line 447 be cut at random at the 
point C; 
I say that the rectangle contained by 447, BC together with 
the rectangle contained by BA, AC is equal 
to the square on AB. ^ c B 

For let the square 4 DEB be described 
on AB [1. 46], and let CF be drawn through 
C parallel to either 4D or BE. (i. 31] 

Then AZ is equal to AF, CE. 

Now AE is the square on AB; 

^ AF is the rectangle contained by BA, 0 F E 

AC, for it is contained by DA, AC, and 
AD is equal to AB; 

and CZ£ is the rectangle AB, BC, for BE is equal to 
AB. 

Therefore the rectangle BA, AC together with the rect- 
angle AB, BC is equal to the square on AB. 

Therefore etc. 
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The fact asserted in the enunciation of this proposition has already been 
used in the proof of 1. 47 ; but there was no occasion in that proof to observe 
that the two rectangles BZ, CL making up the square on BC are the 
rectangles contained by AC and the two parts, respectively, into which it is 
divided by the perpendicular from A on BC. It is this fact which it is 
necessary to state in this proposition, in accordance with the plan of Book 11. 

The second and third propositiqns are of course particular cases of the 
first. They were no doubt separately enunciated by Euclid in order that they 
might be immediately available for use hereafter, instead of having to be 
deduced for the particular occasion from 11. 1. For, if they had not been thus 
Separately stated, it would scarcely have been practicable to quote them later 
without explaining at the same time that they are included in 11. 1 as particular 
cases. And, though the propositions are not used by Euclid in the later 
propositions of Book 1L, they are used afterwards in xml. to and Ix. 15 
respectively; and they are of extreme importance for geometry generally, 
being constantly used by Pappus, for example, who frequently quotes the 
third proposition by the Book and number. 

Attention bas been called to the fact that ri. 1 is never used by Euclid ; 
and this may seem no less remarkable than the fact that 11. 2, 3 are not again 
used in Book it. But it is important, I think, to observe that the proofs of 
all the first ten propositions of Book it. are practically independent of each 
other, though the results are really so interwoven that they can often be 
deduced from each other in a variety of ways. What then was Euclid's 
intention, first in inserting some propositions not immediately required, and 
secondly in making the proofs of the first ten practically independent of 
each other? Surely the object was to show the power of the method of 
geometrical algebra as much as to arrive at results. From the point of view 
of illustrating the method, there can be no doubt that Euclid’s procedure is 
far more instructive than the semi-algebraical substitutes which seem to find 
a good deal of favour; practically it means that, instead of relying on our 
memory of a few standard formulae, we can use the machinery given us by 
Euclid's method to prove immediately aé initio any of the propositions taken 
at random. 

Let us contrast with Euclid’s plan the semi-algebraical alternative. One 
editor, for example, thinks that, as 11. 1 is not used by Euclid afterwards, it 
seems more logical to deduce from it those of the subsequent propositions 
which can be readily so deduced. Putting this idea into practice, he proves 
u. 2 and 3 by quoting 1. 1, then proves 11. 4 by means of 11. 1 and 3, 11. § and 
6 by means of 11. 1, 3 and 4, and so on. The result is ultimately to deduce 
the whole of the first ten propositions from 11. 1, which Euclid does not use at 
all; and this is to give an importance to 11. 1 which is altogether dispro- 
portionate and, by starting with such a narrow foundation, to make the whole 
structure of Book 1. top-heavy. 

Editors have of course been much influenced by a desire to make the 
proofs of the propositions of Book 1. easier, as they think, for schoolboys. 
But, even from this point of view, is it an improvement to deduce ri. 2 and 3 
from 11. r as corollaries? I doubt it. For, in the first place, Euclid’s figures 
visualise the results and so make it easier to grasp their meaning ; the truth 
of the propositions is made clear even to the eye. Then, in the matter of 
brevity, to which such an exaggerated importance is attached, Euclid’s proof 
positively has the advantage. Counting a capital letter or a collocation of such 
as one word, I find, ¢.g., that Mr H. M. Taylor's proof of 11. 2 contains 
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120 words, of which 8 represent the construction. Euclid's as above trans- 
lated has 126 words, of which 22 are descriptive of the construction; therefore 
the actual proof by Euclid has 8 words fewer than Mr Taylor's, and the extra 
words due to the construction in Euclid are much more than atoned for by 
the advantage of picturing the result in the figure. 

The advantages then which Euclid's method may claim are, I think, these: 
in the case of 11. 2, 3 it produces the result more easily and clearly than does 
the alternative proof by means of 11. 1, and, in its general application, it is 
more powerful in that it makes us independent of any recollection of results. 


PROPOSITION 3. 


If a straight line be cut at random, the rectangle contained 
by the whole and one of the segments is equal to the rectangle 
contained by the segments and the square on the aforesaid 
segment. 


For let the straight line 42 be cut at random at C; 


I say that the rectangle contained by AB, BC is equal to the 
rectangle contained by AC, CB together 


with the square on BC. A c 8 
For let the square CDEB be de- 
scribed on CZ ; [1 46] 


let ED be drawn through to F, 
and through 4 let 4F be drawn parallel 
to either CD or BEL. [m3] Fo ? E 
Then AZ is equal to AD, CE. 
Now AE is the rectangle contained by AB, BC, for it is 
contained by AB, BE, and LE is equal to BC; 
AD is the rectangle AC, CB, for DC is equal to CZ ; 
and DB is the square on CB. 


Therefore the rectangle contained by AB, BC is equal to 
the rectangle contained by 4C, CB together with the square 
on BC. 
Therefore etc. 
Q. E. D. 


If we leave out of account the contents of Book 11. itself and merely look 
to the applicability of propositions to general use, this proposition and the 
preceding are, as already indicated, of great importance, and particularly so to 
the semi-algebraical method just described, which seems to have found its first 
exponents in Heron and Pappus. Thus the proposition that the difference of 
the squares on two straight lines is equal to the rectangle contained by the sum 
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and the difference of the straight lines, which is generally given as equivalent to 
II. S, 6, can be proved by means of 11. 1, 2, 3, as shown 
by Lardner. For suppose the given straight lines are ^ c B 
AB, BC, the latter being measured along BA. 

_ Then, by 11. 2, the square on ABZ is equal to .the sum of the rectangles 
AB, BCand AB, AC. 

By 11. 3, the rectangle 4B, BC is equal to the sum of the square on BC 
and the rectangle AC, CB. 

Therefore the square on AZ is equal to the square BC together with the 
sum of the rectangles AC, AB and AC, CB. 

But, by 1. 1, the sum of the latter rectangles is equal to the rectangle 
contained by AC and the sum of AB, BC, i.e. the rectangle contained by the 
sum and difference of AB, BC. 

Hence the square en AB is equal to the square on BC and the rectangle 
contained by the sum and difference of 48, BC: 

that is, the difference of the squares on AZ, BC is equal to the rectangle 
contained by the sum and difference of 4B, BC. 





PROPOSITION 4. 


If a straight line be cut at random, the square on the whole 
ts equal to the squares on the segments and twice the rectangle 
contained by the segments. 

For let the straight line 42 be cut at random at C ; 

s I say that the square on AZ is equal to the squares on AC, 
CB and twice the rectangle contained 


by AC, CB. 
A c 8 
For let the square 44D EP be de- 
scribed on AB, [1. 46] 
H K 


10 let BD be joined ; 
through C let CF be drawn parallel to 
either 4D or EB, 
and through G let HK be drawn parallel 
to either 4B or DE. [3] P 

T Then, since CF is parallel to AD, 
and BD has fallen on them, 
the exterior angle CGB is equal to the interior and opposite 


angle ADB. (1. 29] 
But the angle ADB is equal to the angle 42, 
do since the side BA is also equal to AD ; [£ 5] 


therefore the angle CGB is also equal to the angle GAC, 
so that the side BC is also equal to the side CG. [1. 6] 
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But CZ is equal to GK, and CG to KB; [t. 34] 
therefore GX is also equal to KB; 
25 therefore CGK is equilateral. 
I say next that it is also right-angled. 
For, since CG is parallel to BK, 
the angles KBC, GCB are equal to two right angles. 


[1. 29] 
But the angle KAC is right; 


3o therefore the angle BCG is also right, 
so that the opposite angles CGK, GKB are also right. 


(1. 34] 
Therefore CGB is right-angled ; 


and it was also proved equilateral ; 
therefore it is a square ; 
35 and it is described on CZ. 
For the same reason 
HF is also a square ; 
and it is described on HG, that is AC. [1. 34] 


Therefore the squares HF, KC are the squares on AC, CB. 
40 Now, since AG is equal to GZ, 
and AG is the rectangle AC, CB, for GC is equal to CB, 
therefore GE is also equal to the rectangle AC, CB. 
— AG, GE are equal to twice the rectangle AC, 
45 But the squares 7ZF, CK are also the squares on AC, CB; 
therefore the four areas HF, CK, AG, GE are equal to 
the squares on AC, CB and twice the rectangle contained by 
AC, CB. 
But AF, CK, AG, GE are the whole 4DEB, 
50 which is the square on AB. 
Therefore the square on AB is equal to the squares on 


AC, CB and twice the rectangle contained by AC, CBA. 
Therefore etc. Q. E. D. 


2. twice the rectangle contained by the segments. By a curious idiom this is in 
Greek “the rectangle /wice contained by the segments." Similarly "twice the rectangle 
contained by AC, CB"' is expressed as ‘‘the rectangle /wice contained by AC, CB" (rd dis 
wò vOv AT, T'B sepiexóuevor ópBoyavior). i 

35,38. described. 49, 45. the squares (before **on"). These words are not in the 
Greek, which simply says that the squares *' are on" (elaiv dxró) their respective sides. 

46. areas. It is necessary to supply some substantive (the Greek leaves it to be under- 
stood); and I prefer *' areas " to *' figures." 
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The editions of the Greek text which preceded that of E. F. August 
(Berlin, 1826—g) give a second proof of this proposition introduced by the 
usual word aAAws or “otherwise thus.” Heiberg follows August in omitting 
this proof, which is attributed to Theon, and which is indeed not worth 
reproducing, since it only differs from the genuine proof in that portion of it 
which proves that CGKZ is a square. The proof that CGKP is equilateral 
is rather longer than Euclid's, and the only interesting point to notice is that, 
whereas Euclid still, as in 1. 46, seems to regard it as necessary to prove that 
all the angles of CGKB are right angles before he concludes that it is right- 
angled, Theon says simply “And it also has the angle CBX right; therefore 
CK isa square." The shorter form indicates a legitimate abbreviation of the 
genuine proof; because there can be no need to repeat exactly that part of the 
proof of 1. 46 which shows that a// the angles of the figure there constructed 
are right when one is. 

There is also in the Greek text a Porism which is undoubtedly interpolated : 
“From this it is manifest that in square areas the parallelograms about the 
diameter are squares.” Heiberg doubted its genuineness when preparing his 
edition, and conjectured that it too may have been added by Theon ; but the 
matter is placed beyond doubt by a papyrus-fragment referred to already (see 
Heiberg, Paralipomena zu Euktid, in Hermes xxxvut., 1903, p. 48) in which 
the Porism was evidently wanting. It is the only Porism in Book 11., but 
does not correspond to Proclus’ remark (p. 304, 2) that “the Porism found in 
the second book belongs to a problem.” Heiberg regards these words as 
referring to the Porism to tv. r5, the correct reading having probably been not 
&evrépo but Ó', i.e. rerápro. 

The semi-algebraical proof of this proposition is very easy, and is of course 


old enough, being found in Clavius and in most later editions. It proceeds 
thus. 


By 11. 2, the square on AZ is equal to the sum of the rectangles AZ, AC 
and AB, CB. 

But, by tr. 3, the rectangle 4B, AC is equal to the sum of the square on 
AC and the rectangle AC, CB ; 


while, by it. 3, the rectangle 4.3, CB is equal to the sum of the square on 
BC and the rectangle AC, CB. 


Therefore the square on AB is equal to the sum of the squares on 
AC, CB and twice the rectangle AC, CB. 

The figure of the proposition also helps to visualise, in the orthodox 
manner, the proof of the theorem deduced above from 1I. 1— 3, viz. that /Ae 
difference of the squares on two given straight lines ts equal to the rectangle 
contained by the sum and the difference of the lines. 

For, if the lines be AB, BC respectively, the shorter of the lines being 
measured along ZA, the figure shows that 


the square AZ is equal to the sum of the square CK and the rectangles 
AF, FK; 


that is, the square on AB is equal to the sum of the square on AC and 
the rectangles 4B, AC and AC, BC. 


But the rectangles AB, AC and BC, AC are, by u. 1, together equal to 
the rectangle contained by AC and the sum of AB, BC, 
ie to the rectangle contained by the sum and difference of AB, BC. 
Whence the result follows as before. 


382 BOOK II (n. 4, 5 


The proposition 1. 4 can also be extended to the case where a straight 
line is divided into any number of segments ; for the figure will show in like 
manner that the square on the whole line is equal to the sum of the squares 
on all the parts together with twice the rectangles contained by every pair of 
the parts. 


PROPOSITION 5. 


Jf a straight line be cut into equal and unequal segments, 
the rectangle contained by the unequal segments of the whole 
together with the square on the straight line between the 
points of section ts equal to the square on the half. 


For let a straight line 447 be cut into equal segments 
at C and into unequal segments at D ; 
I say that the rectangle contained by AD, DB together with 
the square on CD is equal to the square on CZ. 


ye 


For let the square CE FB be described on CB, [1. 46] 
and let BE be joined ; 
through D let DG be drawn parallel to either CE or BF, 
en H again let KM be drawn parallel to either 4B or 


and again through 4 let AX be drawn parallel to either CZ 


or BM. D. 31] 
Then, since the complement CH is equal to the comple- 
ment HF, [1. 43) 


let DM be added to each ; 
therefore the whole CM is equal to the whole DF. 
But CM is equal to AL, 
since AC is also equal to CZ ;: (1. 36] 
therefore AL is also equal to DF. 
Let CH’ be added to éach ; 
therefore the whole AH is equal to the gnomon WOP. 
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But AF is the rectangle 4D, DS, for DH is equal to 
DB, 

therefore the gnomon NOP is also equal to the rectangle 
AD, DB. 

Let ZG, which is equal to the square on CD, be added to 
each ; 

therefore the gnomon NOP and ZG are equal to the 
rectangle contained by 4D, DB and the square on CD. 


But the gnomon MOP and LG are the whole square 
CEFB, which is described on CB ; 


therefore the rectangle contained by AD, DB together 
with the square on C2 is equal to the square on CZ. 


Therefore etc. Q. E. D. 


3. between the points of section, literally ‘‘ between the sections,” the word being 
the same (rou) as that used of a conic section. 

It will be observed that the gnomon is indicated in the figure by three separate letters 
and a dotted curve. This is no doubt a clearer way of showing what exactly the gnomon is 
than the method usual in our text-books. In this particular case the figure of the Mss. has 
two M's in it, the gnomon being MNZ. I have corrected the lettering to avoid confusion. 

It is easily seen that this proposition and the next give exactly the 
theorem already alluded to under the last propositions, namely that the 
difference of the squares on two straight lines is equal to the rectangle contained 
by their sum and difference. The two given lines are, in 1. 5, the lines CB 
and CD, and their sum and difference are respectively equal to AD and DB. 
To show that 11. 6 gives the same theorem we have only to make CD the 
greater line and. CZ the less, ie. to 
draw C'Z' equal to CB, measure , c D 8 
CB along it equal to CD, and then —— — — ——t———— —— — 
produce Z C' to £’, making A’C’ equal A ¢' p D 
to BC’, whence it is immediately clear 
that 4’D’ on the second line is equal 
to AD on the first, while D'S’ is also equal to DB, so that the rectangles 
AD, DB and A'D’, D'B' are equal, while the difference of the squares on 
CB, CD is equal to the difference of the squares on C’D’, C’B’. 

Perhaps the most important fact about 11. 5, 6 is however their bearing on 
the 

Geometrical solution of a quadratic equation. 

Suppose, in the figure of 11. 5, that 42 - 2, DB- x; 
then ax — x! - the rectangle AH 

=the gnomon NOP. 


Thus, if the area of the gnomon is given (=4", say), and if @ is given 
(= AB), the problem of solving the equation 
ax- =b 
is, in the language of geometry, To a given straight line (a) to apply a rectangle 
which shall be equal to a given sguare (B) and shall fall short by a square figure, 
i.e. to construct the rectangle 4 or the gnomon NOP. 
Now we are told by Proclus (on 1. 44) that “these propositions are ancient 
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and the discoveries of the Muse of the Pythagoreans, the application of 
areas, their exceeding and their falling-short" We can therefore hardly 
avoid crediting the Pythagoreans with the geometrical solution, based upon 
M. 5, 6, of the problems corresponding to the quadratic equations which 
are directly obtainable from them. — It is certain that the Pythagoreans solved 
the problem in i1. 11, which corresponds to the quadratic equation 
a(a—-x)2 x, 
and Simson has suggested the following easy solution of the equation now in 
question, 
ax —-xi- D, 
on exactly similar lines. 
Draw CO perpendicular to AB and equal to b; produce OC to N so 
that OW - CB (or ja); and with O as centre 
and radius O describe a circle cutting CB N 
in D. A E D 8 
Then DB (or x) is found, and therefore 
the required rectangle 47. 
For the rectangle 4D, DA together with 
the square on CD is equal to the square on 


CB, [u. 5] 
i.e. to the square on OD, 


ie. to the squares on OC, CD;  [1. 47) 
whence the rectangle AD, DB is equal to the square on OC, 
or ax - x! - D, 

It is of course a necessary condition of the possibility of a real solution 
that 2 must not be greater that (ja). This condition itself can easily be 
obtained from Euclid’s proposition ; for, since the sum of the rectangle 4D, 
DB and the square on CD is equal to the square on CØ, which is constant, 
it follows that, as CD diminishes, i.e. as D moves nearer to C, the rectangle 
AD, DB increases and, when D actually coincides with C, so that CD 
vanishes, the rectangle AD, DB becomes the rectangle 4C, CB, ie. the 
square on CØ, and is a maximum. It will be seen also that the geometrical 
solution of the quadratic equation derived from Euclid does not differ from 
our practice of solving a quadratic by completing the square on the side 
containing the terms in x* and x. 

But, while in this case there are two geometrically real solutions (because 
the circle described with OW as radius will not only cut CB in Ø but will 
also cut ÆC in another point Æ), Euclid’s figure corresponds to one only of 
the two solutions. Not that there is any doubt that Euclid was aware that the 
method of solving the quadratic gives two solutions; he could not fail to see 
that x= JE satisfies the equation as well as x= BD. If however he had 
actually given us the solution of the equation, he would probably have 
omitted to specify the solution x = BE because the rectangle found by means 
of it, which would be a rectangle on the base AE (equal to BD) and with 
altitude ZZ (equal to 4 D), is really an equal rectangle to that corresponding 
to the other solution x = BD; there is therefore no real object in distinguishing 
two solutions. This is easily understood when we regard the equation as a 
statement of the problem of finding two magnitudes when their sum (a) and 
product (*) are given, i.e. as equivalent to the simultaneous equations 


x+y=a, 
ay =P, 
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These symmetrical equations have really only one solution, as the two apparent 
solutions are simply the result of interchanging the values of x and y. This 
form of the problem was known to Euclid, as appears from the Data, Prop. 
85, which states that, /f two straight lines contain a parallelogram given in 
magnitude in a given angle, and if the sum of them be given, then shall each 
of them be given. 

This proposition then enables us to solve the problem of finding a 
rectangle the area and perimeter of which are both given ; and it also enables 
us to infer that, of all rectangles of given perimeter, the square has the 
greatest area, while, the more unequal the sides are, the less is the area. 

If in the figure of 11. 5 we suppose that 4D=a, BD=4, we find that 
CB=(a+6)/z and CD=(a—6)/2, and we may state the result of the 
proposition in the following algebraical form 


a ER 2 
en C he 
2 2 

This way of stating it (which could hardly have escaped the Pythagoreans) 
gives a ready means of obtaining the two rules, respectively attributed to the 
Pythagoreans and Plato, for finding integral square numbers which are the 
sum of two other integral square numbers. We have only to make a^ a 
perfect square in the above formula. The simplest way in which this can be 
done is to put a = 7’, ^ - 1, whence we have 


(* + ry (= ry à 
— =n', 
2 2 
and in order that the first two squares may be integral z*, and therefore #, 


must be odd. Hence the Pythagorean rule. 
Suppose next that a = 2", 6= 2, and we have 


(nt & 1! — ($— 1? - 4n*, 
whence Plato's rule starting from an eves number 27. 











PROPOSITION 6. 


Lf a straight line be bisected and a straight line be added 
to it in a straight line, the rectangle contained by the whole 
with the added straight line and the added straight line together 
with the square on the half ts equal to the square on the 
straight line made up of the half and the added straight 
line. 

For let a straight line 4B be bisected at the point C, and 
let a straight line BD be added to it in a straight line; 

I say that the rectangle contained by 4D, D& together 
with the square on CB is equal to the square on CD. 

For let the square CE FD be described on CD, [1. 46] 
and let DE be joined ; 
through the point B let AG be drawn parallel to either EC or 
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through the point H let K// be drawn parallel to either 4B 
or EF, 


and further through 4 let AK a c B 


D 
be drawn parallel to either CZ 
OS Dat d ceu. 


T 
Then, since AC is equal $ 


to CB, 
AL is also equal to CZZ. (1. 36] 
But CH is equal to HF. [i 43] E GF 
Therefore AZ is also equal 
to HF, 
Let CZ be added to each; 
therefore the whole 4M is equal to the gnomon NOP. 
But AM is the rectangle 4D, DB, 
for DM is equal to DB; 


therefore the gnomon NOP is also equal to the rectangle 
AD, DB. 


Let ZG, which is equal to the square on BC, be added 
to each; 


therefore the rectangle contained by 4D, DZ together 
with the square on CB is equal to the gnomon NOP and LG. 


But the gnomon NOP and LG are the whole square 
CEFD, which is described on CD ; 


therefore the rectangle contained by 4D, DB together 
with the square on CZ is equal to the square on CD. 


Therefore etc. 
Q. E. D. 


In this case the rectangle 4D, DB is "a rectangle applied to a given 
straight line (AB) but exceeding by a square (the side of which is equal to 
BD)"; and the problem suggested by 11. 6 is to find a rectangle of this 
description equal to a given area, which we will, for convenience, suppose to 
be a square; ie. in the language of geometry, fo apply to a given straight 
line a rectangle which shall be equal to a given square and shall exceed bya 
Square figure. 

We suppose that in Euclid’s figure 4B=a, BD=<; then, if the given 
square be /', the problem is to solve geometrically the equation 

ax+x7 =P. 

The solution of a problem theoretically equivalent to the solution of a 
quadratic equation of this kind is presupposed in the fragment of Hippocrates’ 
Quadrature of lunes preserved in a quotation by Simplicius (Comment. in 
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Aristot. Phys. pp. 61—68, ed. Diels) from Eudemus’ History of Geometry. In 

this fragment Hippocrates (sth cent. B.C.) assumes the following construction. 
AB being the diameter and O the centre of a semicircle, and C being the 

middle point of OB and CD at right 

angles to AB, a straight line of length E D 

such that its square is 17 times the square 

on the radius (i.e. of length a,/2, where 

a is the radius) is to be so placed, as EF, 

between CD and the circumference 4D 

chat it “verges towards £," that is, EF 

when produced passes through Z. A 5 c 
Now the right-angled triangles BFC, 


BAE are similar, so that 
BF: BC- BA : BE, 


and therefore the rectangle BZ, BF=rect. BA, BC 
=sq. on BO. 


In other words, EF (=a ,/2) being given in length, BE (=x, say) has 
to be found such that 
(Jgatx)x-a'; 
or the quadratic equation 
A/$ ax * x! za? 
has to be solved. 

A straight line of length a,/3 would easily be constructed, for, in the 
figure, CZ?- AC. CB - 3aà, or CD- la 43, and a3 is the diagonal of 
a square of which C2 is the side. 

There is no doubt that Hippocrates could have solved the equation by 
the geometrical construction given below, but he may have contemplated, on 
this occasion, the merely mechanical process of placing the straight line of the 
length required between CD and the circumference AD and moving it until 
E, F, B were in a straight line. Zeuthen (Die Lehre von den Kegelschnitten 
im Altertum, pp. 270, 271) thinks this probable because, curiously enough, 
the fragment speaks immediately afterwards of “joining B to £” 

To solve the equation 

ax + x= b 

we have to find the rectangle AA, or the 
gnomon NOP, which is equal in area to # and 
has one of the sides containing the inner right 
angle equal to CZ or 3a. Thus we know 
(}2)* and 4, and we have to find, by 1. 47, 
a square equal to the sum of two given 
squares. 

To do this Simson draws BQ at night 
angles to AB and equal to 2, joins CQ and, 
with centre C and radius CQ, describes a 
circle cutting 42 produced in D. Thus 
BD, or x, is found. 

Now the rectangle AD, DB together with the square on CB 

is equal to the square on C2, 
i.e. to the square on CQ, 
Le. to the squares on CB, BQ. 
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Therefore the rectangle AD, DB is equal to the square on BQ, that is, 
axti =b. 
From Euclid’s point of view there would only be one solution in this case. 
This proposition enables us also to solve the equation 
x'—-ax-b 
in a similar manner. 
We have only to suppose that AB =a, and AD (instead of 8D) - x; then 
; x? —ax =the gnomon. 
To find the gnomon we have its area (P) and the area, CB” or (3a)*, by 
which the gnomon differs from CZ”. Thus we can find D (and therefore 
AD or x) by the same construction as that just given. 


Converse propositions to 1I. 5, 6 are given by Pappus (vtr. pp. 948—950) 
among his lemmas to the Conics of Apollonius to the effect that, 


(1) if D be a point dividing AB unequally, and C another point on AB 
such that the rectangle AD, DB together with the square on C2 is 
equal to the square on AC, then 


AC is equal to CB; 


(2) if D be a point on AB produced, and C a point on AB such that the 
rectangle AD, DB together with the square on CB is equal to the 
square on CD, then 


AC is equal to CZ. 


PROPOSITION 7. 


Jf a straight line be cut at vandom, the square on the 
whole and that on one of the segments both together are equal 
to twice (he rectangle contained by the whole and the said 
segment and the square on the remaining segment. 

For let a straight line 4B be cut at random at the point C; 

I say that the squares on AB, BC are equal to twice the 
rectangle contained by AB, BC and the 


square on CA, A e746 
For let the square ADEB be 
described on AB, [1. 46] 


and let the figure be drawn. M A 
Then, since AG is equal to GZ, [1. 43] 

let CF be added to each ; 
therefore the whole AF is equal to 

the whole CZ. É it 


Therefore AF, CE are double of 
AF. 

But AF, CE are the gnomon AZM and the square CF; 
therefore the gnomon XZM and the square CF are double 
of AF. 
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But twice the rectangle 42, BC is also double of AF; 
for BF is equal to BC; 


therefore the gnomon XZM and the square CF are equal to 
twice the rectangle 4B, BC. 


Let DG, which is the square on AC, be added to each ; 
therefore the gnomon KLM and the squares BG, GD are 
equal to twice the rectangle contained by AB, BC and the 
square on AC. 

But the gnomon XL M and the squares 2G, GD are the 
whole ADEB and CF, 


which are squares described on 42, BC; 


therefore the squares on 4B, BC are equal to twice the 
rectangle contained by AB, BC together with the square on 
AC. 
Therefore etc. 
Q. E. D. 


An interesting variation of the form of this proposition may be obtained by 
regarding AB, BC as two given straight lines of which AZ is the greater, and 
AC as the difference between the two straight lines. Thus the proposition 
shows that the squares on two straight lines are together equal to twice the 
rectangle contained by them and the square on their difference. That is, the 
Square on the difference of two straight lines is equal to the sum of the squares on 
the straight lines diminished by twice the rectangle contained by them. In other 
words, just as 11. 4 is the geometrical equivalent of the identity 

(a * b 2 a* & B + 2a6, 
SO 1I. 7 proves that 

(a - 5f 2 a* e f — 2ab. 
The addition and subtraction of these formulae give the algebraical equivalent 
of the propositions 1I. 9, 1o and 11. 8 respectively ; and we have accordingly 
a suggestion of alternative methods of proving those propositions. 


PROPOSITION 8. 


Lf a straight line be cut at random, four times the rectangle 
contained by the whole and one of the segments together with 
the square on the remaining segment zs equal to the square 
described on the whole and the aforesaid segment as on one 
straight line. 

For let a straight line 447 be cut at random at the point C; 

I say that four times the rectangle contained by 4B, BC 
together with the square on AC is equal to the square 
described on AZ, BC as on one straight line. 
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For let [the straight line] BD be produced in a straight 
une [with T let BD be i "e 
made equal to : 
let the square A EFD be described b. wu 
on AD, and let the figure be qoc GET 
drawn double. ó P 

Then, since CB is equal to BD, 
while CZ is equal to GX, and 
BD to KN, 
therefore GX is also equal to KW. 

For the same reason 

QR is also equal to RP. 

And, since BC is equal to BD, and GK to KN, 
therefore CX is also equal to KD, and GR to RN. [1. 36] 

But CX is equal to RX, for they are complements of the 
parallelogram CP ; (1. 43] 
therefore KD is also equal to GR; 
therefore the four areas DK, CK, GR, RN are equal to one 
another. 

Therefore the four are quadruple of CX. 

Again, since CB is equal to BD, 
while BD is equal to BX, that is CG, 
and CB is equal to GK, that is GQ, 

therefore CG is also equal to GQ. 

And, since CG is equal to GQ, and QR to RP, 

AG is also equal to MỌ, and QL to RF. [1. 36] 

But MQ is equal to QL, for they are complements of the 
parallelogram ML ; (1. 43] 

therefore AG is also equal to RF; 
therefore the four areas AG, MỌ, QL, RF are equal to one 
another. 

Therefore the four are quadruple of AG. 
But the four areas CK, KD, GR, RN were proved to be 
quadruple of CK; 

therefore the eight areas, which contain the gnomon 
STU, are quadruple of 4X. 


Now, since 4X is the rectangle AB, BD, for BK is equal 
to BD, 


H L F 
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therefore four times the rectangle 42, BD is quadruple of 
AK. 

But the gnomon STU was also proved to be quadruple 
of AK ; 


therefore four times the rectangle 42, BD is equal to the 
gnomon STU. 


Let OH/, which is equal to the square on AC, be added 
to each ; 


therefore four times the rectangle AB, BD together with 
the square on 4C is equal to the gnomon STU and OA. 


But the gnomon STU and OH are the whole square 
AEFD, 
which is described on 4D: 


therefore four times the rectangle 4B, BD together with 
the square on AC is equal to the square on AD 


But BD is equal to BC; 


therefore four times the rectangle contained by 4B, BC 
together with the square on AC is equal to the square on 
AD, that is to the square described on AB and BC as on 
one straight line. 


Therefore etc. Q. E. D. 


This proposition is quoted by Pappus (p. 428, ed. Hultsch) and is used 
also by Euclid himself in the Data, Prop. 86. Further, it is of decided use 
in proving the fundamental property of a parabola. 

Two alternative proofs are worth giving. 

The first is that suggested by the consideration mentioned in the last 
note, though the proof is old enough, being given by Clavius and others. It 
is of the semi-algebraical type. 

Produce AB to D (in the figure of the pro 5 a C B 
position), so that BD is equal to BC. 

By 11. 4, the square on AD is equal to the 
squares on AB, BD and twice the rectangle AB, L M ja 
BD, i.e. to the squares on AB, BC and twice 
the rectangle AB, BC. 

By 11. 7, the squares on AB, BC are equal to 
twice the rectangle AB, BC together with the K 
square on AC. p 

Therefore the square on 4D is equal to four 
times the rectangle 4B, BC together with the F H E 
square on AC. 

The seconc proof is after the manner of Euclid but with a difference. 
Produce BA to D so that 4D is equal to BC. On ABD construct the square 
BEFD. 
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Take AG, EH, FK each equal to BC or AD, and draw AZP, HNM 
parallel to BE and GML, KPN parallel to BD. 

Then it can be shown that each of the rectangles BL, AX, FN, EM is 
equal to the rectangle 48, BC, and that PAZ is equal to the square on AC. 

Therefore the square on Z2 is equal to four times the rectangle 4B, 
BC together with the square on AC. 


PRoPosITION 9. 


Lf a straight line be cut into equal and unequal segments, 
the squares on the unequal segments of the whole are double 
of the square on the half and of the square on the straight line 
between the points of section. 

For let a straight line 4B be cut into equal segments 
at C, and into unequal segments at D; 

I say that the squares on AD, DB are double of the 
squares on AC, CD. 


For let CE be drawn from 
C at right angles to AB, 


and let it be made equal to 
either AC or CB; 


let EA, EB be joined, 


let DF be drawn through D 
parallel to EC, 
and FG through 7 parallel to 
AB, 
and let 4F be joined. 
Then, since AC is equal to C£, 
the angle EAC is also equal to the angle AEC. 
And, since the angle at C is right, 
the remaining angles EAC, AEC are equal to one 
right angle. [1. 32] 
And they are equal ; 


therefore each of the angles CEA, CAE is half a right 
angle. 


For the same reason 

each of the angles CEB, EBC is also half a right angle ; 
therefore the whole angle 4 £2 is right. 

And, since the angle GE is half a right angle. 
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and the angle EGF is right, for it is equal to the interior and 
opposite angle ECB, [1. 29] 
the remaining angle ZFG is half a right angle; [t 32] 
therefore the angle GEF is equal to the angle EFG, 
so that the side ZG is also equal to GF. [1. 6] 
Again, since the angle at Z is half a right angle, 
and the angle FDZ is right, for it is again equal to the interior 
and opposite angle ECZ, (1. 29] 
the remaining angle BFD is half a right angle; [1. 32] 
therefore the angle at Z is equal to the angle DFB, 
so that the side FD is also equal to the side DB. [1 6) 
Now, since 4C is equal to CZ, 
the square on AC is also equal to the square on CZ ; 
therefore the squares on AC, CE are double of the square 
on AC. 
But the square on £4 is equal to the squares on AC, CZ, 
for the angle ACE is right ; (1. 47] 
therefore the square on ZA is double of the square on AC. 
Again, since EG is equal to GF, 
the square on EG is also equal to the square on GF; 


therefore the squares on EG, GF are double of the square on 
GF. 


But the square on ZF is equal to the squares on EG, GF; 
therefore the square on ZF is double of the square on GF. 
But GF is equal to CD; Ü- 34] 
therefore the square on ZF is double of the square on CD. 
But the square on £A is also double of the square on AC; 


therefore the squares on AZ, EF are double of the squares 
on AC, CD. 


And the square on AF is equal to the squares on AZ, EF, 
for the angle 4 ZF is right ; [r. 47] 


therefore the square on AF is double of the squares on AC, 
D. : 


But the squares on AD, DF are equal to the square on 
AF, for the angle at 2 is right ; [r. 47] 


therefore the squares on AD, DF are double of the squares 
on AC, CD. 
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And DF is equal to DB; 


therefore the squares on 4D, DB are double of the squares 
on AC, CD. 


Therefore etc. 
Q. E. D. 


It is noteworthy that, while the first eight propositions of Book ir. are 
proved independently of the Pythagorean theorem 1. 47, all the remaining 
propositions beginning with the oth are proved by means of it. Also the gth 
and roth propositions mark a new departure in another respect ; the method 
of demonstration by showing in the figures the various rectangles and squares 
to which the theorems relate is here abandoned. 

The gth and roth propositions are related to one another in the same way 
as the sth and 6th; they really prove the same result which can, as in the 
earlier case, be comprised in a single enunciation thus: Zhe sum of the squares 
on the sum and difference of two given straight lines is equal to twice the sum of 
the squares on the lines. 

The semi-algebraical proof of Prop. g is that suggested by the remark on 
the algebraical formulae given at the end of the note on 1t. 7. It applies 
with a very slight modification to both t. 9 and m. ro. We will put in 
brackets the variations belonging to 11. ro. 

The first of the annexed lines is the figure 4 c o B 
for 11. 9 and the second for 11. 10. oe = 

By 11. 4, the square on AD is equal to A B o 
the squares on AC, CD and twice the NE UR t 
rectangle AC, CD. 

By 11. 7, the squares on CB, CD (CD, CB) are equal to 

twice the rectangle CB, CD together with the square on SD. 
By addition of these equals crosswise, 
the squares on AD, DB together with twice the rectangle CB, CD are 
equal to the squares on AC, CD, CB, CD together with twice 
the rectangle AC, CD. 

But AC, CB are equal, and therefore the rectangles AC, CD and CB, 
CD are equal. 

Taking away the equals, we see that 

the squares on 4D, DB are equal to the squares on AC, CD, CB, CD, 

i.e. to twice the squares on AC, CD. 
To show also that the method of geometrical algebra illustrated by 
Il. I—8 is still effective for the purpose of 
proving 1. 9, 10, we will now prove II. 9 in A C D B 


that manner. 
Draw squares on AD, DB respectively ea lh 


as shown in the figure. Measure DH along o el] 


DE equal to CD, and HZ along HE also N 
equal to CD. fi 
Draw HX, LNO parallel to EF, and 
CNM parallel to DE. 
Measure WP along VO equal to CD, F^ QME 


and draw PQ parallel to DZ. 
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Now, since AD, CD are respectively equal to DE, DH, 
HE is equal to AC or CB; 
and, since HZ is equal to CD, LE is equal to DB. 
Similarly, since each of the segments EM, M'Q is equal to CD, 
FQ is equal to EZ or BD. 


Therefore OQ is equal to the square on DB. 

We have to prove that the squares on AD, DB are equal to twice the 
squares on AC, CD. 

Now the square on AD includes KM (the square on AC) and CH, HV 
(that is, twice the square on CD). 

Therefore we have to prove that what is left over of the square on AD 
together with the square on DAZ is equal to the square on AC. 

The parts left over are the rectangles CX and WE, which are equal to 
KN, PM respectively. 

But the latter with the square on DB are equal to the rectangles KN, 
PM and the square OQ, 

i.e. to the square KM, or the square on AC. 
Hence the required result follows. 


PROPOSITION 10. 


Lf a straight line be bisected, and a straight line be added 
Lo it in a straight line, the square on the whole with the added 
straight line and the square on the added straight line both 
together are double of the square on the half and of the square 
described on the straight line made up of the half and the 
added straight line as on one straight line. 

For let a straight line 4Z be bisected at C, and let a 
straight line BD be added to it in a straight line; 

I say that the squares on AD, DB are double of the 
squares on AC, CD. 

For let CE be drawn from 
the point C at right angles to E F 
AB [1 11), and let it be made 
equal to either AC or CB [1. 3]; 
let ZA, EB be joined ; 
through E let EF be drawn x 
parallel to 4D, 
and through Ø let FD be drawn 
parallel to CZ. (. 31] 

Then, since a straight line ZF falls on the parallel straight 
lines EC, FD, 
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the angles CEF, EFD are equal to two right angles; [t. 29] 
therefore the angles FEB, EFD are less than two right 
angles. 

But straight lines produced from angles less than two 
right angles meet ; [1. Post. 5] 

therefore EB, FD, if produced in the direction B, D, will 
meet. 

Let them be produced and meet at G, 
and let AG be joined. 

Then, since AC is equal to CZ, 
the angle ZAC is also equal to the angle AEC ; (1. 5] 
and the angle at C is right ; 

therefore each of the angles EAC, AEC is half a right 
angle. [1. 32] 

For the same reason 

each of the angles CEB, EBC is also half a right angle; 

therefore the angle AE is right. 

And, since the angle E BC is half a right angle, 
the angle DAG is also half a right angle. [1. 15] 

Rut the angle BDG is also right, 
for it is equal to the angle DCE, they being alternate; [t 29] 
therefore the remaining angle DG is half a right angle ; 


(1. 32] 
therefore the angle DGB is equal to the angle D&G, 


so that the side BD is also equal to the side GD. [1. 6] 
Again, since the angle EGF is half a right angle, 
and the angle at Æ is right, for it is equal to the opposite 
angle, the angle at C, [1. 34] 
the remaining angle FEG is half a right angle ; [1. 32] 
therefore the angle EGF is equal to the angle ZG, 
so that the side GF is also equal to the side EF. (i. 6] 
B Now, since the square on EC is equal to the square on 
A, 
the squares on EC, CA are double of the square on CA. 
But the square on £4 is equal to the squares on EC, CA; 
(1. 47] 
therefore the square on ÆA is double of the square on AC. 
(C. N. 1) 
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Again, since FG is equal to EF, 
the square on FG is also equal to the square on FE ; 


therefore the squares on GF, FE are double of the square on 
EF. 


But the square on ZG is equal to the squares on GF, FE; 


[1 47] 
therefore the square on ZG is double of the square on EF. 
And EF is equal to CD; (1 34] 


therefore the square on EG is double of the square on CD. 


But the square on ZA was also proved double of the square 
on AC; 


therefore the squares on AZ, EG are double of the squares 
on AC, CD. 


And the square on AG is equal to the squares on AZ, 
EG; [r. 47] 


therefore the square on AG is double of the squares on AC, 

CD. 

But the squares on AD, DG are equal to the square on AG; 
[t 47] 


therefore the squares on AD, DG are double of the squares 
on AC, CD. 


And DG is equal to DB; 


therefore the squares on AD, DB are double of the squares 
on AC, CD. 


Therefore etc. 
Q. E. D. 


The alternative proof of this proposition by means of the principles 
exhibited in it. 1—8 follows the lines of that 
which I have given for the preceding proposition. — 4 c eo 

It is at once obvious from the figure that the 
square on AD includes within it twice the square 
on AC together with once the square on CD. 
What is left over is the sum of the rectangles AZ, 
KE. These, which are equivalent to BH, GK, 
make up the square on CD /ess the square on 
BD. Adding therefore the square BG to each 
side, we have the required result. 

Another alternative proof of the theorem which 
includes both 11. 9 and ro is worth giving. The 
theorem states that the sum of the squares on the 
sum and difference of two given straight lines is equal to twice the sum of the 
Squares on the lines. 


a 


F E 
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Let AD, DB be the two given straight lines (of which 4D is the greater), 
placed so as to be in one straight line. Make ÆC equal to DB and com- 
plete the figure as shown, each of the segments CG 
and DH being equal to AC or DB. ac o B 

Now, AD, DB being the given straight lines, 4B 
is their sum and C2 is equal to their difference. 

Also AD is equal to BC. 

And AE is the square on AB, GK is equal to 
the square on CD, AK or FH is the square on AD, 
and BZ the square on CB, while each of the small 
squares 4G, BH, EX, FL is equal to the square on 
AC or DB. 

We have to prove that twice the squares on 42, 
DB are equal to the squares on AB, CD. 

Now twice the square on AD is the sum of the squares on AD, CB, 
which is equal to the sum of the squares BZ, FH; and the figure shows 
these to be equal to twice the inner square GX and once the remainder of 
the large square 4E excluding the two squares 4G, KZ, which latter squares 
are equal to twice the square on 4C or DB. 

Therefore twice the squares on AD, DB are equal to twice the inner 
square GX together with once the remainder of the large square AZ, that is, 
to the sum of the squares AZ, GX, which are the squares on AB, CD. 





* Side" and “ diagonal’’ numbers giving successive approxi- 
mations to /2. 


Zeuthen pointed out (Die Lehre von den Kegelschnitten im Altertum, 1886, 
pp- 27, 28) that 11. 9, 1o have great interest 
in connexion with a problem of indeterminate ,— — — 6 b 8 
analysis which received much attention from 
the ancient Greeks. If we take the straight line 4B divided at C and D as 
in 11. 9, and if we put CD=x, DB =y, the result obtained by Euclid, namely : 


ADP + DB =2AC*+2CD, 
or AD -2AC'=2CD - DP, 


becomes the formula 
(ax « y —a(x ey 2 a8 - 
If therefore x, y be numbers which satisfy one of the two equations 
2433 — y! 1, 


the formula gives us two higher numbers, x + y and 2x * y, which satisfy the 
other of the two equations. 

Euclid's propositions thus give a general proof of the very formula used 
for the formation of the succession of what were called “side” and “diagonal 
numbers.” 

As is well known, Theon of Smyrna (pp. 43, 44, ed. Hiller) describes this 
system of numbers. The unit, being the beginning of all things, must be 
potentially both a side and a diameter. Consequently we begin with two units, 
the one being the first side and the other the first diameter, and (a) from the 
sum of them, (b) from the sum of twice the first unit and once the second, we 
form two new numbers 

1.1+41=2, 2.I+1=3. 
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Of these new numbers the first is a side- and the second a dragona/-number, 
or (as we may say) 

43— 2, d,- 3. 
In the same way as these numbers were formed from a, = 1, d, = 1, successive 
pairs of numbers are formed from a,, d,, and so on, according to the formula 


an =n tdn, dagi = 2a, + dy. 
Thus @=2+3=5, d,=2.2+3=7, 
4-95*7-12, dz22.5*7- 17, 
and so on. 
Theon states, with reference to these numbers, the general proposition that 
d,” = 22,” +1, 
and he observes (1) that the signs alternate as successive d's and a’s are taken, 
dy — 24! being equal to — 1, d? — 2a; equal to 4 rz, dj — 2a equalto  r, and 
so on, (2) that the sum of the squares of 2// the Z's will be double of the sum 
of the squares of a// the a's. [If the number of successive terms in each 
series is finite, it is of course necessary that the number should be even.) 
The proof, no doubt omitted because it was well known, may be put 
algebraically thus 
dy — 2a, = (28 du, — 2 (a4, * d 
= 24a- — 4d, 
A (CA = 244) 
o (d, — 2a, ,)), in like manner, 
ana so on, while Z!* — 23, — — 1. Thus the theorem is established. 

Euclid's propositions enable us to establish the theorem geometrically ; 
and this fact might well be thought to confirm the conjecture that the 
investigation of the indeterminate equation 2x!- ^ - * 1 in the manner 
explained by Theon was no new thing but began at a period long before 
Euclid's time. No one familiar with the truth of the proposition stated by 
Theon could have failed to observe that, as the corresponding side- and 
diagonal-numbers were successively formed, the value of d,?/a,? would 
approach more and more nearly to 2, and consequently that the successive 
fractions d,/a, would give nearer and nearer approximations to the value of 
v2, viz. }, 3, b ib tee 

It is fairly clear that in the famous passage of Plato’s Republic (546 c) 
about the “geometrical number” some such system of approximations is 
hinted at. Plato there contrasts the “rational diameter of five” (Pr?) 9«dperpos 
ras mepnddos) with the “irrational” (diameter). This was certainly taken 
from the Pythagorean theory of numbers (cf. the expression immediately 
preceding, 546 B, C mdvra Tpogjyopa xai prrà mpós GAAnAa arépnvay, with the 
phrase mávra yvecrà xai mordyopa dAAdAow dmepyaerat in the fragment of 
Philolaus). The reference of Plato is to the following consideration. If the 
square of side 5 be taken, the diagonal is 4/2. 25 or 4/so. This is the 
Pythagorean “ irrational diameter” of 5; and the “rational diameter” was 
the approximation 4/50 r, or 7. 

But the conjecture of Zeuthen, and the attribution of the whole theory of 
side- and diagona/-numbers to the Pythagoreans, have now been fully confirmed 
by the publication of Kroll's edition of Procli Diadochi in Platonis rempublicam 
commentarii (Teubner), Vol. i, 1901. The passages (cc. 23 and 27, pp. 24, 
25 and 27—29) which there saw the light for the first time describe the same 
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system of forming stde- and dsagona/-numbers and definitely attribute it, as 
well as the distinction between the “rational” and “irrational diameter,” to 
the Pythagoreans. Proclus further says (p. 27, 16—22) that the property of the 
side- and diagonal-numbers “is proved graphically (ypappixs) in the second 
book of the Elements by ‘Aim’ (dn éxeivov). For, if a straight line be bisected 
and a straight line be added to it, the square on the whole line including the 
added straight line and the square on the latter alone are double of the square on 
the half of the original straight line and of the square on the straight line made 
up of the half and of the added straight line.” And this is simply Eucl. 11. 10. 
Proclus then goes on to show specifically how this proposition was used to 
prove that, with the notation above used, the diameter corresponding to the 
sidea+dis2a+d. Let AB bea side and BC equal to it, while CD is the 
diameter corresponding to AB, i.e. a straight line such that the square on it is 
double of the square on AB. (I use the figure supplied by Hultsch on p. 397 
of Kroll's Vol 11.) 


B C a 


Then, by the theorem of Eucl. 11. ro, the squares on AD, DC are double 
of the squares on 4B, BD. 

But the square on DC (i.e. BZ) is double of the square on 4B; therefore, 
by subtraction, the square on AD is double of the square on BD. 

And the square on DF, the diagonal corresponding to the side BD, is 
double the square of BD. 

Therefore the square on DF is equal to the square on 4D, so that DF is 
equal to AD. 

That is, while the side BD is, with our notation, a + d, the corresponding 
diagonal, being equal to AD, is 2a + d. 

In the above reference by Proclus to 11. 10 dm’ dkeivov “by Aim” must 
apparently mean in’ EvxAciBou, “by Euclid," although Euclid’s name has not 
been mentioned in the chapter; the phrase would be equivalent to saying 
“Cin the second Book of the famous Elements.” But, when Proclus says "'this 
is proved in the second Book of the Elements,” he does not imply that it had 
not been proved before; on the contrary, it is clear that the theorem had 
been proved by the Pythagoreans, and we have therefore here a confirmation 
of the inference from the part played by the gzomon and by 1. 47 in Book ut. 
that the whole of the substance of that Book was Pythagorean. For further 
detailed explanation of the passages of Proclus reference should be made to 
Hultsch’s note in Kroll’s Vol. 11. pp. 393—400, and to the separate article, 
also by Hultsch, in the Bibliotheca Mathematica 1,, 1900, pp. 8—12. 

P. Bergh has an ingenious suggestion (see Zeitschrift für Math. u. Physik 
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xxxt. Hist.litt. Abt. p. 135, and Cantor, Geschichte der Mathematik, ty, P- 437) 
as to the way in which the formation of the successive 

side- and dtagonal-numbers may have been discovered, E 

namely by observation from a very simple geometrical 


figure. Let ABC be an isosceles triangle, right-angled at 8 

A, with sides a4, a4.,, d,., respectively. If now the c 

two sides AB, AC about the right angle be lengthened F 
by adding Z,., to each, and the extremities D, Æ be 

joined, it is easily seen by means of the figure (in which A 8 b 


SF, CG are perpendicular to DZ) that the new diagonal 
d, is equal to 2¢,_,+4,_,, while the equal ssdes a, are, by construction, equal 
to n-i + da-i- 


Important deductions from II. 9, 1o. 


L  Pappus (vir. pp. 856—8) uses 1t. 9, ro for proving tne well-known 
theorem that 

The sum of the squares on two sides of a triangle is equal to twice the square 
on half the base together with twice the square on the straight line joining the 
middle point of the base to the opposite vertex. 

Let ABC be the given triangle and D the middle point of the base BC. 
Join AD, and draw AZ perpendicular to BC (produced if necessary), 


Now, by i1. 9, 16, 
the squares on BE, EC are equal to twice the squares on BD, DE. 
Add to each twice the square on AZ. 
Then, remembering that 
the squares on BE, ZA are equal to the square on BA, 
the squares on AZ, EC are equal to the square on AC, 
and the squares on AZ, ED are equal to the square on AD, 
we find that 
the squares on BA, AC are equal to twice the squares on AD, BD. 
The proposition is generally proved by means of ir. 12, 13, but not, I 
think, so conveniently as by the method of Pappus. 


II. The inference was early made by Gregory of St. Vincent (1584-1667) 
and Viviani (1622-1703) that 7n any parallelogram the squares on the diagonals 
are together equal to the squares on the sides, or to twice the squares on adjucent 
Sides. 


III. It appears that Leonhard Euler (1707-83) was the first to discover 
the corresponding theorem with reference to any quadrilateral, namely that 
In any quadrilateral the sum of the squares on the sides is equal to the sum of the 
squares on the diagonals and four times the square on the line joining the middle 
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points of the diagonals. Euler seems however to have proved the property 
from the corresponding theorem for parallelograms just quoted (cf. Camerer's 
Euclid, Vol. 1. pp. 468, 469) and not from the property of the triangle, though 
the latter brings out the result more easily. 


PROPOSITION II. 


To cut a given straight line so that the rectangle contained 
by the whole and one of the segments 1s equal to the square on 
the remaining segment. 


Let AB be the given straight line ; 


thus it is required to cut 4A so that the rectangle contained 
by the whole and one of the segments is 
equal to the square on the remaining 


segment. F ? 
For let the square ABDC be described 

on AB; [. 46), | H B 

let AC be bisected at the point Æ, and let 

BE be joined ; E 


let CA be drawn through to Æ, and let EF 
be made equal to BE; 
let the square FH be described on AF, and : SS 
let GZ be drawn through to K. 

I say that ÆB has been cut at Æ so as to make the 
rectangle contained by 48, BH equal to the square on AR. 

For, since the straight line AC has been bisected at Æ, 
and FA is added to it, 

the rectangle contained by CF, FA together with the 
square on AZ is equal to the square on EF. (n. 6] 

But ZF is equal to EB; 

therefore the rectangle CF, FA together with the square 
on AE is equal to the square on EB. 

But the squares on BA, AE are equal to the square on 
EB, for the angle at 4 is right: (1. 47) 

therefore the rectangle CF, FA together with the square 
on AE is equal to the squares on BA, AE. 

Let the square on AE be subtracted from each ; 


therefore the rectangle CF, FA which remains is equal to 
the square on AB. 
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Now the rectangle CF, FA is FX, for AF is equal to 
FG; 


and the square on AB is AD; 
therefore FK is equal to AD. 
Let AX be subtracted from each ; 
therefore #7 which remains is equal to HD. 


And ZD is the rectangle 48, BH, for AB is equal to 
BD; 


and F7 is the square on 4477; 


therefore the rectangle contained by 48, BH is equal 
to the square on HA. 


therefore the given straight line 4B has been cut at Æ 
so as to make the rectangle contained by 4B, BH equal to 
the square on HA. 


Q. E. F. 


As the solution of this problem is necessary to that of inscribing a regular 
pentagon in a circle (Eucl. 1v. 10, r1), we must necessarily conclude that it 
was solved by the Pythagoreans, or, in other words, that they discovered the 
geometrical solution of the quadratic equation 

a (a - x)= 3, 
or a? + ax = a, 

The solution in 11. 11, too, exactly corresponds to the solution of the more 

general equation 

x!-ax-D, 

which, as shown above (pp. 387— 8), Simson based upon u. 6. Only Simson's 
solution, if applied here, gives us the point Fon CA produced and does not 
directly find the point ZZ. It takes Æ the middle point of CA, draws AB at 
right angles to CA and of length equal to CA, and then describes a circle 
with ZF as radius cutting ZA produced in Æ The only difference between 
the solution in this case and in the more general case is that 4Z is here equal 
to CA instead of being equal to another given straight line 6. 

As in the more general case, there is, from Euclid’s point of view, only one 
solution. 

The construction shows that CF is also divided at A in the manner 
described in the enunciation, since the rectangle CF, FA is equal to the 
square on CA. 

The problem in 11. rr reappears in vi. 30 in the form of cutting a given 
Straight line in extreme and mean ratio. 


PROPOSITION 12. 


In obtuse-angled triangles the square on the side subtending 
the obtuse angle is greater than the squares on the sides con- 
taining the obtuse angle by twice the rectangle contained by one 
of the sides about the obtuse angle, namely that on which the 
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perpendicular falls, and the straight line cut off outside by the 
perpendicular towards the obtuse angle. 


Let ABC be an obtuse-angled triangle having the angle 
SAC obtuse, and let BD be drawn from the point B per- 
pendicular to CA produced ; 

I say that the square on AC is greater than the squares 
on BA, AC by twice the rectangle con- 
tained by CA, AD. 

For, since the straight line CD has 
been cut at random at the point 4, 
the square on DC is equal to the 
squares on CA, AD and twice the rect- 


angle contained by CA, AD. [14] o X > 
Let the square on DZ be added to 
each ; 


therefore the squares on CD, DB are equal to the squares on 
CA, AD, DB and twice the rectangle C4, AD. 


But the square on CZ is equal to the squares on CD, DB, 


for the angle at D is right; (1. 47) 
and the square on AZ is equal to the squares on AD, 
DB; [t. 47] 


therefore the square on CZ is equal to the squares on CA, AB 
and twice the rectangle contained by C4, 42D ; 


so that the square on CB is greater than the squares on 
CA, AB by twice the rectangle contained by CA, AD. 


Therefore etc. Q. E. D. 


Since in this proposition and the next we have to do with the squares on 
the sides of triangles, the particular form of graphic representation of areas 
which we have had in Book 11. up to this point does not help us to visualise 
the results of the propositions in the same way, and only two lines of proof 
are possible, (r) by means of the results of certain earlier propositions in 
Book ir. combined with the result of 1. 47 and (2) by means of the procedure 
in Euclid’s proof of 1. 47 itself. The alternative proofs of 1. 12, 13 after the 
manner of Euclid’s proof of 1. 47 are therefore alone worth giving. 

These proofs appear in certain modern text-books (e.g. Mehler, Henrici and 
Treutlein, H. M. Taylor, Smith and Bryant). Smith and Bryant are not 
correct in saying (p. 142) that they cannot be traced further back than 
Lardner's Euclid (1828); they are to be found in Gregory of St. Vincent's 
work (published in 1647) Opus geometricum. quadraturae circuli et. sectionum 
coni, Book 1. Pt. 2, Props. 44, 45 (pp. 31, 32). 

To prove 11. 12, take an obtuse-angled triangle 4 BC in which the angle at 
A is the obtuse angle 
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Describe squares on BC, CA, AB, as BCED, CAGF, ABKH. 

Draw AL, BM, CN, perpendicular to BC, CA, AB (produced if neces- 
sary), and produce them to meet the further 
sides of the squares on them in Z, Q, R re- 
spectively. 

Join AD, CK. 

Then, as in 1. 47, the triangles KBC, ABD 
are equal in all respects ; 
therefore their doubles, the parallelograms in 
the same parallels respectively, are equal ; 

that is, the rectangle BP is equal to the 
rectangle BR. 

Similarly the rectangle CP is equal to the 
rectangle CQ. 

Also, if BG, CH be joined, we see that 

the triangles BAG, HAC are equal in 
all respects ; 
therefore their doubles, the rectangles 4Q, AR, are equal. 
Now the square on BC is equal to the sum of the rectangles BP, CP, 
i.e. to the sum of the rectangles BR, CQ, 
i.e. to the sum of the squares BH, CG and 
the rectangles AR, AQ. 

But the rectangles 4X, AQ are equal, and they are respectively the 
rectangle contained by BA, AW and the rectangle contained by CA, AM. 

Therefore the square on BC is equal to the squares on BA, AC together 
with twice the rectangle BA, AN or CA, AM. 

Incidentally this proof shows that the rectangle BA, AMV is equal to the 
rectangle CA, AM: a result which will be seen later on to be a particular 
case of the theorem in 111. 35. 

Heron (in an-Nairizi, ed. Curtze, p. 10g) gives a “converse” of 11. 12 
related to it as 1. 48 is related to 1. 47. 

In any triangle, if the square on one of the sides is greater than the squares 
on the other two sides, the angle contained by the latter is obtuse. 

Let ABC be a triangle such that the square on BC is greater than the 
squares on BA, AC. 

Draw AD at right angles to AC and D 
of length equal to 42. B 

Join DC. 

Then, since DAC is a right angle, 
tbe square on DC is equal to the squares 
on DA, AC, T 47} 


ie. to the squares on BA, AC. A C 


But the square on AC is greater than 
the squares on BA, AC; therefore the square on BC is greater than the 
square on 2C. 





Therefore BC is greater than DC. 
Thus, in the triangles BAC, DAC, * 
the two sides BA, AC are equal to the two sides DA, AC respectively, 
but the base BC is greater than the base DC. 
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Therefore the angle BAC is greater than the angle DAC; [r 25] 
that is, the angle BAC is obtuse. 


PROPOSITION 13. 


n acute-angled triangles the square on the side subtending 
the acute angle is less than the squares on the sides containing 
the acute angle by twice the rectangle contained by one of the 
sides about the acute angle, namely that on which the per- 
pendicular falls, and the straight line cut off within by the 
perpendicular towards the acute angle. 


Let ABC be an acute-angled triangle having the angle 
at Z acute, and let 4D be drawn from the point A perpen- 
dicular to BC; 

I say that the square on AC is less than the squares on 
CB, BA by twice the rectangle contained 
by CB, BD. 

For, since the straight line CB has 
been cut at random at D, 

the squares on CB, BD are equal to 
twice the rectangle contained by CB, BD 
and the square on DC. [n. 7] 

Let the square on DA be added to 
each ; 
therefore the squares on CB, BD, DA are equal to twice 
the rectangle contained by CB, BD and the squares on AD, 
DC. 

But the square on AZ is equal to the squares on BD, 
DA, for the angle at D is right ; [t 47] 
and the square on AC is equal to the squares on AD, DC; 
therefore the squares on CB, BA are equal to the square on 
AC and twice the rectangle CB, BD, 

so that the square on AC alone is less than the squares 
on CB, BA by twice the rectangle contained by CB, BD. 

Therefore etc. 

Q. E. D. 


As the text stands, this proposition is unequivocally enunciated of acute- 
angled triangles ; and, as if to obviate any doubt as to whether the restriction 
was fully intended, the enunciation speaks of the rectangle contained by one 
of the sides containing the acute angle and the straight line intercepted 
within by the perpendicular towards the acute angle. On the other hand, it 
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is curious that it speaks of the square on the side subtending // acute angle; 
and again the settsng-out begins “‘let ABC he an acute-angled triangle having 
the angle at B acute,” though the last words have no point if all the angles of 
the triangle are necessarily acute. 

It was however very early noticed, not only by Isaacus Monachus, 
Campanus, Peletarius, Clavius, Commandinus and the rest, but by the Greek 
scholiast (Heiberg, Vol. v. p. 253), that the relation between the sides of a 
triangle established by this theorem is true of the side opposite to, and the 
sides about, an acute angle respectively in any sort of triangle whether acute- 
angled, right-angled or obtuse-angled. The scholiast tries to explain away the 
word “‘acute-angled” in the enunciation: “Since in the definitions he calls 
acute-angled the triangle which has three acute angles, you must know that he 
does not mean that here, but calls all triangles acute-angled because all have 
an acute angle, one at least, if not all. The enunciation therefore is: ‘In any 
tnangle the square on the side subtending the acute angle is less than the 
squares on the sides containing the acute angle by twice the rectangle, etc.' " 

We may judge too by Heron's enunciation of his “converse” of the 
proposition that he would have left the word ''acute-angled" out of the 
enunciation. His converse is: In any triangle in which the square on one of 
the sides is less than the squares on the other two sides, the angle contained by the 
latter sides is acute. 

If the triangle that we take is a right-angled triangle, and the perpendicular 
is drawn, not from the right angle, but from the acute angle 
not referred to in the enunciation, the proposition reduces A 
to 1. 47, and this case need not detain us. 

The other cases can be proved, like 11. 12, after the 
manner of 1. 47. 

Let us take first the case where all the angles of the B c 
triangle are acute. 





o P E 


As before, if we draw ALP, BMQ, CNR perpendicular to BC, CA, AB 
and meeting the further sides of the squares on BC, CA, AB in P, Q, R, and 
if we join KC, AD, we have 

the triangles KBC, ABD equal in all respects, 
and consequently the rectangles BP, BR equal to one another. 
Similarly the rectangles CP, CQ are equal to one another. 
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Next, by joining BG, CH, we prove in like manner that the rectangles AQ, 
AQ are equal. 
Now the square on BC is equal to the sum of the rectangles BP, CP, 


ie. to the sum of the rectangles BR, CQ, 


ie. to the sum of the squares BH, CG diminished by the rectangles 
AR, AQ. 
But the rectangles AR, AQ are equal, and they are respectively the 
rectangles contained by BA, AW and by CA, AM. 
Therefore the square on BC is less than the squares on BA, AC by 
twice the rectangle BA, AM or CA, AM. 


Next suppose that we have to prove the theorem in the case where the 
triangle has an obtuse angle at 4. 

Take Z as the acute angle under considera- 
tion, so that 4C is the side opposite to it. 

Now the square on CA is equal to the 
difference of the rectangles CQ, AQ, 


ie. to the difference between CP and 
AQ, 

ie. to the difference between the square 
BE and the sum of the rectangles 
BP, AQ, 

ie. to the difference between the square 
BE and the sum of the rectangles 
BP, AR, 

i.e. to the difference between the sum of 
the squares BEL, BH and the sum 
of the rectangles BP, BR 


(since AR is the difference between BA and BA). 


But BP, BR are equal, and they are respectively the rectangles CB, BL 
and AB, BN. 

Therefore the square on CA is less than the squares on AB, AC by twice 
the rectangle CB, BL or AB. BN. 


Heron's proof of his converse proposition (an-Nairizi, ed. Curtze, p. 110), 
which is also given by the Greek scholiast above quoted, 
is of course simple. For let ABC be a triangle in which 
the square on AC is less than the squares on AB, AC. 

Draw BD at right angles to BC and of length equal 
to BA. 

Join DC. 

Then, since the angle CBD is right, 
the square on DC is equal to the squares on DB, BC, 





D A 


ie. to the squares on AB, BC. [1. 47] 
Bat the square on AC is less than the squares on 
AB, BC. 


Therefore the square on AC is less than the square on DC. 
Therefore AC is less, than DC. 


Hence in the two triangles DBC, ABC the sides about the angles D&C, 
ABC are respectively equal, but the base DC is greater than the base AC. 
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Therefore the angle DAC (a right angle) is greater than the angle ABC 
[I. 25), which latter is therefore acute. 

It may be noted, lastly, that tr. 12, 13 are supplementary to 1. 47 and 
complete the theory of the relations between the squares on the sides of any 
triangle, whether right-angled or not. 


PROPOSITION 14. 


To construct a square equal to a given vectilineal figure. 
Let A be the given rectilineal figure ; 
thus it is required to construct a square equal to the rectilineal 


figure A. 


c D 
s For let there be constructed the rectangular parallelogram 
BD equal to the rectilineal figure 4. (1. 45] 


Then, if BZ is equal to ED, that which was enjoined 
will have been done; for a square BD has been constructed 
equal to the rectilineal figure 4. 

1 — But, if not, one of the straight lines BZ, ZED is greater. 

Let BE be greater, and let it be produced to F; 
let EF be made equal to £D, and let BE be bisected at G. 

With centre G and distance one of the straight lines GZ, 
GF let the semicircle BAF be described ; let DE be produced 

15 to H, and let GH be joined. 

Then, since the straight line BF has been cut into equal 
segments at G, and into unequal segments at Z, 

the rectangle contained by BZ, EF together with the 
square on EG is equal to the square on GF. [u 5] 

20 But GF is equal to GH; 
therefore the rectangle BZ, EF together with the square on 
GE is equal to the square on GHZ. 
But the squares on YZ, EG are equal to the square on 
GH; [1. 47) 
as therefore the rectangle BZ, ZF together with the square on 
GE is equal to the squares on HE, EG. 
Let the square on GZ be subtracted from each ; 


3o 


3 


t^ 
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therefore the rectangle contained by BE, EF which 
remains is equal to the square on ZH. 
But the rectangle BE, EF is BD, for EF is equal to ED; 


therefore the parallelogram BD is equal to the square on 
HE. 

And Z2 is equal to the rectilineal figure 4. 

Therefore the rectilineal figure A is also equal to the square 
which can be described on EH. 

Therefore a square, namely that which can be described 
on £47, has been constructed equal to the given rectilineal 
figure A. Q. E. F. 


7. that which was enjoined will have been done, literally ** would have been 
done," »yeyovós &v els rà ériraxÓév. 

35,36. which can be described, expressed by the future passive participle, dvaypagn- 
couévy, dvaypadnosbuevov. 

Heiberg (Mathematisches zu Aristoteles, p. 20) quotes as bearing on this 
proposition Aristotle's remark (De anima 1. 2, 413 a 19: cf. Metaph. 996 b 21) 
that "' squaring " (rerpayaviauós) is better defined as the “ finding of the mean 
(proportional)" than as "the making of an equilateral rectangle equal to a 
given oblong,” because the former definition states the cause, the latter the 
conclusion only. This, Heiberg thinks, implies that in the text-books which were 
in Anistotle’s hands the problem of 11. 14 was solved by means of proportions. 
As a matter of fact, the actual construction is the same in 1l. I4 as in Vi. 13; 
and the change made by Euclid must have been confined to substituting in 
the proof of the correctness of the construction an argument based on the 
principles of Books 1. and 11. instead of. Book vr. 

As Il. 12, 13 are supplementary to I. 47, so 11. 14 completes the theory of 
transformation of areas so far as it can be carried without the use of Proportions. 
As we have seen, the propositions t. 42, 44, 45 enable us to construct a 
parallelogram having a given side and angle, and equal to any given rectilineal 
figure. The parallelogram can also be transformed into an equal triangle with 
the same given side and angle by making the other side about the angle twice 
the length. Thus we can, as a particular case, construct a rectangle on a 
given base (or a right-angled triangle with one of the sides about the right 
angle of given length) equal to a given square. Further, 1. 47 enables us 
to make a square equal to the sum of any number of squares or to the 
difference between any two squares. The problem still remaining unsolved is 
to transform any rectangle (as representing an area equal to that of any 
rectilineal figure) into a square of equal area. The solution of this problem, 
given in 11. 14, is of course the equivalent of the extraction of the square root, 
or of the solution of the pure quadratic equation 

x! - ab. 

Simson pointed out that, in the construction given by Euclid in this case, 
it was not necessary to put in the words “Zet BE be greater,” since the 
construction is not affected by the question whether BE or ED is the greater. 
This is true, but after all the words do little harm, and perhaps Euclid may 
have regarded it as conducive to clearness to have the points B, G, E, F in 
the same relative positions as the corresponding points 4, C, D, B in the 
figure of 11. § which he quotes in the proof. 


EXCURSUS I. 


PYTHAGORAS AND THE PYTHAGOREANS. 


The problem of determining how much of the Pythagorean discoveries in 
mathematics can be attributed to Pythagoras himself is not only difficult ; it 
may be said to be insoluble. Tradition on the subject is very meagre and 
uncertain, and further doubt is thrown upon it by the well-known tendency of 
the later Pythagoreans to ascribe everything to the Master himself (airés éfa, 
{pse dixit). Pythagoras himself left no written exposition of his doctrines, nor 
did any of his immediate successors, not even Hippasus, about whom the 
different stories ran (1) that he was expelled from the school because he pub- 
lished doctrines of Pythagoras, and (2) that he was drowned at sea for revealing 
the construction of the dodecahedron in the sphere and claiming it as his own, 
or (as others have it) for making known the discovery of the irrational or in- 
commensurable. Nor is the absence of any written record of Pythagorean 
doctrines down to the time of Philolaus to be put down to a pledge of secrecy 
binding the school ; at all events this did not apply to their mathematics or 
their physics; and it may be that the supposed secrecy was invented to 
account for the absence of documents. The fact seems to be that oral com- 
munication was the tradition of the school, while their doctrines would in the 
main be too abstruse to be understood by the generality of people outside. 
Even Aristotle felt the difficulty ; he evidently knew nothing for certain about 
any ethical or physical doctrines going back to Pythagoras himself; when he 
speaks of the Pythagorean system, he always refers it to “the Pythagoreans.” 
sometimes even to “the so-called Pythagoreans.” 

Since my note on Eucl. 1. 47 was originally written the part of Pythagoras 
in the Pythagorean mathematical discoveries has been further discussed and 
every scrap of evidence closely, and even meticulously, examined in two long 
articles by Heinrich Vogt, “Die Geometrie des Pythagoras” (Bibliotheca 
Mathematica 1X,, 1908/9, pp. 15—54) and “ Die Entstehungsgeschichte des 
Irrationalen nach Plato und anderen Quellen des 4. Jahrhunderts” (Bzbé0- 
theca Mathematica x;, 1910, pp. 97—155). These papers would not indeed 
have enabled me to modify greatly what I have written regarding the supposed 
discoveries of Pythagoras and the early Pythagoreans, because I have through- 
out been careful to give the traditions on the subject for what they are worth 
and no more, and not to build too much upon them. It is right however to 
give, in a separate note, a few details of Vogt’s arguments. 

G. Junge had, in his paper “Wann haben die Griechen das Irrationale 
entdeckt?" mentioned above (p. 351), tried to prove that Pythagoras himself 
could not have discovered the irrational; and the object of Vogt's papers is to 
go further on the same lines and to show (1) that it was only the later 
Pythagoreans who (before 410 B.C.) recognised the incommensurability of 
the diagonal with the side of a square, (2) that the ¢heovy of the irrational was 
first discovered by Theodorus, to whom Plato refers ( Zheaetetus 147 D), and 
(3) that Pythagoras himself could not have been the discoverer of any one of 
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the things specifically attributed to him, namely (a) the theorem of Eucl. 1. 47, 
(^) the construction of the five regular solids in the sense in which they are 
respectively constructed in Eucl. x11, (¢) the application of an area in its 
widest sense, equivalent to the solution of a quadratic equation in its most 
general form. 

Vogt's main argument as regards (a) the theorem of 1. 47 is based on a 
new translation which he gives of the well-known passage of Proclus' note on 
the proposition (p. 426, 6—9), Tàv uiv ieropetv rà apxaia JovAopévav dxovovras 
7 Oewprpa Tovro eis Ivfayopav dvameumóvrav éariv epeiv kai flovÜórgv Aeyovrav 
abróv émi rjj «Upéce. Vogt translates this as follows: “ Unter denen, welche 
das Altertum erforschen wollen, kann man einige finden, welche denen Gehór 
geben, die dieses Theorem auf Pythagoras zurückführen und ihn als Stier- 
opferer bei dieser Gelegenheit bezeichnen," '' Among those who have a taste 
for research into antiquity, we can find some who give ear to those who refer 
this theorem to Pythagoras and describe him as sacrificing an ox on the 
strength of the discovery." According to this version the words róv... 
BovAouévov and the words dvamegmóvrov...xai...Aeyóvrov refer respectively to 
two different sets of persons, in fact two different generations ; the latter are 
older authorities who are supposed to be cited by the former; the former are 
a later generation, perhaps contemporaries of Proclus, some of whom accepted 
the view of the older authorities while others did not. But this would have 
required the article rév before avameumóvrov, or some such expression as 
dAÀÀov rwóv ot dvaréu rovc, instead of dvareumóvrov. — Vogt's interpretation is 
therefore quite inadmissible. The persons denoted by dvarmeu rovrov are some 
of the persons denoted by rwv BovAouévwy; hence Tannery’s translation, to 
which mine (p. 350 above) is equivalent, is the only possible one, namely 
“Si lon écoute ceux qui veulent raconter l’histoire des anciens temps, on 
peut en trouver qui attribuent ce théorème à Pythagore et lui font sacrifier un 
boeuf aprés sa découverte" (Za Gométrie grecque, p. 103). droúovras agrees 
with the assumed subject of eipetv ; dvameumóvrov and Aeyóvrov should, strictly 
speaking, have been dvaméurovras and Aéyovras agreeing with rwas (the direct 
object of e)pev) understood, but are simply attracted into the case of fov- 
dopévwy; the construction is quite intelligible. I agree with Vogt that 
Eudemus’ history contained nothing attributing the theorem to Pythagoras. 
The words of Proclus imply this; but I do not think that they imply (as 
Vogt maintains) any pronouncement by Proclus himself against such attribution. 
In my opinion, Proclus is simply determined not to commit himself to any 
view ; his way of evading a decision is the sentence following, éyo ài Oavpagw 
piv kai roUs purovs émurrávras TH TOUS ToD Oewpyparos aAnbeig, peLovus Sé dyapac 
tov groxawryy...; the plural rovs mpwrous émordvras is, I hold, used for the 
very purpose of making the statement as vague as possible; he will not even 
allow it to be inferred that he attributed the discovery to any single person. 
Returning to 7 róy dAéyov mpaypareía (Proclus, p. 6s, 1g), we may now 
concede (following Diels) that we should read ràv avà Aóyov (*' proportionals ") 
instead of rv dAóyov (*irrationals") and that the author intended to attribute 
to Pythagoras a theory of proportion (the arithmetical theory applicable to 
commensurable magnitudes only) rather than the theory of irrationals. But 
I do not agree in Vogt’s contention that the theory of the irrational was first 
discovered by Theodorus. It seems to me that we have evidence to the 
contrary in the very passage of Plato referred to. Plato (Zheaetetus 147 D) 
mentions ./3, /5, ... up to /17 as dealt with by Theodorus, but omits ,/2. 
This fact, along with Plato’s allusions elsewhere to the irrationality of „/2, and 
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to approximations to it, in the expressions dppytos and pyty dudwerpos rs 
mepmdbos, as if those expressions had a well-known signification, implies that 
the discovery of the irrationality of ,/2 had been made before the time of 
Theodorus. The words 7 rév adédyww mpaypareia might well be used even 
if the reference is only to ,/2, because the first step would be the most 
difficult, and mpaypareca need not mean the establishment of a complete theory 
or anything more than “ investigation” of a subject. 

Junge and Vogt hold that the theory of the irrational was not discovered 
by the early Pythagoreans any more than Pythagoras because, if it had been 
so discovered, an impossibly long period would intervene between the investi- 
gation of the particular case of ,/2 and the extension of the theory by 
Theodorus to the cases of ./3, ./5 etc. But might not this well be due to the 
fact that in the meantime the minds of geometers were engrossed by other 
problems of importance, namely the quadrature of the circle (Hippocrates of 
Chios and his quadratures of lunes), the trisection of any angle (Hippias of Elis 
and his curve, afterwards known as the guadrvatrix), and the doubling of the 
cube (reduced by Hippocrates to the problem of finding two mean pro- 
portionals in continued proportion between two given straight lines), the last 
of which problems, which meant finding geometrically the equivalent of X2, 
would naturally follow the investigation of ,/2? Now Hippias was probably 
born about 460 B.c., while Hippocrates seems to have been in Athens during 
a considerable portion of the second half of the fifth century, perhaps from 
about 450 to 430 B.c. Moreover Vogt has to get over the fact that Democritus 
(born 470/469 B.c.) wrote a book mepi åàóywv ypappirv xai vaatav, On irrational 
lines and solids (or atoms). This difficulty he seeks to overcome by maintaining 
that aAcywy does not here mean “irrational” at all, but “without ratio” 
(^ verháltnislos "), in the sense that any two straight lines are ‘“ without ratio ” 
because they both contain an infinite number of the indivisible (or atomic) 
lines, and therefore their ratio, being of the form oo /o, is indeterminate. 
But, if these were so, a// lines (including commensurable lines) would be 
“without a ratio” to one another, whereas the title of Democritus’ work 
clearly implies that dAoyo ypaupa are a class or classes of lines distinguished 
from other lines. The fact is that Democritus was too good a mathematician 
to have anything to do with “indivisible lines.” This is confirmed by a 
scholium to Aristotle’s De caelo (p. 469 b 14, Brandis) which implicitly 
denies to Democritus any theory of indivisible lines: ‘‘of those who have 
maintained the existence of indivisibles, some, as for example Leucippus and 
Democritus, believe in indivisible bodies, others, like Xenocrates, in indivisible 
lines.” Moreover Simplicius tells us that, according to. Democritus himself, 
even the atoms were, .n a mathematical sense, divisible further and in fact 
ad infinitum. 

Coming now to (4) the construction of the cosmic figures, 7 Tôv coopixav 
oxnudrwv avcracrs (Proclus, p. 65, 20), I agree with Vogt to the following 
extent. It is unlikely that Pythagoras or even the early Pythagoreans '' con- 
structed” the five regular solids in the sense of a complete theoretical con- 
struction such as we find, say, in Eucl. xu. ; and it is possible that Theaetetus 
was the first to give these constructions, whether éypaye in Suidas’ notice, 
mparos dé ra mévre Kadovmeva oteped eypaye, Means “constructed” or “ wrote 
upon.” But overaors in the above phrase of Proclus may well mean something 
less than the theoretical constructions and proofs of Eucl. x1. ; it may mean, 
as Vogt says, simply the “putting together " of the figures in the same way as 
Plato puts them together ín the ZTmaeus, i.e. by bringing a certain number of 
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angles of equilateral triangles and of regular pentagons together at one point. 
There is no reason why the early Pythagoreans should not have “ constructed ” 
the five regular solids in this sense ; in fact the supposition that they did so 
agrees well with what we know of their having put angles of certain regular 
figures together round a point (in connexion with the theorem of Eucl. t. 32) and 
shown that only three kinds of such angles would fill up the space 7” one plane 
round the point. But I do not agree in the apparent refusal of Vogt to credit 
the Pythagoreans with the knowledge of the theoretical construction of the 
regular pentagon as we find it in Eucl. 1v. 10, 11. I do not know of any 
reason for rejecting the evidence of the Scholia iv. Nos. 2 and 4 which say 
categorically that “this Book” (Book 1v.) and “the whole of the theorems” 
in it (including therefore Props. 10, 11) are discoveries of the Pythagoreans. 
And the division of a straight line in extreme and mean ratio, on which the 
construction of the regular pentagon depends, comes in Eucl Book n. 
(Prop. 11), while we have sufficient grounds for regarding the whole of the 
substance of Book 11. as Pythagorean. 

I will permit myself one more criticism on Vogt’s first paper. I think he 
bases too much on the fact that it was left for Oenopides (in the period from, 
say, 470 to 450 B.C.) to discover two elementary constructions (with ruler and 
compasses only), namely that of a perpendicular to a straight line from an 
external point (Eucl. 1. 12), and that of an angle equal to a given rectilineal 
angle (Eucl. 1. 23). Vogt infers that geometry must have been in a very 
rudimentary condition at the time. I do not think this follows ; the explana- 
tion would seem to be rather that, the restriction of the instruments used 
in constructions to the ruler and compasses not having been definitely estab- 
lished before the time when Oenopides wrote, it had not previously occurred to 
anyone to substitute new constructions based on that principle for others 
previously in vogue. In the case of the perpendicular, for example, the con- 
struction would no doubt, in earlier days, have been made by means of a set 
square. 


EXCURSUS II. 


POPULAR NAMES FOR EUCLIDEAN PROPOSITIONS. 


Although some of these time-honoured names are familiar to most educated 
people, it seems to be impossible to trace them to their original sources, or to 
say who applied them for the first time respectively. It may be that they were 
handed down by oral tradition for long periods in each case before they found 
their way into written documents. 

We begin with 

I. s. 

1. This proposition is in this country universally known as the Pons 
Asinorum, “ Asses’ Bridge.” Even in this case opinion is not unanimous as 
to the exact implication of the term. Perhaps the more general view is that 
taken in the Stanford Dictionary of Anglicised Words and Phrases (by 
C. A. M. Fennell) where the description is: ‘‘ Name of the fifth proposition 
of the first Book of Euclid, suggested by the figure and the difficulties which 
poor geometricians find in mastering it.” This is certainly the equivalent of 
what I gathered, in my early days at school, from a former Fellow of St John’s, 
the Reverend Anthony Bower, who was a high Wrangler in 1846 and a friend 
of Todhunter’s. The ‘‘ass” on this interpretation is a synonym for “ fool.” 
But there is another view (as I have learnt lately) which is more complimentary 
to the ass. It is that, the figure of the proposition being like that of a trestle- 
bridge, with a ramp at each end which is the more practicable the flatter the 
figure is drawn, the bridge is such that, while a horse could not surmount the 
ramp, an ass could ; in other words, the term is meant to refer to the surefooted- 
ness of the ass rather than to any want of intelligence on his part. (I may 
perhaps mention that Sir George Greenhill is a strong supporter of this view.) 

An epigram of 1780 is the earliest reference to the term in Murray's 
English Dictionary : 

“If this be rightly called the bridge of asses, 

He's not the fool that sticks but he that passes." 
The writer's own view is not too clear. He seems to imply that, while the 
inventor of the name meant that only the fool finds the bridge difficult to 
pass, the more proper view would be that, since the ass can get over, and 
“ass” is synonymous with “fool,” therefore it must be the fool who cam get 
over; in other words, he seems to object to the phrase as being a contradic- 
tion in terms. 

But we have also to take account of the fact that the French apply the 
term to i. 47. Now in Euclid’s figure for 1. 47 there is no suggestion of a 
bridge, and the reference can only be to the nature of the theorem, its dif- 
culty or otherwise. It is curious that the French dictionaries give two different 
explanations of Pont aux ânes. Littré makes it “ce que personne ne doit ni 
ne peut ignorer; ce qui est si facile que tout le monde doit y réussir.” Now 
no intelligent person could have applied the name to Eucl. 1. 47 for this 
reason, namely that it was so easy that even a fool could not help knowing it. 
Larousse is better informed; there we find ‘Pont aux ânes, certaine difficulté, 
certaine question qui n'arréte que les ignorants, et qui sert de critérium 
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pour juger l'intelligence de quelqu'un, et particuliérement d'un écolier. C'est 
ainsi que, dans les classes de mathématiques, on ne manque jamais de dire 
que le carré de l’hypoténuse est le pont aux ânes de la géométrie. La plupart 
des dictionnaires entendent par ce mot une chose si -simple, si facile, que 
personne ne doit l'ignorer : c'est une erreur évidente." Larousse is clearly right. 
But it will be observed that, so far as it goes, Larousse's interpretation rather 
supports the first of the two alternative explanations of the meaning of “ Asses’ 
Bridge” as applied to 1. 5, namely that it is difficult for the fool (= “ass”) to 
master. 

In the Stanford Dictionary it is added that “in logic the term was in the 
16 c. applied to the conversion of propositions by the aid of a difficult 
diagram for finding middle terms”; and if the mathematicians borrowed the 
term from logic, this again would be rather in favour of the first explanation 
of its use for 1. s. 

If it is permitted destpere in Joco, I would add for the benefit of future 
generations (in the hope that they will still be able to appreciate the joke or, 
in the alternative, will be tempted to discuss learnedly what could possibly 
have been meant) a very topical allusion in a recent Punch (14 Oct. 1925): 
“When they film Euclid, as is suggested, we shall no doubt see a very 
thrilling rescue over the burning Pons Asinorum.”—And yet it is safe to 
prophesy that the ‘‘ Asses’ Bridge ” will outlive the “film”! 

2. LElefuga. 

This name for Eucl. t. 5 is mentioned by Roger Bacon (about 1250), who 
also gives an explanation of it (Opus Tertium, c. vi. He observes that in his 
day people in general, finding no utility in any science such as geometry, for 
example, recoiled from the idea of studying it unless they were boys forced to 
it by the rod, so that they would hardly learn so much as three or four pro- 
positions. Hence it is, he says, that the fifth proposition is called '' Elefuga, 
id est, fuga miserorum ; elegia enim Graece dicitur, Latine miseria ; et elegi 
sunt miseri. That is, according to Roger Bacon, Elefuga is “flight of the 
miserable.” This explanation no doubt accounts for the verses about Dul- 
carnon in Chaucer's Troilus and Criseyde, m, 1l. 933-5 : 

** Dulcarnon called is ' fleminge of wrecches' ; 
It seemeth hard, for wrecches wol not lere 
For verray slouthe or othere wilful tecches"' ; 
since “‘fleminge of wrecches,” “banishment of the miserable,” is a translation 
of “ fuga miserorum." Only Dulcarnon is there wrongly taken to be the same 
proposition as Elefuga, i.e. 1. 5, whereas, as we shall see, Dulcarnon was really 
the name for the Pythagorean theorem I. 47. 

Etymologically, Roger Bacon’s explanation leaves something to be de- 
sired. The word would really seem to be an attempt to compound the two 
Greek words ZAcos, pity (or the object of pity), and ¢vyj, flight (cf. note 
ad loc. in Skeat’s edition of Chaucer). Notwithstanding the confusion of 
tongues, the object seems to be a play upon the two words Æ/ementa and 
éAeos, which both begin with the same three letters, and the implication is that 
“escape from the Elements ” (which normally came when Prop. 5 was reached) 
was equivalent to ‘‘escape from misery” or “trouble.” A better form for the 
word would perhaps be Eleufuga ; and this form actually occurs in Alanus’ 
Anticlaudianus, 111, c. 6 (cited by Du Cange, Glossarium, s.v.) The word 
also occurs, according to Skeat’s note, in Richard of Bury’s Phiobiblon, 
c. xiii, where it was somewhat oddly translated by J. B. Inglis in 1832 ' How 
many scholars has the Helleflight of Euclid repelled !” 
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I. 47. 


The Pythagorean proposition about the square on the hypotenuse has 
taken even a deeper hold of the minds of men, and has been known by 
a number of names. 

1. The Theorem of the Bride (Oewpypa THs vip dys). 

This name is found in a Ms. of Georgius Pachymeres (1242-1310) in the 
Bibliotheque Nationale at Paris; there is a note to this effect by Tannery 
(Le Glomiétrie grecque, p. 105), but, as he says novhing more, it is probable 
that the passage gives the mere name without any explanation of it. We 
have, however, much earlier evidence of the supposed connexion of the pro- 
position with marriage. Plutarch (born about 46 A.D.) says (De Zside et 
Osiride 56, p. 373 F) " We may imagine the Egyptians (thinking of) the most 
beautiful of triangles (and) likening the nature of the All to this triangle most 
particularly, for it is this same triangle which Plato is thought to have 
employed in the Republic, when he put together the Nuptial Figure (yauyAcov 
Sudypappa)” —Sicypaypa, though literally meaning “diagram ” or “figure,” was 
commonly used in the sense of “ proposition ”—“‘and in that triangle the per- 
pendicular side is 3, the base 4, and the hypotenuse, the square on which is 
equal to the sum of the squares on the sides containing (the right angle), 5. 
We must, then, liken the perpendicular to the male, the base to the female and 
the hypotenuse to the offspring of both....For 3 is the first odd number and 
is perfect, 4 is the square on an even side, 2, while the 5 partly resembles the 
father and partly the mother, being the sum of 3 and 2." 

Plato used the three numbers 3, 4, 5 of the Pythagorean triangle in the 
formation of his famous Geometrical Number; but Plato himself does not call 
the triangle the Nuptial Triangle nor the number the Nuptial Number. It is 
later writers, Plutarch, Nicomachus and Iamblichus, who connect the passage 
about the Geometrical Number with marriage ; Nicomachus (/afrod. Ar., ni, 
24, 11) merely alludes to “the passage in the Republic connected with the 
so-called Marriage," while Iamblichus (/n Wicom., p. 82, 20 Pistelli) only 
speaks of “the Nuptial Number in the Republic.” 

It would appear, then, that the name " Nuptial Figure" or '* Theorem of 
the Bride” was originally used of one particular right-angled triangle, namely 
(3, 4, 5): A late Arabian writer Beha-ad-din (1547-1622) seems to have 
applied the term “Figure of the Bride” to the same triangle; the Arabs 
therefore seemingly followed the Greeks. The idea underlying the use of the 
term, first for the triangle (3, 4, 5), and then for the general theorem of 1. 47, 
seems to be roughly that of the two parties to a marriage becoming one, just 
as the two squares on the sides containing the right angle become the one 
square on the hypotenuse in the said theorem. 

2. The “ Brides Chair.” 

‘Ihe origin of this name is more obscure. It must presumably have been 
suggested by a supposed resemblance between the figure of the proposition 
and such a chair. D. E. Smith (History of Mathematics, 11, pp. 289-90) 
remarks that the ''Bride's Chair” may be so-called “because the Euclid 
figure is not unlike the chair which a slave carries on his back and in which 
the Eastern bride is sometimes transported to the ceremony,” and he cites a 
note from Edouard Lucas’ Récréations Mathématiques, 11, p. 130 : “ La démon- 
stration que nous venons de donner du théorème de Pythagore sur le carré 
de l'hypoténuse ne différe pas essentialement de la démonstration hindoue, 
connue sous le nom de la Chaise de la petite maride, que Von rencontre dans 
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louvrage de Bhascara (Bija-Ganita, §146).” The figure of Bháskara is not 
that of Euclid but that shown at the top of p. 355 above; I have however 
not been able to find the name “Bride's Chair” in Colebrooke’s translation 
of the work of Bhaskara. 

Notwithstanding the apparent frivolity of the setting, I venture to suggest 
that light may be thrown on the question by a very modern version of the 
“ Bride's Chair” which appeared during or since the War in Za Vie Parisienne. 
The illustration represents Euclid's figure for t. 47 and, drawn over it, as on 
a frame, a poilu in full fighting kit carrying on his back his bride and his house- 
hold belongings. Roughly speaking, the soldier is standing (or rather walking) 
in the middle of the large square, his head and shoulders are bending to the 
right within the contour of one of the small squares, while the lady, with 
mirror and powder-puff in action, is sitting with her back to him in the right 
angle between the two smaller squares (HAG in the figure on p. 349 above)’. 
I am informed by Sir George Greenhill that there was also an earlier version 
“showing the chair as it is in use to-day in Cairo and Egypt, the earliest 
version of a taxi-chair, a pattern as early as Euclid and suggesting the nick- 
name of the proposition.” This recalls to my mind the remark of a friend to 
whom I mentioned the subject and showed the figure of the proposition ; he 
observed at once on seeing it “But I should have said it was more like a sedan 
chair,” the large square suggesting to him the actual chair and the two smaller 
squares the two bearers. 


3. Dulcarnon. 


This name for 1. 47 appears, as above mentioned, in Chaucer's Zroi/us 
and Criseyde, v1, M. 930-3, where Criseyde says : 
‘I am, til God me bettre minde sende, 
At dulcarnon, right at my wittes ende.’ 
Quod Pandarus, 'ye, nece, wol ye here? 
Dulcarnon called is “ fleminge of wrecches."" 
Billingsley, too, in his edition of Euclid (1570) observes of t. 47 that “it hath 
bene commonly called of barbarous writers of the latter time Dulcarnon.” 
Dulcarnon (see Skeat’s note ad loc.) seems to represent the Persian and 
Arabic du ’lkarnayn, lit. two-horned, from Pers. du, two, and karn, horn. The 
name was applied to 1. 47 because the two smaller squares stick up like two 
horns and, as the proposition is difficult, the word here takes the sense of 
“puzzle”; hence Criseyde was “at dulcarnon” because she was perplexed 
and at her wit's end. 


4. Francisci tunica = “ Franciskaner Kutte,” “ Franciscan's cowl.” 

This name is quoted by Weissenborn (Die Uebersetzungen des Euklid 
durch Campano und Zamberti, p. 42) as given in a Geometrie by one Kunze. 
The name is quite appropriate, one of the squares representing the hood 
thrown back. 


III. 7, 8. 


I have already mentioned the names “Goose's Foot” (Pes anseris) and 
“Peacock's Tail” (Cauda pavonis) applied, suitably enough, to these pro- 
positions respectively. They come from Luca Paciuolo’s edition of Euclid 
published in 1509 (vide Weissenborn, ibid.). 


1 Old Cambridge men will recall a picture in some respects nol unlike, though less 
artistic than, the cartoon in Za Vie Parisienne, I mean the painting of The Man Loaded 
with Mischief” which used to be over the door of the former inn of that name on the 
St Neots Road, a short distance from Cambridge. 
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BOOK III. 


DEFINITIONS. 


1. Equal circles are those the diameters of which are 
equal, or the radii of which are equal. 


2. A straight line is said to touch a circle which, 
meeting the circle and being produced, does not cut the 
circle. 


3. Circles are said to touch one another which, 
meeting one another, do not cut one another. 


4. In a circle straight lines are said to be equally 
distant from the centre when the perpendiculars drawn 
to them from the centre are equal. 


5. And that straight line is said to be at a greater 
distance on which the greater perpendicular falls. 


6. A segment of a circle is the figure contained by a 
straight line and a circumference of a circle. 


7. An angle of a segment is that contained by a 
straight line and a circumference of a circle. 


8. An angle in a segment is the angle which, when 
a point is taken on the circumference of the segment and 
straight lines are joined from it to the extremities of the 
straight line which is the base of the segment, is contained 
by the straight lines so joined. 


9. And, when the straight lines containing the angle cut 
off a circumference, the angle is said to stand upon that 
circumference. 
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10, A sector of a circle is the figure which, when an 
angle is constructed at the centre of the circle, is contained by 
the straight lines containing the angle and the circumference 
cut off by them. 


11. Similar segments of circles are those which 
admit equal angles, or in which the angles are equal to one 
another. 


DEFINITION I. 
"Ico. xixAot eiciv, dv ai Siaperpor faac elaív, 4 dv al gx tov kévrpuv (aac «taív, 
perp TIE p 


Many editors have held that this should not have been included among 
definitions. Some, e.g. Tartaglia, would call it a postulate; others, e.g. Borelli 
and Playfair, would call it an axiom; others again, as Billingsley and Clavius, 
while admitting it as a definition, add explanations based on the mode of 
constructing a circle; Simson and Pfleiderer hold that it is a /Aeorem. I 
think however that Euclid would have maintained that it is a definition in 
the proper sense of the term ; and certainly it satisfies Aristotle's requirement 
that a ''definitional statement" (ópierixós Aóyos) should not only state the 
fact (tò Sr) but should indicate the cause as well (De anima 1. 2, 413 a 
13). The equality of circles with equal radii can of course be proved by 
superposition, but, as we have seen, Euclid avoided this method wherever he 
could, and there is nothing technically wrong in saying “By egual circles I 
mean circles with equal radii.” No flaw is thereby introduced into the system 
of the Evements ; for the definition could only be objected to if it could be 
proved that the equality predicated of the two circles in the definition was 
not the same thing as the equality predicated of other equal figures in the 
Elements on the basis of the Congruence-Axiom, and, needless to say, this 
cannot be proved because it is not true. The existence of equal circles (in 
the sense of the definition) follows from the existence of equal straight lines 
and 3. Post. 3. 

The Greeks had no distinct word for radius, which is with them, as here, 
the (straight line drawn) from the centre 4 ix rev xévrpov (bein); and so 
definitely was the expression appropriated to the radius that é« rov xéytpov 
was used without the article as a predicate, just as if it were one word. Thus, 
€.g., in III. 1 éx xévrpov yáp means "'for they are radii" : cf. Archimedes, On 
the Sphere and Cylinder Vi. 2, 3) BE èx ToU kévrpov dari roV...kókÀAov, BE is a 
radius of the circle. 


DEFINITION 2. 


Evcia cixdov éparreaBar A€yerat, ris drropévy To xúrňov Kal éxBaddouevy 
où tépve TÓv kóxXov. 


Euclid's phraseology here shows the regular distinction between drea, 
and its compound £$ázresÓa, the former meaning “to meet” and the latter 
“to touch.” The distinction was generally observed. by Greek geometers 
from Euclid onwards. There are however exceptions so far as dwreoOai is 
concerned ; thus it means ''to /oucA" in Eucl. 1v. Def. 5 and sometimes in 
Archimedes. On the other hand, é$árrecÓac is used by Aristotle in certain 


IH. DEFF. 2—4] DEFINITIONS 3 


cases where the orthodox geometrical term would be dwrecOa:. Thus in 
Meteorologica 1. 5 (376 b 9) he says a certain circle will pass through all the 
angles (amaguv épayerac tév ywudv), and (376 a 6) M will lie on a given 
(circular) circumference (Bcdopens mepipepetas épdwerar ro M). We shall find 
dmreaÓa. used in these senses in Book iv. Deff. 2, 6 and Deff. 1, 3 respectively. 
The latter of the two expressions quoted from Aristotle means that the locus 
of M is a given circle, just as in Pappus dyerac rd onpetov Oéoe Sedopevns 
ebhelas means that lhe locus of the point is a straight line given in position. 


DEFINITION 3. 


KúrAor épdrreaOar dhAqAwv A€éyovrac oiriwes drrduevor dAAWAWY ob réavovauy 
dAAyjAovs. 

Todhunter remarks that different opinions have been held as to what is, 
or should be, included in this definition, one opinion being that it only means 
that the circles do not cut in the neighbourhood of the point of contact, 
and that it must be shown that they do not cut elsewhere, while another 
opinion is that the definition means that the circles do not cut at all. 
Todhunter thinks the latter opinion correct. I do not think this is proved ; 
and I prefer to read the definition as meaning simply that the circles meet 
at a point but do not cut af shat point. I think this interpretation 
preferable for the reason that, although Euclid does practically assume in 
In. 11—13, without stating, the theorem that circles touching at one point 
do not intersect anywhere else, he has given us, before reaching that 
point in the Book, means for proving for ourselves the truth of that 
statement. In particular, he has given us the propositions 111. 7, 8 which, 
taken as a whole, give us more information as to the general nature of a 
circle than any other propositions that have preceded, and which can be used, 
as will be seen in the sequel, to solve any doubts arising out of Euclid’s 
unproved assumptions. Now, as a matter of fact, the propositions are not used 
in any of the genuine proofs of the cheorems in Book 111. ; 111. 8 is required 
for the second proof of 111. 9 which Simson selected in preference to the first 
proof, but the first proof only is regarded by Heiberg as genuine. Hence it 
would not be easy to account for the appearance of 111. 7, 8 at all unless as 
affording means of answering possible objections (cf. Proclus’ explanation of 
Euclid’s reason for inserting the second part of 1. 5). 

External and internal contact are not distinguished in Euclid until 111. 
11, 12, though the figure of 111. 6 (not the enunciation in the original text) 
represents the case of internal contact only. But the definition of touching 
circles here given must be taken to imply so much about infernal and external 
contact respectively as that (a) a circle touching another internally must, 
immediately before “meeting” it, have passed through points within the 
circle that it touches, and (/) a circle touching another externally must, 
immediately before meeting it, have passed through points outside the circle 
which it touches. These facts must indeed be admitted if zs/z7;a/ and 
external are to have any meaning at all in this connexion, and they constitute 
a minimum admission necessary to the proof of 111. 6. 


DEFINITION 4. 


, , * f roy ^ of 24 ~ 7 ^ e A a 
Év «vxÀe igov dméyewv amò ToD xévrpov eùÂeiaı NéyovTaı, Grav ai amd ToU 
» 4 » 
xévrpov ér' avràs kdÜero. ayóuevac iaac gu. 
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DEFINITION 5. 


MetLoy St dwéxew Néyerar, ef qv | pekuv xdBeros rirra, 


DEFINITION 6, 


7 , yg , — +g PaL 
Tu5)ua Kúrňov écri rÓ mepiexouevoy. expa mó Te ebOeias Kai KixAov 
mepipepetas. 


DEFINITION 7. 


Tyjparos Ó& yuvía éariv 4 meprexomevy Umó re eUÜcías kai kvxAov mepijepeüas. 

This definition is only interesting historically. The angle of a segment, 
being the “angle” formed by a straight line and a “circumference,” is of the 
kind described by Proclus as “mixed.” A particular “angle” of this sort is 
the “angle of a semicircle,” which we meet with again in ni. 16, along with 
the so-called “horn-like angle” (xeparoedys), the supposed “angle” between 
a tangent to a circle and the circle itself. The ‘angle of a semicircle” occurs 
once in Pappus (vii. p. 670, 19), but it there means scarcely more than the 
corner of a semicircle regarded as a point to which a straight line is directed. 
Heron does not give the definition of the angle of a segment, and we may 
conclude that the mention of it and of the angle of a semicircle in Euclid is a 
survival from earlier text-books rather than an indication that Euclid considered 
either to be of importance in elementary geometry (cf. the note on mi. 16 
below). 

We have however, in the note on I. 5 above (Vol. 1. pp. 252— 3), seen evi- 
dence that the ang/e of a segment had played some part in geometrical proofs up 
to Euclid's time. It would appear from the passage of Aristotle there quoted 
(Anal. prior. Y. 24, 41 b 13 sqq.) that the theorem of I. 5 was, in the text-books 
immediately preceding Euclid, proved by means of the equality of the two 
“angles of” any one segment. This latter property must therefore have been 
regarded as more elementary (for whatever reason) than the theorem of t. 5; 
indeed the definition as given by Euclid practically implies the same thing, 
since it speaks of only oze '' angle of a segment," namely ‘‘¢he angle contained 
by a straight line and a circumference of a circle.” Euclid abandoned the 
actual use of the "angle" in question, but no doubt thought it unnecessary 
to break with tradition so far as to strike the definition out also. 


DEFINITION 8. 
"Ev r&rjuarc 86 yavía. éov(v, orav. éri rs m«pijepeías 00 rurjparos Ànóg 7 


- — as ae SD s aA, SURE ; rrr t) 
anpeioyv kai aT avro) émi rà mépara THs evVOcias, 7 ore Baos TOU TuNATOS, 
a — — ADT a 

émilevyÜaaw  e0Uciat, v mepiexouévr yovía mà rov émeox0eady eÜcuv. 


DEFINITION 9. 


- ro, ; 
"Orav S& ai mepieyovoat rHy ywriav ebGetar drodapBdvwct tiva meppépuav, 
— 
én’ — 
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DEFINITION Io. 


Topeds 8¢ xixdov coriv, Stav mpos TE KevTpw TOD Kixhov avoTaby yuvía, 
TO mepueyópevov oyùpa vno te Tûv Tv ywviíav mepieyovoðv eWOawy Kai TIS 
arodapBavoperys un’ avrüv Te«pihepeias. 

A scholiast says that it was the sAoemaker's knife, a«vroroyu«xós. Top.evs, 
which suggested the name rouevs for a sector of a circle. The derivation of 
the name from a resemblance of shape is parallel to the use of apByAos (also 
a shoemaker’s knife) to denote the well known figure of the Book of Lemmas 
partly attributed to Archimedes. 

A wider definition of a sector than that given by Euclid is found in a 
Greek scholiast (Heiberg’s Euclid, Vol. v. p. 260) and in an-Nairizi (ed. Curtze, 
p. 112). “There are two varieties of sectors ; the one kind have the angular 
vertices at the centres, the other at the circumferences. Those others which 
have their vertices neither at the circumferences nor at the centres, but at 
some other points, are for that reason not called sectors but sector-like 
figures (ropoasy oxqpara).” The exact agreement between the scholiast and 
an-Nairizi suggests that Heron was the authority for this explanation. 

The sector-like figure bounded by an arc of a circle and two lines drawn 
from its extremities to meet at any point actually appears in Euclid’s book Ox 
divisions (m«pi Bapéz«ov) discovered in an Arabic Ms. and edited by 
Woepcke (cf. Vol. t. pp. 8—10 above). This treatise, alluded to by Proclus, 
had for its object the division of figures such as triangles, trapezia, 
quadrilaterals and circles, by means of straight lines, into parts equal or 
in given ratios. One proposition e.g. is, Zo divide a triangle into two equal 
parts by a straight line passing through a given point on one side. The 
proposition (28) in which the guasi-secfor occurs is, Zo divide such a figure by a 
straight line into two equal parts. The solution in this case is given by Cantor 
(Gesch. d. Math. Y,, pp. 287—8). 

If ABCD be the given figure, E the middle point 


of BD and EC at right angles to BD, A p 
the broken line 4ZC clearly divides the figure into N 
two equal parts. 
Join 4C, and draw EF parallel to it meeting p B 
AB in F. 
Join CF, when it is seen that CF divides the Cc 


figure into two equal parts. 


DEFINITION II. 


“Opora tunpara Kiran cori rà Deyóueva. yuvías (cas, ù v ols ai yavíat (aat 
dAAgAass «iriv, 

De Morgan remarks that the use of the word similar in “similar 
segments " is an anticipation, and that similarity of form is meant. He adds 


that the definition is a theorem, or would be if “similar” had taken its final 
meaning. 


BOOK III. PROPOSITIONS. 


PROPOSITION t. 


To find the centre of a given circle. 
Let ABC be the given circle ; 
thus it is required to find the centre of the circle ABC. 
Let a straight line AB be drawn 
5 through it at random, and let it be bisected c 
at the point D ; 
from D let DC be drawn at right angles 
to AB and let it be drawn through to Æ; 
let CE be bisected at F; 
10 | say that Æ is the centre of the circle 
ABC. — 
For suppose it is not, but, if possible, E 
let G be the centre, 
and let GA, GD, GB be joined. 
T Then, since AD is equal to DZ, 
and DG is common, 
the two sides 4D, DG are equal to the two sides 
BD, DG respectively ; 
and the base GA is equal to the base GB, for they are 
20 radii ; 
therefore the angle 44 DG is equal to the angle G7. [1. 8] 
But, when a straight line set up on a straight line makes 
the adjacent angles equal to one another, each of the equal 
augles is right ; (t. Def. 19] 
25 therefore the angle GDB is right. 
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But the angle FB is also right ; 


therefore the angle FDB is equal to the angle GDB, the 
greater to the less: which is impossible. 


Therefore G is not the centre of the circle ABC. 


3 Similarly we can prove that neither is any other point 
except F. 
Therefore the point F is the centre of the circle ABC. 


Porism. From this it is manifest that, if in a circle a 
straight line cut a straight line into two equal parts and at 
3s right angles, the centre of the circle is on the cutting straight 


line. 
Q. E. F. 


12. For suppose it is not. This is expressed in the Greek by the two words M7 ydp, 
but such an elliptical phrase is impossible in English. 

17. the two sides AD, DG are equal to the two sides BD, DG respectively. 
As before observed, Euclid is not always careful to put the equals in corresponding order. 
The text here has '' GD, DB." 


‘Yodhunter observes that, when, in the construction, DC is said to be 
produced to E, 1 is assumed that 2 is within the circle, a fact which Euclid 
first demonstratés in 11. 2. This is no doubt true, although the word 8ujx6u, 
“let it be drawn through,” is used instead of éxBeBrAnoGu, “let it be produced.” 
And, although it is not necessary to assume that D is within the circle, it is 
necessary for the success of the construction that the straight line drawn 
through D at right angles to AZ shall meet the circle ir. two points (and no 
more): an assumption which we are not entitled to make on the basis of what 
has gone before only. 

Hence there is much to be said for the alternative procedure recommended 
by De Morgan as preferable to that of Euclid. De Morgan would first prove 
the fundamental theorem that “the line which bisects a chord perpendicularly 
must contain the centre," and then make III. 1, 11. 25 and tv. § immediate 
corollaries of it. The fundamental theorem is a direct consequence of the 
theorem that, if P is any point equidistant from A 
and B, then P lies on the straight line bisecting AB 
perpendicularly. We then take any two chords 48, 

AC of the given circle and draw DO, ZO bisecting B 

them perpendicularly. Unless BA, AC are in one 

straight line, the straight lines DO, EO must meet 

in some point O (see note on iv. 5 for possible D 

methods of proving this). And, since both DO, é 
EO must contain the centre, O must be the centre. A 

This method, which seems now to be generally A 
preferred to Euclid’s, has the advantage of showing 
that, in order to find the centre of a circle, it is sufficient to know three points 
on the circumference. If therefore two circles have three points in common, 
they must have the same centre and radius, so that two circles cannot have 
three points in common without coinciding entirely. Also, as indicated by 
De Morgan, the same construction enables us (1) to draw the complete circle 
of which a segment or arc only is given (11. 25), and (2) to circumscribe a 
circle to any triangle (1v. 5). 
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But, if the Greeks had used this construction for finding the centre of a 
circle, they would have considered it necessary to add a proof that no other 
point than that obtained by the construction can be the centre, as is clear 
both from the similar reductio ad absurdum in mı 1 and also from the fact 
that Euclid thinks it necessary to prove as a separate theorem (tii. 9) that, if 
a point within a circle be such that three straight lines (at least) drawn from it 
to the circumference are equal, that point must be the centre. In fact, 
however, the proof amounts to no more than the remark that the two 
perpendicular bisectors can have no more than one point common. 

And even in De Morgan's method there is a yet unproved assumption. 
In order that DO, ZEO may meet, it is necessary that AB, AC should not be 
in one straight line or, in other words, that BC should not pass through 4. 
This results from 111. 2, which therefore, strictly speaking, should precede. 

To return to Euclid’s own proposition i1. 1, it will be observed that the 
demonstration only shows that the centre of the c'rcle cannot lie on either 
side of CD, so that it must lie on CD or CD produced. It is however taken 
for granted rather than proved that the centre must be the middle point of 
CE. The proof of this by reductio ad absurdum is however so obvious as to 
be scarcely worth giving. The same consideration which would prove it may 
be used to show that a circle cannot have more than one centre, a proposition 
which, if thought necessary, may be added to 111. 1 as a corollary. 

Simson observed that the proof of 111. 1 could not but be by reductio ad 
absurdum. At the beginning of Book 111. we have nothing more to base the 
proof upon than the definition of a circle, and this cannot be made use of 
unless we assume some point to be the centre. We cannot however assume 
that the point found by the construction is the centre, because that is the 
thing to be proved. Nothing is therefore left to us but to assume that some 
other point is the centre and then to prove that, whatever other point is 
taken, an absurdity results; whence we can infer that the point found is 
the centre. 

The Porism to 111. 1 is inserted, as usual, parenthetically before the words 
drep e roroa, which of course refer to the problem itself. 


PROPOSITION 2. 


Jf on the circumference of a circle two points be taken at 
random, the straight line joining the points will fall within 
the circle. 

Let ABC be a circle, and let two points 4, B be taken 
at random on its circumference ; 

I say that the straight line joined from 
A to B will fall within the circle. 

For suppose it does not, but, if 
possible, let it fall outside, as AEB; 
let the centre of the circle ABC be 
taken (nr. 1], and let it be D; let DA, 
DB be joined, and let DFE be drawn 
through. 
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Then, since DA is equal to DB, 
the angle DAE is also equal to the angle DBE. [1.5] 
And, since one side 4 EB of the triangle DAZ is produced, 
the angle DEB is greater than the angle DAZ. [t. 16) 
But the angle DAE is equal to the angle DBE ; 
therefore the angle DE is greater than the angle DBE. 
And the greater angle is subtended by the greater side ; [1. 19] 
therefore DB is greater than DZ. 
But DB is equal to DF; 
therefore DF is greater than DZ, 
the less than the greater: which is impossible. 


Therefore the straight line joined from 4 to Z will not 
fall outside the circle. 

Similarly we can prove that neither will it fall on the 
circumference itself ; 


therefore it will fall within. 


Therefore etc. 
Q. E. D. 


The reductio ad absurdum form of proof is not really necessary in this case, 
and it has the additional disadvantage that it requires the destruction of two 
hypotheses, namely that the chord is (1) outside, (2) on 
the circle. To prove the proposition directly, we have 
only to show that, if E be any point on the straight line 
AB between A and B, DE is less than the radius of the 
circle. This may be done by the method shown above, 
under 1. 24, for proving what is assumed in that 
proposition, namely that, in the figure of the proposition, Ne 
F falls below ÆG if DE is not greater than DF The S EZ B 
assumption amounts to the following proposition, which 
De Morgan would make to precede i. 24: "'Every 
straight line drawn from the vertex of a triangle to the base is less than 
the greater of the two sides, or than either if they be equal" The case 
here is that in which the two sides are equal; and, since the angle DAB is 
equal to the angle DAA, while the exterior angle DEA is greater than the 
interior and opposite angle DBA, it follows that the angle DEA is greater 
than the angle DAZ, whence DE must be less than DA or DB. 

Camerer points out that we may add to this proposition the further 
statement that all points on 4B produced in either direction are outside the 
circle. This follows from the proposition (also proved by means of the 
theorems that the exterior angle of a triangle is greater than either of the 
interior and opposite angles and that the greater angle is subtended by 
the greater side) which De Morgan proposes to introduce after 1. 21, namely, 

“The perpendicular is the shortest straight line that can be drawn from a 
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given point to a given straight line, and of others that which is nearer to the 
perpendicular is less than the more remote, and the converse ; also not more 
than two equal straight lines can be drawn from the point to the line, one on 
each side of the perpendicular." 

The fact that not more than two equal straight lines can be drawn from a 
given point to a given straight line not passing through it is proved by Proclus 
on t. 16 (see the note to that proposition) and can alternatively be proved by 
means of 1. 7, as shown above in the note on 1. 12. It follows that 


A straight line cannot cut a circle in more than two points 


a proposition which De Morgan would introduce here after 111. 2. The proof 
given does not apply to a straight line passing through the centre; but that 
such a line only cuts the circle in two points is self-evident. 


PROPOSITION 3. 


If in a circle a straight line through the centre bisect a 
straight line not through the centre, it also cuts tt at right 
angles ; and if it cut rt at right angles, tt also bisects it. 


Let ABC be a circle, and in it let a straight line CD 
through the centre bisect a straight line 
AB not through the centre at the point c 
F; 
I say that it also cuts it at right angles. 


For let the centre of the circle ABC 
1o be taken, and let it be Æ; let EA, EB 


be joined. A a 
Then, since AF is equal to FB, 


and FE is common, D 
two sides are equal to two sides ; 
15 and the base ZA is equal to the base FA; 
therefore the angle AFE is equal to the angle BFE. [1.8] 
But, when a straight line set up on a straight line makes 
the adjacent angles equal to one another, each of the equal 
angles is right ; [1. Def. 10) 
20 therefore each of the angles AFE, BFE is right. 
Therefore CD, which is through the centre, and bisects 
AB which is not through the centre, also cuts it at right 
angles. 
Again, let CD cut AZ at right angles ; 


25 I say that it also bisects it. that is, that 4 is equal to FZ. 


wn 
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For, with the same construction, 
since EA is equal to ZB, 
the angle ZAF is also equal to the angle EBF. [t. 5] 
But the right angle A FE is equal to the right angle BFE, 
jo therefore EAF, EBF are two triangles having two angles 
equal to two angles and one side equal to one side, namely 
EF, which is common to them, and subtends one of the equal 
angles ; 
therefore they will also have the remaining sides equal to 
35 the remaining sides ; [t. 26] 
therefore AF is equal to FZ. 
Therefore etc. 
Q. E. D. 
16. with the same construction, rév avrév xaracxevacOevruv. 


This proposition asserts the two partial converses (cf. note on 1. 6) of the 
Porism to 1. 1. De Morgan would place it next to 11. 1. 


PROPOSITION 4. 


Tf in a circle two straight lines cut one another which are 
not through the centre, they do not bisect one another. 


Let ABCD be a circle, and in it let the two straight lines 
AC, BD, which are not through the 
centre, cut one another at £ ; 
I say that they do not bisect one 
another. D 
For, if possible, let them bisect one 
another, so that AZ is equal to ÆC, a 


and BE to ED; i 
let the centre of the circle ABCD be 

taken (ur. 1], and let it be F; let FE be B 

joined. 


Then, since a straight line FÆ through the centre bisects 
a straight line AC not through the centre, 


it also cuts it at right angles ; [ur 3] 

therefore the angle FEA is right. 
Again, since a straight line FZ bisects a straight line BD, 
it also cuts it at right angles ; fut. 3] 

therefore the angle FEZ is right. 
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But the angle FEA was also proved right ; 
therefore the angle FEA is equal to the angle FEB, 
the less to the greater: which is impossible. 
Therefore 4C, BD do not bisect one another. 


Therefore etc. 
Q. E. D. 


PxorostTION 5. 


Jf two circles cut one another, (hey will not have (he same 
centre. 

For let the circles 42C, CDG cut one another at the 
points Z, C ; 

I say that they will not have the same 
centre. 

For, if possible, let it be Æ; let EC 
be joined, and let EFG be drawn 
through at random. 

Then, since the point Æ is the 
centre of the circle ABC, 

EC is equal to EF. [1. Def. 15] 

Again, since the point Æ is the centre of the circle CDG, 

EC is equal to EG. 
But EC was proved equal to ZF also ; 
therefore EF is also equal to AG, the less to the 
greater : which is impossible. 


Therefore the point Æ is not the centre of the circles 
ABC, CDG. 
Therefore etc. 





Q. E. D. 


The propositions 111. 5, 6 could be combined in one. It makes no 
difference whether the circles cut, or meet without cutting, so long as they do 
not coincide altogether ; in either case they cannot have the same centre. 
The two cases are covered by the enunciation: Jf the circumferences of two 
circles meet at a point they cannot have the same centre. On the other hand, Jf 
two circles have the same centre and one point tn their circumferences common, 
they must coincide altogether. 


n. 6) PROPOSITIONS 4—6 13 


Proposition 6. 


Jf two circles touch one another, they will not have the 
Same centre. 


For let the two circles ABC, CDE touch one another 
at the point C; 


I say that they will not have the 
same centre. 


For, if possible, let it be Æ; let 
FC be joined, and let FEB be drawn 
through at random. 

Then, since the point Æ is the 
centre of the circle AAC, 


FC is equal to FB. 


Again, since the point F is the 
centre of the circle CODE, 


FC is equal to FZ. 
But FC was proved equal to FB ; 


therefore FE is also equal to FB, the less to the greater: 
which is impossible. 


Therefore F is not the centre of the circles ABC, CDE. 


Therefore etc. 
Q. E. D. 


The English editions enunciate this proposition of circles touching 
internally, but the word (evrós) is a mere interpolation, which was no doubt 
made because Euclid’s figure showed only the case of infernal contact. The 
fact is that, in his usual manner, he chose for demonstration the more difficult 
case, and left the other case (that of exferna/ contact) to the intelligence of 
the reader. It is indeed sufficiently self-evident that circles touching externally 
cannot have the same centre; but Euclid's proof can really be used for this 
case too. 

Camerer remarks that the proof of 111. 6 seems to assume tacitly that the 
points E and J cannot coincide, or that circles which touch internally at C 
cannot meet in any other point, whereas this fact is not proved by Euclid till 
ni 13. But no such general assumption is necessary here; it is only 
necessary that one line drawn from the assumed common centre should meet 
the circles in different points; and the very notion of internal contact requires 
that, before one circle meets the other on its inner side, it must have passed 
through points within the latter circle. 


14 BOOK ll (ui. 7 


PROPOSITION 7. 


Lf on the diameter of a circle a point be taken which ts not 
the centre of the circle, and from the point straight lines fall 
upon the circle, that will be greatest on which the centre ts, the 
remainder of the same diameter will be least, and of the rest 

Sthe nearer to the straight line through the centre is always 
greater than the more remote, and only two equal straight 
lines will fall from the point on the circle, one on each side 
of the least straight line. 

Let ABCD bea circle, and let AD be a diameter of it ; 

10 on AD let a point F be taken which is not the centre of the 
circle, let Æ be the centre of the circle, 
and from F let straight lines FB, FC, FG fall upon the circle 
ABCD; 

I say that FA is greatest, FD is least, and of the rest FB is 
is greater than. FC, and FC than FG. 

For let BE, CE, GE be joined. 

Then, since in any triangle two 
sides are greater than the remaining 
one, [1. 20] 

20 EB, EF are greater than BF. 

But AZ is equal to BE ; 

therefore AF is greater than BF. 

Again, since BE is equal to C£, 
and FE is common, 

25 the two sides BL, EF are equal to the two sides CZ, EF. 

But the angle BF is also greater than the angle CEF; 
therefore the base BF is greater than the base CF. [1. 24] 

For the same reason 

CF is also greater than FG. 

3o Again, since GZ, F£ are greater than EG, 
and EG is equal to £D, 

GF, FE are greater than ED. 

Let EF be subtracted from each ; 

therefore the remainder GF is greater than the remainder 

3s FD. 

Therefore FA is greatest, FD is least, and FZ is greater 
than ZC, and FC than FG. 
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I say also that from the point F only two equal straight 
lines will fall on the circle ABCD, one on each side of the 
least FD. 
For on the straight line EZ, and at the point Æ on it, let 
the angle FEH be constructed equal to the angle GEF (i. 23], 
and let FH be joined. 
Then, since GE is equal to EH, 


45 and EF is common, 
the two sides GE, EF are equal to the two sides HE, EF; 
and the angle GEF is equal to the angle HEF; 
therefore the base FG is equal to the base FH. (t. 4] 


I say again that another straight line equal to FG will nos 
so fall on the circle from the point Æ. 

For, if possible, let FĶ so fall. 

Then, since FK is equal to FG, and FH to FG, 


FK is also equal to FH, 


the nearer to the straight line through the centre being 
ss thus equal to the more remote: which is impossible. 


Therefore another straight line equal to GF will not fall 
from the point F upon the circle ; 


therefore only one straight line will so fall. 
Therefore etc. 
Q. E. D. 


of the same diameter. I have inserted these words for clearness' sake. The text 
has simply éAaxlary è ñ Marh, “and the remaining (straight line) least.” 
7.39. one on each side. The word * one " is not in the Greek, but is necessary to 
give the force of é$' éxárepa r5s &Aaxlors, literally ‘on both sides,” or “on each of the two 
sides, of the least.” 


De Morgan points out that there is an unproved assumption in this 
demonstration. We draw straight lines from £F, as FB, FC, such that the 
angle DB is greater than the angle DFC and then assume, with respect to 
the straight lines drawn from the centre E to B, C, that 
the angle DEB is greater than the angle DEC. This 
is most easily proved, I think, by means of the converse C 
of part of the theorem about the lengths of different JANS 
straight lines drawn to a given straight line from an 4 No 
external point which was mentioned above in the note 
on ut. 2. This converse would be to the effect that, Zf 
two unequal straight lines be drawn from a point to a 
given straight line which ave not perpendicular to the 
straight line, the greater of the two ts the further from the perpendicular from the 
point to the given straight line. This can either be proved from its converse by 
reductio ad absurdum, or established directly by means of 1. 47. Thus, in the 
accompanying figure, AZ must cut EC in some point M, since the angle BFE 
is less than the angle CFE. 

Therefore EM is less than EC, and therefore than ZB. 


o 
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Hence the point Z in which AB meets the circie is further from the foot 

of the perpendicular from E on ZZ than M is; 
therefore the angle BEF is greater than the angle CEF. 

Another way of enunciating the first part of the proposition is that of 
Mr H. M. Taylor, viz. '* Of all straight lines drawn to a circle from an internal 
point not the centre, the one which passes through the centre is the greatest, 
and the one which when produced passes through the centre is the least; and 
of any two others the one which sudbtends the greater angle at the centre is the 
greater.” The substitution of the angle subtended at the centre as the criterion 
no doubt has the effect of avoiding the necessity of dealing with the unproved 
assumption in Euclid’s proof referred to above, and the similar substitution in 
the enunciation of the first part of 11. 8 has the effect of avoiding the necessity 
tor dealing with like unproved assumptions in Euclid’s proof, as well as the 
complication caused by the distinction in Euclid’s enunciation between lines 
falling from an external point on the convex circumference and on the concave 
circumference of a circle respectively, terms which are not defined but taken as 
understood. 

Mr Nixon (Euclid Revised) similarly substitutes as the criterion the angle 
subtended at the centre, but gives as his reason that the words “nearer” and 
“more remote” in Euclid’s enunciation are scarcely clear enough without 
some definition of the sense in which they are used, Smith and Bryant make 
the substitution in 111. 8, but follow Euclid in itr. 7. 

On the whole, I think that Euclid’s plan of taking straight lines drawn from 
the point which is not the centre direct to the circumference and making 
greater or less angles at that point with the straight line containing it and the 
centre is the more instructive and useful of the two, since it is such lines 
drawn in any manner to the circie from the point which are immediately useful 
in the proofs of later propositions or in resolving difficulties connected with 
those proofs. 

Heron again (an-Nairizi, ed. Curtze, pp. 114—5) has a note on this 
Proposition which is curious. He first of all says that Euclid proves that lines 
nearer the centre are greater than those more remote from it. This is a 
different view of the question from that taken in Euclid’s proposition as we 
have it, in which the lines are not nearer to and more remote from the centre 
but from the line through the centre. Euclid takes lines inclined to the latter 
line at a greater or less angle; Heron introduces distance from the centre in 
the sense of Deff. 4, 5, i.e. in the sense of the length of the perpendicular drawn 
to the line from the centre, which Euclid does not use till 1. 14, 15. Heron 
then observes that in Euclid’s proposition the lines compared are all drawn on 
one side of the line through the centre, and sets himself to prove the same 
truth of lines on opposite sides which are more or less distant from the centre. 
The new point of view necessitates a quite different line of proof, anticipating 
the methods of later propositions. 

The first case taken by Heron is that of two straight lines such that the 
perpendiculars from the centre on them fall on the lines themselves and not 
in either case on the line produced. 

Let A be the given point, D the centre, and let 
AE be nearer the centre than AF, so that the E 
perpendicular DG on AE is less than the perpen- © — 
dicular DH on AF. D D 

Then sqs. on DG, G£ =sqs. on DH, HF, 
and sqs. on DG, GA = sqs. on DĦ, HA. 
But sq. on DG <sq. on DH. * 
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Therefore sq. on GE > sq. on HF, 
and sq. on GA > sq. on HA, 
whence GE > HF, 

GA > HA. 


Therefore, by addition, AE > AF. 

The other case taken by Heron is that where 
one perpendicular falls on the line produced, as in 
the annexed figure. In this case we prove in like 
manner that GE > HF, 

and GA > AH. 

Thus AZ is greater than the sum of HF, AF, 
whence, a fortiori, AE is greater than the difference 
of HF, AF, i.e. than AF. 

Heron does not give the third possible case, that, namely, where oth 
perpendiculars fall on the lines produced, The fact 
is that, in this case, the foregoing method breaks 
down. Though AE be nearer to the centre than 
AF in the sense that DG is less than DA, 

AE is not greater but /ess than AF 

Moreover this cannot be proved by the same 
method as before. 

For, while we can prove that 

GE > HF, 
GA > AH, 
we cannot make any inference as to the comparative length of AE, AF. 
To judge by Heron's corresponding note to 111. 8, he would, to prove this 


case, practically prove 11. 35 first, i.e. prove that, if ÆA be produced to Æ 
and FA to Z, 








rect. FA, AL = rect. EA, AK, 
from which he would infer-that, since AK > AZ by the first case, 
AE < AF. 


An excellent moral can, I think, be drawn from the note of Heron. 
Having the appearance of supplementing, or giving an alternative for, Euclid's 
proposition, it cannot be said to do more than confuse the subject. Nor was 
it necessary to find a new proof for the case where the two lines which are 
compared are on offosite sides of the diameter, since Euclid shows that for each 
line from the point to the circumference on one side of the diameter there is 
another of the same length equally inclined to it on the other side. 


Proposition 8. 


Jf a point be taken outside a circle and from the point 
straight lines be drawn through to the circle, one of which 
is through the centre and the others are drawn at random, 
then, of the straight lines which fall on the concave circum- 
ference, that through the centre ıs greatest, while of the rest 
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the nearer to that through the centre is always greater than 
the more remote, but, of the straight lines falling on the convex 
circumference, that between the point and the diameter is least, 
while of the vest the nearer to the least 1s always less than the 
more remote, and only two equal straight lines will fall on the 
circle from the point, one on each side of the least. 


Let ABC be a circle, and let a point D be taken outside 
ABC; let there be drawn through 
from it straight lines DA, DE, DF, 
DC, and let DA be through the centre; 
I say that, of the straight lines falling 
on the concave circumference 4 EFC, 
the straight line DA through the centre 
is greatest, 
while DE is greater than DF and DF 
than DC; 
but, of the straight lines falling on the 
convex circumference A LAG, the 
straight line DG between the point 
and the diameter AG is least; and 
the nearer to the least DG is always 
less than the more remote, namely DK 
than DZ, and DZ than DH. 

For let the centre of the circle ABC be taken (i. 1], and 
let it be 77; let WE, MF, MC, MK, ML, MH be joined. 

Then, since AM is equal to EM, 
let MD be added to each ; 

therefore 4D is equal to EM, MD. 

But EM, MD are greater than ED; [1. 20] 

therefore AD is also greater than ED. 

Again, since ME is equal to MF, 

and MD is common, 
therefore EM, MD are equal to FM, MD; 

and the angle EMD is greater than the angle FMD ; 

therefore the base E is greater than the base FD. 
I. 24 

Similarly we can prove that FD is greater than CD l i 
therefore DA is greatest, while DE is greater than DF, 
and DF than DC. 
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Next, since MK, KD are greater than WD, [1. 20] 
and MG is equal to MK, 

— the remainder AD is greater than the remainder 
so that GD is less than KD. 

And, since on MD, one of the sides of the triangle MLD, 
two straight lines 17K, KD were constructed meeting within 
the triangle, 
therefore MX, KD are less than ML, LD; [t. 21] 

and MK is equal to ML ; 
therefore the remainder DX is less than the remainder 
DL. 
Similarly we can prove that DZ is also less than 27 ; 
therefore DG is least, while DX is less than DZ, and 
DL than DH. 

I say also that only two equal straight lines will fall from 
the point D on the circle, one on each side of the least DG. 

On the straight line MD, and at the point M on it, 
let the angle DMB be constructed equal to the angle KMD, 
and let DB be joined. 

Then, since MX is equal to MB, 
and MD is common, 

the two sides XM, MD are equal to the two sides BM, 
MD respectively ; 
and the angle KMD is equal to the angle BMD ; 

therefore the base DØ is equal to the base DB. [1.4] 

I say that no other straight line equal to the straight line 
DK will fall on the circle from the point D. 

For, if possible, let a straight line so fall, and let it be DN. 

Then, since DX is equal to DN, 
while DX is equal to DB, 
DB is also equal to DN, 
that is, the nearer to the least DG equal to the more remote: 
which was proved impossible. 

Therefore no more than two equal straight lines will fall 
on the circle ABC from the point D, one on each side ot 
DG the least. 

Therefore etc. 
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As De Morgan points out, there are here two assumptions similar to 
that tacitly made in the proof of m1. 7, namely that 
K falls within the triangle DZA and Æ outside 
the triangle DFM. These facts can be proved 
in the same way as the assumption in im. 7. Let 
DE meet FM in Y and LAM in Z. Then, as 
before, MZ is less than MZ and therefore than 
MK. Therefore X lies further than Z from 
the foot of the perpendicular from M on DE. 
Similarly Z lies further than Y from the foot of the 
same perpendicular. 

Heron deals with lines on opposite sides of the 
diameter through the external point in a manner similar to that adopted in 
his previous note. A 

For the case where Æ, F are the second points in 
which AZ, AF meet the circle the method answers 
well enough. 

If AZ is nearer the centre D than AF is, 


sqs. on DG, GE = sqs. on DA, HF 





and sqs. on DG, G4 - sqs. on DZ, ZA, 
whence, since DG < DA, 
it follows that GE» HF, 

and AG» AH, 





so that, by addition, AE> AF- 


But, if X, Z be the points in which 44, AF first 
meet the circle, the method fails, and Heron is reduced to proving, in the first 
instance, the property usually deduced from 11. 36. He argues thus : 


AK D being an obtuse angle, 
sq. on 4 - sum of sqs. on AX, XD and twice rect. AK, KG. (u. 12] 
ALD is also an obtuse angle, and it follows that 
sum of sqs. on 4X, KD and twice rect. AK, XG is equal to 
sum of sqs. on AL, ZD and twice rect. AZ, LH. 
Therefore, the squares on KD, LD being equal, 
sq on AK and twice rect. AX, KG =sq. on AZ and twice rect. AL, LH, 
or sq on AK and rect. 4K, KE =sq. on AL and rect. AL, LF, 


Le. rect. AK, AE =reci. AL, AF. 
But, by the first part, AE> AF. 
Therefore AK « AL. 


nt. 7, 8 deal with the lengths of the several lines drawn to the circum- 
ference of a circle (1) from a point within it, (2) from a point outside it; but a 
similar proposition is true of straight lines drawn from a point on the 
circumference itself: Jf any point be taken on the circumference of a. circle, 
then, of all the straight lines which can be drawn from it to the circumference, the 
greatest is that in which the centre is; of any others that which is nearer to the 
straight line which passes through the centre is greater than one more remote ; 
and from the same point there can be drawn to the circumference two straight 
lines, and only two, which are egual to one another, one on each side of the 
greatest line. 


ut. 8, 9] PROPOSITIONS 8, 9 21 


The converses of 111. 7, 8 and of the proposition just given are also true 
and can easily be proved by reductio ad absurdum. They could be employed 
to throw light on such questions as that of internal contact, and the relative 
position of the centres of circles so touching. This is clear when part of the 
converses is stated: thus (1) if from any point in the plane of a circle a 
number of straight lines be drawn to the circumference of the circle, and one 
of these is greater than any other, the centre of the circle must lie on that one, 
(2) if one of them is less than any other, then, (a) if the point is within the 
circle, the centre is on the minimum straight line produced beyond the point, 
(4) if the point is outside the circle, the centre is on the minimum straight line 
produced beyond the point in which tt meets the circle. 


PROPOSITION 9. 


Jf a point be taken within a circle, and more than two 
equal straight lines fall from the point on the circle, the point 
laken ts the centre of the circle. 


Let ABC be a circle and D a point within it, and from 
D let more than two equal straight 


lines, namely DA, DB, DC, fall on 


the circle ABC; d B 

I say that the point 2 is the centre / NN 

of the circle ABC. [2s 
For let 4B, BC be joined and V —, 


/ 


e 


bisected at the points Æ, F, and let 
ED, FD be joined and drawn through 
to the points G, K, Ħ, L. A 
Then, since AZ is equal to £B, 
and £D is common, 
the two sides 4 Æ, ED are equal to the two sides BE, ED; 
and the base DA is equal to the base D&B; 


therefore the angle A4 E is equal to the angle BED. 


[1. 8) 
Therefore each of the angles AED, BED is right; 
[1. Def. 10] 


therefore GX cuts AB into two equal parts and at right 
angles. 

And since, if in a circle a straight line cut a straight line 
into two equal parts and at right angles, the centre of the 
circle is on the cutting straight line, (ur. 1, Por.] 


the centre of the circle is on GX. 


LN 
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For the same reason 
the centre of the circle AAC is also on AL. 


And the straight lines GX, HZ have no other point 
common but the point D ; 


therefore the point Ø is the centre of the circle ABC. 
Therefore etc. Q. E. D. 


The result of this proposition is quoted by Aristotle, Meteorologica 111. 3, 
373a 13— 16 (cf. note on r. 8). 

1L 9 is, as De Morgan remarks, a /ogiza/ equivalent of part of mi. 7, 
where it is proved that every so7-central point is nof a point from which three 
equal straight lines can be drawn to the circle. Thus iri. 7 says that every 
not-A is not-B, and 1t. 9 states the equivalent fact that every B is A. 
Mt H. M. Taylor does in effect make a /ogical inference of the theorem that, 
Lf from a point three equal straight lines can be drawn to a circle, that point ts 
the centre, by making it a corollary to his proposition which includes the part of 
ur. 7 referred to. Euclid does not allow himself these logical inferences, as we 
shall have occasion to observe elsewhere also. 

Of the two proofs of this proposition given in earlier texts of Euclid, 
August and Heiberg regard that translated above as genuine, relegating thé 
other, which Simson gave alone, to a place in an Appendix. Camerer remarks 
that the genuine proof should also have contemplated the case in which one 
or other of the straight lines AZ, BC passes through D. This would however 
have been a departure from Euclid’s manner of taking the most obscure case 
for proof and leaving others to the reader. 

The other proof, that selected by Simson, is as follows : 

“For let a point D be taken within the circle ABC, and from D let more 
than two equal straight lines, namely AD, DB, DC, 
fall on the circle ABC; 


I say that the point 2 so taken is the centre of the 
circle ABC. 

For suppose it is not; but, if possible, let it be a 
E, and let DE be joined and carried through to the SE 
points Æ G. C 

Therefore FG is a diameter of the circle ABC. 

Since, then, on the diameter FG of the circle 
ABC a point has been taken which is not the centre 
of the circle, namely D, 

DG is greatest, and DC is greater than DB, and DB than DA. 

But the latter are also equal: which is impossible 

Therefore E is not the centre of the circle. 

Similarly we can prove that neither is any other point except D; 

therefore the point D is the centre of the circle ABC. 
Q. E. D.” 

On this Todhunter correctly points out that the point Æ might be 
supposed to fall within the angle ADC. It cannot then be shown that DC 


is greater than DB and DB than DA, but only that either DC or DA is less 
than D ; this however is sufficient for establishing the proposition. 
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PROPOSITION 10. 


A circle does not cut a circle at more points than two. 


For, if possible, let the circle ABC cut the circle DEF 
at more points than two, namely 
B,C, FH; 

let BH, BG be joined and 
bisected at the points K, Z, 
and from K, Z let KC, LM be 
drawn at right angles to BH, 
BG and carried through to the 
points 4, Æ. 

Then, since in the circle 
ABC a straight line AC cuts a 
straight line BA into two equal 
parts and at right angles, 

the centre of the circle ABC is on AC. [u. r, Por.] 

Again, since in the same circle 44ZC a straight line NO 
cuts a straight line BG into two equal parts and at right 
angles, 





the centre of the circle ABC is on NO. 


But it was also proved to be on AC, and the straight 
lines AC, MO meet at no point except at P; 


therefore the point P is the centre of the circle ABC. 
Similarly we can prove that P is also the centre of the 
ciccle DEF; 
therefore the two circles ABC, DEF which cut one 
another have the same centre P: which is impossible. [ur 5] 
Therefore etc. Q. E. D. 


1. The word circle (xíxXos) is here employed in the unusual sense of the circumference 
(wepipépera) of a circle. Cf. note on 1. Def. 15. 


There is nothing in the demonstration of this proposition which assumes 
that the circles cu? one another; it proves that two circles cannot meet at more 
than two points, whether they cut or meet without cutting, i.e. fouch one 
another. 

Here again, of two demonstrations given in the earlier texts, Simson chose 
the second, which August and Eeiherg relegate to an Appendix and which is 
as follows : 

“ For again let the circle 4C cut the circle DEF at more points than 
two, namely B, G, H, F; 
let the centre X of the circle ABC be taken, and let KB, XG, KF be 
joined. 
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Since then a point X has been taken within the circle DEF, 


and from X more than two straight lines, namely 
KB, KF, XG, have fallen on the circle DEF, 


the point X is the centre of the circle DEF. [111. 9] 
But X is also the centre of the circle ABC. 
Therefore two circles cutting one another have 

the same centre A: which is impossible. [1u. 5] 


, Therefore a circle does not cut a circle at more 
points than two. 





Q. E. D." 


This demonstration is claimed by Heron (see an-Nairizi, ed. Curtze, 
pP. 120—1). It is incomplete because it assumes that the point Æ which is 
taken as the centre of the circle ABC is within the circle DEF It can 
however be completed by means of 111. 8 and the corresponding proposition 
with reference to a point om the circumference of a circle which was enunciated 
in the note on 11. 8. For (1) if the point K is oz the circumference of the 
circle DEF, we obtain a contradiction of the latter proposition which asserts 
that only ¢wo equal straight lines can be drawn from X to the circumference 
of the circle DEF; (2) if the point Æ is outside the circle DEF, we obtain a 
contradiction of the corresponding part of 11. 8. 


Euclid’s proof contains an unproved assumption, namely that the lines 
bisecting BG, BH at right angles w:// meet in a point P. For a discussion 
of this assumption see note on 1V. 5. 


PROPOSITION II. 


Zf two circles touch one another internally, and their centres 
be taken, the straight line joining their centres, if it be also 
produced, will fall on the pont of contact of the circles. 


For let the two circles ABC, ADE touch one another 
internally at the point 4, and let 
the centre F of the circle AAC, and H 


the centre G of ADE, be taken ; —— 
I say that the straight line joined — 


from G to Fand produced will fall — / 
on A. 


For suppose it does not, but, 
if possible, let it fall às /GZZ, and 
let AF, AG be joined. 
Then, since AG, GF are greater 
than FA, that is, than FZ, e 


let FG be subtracted from each; 


therefore the remainder AG is greater than the remainder 
GH. 
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But AG is equal to GD ; 
therefore GD is also greater than GH, 
the less than the greater: which is impossible. 
Therefore the straight line joined from F to G will not 
fall outside ; 
therefore it will fall at 4 on the point of contact. 


Therefore etc. 
Q. E. D. 


2. the straight line joining their centres, literally ‘the straight line joined to their 
centres” (7 éwl 7a xévrpa avrav émievyvuudyn evdeia). 
3. point of contact is here swag, and in the enunciation of the next proposition 


(ta. 


Again August and Heiberg give in an Appendix the additional or 
alternative proof, which however shows little or no variation from the genuine 
proof and can therefore well be dispensed with. 

The genuine proof is beset with difficulties in consequence of what it 
tacitly assumes in the figure, on the ground, probably, of its being obvious to 
the eye. Camerer has set out these difficulties in a most careful note, the 
heads of which may be given as follows : 

He observes, first, that the straight line joining the centres, when produced, 
must necessarily (though this is not stated by Euclid) be produced in the 
direction of the centre of the circle which touches the other internally. (For 
brevity, I shall call this circle the “ inner circle,” though I shall imply nothing 
by that term except that it is the circle which touches the other on the inner 
side of the latter, and therefore that, in accordance with the definition of 
touching, points on it in the immediate neighbourhood of the point of contact 
are necessarily within the circle which it touches.) Camerer then proceeds by 
the following steps. 


1. The two circles, touching at the given point, cannot intersect at any 
point. For, since points on the “inner” in the immediate neighbourhood of 
the point of contact are within the ‘‘outer” circle, the inner circle, if it 
intersects the other anywhere, must pass outside it and then return. This is 
only possible (a) if it passes out at one point and returns at another point, or 
(4) if it passes out and returns through one and the same point. (a) is impossible 
because it would require two circles to have ¢ivee common points ; (4) would 
require that the inner circle should have a mode at the point where it passes 
outside the other, and this is proved to be impossible by drawing any radius 
cutting both loops. 

2. Since the circles cannot intersect, one must be entirely within the 
other. 

3. Therefore the outer circle must be greater than the inner, and the 
radius of the outer greater than that of the inner. 

4. Now, if F be the centre of the greater and G of the inner circle, and 
if FG produced beyond G does not pass through 4, the given point of 
contact, then there are three possible hypotheses. 

(a) A may lie on GF produced beyond F. 
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(b) A may lie outside the line FG altogether, in which case FG produced 
beyond G must, in consequence of result 2 above, either 


(i) meet the circles in a point common to both, or 


(ii) meet the circles in two points, of which that which is on the inner 
circle is nearer to G than the other is. 


(a) is then proved to be impossible by means of the fact that the radius of the 
inner circle is less than the radius of the outer. 
(A) (ii) is Euclid’s case ; and his proof holds equally of (^) (i), the hypothesis, 
namely, that D and ZZ in the figure coincide. 

Thus all alternative hypotheses are successively shown to be impossible, 
and the proposition is completely established. 


I think, however, that this procedure may be somewhat shortened in the 
following manner. 

In order to make Euclid's proof absolutely conclusive we have only (1) to 
take care to produce FG beyond G, the centre of the “inner” circle, and then 
(2) to prove that the point in which FG so produced meets the “inner” circle 
is not further from G than is the point in which it meets the other circle. 
Euclid’s proof is equally valid whether the first point is nearer to G than the 
second or the first point and the second coincide. 

If FG produced beyond G does not pass through 4, there are two 


AN k 
A 


conceivable hypotheses: (a) A may lie on GF produced beyond Z, or (^) 4 
may be outside FG produced either way. In either case, if FG produced 
meets the “inner” circle in D and the other in Æ, and if GØ is greater than 
GH, then the “inner” circle must cut the “outer” circle at some point 
between 4 and 2, say X. 

But if two circles have a common point X lying on one side of the line of 
centres, they must have another corresponding point on the other side of the 
line of centres. This is clear from 1. 7, 8; for the point is determined by 
drawing from Ff and G, on the opposite side to that where X is, straight 
lines FY, GY making with FD angles equal to the angles DFX, DGX 
respectively. 

Hence the two circles will have at least three points common: which is 
impossible. 

Therefore GD cannot be greater than GH; accordingly GD must be 
either equal to, or less than, GZZ, and Euclid's proof is valid. 

The particular hypothesis in which FG is supposed to be in the same 
straight line with 4 but G is on the side of F away from 4 is easily disposed 
of, and would in any case have been left to the reader by Euclid. 

For GD is either equal to or less than GH. 

Therefore GD is less than FA, and therefore less than FA. 

But GD is equal to GA, and therefore greater than FA: which is 
impossible. 
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Subject to the same preliminary investigation as that required by Euclid’s 
proof, the proposition can also be proved directly from irr. 7. 

For, by 111. 7, GZ is the shortest straight line that can be drawn from G 
to the circle with centre F; 


therefore GH is less than GA, 
and therefore less than GD: which is absurd. 


This proposition is the crucial one as regards circles which touch internally ; 
and, when it is once established, the relative position of the circles can be 
completely elucidated by means of it and the propositions which have preceded 
it. Thus, in the annexed figure, if Z be the centre 
of the outer circle and G the centre of the inner, 
and if any radius FQ of the outer circle meet the 
two circles in Q, P respectively, it follows, from 
i. 7, 11. 8, or the corresponding theorem with 
reference to a point oz the circumference, that £4 c A 
is the maximum straight line from Æ to the circum- ? — 
ference of the inner circle, FP is less than ZFA, a 
and FP diminishes in length as FQ moves round 
from FA until FP reaches its minimum length 
FB. Hence the circles do not meet at any other 
point than 4, and the distance PQ cut off between them on any radius FQ 
of the outer circle becomes greater and greater as FQ moves round from FA 
to FC and is a maximum when FQ coincides with FC, after which it 
diminishes again on the other side of FC. 

The same consideration gives the partial converse of 111. 11 which forms 
the 6th lemma of Pappus to the first book of the Zactiones of Apollonius 
(Pappus, vit. p. 826). This is to the effect that, ¿f AB, AC are in one straight 
line, and on one side of A, the circles described on AB, AC as diameters touch 
(internally at the point A). Pappus concludes this from the fact that the 
circles have a common tangent at 4 ; but the truth of it is clear from the fact 
that EP diminishes as FQ moves away from FA on either side; whence the 
circles meet at A but do not cut one another. 

Pappus' sth lemma (vri. p. 824) is another partial converse, namely that, 
given two circles touching internally at A, and a line ABC drawn from A cutting 
both, then, if the centre of the outer circle lies on ABC, so does the centre of the 
inner. Pappus himself proves this, by means of the common tangent to the 
circles at 4, in two ways. (1) The tangent is at right angles to AC and 
therefore to AZ: therefore the centre of the inner circle lies on 4B. (2) By 
11. 32, the angles in the alternate segments of both circles are right angles, so 
that ABC is a diameter of both. 


[PRoposiTIon 12. 


Jf two circles touch one another externally, the straight 
line joining their centres will pass through the point of 
contact. 


For let the two circles ABC, ADE touch one another 
s externally at the point 4, and let the centre F-of ABC, and 
the centre G of ADE, be taken ; 
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I say that the straight line joined from F to G will pass 
through the point of contact at A. 


For suppose it does not, B 
1 but, if possible, let it pass as 
FCDG, and let AF, AG be 
joined. 


Then, since the point F is DRN 


the centre of the circle 4 BC, 
15 FA is equal to FC. 
Again, since the point G is 
the centre of the circle ADE, 
GA is equal to GD. 
But FA was also proved equal to FC ; 
20 therefore FA, AG are equal to FC, GD, 
so that the whole FG is greater than FA, AG; 
but it is also less [1. 20]: which is impossible. 


Therefore the straight line joined from F to G will not 
fail to pass through the point of contact at 4 ; 


25 therefore it will pass through it. 
Therefore etc. Q. E. D.) 


23. will not fail to pass. The Greek has the double negative, ovx dpa 7...€v0eia... 
ovw éXevoeras, literally ' the straight line...will not sof-pass...."" 


Heron says on irr. 11: "Euclid in proposition t1 has supposed the two 
circles to touch internally, made his proposition deal with this case and proved 
what was sought in it. But J will show how tt ts to be proved if the contact is 
external.” He then gives substantially the proof and figure of im. 12. It 
seems clear that neither Heron nor an-Nairizi had t1. 12 in this place. 

Campanus and the Arabic edition of Nasiraddin at-Tüsi have nothing more 
of ut. 12 than the following addition to ttt. rr. "In the case of external 
contact the two lines ae and eb will be greater than ab, whence ad and ch will 
be greater than the whole ad, which is false.” (The points a, 4, c, d, e cor- 
respond respectively to G, Æ C, D, A in the above figure.) It is most 
probable that Theon or some other editor added Heron’s proof in his edition 
and made Prop. 12 out of it (an-Nairizi, ed. Curtze, pp. 121—2). An-Nairizi 
and Campanus, conformably with what has been said, number Prop. 13 of 
Heiberg's text Prop. 12, and so on through the Book. 


What was said in the note on the last proposition applies, mutatis mutandis, 
to this. Camerer proceeds in the same manner as before ; and we may use 
the same alternative argument in this case also. 

Euclid's proof is valid provided only that, if FG, joining the assumed 
centres, meets the circle with centre F in C and the other circle in D, C is 
not within the circle 4 DE and 2 is not within the circle ABC. (The proof 
is equally valid whether C, D coincide or the successive points are, as drawn 
in the figure, in the order A, C, D, G.) Now, if C is within the circle ADE 
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and D within the circle ABC, the circles must have cnt between A and C 
and between A and D. Hence, as before, they must also have another 
corresponding point common on the other side of CD. That is, the circles 
must have /Aree common points : which is impossible. 
Hence Euclid’s proof is valid if Æ 4, G form a triangle, and the only 
hypothesis which has still to be disproved is the 
hypothesis which he would in any case have left to 
the reader, namely that 4 does not lie on FG but 
on FG produced in either direction. In this case, as 
before, either C, D must coincide or C is nearer 
F than D is. Then the radius FC must be equal 
to FA: which is impossible, since FC cannot be X 7C A 
greater than ED, and must therefore be /ess than 
FA. 
Given the same preliminaries, 111. 12 can be proved by means of 11. 8. 
Again, when the proposition 11. 12 is once proved, 111. 8 helps us to prove 
at once that the circles lie entirely outside each other and have no other 
common point than the poinc of contact. 


Among Pappus’ lemmas to Apollonius’ Zuactiones are the two partial 
converses of this proposition corresponding to those given in the last note. 
Lemma 4 (vit. p. 824) is to the effect that, sf AB, AC be in one straight line, B 
and C being on opposite sides of A, the circles drawn on AB, AC as diameters 
touch externally at A. Lemma 3 (vil. p. 822) states that, ¿f two circles touch 
externally at A and BAC ts drawn through A cutting both circles and containing 
the centre of one, BAC will also contain the centre of the other. The proofs, as 
before, use the common tangent at A. 


Mr H. M. Taylor gets over the difficulties involved by 1. 11, 12 in a 
manner which is most ingenious but not Euclidean. He first proves that, sf two 
circles meet at a point not in the same straight line with their centres, the circles 
intersect at that point; this is very easily established by means of 111. 7, 8 and 
the third similar theorem. Then he gives as a corollary the statement that, ¿f 
two circles touch, the point of contact is in the same straight line with their 
centres. It is not explained how this is inferred from the substantive 
proposition; it seems, however, to be a /oyica/ inference simply. By the 
proposition, every A (circles meeting at a point not in the same straight line 
with the centre) is Z (circles which intersect); therefore every not-Z is not-4, 
ie. circles which do not intersect do not meet at a point not in the same 
straight line with the centres. Now non. intersecting circles may either meet 
(ie. touch) or not meet. In the former case they must meet on the line of 
centres : for, if they met at a point not in that line, they would intersect. But 
such a purely /agzca/ inference is foreign to Euclid's manner. As De Morgan 
says, ‘‘ Euclid may have been ignorant of the identity of * Every X is Y' and 
‘Every not- Y is not-.X,' for anything that appears in his writings; he makes 
the one follow from the other by a new proof each time" (quoted in Keynes’ 
Formal Logic, p. 81). 

There is no difficulty in proving, by means of 1. 20, Mr Taylor’s next 
proposition that, if two circles meet at a point which les in the same straight 
line as their centres and is between the centres, the circles touch at that point, and 
cach circle lies without the other. But the similar proof, by means of t. zo, of 
the corresponding theorem for internal contact seems to be open to the same 
objection as Euclid’s proof of 111. 11 in that it assumes without proof that the 
circle which has its centre nearest to the point of meeting is the “inner” 
circle. Lastly, in order to prove that, ¿f lwo circles have a point of contact, they 
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do not meet at any other point, Mr Taylor uses the questionable corollary. 
Therefore in any case his alternative procedure does not seem preferable to 
Euclid’s. 


The alternative to Eucl. 111. 11—13 which finds most favour in modern 
continental text-books (e.g. Legendre, Baltzer, Henrici and Treutlein, 
Veronese, Ingrami, Enriques and Amaldi) connects the number, position and 
nature of the coincidences between points on two circles with the relation in 
which the distance between their centres stands to the length of their radii. 
Enriques and Amaldi, whose treatment of the different cases is typical, give 
the following propositions (Veronese gives them in the converse form). 


1. Df the distance between the centres of two circles is greater than the sum 
of the radii, the two circles have no point common and are external to one 
another. 


Let O, Ó' be the centres of the circles (which we will call “ the circles 
O, O'”), 7, 7 their radii respectively. 

Since then OO' » » ^ z, a fortiori OO' » r, and O is therefore exterior to 
the circle O. 

Next, the circumference of the circle O intersects OO' in a point 4, and 
since OO » x « *', AO' » r, and A is 
external to the circle O’. 

But O'A is less than any straight 
line, as O'B, drawn to the circum- 
ference of the circle O (ri. 8] ; hence 
all points, as Z, on the circumference 
of the circle O are external to the circle 





Lastly, if C be any point internal 
to the circle O, the sum of OC, O'C is 
greater than O'O, and a fortiori greater than r + 7’. 

But OC is less than 7: therefore O'C is greater than 7, or C is external 
to O. 

Similarly we prove that any point on or within the circumference of the 
vircle O’ is external to the circle O. 


2. Jf the distance between the centres of two unequal circles is less than the 
difference of the radii, the two circumferences have no common point and the lesser 
circle ts entirely within the greater. 

Let O, O’ be the centres of the two circles, 7, r’ their radii respectively 
(r « 7). 

Since OO' « *' — r, a fortiori OO' « r',so that O is 
internal to the circle O’. 

If A, A’ be the points in which the straight line 
O'O intersects respectively the circumferences of the 
circles O, O', ATA 

O'O is less than O'A4' — OA, 
so that O'O « OA, or O' A, is less than O' A', 
and therefore A is internal to the circle O’. 

But, of all the straight lines from 0’ to the circumference of the circle O, 
O'A passing through the centre O is the greatest [ni. 7] ; 
whence all the points of the circumference of O are internal to the circle O’. 

A similar argument to the preceding will show that all points within the 
circle O are internal to the circle O’. 
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3. Df the distance between the centres of two circles is equal to the sum of the 
radit, the two circumferences have one point common and one only, and that point 
ts on the line of centres. Each circle is external to the other. 


Let O, O' be the centres, 7, 7’ the radii of the circles, so that OO’ is equal 
tor+y'. 

Thus OQO' is greater than r, so that O' 
is external to the circle O, and the circum- 
ference of the circle O cuts OO' in a 
point A. 

And, since OO’ is equal to 7 +7’, and 
OA to r, it follows that O'A is equal to z^, 
so that 4 belongs also to the circumference 
of the circle O’. 

The proof that all other points on, and 
all points within, the circumference of the circle O are external to the circle O’ 
follows the similar proof of prop. 1 above. And similarly all points (except 4) 
on, and all points within, the circumference of the circle O' are external to the 
circle O. 

The two circles, having one common point only, fouch at that point, which 
lies, as shown, on the line of centres. And, since the circles are external to 
one another, they touch externally. 





4- Af the distance between the centres of two unequal circles is egual to the 
difference between the radti, the two circumferences have one point and one only in 
common, and that point lies on the line of centres. The lesser circle is within the 
other. 

The proof is that of prop. 2 above, mutatis mutandis. 

The circles here touch rn/erna/ly at the point on the line of centres. 


5. Lf the distance between the centres of two circles ts less than the sum, and 
greater than the difference, of the radit, the two circumferences have two common 
points symmetrically situated with respect to the line of centres bul not lying on 
that line. 

Let O, O' be the centres of the two circles, 7, »' their radii, »/ being the 
greater, so that 

r-r<00 <r+r. 

It follows that in any case OO + r> r, so that, if OM be taken on O'O 
produced equal to r (so that M is on the circumference of the circle O), M is 
external to the circle O’. 

We have to use the same Postulate as in Eucl. 1. 1 that 

An arc of a circle which has one extremity within and the other without a 
given circle has one point common with the 
latter and only one ; from which it follows, 


if we consider two such arcs making a $ 

complete circumference, that, if a circum- f 

ference of a circle passes through one point 

internal to, and one point external toa ™ 

given circle, it cuts the latter circle in two y 
B 


points. 
We have then to prove that the circle O, 
besides having one point Æ of its circum- 
ference external to the circle O', has one other point of its circumference (Z) 
internal to the latter circle. 
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Three cases have to be distinguished according as OO’ is greater than, equal 
to, or less than, the radius 7 of the lesser circle. 


(1) OO'»r. (See the preceding figure.) A 
Measure OZ along OO’ equal to z, so that 

L lies on the circumference of the circle O. 
Then, since OO' « r « z', O'L will be less 


than 7’, so that Z is within the circle O'. M 
(2) 00 -r Ry 
In this case the circumference of the circle 
O passes through O’, or Z coincides with O. 5 

(3) OO'<r. 

If we measure OZ along OO’ equal to », the point Z will lie on the 
circumference of the circle O. 

Then O'L=r7- OO, 
so that O'L <r, and a fortiori OL <7’, so that Z 
lies within the circle O’. 

Thus, in all three cases, since the circumference 
of O passes through one point (M ) external to, and 
one point (Z) internal to, the circle O', the two 
circumferences intersect in two points A, B (Post.] 

And 4, B cannot lie on the line of centres OO, 
since this straight line intersects the circle O in 
Z, M only, and of these points one is inside, the other outside, the circle O’. 

Since AB is a common chord of both circles, the straight line bisecting it 
at right angles passes through both centres, i.e. is identical with OO". 

And again by means of ut. 7, 8 we prove that all points except 4, B on 
the arc ALB lie within the circle O’, and all points except A, B on the arc 
AM B outside that circle ; and so on. 





PROPOSITION 13. 


A circle does not touch a circle at more points than one, 
whether it touch it internally or externally. 


For, if possible, let the circle ABDC touch the circle 

EBFD, first internally, at more 
s points than one, namely D, B. 

Let the centre G of the circle K 
ABDC, and the centre H of A 
EBFD, be taken. 

Therefore the straight line XQ 

to joined from G to Æ will fall on 
B, D. [m. 11] 

Let it so fall, as BGHD. 

Then, since the point G is a 
the centre of the circle ABCD, BNF 


15 BG is equal to GD; 


c 
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therefore BG is greater than HD ; 
therefote BH is much greater than 772. 


Again, since the point 77 is the centre of the circle 
EBFD, 
20 BH is equal to HD ; 


but it was also proved much greater than it: which is 
impossible. 

Therefore a circle does not touch a circle internally at 
more points than one. 


25 I say further that neither does it so touch it externally. 
For, if possible, let the circle ACA touch the circle 
ABDC at more points than one, namely 4, C, 
and let AC be joined. 
Then, since on the circumference of each of the circles 
30 ABDC, ACK two points A, C have been taken at random, 
the straight line joining the points will fall within each 
circle ; [m. 2] 
but it fell within the circle ABCD and outside ACK 
(ut. Def. 3): which is absurd. 


3 Therefore a circle does not touch a circle externally at 
more points than one. 
And it was proved that neither does it so touch it 
internally. 
Therefore etc. Q. E. D. 


3.7.14, 27, 30,33. ABDC. Euclid writes ABCD (here and in the next proposition), 
notwithstanding the order in which the points are placed in the figure. 

15, 37. does it so touch it. It is necessary to supply these words which the Greek 
(Kr« 0086 (xrós and &r« o088 évrós) leaves to be understood. 


The difficulties which have been felt in regard to the proofs of this 
proposition need not trouble us now, because they have already been disposed 
of in the discussion of the more crucial propositions II. 11, 12. 

Euclid's proof of the first part of the proposition differs from Simson's ; 
and we will deal with Euclid’s first. On this Camerer remarks that it is 
assumed that the supposed second point of contact lies on the line of centres 
produced beyond the centre of the “outer” circle, whereas all that is proved in 
HI. 11 is that the line of centres produced beyond the centre of the “inner” circle 
passes through a point of contact. But, by the same argument as that given 
on tii. 11, we show that the circles cannot have a point of contact, or even 
any common point, outside the line of centres, because, if there were such a 
point, there would be a corresponding common point on the other side of the 
line, and the circles would have /Aree common points. Hence the only 
hypothesis left is that the second point of contact may be on the line of 
centres but in the direction of the centre of the “outer” circle; and Euclid’s 
proof disposes of this hypothesis. 
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Heron (in an-Nairizi, ed. Curtze, pp. 122—4), curiously enongh, does not 
question Euclid’s assumption that the line of centres passes through both 
points of contact (if double contact is possible) ; but he devotes some space to 
proving that the centre of the “outer” circle must lie within the “inner” circle, a 
fact which he represents Euclid as asserting (* sicut dixit Euclides "), though 
there is no such assertion in our text. The proof of the fact is of course easy. 
If the line of centres passes through bot% points of contact, and the centre of 
the “outer” circle lies either on or outside the “inner” circle, the line of 
centres must cut the "inner" citcle in Z£zee points in all: which is impossible, 
as Heron shows by the lemma, which he places here (and proves by 1. 16), 
that a straight line cannot. cut. (he. circumference of a circle in more points 
than two. 

Simson’s proof is as follows (there is no real need for giving two figures as 
he does). 

“If it be possible, let the circle EZ touch the circle ABC in more 
points than one, and first on the inside, in the 
points B, D; join BD, and draw GH bisecting 
BD at right angles. 

Therefore, because the points Z, 2 are in the 
circumference of each of the circles, the straight 
line BD falls within each of them: And their 
centres are in the straight line GZZ which bisects 
BD at right angles: 

Therefore GH passes through the point of 
contact [u1. 11}; but it does not pass through it, 
because the points Z, D are without the straight line GÆ: which is absurd. 

Therefore one circle cannot touch another on the inside in more points 
than one.” 

On this Camerer remarks that, unless i11. 1 1.be more completely elucidated 
than it is by Euclid's demonstration, which Simson has, it is not sufficiently 
clear that, besides the point of contact in which GAH meets the circles, they 
cannot have another point of contact either (1) on GAH or (2) outside it. 
Here again the latter supposition (2) is rendered impossible because in that 
case there would be a third common point on the opposite side of GH; and 
the former supposition (1) is that which Euclid's proof destroys. 

Simson retains Euclid's proof of the second part of the proposition, though 
his own proof of the first part would apply to the second part also if a 
reference to 1iI. 12 were substituted for the reference to 11. 11.. Euclid might 
also have proved the second part by the same method as that which he 
employs for the first part. 





PROPOSITION 14. 


In a circle egual straight lines are egually distant from 
the centre, and those which are equally distant from the centre 
are equal to one another. 

Let ABDC be a circle, and let 48, CD be equal straight 
lines in it; 

I say that 48, CD are equally distant from the centre. 
For let the centre of the circle ABDC be taken (ur. 1], 
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and let it be Æ; from Æ let EF, EG be drawn perpendicular 
to AB, CD, and let AZ, EC be joined. 


Then, since a straight line EF through D 
the centre cutsa straight line 4 Z not through 
the centre at right angles, it also bisects it. 8 
(1u. 3] 
Therefore AF is equal to FB; 
therefore AB is double of AF. e 


For the same reason 
CD is also double of CG ; 
and AB is equal to CD ; 
therefore AF is also equal to CG. 

And, since AE is equal to EC, 

the square on AE is also equal to the square on EC. 
But the squares on AF, ZF are equal to the square on AZ, 
for the angle at F is right ; 
and the squares on EG, GC are equal to the square on EC, 
for the angle at G is right ; (1. 47] 


therefore the squares on AF, FE are equal to the 
squares on CG, GE, 


of which the square on AF is equal to the square on CG, 
for AF is equal to CG; 


therefore the square on FE which remains is equal to 
the square on EG, 
therefore ZF is equal to EG. 


But in a circle straight lines are said to be equally distant 
from the centre when the perpendiculars drawn to them from 
the centre are equal ; [11. Def. 4] 

therefore 42, CD are equally distant from the centre. 

Next, let the straight lines 48, CD be equally distant 
from the centre; that is, let £F be equal to EG. 

I say that AZ is also equal to CD. 

For, with the same construction, we can prove, similarly, 
that AB is double of AF, and CD of CG. 

And, since 4 Æ is equal to CE, 

the square on AZ is equal to the square on CZ. 
But the squares on EF, FA are equal to the square on AZ, 
and the squares on EG, GC equal to the square on CE. [1. 47] 
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Therefore the squares on EF, FA are equal to the 
squares on EG, GC, 
of which the square on EF is equal to the square on EG, 
for EF is equal to EG; 
therefore the square on AF which remains is equal to the 
square on CG; 
therefore AF is equal to CG. 
And AB is double of AF, and CD double of CG; 
therefore 4B is equal to CD. 
Therefore etc. 
Q. E. D. 


Heron (an-Nairizi, pp. 125—7) has an elaborate addition to this proposition 
in which he proves, first by reductio ad absurdum, and then directly, that the 
centre of the circle falls between the two chords. 


PROPOSITION 15. 


Of straight lines in a circle the diameter is greatest, 
and of the rest the nearer to the centre is always greater than 
the more remote. 


Let ABCD be a circle, let 44D be its diameter and £ 
the centre; and let BC be nearer to the 
diameter 4D, and FG more remote ; 

I say that 44D is greatest and BC 
greater than FG. 

For from the centre £ let EH, EK 
be drawn perpendicular to BC, FG. 

Then, since BC is nearer to the 
centre and AG more remote, EX is 
greater than £77. (1. Def. 5) 

Let EL be made equal to £7, 
through Z let ZM be drawn at right 
angles to EX and carried through to X, and let WE, EN, 
FE, EG be joined. 

Then, since £Z is equal to EZ, 


BC is also equal to MN. (ut. 14) 
Again, since AZ is equal to EM, and ED to EN, 
AD is equal to ME, EN. 
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But WE, EN are greater than MN, [1. 20] 
and MN is equal to BC; 
therefore AD is greater than BC. 


And, since the two sides WE, EN are equal to the two 
sides FE, EG, 


and the angle MEN greater than the angle FEG, 
therefore the base MA is greater than the base FG. [n 24] 


But MN was proved equal to ZC. 


Therefore the diameter AD is greatest and BC greater 
than FG, 


Theretore etc. Q. E. D. 


1. Of straight lines. The Greek leaves these words to be understood. 
Nearer to the diameter AD. As SC, FG are not in general parallel to AD 


: : » 
Euclid should have said ‘' nearer to the centre.” 


It will be observed that Euclid’s proof differs from that given in our text- 
books (which is Simson’s) in that Euclid introduces another line 1M, which 
is drawn so as to be equal to BC but at right angles to ZX and therefore 
parallel to FG. Simson dispenses with MÆ and bases his proof on a similar 
proof by Theodosius (Sphaerica 1. 6). He proves that the sum of the squares 
on EH, HB is equal to the sum of the squares on EK, KF; whence he 
infers that, since the square on £7 is less than the square on EX, the square 
on BH is greater than the square on FÆ. It may be that Euclid would have 
regarded this as too complicated an inference to make without explanation or 
without an increase in the number of his axioms. But, on the other hand, 
Euclid himself assumes that the angle subtended at the centre by MN is 
greater than the angle subtended by FG, or, in other words, that M, /V both 
fall outside the triangle FEG. This is a similar assumption to that made in 
ut. 7, 8, as already noticed; and its truth is obvious because EM, EM, being 
radii of the circle, are greater than the distances from Æ to the points in which 
MN cuts EF, EG, and therefore the latter points are nearer than M, Ware to 
L, the foot of the perpendicular from Æ to MN. 

Simson adds the converse of the proposition, proving it in the same way 
as he proves the proposition itself. 


PRorosiTION 16. 


The straight line drawn at right angles to the diameter 
of a circle from its extremity will fall outside the circle, and 
into the space between the straight line and the circumference 
another straight line cannot be interposed ; further the angle 
of the semicircle is greater, and the remaining angle less, than 
any acute rectilineal angle. 


Let ABC be a circle about D as centre and AB as 
diameter ; 
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I say that the straight line drawn from A at right angles 
to AB from its extremity will fall 
outside the circle. 


B 
For suppose it does not, but, 
if possible, let it fall within as CA, 
and let DC be joined. 
Since DA is equal to DC, 
the angle DAC is also equal to E à 
the angle ACD. [s] _ XE 


But the angle DAC is right ; 
therefore the angle ACJ is also right: 
thus, in the triangle ACD, the two angles DAC, ACD are 
equal to two right angles: which is impossible. (1. 17] 

Therefore the straight line drawn from the point 4 at 
right angles to BA will not fall within the circle. 

Similarly we can prove that neither will it fall on the 
circumference ; 

therefore it will fall outside. 

Let it fall as AZ; 

I say next that into the space between the straight line AE 
and the circumference CHA another straight line cannot be 
interposed. 

For, if possible, let another straight line be so interposed, 
as FA, and let DG be drawn from the point D perpendicular 
to FA. 

Then, since the angle 4GD is right, 

and the angle DAG is less than a right angle, 
AD is greater than DG. (1. 19] 

But DA is equal to D/H; 

therefore DH is greater than DG, the less than the 
greater: which is impossible. 

Therefore another straight line cannot be interposed into 
the space between the straight liné and the circumference. 

I say further that the angle of the semicircle contained by 
the straight line BA and the circumference CAA is greater 
than any acute rectilineal angle, 
and the remaining angle contained by the circumference CHA 
and the straight line AZ is less than any acute rectilineal angle. 

For, if there is any rectilineal angle greater than the 
angle contained by the straight line BA and the circumference 
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CH A, and any rectilineal angle less than the angle contained 
by the circumference CHA and the straight line 44 £, then 
into the space between the circumference and the straight line 
AE a straight line will be interposed such as will make an 
angle contained by straight lines which is greater than the 
angle contained by the straight line BA and the circumference 
CHA, and another angle contained by straight lines which 
is less than the angle contained by the circumference CHA 
and the straight line AZ. 


But such a straight line cannot be interposed ; 


therefore there will not be any acute angle contained by 
straight lines which is greater than the angle contained by 
the straight line BA and the circumference CAA, nor yet 
any acute angle contained by straight lines which is less than 
the angle contained by the circumference CHA and the 
straight line 4Z.— 


Porism. - From this it is manifest that the straight line 
drawn at right angles to the diameter of a circle from its 


extremity touches the circle. odis 


« cannot be interposed, literally ‘‘ will not fall in between" (o) rapeymeceiraa). 


This proposition is historically interesting because of the controversies to 
which the last part of it gave rise from the 13th to the 17th centuries. 
History was here repeating itself, for it is certain that, in ancient Greece, both 
before and after Fuclid’s time, there had been a great deal of the same sort 
of contention about the nature of the “angle of a semicircle” and the 
“remaining angle” between the circumference of the semicircle and the 
tangent at its extremity. As we have seen (note on 1. Def. 8), the latter angle 
had a recognised name, xeparoedys ywvia, horn-like or cornicular angle ; 
though this term does not appear in Euclid, it is often used by Proclus, 
evidently as a term well understood. While it is from Proclus that we get the 
best idea of the ancient controversies on this subject, we may, I think, infer 
their prevalence in Euclid’s time from this solitary appearance of the two 
“angles” in the Elements. Along with the definition of the angle of a 
segment, it seems to show that, although these angles are only mentioned to 
be dropped again immediately, and are of no use in elementary geometry, or 
even at all, Euclid thought that an allusion to them would be expected of 
him ; it is as if he merely meant to guard himself against appearing to ignore 
a subject which the geometers of his time regarded with interest. If this 
conjecture is nght, the mention of these angles would correspond to the 
insertion of definitions of which he makes no use, e.g. those of a rhombus and 
a rhomboid. 

Proclus has no hesitation in speaking of the “angle of a semicircle” and 
the “‘horn-like angle” as true angles. Thus he says that “angles are contained 
by a straight line and a circumference in two ways; for they are either 
contained by a straight line and a convex circumference, like. that of the semi- 
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circle, or by a straight line and a concave circumference, like the xeparoedys ” 
(p. 127, 11—14). "There are mixed lines, as spirals, and angles, as the angle 
of a semicircle and the xeparoudys” (p. 104, 16—18). The difficulty which 
the ancients felt arose from the very fact which Euclid embodies in this 
proposition. Since an angle can be divided by a line, it would seem to bea 
magnitude; “but if it is a magnitude, and all homogeneous magnitudes which 
are finite have a ratio to one another, then all homogeneous angles, or rather 
all those on surfaces, will have a ratio to one another, so that the cornicular 
will also have a ratio to the rectilineal. But things which have a ratio to one 
another can, if multiplied, exceed one another. Therefore the cornicular 
angle will also sometime exceed the rectilineal ; which is impossible, for it is 
proved that the former is less than any rectilineal angle” (Proclus, p. 121, 
24—122, 6). The nature of contact between straight lines and circles was 
also involved in the question, and that this was the subject of controversy 
before Euclid’s time is clear from the title of a work attributed to Democritus 
(fl. 420—400 B.C.) wepi Siadopys yvópovos 4 mepi Wavuaros KVKAOU Kai opaipns, 
On a difference in a gnomon or on contact of a circle and a sphere. There is, 
however, another reading of the first words of this title as given by Diogenes 
Laertius (1x. 47), namely epi Siadopys youuns. On a difference of opinion, etc. 
May it not be that neither reading is correct, but that the words should be 
mepi adops ywvins Å wept Wavovos xixAov xai ogaipns, On a difference in an 
angle or on contact with a circle and a sphere? There would, of course, 
hardly be any “angle” in connexion with the sphere ; but I do not think that 
this constitutes any difficulty, because the sphere might easily be tacked on as 
a kindred subject to tie circle. A curiously similar collocation of words 
appears in a passage of Proclus, though this may be an accident. He says 
(P. 50, 4) ms 8$ yovcày Biadopàs Aéyopev xai abfyoes abray ... and then, in 
the next line but one, mos 3& ràs d$às ràv xvxAov Ñ tav Oey, “In what 
sense do we speak of differences of angles and of increases of them... and in 
what sense of the contacts (or meetings) of circles or of straight lines?” 
I cannot help thinking that this subject of cornicular angles would have had 
a fascination for Democritus as being akin to the question of infinitesimals, 
and very much of the same character as the other question which Plutarch 
(On Common Notions, xxx1x. 3) says that he raised, namely that of the 
relation between the base of a cone and a section of it by a plane parallel to 
the base and apparently, to judge by the context, infinitely near to it: “if 
a cone were cut by a plane parallel to its base, what must we think of the 
surfaces of the sections, that they are equal or unequal? For, if they are 
unequal, they will make the cone irregular, as having many indentations like 
steps, and unevennesses ; but, if they are equal, the sections will be equal, 
and the cone will appear to have the property of the cylinder, as being made 
up of equal and not unequal circles, which is the height of absurdity.” 

The contributions by Democritus to such investigations are further attested 
by a passage in the Method of Archimedes discovered by Heiberg in 1906 
(Archimedes, ed. Heiberg, Vol. 11. 1913, p. 430; T. L. Heath, 7że Method 
of Archimedes, 1912, p. 13), which says that, though Eudoxus was the first to 
discover the scientific proof of the propositions (attributed to him) that the 
cone and the pyramid are one-third of the cylinder and prism respectively 
which have the same base and equal height, they were first s/afed, without 
proof, by Democritus. 

A full history of the later controversies about the cornicular “angle” 
cannot be given here; more on the subject will be found in Camerer's 
Euclid (Excursus tv. on ui. 16) or in Cantors Geschichte der Mathematik. 
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Vol. n. (see Contingenzwinkel in the index). But the following short note 
about the attitude of certain well-known mathematicians to the question will 
perhaps not be out of place. Johannes Campanus, who edited Euclid in 
the 13th century, inferred (rom 111. 16 that there was a flaw in the principle 
that the transition from the less to the greater, or vice versa, takes place through 
all intermediate quantities and therefore through the equal. If a diameter of a 
circle, he says, be moved about its extremity until it takes the position of the 
tangent to that circle, then, as long as it cuts the circle, it makes an acute 
angle /ess than the “angle of a semicircle”; but the moment it ceases to cut, 
it makes a right angle greater than the same “angle of a semicircle.” The 
rectilineal angle is never, during the transition, egua/ to the “ angle of a semi- 
Circle" There is therefore an apparent inconsistency with x. 1, and Campanus 
could only observe (as he does on that proposition), in explanation of the 
paradox, that “these are not angles in the same sense (univoce), for the 
curved and the straight are not things of the same kind without qualification 
(simpliciter).” The argument assumes, of course, that the right angle zs 
greater than the “angle of a semicircle.” 

Very similar is the statement of the paradox by Cardano (1501—1576), 
who observed that a guantity may continually increase without limit, and 
another diminish without limit ; and yet the first, however increased, may be less 
than the second, however diminished. The first quantity is of course the angle 
of contact, as he calls it, which may be “increased” indefinitely by drawing 
smaller and smaller circles touching the same straight line at the same point, 
but will always be less than any acute rectilineal angle however small. 

We next come to the French geometer, Peletier (Peletarius), who edited the 
Elements in 1557,and whose views on this subject seem to mark a great advance. 
Peletier’s opinions and arguments are most easily accessible in the account of 
them given by Clavius (Christoph Klau [?], 1537— 1612) in the 1607 edition of 
his Euclid. ‘The violence of the controversy between the two will be understood 
from the fact that the arguments and counter-arguments (which sometimes run 
into other matters than the particular question at issue) cover, in that book, 
26 pages of small print. Peletier held that the “angle of contact” was not an 
angle at all, that the "contact of two circles," i.e. the “angle” between the 
circumferences of two circles touching one another internally or externally, is 
not a guantity, and that the “contact of a straight line with a circle" is not a 
quantity either; that angles contained by a diameter and a circumference 
whether inside or outside the circle are right angles and equal to rectilineal 
right angles, and that angles contained by a diameter and the circumference 
in all circles are egual. The proof which Peletier gave of the latter pro- 
position in a letter to Cardano is sufficiently ingenious. If a greater and 
a less semicircle be placed with their diameters terminating at a common 
point and lying in a straight line, then (1) the angle of the larger obviously 
cannot be /ess than the angle of the smaller. Neither (2) can the former be 
greater than. the latter; for, if it were, we could obtain another angle of a 
semicircle greater still by drawing a still larger semicircle, and so on, until we 
should ultimately have an angle of a semicircle greater than a right angle: which 
is impossible. Hence the angles of semicircles must all be egual, and the dif- 
ferences between them nothing. Having satisfied himself that all angles of 
contact ace not-angles, nof-quantities, and therefore zo/Arnys, Peletier holds the 
difficulty about x. 1 to be at an end. He adds the interesting remark that 
the essence of an angle is in cutting, not contact, and that a tangent is not 
inclined to the circle at the point of contact but is, as it were, immersed in it at 
that point, just as much as if the circle did not diverge from it on either side. 
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The reply of Clavius need not detain us. He argues,’ evidently appealing 
to the eye, that the angle of contact can be divided by the arc of a circle 
greater than the given one, that the angles of two semicircles of different sizes 
cannot be equal, since they do not coincide if they are applied to one another, 
that there is nothing to prevent angles of contact ftom being quantities, it being 
only necessary, in view of x. 1, to admit that they are not of the same kind as 
rectilineal angles ; lastly that, if the angle of contact had been a nothing, 
Euclid would not have given himself so much trouble to prove that it is less 
than any acute angle. (The word is desudasset, which is certainly an 
exaggeration as applied to what is little more than an oifer dictum in tt. 16.) 

Vieta (1540—1603) ranged himself on the side of Peletier, maintaining 
that the angle of contact is no angle ; only he uses a new method of proof. 
The circle, he says, may be regarded as a plane figure with an infinite number 
of sides and angles; but 2 straight line touching a straight line, however short 
it may be, will coincide with that straight line and will not make an angle. 
Never before, says Cantor (11, p. 540), had it been so plainly declared what 
exactly was to be understood by contact. 

Galileo Galilei (1564--1642) seems to have held the same view as Vieta 
and to have supported it by a very similar argument derived from the com- 
parison of the circle and an inscribed polygon with an infinite number of 
sides. 

The last writer on the question who must be mentioned is John Wallis 
(1616—1703). He published in 1656 a paper entitled De angulo contactus et 
semicirculi tractatus in which he also maintained that the so-called angle was 
not a true angle, and was not a guantity. Vincent Leotaud (1595—1672) 
took up the cudgels for Clavius in his Cyclomathia which appeared in 1663. 
This brought a reply from Wallis in a letter to Leotaud dated 17 February, 
1667, but not apparently published till it appeared in A defense of the treatise 
of the angle of contact which, with a separate title-page, and date 1684, was 
included in the English edition of his Algebra dated 1685. The essence of 
Wallis’ position may be put as follows. According to Euclid’s definition, a 
plane angle is an inclination of two lines; therefore two lines forming an angle 
must iac/ine to one another, and, if two lines meet without being inclined to 
one another at the point of meeting (which is the case when a circumference 
is touched by a straight line), the lines do not form an angle. The “angle of 
contact” is therefore no angle, because al the point of contact the straight line 
is not inclined to the circle but lies on it dxAwos, or is coincident with it. 
Again, as a point is not a line but a degenning of a line, and a line is not a 
surface but a beginning of a surface, so an angle is not the distance between 
two lines, but their initial tendency towards separation: Angulus (seu gradus 
divaricationts) Distantia non est sed Inceptivus distantiae. How far lines, which 
at their point of meeting do not form an angle, separate from one another as 
they pass on depends on the degree of curvature (gradus curvitatis), and it is 
the latter which has to be compared in the case of two lines so meeting. The 
arc of a smaller circle is more curved as having as much curvature in a lesser 
length, and is therefore curved in a greater degree. Thus what Clavius called 
angulus contactus becomes with Wallis gradus curvitatis, the use of which 
expression shows that curvature and curvature can be compared according to 
one and the same standard. A straight line has the least possible curvature ; 
but of the "angle" made by it with a curve which it touches we cannot say that 
it is greater or less than the "angle" which a second curve touching the same 
straight line at the same point makes with the first curve; for in both cases 
there is no true angle at all (cf. Cantor 111,, p. 24). 
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The words usually given as a part of the corollary “and that a straight lme 
touches a circle at one point only, since in fact the straight line meeting it'in 
two points was proved to fall within it” are omitted by Heiberg as being an 
undoubted addition of Theon’s. It was Simson who added the further remark 
that “it is evident that there can be but one straight line which touches the 
circle at the same point.” 


PROPOSITION 17. 
From a given point fo draw a straight line touching a 
given circle. 


Let A be the given point, and BCD the given circle ; 
thus it is required to draw from the point 4 a straight line 
touching the circle BCD. 

For let the centre Æ of the circle 
be taken ; (uu. x) 


A 
let AE be joined, and with centre £ KZ 
and distance £A let the circle AFG 4 
be described ; 
from D let DF be drawn at right 
angles to ZA, 
and let EF, AB be joined ; 9 
I say that AZ has been drawn from 
the point A touching the circle BCD. 
For, since Æ is the centre of the circles BCD, AFG, 
EA is equal to EF, and ED to EB; 
theretore the two sides AZ, EZ are equal to the two sides 
FE, ED: 
and they contain a common angle, the angle at £ ; 
therefore the base D is equal to the base 47, 
and the triangle DEF is equal to the triangle BEA, 
and the remaining angles to the remaining angles ; [1. 4] 
therefore the angle EDF is equal to the angle EBA. 
But the angle EDF is right ; 
therefore the angle EBA is also right. 
Now £EP is a radius; 
and the straight line drawn at right angles to the diameter 
of a circle, from its extremity, touches the circle; [ut 16, Por.] 
therefore AZ touches the circle BCD. 


Therefore from the given point A the straight line 4B 
has been drawn touching the circle BCD. 
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The construction shows, of course, that two straight lines can be drawn 
from a given external point to touch a given circle ; and it is equally obvious 
that these two straight lines are equal in length and equally inclined to the 
straight line joining the external point to the centre of the given circle. 
These facts are given by Heron (an-Nairizi, p. 130). 

It is true that Euclid leaves out the case where the given point lies o» the 
circumference of the circle, doubtless because the construction is so directly 
indicated by 111. 16, Por. as to be scarcely worth a separate statement. 

An easier solution is of course possible as soon as we know (ttt. 31) that 
the angle in a semicircle is a right angle; for we have only to describe a 
circle on AZ as diameter, and this circle cuts the given circle in the two points 
of contact. 


Proposition 18. 


If a straight line touch a circle, and a straight line be 
joined from the centre to the point of contact, the straight line 
so goined will be perpendicular to the tangent. 


For let a straight line DZ touch the circle ABC at the 
point C, let the centre F of the 
circle BC be taken, and let FC 
be joined from F to C; A 


I say that FC is perpendicular to D 
DE. 


For, if not, let FG be drawn M 
from Æ perpendicular to DE. 
Then, since the angle FGC is E 
right, 
the angle FCG is acute; [1. 17] 


and the greater angle is subtended 
by the greater side ; (1. 19] 


therefore FC is greater than FG. 
But FC is equal to FB; 
therefore FZ is also greater than FG, 
the less than the greater: which is impossible. 
Therefore FG is not perpendicular to DE. 


Similarly we can prove that neither is any other straight 
line except FC; 


therefore FC is perpendicular to DZ. 
Therefore etc. 
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Just as 11. 3 contains two partial converses of the Porism to 11. 1, so 
the present proposition and the next give :wo partial converses of the 
corollary to 111. 16, We may show their relation thus: suppose three things, 
(1) a tangent at a point of a circle, (2) a straight line drawn from the centre to 
the point of contact, (3) right angles made at the point of contact [with (1) or 
(2) as the case may bel. Then the corollary to 1. 16 asserts that (2) and (3) 
together give (1), ur. 18 that (1) and (2) give (3), and tit. 19 that (1) and (3) 
give (2), Le. that the straight line drawn from the point of contact at right 
angles to the tangent passes through the centre. 


PRorosiTION 19. 


If a straight line touch a. circle, and from the point of 
contact a straight line be drawn at right angles to the tangent, 
the centre of the circle will be on the straight line so drawn. 

For let a straight line DE touch the circle ABC at the 
point C, and from C let CA be 
drawn at right angles to DE ; 

I say that the centre of the circle 
is on AC. 

For suppose it is not, but, if 
possible, let F be the centre, 
and let CF be joined. 

Since a straight line DE touches 
the circle ABC, 
and FC has been joined from the © c E 
centre to the point of contact, 

FC is perpendicular to DE: (uu. 18] 
therefore the angle FCE is right. 

But the angle ACE is also right ; 

therefore the angle FCE is equal to the angle ACE, 

the less to the greater: which is impossible. 
Therefore F is not the centre of the circle 4 BC. 


Similarly we can prove that neither is any other point 
except a point on AC. 
Therefore etc. 


Q. E. D. 


We may also regard 111. 19 as a partial converse of 111. 18. Thus suppose 
(1) a straight line through the centre, (2) a straight line through the point of 
contact, and suppose (3) to mean perpendicular to the tangent ; then 111. 18 
asserts that (1) and (z) combined produce (3), and 111. rg that (2) and (3) 
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produce (1); while again we may enunciate a second partial converse of 111. 18, 
corresponding to the statement that (1) and (3) produce (2), to the effect that 
a straight line drawn through the centre perpendicular to the tangent passes 
through the point of contact. 

We may add at this point, or even after the Porism to 11. 16, the theorem 
that zwo circles which touch one another internally or externally have a common 
tangent at their point of contact. For the line joining their centres, produced 
if necessary, passes through their point of contact, and a straight line drawn 
through that point at right angles to the line of centres is a tangent to both 
circles. 


PROPOSITION 20. 


In a circle the angle at the centre is double of the angle 
at the circumference, when the angles have the sume circum- 
erence as base. 


Let ABC be a circle, let the angle BEC be an angle 
sat its centre, and the angle BAC an 
angle at the circumference, and let 
them have the same circumference BC 
as base; 
I say that the angle BEC is double of a 
io the angle BAC. c 
For let AZ be joined and drawn F 
through to Æ. 
Then, since £4 is equal to £7, 8 
the angle EAB is also equal to the 
15 angle EBA ; li. 5) 
therefore the angles EAB, EBA are double of the angle 
EAB. 
But the angle BEF is equal to the angles EAB, EBA ; 
(t. 32] 
therefore the angle BEF is also double of the angle 
z0 E A B. 
For the same reason 
the angle FEC is also double of the angle EAC. 
Therefore the whole angle BEC is double of the whole 
angle BAC. 
25 Again let another straight line be inflected, and let there 
be another angle BDC; let DE be joined and produced 
to G. 


3o 
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Similarly then we can prove that the angle GEC is 
double of the angle EDC, 


of which the angle GE is double of the angle EDZ ; 


therefore the angle BEC which remains is double of the 
angle BDC. 


Therefore etc. Q. E. D. 


` as. let another straight line be inflected, xexd\dcOw ù wdw (without ev@eia). The 
verb «rdw (to dreak off) was the regular technical term for drawing from a point a (broken) 
straight line which first meets another straight line or curve and is then dent back from it 
to another point, or (in other words) for drawing straight lines from two points meeting at a 
point on a curve or another straight line. xexddo@ai is one of the geometrical terms the 
definition of which must according to Aristotle be assumed (Anal. Pust. 1. 10, 76 b 9). 


The early editors, Tartaglia, Commandinus, Peletarius, Clavius and others, 
gave the extension of this proposition to the case where the segment is less 
than a semicircle, and where accordingly the “angle” corresponding to 
Euclid’s “angle at the centre” is greater than two right angles. The 
convenience of the extension is obvious, and the proof of it is the same as the 
first part of Euclid’s proof. By means of the extension iti. 21 is demonstrated 
without making two cases ; iit. 22 will follow immediately from the fact that 
the sum of the "angles at the centre” for two segments making up a whole 
circle is equal to four right angles ; also 11. 31 follows immediately from the 
extended proposition. 

But all the editors referred to were forestalled in this matter by Heron, as 
we now learn from the commentary of an-Nairizi (ed. Curtze, Pp. 131 sqq.). 
Heron gives the extension of Euclid’s proposition which, he says, it had been 
left for him to make, but which is necessary in order that the caviller may not 
be able to say that the next proposition (about the equality of the angles 
in any segment) is not established generally, i.e. in the case of a segment less 
than a semicircle as well as in the case of a segment greater than a semicircle, 
inasmuch as ttt. 20, as given by Euclid, only enables us to prove it in the 
latter case. Heron's enunciation is important as showing how he describes 
what we should now call an “angle” greater than two right angles. (The 
language of Gherard’s translation is, in other respects, a little obscure; but 
the meaning is made clear by what follows.) 

** The angle," Heron says, ** which is at the centre of any circle is double 
of the angle which is at the circumference of it when one arc ts the base of both 
angles; and the remaining angles which ave at the centre, and fill up the four 
right angles, are double of the angle at the circumference of the afc which is 
subtended by the [original] angle which is at the centre.” 

Thus the “angle greater than two right angles” is for Heron the sum of 
certain “angles” in the Euclidean sense of angles less than two right angles. 
The particular method of splitting up which Heron adopts will be seen from 
his proof, which is in substance as follows. 

Let CDB be an angle at the centre, CAB that at the circumference. 

Produce BD, CD to F, G; 


take any point Æ on AC, and join BE, EC, ED. 


Then any angle in the segment BAC is half of the angle BDC; and 
the sum of the angles BDG, GDF, FDC is double of any angle in the 
segment. BEC. 
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Proof. Since CD is equal to ED, 
the angles DCE, DEC are equal 
Therefore the exterior angle GDEZ is equal to 


G A f 
twice the angle DEC. 
Similarly the exterior angle KDE is equal to y 
twice the angle DEB. 

By addition, the angles GD£, FDE are double 


of the angle BEC. 


But 
the angle BDC is equal to the angle FDG, 
therefore the sum of the angles BDG, GDF, FDC 
ts double of the angle BEC. — 


And Euclid has proved the first part of the 
proposition, namely that the angle BDC is double 
of the angle BAC. 

Now, says Heron, BAC is aay angle in the segment BAC, and therefore 
any angle in the segment BAC is half of the angle BDC. 

Therefore all the angles in the segment BAC are equal. 

Again, BEC is any angle in the segment BEC and is equal to half the 
sum of the angles BDG, GDF, FDC. 

Therefore all the angles in the segment BEC are equal. 

Hence i. 21 is proved generally. 

Lastly, says Heron, 
since the sum of the angles BDG, GDF, FDC is double of the angle BEC, 
and the angle BDC is double of the angle BAC, 


therefore, by addition, the su» of four right angles is double of the sum of 
the angles BAC, BEC. 


Hence the angles BAC, BEC are together equal to two right angles, and 
IiI. 22 is proved. 


The above notes of Heron show conclusively, if proof were wanted, that 
Euclid had no idea of 11. 20 applying in terms (either as a matter of 
enunciation or proof) to the case where the angle at the circumference, or the 
angle in the segment, is obtuse. He would not have recognised the “angle” 
greater than two right angles or the so-called “straight angle" as being an 
angle at all. This is indeed clear from his definition of an angle as the 
inclination x.r.&, and from the language used by other later Greek mathe- 
maticians where there would be an opportunity for introducing the extension. 
Thus Proclus’ notion of a “four-sided triangle" (cf. the note above on the 
definition of a triangle) shows that he did not count a re-entrant angle as an 
angle, and Zenodorus' application to the same figure of the word “ hollow- 
angled " shows that in that case it was the exterior angle only which he would 
have called an angle. Further it would have been inconvenient to have 
introduced at the beginning of the E/emen/s an “angle” equal to or greater 
than two right angles, because other definitions, e.g. that of a right angie, 
would have needed a qualification. If an “angle” might be equal to two 
right angles, one straight line in a straight line with another would have 
satisfied Euclid’s definition of a right angle. This is noticed by Dodgson 
(p. 160), but it is practically brought out by Proclus on 1. 13. ** For he did 
not merely say that ‘any straight line standing on a straight line either makes 
two right angles or angles equal to two right angles’ but ‘sf il make angles. 
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If it stand on the straight line at its extremity and make one angle, is it 
possible for this to be equal to two right angles? It is of course impossible ; 
for every rectilineal angle is less than two right angles, as every solid angle is 
less than four right angles (p. 292, 13—20)." [It is true that it has been 
generally held that the meaning of “angle” is tacitly extended in vi. 33, but 
there is no real ground for this view. See the note on the propaston ] 

It will be observed that, following his usual habit, Euclid omits the 
demonstration of the case which some editors, e.g. Clavius, have thought it 
necessary to give separately, the case namely where one of the lines forming 
the angle in the segment passes through the centre. Euclid's proof gives so 
obviously the means of proving this that it is properly left out. 

Todhunter observes, what Clavius had also remarked, that there are two 
assumptions in the proof of tii. 20, namely that, if A is double of B and C 
double of D, then the sum, or difference, of A and C is equal to double the 
sum, or difference, of B and D respectively, the assumptions being particular 
cases of v. 1 and v. s. But of course it is easy to satisfy ourselves of the 
correctness of the assumption without any recourse to Book v. 


PRorosiTION 2r. 


In a circle the angles in the same segment are equal to one 
another. 


Let ABCD be a circle, and let the angles BAD, BED 
be angles in the same segment BAED; 


I say that the angles BAD, BED are A 


equal to one another. 


For let the centre of the circle 
ABCD be taken, and let it be £; let 
BF, FD be joined. 
Now, since the angle BFD is at 
the centre, B D 


and the angle BAD at the circum- © 
ference, 


and they have the same circumference BCD as base, 
therefore the angle BFD is double of the angle BAD. [m. 20] 


For the same reason 
the angle BFD is also double of the angle BED ; 


therefore the angle BAD is equal to the angle BZD. 
Therefore etc. 
Q. E. D. 


Under the restriction that the “angle at the centre” used in 111. 20 must 
be less than two right angles, Euclid’s proof of this proposition only applies 
to the case of a segment greater than a semicircle, and the case of a segment 
equal to or less than a semicircle has to be considered separately. The 
simplest proof, of many, seems to be that of Simson. 
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“But, if the segment ZA ED be not greater than a semicircle, let BAD, 
BED be angles in it: these also are equal to one 
another. 

Draw AF to the centre, and produce it to C, and 
join C£. 

Therefore the segment BADC is greater than a 
semicircle, and the angles in it BAC, BEC are equal, 
by the first case. 

For the same reason, because CAD is greater 
than a semicircle, 

the angles CAD, CED are equal. 
Therefore the whole angle BAD is equal to the whole angle BED.” 


We can prove, by means of reductio ad absurdum, the important converse 
of this proposition, namely that, ¿f there be any two triangles on the same base 
and on the same side of tt, and with equal vertical angles, the circle passing 
through the extremities of the base and the vertex of one triangle will pass 
through the vertex of the other triangle also. That a circle can be thus 
descnbed about a triangle is clear from Euclid’s construction in it. 9, which 
shows how to draw a circle passing through any three points, though it is 
in iv. 5 only that we have the problem stated. Now, 
suppose a circle BAC drawn through the angular 


D 

points of a triangle BAC, and let BDC be another A 
triangle with the same base BC and on the same side 
of it, and having its vertical angle D equal to the 
angle 4. Then shall the circle pass through D. 

For, if it does not, it must pass through some point 
E on BD or on £D produced. If then EC be g c 
joined, the angle BEC is equal to the angle BAC, 
by u1. 21, and therefore equal to the angle BDC. 


Therefore an exterior angle of a triangle is equal to 
the interior and opposite angle: which 1s impossible, by 1. 16. 

Therefore Ø lies on the circle BAC. 

Similarly for any other triangle on the base BC and with vertical angle 
equal to A. Thus, ¿f any number of triangles be constructed on the same base 
and on the same side of it, with equal vertical angles, the vertices will all lie on 
the circumference of a segment of a circle. 

A useful theorem derivable from 1. 21 is given by Serenus (De sectione 
coni, Props. 52, 53). 

If ADB be any segment of a circle, and C be such a point on the 
circumference that AC is equal to. CZ, and if 


there be described with C as centre and radius F 
CA or CB the circle AHB, then, ADB being 
any other angle in the segment ACB, and BD 
being produced to meet the outer segment in 
£, the sum of AD, DB is equal to BE. E 

If BC be produced to meet the outer 
segment in 7, and FA be joined, 

CA, CB, CF are by hypothesis equal. 
Therefore the angle FAC is equal to the A B 


angle AFC. 
Also, by ut. 21, the angles C8, ADB are equal; 
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therefore their supplements, the angles ACF, ADE, are equal 
Further, by 11. 21, the angles AEB, AFB are equal. 
Hence in the triangles ACF, ADE two angles are respectively equal ; 
therefore the third angles EAD, FAC are equal. 
But the angle FAC is equal to the angle AFC, and therefore equal to the 
angle AED. 
_ Therefore the angles AED, EAD are equal, or the triangle DEA is 
isosceles, 
and AD is equal to DE. 
Adding BD to both, we see that 
BE is equal to the sum of AD and DB. 
Now, BF being a diameter of the circle of which the outer segment is 
a pari 
ES BF is greater than BE; 
therefore AC, CB are together greater than 4D, DB. 


And, generally, of all triangles on the same base and on the same side oS it 
which have equal vertical angles, the isosceles triangle is that which has the 
greatest. perimeter, and of. the others that has the lesser perimeter which is 
Jurther from being isosceles. 

The theorem of Serenus gives us the means of solving the following 
problem given in. Todhunter’s Euclid, p. 324. 

To find a point in the circumference of a given segment of a circle such that 
the straight lines which join the point to the extremities of the Straight line on 
which the segment stands may be together equal to a given straight line (the 
length of which is of course subject to limits). 

Let ACB in the above figure be the given segment. Find, by bisecting 
AB at right angles, a point C on it such that 4C is equal to CZ. 

Then with centre C and radius CA or CB describe the segment of a 
circle AHB on the same side of AB. 

Lastly, with 4 or Z as centre and radius equal to the given straight line 
describe a circle. ‘This circle will, if the given straight line be greater than 
AB and less than twice AC, meet the outer segment in two points, and if we 
join those points to the centre of the circle last drawn (whether 4 or B), the 
joining straight lines will cut the inner segment in points satisfying the given 
condition. If the given straight line be egua/ to twice AC, C is of course 
the required point. If the given straight line be greater than twice AC, there 
is no possible solution. 


PROPOSITION 22. 
The opposite angles of guadrilaterals in circles are egual 
to two right angles. 
Let ABCD be a circle, and let ABCD be a quadrilateral 
in it; 
I say that the opposite anglcs are equal to two right angles. 


Let AC, BD be joined. 
Then, since in any triangle the three angles are equal to 
two right angles, (1. 32] 
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the three angles CAB, ABC, BCA of the triangle 4 BC 
are equal to two right angles. 

But the angle CAB is equal to the 
angle BDC, for they are in the same A i 
segment BADC; [m. 21] 
and the angle ACB is equal to the angle 
ADB, for they are in the same segment 
ADCB,; © 
therefore the whole angle ADC is equal D 
to the angles BAC, ACB. 

Let the angle ABC be added to each ; 
therefore the angles 48C, BAC, ACB are equal to the 
angles ABC, ADC. 
But the angles ABC, BAC, ACB are equal to two right 
angles ; 
therefore the angles ABC, ADC are also equal to two right 
angles. 

Similarly we can prove that the angles BAD, DCB are 
also equal to two right angles. 

Therefore etc. 

Q. E. D. 

As Todhunter remarks, the converse of this proposition is true and very 
important : if two opposite angles of a quadrilateral be together equal to two 
right angles, a circle may be circumscribed about the quadrilateral, We can, by 
the method of ut. 9, or by tv. 5, circumscribe a circle about the triangle 


ABC; and we can then prove, by reductio ad absurdum, that the circle 
passes through the fourth angular point D. 


PROPOSITION 23. 
On the same straight line there cannot be constructed two 
similar and unequal segments of circles on the same side. 


For, if possibie, on the same straight line AB let two 
similar and unequal segments of circles 
ACB, ADB be constructed on the same 


side ; $ 
let ACD be drawn through, and let CZ, Z FN 


DB be joined. ^ B 


Then, since the segment ACB is 
similar to the segment ADB, 
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and similar segments of circles are those which admit equal 


angles, [rir Def. 11] 
the angle ACB is equal to the angle A DA, the exterior 
to the interior: which is impossible. (1. 16] 


Therefore etc. 
Q. E. D. 


I. cannot be constructed, ob ?varabsjcera,, the same phrase as in t. ys 


Clavius and the other early editors point out that, while the words “on 
the same side” in the enunciation are necessary for Euclid’s proof, it is 
equally true that neither can there be two similar and unequal segments on 
opposite sides of the same straight line; this is at once made clear by causing 
one of the segments to revolve round the base till it is on the same side with 
the other. 

Simson observes with reason that, while Euclid in the following proposition, 
Ul. 24, thinks it necessary to dispose of the hypothesis that, if two similar 
segments on equal bases are applied to one another with the bases coincident, 
the segments cannot cut in any other point than the extremities of the base 
(since otherwise two circles would cut one another in more points than two), 
this remark is an equally necessary preliminary to ttu. 23, in order that we 
may be justified in drawing the segments as being one inside the other. 
Simson accordingly begins his proof of 111. 23 thus: 

“ Then, because the circle 4CB cuts the circle ADB in the two points 
A, B, they cannot cut one another in any other point : 

One of the segments must therefore fall within the other. 

Let ACB fall within ADB and draw the straight line ACD, etc." 


Simson has also substituted “not coinciding with one another” for 
“unequal” in Euclid’s enunciation. 

Then iu 111. 24 Simson leaves out the words referring to the hypothesis 
that the segment AEB when applied to the other CAD may be “otherwise 
placed as CGD” ; in fact, after stating that 48 must coincide with CD, he 
merely adds words quoting the result of 111. 23: “ Therefore, the straight line 
AB coinciding with CD, the segment AEB must coincide with the segment 
CFD, and is therefore equal to it.” 


PROPOSITION 24. 


Similar segments of circles on equal straight lines are equal 
lo one another. 


For let AEB, CFD be similar segments of circles on 
equal straight lines 42, CD; 
5 I say that the segment AZZ is equal to the segment CFD. 


For, if the segment AEB be applied to CFD, and if the 
point A be placed on C and the straight line AZ on CD, 
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the point Z will also coincide with the point 2, because 
AB is equal to CD; 


10 and, AB coinciding with CD, 
the segment AZZ will also coincide with CFD. 


E F G 
A 8 c D 


For, if the straight line AZ coincide with CD but the 
segment A EB do not coincide with CFD, 


it will either fall within it, or outside it ; 


15 or it will fall awry, as CGD, and a circle cuts a circle at more 

points than two: which is impossible. (ur. 10] 

Therefore, if the straight line 47 be applied to C2, the 
segment AZZ will not fail to coincide with CFD also ; 


therefore it will coincide with it and will be equal to it. 


20 Therefore etc. 
Q. E. D. 
15. fall awry, wapad\dées, the same word as used in the like case int. 8. Tbe word 


implies that the applied figure will partly fall short of, and partly overlap, the figure to 
which it is applied. 


Compare the note on the last proposition. I have put a semicolon instead 
of the comma which the Greek text has after ‘outside it,” in order the better 
to indicate that the inference “and a circle cuts a circle in more points than 
two” only refers to the third hypothesis that the applied segment is “otherwise 
placed (wapadAafe) as CGD.” The first two hypotheses are disposed of by 
a tacit reference to the preceding proposition 11I. 23. 


PROPOSITION 25. 
Given a segment of a circle, to describe the complete circle 
of which it is a segment. 
Let ABC be the given segment of a circle ; 


thus it is required to describe the complete circle belonging 
to the segment ABC, that is, of which it is a segment. 


For let AC be bisected at D, let DB be drawn from the 
point D at right angles to AC, and let AZ be joined ; 
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the angle ABD is then greater than, equal to, or less 
than the angle BAD. 
First let it be greater ; 


and on the straight line BA, and at the point 4 on it, let 
the angle BAE be constructed equal to 
the angle ABD; let DB be drawn through A 


to Æ, and let ÆC be joined. 

Then, since the angle 44 ZZ is equal to / 
the angle BAE, B E 

the straight line Æ is also equal to \ 
EA. [1. 6) 

And, since AD is equal to DC, 
and DE is common, 

the two sides AD, DE are equal to the two sides CD, DE 
respectively ; 
and the angle A DE is equal to the angle CDE, for each is 
right ; 

therefore the base 4 Æ is equal to the base CZ. 
But AZ was proved equal to BE ; 
therefore BZ is also equal to CE ; 
therefore the three straight lines JZ, EB, EC are equal to 
one another. 

Therefore the circle drawn with centre E and distance 
one of the straight lines AZ, EB, EC will also pass through 
the remaining points and will have been completed. [mi 9] 

Therefore, given a segment of a circle, the complete circle 
has been described. 

And it is manifest that the segment ABC is less than a 
semicircle, because the centre E happens to be outside it. 

Similarly, even if. the angle ABD be equal to the angle 
BAD, 


AD being equal to each of the two BD, DC, P 
the three straight lines DA, DB, DC will 
be equal to one another, e D 
D will be the centre of the completed circle, 
c 


and ASC will clearly be a semicircle. 
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But, if the angle 4 BD be less than the angle BAD, 


and if we construct, on the straight line BA 
and at the point 4 on it, an angle equal to 


the angle ABD, the centre will fall on DB 7 
within the segment ABC, and the segment 

ABC will clearly be greater than a semi- ® 2 
circle. s 


Therefore, given a segment of a circle, 
the complete circle has been described. 
Q. E. F. 


1. to describe the complete circle, rpocavaypdyar rov KUxdov, literally ‘to describe 
the circle on fo tt.’ 


It will be remembered that Simson takes first the case in which the angles 
ABD, BAD are equal to one another, and then takes the other two cases 
together, telling us to “produce BD, if necessary.” This is a little shorter 
than Euclid’s procedure, though Euclid does not repeat the proof of the first 
case in giving the third, but only refers to it as equally applicable. 

Campanus, Peletarius and others give the solution of this problem in 
which we take two chords not parallel and bisect each at right angles by 
straight lines, which must meet in the centre, since each contains the centre 
and they only intersect in one point. Clavius, Billingsley, Barrow and others 
give the rather simpler solution in which the two chords have one extremity 
common (cf. Euclid’s proofs of 111. 9, to). This method De Morgan favours, 
and (as noted on 11. 1 above) would make 111. 1, this proposition, and 
Iv. § all corollaries of the theorem that "the line which bisects a chord 
perpendicularly must contain the centre.” Mr H. M. Taylor practically 
adopts this order and method, though he finds the centre of a circle by 
means of any two non-parallel chords ; but he finds ¢he centre of the circle of 
which a given arc is a part (his proposition corresponding to 11. 25) by 
bisecting at right angles first the base and then the chord joining one extremity 
of the base to the point in which the line bisecting the base at right angles 
meets the circumference of the segment. Under De Morgan’s alternative the 
relation between Euclid 1. 1 and the Porism to it would be reversed, and 
Euclid’s notion of a Porism or corollary would have to be considerably 
extended. 

If the problem is solved after the manner of 1v. s, it is still desirable to 
state, as Euclid does, after proving 4E, EZ, EC to be all equal, that "the 
circle drawn with centre E and distance one of the straight lines AZ, EB, 
EC will also pass through the remaining points of the segment” (m. 9], in 
order to show that part of the circle described actually coincides with the 
given segment. This is not so clear if the centre is determined as the 
intersection of the straight lines bisecting at right angles chords which join 
pairs of four different points. 


PROPOSITION 26. 


In equal circles equal angles stand on equal circumferences, 
whether they stand at the centres or at the circumferences. 
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Let ABC, DEF be equal circles, and in them let there 
be equal angles, namely at the centres the angles BGC, 
EHF, and at the circumferences the angles BAC, EDF; 


I say that the circumference BAC is equal to the circum- 
ference ELF. 





For let BC, EF be joined. 
Now, since the circles ABC, DEF are equal, 


the radii are equal. 


Thus the two straight lines BG, GC are equal to the 
two straight lines E77, HF; 
and the angle at G is equal to the angle at 77; 
therefore the base BC is equal to the base £F. (i. 4] 
And, since the angle at A is equal to the angle at D, 
the segment BAC is similar to the segment EDF; 
(ur. Def. 11] 
and they are upon equal straight lines. 
But similar segments of circles on equal straight lines are 
equal to one another ; (ut. 24] 
therefore the segment BAC is equal to EDF. 
But the whole circle ABC is also equal to the whole circle 
DEF; 
therefore the circumference BAC which remains is equal to 
the circumference ELF. 


Therefore etc. Q. E. D. 


As in ut. 21, if Euclid’s proof is to cover all cases, it requires us to take 
cognisance of “angles at the centre” which are equal to or greater than two 
‘right angles. Otherwise we must deal separately with the cases where the 
angle at the circumference is equal to or greater than a right angle. The 
case of an obtuse angle at the circumference can of course be reduced by 
means of 111. 22 to the case of an acute angle at the circumference ; and, in 
case the angle at the circumference is right, it is readily proved, by drawing 
the radii to the vertex of the angle and to the other extremities of the lines 
containing it, that the latter two radii are in a straight line, whence they make 
equal bases in the two circles as in Euclid’s proof. 
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Lardner has another way of dealing with the right angle or obtuse angle 
at the circumference. In either case, he says, “bisect them, and the halves 
of them are equal, and it can be proved, as above, that the arcs upon which 
these halves stand are equal, whence it follows that the arcs on which the 
given angles stand are equal.” 


PROPOSITION 27. 


In egual circles angles standing on egual circumferences 
are egual to one another, whether they stand at the centres or 
at the circumferences. 


For in equal circles ABC, DEF, on equal circumferences 
BC, EF, let the angles BGC, EHF stand at the centres G, 
H, and the angles BAC, EDF at the circumferences ; 


I say that the angle BGC is equal to the angle EF, 
and the angle BAC is equal to the angle EDF. 





For, if the angle BGC is unequal to the angle EHF, 
one of them is greater. 


Let the angle BGC be greater: and on the straight line BG, 
and at the point G on it, let the angle BG be constructed 


equal to the angle FHF. [i. 23] 
Now equal angles stand on equal circumferences, when 
they are at the centres ; (11. 26] 


therefore the circumference BX is equal to the circum- 
ference EF. 


But EF is equal to BC; 


therefore BK is also equal to BC, the less to the 
greater: which is impossible. 


Therefore the angle BGC is not unequal to the angle 
EHF, 
therefore it is equal to it, 
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And the angie at A is half of the angle BGC, 
and the angle at D half of the angle EHE; liu. 20) 
therefore the angle at 4 is also equal to the angle at D. 
Therefore etc. 
Q. E. D. 


This proposition is the converse of the preceding one, and the remarks 
about the method of treating the different cases apply here also. 


PROPOSITION 28. 


In egual circles egual straight lines cul of egual circum- 
Jerences, the greater equal to the greater and the less lo the 
less. 


Let ABC, DEF be equal circles, and in the circles let 
AB, DE be equal straight lines cutting off ACB, DFE as 
greater circumferences and 4GB, DHE as lesser ; 

I say that the greater circumference 4CB is equal to the 


greater circumference D/E, and the less circumference AGB 
to DHE. 


> 
o 

o 
m 


G 


For let the centres X, Z of the circles be taken, and let 
AK, KB, DL, LE be joined. 
Now, since the circles are equal, 
the radii are also equal ; 
therefore the two sides 44K, K7 are equal to the two 
sides DL, LE ; 
and the base 747 is equal to the base DE ; 
therefore the angle AXB is equal to the angle DLE. 


[1. 8] 
But equal angles stand on equal circumferences, when 
they are at the centres ; (ni. 26] 


therefore the circumference AGB is equal to DHE. 
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And the whole circle 48C is also equal to the whole 
circle DEF; 
therefore the circumference ACB which remains is also equal 
to the circumference DFE which remains. 


Therefore etc. 
Q. E. D. 


Euclid’s proof does not in terms cover the particular case in which the 
chord in one circle passes through its centre; but indeed this was scarcely 
worth giving, as the proof can easily be supplied. Since the chord in one 
circle passes through its centre, the chord in the second circle must also be a 
diameter of that circle, for equal circles are those which have equal diameters, 
and all other chords in any circle are less than its diameter (111. 15]; hence 
the segments cut off in each circle are semicircles, and these must be equal 
because the circles are equal. 


PROPOSITION 29. 


In equal circles equal circumferences are subtended by equal 
straight lines. 


Let ABC, DEF be equal circles, and in them let equal 
circumferences BGC, EHF be cut off; and let the straight 
lines BC, EF be joined ; 

I say that BC is equal to EF. 


For let the centres of the circles be taken, and let them 
be X, L; let BK, KC, EL, LFE be joined. 

Now, since the circumference BGC is equal to the 
circumference EHF, 


the angle Z KC is also equal to the angle E LF. [u. 27] 
And, since the circles 44 BC, DEF are equal, 
the radii are also equal ; 
therefore the two sides BX, KC are equal to the two sides 
EL, LF, and they contain equal angles ; 
therefore the base JC is equal to the base EF. [1. 4] 


Therefore etc. 
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The particular case of this converse of 111. 28 in which the given arcs are 
arcs of semicircles is even easier than the corresponding case of 11. 28 itself. 

The propositions 111. 26—29 are of course equally true if the same circle 
is taken instead of ‘wo equal circles. 


PROPOSITION 30. 


To bisect a given circumference. 
Let ADB be the given circumference ; 


thus it is required to bisect the circumference ADB. 
Let AB be joined and bisected at 


C ; from the point C let CD be drawn D 
at right angles to the straight line 4B, P d sss 
and let 44D, DB be joined. 

Then, since AC is equal to CZ, A C B 


and C2 is common, 
the two sides AC, CD are equal to the two sides BC, CD; 
E the angle ACD is equal to the angle BCD, for each is 
right ; 
therefore the base AD is equal to the base DB.  [r. 4] 
But equal straight lines cut off equal circumferences, the 
greater equal to the greater, and the less to the less; [u. 28] 


and each of the circumferences 4D, DB is less than a 
semicircle ; 


therefore the circumference 4D is equal to the circum- 
ference DB. 


Therefore the given circumference has been bisected at 
the point D. 
Q. E. F. 


PROPOSITION 31. 


In a circle the angle in the semicircle is right, thal in a 
greater segment less than a right angle, and that in a less 
segment greater than a right angle; and further the angle of 
the greater segment is greater than a right angle, and the angle 
of the less segment less than a right angle. 
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Let ABCD be a circle, let BC be its diameter, and Z its 
centre, and let BA, AC, AD, DC 
be joined ; 
I say that the angle BAC in the D 
semicircle BAC is right, F 
the angle 4 BC in the segment 4 BC 
greater than the semicircle is less 
than a right angle, 
and the angle ADC in the segment 
ADC less than the semicircle is d 
greater than a right angle. 

Let AZ be joined, and let BA 
be carried through to F. 

Then, since BE is equal to EA, 

the angle A BE is also equal to the angle BAL. ['. 5] 

Again, since CZ is equal to E A, 

the angle ACZ is also equal to the angle CAE. [. 5] 

Therefore the whole angle BAC is equal to the two angles 
ABC, ACB. 

But the angle FAC exterior to the triangle ABC is also 


equal to the two angles ABC, ACB; (1. 32] 
therefore the angle BAC is also equal to the angle FAC; 
therefore each is right ; [r. Def. 10] 


therefore the angle BAC in the semicircle BAC is right. 


Next, since in the triangle ABC the two angles ABC, 
BAC are less than two right angles, (. 17) 
and the angle BAC is a right angle, 

the angle 74 BC is less than a right angle ; 
and it is the angle in the segment AAC greater than the 
semicircle. 

Next, since ABCD isa quadrilateral in a circle, 
and the opposite angles of quadrilaterals in circles are equal 
to two right angles, (1. 2a] 
while the angle ABC is less than a right angle, 
therefore the angle ADC which remains is greater than a 
right angle ; 
and it is the angle in the segment ADC less than the semi- 
circle. 
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I say further that the angle of the greater segment, namely 
that contained by the circumference ABC and the straight 
line AC, is greater than a right angle ; 
and the angle of the less segment, namely that contained by 
the circumference 4DC and the straight line AC, is less than 
a right angle. 

This is at once manifest. 

For, since the angle contained by the straight lines BA, AC 
is right, 

the angle contained by the circumference ABC and the 
straight line AC is greater than a right angle. 


Again, since the angle contained by the straight lines 
AC, AF is right, 

the angle contained by the straight line CA and the 
circumference ADC is less than a right angle. 


Therefore etc. Q. E. D. 


As already stated, this proposition is immediately deducible from 11. 20 if 
that theorem is extended so as to include the case where the segment is equal 
to or less than a semicircle, and where consequently the “ angle at the centre” 
is equal to two right angles or greater than two right angles respectively. 

There are indications in Aristotle that the proof of the first part of the 
theorem in use before Euclid’s time proceeded on different lines. Two 
passages of Aristotle refer to the proposition that the angle in a semicircle 
Is a right angle. The first passage is Anal. Post. 1. 11, 94 a 28: “Why is 
the angle in a semicircle a right angle? Or what makes it a right angle? 
(rivos óvros 0p65;) Suppose A to be a right angle, B half of two right 
angles, C the angle in a semicircle. Then 7 is the cause of 4, the right 
angle, being an attribute of C, the angle in the semicircle. For B is equal to 
A, and C to B; for C is half of two right angles. Therefore it is in virtue of 
B being half of two right angles that Æ is an attribute of C ; and the latter 
means the fact that the angle in a semicircle is right.” Now this passage 
by itself would be consistent with a proof like Euclid's or the alternative 
interpolated proof next to be mentioned. But the second passage throws a 
different light on the subject. This is Metaph. 1051 a 26: "Why is the angle 
in a semicircle a right angle invariably (xaĝoñov)? Because, if there be three 
straight lines, two forming the base, and the third set up at right angles at its 
middle point, the fact is obvious by simple inspection to any one who knows 
the property referred to" (éxetvo is the property that the angles of a triangle 
are together equal to two right angles, mentioned two 
lines before). That is to say, the angle af the middle 
point of the circumference of the semicircle was taken 
and proved, by means of the two isosceles right-angled 
triangles, to be the sum of two angles each equal to k 
one-fourth of the sum of the angles of the large triangle 
in the figure, or of two right angles; and the proof 
must have been completed by means of the theorem of nı, 21r (that angles 
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in the same segment are equal), which Euclid’s more general proof does 
not need. 

In the Greek texts before that of August there is an alternative proof 
that the angle BAC (in a semicircle) is nght. August and Heiberg relegate 
it to an Appendix. 

“Since the angle AEC is double of the angle BAE (for it is equal to the 
two interior and opposite angles), while the angle AZB is also double of the 
angle ZAC, 

the angles AEB, AEC are double of the angle BAC. 

But the angles AEB, AEC are equal to two right angles ; 

therefore the angle BAC is right.” 


Lardner gives a slightly different proof of the second part of the theorem. 
If ABC be a segment greater than a semicircle, 

draw the diameter AD, and join CD, CA. 
Then, in the triangle ACD, the angle ACD is right 

(being the angle in a semicircle) ; 


therefore the angle ADC is acute. 


But the angle ADC is equal to the angle ABC in 
the same segment ; 
therefore the angle ABC is acute. 


Euclid’s references in this proposition to the angle of a segment greater 
or less than a semicircle respectively seem, like the part of 11. 16 relating to 
the angle of a semicircle, to be a survival of ancient controversies and not to 
be put in deliberately as being an essential part of elementary geometry. Cf. 
the notes on 111. Def. 7 and m1. 16. 

The corollary ordinarily attached to this proposition is omitted by Heiberg 
as an interpolation of date later than Theon. It is to this effect: “ From 
this it is manifest that, if one angle of a triangle be equal to the other two, 
the first angle is right because the exterior angle to it is also equal to the 
same angles, and if the adjacent angles be equal, they are right." No doubt 
the corollary is rightly suspected, because there is no necessity for it here, and 
the words dep de. Seigac come before it, not after it, as is usual with Euclid. 
But, on the other hand, as the fact stated does appear in the proof of mt. 31, 
the Porism would be a Porism after the usual type, and I do not quite follow 
Heiberg’s argument that, “if Euclid had wished to add it, he ought to have 
placed it after 1. 32.” 

It has already been mentioned above (p. 44) that this proposition supplies 
us with an alternative construction for the problem in iri. 17 of drawing the 
two tangents to a circle from an external point. 

Two theorems of some historical interest which follow directly from 11. 31 
may be mentioned. 


The first is a lemma of Pappus on “ the B 
24th problem" of the second Book of Apol- 
lonius’ lost treatise on vevoas (Pappus vu. REN 
p. 812) and is to this effect. If a circle, as — 
DEF, pass through 2, the centre of a circle f/ ^w 
ABC, and if through Æ, the other point in | 
which the line of centres meets the circle 4 D c F 


DEF, any straight line be drawn (and produced 
if necessary) meeting the circle DEF in Æ and the circle ABC in B, G, 
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then Æ is the middle point of BG. For, if DE be joined, the angle DEF 
(in a semicircle) is a right angle [11. 31]; and DE, being at right angles to 
the chord BG of the circle ABC, also bisects it [ru. 3]. 

The second is a proposition in the Liber Assumptorum, attributed (no 
doubt erroneously as regards much of it) to Archimedes, which has reached 
us through the Arabic (Archimedes, ed. Heiberg, 11. pp. 520—521). 

Jf two chords AB, CD tn a circle intersect at right angles in a point O, 
then the sum of the squares on AO, BO, CO, DO is equal to the square on the 
diameter. 

For draw the diameter CZ, and join AC, CB, AD, BE. 





Then the angle CAO is equal to the angle CEB. (This follows, in the 
first figure, from 11. 21 and, in the second, from 1. 13 and m1. 22.) Also the 
angle COA, being right, is equal to the angle CBE which, being the angle in a 
semicircle, is also right (111. 31]. 

Therefore the triangles AOC, EBC have two angles equal respectively ; 
whence the third angles 4CO, ECB are equal. (In the second figure the 
angle ACO is, by t. 13 and 111. 22, equal to the angle 42, and therefore 
the angles ABD, ECB are equal.) 

Therefore, in both figures, the arcs 4D, BE, and consequently the chords 
AD, BE subtended by them, are equal. ul. 26, 29] 

Now the squares on 40, DO are equal to the square on 4D (1. 47), that 
is, to the square on BE. 

And the squares on CO, BO are equal to the square on BC. 

Therefore, by addition, the squares on AO, BO, CO, DO are equal to the 
squares on EB, BC, i.e. to the square on C£. (t. 47] 


PROPOSITION 32. 


If a straight line touch a. circle, and from the point of 
contact there be drawn across, in the circle, a straight line 
cutting the circle, the angles which it makes with the tangent 
will be equal to the angles in the alternate segments of the 
circle. 

For let a straight line EF touch the circle ABCD at 
the point Z, and from the point Z let there be drawn across, 
in the circle ABCD, a straight line BD cutting it; 

I say that the angles which BD makes with the tangent EF 
will be equal to the angles in the alternate segments of the 
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circle, that is, that the angle FBD is equal to the angle 
constructed in the segment BAD, and the angle EBD is 
equal to the angle constructed in the 
segment DCB. 
For let BA be drawn from Z at 
right angles to £F, 
let a point C be taken at random on 
the circumference BD, 
and let AD, DC, CB be joined. 
Then, since a straight line EF 
touches the circle ABCD at B, 
and BA has been drawn from the point 
of contact at right angles to the tangent, 
the centre of the circle ABCD is on BA. (ur. 19] 
Therefore BA is a diameter of the circle ABCD; 
therefore the angle ADB, being an angle in a semicircle, 





is right. lui. 31] 
Therefore the remaining angles BAD, ABD are equal to 
one right angle. [t. 32] 


But the angle ABF is also right ; 
therefore the angle 44 BF is equal to the angles BAD, ABD. 
Let the angle 4 BD be subtracted from each ; 
therefore the angle DBF which remains is equal to the angle 
BAD in the alternate segment of the circle. 
Next, since A BCD is a quadrilateral in a circle, 
its opposite angles are equal to two right angles. [ur. 22] 
But the angles DBF, DBE are also equal to two right 
angles ; 
therefore the angles DBF, DBE are equal to the angles 
BAD, BCD, 
of which the angle BAD was proved equal to the angle 
DBF; 
therefore the angle DBE which remains is equal to the 
angle DCB in the alternate segment DCB of the circle. 
Therefore etc. Q. E. D. 


The converse of this theorem is true, namely that, Jf a straight line 
drawn through one extremity of a chord of a circle make with that chord 
angles equal respectively to the angles in the alternate segments of the circle, 
the straight line so drawn touches the circle. 
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This can, as Camerer and Todhunter remark, be proved indirectly ; or we 
may prove it, with Clavius, directly. Let BD be the given chord, and let EF 
be drawn through JZ so that it makes with BD angles equal to the angles in 
the alternate segments of the circle respectively. 

Let BA be the diameter through J, and let C be any point on the 
circumference of the segment DCB which does not contain A. Join AD, 
DC, CB. 

Then, since, by hypothesis, the angle FBD is equal to the angle BAD, 
let the angle ABD be added to both; 

therefore the angle ABF is equal to the angles ABD, BAD. 

But the angle BDA, being the angle in a semicircle, is a right angle ; 

therefore the remaining angles ABD, AAD in the triangle ABD are 
equal to a right angle. 


Therefore the angle ABF is right; 
hence, since BA is the diameter through 2, 
EF touches the circle at B. (itt. 16, Por.] 


Pappus assumes in one place (iv. p. 196) the consequence of this 
proposition that, Zf two circles touch, any straight line drawn through the point 
of contact and terminated by both circles cuts off segments in cach which are 
respectively similar. Pappus also shows how to prove this (vir. p. 826) by 
drawing the common tangent at the point of contact and using this proposition, 
n. 32. 


PROPOSITION 33. 


On a given straight line to describe a. segment of a circle 
admitting an angle equal to a given rectilineal angle. 

Let AB be tne given straight line, and the angle at C the 
given rectilineal angle ; 
thus it is required to describe á x 


on the given straight line 
AB a segment of a circle ad- 


mitting an angle equal to the 
angle at C. — 


The angle at C is then B 
acute, or right, or obtuse. 
First let it be acute, 


and, as in the first figure, on 
the straight line AB, and at the point 4, let the angle BAD 
be constructed equal to the angle at C ; 
therefore the angle BAD is also acute. 
Let AZ be drawn at right angles to DA, let AB be 
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bisected at F, let FG be drawn from the point F at right 
angles to AB, and let GB be joined. 


Then, since AF is equal to FB, 
and FG is common, 
the two sides 4/, FG are equal to the two sides BF, FG; 
and the angle AFG is equal to the angle BFG; 
therefore the base AG is equal to the base BG. (1. 4) 


Therefore the circle described with centre G and distance 
GA will pass through Z also. 

Let it be drawn, and let it be ABE; 
let EZ be joined. 

Now, since AD is drawn from A, the extremity of the 
diameter AE, at right angles to AZ, 

therefore AD touches the circle ABE. [ut. 16, Por.] 

Since then a straight line AD touches the circle ABE, 


and from the point of contact at A a straight line AB is 
drawn across in the circle 4E, 
the angle DAZ is equal to the angle AZZ in the alternate 
segment of the circle. (in. 32] 
But the angle DAZ is equal to the angle at C; 
therefore the angle at C is also equal to the angle AEB. 


Therefore on the given straight line AB the segment 
A EB of a circle has been described admitting the angle 4 £7 
equal to the given angle, the angle at C. 


Next let the angle at C be right ; 


— 


o A 


E 


and let it be again required to describe on AB a segment 
of a circle admitting an angle equal to the right angle at C. 

Let the angle BAD be constructed equal to the right 
angle at C, as is the case in the second figure ; 
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let AB be bisected at F, and with centre F and distance 
either FA or FB let the circle 44 EZ be described. 
Therefore the straight line 4D touches the circle ABEL, 
because the angle at A is right. (iui. 16, Por.] 
And the angle BAD is equal to the angle in the segment 
AEB, for the latter too is itself a right angle, being an 
angle in a semicircle. (ur. 31] 
But the angle BAD is also equal to the angle at C. 
Therefore the angle 44 £7 is also equal to the angle at C. 
Therefore again the segment AEB of a circle has been 
described on AZ admitting an angle equal to the angle at C. 


Next, let the angle at C be obtuse ; 


* 


c 


A D 
H 


E 
and on the straight line AB, and at the point 4, let the 
angle BAD be constructed equal to it, as is the case in the 
third figure ; 
let AE be drawn at right angles to AD, let AZ be again 
bisected at 7, let FG be drawn at right angles to 74, and 
let GB be joined. 
Then, since AF is again equal to FB, 
and FG is common, 
the two sides AF, FG are equal to the two sides BF, FG; 
and the angle AFG is equal to the angle BFC ; 
therefore the base AG is equal to the base BG. [t 4] 
Therefore the circle described with centre G and distance 
GA will pass through Z also ; let it so pass, as 4 EB. 
Now, since 4D is drawn at right angles to the diameter 
AE from its extremity, 
AD touches the circle AZZ. (ut. 16, Por.] 
And AB has been drawn across from the point of contact 
at 4; 
therefore the angle BAD is equal to the angle constructed 
in the alternate segment 74772 of the circle. [ur. 32] 
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But the angle BAD is equal to the angle at C. 

Therefore the angle in the segment 74777 is also equal to 
the angle at C. 

Therefore on the given straight line AZ the seginent 
AFB of a circle has been described admitting an angle equal 
to the angle at C. 

Q. E. F. 


Simson remarks truly that the first and third cases, those namely in which 
the given angle is acute and obtuse respectively, have exactly the same 
construction and demonstration, so that there is no advantage in repeating 
them. Accordingly he deals with the cases as one, merely drawing two 
different figures. It is also true, as Simson says, that the demonstration of 
the second case in which the given angle is a right angle “is done in a round- 
about way," whereas, as Clavius showed, the problem can be more easily 
solved by merely bisecting AB and describing a semicircle on it. A glance 
at Euclid’s figure and proof will however show a more curious fact, namely 
that he does not, in the proof of the second case, use the angle in the 
alternate segment, as he does in the other two cases. He might have done so 
after proving that 4D touches the circle; this would only have required his 
point Æ to be placed on the side of AB opposite to D. Instead of this, he 
uses riI. 31, and proves that the angle 4E is equal to the angle C, because 
the former is an angle tn a semicircle, and is therefore a right angle as C is. 

The difference of procedure is no doubt owing to the fact that he has not, 
in nit. 32, distinguished the case in which the cutting and touching straight 
lines are at right angles, i.e. in which the two alternate segments are semicircles. 
To prove this case would also have required tit. 31, so that nothing would 
have been gained by stating it separately in 111. 32 and then quoting the 
result as part of 111. 32, instead of referring directly to 11. 31. 

It is assumed in Euclid’s proof of the first and third cases that AE and 
FG will meet; but of course there is no difficulty in satisfying ourselves 
of this, 


PROPOSITION 34. 


From a given circle to cut off a segment admitting an angle 
equal to a given rectilineal angle. 


Let ABC be the given circle, and the angle at D the 
given rectilineal angle ; 
thus it is required to cut off from the circle ABC a segment 
admitting an angle equal to the given rectilineal angle, the 
angle at D. 

Let EF be drawn touching ABC at the point B, and on 
the straight line ZZ, and at the point Z on it, let the angle 
FBC be constructed equal to the angle at D. (t. 23] 

Then, since a straight line EF touches the circle ABC, 
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and BC has been drawn across from the point of contact 
at B, 


the angle FBC is equal to the angle constructed in the alternate 
segment BAC. lin. 32] 


c 


But the angle FBC is equal to the angle at D ; 


therefore the angle in the segment BAC is equal to the 
angle at D. 

Therefore from the given circle ABC the segment BAC. 
has been cut off admitting an angle equal to the given recti- 
lineal angle, the angle at D. 

Q. E. F. 
An alternative construction here would be to make an “angle at the 


centre” (in the extended sense, if necessary) double of the given angle ; and, 
if the given angle is right, it is only necessary to draw a diameter of the circle. 


PROPOSITION 35. 


If in a circle two straight lines cut one another, the 
rectangle contained by the segments of the one ts equal to the 
rectangle contained by the segments of the other. 


For in the circle ABCD let the two straight lines AC, 
BD cut one another at the point Z ; 


I say that the rectangle contained by AZ, 
EC is equal to the rectangle contained by 4 
DE, EB. 

If now AC, BD are through the centre, 
so that Æ is the centre of the circle ABCD, 
it is manifest that, AE, EC, DE, EB 
being equal, 
the rectangle contained by AZ, EC is also equal to the 
rectangle contained by DE, EB. 
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Next let AC, DB not be through the centre ; 
let the centre of ABCD be taken, and 
let it be F; 
from F let FG, FH be drawn perpen- 


dicular to the straight lines 4C, DB, ^ P 
and let FB, FC, FE be joined. 
Then, since a straight line GF 
through the centre cuts a straight line 
AC not through the centre at right 
angles, BC 


it also bisects it; [ur. 3] 
therefore AG is equal to GC. 

Since, then, the straight line AC has been cut into equal 
parts at G and into unequal parts at Æ, 
the rectangle contained by AZ, EC together with the square 
on EG is equal to the square on GC; (n. 5] 

Let the square on GF be added ; 
therefore the rectangle AZ, EC together with the squares 
on GE, GF is equal to the squares on CG, GF. 

But the square on FEZ is equal to the squares on EG, GF, 
and the square on FC is equal to the squares on CG, GF; 

[t 47] 

therefore the rectangle AZ, EC together with the square 
on FE is equal to the square on FC. 

And FC is equal to FB; 
therefore the rectangle AE, ÆC together with the square on 
EF is equal to the square on FB. 

For the same reason, also, 
the rectangle DE, ZB together with the square on FE is 
equal to the square on FA. 

But the rectangle AZ, EC together with the square on 
FE was also proved equal to the square on FB; 
therefore the rectangle AZ, ÆC together with the square on 
FE is equal to the rectangle DE, EB together with the 
square on FE. 

Let the square on FE be subtracted from each ; 
therefore the rectangle contained by AE, EC which remains 
is equal to the rectangle contained by DE, EB. 

Therefore etc. 
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In addition to the two cases in Euclid's text, Simson (following Campanus) 
gives two intermediate cases, namely (1) that in which one chord passes through 
the centre and bisects the other which does not pass through the centre at right 
angles, and (2) that in which one passes through the centre and cuts the other 
which does not pass through the centre but not at right angles. Simson then 
reduces Euclid’s second case, the most general one, to the second of the two 
intermediate cases by drawing the diameter through Æ. His note is as 
follows: “As the 25th and 33rd propositions are divided into more cases, 
so this 35th is divided into fewer cases than are necessary. Nor can it be 
supposed that Euclid omitted them because they are easy ; as he has given 
the case which by far is the easiest of them all, viz. that in which both the 
straight lines pass through the centre: And in the following proposition he 
separately demonstrates the case in which the straight line passes through the 
centre, and that in which it does not pass through the centre: So that it 
seems Theon, or some other, has thought them too long to insert: But cases 
that require different demonstrations should not be left out in the Elements, 
as was before taken notice of: These cases are in the translation from the 
Arabic and are now put into the text." Notwithstanding the ingenuity of the 
argument based on the separate mention by Euclid of the simplest case of 
all, I think the conclusion that Euclid himself gave four cases is unsafe ; in 
fact, in giving the simplest and most difficult cases only, he seems to be 
following quite consistently his habit of avoiding foo great multiplicity of cases, 
while not ignoring their existence. 

The deduction from the next proposition (111. 36) which Simson, following 
Clavius and others, gives as a corollary to it, namely that, Zf from any point 
without a circle there be drawn two straight lines cutting it, the rectangles 
contained by the whole lines and the parts of them without the circle are equal to 
one another, can of course be combined with 111. 35 in one enunciation. 

As remarked by Todhunter, a large portion of the proofs of 11. 35, 36 
amounts to proving the proposition, // any point be taken on the base, or the 
base produced, of an isosceles triangle, the rectangle contained by the segments of 
the base (i.e. the respective distances of the ends of the base from the point) is 
equal to the difference between the square on the straight line joining the point to 
the vertex and the square on one of the equal sides of the triangle, This is of 
course an immediate consequence of 1. 47 combined with 1t. 5 or 11. 6. 

The converse of 111. 35 and Simson's corollary to 111. 36 may be stated 
thus. Jf two straight lines AB, CD, produced if necessary, intersect al O, and if 
the rectangle AO, OB be equal to the rectangle CO, OD, the circumference of a 
circle will pass through the four points A, B,C, D. The proof is indirect. 
We describe a circle through three of the points, as 4, B, C (by the method 
used in Euclid’s proofs of 111. 9, 10), and then we prove, by the aid of 111. 35 
and the corollary to 111. 36, that the circle cannot but pass through Ø also. 


PROPOSITION 36. 


Lf a point be taken outside a circle and from tt there fall 
on the circle two straight lines, and if one of them cut the 
circle and the other touch it, the rectangle contained by the 
whole of the straight line which cuts the circle and the straight 
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line intercepled on it outside between the point and the convex 
circumference will be equal to the square on the tangent. 


For let a point D be taken outside the circle ABC, 
and from Ø let the two straight lines DCA, 

DB fall on the circle ABC: let DCA cut A 
the circle ARC and let BD touch it; 

I say that the rectangle contained by 4D, 
DC ts equal to the square on DB. 

Then DCA is either through the centre 
or not through the centre. s 

First let it be through the centre, and ? 
let F be the centre of the circle ABC; 
let FZ be joined ; 

therefore the angle FBD is right. (uu. 18) 

And, since AC has been bisected at A, and CD is added 
to it, 
the rectangle AD, DC together with the square on FC is 
equal to the square on FD. [n 6] 

But FC is equal to FZ; 
therefore the rectangle 4D, DC together with the square on 
FB is equal to the square on FD. 

And the squares on FB, BD are equal to the square on 
FD; (t. 47] 
therefore the rectangle 4D, DC together with the square on 
FB is equal to the squares on FB, BD. 

Let the square on FB be subtracted from each ; 
therefore the rectangle AD, DC which remains is equal to 
the square on the tangent DZ. 

Again, let DCA not be through the centre of the circle 

C; 
let the centre E be taken, and from Æ 
let EF be drawn perpendicular to 4C; 
let EB, EC, ED be joined. 

Then the angle EZ is right. A 

(uur. 18] 

And, since a straight line EF 0 8 
through the centre cuts a straight line 
AC not through the centre at right angles, 

it also bisects it ; (1n. 3] 
therefore AF is equal to FC. 
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Now, since the straight line 4C has been bisected at the 
point F, and CD is added to it, 
the rectangle contained by AD, DC together with the square 
on FC is equal to the square on FD. [í. 6] 

Let the square on FE be added to each ; 
therefore the rectangle AD, DC together with the squares 
on CF, FE is equal to the squares on FD, FE. 

But the square on EC is equal to the squares on CF, FE, 
for the angle EFC is right ; [t. 47] 
and the square on ED is equal to the squares on DF, FE; 
therefore the rectangle 4D, DC together with the square on 
EC is equal to the square on ED. 


And EC is equal to EZ ; 


therefore the rectangle AD, DC together with the square on 
EB is equal to the square on ED. 


But the squares on ZB, BD are equal to the square on 
ED, for the angle EBD is right ; (1. 47] 


therefore the rectangle 4D, DC together with the square on 
EB is equal to the squares on EZ, BD. 


Let the square on EZ be subtracted from each ; 
therefore the rectangle 4D, DC which remains is equal to 
the square on DB. 


Therefore etc. Q. E. D. 


Cf. note on the preceding proposition. Observe that, whereas it would 
be natural with us to prove first that, if A is an external point, and two 
straight lines 4£EZ, AFC cut the circle in Æ, B and A C respectively, the 
rectangle BA, AE is equal to the rectangle CA, AF, and thence that, the 
tangent from A being a straight line like AEB tn its limiting position when 
E and B coincide, either rectangle is equal to the square on the tangent 
(cf. Mr H. M. Taylor, p. 253), Euclid and the Greek geometers generally did 
not allow themselves to infer the truth of a proposition in a //mifing case 
directly from the general case including it, but preferred a separate proof of 
the limiting case (cf. Apollonius of Perga, p. 4o, 339—140). This accounts for 
the form of 111. 36. 


PROPOSITION 37. 


If a point be taken outside a circle and from the point 
there fall on the circle two straight lines, if one of them cut 
the circle, and the other fall on tt, and tf further the rect- 
angle contained by the whole of the straight line which cuts 
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the circle and the straight line intercepted on it outside 
between the point and the convex circumference be equal to 
the square on the straight line which falls on the circle, the 
straight line which falls on it will touch the circle. 


For let a point D be taken outside the circle ABC; 
from D let the two straight lines 
DCA, DB fall on the circle ACB; 
let DCA cut the circle and DB 
fall on it; and let the rectangle AD, 
DC be equal to the square on DB. F 


I say that DB touches the circle 
C. 


D E 


B A 


For let DE be drawn touching 
A BC ; let the centre of the circle ABC be taken, and let it 
be F; let FE, FB, FD be joined. 
Thus the angle FED is right. [ur 18) 
Now, since DE touches the circle ABC, and DCA cuts it, 
the rectangle 4D, DC is equal to the square on DE. [1m. 36] 
But the rectangle 4D, DC was also equal to the square 
on DB; 
therefore the square on DE is equal to the square on DB; 
therefore DE is equal to DB. 
And FE is equal to FB; 
therefore the two sides DE, EF are equal to the two sides 
DB, BF; 
and F2 is the common base of the triangles ; 
therefore the angle DEF is equal to the angle DAF. 


L8 
But the angle DEF is right ; ud 
therefore the angle DBF is also right. 
And FB produced is a diameter ; 
and the straight line drawn at right angles to the diameter 
of a circle, from its extremity, touches the circle; [1. 16, Por.] 
therefore DB touches the circle. 
Similarly this can be proved to be the case even if the 
centre be on AC. 
Therefore etc. Q. E. D. 


De Morgan observes that there is here the same defect as in 1. 48, i.e. an 
apparent avoidance of indirect demonstration by drawing the tangent DE on 
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the opposite side of DF from DB. The case is similar to the apparently 
direct proof which Campanus gave. He drew the straight line from D 
passing through the centre, and then (without drawing a second tangent) 
proved by the aid of 1. 6 that the square on DF is equal to the sum of the 
squares on DB, BF; whence (by 1. 48) the angle DAF is a right angle. 
But this proof uses 1. 48, the very proposition to which De Morgan’s original 
remark relates. 

The undisguised indirect proof is easy. If DB does not touch the circle, 
it must cut it if produced, and it follows that the square on DB must be 
equal to the rectangle contained by DZ and a longer line: which is absurd. 


BOOK IV. 


DEFINITIONS. 


1. A rectilineal figure is said to be inscribed in a 
rectilineal figure when the respective angles of the 
inscribed figure lie on the respective sides of that in which 
it is inscribed. 


2. Similarly a figure is said to be circumscribed about 
a figure when the respective sides of the circumscribed 
figure pass through the respective angles of that about which 
it is circumscribed. 


3. A rectilineal figure is said to be inscribed in a 
circle when each angle of the inscribed figure lies on the 
circumference of the circle. 


4. A rectilineal figure is said to be circumscribed 
about a circle, when each side of the circumscribed figure 
touches the circumference of the circle. 


5. Similarly a circle is said to be inscribed in a figure 
when the circumference of the circle touches each side of the 
figure in which it is inscribed. 


6. A circle is said to be circumscribed about a figure 
when the circumference of the circle passes through each 
angle of the figure about which it is circumscribed. 


7. A straight line is said to be fitted into a circle when 
its extremities are on the circumference of the circle. 


DEFINITIONS 1—7. 
I append, as usual, the Greek text of the definitions. 


1. Zx9jua eÓ/ypauuov eis oyma eùbúóypappov yypápeoðaı Aeyeras, drav 
ixagrq Tv rov éyypaóonévov oyrgaros yovidv éxagryns mÀ«vpüs ToU, «is 3 
éyypd$«era,, drryra. 
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2. Ipa Sé dpotws wepi oxnpa weprypagecBar Adyerat, Srav éxagry wAcupa 
TOU weptypadpopévou éxdaTys ywrias Tui, mepi è meptypaperat, drqras. 


3. Xx)ua eÜvypaupoy els kixXov éyypád«aÜat Aéyerat, Stav éxdury ywria 
ToU éyypa$ouévov dmryra, tHs Tov KVKAOU mepicepeías. 


4. Zyma ài eiÜvypaupov mepi kixAoy. meprypád«aÜac Aéyerai, órav. éxaary 
mÀ«vpà roV mepcypadonévov é$ámryrac rijs TOU KUKAOU mepipepecas. 


5. Kurdos M «is oxñpa ópoiws éyypdperOar Aéyerar, Srav rj Tov KUKhov 
mepipepaa éxdoryns mÀevpás ToU, «is à. éyypddera, árryrac. 


6. Kuxdos 8¢ wept oxjpa meprypaper Gar Adyerar, Sray xj ToD KUKAOU meptóépeia 
éxdorys ywvias tov, mepi ô weptypaderat, drryrat. 


7. EiÓ«a eis xixdov évappolecbat A€yerat, Srav ra mépara abríjs émi THs 
wepipepeias J TOU KvKAov, 


In the first two definitions an English translation, if it is to be clear, must 
depart slightly from the exact words used in the Greek, where ‘each side” of 
one figure is said to pass through “each angle” of another, or ‘each angle” 
(i.e. angular point) of one lies on “each side” of another (éxdorn mAcupd, 
ixdorn ywvia). 

It is also necessary, in the five definitions 1, 2, 3, 5 and 6, to translate 
the same Greek word drrzra« in three different ways. It was observed on 
ut. Def. 2 that the usual meaning of dzr«cÜac in Euclid is to meet, in contra- 
distinction to é$árr«sÉa, which means to /ow. — Exceptionally, as in Def. 5, 
ámr«cÓa. has the meaning of fouch. But two new meanings 9f the word appear, 
the first being to Zie on, as in Deff. 1 and 3, the second to pass through, as in 
Deff. 2 and 6; “each angle” lies on (azrera) a side or on a circle, and 
“each side,” or a circle, passes through (dmrerac) an angle or ‘each angle.” 
The first meaning of /ying on is exemplified in the phrase of Pappus dyera: rà 
c queov Ücaec BeBouérns edOeias, “will lie on a straight line given in position”; 
the meaning of passing through seems to be much rarer (I have not seen it in 
Archimedes or Pappus), but, as pointed out on 111. Def. 2, Aristotle uses the 
compound ¢¢amrecGa in this sense. 

Simson proposed to read é¢dmrqra in the case (Def. 5) where dmryrai 
means fouches. He made the like suggestion as regards the Greek text of 111. 
11, 12, 13, 18, 19; in the first four of these cases there seems to be Ms. 
authority for the compound verb, and in the fifth Heiberg adopts Simson's 
correction. 


BOOK IV. PROPOSITIONS 


PROPOSITION 1. 


Into a given circle to fit a straight line equal to a given 
straight line which is not greater than the diameter of the 
circle. 


Let ABC be the given circle, and D the given straight 
line not greater than the diameter 
of the circle ; D 





thus it is required to fit into the 
circle ABC a straight line equal 
to the straight line D. B 


Let a diameter BC of the 
circle ABC be drawn. 
Then, if BC is equal to D, f 
that which was enjoined will have 
been done; for BC has been fitted into the circle ABC equal 
to the straight line D. 


But, if BC is greater than D, 


let CE be made equal to D, and with centre C and distance 
CE let the circle LAF be described ; 


let CA be joined. 
Then, since the point C is the centre of the circle FEAF, 
CA is equal to C£. 
But CZ is equal to D ; 
therefore D is also equal to CA. 


Therefore into the given circle 4 BC there has been fitted 
CA equal to the given straight line D. 
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Of this problem as it stands there are of course an infinite number of 
solutions ; and, if a particular point be chosen as one extremity of the chord 
to be "fitted in," there are two solutions. More difficult cases of “fitting 
into" a circle a chord of given length are arrived at by adding some further 
condition, e.g. (1) that the chord is to be parallel to a given straight line, or 
(2) that the chord, produced if necessary, shall pass through a given point. 
The former problem is solved by Pappus (111. p. 132); instead of drawing the 
chord as a tangent to a circle concentric with the given circle and having as 
radius a straight line the square on which is equal to the difference between 
the squares on the radius of the given circle and on half the given length, he 
merely draws the diameter of the circle which is parallel to the given direction, 
measures from the centre along it in each direction a length equal to half the 
given length, and then draws, on one side of the diameter, perpendiculars to it 
through the two points so determined. 

The second problem of drawing a chord of given length, being less than 
the diameter of the circle, and passing through a given point, is more 
important as having been one of the problems discussed by Apollonius in his 
work entitled vevces, now lost. Pappus states the problem thus (vit. p. 679): 
"A circle being given in position, to fit into it a straight line given in 
magnitude and verging (vevovgay) towards a given (point).” To do this we 
have only to place any chord A in the given 
circle (with centre O) equal to the given length, K 
take Z the middle point of it, with O as centre and 
OL as radius describe a circle, and lastly through 
the given point C draw a tangent to this circle 
meeting the given circle in 4, B. AB is then one n 
of ‘wo chords which can be drawn satisfying the 
given conditions, if C is outside the inner circle; if 
C is on the inner circle, there is one solution only ; 
and, if C is within the inner circle, there is no 
solution. Thus, if C is within the outer (given) 
circle, besides the condition that the given length must not be greater than the 
diameter of the circle, there is another necessary condition of the possibility 
of a solution, viz. that the given length must not be /ess than double of the 
straight line the square on which is equal to the difference between the squares 
(1) on the radius of the given circle and (2) on the distance between its 
centre and the given point. 


> 


PROPOSITION 2. 

In a given circle to inscribe a triangle equiangular with a 
given triangle. 

Let ABC be the given circle, and DEF the given 
triangle ; 
thus it is required to inscribe in the circle ABC a triangle 
equiangular with the triangle DEF. 

Let GH be drawn touching the circle 44 BC at A [1n. 16, Por.]; 
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on the straight line 4H, and at the point 4 on it, let the 
angle /74C be constructed eaual to the angle DEF, 


and on the straight line ÆG, and at the point A on it, let 
the angle GAB be constructed equal to the angle DFE ; 


[r. 23] 
let BC be joined. 





Then, since a straight line AH touches the circle ABC, 


and from the point of contact at 4 the straight line AC is 
drawn across in the circle, 


therefore the angle HAC is equal to the angle ABC in the 
alternate segment of the circle. (ur. 32] 


But the angle HAC is equal to the angle DEF; 
therefore the angle 4AC is also equal to the angle DEF. 
For the same reason 
the angle 4CB is also equal to the angle DFE ; 
therefore the remaining angle BAC is also equal to the 


remaining angle EDF. [1 32] 
Therefore in the given circle there has been inscribed a 
triangle equiangular with the given triangle. Q. E. F. 


Here again, since any point on the circle may be taken as an angular 
point of the triangle, there are an infinite number of solutions. Even when a 
particular point has been chosen to form one angular point, the required 
triangle may be constructed in six ways. For any one of the three angles 
may be placed at the point; and, whichever is placed there, the positions of 
the two others relatively to it may be interchanged. The sides of the triangle 
will, in all the different solutions, be of the same length respectively ; only 
their relative positions will be different. 

This problem can of course be reduced (as it was by Borelli) to 11. 34, 
namely the problem of cutting off from a given circle a segment containing an 
angle equal to a given angle. 1t can also be solved by the alternative method 
applicable to 11. 34 of drawing “angles at the centre” equal to double the 
angles of the given triangle respectively ; and by this method we can easily 
solve this problem, or 111. 34, with the further condition that one side of the 
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required triangle, or the base of the required segment, respectively, shall be 
parallel to a given straight line. 

As a particular case, we can, by the method of this proposition, describe 
an equilateral triangle in any circle after we have first constructed any 
equilateral triangle by the aid of 1.1. The possibility of this is assumed in 
Iv. 16. It is of course equivalent to dividing the circumference of a circle 
into three equal parts. As De Morgan says, the idea of dividing a revolution 
into equal parts should be kept prominent in considering Book tv.; this 
aspect of the construction of regular polygons is obvious enough, and the 
reason why the division of the circle into ¢A7¢e equal parts is not given by 
Euclid is that it happens to be as easy to divide the circle into three parts 
which are in the ratio of the angles of any triangle as to divide it into three 
equal parts. 


PROPOSITION 3. 


About a given circle to circumscribe a triangle equiangular 
with a given triangle. 

Let ABC be the given circle, and DEF the given 
triangle ; 
ithus it is required to circumscribe about the circle ABC a 
triangle equiangular with the triangle DEF. 


M 


L c N 


Let EF be produced in both directions to the points 
G, H, 
let the centre A of the circle ABC be taken [ur 1], and let 
1o the straight line KZ be drawn across at random ; 
on the straight line KZ, and at the point A on it, let the 
angle BKA be constructed equal to the angle DEG, 
and the angle BXC equal to the angle DFH ; [t. 23] 
and through the points A, B, C let LAM, MBN, NCL be 
15 drawn touching the circle ABC. [ur. 16, Por.] 
Now, since LM, MN, NL touch the circle ABC at the 
points A, B, C, 
and KA, KB, KC have been joined from the centre K to 
the points 4, Z, C, 
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20 therefore the angles at the points 4, B, C are right. — [ur 18] 


And, since the four angles of the quadrilateral AMBK 
are equal to four right angles, inasmuch as AMBK is in fact 
divisible into two triangles, 


and the angles KAM, KBM are right, 


25 therefore the remaining angles AXB, AMB are equal to two 
right angles. 


But the angles DEG, DEF are also equal to two right 
angles ; [1. 13] 
therefore the angles 4KB, AMB are equal to the angles 

30 DEG, DEF, 


of which the angle 4X is equal to the angle DEG; 


therefore the angle 4MB which remains is equal to the 
angle DEF which remains. 


Similarly it can be proved that the angle LZ is also 
3; equal to the angle DFE ; 


therefore the remaining angle MZN is equal to the 
angle EDF. (1. 32] 
Therefore the triangle LMN is equiangular with the 
triangle DEF; and it has been circumscribed about the 
4o circle ABC. 


Therefore about a given circle there has been circum- 
scribed a triangle equiangular with the given triangle. 
Q. E. F. 


10. at random, literally “as it may chance,” ws Ervxev. The same expression is used 
in 111. 1 and commonly. 
22. is in fact divisible, cal &iatpeira:, literally “is actually divided.” 


The remarks as to the number of ways in which Prop. 2 can be solved 
apply here also. 

Euclid leaves us to satisfy ourselves that the three tangents zws// meet and 
form a triangle. This follows easily from the fact that each of the angles 
AKB, BKC, CKA is less than two right angles. The first two are so by 
construction, being the supplements of two angles of the given triangle re- 
spectively, and, since all three angles round Æ are together equal to four 
right angles, it follows that the third, the angle AKC, is equal to the sum 
of the two angles Æ, F of the triangle, i.e. to the supplement of the angle D, 
and is therefore less than two right angles. 

Peletarius and Borelli gave an alternative solution, first inscribing a triangle 
equiangular to the given triangle, by 1v. 2, and then drawing tangents to the 
circle parallel to the sides of the inscribed triangle respectively. This method 
will of course give two solutions, since two tangents can be drawn parallel to 
each of the sides of the inscribed triangle. 

If the three pairs of parallel tangents be drawn and produced far enough, 
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they will form eigh’ triangles, two of which are the triangles circumscribed to 
the circle in the manner required in the proposition. The other six triangles 
are so related to the circle that the circle touches two of the sides in each 
produced, i.e. the circle is an escribed circle to each of the six triangles. 


PROPOSITION 4. 


In a given triangle to inscribe a circle. 


Let ABC be the given triangle ; 
thus it is required to inscribe a circle in the triangle 4 BC. 
Let the angles ABC, ACB 
s be bisected by the straight lines A 
BD, CD [t. 9], and let these meet 
one another at the point D; F à 
from D let DE, DF, DG be (N 
drawn perpendicular tothestraight 
i lines 4, BC, CA. xe 
Now, since the angle 42D 8 F c 
is equal to the angle CBD, 
and the right angle BZD is also equal to the right angle 
BFD, 
1s EBD, FBD are two triangles having two angles equal to two 
angles and one side equal to one side, namely that subtending 
one of the equal angles, which is BD common to the 
triangles ; 
therefore they will also have the remaining sides equal to 
20 the remaining sides ; [t. 26] 
therefore DZ is equal to DF. 
For the same reason 
DG is also equal to DF. 
Therefore the three straight lines DE, DF, DG are equal 
a5 to one another ; 
therefore the circle described with centre D and distance 
one of the straight lines DE, DF, DG will pass also 
through the remaining points, and will touch the straight 
lines AB, BC, CA, because the angles at the points £, F, G 
jo are right. 
For, if it cuts them, the straight line drawn at right angles 
to the diameter of the circle from its extremity will be found 
to fall within the circle: which was proved absurd ; [ur. 16] 


35 


40 
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therefore the circle described with centre D and distance 
one of the straight lines DE, DF, DG will not cut the 
straight lines 4B, BC, CA; 


therefore it will touch them, and will be the circle inscribed 
in the triangle ABC. [rv. Def. 5] 


Let it be inscribed, as FG E. 
Therefore in the given triangle ABC the circle EFG has 
been inscribed. 
Q. E. F, 


26, 34. and distance one of the (straight lines D)E, (D)F, (D)G. The words 
and letters here shown in brackets are put in to fill out the rather careles: language of the 
Greek. Here and in several other places in Book iv. Euclid says literally * and with distance 
one of the (points) E, F, G" («al &aersuar: évl ràv E, Z, H) and the like. In one case (IV. 13) 
he actually has “ with distance one of the points G, H, K, L, M” (baorhparıi evl rav H, 9, 
K, A, M onpelwv). Heiberg notes“ Graecam locutionem satis miram et negligentem," but, 
in view of its frequent occurrence in good Mss., does not venture to correct it. 


Euclid does not think it necessary to prove that BD, CD will meet ; this 
is indeed obvious, for the angles DBC, DCB are together half of the angles 
ABC, ACB, which themselves are together less than two right angles, and 
therefore the two bisectors of the angles Z, C must meet, by Post. s. 

It follows from the proof of this proposition that, if the bisectors of two 
angles Z, C of a triangle meet in D, the line joining D to A also bisects the 
third angle 4, or the bisectors of the three angles .of a'triangle meet in 
a point. 

It will be observed that Euclid uses the indirect form of proof when 
showing that the circle touches the three sides of the triangle. Simson proves 
it directly, and points out that Euclid does the same in 11. 17, 33 and 37, 
whereas in iv. 8 and 13 as well as here he uses the indirect form. The 
difference is unimportant, being one of fonn and not of substance; the 
indirect proof refers back to 111. 16, whereas the direct’ refers back to the 
Porism to that proposition. 

We may state this problem in the move general form: Zo describe a circle 
touching three given straight lines which do not all meet in one point, and of 
which not more than two are parallel. 

In the case (1) where two of the straight lines are parallel and the third 
cuts them, two pairs of interior angles are formed, one on each side of the 
third straight line. If we bisect each of the interior angles on one side, the 
bisectors will meet in a point, and this point will be the centre of a circle 
which can be drawn touching each of the three straight lines, its radius being 
the perpendicular from the point on any one of the three. Since the alternate 
angles are equal, two equal circles can be drawn in this manner satisfying the 
given condition. 

In the case (2) where the three straight lines form a triangle, suppose each 
straight line produced indefinitely. Then each straight line will make two 
pairs of interior angles with the other two, one pair forming two angles of the 
triangle, and the other pair being their supplements. By bisecting each angle 
of either pair we obtain, ia the manner of the proposition, two circles 
satisfying the conditions, one of them being the inscribed circle of the triangle 
and the other being a circle eseriZed to it, i.e. touching one side and the other 
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two sides produced. Next, taking the pairs of interior angles formed by a 
second side with the other two produced indefinitely, we get two circles 
satisfying the conditions, one of which is the same inscribed circle that we had 
before, while the other is a second escribed circle. Similarly with the third side. 
Hence we have the inscribed circle, and three escribed circles (one opposite 
each angle of the triangle), i.e. four circles in all, satisfying the conditions of 
the problem. 

It may perhaps not be inappropriate to give at this point Heron's elegant 
proof of the formula for the area of a triangle in terms of the sides, which we 
usually write thus : 


5 z sis - a) 5-2) - 2 


although it requires the theory of proportions and uses some ungeometrical 
expressions, e.g. the product of two areas and the “side” of such a product, 
where of course the areas are so many square units of length. The proof is 
given in the Metrica, 1. 8, and in the Dioptra, 3o (Heron, Vol. 111., Teubner, 
1903, pp- 20—24 and pp. 280—4, or Heron, ed. Hultsch, pp. 235—7). 
Suppose the sides of the triangle ABC to be given in length. 
Inscribe the circle DEF, and let G be its centre. 








Join AG, BG, CG, DG, EG, FG. 

Then BC.EG=2.A BGC, 
CA. FG-2.^ACG, 
AB. DG=2.SABG. 


Therefore, by addition, 
p. EG=2. 0 ABC, 


where 2 is the perimeter. 
Produce CB to H, so that BH = AD. 
Then, since AD = AF, DB = BE, FC- CE, 
CH- M. 
Hence CH.EG-^ABC. 
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But CH.£G is the "side" of the product CH?. EG’, that is 





/CH*. EG'; 
therefore (4 ABC) = CH’. EG’. i 
Draw GZ at right angles to CG, and BZ at right angles to CB, meetin 
at Z. Join CZ. 


Then, since each of the angles CGZ, CBL is right, CGBZ is a quadri- 
lateral in a circle. 

Therefore the angles CGB, CLB are equal to two right angles. 

Now the angles CGB, AGD are equal to two right angles, since AG, BG, 
CG bisect the angles at G, and the angles CGB, AGD are equal to the 
angles AGC, DGB, while the sum of all four is equal to four right angles. 

Therefore the angles AGD, CLB are equal. 

So are the right angles ADG, CBL. 

Therefore the triangles AGD, CZB are similar. 


Hence BC: BL = AD: DG 
= BH: EG, 
and, alternately, CB: BH = BL: EG 
= BK: KE, 
whence, componendo, CH: HB = BE: EK. 
It follows that CZZ?': CH. HB- BE. EC: CE. EK 
-BE.EC:EG* 
Therefore 


(4 ABC) = CH’. EG*= CH. HB. CE. EB 
= bp (46 - BC) (a - AB) Qo - 4C). 


PROPOSITION 5. 
"About a given triangle to circumscribe a circle. 
Let ABC be the given triangle ; 


thus it is required to circumscribe a circle about the given 
triangle ABC. 


| AX LA. AA 
Ses 2 


Let the straight lines 42, AC be bisected at the points 
D, E (1. 10], and from the points D, E let DF, EF be drawn 
at right angles to AB, AC; 
they will then meet within the triangle ABC, or on the 
straight line BC, or outside BC. 
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First let them meet within at A, and let FB, FC, FA be 
joined. 

Then, since 4D is equal to DB, 
and DF is common and at right angles, 
therefore the base AF is equal to the base FB. li. 4)] 

Similarly we can prove that 

CF is also equal to AF; 
so that FZ is also equal to FC; 

therefore the three straight lines FA, FB, FC are equal 
to one another. 

Therefore the circle described with centre F and distance 
one of the straight lines F4, FB, FC will pass also through 
the remaining points, and the circle will have been circum- 
scribed about the triangle 4BC. 

Let it be circumscribed, as AAC. 

Next, let DF, ZF meet on the straight line BC at F, 
as is the case in the second figure ; and let AF be joined. 

Then, similarly, we shall prove that the point Æ is the 
centre of the circle circumscribed about the triangle AAC. 

Again, let DF, EF meet outside the triangle ABC at F, 
as is the case in the third figure, and let AF, BF, CF be 
joined. 

Then again, since 4D is equal to DB, 
and DF is common and at right angles, 
therefore the base 4F is equal to the base BF. (t. 4] 

Similarly we can prove that 

CF is also equal to AF; 
so that BF is also equal to FC; 
therefore the circle described with centre F and distance one 
of the straight lines #4, FB, FC will pass also through 
the remaining points, and will have been circumscribed about 
the triangle 4 AC. 

Therefore about the given triangle a circle has been 
circumscribed. 

Q. E. F. 

And it is manifest that, when the centre of the circle falls 
within the triangle, the angle BAC, being in a segment 
greater than the semicircle, is less than a right angle ; 
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when the centre falls on the straight line BC, the angle BAC, 
being in a semicircle, is right ; 


and when the centre of the circle falls outside the triangle, 
the angle BAC, being in a segment less than the semicircle, 
is greater than a right angle. (m. 31} 


Simson points out that Euclid does not prove that DF, ZF will meet, and 
he inserts in the text the following argument to supply the omission. 

“ DF, EF produced meet one another. For, if they do not meet, they 
are parallel, wherefore AB, AC, which are at right angles to them, are 
parallel [or, he should have added, in a straight line]: which is absurd." 

This assumes, of course, that straight lines which are at right angles to two 
parallels are themselves parallel ; but this is an obvious deduction from 1. 28. 

On the assumption that DA, EF will meet Todhunter has this note: “It 
has been proposed to show this in the following way: join DE; then the 
angles EDF and DEF are together less than the angles ADF and AEF, that 
is, they are together less than two right angles ; and therefore DF and EF 
will meet, by Axiom 12 [Post. 5]. This assumes that 4DE and AED are 
acute angles ; it may, however, be easily shown that DZ is parallel to BC, so 
that the triangle 4DZ is equiangular to the triangle ABC; and we must 
therefore select the two sides AB and AC such that ABC and ACB may be 
acute angles.” 

This is, however, unsatisfactory. Euclid makes no such selection in 11. 9 
and ul, ro, where the same assumption is tacitly made; and it is unnecessary, 
because it is easy to prove that the straight lines DA, EF meet in all cases, 
by considering the different possibilities separately and drawing a separate 
figure for each case. 

Simson thinks that Euclid’s demonstration had been spoiled by some 
unskilful hand both because of the omission to prove that the perpendicular 
bisectors meet, and because “without any reason he divides the proposition 
into three cases, whereas one and the same construction and demonstration 
serves for them all, as Campanus has observed.” However, up to the usual 
words émep ée moroa: there seems to be no doubt about the text. Heiberg 
suggests that Euclid gave separately the case where F falls on BC because, in 
that case, only AF needs to be drawn and not BF, CF as well. 

The addition, though given in Simson and the text-books as a “corollary,” 
has no heading mópiepa in the best Mss. ; it is an explanation like that which 
is contained in the penultimate paragraph of 111. 25. 

The Greek text has a further addition, which is rejected by Heiverg as not 
genuine, "So that, further, when the given angle happens to be less than a 
right angle, DF, ZF will fall within the triangle, when it is right, on BC, and, 
when it is greater than a right angle, outside BC. (being) what it was required 
to do.” Simson had already observed that the text here is vitiated “ where 
mention is made of a given angle, though there neither is, nor can be, any- 
thing in the proposition relating to a given angle.” 
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PROPOSITION 6. 


In a given circle to inscribe a square. 


Let ABCD be the given circle ; 
thus it is required to inscribe a square in the circle 4 BCD. 
Let two diameters AC, BD of the : 
circle ABCD be drawn at right angles 
to one another, and let 4B, BC, CD, 
DA be joined. 
Then, since BE is equal to ÆÐ, for 
E is the centre, 8 9 
and £A is common and at right angles, 
therefore the base AB is equal to the 
base 4D. (t. 4] c 
For the same reason 
each of the straight lines BC, CD is also equal to each of 
the straight lines 42, AD; 
therefore the quadrilateral 4 2CD is equilateral. 
I say next that it is also right-angled. 
For, since the straight line BD is a diameter of the circle 
ABCD, 
therefore BAD is a semicircle ; 
therefore the angle BAD 1s right. [ur. 31] 
For the same reason 
each of the angles ABC, BCD, CDA is also right ; 
therefore the quadrilateral ABCD is right-angled. 
But it was also proved equilateral ; 


therefore it is a square ; [r. Def. 22] 
and it has been inscribed in the circle ABCD. 
Therefore in the given circle the square ABCD has been 


inscribed. 
Q. E. F. 


Euclid here proceeds to consider problems corresponding to those in 
Props. 2—5 with reference to figures of four or more sides, but with the 
difference that, whereas he dealt with triangles of any form, he confines 
himself henceforth to regular figures. It happened to be as easy to divide a 
circle into /4ce parts which are in the ratio of the angles, or of the supplements 
of the angles, of a triangle as into three egual parts. But, when it is required to 
inscribe in a circle a figure equiangular to a given guadrilateral, this can only be 
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done provided that the quadrilateral has either pair of opposite angles equal 
to two right angles. Moreover, in this case, the problem may be solved in the 
same way as that of iv. 2, i.e. by simply inscribing a triangle equiangular to one 
of the triangles into which the quadrilateral is divided by either diagonal, and 
then drawing on the side corresponding to the diagonal as base another 
triangle equiangular to the other triangle contained in the quadrilateral. But 
this is not the oa/y solution; there are an infinite 
number of other solutions in which the inscribed 
quadrilateral will, unlike that found by this particular 
method, not be of the same form as the given quadri- 
lateral. For suppose ABCD to be the quadniateral 
inscribed in the circle by the method of Iv. z. Take 
any point B’ on AB, join AB’, and then make the 
angle DAD’ (measured towards AC) equal to the 
angle BAB’. Join B'C, CD'. Then AZ'CZ' is also 
equiangular to the given quadrilateral, but not of the 
same form. Hence the problem is indeterminate in the case of the general 
quadrilateral. It is equally so if the given quadrilateral is a rectangle ; and it 
is determinate only when the given quadrilateral is a sguare, 





PROPOSITION 7. 


About a given circle to circumscribe a square. 


Let ABCD be the given circle ; 
thus it is required to circumscribe a square about the circle 
ABCD. 


Let two diameters AC, BD of the 
circle ABCD be drawn at right angles 6G A F 
to one another, and through the points 
A, B, C, D let FG, GH, HK, KF be 
drawn touching the circle ABCD. B D 
[1r. 16, Por.] 
Then, since FG touches the circle 
ABCD, 


and £4 has been joined from the centre 
E to the point of contact at 4, 


therefore the angles at 4 are right. [nr. 187 
For the same reason 
the angles at the points Z, C, D are also right. 
Now, since the angle AZZ is right, 
and the angle ZAG is also right, 
therefore GH is parallel to 4C. [t 28 


I 
A 
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For the same reason 
AC is also parallel to FX, 
so that GH is also parallel to FX. [i 30] 
Similarly we can prove that 
each of the straight lines GF, 77K is parallel to BED. 
Therefore GK, GC, AK, FB, BK are parallelograms ; 
therefore GF is equal to HK, and GH to FK. [r 34] 
And, since AC is equal to BD, 
and AC is also equal to each of the straight lines GH, FA, 
while BO is equal to each of the straight lines GF, HK, 


(1. 34] 
therefore the quadrilateral FG is equilateral. 


I say next that it is also right-angled. 
For, since GBEA is a parallelogram, 
and the angle AZZ is right, 
therefore the angle 4GB is also right. [r. 34] 
Similarly we can prove that 
the angles at Æ, K, F are also right. 
Therefore FGĦK is right-angled. 
But it was also proved equilateral ; 
therefore it is a square ; 
and it has been circumscribed about the circle ABCD. 


Therefore about the given circle a square has been 
circumscribed. 
Q. E. F. 


It is just as easy to describe about a given circle a polygon equiangular to 
any given polygon as it is to describe a square about a given circle. We have 
only to use the method of iv. 3, i.e. to take any radius of the circle, to 
measure round the centre successive angles in one and the same direction 
equal to the supplements of the successive angles of the given polygon and, 
lastly, to draw tangents to the circle at the extremities of the several radii so 
determined ; but again the polygon would in general not be of the same form 
as the given one ; it would only be so if the given polygon happened to be 
such that a circle could be inscribed in it. To take the case of a gwadrt/afera/ 
only : it is easy to prove that, if a quadrilateral be described about a circle, 
the sum of one pait of opposite sides must be equal to the sum of the other 
pair. It may be proved, conversely, that, if a quadrilateral has the sums of the 
pairs of opposite sides equal, a circle can be inscribed in it. If then a given 
quadrilateral has the sums of the pairs of opposite sides equal, a quadrilateral 
can be described about any given circle not only equiangular with it but 
having the same form or, in the words of Book vr. similar to it. 


94 BOOK IV - (iv. 8 


Proposition 8, 


In a given square to inscribe a circle. 
Let ABCD be the given square ; 
thus it is required to inscribe a circle in the given square 

ABCD. 
Let the straight lines 4D, AB be 


bisected at the points Z, F respectivel 
(1. i 


through £ let ZA be drawn parallel 
to either AB or CD, and through 
F let FK be drawn parallel to either 
AD or BC; [r. 31] 
therefore each of the figures AK, KB, 
AH, HD, AG, GC, BG, GD is a parallelogram, 

and their opposite sides are evidently equal. (1. 34) 

Now, since 4D is equal to AB, 
and AE is half of AD, and AF half of AB, 

therefore AZ is equal to AF, 
so that the opposite sides are also equal ; 
therefore FG is equal to GZ. 

Similarly we can prove that each of the straight lines GH, 
GK is equal to each of the straight lines FG, GE; 

therefore the four straight lines GE, GF, GH, GK are 
equal to one another. 

Therefore the circle described with centre G and distance 
one of the straight lines GE, GF,,GH, GK will pass also 
through the remaining points. 

And it will touch the straight lines 48, BC, CD, DA, 
because the angles at £, F, H, K are right. 

For, if the circle cuts 4B, BC, CD, DA, the straight 
line drawn at right angles to the diameter of the circle from 
its extremity will fall within the circle: which was proved 
absurd ; (ut. 16] 
therefore the circle described with centre G and distance 
one of the straight lines GE, GF, GH, GK will aot cut 
the straight lines 4B, BC, CD, DA. 

Therefore it wil! touch them, and will have been inscribed 
in the square ABCD. 

Therefore in the given square a circle has been inscribed. 
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As was remarked in tne last note, a circle can be inscribed in any 
quadrilateral which has the sum of one pair of opposite sides equal to the sum 
of the other pair. In particular, it follows that a circle can be inscribed in a 
Square or a rhombus, but not in a rectangle or a rhomboid. 


PROPOSITION ọ. 


About a given square to circumscribe a circle. 

Let ABCD be the given square ; 
thus it is required to circumscribe a circle about the square 
ABCD. 

For let AC, BD be joined, and let them A 
cut one another at Æ. 

Then, since DA is equal to AB, 
and AC is common, a D 
therefore the two sides DA, AC are equal 
to the two sides BA, AC; 
and the base DC is equal to the base BC; e 

therefore the angle DAC is equal to 
the angle BAC. ri. 8] 

Therefore the angle DAB is bisected by AC. 

Similarly we can prove that each of the angles ABC, 
BCD, CDA is bisected by the straight lines 4C, DB. 

Now, since the angle DAB is equal to the angle AAC, 
and the angle EAB is half the angle DAB, 
and the angle EAA half the angle ABC, 
therefore the angle ZAZ is also equal to the angle EBA ; 
so that the side £4 is also equal to ZB. [1. 6) 

Similarly we can prove that each of the straight lines 
EA, EB is equal to each of the straight lines EC, ED. 

Therefore the four straight lines EA, EB, EC, ED are 
equal to one another. 

Therefore the circle described with centre E and distance 
one of the straight lines ZEA, EB, EC, ED will pass also 
through the remaining points ; 
and it will have been circumscribed about the square ABCD. 

Let it be circumscribed, as ABCD. 

Therefore about the given square a circle has been 
circumscribed. 
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PROPOSITION 10. 


To construct an tsosceles triangle having each of the angles 
at the base double of the remaining one. 


Let any straight line AZ be set out, and let it be cut at 
the point C so that the rectangle 
contained by 42, BC is equal to 
the square on CA; [u. 11) 
with centre A and distance AB let 
the circle BDE be described, 
and let there be fitted in the circle 
BODE the straight line BD equal to 
the straight line AC which is not 
greater than the diameter of the 
circle BDE. (tv. 1] 

Let AD, DC be joined, and let 
the circle ACD be circumscribed about the triangle ACD, 


[vv. 5] 
Then, since the rectangle 48, BC is equal to the square 


on AC, 
and AC is equal to BD, 
therefore the rectangle 4B, BC is equal to the square on BD. 





And, since a point Z has been taken outside the circle 
ACD, 
and from Z the two straight lines BA, BD have fallen on 
the circle 4CD, and one of them cuts it, while the other falls 
on it, 
and the rectangle 4B, BC is equal to the square on BD, 
therefore BD touches the circle ACD. (ut. 37] 
Since, then, BD touches it, and DC is drawn across 
from the point of contact at D, 
therefore the angle BDC is equal to the angle DAC in the 
alternate segment of the circle. (ur. 32] 
Since, then, the angle BDC is equal to the angle DAC, 
let the angle CDA be added to each ; 
therefore the whole angle BDA is equal to the two angles 
CDA, DAC. 
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But the exterior angle BCD is equal to the angles CDA, 
DAC; [t. 32] 
therefore the angle BDA is also equal to the angle BCD. 


But the angle BDA is equal to the angle CBD, since the 
side AD is also equal to AB; (1. 5] 


so that the angle DBA is also equal to the angle BCD. 


Therefore the three angles BDA, DBA, BCD are equal 
to one another. 
And, since the angle DAC is equal to the angle BCD, 


the side BD is also equal to the side DC. [r. 6] 
But BD is by hypothesis equal to CA ; 
therefore CA is also equal to CD, 
so that the angle CDA is also equal to the angle DAC ; 
I. 
therefore the angles CDA, DAC are double of the angle DA é 
But the angle BCD is equal to the angles CDA, DAC; 
therefore the angle BCD is also double of the angle CAD. 
But the angle BCD is equal to each of the angles BDA, 
DBA ; 
therefore each of the angles BDA, DBA is also double of 
the angle DAB. 


Therefore the isosceles triangle 4 BD has been constructed 
having each of the angles at the base DB double of the 
remaining one. 

Q. E. F. 


There is every reason to conclude that the connexion of the triangle 
constructed in this proposition with the regular pentagon, and the construction 
of the triangle itself, were the discovery of the Pythagoreans. In the first 
place the Scholium tv. No. 2 (Heiberg, Vol. v. p. 273) says “this Book is the 
discovery of the Pythagoreans.” Secondly, the summary in Proclus (p. 65, 20) 
says that Pythagoras discovered “the construction of the cosmic figures,” by 
which must be understood the five regular solids. Thirdly, Iamblichus (Vi¢. 
Pyth. c. 18, s. 88) quotes a story of Hippasus, *' that he was one of the Pytha- 
goreans but, owing to his being the first to publish and write down (the con- 
struction of) the sphere arising from the twelve pentagons (rjv éx ràv budexa 
mevrayuvuv), perished by shipwreck for his impiety, having got credit for the 
discovery all the same, whereas everything belonged to HIM (éxeivou rov åvôpós), 
for it is thus that they refer to Pythagoras, and they do not call him by his 
name." Cantor has (t, pp. 1765qq.) collected notices which help us to form 
an idea how the discovery of the Euclidean construction for a regular pentagon 
may have been arrived at by the Pythagoreans. 

Plato puts into the mouth of Timacus a description of the formation from 
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right-angled triangles of the figures which are the faces of the first four regular 
solids. The face of the cube is the square which is formed from isosceles 
right-angled triangles by placing four of these triangles contiguously so that 
the four right angles are in contact at the centre. The 

equilateral triangle, however, which is the form of the faces of 

the tetrahedron, the octahedron and the icosahedron, cannot 

be constructed from isosceles right-angled triangles, but is 

constructed from a particular scalene right-angled triangle 

which Timaeus (54 A, 8) regards as the most beautiful of all 

scalene right-angled triangles, namely that in which the square on one of the 
sides about the right angle is three times the square on the other. This is, of 
course, the triangle forming half of an equilateral triangle bisected by the 
perpendicular from one angular point on the opposite side. The Platonic 
Timaeus does not construct his equilateral triangle from two such triangles 
but from six, by placing the latter contiguously round a 

point so that the hypotenuses and the smaller of the sides 

about the right angles respectively adjoin, and all of them 

meet at the common centre, as shown in the figure 

(Timaeus, $4 D, £.) The probability that this exposition 

was Pythagorean is confirmed by the independent testimony 

of Proclus (pp. 304— 5), who attributes to the Pythagoreans 

the theorem that six equilateral triangles, or three hexagons, or four squares, 
placed contiguously with one angular point of each at a common point, will 
just All up the four right angles round that point, and that no other regular 
polygons in any numbers have this property. 

How then would it be proposed to split up into triangles, or to make up 
out of triangles, the face of the remaining solid, the dodecahedron? It would 
easily be seen that the pentagon could not be constructed by means of the 
two right-angled triangles which were used for constructing the square and the 
equilateral triangle respectively. But attempts would naturally be made to 
split up the pentagon into elementary triangles, and traces of such attempts 
are actually forthcoming. Plutarch has in two passages spoken of the division 
of the faces of the dodecahedron into triangles, remarking in one place 
(Quaest. Platon. v. 1) that each of the twelve faces is made up of 3o elemen- 


tary scalene triangles, so that, taken together, they give 360 such triangles, 
and in another (De defectu oraculorum, c. 33) that the elementary triangle of 
the dodecahedron must be different (rom that of the tetrahedron, octahedron 
and icosahedron. Another writer of the 2nd cent, Alcinous, has, in his 
introduction to the study of Plato (De doctrina Platonis, c. 11), spoken 
similarly of the 360 elements which are produced when every one of the 
pentagons is divided into 5 isosceles triangles, and each of the latter into 
6 scalene triangles. Now, if we proceed to draw lines in a pentagon separating 
it into this number of small triangles as shown in the above figure, the figure 
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which stands out most prominently in the mass of lines is the "*star-pentagon," 
as drawn separately, which then (if the consecutive corners be joined) suggests 
the drawing, as part of a pentagon, of a triangle of a definite character. Now 
we are expressly told by Lucian and the scholiast to the Clouds of Aristophanes 
(see Bretschneider, pp. 85—86) that the triple interwoven triangle, the penta- 
gram (76 rpurAobv tpiywvov, 7d &' GAAyAwy, Td wevtaypappov), was used by the 
Pythagoreans as a symbol of recognition between the members of the same 
school (cupBodw vpós rois ópobóCovs éxpóvro), and was called by them Health. 
There seems to be therefore no room for doubt that the construction of a 
pentagon by means of an isosceles triangle having each of its base angles 
double of the vertical angle was due to the Pythagoreans. 

The construction of this triangle depends upon 11. 11, or the problem of 
dividing a straight line so that the rectangle contained by the whole and one 
of the parts is equal to the square on the other part. This problem of course 
appears again in Eucl. vi. 30 as the problem of cutting a given straight line £s 
extreme and mean ralio, i.e. the problem of the golden section, which is nc 
doubt “the section" referred to in the passage of the summary given by 
Proclus (p. 67, 6) which says that Eudoxus “greatly added to the number 
of the theorems which Plato originated regarding the section." This idea that 
Plato began the study of the “golden section” as a subject in itself is not in 
the least inconsistent with the supposition that the problem of Eucl. ti. 11 was 
solved by the Pythagoreans. The very fact that Euclid places it among other 
propositions which are clearly Pythagorean in origin is significang, as is also 
the fact that its solution is effected by “applying to a straight line a rectangle 
equal to a given square and exceeding by a square,” while Proclus says plainly 
(p. 419, 15) that, according to Eudemus, “the application of areas, their 
exceeding and their falling short, are ancient and discoveries of the Muse of 
the Pythagoreans.” 

We may suppose the construction of 1v. 1o to have been arrived at by 
analysis somewhat as follows ('l'odhunter's Euclid, p. 325). 

Suppose the problem solved, i.e. let 44D be an isosceles triangle having 
each of its base angles double of the vertical angle. 

Bisect the angle ADB by the straight line DC meeting 4B in C. [1. 9] 

Therefore the angle BDC is equal to the angle BAD; and the angle 
CDA is also equal to the angle BAD, 


so that DC is equal to CA. 
Again, since, in the triangles BCD, BDA, 
the angle BDC is equal to the angle BAD, 
and the angle Z is common, 
the third angle BCD is equal to the third angle BLA, and therefore to 
the angle DAC. 


Therefore DC is equal to DB. 

Now, if a circle be described about the triangle ACD [tv. 5], since the 
angle SDC is equal to the angle in the segment CAD, 

BD must touch the circle [by the converse of tt. 32 easily proved from it 
by reductio ad absurdum]. 


Hence (ui. 36] the square on. BD and therefore the square on CD, or 
AC, is equal to the rectangle AB, BC. 

Thus the problem is reduced to that of cutting 4B at C so that the 
rectangle AB, BC is equal to the square on AC. (1m. 11] 
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When this is done, we have only to draw a circle with centre 4 and radius 
AB and place in it a chord BD equal in length to AC. (1v. 1) 

Since each of the angles ABD, ADB is double of the angle BAD, the 
latter is equal to one-fifth of the sum of all three, i.e. is one-fifth of two right 
angles, or two-fifths of a right angle, and each of the base angles is four-fifths 
of a right angle. 

If we bisect the angle BAD, we obtain an angle equal to one-fifth of a 
right angle, so that the proposition enables us fo divide a right angle into five 
equal parts. 

It will be observed that BD is the side of a regular decagon inscribed in 
the larger circle. 


Proclus, as remarked above (Vol. 1. p. 130), gives 1v. ro as an instance in 
which two of the six formal divisions of a proposition, the se/Aing-out and the 
* definition," are left out, and explains that they are unnecessary because 
there is no dafum in the enunciation. This is however no more than formally 
true, because Euclid does begin his proposition by setting ouf ‘any straight 
line AB,” and he constructs an isosceles triangle having AZ for one of its 
equal sides, i.e. he does practically imply a datum in the enunciation, and a 
corresponding se/ting-out and “definition” in the proposition itself. 


PROPOSITION 11. 


In a given circle to inscribe an equilateral and equtangular 
pentagon. 


Let ABCDE be the given circle ; 


thus it is required to inscribe in the circle ABCDE an equi- 
lateral and equiangular pentagon. 


Let the isosceles triangle FGH 


A F 

be set out having each of the angles 
at G, H double of the angleat F; B E E 

(1v. 10] 
let there be inscribed in the circle a 
ABCDE the triangle ACD equi- e " 
angular with the triangle “GH, so 
that the angle CAD is equal to the angle at F and the angles 
at G, H respectively equal to the angles ACD, CDA ; (w. 2] 
therefore each of the angles ACD, CDA is also double of the 
angle CAD. 

Now let the angles ACD, CDA be bisected respectively 
by the straight lines CZ, DB [1.9], and let AB, BC, DE, EA 
be joined. 

Then, since each of the angles ACD, CDA is double of 
the angle CAD, 


and they have been bisected by the straight lines CZ, DB, 
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therefore the five angles DAC, ACE, ECD, CDB, BDA 


are equal to one another. 
But equal angles stand on equal circumferences; (i. 26] 


therefore the five circumferences AB, BC, CD, DE, EA are 


equal to one another. 


But equal circumferences are subtended by equal straight 
lines ; [1t1. 29] 


therefore the five straight lines 48, BC, CD, DE, EA are 
equal to one another ; 


therefore the pentagon ABCDE is equilateral. 


I say next that it is also equiangular. 
For, since the circumference AB is equal to the circum- 
ference DE, let BCD be added to each ; 


therefore the whole circumference ABCD is equal to the 
whole circumference EDCB. 


And the angle 44 ED stands on the circumference ABCD, 
and the angle BAEZ on the circumference EDCB ; 


therefore the angle BAZ is also equal to the angle AED. 
[n 27] 
For the same reason 


each of the angles 48C, BCD, CDE is also equal to each 
of the angles BAZ, AED; 


therefore the pentagon ABCDE is equiangular. 
But it was also proved equilateral ; 


therefore in the given circle an equilateral and equi- 
angular pentagon has been inscribed. 


Q. E. F. 


De Morgan remarks that "the method of iv. rr is not so natural as 
making a direct use of the angle obtained in the last.” On the other hand, 
if we look at the figure and notice that it shows the whole of the pentagram- 
star except one line (that connecting B and Æ), I think we shall conclude 
that the method is nearer to that used by the Pythagoreans, and therefore of 
much more historical interest. 

Another method would of course be to use Iv. 10 to describe a decagon in 
the circle, and then to join any vertex to the next alternate one, the latter to 
the next alternate one, and so on. 
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Mr H. M. Taylor gives “a complete geometrical construction for in- 
scribing a regular decagon or pentagon in a given circle,” as follows. 

“ Find O the centre. 

Draw two diameters AOC, BOD at right 
angles to one another. 

Bisect OD in £. 

Draw AE and cut off ZF equal to OE. 

Place round the circle ten chords equal 
to AF. 

These chords will be the sides of a regular 
decagon. Draw the chords joining five alternate 
vertices of the decagon ; they will be the sides 
of a regular pentagon.” 

The construction is of course only a com- 
bination of those in 11. r1 and tv. 1; and the 
proof would have to follow that in 1v. ro. 





PROPOSITION 12. 


About a given circle to circumscribe an equilateral and 
eguiangular pentagon. 


Let ABCDE be the given circle ; 


thus it is required to circumscribe an equilateral and equi- 
angular pentagon about the circle 
ABCDE. 

Let 4, B, C, D, E be conceived to 
be the angular points of the inscribed 
pentagon, so that the circumferences 
AB, BC, CD, DE, EA are equal ; 

[iv. 11] 
through 4, B, C, D, E let GH, AK, 
KL, LM, MG be drawn touching the 
circle ; (ut. 16, Por.) 
let the centre F of the circle ABCDE be taken [. 1}, and 
let FB, FK, FC, FL, FD be joined. 

Then, since the straight line AZ touches the circle 4BCDE 
at C, 


and FC has been joined from the centre F to the point of 
contact at C, 


therefore FC is perpendicular to KL ; [ur. 18] 
therefore each of the angles at C is right. 

For the same reason 

the angles at the points Z, 2 are also right. 
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And, since the angle FC is right, 

therefore the square on FX is equal to the squares on FC, CK. 
For the same reason [r. 47] 
the square on FK is also equal to the squares on FZ, BK ; 


so that the squares on FC, CK are equal to the squares 
on FR, BK, 


of which the square on FC is equal to the square on FB; 


therefore the square on CA which remains is equal to the 
square on BK. 


Therefore BX is equal to CK. 
And, since FB is equal to FC, 
and FK common, 


the two sides BF, FK are equal to the two sides CF, FK ; 
and the base BA equal to the base CA; 


therefore the angle BFK is equal to the angle KFC, [t. 8] 
and the angle AK to the angle FKC. 
Therefore the angle BFC is double of the angle KFC, 
and the angle AKC of the angle FAC. 
For the same reason 
the angle CFD is also double of the angle CFZ, 
and the angle DLC of the angle FLC. 
Now, since the circumference BC is equal to CD, 
the angle BFC is also equal to the angle CFD. [ur. 27] 
And the angle BFC is double of the angle KFC, and the 
angle DFC of the angle L FC; 
therefore the angle KFC is also equal to the angle ZFC. 
But the angle FCK is also equal to the angle FCZ ; 
therefore FKC, FLC are two triangles having two angles 
equal to two angles and one side equal to one side, namely 
FC which is common to them ; 
therefore they will also have the remaining sides equal to the 
remaining sides, and the remaining angle to the remaining 
angle ; (1. 26) 
therefore the straight line KC is equal to CZ, 
and the angle FAC to the angle FLC, 
And, since KC is equal to CZ, 
therefore KZ is double of KC. 
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For the same reason it can be proved that 
HE is also double of BK. 

And BK is equal to KC; 

therefore 77K is also equal to KZ. 

Similarly each of the straight lines HG, GM, ML can 
also be proved equal to each of the straight lines HK, KL; 

therefore the pentagon GHYALM is equilateral. 

I say next that it is also equiangular. 

For, since the angle FXC is equal to the angle FLC, 
and the angle ÆXZL was proved double of the angle FKC, 

and the angle XZM double of the angle FLC, 

therefore the angle AXZ is also equal to the angle KLM. 

Similarly each of the angles KHG, HGM, GML can also 
be proved equal to each of the angles HAL, KLM; 
therefore the five angles GZZK, HKL, KLM, LMG, MGH 
are equal to one another. 

Therefore the pentagon GY KLM is equiangular. 

And it was also proved equilateral; and it has been 
circumscribed about the circle 4BCDE. 

Q. E. F. 


De Morgan remarks that Iv. 12, 13, 14 supply the place of the following : 
Having given a regular polygon of any number of sides inscribed in a circle, to 
describe the same about the circle; and, having given the polygon, to inscribe and 
circumscribe a circle. For the method can be applied generally, as indeed 
Euclid practically says in the Porism to iv. 15 about the regular hexagon and 
in the remark appended to tv. 16 about the regular fifteen-angled figure. 

The conclusion of this proposition, ‘therefore about the given circle an 
equilateral and equiangular pentagon has been circumscribed,” is omitted in 
the Mss. 


PROPOSITION 13. 


In a given pentagon, which 1s equilateral and equiangular, 
to inscribe a circle. 


Let ABCDE be the given equilateral and equiangular 
pentagon ; 
thus it is required to inscribe a circle in the pentagon 
ABCDE. 


For let the angles BCD, CDE be bisected by the 
straight lines CF, D respectively ; and from the point F, at 
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which the straight lines CF, DF meet one another, let the 
straight lines FB, FA, FE be joined. 
hen, since BC is equal to CD, 
and CF common, 
the two sides BC, CF are equal to the 
two sides DC, CF; 
and the angle ACF is equal to the 
angle DCF; 
therefore the base BF is equal 
to the base DF, 
and the triangle BCF is equal to the 
triangle DCF, 
and the remaining angles will be equal to the remaining angles, 
namely those which the equal sides subtend. (1. 4] 
Therefore the angle CBF is equal to the angle CDF. 
And, since the angle CDZ is double of the angle CDF, 
and the angle CDE is equal to the angle ABC, 
while the angle CDF is equal to the angle CBF; 
therefore the angle CBA is also double of the angle CBF; 
therefore the angle ABF is equal to the angle FAC ; 
therefore the angle 4AC has been bisected by the straight 
line BF. 
Similarly it can be proved that 
the angles BAZ, AED have also been bisected by the straight 
lines FA, FE respectively. 
Now let FG, FH, FK, FL, FM be drawn from the point 
F perpendicular to the straight lines 4B, BC, CD, DE, EA. 
Then, since the angle //CF is equal to the angle KCF, 
and the right angle FHC is also equal to the angle “KC, 
FHC, FKC are two triangles having two angles equal to two 
angles and one side equal to one side, namely FC which is 
common to them and subtends one of the equal angles ; 
therefore they will also have the remaining sides equal to the 
remaining sides ; [1. 26] 
therefore the perpendicular FH is equal to the perpendicular 
FK. 
Similarly it can be proved that 
each of the straight lines FZ, FM, FG is also equal to each 
of the straight lines FÆ, FK ; 
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therefore the five straight lines FG, FH, FK, FL, FM are 
equal to one another. 


Therefore the circle described with centre Æ and distance 
one of the straight lines FG, FH, FK, FL, FM will pass 
also through the remaining points ; 


and it will touch the straight lines 48, BC, CD, DE, EA, 
because the angles at the points G, H, K, L, M are right. 


For, if it does not touch them. but cuts them, 


it will result that the straight line drawn at right angles to 
the diameter of the circle from its extremity falls within the 
circle: which was proved absurd. (ur. 16] 


Therefore the circle described with centre F£ and distance 
one of the straight lines FG, FH, FK, FL, FM will not 
cut the straight lines 4B, BC, CD, DE, EA; 


therefore it will touch them. 


Let it be described, as CHKLM™. 
Therefore in the given pentagon, which is equilateral and 
equiangular, a circle has been inscribed. 


Q. E. F. 


PROPOSITION 14. 


About a given pentagon, which is equilateral and equi- 
angular, to circumscribe a circle. 


Let ABCDE be the given pentagon, which is equilateral 
and equiangular ; 


thus it is required to circumscribe a circle 
about the pentagon ABCDE. 


Let the angles BCD, CDE be bisected 
by the straight lines CF, DF respectively, 
and from the point Æ, at which the straight 
lines meet, let the straight lines FB, FA, 
FE be joined to the points Z, .4, £. 

Then in manner similar to the pre- 
ceding it can be proved that the angles 
CBA, BAE, AED have also been bisected by the straight 
lines FB, FA, FE respectively. 
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Now, since the angle BCD is equal to the angle CDE, 
and the angle FC is half of the angle ACD, 
and the angle CDF half of the angle CD, 
therefore the angle FCD is also equal to the angle CDF, 

so that the side FC is also equal to the side FD. | 

Similarly it can be proved that 
each of the straight lines FB, FA, FE is also equal to each 
of the straight lines FC, FD ; 
therefore the five straight lines FA, FB, FC, FD, FE are 
equal to one another. 

Therefore the circle described with centre F and distance 
one of the straight lines FA, FB, FC, FD, FE will pass 
also through the remaining points, and will have been 
circumscribed. 

Let it be circumscribed, and let it be ABCDE. 

Therefore about the given pentagon, which is equilateral 
and equiangular, a circle has been circumscribed. 

Q. E. F. 


PROPOSITION 15. 


In a given circle to inscribe an equilateral and equiangular 
hexagon. 

Let ABCDEF be the given circle ; 
thus it is required to inscribe an equilateral and equiangular 
hexagon in the circle ABCDEF. 

Let the diameter AD of the circle 
ABCDEF be drawn; 
let the centre G of the circle be taken, and 
with centre D and distance DG let the 
circle EGCZ be described ; 
let EG, CG be joined and carried through 
to the points Z, F, 
and let 4B, BC, CD, DE, EF, FA be 
joined. 

I say that the hexagon ABCDEF is A 
equilateral and equiangular. 

For, since the point G is the centre of the circle ABCDEF, 

GE is equal to GD. 
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Again, since the point D is the centre of the circle GCH, 
DE is equal to DG. 
But GE was proved equal to GD ; 
therefore GE is also equal to ED ; 
therefore the triangle EGD is equilateral ; 
and therefore its three angles EGD, GDE, DEG are equal 


to one another, inasmuch as, in isosceles triangles, the angles 
at the base are equal to one another. fi. 5) 


And the three angles of the triangle are equal to two 
right angles ; [1. 32] 

therefore the angle EG is one-third of two right angles. 

Similarly, the angle DGC can also be proved to be one- 
third of two right angles. 

And, since the straight line CG standing on EB makes 
the adjacent angles EGC, CGB equal to two right angles, 
therefore the remaining angle CGB is also one-third of two 
right angles. 


Therefore the angles EGD, DGC, CGB are equal to one 
another ; 
so that the angles vertical to them, the angles BGA, AGF, 
FGE are equal. [1. 15] 


Therefore the six angles EGD, DGC, CGB, BGA, AGF, 
FGE are equal to one another. 

But equal angles stand on equal circumferences; — [ui. 26] 
therefore the six circumferences AB, BC, CD, DE, EF, FA 
are equal to one another. 

And equal circumferences are subtended by equal straight 
lines ; (ut. 29] 

therefore the six straight lines are equal to one another; 
therefore the hexagon ABCDEF is equilateral. 

I say next that it is also equiangular. 

For, since the circumference FA is equal to the circum- 
ference ED, 

let the circumference ABCD be added to each ; 

therefore the whole FABCD is equal to the whole 
EDCBA ; 
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and the angle FED stands on the circumference FABCD, 
and the angle 4 on the circumference EDCBA ; 
therefore the angle AFE is equal to the angle DEF. 


[ur. 27] 

Similarly it can be proved that the remaining angles of 

the hexagon ABCDEF are also severally equal to each of 
the angles AFE, FED , 


therefore the hexagon ABCDEF is equiangular. 


But it was also proved equilateral ; 
and it has been inscribed in the circle ABCDEF. 


Therefore in the given circle an equilateral and equiangular 
hexagon has been inscribed. 
Q. E. F. 


PorisM. From this it is manifest that the side of the 
hexagon is equal to the radius of the circle. 

And, in like manner as in the case of the pentagon, if 
through the points of division on the circle we draw 
tangents to the circle, there will be circumscribed about the 
circle an equilateral and equiangular hexagon in conformity 
with what was explained in the case of the pentagon. 

And further by means similar to those explained in the 
case of the pentagon we can both inscribe a circle in a given 
hexagon and circumscribe one about it. 

Q. E. F. 


Heiberg, I think with good reason, considers the Porism to this proposition 
to be referred to in the instance which Proclus (p. 304, 2) gives of a porism 
following a problem. As the text of Proclus stands, “the (porism) found 
in the second Book (76 8% é 1@ Sevrépw BiBAlw xeipevov) is a porism to a 
problem” ; but this is not true of the only porism that we find in the second 
Book, namely the porism to 1m. 4. Hence Heiberg thinks that for rg 
Bevrépo 9A» should be read rg 8 AiBdjw, i.e. the fourth Book. Moreover 
Proclus speaks of 4e porism in the particular Book, from which we gather 
that there was only ome porism in Book tv. as he knew it, and therefore that 
he did not regard as a porism the addition to 1v. 5. Cf. note on that 
Proposition. 

It appears that Theon substituted for the first words of the Porism to 
iv. 15 “And in like manner as in the case of the pentagon” (cpotws 5i 
Tois ¿mì ro mevraywvov) the simple word “and” or “also” (xai), apparently 
thinking that the words had the same meaning as the similar words lower 
down. This is however not the case, the meaning being that “if, as in the 
case of the pentagon, we draw tangents, we can prove, also as was done in 
the case of the pentagon, that the figure so formed is a circumscribed regular 
hexagon.” 
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PROPOSITION 16. 


In a given circle to inscribe a fifleen-angled figure which 
shall be both equilateral and equiangular. 

Let ABCD be the given circle ; 
thus it is required to inscribe in the circle ABCD a fifteen- 
angled figure which shall be 
both equilateral and equi- À 
angular. 

In the circle ABCD let 
there be inscribed a side AC 
of the equilateral triangle 
inscribed in it, and a side AB 
of an equilateral pentagon ; 
therefore, of the equal seg- € 
ments of which there are 
fifteen in the circle ABCD, c D 
there will be five in the cir- 
cumference ABC which is 
one-third of the circle, and 
there will be three in the cir- 
cumference AB which is one-fifth of the circle ; 

therefore in the remainder BC there will be two of the 
equal segments. 

Let ZC be bisected at £; [111. 30] 
therefore each of the circumferences BE, EC is a fifteenth 
of the circle ABCD. 

If therefore we join BE, EC and fit into the circle ABCD 
straight lines equal to them and in contiguity, a fifteen-angled 
figure which is both equilateral and equiangular will have been 
inscribed in it. 

Q. E. F. 

And, in like manner as in the case of the pentagon, if 
through the points of division on the circle we draw 
— to the circle, there will be circumscribed about the 
circle a fifteen-angled figure which is equilateral and equi- 
angular. 

And further, by proofs similar to those in the case of the 
pentagon, we can both inscribe a circle in the given fifteen- 
angled figure and circumscribe one about it. 
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Here, as in 111. ro, we have the term “circle” used by Euclid in its 
exceptional sense of the circumference of a circle, instead of the “plane figure 
contained by one line” of 1. Def. 15. Cf. the note on that definition (Vol. 1. 
pp. 184— 5). - : 

Proclus (p. 269) refers to this proposition in illustration of his statement 
that Euclid gave proofs of a number of propositions with an eye to their use 
in astronomy. “With regard to the last proposition in the fourth Book in 
which he inscribes the side of the fifteen-angled figure in a circle, for what 
object does anyone assert that he propounds it except for the reference of this 
problem to astronomy? For, when we have inscribed the fifteen-angled figure 
in the circle through the poles, we have the distance from the poles both of 
the equator and the zodiac, since they are distant from one another by the 
side of the fifteen-angled figure.” ‘This agrees with what we know from other 
sources, namely that up to the time of Eratosthenes (circa 284:—-204 B.C.) 24 
was generally accepted as the correct measurement of the obliquity of the 
ecliptic. This measurement, and the construction of the fifteen-angled figure, 
were probably due to the Pythagoreans. though it would appear that the 
former was not known to Oenopides of Chios (fl. circa 460 B.C.), as we learn 
from Theon of Smyrna (pp. 198— 9, ed. Hiller), who gives Dercyllides as his 
authority, that Eudemus (A. circa 320 m.c.) stated in his dorpodoyia that, 
while Oenopides discovered certain things, and Thales, Anaximander and 
Anaximenes others, it was the rest (oi Aovro() who added other discoveries 
to these and, among them, that “the axes of the fixed stars and of the planets 
respectively are distant from one another by the side of a fifteen-angled figure.” 
Eratosthenes evaluated the angle to }3rds of 180°, ie. about 23° 51’ 20%, 
which measurement was apparently not improved upon in antiquity (cf. Ptolemy, 
Syntaxis, ed. Heiberg, p. 68). 

Euclid has now shown how to describe regular polygons with 3, 4, 5, 6 
and 15 sides. Now, when any regular polygon is given, we can Construct a 
regular polygon with twice the number of sides by first describing a circle 
about the given polygon and then bisecting all the smaller arcs subtended by 
the sides. Applying this process any number of times, we see that we can by 
Euclid’s methods construct regular polygons with 3.2%, 4.2”, 5.2%, 15.2" sides, 
where # is zero or any positive integer. 


BOOK V. 


INTRODUCTORY NOTE. 


The anonymous author of a scholium to Book v. (Euclid, ed. Heiberg, 
Vol. v. p. 280), who is perhaps Proclus, tells us that “some say" this Book, 
containing the general theory of proportion which is equally applicable to 
geometry, arithmetic, music, and all mathematical science, “is the discovery 
of Eudoxus, the teacher of Plato.” Not that there had been no theory of 
proportion developed before his time; on the contrary, it is certain that the 
Pythagoreans had worked out such a theory with regard to numbers, by which 
must be understood commensurable and even whole numbers (a number 
being a “multitude made up of units,” as defined in Eucl. vi). Thus we 
are told that the Pythagoreans distinguished three sorts of means, the 
arithmetic, the geometric and the harmonic mean, the geometric mean 
being called proportion (dvaAoyía) par excellence; and further Iamblichus 
speaks of the “most perfect proportion consisting of four terms and specially 
called Aarmonic,” in other words, the proportion 


a+b 245. b 

2 a+b’ 
which was said to be a discovery of the Babylonians and to have been first 
introduced into Greece by Pythagoras (Iamblichus, Comm. on Micomachus, 
p. 118). Now the principle of similitude is one which is presupposed by all 
the arts of design from their very beginnings ; it was certainly known to the 
Egyptians, and it must certainly have been thoroughly familiar to Pythagoras 
and his school. This consideration, together with the evidence of the 
employment by him of the geometric proportion, makes it indubitable that the 
Pythagoreans used the theory of proportion, in the form in which it was 
known to them, i.e. as applicable to commensurables only, in their geometry. 
But the discovery, also by the Pythagoreans, of the incommensurable would 
of course be seen to render the proofs which depended on the theory of 
proportion as then understood inconclusive; as Tannery observes (La 
Géométrie grecque, p. 98), “the discovery of incommensurability must have 
caused a veritable logical scandal in geometry and, in order to avoid it, they 
were obliged to restrict as far as possible the use of the principle of similitude, 
pending the discovery of a means of establishing it on the basis of a theory of 
proportion independent of commensurability.” ‘The glory of the latter dis- 
covery belongs then most probably to Eudoxus. Certain it is that the com- 
plete theory was already familiar to Aristotle, as we shall see later. 
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It seems probable, as indicated by Tannery (/oc. cit.), that the theory 
of proportions and the principle of similitude took, in the earliest Greek 
geometry, an earlier place than they do in Euclid, but that, in consequence 
of the discovery of the incommensurable, the treatment of the subject was 
fundamentally remodelled in the period between Pythagoras and Eudoxus. 
An indication of this is afforded by the clever device used in Euclid 1. 44 
for applying to a given straight line a parallelogram equal to a given triangle ; 
the equality of the “complements” in a parallelogram is there used for doing 
what is practically finding a fourth proportional to three given straight lines. 
Thus Euclid was no doubt following for the subject-matter of Books t.—1v. 
what had become the traditional method, and this is probably one of the 
reasons why proportions and similitude are postponed till as late as Books 
Va VL 

It is a remarkable fact that the theory of proportions is twice treated in 
Euclid, in Book v. with reference to magnitudes in general, and in Book vir. 
with reference to the particular case of numbers. The latter exposition 
referring only to commensurables may be taken to represent fairly the theory 
of proportions at the stage which it had reached before the great extension of 
it made by Eudoxus. The differences between the definitions etc. in Books v. 
and vit. will appear as we go on; but the question naturally arises, why did 
Euclid not save himself so much repetition and treat numbers merely as a 
particular case of magnitude, referring back to the corresponding more 
general propositions of Book v. instead of proving the same propositions 
over again for numbers? It could not have escaped him that numbers 
fall under the conception of magnitude. Aristotle had plainly indicated 
that magnitudes may be numbers when he observed (Anal. post. 1. 7, 
75 b 4) that you cannot adapt the arithmetical method of proof to the 
Properties of magnitudes if the magnitudes are not numbers. Further 
Aristotle had remarked (Anal. post. 1. 5, 74 a 17) that the proposition that 
the terms of a proportion can be taken alternately was at one time proved 
separately for numbers, lines, solids and times, though it was possible to prove 
it for all by one demonstration; but, because there was no common name 
comprehending them all, namely numbers, lengths, times and solids, and their 
character was different, they were taken separately. Now however, he adds, 
the proposition is proved generally. Yet Euclid says nothing to connect 
the two theories of proportion even when he comes in x. 5 to a proportion 
two terms of which are magnitudes and two are numbers (“‘Commensurable 
magnitudes have to one another the ratio which a number has to a number”). 
The probable explanation of the phenomenon is that Euclid simply followed 
tradition and gave the two theories as he found them. This would square 
with the remark in Pappus (vil. p. 678) as to Euclid’s fairness to others and 
his readiness to give them credit for their work. 


DEFINITIONS. 


1. A magnitude is a part of a magnitude, the less of 
the greater, when it measures the greater. 


2. The greater is a multiple of the less when it is 
measured by the less. 
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3. Aratio is a sort of relation in respect of size between 
two magnitudes of the same kind. 


4. Magnitudes are said to have a ratio to one another 
which are capable, when multiplied, of exceeding one another. 


5. Magnitudes are said to be in the same ratio, the 
first to the second and the third to the fourth, when, if any 
equimultiples whatever be taken of the first and third, and 
any equimultiples whatever of the second and fourth, the 
former equimultiples alike exceed, are alike equal to, or alike 
fall short of, the latter equimultiples respectively taken in 
corresponding order. 


6. Let magnitudes which have the same ratio be called 
proportional. 


7. When, of the equimultiples, the multiple of the first 
magnitude exceeds the multiple of the second, but the multiple 
of the third does not exceed the multiple of the fourth, then 
the first is said to have a greater ratio to the second than 
the third has to the fourth. 


8. A proportion in three terms is the least possible. 


9. When three magnitudes are proportional, the first is 
said to have to the third the duplicate ratio of that which 
it has to the second. 


10. When four magnitudes are < continuously > propor- 
tional, the first is said to have to the fourth the triplicate 
ratio of that which it has to the second, and so on con- 
tinually, whatever be the proportion. 


11. The term corresponding magnitudes is used of 
antecedents in relation to antecedents, and of consequents in 
relation to consequents. 


12. Alternate ratio means taking the antecedent in 
relation to the antecedent and the consequent in relation to 
the consequent. 


13. Inverse ratio means taking the consequent as 
antecedent in relation to the antecedent as consequent. 
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14. Composition of a ratio means taking the ante- 
cedent together with the consequent as one in relation to 
the consequent by itself. 


15. Separation of a ratio means taking the excess 
by which the antecedent exceeds the consequent in relation 
to the consequent by itself. 


16. Conversion of a ratio means taking the ante- 
cedent in relation to the excess by which the antecedent 
exceeds the consequent. 


17. A ratio ex aequali arises when, there being several 
magnitudes and another set equal to them in multitude which 
taken two and two are in the same proportion, as the first is 
to the last among the first magnitudes, so is the first to the 
last among the second magnitudes ; 

Or, in other words, it means taking the extreme terms 
by virtue of the. removal of the intermediate terms. 


18. A perturbed proportion arises when, there being 
three magnitudes and another set equal to them in multitude, 
as antecedent is to consequent among the first magnitudes, 
so is antecedent to consequent among the second magnitudes, 
while, as the consequent is to a third among the first 
magnitudes, so is a third to the antecedent among the second 
magnitudes. 


DEFINITION 1. 


Mépos dori péyeBos peyéðovs rà dAaacov roô peilovos; Stav Kataperp Tò 
p.«Cov. 

The word art (uépos) is here used in the restricted sense of a submultiple 
or an aliquot part as distinct from the more general sense in which it is used 
in the Common Notion (5) which says that “the whole is greater than the 
part.” It is used in thé same restricted sense in vit. Def. 3, which is the same 
definition as this with “number” (apibus) substituted for “magnitude.” 
vit. Def. 4, keeping up the restriction, says that, when a number does not 
measure another number, it is parts (in the plural), not a part of it. Thus, 
I, 2, Or 3, is a part of 6, but 4 is not @ part of 6 but parts. The same 
distinction between the restricted and the more general sense of the word 
part appears in Aristotle, Metaph. 1023 b 12: “In one sense a part is 
that into which quantity (ro rogov) can anyhow be divided ; for that which is 
taken away from quantity, gwá quantity, is always called a ‘part’ of it, as 
€.g. two is said to be in a sense a part of three. But in another sense a 
‘part’ is only what measures (rd xaraperpovvra) such quantities. Thus two 
is in one sense said to be a part of three, in the other not.” 
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DEFINITION 2. 


TloAAamAdovov è Tò peifov rod éAdrrovos, Óray KaTaperpyrat vr ToU 
4Aárrovos. 

DEFINITION 3. 

Aóyos sori úo ueyeÜy Opoyevàv 7j xard myuxórgra moià axéais. 

The best explanation of the definitions of ratio and proportion that I have 
seen is that of De Morgan, which will be found in the articles under those 
titles in the Penny Cyclopaedia, Vol. x1x. (1841); and in the following notes 
I shall draw largely from these articles. Very valuable also are the notes on 
the definitions of Book v. given by Hankel (fragment on Euclid published as 
an appendix to his work Zur Geschichte der Mathematik in Alterthum und 
Mittelalter, 1874). 

There has been controversy as to what is the proper translation of the 
word myÀxórys in the definition. oxéo1s xara wyAtxornra has generally been 
translated “relation in respect of guantity.” Upon this De Morgan remarks 
that it makes nonsense of the definition; “for magnitude has hardly a 
different meaning from quantity, and a relation of magnitudes with respect to 
quantity may give a clear idea to those who want a word to convey a notion 
of architecture with respect to building or of battles with respect to fighting, 
and to no others." The true interpretation De Morgan, following Wallis and 
Gregory, takes to be guantupiicity, referring to the number of times one 
magnitude is contained in the other. For, he says, we cannot describe 
magnitude in language without quantuplicitative reference to other magni- 
tude; hence he supposes that the definition simply conveys the fact that the 
mode of expressing quantity in terms of quantity is entirely based upon the 
notion of quantuplicity or that relation of which we take cognizance when we 
find how many times one is contained in the other. While all the rest of 
De Morgan’s observations on the definition are admirable, it seems to me 
that on this question of the proper translation of rnAccorys he is in error. He 
supports his view mainly by reference (1) to the definition of a compounded 
ratio usually given as the sth definition of Book vr., which speaks of the 
amAxoryres of two ratios being multiplied together, and (2) to the comments 
of Eutocius and a scholiast on this definition. Eutocius says namely 
(Archimedes, ed. Heiberg, 111. p. 120) that “the term myuxórys is evidently 
used of the number from which the given ratio is called, as (among others) 
Nicomachus says in his first book on music and Heron in his commentary 
on the Introduction to Arithmetic.” But it now appears certain that this 
definition is an interpolation ; it is never used, it is not found in Campanus, 
and Peyrard's Ms. only has it in the margin. At the same time it is clear 
that, if the definition is admitted at all, any commentator would be obliged to 
explain it in the way that Eutocius does, whether the explanation was consistent 
with the proper meaning of mpAudrys or not. Hence we must look elsewhere 
for the meaning of mpAixos and mpAuxorns. If we do this, I think we shall find 
no case in which the words have the sense attributed to them by De Morgan. 
The real meaning of wnAixos is how great. It is so used by Aristotle, e.g. in 
Eth, Mic. v. 10, 1134 b 11, where he speaks of a man’s child being as it were 
a part of him so long as he is of a certain age (fos dv jj myXxov) . Again 
Nicomachus, to whom Eutocius appeals, himself (1. 2, 5, p. 5, ed. Hoche) 
distinguishes Akos as referring to magnitude, while woods refers to multitude. 
So does Iamblichus in his commentary on Nicomachus (p. 8, 3—5); besides 
which Iamblichus distinguishes syAíxov as the subject of geometry, being con- 
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tinuous, and mocóv as the subject of arithmetic, being discrete, and speaks of a 
point being the origin of mAixov as a unit is of roov, and so on. Similarly, 
Ptolemy (Syntaxis, ed. Heiberg, p. 31) speaks of the size (wydtxdrys) of the 
chords in a circle (epi 17s myAwórgros àv (y rQ kÓxAo eüDeuov). Consequently 
I think we can only translate wpAuérys in the definition as size. This 
corresponds to Hankel's translation of it as “ Grösse,” though he uses this 
same word for a concrete ‘‘magnitude” as well; size seems to me to give 
the proper distinction between mydicorys and péyeOos, as. size is the attribute, 
and a magnitude (in its ordinary mathematical sense) is the thing which 
possesses the attribute of size. 

The view that “relation in respect of size” is meant by the words in the 
text is also confirmed, I think, by a later remark of De Morgan himself, 
namely that a synonym for the word vatio may be found in the more in- 
telligible term relative magnitude. In fact oxéo1s in the definition corresponds 
to relative and wyAixorns to magnitude. (By magnitude De Morgan here 
means the attribute and not the thing possessing it.) 

Of the definition as a whole Simson and Hankel express the opinion that 
it is an interpolation. Hankel points to the fact that it is unnecessary and 
moreover so vague as to be of no practical use, while the very use of the 
expression xarà syAwórgra seems to him suspicious, since the only other 
place in which the word mAcxorys occurs in Euclid is the 5th definition of 
Book vı., which is admittedly not genuine. Yet the definition of ratio appears 
in all the mss., the only variation being that some add the words zpés dAAn\a, 
“to one another,” which are rejected by Heiberg as an interpolation of 
Theon ; and on the whole there seems to be no sufficient ground for regarding 
it as other than genuine. The true explanation of its presence would appear 
to be substantially that given by Barrow (Lectiones Cantabrig., London, 1684, 
Lect. ttt. of 1666), namely that Euclid inserted it for completeness’ sake, more 
for ornament than for use, intending to give the learner a general notion of 
ratio by means of a metaphysical, rather than a mathematical definition ; “ for 
metaphysical it is and not, properly speaking, mathematical, since nothing 
depends on it or is deduced from it by mathematicians, nor, as I think, can 
anything be deduced.” This is confirmed by the fact that there is no 
definition of deyos in Book vit., and it could equally have been dispensed 
with here. Similarly De Morgan observes that Euclid never attempts this 
vague sort of definition except when, dealing with a well-known term of 
common life, he wishes to bring it into geometry with something like an 
expressed meaning which may aid the conception of the thing, though it does 
not furnish a perfect criterion. Thus we may compare the definition with 
that of a straight line, where Euclid merely calls the reader’s attention to the 
well-known term ¢v6cia ypaypy, tries how far he can present the conception 
which accompanies it in other words, and trusts for the correct use of the 
term to the axioms (or postulates) which the universal conception of a straight 
line makes self-evident. 

We have now to trace as clearly as possible the development of the 
conception of Adyos, ratio, or relative magnitude. In its primitive sense 
Aoyos was only used of a ratio between commensurables, i.e. a ratio which 
could be expressed, and the manner of expressing it is indicated in the 
proposition, Eucl. x. 5, which proves that commensurable magnitudes have to 
one another the ratio which a number has to a number. That this was the 
primitive meaning of Adyos is proved by the use of the term dAoyos for the 
incommensurable, which means irvatsona/ in the sense of not having a ratio 
to something taken as rational (prós). 


118 BOOK V (v. DEF. 3 


Euclid himself shows us how we are to set about finding the ratio, or 
relative magnitude, of two commensurable magnitudes. He gives, in x. 3, 
practically our ordinary method of finding the greatest common measure. 
If A, B be two magnitudes of which Z is the less, we cut off from A a part 
equal to B, from the remainder a part equal to Z, and so on, until we leave a 
remainder less than B, say 2,. We measure off R, frc n B in the same way 
until a remainder A, is left which is less than Æ,. We repeat the process 
with Æ., œ, and so on, until we find a remainder which is contained in the 
preceding remainder a certain number of times exactly. If account is taken 
of the number of times each inagnitude is contained (with something over, 
except at the last) in that upon which it is measured, we can calculate how 
many times the last remainder is contained in A and how many times the 
last remainder is contained in Z ; and we can thus express the ratio of A to 
B as the ratio of one number to another. 

But it may happen that the two magnitudes have no common measure, 
ie. are incommensurable, in which case the process described would never 
come to an end and the means of expression would íail; the magnitudes 
would then Aave mo ratio in the primitive sense. But the word Aóyos, ratio, 
acquires in Euclid, Book v., a wider sense covering the relative magnitude of 
incommensurables as well as commensurables; as stated in Euclid's 4th 
definition, “ magnitudes are said to have a rato to one another which can, 
when multiplied, exceed one another,” and finite incommensurables have this 
property as much as commensurables. De Morgan explains the manner of 
transition from the narrower to the wider signification of rafio as follows. 
“Since the relative magnitude of two quantities is always shown by the 
quantuplicitative mode of expression, when that is possible, and since pro- 
portional quantities (pairs which have the same relative magnitude) are pairs 
which have the same mode (if possible) of expression by means of each other ; 
in all such cases sameness of relative magnitude leads to sameness of mode of 
expression ; or proportion is sameness of ratios (in the primitive sense). But 
sameness of relative magnitude may exist where quantuplicitative expression 
is impossible ; thus the diagonal of a larger square is the same compared with 
its side as the diagonal of a smaller square compared with #¢s side. It is an 
easy transition to speak of sameness of ratio even in this case; that is, to use 
the term ratio in the sense of relative magnitude, that word having originally 
only a reference to the mode of expressing relative magnitude, in cases which 
allow of a particular mode of expression. The word irrational (ddoyos) does 
not make any corresponding change but continues to have its primitive 
meaning, namely, incapable of quantuplicitative expression." 

It remains to consider how we are to describe the relative magnitude of 
two incommensurables of the same kind. That they have a definite relation 
is certain. Suppose, for precision, that S is the side of a square, 2 its 
diagonal ; then, if S is given, any alteration in D or any error in D would 
make the figure cease to be a square. At the same time, a person altogether 
ignorant of the relative magnitude of D and S might say that drawing two 
straight lines of length .S so as to form a right angle and joining the ends by 
a straight line, the length of which would accordingly be D, does not help 
him to realise the relative magnitude, but that he would like to know how 
many diagonals make an exact number of sides. We should have to reply 
that no number of diagonals whatever makes an exact number of sides ; but 
that he may mention any fraction of the side, a hundredth, a thousandth or 
a millionth, and that we will then express the diagonal with an error not so 
great as that fraction. We then tell him that 1,000,000 diagonals exceed 
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1,414,213 sides but fall short of 1,414,214 sides; consequently the diagonal 
lies between 1414213 and 1414214 times the side, and these differ only by 
one-millionth of the side, so that the error in the diagonal is less still. To 
enable him to continue the process further, we show him how to perform the 
arithmetical operation of approximating to the value of /z. This gives the 
means of carrying the approximation to any degree of accuracy that may be 
desired. In the power, then, of carrying approximations of this kind as far as 
we please lies that of expressing the ratio, so far as expression is possible, and 
of comparing the ratio with others as accurately as if expression had been 
possible. 

Euclid was of course aware of this, as were probably others before him ; 
though the actual approximations to the values of ratios of incommensurables 
of which we find record in the works of the great Greek geometers are very 
few. The history of such approximations up to Archimedes is, so far as 
material was available, sketched in Zhe Works of Archimedes (pp. lxxvii and 
following) ; and it is sufficient here to note the facts (1) that Plato, and even 
the Pythagoreans, were familiar with 1 as an approximation to A2, (2) that 
the method of finding any number of successive approximations by the system 
of side- and diagonal-numbers described by Theon of Smyrna was also 
Pythagorean (cf. the note above on Euclid, 11. 9, 10), (3) that Archimedes, 
without a word of preliminary explanation, gives out that 

Yt J3> 48, 
gives approximate values for the square roots of several large numbers, and 
proves that the ratio of the circumference of a circle to its diameter is less 
than 37 but greater than 372, (4) that the first approach to the rapidity with 
which the decimal system enables us to approximate to the value of surds 
was furnished by the method of sexagesimal fractions, which was almost as 
convenient to work with as the method of decimals, and which appears fully 
developed in Ptolemy's ovvragis. A number consisting of a whole number 
and any fraction was under this system represented as so many units, so 
many of the fractions which we should denote by 4l, so many of those which 
we should write (yl5)*, (435), and so on. Theon of Alexandria shows us how 
to extract the square root of 4500 in this sexagesimal system, and, to show 
how effective it was, it is only necessary to mention that Ptolemy gives 


L * 5 + E as an approximation to ./3, which approximation is equivalent 
to 1°7320509 in the ordinary decimal notation and is therefore correct to 
6 places. 

Between Def. 3 and Def. 4 two manuscripts and Campanus insert “ Pro- 
portion is the sameness of ratios” (dvaAoyia t rj ràv Aóyov rabrórys), and even 
the best Ms. has it in the margin. It would be altogether out of place, since 
it is not till Def. § that it is explained what sameness of ratios is. The words 
are an interpolation later than Theon (Heiberg, Vol. v. pp. xxxv, lxxxix), 
and are no doubt taken from arithmetical works (cf. Nicomachus and Theon 
of Smyrna). It is true that Aristotle says similarly, “ Proportion is equality 
of ratios” (Eth. Mic. v. 6, 1131 a 31), and he appears to be quoting from 
the Pythagoreans; but the reference is to numbers. 

Similarly two Mss. (inferior) insert after Def. 7 “Proportion is the similarity 
(sposrns) of ratios.” Here too we have a mere interpolation. 
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DEFINITION 4. 

Aéyov fxev mpós dÀAgÀa peyéOy Aéyeran à SWwara woddarAac{opeva 
dAXjAoy. Ümepéxew. 

This definition supplements the last one. De Morgan says that it amounts 
to saying that the magnitudes are of the same species. But this can hardly 
be all; the definition seems rather to be meant, on the one hand, to exclude 
the relation of a finite magnitude to a magnitude of the same kind which is 
either infinitely great or infinitely small, and, even more, to emphasise the 
fact that the term rza/ro, as defined in the preceding definition, and about to 
be used throughout the book, includes the relation between any two incom- 
mensurable as well as between any two commensurable finite magnitudes of 
the same kind. Hence, while De Morgan seems to regard the extension of 
the meaning of ratio to include the relative magnitude of incommensurables 
as, so to speak, taking place between Def. 3 and Def. 5, the 4th definition 
appears to show that it is ratio in its extended sense that is being defined in 
Def. 3. 


DEFINITION 5. 

"Ev 7@ abrg Aóyo peyeOy A€yerar elvar mpwrov mpds Sevrepov Kal rpirov mpos 
réraptov, Stav Td ToU mpurov xai rpírov igdxis moÀÀamAdgia rüv TOV Bevrépov 
xai reráprov igdxus ToÀAamAacíov kaÜ' ómowvoUy moÀÀamAaciaguóv éxárepoy 
éxarépov 4 dua brepéxy ù dpa ioa ù dpa AA eímy AnpOerra xaradAnha. 

In my translation of this definition I have compromised between an 
attempted literal translation and the more expanded version of Simson. The 
difficulty in the way of an exactly literal translation is due to the fact that the 
words (xa6’ ómocvo)v moAAaTAaciarpóv) signifying that the equimultiples i 
each case are any equimultiples whatever occur only once in the Greek, though 
they apply 40th to ra...iadxis moANarAdoxa in the nominative and ráv...iráxis 
wohAarAagiwy in the genitive. I have preferred “alike” to “simultaneously” 
as a translation of dua because “simultaneously” might suggest that time was 
of the essence of the matter, whereas what is meant is that any particular 
comparison made between the equimultiples must be made between ¢he same 
equimultiples of the two pairs respectively, not that they need to be compared 
at the same time. 

Aristotle has an allusion to a definition of “the same ratio” in Topics 
vill. 3, 158 b 29: ‘‘In mathematics too some things appear to be not easy to 
prove (ypaperGa) for want of a definition, e.g. that the parallel to the side 
which cuts a plane (a parallelogram] divides the straight line [the other side] 
and the area similarly. But, when the definition is expressed, the said property 
is immediately manifest ; for the areas and the straight lines have the same 
dvravaipeais, and this ts the definition of ‘the same ratio.’” Upon this 
passage Alexander says similarly, * This is the definition of proportionals 
which the ancients used: magnitudes are proportional to one another which 
have (or show) ¢he same avOvdaipeors, and Aristotle has called the latter 
dvravaipecis.” Heiberg (Mathematisches zu Aristoteles, p. 22) thinks that 
Aristotle is alluding to the fact that the proposition referred to could not be 
rigorously proved so long as the Pythagorean definition applicable to com- 
mensurable magnitudes only was adhered to, and is quoting the definition 
belonging to the complete theory of Eudoxus ; whence, in view of the positive 
statement of Aristotle that the definition quoted ¢s the definition of “the same 
ratio,” it would appear that the Euclidean definition (which Heiberg describes 
as a careful and exact paraphrase of avravaipeors) is Euclid’s own. I do not 
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feel able to subscribe to this view, which seems to me to involve very grave 
difficulties. The Euclidean definition is regularly appealed to in Book v. as 
the criterion of magnitudes being in proportion, and the use of it would appear 
to constitute the whole essence of the new general theory of proportion; if then 
this theory is due to Eudoxus, it seems impossible to believe that the definition 
was not also due to him. Certainly the definition given by Aristotle would 
be no substitute for it; av@vpatpeots and avravaipeots are words almost as 
vague and “ metaphysical” (as Barrow would say) as the words used to define 
ratio, and it is difficult to see how any mathematical facts could be deduced 
from such a definition. Consider for a moment the etymology of the words. 
igatpeors or dvaipeors means “removal,” “taking away” or “destruction” of 
a thing; and the prefix dvri indicates that the "taking away" from one 
magnitude answers to, corresponds with, alternates with, the “taking away” 
from the other. So far therefore as the etymology goes, the word seems 
rather to suggest the "taking away” of corresponding fractions, and therefore 
to suit the old imperfect theory of proportion rather than the new one. Thus 
Waitz (ad loc.) paraphrases the definition as meaning that “as many parts as 
are taken from one magnitude, so many are at the same time taken from the 
other as well.” A possible explanation would seem to be that, though 
Eudoxus had formulated the new definition, the old one was still current in 
the text-books of Aristotle's time, and was taken by him as being a good 
enough illustration of what he wished to bring out in the passage of the 
Topics referred to. 

From the revival of learning in Europe onwards the Euclidean definition 
of proportion was the subject of much criticism. Campanus had failed to 
understand it, had in fact misinterpreted it altogether, and he may have 
misled others such as Ramus (1515—72), always a violently hostile critic of 
Euclid. Among the objectors to it was no less a person than Galileo. For 
particulars of the controversies on the subject down to Thomas Simpson 
(Elem. of Geometry, Lond. 1800) the reader is referred to the Excursus at the 
end of the second volume of Camerer’s Euclid (1825). For us it is interesting 
to note that the unsoundness of the usual criticisms of the definition was 
never better exposed than by Barrow. Some of the objections, he pointed out 
(Lect. Cantabr. vii. 0f 1666), are due to misconception on the part of their authors 
as to the nature of a definition. Thus Euclid is required by these objectors 
(e.g. Tacquet) to do the impossible and to show that what is predicated in the 
definition is true of the thing defined, as if any one should be required to 
show that the name “circle” was applicable to those figures alone which 
have their radii all equal! As we are entitled to assign to such figures and 
such figures only the name of “circle,” so Euclid is entitled (“quamvis non 
temere nec imprudenter at certis de causis iustis illis et idoneis ”) to describe 
a certain property which four magnitudes may have, and to call magnitudes 
possessing that property magnitudes ''in the same ratio.” Others had argued 
from the occurrence of the other definition of proportion in vit. Def. 20 that 
Euclid was dissatisfied with the present one; Barrow pointed out that, on the 
contrary, it was the fact that vri. Def. 20 was not adequate to cover the case 
of incommensurables which made Euclid adopt the present definition here. 
Lastly he maintains, against those who descant on the ‘‘obscurity” of v. 
Def. 5, that the supposed obscurity is due, partly no doubt to the inherent 
difficulty of the subject of incommensurables, but also to faulty translators, 
and most of all to lack of effort in the learner to grasp thoroughly the meaning 
of words which, in themselves, are as clearly expressed as they could be. 

To come now to the merits of the case, the best defence and explanation 
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of the definition that I have seen is that given by De Morgan. He fist 
translates it, observes that it applies equally to commensurable or incom- 
mensurable quantities because no attempt is made to measure one by an 
aliquot part of another, and then proceeds thus. 

“The two questions which must be asked, and satisfactorily answered, 
previously to its [the definition’s] reception, are as follows : 


1. What right had Euclid, or any one else, to expect that the preceding 
most prolix and unwieldy statement should be received by the beginner as 
the definition of a relation the perception of which is one of the most common 
acts of his mind, since it is performed on every occasion where similarity or 
dissimilarity of figure is looked for or presents itself? 


2. If the preceding question should be clearly answered, how can the 
definition of proportion ever be used ; or how is it possible to compare every 
one of the infinite number of multiples of 4 with every one of the multiples 
of B? 

To the first question we reply that not only is the test proposed by 
Euclid tolerably simple, when more closely examined, but that it is, or might 
be made to appear, an easy and natural consequence of those fundamental 
perceptions with which it may at first seem difficult to compare it.” 

To elucidate this De Morgan gives the following illustration. 

Suppose there is a straight colonnade composed of equidistant columns 
(which we will understand to mean the vertical lines forming the axes of the 
columns respectively), the first of which is at a distance from a bounding wall 
equal to the distance between consecutive columns. In front of the colonnade 
let there be a straight row of equidistant railings (regarded as meaning their 
axes), the first being at a distance from the bounding wall equal to the 
distance hetween consecutive railings. Let the columns be numbered from 
the wall, and also the railings. We suppose of course that the column distance 
(say, C) and the railing distance (say, Æ) are different and that they may bear 
to each other any ratio, commensurable or incommensurable ; i.e. that there 
need not go any exact number of railings to any exact number of columns. 
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If the construction be supposed carried on to any extent, a spectator can, 
by mere inspection, and without measurement, compare C with A to any 
degree of accuracy. For example, since the roth railing falls between the 4th 
and sth columns, roZ is greater than 4C and less than 5C, and therefore Æ 
lies between 4'ths of C and ;sths of C. ‘To get a more accurate notion, the 
ten-thousandth railing may be taken ; suppose it falls between the 4674th and 
4675th columns. Therefore 10,0008 lies between 4674C and 4675C, or R lies 
between fo% and iowooo of C. There is no limit to the degree of accuracy 
thus obtainable ; and the ratio of R to C is determined when the order of 
distribution of the railings among the columns is assigned ad infinitum ; or, in 
other words, when the position of any giver railing can be found, as to the 
numbers of the columns between which it lies. Any alteration, however 
small, in the place of the first railing must at last affect the order of 
distribution. Suppose e.g. that the first railing is moved from the wall by one 
part in a thousand of the distance between the columns; then the second 
railing is pushed forward by ry55C, the third by (o5 €, and so on, so that 


V. DEF. 5] NOTE ON DEFINITION 5 123 


the railings after the thousandth are pushed forward by more than C; i.e. the 
order with respect to the columns is disarranged. 

Now let it be proposed to make a model of the preceding construction in 
which c shall be the column distance and » the railing distance. It needs no 
definition of proportion, nor anything more than the conception which we 
have of that term prior to definition (and with which we must show the agree- 
ment of any definition that we may adopt), to assure us that C must be to & 
in the same proportion as c to 7 if the model be truly formed. Nor is it 
drawing too largely on that conception of proportion to assert that the 
distribution of the railings among the columns in the model must be every- 
where the same as in the original ; for example, that the model would be out 
of proportion if its 37th railing fell between the 18th and r9th columns, while 
the 37th railing of the original fell between the r7th and 18th columns. Thus 
the dependence of Euclid’s definition upon common notions is settled; for the 
obvious relation between the construction and its model which has just been 
described contains the collection of conditions, the fulfilment of which, 
according to Euclid, constitutes proportion. According to Euclid, whenever 
mC exceeds, equals, or falls short of nX, then mc must exceed, equal, or fall 
short of 27; and, by the most obvious property of the constructions, according 
as the mth column comes after, opposite to, or before the mth railing in the 
original, the mth column must come after, opposite to, or before the 7th 
railing in the correct model. 

Thus the test proposed by Euclid is necessary. It is also sufficient. For 
admitting that, to a given original with a given column-distance in the model, 
there is one correct model railing distance (which must therefore be that 
which distributes the railings among the columns as in the original), we have 
seen that any other railing distance, however slightly different, would at last 
give a different distribution; that is, the correct distance, and the correct 
distance only, satisfies all the conditions required by Euclid’s definition. 

The use of the word distribution having been well learnt, says De Morgan, 
the following way of stating the definition will be found easier than that of 
Euclid. “Four magnitudes, A and Z of one kind, and C and D of the same 
or another kind, are proportional when all the multiples of A can be 
distributed among the multiples of B in the same intervals as the correspond- 
ing multiples of C among those of D.” Or, whatever numbers m, 7 may be, 
if mA lies between »B and (n+ 1)B, mC lies between 2D and (7 + 1)D. 

It is important to note that, if the test be always satisfied from and after 
any given multiples of 4 and C, it must be satisfied before those multiples. For 
instance, let the test be always satisfied from and after 1004 and 100C; and 
let 54 and 5C be instances for examination. Take any multiple of 5 which 
will exceed 100, say 50 times five ; and let it be found on examination that 
2504 lies between 6787 and 6798; then 250C lies between 678D and 
679D. Divide by so, and it follows that 54 lies between 13282 and 13238, 
and a fortiort between 137 and 142. Similarly, $C lies between 1329 D and 
13&0D, and therefore between 13D and 142. Or 5A lies in the same 
interval among the multiples of Z in which 5C lies among the multiples of D. 
And so for any multiple of 4, C less than 100A, 100C. 

There remains the second question relating to the infinite character of the 
definition; four magnitudes 4, B, C, D are not to be called proportional 
until it is Shown that every multiple of A falls in the same intervals among 
the multiples of B in which the same multiple of C is found among the 
multiples of D. Suppose that the distribution of the railings among the 
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columns should be found to agree in the model and the original as far as 
the millionth railing. This proves only that the railing distance of the model 
does not err by the millionth part of the corresponding column distance. We 
can thus fix limits to the disproportion, if any, and we may make those limits 
as small as we please, by carrying on the method of observation; but we 
cannot observe an infinite number of cases and so enable ourselves to affirm 
proportion absolutely. Mathematical methods however enable us to avoid 
the difficulty. We can take any multiples whatever and work with them as if 
they were particular multiples. De Morgan gives, as an instance to show that 
the definition of proportion can in practice be used, notwithstanding its 
infinite character, the following proof of a proposition to the same effect as 
Eucl. vi. 2. 





[*] 4A u, Â, ay Ay a ^i 


"Let OA B be a triangle to one side AB of which a? is drawn parallel, and 
on OA produced set off 44., A,A, etc. equal to OA, and aa;, ast, etc. equal 
to Ox. 

Through every one of the points so obtained draw parallels to AB, 
meeting OZ produced in 4,, B, etc. 

Then it is easily proved that 44,, 4,4, etc. are severally equal to Ob, and 
BB,, BB, etc. to OB. 

Consequently a distribution of the multiples of OA among the multiples 
of Oa is made on one line, and of OB among those of Od on the other. 

The examination of this distribution in all its extent (which is impossible, 
and hence the apparent difficulty of using the definition) is rendered 
unnecessary by the known property of parallel lines. For, since A, lies 
between a, and a, B, must lie between 4, and 4,; for, if not, the line 4,2, 
would cut either a,b, or ab,- 

Hence, without inquiring where Am does fall, we know that, if it fall 
between a, and a,,,, Z,, must fall between 4, and 4,,,; or, if m.OA fall in 
magnitude between z. a and (s +1)Oa, then m. OB must fall between 
n. Ob and (n + 1)0b.” 


Max Simon remarks (Zuclid und die sechs planimetrischen Bücher, p. 110), 
after Zeuthen, that Euclid's definition of equal ratios is word for word the 
same as Weierstrass’ definition of equal numbers. So far from agreeing in 
the usual view that the Greeks saw in the irrational no number, Simon thinks 
it is clear from Eucl. v. that they possessed a notion of number in all its 
generality as clearly defined as, nay almost identical with, Weierstrass’ con- 
ception of it. 

Certain it is that there is an exact correspondence, almost coincidence, 
between Euclid's definition of equal ratios and the modern theory of irrationals 
due to Dedekind. Premising the ordinal arrangement of natural numbers in 
ascending order, then enlarging the sphere of numbers by including 
(1) negative numbers as well as positive, (2) fractions, as 4/6, where a, 6 may 
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be any natural numbers, provided that 4 is not zero, and arranging the 
fractions ordinally among the other numbers according to the definition : 


let 5 be <=> 5 according as ad is <=> ba 
Dedekind arrives at the following definition of an irrational number. 

An irrational number a is defined whenever a law is stated which will 
assign every given rational number to one and only one of two classes A and 
Z such that (1) every number in A precedes every number in Z, and (2) there 
is no last number in A and no first number in B; the definition of a being 
that it is the one number which lies between all numbers in 4 and all 
numbers in 2. 

Now let x/y and x’/y’ be equal ratios in Euclid's sense. 


Then ~ will divide all rational numbers into two groups A and Z; 


J 
x , " 
y » » » A’ and 2’. 
Let $ be any rational number in A, so that 
— 
b y’ 


This means that ay < dx. 
But Euclid’s definition asserts that in that case ay’< 4x’ also, 


, 


a x 
Hence also 3< y ; 


therefore every member of group 4 is also a member of group 4’. 
Similarly every member of group Z is a member of group Z’. 


For, if 5 belong to Z, 


wa 
VIR 


which means that ay > dx. 
But in that case, by Euclid’s definition, ay’ > dx’ ; 


a x 
— 

Thus, in other words, Æ and B are coextensive with 4' and Z 
respectively ; 


therefore also 


therefore E =5, according to Dedekind, as well as according to Euclid. 


If x/y, x'/ happen to be rational, 
then one of the groups, say A, includes x/y, 
and one of the groups, say 4’, includes x’/y’. 


In this case j might coincide with 5 ; 
; a x 
that ts Roy! 
which means that ay = bx. 
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Therefore, by Euclid’s definition, ay’ = 2x' ; 


' 


a x 
boy" 

Thus the groups are again coextensive. 

In a word, Euclid's definition divides all rational numbers into two 
coextensive classes, and therefore defines equal ratios in a manner exactly 
corresponding to Dedekind's theory. 


so that 


Alternatives for Eucl. V. Def. 5. 


Saccheri records in his Euclides 06 omni naevo vindicatus that a distinguished 
geometer of his acquaintance proposed to substitute for Euclid’s the following 
definition : 

* A first magnitude has to a second the same ratio that a third has to a 
fourth when the first contains the aliquot parts of the second, according to any 
aumber (i.e. with any denominator] whatever, the same number of times as 
the number of times the third contains the same aliquot parts of the fourth” ; 
on which Saccheri remarks that he sees no advantage in this definition, which 
presupposes the notion of division, over that of Euclid which uses multiplication 
and the notions of greater, egual, and less. 

This definition was, however, practically adopted by Faifofer (Elementi di 
geometria, 3 ed., 1882) in the following form : 

“Four magnitudes taken in a certain order form a proportion when, by 
measuring the first and the third respectively by any equi-submultiples 
whatever of the second and of the fourth, equal quotients are obtained.” 

Ingrami (Elementi di geometria, 1904) takes multiples of the first and third 
instead of submultiples of the second and fourth : 

“ Given four magnitudes in predetermined order, the first two homogeneous 
with one another, and likewise also the last two, the magnitudes are said to 
form a proportion (or to be in proportion) when any multiple of the first 
contains the second the same number of times that the equimultiple of the 
third contains the fourth." 

Veronese’s definition (Elementi di geometria, Pt. 11., 1905) is like that of 
Faifofer ; Enriques and Amaldi (Z/ements di geometria, 1905) adhere to 
Euclid’s. 


Proportionals of VII. Def. 20 a particular case. 


It has already been observed that Euclid has nowhere proved (though the 
fact cannot have escaped him) that the proportion of numbers is included in 
the proportion of magnitudes as a special case. This is proved by Simson as 
being necessary to the 5th and 6th propositions of Book x. Simson’s proof is 
contained in his propositions C and D inserted in the text of Book v. and in 
the notes thereon. Proposition C and the note on it prove that, ijf four 
magnitudes are proportionals according to v11. Def. 20, they are also proportionals 
according to v. Def. 5. Prop. D and the note prove the partial converse, 
namely that, if four magnitudes are proportionals according to the 5th definition 
of Book v., and if the first be any multiple, or any part, or parts, of the second, 
the third is the same multiple, part, or parts, of the fourth. The proofs use 
certain results obtained in Book v. 


Prop. C is as follows : 


Uf the first be the same multiple of the second, or the same part of it, that the 
third is of the fourth, the first is to the second as the third to the fourth. 
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Let the first 4 be the same multiple of B the second that C the third is of 
the fourth D; 
A is to Z as C is to D. 





A — E 
B= G 
c F 
o—— H 


Take of 4, C any equimultiples whatever E, F; and of B, D any 
equimultiples whatever G, Æ. 


Then, because A is the same multiple of Z that C is of D, 
and £ is the same multiple of 4 that Z is of C, 
E is the same multiple of B that Fis of D. [v. 3] 
Therefore Æ, Fare the same multiples of B, D. 
But G, Z are equimultiples of B, D; 


therefore, if E be a greater multiple of B than G is, F is a greater multiple of 
D than Z is of D; 


that is, if E be greater than G, F is greater than Æ. 
In like manner, 
if Æ be equal to G, or less, Fis equal to Æ, or less than it. 
But Z, Fare equimultiples, any whatever, of A, C; 
and G, # any equimultiples whatever of B, D. 
Therefore A is to B as C is to D. (v. Def. 5] 


Next, let the first A be the same parf of the second Z that the third C is 
of the fourth D : 


A isto Bas C is to D. A—— 
For B is the same multiple of A that D is of C; 8 
wherefore, by the preceding case, c— 
B is to A as D is to C; D 


and, inversely, A is to B as C is to D. 

[For this last inference Simson refers to his Proposition B. That 
proposition is very simply proved by taking any equimultiples E, F of B, D 
and any equimultiples G, Z7 of A, C and then arguing as follows: 

Since A is to B as Cis to D, 

G, H are simultaneously greater than, equal to, or less than Æ, Æ 
respectively ; so that 

E, F are simultaneously less than, equal to, or greater than C, M 
respectively, 

and therefore (Def. 5] Z is to A as D is to C.] 

We have now only to add to Prop. C the case where AB contains the 

same parts of CD that EF does of GĦ: 
in this case likewise 4Z is to CD as EF to GH. 

Let CX be a part of CD, and GZ the same part of GH; let AB be the 

same multiple of CX that EF is of GZ. 
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Therefore, by Prop. C, 
AB is to CK as EF to GL. 


B —ñ F 








G 
c—x D t 


And CD, GH are equimultiples of CX, GZ, the second and fourth. 

Therefore AB is to CD as EF to GH (Simson’s Cor. to v. 4, which 
however is the particular case of v. 4 in which the ‘“equimultiples” of one 
pair are the pair itself, i.e. the pair multiplied by unity]. 

To prove the partial converse we begin with Prop. D. 

Jf the first be to the second as the third to the fourth, and if the first bea 
multiple or part of the second, the third ts the same multiple or the same part of 
the fourth, 

Let A be to B as Cis to D; 
and, first, let 4 be a multiple of Z ; 

C is the same multiple of D. 
Take £ equal to A, and whatever multiple 4 or Z is of B, make F the 


same multiple of D. 
Then, because A is to B as Cis to D, 


and of B the second and 2 the fourth equimultiples have been taken Æ 
and Æ 
A is to Æ as Cis to £ [v. 4, Cor.] 


But 4 is equal to Æ; 
therefore C is equal to £ 


[In support of this inference Simson cites his Prop. A, which however we 
can directly deduce from v. Def. 5 by taking any, but the same, equimultiples 
of all four magnitudes. } 


a — c 
B—————— D—— 
'— e e æe— F 
Now Zis the same multiple of D that 4 is of 2; 
therefore C is the same multiple of D that A is of B. 
Next, let the first 4 be a part of the second Z ; 
C the third is the same part of the fourth D. 
Because A is to B as C is to D, 
inversely, B is to A as D is to C. [Prop. B] 
But 4 is a part of B; therefore B is a multiple of 4; 
and, by the preceding case, D is the same multiple of C, 
that is, C is the same part of D that A is of B. 


We have, again, only to add to Prop D the case where AZ contains any 
parts of CD, and AB is to CD as EF to GH; 
then shall ZÆ contain the same parts of GH that AB does of CD. 
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For let CX be a part of CD, and GZ the same part of GH; and let AB 
be a multiple of CX. 

EF shall be the same multiple of GZ. 

Take AM the same multiple of GZ that 4B is of CX; 





therefore AB is to CK as M is to GL. [Prop. C] 
A ———— —— B f 
CTK 9 E L ? " 


And CD, GA are equimultiples of CK, GZ; 


therefore AB is to CD as M is to GH. 
But, by hypothesis, AB isto CD as EFisto GA; 
therefore M is equal to EF, (v. 9] 


and consequently ZF is the same multiple of GZ that AB is of CK. 


DEFINITION 6. 

Ta 8& rov abrov Zxovra Adyov peyéOn avddoyov KaheicOw. 

"AvdAoyov, though usually written in one word, is equivalent to ava Adyoy, in 
proportion. It comes however in Greek mathematics to be used practically as 
an indeclinable adjective, as here; cf. ai récoapes eiOciar dvddoyov évovrat, 
“the four straight lines will be proportional,” rpíywva ràs mA«vpàs avadoyov 
dyovra, “triangles having their sides proportional.” Sometimes it is used 
adverbially: avaAoyov dpa éoriv ws 7 BA mpós rijv AT, ovrus xj HÀ mpós rv AZ, 
“proportionally therefore, as BA is to AC, so is GD to DF”; so too, ap- 
parently, in the expression 7 4x dvdAoyov («/6ia), * the mean proportional." 
I do not follow the objection of Max Simon (Euclid, p. 110) to **proportional" 
as a translation of dydAoyov. “We ask,” he says, “in vain, what is proportional 
to what? We say e.g. that weight is proportional to price because double, treble 
etc. weight corresponds to double, treble etc. price. But here the meaning must 
be ‘standing in a relation of proportion.’” Yet he admits that the Latin word 
proportionalis is an adequate expression. He translates by ‘‘in proportion” 
in the text of this definition. But I do not see that “in proportion ” is better 
than “proportional.” The fact is that both expressions are elliptical when 
used of four magnitudes “in proportion”; but there is surely no harm in 
using either when the meaning is so well understood. 

The use of the word xaAciow, “/e¢ magnitudes having the same ratio be 
called proportional,” seems to indicate that this definition is Euclid's own. 


DEFINITION 7. 


"Orav Ô trav uráxis moàariariwv rÓ niv ToU porov ToAAaTAaatov trepexy 
roU rov Devrépov roAAamAacgíov, ró Oi roU rpírov moAAamAaciov uù) Ümepéxp ToU 
rou rerdprov wodAamAagiov, TéTe 76 TpwTov pos 7d Sevrepov peifova Aóyov xuv 
Aeyerat, —— — 

As De Morgan observes, the practical test of disproportion is simpler than 
that of proportion. For, whereas no examination of individual cases, however 
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extensive, will enable an observer of the construction and its model (the 
illustration by means of columns and railings described above) to affirm 
proportion or deny disproportion, and all it enables us to do is to fix limits 
(as small as we please) to the disproportion (if any), a single instance may 
enable us to deny proportion or affirm disproportion, and also to slate which 
way the disproportion lies. Let the 19th railing in the original fall beyond 
the r1th column, while the roth railing of the (so-called) model does not 
come up to the rrth column. It follows from this one instance that the 
railing distance of the model is too small relatively to the column distance, or 
that the column distance is too great relatively to the railing distance. That 
is, the ratio of x to c is less than that of P to C, or the ratio of c to x is greater 
than that of C to R. 

Saccheri (of. cif.) remarks (as Commandinus had done) that the ratio of 
the first magnitude to the second will also be greater than that of the third to 
the fourth if, while the multiple of the first is egua/ to the multiple of the 
second, the multiple of the third is /ess than that of the fourth: a case not 
mentioned in Euclid’s definition. Saccheri speaks of this case being included 
in Clavius’ interpretation of the definition. I have, however, failed to find a 
reference to the case in Clavius, though he adds, as a sort of corollary, in his 
note on the definition, that if, on the other hand, the multiple of the first is 
less than the multiple of the second, while the multiple of the third is not less 
than that of the fourth, the ratio of the first to the second is /ess than that of 
the third to the fourth. 

Euclid presumably left out the second possible criterion for a greater ratio, 
and the definition of a less ratio, because he was anxious to reduce the 
definitions to the minimum necessary for his purpose, and to leave the rest to 
be inferred as soon as the development of the propositions of Book v. enabled 
this to be done without difficulty. 

Saccheri tried to reduce the second possible criterion for a greater ratio to 
that given by Euclid in his definition without recourse to anything coming 
later in the Book, but, in order to do this, he has to use “multiples” produced 
by multipliers which are not integral numbers, but integral numbers f/us proper 
fractions, so that Euclid’s Def. 7 becomes inapplicable. 

De Morgan notes that “proof should be given that the same pair of 
magnitudes can never offer both tests [i.e. the test in the definition for a 
greater ratio and the corresponding test for a less ratio, with “less” substituted 
for “greater” in the definition] to another pair; that is, the test of greater 
ratio from one set of multiples, and that of less ratio from another." In other 
words, if m, n, P, g are integers and A, B, C, D four magnitudes, none of the 
pairs of equations 

(1) mA>mnB, mC=or<nD, 
(2) mA=nB, mC<nD 
can be satisfied simultaneously with any one of the pairs of equations 


(3) pd=9B, pC>gD, 
(4) pA<gB, pC>or= gD. 
There is no difficulty in proving this with the help of two simple 
assumptions which are indeed obvious. 
We need only take in illustration one of the numerous cases. Suppose, if 
possible, that the following pairs of equations are simultaneously true : 
(1) mA>nB, mC<nD 
and (2 pA<gB, pC>gD. 
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Multiply (1) by ¢ and (2) by x. 


(We need here to assume that, where 7X, 7 Y are any equimultiples of any 
magnitudes X, Y, 


according as X >=< Y, rX>=<rY. 
This is contained in Simson's Axioms 1 and 3.) 
We have then the pairs of equations 
mqA» ngB, mgC«nqD, 
np4 «ngB, npC»ngD. 
From the second equations in each pair it follows that 
mqC « n2C. 


(We now need to assume that, if rX, sX are any multiples of X, and 
rY, sY the same multiples of Y, then, 
according as 7X > =< sX, rY>=< sY. 
Simson uses this same assumption in his proof of v. 18.) 


Therefore mgA <npA. 
But it follows from the first equations in each pair that 
mgA > npA: 


which is impossible. 
Nor can Euclid's criterion for a greater ratio coexist with that for equal 
ratios. 


DEFINITION 8. 
"Avadoyia 8% £y rpuiv Spas éXaxiory éoriv. 


This is the reading of Heiberg and Camerer (who follow Peyrard’s Ms.) 
and is that translated above. The other reading has éAaxicrots, which can 
only be translated ‘‘consists in three terms af /east.” Hankel regards the defi- 
nition as a later interpolation, because it is superfluous, and because the word 
Spos for a ferm in a proportion is nowhere else used by Euclid, though it is 
common in later wnters such as Nicomachus and Theon of Smyrna. The 
genuineness of the definition is however supported by the fact that Aristotle 
not only uses ópos in this sense (Z¢h. Nic. v. 6, 7, 1131 b 5, 9), but has a similar 
remark (ibid, 1131 a 31) that a “proportion is in four terms at least.” The 
difference from Euclid is only formal; for Aristotle proceeds: “The discrete 
(3eypnpérn) (proportion) is clearly in four (terms), but so also is the continuous 
(ovvexys). For it uses one as two and mentions it twice, e.g. (in stating) that, 
as a is to fd, so also is B to y; thus B is mentioned twice, so that, if B be twice 
put down, the proportionals are four." The distinction between discrete and 
continuous seems to have been Pythagorean (cf. Nicomachus, it. 21, 5; 23, 
2, 3; where however cvvnypeévy is used instead of weis) ; Euclid does not 
use the words Seypnpévy and cuvexys in this connexion. — 

So far as they go, the first words of the next definition (9), When three 
magnitudes are proportionals," which seemingly refer to Def. 8, also support 
the view that the latter is, at least in substance, genuine. 
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DEFINITIONS 9, 10. 


9. “Orav ài tpia peyéOn avddoyov f, 1o mparov mpos 1d tpirov Sumdaciova 
Aóyov €xew Aéyerac sjr«p mpós 10 Sevrepov. 


E z 

IO. "Oray ài réroapa peyéðn dvadoyov j, TÓ mpurov mpos TÒ réraprov 

^ . * 

tpimdagiova Adyov Exew A€yerar mep mpòs TÒ Sevrepov, cai dei és cpoiws, ws 
dv 9 dvadoyia Umapyn. 


Here, and in connexion with the definitions of duplicate, triplicate, etc. 
ratios, would be the place to expect a definition of “compound ratio.” None 
such is however forthcoming, and the only “definition” of it that we find is 
that forming vi. Def. 5, which is an interpolation made, perhaps, even before 
Theon's time. According to the interpolated definition, ‘A ratio is said to 
be compounded of ratios when the sizes (ryAwóryres) of the ratios multiplied 
together make some (? ratio)" But the multiplication of the sizes (or 
magnitudes) of two ratios of incommensurable, and even of commensurable, 
magnitudes is an operation unknown to the classical Greek geometers. 
Eutocius (Archimedes, ed. Heiberg, ut. p. 120) is driven to explain the 
definition by making ryAccérys mean the number from which the given ratio 
is called, or, in other words, the number which multiplied into the consequent 
of the ratio gives the antecedent. But he is only able to work out his idea with 
reference to ratios between numbers, or between commensurable magnitudes ; 
and indeed the definition is quite out of place in Euclid’s theory of 
proportion. 

There is then only one statement in Euclid's text as we have it indicating 
what is meant by compound ratio; this is in vi: 23, where he says abruptly 
“But the ratio of X to M is compounded of the ratio of X to Z and that of 
Z to M.” Simson accordingly gives a definition (A of Book v.) of compound 
ratio directly suggested by the statement in vi. 23 just quoted. . 

“ When there are any number of magnitudes of the same kind, the first 
is said to have to the last of them the ratio compounded of the ratio which 
the first has to the second, and of the ratio which the second has to the third, 
and of the ratio which the third has to the fourth, and so on unto the last 
magnitude. 

For example, if A, B, C, D be four magnitudes of the same kind, the 
first A is said to have to the last D the ratio compounded of the ratio of 
A to B, and of the ratio of B to C, and of the ratio of C to D; or the ratio 
of A to D is said to be compounded of the ratios of A to B, B to C, and 
C to D. 

And if 4 has to Z the same ratio which E has to F; and B to C the 
same ratio that G has to Æ; and C to D the same that K has to Z; then, 
by this definition, A is said to have to D the ratio compounded of ratios 
which are the same with the ratios of Æ to A G to ZZ, and K to ZL: and the 
same thing is to be understood when it is more briefly expressed, by saying, 
A has to D the ratio compounded of the ratios of E to FÆ G to Ħ, and 
K toZ. 

In like manner, the same things being supposed, if M has to V the 
same ratio which 4 has to D; then, for shortness’ sake, M is said to have to 
N the ratio compounded of the ratios of E to F, G to Ħ, and K to Z.” 

De Morgan has some admirable remarks on compound ratio, which 
uot only give a very clear view of what is meant by it but at the same time 
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supply a plausible explanation of the origin of the term. “Treat ratio,” says 
De Morgan, ‘‘as an engine of operation. Let that of Æ to B suggest the 
power of altering any magnitude in that ratio.” (It is true that it is not yet 
proved that, B being any magnitude, and P and Q two magnitudes of the 
same kind, there does exist a magnitude A which is to B in the same ratio 
as Pto Q. It is not till vi. 12 that this is proved, by construction, in the 
particular case where the three magnitudes are straight lines. The proof in the 
Greek text of v. 18 which assumes the truth of the more general proposition 
is, by reason of that assumption, open to objection; see the note on that 
proposition.) Now “every alteration of a magnitude is alteration in some 
ratio, two or more successive alterations are jointly equivalent to but one, and 
the ratio of the initial magnitude to the terminal one is as properly said to be 
the compound ratio of alteration as 13 to be the compound addend in*lieu of 
8 and 5, or 28 the compound multiple for 7 and 4. Composition is used 
here, as elsewhere, for the process of detecting one single alteration which 
produces the joint effect of two or more. ‘The composition of the ratios of 
P to R, R to S, Tto U, is performed by assuming A, altering it in the first 
ratio into Ø, altering Z in the second ratio into C, and C in the third ratio 
into D. The joint effect turns A into D, and the ratio of A to D is the 
compounded ratio.” 

Another word for compounded ratio is ovvqupeévos (cvvarrw) which is 
common in Archimedes and later writers. 

It is clear that duplicate ratio, triplicate ratio etc. defined in v. Deff. 9 
and 10 are merely particular cases of compound ratio, being in fact the 
ratios compounded of two, three etc. egua/ ratios. The use which the Greek 
geometers made of compounded, duplicate, triplicate ratios etc. is well 
illustrated by the discovery of Hippocrates that the problem of the duplication 
of the cube (or, more generally, the construction of a cube which shall be to 
a given cube in any given ratio) reduces to that of finding "two mean 
proportionals in continued proportion." This amounted to seeing that, if 
x, y are two mean proportionals in continued proportion between any two 
lines a, 2, in other words, if a is to x as x to y, and x is to y as y to 2, then a 
cube with side a is to a cube with side x as a is to 2 ; and this is equivalent 
to saying that a has to 4 the triplicate ratio of a to x. 

Euclid is careful to use the forms d:rAaciwv, rpurAagiwy, etc. to express what 
we translate as duplicate, triplicate etc. ratios; the Greek mathematicians, 
however, commonly used d:mAderos Adyos, “double ratio,” tperAdavos Adyos, 
“triple ratio” etc. in the sense of the ratios of 2 to 1, 3 to 1 etc. The effort, 
if such it was, to keep the one form for the one signification and the other for 
the other was only partially successful, as there are several instances of the 
contrary use, e.g. in Archimedes, Nicomachus and Pappus. 

The expression for having the ratio which is ‘duplicate (triplicate) of that 
which it has to the second” is curious—dumAaciova (tprtAagiova) Aoyov éxew 
qj «p mpos 70 Seitepov—nrep being used as if dirAaciova or rpurAacíova were a 
sort of comparative, in the same way as it is used after uefova or éAáacova. 
Another way of expressing the same thing is to say Aóyos 8urAaaíov (rperAaa iov) 
row, ov éyea... the ratio “duplicate of that (ratio) which..." The explanation 
of both constructions would seem to be that dirAdoros or SimAaciwy is, as 
Hultsch transiates it in his edition of Pappus (cf. p. 59, 17), dup/o maior, 
where the ablative duplo implies not a difference but a proportion. 

The four magnitudes in Def. 1o must of course be in continued proportion 
(xarà 1ó avvexés). The Greek text as it stands does not state this. 
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DEFINITION tr. 


"OnóAoya. ueyé0n Méyera« rà piv rjyovp«va. vois ryovuévois rà Ó& émópeva. rois 
éroyévois, 

It is difficult to express the meaning of the Greek in as few words. A 
translation more literal, but conveying less, would be, “Antecedents are called 
corresponding magnitudes to antecedents, and consequents to consequents.” 

I have preferred to translate éuoAoyos by “corresponding” rather than by 
“homologous.” I do not agree with Max Simon when he says (Euclid, p. 111) 
that the technical terin “homologous” is not the adjective syoAnyos, and does 
not mean “corresponding,” “agreeing,” but “like in respect of the proportion” 
(áhnlích in Bezug auf das Verháltniss"). The definition seems to me to be 
for the purpose of appropriating to a technical use precisely the ordinary 
adjective ópóAoyos, "agreeing" or "corresponding." 

Antecedents, yyovpeva, are literally ‘‘/eading (terms)," and consequents, 
éxcueva, “ following (terms).” 


DEFINITION 12. 


— Adyos &ari Ars ToU 7)yovuévov mpos TO Ņyoúpevov kal roU érojévov 
pos TO érropevov, 

We now come to a number of expressions for the transformation of ratios 
or proportions. The first is évaAAdg, alternately, which would be better 
described with reference to a proportion of four terms than with reference to 
a ratio. But probably Euclid defined all the terms in Deff. r2—16 with 
reference to ratios because to define them with reference to proportions would 
look like assuming what ought to be proved, namely the legitimacy of the 
various transformations of proportions (cf. v. 16, 7 Por., 18,17, 19 Por) The 
word évaAAdé£ is of course a common term which has no exclusive reference to 
mathematics. But this same use of it with reference to proportions already 
occurs in Aristotle: Anal. post. 1. 5, 74 a 18, xaì rò dvdAoyov dt tvaAAa£, 
“and that a proportion (is true) alternately, or alternando.” Used with Aóyos, 
as here, the adverb évaAAdé has the sense of an adjective, “alternate”; we 
have already had it similarly used of “alternate angles” (ai évaAAa¢ yuvía:) in 
the theory of parallels. 


DEFINITION 13. 

"AvdmaÀw Aóyos éori AnYes roU érouévov ds ryovuévov mpós Tò Wyoupevov ws 
éxdpevoy. 

"Avdrahw, “inversely,” “the other way about,” is also a general term with 
no exclusive reference to mathematics. For this use of it with reference to 
proportion cf. Aristotle, De Caelo 1. 6, 273 b 32 tHv dvadoylay Fv tà Bapy exer, 
ol xpovar avamadw efovow, “ the proportion which the weights have, the times 


will have inversely.” As here used with Acyos, dvamaXw is, exceptionally, 
adjectival. 


DEFINITION 14. 


, , 5 x — 
Zuvheois Aóyov ari Aus ToU. sjyovuévov perd ro) éropévov ds éyós mpós avrà 
; 
Tò Éróp.vov. 


_ The composition of a ratio is to be distinguished from the compounding of 
ratios and compounded ratio (avyxeiuevos Aoyos) as explained above in the note 
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on Deff. 9, ro. The fact is that ovvriðnu and what serves for the passive of 
it (ovyxemar) are used for adding as well as compounding in the sense of 
compounding ratios. In order to distinguish the two senses, I have always 
used the word componendo where the sense is that of this definition, though 
this requires a slight departure from the literal rendering of some passages. 
Thus the enunciation of v. 17 says, literally, “if magnitudes compounded be 
in proportion they will also be in Proportion separated” (édv ovyxeweva 
peyeOn dvadoyov 7, Kai BuarpeOévra dvadoyoy éorac). This practically means 
that, if Æ + Bis to B as C+ D is to D, then A is to B as C is to D. 
I have accordingly translated as follows: “if magnitudes be proportional 
componendo, they will also be proportional separando.” (It will be observed 
that separando, a term explained in the next note, is here used, not relatively 
to the proportion A is to B as C is to D, but relatively to the proportion 
componendo, viz. A + B is to Bas C+ D is to D.) The corresponding 
term for componendo in the Greek mathematicians is evÓévri, literally to one 
who has compounded,” i.e. “if we compound.” (For this absolute use of the 
dative of the participle cf. Nicomach us 1. 8, 9 amo povddes., «Kara TOV Burddovoy 
Aéyov Tpoxwpodvre —XRX åmeipov, dco Kat dy yévovra., ovroe mavres dpridkis 
dprioi dow. A very good instance from Anstotle i is Eth. Nic. V. S, 1097 b 12 
in extelvovti àp éri rois yovéis ai Tous droydvous Kal Tüv Pidwv rows pidous 
eis drepov mpoeww.) A variation for avyÜévr. found in Archimedes is xarà 
avvOeow. Perhaps the more exclusive use of the form evvÓévr. by geometers 
later than Euclid to denote the composition of a ratio, as compared with 
Euclid's more general use of ovv@eors and other parts of the verb cvvri@npu 
Or ovyxewat, may point to a desire to get rid of ambiguity of terms and to 
make the terminology of geometry more exact. 


DEFINITION 15. 


Ataípeats. Mryov tari Miis Tis VmTepoyyjs, T) Um«epéxe. TÓ vyoULevov ToU 
émopévov, mpòs avró TO érmópevov. 

As composition of a ratio means the transformation, e.g., of the ratio of 
A to B into the ratio of A + B to B, so the separation of a ratio indicates 
the transformation of it into the ratio of 44 — B to Z. Thus, as the new 
antecedent is in one case got by adding the original antecedent to the original 
consequent, so the antecedent in the other case is obtained by subtracting the 
original consequent from the original antecedent (it being assumed that the 
latter is greater than the former). Hence the literal translations of diatpeors 
Adyov, “division of a ratio," and of 3«Aóvr. (the corresponding term to 
«vwOévri) as. dividendo, scarcely give a sufficiently obvious explanation of the 
meaning. Heiberg accordingly translates by *"'subtractio rationis," which 
again may be thought to depart too far from the Greek. Perhaps “separation” 
and separando may serve as a compromise. 


DEFINITION 16. 


'Avaarpodrj Aéyov teri ARs ToU y yovuévov Tpós Tijv Vr epoxiv, ù Vrepéx« 
Tò v yovjevov TOU érop.évov. 

Conversion of a ratio means taking, e.g., instead of the ratio of A to B, 
the ratio of 4 to 4— B (4 being again supposed greater than B). As 
dvactpopy is used for conversion, so avactpéyavre is used for convertendo 
(corresponding to the terms evv6évr« and. B«Aóvri). 
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DEFINITION 17. 


Ae igov Abyos éari mAeóvoy óvrüv peyeðóv kai dÀÀuv avrois taov ró mAffos 
ovvbvo AapBavopeva xal èv Tô aŭtG Adyw, Órav]j us év rois mporois peyéOecr 7d 
™parov mpos Td Exxatov, ovTus èv Tots Óevrépois ueyéÜeat ró mpürov mpós 10 éa yarov* 
7 dAXus: A9Ws rdv dxpov kaÜ' vre«faípeaw rav uéauv. 

& toov, ex aequali, must apparently mean ex aequat distantia, at an equal 
distance or interval, i.e. after an equal number of intervening terms. The 
wording of the definition suggests that it is rather a proportion ex aequali 
than a ratio ex aequali which is being defined (cf. Def. 12). The meaning is 
clear enough. If a, 4, ¢, d... be one set of magnitudes, and 4, Z, C, D... 
another set of magnitudes, such that 

a is to bas A is to B, 

b is to cas Z is to C, 
and so on, the last proportion being, e.g., 

k is to /, as K is to Z, 
then the inference ex aequali is that 

a is to Zas A is to L. 

The fact that this is so, or the truth of the inference from the hypothesis, 
is not proved until v. 22. The definition is therefore merely verbal; it gives 
a convenient amc to a certain inference which is of constant application in 
mathematics. But ex aequa/í could not be intelligibly defined except with 
reference to two sets of ratios respectively equal. 


DEFINITION 18. 


Terapaypévy 3¢ dvadoyia toriv, Srav rpióv Óvruv. ueyeÜdv Kai dAdwv adrois 
iowy 16 mryGos yivnta ws piv év rois mpúros peyéÂeow Wyovpevov mpós éropevov, 
otras ¿v rois Üevrépois ueyéÜcaw wyovpevov mpos Exopevov, ws St ev ois Tporots 
peyGeow éxouevov mpds ddAo rt, ovrus £v rois Seurépors dAAO ri ps rj yodp.evov. 


Though the words 8¢ ivov, ex aegua/t, are not in this definition, it gives a 
description of a case in which the inference ex aequa/t is still true, as will be 
hereafter proved in v. 23. A perturbed proportion is an expression for the 
case when, there being three magnitudes a, 4, ¢ and three others 4, B, C, 


ais to bas B is to C, 
and b is to c as A is to B. 


Another description of this case is found in Archimedes, “the ratios being 
adisstmilarly ordered” (dvopoiws reraypévwv rév Aóyov). The full description of 
the inference in this case (as proved in v. 23), namely that 


a is to c as A is to C, 


is ex aequalt in perturbed proportion (&' ivov dv rerapayuévg avadoyia). 
Archimedes sometimes omits the 5 tcov, first giving the two proportions and 
proceeding thus: “therefore, the proportions being dissimilarly ordered, a has 
to c the same ratio as A has to C.” 

The fact that Def. 18 describes a particular case in which the inference 
ô’ igov will be proved true seems to have suggested to some one after 
Theon's time the interpolation of another definition between 17 and 18 to 
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describe the ordinary case where the argument ex ueguali holds good. The 
interpolated definition runs thus: “an ordered proportion (retaypévy dvadoyia) 
arises when, as antecedent is to consequent, so is antecedent to consequent, 
and, as consequent is to something else, so is consequent to something else.” 
This case needed no description after Def. 17 itself; and the supposed 
definition is never used. 


After the definitions of Book v. Simson supplies the following axioms. 


1. Equimultiples of the same or of equal magnitudes are equal to one 
another. 


2. Those magnitudes of which the same or equal magnitudes are 
equimultiples are equal to one another, 


3. A multiple of a greater magnitude is greater than the same multiple 
of a less. 


4. That magnitude of which a multiple is greater than the same multiple 
of another is greater than that other magnitude. 


BOOK V. PROPOSITIONS. 


PROPOSITION 1. 


Lf there be any number of magnitudes whatever which are, 
respectively, equimulliples of any magnitudes equal in multitude, 
then, whatever multiple one of the magnitudes ts of one, that 
multiple also will all be of all. 


Let any number of magnitudes whatever 4B, CD be 
respectively equimultiples of any magnitudes Æ, F equal in 
multitude ; 


I say that, whatever multiple 4B is of Z, that multiple will 
AB, CD also be of Æ, F. 








For, since 4B is the same multiple of £ that CD is of F, 


as many magnitudes as there are in 42 equal to Z, so many 
also are there in CO equal to £ 


Let AB be divided into the magnitudes 4G, GB equal 
to Æ, 


and CD into CH, HD equal to F; 


then the multitude of the magnitudes 4G, G& will be equal 
to the multitude of the magnitudes CH, HD. 


Now, since AG is equal to £, and CH to F, 
therefore AG is equal to £, and AG, CH to £, F. 

For the same reason 

GB is equal to Æ, and GZ, HD to E, F; 


therefore, as many magnitudes as there are in AB equal to Æ, 
so many also are there in 48, CD equal to £, 7; 
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therefore, whatever multiple 42 is of Z, that multiple will 
AB, CD also be of £, F. 


Therefore etc. 

Q. E. D. 

De Morgan remarks of v. 1—6 that they are "simple propositions of 
concrete arithmetic, covered in language which makes them unintelligible to 
modern ears. The first, for instance, states no more than that /ez acres and 
fen roods make fen times as much as one acre and one rood.” One aim 
therefore of notes on these as well as the other propositions of Book v. 
should be to make their purport clearer to the learner by setting them side by 
side with the same truths expressed in the much shorter and more familiar 
modern (algebraical) notation. In doing so, we shall express magnitudes by 
the first letters of the alphabet, a, b, c etc., adopting small instead of capital 
letters so as to avoid confusion with Euclid’s lettering ; and we shall use the 
small letters m, ”, 2 etc. to represent integral numbers. Thus ma will always 
mean # times @ or the m'" multiple of @ (counting 1.@ as the first, 2.@ as the 
second multiple, and so on). 

Prop. 1 then asserts that, if #a, mb, mc etc. be any equimultiples of a, 4, ¢ 
etc., then 

mat+mb+mer+...=m(atb+er...). 


PROPOSITION 2. 


If a first magnitude be the same multiple of a second 
that a third ts of a fourth, and a fifth also be the same multiple 
of the second that a sixth is of the fourth, the sum of the first 
and fifth will also be the same multiple of the second that the 
sum of the third and sixth ts of the fourth. 


Let a first magnitude, AB, be the same multiple of a 
second, C, that a third, DZ, 
is of a fourth, F, and leta 4 B G 
fifth, BG, also be the same 
multiple of the second, C, that 9 
a sixth, EA, is of the fourth 0———————*—————^ 
F; F 
I say that the sum of the 
first and fifth, 4G, will be the same multiple of the second, C, 
that the sum of the third and sixth, DA, is of the fourth, Z. 

For, since AB is the same multiple of C that DE is of F, 
therefore, as many magnitudes as there are in AB equal to C, 
so many also are there in DE equal to F. 

For the same reason also, 


as many as there are in ZG equal to C, so many are there 


also in EH equal to F; 
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therefore, as many as there are in the whole AG equal to C, 
so many also are there in the whole DÆ equal to £. 


Therefore, whatever multiple AG is of C, that multiple 
also is DH of F. 

Therefore the sum of the first and fifth, 4G, is the same 
multiple of the second, C, that the sum of the third and sixth, 
DH, is of the fourth, Æ. 

Therefore etc. 

Q. E. D. 


To find the corresponding formula for the result of this proposition, we 
may suppose a to be the “second” magnitude and b the “fourth.” If now 
the “first” magnitude is ma, the “third” is, by hypothesis, #5; and, if the 
“fifth” magnitude is #a, the “sixth” is 24. The proposition then asserts that 
ma + na is the same multiple of a that mb + nb is of b. 

More generally, if Ja, ga... and 2b, gb... be any further equimultiples of 
a, b respectively, ma + na + pa * qa * ... is the same multiple of a that mb + 
nb * 56 - qb - ... is of 6. This extension is stated in Simson’s corollary to 
v. 2 thus: 

“From this it is plain that, if any number of magnitudes 42, BG, GH 
be multiples of another C; and as many DZ, EK, KL be the same 
multiples of Æ, each of each; the whole of the first, viz. AH, is the same 
multiple of C that the whole of the last, viz. DZ, is of £” 

The course of the proof, which separates 7 into its units and also » into 
its units, practically tells us that the multiple of a arrived at by adding the 
two multiples is the (# + 2)th multiple; or practically we are shown that 

ma * na — (m * n)a, 
or, more generally, that 
ma + na +pa+...=(m+n+p+...)a. 


PROPOSITION 3. 


Jf a first magnitude be the same multiple of a second 
that a third is of a fourth, and tf equimultiples be taken 
of the first and third, then also ex aequali the magnitudes 
taken will be equimultiples respectively, the one of the second 
and the other of the fourth. 


Let a first magnitude 4 be the same multiple of a second 
B that a third C is of a fourth D, and let equimultiples ZF, 
GH be taken of A, C ; 


I say that EF is the same multiple of B that G// is of D. 
For, since ZF is the same multiple of 4 that G/ is of C, 


therefore, as many magnitudes as there are in EF equal to 
A, so many also are there in GĦ equal to C. 
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Let EF be divided into the magnitudes EX, KF equal 
to A, and GH into the magnitudes GL, LH equal to C; 
then the multitude of the magnitudes EK, AF will be equal 
to the multitude of the magnitudes GL, £77. 
A — l Ñ 


B —— 


E K F 
Os — 
D —3 
t 
o H 





And, since 4 is the same multiple of B that C is of D, 
while EK is equal to A, and GZ to C, 
therefore EK is the same multiple of Z7 that GZ is of D. 
For the same reason 
KF is the same multiple of Z that LÆ is of D. 


Since, then, a first magnitude EK is the same multiple 
of a second Z that a third GZ is of a fourth 2, 


and a fifth AF is also the same multiple of the second Z that 
a sixth L H is of the fourth Ø, 


therefore the sum of the first and fifth, E, is also the same 
multiple of the second ZB that the sum of the third and sixth, 
GĦ, is of the fourth D. (v. 2] 


Therefore etc. 
Q. E. D, 


Heiberg remarks of the use of ex aequali in the enunciation of this propo- 
sition that, strictly speaking, it has no reference to the definition (17) of a 
ratio ex aequali. But the uses of the expression here and in the definition 
are, I think, sufficiently parallel, as may be seen thus. The proposition 
asserts that, if 

na, nb are equimultiples of a, 4, 

and if m.na, m.nb are equimultiples of xa, nb, 
then s. na is the same multiple of a that m. 2d is of 6. Clearly the proposi- 
tion can be extended by taking further equimultiples of the last equimultiples 
and so on; and we can prove that 

p-q...m.na is the same multiple of a that p.¢...m. nb is of b, 
where the series of numbers f.4...m.^ is exactly the same in both 
expressions ; 
and ex acqualt (3 ioov) expresses the fact that the equimultiples are af the 
same distance from a, 6 in the series na, m.na... and nb, m.nb... respectively. 
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Here again the proof breaks » into its units, and then breaks s into its 
units; and we are practically shown that the multiple of a arrived at, viz. 
m.na, is the multiple denoted bv the product of the numbers ™, 2, i.e. the 
(mn)th multiple, or in other words that 


m.na-mn.da. 


PROPOSITION 4. 


If a first magnitude have to a second the same ratio as a 
third to a fourth, any equimultiples whatever of the first and 
third will also have the same ratio to any equimultiples 
whatever of the second and fourth respectively, taken in 
corresponding order. 

For let a first magnitude 4 have to a second 7 the same 
ratio as a third C to a fourth D ; and let equimultiples E, F 
be taken of A, C, and G, A other, chance, equimultiples of 
B,D; 

[ say that, as E is to G, so is F to H. 


— 
8 — 


Ee — — 








For let equimultiples K, Z be taken of Æ, F, and other, 
chance, equimultiples 77, N of G, 77. 
Since Æ is the same multiple of 4 that F is of C, 


and equimultiples K, Z of Z, F have been taken, 
therefore K is the same multiple of 4 that Z is of C. — [v. 3] 
For the same reason 
M is the same multiple of Z that is of D. 
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And, since, as 4 is to B, so is C to D, 

and of A, C equimultiples K, Z have been taken, 

and of B, D other, chance, equimultiples 77, JV, 

therefore, if X is in excess of M, £L also is in excess of JV, 

if it is equal, equal, and if less, less. [v. Def. 5] 
And K, L are equimultiples of £, F, 

and M, N other, chance, equimultiples of G, 7 ; 

therefore, as Æ is to G, so is F to H. [v. Def. 5] 


Therefore etc. 
Q. E. D. 


This proposition shows that, if a, 4, ¢ d are proportionals, then 
ma is to nb as mc is to na; 
and the proof is as follows : 
Take pma, pmc any equimultiples of ma, mc, and ynb, gnd any equimulti- 
ples of nd, nd. 
Since a : &-« : d, it follows [v. Def. 5] that, 


according as fma > = < gnb, pme > = < gnd. 
But the 2- and g-equimultiples are any equimultiples ; 
therefore [v. Def. 5] 
nma : nb — mc : nd. 


It will be observed that Euclid's phrase for taking any equimultiples of 
A, C and any other equimultiples of B, D is “let there be taken equimulti- 
ples E, F of A, C, and G, A other, chance, equimultiples of B, D," E, F 
being called ieáxis moAAazAácia simply, and G, 7 dÀAa, à lruxev, ioáris 
moÀAamAácia. And similarly, when any equimultiples (K, Z) of E, F 
come to be taken, and aay other equimultiples (44, N) of G, H. But 
later on Euclid uses the same phrases about the ze equimultiples with 
reference to the original magnitudes, reciting that “there have been taken, of 
A, C, equimultiples X, Z and of B, D, other, chance, equimultiples 44, N”; 
whereas M, NM are not any equimultiples whatever of. B, D, but are any 
equimultiples of the particular multiples (G, ) which have been taken of B, 
D respectively, though these /atter have been taken at random. Simson would, 
in the first place, add 4 érvyev in the passages where azy equimultiples E, F 
are taken of A, C and azy equimultiples K, Z are taken of E, ZF, because the 
words are “wholly necessary” and, in the second place, would leave them 
out where M, JV are called dÀAa, à érvxev, iaáxis oAAamAacia of B, D, because 
it is not true that of B, D have been taken "any equimultiples whatever (4 
érvxe), M, IV." Simson adds: “And it is strange that neither Mr Briggs, who 
did right to leave out these words in one place of Prop. 13 of this book, nor 
Dr Gregory, who changed them into the word ‘some’ in three places, and 
left them out in a fourth of that same Prop. 13, did not also leave them out 
in this place of Prop. 4 and in the second of the two places where they occur 
in Prop. 17 of this book, in neither of which they can stand consistent with 
truth: And in none of all these places, even in those which they corrected in 
their Latin translation, have they cancelled the words d érvy« in the Greek 
text, as they ought to have done. The same words à érvy« are found in 
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four places of Prop. 11 of this book, in the first and last of which they are 
necessary, but in the second and third, though they are true, they are quite 
superfluous ; as they likewise are in the second of the two places in which 
they are found in the r2th prop. and in the like places of Prop. 22, 23 of this 
book; but are wanting in the last place of Prop. 23, as also in Prop. 25, 
Book xı.” 

As will be seen, Simson’s emendations amount to alterations of the text 
so considerable as to suggest doubt whether we should be justified in making 
them in the absence of MS. authority. The phrase '*equimultiples of 4, C 
and other, chance, equimultiples of 4, D” recurs so constantly as to suggest 
that it was for Euclid a quasi-stereotyped phrase, and that it is equally genuine 
wherever it occurs. Is it then absolutely necessary to insert d érvy« in places 
where it does not occur, and to leave it out in the places where Simson holds 
it to be wrong? I think the text can be defended as it stands. In the first 
place to say “take equimultiples of Æ, C” is a fair enough way of saying 
take any equimultiples whatever of A, C. The other difficulty is greater, but 
may, 1 think, be only due to the adoption of any whatever as the translation 
of à érvxe.— As a matter of fact, the words only mean chance equimultiples, 
equimultiples which are the result of random selection. Is it not justifiable 
to describe the product of two chance numbers, numbers selected at random, 
as being a “ chance number,” since it is the result of two random selections? 
I think so, and I have translated d érvye accordingly as implying, in the case 
in question, “other equimultiples whatever they may happen to be.” 

To this proposition Theon added the following : 


“Since then it was proved that, if Æ is in excess of M, Z is also in excess 
of N, if it is equal, (the other is) equal, and if less, less, 


it is clear also that, 
if M is in excess of K, is also in excess of Z, if it is equal, (the other is) 
equal, and if less, less ; 
and for this reason, 
as G is to Æ, so also is H to £ 


PorisM. From this it is manifest that, if four magnitudes be proportional, 
they will also be proportional inversely.” 

Simson rightly pointed out that the demonstration of what Theon intended 
to prove, viz. that, if Æ, G, # H be proportionals, they are proportional 
inversely, i.e. G is to Æ as Æ is to Æ does not in the least depend upon this 
4th proposition or the proof of it; for, when it is said that, “if K exceeds Af, 
L also exceeds JV etc.," this is not proved from the fact that Æ, G, A H are 
proportionals (which is the conclusion of Prop. 4), but from the fact that 
A, B, C, D are proportionals. 

The proposition that, if 4, Z, C, 2D are proportionals, they are also 
proportionals inversely is not given by Euclid, but Simson supplies the proof 
in his Prop. B. The fact is really obvious at once from the sth definition 
of Book v. (cf. p. 127 above), and Euclid probably omitted the proposition 
as unnecessary. 

Simson added, in place of Theon's corollary, the following : 

* Likewise, if the first has the same ratio to the second which the third 
has to the fourth, then also any equimultiples whatever of the first and third 
have the same ratio to the second and fourth : And, in like manner, the first 
and the third have the same ratio to any equimultiples whatever of the second 
and fourth." 
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~ The proof, of course, follows exactly the method of Euclid's proposition 
itself, with the only difference that, instead of one of the two pairs of equi- 


multiples, the magnitudes themselves are taken. In other words, the conclu- 
sion that 


ma is to nb as mc is to nd 
is equally true when either m or # is equal to unity. 

As De Morgan says, Simson’s corollary is only necessary to those who will 
not admit Af into the list M, 244, 3M etc.; the exclusion is grammatical and 
nothing else. The same may be said of Simson's Prop. A to the effect that, 
‘Tf the first of four magnitudes has to the second the same ratio which the 
third has to the fourth: then, if the first be greater than the second, the third 
is also greater than the fourth; and if equal, equal; if less, less." This is 
needless to those who believe once A to be a proper component of the list of 
multiples, in spite of multus signifying many. 


PROPOSITION 5. 


If a magnitude be the same multiple of a magnitude that 
a part subtracted is of a part subtracted, the remainder will 
also be the same multiple of the remainder that the whole is of 
the whole. 


s For let the magnitude AB be the same multiple of the 
magnitude CD that the part AZ subtracted is of the part CF 
subtracted ; 


I say that the remainder EZ is also the same multiple of the 
remainder FD that the whole 447 is of the whole CD. 


A E B 
— — —»— — À— 
G c F D 





10 For, whatever multiple 4E is of Cz, let EZ be made 
that multiple of CG. 
Then, since AZ is the same multiple of CF that ZZ is 
of GC, 
therefore AE is the same multiple of CF that AB is of a 
V. I 
ts But, by the assumption, AZ is the same multiple of CF 
that AB is of CD. 
Therefore AB is the same multiple of each of the magni- 
tudes GF, CD; 
therefore GF is equal to CD. 
20 Let CF be subtracted from each ; 
therefore the remainder GC is equal to the remainder FD. 
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And, since AZ is the same multiple of CF that EZ is of 
GC, 


and GC is equal to DF, 
as therefore AE is the same multiple of CF that EB is of FD. 
But, by hypothesis, 
AE is the same multiple of CF that AB is of CD; 
therefore ZB is the same multiple of FD that AB is of CD. 


That is, the remainder EA will be the same multiple of 
30 the remainder FD that the whole AZ is of the whole CD. 
Therefore etc. 


Q. E. D. 


to. let EB be made that multiple of CG, rosavraw\dotov yeyouérw xal 7ò EB 70 
TH. From this way of stating the construction one might suppose that CG was given and 
£B had to be found equal to a certain multiple of it. But in a EB is what is given and 
CG has to be found, i.e. CG has to be constructed as a certain suémultiple of EB. 


This proposition corresponds to v. 1, with subtraction taking the place of 

addition. It proves the formula 
ma — mb - m (a — b). 

Euclid's construction assumes that, if AZ is any multiple of CF, and EE 
is any other magnitude, a fourth straight line can be found such that EB is 
the same multiple of it that AE is of CF, or in other words that, given any 
magnitude, we can divide it into any number of equal parts. This is however 
not proved, even of straight lines, much less other magnitudes, until vi. 9. 
Peletarius had already seen this objection to the construction. The difficulty 
is not got over by regarding it merely as a hypothetical construction ; for 
hypothetical constructions are not in Euclid’s manner. The remedy is to 
substitute the alternative construction given by Simson, after Peletarius and 
Campanus’ translation from the Arabic, which only requires us to add a 
magnitude to itself a certain number of times. The demonstration follows 
Euclid’s line exactly. 

“Take AG the same multiple of ED that AZ is of CF; G 


therefore AZ is the same multiple of C¥ that EG is of CD. 
[v. 1] 

But AE, by hypothesis, is the same multiple of CF that A 
AB is of CD; therefore ZG is the same multiple of CD that 
AB is of CD; 

wherefore EG is equal to 42. 

Take from them the common magnitude AZ; the remainder 
AG is equal to the remainder £B. 

Wherefore, since AZ is the same multiple of CF that AG is 
of FD, and since AG is equal to EB, E 
therefore AZ is the same multiple of CF that EZ is of FD. 

But AZ is the same multiple of CF that 4B is of CD; 


therefore ZB is the same multiple of FD that AB is of CD.” 8 
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Euclid's proof amounts to this. 
Suppose a magnitude x taken such that 
ma — mb — mx, say. 
Add m to each side, whence (by v. 1) 
ma =m (x +6). 
Therefore a=x+b, or x=a — b, 
so that ma - mb — m (a — b). 
Simson's proof, on the other hand, argues thus. 
Take x — » (a — 2), the same multiple of (a — 2) that mb is of 5. 
Then, by addition of m4 to both sides, we have (v. 1] 
x+mb=ma, 
or x= ma — mb. 
That is, ma- mb=m (a— b). 


PROPOSITION 6. 


Jf two magnitudes be eguimultiples of two magnitudes, and 
any magnitudes subtracted from them be equimultiples of the 
same, the remainders also are either egual to the same or egui- 
multiples of them. 


For let two magnitudes 42, CD be equimultiples of two 
magnitudes £, F, and let 4G, CH 
subtracted from them be equi- A G 8 
multiples of the same two £, 7; POETE M SET AR 





I say that the remainders also, GZ, : — ic 
HD, are either equal to Æ, F or St 
equimultiples of them. F— 


For, first, let GB be equal to £; 
I say that 772 is also equal to 7. 
For let CX be made equal to Z. 
Since AG is the same multiple of E that CZ is of F, 
while GB is equal to £ and KC to F, 
therefore AB is the same multiple of £ that KH is of F. 
[v. 2] 
But, by hypothesis, 4B is the same multiple of E that 
CD is of F^; 
therefore KH is the same multiple of F that CD is of F. 
Since then each of the magnitudes KH, CD is the same 
multiple of F, 
therefore KH is equal to CD. 


148 BOOK V [V 6 7 


Let CZ be subtracted from each ; 

therefore the remainder AC is equal to the remainder HD. 
But F is equal to KC; 

therefore 772 is also equal to F. 


Hence, if GB is equal to £, HD is also equal to F. 
Similarly we can prove that, even if GB be a multiple 
of £, HD is also the same multiple of F. 
Therefore etc. 
Q. E. D. 

This proposition corresponds to v. 2, with subtraction taking the place of 
addition. It asserts namely that, if # is less than %, ma— na is the same 
multiple of a that mô — nb is of b. The enunciation distinguishes the cases in 
which % — » is equal to 1 and greater than r respectively. 

Simson observes that, while only the first case (the simpler one) is proved 
in the Greek, both are given in the Latin translation from the Arabic; and 
he supplies accordingly the proof of the second case, which Euclid leaves to 
the reader. The fact is that it is exactly the same as the other except that, in 
the construction, CĂ is made the same multiple of F that GB is of E, and 
at the end, when it has been proved that KC is equal to HD, instead of 
concluding that’ HD is equal to F, we have to say ‘‘ Because GB is the same 
multiple of E that KC is of F, and KC is equal to AD, therefore HD is 
the same multiple of F that GB is of E." 


PROPOSITION 7. 


Equal magnitudes have to the same the same ratio, as also 
has the same to equal magnitudes. 


Let 4, B be equal magnitudes and C any other, chance, 
magnitude ; 
I say that each of the magnitudes 4, B has the same ratio 


to C, and C has the same ratio to each of the magnitudes 
A, B. 











a— o 
B—— E 
c— F 


For let equimultiples D, E of A, B be taken, and of C 
another, chance, multiple Z. 

Then, since D is the same multiple of A that Æ is of B, 
while 4 is equal to B, 

therefore D is equal to Æ. 

But F is another, chance, magnitude. 
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If therefore D is in excess of F, Æ is also in excess of F, 
if equal to it, equal ; and, if less, less. 
And D, £ are equimultiples of 4, B, 
while F is another, chance, multiple of C ; 
therefore, as 4 is to C, so is B to C. [v. Def. 5] 


I say next that C also has the same ratio to each of the 
magnitudes 4, B. 

For, with the same construction, we can prove similarly 
that D is equal to £ ; 


and F is some other magnitude. 
If therefore F is in excess of D, it is also in excess of Æ, 
if equal, equal ; and, if less, less. 
And F is a multiple of C, while D, E are other, chance, 
equimultiples of 4, B ; 
therefore, as C is to 44, so is C to 7. [v. Def. 5] 
Therefore etc. 


Porism. From this it is manifest that, if any magnitudes 
are proportional. they will also be proportional inversely. 
Q. E. D. 


In this proposition there is a similar use of à érvyev to that which has 
been discussed under Prop. 4. Any multiple F of C is taken and then, 
four lines lower down, we are told that '* F' is another, chance, magnitude." 
It is of course not any magnitude whatever, and Simson leaves out the 
sentence, but this time without calling attention to it. 

Of the Porism to this proposition Heiberg says that it is properly put here 
in the best Ms.; for, as August had already observed, if it was in its right 
place where "Theon put it (at the end of v. 4), the second part of the proof of 
this proposition would be unnecessary. But the truth is that the Porism is no 
more in place here. The most that the proposition proves is that, if 4, B 
are equal, and C any other magnitude, then two conclusions are simultaneously 
established, (1) that 4 is to Cas Bis to C and (2) that C' is to Æ as C is to 
B. The second conclusion is not established from the first conclusion (as 
it ought to be in order to justify the inference in the Porism), but from a 
hypothesis on which the first conclusion itself depends; and moreover it is 
not a proportion in its general form, i.e. between four magnitudes, that is in 
question, but only the particular case in which the consequents are equal. 

Aristotle tacitly assumes inversion (combined with the solution of the 
problem of Eucl. vi. 11) in Meteorologica 111. 5, 376 a 14—16. 


PROFOSITION 8. 


Of unequal magnitudes, the greater has to the same a 
greater ratio than the less has; and the same has to the less 
a greater ratio than it has to the greater. 
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Let AB, C be unequal magnitudes, and let AZ be greater ; 
let D be another, chance, 








magnitude ; aE B 
I say that 4B has to Da o 
greater ratio than C has to G H 


D, and D has to C a greater 
ratio than it has to AB. 

For, since ABZ is greater 
than C, let ZZ be made equal + 
to C; M 


then the less of the magni- 
tudes AZ, EP, if multiplied, 
will sometime be greater than D. [v. Def. 4] 


[Case 1.] 


First, let AZ be less than FB; 
let AE be multiplied, and let FG be a multiple of it which is 
greater than D; 
then, whatever multiple FG is of AZ, let GH be made the 
same multiple of EZ and K of C; 
and let Z be taken double of D, M triple of it, and successive 
multiples increasing by one, until what is taken is a multiple 
of D and the first that is greater than K. Let it be taken, 
and let it be M which is quadruple of D and the first 
multiple of it that is greater than X. 

Then, since X is less than V first, 
therefore K is not less than 7. 

And, since FG is the same multiple of AZ that GH is of 
EB, 
therefore FG is the same multiple of AZ that FH is of AB. 

[v. 1) 
But FC is the same multiple of AZ that K is of C ; 
therefore FH is the same multiple of 4B that X is of C; 
therefore FH, K are equimultiples of AB, C. 

Again, since GH is the same multiple of £7 that X is 
of C, 
and ZB is equal to C, 

therefore GH is equal to K. 
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But K is not less than 77 ; 

therefore neither is GH less than M. 

And FG is greater than D; 
therefore the whole FA is greater than D, M together. 

But D, 74 together are equal to /V, inásmuch as M is 
triple of D, and M, D together are quadruple of D, while 
N is also quadruple of D; whence M, D together are equal 
to N. 

But FH is greater than M, D ; 

therefore FH is in excess of W, 
while Æ is not in excess of N. 

And FZ, K are equimultiples of AB, C, while M is 
another, chance, multiple of 2 ; 

therefore 4B has to D a greater ratio than C has to D. 

(v. Def. 7] 

I say next, that D also has to C a greater ratio than D 
has to AB. 

For, with the same construction, we can prove similarly 
that Æ is in excess of X, while N is not in excess of FA. 

And X is a multiple of D, 
while FH, K are other, chance, equimultiples of 4B, C; 

therefore D has to C a greater ratio than D has to 4B. 


[v. Def. 7) 
[Case 2.] 


Again, let AZ be greater than ZZ. 

Then the less, £Z, if multiplied, will sometime be greater 
than D. [v. Def. 4] 

Let it be multiplied, and E B 
let G7 bea multiple of £B |. ^ — — — 
and greater than D ; 
and, whatever multiple GĦ is 
of EB, let FG be made the “—*— 
same multiple of 4E, and K °—— 


of C. L————————— 
Then we can prove simi-  M— 7*7 —* 
larly that FH, K are equi- N 


multiples of 4B, C; 

and, similarly, let /V be taken a multiple of D but the first 
that is greater than FG, 

so that FG is again not less than JZ. 
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But GĦ is greater than D; 
therefore the whole FH is in excess of D, M, that is, of N. 


Now & is not in excess of M, inasmuch as FG also, which 
is greater than GH, that is, than K, is not in excess of N. 

And in the same manner, by following the above argu- 
ment, we complete the demonstration. 

Therefore etc. 


Q. E. D. 


The two separate cases found in the Greek text of the demonstration can 
practically be compressed into one. Also the expositor of the two cases 
makes them differ more than they need. It is necessary in each case to 
select the smaller of the two segments AZ, EF of AB with a view to taking 
a multiple of it which is greater than D; in the first case therefore AE is 
taken, in the second ZF. But, while in the first case successive multiples of 
D are taken in order to find the first multiple that is greater than GH (or K), 
in the second case the multiple is taken which is the first that is greater than 
FG. This difference is not necessary; the first multiple of Ø that is greater 
than GH would equally serve in the second case. Lastly, the use of the 
magnitude A might have been dispensed with in both cases; it is of no 
practical use and only lengthens the proofs. For these reasons Simson 
considers that "Theon, or some other unskilful editor, has vitiated the 
proposition. This however seems an unsafe assumption; for, while it was 
not the habit of the great Greek geometers to discuss separately a number of 
different cases (e.g. in 1. 7 and 1. 35 Euclid proves one case and leaves the 
others to the reader), there are many exceptions to prove the rule, e.g. Eucl. 
HL 25 and 33; and we know that many fundamental Propositions, after- 
wards proved generally, were first discovered in relation to particular cases 
and then generalised, so that Book v., presenting a comparatively new 
theory, might fairly be expected to exhibit more instances than the earlier 
books do of unnecessary subdivision. The use of the K is no more con- 
clusive against the genuineness of the proofs. 

Nevertheless Simson's version of the proof is certainiy snorter, and more- 
over it takes account of the case in which AE is egua/ to EB, and of the case 
in which. AZ, EB are both greater than D (though these cases are scarcely 
worth separate mention). 

“Tf the magnitude which is not the greater of the two AE, EB be (1) 
not less than D, take FG, GĦ the doubles of A£, EB. 

But if that which is not the greater of the two AE, EB be (2) less than 
D, this magnitude can be multiplied so as to become greater than D whether 
it be AZ or ER. 

Let it be multiplied until it becomes greater than 2, and let the other be 
multiplied as often; let FG be the multiple thus taken of 4E and GZ the 
same multiple of EZ, 
therefore FG and GH are each of them greater than D. 


And, in every one of the cases, take Z the double of D, M its triple and 
so on, till the multiple of D be that which first becomes greater than GH. 

Let N be that multiple of D which is first greater than GÆ, and M the 
multiple of D which is next less than XW. 
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Then, because JV is the multiple of D which is the first that becomes 
greater than GH, 


the next preceding multiple is not greater than GH; 
that is, GH is not less than AZ. 

And, since FG is the same multiple of AZ that GĦ is of £B, 
GH is the same multiple of EJ that FZ is of AB; [v. 1] 
wherefore FH, GH are equimultiples of AB, EB. 

And it was shown that GÆT was not less than M; 

and, by the construction, FG is greater than J); 

therefore the whole FH is greater than M, D together. 

But M, D together are equal to /V ; 
therefore FH is greater than V. 

But GH is not greater than W; 
and FH, GH are equimultiples of AB, BE, 

and Mis a multiple of D; 

therefore AZ has to a greater ratio than BE (or C) has to D. [v. Def. 7] 


Also D has to BE a greater ratio than it has to AZ. 
For, having made the same construction, it may be shown, in like manner, 
that M is greater than GH but that it is not greater than FA; 


and JV is a multiple of 2, 
and GH, FH are equimultiples of EB, AB, 
Therefore D has to E 7 a greater ratio than it has to 47." — (v. Def. 7] 
The proof may perhaps be more readily grasped in the more symbolical 
form thus. 


Take the mth equimultiples of C, and of the excess of AB over C (that is, 
of AE), such that each is greater than D; 


and, of the multiples of D, let pD be the first that is greater than mC, and 2D 
the next less multiple of D. 
Then, since mC is not less than 2D, 


and, by the construction, m(A£) is greater than D, 
the sum of mC and m(AE£) is greater than the sum of 2D and D. 
That is, #(4 B) is greater than AD. 
And, by the construction, sC is less than pD. 
Therefore [v. Def. 7] 4B has to D a greater ratio than C has to D. 
Again, since 22 is less than m(A 8), 


and 2D is greater than mC, 
D has to C a greater ratio than D has to AB. 


PROPOSITION 9. 


Magnitudes which have the same ratio to the same are 
equal to one another, and magnitudes to which the same has 
the same ratio are equal. 
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For let each of the magnitudes 4, P have the same 
ratio to C ; 


I say that Æ is equal to A. 


For, otherwise, each of the 
magnitudes 4, B would not 
have had the same ratio to C; [v. 8] 


but it has ; 
therefore 4 is equal to 2. 


Again, let C have the same ratio to each of the magni- 
tudes A, B; 


I say that 4 is equal to Z. 


For, otherwise, C would not have had the same ratio to 
each of the magnitudes 4, 2; [v. 2] 


but it has; 
therefore A is equal to B. 
Therefore etc. 


If A is to Cas Z is to C, 
or if Cis to A as C is to B, then A is equal to B. 


Simson gives a more explicit proof of this proposition which has the 
advantage of referring back to the fundamental sth and 7th definitions, 
instead of quoting the results of previous propositions, which, as will be seen 
from the next note, may be, in the circumstances, unsafe. 

“Let A, B have each of them the same ratio to C; 


A is equal to Æ. 
For, if they are not equal, one of them is greater than the other ; 
let A be the greater. 


Then, by what was shown in the preceding proposition, there are some 
equimultiples of A and Z, and some multiple of C, such that the multiple of 
A is greater than the multiple of C, but the multiple of B is not greater than 
that of C. 

Let such multiples be taken, and let D, Æ be the equimultiples of 4, B, 
and F the multiple of C, so that D may be greater than Æ, and Æ not greater 
than Æ 

But, because 4 is to Cas B is to C, 


and of A, B are taken equimultiples D, Æ, and of C is taken a multiple Æ 
and D is greater than Æ 
E must also be greater than F [v. Def. 5] 
But Æ is not greater than Æ: which is impossible. 
Next, let C have the same ratio to each of the magnitudes A and Z; 
A is equal to B. 
For, if not, one of them is greater than the other ; 
let A be the greater. 
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Therefore, as was shown in Prop. 8, there is some multiple F of C, and 
some equimultiples Æ and D of B and A, such that Z is greater than E and 
not greater than D. 

But, because C is to Z as Cis to A, 


and ZF the multiple of the frst is greater than Æ the multiple of the second, 


F the multiple of the third is greater than D the multiple of the fourth. 
(v. Def. 5] 

But Fis not greater than D: which is impossible. 

Therefore A is equal to 8.” 


PROPOSITION 10. 


Of magnitudes which have a ratio to the same, that 
which has a grealer ratio is greater ; and that to which the 
same has a greater ratio ts less. 

For let A have to C a greater ratio than 7 has to C ; 

I say that A is greater than Z. 


A ——————_ 5 
c 


For, if not, A is either equal to 2 or less. 
Now A is not equal to Z; 


for in that case each of the magnitudes 4, B would have 
had the same ratio to C; [v. 7] 


but they have not ; 
therefore 74 is not equal to Z. 
Nor again is 74 less than Z; 
for in that case A would have had to Ca less ratio than B 
has to C; [v. 8] 
but it has not ; 
therefore A is not less than Z. 
But it was proved not to be equal either ; 
therefore A is greater than ZB. 
Again, let C have to B a greater ratio than C has to 4; 
I say that Z is less than A. 
For, if not, it is either equal or greater. 
Now Z is not equal to 4; 
for in that case C would have had the same ratio to each of 
the magnitudes 4, B; (v. 7] 
but it has not ; 
therefore 74 is not equal to Z. 
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Nor again is Z greater than A ; 


for in that case C would have had to Z a less ratio than it 
has to 4 ; [v. 8] 


but it has not; 
therefore B is not greater than 4. 
But it was proved that it is not equal either ; 
therefore B is less than A. 
Therefore etc. Q. E. D. 


No better example can, I think, be found of the acuteness which Simson 
brought to bear in his critical examination of the A/ements, and of his great 
services to the study of Euclid, than is furnished by the admirable note on 
this proposition where he points out a serious flaw in the proof as given in 
the text. 

For the first time Euclid is arguing about greater and Jess ratios, and it 
will be found by an examination of the steps of the proof that he assumes 
more with regard to the meaning of the terms than he is entitled to assume, 
having regard to the fact that the definition of greater ratio (Def. 7) is all 
that, as yet, he has to go upon. That we cannot argue, at present, about 
greater and less as applied to ratios in the same way as about the same terms 
in relation to magnitudes is indeed sufficiently indicated by the fact that Euclid 
does not assume for ratios what is in Book 1. an axiom, viz. that things which 
are equal to the same thing are equal to one another; on the contrary, he 
proves, in Prop. 11, that ratios which are the same with the same ratio are the 
same with one another. 

Let us now examine the steps of the proof in the text. First we are told 
that 

“A is greater than B. 
For, if not, it is either equal to Z or less than it. 
Now 4 is not equal to B; 
for in that case each of the two magnitudes 4, B would have had the 
same ratio to C: (v. 7] 
but they have not : 
therefore A is not equal to 2.” 
As Simson remarks, the force of this reasoning is as follows. 
If A has to C the same ratio as Z has to C, 


then—supposing any equimultiples of 4, Z to be taken and any multiple 
of C— 
by Def. 5, if the multiple of 4 be greater than the multiple of C, the multiple 
of B is also greater than that of C. 

But it follows from the hypothesis (that 4 has a greater ratio to C than B 
has to C) that, 

by Def. 7, there must be some equimultiples of 4, B and some multiple of 
C such that the multiple of 4 is greater than the multiple of C, but the 
multiple of B is zot greater than the same multiple of C. 

And this directly contradicts the preceding deduction from the supposition 
that 4 has to C the same ratio as Z has to C; 

therefore that supposition is impossible. 
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The proof now goes on thus : 
* Nor again is Æ less than Z ; 
for, in that case, A would have had to C a less ratio than B has to C; 
v. 8 
but it has not ; vn 
therefore A is not less than B.” 

It is here that the difficulty arises. As before, we must use Def. 7. “A 
would have had to C a less ratio than Z has to C,” or the equivalent state- 
ment that Z would have had to C a greater ratio than 4 has to C, means 
that there would have been some equimultiples of B, A and some multiple of 
C such that 

(1) the multiple of B is greater than the multiple of C, but 

(2) the multiple of A is mot greater than the multiple of C, 
and it ought to have been proved that this can never happen if the hypothesis 
of the proposition is true, viz. that Æ has to C a greater ratio than 2 has to 
C: that is, it should have been proved that, in the latter case, the multiple of 
A is always greater than the multiple of C whenever the multiple of B is 
greater than the multiple of C (for, when this is demonstrated, it will be 
evident that Z cannot have a greater ratio to C than A has to C). But this 
is not proved (cf. the remark of De Morgan quoted in the note on v. Def. 7, 
p. 130), and hence it is not proved that the above inference from the supposi- 
tion that 4 is less than B is inconsistent with the hypothesis in the enunciation. 
The proof therefore fails. 

Simson suggests that the proof is not Euclid’s, but the work of some one 
who apparently “has been deceived in applying what is manifest, when 
understood of magnitudes, unto ratios, viz. that a magnitude cannot be both 
greater and less than another.” 

The proof substituted by Simson is satisfactory and simple. 

“Let A have to C a greater ratio than Z has to C; 

A is greater than Z. 

For, because 44 has a greater ratio to C than Z has to C, there are some 
equimultiples of 4, B and some multiple of C such that 

the multiple of A is greater than the multiple of C, but the multiple of Z 
is not greater than it. [v. Def. 7] 

Let them be taken, and let D, Z be equimultiples of A, B, and Fa 
multiple of C, such that 

D is greater than Æ 
but E is not greater than F. 

Therefore D is greater than Æ. 

And, because D and Æ are equimultiples of A and Z, and 2 is greater 
than Æ, 

therefore A is greater than B. [Simson’s 4th Ax.] 
Next, let C have a greater ratio to B than it has to 4 ; 
B is less than A. 

For there is some multiple P of C and some equimultiples Æ and D of B 
and A such that 

Fis greater than Æ but not greater than D. [v. Def. 7] 

Therefore Æ is less than D; 
and, because Z and 2 are equimultiples of B and A, 

therefore Z is less than 4.” 
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PRoPOSITION 11. 
Ratios which are the same with the same ratio are also 
the same with one another. 
For, as 4 is to B, so let C be to D, 
and, as C is to D, so let E be to F; 
I say that, as 4 is to B, so is E to F. 
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For of A, C, £ let equimultiples G, 77, K be taken, and 
of B, D, F other, chance, equimultiples Z, 77, N. 
Then since, as A is to B, so is C to D, 
and of 4, C equimultiples G, H have been taken, 
and of B, D other, chance, equimultiples Z, M, 
therefore, if G is in excess of Z, H is also in excess of M, 
if equal, equal, 
and if less, less. 
Again, since, as C is to D, so is E to F, 
and of C, £ equimultiples H, K have been taken, 
and of D, F other, chance, equimultiples 77, N, 
therefore, if Æ is in excess of M, K is also in excess of JV, 
if equal, equal, 
and if less, less. 
But we saw that, if Æ was in excess of M, G was also 
in excess of Z ; if equal, equal ; and if less, less ; 
so that, in addition, if G is in excess of Z, X is also in excess 
of N, 
if equal, equal, 
and if less, less. 
And G, K are equimultiples of A. £, 
while Z, N are other, chance, equimultiples of B, F; 
therefore, as 4 is to Z, so is £ to F. 
Therefore etc. 
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Algebraically, if a:b=c:d, 
and cidze:f, 
then a:b=e:/f. 


The idiomatic use of the imperfect in quoting a result previously obtained 
is noteworthy. Instead of saying ‘‘ But #¢ was proved that, if H is in excess 
of M, G is also in excess of Z,” the Greek text has “But if Æ was in excess 
of M, G was also in excess of Z,” dÀAà ei ùmepeîye ró O ro M, imepeixe xai 
tò H roU A 

This proposition is tacitly used in combination with v. 16 and v. 24 in the 
geometrical passage in Aristotle, Meteorologica 111. 5, 376 a 22—26. 


PROPOSITION 12. 


If any number of magnitudes be proportional, as one of 
the antecedents is to one of the consequents, so will all the 
antecedents be to all the consequents. 


Let any number of magnitudes 4, JB, C, D, E, F be 
proportional, so that, as A is to B, so is C to D and £ 
to F; 


I say that, as 4 is to Z, so are A, C, £ to B, D, F. 
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For of A, C, £ let equimultiples G, 77, K be taken, 
and of B, D, F other, chance, equimultiples Z, 47, N. 

Then since, as 4 is to B, so is C to D, and £ to F, 
and of 4, C, E equimultiples G, 7, K have been taken, 
and of B, D, F other, chance, equimultiples Z, M, N, 


therefore, if G is in excess of Z, H is also in excess of M, 
and K of N, 


if equal, equal, 

and if less, less ; 

so that, in addition, 

if G is in excess of L, then G, H, K are in excess of L, M, N, 
if equal, equal, 

and if less, less. 
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Now G and G, ZZ, K are equimultiples of A and 4, C, E, 


since, if any number of magnitudes whatever are respec- 
tively equimultiples of any magnitudes equal in multitude, 
whatever multiple one of the magnitudes is of one, that 
multiple also will all be of all. [v. 1] 


For the same reason 
Z and L, M, N are also equimultiples of 7 and Z, D, F ; 


therefore, as A is to Z, so are A, C, E to B, D, F. 
[v. Def. 5) 
Therefore etc. 
Q. E. D. 
Algebraically, if a : a 25 : b' =c : d etc., each ratio is equal to the ratio 
(a* bee...) (ael gn su) 
This theorem is quoted by Aristotle, Z/A. Mic. v. 7, 1131 b 14, in the 


shortened form “the whole is to the whole what each part is to each part 
(respectively).” 


PROPOSITION 13. 


Lf a first magnitude have to a second the same ratio as a 
third to a fourth, and the third have to the fourth a greater 
ratio than a fifth has Lo a sixth, the first will also have to the 
second a greater ratio than the fifth to the sixth. 


For let a first magnitude 4 have to a second Z the 
same ratio as a third C has to a fourth D, 


and let the third C have to the fourth D a greater ratio than 
a fifth £ has to a sixth Æ; 


I say that the first A will also have to the second Z a greater 
ratio than the fifth Æ to the sixth ZF. 
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For, since there are some equimultiples of C, £, 


and of 2, F other, chance, equimultiples, such that the 
multiple of C is in excess of the multiple of D, 
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while the multiple of Æ is not in excess of the multiple of Æ, 


[v. Def.. 7) 
let them be taken, 


and let G, Æ be equimultiples of C, Æ, 
and K, L other, chance, equimultiples of D, F, 
so that G is in excess of X, but A is not in excess of L; 


and, whatever multiple G is of C, let M be also that multiple 
of A, 


and, whatever multiple Æ is of D, let M be also that multiple 
of B. 
Now, since, as A is to Z, so is C to D, 
and of A, C equimultiples M, G have been taken, 
and of B, D other, chance, equimultiples A, X, 
therefore, if M is in excess of M, G is also in excess of K, 
if equal, equal, 
and if less, less. [v. Def. 5] 
But G is in excess of K; 
therefore M is also in excess of V. 
But // is not in excess of Z ; 
and AM, 77 are equimultiples of 4, Æ, 
and N, L other, chance, equimultiples of B, F; 
therefore A has to Z a greater ratio than Æ has to Æ. 


(v. Def. 7] 
Therefore etc. 
Q. E. D. 
Algebraically, if a :b-c:d, 
and cid>e:f, 
then a:bre:f. 


After the words “ for, since” in the first line of the proof, Theon added 
“C has to D a greater ratio than Æ has to Æ” so that “there are some 
equimultiples" began, with him, the principal sentence. 

The Greek text has, after “of D, F other, chance, equimultiples,” “and 
the multiple of C is in excess of the multiple of D..." The meaning being 
“such that,” I have substituted this for “and,” after Simson. 


The following will show the method of Euclid’s proof. 
Since eid» eif, 
there will be some equimultiples mc, me of c, e, and some equimultiples zd, »/ 


of d, f, such that 
mc » nd, while me nf. 
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But, since a:b-c:d, 
therefore, according as ma » — «nó, mc>=< nd. 
And mec > nd; 
therefore ma > nb, while (from above) me } nf. 
Therefore a:b>e:f. 
Simson adds as a corollary the following : 


“Tf the first have a greater ratio to the second than the third has to the 
fourth, but the third the same ratio to the fourth which the fifth has to the 
sixth, it may be demonstrated in like manner that the first has a greater ratio 
to the second than the fifth has to the sixth.” 


This however scarcely seems to be worth separate statement, since it only 
amounts to changing the order of the two parts of the hypothesis. 


PROPOSITION 14. 


Jf a first magnitude have to a second the same ratio as a 
third has to a fourth, and the first be greater than the third, 
the second will also be greater than the fourth, if equal, equal, 
and 1f less, less. 


For let a first magnitude 4 have the same ratio to a 
second Z as a third C has to a fourth D; and let A be 
greater than C; 


I say that Z is also greater than D. 


A — —— c 
B ———— D 


For, since A is greater than C, 

and B is another, chance, magnitude, 

therefore A has to Z a greater ratio than C has to B.  [v. 8] 
But, as 4 is to Z, sois C to D; 


therefore C has also to Da greater ratio than C has to * 
[v. 13 


But that to which the same has a greater ratio is less ; 
[v. ro} 


therefore D is less than 2; 
so that Z is greater than D. 
Similarly we can prove that, if A be equal to C, Z will 
also be equal to D; 
and, if 4 be less than C, Z will also be less than D. 


Therefore etc. 


V. 14, t S] PROPOSITIONS 13—15 163 


Algebraically, if a:b=e:d, 
then, according asa» — «c b>=<d. 
Simson adds the specific proof of the second and third parts of this 
proposition, which Euclid dismisses with “Similarly we can prove...” 
“Secondly, if Æ be equal to C, B is equal to D; for A is to Z as C, that 
is A, isto D; 
therefore Z is equal to D. [v. 9] 
Thirdly, if Æ be less than C, B shall be less than D. 
For C is greater than 4; 
and, because C is to D as 4 is to B, 
D is greater than B, by the first case. 


Wherefore B is less than D." 
Aristotle, Meteorol. 1. 5, 376 a 11—14, quotes the equivalent proposition 
that, if a>ġb, c>d. 


PROPOSITION 15. 
Parts have the same ratio as the same multiples of them 
taken in corresponding order. 


For let AB be the same multiple of C that DZ is of F; 
I say that, as C is to Æ, so is AB to DE. 





For, since AB is the same multiple of C that DE is of F, 
as many magnitudes as there are in AB equal to C, so many 
are there also in DZ equal to 7. 

Let AB be divided into the magnitudes 4G, GH, HB 
equal to C, 
and DE into the magnitudes DX, KL, LE equal to F; 
then the multitude of the magnitudes 4G, GH, HB will be 
equal to the multitude of the magnitudes DX, KL, LE. 

And, since 4G. GH, HB are equal to one another, 
and DK, KL, LE are also equal to one another, 
therefore, as AG is to DK,so is GH to KL, and HB to LE. 

[v. 7] 

Therefore, as one of the antecedents is to one of the 
consequents, so will all the antecedents be to all the 
consequents ; (v. r2] 

therefore, as AG is to DK, so is AB to DE. 
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But AG is equal to C and DK to F; 

therefore, as C is to F, sois AB to DE. 
Therefore etc. Q. E. D. 
Algebraically, a:b=ma: mb. 


PROPOSITION 16. 


Lf four magnitudes be proportional, they will also be 
proportional alternately, 

Let A, B, C, D be four proportional magnitudes, 
so that, as 7d is to P, so is C to D; 


I say that they will also be so alternately, that is, as 4 is 
to C, so is Z to D. 
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For of A, J let equimultiples E, F be taken, 
and of C, D other, chance, equimultiples G, 77. 

Then, since Æ is the same multiple of A that F is of B, 
and parts have the same ratio as the same multiples of 
them, [v. 15] 
therefore, as A is to Z, so is Æ to F. 

But as A is to B, so is C to D; 


therefore also, as C is to D, so is E to F. [v. 11] 
Again, since G, 77 are equimultiples of C, 2, 

therefore, as C is to D, so is G to 77. [v. 15] 
But, as C is to D, so is E to F; 

therefore also, as Æ is to Æ so is G to H. [v. 11] 


But, if four magnitudes be proportional, and the first be 
greater than the third, 


the second will also be greater than the fourth ; 
if equal, equal ; 
and if less, less. [v. 14] 
Therefore, if Æ is in excess of G, F is also in excess of Æ, 
if equal, equal, 
and if less, less. 
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Now Æ, F are equimultiples of A, B, 
and G, 77 other, chance, equimultiples of C, D ; 
therefore, as A is to C, so is Z to D. [v. Def. 5] 


Therefore etc. 
Q. E. D. 


“Let A, B,C, D bde four proportional magnitudes, so that, as A is to B,so is 
C to D." In a number of expressions like this it is absolutely necessary, when translating 
into English, to interpolate words which are not in the Greek. Thus the Greek here is: 
“*Eorw réccapa ueyéón áváNoyov rà A, B, T, A, os 7d A mpòs Tò B, obrws 7ò T mpos 7d A, 
literally " Let A, B, C, D be four proportional magnitudes, as 4 to B, so C to D.” The 
same remark applies to the corresponding expressions in the next propositions, V. 17, 18, 
and to other forms of expression in v. 20— 23 and later propositions : e.g. in V. 20 we have 
a phrase meaning literally “Let there be magnitudes... which taken two and two are in the 
same ratio, as A to A, so D to Æ,” etc.: in v. 21 “ (magnitudes)...which taken two and 
two are in the same ratio, and let the proportion of them be perturbed, as 4 to B, so 
E to F," etc. In all such cases (where the Greek is so terse as to be almost ungrammatical) 
I shall insert the words necessary in English, without further remark. 


Algebraically, if a:óz-c:d, 
then a:c-b:d. 
Taking equimultiples #a, md of a, 6, and equimultiples xc, nd of c, 2, we 
have, by v. 15, 
a:b=ma:mb, 
c:d=nc: nd. 
And, since a:b-c:d, 
we have [v. 11) ma : mb — nc : nd. 
Therefore [v. 14], according as a» — «ze  mó»- «d, 
so that a:c=b:d. 
Aristotle tacitly uses the theorem in Meteorologica 111. 5, 376 a 22—24. 


The four magnitudes in this proposition must all be of the same kind, and 
Simson inserts “of the same kind” in the enunciation. 


This is the first of the propositions of Eucl. v. which Smith and Bryant 
(Euclid's Elements of. Geometry, 1901, pp. 298 sqq.) prove by means of vi. 1 
so far as the only geometrical magnitudes in question are straight lines or 
reclilineal areas; and certainly the proofs are more easy to follow than 
Euclid’s. The proof of this proposition is as follows. 

To prove that, Uf four magnitudes of the same kind [straight lines or 
rectilineal areas] £e proportionals, they will be proportionals when taken 
alternately. 

Let P, Q, R, S be the four magnitudes of the same kind such that 


P: Q=R:S; 
then it is required to prove that 
P: R=Q:S. 
First, let all the magnitudes be areas. 
Construct a rectangle abcd equal to the area P, and to dc apply the 


rectangle cef equal to Q. 
Also to a6, 4f apply rectangles ag, 42 equal to R, S respectively. 
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Then, since the rectangles ac, / have the same height, they are to one 
another as their bases. (vi. 1] 


Hence P: Q=ab : d c e 
But P:Q=R:S. 
Therefore K: S=ab: bf, [v. 11] 
i.e. rect. ag : rect. bk = ab: bf. 
Hence (by the converse of vi. 1) the rect- b 
angles ag, bk have the same height, so that $ 
is on the line Ag. 
Hence the rectangles ac, ag have the same 
height, namely a? ; also Je, bk have the same 
height, namely /f. 
Therefore rect. ac : rect. ag= bc : bg, 
and rect. be : rect. bk = bc : bg. (vi. 1] 
Therefore rect. ac : rect. ag = rect. be : rect. dk. [v. 11] 
That is, P:R=Q:S. 


Secondly, let the magnitudes be straight lines AZ, BC, CD, DE. 
Construct the rectangles 4b, Bc, Cd, De with the same height. 


g k 


a b c d e 


A B Cc D E 
Then Ab: Be= AB: BC, 
and Cd: De=CD: DE. [vi. 1] 
But AB: BC=CD: DE. 
Therefore A6 : Bc - Cå : De. (v. 11] 


Hence, by the first case, 
Ab: Cd= Be: De, 
and, since these rectangles have the same height, 
AB: CD- BC : DE. 


PROPOSITION 17. 


If magnitudes be proportional componendo, they will also 
be proportional separando. 


Let 42, BE, CD, DF be magnitudes proportional com- 
ponendo, so that, as AB is to BE, so is CD to DF: 


I say that they will also be proportional separando, that is, 
as AE is to EB, so is CF to DF. 


For of AZ, EB, CF, FD let equimultiples GH, HK, 
LM, MN be taken, 


and of EB, FD other, chance, equimultiples, KO, VP, 
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Then, since GH is the same multiple of 4£ that HX is 
of E B, 
therefore GĦ is the same multiple of AE that GK is of AB. 
[v. 1] 
But GH is the same multiple of AZ that LM is of CF; 
therefore GX is the same multiple of AB that ZLM is of CF. 
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Again, since LM is the same multiple of CF that MN 
is of FD, 


therefore LM is the same multiple of CF that LN is of CD. 

v. 1] 

But LM was the same multiple of CF that GX is of AB; 

therefore GX is the same multiple of AB that ZN is of CD. 
Therefore GX, LN are equimultiples of AB, CD. 


Again, since ZZK is the same multiple of EZ that 77N is 
of FD, 


and KO is also the same multiple of EB that WP is of FD, 
therefore the sum 77O is also the same multiple of ZA that 
MP is of FD. (v. 2] 
And, since, as AB is to BE, so is CD to DF, 
and of AB, CD equimultiples GK, LN have been taken, 
and of EB, FD equimultiples HO, MP, 


therefore, if GX is in excess of /7O, LN is also in excess of 
MP, 
if equal, equal, 
and if less, less. 
Let GK be in excess of HO; 
then, if WX be subtracted from each, 
GH is also in excess of KO. 


But we saw that, if GA was in excess of HO, LN was 
also in excess of MP ; 


therefore LN is also in excess of MP, 
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and, if MN be subtracted from each, 
LM is also in excess of MP; 


so that, if GH is in excess of KO, LM is also in excess of 
NP. 


Similarly we can prove that, 
if GH be equal to KO, LM will also be equal to VP, 
and if less, less. 
And GH, LM are equimultiples of AZ, CF, 
while KO, VP are other, chance, equimultiples of EB, FD: 
therefore, as A£ is to EB, so is CF to FD. 


Therefore etc. 


Q. E. D. 

Algebraically, if a:b=c:d, 

then (a-b): b=(c-d): d. 

I have already noted the somewhat strange use of the participles of 
ovyxetoGa: and SiaipeioOar to convey the sense of the technical ovvOeots and 
Seatpeoes Aóyov, or what we denote by componendo and separando. ¿àv 
gvyreípeva peyédy avadoyov F, Kai SiaipeBévra dvdAoyoy écra. iS, literally, “if 
magnitudes compounded be proportional, they will also be proportional 
separated,” by which is meant “if one magnitude made up of two parts is to 
one of its parts as another magnitude made up of two parts is to one of its 
parts, the remainder of the first whole is to the part of it first taken as the 
remainder of the second whole is to the part of it first taken.” In the 
algebraical formula above a, c are the wholes and 2, a-b and d, c — d are the 
parts and remainders respectively. The formula might also be stated thus : 

If a+b:b=c+d:4, 
then a:b=c:d, 
in which case a+4, ¢+d are the wholes and b, a and d, c the parts and 
remainders respectively. Looking at the last formula, we observe that 
"separated," 8iato«Óévra, is used with reference not to the magnitudes a, b, c, d 
but to the compounded magnitudes a + b, b, c+ d, d. 

As the proof is somewhat long, it will be useful to give a conspectus of it 
in the more symbolical form. To avoid minuses, we will take for the 
hypothesis the form 

a+bistodasc+distod. 


Take any equimultiples of the four magnitudes a, 4, c, d, viz. 
ma, mb, me md, 
and any other equimultiples of the consequents, viz. 
nb and nd. 
Then, by v. 1, m(a+6), m(c+d) are equimultiples of a + b, c+ d, 
and, by v. 2, (m + ) 5, (m * n) d are equimultiples of 4, d. 
Therefore, by Def. 5, since a + å is to b as ¢ + d is to d, 
according as m (a +b)>=<(m+n)b, m(c+d)>=<(m+n)d. 
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Subtract from m (a+), (m+n)6 the common part mé, and from 
m(c+d), (m+mn)d the common part md; and we have, 


according as ma» — «nb, mc» — « nd. 


But ma, mc are any equimultiples of a, c, and zb, nd any equimultiples of 
b d, 


therefore, by v. Def. 5, 
a is to P asc is to d. 


Smith and Bryant's proof follows, mutatis mutandis, their alternative proof 
of the next proposition (see pp. 173—4 below). 


Proposition 18. 


If magnitudes be proportional separando, they will also be 
proportional componendo. 

Let AE, EB, CF, FD be magnitudes proportional 
separando, so that, as AF is 
to ZZ, sois CF to FD; 





E 
I say that they will also be — — á 
proportional componendo, that c É D 
is, as AB is to BE, so is 
CD to FD. 


For, if CD be not to DF as AB to BEL, 


then, as AB is to BE, so will CD be either to some 
magnitude less than DF or to a greater. 


First, let it be in that ratio to a less magnitude DG. 
, Then, since, as AB isto BE, so is CD to DG, 
they are magnitudes pruportional componendo ; 
so that they will also be proportional separando. [v. 17] 
Therefore, as AE is to EB, so is CG to GD. 
But also, by hypothesis, 
as AZ is to EB, so is CF to FD. 
Therefore also, as CG is to GD, so is CF to FD. [v. 11] 
But the first CG is greater than the third CF; 


therefore the second G is also greater than the fourth 
FD. [v. 14] 


But it is also less: which is impossible. 
Therefore, as AB is to BE, so is not CD to a less 
magnitude than FD. 
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Similarly we can prove that neither is it in that ratio to 
a greater ; 

it is therefore in that ratio to FD itself. 

Therefore etc. 


Algebraically, if a:b=c:4, 
then (a+b): b=(c+d):d. 
In the enunciation of this proposition there is the same special use of 
Sinpnwéva and cwreÓÉvra as there was of ovyxeiueva and SiarpeBévra in the 


last enunciation. Practically, as the algebraical form shows, Siypypeva might 
have been left out. 


The following is the method of proof employed by Euclid. 
Given tnat a:b-c:d, 
suppose, if possible, that 
(a+b) :b=(¢+d) : (d+). 
Therefore, separando |v. 17], 
a: b=(cF7 x): (d+ x), 


whence, by v. 11, (e*x):(24x)-7c:d. 
But (c7 x) «& while (2 * x)» Z. 
and (c* x) » e, while (2- x) «4, 


which relations respectively contradict v. 14. 


Simson pointed out (as Saccheri before him saw) that Euclid's demonstra- 
tion is not legitimate, because it assumes without proof that fo any three 
magnitudes, two of which, at least, are of the same kind, there exists a fourth 
proportional. Clavius and, according to him, other editors made this an 
axiom. But it is far from axiomatic; it is not till vt. 72 that Euclid shows, 
by construction, that it is true even in the particular case where the three 
given magnitudes are all straight lines. 

In order to remove the defect it is necessary either (1) to prove beforehand 
the proposition thus assumed by Euclid or (2) to prove v. 18 independently 
of it. 

Saccheri ingeniously proposed that the assumed proposition should be 
proved, for areas and straight lines, by means of Euclid vi. 1, z and 12. As 
he says, there was nothing to prevent Euclid from interposing these proposi- 
tions immediately after v. 17 and then proving v. 18 by means of them. 
vi. 12 enables us to construct the fourth proportional when the three given 
magnitudes are straight lines; and vi. 12 depends only on vi. 1 and 2. 
“Now,” says Saccheri, “ when we have once found the means of constructing 
a straight line which is a fourth proportional to three given straight lines, we 
obviously have the solution of the general problem ‘To construct a straight 
line which shall have to a given straight line the same ratio which two polygons 
have (to one another).’” For it is sufficient to transform the polygons into 
two triangles of equal height and then to construct a straight line which shall 
be a fourth proportional to the bases of the triangles and the given straight 
line. 

The method of Saccheri is, as will be seen, similar to that adopted by 
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Smith and Bryant (oc. cit.) in proving the theorems of Euclid v. 16, 17, 18, 22, 
so far as straight lines and rectilineal areas are concerned, by means of vi. r. 
De Morgan gives a sketch of a general proof of the assumed proposition 
that, B being any magnitude, and P and Q two magnitudes of the same kind, 
there does exist a magnitude A which is to Z in the same ratio as P to Q. 

“The right to reason upon any aliquot part of any magnitude is assumed ; 
though, in truth, aliquot parts obtained by continual bisection would suffice : 
and it is taken as previously proved that the tests of greater and of less ratio 
are never both presented in any one scale of relation as compared with 
another” (see note on v. Def. 7 ad fin.). 

*(1) If M beto Z in a greater ratio than P to Q, so is every magnitude 
greater than M, and so are some less magnitudes; and if M be to B in 
a less ratio than P to Q, so is every magnitude less than 77, and so are 
some greater magnitudes. Part of this is in every system: the rest is proved 
thus. If M be to B in a greater ratio than P to Q, say, for instance, we find 
that 15/7 lies between 222 and 232, while 152 lies before 22Q. Let 1547 
exceed 227 by Z; then, if JV be less than A7 by anything less than the rsth 
part of Z, 15V is between 22 and 237 : or N, less than M, is in a greater 
ratio to B than P to Q. And similarly for the other case. 

(2) M can certainly be taken so small as to be in a less ratio to & than 
P to Q, and so large as to be in a greater ; and since we can never pass from 
the greater ratio back again to the smaller by increasing M, it follows that, 
while we pass from the first designated value to the second, we come upon an 
intermediate magnitude 4 such that every smaller is in a less ratio to B than 
P to Q, and every greater in a greater ratio. Now .4 cannot be in a less ratio 
to Z than P to Q, for then some greater magnitudes would also be in a less 
ratio; nor in a greater ratio, for then some less magnitudes would be in a 
greater ratio; therefore Æ is in the same ratio to B as Pto Q. The previously 
proved proposition above mentioned shows the three alternatives to be the 
only ones.” 


Alternative proofs of V. 18. 


Simson bases his alternative on v. 5, 6. As the 18th proposition is the 
converse of the 17th, and the latter is proved by means of v. 1 and 2, of 
which v. 5 and 6 are converses, the proof of v. 18 by v. 5 and 6 would be 
natural; and Simson holds that Euclid must have proved v. 18 in this way 
because "the sth and 6th do not enter into the demonstration of any 
proposition in this book as we have it, nor can they be of any use in any 
proposition of the Elements,” and “the sth and 6th have undoubtedly been 
put into the sth book for the sake of some propositions in it, as all the other 
propositions about equimultiples have been.” 

Simson’s proof is however, as it seems to me, intolerably long and difficult 
to follow unless it be put in the symbolical form as follows. 


Suppose that a is to ^ asc is to d; 
it is required to prove that a * 2 is to b as is to d. 
Take any equimultiples of the last four magnitudes, say 
m(a+6), mb, m(c+d), md, 


and any equimultiples of 4, d, as 
nb, nd. 
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Clearly, if nb is greater than mb, 
nd is greater than md; 
if equal, equal ; and if less, less. 
I Suppose nò not greater than må, so that zg is also not greater than md. 


Now m (a + b) is greater than si: 
therefore m (a + 6) is greater than nd, 
Similarly m (c + d) is greater than ad. 


II. Suppose s greater than mb. 
Since m (a + D), mb, m (c * d), md are equimultiples of (2 + 4), b, (c+ d), d, 
ma is the same multiple of a that m (a + b) is of (a + b), 
and mc is the same multiple of c that m (c + d) is of (c +d), 
so that ma, mc are equimultiples of a, c. (v. 5] 
Again 2, nd are equimultiples of b, g, 
and so are md, md; 
therefore (n—m) 4, (n-—m)d are equimultiples of 4, d and, whether 2-m 
is equal to unity or to any other integer [v. 6], it follows, by Def. s, that, 
since a, b, <, @ are proportionals, 
if ma is greater than (7 — 7) b, 
then me is greater than (n -m)d; 
if equal, equal ; and if less, less. 
(1) If now m (a + b) is greater than 24, subtracting md from each, we have 
ma is greater than (7a — 77) b; 
therefore mc is greater than (n — m) d, 
and, if we add md to each, 
m (c * 4) is greater than zd. 


(2) Similarly it may be proved that, 


if m (a + b) is equal to nå, 
then 7 (c * d) is equal to z4, 
and (3) that, if m (a+ 6) is less than né, 
then m (c * d) is less than zd. 


But (under I. above) it was proved that, in the case where z is not 
greater than mé, 
m (a + b) is always greater than 7%, 
and m (c + d) is always greater than ad. 


Hence, whatever be the values of » and z, » (c + d) is always greater than, 
equal to, or less than zZ according as » (a + b) is greater than, equal to, or 
less than zb. 

Therefore, by Def. 5, 

a + b is to bas c + d is to d. 


Todhunter gives the following short demonstration from Austin (Exami- 
nation of the first six books of Euclid’s Elements). 
" Let A£ be to EB as CF is to FD: 
AB shall be to BE as CD is to DF. 
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For, because AE is to EB as CF is to FD, 
therefore, alternately, 


AE is to CF as EB is to FD, [v. 16) 
And, as one of the antecedents is to its consequent, so is the sum of the 
antecedents to the sum of the consequents : [v. 12] 


therefore, as EB is to FD, so are AZ, EB together to CF, A 
FD together ; 


that is, AB is to CD as EB is to FD. 

Therefore, alternately, 

AB isto BE as CD is to FD." 

The objection to this proof is that it is only valid in the case 
where the proposition v. 16 used in it is valid, i.e. where all four 
magnitudes are of the same kind. 

Smith and Bryant's proof avails where all four magnitudes œ| o 
are straight lines, where all four magnitudes are rectilineal areas, 
or where one antecedent and its consequent are straight lines and the other 
antecedent and its consequent rectilineal areas. 


Suppose that A:B=C:D. 


First, \et all the magnitudes be areas. 

Construct a rectangle abcd equal to A, and to éc apply the rectangle dcef 
equal to B. 

Also to ab, bf apply the rectangles ag, bk d 
equal to C, D respectively. 

Then, since the rectangles ac, be have equal 
heights 4c, they are to one another as their 
bases. (vi. 1] 

Hence ad: df = rect. ac: rect. be 
=A:B 
=C:D 
= rect. ag: rect. bk. 





Therefore [vi. t, converse] the rectangles ag, 6 have the same height, so 
that 2 is on the straight line Ag. 
Hence A+B: B= rect. ae: rect. be 
= af: bf 
= rect. ak : rect. bk 
=C+D:D. 
Secondly, \et the magnitudes A, Z be straight lines and the magnitudes 
C, D areas. 
Let ab, f be equal to the straight lines 4, B, and to ab, of apply the 


rectangles ag, bk equal to C, D respectively. 
Then, as before, the rectangles ag, bk have the same height. 


Now A+B:B=af:bf 
=rect. aķ:rect. bk 
=C+ D:D. 


Thirdly, \et all the magnitudes be straight lines. 
Apply to the straight lines C, D rectangles P, Q having the same height. 
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Then P:Q-C:D. (vi. 1] 
Hence, by the second case, 
A+B:B=P+Q:Q@. 
Also P+Q:Q=C+D:D. 
Therefore A+B:B=C+D:D. 


PROPOSITION 19 


Lf, as a whole is to a whole, so is a part subtracted to a 
part subtracted, the remainder will also be to the remainder 
as whole to whole. 


For, as the whole AB is to the whole CD, so let the 
part AE subtracted be to the part CF 
subtracted ; 

I say that the remainder EZ will also be 
to the remainder FD as the whole AB to cf o 
the whole CD. 

For since, as AB is to CD, so is AE 
to CF, 
alternately also, as BA is to AL, so is DC to CF. [v. 16] 

And, since the magnitudes are proportional componendo, 
they will also be proportional separando, [v. 17] 
that is, as BE is to EA, so is DF to CF, 
and, alternately, 

as BE is to DF, so is EA to FC. [v. 16] 

But, as 4E£ is to CF, so by hypothesis is the whole AB 
to the whole CD. 

Therefore also the remainder ZZ will be t» the remainder 
£D as the whole ABZ is to the whole CD. (v. 11] 

Therefore etc. 


E 8 





[Portsm. From this it is manifest that, if magnitudes be 
proportional componendo, they will also be proportional 
convertendo. ] 

9. E. D. 


Algebraically, if a : 2 c: d (where c « a and d < b), then 
(a-¢):(6-d)=a:b. 
The “ Porism” at the end of this proposition is led up to by a few lines 
which Heiberg brackets because it is not Euclid's habit to explain a 
Porism, and indeed a Porism, from its very nature, should not need any 
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explanation, being a sort of by-product appearing without effort or trouble, 
drpaypateórws (Proclus, p. 303, 6). But Heiberg thinks that Simson does 
wrong in finding fault with the argument leading to the “Porism,” and that 
it does contain the true demonstration of conversion of a ratio. In this it 
appears to me that Heiberg is clearly mistaken, the supposed proof on the 
basis of Prop. 19 being no more correct than the similar attempt to prove the 
inversion of a ratio from Prop. 4. The words are: “And since it was 
proved that, as AB is to CD, so is EB to FD, 


alternately also, as AB is to BE, so is CD to FD: 
therefore magnitudes when compounded are proportional. 


But it was proved that, as BA is to AZ, so is DC to CF, and this is 
convertendo." 

It will be seen that this amounts to proving /zom the Aygothesis a: b — c:d 
that the following transformations are simultaneously true, viz. : 


a:a—eczb:b-d, 
and a:c—b:d. 


The former is not proved from the latter as it ought to be if it were intended 
to prove conversion. 

The inevitable conclusion is that both the '"'Porism" and the argument 
leading up to it are interpolations, though no doubt made, as Heiberg says, 
before Theon's time. 

The conversion of ratios does not depend upon v. 19 at all but, as Simson 
shows in his Proposition E (containing a proof already given by Clavius), on 
Props. 17 and 18. Prop. E is as follows. 


Jf four magnitudes be proportionals, they are also proportionals by conversion, 
that is, the first is to its excess above the second as the third ts to 
tts excess above the fourth. 


Let AB be to BE as CD to DF: ^ 
then BA is to AE as DC to CF. E E 
Because AB is to BE as CD to DF, F 
by division [separando], 
AE is to EB as CF to FD, [v. 17] 


7 4 D 
and, by inversion, 


BE isto EA as DF to FC. 
[Simson's Prop. B directly obtained from v. Def. 5] 
Wherefore, by composition [componendo], 
BA is to AE as DC to CF. [v. 18] 


PROPOSITION 20. 


Jf there be three magnitudes, and others equal to them in 
multitude, which taken two and two are in the same ratio, and 
if ex aequali the first be greater than the third, the fourth will 
also be greater than the sixth; tf equal, equal, and, if less, less. 
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Let there be three magnitudes 4, B, C, and others 
D, E, F equal to them in multitude, which taken two and 
two are in the same ratio, so that, 


as A is to B, so is D to £, 
and as B is to C, so is E to F; 
and let A be greater than C ec aeguali ; 


I say that D will also be greater than F; if A is equal to C, 
equal; and, if less, less. 


a— D 
8—— E— 
¢—— F——À 


For, since A is greater than C, 
and Z is some other magnitude, 
and the greater has to the same a greater ratio than the less 
has, [v. 8] 
therefore 4 has to Æ a greater ratio than C has to B. 

But, as A is to B, so is D to £, 
and, as C is to B, inversely, so is F to £ ; 
therefore D has also to Æ a greater ratio than F has to £. [v. 13] 


But, of magnitudes which have a ratio to the same, that 
which has a greater ratio is greater ; [v. 10] 


therefore 2 is greater than 7. 


Similarly we can prove that, if A be equal to C, D will 
also be equal to F; and if less, less. 
Therefore etc. 
Q. E. D. 


Though, as already remarked, Euclid has not yet given us any definition 
of compounded ratios, Props. 20—23 contain an important part of the theory 
of such ratios. The term “compounded ratio” is not used, but the propositions 
connect themselves with the definitions of ex aegua/i in its two forms, the 
ordinary form defined in Def. 17 and that called perturbed proportion in 
Def. 18. The compounded ratios dealt with in these propositions are those 
compounded of successive ratios in which the consequent of one is the 
antecedent of the next, or the antecedent of one is the consequent of 
the next. 

Prop. 22 states the fundamental proposition about the ratio ex aequali in 
its ordinary form, to the effect that, 

if ais to bas dis toe, 


and b is to c as e is tof, 
then a is to c as d is to f, 
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with the extension to any number of such ratios; Prop. 23 gives the 
corresponding theorem for the case of perturbed proportion, namely that, 


if a is to b as e is to f, 
and b is to c as d is to e, 
then a is tocas d is to f. 


Each depends on a preliminary proposition, Prop. 22 on Prop. 20 and 
Prop. 23 on Prop. 21. The course of the proof will be made most clear by 
using the algebraic notation. 

The preliminary Prop. 20 asserts that, 


if a:b=d:e, 
and b:c=e:f, 
then, according asa>=<¢4, d>=</f, 
For, according as a is greater than, equal to, or less than c, 
the ratio a : b is greater than, equal to, or less than the ratio ¢:4, [v. 8 or v. 7] 
or (since d:e-a:b, 
and c:b=f:e) 
the ratio d: ¢ is greater than, equal to, or less than the ratio f: e, 
(by aid of v. 13 and v. 11] 
and therefore d is greater than, equal to, or less than f. [v. 10 or v. 9] 
It is next proved in Prop. 22 that, by v. 4, the given proportions can be 


transformed into 
ma : nb = md : ne, 


and nb : pec — ne : ff, 
whence, by v. 20, 

according as ma is greater than, equal to, or less than fv, 

md is greater than, equal to, or less than J/, 
so that, by Def. s, 
a:c=dif. 
Prop. 23 depends on Prop. 21 in the same way as Prop. 22 on Prop. 20, 

but the transformation of the ratios in Prop. 23 is to the following : 


(1) ma:mb=ne:nf 
(by a double application of v. 15 and by v. rr), 
(2) mb : nc = md. ne 


(by v. 4, or equivalent steps), 
and Prop. 21 is then used. 
Simson makes the proof of Prop. 20 slightly more explicit, but the main 


difference from the text is in the addition of the two other cases which Euclid 
dismisses with ‘Similarly we can prove." These cases are :. 


“Secondly, let 4 be equal to C; then shall D be equal to £ 
Because 44 and C are equal to one another, 


A is to Z as C is to B. [v. 7] 

But A isto Bas Dis to Æ, 

and C is to B as F isto £, 
wherefore Disto E as Fto E; [v. 11] 


and therefore D is equal to Æ [v. 9] 


178 BOOK V [v. 20, 21 


Next, let Æ be less than C; then shall D be less than £ 
For C is greater than 4, 
and, as was shown in the first case, 


C is to B as Fto E, 
and, in like manner, 
Bisto das £to D; 


therefore F is greater than D, by the first case; and therefore D is less 
than Æ” 


PROPOSITION 21. 


If there be three magnitudes, and others equal to them in 
multitude, which taken two and two together are in the same 
ratio, and the proportion of them be perturbed, then, if ex 
aequali the first magnitude is greater than the third, the 
fourth will also be greater than the sixth; uf equal, equal, 
and if less, less. l 

Let there be three magnitudes 4, B, C, and others D, £, F 
equal to them in multitude, which taken two and two are in 
the same ratio, and let the proportion of them be perturbed, 


so that, 
as AÁ is to Z, so is E to F, 


and, as B is to C, so is D to £, 
and let 4 be greater than C ex aequa/i ; 


I say that D will also be greater than Æ; if Æ is equal to 
C, equal; and if less, less. 


Aa — D 
— — — E 
€—— ——— F 


For, since 4 is greater than C, 

and Z is some other magnitude, 

therefore 4 has to Z a greater ratio than C has to Z. — [v. 8] 
But, as A is to Z, so is E to F, 

and, as C is to Z, inversely, so is E to D. 

Therefore also Æ has to Æ a greater ratio than Æ has — i 

v. 13 

But that to which the same has a greater ratio is less ; 


[v. 10] 
therefore F is less than D; 


therefore D is greater than F. 
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Similarly we can prove that, 
if A be equal to C, D will also be equal to F; 
and if less, less. 


Therefore etc. Q. E. D. 
Algebraically, if a:b=e:f, 
and b:cz2d:e 


then, according asa» - «c d»-«f 
Simson's alterations correspond to those which he makes in Prop. 20. After 
the first case he proceeds thus. 
“Secondly, let Æ be equal to C; then shall D be equal to EF 


Because 4 and C are equal, 


A isto Bas Cis to B. Iv. 7] 
But A isto Bas E isto F, 
and Cisto Bas E isto D: 
wherefore E isto Fas £ to D, [v. 11] 
and therefore D is equal to Æ [v. 9] 


Next, let Æ be less than C; then shall D be less than Æ 
For C is greater than 4, 


and, as was shown; 
C is to B as £ to D, 


and, in like manner, 
Bisto Aas Fto £; 


therefore F is greater than D, by the first case, 
and therefore D is less than F.” 
The proof may be shown thus. 
According as a>=<¢, @:b>=<c:d. 
But a :b =e : f, and, by inversion, ¢ : b = e : d. 
Therefore, according as a» — «c e:f»-—«e:d, 
and therefore d> = <f. 


PROPOSITION 22, 

Lf there be any number of magnitudes whatever, and others 
egual to them in multitude, which taken two and two together 
are in the same ratio, they will also be in the same ratio ex 
aequali, 

Let there be any number of magnitudes A, B, C, and 
others D, Æ, F equal to them in multitude, which taken two 
and two together are in the same ratio, so that, 

as A is to Z, so is D to £, 
and, as B is to C, so is E to F^; 
I say that they will also be in the same ratio ex aegualz, 
« that is, as 44 is to C, so is D to F». 
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For of A, D let equimultiples G, 77 be taken, 
and of B, E other, chance, equimultiples X, Z ; 
and, further, of C, F other, chance, equimultiples M, N. 











A — 8—— c 
D E— F 
a ——— m K M 
H kee — — 





Then, since, as 4 is to Z, so is D to £, 
and of 4, D equimultiples G, Æ have been taken, 
and of B, E other, chance, equimultiples K, Z, 
therefore, as G is to K, so is H to L. (v. 4] 
For the same reason also, 
as K is to /7, so is L to N. 


Since, then, there are three magnitudes G, X, M, and 
others Æ, L, N equal to them in multitude, which taken two 
and two together are in the same ratiọ, 


therefore, ex aeguali, if G is in excess of M, H is also in excess 
ol N; 


if equal, equal ; and if less, less. (v. 29] 
And G, # are equimultiples of 4, D, 
and M, N other, chance, equimultiples of C, F. 


Therefore, as A is to C, so is D to F. (v. Def. 5] 
Therefore etc. 


Q. E. D. 


Euclid enunciates this proposition as true of amy number of magnitudes 
whatever forming two sets connected in the manner described, but his proof is 
confined to the case where each set consists of three magnitudes only. The 
extension to any number of magnitudes is, however, easy, as shown by 
Simson. 


“Next let there be four magnitudes 4, B, C, D, and other four £, £ G, A, 
which two and two have the same ratio, viz. : 


as A is to B, so is Æ to Æ 
and as B is to C, so is Fto G, ABCD 
and as C is to D, so is G to H; EFGH 
A shall be to 2 as E to ZZ. 


Because A, B, C are three magnitudes, and Æ, Æ, G other three, which 
taken two and two have the same ratio, 


by the foregoing case, 
A is to Cas E to G. 
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But Cis to Das Gis to Æ; 
wherefore again, by the first case, 
A is to D as £ to H. 
And so on, whatever be the number of magnitudes.” 


PROPOSITION 23. 


Jf there be three magnitudes, and others equal to them in 
multitude, which taken two and two together are in the same 
ratio, and the proportion of them be perturbed, they will also 
be in the same ratio ex aequali. 

Let there be three magnitudes 4, B, C, and others equal 
to them in multitude, which, taken two and two together, are 
in the same proportion, namely D, Æ, F; and let the propor- 
tion of them be perturbed, so that, 

as A isto B, so is E to F, 
and, as B isto C,sois Dto Æ; 
I say that, as Æ is to C, so is D to F. 











A B— c 
o——_ E£ ——— F—— 
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Of A, B, D let equimultiples G, H, X be taken, 
and of C, £, F other, chance, equimultiples Z, M, N. 
Then, since G, 77 are equimultiples of 4, B, 
and parts have the same ratio as the same multiples of 


them, [v. 15] 
therefore, as 4 is to B, so is G to H. 


For the same reason also, 
as Æ is to Æ, so is M to N. 
And, as 4 isto Z, so is £ to F; 


therefore also, as G is to Æ, so is M to N. [v. 11] 
Next, since, as Z is to C, so is D to £, 
alternately, also, as Z is to D, so is C to Æ. [v. 16] 


And, since 77, K are equimultiples of B, D, 
and parts have the same ratio as their equimultiples, 
therefore, as Z is to D, so is ZZ to K. [v. 15) 
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But, as Z is to D, sois Cto E; 


therefore also, as Æ is to Ķ, so is C to Æ. [v. 11] 
Again, since Z, M are equimultiples of C, Æ, 
therefore, as C is to Æ, so is Z to M. [v. 15] 
But, as C is to Æ, so is H to K; 
therefore also, as Æ is to K, so is L to M, [v. 11] 
and, alternately, as Æ is to L, so is Æ to M. [v. 16] 


But it was also proved that, 
as G is to H, so is M to N. 


Since, then, there are three magnitudes G, /7, L, and 
others equal to them in multitude X, M, W, which taken two 
and two together are in the same ratio, 


and the proportion of them is perturbed, 
therefore, ex aegualz, if G is in excess of L, K is also in excess 
of V; 
if equal, equal ; and if less, less. [v. 21] 
And G, & are equimultiples of 4, D, 
and ZL, N of C, F. 
Therefore, as 4 is to C, so is D to F. 
Therefore etc. 
Q. E. D. 


There is an important difference between the version given by Simson of 
one part of the proof of this proposition and that found in the Greek text of 
Heiberg. Peyrard's Ms. has the version given by Heiberg, but Simson's 
version has the authority of other mss. The Basel editio princeps gives both 
versions (Simson’s being the first). After it has been proved by means of 
V. 15 and v. tr that, 

as G is to Z, so is M to JV, 
or, with the notation used in the note on Prop. 20, 
ma: mb = ne: nf, 
it has to be proved further that, 
as A is to L, so is K to M, 
or mb : nc — md : ne, 
and it is clear that the latter result may be directly inferred from v. 4. The 
reading translated by Simson makes this inference : 

* And because, as Z is to C, so is D to E, 
and H, X are equimultiples of 3, D, 
and Z, M of C, E, 

therefore, as ZZ is to Z, so is K to M.” [v. 4] 

The version in Heiberg's text is not only much longer (it adopts the 

roundabout method of using each of three Propositions v. r1, r5, 16 twice 
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over), but it is open to the objection that it uses v. 16 which is only applicable 
if the four magnitudes are of the same kind, whereas v. 23, the proposition 
now in question, is not subject to this restriction. 

Simson rightly observes that in the last step of the proof it should be 
stated that “ G, X are any equimultiples whatever of A, D, and Z, N any 
whatever of C, F” 

He also gives the extension of the proposition to any number of magnitudes, 
enunciating it thus : 

* If there be any number of magnitudes, and as many others, which, taken 
two and two, in a cross order, have the same ratio ; the first shall have to the 
last of the first magnitudes the same ratio which the first of the others has to 
the last” ; 
and adding to the proof as follows : 

“Next, let there be four magnitudes 4, B, C, D, and other four E, FG, 4H, 
which, taken two and two in a cross order, have the same ratio, viz. : 

A to B as G to H, 
B to C as F to G, ABCO 
and C to Das £ to F; E FG uH 

then 4 isto Das £ to H. 


Because A, B, C are three magnitudes, and Æ, G, H other three which, 
taken two and two in a cross order, have the same ratio, 


by the first case, A isto Cas Fto H. 
But C is to Das £ is to F; 
wherefore again, by the first case, 
A is to D as £ to H. 
And so on, whatever be the number of magnitudes.” 


PROPOSITION 24. 


If a first magnitude have to a second the same ratio as a 
third has to a fourth, and also a fifth have to the second the 
same ratio as a sixth to the fourth, the first and fifth added 
together will have to the second the same ratio as the third and 
sixth have to the fourth. 


Let a first magnitude AB have to a second C the same 
ratio as a third DÆ has to a 
fourth F; A 8 G 
and let also a fifth BG have to cœ 
the second C the same ratioas p 
a sixth EAH has to the fourth cg ————— 
F; 
I say that the first and fifth added together, 4G, will have 
to the second C the same ratio as the third and sixth, DH, 
has to the fourth Z. 





H 
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For since, as BG is to C, so is EH to F, 
inversely, as C is to BG, so is F to EH. 
Since, then, as 4B is to C, so is DE to F, 
and, as C is to JG, so is F to FA, 
therefore, ex aeguali, as AB is to BG, so is DE to EH. [v. 22] 


And, since the magnitudes are proportional separando, they 
will also be proportional componendo ; [v. 18] 


therefore, as AG is to GB, so is DH to HE. 
But also, as BG is to C, so is EH to F; 
therefore, ex aeguah, as AG isto C, sois DH to F. _[v. 22] 


Therefore etc. Q. E. D. 
Algebraically, if a:c=d:f, 
and bicze:f, 
then (a+6):c=(d+e):f 


This proposition is of the same character as those which precede the 
propositions relating to compounded ratios ; but it could not be placed earlier 
than it is because v. 22 is used in the proof of it. 

Inverting the second proportion to 


c:b=f:e, 
it follows, by v. 22, that a:b=d:e, 
whence, by v. 18, (a+b):b=(d+e¢):e, 


and from this and the second of the two given proportions we obtain, by a 
fresh application of v. 22, 
(a * b):c=(d+6): f. 

The first use of v. 22 is important as showing that the opposite process to 
compounding ratios, or what we should now call division of one ratio by 
another, does not require any new and separate propositions. 

Aristotle tacitly uses v. 24 in combination with v. 11 and v. 16, Meteorologica 
11. 5, 376a 22—26. 

Simson adds two corollaries, one of which (Cor. 2) notes the extension to 
any number of magnitudes. 

* The proposition holds true of two ranks of magnitudes whatever be their 
number, of which each of the first rank has to the second magnitude the same 
ratio that the corresponding one of the second rank has to a fourth magnitude; 
as is manifest." 

Simson's Cor. 1 states the corresponding proposition to the above with 
separando taking the place of componendo, viz. that corresponding to the 


algebraical form 
(a-b):c=(d-e): f. 


"Con. r. If the same hypothesis be made as in the proposition, the 
excess of the first and fifth shall be to the second as the excess of the third 
and sixth to the fourth. The demonstration of this is the same with that of 
the proposition if division be used instead of composition.” That is, we use 
v. 17 instead of v. 18, and conclude that 


(a- 6) :b=(d-e):e. 
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PROPOSITION 25. 


Tf four magnitudes be proportional, the greatest and the 
least are greater than the remaining two. 


Let the four magnitudes 48, CD, £, F be proportional 
so that, as 4B is to CD, so is E to 
F, and let AZ be the greatest of them 
and F the least; 9 B 
I say that AB, F are greater than — — 
CD, £. MH 0 
For let AG be made equal to Æ, 
and CZ equal to 7. 
Since, as AB is to CD, so is E 
to F 
and £ is equal to AG, and F to CA, 
therefore, as AB is to CD, so is AG to CH. 
And since, as the whole 447 is to the whole CJD, so is 
the part AG subtracted to the part CH subtracted, 


the remainder GZ will also be to the remainder 77D as 
the whole 4B is to the whole CD. [v. 19] 

But AZ is greater than CD; 

therefore G is also greater than AD. 

And, since AG is equal to £, and CH to F, 
therefore AG, F are equal to CZ, £. 

And if, GB, HD being unequal, and GA greater, AG, F 
be added to GB and CH, E be added to HD, 

it follows that 44, F are greater than CD, Æ. 


Therefore etc. 
Q. E. D. 


Algebraically, if a:b=c:d, 
and a is the greatest of the four magnitudes and Z the least, 

at+d>bte. 

Simson is right in inserting a word in the setting-out, “let 4B be the 
greatest of them and «consequently ». F the least.” This follows from the 
particular case, really included in Def. 5, which Simson makes the subject of 
his proposition A, the case namely where the equimultiples taken are once the 
several magnitudes. 

The proof is as follows. 

Since a: : d, 

b. 


b=e 
a—-ció-dz-a: [v. 19] 
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But a> 4; therefore (a— o) » (— 4). [v. 16 and 14] 
Add to each (c + d); 
therefore (a+d)> (b+c). 


There is an important particular case of this proposition, which is, 
however, not mentioned here, viz. the case where ^-«. The result shows, in 
this case, that the arithmetic mean between two magnitudes is greater than 
their geometric mean. The truth of this is proved for straight lines in vi. 27 
by “geometrical algebra,” and the theorem forms the d:opiopds for equations 
of the second degree. 

Simson adds at the end of Book v. four propositions, F, G, H, K, which, 
however, do not seem to be of sufficient practical use to justify their inclusion 
here. But he adds at the end of his notes to the Book the following 
paragraph which deserves quotation word for word. 

“The sth book being thus corrected, I most readily agree to what the 
learned Dr Barrow says, ‘that there is nothing in ihe whole body of the 
elements of a more subtile invention, nothing more solidly established, and 
more accurately handled than the doctrine of proportionals.’ And there is 
some ground to hope that geometers will think that this could not have been 
said with as good reason, since Theon’s time till the present.” 

Simson’s claim herein will readily be admitted by all readers who are 
competent to form a judgment upon his criticisms and elucidations of Book v. 


BOOK VI. 


INTRODUCTORY NOTE. 


The theory of proportions has been established in Book v. in a perfectly 
general form applicable to all kinds of magnitudes (although the representation 
of magnitudes by straight lines gives it a geometrical appearance) ; it is now 
necessary to apply the theory to the particular case of geometrical investigation. 
The only thing still required in order that this may be done is a proof of the 
existence of such a magnitude as bears to any given finite magnitude any 
given finite ratio; and this proof is supplied, so far as regards the subject 
matter of geometry, by vi. 12 which shows how to construct a fourth pro- 
portional to three given straight lines. 

A few remarks on the enormous usefulness of the theory of proportions 
to geometry will not be out of place. We have already in Books 1. and it. 
made acquaintance with one important part of what has been well called 
geometrical algebra, the method, namely, of application of areas. We have 
seen that this method, working by the representation of products of two 
quantities as rectangles, enables us to solve some particular quadratic equations. 
But the limitations of such a method are obvious. So long as general 
quantities are represented by straight lines only, we cannot, if our geometry 
is Plane, deal with products of more than two such quantities; and, even 
by the use of three dimensions, we cannot work with products of more 
than three quantities, since no geometrical meaning could be attached to 
such a product. ‘This limitation disappears so soon as we can represent any 
general quantity, corresponding to what we denote by a letter in algebra, by 
a ratio; and this we can do because, on the general theory of proportion 
established in Book v., a ratio may be a ratio of two incommensurable 
quantities as well as of commensurables. Ratios can be compounded ad 
infinitum, and the division of one ratio by another is equally easy, since it is 
the same thing as compounding the first ratio with the inverse of the second. 
Thus e.g. it is seen at once that the coefficients in a quadratic of the most 
general form can be represented by ratios between straight lines, and the 
solution by means of Books 1. and u. of problems corresponding to quadratic 
equations with particular coefficients can now be extended to cover any 
quadratic with real roots. As indicated, we can perform, by composition of 
ratios, the operation corresponding to multiplying algebraical quantities, and 
this to any extent. We can divide quantities by compounding a ratio with 
the inverse of the ratio representing the divisor. For the addition and 
subtraction of quantities we have only to use the geometrical equivalent of 
bringing to a common denominator, which is effected by means of the fourth 
proportional. 
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DEFINITIONS. 


1. Similar rectilineal figures are such as have their 
angles severally equal and the sides about the equal angles 
proportional. 


[2. Reciprocally related figures. See note.] 


3. A straight line is said to have been cut in extreme 
and mean ratio when, as the whole line is to the greater 
segment, so is the greater to the less. 


4. The height of any figure is the perpendicular drawn 
from the vertex to the base. 


DEFINITION 1. 


Me) ^ 6 $ LES] - , , ¢ . ^ JU s 

uota oyýpara evOvypaypd or, Goa Tas Te ywrias ivas Exe Kara piav Kai 
x - , 

Tàs epi Tüs (gas yuvías mÀevpàs ávaAoyov. 


This definition is quoted by Aristotle, Anal. post. M. 17, 99 a 13, where 
he says that similarity (rd Spovov) in the case of figures “consists, let us say 
(ows), in their having their sides proportional and their angles equal.” The 
use of the word iows may suggest that, in Aristotle’s time, this definition had 
not quite established itself in the text-books (Heiberg, Mathematisches zu 
Aristoteles, p. 9). 

It was pointed out in Van Swinden's Elements of Geometry. (Jacobi's 
edition, 1834, pp. 114—5) that Euclid omits to state an essential part of the 
definition, namely that "the corresponding sides must be opposite to equal 
angles," which is necessary in order that the corresponding sides may follow 
in the same order in both figures. 

At the same time the definition states more than is absolutely necessary, 
for it is true to say that /wo polyyons are similar when, if. (he sides and angles 
are taken tn the same order, the angles are equal and the sides about the equal 
angles are proportional, omitting 


(1) tree consecutive angles, 
or (2) two consecutive angles and the side common to them, 
or (3) two consecutive sides and the angle included by them, 
and making no assumption with regard tu the omitted sides and angles. 


Austin objected to this definition on the ground that it is not obvious that 
the properties (1) of having their angles respectively equal and (2) of having 
the sides about the equal angles proportional can co-exist in two figures ; but, 
a definition not being concerned to prove the extstence of the thing defined, 
the objection falls to the ground. We are properly left to satisfy ourselves as 
to the existence of similar figures in the course of the exposition in Book vı., 
where we learn how to construct on any given straight line a rectilineal figure 
similar to a given one (vı. 18). 
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DEFINITION 2. 


The Greek text gives here a definition of reciprocally related figures 
(dvrimerovOdra oxýpata). "'[Two] figures are reciprocally related when there 
are in each of the two figures antecedent and consequent ratios" ('AvrirerovOóra 
8 oxrpard otw, õrav év éxarépy àv o xqudrov sjyosuevo( v Kai Exopevor AdyoL 
dow). No intelligible meaning can be attached to "antecedent and con- 
sequent ratios” here; the sense would require rather ‘an antecedent and a 
consequent of (two equal) ratios in each figure.” Hence Candalla and 
Peyrard read Adywv dpa (“terms of ratios”) instead of Acyo. Camerer reads 
Aoywv without épx. But the objection to the definition lies deeper. It is 
never used; when we come, in vi. 14, 15, XI. 34 etc. to parallelograms, 
triangles etc. having the property indicated, they are not called ''reciprocal " 
parallelograms etc., but parallelograms etc. “the sides of which are reciprocally 
proportional,” dv dvrererovOaow ai mAevpat. Hence Simson appears to be 
right in condemning the definition; it may have been interpolated from Heron, 
who has it. 

Simson proposes in his note to substitute the following definition. “Two 
magnitudes are said to be reciprocally proportional to two others when one 
of the first is to one of the other magnitudes as the remaining one of the last 
two is to the remaining one of the first." This definition requires that the 
magnitudes shall be all of the same kind. 


DEFINITION 3. 


« og 


“Axpov cai pévov \óyov eĝa reruioba \éyeras, órav fj ds vj AQ mpds 76 
^ - < à soy 
p.éiCov rua, ovrws ró uei(ov mpós ró éAarroy. 


DEFINITION 4. 


» ^ 


"Yyos éari mavrós oxykaros 5 ámÓ rs xopvjzjs émi rov Bdow xáÜeros 
üyouévy. 

The definition of “height” is not found in Campanus and is perhaps 
rightly suspected, since it does not apply in terms to parallelograms, parallele- 
Pipeds, cylinders and prisms, though it is used in the Ev/ements with reference 
to these latter figures. Aristotle does not appear to know altitude (dos) in 
the mathematical sense; he uses xdOeros of triangles (Meteorologica 11. 3, 
373 a 11). The term is however readily understood, and scarcely requires 
definition. 


[DEFINITION 5. 


Aóyos ix Aóyav avykciaÜat Aéyerat, órav ai rv Aóyav mqÀwórgres 0! tavràs 
voÀAamAaciag cicac mo voc tiva. 

“A ratio is said to be compounded of ratios when the sizes (myAuxórgres) of 
the ratios multiplied together make some (? ratio, or size).”] 


As already remarked (pp. 116, 132), it is beyond doubt that this definition 
of ratio is interpolated. It has little ms. authority. The best Ms. (P) only has 
it in the margin; it is omitted altogether in Campanus' translation from the 
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Arabic; and the other Mss. which contain it do not agree in the position 
which they give to it. There is no reference to the definition in the place 
where compound ratio is mentioned for the first time (vt. 23), nor anywhere 
else in Euclid; neither is it ever referred to by the other great geometers, 
Archimedes, Apollonius and the rest. It appears to be only twice mentioned 
at all, (1) in the passage of Eutocius referred to above (p. 116) and (2) by 
Theon in his commentary on Ptolemy's ovvragis. Moreover the content of 
the definition is in itself suspicious. It speaks of the “sizes of ratios being 
multiplied together (literally, into themselves),” an operation unknown to 
geometry. There is no wonder that Eutocius, and apparently Theon also, in 
their efforts to explain it, had to give the word mA:korns a meaning which has 
no application except in the case of such ratios as can be expressed by 
numbers (Eutocius e.g. making it the number by which the ratio is called”). 
Nor is it surprising that Wallis should have found it necessary to substitute 
for the * quantitas " of Conimandinus a different translation, '' quantuplicity," 
which he said was represented by the “exponent of the ratio” (rationis ex- 
ponens), what Peletarius had described as “denominatio ipsae proportionis” 
and Clavius as “denominator.” ‘I'he fact is that the definition is ungeometrical 
and useless, as was already seen by Savile, in whose view it was one of the 
two blemishes in the body of geometry (the other being of course Postulate 5). 

It is right to add that Hultsch (art. “ Eukleides” in Pauly-Wissowa's Rea/- 
Encyclopädie der classischen Altertumswissenschaft) thought the definition 
genuine. His grounds are (1) that it stood in the waAaa éxdoars repre- 
sented by P (though P has it in the margin only) and (2) that some ex- 
planation on the subject must have been given by way of preparation for 
vı. 23, while there is nothing in the definition which is inconsistent with the 
mode of statement of vi. 23. If the definition is after all genuine, I should 
be inclined to regard it as a mere survival from earlier textbooks, like the first 
of the two alternative definitions of a solid angle (xi. Def. 11); for its form 
seems to suit the old theory of proportion, applicable to commensurable 
magnitudes only, better than the gencralised theory of Eudoxus. 


BOOK VI. PROPOSITIONS. 


PROPOSITION I. 


Triangles and parallelograms which ave under the same 
height are to one another as their bases. 
Let ABC, ACD be triangles and EC, CF parallelograms 
under the same height ; 
s I say that, as the base AC is to the base CD, so is the 
triangle AAC to the triangle ACD, and the parallelogram 
EC to the parallelogram CF. 


E A F 


H GB © O K L 


For let BD be produced in both directions to the points 
H, L and let [any number of straight lines] BG, GAH be 
io made equal to the base BC, and any number of straight lines 
DK, KL equal to the base CD; 
let AG, AH, AK, AL be joined. 
Then, since CB, BG, GH are equal to one another, 
the triangles 48C, AGB, AHG are also equal to one 
ts another. [1. 38] 
Therefore, whatever multiple the base ÆC is of the base 
BC, that multiple also is the triangle AHC of the triangle 
ABC. 
For the same reason, 
z2 whatever multiple the base ZC is of the base CD, that 
multiple also is the triangle AZC of the triangle ACD; 
and, if the base ÆC is equal to the base CZ, the triangle 
AHC is also equal to the triangle ACZ, (1. 38] 
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if the base ÆC is in excess of the base CZ, the triangle 4HC 
25 is also in excess of the triangle 4 CL, 


and, if less, less. 


Thus, there being four magnitudes, two bases BC, CD 
and two triangles ABC, ACD, 


equimultiples have been taken of the base AC and the 
30 triangle ABC, namely the base 77C and the triangle AC, 


and of the base C2 and the triangle 4 DC other, chance, equi- 
multiples, namely the base ZC and the triangle ALC; 


and it has been proved that, 


if the base H/C is in excess of the base CZ, the triangle 44 7C 
35 is also in excess of the triangle ALC ; 


if equal, equal ; and, if less, less. 
Therefore, as the base AC is to the base CD, so is the 


triangle AAC to the triangle ACD. [v. Def. 5] 
Next, since the parallelogram EC is double of the triangle 
40. ABC, (1. 41) 


and the parallelogram FC is double of the triangle ACD, 


while parts have the same ratio as the same multiples of 
them, [v. 15] 


therefore, as the triangle ABC is to the triangle ACJ, so is 
4s the parallelogram £C to the parallelogram FC. 


Since, then, it was proved that, as the base BC is to CD, 
so is the triangle ABC to the triangle ACD, 


and, as the triangle AAC is to the triangle ACD, so is the 
parallelogram EC to the parallelogram CF, 


so therefore also, as the base BC is to the base C2, so is the 
parallelogram EC to the parallelogram FC. [v. 11] 


Therefore etc. 
Q. E. D. 


4. Under the same height. The Greek text has **under the same height 4C," with 
a figure in which the side 4C common to the two triangles is perpendicular to the base and 
is therefore itself the ‘‘height.” But, even if the two triangles are placed contiguously so as 
to have a common side AC, it is quite gratuitous to require it to be perpendicular to the base. 
Theon, on this occasion making an improvement, altered to ‘‘ which are (órra) under the 
same height, (namely) the perpendicular drawn from A to BD.” I have ventured to alter so 
far as to omit '' AC" and to draw the figure in the usual way. 

14. ABC, AGB, AHG. Euclid, indifferent to exact order, writes '' 4/7G, 4 GB, ABC.” 

46. Since then it was proved that, as the base BC is to CD, so is the triangle 
ABC to the triangle ACD. Here again words have to be supplied in translating the 
extremely terse Greek éwel ody édeiyOn, us wév 3j Básus BT wpós rv TA, oürus rò ABT 
Tplywvov wpàs rà ATA rpi-yvor, literally "' since was proved, as the base AC to CD, so the 
triangle ABC to the triangle ACD.” Cf. note on v. 16, p. 165. 
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The proof assumes—what is however an obvious deduction from 1. 38— 
that, of triangles or parallelograms on unegual bases and between the same 
parallels, the greater is that which has the greater base. 

It is of course not necessary that the two given triangles should have a 
common side, as in the figure; the proof is just as easy if they have not. 
The proposition being equally true of triangles and parallelograms of egual 
heights, Simson states this fact in a corollary thus: 

* From this it is plain that triangles and parallelograms that have equal 
altitudes are to one another as their bases. 

Let the figures be so placed as to have their bases in the same straight 
line ; and, if we draw perpendiculars from the vertices of the triangles to the 
bases, the straight line which joins the vertices is parallel to that in which 
their bases are, because the perpendiculars are both equal and parallel to one 
another (1. 33]. Then, if the same construction be made as in the proposition, 
the demonstration will be the same.” 

The object of placing the bases in one straight line is to get the triangles 
and parallelograms within the same parallels. Cf. Proclus’ remark on 1. 38 
(p. 405, 17) that having the same height is the same thing as being in the 
same parallels. 

Rectangles, or right-angled triangles, which have one of the sides about 
the right angle of the same length can be placed so that the equal sides 
coincide and the others are in a straight line. If then we call the common 
side the base, the rectangles or the right-angled triangles are to one another 
as their heights, by vi. 1. Now, instead of each right-angled triangle or 
rectangle, we can take any other triangle or parallelogram respectively with an 
equal base and between the same parallels. Thus 

Triangles and parallelograms having equal bases are to one another as their 
heights. 

Legendre and those authors of modem text-books who follow him in 
basing their treatment of proportion on the algebraical definition are obliged 
to divide their proofs of propositions like this into two parts, the first of 
which proves the particular theorem in the case where the magnitudes are 
commensurable, and the second extends it to the case where they are 
incommensurable. 

Legendre (Éléments de Géométrie, 111. 3) uses for this extension a rigorous 
method by reductio ad absurdum similar to that 
used by Archimedes in his treatise On the 9 FK c 
equilibrium of planes, 1. 7. ‘The following is 
Legendre's proof of the extension of vi. 1 to in- 
commensurable parallelograms and bases. 

The proposition having been proved for 
commensurable bases, let there be two rectangles 
ABCD, AEFD as in the figure, on bases 47, Ó 8 
A E which are incommensurable with one another. 

To prove that rect. ABCD: rect. AEFD= AB: AE. 

For, if not, let rect. ABCD : rect. AEFD = AB: AO, ....... eee (1) 
where AO is (for instance) greater than AZ. 

Divide AB into equal parts each of which is less than ZO, and mark off 
on AO lengths equal to one of the parts; then there will be at least one point 


of division between Æ and O. 
Let it be Z, and draw ZK parallel to EF 
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Then the rectangles 4? CD, A/KD are in the ratio of the bases AB, A/, 
since the latter are commensurable. 
Therefore, inverting the proportion, 
rect. 47KD :rect. ABCD - AF: AB. LLL uus susesse. (2). 
From this and (1), ex aequa/t, 
rect. 4ZKD :rect. AEFD - AI:4A0. 


But 40» A7; therefore rect. 4 EFD » rect. AIKD. 

But this is impossible, for the rectangle 4 F2 is less than the rectangle 
AIKD. 

Similarly an impossibility can be proved if 40 < AE. 


Therefore rect. ABCD :rect. AEFD=AB: AE. 


Some modern American and German text-books adopt the less rigorous 
method of appealing to the theory of /rmits. 


PROPOSITION 2. 


Lf a straight line be drawn parallel to one of the sides of a 
triangle, it will cut the sides of the triangle proportionally ; 
and, if the sides of the triangle be cul proportionally, the line 
Joining the points of section will be parallel to the remaining 
side of the triangle. 


For let DE be drawn parallel to BC, one of the sides of 
the triangle ABC; 


I say that, as BD is to DA, so is CE to A 
EA. 


For let BZ, CD be joinea. 
Therefore the triangle BDE is equal to 0 E 
the triangle CDE; 


for they are on the same base DZ and in ® g 
the same parallels DE, BC. (1. 38] 


And the triangle 4 DE is another area. 
But equals have the same ratio to the same; (v. 7] 


therefore, as the triangle BDZ is to the triangle ADE, so 
is the triangle CDE to the triangle ADE. 


But, as the triangle BDE is to ADE, so is BD to DA : 


for, being under the same height, the perpendicular drawn 
from Æ to AB, they are to one another as their bases. (vi. x] 


For the same reason also, 
as the triangle CDE is to ADE, so is CE to EA. 
Therefore also, as BD is to DA, so is CE to EA. [v. 11] 
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Again, let the sides 42, AC of the triangle 4 BC be cut 
proportionally, so that, as BD is to DA, so is CE to EA; 
and let DE be joined. 

I say that DZ is parallel to BC. 


For, with the same construction, 
since, as BD is to DA, so is CE to EA, 


but, as BD is to DA, so is the triangle BDE to the triangle 
ADE, 


and, as CE is to E A, so is the triangle CDE to the triangle 
ADE, [vi. 1] 


therefore also, 


as the triangle BDE is to the triangle ADE, so is the 
triangle CDE to the triangle ADE. (v. 11] 


Therefore each of the triangles BDZ, CDE has the same 
ratio to ADE. 

Therefore the triangle BDZ is equal to the triangle CDZ; 

v.9 

and they are on the same base DZ. ie 

But equal triangles which are on the same base are also 
in the same parallels. 1. 39] 

Therefore DE is parallel to BC. 

Therefore etc. 

Q. E. D. 


Euclid evidently did not think it worth while to distinguish in the 
enunciation, or in the figure, the cases in which the parallel to the base cuts 
the other two sides produced (a) beyond the point in which they intersect, 
(4) in the other direction. Simson gives the three figures and inserts word: 
in the enunciation, reading ‘‘it shall cut the other sides, or those sides produced, 
proportionally” and “if the sides, ov the sides produced, be cut proportionally.” 

Todhunter observes that the second part of the enunciation ought to 
make it clear which segments in the proportion correspond to which. Thus 
e.g., if AD were double of DB, and CE double of ÆA, the sides would be 
cut proportionally, but DÆ would not be parallel to BC. The omission 
could be supplied by saying “and if the sides of the triangle be cut 
proportionally so that the segments adjacent to the third side are corresponding 
terms in the proportion.” 


PROPOSITION 3. 


Jf an angle of a triangle be bisected and the straight line 
cutting the angle cut the base also, the segments of the base 
will have the same ratio as the remaining sides of the triangle ; 
and, if the segments of the base have the same ratio as the 
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remaining sides of the triangle, the straight line joined from 
the vertex to the point of section will bisect the angle of the 
triangle. 
Let ABC be a triangle, and let the angle BAC be bisected 
by the straight line AD; 
I say that, as BD is to CD, so 
is BA to AC. 
For let CZ be drawn through 
C parallel to DA, and let BA 
be carried through and meet it 
at £. 
Then, since the straight line y 
AC falls upon the parallels 4D, ® £ 
EC, 
the angle ACE is equal to the angle CAD. [r. 29] 
But the angle CAD is by hypothesis equal to the angle 
BAD, 
therefore the angle BAD is also equal to the angle ACE. 
Again, since the straight line BAZ falls upon the parallels 
AD, EC, 
the exterior angle BAD is equal to the interior angle 
AEC. (1. 29] 
But the angle ACE was also proved equal to the angle 
BAD; 
therefore the angle 4 CE is also equal to the angle AEC, 
so that the side A4 Z is also equal to the side AC. [1. 6] 
And, since AD has been drawn parallel to EC, one of 
the sides of the triangle BCZ, 
therefore, proportionally, as BD is to DC, so is BA to AE. 
But AZ is equal to AC; [vi 2] 
therefore, as BD is to DC, so is BA to AC. 


Again, let BA be to AC as BD to DC, and let AD be 
joined ; 
I say that the angle BAC has been bisected by the straight 
line AD. 

For, with the same construction, 
since, as BD is to DC, so is BA to AC, 
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and also, as BD is to DC, so is BA to AE: for AD has 
been drawn parallel to EC, one of the sides of the triangle 


BCE: (v. 2] 
therefore also, as BA is to AC, so is BA to AE. [v. 11] 
Therefore AC is equal to AZ, [v. 9] 


so that the angle AEC is also equal to the angle ACE. [1. 5] 
But the angle AEC is equal to the exterior angle BAD, 


(1. 29] 
and the angle ACE is equal to the alternate angle CA; [i2.] 


therefore the angle BAD is also equal to the angle CAD. 


Therefore the angle BAC has been bisected by the straight 
line AD. 


Therefore etc. 
Q. E. D. 


The demonstration assumes that CE will meet BA produced in some 
point Æ. This is proved in the same way as it is proved in vı. 4 that BA, ED 
will meet if produced. The angles ABD, B.DA in the figure of vr. 3 are 
together less than two right angles, and the angle BDA is equal to the angle 
BCE, since DA, CE are parallel. Therefore the angles ABC, BCE are 
together less than two right angles; and 8A, CE must meet, by 1. Post. 5. 

The corresponding proposition about the segments into which BC is 
divided externally by the bisector of the external angle at A when that 
bisector meets BC produced (i.e. when the sides 44, AC are not equal) is 
important. Simson gives it as a separate proposition, A, noting the fact that 
Pappus assumes the result without proof (Pappus, vil. p. 730, 24). 

The best plan is however, as De Morgan says, to combine Props. 3 and A 
in one proposition, which may be enunciated thus: Zf an angle of a triangle 
be bisected internally or externally by a straight line whith cuts the opposite side 
or the opposite side produced, the segments of that side will have the same ratio 
as the other sides of the triangle; and, if a side of a triangle be divided internally 
or externally so that its segments have the same ratio as the other sides of the 
triangle, the straight line drawn from the point of section to the angular point 
which ts opposite to the first mentioned side will bisect the interior or exterior angle 
at that angular point. 





B c D 


Let AC be the smaller of the two sides AB, AC, so that the bisector 4D 
of the exterior angle at Æ may meet ZC produced beyond C. Draw CE 
through C parallel to DA, meeting BA in £. 

Then, if FAC is the exterior angle biseccea by 44D in the case of external 
bisection, and if a point Fis taken on AZ in the figure of vi. 3, the proof of 
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vi. 3 can be used almost word for word for the other case. We have only to 
speak of the angle “ “AC” for the angle ‘ BAC,” and of the angle “ FAD” 
for the angle “34D” wherever they occur, to say “let 84, or BA produced, 
meet CE in Æ,” and to substitute “ 84 or BA produced” for ‘“BAE” 
lower down. 


8 D c E 


If 4D, AE be the internal and external bisectors of the angle 4 in a 
triangle of which the sides 48, AC are unequal, AC being the smaller, and 
if AD, AE meet BC and BC produced in D, E respectively, 


the ratios of BD to DC and of BE to EC are alike equal to the ratio of 
BA to AC. 


Therefore BE isto EC as BD to DC, 


that is, BE is to ÆC as the difference between BE and ED is to the 
difference between ED and EC, 


whence BE, ED, EC are in harmonic progression, or DE is a harmonic mean 
between BE and ÆC, or again B, D, C, E is a harmonic range. 


Since the angle DAC is half of the angle BAC, 
and the angle CAE half of the angle CAF, 
while the angles BAC, CA Fare equal to two right angles, 
the angle DAE is a right angle. 


Hence the circle described on DE as diameter passes through A. 

Now, if the ratio of BA to AC is given, and if BC is given, the points 
D, E on BC and BC produced are given, and therefore so is the circle on 
D, E as diameter. Hence the locus of a point such that its distances from two 
given points are in a given ratio (not being a ratio of equality) is a arce. 

This locus was discussed by Apollonius in his Plane Loci, Book IL, as we 
know frem Pappus (vit. p. 666), who says that the book contained the 
theorem that, if from two given points straight lines inflected to another 
point are in a given ratio, the point in which they meet will lie on either a 
straight line or a circumference of a circle. The straight line is of course the 
locus when the ratio is one of equality. The other case is quoted in the 
following form by Eutocius (Apollonius, ed. Heiberg, 11. pp. 180—4). 

Given two points in a plane and a proportion between unequal straight lines, 
st ts possible to describe a circle in the plane so that the Straight lines inflected 
from the given points to the circumference of the circle shall have a ratio the 
Same as the given one. 

Apollonius’ construction, as given by Eutocius, is remarkable because he 
makes no use of either of the points D, E. He finds O, the centre of the 
required circle, and the length of its radius directly from the data BC and the 
given ratio which we will call 4:4. But the construction was not discovered 
by Apollonius; it belongs to a much earlier date, since it appears in exactly 
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the same form in Aristotle, Meteorologica m. 5, 376 a 3 sqq. The 
analysis leading up to the construction is, as usual, not given either by 
Aristotle or Eutocius. We are told to take three straight lines x, CO (a 
length measured along BC produced beyond C, where Z, C are the points at 
which the greater and smaller of the inflected lines respectively terminate), 
and r, such that, if 4:4 be the given ratio and 4> 4, 





8 D c o =E) 


This determines the position of O, and the length of 7, the radius of the 
required circle. The circle is then drawn, any point 2 is taken on it and 
joined to B, C respectively, and it is proved that 


PB: PC=h:k. 


We may conjecture that the analysis proceeded somewhat as follows. 

It would be seen that B, C are ‘‘conjugate points” with reference to the 
circle on DE as diameter. (Cf. Apollonius, Comics, 1. 36, where it is proved, 
in terms, for a circle as well as for an ellipse and a hyperbola, that, if the 
polar of B meets the diameter DE in C, then EC: CD= EB: BD.) 

If O be the middle point of DÆ, and therefore the centre of the circle, 
D, E may be eliminated, as in the Comics, 1. 37, thus. 


Since EC:CD- EB: BD, 
it follows that EC* CD: EC-CD- EB* BD: EB- BD, 
or 20D :20C=20B: 20D, 
that is, BO.OC= OM =F say. 


If therefore P be any point on the circle with centre O and radius 7, 
BO: OP= OP: OC, 

so that BOF, POC are similar triangles. 

In addition, 4:£- BD: DC- BE.EC 

=BD + BE: DE- BO:r. 
Hence we require that 
'"BO:irzriQC- BPi PCz- ÀiK. oes ences (8) 
Therefore, alternately, 
k: CO=h:», 

which is the second relation in (8) above. 

Now assume a length x such that each of the last ratios is equal to x: BC, 


as in (B). 
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Then a: BC=k: CO=h:r. 
Therefore x+k:BO=h:7, 
and, alternately, x+k:h=BO:r 


=h:k, from (8) above ; 
and this is the relation (a) which remained to be found. 


Apollonius’ proof of the construction is given by Eutocius, who begins by 
saying that it is manifest that 7 is a mean proportional between BO and OC. 
This is seen as follows . 


From (8) we derive 
x: BC=k: CO=h:r=(k+x): BO, 


whence BO: r=(k+x):h 
=h:hk, by (a), 
=r: CO, by (8), 
and therefore r= BO. CO. 


But the triangles BOP, POC have the angle at O common, and, since 


BO: OP = OF: OC, the triangles are similar and the angles OPC, OBP 
are equal. 


[Up to this point Aristotle's proof is exactly the same; from this point it 
diverges slightly.] 

If now CZ be drawn parallel to BP meeting OF in Z, the angles BPC 
LCP are equal also. 


Therefore the triangles BPC, PCL are similar, and 
BP:PC- PC:CL, 
whence BP'iPC-BP:ICL 
— BO: CC, by parallels, 
= BO’: OP' (since BO : OP- OP:OC). 
Therefore BP: PC=8B0: OP 
=h:k (for OP =r). 
[Aristotle infers this more directly from the similar triangles POB, COP. 
Since these triangles are similar, 
OP: CP= OB: BP, 
whence BP: PC- BO:0P 
=h:hJ 
Apollonius proves lastly, by reductio ad absurdum, that the last equation 


cannot be true with reference to any point P which is not on the circle so 
described. 


PROPOSITION 4. 


In equiangular triangles the sides about the equal angles 
are proportional, and those are corresponding sides which 
subtend the equal angles. 
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Let ABC, DCE be equiangular triangles having the 
angle ABC equal to the angle 
DCE, the angle BAC to the 
angle CDE, and further the angle 
ACB to the angle CED ; 

I say that in the triangles 4 BC, 
DCE the sides about the equal 
angles are proportional, and those 
are corresponding sides which 
subtend the equal angles. 8 c E 

For let BC be placed in a 
straight line with CZ. 

Then, since the angles ABC, ACB are less than two right 
angles, (1. 17] 
and the angle ACB is equal to the angle DEC, 
therefore the angles 48C, DEC are less than two right 
angles ; 
therefore BA, ED, when produced, will meet. [1. Post. 5] 

Let them be produced and meet at F. 


Now, since the angie DCE is equal to the angle ABC, 


F 


BF is parallel to CD. (1. 28] 
Again, since the angle ACB is equal to the angle DEC, 
AC is parallel to FE. [1. 28] 
Therefore FACD is a parallelogram ; 
therefore FA is equal to 2C, and AC to FD. [1 34] 


And, since 4C has been drawn parallel to FZ, one side 
of the triangle FBE, 


therefore, as BA is to AF, so is BC to CE. [vi. 2] 
But AF is equal to CD; 
therefore, as BA is to CD, so is BC to CE, 


and alternately, as AB is to BC, so is DC to CE. [v. 16] 
Again, since CD is parallel to BF, 
therefore, as BC is to CE, so is FD to DE. (vi. 2] 


But FD is equal to AC; 
therefore, as BC is to CE, so is AC to DE, 
and alternately, as BC is to CA, so is CE to ED. (v. 16] 
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Since then it was proved that, 

as AB is to BC, so is DC to CE, 

and, as BC is to CA, so is CE to ED; 
therefore, ex aequali, as BA is to AC, so is CD to DE, v. 22] 

Therefore etc. 
Q. E. D. 

Todhunter remarks that ‘the manner in which the two triangles are to be 
placed is very imperfectly described; their bases are to be in the same straight 
line and contiguous, their vertices are to be on the same side of the base, and 
each of the two angles which have a common vertex is to be equal to the 
remote angle of the other triangle.” But surely Euclid's description is 


sufficient, except for not saying that B and D must be on the same side 
of BCE. 


VI. 4 can be immediately deduced from vt. 2 if we superpose one triangle 
on the other three times in succession, so that each angle successively 
coincides with its equal, the triangles being similarly situated, e.g. if (4, B, C 
and D, E, F being the equal angles respectively) we apply the angle DEF to 
the angle ABC so that D lies on AB (produced if necessary) and Fon BC 
(produced if necessary). De Morgan prefers this method. “Abandon,” he 
says, " the peculiar mode of construction by which Euclid proves two cases at 
once; make an angle coincide with its equal, and suppose this process repeated 
three times, one for each angle." 


PROPOSITION 5. 


Jf two triangles have their sides proportional, the triangles 
will be equiangular and will have (hose angles equal which the 
corresponding sides subtend. 


Let ABC, DEF be two triangles naving their sides 
proportional, so that, 


as AB isto BC, so is DE to EF, 
as BC is to CA, so is EF to FD, 
and further, as BA is to AC, so is ED to DF; 
I say that the triangle AAC is equiangular with the triangle 
DEF, and they will have those angles equal which the corre- 
sponding sides subtend, namely the angle ABC to the angle 
DEF, the angle BCA to the angle EFD, and further the 
angle BAC to the angle EDF. 
For on the straight line ZF, and at the points Æ, F on 
it, let there be constructed the angle FEG equal to the angle 
ABC, and the angle EFG equal to the angle ACB; — [i23] 
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therefore the remaining angle at 4 is equal to the remaining 


angle at G. (1. 32] 
Therefore the triangle ABC is equiangular with the 


triangle GEF. 
D 
La 
E 


C G 


A 


Therefore in the triangles ABC, GEF the sides about 
the equal angles are proportional, and those are corresponding 
sides which subtend the equal angles ; (vi. 4] 


therefore, as AB is to BC, so is GE to EF. 
But, as AB is to BC, so by hypothesis is DE to EF; 
therefore, as DE is to EF, so is GE to EF. [v. 11] 


Therefore each of the straight lines DE, GE has the 
same ratio to EF; 


therefore DZ is equal to GE. [v- 9] 
For the same reason 
DF is also equal to GF. 
Since then DÆ is equal to £G, 
and EF is common, 
the two sides DE, EF are equal to the two sides GE, EF; 
and the base DF is equal to the base FG ; 
therefore the angle DEF is equal to the angle GEF, (. 8] 
and the triangle DEF is equal to the triangle GEF, 


and the remaining angles are equal to the remaining angles, 
namely those which the equal sides subtend. (1. 4] 


Therefore the augle DFE is also equal to the angle GFE, 
and the angle EDF to the angle EGF. 
And, since the angle FED is equal to the angle GEF, 
while the angle GEF is equal to the angle ABC, 
therefore the angle 4BC is also equal to the angle DEF. 


204 BOOK VI [v. 5, 6 


For the same reason 
the angle ACB is also equal to the angle DFE, 
and further, the angle at 4 to the angle at D; 


therefore the triangle 4 BC is equiangular with the triangle 
DEF. 


Therefore etc. 
Q. E. D. 


This proposition is the complete converse, vi. 6 a partial converse, of vl. 4. 

Todhunter, after Walker, remarks that the enunciation should make it 

clear that the sides of the triangles /aken in order are proportional. It is quite 

possible that there should be two triangles ABC, DEF such that 

AB isto BCas DE to EF, 

and BC is to CA as DF is to ED (instead of EF to FD), 
so that AB is to AC as DF to EF 

(ex aeguali in perturbed proportion); 

in this case the sides of the triangles are proportional, but not in the same 

order, and the triangles are not necessarily equiangular to one another. Fora 

numerical illustration we may suppose the sides of one triangle to be 3, 4 and 

5 feet respectively, and those of another to be 12, 15 and 20 feet respectively. 


In vi. s there is the same apparent avoidance of indirect demonstration 
which has been noticed on 1. 48. 


PROPOSITION 6. 


Lf two triangles have one angle equal to one angle and the 
sides about the equal angles proportional, the triangles will be 
equiangular and will have those angles equal which the corre- 
sponding sides subtend. 


Let ABC, DEF be two triangles having one angle BAC 
equal to one angle EDF and the sides about the equal angles 
proportional, so that, 

as BA is to AC, so is ED to DF; 
I say that the triangle 48C is equiangular with the triangle 
DEF, and will have the angle ABC equal to the angle DEF, 
and the angle ACB to the angle DFE. 

For on the straight line DF, and at the points D, F on it, 
let there be constructed the angle “DG equal to either of the 
angles BAC, EDF, and the angle DFG equal to the angle 
ACB; [1. 23] 

therefore the remaining angle at Z is equal to the remaining 
angle at G. t. 32] 
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Therefore the triangle ABC is equiangular with the 
triangle DGF. 


Therefore, proportionally, as BA is to AC, so is GD to 


DF. [vi. 4] 
But, by hypothesis, as BA is to AC, so also is ED to DF; 
therefore also, as ED is to DF, so is GD to DF. [v. rr] 
A 
D 
G 
£ F 
B c 
Therefore £2 is equal to DG; [v. 9] 


and DF is common; 


therefore the two sides ED, DF are equal to the two sides 
GD, DF; and the angle EDF is equal to the angle GDF; 


therefore the base ZF is equal to the base GF, 
and the triangle EF is equal to the triangle DGF, 


and the remaining angles will be equal to the remaining angles, 
namely those which the equal sides subtend. [t. 4] 


Therefore the angle DG is equal to the angle DFE, 

and the angle DGF to the angle DEF. 

But the angle DFG is equal to the angle ACB; 
therefore the angle ACB is also equal to the angle DFE. 


And, by hypothesis, the angle BAC is also equal to the 
angle EDF; 


therefore the remaining angle at B is also equal to the 
remaining angle at £ ; [1. 32] 


therefore the triangle 4 BC is equianyular with the triangle 
DEF. 


Therefore etc. 
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PROPOSITION 7. 


Jf two triangles have one angle equal to one angle, the 
sides about other angles proportional, and the remaining angles 
either both less or both not less than a right angle, the triangles 
will be equiangular and will have those angles equal, the sides 
about which ave proportional. 


Let ABC, DEF be two triangles having one angle equal 
to one angle, the angle BAC to 
the angle EDF, the sides about 
other angles ABC, DEF propor- A 
tional, so that, as AB is to BC, 
so is DE to EF, and, first, each 
of the remaining angles at C, F 


less than a right angle ; k 
I say that the triangle ABC is 4 a 
equiangular with the triangle c 


DEF, the angle ABC will be 
equal to the angle DF, and the remaining angle, namely 
the angle at C, equal to the remaining angle, the angle 
at F. 
For, if the angle ABC is unequal to the angle DEF, one 
of them is greater. 
Let the angle ABC be greater ; 
and on the straight line 4B, and at the point Z on it, let the 
angle ABG be constructed equal to the angle DEF. [1. 23] 
Then, since the angle 4 is -equal to D, 
and the angle ABG to the angle DEF, 
therefore the remaining angle 4G is equal to the remaining 
angle DFE. [1. 32] 
Therefore the triangle ABG is equiangular with the 
triangle DEF. 

Therefore, as AB is to BG, so is DE to EF [vi. 4] 
But, as DE is to EF, so by hypothesis is AB to BC; 
therefore AB has the same ratio to each of the straight 
lines BC, BG; [v. 11] 

therefore BC is equal to BG, [v. 9] 
so that the angle at C is also equal to the angle BGC.  (r 5] 
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But, by hypothesis, the angle at C is less than a right 
angle ; 
therefore the angle BGC is also less than a right angle ; 
so that the angle 44 G7 adjacent to it is greater than a right 
angle. [r. 13] 
And it was proved equal to the angle at 7; 
therefore the angle at F is also greater than a right angle. 


But it is by hypothesis less than a right angle: which is 
absurd. 

Therefore the angle ABC is not unequal to the angle 
DEF; 


therefore it is equal to it. 
But the angle at 4 is also equal to the angle at D; 


therefore the remaining angle at C is equal to the remaining 
angle at F. [1. 32] 

Therefore the triangle A BC is equiangular with the triangle 
DEF. 


But, again, let each of the angles at C, F be supposed not 
less than a right angle; 


I say again that, in this case too, the 


A 
triangle 4 BC is equiangular with the ò 
triangle DEF. 
For, with the same construction, 
we can prove similarly that a ; 
E 
c 


BC is equal to BG ; 

so that the angle at C is also equal to 
the angle BGC. (t. 5] 

But the angle at C is not less than a right angle; 
therefore neither is the angle BGC less than a right angle. 

Thus in the triangle BGC the two angles are not less 
than two right angles: which is impossible. [t 17] 

Therefore, once more, the angle ABC is not unequal to 
the angle DEZ; 
therefore it is equal to it. 

But the angle at 4 is also equal to the angle at D; 
therefore the remaining angle at C is equal to the remaining 
angle at F. [1. 32] 


208 BOOK VI [vi. 7 


Therefore the triangle 4 BC is equiangular with the triangle 
DEF. 
Therefore etc. 
Q. E. D. 


Todhunter points out, after Walker, that some more words are necessary 
to make the enunciation precise: “If two triangles have one angle equal to one 
angle, the sides about other angles proportional <so that the sides subtending 
the equal angles are homologous>....” 

This proposition is the extension to similar triangles of the ambiguous case 
already mentioned as omitted by Euclid in relation to eguality of triangles in 
all respects (cf. note following 1. 26, Vol. 1. p. 306). The enunciation of vi. 7 
has suggested the ordinary method of enunciating the ambiguous case where 
equality and not similarity is in question. Cf. Todhunter's note on 1. 26. 

Another possible way of presenting this proposition is given by Todhunter. 
The essential theorem to prove is: 

Uf two triangles have two sides of the one proportional to two sides of the 
other, and the angles opposite to one pair of corresponding sides equal, the angles 
which are opposite to the other pair of corresponding sides shall either be equal or 
be together equal to two right angles. 

For the angles included by the proportional sides must be either equal or 
unequal. 

If they are equal, then, since the triangles have two angles of the one 
equal to two angles of the other, respectively, they are equiangular to one 
another. 

We have therefore only to consider the case in which the angles included 
by the proportional sides are unequal. 

The proof is, except at the end, like that of vi. 7. 

Let the triangles ABC, DEF have the angle at A equal to the angle at D; 

let AB be to BCas DE to EF, 


but let the angle ABC be not equal to the angle DEF. 


D 


8 c E 


The angles ACB, DFE shall be together equal to two right angles. 
For one of the angles ABC, DEF must be the greater. 
Let ABC be the greater ; and make the angle ABG equal to the angle 


DEF. 
Then we prove, as in VI. 7, that the triangles ABG, DEF are equiangular, 


whence 
AB isto BG as DE is to EF. 


But AB isto BC as DE is to EF, by hypothesis. 
Therefore BG is equal to BC, 
and the angle BGC is equal to the angle BCA. 
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Now, since the triangles ABG, DEF are equiangular, 
the angle A GA is equal to the angle EE. 
Add to them respectively the equal angles BGC, BCA; therefore the 


angles BCA, EFD are together equal to the angles BGA, BGC, i.e. to two 
right angles. 


It follows therefore that the angles BCA, EFD must be either equal or 
supplementary. 


But (1), if each of them is less than a right angle, they cannot be 
supplementary, and they must therefore be equal; 

(2) if each of them is greater than a right angle, they cannot be 
supplementary and must therefore be equal; 


(3) if one of them is a right angle, they are supplementary and also equal. 


Simson distinguishes the last case (3) in his enunciation: "then, if each of 
the remaining angles be either less or not less than a right angle, or sf one of 
them be a right angle..." 

The change is right, on the principle of restricting the conditions to the 
minimum necessary to enable the conclusion to be inferred. Simson adds a 
separate proof of the case in which one of the remaining angles is a right 
angle. 

5 Lastly, let one of the angles at C, Æ viz. the angle at C, be a right angle; 
in this case likewise the triangle ABC 
is equiangular to the triangle DE. A 

For, if they be not equiangular, D 
make, at the point Æ of the straight 
line AB, the angle ABG equal to the G 
angle DEF; then it may be proved, 
as in the first case, that BG is equal 8 c 
to BC. A 

But the angle BCG is a right 
angle ; 
therefore the angle AGC is also a c 
right angle ; 
whence two of the angles of the tri- 
angle BGC are together not less than 
two right angles: which is impossible. 

Therefore the triangle 4.8C is equiangular to the triangle DEF.” 


Proposition 8. 


If in a right-angled triangle a perpendicular be drawn 
from the right angle to the base, the triangles adjoining the 
perpendicular are similar both to the whole and to one another. 

Let ABC be a right-angled triangle having the angle 
BAC right, and let AD be drawn from A perpendicular 
to BC; 

I say that each of the triangles ABD, ADC is similar to 
the whole AAC and, further, they are similar to one another. 
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For, since the angle BAC is equal to the angle ADB, 
for each is right, 
and the angle at Z is common to the 


two triangles ABC and ABD, ^ 
therefore the remaining angle ACB 
is equal to the remaining angle 
BAD; (1. 32] 
D e 


therefore the triangle ABC is equi- 6 
angular with the triangle A BD. 

Therefore, as BC which subtends the right angle in the 
triangle ABC is to BA which subtends the right angle in 
the triangle 4 BD, so is AB itself which subtends the angle 
at C in the triangle ABC to BD which subtends the equal 
angle BAD in the triangle 4 BD, and so also is AC to AD 
which subtends the angle at 8 common to the two triangles. 

[vt. 4] 

Therefore the triangle ABC is both equiangular to the 
triangle ABD and has the sides about the equal angles 
proportional. 

Therefore the triangle ABC is similar to the triangle 
ABD. [vi. Def. 1] 

Similarly we can prove that 
the triangle 4 BC is also similar to the triangle ADC; 
therefore each of the triangles 48D, ADC is similar to the 
whole ABC. 

I say next that the triangles 42D, ADC are also similar 
to one another. 

For, since the right angle BDA is equal to the right angle 
ADC, 
and moreover the angle BAD was also proved equal to the 
angle at C, 
therefore the remaining angle at B is also equal to the 
remaining angle DAC; [1. 32] 
therefore the triangle 48D is equiangular with the triangle 
ADC. 


Therefore, as BD which subtends the angle BAD in the 
triangle ABD is to DA which subtends the angle at C in the 
triangle ADC equal to the angle BAD, so is AD itself 
which subtends the angle at Z in the triangle 48D to DC 
which subtends the angle DAC in the triangle ADC equal 
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to the angle at ZB, and so also is BA to AC, these sides 


subtending the right angles ; [vi. 4] 
therefore the triangle 4 BD is similar to the triangle ADC. 
(vi. Def. 1] 


Therefore etc. 


Porism. From this it is clear that, if in a right-angled 
triangle a perpendicular be drawn from the right angle to the 
base, the straight line so drawn is a mean proportional 
between the segments of the base. Q. E. D. 


Simson remarks on this proposition: “It seems plain that some editor 
has changed the demonstration that Euclid gave of this proposition: For, 
after he has demonstrated that the triangles are equiangular to one another, 
he particularly shows that their sides about the equal angles are proportionals, 
as if this had not been done in the demonstration of prop. 4 of this book : 
this superfluous part is not found in the translation from the Arabic, and is 
now left out.” 

This seems a little hypercnitical, for the “particular showing” that the 
sides about the equal angles are proportionals is really nothing more than 
a somewhat full citation of vi. 4. Moreover to shorten his proof still 
more, Simson says, after proving that each of the triangles ABD, ADC is 
similar to the whole triangle 4C, '* And the triangles 47D, ADC being 
both equiangular and similar to ABC are equiangular and similar to one 
another,” thus assuming a particular case of vi. 21, which might well be 
proved here, as Euclid proves it, with somewhat more detail. 

We observe that, here as generally, Euclid seems to disdain to give the 
reader such small help as might be afforded by arranging the letters used to 
denote the triangles so as to show the corresponding angular points in the 
same order for each pair of triangles; A is the first letter throughout, and the 
other two for each triangle are in the order of the figure from left to right. It 
may be in compensation for this that he states at such length which side 
corresponds to which when he comes to the proportions. 

In the Greek texts there is an addition to the Porism inserted after 
* (Being) what it was required to prove," viz. "and further that between the 
base and any one of the segments the side adjacent to the segment is a mean 
proportional" Heiberg concludes that these words are an interpolation 
(1) because they come after the words ór«p ec Seta which as a rule follow the 
Porism, (2) they are absent from the best Theonine Mss. though P and 
Campanus have them without the dmep 8a deiéa. Heiberg's view seems to 
be confirmed by the fact noted by Austin, that, whereas the first part of the 
Porism is quoted later in vi. 13, in the lemma before x. 33 and in the lemma 
after x111. 13, the second part is proved in the former lemma, and elsewhere, 
as also in Pappus (i11. p. 72, 9—23). 


PROPOSITION 9. 


From a given straight line to cut off a prescribed part. 
Let AB be the given straight line ; 
thus it is required to cut off from AZ a prescribed part. 


5 


15 
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Let the third part be that prescribed. 
Let a straight line ÆC be drawn through from A con- 
taining with AB any angle; 


let a point D be taken at random on 
AC, and let DE, EC be made equal 
to AD. (1. 3] 


Let BC be joined, and through D 
let DF be drawn parallel to it. [1. 31] 


Then, since FD has been drawn 
parallel to BC, one of the sides of the triangle ABC, 


therefore, proportionally, as CD is to DA, so is BF to FA. 


[vi. 2] 
But CD is double of DA; 
therefore BF is also double of FA ; 
therefore BA is triple of AF. 


Therefore from the given straight line 4B the prescribed 
third part 4F has been cut off. 





Q. E. F, 


6. any angle. The expression here and in the two following propositions is ruxotea 
‘yevla, corresponding exactly to ruxév enpeîov which I have translated as ‘ʻa point (taken) 
at random"; but “an angle (taken) at random” would not be so appropriate where it is a 
question, not of aking any angle at all, but of drawing a straight line casually so as to make 
any angle with another straight line. 


Simson observes that ‘this is demonstrated in a particular case, viz. that 
in which the third part of a straight line is required to be cut off; which is 
not at all like Euclid’s manner. Besides, the author of that demonstration, 
from four magnitudes being proportionals, concludes that the third of them is 
the same multiple of the fourth which the first is of the second ; now this is 
nowhere demonstrated in the sth book, as we now have it; but the editor 
assumes it from the confused notion which the vulgar have of proportionals.” 

The truth of the assumption referred to is proved by Simson in his 
proposition D given above (p. 128); hence he is 
able to supply a general and legitimate proof 
of the present proposition. A 


“Let AB be the given straight line; it is 
required to cut off any part from it. 

From the point A draw a straight line AC E 
making any angle with 48; in AC take any 
point 2, and take AC the same multiple of AD 
that ABZ is of the part which is to be cut off 
from it ; 


join BC, and draw DE parallel to it: B © 
then AZ is the part required to be cut off. 
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Because E is parallel to one of the sides of the triangle A BC, viz. to BC, 


as CD is to DA, so is BE to EA, [vr. 2] 
and, componendo, 
CA is to AD, as BA to AE. [v. 18] 
But CA is a multiple of AD; 
therefore BA is the same multiple of AZ. [Prop. D] 


Whatever part therefore AD is of AC, AE is the same part of AB; 
wherefore from the straight line 4B the part required is cut off." 


The use of Simson’s Prop. D can be avoided, as noted by Camerer after 
Baermann, in the following way. We first prove, as above, that 
CA is to AD as BA is to AE. 


Then we infer that, alternately, 


CA is to BA as AD to AE. [v. 16] 

But AD is to AE asn. AD ton. AE 
(where ~ is the number of times that AD is contained in AC); (v. 15] 
whence AC isto 4B as n. AD isto n. AE. [v. 11] 


In this proportion the first term is equal to the third; therefore [v. 14] 
the second is equal to the fourth, 


so that 4B is equal to z times AE. 
Prop. 9 is of course only a particular case of Prop. to. 


PROPOSITION 10. 


To cut a given uncut straight line similarly to a given cut 
straight line. 


Let AB be the given uncut straight line, and AC the 
straight line cut at the points D, 
E; and let them be so placed as 6 
to contain any angle ; 
let CZ be joined, and through 2, 
E let DF, EG be drawn parallel 
to BC, and through D let D//K D k 
be drawn parallelto AB. (i. 31] 
Therefore each of the figures 
FH, HB is a parallelogram ; 
therefore DH is equal to FG and HK to GB. (1. 34] 


Now, since the straight line HZ has been drawn parallel 
to KC, one of the sides of the triangle DKC, 


therefore, proportionally, as CZ is to ED, so is KH to AD. 


(vi. 2} 
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But XH is equal to BG, and HD to GF; 
therefore, as CE is to ED, so is BG to GF. 


Again, since FD has been drawn parallel to GZ, one ot 
the sides of the triangle AGZ, 
therefore, proportionally, as ED is to DA, so is GF to FA. 
[vı 2] 


But it was also proved that, 
as CE is to ED, so is BG to GF; 
therefore, as CE is to ED, so is BG to GF, 
and, as ED is to DA, so is GF to FA. 
Therefore the given uncut straight line AZ has been cut 
similarly to the given cut straight line AC. 
Q. E. F. 


PROPOSITION 11. 
To two gwen straight lines to find a third proportional. 


Let BA, AC be the two given straight lines, and let 
them be placed so as to contain any 
angle ; 
thus it is required to find a third pro- 
portional to BA, AC. 

For let them be produced to the e 
points D, Æ, and let BD be made equal 
to AC; [t. 3] 
let BC be joined, and through D let DE 
be drawn parallel to it. [r. 31] È 

Since, then, BC has been drawn 
parallel to DZ, one of the sides of the triangle ADE, 
proportionally, as 48 is to BD, so is AC to CE. [vi. 2] 

But BD is equal to AC; 
therefore, as AB is to AC, so is AC to CE. 


Therefore to two given straight lines AB, AC a third 
proportional to them, CZ, has been found. 


D 


Q. E. F. 


1. to find. The Greck word, here and in the next two propositions, is x poceupeiv, 
literally **to find i» addition." 


This proposition is again a particular case of the succeeding Prop. 12. 
Given a ratio between straight lines, vi. 11 enables us to find the ratio 
which is its duplicate. 
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PROPOSITION 12. 


To three given straight lines to find a fourth proportional. 
Let A, B, C be the three given straight lines ; 
thus it is required to find a fourth proportional to A, B, C. 


G A 
8 
c 
Ü H F 


Let two straight lines DZ, DF be set out containing any 
angle EDF; 


let DG be made equal to A, GE equal to Z, and further DH 
equal to C; 


let GH be joined, and let ZF be drawn through Æ parallel 
to it. tt. 31] 

Since, then, GH has been drawn parallel to ZF, one of 
the sides of the triangle DEF, 


therefore, as DG is to GE, so is DH to HF. [v1. 2] 
But DG is equal to 4, GE to B, and DH to C; 
therefore, as A is to B, so is C to HF. 


Therefore to the three given straight lines 4, 8, C a fourth 
proportional 7ZF has been found. 
Q. E. F. 


We have here the geometrical equivalent of the “rule of three.” 

It is of course immaterial whether, as in Euclid’s proof, the first and 
second straight lines are measured on one of the lines forming the angle and 
the third on the other, or the first and third are measured on one and the 
second on the other. 

If it should be desired that the first and the required fourth be measured 
on one of the lines, and the second and third on 
the other, we can use the following construction. 

Measure DE on one straight line equal to 4, and 

on any other straight line making an angle with F 

the first at the point D measure DF equal to B, 

and DG equal to C. Join EF, and through G 

draw GH anti-parallel to EF, Le. make the angle 

DGH equal to the angle DEF; let GH meet P H E 
DE (produced if necessary) in Æ. 
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DH is then the fourth proportional. 
For the triangles EDF, GDA are similar, and the sides about the equal 
angles are proportional, so that 
DE is to DF as DG to DA, 


or A isto Bas C to DH. 


PROPOSITION 13. 


To two given straight lines to find a mean proportional. 


Let AB, BC be the two given straight lines ; 
thus it is required to find a mean 
proportional to AB, BC. 


Let them be placed in a straight 
line, and let the semicircle 4 DC be 
described on AC; 


let BD be drawn from the point Bat ^ — 
right angles to the straight line AC, 
and let 4D, DC be joined. 

Since the angle ADC is an angle in a semicircle, it is 
right. [nt. 31] 

And, since, in the right-angled triangle 4DC, DZ has 
been drawn from the right angle perpendicular to the base, 
therefore DZ is a mean proportional between the segments of 
the base, AB, BC. [vi. 8, Por.] 

Therefore to the two given straight lines 447, BC a mean 
proportional DZ has been found. 

Q. E. F. 


This proposition, the Book vt. version of d. 14, is equivalent to the 
extraction of the square root. It further enables us, given a ratio between 
straight lines, to find the ratio which is its sub-duplicate, or the ratio of which 
it is duplicate. 


PROPOSITION 14. 


In equal and equiangular parallelograms the sides about 
the equal angles are reciprocally proportional, and equiangular 
parallelograms in which the sides about the equal angles are 
reciprocally proportional are equal. 
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Let AB, BC be equal and equiangular parallelograms 
having the angles at B equal, and 
let DB, BE be placed in a straight r 6 
line ; 

therefore FB, BG are also in E 

a straight line. (i. 14] 

I say that, in AB, BC, the 
sides about the equal angles are 
reciprocally proportional, that is to 
say, that, as DB is to BZ, so is 
GB to BF. 

For let the parallelogram FE be completed. 

Since, then, the parallelogram AZ is equal to the parallelo- 


gram BC, 
and FE is another area, 
therefore, as AZ is to FE, so is BC to FE. (v. 7] 
But, as AB is to FE, so is DA to BE, [vi. 1] 
and, as BC is to FE, so is GB to BF. IA 
therefore also, as DZ is to BE, so is GB to BF. [v. 11] 


Therefore in the parallelograms AB, BC the sides about 
the equal angles are reciprocally proportional. 

Next, let GB be to BF as DB to BE; 
I say that the parallelogram AZ is equal to the parallelogram 
BC. 

For since, as DA is to BE, so is GB to BF, 
while, as DB is to BE, so is the parallelogram AB to the 


parallelogram FZ, [vi. 1] 
and, as G7 is to AF, so is the parallelogram AC to the 
parallelogram FZ, [vi. 1] 
therefore also, as AZ is to FE, so is BC to FE: [v. 11] 
therefore the parallelogram AB is equal to the parallelogram 
BC. (v. 9] 


Therefore etc. 
Q. E. D. 


De Morgan says upon this proposition : “ Owing to the disjointed manner 
in which Euclid treats compound ratio, this proposition is strangely out of 
place. It is a particular case of vi. 23, being that in which the ratio of the 
sides, compounded, gives a ratio of equality. The proper definition of four 
magnitudes being reciprocally proportional is that the ratio compounded of 
their ratios is that of equality." 
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It is true that vt. 14 is a particular case of vi. 23, but, if either is out of 
place, it is rather the latter that should be placed before vr. 14, since most of 
the propositions between vi. 15 and vi. 23 depend upon vi. 14 and 15. But 

is perfectly consistent with Euclid's manner to give a particular case first 
and its extension later, and such an arrangement often has great advantages 
in that it enables the more difficult parts of a subject to be led up to more 
easily and gradually. Now, if De Morgan’s view were here followed, we 
should, as it seems to me, be committing the mistake of explaining what is 
relatively easy to understand, viz. two ratios of which one is the inverse of 
the other, by a more complicated conception, that of compound ratio. In 
other words, it is easier for a learner to realise the relation indicated by the 
statement that the sides of equal and equiangular parallelograms are “recipro- 
cally proportional” than to form a conception of parallelograms such that 
“the ratio compounded of the ratio of their sides is one of equality.” For 
this reason I would adhere to Euclid’s arrangement. 

The conclusion that, since DB, BE are placed in a straight line, KB, BG 
are also in a straight line is referred to 1. 14. The deduction is made clearer 
by the following steps. 

The angle DBF is equal to the angle GBE ; 


add to each the angle FBZ ; 


therefore the angles DBF, FBE are together equal to the angles GBE, FBE. 

[C. M. 2] 

But the angles DBF, FBE are together equal to two right angles, [r. 13] 
therefore the angles GBE, FBE are together equal to two right angles, 

[C. N. 1] 

and hence FB, BG are in one straight line. [r. 14] 


The result is also obvious from the converse of r. 15 given by Proclus 
(see note on 1. 15). 


The proposition vi. 14 contains a theorem and one partial converse of it ; 
so also does vi. 15. To each proposition may be added the other partial 
converse, which may be enunciated as follows, the words in square brackets 
applying to the case of triangles (vi. 15). 


c 


K 
G 





A D 


Equal parallelograms [triangles] which have the sides about one angle in 
each reciprocally proportional are equiangular [have the angles included by those 
sides either equal or supplementary. | 


Let AB, BC be equal parallelograms, or let FBD, EBG be equal 
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triangles, such that the sides about the angles at B are reciprocally propor- 
tional, i.e. such that 
DB:BE-GB: BF. 
We shall prove that the angles ABD, EBG are either equal or supple- 
mentary. 
Place the figures so that DB, BE are in one straight line. 
Then FA, BG are either in a straight line, or not in a straight line. 


(1) If FB, BG are in a straight line, the figure of the proposition 

(with the diagonals FD, ÆG drawn) represents the facts, and 
the angle “BD is equal to the angle EBG. [pr ts] 

(2) 1f FB, BG are not in a straight line, 
produce FP to H so that BH may be equal to AG. 

Join £//, and complete the parallelogram EBAK. 

Now, since DB : BE = GB: BF 
and GB = HB, 

DB : BE = HB : BF, 

and therefore, by vi. 14 or 15, 
the parallelograms 4B, BK are equal, or the triangles FBD, EBH are equal. 


But the parallelograms 4B, BC are equal, and the triangles FBD, EBG 
are equal ; 


therefore the parallelograms BC, BX are equal, and the triangles EBH, 
E BG are equal. 


Therefore these parallelograms or triangles are within the same parallels : 
that is, G, C, Æ, X are in a straight line which is parallel to DZ. [1. 39) 
Now, since BG, BH are equal, 


the angles BGH, BHG are equal. 
By parallels, it follows that 
the angle ZBG is equal to the angle DAH, 
whence the angle EZG is supplementary to the angle FZ D. 


PROPOSITION 15. 


In equal triangles which have one angle equal to one angle 
the sides about the equal angles are reciprocally proportional , 
and those triangles which have one angle equal to one angle, 
and in which the sides about the equal angles are reciprocally 
proportional, are equal. 


Let ABC, ADE be equal triangles having one angle 
equal to one angle, namely the angle BAC to the angle 
DAE; 

I say that in the triangles 48C, ADE the sides about the 
equal angles are reciprocally proportional, that is to say, that, 


as CA is to AD, so is EA to AB. 
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For let them be placed so that CA is in a straight 
line with AD; 
therefore ZA is also in a straight line with B 
li. 14) D 
Let BD be joined. 
Since then the triangle ABC is equal to ^ 
the triangle ADE, and BAD is another 


area, 


therefore, as the triangle CAB is to the 
triangle BAD, so is the triangle EAD to E 
the triangle BAD. [v. 7] 
But, as CAB is to BAD, so is CA to AD, [vi 1] 
and, as FAD is to BAD, so is EA to AB. [id] 
Therefore also, as CA is to AD, so is EA to AB. [v. 11] 


Therefore in the triangles BC, ADE the sides about 
the equal angles are reciprocally proportional. 


Next, let the sides of the triangles ABC, ADE be reci- 
procally proportional, that is to say, let EA be to 4B as CA 
to AD; 


I say that the triangle ABC is equal to the triangle ADE. 
For, if BD be again joined, 
since, as CA is to AD, so is EA to AB, 


while, as CA is to AD, so is the triangle ABC to the triangle 
BAD, 


and, as ZA is to AB, so is the triangle EAD to the triangle 


Oo 


BAD, [€. 1] 
therefore, as the triangle 44 BC is to the triangle BAD, so is 
the triangle EAD to the triangle BAD. [v. 11] 


Therefore each of the triangles ABC, EAD has the same 
ratio to BAD. 

Therefore the triangle 4 8C is equal to the triangle £A D. 

[v- 9] 


Therefore etc. 
Q. E. D. 


As indicated in the partial converse given in the last note, this proposition 
is equally true if the angle included by the two sides in one triangle is 
supplementary, instead of being equal, to the angle included by the two sides 
in the other. 
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Let ABC, ADE be two triangles such that the angles BAC, DAE are 
supplementary, and also 


CA: AD=EA: AB. B 
In this case we can place the triangles so that 
CA is in a straight line with AD, and AB lies E 


along AZ (since the angle ZAC, being supple- 
mentary to the angle EAD, is equal to the angl. 
BAC). 

If we join BD, the proof given by Euclid 
applies to this case also. 

It is true that vi. 15 can be immediately inferred from vi. 14, since a 
triangle is half of a parallelogram with the same base and height. But, 
Euclid's object being to give the student a grasp of methods rather than 
results, there seems to be no advantage in deducing one proposition from the 
other instead of using the same method on each. 


c A Oo 


PROPOSITION 16. 


Lf four straight lines be proportional, the rectangle con- 
tained by the extremes is equal to the rectangle contained by 
the means ; and, if the rectangle contained by the extremes be 
equal to the rectangle contained by the means, the four straight 
lines will be proportional. 


Let the four straight lines 48, CD, £, F be proportional, 
so that, as AB is to CD, so is E to F; 


I say that the rectangle contained by AB, F is equal to the 
rectangle contained by CD, £. 


bb 


€ 


Let AG, CH be drawn from the points 4, C at right 
angles to the straight lines ABZ, CD, and let AG be made 
equal to F, and CH equal to Æ. 

Let the parallelograms 8G, DH be completed. 

Then since, as AB is to CD, so is E to F, 
while Æ is equal to CZZ, and F to AG, 
therefore, as AB is to CD, so is CH to AG. 

Therefore in the parallelograms BG, DA the sides about 
the equal angles are reciprocally proportional. 





F 
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But those equiangular parallelograms in which the sides 

about the equal angles are reciprocally proportional are oe j 

VI. 14 

therefore the parallelogram BG is equal to the parallelogram 
DH. 

And ZG is the rectangle 4B, F, for AG is equal to F; 
and DA is the rectangle CD, Æ, for £ is equal to CH; 
therefore the rectangle contained by AB, F is equal to the 
rectangle contained by CD, £. 


Next, let the rectangle contained by AB, F be equal to 
the rectangle contained by CD, £; 
I say that the four straight lines will be proportional, so that, 
as AB isto CD, so is Æ to F. 

For, with the same construction, 
since the rectangle 48, F is equal to the rectangle CD, £, 
and the rectangle 4B, F is BG, for AG is equal to F, 
and the rectangle CD, £ is DZZ, for CH is equal to Æ, 

therefore BG is equal to DH. 


And they are equiangular 

But in equal and equiangular parallelograms the sides about 
the equal angles are reciprocally proportional. [vi. 14] 

Therefore, as AB is to CD, so is CH to AG. 

But CH is equal to £, and AG to F; 


therefore, as 4B is to CD, so is E to F. 
Therefore etc. Q. E. D. 


This proposition is a particular case of vi. 14, but one which is on all 
accounts worth separate statement. It may also be enunciated in the follow- 
ing form: 

Rectangles which have their bases reciprocally proportional to their heights - 
are equal in area; and equal rectangles have their bases reciprocally proportional 
to their heights. 

Since any parallelogram is equal to a rectangle of the same height and 
on the same. base, and any triangle with the same height and on the same 
base is equal to half the parallelogram or rectangle, it follows that Egua/ 
parallelograms or triangles have their bases reciprocally proportional to their 
heights and vice versa. 

The present place is suitable for giving certain important propositions, 
including those which Simson adds to Book vi. as Props. B, C and D, which 
are proved directly by means of vi. 16. 


1. Proposition B is a particular case of the following theorem. 


Lf a circle be circumscribed about a triangle ABC and there be drawn through 
A any two straight lines either both within or both without the angle BAC, viz. 
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AD meeting BC (produced if necessary) in D and AE meeting the circle again 
in E, such that the angles DAB, EAC are egual, then the rectangle AD, AE is 
equal to the rectangle BA, AC. 


LS 


Join CZ. 
The angles BAD, EAC are equal, by hypothesis ; 


and the angles ABD, AEC are equal. (uu. 21, 22] 
Therefore the triangles ABD, AEC are equiangular. 
Hence BA isto AD as FA is to AC, 


and therefore the rectangle BA, AC is equal to the rectangle AD, AE. 


[vi. 16] 
There are now two particular cases to be considered. 


(a) Suppose that AD, AE coincide ; 
ADE will then bisect the angle BAC. 


(b) Suppose that AD, AE are in one straight line but that D, Æ are on 
opposite sides of A ; 


AD will then bisect the external angle at A. 


D CE 
) 


In the first case (2) we have 
the rectangle BA, AC equal to the rectangle EA, AD; 


and the rectangle EA, AD is equal to the rectangle ED, DA together with 
the square on AD, [n. 3] 


i.e. to the rectangle BD, DC together with the square on AD. (rt. 35] 


Therefore the rectangle BA, AC is equal to the rectangle BD, DC 
together with the square on 4D. [This is Simson’s Prop. B] 

In case (b) the rectangle A, AD is equal to the excess of the rectangle 
ED, DA over the square on AD; 


therefore the rectangle BA, AC is equal to the excess of the rectangle BD, 
DC over the square on 4D. 
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The following converse of Simson's Prop. B may be given: Zf a straight 
line AD be drawn from the vertex A of a triangle fo meet the base, so that the 
square on AD together with the rectangle BD, DC ts equal to the rectangle BA, 
AC, the line AD will bisect the angle BAC except when the sides AB, AC are 
equal, in whith case every line drawn to the base will have the property men- 
tioned, 

Let the circumscribed circle be drawn, and let AD produced meet it in 
£ ; join CE. 

The rectangle BD, DC is equal to the rectangle ED, DA. (1. 35) 

Add to each the square on AD; 
therefore the rectangle BA, AC is equal to the rectangle ZA, AD. 

(hyp. and n. 3) 

Hence AB is to 4D as AE to AC. [vi. 16] 

But the angle ABD is equal to the angle AEC. (ur. 21] 

Therefore the angles BDA, ECA are either equal or supplementary. 

(vt. 7 and note) 

(a) If they are equal, the angles BAD, EAC 
are also equal, and AD bisects the angle BAC. 


A 
(b) If they are supplementary, the angle ADC — 
B Cc 


must be equal to the angle ACE. 

Therefore the angles BAD, ABD are together 
equal to the angles ACB, BCE, i.e. to the angles 
ACD, BAD. 

Take away the common angle BAD, and 

the angles ABD, ACD are equal, or 
AB is equal to AC. 


Euclid himself assumes, in Prop. 67 of the Data, the result of so much of 
this proposition as relates to the case where BA= AC. He assumes namely, 
without proof, that, if BA = AC, and if D be any point on BC, the rectangle 
BD, DC together with the square on AD is equal to the square on AB. 


PROPOSITION C. 


Jf from any angle of a triangle a straight line be drawn perpendicular to the 
opposite side, the rectangle contained by the other two sides of the triangle is egual 
to the rectangle contained by the perpendicular and the diameter of the circle 
circumscribed about the triangle. 

Let ABC be a triangle and AD the perpendicular on AB. Draw the 
diameter AE of the circle circumscribed about the triangle ABC. 


$8 


Then shall the rectangle BA, AC be equal to the rectangle ZA, AD. 
Join EC. 
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Since the right angle BDA is equal to the right angle £CA in a semi- 


circle, [m. 31) 

and the angles ABD, AEC in the same segment are equal, (ur. 21] 
the triangles ABD, AEC are equiangular. 

Therefore, as BA is to AD, so is EA to AC, [vr. 4] 


whence the rectangle BA, AC is equal to the rectangle EA, AD. (vt. 16] 
This result corresponds to the trigonometrical formula for A, the radius of 
the circumscribed circle, 
abc 


— 
PROPOSITION D. 


This is the highly important lemma given by Ptolemy (ed. Heiberg, Vol. 1, 
pp. 36—7) which is the basis of his calculation of the table of chords in the 
section of Book 1. of the peydAn ovvrages entitled “concerning the size of the 
straight lines [i.e. chords] in the circle” (wept ris mpAckdryTos Tay év Ta KVKAW 
Oar). 

The theorem may be enunciated thus. 

The rectangle contained by the diagonals of any quadrilateral inscribed in a 
circle is equal to the sum of the rectangles contained by the pairs of opposite sides. 

I shall give the proof in Ptolemy’s words, with the addition only, in 
brackets, of two words applying to a second figure not given by Ptolemy. 

“Let there be a circle with any quadrilateral ABCD inscribed in it, and 
let AC, BD be joined. 

It is to be proved that the rectangle contained by 4C and Z2 is equal 
to the sum of the rectangles AB, DC and AD, BC. 

For let the angle ABZ be made equal to the angle contained by DB, BC. 





A A 


If then we add [or subtract] the angle £52, 
the angle ABD will also be equal to the angle BC. 
But the angle BDA is also equal to the angle ACE, [ut. 21] 
for they subtend the same segment ; 
therefore the triangle ABD is equiangular with the triangle ZAC. 
Hence, proportionally, 
as BC is to CE, so is BD to DA. (vi. 4] 
Therefore the rectangle BC, AD is equal to the rectangle BD, oT " 
VLI 
Again, since the angle ABE is equal to the angle DBC, 


and the angle BAZ is also equal to the angle BDC, (ni. 21] 
the triangle ABZ is equiangular with the triangle DBC. 
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Therefore, proportionally, 
as BA is to AE, so is BD to DC; [v1. 4] 

therefore the rectangle BA, DC is equal to the rectangle BD, AE. [vi. 16] 

But it was also proved that 

the rectangle BC, AD is equal to the rectangle BD, CE; 
therefore the rectangle 4C, BD as a whole is equal to the sum of the 
rectangles AB, DC and AD, BC: 
(being) what it was required to prove.” 

Another proof of this proposition, and of its converse, is indicated by 
Dr Lachlan (Elements of Euclid, pp. 273—4). It depends on two preliminary 
propositions. 

(1) Lf two circles be divided, by a chord in each, into segments which are 
similar respectively, the chords are proportional to the corresponding diameters. 

The proof is instantaneous if we join the ends of each chord to the centre 
of the circle which it divides, when we obtain two similar triangles. 

(2) 4f D 5e any point on the circle circumscribed about a triangle ABC, and 
DX, DY, DZ be perpendicular to the sides BC, CA, AB of the triangle 
respectively, then X, Y, Z lie in one straight line; and, conversely, if the feet of 
the perpendiculars from any point D on the sides of a triangle lie in one straight 
line, D hes on the circle circumscribed about the triangle. 

The proof depending on 111. 21, 22 is well known. 

Now suppose that D is any point in the plane of a triangle ABC, and 
that DX, DY, DZ are perpendicular to the sides 
BC, CA, AB respectively. 

Join YZ, DA. 

Then, since the angles at Y, Z are right, 

A, Y, D, Z lie on a circle of which DA is the 


diameter. 

And YZ divides this circle into segments which 
are similar respectively to the segments into which 8 e 
BC divides the circle circumscribing ABC, since 
the angles ZA Y, BAC coincide, and their supple- Y 
ments are equal. 

Therefore, if Z be the diameter of the circle b 


circumscribing ABC, 
BC is to ďas YZ is to DA; 
and therefore the rectangle AD, BC is equal to the rectangle d, YZ. 

Similarly the rettangle BD, CA is equal to the rectangle 7, ZX, and the 
rectangle CD, AB is equal to the rectangle d, X Y. 

Hence, in a quadrilateral in general, the rectangle Z 
contained by the diagonals is less than the sum of the 0 A 
rectangles contained by the pairs of opposite sides. 

Next, suppose that 2 lies on the circle circum- 
scribed about ABC, but so that 4, B, C, D follow 
each other on the circle in this order, as in the figure C B 
annexed. 

Let DX, DY, DZ be perpendicular to BC, CA, 

AB respectively, so that X, Y, Zare in a straight line. 

Then, since the rectangles AD, BC; BD, CA; CD, AB are equal to the 

rectangles d, YZ; d, ZX; d, XY respectively, and XZ is equal to the sum of 
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XY, YZ, so that the rectangle 4, XZ is equal to the sum of the rectangles 
d, XY and d, YZ, it follows that 

the rectangle AC, BD is equal to the sum of the rectangles AD, BC and 
AB, CD. 

Conversely, if the latter statement is true, while we are supposed to know 
nothing about the position of D, it follows that 

XZ must be equal to the sum of XY, YZ, 

so that X, Y, Z must be in a straight line. 

Hence, from the theorem (2) above, it follows that D must lie on the 
circle circumscribed about ABC, i.e. that ABCD is a quadrilateral about 
which a circle can be described. 


All the above propositions can be proved on the basis of Book 111. and 
without using Book vr, since it is possible by the aid of 111.,21 and 35 alone 
to prove that i eguiangular triangles the rectangles contained by the non- 
corresponding sides about equal angles are equal to one another (a result arrived 
at by combining vi. 4 and vt. 16). This is the method adopted by Casey, 
H. M. Taylor, and Lachlan ; but I fail to see any particular advantage in it. 


Lastly, the following proposition may be given which Playfair added as 
vi E. It appears in the Dasa of Euclid, Prop. 93, and may be thus 
enunciated. 


Uf the angle BAC of a triangle ABC be bisected by the straight line AD 
meeting the circle circumscribed about the triangle in D, and if BD be joined, 
then 

the sum of BA, AC is to AD as BC îs to BD. 


Join CD. Then, since AD bisects the angle BAC, the subtended arcs 
BD, DC, and therefore the chords BD, DC, are 
equal. Á 
(1) The result can now be easily deduced from 
Ptolemy's theorem. 
For the rectangle AD, BC is equal to the sum of 
the rectangles AB, DC and 4C, BD, ie. (since 
BD, CD are equal) to the rectangle contained by 
BA + AC and BD. 


Therefore the sum of BA, AC isto ADas BC B C 
is to BD. (vi. 16] 
(2) Euclid proves it differently in Dafa, Prop. 93. D 
Let AD meet BC in £. 
Then, since AZ bisects the angle BAC, 
BA isto AC as BE to EC, [vi. 3] 
or, alternately, 
AB isto BE as AC to CE. [v. 16] 
Therefore also 
BA + AC is to BC as AC to CE. [v. 12] 
Again, since the angles BAD, ZAC are equal, and the angles ADB, ACE 
are also equal, [ur. 21] 


the triangles ABD, AEC are equiangular. 
Therefore AC is to CE as AD to BD. [vi. 4] 
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Hence BA + AC isto BCas AD to BD, [v. 11] 
and, alternately, 
BA * AC isto 4D as BC is to BD. [v. 16) 
Euclid concludes that, if the circle ABC is given in magnitude, and the 
chord ZC cuts off a segment of it containing a given angle (so that, by Data 
Prop. 87, BC and also BD are given in magnitude), 


the ratio of BA + AC to AD is given, 


and further that (since, by similar triangles, BD is to DE as AC is to CE, 
while BA + AC is to BC as AC is to CE), 


the rectangle (BA + AC), DE, being equal to the rectangle BC, BD, is 
also given. 


PROPOSITION 17 


Jf three straight lines be proportional, the rectangle con- 
tained by the extremes is equal to the square on the mean; 
and, if the rectangle contained by the extremes be equal to the 
square on the mean, the three straight lines will be proportional. 


Let the three straight lines 4, B, C be proportional, so 
that, as 44 is to Z, sois Z to C; 


I say that the rectangle contained by 4, C is equal to the 
square on Z. 


— — À 
8——————— o 
c 
Let D be made equal to Z. 
Then, since, as 4 is to B, so is B to C, 
and Z is equal to 2, 
therefore, as 4 is to B, so is D to C. 


But, if four straight lines be proportional, the rectangle 
contained by the extremes is equal to the rectangle contained 
by the means. (vi. 16. 

Therefore the rectangie 4, C is equal to the rectangle 
B, D. 

But the rectangle B, D is the square on B, for B is 
equal to D; 
therefore the rectangle contained by 4, C is equal to the 
square on Z. 


Next, let the rectangle 4, C be equal to tne square on B 
I say that, as A is to B, so is B to C. 
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For, with the same construction, 
since the rectangle 4, C is equal to the square on B, 


while the square on Z is the rectangle Z, D, for B is equal 
to D, 


therefore the rectangle 4, C is equal to the rectangle Z, D. 

But, if the rectangle contained by the extremes be equal 
to that contained by the means, the four straight lines are 
proportional. [v. 16] 

Therefore, as 4 is to B, so is D to C. 

But Z is equal to D ; 

therefore, as 4 is to B, so is P to C. 
Therefore etc. Q. E. D. 


VI. 17 is, of course, a particular case of vi. 16. 


Proposition 18. 


On a given straight line to describe a rectilineal figure 
similar and similarly situated to a given rectilineal figure. 
Let AB be the given straight line and CF the given 
rectilineal figure ; 
thus it is required to describe on the straight line AB a 


rectilineal figure similar and similarly situated to the recti- 
lineal figure C£. 


c o A 


Let DF be joined, and on the straight line 4B, and at 
the points A, B on it, let the angle GAB be constructed 
equal to the angle at C, and the angle ABG equal to the 


angle CDF. (1. 23] 
Therefore the remaining angle CFD is equal to the angle 
AGB; (1. 32] 


therefore the triangle FC is equiangular with the triangle 
GAB. 


Therefore, proportionally, as FD is to GB, so is FC to 
GA, and CD to AB. 
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Again, on the straight line BG, and at the points B, Gon 
it, let the angle BG be constructed equal to the angle DFE, 


and the angle GBH equal to the angle FDE. [1. 23] 
Therefore the remaining angle at Æ is equal to the re- 
maining angle at 77 ; [r 32] 


therefore the triangle FE is equiangular with the triangle 
GBH; 


therefore, proportionally, as FD is to GB, so is FE to 
GH, and ED to HB. [vi. 4] 

But it was also proved that, as FD is to GZ, so is FC to 
GA, and CD to AZ ; 


therefore also, as FC is to AG, so is CD to AB, and FE 
to GH, and further ED to HB. 


And, since the angle CFD is equal to the angle AGB, 
and the angle DFE to the angle BGH, 


therefore the whole angle CFE is equal to the whole angle 
AGH. 


For the same reason 
the angle CDE is also equal to the angle ABH. 
And the angle at C is also equal to the angle at 4, 
and the angle at Æ to the angle at Æ. 
Therefore 44 77 is equiangular with C£ ; 
and they have the sides about their equal angles proportional ; 


therefore the rectilineal figure AH is similar to the 
rectilineal figure CZ, [vi. Def. 1] 


Therefore on the given straight line AZ the rectilineal 
figure AH has been described similar and similarly situated 
to the given rectilineal figure CZ. 

Q. E. F. 


Simson thinks the proof of this proposition has been vitiated, his grounds 
for this view being (1) that it is demonstrated only with reference to 
quadrilaterals, and does not show how it may be extended to figures of five or 
more sides, (2) that Euclid infers, from the fact of two triangles being 
equiangular, that a side of the one is to the corresponding side of the other as 
another side of the first is to the side corresponding to it in the other, i.e. he 
permutes, without mentioning the fact that he does so, the proportions 
obtained in vi. 4, whereas the proof of the very next proposition gives, in a 
similar case, the intermediate step of permutation. I think this is hyper- 
criticism. As regards (2) it should be noted that the permuted form of the 
proportion is arrived at first in the proof of vi. 4; and the omission of the 
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intermediate step of alternando, whether accidental or not, is of no importance. 
On the other hand, the use of this form of the proportion certainly simplifies 
the proof of the proposition, since it makes unnecessary the subsequent 
ex aeguali steps of Simson’s proof, their place being taken by the inference 
[v. 11] that ratios which are the same with a third ratio are the same with one 
another. 

Nor is the first objection of any importance. We have only to take as the 


K 


A B c D 


given polygon a polygon of five sides at least, as CD EG, join one extremity 
of CD, say D, to each of the angular points other. than C and Æ, and then 
use the same mode of construction as Euclid’s for any number of successive 
triangles as ABL, LBK, etc., that may have to be made. Euclid's con- 
struction and proof for a quadrilateral are quite sufficient to show how to deal 
with the case of a figure of five or any greater number of sides. 

Clavius has a construction which, given the power of moving a figure 


F' 


d E 


Cc D D' A B 


bodily from one position to any other, is easier. CDEFG being the given 
polygon, join CZ, CF. Place AB on CD so that A falls on C, and let B 
fall on D’, which may either lie on CD or on CD produced. 

Now draw DE’ parallel to DE, meeting CZ, produced if necessary, in E’, 
E' F' parallel to EZ, meeting C£, produced if necessary, in £', and so on. 

Let the parallel to the last side but one, FG, meet CG, produced if 
necessary, in G”. 

Then CZ'E'F'G' is similar and similarly situated to CDEFG, and it is 
constructed on CZ, a straight line equal to 4B. 

The proof of this is obvious. 

A more general construction is indicated in the subjoined figure. If 
CDEFG be the given polygon, suppose its angular points all joined to any 
point O and the connecting straight lines produced both ways. Then, if cD, 
a straight line equal to 48, be placed so that it is parallel to CD, and C’, D 
lie respectively on OC, OD (this can of course be done by finding fourth 
proportionals), we have only to draw Z'Z, E'F, etc, parallel to the 
corresponding sides of the original polygon in the manner shown. 
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De Morgan would rearrange Props. 18 and zo in the following manner. 
He would combine Prop. 18 and the first part of Prop. 20 into one, with the 
enunciation : 





Pairs of similar triangles, similarly put together, give similar figures ; and 
every pair of similar figures is composed of pairs of similar triangles similarly 
put together. 

He would then make the pvod/em of vi. 18 an application of the first part. 
In form this would certainly appear to be an improvement; but, provided that 
the relation of the propositions is understood, the matter of form is perhaps 
not of great importance. 


PROPOSITION 19. 
Similar triangles ave to one another in the duplicate ratio 
of the corresponding sides. 


Let ABC, DEF be similar triangles having the angle at 
B equal to the angle at Æ, and such that, as AZ is to ZC, so 
sis DE to EF, so that BC corresponds to EF; [v. Def. rr] 


I say that the triangle ABC has to the triangle DEF a ratio 
duplicate of that which BC has to EF. 


A 
D 


LN 


B G c E F 


For let a third proportional BG be taken to BC, EF, so 
that, as BC is to EF, so is EF to AG; (vi. 11] 


io and let AG be joined. 
Since then, as AB is to BC, so is DE to EF, 
therefore, alternately, as 42 is to DE, so is BC to EF. [v. 16] 
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But, as BC is to EF, so is EF to BG; 
therefore also, as AB is to DE, so is EF to BG. [v. 11] 


15 Therefore in the triangles AZG, DEF the sides about 
the equal angles are reciprocally proportional. 
But those triangles which have one angle equal to one 
angle, and in which the sides about the equal angles are 
reciprocally proportional, are equal; [vi. 15] 


2o therefore the triangle 44 ZG is equal to the triangle DEF. 
Now since, as BC is to EF, so is EF to BG, 


and, if three straight lines be proportional, the first has to 
the third a ratio duplicate of that which it has to the second, 
[v. Def. 9] 
therefore BC has to BG a ratio duplicate of that which CB 
2s has to EF. 

But, as CB is to BG, so is the triangle ABC to the 
triangle ABC; [vi 1] 
therefore the triangle ABC also has to the triangle ABG a 
ratio duplicate of that which BC has to EF. 


3 But the triangle AAG is equal to the triangle DEF; 


therefore the triangle ABC also has to the triangle DEF a 
ratio duplicate of that which BC has to EF. 


Therefore etc. 


Porism. From this it is manifest that, if three straight 
3s lines be proportional, then, as the first is to the third, so is 
the figure described on the first to that which is similar and 


similarly described on the second. 
Q. E. D. 


4. and such that, as AB is to BC, so is DE to EF, literally “ (triangles) having 
the angle at B equal to the angle at Æ, and (having), as AB to BC, so DE to EF." 


Having combined Prop. 18 and the first part of Prop. 20 as just indicated, 
De Morgan would tack on to Prop. 19 the second part of Prop. 20, which 
asserts that, if similar polygons be divided into the same number of similar 
triangles, the triangles are ‘‘ homologous to the wholes ” (in the sense that the 
polygons have the same ratio as the corresponding triangles have), and that 
the polygons are to one another in the duplicate ratio of corresponding sides. 
This again, though no doubt an improvement of form, would necessitate the 
drawing over again of the figure of the altered Proposition 18 and a certain 
amount of repetition. 

Agreeably to his suggestion that Prop. 23 should come before Prop. 14 
which is a particular case of it, De Morgan would prove Prop. 19 for 
parallelograms by means of Prop. 23, and thence infer the truth of it for 
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triangles or the halves of the parallelograms. He adds: “The method of 
Euclid is an elegant application of the operation requisite to compound equal 
ratios, by which the conception of the process is lost sight of.” For the 
general reason given in the note on vi. 14 above, I think that Euclid showed 
the sounder discretion in the arrangement which he adopted. Moreover it is 
not easy to see how performing the actual operation of compounding two 
equal ratios can obscure the process, or the fact that two equal ratios are 
being compounded. On the definition of compounded ratios and duplicate 
ratio, De Morgan has himself acutely pointed out that “composition” is here 
used for the process of detecting the single alteration which produces the 
effect of two or more, the duplicate ratio being the result of compounding two 
equal ratios. The proof of vi. 19 does in fact exhibit the single alteration 
which produces the effect of two. And the operation was of the essence of 
the Greek geometry, because it was the manipulation of ratios in this manner, 
by simplification and transformation, that gave it so much power, as every one 
knows who has read, say, Archimedes or Apollonius. Hence the introduction 
of the necessary operation, as well as the theoretical proof, in this proposition 
seems to me to have been distinctly worth while, and, as it is somewhat 
simpler in this case than in the more general case of vi. 23, it was in 
accordance with the plan of enabling the difficulties of Book vi. to be more 
easily and gradually surmounted to give the simpler case first. 

That Euclid wished to emphasise the importance of the method adopted, 
as well as of the result obtained, in vi. 19 seems to me clearly indicated by 
the Porism which follows the proposition. It is as if he should say: “I have 
shown you that similar triangles are to one another in the duplicate ratio of 
corresponding sides; but I have also shown you incidentally how it is possible 
to work conveniently with duplicate ratios, viz. by transforming them into 
simple ratios between straight lines. I shall have occasion to illustrate the 
use of this method in the proof of vi. 22.” 

The Porism to vi. r9 presents one difficulty. It will be observed that it 
speaks of the figure («l8os) described on the first straight line and of that which 
is similar and similarly described on the second. If “figure” could be 
regarded as loosely used for the figure of the proposition, i.e. for a triangle, 
there would be no difficulty. If on the other hand “the figure” means any 
rectilineal figure, i.e. any polygon, the Porism is not really established until 
the next proposition, VI. 2o, has been proved, and therefore it is out of place 
here. Yet the correction rpiywvov, triangle, for elos, figure, is due to Theon 
alone; P and Campanus have “figure,” and the reading of Philoponus and 
Psellus, rerpdywvov, sguare, partly supports «os, since it can be reconciled with 
Edos but not with tpéywvov. Again the second Porism to v1. 20, in which this 
Porism is reasserted for any rectilineal figure, and which is omitted by 
Campanus and only given by P in the margin, was probably interpolated by 
Theon. Heiberg concludes that Euclid wrote “figure” (eos), and Theon, 
seeing the difficulty, changed the word into “triangle” here and added Por. 2 
to vi. 20 in order to make the matter clear. If one may hazard a guess as to 
how Euclid made the slip, may it be that he first put it after v1 20 and then, 
observing that the expression of the duplicate ratio by a single ratio between 
two straight lines does not come in vi. 20 but in vi. 19, moved the Porism to 
the end of vi. 19 in order to make the connexion clearer, without noticing 
that, if this were done, «ióo« would need correction ? 

The following explanation at the end of the Porism is bracketed by 
Heiberg, viz. ‘Since it was proved that, as CB is to BG, so is the triangle 
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ABC to the triangle ABG, that is DEF” Such explanations in Porisms are 
not in Euclid's manner, and the words are not in Campanus, though they date 
from a time earlier than Theon. 


PROPOSITION 20. 


Similar polygons are divided into similar triangles, and 
into triangles equal in multitude and in the same ratio as 
the wholes, and the polygon has to the polygon a ratio duplicate 
of that which the corresponding side has to the corresponding 

s side. 


Let ABCDE, FGHKL be similar polygons, and let AB 
correspond to FG ; 


I say that the polygons ABCDE, FGHKL are divided into 
similar triangles, and into triangles equal in multitude and in 

io the same ratio as the wholes, and the polygon ABCDE has 
to the polygon FGA KL a ratio duplicate of that which AB 
has to FG. 


Let BE, EC, GL, LH be joined. 


A 


Now, since the polygon 4 8CDE is similar to the polygon 
i FGHKL, 


the angle BAEZ is equal to the angle GFL ; 
and, as BA is to AZ, so is GF to FL. (vt. Def. r] 


Since then ABE, FGL are two triangles having one 
angle equal to one angle and the sides about the equal angles 

20 proportional, 
therefore the triangle ABE is equiangular with the triangle 
FGL; (vt. 6] 
so that it is also similar; (vr. 4 and Def. 1] 


therefore the angle ABZ is equal to the angle FGL. 
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2; But the whole angle ABC is also equal to the whole angle 
FGH because of the similarity of the polygons ; 


therefore the remaining angle EBC is equal to the angle 
LGH. 


. And, since, because of the similarity of the triangles 4 BZ, 
30 FGL, 
as FB is to BA, so is LG to GF, 
and moreover also, because of the similarity of the polygons, 
as AB is to BC, so is FG to GH, 
therefore, ex aeguali, as EB is to BC, so is LG to GH; [v. 22] 


3s that is, the sides about the equal angles EAC, LGH are 
proportional ; 


therefore the triangle EBC is equiangular with the triangle 


LGH, [vt. 6] 
so that the triangle ZAC is also similar to the triangle 
4 LGH. (vi. 4 and Def. 1] 


For the same reason 
the triangle ECD is also similar to the triangle LHX. 

Therefore the similar polygons ABCDE, FGHKL have 
been divided into similar triangles, and into triangles equal in 

45 multitude. 

I say that they are also in the same ratio as the wholes, 
that is, in such manner that the triangles are proportional, 
and ABE, EBC, ECD are antecedents, while FGL, LGH, 
LHK are their consequents, and that the polygon ABCDE 

so has to the polygon FGA XL a ratio duplicate of that which 
the corresponding side has to the corresponding side, that is 
AB to FG. 
For let AC, FH be joined. 
Then since, because of the similarity of the polygons, 
ss the angle ABC is equal to the angle FGH, 
and, as AB is to BC, so is FG to GH, 
the triangle 4AC is equiangular with the triangle FGH ; 
[vi. 6] 
therefore the angle BAC is equal to the angle GF//, 
and the angle 8CA to the angle GHF. 
é And, since the angle BAM is equal to the angle GFN, 


and the angle 44/4 is also equal to the angle FG, 
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therefore the remaining angle AMB is also equal to the 
remaining angle FNG ; [1. 32] 
therefore the triangle 4422/4 is equiangular with the triangle 
6s FGN. 
Similarly we can prove that 
the triangle BAC is also equiangular with the triangle GV. 
pes proportionally, as 4/7 is to WB, so is FN to 


zo and, as BM is to MC, so is GN to NA, 
so that, in addition, ex aeguali, 
as AM is to MC, so is FN to NAH. 

But, as AM is to MC, so is the triangie ABM to MBC, 

and AME to EMC; for they are to one another as their 
75 bases. [vi 1] 
Therefore also, as one of the antecedents is to one of the 
consequents, so are all the antecedents to all the consequents ; 
v. I2 
therefore, as the triangle AMB is to BMC, so is ABE à 
CBE. 
80 But, as AMB is to BMC, so is AM to MC; 
therefore also, as 4M is to MC, so is the triangle ABE to 
the triangle ZAC. 

For the same reason also, 
as FN is to NH, so is the triangle /GZ to the triangle 

8s GLA. 

And, as A M is to MC, so is FN to NA; 
therefore also, as the triangle ABE is to the triangle BEC, 
so is the triangle “GZ to the triangle GL77 ; 
and, alternately, as the triangle 4 BZ is to the triangle FG, 

so So is the triangle BEC to the triangle GLH. 

Similarly we can prove, if BD, GK be joined, that, as the 
triangle BEC is to the triangle LGH, so also is the triangle 
ECD to the triangle LAK. 

And since, as the triangle ABZ is to the triangle FGL, 

9s so is EBC to LGA, and further ECD to LHK, 
therefore also, as one of the antecedents is to one of the 
consequents. so are all the antecedents to all the S ga : 
V. I2 
therefore, as the triangle 4 ZZ is to the triangle FGL, 
so is the polygon ABCDE to the polygon FGZZKL. 
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10o But the triangle ABE has to the triangle FGL a ratio 
duplicate of that which the corresponding side AZ has to the 
corresponding side FG; for similar triangles are in the 
duplicate ratio of the corresponding sides. [vt. 19] 

Therefore the polygon 4BCDE also has to the polygon 
10s FGHKL a ratio duplicate of that which the corresponding 
side AB has to the corresponding side FG. 
Therefore etc. 


Porism. Similarly also it can be proved in the case of 
quadrilaterals that they are in the duplicate ratio of the 
no corresponding sides. And it was also proved in the case of 
triangles; therefore also, generally, similar rectilineal figures 
are to one another in the duplicate ratio of the corresponding 


sides. 
Q. E. D. 


2. in the same ratio as the wholes. The same word duddoyos is used which I have 
generally translated hy " corresponding.” But here it is followed by a dative, óuóXoya rois 
bras ‘' homologous with the wholes,” instead of being used absolutely. The meaning can 
therefore here be nothing else but ''in the same ratio with " or '' proportional to the 
wholes”; and Euclid seems to recognise that he is making a special use of the word, 
because he explains it lower down (I. 46): '‘the triangles are homologous to the wholes, that 
is, in such manner that the triangles are proportional, and ABE, EBC, ECD are ante- 
cedents, while FGL, LGH, LHK are their consequents.” 

49. éwdpeva abrOv, " /Aeir consequents," is a little awkward, but may be supposed to 
indicate which triangles correspond to which as consequent to antecedent. 


An alternative proof of the second part of this proposition given after the 
Porisms is relegated by August and Heiberg to an Appendix as an interpolation. 
It is shorter than the proof in the text, and is the only one given by many 
editors, including Clavius, Billingsley, Barrow and Simson. It runs as follows: 

* We will now also prove that the triangles are homologous in another and 
an easier manner. 


Cc D H K 


Again, let the polygons AB CDE, FGHKL be set out, and let BE, EC, 
GL, LH be joined. 
I say that, as the triangle A BE is to FGZL, so is EBC to LGH and CDE 


to HKL. . 
For, since the triangle ABE is similar to the triangle “GZ, the triangle 


ABE has to.the triangle FGZ a ratio duplicate of that which BZ has to GZ. 
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For the same reason also 


the triangle BEC has to the triangle GZZ a ratio duplicate of that which 
BE has to GL. 


Therefore, as the triangle AZ is to the triangle FGZ, so is BEC 
to GLH. 


Again, since the triangle ZAC is similar to the triangle LGA, 


EBC has to LGH a ratio duplicate of that which the straight line CE has 
to AL. 


For the same reason also 


the triangle ECD has to the triangle ZAK a ratio duplicate of that which 
CE has to HZ. 


Therefore, as the triangle EBC is to LGH, so is ECD to LHK. 
But it was proved that, 


as EBC is to LGH, so also is ABE to FGL. 


Therefore also, as ABE is to FGL, so is BEC to GLH and ECD to 
LHK. : 


Q. E. D.” 


Now Euclid cannot fail to have noticed that the second part of his 
proposition could be proved in this way. It seems therefore that, in giving 
the other and longer method, he deliberately wished to avoid using the result 
of vı. 19, preferring to prove the first two parts of the theorem, as they can be 
proved, independently of any relation between the areas of similar triangles. 

The first part of the Porism, stating that the theorem is true of guadrilaterals, 
would be superfluous but for the fact that technically, according to Book 1. 
Def. 19, the term “polygon” (or figure of many sides, roAvmAevpov) used in the 
enunciation of the proposition is confined to rectilineal figures of more than 
Jour sides, so that a quadrilateral might seem to be excluded. The mention 
of the triangle in addition fills up the tale of “similar rectilineal figures.” 

The second Porism, Theon’s interpolation, given in the text by the editors, 
but bracketed by Heiberg, is as follows : 

" And, if we take O a third proportional to AB, FG, then BA has to Oa 
ratio duplicate of that which 48 has to FG. 

But the polygon has also to the polygon, or the quadrilateral to the 
quadrilateral, a ratio duplicate of that which the corresponding side has to 
the corresponding side, that is AB to FG; 
and this was proved in the case of triangles also ; 


so that it is also manifest generally that, if three straight lines be proportional, 
as the first is to the third, so will the figure described on the first be to the 
similar and similarly described figure on the second.” 


PROPOSITION 21. 


Figures whith are similar to the same rectilineal figure 
are also similar to one another. 


For let each of the rectilineal figures A, B be similar to C; 
I say that 4 is also similar to Z. 
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For, since 4 is similar to C, 


it is equiangular with it and has the sides about the equal 
angles proportional. [vi. Def. 1] 


A 


Again, since Z is similar to C, 
it is equiangular with it and has the sides about the equal 
angles proportional. 

Therefore each of the figures 4, B is equiangular with C 
and with C has the sides about the equal angles proportional; 

therefore 4 is similar to 2. 

Q. E. D. 

It will be observed that the text above omits a step which the editions 
generally have before the final inference “ Therefore A is similar to B.” The 
words omitted are “so that 4 is also equiangular with B and [with 4] has the 


sides about the equal angles proportional.” Heiberg follows P in leaving 
them out, conjecturing that they may be an addition of Theon's. 


PRUPOSITION 22. 


If four straight lines be proportional, the vectilineal figures 
similar and similarly described upon them will also be pro- 
portional; and, if the rectilineal figures similar and. similarly 
described upon them be proportional, the straight lines will 
themselves also be proportional. 

Let the four straight lines 4B, CD, EF, GH be pro- 
portional, 
so that, as AB is to CD, so is EF to GH, 
and let there be described on AB, CD the similar and similarly 
situated rectilineal figures KA B, LCD, 
and on EF, GA the similar and similarly situated rectilineal 
figures MF, NH; 

I say that, as KAB is to LCD, so is MF to NA. 

For let there be taken a third proportional O to AB, CD, 

and a third proportional P to EF, GH. [vi. r1) 


VI. 22) PROPOSITIONS 2i, 22 241 


Then since, as AB is to CD, so is EF to GH, 
and, as CD is to O, so is GH to P, 
therefore, ex aeguali, as AB is to O, so is EF to P. [v. 22] 
But, as AB is to O, so is KAB to LCD, 
and, as EF is to P, sois VF to NA; 
therefore also, as XAB is to LCD, so is MF to NH. [v. 11] 


B L 
A C D E F QG WH 
S 


ho odo ey 


Q R 


[vr. 19, Por.] 








Next, let MF be to NH as KAB is to LCD; 
I say also that, as 4 is to CD, so is EF to GH. 
For, if EF is not to GH as AB to CD, 
let EF be to QR as AB to CD, (vt. 12] 


and on QR let the rectilineal figure SR be described similar 
and similarly situated to either of the two MF, NA.  [vi. 18] 


Since then, as 4B is to CD, so is EF to OR, 


and there have been described on AB, CD the similar and 
similarly situated figures XAB. LCD, 


and on EF, QR the similar and similarly situated figures 
MF, SR, 
therefore, as XAB is to LCD, so is MF to SR. 
But also, by hypothesis, 
as KAB isto LCD, sois MF to NH; 
therefore also, as MF is to SR, so is MF to NH. [v. 11] 
Therefore MF has the same ratio to each of the figures 
NH, SR; 
therefore VA is equal to SR. [v. 9) 
But it is also similar and similarly situated to it ; 
therefore GH is equal to OR. 
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And, since, as AB is to CD, so is EF to QR, 
while QA is equal to GH, 
therefore, as AB is to CD, so is EF to GH. 


Therefore etc. 
Q. E. D. 


The second assumption in the first step of the first part of the proof, viz. 
that, as CD is to O, so GH to F, should perhaps be explained. It is a 
deduction [by v. 11] from the facts that 


AB is to CD as CD to O, 
EFis to GH as GH to P, 
and AB isto CDas EF to GH. 


The defect in the proof of this proposition is well known, namely the 
assumption, without proof, that, because the figures MH, SR are equal, 
besides being similar and similarly situated, their corresponding sides GH, QR 
are equal. Hence the minimum addition necessary to make the proof 
complete is a proof of a lemma to the effect that, ¿f two similar figures are also 
equal, any pair of corresponding sides are egual. 

To supply this lemma is one alternative; another is to prove, as a 
preliminary proposition, a much more general theorem, viz. that, if the 
duplicate ratios of two ratios are equal, the two ratios are themselves equal. 
When this is proved, the second part of vi. 22 is an immediate inference from 
it, and the effect is, of course, to substitute a new proof instead of 
supplementing Euclid's. 


I. It is to be noticed that the lemma required as a minimum is very like 
what is needed to supplement vi. 28 and 29, in the proofs of which Euclid 
assumes that, 7f wo similar parallelograms are unequal, any side in the greater 
ts greater than the corresponding side in the smaller. Therefore, on the whole, it 
seems preferable to adopt the alternative of proving the simpler lemma which 
will serve to supplement all three proofs, viz. that, if of two similar rectilineal 
figures the first ts greater than, equal to, or less than, the second, any side of the 
first. ds. greater. than, equal to, or less than, the corresponding side of the second 
respectively. 

The case of eguality of the figures is the case required for vi. 22; and the 
proof of it is given in the Greek text after the proposition. Since to give such 
a “lemma” after the proposition in which it is required is contrary to Euclid’s 
manner, Heiberg concludes that it is an interpolation, though it is earlier than 
Theon. The lemma runs thus: 


“But that, if rectilineal figures be equal and similar, their corresponding 
sides are equal to one another we will prove thus. 


Let VH, SKF be equal and similar rectilineal figures, and suppose that, 
as HG is to GW, so is RQ to QS; 
I say that RQ is equal to HG. 
For, if they are unequal, one of them is greater ; 
let RQ be greater than HG. 
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Then, since, as RQ is to QS, so is HG to GN, 
alternately also, as RQ is to HG, so is QS to GN; 
and QR is greater than HG ; 

therefore QS is also greater than GV; 
so that SS is also greater than ÆN”, 

But it is also equal : which is impossible. 

Therefore QF is not unequal to GH; 
therefore it is equal to it.” 


[The step marked * is easy to see if it is remembered that it is only 
necessary to prove its truth in the case of /ríangles (since similar polygons are 
divisible into the same number of similar and similarly situated triangles 
having the same ratio to each other respectively as the polygons have). If the 
triangles be applied to each other so that the two corresponding sides of each, 
which are used in the question, and the angles included by them coincide, 
the truth of the inference is obvious. ] 


The lemma might also be arrived at by proving that, if @ ratio is greater than 
a ratio of equality, the ratio which i» its duplicate is also greater than a ratio of 
equality; and if the ratio which is duplicate of another ratio is greater than a 
ratio of equality, the ratio of which it is the duplicate ts also greater than a ratio 
of equality. tis not difficult to prove this from the particular case of v. 25 in 
which the second magnitude is equal to the third, i.e. from the fact that in 
this case the sum of the extreme terms is greater than double the middle term. 


II. We now come to the alternative which substitutes a new proof for the 
second part of the proposition, making the whole proposition an immediate 
inference from one to which it is practically equivalent, viz. that 

(1) Jf two ratios be equal, their duplicate ratios are equal, and (2) con- 
versely, if the duplicate ratios of two ratios be equal, the ratios are equal. 

The proof of part (1) is after the manner of Euclid’s own proof of the first 
part of vi. 22. 

Let A be to Z as C to D, 
and let X be a third proportional to 4, B, and Y a third proportional to C, D, 


so that 
dA is to B as B to X, 


and Cisto Das Dto Y; 
whence A is to X in the duplicate ratio of A to B, 
and C is to Y in the duplicate ratio of C to D. 
Since A isto Bas Cis to D, 
and B is to X as A is to B, 


i.e. as C is to D, 

Le. as D is to Y, 
therefore, ex aequali, A isto X as Cis to Y. 
Part (2) is much more difficult and is the crux of the whole thing. 
Most of the proofs depend on the assumption that, Z being any magnitude 


and P and Q two magnitudes of the same kind, there does exist a magnitude 
A which is to B in the same ratio as P to Q. It is this same assumption 


[v. 11] 
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which makes Euclid's proof of v. 18 illegitimate, since it is nowhere proved 
in Book v. Hence any proof of the proposition now in question which 
involves this assumption even in the case where B, P, Q are all straight lines 
should not properly be given as an addition to Book v. ; it should at least be 
postponed until we have learnt, by means of vi. 12, giving the actual 
construction of a fourth proportional, that such a fourth proportional exists. 

Two proofs which are given of the proposition depend upon the following 
lemma. 

If A, B, C be three magnitudes of one kind, and D, E, F three magnitudes 
of one kind, then, if 


the ratio of A to B is greater than that of D fo E, 
and the ratio of B to C greater than that of E to F, 
ex aequali, Zhe ratio of A to C is greater than that of D to F. 


One proof of this does not depend upon che assumption referred to, and 
therefore, if this proof is used, the theorem can be added to Book v. The 
proof is that of Hauber (Camerer’s Euclid, p.-358 of Vol. 11.) and is reproduced 
by Mr H. M. Taylor. For brevity we will use symbols. 

Take equimultiples mA, mD of A, D and nB, nE of B, E such that 


mA>nB, but mD pn €£E. 


Also let 22, 2E be equimultiples of Z. Z and gC, gF equimultiples of 
C, F such that 


4B »$4C, but JE P9 F. 
Therefore, multiplying the first line by ? and the second by s, we have 
pmA >pnB, pmD>pn£, 


and npB>nqC, npE eng F, 

whence mA >ngC, pmD P ng F. 
Now mA, fm D are equimultiples of mA, mD, 

and ngC, ng F equimultiples of gC, gF. 
Therefore (v. 3] they are respectively equimultiples of 4, D and of C, F. 
Hence [v. Def. 7] A:C>D:F. 


Another proof given by Clavius, though depending on the assumption 
referred to, is neat. 
Take G such that 





G:C=E:F 
a ' — D 
B ————— E 
c F 
a 
H 
Therefore B:C>G:C, [v. 13] 
and BG. [v. 10] 


Therefore A:G>A:B. (v. 8] 
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But A:B>D:E. 
Therefore, a fortiori, A:G>D:E. 
Suppose Æ taken such that 
H:G=D:E. 
Therefore AH. [v. 13, 10] 
Hence A:C>H:C. [v. 8] 
But H:G-D:E, 
G:C-E:F. 
Therefore, ex aequa/i, H:C=D:F. [v. 22] 
Hence A:C>D:F. [v. 13] 
Now we can prove that 
Ratios of which equal ratios are duplicate ave equal. 
Suppose that A:B=B8:6 
and D:E=E:F, 
and further that A:C=D:F. 
it is required to prove that 
A: B=D:E. 
For, if not, one of the ratios must be greater than the other. 
Let A: B be the greater. 
Then, since A:B=B8:C, 
and D:E=E:F, 
while A:B>D:E, 
it follows that B:C>E:F. [v. 13] 
Hence, by the lemma, ex aeguali, 
A:C>D:F, 


which contradicts the hypothesis. 
Thus the ratios A: B and 2): £ cannot be unequal; that is, they are equal. 
Another proof, given by Dr Lachlan, also assumes the existence of a 
fourth proportional, but depends upon a simpler lemma to the effect that 
4t i5 impossible that two different ratios can have the same duplicate ratto. 
For, if possible, let the ratio 4 : Z.be duplicate both of 4 : X and 4 : Y, 
so that 


A:X=X:B, 
and A:Y-Y:B. 
Let X be greater than Y. 
Then 4:X«A:Y; (v. 8] 
that is, X:B«Y:5, [v. 11, 13] 
or X « Y. [v. 10] 


But X is greater than. Y : which is absurd, etc. 
Hence X=Y. 


246 BOOK VI (vi. 22 


Now suppose that A:B=B:C, 
D:E=E:Ff, 
and A:C=D:F. 
To prove that A:B=D:E 
If this is not so, suppose that 
A:B=D:2. 
Since A:C=D:F, 
therefore, inversely, C:A=F:D. 
Therefore, ex aequali, 
C:B=F:2Z, [v. 22] 
or, inversely, B:C-Z:F 
Therefore A:B-Z:iF. (v. 11] 
But A: B=D: Z, by hypothesis. 
Therefore D:Z=Z:F. [v. 11) 
Also, by hypothesis, D:E-E:F; 
whence, by the lemma, £-Z 
Therefore A:B-D:E£ 


De Morgan remarks that the best way of remedying the defect in Euclid 
is to insert the proposition (the lemma to the last proof) that £f is impossible 
thal two different ratios can have the same duplicate ratio, “which,” he says, 
“immediately proves the second (or defective) case of the theorem.” But this 
seems to be either too much or too little: too much, if we choose to make 
the minimum addition to Euclid (for that addition is a lemma which shall prove 
that, if a duplicate ratio is a ratio of equality, the ratio of which it is duplicate 
is also one of equality), and too little if the proof is to be altered in the more 
fundamental manner explained above. 

I think that, if Euclid’s attention had been drawn to the defect in his 
proof of vi. 22 and he had been asked to remedy it, he would have done so 
by supplying what I have called the minimum lemma and not by making the 
more fundamental alteration. This I infer from Prop. 24 of the Data, where 
he gives a theorem corresponding to the proposition that ratios of which equal 
ratios are duplicate ave equal. The proposition in the Dafa is enunciated 
thus: Lf three straight lines be proportional, and the first have to the third a 
given ratio, it will also have to the second a given ratio. 

A, B, C being the three straight lines, so that 

A:B=B:C, 
and 4 : C being a given ratio, it is required to prove that A: B is also a 
given ratio. 

Euclid takes any straight line D, and first finds another, Æ such that 

D:F=A:C, 
whence D : F must be a given ratio, and, as D is given, F is therefore given. 
Then he takes Æ a mean proportional between D, F, so that 
D:E=E:F. 
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Tt follows (vr. 17] that 
the rectangle D, Fis equal to the square on Æ. 
But D, Fare both given ; 
therefore the square on Æ is given, so that Æ is also given. 

[Observe that De Morgan’s lemma is here assumed without proof. It 
may be proved (1) as it is by De Morgan, whose proof is that given above, 
P. 245, (2) in the manner of the “minimum lemma,” pp. 242—3 above, or 
(3) as it is by Proclus on 1. 46 (see note on that proposition). } 

Hence the ratio D : £ is given. 


Now, since A:C=D:F, 
and A : C= (square on A): (rect: 4, C), 
while D : F= (square on D): (rect. D, F), [vr. 1) 
therefore (square on A) : (rect. 4, C) = (square on D) : (rect. D, F). [v. 11] 
But, since 4 : / - B : C, (rect. 4, C) - (sq. on B); [vr. 17] 


and (rect. D, F) = (sq. on E), from above ; 
therefore (square on 4) : (square on B) = (sq. on D) : (sq. on £). 
Therefore, says Euclid, 
A:B=D:E, 
that is, Ae assumes the truth of vi. 22 for squares. 
Thus he deduces his proposition from v1. 22, instead of proving vi. 22 by 


means of it (or the corresponding proposition used by Mr Taylor and 
Dr Lachlan). 


PROPOSITION 23. 
Equiangular parallelograms have to one another the ratio 
compounded of the ratios of their sides. 


Let AC, CF be equiangular parallelograms having the 
angle BCD equal to the angle ECG; 


s l say that the parallelogram AC has to the parallelogram 
CF the ratio compounded of the ratios of the sides. 


"T 





For let them be placed so that ZC is in a straight line 
with CG ; 


therefore DC is also in a straight line with C£. 
1o Let the parallelogram DG be completed ; 
let a straight line A be set out, and let it be contrived that, 
as BC is to CG, so is K to L, 
and, as DC is to C£, so is ZL to M. (vi. 12] 
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Then the ratios of X to Z and of Z to M are the same 
i$as the ratios of the sides, namely of BC to CG and of DC 
to C£. 
But the ratio of Æ to M is compounded of the ratio of K 
to Z and of that of Z to 47; 


so that Æ has also to M the ratio compounded of the ratios 
æ of the sides. 


Now since, as BC is to CG, so is the parallelogram AC 


to the parallelogram CH, [vi. 1) 

while, as BC is to CG, so is K to L, 

therefore also, as K is to LZ, so is AC to CH. (v. 11] 
25 Again, since, as DC is to CE, so is the parallelogram CH 

to CF, [vt. 1] 


while, as DC is to C£, so is L to M, 


therefore also, as Z is to M, so is the parallelogram CH to 
the parallelogram CF. [v. 11] 


30 Since then it was proved that, as K is to L, so is the 
parallelogram AC to the parallelogram CZ, 


and, as Z is to M, so is the parallelogram CH to the 
parallelogram CF, 


therefore, ex aegualt, as K is to M, so is AC to the parallelo- 
35 gram CF. 


But K has to M the ratio compounded of the ratios of 
the sides ; 


therefore AC also has to CF the ratio compounded of the 
ratios of the sides. 


40 Therefore etc. 
Q. E. D. 


1,6, 19, 36. the ratio compounded of the ratios of the sides, Aóyor rày evykelpevoy 
éx rGv meupav which, meaning literally ‘‘ the ratio compounded of lhe sides, is negligently 
written here and commonly for A&yor rà» evyxelsevov éx r&v rOv mAeupüv (sc. byw). 

11. let it be contrived that, as BC is to CG, so is K to L. The Greek phrase is 
of the usual terse kind, untranslatable literally : xal yeyovérw Os pev 7 BI’ wpds raw TH, 
oðrws h K rpòs 7d A, the words meaning ‘‘and let (there) be made, as BC to CG, so K to 
L,” where Z is the straight line which has to be constructed. 


The second definition of the Dafa says that A ratio is said fo be given if 
we can find (mopioaoba:) [another ratio that is] he same with f. Accordingly 
vi. 23 not only proves that equiangular parallelograms have to one another a 
ratio which is compounded of two others, but shows that that ratio is “given” 
when its component ratios are given, or that it can be represented as a simple 
ratio between straight lines. 
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Just as vi. 23 exhibits the operation necessary for compounding two 
ratios, a proposition (8) of the Dafa indicates the operation by which we may 
divide one ratio by another. The proposition proves that Things which 
have q given ratio tv the same thing have also a given ratio to one another. 
Buclit’s procedure is of course to compound one ratio with the inverse of the 
other; but, when this is once done and the result of Prop. 8 obtained, he 
uses the result in the later propositions as a substitute for the method of 
composition. Thus he uses the division of ratios, instead of composition, 
in the propositions of the Dafa which deal with the same subject-matter as 
Vi. 23. The effect is to represent the ratio of two equiangular parallelograms 
as a ratio between straight lines one of which is one side of one of the 
parallelograms. Prop. 56 of the Dafa shows us that, if we want to express 
the ratio of the parallelogram AC to the parallelogram CF in the figure 





of vi. 23 in the form of a ratio in which, for example, the side AC is the 
antecedent term, the required ratio of the parallelograms is BC: X, where 
DC: CE=CG: X, 
or X is a fourth proportional to DC and the two sides of the parallelogram CF. 
Measure CK along CZ, produced if necessary, so that 
DC: CE=CG: CK 
(whence CK is equal to X). 
[This may be simply done by joining DG and then drawing EX parallel 
to it meeting CZ in K.] 
Complete the parallelogram AX. 


Then, since DC: CE=CG: CK, 
the parallelograms DX, CF are equal. (vi. 14] 
Therefore (4C): (CF) (4C) : (DK) [v. 7] 
-BC:CK [vr. :] 
=BC:X. 


Prop. 68 of the Dafa uses the same construction to prove that, Zf two 
equiangular parallelograms haue to one another a given ratio, and one side have 
fo one side a given ratio, the remaining side will also have to the remaining side 
a given ratio. 

I do not use the figure of the Dara but, for convenience’ sake, I adhere 
to the figure given above. Suppose that the ratio of the parallelograms is 
given, and also that of CD to C£. 

Apply to CD the parallelogram DX equal to CF and such that CK, CB 
coincide in direction. (1. 45] 

Then the ratio of 4C to A2 is given, being equal to that of AC to CF. 

And (4C):(KD)- CB: CK; 
therefore the ratio of CB to CK is given. 


n 
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But, since KD-CF, 

CD: CE- CG : CK. (vr. 14] 

Hence CG : CK is a given ratio. 

And CB : CK was proved to be a given ratio. 

Therefore the ratio of CB to CG is given. ( Data, Prop. 8) 

Lastly we may refer to Prop. 7o of the Data, the first part of which proves 
what corresponds exactly to vi. 23, namely that, /f in two equiangular paral. 
lelograms the sides containing the equal angles have a given ratio to one another 
[i.e. one side in one to one side in the other], the parallelograms themselves will 
also have a given rativ to one another. (Here the ratios of BC to CG and of 
CD to CE are given.] 

The construction is the same as in the last case, and we have AD equal 
to CF, so that 

CD: CE- CC : CK. [vi. 14] 

But the ratio of CD to CE is given; 
therefore the ratio of CG to CK is given. 

And, by hypothesis, the ratio of CG to CB is given. 

Therefore, by dividing the ratios [Data, Prop. 8], we see that the ratio of 
CB to CK, and therefore [vi. 1] the ratio of AC to DK, or of AC to CF, 
is given. 

Euclid extends these propositions to the case of two parallelograms which 
have given but not equal angles. 

Pappus (vir. p. 928) exhibits the result of vi. 23 in a different way, 
which throws new light on compounded ratios. He proves, namely, that a 
parallelogram ts fo an equiangular parallelogram as the rectangle contained by 
the adjacent sides of the first ts to the rectangle contained by the adjacent. sides 
of the second. 


A 


L 
B G c E H 


Let AC, DF be equiangular parallelograms on the bases AC, E, and let 
the angles at S, Æ be equal. 

Draw perpendiculars AG, DH to BC, EF respectively. 

Since the angles at Z, G are equal to those at £, H, 


the triangles ABG, DEH are equiangular. 


Therefore BA: AG- ED: DH. [vi. 4] 
But B4 t AG = (rect. BA, BC) : (rect. AG, BC), 
and ED: DH= (rect. ED, EF) : (rect. DH, EF). [vr. 1] 


Therefore [v. 11 and v. 16] 

(rect. AB, BC) : (rect. DE, EF) = (rect. AG, BC) : (rect. DH, EF) 
=(AC): (DF). 

Thus it is proved that the ratio compounded of the ratios 48 : DE and 


BC: EF is equal to the ratio of the rectangle AB, BC to the rectangle 
DE, EF. 
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Since each parallelogram in the figure of the proposition can be divided 
into pairs of equal triangles, and all the triangles which are the halves of either 
parallelogram have two sides respectively equal and the angles included by 
them equal or supplementary, it can be at once deduced from vi. 23 (or it 
can be independently proved by the same method) that ¢riangles which have 
one angle of the one equal or supplementary:to one angle of the other are in the 
ratio compounded of the ratios of the sides about the equal or supplementary 
angles. Cf. Pappus vil. pp. 894—6. 

vi. 23 also shows that rectangles, and therefore parallelograms or triangles, 
are to one another in the ratio compounded of the ratios of their bases and 
heights. 

The converse of vi. 23 is also true, as is easily proved by reductio ad 
absurdum. | More generally, if two parallelograms or triangles are in the ratio 
compounded of the ratios of two adjacent sides, the angles included by those sides 
are etther equal or supplementary. 


PROPOSITION 24. 


In any parallelogram the parallelograms about the diameter 
are simular both to the whole and to one another. 


Let ABCD bea parallelogram, and AC its diameter, 
and let EG, HK be parallelograms 
about AC; 


I say that each of the parallelograms 
EC, HK is similar both to the whole 
ABCD and to the other. 


For, since EF has been drawn 
parallel to BC, one of the sides of the 
triangle ABC, 


proportionally, as BÆ is to £A, so is CF to FA. [v1.2] 


Again, since FG has been drawn parallel to CD, one of 
the sides of the triangle ACD, 


proportionally, as CF is to FA, so is DG to GA. [vi 2]. 
But it was proved that, 
as CF is to FA, so also is BE to EA; 
therefore also, as BE is to EA, so is DG to GA, 
and therefore, componendo, 





as BA is to AE, so is DA to AG, (v. 18] 
and, alternately, 
as BA is to AD, so is EA to AG. [v. 16] 


Therefore in the parallelograms ABCD, EG, the sides 
about the common angle BAD are proportional. 


And, since GF is parallel to DC, 
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the angle AFG is equal to the angle DCA ; 
and the angle DAC is common to the two triangles ADC, 
AGF; 

therefore the triangle 4 DC is equiangular with the triangle 
AGF. 

For the same reason 


the triangle ACB is also equiangular with the triangle 
AFE, 


and the whole parallelogram ABCD is equiangular with the 
parallelogram ZG. 


Therefore, proportionally, 
as AD is to DC, so is AG to GF, 
as DC is to CA, so is GF to FA, 
as AC is to CZ, so is AF to FE, 
and further, as CB is to BA, so is FE to EA. 
And, since it was proved that, 
as DC is to CA, so is GF to FA, 
and, as AC is to CP, so is AF to FE, 
therefore, ex aeguali, as DC is to CB, so is GF to FE. [v. 22] 
Therefore in the parallelograms ABCD, EG the sides 
about the equal angles are proportional ; 
therefore the parallelogram 4 ACD is similar to the parallelo- 
gram EG. [vi. Def. 1] 
For the same reason 
the parallelogram 44 CD is also similar to the parallelogram 
KH; 
therefore each of the parallelograms ÆG, HK is similar to 
ABCD. 


But figures similar to the same rectilineal figure are also 
similar to one another ; (vi. 21] 


therefore the parallelogram ÆG is also similar to the parallelo- 
gram AK. 


Therefore etc. 
Q. E. D. 


Simson was of opinion that this proof was made up by some unskilful 
editor out of two others, the first of which proved by parallels (vi. 2) that 
the sides about the common angle in the parallelograms are proportional, 
while the other used the similarity of triangles (vi. 4). It is of course true 
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that, when we have proved by vi. 2 the fact that the sides about the common 
angle are proportional, we can infer the proportionality of the other sides 
directly from 1. 34 combined with v. 7. But it does not seem to me unnatural 
that Euclid should (1) deliberately refrain from making any use of 1. 34 and 
(2) determine beforehand that he would prove the sides proportional zz a 
definite order beginning with the sides EA, AG and BA, AD about the 
common angle and then taking the remaining sides in the order indicated 
by the order of the letters 4, G, F, E. Given that Euclid started the proof 
with such a fixed intention in his mind, the course taken presents no difficulty, 
nor is the proof unsystematic or unduly drawn out. And its genuineness 
seems to me supported by the fact that the proof, when once the first two 
sides about the common angle have been disposed of, follows closely the 
order and method of vi. 18. Moreover, it could readily be adapted to the 
more general case of two polygons having a common angle and the other 
corresponding sides respectively parallel. 

The parallelograms in the proposition are of course similarly situated as 
well as similar; and those "about the diameter" may be “about” the 
diameter produced as well as about the diameter itself. 

From the first part of the proof it follows that parallelograms which have 
one angle equal to one angle and the sides about those angles proportional 
are similar. 

Prop. 26 is the converse of Prop. 24, and there seems to be no reason 
why they should be separated as they are in the text by the interposition of 
vi. 25. Campanus has vi. 24 and 26 as vi. 22 and 23 respectively, vi. 23 as 
VI. 24, and vt. 25 as we have it. 


PROPOSITION 25. 
To construct one and the same figure similar to a given 
rectilineal figure and equal to another given rectilineal figure. 


Let ABC be the given rectilineal figure to which the 
figure to be constructed must be similar, and D that to which 
it must be equal ; 


thus it is required to construct one and the same figure similar 
to ABC and equal to D. 


A K 


B 
i E M G 


Let there be applied to BC the parallelogram BE equal 
to the triangle ABC [1. 44], and to CE the parallelogram CM 
equal to D in the angle FCE which is equal to the angle 
CBL. [r 45] 
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Therefore BC is in a straight line with CZ, and LE with 
E M. 

Now let GH be taken a mean proportional to BC, CF 
(vi. 13], and on GA let KGA be described similar and similarly 
situated to 4 BC. [vi. 18] 

Then, since, as BC is to GH, so is GH to CF, 
and, if three straight lines be proportional, as the first is to 
the third, so is the figure on the first to the similar and 
similarly situated figure described on the second, (vr. 19, Por.] 


therefore, as BC is to CF, so is the triangle ABC to the 
triangle AGH. 
But, as BC is to CF, so also is the parallelogram BE to 
the parallelogram EF. (vi. 1] 
Therefore also, as the triangle ABC is to the triangle 
KGH,. so is the parallelogram BE to the parallelogram EF; 


therefore, alternately, as the triangle AZC is to the parallelo- 
gram BE, so is the triangle KG// to the parallelogram ZF. 
[v. 16] 
But the triangle 44 C is equal to the parallelogram ZZ ; 
therefore the triangle AG// is also equal to the parallelogram 
EF. 
But the parallelogram ZF is equal to D; 
therefore KGH is also equal to D. 


And KG/A is also similar to ABC. 

Therefore one and the same figure KGH has been con- 
structed similar to the given rectilineal figure 4 8C and equal 
to the other given figure D. 

Q. E. D. 


3. to which the figure to be constructed must be similar, literally ‘to which it 
is required to construct (one) similar," @ Set buowov svorhoarba. 


This is the highly important problem which Pythagoras is credited with 
having solved. Compare the passage from Plutarch (Sym. vin. 2, 4) quoted 
in the note on 1. 44 above, Vol. 1. pp. 343—4. 


We are bidden to construct a rectilineal figure which shall have the form of 
one and the size of another rectilineal figure. The corresponding proposition 
of the Data, Prop. ss, asserts that, “if an area (xwpiov) be given in form 
(«8«) and in magnitude, its sides will also be given in magnitude." 

Simson sees signs of corruption in the text of this proposition also. In 
the first place, the proof speaks of the ‘riangle ABC, though, according to the 
enunciation, the figure for which ABC is taken may be any rectilineal figure, 
i6vypappov “rectilineal figure” would be more correct, or «los, figure"; the 
mistake, however, of using rp¢ywvov is not one of great importance, being no 
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doubt due to the accident by which the figure was drawn as a triangle in the 
diagram. 
The other observation is more important. After Euclid has proved that 
(fig. ABC) : (fig. KGH) =(BE) : (EF), 


he might have inferred directly from v. 14 that, since ABC is equal to BE, 
KGH is equal to £F. For v. 14 includes the proof of the fact that, if A is 
to B as C is to D, and 4 is equal to C, then Z is equal to D, or that of four 
proportional magnitudes, if the first is equal to the third, the second is equal 
to the fourth. Instead of proceeding in this way, Euclid first permutes the 
proportion by v. 16 into 

(fig. ABC) : (BL) = (fig. KGH) : (EF), 


and then infers, as if the inference were easier in this form, that, since the 
Jirst is equal to the second, the third is equal to the fourth. Yet there is no 
Proposition to this effect in Euclid. The same unnecessary step of permutation 
is also found in the Greek text of x1. 23 and xu. 2, 5, 11, 12 and 18. In 
reproducing the proofs we may simply leave out the steps and refer to v. 14. 


PROPOSITION 26. 


Jf from a parallelogram there be taken away a parallelo- 
gram similar and similarly situated to the whole and having 
a common angle with it, il is about the same diameter with the 
whole 


For from the parallelogram ABCD let there be taken 
away the parallelogram AF similar and 
similarly situated to 48BCD, and having 
the angle DAB common with it; A G D 


I say that ABCD is about the same NN 
diameter with AF. — 

For suppose it is not, but, if possible, aa 
let AHC be the diameter < f ABCD >, 


let GF be produced and carried through n k 

to 77, and let /7K be drawn through 77 

parallel to either of the straight lines AD, BC. [t. 31] 
Since, then, ABCD is about the same diameter with XG, 

therefore, as DA is to AB, so is GA to AK. (vi. 24] 


But also, because of the similarity of ABCD, EG, 
as DA isto AB, so is GA to AL; 
therefore also, as GA is to AK, so is GA to AFL. [v. rr] 


Therefore GA has the same ratio to each of the straight 
lines AK, AE. 
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Therefore AZ is equal to AX (v. 9], the less to the 
greater: which is impossible. 

Therefore 4 BCD cannot but be about the same diameter 
with AF; 


therefore the parallelogram ABCD is about the same diameter 
with the parallelogram AF. 


Therefore etc. 
Q. E. D. 


“ For suppose it is not, but, if possible, let 477C be the diameter." What 
is meant is “For, if AFC is not the diameter of the parallelogram AC, let 
AHC be its diameter.” The Greek text has éorw airév dcaperpos ) AQT ; 
but clearly atrav is wrong, as we cannot assume that one straight line is the 
diameter of both parallelograms, which is just what we have to prove. F and 
V omit the ajróv, and Heiberg prefers this correction to substituting atrov 
after Peyrard. I have inserted “<of ABCD >” to make the meaning clear. 

If the straight line 477C does not pass through Æ, it must meet either 
GF or GF produced in some point Æ. The reading in the text “and let 
GF be produced and carried throush to H” (xai éxfAg0eiva x HZ Sujx0o éri 
76 ®) corresponds to the supposition that Æ is on GF produced. The words 
were left out by Theon, evidently because in the figure of the mss. the letters 
E, Z and K, © were interchanged. Heiberg therefore, following August, has 
preferred to retain the words and to correct the figure, as well as the passage in 
the text where AZ, AK were interchanged to be in accord with the Ms. figure. 


It is of course possible to prove the proposition directly, as is done by 
Dr Lachlan. Let AF, AC be the diagonals, and let us make no assumption 
as to how they fall. 

Then, since ZF is parallel to AG and therefore to BC, 


the angles AEF, ABC are equal. 
And, since the parallelograms are similar, 
AE: EF=AB: BC. [vi. Def. 1) 
Hence the triangles AEF, ABC are similar, (v1. 6] 
and therefore the angle FAZ is equal to the angle CAB. 


Therefore AF falls on AC. 


The proposition is equally true if the parallelogram which is similar and 
similarly situated to the given parallelogram is not “taken 
away” from it, but is so placed that it is entirely outside the p œ 
other, while two sides form an angle vertically opposite to 
an angle of the other. In this case the diameters are not D 
“the same,” in the words of the enunciation, but are in G 
a straight line with one another. This extension of the 
proposition is, as will be seen, necessary for obtaining, 
according to the method adopted by Euclid in his solu- 
tion of the problem in vi. 28, the second solution of that 
problem. 
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PROPOSITION 27. 


Of all the parallelograms applied to the same straight line 
and deficient by parallelogrammıc figures similar and similarly 
situated to that described on the half of the straight line, that 
parallelogram is greatest which is applied to the half of the 
straight line and 1s similar to the defect. 


Let AB be a straight line and let it be bisected at C; 

let there be applied to the straight 
line AB the parallelogram AD 
deficient by the parallelogrammic 
figure DB described on the half of 
AB, that is, CB; 
I say that, of all the parallelograms 
applied to AB and deficient by 
parallelogrammic figures similar and 
similarly situated to DZ, AD is greatest. 

For let there be applied to the straight line AB the 
parallelogram AF deficient by the parallelogrammic figure 
FB similar and similarly situated to DB; 

I say that 4D is greater than AF, 

For, since the parallelogram DZ is similar to the parallelo- 
gram FB, 

they are about the same diameter. [vi. 26] 

Let their diameter DB be drawn, and let the figure be 
described. 

Then, since CF is equal to FZ, [t. 43] 
and FZ is common, 
therefore the whole CH is equal to the whole XÆ. 

But CZ is equal to CG, since AC is also equal to CZ. 

[1. 36] 





Therefore GC is also equal to EX, 
Let CF be added to each ; 


therefore the whole AF is equal to the gnomon LMN ; 


so that the parallelogram DØ, that is, AD, is greater than 
the parallelogram AF. 


Therefore etc. 
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We have already (note on 1. 44) seen the significance, in Greek geometry, 
of the theory of “the application of areas, their exceeding and their falling- 
short" In 1. 44 it was a question of “applying to a given straight line 
(exactly, without ‘excess’ or ‘defect’) a parallelogram equal to a given 
rectilineal figure, in a given angle.” Here, in vi. 27—29, it is a question 
of parallelograms applied to a straight line but “defictent (or exceeding) by 
parallelograms similar and similarly 
Situated to a given parallelogram.” 
Apart from size, it is easy to construct 
any number of parallelograms ''de- 
ficient” or “exceeding” in the manner 
described. Given the straight line 
AB to which the parallelogram has to 
be applied, we describe on the base 
CB, where C is on AB, or on BA 
produced beyond 4, any parallelogram “similarly situated” and either equal 
or similar to the given parallelogram (Euclid takes the similar and similarly 
situated parallelogram on half the line), draw the diagonal BD, take on it 
(produced if necessary) an; points as E, &, draw EF, or KZ, parallel to CD 
to meet AB or AB produced and complete the parallelograms, as 477, MZ. 

If the point Æ is taken on BD or BD produced beyond D, it must be so 
taken that ÆF meets AB between A and B. Otherwise the parallelogram 
AE would not be applied to AB itself, as it is required to be. 

The parallelograms BD, BE, being about the same diameter, are similar 
[vi. 24], and BE is the defect of the parallelogram AE relatively to AX. 
AE is then a parallelogram applied to AZ but deficient by a parallelogram 
similar and similarly situated to AD. 

If X is on DZ produced, the parallelogram BX is similar to BD, but it 
is the excess of the parallelogram AX relatively to the base AB. AK is a 
parallelogram applied to AZ but exceeding by a parallelogram similar and 
similarly situated to BD. 

Thus it is seen that BD produced both way's ts the /ocus of points, such 
as £ or K, which determine, with the direction of C, the position of 4, and 
the direction of 44, parallelograms applied to AB and deficient or exceeding 
by parallelograms similar and similarly situated to the given parallelogram. 

The importance of vi. 27—29 from a historical point of view cannot be 
overrated. They give the geometrical equivalent of the algebraical solution 
of the mosr general form of quadratic equation when that equation has a real 
and positive root. It will also enable us to find a real negative root of a 
quadratic equation ; for such an equation can, by altering the sign of x, be 
turned into another with a real positive root, when the geometrical method 
again becomes applicable. It will also, as we shall see, enable us to represent 
both roots when both are real and positive, and therefore to represent both 
roots when both are real but either positive or negative. 

The method of these propositions was constantly used by the Greek 
geometers in the solution of problems, and they constitute the foundation of 
Book x. of the E/ements and of Apollonius’ treatment of the conic sections. 
Simson’s observation on the subject is entirely justified. He says namely on 
vi. 28, 29: ‘“‘These two problems, to the first of which the 27th Prop. is 
necessary, are the most general and useful of all in the Elements, and are 
most frequently made use of by the ancient geometers in the solution of 
other proolems ; and therefore are very ignorantly left out by Tacquet and 
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Dechales in their editions of the Elements, who pretend that they are scarce 


of any use.” 
It is strange that, with this observation before him, even Todhunter should 
have written as follows. ‘We have omitted in the sixth Book Propositions 


27, 28, 29 and the first solution which Euclid gives of Proposition 30, as they 
appear now to be never required, and have been condemned as useless by 
various modern commentators; see Austin, Walker and Lardner.” 

VI. 27 contains the S:opicpes, the condition for a real solution, of the 
problem contained in the proposition following it. The maximum of all the 
parallelograms having the given property which can be applied to a given 
straight line is that which is described upon half the line (76 dwd ris yuicedas 
avaypa$óuevov). This corresponds to the condition that an equation of the 
form 

ux — px! — A 
may have a real root. The correctness of the result may be seen by taking 
the case in which the parallelograms are 
rectangles, which enables us to leave out 


D E 
of account the sine of the angle of the 
parallelograms without any real loss of — 
generality. Suppose the sides of the rect- c 
angle to which the defect is to be similar : 
to be as 4 to c, b corresponding to the 
A CK B 


side of the defect which lies along AZ. 

Suppose that 4XAFG is any parallelogram 

applied to AB having the given property, that 42 —a, and that FK - x. 
Then 


KB- ^n and therefore AX = a - , * 
Hence (a - ] x) x = S, where S is the area of the rectangle AK FG. 


Thus, given the equation 


b 
ax-7 x= S, 


where S is undetermined, vi. 27 tells us that, if x is to have a real value, S 
cannot be greater than the rectangle CZ. 


Now CB= z, and therefore CD=5. z; 
cgi 
whence SR Ey’ 


which is just the same result as we obtain by the algebraical method. 

In the particular case where the defect of the parallelogram is to be & 
square, the condition becomes the statement of the fact that, sf a straight line 
be divided into two parts, the rectangle contained by the parts cannot exceed the 
square on half the line. 

Now suppose that, instead of taking F on ZD as in the figure of the 
proposition, we take Æ on BD produced beyond D but so that DF is less 
than BD. 

Complete the figure, as shown, after the manner of the construction in 
the proposition. 
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Then the parallelogram FAH is similar to the given parallelogram to 
which the defect is to be similar. Hence the parallelogram GA KF is also a 
parallelogram applied to AZ and satisfying 
the given condition. 

We can now prove that GAX is less 
than CE or AD. 

Let ED produced meet AG in O. 

Now, since BF is the diagonal of the 
parallelogram XH, the complements XD, 
DH are equal. 

But 


DH = DG, and DG is greater than OF. 
Therefore KD> OF. 

Add OK to each ; 
and AD, or CE, > AF. 


This other *' case" of the proposition is found in all the Mss., but Heiberg 
relegates it to the Appendix as being very obviously interpolated. The 
reasons for this course are that it is not in Euclid’s manner to give a separate 
demonstration of such a “case”; it is rather his habit to give one case only 
and to leave the student to satisfy himself about any others (cf. 1. 7). Internal 
evidence is also against the genuineness of the separate proof. It is put after 
the conclusion of the proposition instead of before it, and, if Euclid had intended 
to discuss two cases, he would have distinguished them at the beginning of 
the proposition, as it was his invariable practice to do. Moreover the second 
“case” is the less worth giving because it can be so easily reduced to the 
first. For suppose ZF’ to be taken on BD so that FD = F'D. Produce BF 
to meet AG produced in P. Complete the parallelogram £4 PQ, and draw 
through Æ” straight lines parallel to and meeting its opposite sides. 

Then the complement F’@ is equal to the complement 4 F". 

And it is at once seen that A47, F'Q are equal and similar. Hence the 
solution of thé problem represented by AF or F'Q gives a parallelogram of 
the same size as AZ” arrived at as in the first “ case." 

It is worth noting that the actual diference between the parallelogram 
AF and the maximum area AD that it can possibly have is represented in 
the figure. The difference is the small parallelogram DF. 





PROPOSITION 28. 


To a given straight line to apply a parallelogram equal to 
a given rectilineal figure and deficient by a parallelogrammic 
figure similar to a given one. thus the given rectilineal figure 
must not be greater than the parallelogram described on the 
half of the straight line and similar to the defect. 


Let AB be the given straight line, C the given rectilineal 
figure to which the figure to be applied to 4B is required to 
be equal, not being greater than the parallelogram described 
on the half of AB and similar to the defect, and D the 
parallelogram to which the defect is required to be similar; 
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thus it is required to apply to the given straight line AB a 
parallelogram equal to the given rectilineal figure C and 
deficient by a parallelogrammic figure which is similar to D. 

Let AB be bisected at the point Æ, and on EB let EBFG 
be described similar and similarly situated to Ø ; (Vi. 18] 
let the parallelogram AG be completed. 

If then AG is equal to C, that which was enjoined will 
have been done ; 

for there has been applied to the given straight line AB 


the parallelogram AG equal to the given rectilineal figure C 


and deficient by a parallelogrammic figure GB which is similar 
to D. 





ae EL | 


But, if not, let WE be greater than C. 
Now HE is equal to GB; 


therefore GB is also greater than C. 


Let KLMN be constructed at once equal to the excess 
by which GB is greater than C and similar and similarly 


situated to D. (vt. 25] 
But 2 is similar to GR; 
therefore AM is also similar to GZ. [vr. 21] 


Let, then, AZ correspond to GE, and LM to GF. 
Now, since GZ is equal to C, AW, 


therefore G7 is greater than XM ; 
therefore also GÆ is greater than KL, and GF than Lf. 


Let GO be made equal to KZ, and GP equal to LM; 
and let the parallelogram OC PQ be completed ; 


therefore it is equal and similar to KM. 
Therefore GQ is also similar to GB; [vi. 21] 
therefore GQ is about the same diameter with GA. [vr. 26] 
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Let GQB be their diameter, and let the figure be described. 
Then, since ZG is equal to C, KM, 


and in them GQ is equal to XM, 


therefore the remainder, the gnomon U WV, is equal to the 
remainder C. 


And, since PR is equal to OS, 
let QP i^» added to each ; 
therefore the whole PZ is equal to the whole OZ. 


But OB is equal to TÆ, since the side AZ is also equal 
to the side ZB; [1. 36] 


therefore TE is also equal to PZ. 
Let OS be added to each ; 


therefore the whole 7S is equal to the whole, the gnomou 
VWU. 


But the gnomon VWU was proved equal tu C; 
therefore 7S is also equal to C. 


Therefore to the given straight line 4B there has been 
applied the parallelogram SZ equal to the given rectilineal 
figure C and deficient by a parallelogrammic figure QB which 
is similar to D. 

Q. E. F. 


The second part of the enunciation of this proposition which states the 
Biopiouós appears to have been considerably amplified, but not improved in 
the process, by Theon. His version would read as follows. “But the given 
rectilineal figure, that namely to which the applied parallelogram must be 
equal (à ôe tcov mapaffaA«tv), must not be greater than that applied to the half 
(rapafdaAAouévov instead of dvaypadop.évov), the defects being similar, (namely) 
that (of the parallelogram applied) to the half and that (of the required 
parallelogram) which must have a similar defect" (ópoíov óvrov ràv éAAcuu- 
parov ToU r« amó rijs rjuureías kai à Ó& Opocv Aheimew). The first amplification 
* that to which the applied parallelogram must be equal" is quite unnecessary, 
since "the given rectilineal figure" could mean nothing else. The above 
attempt at a translation will show how difficult it is to make sense of the 
words at the end ; they speak of two defects apparently and, while one may 
well be the “defect on the half,” the other can hardly be the given parallelogram 
“to which the defect (of the required parallelogram) must be similar.” Clearly 
the reading given above (from P) is by far the better. 

In this proposition and the next there occurs the tacit assumption (already 
alluded to in the note on vi. 22) that :/, of. /wo similar parallelograms, one 1s 
greater than the other, either side of the greater is greater than the corresponding 
side of the less. 
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As already remarked, vi. 28 is the geometrical equivalent of the solution 
of the quadratic equation 


aci ES 
€ 


subject to the condition necessary to admit of a real solution, namely that 


The corresponding proposition in the Dafa is (Prop. 58), Zf a given (area) 
be applied (i.e. in the form of a parallelogram) fo a given straight line and be 
deficient by a figure (i.e. a parallelogram) gtven in species, the breadths of the 
defect are given. 

To exhibit the exact correspondence between Euclid’s geometrical and 
the ordinary algebraical method of solving the equation we will, as before 
(in order to avoid bringing in a constant dependent on the sine of the angle 
of the parallelograms), suppose the parallelograms to be rectangles. To solve 
the equation algebraically we ae the signs and write it 


— 
c 


2 
We may now complete the square by adding j . — 


b ca ca 
Thus ze ax +5. Pl 


and, extracting the square root, we have 


— 
salts [GES 
T 5/2 b 


Now let us observe Euclid's method. 
He first describes GEBF on EP (half of AB) similar to the given 


ee Sa 
parallelogram D. 


He then places in one angle FGE of GEBF a similar and similarly 
situated parallelogram GQ, equal to the difference between the parallelogram 
GB and the area C. 


With our notation, GO: OQ=c: 4, 
whence OQ= co.*. 


- S; 





R 
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b 
Similarly T.EB-GE. 2 


a7 


so that GE- 


and the parallelogram GB = " . 


= 
4 
Thus, in taking the parallelogram GQ equal to (GB — S), Euclid really 
finds GO from the equation 


Go. ] E 
The value which he finds is 


coe TA 
ZENA -5), 
and he finds QS (or x) by subtracting GO from GE; whence 


a o Sema o 
ea Eus) 


It will be observed that Euclid only gives one solution, that corresponding 
to the negative sign before the radical. But the reason must be the same as that 
for which he only gives one “case” in vı. 27. He cannot have failed to see how 
to add GO to GE would give another solution. As shown under the iast 
proposition, the other solution can be arrived at 
(+) by placing the parallelogram GOQP in 
the angle vertically opposite to FGE so that 
GQ lies along BG produced. The parallelo- 
gram AQ’ then gives the second solution. The 
side of this parallelogram lying along AB is 
equal to SB. The other side is what we have 
called x, and in this case 


x=EG+GO 


ca c/c a 
— 


(2) A parallelogram similar and equal to 4Q’ can also be obtained by 
producing JG tll it meets 47 produced and completing the parallelogram 
B'ABA', whence it is seen that the complement QA’ is equal to the comple- 
ment 4 Q, besides being equal and similar and similarly situated to AQ’. 

A particular case of this proposition, indicated in Prop. 85 of the Dafa, is 
that in which the sides of the defect are equal, so that the defect is a rhombus 
with a given angle. Prop. 85 proves that, Jf two straight lines contain a 
given area in a given angle, and the sum 
Of the straight lines be given, each of them E A 
will be given also. AB, BC being the 
given straight lines “containing a given 
area AC in a given angle ABC,” one 
side CØ is produced to D so that BD Ü B é 
is equal to AB, and the parallelograms are 
completed. Then, by hypothesis, CD is of given length, and 4C is a parallelo- 
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gram applied to CØ falling short by a rhombus (4D) with a given angle 
EDJB. ‘The case is thus a particular case of Prop. 58 of the Dafa quoted 
above (p. 263) as corresponding to vi. 28. 
A particular case of the last, that namely in which the defect is a square, 
corresponding to the equation 
ax — x = 6, 


is important. This is the problem of applying to a given straight line a 
rectangle equal to a given area and falling short by a square; and it can be 
solved, without the aid of Book vi, as shown above under 1i. $ (Vol. 1. 


Pp. 383—4). 


PROPOSITION 2ọ. 


To a given straight line to apply a parallelogram egual to 
a given rectilineal figure and exceeding by a parallelogrammic 
figure similar to a given one. 


Let AB be the given straight line, C the given rectilineal 
figure to which the figure to be applied to AŻ is required to 
be equal, and D that to which the excess is required to be 
similar ; 
thus it is required to apply to the straight line 42 a parallelo- 
gram equal to the rectilineal figure C and exceeding by a 
parallelogrammic figure similar to D. 





Let AB be bisected at £; 


let there be described on £7 the parallelogram BF similar 
and similarly situated to D ; 


and let GH be constructed at once equal to the sum of BF, 
C and similar and similarly situated to D. [vi. 25] 
Let KH correspond to FL and KG to FE. 
Now, since GH is greater than FB, 


therefore KA is also greater than FZL, and XG than F£. 
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Let FL, FE be produced, 
let FLM be equa) to KH, and FEN to KG, 
and let 77 be completed ; 

therefore MN is both equal and similar to GH. 
But GA is similar to EL ; 
therefore JZN is also similar to EZ ; [vi. 21] 
therefore EZ is about the same diameter with 47. — [vi. 26) 

Let their diameter FO be drawn, and let the figure be 
described. 

Since GZ is equal to EL, C, 
while GH is equal to MN, 
therefore MN is also equal to EZ, C. 

Let EZ be subtracted from each ; 

therefore the remainder, the gnomon X WV, is equal to C. 

Now, since AE is equal to EZ, 

AN is also equal to MB [i. 36), that is, to £P (t. 43]. 
Let ZO be added to each ; 

therefore the whole AO is equal to the gnomon V WX. 
But the gnomon VWX is equal to C; 

therefore 4O is also equal to C. 

Therefore to the given straight line AZ there has been 
applied the parallelogram AO equal to the given rectilineal 
figure C and exceeding by a parallelogrammic figure QP 
which is similar to D, since PQ is also similar to ZZ [vt. 24]. 

Q. E. F. 


The corresponding proposition in the Dala is (Prop. 59), Zf a given (area) 
be applied (i.e. in the form of a parallelogram) £o a given straight line exceeding 
by a figure given in species, the breadths of the excess are given. 

The problem of vı. 29 corresponds of course to the solution of the 
quadratic equation 


b a 
ax tcx -$ 


The algebraical solution of this equation gives 


ca c (c a! 
bini) 


The exact correspondence of Euclid's method to the algebraical solution 
may be seen, as in the case of vi. 28, by supposing the parallelograms to be 
rectangles. In this case Euclid's construction on EZ of the parallelogram 
EL similar to 2 is equivalent to finding that 


ca c ad 
£E-y] and TA 
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His determination of the similar parallelogram 17M equal to the sum of EZ 
and S corresponds to proving that 


[epe æ 
or FN = mts) 


whence x is found as 


cfc adi c a 
x- FN- FE» A Ef. Ss) - 1.5. 


Euclid takes, in this case, the solution corresponding to the positive sign 
before the radical because, from his point of view, that would be the only 
solution. I 

No dioptopes is necessary because a real geometrical solution is always 
possible whatever be the size of S. . . 

Again the Daéa has a proposition indicating the particular case in which 
the excess is a rhombus with a given angle. Prop. 84 proves that, Zf tivo 
straight lines contain a given area in a given angle, and one of the straight lines 
ts greater than the other by a given straight line, each of the two straight lines ts 
given also. The proof reduces the proposition to a particular case of Dafa, 
Prop. 59, quoted above as corresponding to vi. 29. 

Again there is an important particular case which can be solved by means 
of Book it. only, as shown under it. 6 above (Vol. 1. pp. 386— 8), the case namely 
in which the excess is a square, corresponding to the solution of the equation 

ax cx -p 


This is the problem of applying to a given straight line a rectangle equal to a 
given area and exceeding by a square, 


PROPOSITION 30. 
To cut a given finite straight line in extreme and mean 
"atto. 
Let AB be the given finite straight line ; 
thus it is required to cut 4B in extreme and mean ratio. 
On AB let the square BC be described ; 


and let there be applied to AC the parallelo- e e u 
gram CD equal to AC and exceeding by 
the figure AD similar to BC. [Vi. 29] 


Now BC is a square ; 
therefore AD is also a square. 
And, since BC is equal to CD, A B 
let C£ be subtracted from each ; 


therefore the remainder BF is equal to 
the remainder AD. 
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But it is also equiangular with it ; 


therefore in BF, AD the sides about the equal angles are 
reciprocally proportional ; [vi. 14) 


therefore, as FF is to ED, so is AE to EB. 


But FEZ is equal to AB, and ED to AE. 
Therefore, as BA is to AZ, so is AE to ER. 
And AB is greater than AE; 


therefore A Æ is also greater than ZB. 


Therefore the straight line AB has been cut in extreme 
and mean ratio at Æ, and the greater segment of it is AZ. 
Q. E. F.. 


It will be observed that the construction in the text is a direct application 
of the preceding Prop. 29 in the particular case where the excess of the 
parallelogram which is applied is a syware. This fact coupled with the 
position of vi. 30 is a sufficient indication that the construction is Euclid’s. 

In one place Theon appears to have amplified the argument. The text 
above says “But FZ is equal to 4B,” while the mss. B, F, V and p have 
“ But FE is equal to AC, that is, to AB.” 

The mss. give after Šõmep če momoaı an alternative construction which 
Heiberg relegates to the Appendix. The text-books give this construction 
alone and leave out the other. It will be remembered that the alternative 


proof does no more than refer to the equivalent construction in I. 11. 
“Let AB be cut at C so that the rectangle AB, BC is equal to the 

square on CA. [u. 11) 
Since then the rectangle 4B, BC is equal to the square on CA, 

therefore, as BA is to AC, so is AC to CB. [vi. 17] 


Therefore AB has been cut in extreme and mean ratio at C." 

It is intrinsically improbable that this alternative construction was added 
to the other by Euclid himself. It is however just the kind of interpolation 
that might be expected from an editor. If Euclid had preferred the alternative 
construction, he would have been more likely to give it alone. 


PROPOSITION 31. 


In right-angled triangles the figure on the side subtending 
the right angle is equal fo the similar and similarly described 
Jugures on the sides coutaining the right angle. 


Let ABC be a right-angled triangle having the angle BAC 
right ; 
I say that the figure on BC is equal to the similar and 
similarly described figures on BA, AC. 

Let AD be drawn perpendicular. 

Then since, in the right-angled triangle ABC, AD has 
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been drawn from the right angle at Æ perpendicular to the 
base AC, 
the triangles ABD, ADC adjoin- 
ing the perpendicular are similar 
both to the whole ABC and to 
one another. (vi. 8] 
And, since AJC is similar to 
ABD, 
therefore, as CB is to BA, so is 
AB to BD. (vi. Def. 1] 
And, since three straight lines 
are proportional, 
as the first is to the third, so is the figure on the first to the 
similar and similarly described figure on the second. [vi. 19, Por.) 
Therefore, as CB is to BD, so is the figure on CB to the 
similar and similarly described figure on BA. 
For the same reason also, 
as BC is to CD, so is the figure on BC to that on CA ; 
so that, in addition, 
as BC is to BD, DC, so is the figure on BC to the similar 
and similarly described figures on BA, AC. 
But BC is equal to BD, DC; 
therefore the figure on BC is also equal to the similar and 
similarly described figures on BA, AC. 


Therefore etc. 





Q. E. D. 


As we have seen (note on 1. 47), this extension of 1. 47 is credited by 
Proclus to Euclid personally. 
There is one inference in the proof which requires examination. Euclid 


proves that 
CB : BD - (figure on CB) : (figure on BA), 


and that BC : CD - (figure on AC) : (figure on CA), 
and then infers directly that 
BC : (BD + CD) - (fig. on BC) : (sum of figs. on BA and AC). 


Apparently v. 24 must be relied on as justifying this inference. But it is not 
directly applicable ; for what it proves is that, if 


a:b-c:d, 
and e:b=f:d, 
then (a+e):b=(c+f):d. 


Thus we should invert the first two proportions given above (by Simson's 
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Prop. B which, as we have seen, is a direct consequence of the definition of 
Proportion), and thence infer by v. 24 that 
(8D * CD) : BC - (sum of figs. on BA, AC) : (fig. on BC). 

But BD + CD is equal to BC; 
therefore (by Simson's Prop. A, which again is an immediate consequence of 
the definition of proportion) the sum of the figures on BA, AC is equal to 
the figure on BC. 

The mss. again give an alternative proof which Heiberg places in the 
Appendix. It first shows that the similar figures on the three sides have the 
same ratios to one another as the sguares on the sides respectively. Whence, 
by using 1. 47 and the same argument based on v. 24 as that explained above, 
the result is obtained. 

If it is considered essential to have a proof which does not use Simson’: 
Props. B and A or any proposition but those actually given by Euclid, no 
method occurs to me except the following. 

Eucl. v. 22 proves that, if a, b, c are three magnitudes, and d, e, f three 
others, such that 


a:b-d:e 

b:c=e:f, 

then, ex aeguali, a:ec-d;f. 
If now in addition a:bzb:e, 
so that, also, d:e-e:if, 


the ratio a : c is duplicate of the ratio a : 2, and the ratio Z : f duplicate of 
the ratio d : ¢, whence the ratios which are duplicate of equal ratios are equal. 
Now (fig. on AC) : (fig. on AB) =the ratio duplicate of AC: AB 
= the ratio duplicate of CD : DA 


=CD: BD. 
Hence (sum of figs. on AC, AB) : (fig. on AB) = BC: BD. [v. 18] 
But (fig. on BC) : (fig. on AB)= BC: BD 


(as in Euclid’s proof). 

Therefore the sum of the figures on AC, AB has to the figure on AB the 
same ratio as the figure on BC has to the figure on AB, whence 

the figures on AC, AB are together equal to the figure on BC. [v. 9] 


PROPOSITION 32. 


Jf two triangles having two sides proportional to two sides 
be placed together at one angle so that thetr corresponding sides 
are also parallel, the remaining sides of the triangles will be 
in a straight line. 

Let ABC, DCE be two triangles having the two sides 
BA, AC proportional to the two sides DC, DE, so that, as 
AB isto AC, so is DC to DE, and AB parallel to DC, and 
AC to DE; 

I say that BC is in a straight line with CZ. 
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For, since AB is parallel to DC, 
and the straight line AC has fallen upon them, 


the alternate angles BAC, ACD 
are equal to one another. (t. 29] 

For the same reason 

the angle CDE is also A 

equal to the angle ACD; 
so that the angle BAC is equal 
to the angle CDE. 

And, since ABC, DCE are 
two triangles having one angle, the angle at 4, equal to one 
angle, the angle at D, 


8 c E 


and the sides about the equal angles proportional, 
so that, as BA is to AC, so is CD to DE, 
therefore the triangle ABC is equiangular with the 
triangle DCE ; (vr. 6] 
therefore the angle 4 BC is equal to the angle DCE. 


But the angle ACD was also proved equal to the angle 
BAC; 


therefore the whole angle ACE is equal to the two angles 
ABC, BAC. 
Let the angle ACB be added to each ; 


therefore the angles ACE, ACB are equal to the angles BAC, 
ACB, CBA. 

But the angles BAC, ABC, ACB are equal to two right 
angles ; [1 32] 

therefore the angles ACE, ACB are also equal to two 
right angles. 

Therefore with a straight line AC, and at the point C on 
it, the two straight lines BC, CE not lying on the same side 
make the adjacent angles ACE, ACB equal to two right 
angles ; 

therefore BC is in a straight line with CZ. (t. 14] 

Therefore etc. 

Q. E. D. 


It has often been pointed out (e.g. by Clavius, Lardner and Todhunter) 
that the enunciation of this proposition is not precise enough. Suppose that 
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ABC is a triangle. From Ç draw CD parallel to BA and of any length. 
From D draw DE parallel to CA and of such length that 


CD: DE=BA:AC. 


Then the triangles ABC, ECD, which have the angular point C common 
literally satisfy Euclid’s enunciation ; but by no possi- 

bility can CE be in a straight line with CZ if, as E 

in the case supposed, the angles included by the 
corresponding sides are supplementary (unless both are 
right angles). Hence the included angles must be o 
equal, so that the triangles must be similar. ‘That 
being so, if they are to have nothing more than one é 
angular point common, and two pairs of corresponding 
sides are to be parallel as distinguished from one or both being in the same 
straight line, the triangles can only be placed so that the corresponding sides 
in both are on the same side of the third side of either, and the sides (other 
than the third sides) which meet at the common angular point are not corre- 
sponding sides. 

‘Todhunter remarks that the proposition seems of no use. Presumably he 
did not know that it /s used by Euclid himself in xim. r7. This is so 
however, and therefore it was not necessary, as several writers have thought, to 
do away with the proposition and find a substitute which should be more useful. 


1. De Morgan proposes this theorem : “If two similar triangles be placed 
with their bases parallel, and the equal angles at the bases towards the same 
parts, the other sides are parallel, each to each; or one pair of sides are in 
the same straight line and the other pair are parallel.” 

2. Dr Lachlan substitutes the somewhat similar theorem, “If two similar 
triangles be placed so that two sides of 
the one are parallel to the corresponding D 
sides of the other, the third sides are 
parallel.” 


But it is to be observed that these 
propositions can be proved without 
using Book vi. at all; they can be 
proved from Book 1., and the triangles 
may as well be called ‘‘equiangular” 
simply. It is true that Book vi. is no more than formally necessary to 
Euclid’s proposition. He merely uses vi. 6 because his enunciation does not 
say that the triangles are similar; and he only proves them to be similar in 
order to conclude that they are equiangular. From this point of view 
Mr Taylor's substitute seems the best, viz. 

3. "1f two triangles have sides parallel in pairs, the straight lines joining 
the corresponding vertices meet in a point, 
or are parallel." A 5 

Simson has a theory (unnecessary in E 
the circumstances) as to the possible 
object of vi. 32 as it stands. He points 
out that the enunciation of vi. 26 might F 
be more general so as to cover the case 
of similar and similarly situated parallelo. C 
grams with equal angles not coincident 
but vertically opposite. It can then be proved that the diagonals drawn 


c 
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through the common angular point are in one straight line. If 48CF, CDEG 
be similar and similarly situated parallelograms, 

so that BCG, DCF are straight lines, and if ^ F 

the diagonals AC, CE be drawn, the triangles 

ABC, CDE are similar and ave placed exactly c 

as described in Vi, 32, so that AC, CE are ina 8 a 
straight line. Hence Simson suggests that 

there may have been, in addition to the in- 

direct demonstration in vi. 26, a direct proof 

covering the case just given which may have D E 
used the result of vt. 32. I think however 

that the place given to the latter proposition in Book vi. is against this view. 


PROPOSITION 33. 


In egual circles angles have the same ratio as the circum- 
Jerences on which they stand, whether they stand at the centres 
or at the circumferences. 


Let ABC, DEF be equal circles, and let the angles BGC, 
EHF be angles at their centres G, H, and the angles BAC, 
EDF angles at the circumferences ; 

I say that, as the circumference AC is to the circumference 
EF, so is the angle BGC to the angle Z//F, and the angle 
BAC to the angle EDF. 


D 


E PK FM s 

For let any number of consecutive circumferences CK, 
KL be made equal to the circumference BC, 
and any number of consecutive circumferences FM, MN equal 
to the circumference EF; 
and let GK, GL, HM, HN be joined. 

Then, since the circumferences BC, CK, KL are equal 
to one another, 
the angles BGC, CGK, KGL are also equal to one — 

UL 27 
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therefore, whatever multiple the circumference BL is of BC, 
that multiple also is the angle BGL of the angle BGC. 


For the same reason also, 
whatever multiple the circumference NE is of EF, that 


multiple also is the angle W/E of the angle EHF. 
If then the circumference BL is equal to the circumference 
EN, the angle BGL is also equal to the angle FHN; [27] 


if the circumference BL is greater than the circumference 
EN, the angle BGL is also greater than the angle EZZN ; 
and, if less, less. 


There being then four magnitudes, two circumferences 
BC, EF, and two angles BGC, EHF, 


there have been taken, of the circumference BC and the angle 
BGC equimultiples, namely the circumference BL and the 
angle BGL, 


and of the circumference EF and the angle EHF equi- 
multiples, namely the circumference EV and the angle EZZN. 


And it has been proved that, 


if the circumference BZ is in excess of the circumference EN, 
the angle BGZ is also in excess of the angle EH ; 


if equal, equal ; 
and if less, less. 
Therefore, as the circumference BC is to EF. so is the 


angle BGC to the angle EHF. [v. Def. 5] 
But, as the angle BGC is to the angle EHF, so is the 


angle BAC to the angle EDA; for they are doubles respec- 
tively. 

Therefore also, as the circumference BC is to the circum- 
ference EF, so is the angle BGC to the angle EHF, and 
the angle BAC to the angle EDF. 

Therefore etc. 


Q. E. D. 


This proposition as generally given includes a second part relating to sectors 
of circles, corresponding to the following words added to the enunciation: 
‘Cand further the sectors, as constructed at the centres” (1 8¢ xai of TOES ATE 
[or _očre] wpós rois kévrpois auverduevot). There is of course a corresponding 
addition to the “definition” or ‘particular statement,” “and further the sector 
GBOC to the sector HEQF.” These additions are clearly due to Theon, as 
may be gathered from his own statement in his commentary on the padnuarixy 
oivragis of Ptolemy, “ But that sectors in equal circles are to one another as 
the angles on which they stand, has been proved by me in my edition of the 
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Elements at the end of the sixth book." Campanus omits them, and P has them 
only in a later hand in the margin or between the lines. Theon's proof scarcely 
needs to be given here in full, as it can easily be supplied. From the equality 
of the arcs BC, CK he infers [111. 29] the equality of the chords BC, CK. 
Hence, the radii being equal, the triangles GBC, GCK are equal in all 
respects [1. 8, 4]. Next, since the arcs BC, CK are equal, so are the arcs 
BAC, CAK. Therefore the angles at the circumference subtended by the 
latter, i.e. the angles in the segments BOC, CPX, are equal (n1. 27], and the 
segments are therefore similar [rit. Def.. 11] and equal [ur. 24]. 

Adding to the equal segments the equal triangles GZ C, GCK respectively, 
we see that 

the sectors GBC, GCK are equal. 


Thus, in equal circles, sectors standing on equal arcs are equal; and the rest 
of the proof proceeds as in Euclid’s proposition. 


As regards Euclid’s proposition itself, it will be noted that (1), besides 
quoting the theorem in i. 27 that in equal circles angles which stand on 
equal arcs are equal, the proof assumes that the angle standing on a greater 
arc is greater and that standing ona less arc is less. This is indeed a suffi- 
ciently obvious deduction from m1. 27. 

(2) Any equimultiples whatever are taken of the angle BGC and the arc 
BC, and any equimultiples whatever of the angle EHF and the arc EF 
(Accordingly the words “any eguimultiples whatever” should have been used in 
the step immediately preceding the inference that the angles are proportional 
to the arcs, where the text merely states that there have been taken of the 
circumference BC and the angle BGC eguimultiples BL and BGL.) But, if 
any multiple of an angle is regarded as being itself an angle, it follows that the 
restriction in I. Deff. 8, to, 11, 12 of the term angle to an angle /ess than two 
right angles is implicitly given up; as De Morgan says, “the angle breaks 
prison.” Mr Dodgson (Euclid and his Modern Rivals, p. 193) argues that 
Euclid conceived of the multiple of an angle as so many separate angles not 
added together into one, and that, when it is inferred that, where two such 
multiples of an angle are equal, the arcs subtended are also equal, the argu- 
ment is that the sum total of the first set of angles is equal to the sum total 
of the second set, and hence the second set can be broken up and put 
together again in such amounts as to make a set equal, each to each, to the 
first set, and then the sum total of the arcs will evidently be equal also. If 
on the other hand the multiples of the angles are regarded as single angular 
magnitudes, the equality of the subtending arcs is not inferrible directly from 
Euclid, because Ais proof of 111. 26 only applies to cases where the angle is 
less than the sum of two right angles. (As a matter of fact, it is a question of 
inferring equality of angles or multiples of angles from equality of arcs, and 
not the converse, so that the reference should have been to 11. 27, but this 
does not affect the question at issue.) Of course it is against this view of 
Mr Dodgson that Euclid speaks throughout of “Lhe angle BGL” and “the 
angle EHN" (y $ó BHA yovía, y vró EON yovía). I think the probable 
explanation is that here, as in 11. 20, 21, 26 and 27, Euclid deliberately took 
no cognisance of the case in which the multiples of the angles in question 
would be greater than two right angles. If his attention had been called to 
the fact that 111. 20 takes no account of the case where the segment is less 
than a semicircle, so that the angle in the segment is obtuse, and therefore the 
“angle at the centre” in that case (if the term were still applicable) would be 
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greater than two right angles, Euclid would no doubt have refused to regard 
the latter as an angle, and would have represented it otherwise, e.g. as the 
sum of two angles or as what is left when an angle in the true sense is sub- 
tracted from four right angles. Here then, if Euclid had been asked what 
course he would take if the multiples of the angles in question should be 
greater than two right angles, he would probably have represented them, I 
think, as being egual to so many right angles plus an angle less than a right 
angle, or so many times two right angles plus an angle, acute or obtuse. Then 
the equality of the arcs would be the equality of the sums of so many circum- 
ferences, semi-circumferences or quadrants plus arcs less than a semicircle or 
a quadrant. Hence I agree with Mr Dodgson that vi. 33 affords no evidence 
of a recognition by Euclid of “angles ” greater than two right angles 

Theon adds to his theorem about sectors the Porism that, As the sector is 
to the sector, so also ts the angle to the angle. This corollary was used by 
Zenodorus in his tract m«pi icouérpov uynuarwy preserved by Theon in his 
commentary on Ptolemy's ovvragis, unless indeed Theon himself interpolated 
the words (ws 3° 4 rouets mpds Tov rouéa, 7 Ur EOA ywria mpds thy Ud MOA). 


BOOK VII. 


DEFINITIONS. 


1. An unit is that by virtue of which each of the things 
that exist is called one. 


2. A number is a multitude composed of units. 


3. A number is a part of a number, the less of the 
greater, when it measures the greater ; 


4. but parts when it does not measure it. 


5. The greater number is a multiple of the less when 
it is measured by the less. 


6. An even number is that which is divisible into two 
equal parts. 


7. An odd number is that which is not divisible into 
two equal parts, or that which differs by an unit from an 
even number. 


8. An even-times even number is that which is 
measured by an even number according to an even number. 


9. An even-times odd number is that which is 
measured by an even number according to an odd number. 


10. An odd-times odd number is that which is 
measured by an odd number according to an odd number. 
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11. A prime number is that which is measured by an 
unit alone. 


12. Numbers prime to one another are those which 
are measured by an unit alone as a common measure. 


13. A composite number is that which is measured 
by some number. 


14. Numbers composite to one another are those 
which are measured by some number as a common measure. 


15. A number is said to multiply a number when that 
which is multiplied is added to itself as many times as there 
are units in the other, and thus some number is produced. 


16. And, when two numbers having multiplied one 
another make some number, the number so produced is 
called plane, and its sides are the numbers which have 
multiplied one another. 


17. And, when three numbers having multiplied one 
another make some number, the number so produced is 
solid, and its sides are the numbers which have multiplied 
one another. 


18. A square number is equal multiplied by equal, or 
a number which is contained by two equal numbers. 


19. Anda cube is equal multiplied by equal and again 
by equal or a number which is contained by three equal 
numbers. 


20. Numbers are proportional when the first is the 
same multiple, or the same part, or the same parts, of the 
second that the third is of the fourth. 


21. Similar plane and solid numbers are those which 
have their sides proportional. 


?2. A perfect number is that which is equal to its own 
parts. 
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DEFINITION 1. 


Movds éorw, xa0' jv éxaarov 


Tamblichus (Al. circa 300 A.D.) tells us (Comm. on Nicomachus, ed. Pistelli, 
P. 11, 5) that the Euclidean definition of an unit or a monad was the definition 
given by “more recent” writers (oi vewrepo.), and that it lacked the words 
“even though it be collective” (xdv cvornarixdy 7). He also gives (ibid. 
P. 11) a number of other definitions. (1) According to “some of the Pytha- 
goreans,” “an unit is the boundary between number and parts ” (povas otw 
åpðpoŭ wai popiwy peBopiov), “because from it, as from a seed and eternal 
root, ratios increase reciprocally on either side,” i.e. on one side we have 
multiple ratios continually increasing and on the other (if the unit be sub- 
divided) submultiple ratios with denominators continually increasing. (2) A 
somewhat similar definition is that of Thymaridas, an ancient Pythagorean, 
who defined a monad as “limiting quantity” (mepavovoa Tocórys) the 
beginning and the end of a thing being equally an extremity (répas). Perhaps 
the words together with their explanation may best be expressed by “limit of 
fewness.” Theon of Smyrna (p. 18, 6, ed. Hiller) adds the explanation that 
the monad is "that which, when the multitude is diminished by way of 
continued subtraction, is deprived of all number and takes an abiding position 
(uovrv) and rest." If, after arriving at an unit in this way, we proceed to divide 
the unit itself into parts, we straightway have multitude again. (3) Some, ac- 
cording to Iamblichus (p. 11, 16), defined it as the “form of forms” (cidav «l5os) 
because it potentially comprehends all forms of number, eg. it is a polygonal 
number of any number of sides from three upwards, a solid number in all 
forms, and so on. (We are forcibly reminded of the latest theories of number 
as a "Gattung" of “Mengen” or as a “class of classes.”) (4) Again an 
unit, says Iamblichus, is the first, or smallest, in the category of how many 
(rogóv), the common part or beginning of sow many. Aristotle defines it as 
“the indivisible in the (category of) quantity," ró xarà rò mocóv dSwaiperov 
(Metaph. 1089 b 35), mosóv including in Aristotle continuous as well as 
discrete quantity ; hence it is distinguished from a point by the fact that it 
has not position: ‘Of the indivisible in the category of, and gud, quantity, 
that which is every way (indivisible) and destitute of position is called an 
unit, and that which is every way indivisible and has position is a point” 
(Metaph. 1016 b 25). (5) In accordance with the last distinction, Aristotle 
calls the unit "a point without position,” orcypyn áferos (Metaph. 1084 b 26). 
(6) Lastly, Iamblichus says that the school of Chrysippus defined it in a con- 
fused manner (evykexvuévos) as '' multitude one (mÀj6os év),” whereas it is 
alone contrasted with multitude. On a comparison of these definitions, it 
would seem that Euclid intended his to be a more popular one than those 
of his predecessors, 5yuw5ys, as Nicomachus called Euclid's definition of an 
even number. 

The etymological signification of the word jtovás is supposed by Theon of 
Smyrna (p. 19, 7— 13) to be either (r) that it remains unaltered if it be 
multiplied by itself any number of times, or (2) that it is separated and tsolated 
(uepoverbar) from the rest of the multitude of numbers. Nicomachus also 
observes (1. 8, 2) that, while any number is half the sum (r) of the adjacent 
numbers on each side, (2) of numbers equidistant on each side, the unit is 
most solitary (wovwrdry) in that it has not a number on each side but only on 
one side, and it is half of the latter alone, i.e. of 2. 
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DEFINITION 2. 
"Apis B6 rà éx uováBuv avyke(uevov mAfjos. 


The definition of a number is again only one out of many that are on 
record. Nicomachus (I. 7, 1) combines several into one, saying that it ts 
“a defined multitude (7A940s wppevov), or a collection of units (uovadov 
gertua), or a flow of quantity made up of units” (mogdryros xvpa éx povadwy 
avyxeipevov). Theon, in words almost identical with those attributed by 
Stobaeus (Eclogae, 1. 1, 8) to Moderatus, a Pythagorean, says (p. 18, 3— 5): 
“A number is a collection of units, or a progression (mporoBteuos) of mul- 
titude beginning from an unit and a retrogression (dvazodiopos) ceasing at an 
unit" According to Iamblichus (p. 10) the description ‘collection of units” 
(wovddwy avornpa) was applied to the how many, i.e. to number, by Thales, 
following the Egyptian view (xara 10 Aiyurriaxoy dpéoxov), while it was 
Eudoxus the Pythagorean who said that a number was “a defined multitude” 
(wAWG0s wpiopévov). Aristotle has a number of definitions which come to the 
same thing: “limited multitude” (rAnOos 1d merepaopévov, Metaph. 1020 a 
13), “multitude ” (or “combination ”) “of units” or “ multitude of indivi- 
sibles ” (iżid. 1053 a 30, 1039 a 12, 1085 b 22), "' several ones" (fva mio, 
Phys. 1. 7, 207 b 7), "multitude measurable by one” (Metaph. 1057 a 3) 
and “multitude measured and multitude of measures," the '" measure " being 
unity, rò ëv (zbid. 1088 a 5). 


DEFINITION 3. 


Mépos éoriv dpApos åpiðpod ó eAdgcwv rod petlovos, Srav Karaperpy Tov 
peilova. 


By a part Fuclid means a submultiple, as he does in v. Def. 1, with which 
definition this one is identical except for the substitution of number (dpiOy0s) 
for magnitude (uéy«0os) ; c. note on v. Def. 1. Nicomachus uses the word 
“submultiple” (vroroAAamAadcws) also. He defines it in a way corresponding 
to his definition of multiple (see note on Def. 5 below) as follows (t. 18, 2): 
“The submultiple, which is by nature first in the division of inequality 
(called) less, is the number which, when compared with a greater, can 
measure it more times than once so as to fill it exactly (wAnpovvtws).” Simi- 
larly sub-double (vmodimAdows) is found in. Nicomachus meaning Za/f, and 
so on. 


DEFINITION 4. 
Mépy 8€, drav wy Kataperpy. 


By the expression parts (yépy, the plural of 4épos) Euclid denotes what we 
should call a proper fraction. That is, a part being a submultiple, the rather 
inconvenient term parts means any number of such submultiples making up 
a fraction less than unity. I have not, found the word used in this special 
sense elsewhere, e.g. in Nicomachus, Theon of Smyrna or Iamblichus, except 
in one place of Theon (p. 79, 26) where it is used of a proper fraction, of 
which $ is an illustration. 
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DEFINITION 5. 
IIoAAamAáatos 8i ó uei[uv rov éAáaaovos, orav xaraperpyrat tro Tov éAdacovos. 


The definition of a multiple is identical with that in v. Def. 2, except that 
the masculine of the adjectives is used agreeing with dpióuos understood 
instead of the neuter agreeing with péyeBos understood. Nicomachus (1. 18, 
1) defines a multiple as being “a species of the greater which is naturally 
first in order and origin, being the number which, when considered in com- 
parison with another, contains it in itself completely more than once." 


DEFINITIONS 6, 7. 
6. "Aprtos dpiOuds éorw 6 dixa Scatpovpevos. 
7. Nepiodòs 8¢ 6 py Starporpevos dixa F [6] povdd: Siadepuy dpriov dprOpor. 


Nicomachus (1. 7, 2) somewhat amplifies these definitions of even and odd 
numbers thus. * That is even which is capable of being divided into two 
equal parts without an unit falling in the middle, and that is odd which cannot 
be divided into two equal parts because of the aforesaid intervention (peor- 
re‘av) of the unit." He adds that this definition is derived “from the popular 
conception ” (é« 7Hs Snpwdous vrodqyews). In contrast to this, he gives (1. 7, 3) 
the Pythagorean definition, which is, as usual, interesting.“ An even number 
is that which admits of being divided, by one and the same operation, into the 
greatest and the least (parts), greatest in size (wnAccoryre) but least in quantity 
(rogornn)...while an odd number is that which cannot be so treated, but is 
divided into two unequal parts.” ‘hat is, as lamblichus says (p. 12, 2—9), an 
even number is divided into parts which are the greatest possible “parts,” namely 
halves, and into the fewest possible, namely two, two being the first “ num- 
ber ” or “collection of units.” According to another ancient definition quoted 
by Nicomachus (1. 7, 4), an even number is that which can be divided both 
into two equal parts and into two unequal parts (except the first one, the 
number 2, which is only susceptible of division into equals), but, however it 
is divided, must have its two parts of the same kind, i.c. both even or both 
odd; while an odd number is that which can only be divided into two 
unequal parts, and those parts always of diferent kinds, i.e. one odd and 
one even. Lastly, the definition of odd and even “by means of each other” 
says that an odd number is that which differs by an unit from an even 
number on both sides of it, and an even number that which differs by an 
unit from an odd number on each side. ‘This alternative definition of an 
odd number is the same thing as the second half of Euclid’s definition, “the 
number which differs by an unit from an even number." This evidently 
pre-Euclidean definition is condemned by Aristotle as unscientific, because 
odd and even are coordinate, both being differentiae of number, so that one 
should not be defined by means of the other (Zogiczs vi. 4, 142 b 7— 10). 


DEFINITION 8. 
'Apriáxis dprvos ápiÜnós éotw o Và dpriov dpiOpov uerpovuevos xarà dpriov 
dpibuóv. 
Euclid’s definition of an even-times even number differs from that given by 


the later writers, Nicomachus, Theon of Smyrna and Iamblichus ; and the 
inconvenience of it is shown when we come to IX. 34, where it is proved 


282 BOOK VII (vi. DEFF. 8, 9 


that a certain sort of number is doth “ even-times even” and “even-times odd.” 
According to the more precise classification of the three other authorities, the 
* even-times even” and the “‘even-times odd " are mutually exclusive and are 
two of three subdivisions into which even numbers fall. Of these three sub- 
divisions the *' even-times even " and the "evcn-times odd" form the extremes, 
and the *' odd-times even” is as it were intermediate, showing the character 
of both extremes (cf. note on the following definition). The even-times even is 
then the number which has its halves even, the halves of the halves even, and 
so on, until unity is reached. In short the evea-times even number is always 
of the form 2". Hence Iamblichus (pp. 20, 21) says Euclid’s definition of it 
as that which is measured by an even number an even number of times is 
erroneous. In support of this he quotes the number 24 which is four times 6, 
Or six times 4, but yet is not " even-times even" according to Euclid himself 
(o$8€ kar' abróv), by vhich he must apparently mean that 24 is also 8 times 3, 
which does not satisfy Euclid’s definition. ‘Where can however be no doubt that 
Euclid meant what he said in his definition as we have it; otherwise 1x. 32, 
which proves that a number of the form 2” is even-times even only, would be quite 
superfluous and a mere repetition of the definition, while, as already stated, 
1X. 34 clearly indicates Euclid's view that a number might at the same time 
be both even-times even and even-times odd. Hence the uóves which some 
editor of the commentary of lhiloponus on Nicomachus found in some 
copies, making the definition say that the even-times even number is only 
measured by even numbers an even number of times, is evidently an interpo- 
lation by some one who wished to reconcile Euclid's definition with the 
Pythagorean (cf. Heiberg, Euklid-studien, p. 200). 

A consequential characteristic of the series of even-times even numbers 
noted by Nicomachus brings in a curious use of the word Svvayus (generally 
power in the sense of square, or square root). He says (1. 8, 6—7) that any 
part, i.e. any submultiple, of an even- times even number is called by an even- 
times even designation, while it also has an even-times even value (it is 
dpridxis dprivdvvayor) when expressed as so many actual units. That is, the 


sath part of 2" (where m is less than 7) is called after the even-times even 


—— 2", while its actual za/we (Svvayes) in units is 2*~”, which is also an 
even-times even number. Thus all the parts, or subinulbples: of even-times 
even numbers, as well as the even-times even numbers themselves, are con- 
nected with one kind of number only, the even. 


DEFINITION 9. 


'"Aprtákis ÕÈ mepiogos gT 6 Und dptiov dpOpov perpovpevos Kara mepioròv 
ap.Ünóv. 

Euclid uses the term even-limes odd (dpriaxis repu aós), whereas Nicomachus 
and the others make it one word, even-odd (aptioméperros). According to the 
stricter definition given by the latter (1. 9, 1), the even-odd number is related to 
the ezen-limes even as the other extreme. It is such a number as, when once 
halved, leaves as quotient an odd number ; that is, it is of the form 2(27 1). 
Nicomachus sets the even-odd numbers out as follows, 


6, 10, 14, 18, 22, 26, 30, etc. 


In this case, as Nicomachus observes, any past, or submultiple, is called by a 
name not᷑ corresponding in kind to its actual value (Bvvau«s) in units. Thus, 
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in the case of 18, the 3 part is called after the even number 2, but its va/we is 
the odd number 9, and the ird part is called after the odd number 3, while its 
value is the even number 6, and so on. 

The third class of even numbers according to the strict subdivision is the 
odd-even (wepiaadprios). Numbers are of this class when they can be halved 
twice or more times successively, but the quotient left when they can no 
longer be halved is an odd number and not unity. ‘They are therefore of 
the form 2”*' (2m 4 1), where s, s are integers. They are, so to say, intet- 
mediate between, or a mixture of, the extreme classes even-times even and even- 
odd, for the following reasons. (1) Their subdivision by 2 proceeds for some 
way like that of the even-times even, but ends in the way that the division of 
the even-odd by 2 ends. (2) The numbers after which submultiples are 
called and their value (8vvapis) in units may be both of one kind, i.e. both odd 
or both even (as in the case of the even-times even), or again may be one odd 
and one even as in the case of the even-odd. For example 24 is an odd-even 
number ; the 1th, j';th, }th or 4 parts of it are even, but the ird part of it, 
or 8, is even, and the 1th part of it, or 3, is odd. (3) Nicomachus shows 
(1. 10, 6—9) how to form all the numbers of the odd-even class. Set out two 
lines (2) of odd numbers beginning with 3, (4) of even-times even numbers 
beginning with 4, thus : 

(a) $$ 7 9 tr r3 t5etc 
(b) 4, 8, 16, 32, 64, 128, 256 etc. 


Now multiply each of the first numbers into each of the second row. Let 
the products of one of the first into all the second set make horizontal rows ; 
we then get the rows 


12, 24, 48, 96, 192, 384, 768 etc. 
20, 40, 80, 160, 320, 640, 1280 etc. 
28, 56, 112, 224, 448, 896, 1792 etc. 


36, 72, 144, 288, 576, 1152, 2304 etc. 
and so on. 


Now, says Nicomachus, you will be surprised to see (pavjoerai co avpac- 
rus) that (a) the vertical rows have the property of the even-odd series, 6, 10, 
14, 18, 22 etc., viz. that, if an odd number of successive numbers be taken, 
the middle number is half the sum of the extremes, and if an even number, 
the two middle numbers together are equal to the sum of the extremes, 
(b) the Aortzontal rows have the property of the even-times even series 4, 8, 16 
etc., viz. that the product of the extremes of any number of successive terms 
is equal, if their number be odd, to the square of the middle term, or, if their 
number be even, to the product of the two middle terms. 

Let us now return to Euclid. His gth definition states that an even-times 
odd number is a number which, when divided by an even number, gives an 
odd number as quotient. Following this definition in our text comes a roth 
definition which defines an odd-times even number; this is stated to be a 
number which, when divided by an odd number, gives an even number as 
quotient. According to these definitions any even-fimes odd number would 
also be odd-times even, and, from the fact that Iamblichus notes this, we may 
fairly conclude that he found Def. ro as well as Def. 9 in the text of Euclid 
which he used. But, if both definitions are genuine, the enunciations of 1x. 33 
and Ix. 34 as we have them present difficulties. 1x. 33 says that ' If a num- 
ber have its half odd, it is even-times odd on/y” ; but, on the assumption that 
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both definitions are genuine, this would not be true, for the number would be 
odd-times even as well. 1x. 34 says that “If a number neither be one of those 
which are continually doubled from 2, nor have its half odd, it is both even- 
times even and even-times odd." The term odd-times even (mepwradiis apros) 
not occurring in these propositions, nor anywhere else after the definition, that 
definition becomes superfluous. Iamblichus however (p. 24, 7— 14) quotes 
these enunciations differently. In the first he has instead of “even-times odd 
only” the words “ doth even-times odd and odd-times even" ; and, in the second, 
for “both even-times even and even-times odd” he has “‘is both even-times 
even and at the same time even-times odd and odd-times even.” In both 
cases therefore ‘“‘odd-times even” is added to the enunciation as Iamblichus 
had it; the words cannot have been added by Iamblichus himself because 
he himself does not use the term odd-times even, but the one word odd-even 
(repiacaprios). In order to get over the difficulties involved by Def. 10 and 
these differences of reading we have practically to choose between (1) accept- 
ing Iamblichus' reading in all three places and (2) adhering to the reading of 
our MSS. in IX. 33, 34 and rejecting Def. ro altogether as an interpolation. 
Now the readings of our text of 1x. 33, 34 are those of the Vatican Ms. 
and the Theonine Mss. as well; hence they must go back to a time before 
Theon, and must therefore be almost as old as those of lamblichus. 
Heiberg considers it improbable that Euclid would wish to maintain a point- 
less distinction between even-limes odd and odd-times even, and on the whole 
concludes that Def. ro was first interpolated by some ignorant person who 
did not notice the difference between the Euclidean and Pythagorean classi- 
fication, but merely noticed the absence of a definition of odd-times even 
and fabricated one as a companion to the other. When this was done, it 
would be easy to see that the statement in 1x. 33 that the number referred 
to is ‘‘even-times odd oz/y" was not strictly true, and that the addition of 
the words “and odd-times even” was necessary in 1X. 33 and iX. 34 as 
well. 


DEFINITION 10. 


Neptcodnis Ôè mepicods apOpos éarw ó bro meptocod apibpov perpovpevos 
xarà TepwgaOv dpiÜnóv. 

The odd-times odd number is not defined as such by Nicomachus and 
Iamblichus ; for them these numbers would apparently belong to the comi- 
posite subdivision of odd numbers. Theon of Smyrna on the other hand 
says (p. 23, 21) that odd-times odd was one of the names applied to prime 
numbers (excluding 2), for these have two odd factors, namely 1 and the 
number itself. This is certainly a curious use of the term. 


DEFINITION II. 

IMporos apiðpós dwt 6 povads povy perpovpevos. 

A prime number (mpóros dpÓuós) is called by Nicomachus, Theon, and 
Tamblichus a “ prime and incomposite (dovvOeros) number.” Theon (p. 23, 9) 
defines it practically as Euclid does, viz. as a number “measured by no number, 
but by an unit only.” Aristotle too says that a prime number is not measured by 
any number (Anal. post. 1. 13, 96 a 36), an unit not being a number (Metaph. 
1088 a 6), but only the beginning of number (Theon of Smyrna says the same 
thing, p. 24, 23). According to Nicomachus (1. 11, 2) the prime number is a 
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subdivision, not of numbers, but of odd numbers; it is *an odd number 
which admits of no other part except that which is called after its own name 
(rapovwuov éavró)." The prime numbers arc 3, 5, 7 etc., and there is no 
submultiple of 3 except 5rd, no submultiple of i1 except „th, and so on. In 
all these cases the only submultiple is an unit. According to Nicomachus 3 
is the first prime number, whereas Aristotle (Topics vui. 2, 157 a 39) regards 
2 as a prime number: “as the dyad is the only even number which is prime,” 
showing that this divergence from the Pythagorean doctrine was earlier than 
Euclid. The number 2 also satisfies Euclid's definition of a prime number. 
Iamblichus (p. 3o, 27 sqq.) makes this the ground of another attack upon Euclid. 
His argument (the text of which, however, leaves much to be desired) appears 
to be that 2 is the only even number which has no other part except an 
unit, while the subdivisions of the even, as previously explained by him (the 
even-tipies even, the even-odd, and odd-even), all exclude primeness, and he has 
previously explained that 2 is potentially even-odd, being obtained by 
multiplying by 2 the fotentially odd, i.e. the unit; hence 2 is regarded by him 
as bound up with the subdivisions of even, which exclude primeness. "l'heon 
seems to hold the same view as regards 2, but supports it by an apparent 
circle. A prime number, he says (p. 23, 14—23), is also called odit-times odd ; 
therefore only odd numbers are prime and incomposite. Even numbers are 
not measured by the unit alone, except 2, which therefore (p. 24, 7) is odd-/r4e 
(mepuraociórs) without being prime. 

A variety of other names were applied to prime numbers. We have 
already noted the curious designation of them as odd-times odd. According to 
Iamblichus (p. 27, 3—5) some called them euthymetric (evOvperpixds), and 
Thymaridas rectilinear (ebOvypappuxds), the ground being that they can only be 
set out in one dimension with no breadth (dwAarns yap èv rý éxOéce ef’ èv 
póvov ducrduevos). The same aspect of a prime number is also expressed by 
Aristotle, who (Metaph. 1020 b 3) contrasts the composite number with that 
which is only in one dimension (uóvov éQ' èv ùv). Theon of Smyrna (p. 23, 12) 
gives ypayuxós (Jinear) as the alternative name instead of eVOvypappixds. In 
either case, to make the word a proper description of a prime number we have 
to understand the word only; a prime number is that which is linear, or 
rectilinear, only. For Nicomachus, who uses the form linear, expressly says 
(11. 13, 6) that a// numbers are so, i.e. all can be represented as linear by dots 
to the required amount placed in a line. 

A prime number was called prime or first, according to Nicomachus 
(1. 11, 3), because it can only be arrived at by putting together a certain 
number of units, and the unit is the beginning of number (cf. Aristotle’s 
second sense of mpdros “as not being composed of numbers,” ws pù ovyxeio bac 
¿£ apbpôv, Anal. Post. 11. 13, 96 a 37), and also, according to Iamblichus, 
because there is no number before it, being a collection of units (povadur 


ovornua), of which it is a multiple, and it appears frst as a basis for other 
numbers to be multiples of. 


DEFINITION 12, 
Tparot mpos dAAyAovs dpiOuot elow of povdd: wovn perpor, 231 Kowó nérpu. 
By way of further emphasising the distinction between "prime" and 
"prime to one another," Theon of Smyrna (p. 23, 6—8) calls the former 
“prime absolutely” (árAds), and the latter “prime to one another and zo 
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absolutely” or “not in themselves” (ov xa6’ avrovs). The latter (p. 24, 8—10) 
are ‘‘ measured by the unit (sc. only] as common measure, even though, taken 
by themselves (ws mpds éavrovs), they be measured by some other numbers." 
From Theon’s illustrations it is clear that with him as with Euclid 
a number prime to another may be even as well as odd. In Nicomachus 
(1. 11, 1) and Iamblichus (p. 26, 19), on the other hand, the number which is 
“in itself secondary (Sevrepos) and composite (cvv@eros), but in relation to 
another prime and incomposite," is a subdivision of odd. 1 shall call more 
particular attention to this difference of classification when we have reached 
the definitions of “composite” and “composite to one another”; for the 
present it is to be noted that Nicomachus (1. 13, 1) defines a number prime /e 
another after the same manner as the absolutely prime ; it is a number which 
* is measured not only by the unit as the common measure but also by some 
other measure, and for this reason can also admit of a part or parts called by 
a different name besides that called by the same name (as itself), but, when 
examined in comparison with another number of similar character, is found 
not to be capable of being measured by a common measure in relation to the 
other, nor to have the same part, called by the same name as (any of) those 
simply (árAes) contained in the other; e.g. 9 in relation to 25, for each of 
these is in itself secondary and composite, but, in comparison with one 
another, they have an unit alone as a common measure and no part is called 
by the same name in both, but the ¢/i7d in one is not in the other, nor is the 
fifth in the other found in the first.” 


DEFINITION 13. 

XivÜeros apos doriw 6 apOue rive merpovpevos. 

Euclid’s definition of composite is again the same as Theon’s definition 
of numbers “composite in relation to themselves,” which (p. 24, 16) are 
“numbers measured by any less number,” the unit being, as usual, not 
regarded as anumber. Theon proceeds to say that “of composite numbers 
they call those which are contained by two numbers ane, as being 
investigated in two dimensions and, as it were, contained by a length and a 
breadth, while (they call) those (which are contained) by three (numbers) 
solid, as having the third dimension added to them.” To a similar effect is 
the remark of Aristotle (Metaph. 1020 b 3) that certain numbers are 
* composite and are not only in one dimension but such as the plane and the 
solid (figure) are representations of (u4xpa), these numbers being so many 
times so many (mocdxus mocoí(), or so many times so many times so many 
(mocdkss mocdks  moco() respectively." These subdivisions of composite 
numbers are, of course, the subject of Euclid's definitions 17, 18 respectively. 
Euclid's composite numbers may be either even or odd, like those of Theon, 
who gives 6 as an instance, 6 being measured by both 2 and 3. 


DEFINITION 14. 

XóvÓero. Bà mpós dAAyAous dpOpot elow ol apOua rim perpovpevor Kowy 
nérpo. 

Theon (p. 24, 18), like Euclid, defines numbers composite fo one another as 
“those which are measured by any common measure whatever” (excluding 
unity, as usual), Theon instances 8 and 6, with 2 as common measure, and 
6 and 9, with 3 as common measure. 
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As hinted above, there is a great difference between Euclid’s classification 
of prime and composite numbers, and of numbers prime and composite 
to one another, and the classification found in Nicomachus (1. 11—13) and 
Iamblichus. According to the latter, all these kinds of numbers are sub- 
divisions of the class of odd numbers only. As the class of even numbers is 
divided into three kinds, (1) the even-times even, (2) the even-odd, which 
form the extremes, and (3) the odd-even, which is, as it were, intermediate to 
the other two, so the class of odd numbers is divided into three, of which the 
third is again a mean between two extremes. The three are: 


(1) the prime and incomposite, which is like Euclid's prime number except 
that it excludes 2 ; 


(2) the secondary and composite, which is “odd because it is a distinct 
part of one and the same genus (cià ró é£ évós xai tov avrov yevous SeaxexpioBat) 
but has in it nothing of the nature of a first principle (apxoesdés) ; for it arises 
from adding some other number (to itself), so that, besides having a part 
called by the same name as itself, it possesses a part or parts called by another 
name.” Nicomachus cites 9, t5, 21, 25, 27, 33, 35; 39- [t is made clear that 
not only must the factors be both odd, but they must all be prime numbers. 
This is obviously a very inconvenient restriction of the use of the word 
composite, a word of general signification. 


(3) is that which is “secondary and composite in itself but prime and 
incomposite to another.” The actual words in which this is defined have been 
given above in the note on Def. 12. Here again all the factors must be odd 
and prime. 

Besides the inconvenience of restricting the term composite to odd numbers 
which are composite, there is in this classification the further serious defect, 
pointed out by Nesselmann (Die Algebra der Griechen, 1842, p. 194), that 
subdivisions (2) and (3) overlap, subdivision (2) including the whole of 
subdivision (3). The origin of this confusion is no doubt to be found in 
Nicomachus’ perverse anxiety to be symmetrical; by hook or by crook he 
must divide odd numbers into three kinds as he had divided the even. 
Iamblichus (p. 28, 13) carries his desire to be logical so far as to point out 
why there cannot be a fourth kind of number contrary in character to (3), 
namely a number which should be “prime and incomposite in itself, but 
secondary and composite to another " ! 


DEFINITION 15. 
'Apipós. ápiÓuàv oAXamAaaiátew. Aéycrat, drav, doar eloiv ev aùrê povddes, 
togaurdkis avvreÜp ó moAAamAaatalóp«vos, kai yévirat ris. 


This is the well known primary definition of multiplication as an 
abbreviation of addition. 


DEFINITION 16, 


q x a 

Orav 8% S80 apOpoi roAAamwAacidaavres dAAHAOUS TOWEL Twa, Ó yevópevos 
y * sige Sar uri ; AAT , 7 
érimedos xadeirat, Aevpai 8¢ adrod of roAAamAaoidaavres GAAHAOUS apOpoi. 


The words f/ane and solid applied to numbers are of course adapted from 


their use with reference to geometrical figures. A number is therefore called 
linear (ypappxds) when it is regarded as in one dimension, as being a length 
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(uos) When it takes another dimension in addition, namely breadth 
(wAdros), it is in two dimensions and becomes Plane (émiredos). The 
distinction between a plane and a plane number is marked by the use of the 
neuter in the former case, and the masculine, agreeing with apiĝðuós, in the 
latter case. So with a square and a square number, and so on. The most 
obvious form of a plane number is clearly that corresponding to a rectangle in 
geometry ; the number is the product of two linear numbers regarded as sides 
(7^evpat) forming the length and breadth respectively. Such a number is, as 
Aristotle says, ‘so many times so many,” and a plane is its counterpart 
(uéunua). So Plato, in the Z/caetetus (147 E—148 B), says: '* We divided all 
numbers into two kinds, (1) that which can be expressed as equal multiplied 
by equal (rév Suvdpevov ivov ioadxes yiyveoGac), and which, likening its form to 
the square, we called sguare and equilateral ; (z) that which is intermediate, 
and includes 3 and 5 and every number which cannot be expressed as equal 
multiplied by equal, but is either less times more or more times less, being 
always ‘contained by a greater and a less side, which number we likened to 
the oblong figure (rpopyKee oxqparc) and callea an ob/ong number.... Such 
lines therefore as sguare the eguilateral and plane number (i.e. which can 
form a plane number with equal sides, or a square] we defined as length 
(uj«os) ; but such as square the oblong (here érepounxys) [i.e. the square of 
which is equal to the oblong] we called roots (Svvaques) as not being com- 
mensurable with the others in length, but only in the plane areas (€mé8os), 
to which the squares on them are cqual (@ dvvavra:).” This passage seems 
to make it clear that Plato would have represented numbers as Euclid does, 
by straight lines proportional in length to the numbers they represent (so far 
as practicable); for, since 3 and 5 are with Plato oblong numbers, and Zines 
with him represent the sides of oblong numbers (since a line represents the 
“root,” the square on which is equal to the oblong), it follows that the uni? 
representing the smaller side must have been represented as a line, and 3, the 
larger side, as a line of three times the length. But there is another possible way 
of representing numbers, not by lines of a certain length, but by Joints disposed 
in various ways, in straight lines or otherwise. Iamblichus tells us (p. 56, 27) 
that “in old days they represented the quantuplicities of number in a more 
natural way (dvotxwrepov) by splitting them up into units, and not, as in our 
day, by symbols" (evufloAwes). Aristotle too (Metaph. 1092 b 10) mentions 
one Eurytus as having settled what number belonged to what, such a number 
to a man, such a number to a horse, and so on, “copying their shapes” 
(reading tovrwy, with Zeller) “with pebbles (rats Jmois), just as those do who 
arrange numbers in the forms of triangles or squares.” We accordingly find 
numbers represented in Nicomachus and Theon of Smyrna by a number of 
a’s ranged like points according to geometrical figures. According to this 
system, any number could be represented by points in a straight line, in which 
case, says Iamblichus (p. 56, 26), we shall call it rectilinear because it is 
without breadth and only advances in length (amìaras mì póvov tò piros 
mpoacw). The prime number was called by Thymaridas rectilinear par 
excellence, because it was without breadth and in one dimension only (é¢ tv 
povov Suctduevos). By this must bz meant the impossibility of representing, 
say, 3 as a plane number, in Plato's sense, i.e as a product of two numbers 
corresponding to a rectangle in geometry ; and this view would appear to rest 
simply upon the representation of a number by points, as distinct from lines. 
‘Three dots in a straight line would have zo breadth ; and if breadth were 
introduced in the sense of producing a rectangle, i.c. by placing the same 
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number of dots in a second line belo's the first line, the first ?/22e number 
would be 4, and 3 would not be a plane number at all, as Plato says it is. It 
seems therefore to have been the alternative representation of a number by 
points, and not lines, which gave rise to the different view of a plane number 
which we find in Nicomachus and the rest. By means of separate points we 
can represent numbers in geometrical forms other than rectangles and squares. 
One dot with two others symmetrically arranged below it shows a triangle, 
which is a figure in two dimensions as much as a rectangle or parallelogram is. 
Similarly we can arrange certain numbers in the form of regular pentagons or 
other polygons. According therefore to this mode of representation, 3 is the 
first 2/ane number, being a /riangu/ar number. The method of formation of 
triangular, square, pentagonal and other polygonal numbers is minutely 
described in Nicomachus (11. 8—11), who distinguishes the separate series of 
4nomorns belonging to each, i.e. gives the law determining the number which 
has to be added to a polygonal number with » in a side, in order to make it 
into a number of the same form but with ” + 1 in a side (the addend being of 
course the gnomon). Thus the gnomonic series for triangular numbers is 
I, 2, 3, 4, 5... ; that for squares 1, 3, 5, 7... ; that for pentagonal numbers 
I, 4, 7, 10..., and so on. The subject need not detain us longer here, as we 
are at present only concerned with the different views of what constitutes a 
plane number. 

Of plane numbers in the Platonic and Euclidean sense we have seen that 
Plato recognises two kinds, the sguare and the od/ong (rpopnxnys or érepopyeys). 
Here again Euclid’s successors, at all events, subdivided the class more 
elaborately. Nicomachus, Theon of Smyrna, and Iamblichus divide plane 
numbers with unequal sides into (1) érepounas, the nearest thing to squares, 
viz. numbers in which the greater side exceeds the less side by 1 only, or 
numbers of the form n(n * I), eg. 1.2, 2. 3, 3. 4, etc. (according to Nico- 
machus), and (2) mpopýxes, or those whose sides differ by 2 or more, i.e. are of 
the form z (n + m), where m is not less than 2 (Nicomachus illustrates by 2. 4, 
3.6, etc.). Theon of Smyrna (p. 30, 8—14) makes xpopuynes include érepopyxes, 
saying that their sides may differ by 1 or more; he also speaks of parallelogram- 
numbers as those which have one side different from the other by 2 or more; 
I do not find this latter term in Nicomachus or Iamblichus, and indeed it 
seems superfluous, as parallelogram is here only another name for oblong. 
Iamblichus (p. 74, 23 sqq.), always critical of Euclid, attacks him again here 
for confusing the subject by supposing that the érepoyyxns number is the pro- 
duct of any two different numbers multiplied together, and by not distinguishing 
the oblong (rpoyyxns) from it: “for his definition declares the same number 
to be square and also érepopyxys, as for example 36, 16 and many others: 
which would be equivalent to the odd number being the same thing as the 
even.” No importance need be attached to this exaggerated statement ; it is 
in any case merely a matter of words, and it is curious that Euclid does not in 
fact use the word érepopyuns of numbers at all, but only of geometrical oblong 
figures as opposed to squares, so that Iamblichus can apparently only have 
inferred that he used it in an unorthodox manner from the geometrical use of 
the term in the definitions of Book 1. and from the fact that he does not give 
the two subdivisions of plane numbers which are not square, but seems only 
to divide lane numbers into square and not-square. The argument that 
dvepounxes numbers are a natural, and therefore essential, subdivision 
Iamblichus appears to found on the method of successive addition by which 
they can be evolved ; as square numbers are obtained by successively adding 
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odd numbers as gnomons, so érepoyuzjkes are obtained by adding even numbers 
asgnomons. Thus 1.2=2, 2.3=2+4,3.4=2+4+ 6, and soon. 


DEFINITION 17. 


"Oray 8& rpeis dpiOpol mroAXamAacidgavres AAÀAýÀovs moroi tiva, ô yevópevos 
"n 1 8; abro) ol moAAarAagid AAK Aous dobuoć 
arepeds €ortv, mAevpai 8% avrov of roAXazAaatácayres dÀÀsjAovs dpiÜoc. 


What has been said of the two apparently different ways of regarding a 
plane number seems to apply equally, mutatis mutandis, to the definitions of a 
solid number. Aristotle regards it as a number which is so many times so 
many times so many (mogdis togaxts toadv). Plato finishes the passage about 
lines which represent the sides of square numbers and lines which are ‘roofs 
(8vvap.ess), i.e. the squares on which are equal to the rectangle representing a 
number which is oblong and not square, by adding the words, ‘And another 
similar property belongs to solids " (xai zepi rà arepeà dÀÀo rotovrov). That is, 
apparently, there would be a corresponding term to voot (dvvayus)—practically 
representing a surd—to denote the side of a cube equal to a parallelepiped 
representing a solid number which is the product of three factors but 
not a cube. Such is a solid number when numbers are represented by 
straight lines: it corresponds in general to a parallelepiped and, when all 
the factors are equal, to a cube. 

But again, if numbers be represented by points, we may have solid numbers 
(i.e. numbers in three dimensions) in the form of pyramids as well. The first 
number of this kind is 4, since we may have three points forming an 
equilateral triangle in one plane and a fourth point placed in another plane. 
The length of the sides can be increased by r successively; and we can have 
a series of pyramidal numbers, with triangles, squares or polygons as bases, 
made up of layers of triangles, squares or similar polygons respectively, each 
of which layers has one less in the side than the layer below it, until the top 
of the pyramid is reached, which of course, is one point representing unity. 
Nicomachus (i1 13— 16) Theon of Smyrna (p. 41—2), and Iamblichus 
(p. 95, 15 sqq.), all give the different kinds of pyramidal solid numbers in 
addition to the other kinds. 

These three writers make the following further distinctions between solid 
numbers which are the product of three factors. 


1. First there is the equal by equal by equal (iedxis iraxis igos), which is, 
of course, the cube. 


2. The other extreme is the unequal by unequal by unequal (avoanes 
dvode«s avoos), or that in which all the dimensions are different, e.g. the 
product of 2, 3, 4 or 2, 4, 8 or 3, §, 12. These were, according to Nicomachus 
(11. 16), called sca/ene, while some called them onvicxor (wedge-shaped), others 
odnxioxo (from ofyf, a wasp), and others Bupiono (altar-shaped). Theon 
appears to use the last term only, while Iamblichus of course gives all three 
names. 


3. Intermediate to these, as it were, come the numbers “whose 2/anes 
form érepousjkes numbers” (i.e. numbers of the form z(z * 1)). These, says 
Nicomachus, are called pavallelepipedal. 

Lastly come two classes of such numbers each of which has two equal 
dimensions but not more. 
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4. If the third dimension is less than the others, the number is egua/ by 
equal by less (ioanis iaos éAarrovaxts) and is called a plinth (wdw6is), e.g. 
8.8. 3. 


5. If the third dimension is greater than the others, the number is egual 
by equal by greater (iadns isos pwelovdes) and is called a beam (8oxis), e.g. 
3.3.7. Another name for this latter kind of number (according to 
Iamblichus) was ømņÀís (diminutive of ørýàn). 


Lastly, in connexion with pyramidal numbers, Nicomachus (11. 14, 5) dis- 
tinguishes numbers corresponding to frusta of pyramids. These are /runcated 
(xoAoupor), fwice-truncated (SixdAovpor), thrice-truncated (tpixóħovpoi) pyramids, 
and so on, the term being used mostly in theoretic treatises (êv cvyypappace 
padiora tis Gewpnparixois). The truncated pyramid was formed by cutting 
off the point forming the vertex. The twice-truncated was that which lacked 
the vertex and the next plane, and so on. Theon of Smyrna (p. 42, 4) only 
mentions the /zuzcafed pyramid as "that with its vertex cut off" (y cv 
kopudyy droretpypévy), saying that some also called it a trapezium, after the 
similitude of a plane trapezium formed by cutting the top off a triangle 
by a straight line parallel to the base. 


DEFINITION 18. 


Terpdywvos dpOuds gti ó ladxs (oos 7j [0] $mó Svo teuv dpiüuav repe- 
exópevos. 


A particular kind of square distinguished by Nicomachus and the rest was 
the square number which ended (in the decimal notatior) with the same 
number as its side, e.g. 1, 25, 36, which are the squares of 1, 5 and 6. ‘These 
square numbers were called cyclic (xvxàxoi) on the analogy of circles in 
geometry which return again to the point from which they started. 


DEFINITION 19. 
Kúfos è ô igárıs toos ladxis 7) [0] 079 rpiiv twv dpiÓnáv meptexópcvos. 


Similarly cube numbers which ended with the same number as their sides, 
and the squares of those sides also, were called spherical (apatpixol) or recurrent 
(droxaracrarixoi). One might have expected that the term spherical would be 
applicable also to the cubes of numbers which ended with the same digit as the 
side but not necessarily with the same digit as the square of the side also. 
E.g. the cube of 4, i.e. 64, ends with the same digit as 4, but not with the 
same digit as 16. But apparently 64 was not called a spherical number, the 
only instances given by Nicomachus and the rest being those cubed from 
numbers ending with 5 or 6, which end with the same digit if sguared. A 
Spherical number is in fact derived from a circular number only, and that by 
adding another equal dimension. Obviously, as Nesselmann says, the names 
clic and spherical applied to numbers appeal to an entirely different principle 
from that on which the figured numbers so (ar dealt with were formed. 
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DEFINITION 20. 


"ApOpoi dvaAoyov claw, Srav & mparos rov Sevrépov Kai & rpiros To) rerdprov 
iodnis 9 tohAawddatos fj 10 avró uépos 7] rà atrà pépy dow. 

Euclid does not give in this Book any definition of ratio, doubtless because 
it could only be the same as that given at the beginning of Book v., with 
numbers substituted for “ homogeneous magnitudes” and “in respect of size” 
(myAikérqra) omitted or altered. We do not find that Nicomachus and the 
rest give any substantially different definition of a ratio between numbers. 
Theon of Smyrna says, in fact (p. 73, 16), that “ratio in the sense of 
proportion (Aóyos à xar' dvdAoyov) is a sort of relation of two homogeneous 
terms to one another, as for example, double, triple.” Similarly Nicomachus 
says (11. 21, 3) that ‘‘a ratio is a relation of two terms to one another,” the word 
for *' relation" being in both cases the same as Euclid's (cxér«). Theon of 
Smyrna goes on to classify ratios as greater, less, or equal, i.e. as ratios of greater 
inequality, less inequality, or equality, and then to specify certain arithmetical 
ratios which had special names, for which he quotes the authority of Adrastus. 
The names were oÀAamAdeios, émipópios, empepys, moAAarAacrempopios, 
woMAam\aceripepys (the first of which is, of course, a multiple, while the rest 
are the equivalent of certain types of improper fractions as we should call 
them), and the reciprocals of each of these described by prefixing tré or sub. 
After describing these particular classes of arithmetical ratios, Theon goes on 
to say that numbers still have ratios to one another even if they are different 
from all those previously described. We need not therefore concern ourselves 
with the various types; it is sufficient to observe that any ratio between 
numbers can be expressed in the manner indicated in Euclid’s definition of 
anthmetical proportion, for the greater is, in relation to the less, either one or 
a combination of more than one of the three things, (1) a multiple, (2) a 
submultiple, (3) a proper fraction. 

It is when we come to the definition of proportion that we begin to find 
differences between Euclid, Nicomach us, Theon and Iamblichus. ‘“ Proportion,” 
says Theon (p. 82, 6), '*is similarity or sameness of more ratios than one,” 
which is of course unobjectionable if it is previously understood what a ratio 
is; but confusion was brought in by those (like Thrasyllus) who said that 
there were /Aree proportions (dvaXoyía), the arithmetic, geometric, and 
harmonic, where of course the reference is to arithmetic, geometric and 
harmonic means (perdryres). Hence it was necessary to explain, as Adrastus 
did (Theon, p. 106, 15), that of the several means “the geometric was called 
both proportion par excellence and primary...though the other means were 
also commonly called proportions by some writers.” Accordingly we have 
Nicomachus trying to extend the term “proportion” to cover the various 
means as well as a proportion in three or four terms in the ordinary sense. He 
says (11. 21, 2): “ Proportion, par excellence (xvpiws), is the bringing together 
(oVAAny«s) to the same (point) of two or more ratios ; or, more generally, (the 
bringing together) of two or more relations (axécewv), even though they be 
subjected not to the same ratio but to a difference or some other (law)." 
Iamblichus keeps the senses of the word more distinct. He says, like Theon, 
that “proportion is similarity or sameness of several ratios " (p. 98, 14), and 
that “it is to be premised that it was the geometrical (proportion) which the 
ancients called proportion par excellence, though it is now common to apply 
the name generally to all the remaining means as well" (p. 100, 15). Pappus 
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remarks (111. p. 70, 17), “A mean differs from a proportion in this respect that, if 
anything is a proportion, it is also a mean, but not conversely. For there are 
three means, of which one is arithmetic, one geometric and one harmonic.” 
The last remark implies plainly enough that there is only one proportion 
(dvaXoyía) in the proper sense. So, too, says Iamblichus in another place 
(p. 104, 19): “the second, the geometric, mean has been called proportion 
par excellence because the terms contain the same ratio, being separated 
according to the same proportion (ava rév atrév Aóyov Steorares).” The 
natural conclusion is that of Nesselmann, that originally the geometric 
proportion was called avaXoyia, the others, the arithmetic, the harmonic, etc., 
means ; but later usage had obliterated the distinction. 

Of proportions in the ancient and Euclidean sense Theon (p. 82, 10) 
distinguished the continuous (avvexys) and the separated (Senpypévy), using the 
same terms as Aristotle (Z¢A. Mic. 1131 a 32). The meaning is of course 
clear: in the continuous proportion the consequent of one ratio is the ante- 
cedent of the next; in the separated proportion this is not so. Nicomachus 
(11. 21, 5—6) uses the words connected (ovyppevy) and disjoined (Selevypevn) 
respectively. Euclid regularly speaks of numbers in continuous proportion as 
“ proportional in order, or successively ” (és avaAoyov). 


DEFINITION 2r. 
'Opnotot éríreBot xai orepeot dpOuoi ciuw of dvadoyov éxovres ràs mAevpds. 


Theon of Smyrna remarks (p. 36, 12) that, among plane numbers, a// 
squares are similar, while of érepouyxets those are similar ‘‘ whose sides, that 
is, the numbers containing them, are proportional.” Here érepouyxns must 
evidently be used, not in the sense of a number of the form z (z * 1), but.as 
synonymous with rpouyxys, any oblong number; so that on this occasion 
Theon follows the terminology of Plato and (according to Iamblichus) of 
Euclid. Obviously, if the strict sense of érepouzxys is adhered to, no two 
numbers of that form can be similar unless they are also egual. We may 
compare Iamblichus’ elaborate contrast of the square and the érepouyxys. 
Since the two sides of the square are equal, a square number might, as he 
says (p. 82, 9), be fitly called iStouynys (Nicomachus uses raérouxxns) in 
contrast to érepowrinns ; and the ancients, according to him, called square 
numbers “the same” and “similar” (rairovs Te Kat Spoious), but érepounkes 
numbers '' dissimilar and other " (dvouo(ovs xai Üarépovs). 

With regard to solid numbers, Theon remarks in like manner (p. 37, 2) 
that a// cube numbers are similar, while of the others those are similar whose 
sides are proportional, i.e. in which, as length is to length, so is breadth to 
breadth and height to height. 


DEFINITION 22. 
TéA«os ápiÜnós éaTw Ó rois éavroU uépeaw igos ùv. 
Theon of Smyrna (p. 45, 9 sqq.) and Nicomachus (1. 16) both give 
the same definition of a perfect number, as well as the law of formation of 
such numbers which Euclid proves in the later proposition, 1X. 36. They 


add however definitions of two other kinds of numbers in contrast with it, 
(1) the over-perfect (ixepreAnjs in Nicomachus, vmepréAeos in Theon), the 
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sum of whose parts, i.e. submultiples, is greater than the number itself, e.g. 12, 
24 etc, the sum of the parts of 12 being 6«443*2-*1- 16, and the 
sum of the parts of 24 being 12+8+6+4+3+2+1=36, (2) the defective 
(éAAurqs), the sum of whose parts is less than the whole, e.g. 8 or 14, the 
parts in the first case adding up to 4 + 2+ t, or 7, and in the second case to 
7*2-^1,0r to. All three classes are however made by Theon subdivisions 
of numbers in general, but by Nicomachus subdivisions of even numbers. 

The term Perfect was used by the Pythagoreans, but in another sense, of 
10; while Theon tells us (p. 46, 14) that 3 was also called perfect '' because 
it is the first number that has beginning, middle and extremity; it is also both 
a dine and a plane (for it is an equilateral triangle having each side made up 
of two units), and it is the first link and potentiality of the solid (for a solid 
must be conceived of in three dimensions).” 


There are certain unexpressed axioms used in Book vil. as there are in 
earlier Books. 


The following may be noted. 
1. If A measures B, and B measures C, A will measure C. 


2. If A measures B, and also measures C, A will measure the difference 
between Z and C when they are unequal. 


3. If A measures B, and also measures C, 4 will measure the sum of 8 
and C. 


It is clear, from what we know of the Pythagorean theory of numbers, of 
musical intervals expressed by numbers, of different kinds of means etc., that 
the substance of Euclid Books vir.—1ix. was no new thing but goes back, at 
least, to the Pythagoreans. It is well known that the mathematics of Plato’s 
Timaeus is essentially Pythagorean. It is therefore a priori probable (if not 
perhaps quite certain) that Plato ru@ayopile even in the passage (32 A, B) where 
he speaks of numbers “whether solid or square” in continued proportion, 
and proceeds to say that between //anes one mean suffices, but to connect 
two solids two means are necessary. This passage has been much discussed, 
but I think that by “planes” and “solids” Plato certainly meant sguare and 
solid numbers respectively, so that the allusion must be to the theorems 
established in Eucl. viri. 11, 12, that between two square numbers there is 
one mean proportional number, and between two cube numbers there are 
two mean proportional numbers!. 


1 It is true that simzlay plane and solid numbers have the same property (Eucl. viti. 18, 
19) ; but, if Plato had meant similar plane and solid numbers gencdlly: I think it would 
have been necessary to specify that they were '' similar," whereas, seeing that the 7imacus is 
as a whole concerned with regular figures, there is nothing unnatural in allowing regular or 
equilateral to be understood. Further Plato speaks first of Suvdues and byxor and then of 
‘“planes” (¢rlweda) and ‘‘solids” (o7eped) in such a way as to suggest that duvduecs cor- 
respond to éxleda and byxo to creped. Now the regular meaning of S6vayis is square (or 
sometimes square root), and I think it is here used in the sense of Square, notwithstanding 
that Plato seems to speak of /Aree squares in continued proportion, whereas, in general, the 
mean between two squares as extremes would not be square but oblong. And, if dwdecs are 
squares, it is reasonable to suppose that the 6yxa are also eguilateral, i.e. the "' solids" are 
cubes. I am aware that Th. Habler (Aub/iotheca Mathematica, Villy, 1908, PP- 1!73—4) 
thinks that the passage is to be explained by reference to the problem of the duplication of 
the cube, and does not refer to numbers at all. Against this we have to put the evidence of 
Nicomachus (11. 24, 6) who, in speaking of ‘ʻa certain Platonic theorem,” quotes the very 
same results of Eucl. vint. rr, 12. Secondly, it is worth noting that Habler's explanation is 
distinctly ruled out by Democritus the Platonist (3rd cent. A.D.) who, according to Proclus 
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It is no less clear that, in his method and line of argument, Euclid was 
following earlier models, though no doubt making improvements in the ex- 
position. The tract on the Sectio Canonis, kararopy xavovos (as to the genuine- 
ness of which see above, Vol. r., p. 17) is in style and in the form of the 
propositions generally akin to the Elements. In one proposition (2) the author 
says “we learned (épaÜoyev) that, if as many numbers as we please be in (con- 
tinued) proportion, and the first measures the last, the first will also measure 
the intermediate numbers”; here he practically quotes Elem. vit. 7. In the 
3rd proposition he proves that no number can be a mean between two 
numbers in the ratio known as éz«optos, the ratio, that is, of 7+1 to n, where 
a is any integer greater than unity. Now, fortunately, Boethius, De institutione 
musica, 111. 11 (pp. 285—6, ed. Friedlein), has preserved a proof by Archytas 
of this same proposition ; and the proof is substantially identical with that 
of Euclid. The two proofs are placed side by side in an article by Tannery 
(Bibliotheca Mathematica, Viz, 1905/6, p. 227). Archytas writes the smaller 
term of the proportion first (instead of the greater, as Euclid does). Let, he 
says, A, B be the “‘superparticularis proportio ” (émopiov dcaorpua in Euclid). 
Take C, DE the smallest numbers which are in the ratio of A to B. [Here 
DE means D + E: and in this respect the notation is different from that of 
Euclid who, as usual, takes a line DF divided into two parts at G, GF 
corresponding to Æ, and DG to D, in Archytas’ notation. The step of taking 
C, DE, the smallest numbers in the ratio of 4 to Z, presupposes Eucl. vit. 
33.] Then DE exceeds C by an aliquot part of itself and of C (cf. the 
definition of éri&ópios dpiÓuós in Nicomachus, 1. 19, 1]. Let D be the excess 
[i.e. Æ is supposed equal to C]. “I say that D is not a number but an unit.” 

For, if D is a number and a part of DE, it measures DE; hence it 
measures Æ, that is, C. Thus D measures both C and DÆ, which is 
impossible ; for the smallest numbers which are in the same ratio as any 
numbers are prime to one another. [This presupposes Eucl. vit. 22.] There- 
fore D is an unit; that is, DE exceeds C by an unit. Hence no number can 
be found which is a mean between two numbers C, DE. Therefore neither 
can any number be a mean between the original numbers A, B which are in 
the same ratio (this implies Eucl. vit. 20]. 

We have then here a clear indication of the existence at least as early as 
the date of Archytas (about 430—365 B.C.) of an Elements of Arithmetic in 
the form which we call Euclidean; and no doubt text-books of the sort 
existed even before Archytas, which probably Archytas himself and Eudoxus 
improved and developed in their turn. 


(Zn Platonis Timaeum commentaria, 149 C), said that the difficulties of the passage of the 
Timaeus had misled some people into connecting it with the duplication of the cube, 
whereas it really referred to similar planes and solids with sides in va/ional numbers. 
Thirdly, I do not think that, under the supposition that the Delian problem is referred to, 
we get the required sense. The problem in that case is not that of finding two mean 
proportionals between two cubes but that of finding a second cube the content of which 
shall be equal to twice, or 4 times (where 4 is any number not a complete cube), the content 
of a given cube (2?)). Two mean proportionals are found, not between cubes, but between 
two straight lines in the ratio of 1 to &, or between a and ża, Unless & is a cube, there 
would be no point in saying that two means are necessary to connect 1 and 4, and not one 
mean ; for &/£ is no more natural than \/4, and would be less natural in the case where & 
happened to be square. On the other hand, if & is a cube, so that it is a question of finding 
means between cube numbers, the dictum of Plato is perfectly intelligible ; nor is any real 
difficulty caused by the generality of the statement that two means are a/ways necessary to 
connect them, because any property enunciated generally of two cube numbers should 
obviously be true of cubes as such, that is, it must hold in the extreme case of two cubes 
which are prime to one another. 


BOOK VII. PROPOSITIONS. 


PROPOSITION I. 


Two unequal numbers being set out, and the less being 
continually subtracted in turn from the greater, uf the number 
which ws left never measures the one before it until an unit is 
left, the original numbers will be prime to one another. 


For, the less of two unequal numbers AZ, CD being 
continually subtracted from the greater, let the 
number which is left never measure the one 
before it until an unit is left ; H 
I say that 42, CD are prime to one another, a 
that is, that an unit alone measures 48, CD. 

For, if AB, CD are not prime to one another, 
some number will measure them. 

Let a number measure them, and let it be D 
E; let CD, measuring BF, leave FA less than 
itself, 


let AF, measuring DG, leave GC less than itself, 
and let GC, measuring FH, leave an unit HA. 

Since, then, E measures CD, and CD measures BAF, 
therefore E also measures Z7. 


E 


But it also measures the whole BA ; 
therefore it will also measure the remainder .AF. 
But AF measures DG ; 
therefore E also measures DG. 
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But it also measures the whole DC - 
therefore it will also measure the remainder CG. 
But CG measures F7; 
therefore Æ also measures FH. 
But it also measures the whole F4 ; 


therefore it will also measure the remainder, the unit AA, 
though it is a number : which is impossible. 


Therefore no number will measure the numbers 4B, CD; 
therefore 42, CD are prime to one another. (vit. Def. 12] 
Q. E. D. 


It is proper to remark here that the representation in Books vil. to 1x. of 
numbers by straight lines is adopted by Heiberg from the Mss. The method 
of those editors who substitute points for lines is open to objection because it 
practically necessitates, in many cases, the use of specific numbers, which is 
contrary to Euclid’s manner. 

“Let CD, measuring BF, leave FA less than itself.’ This is a neat 
abbreviation for saying, measure along BA successive lengths equal to CD 
until a point Æ is reached such that the length F4 remaining is less than 
CD; in other words, let BF be the largest exact multiple of CD contained 
in BA. 

Euclid’s method in this proposition is an application to the particular 
case of prime numbers of the method of finding the greatest common measure 
of two numbers not prime to one another, which we shall find in the next 
proposition. With our notation, the method may be shown thus. Supposing 
the two numbers to be a, 4, we have, say, 


b)a(p 
pb 
«)5(g 
gc 
d)e(r 
rd 
UY 


If now a, ^ are not prime to one another, they must have a common 
measure e, where e is some integer, not unity. 
And since e measures a, 4, it measures a — f, i.e. c. 


Again, since ¢ measures 4, c, it measures $- gc, i.e. d, 
and lastly, since e measures c, d, it measures c — rd, i.e. 1: 
which is impossible. 


Therefore there is no integer, except unity, that measures a, 4, which are 
accordingly prime to one another. 

Observe that Euclid assumes as an axiom that, if a, 5 are both divisible by 
¢, 80 is @—b. In the next proposition he assumes as an axiom that c will in 
the case supposed divide a + pb. 
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PROPOSITION 2. 


Given two numbers not prime to one another, to find their 
greatest common measure. 


Let AB, CD be the two given numbers not prime to one 
another. 

Thus it is required to find the greatest 4 
common measure of AB, CD. c 

If now CD measures AB—and it also * E 
measures itself — C is a common measure of | 


CD, AB. 

And it is manifest that it is also the greatest ; | 
for no greater number than C2 will measure S. d 
CD. 

But, if CD does not measure ABZ, then, the less of the 
numbers A, CD being continually subtracted from the 
greater, some number will be left which will measure the one 
before it. 

For an unit will not be left; otherwise 42, CD will be 
prime to one another [vi 1], which is contrary to the 
hypothesis. 

Therefore some number will be left which will measure 


the one before it. 
Now let CD, measuring BL, leave ZA less than itself, 
let LA, measuring DF, leave FC less than itself, 


and let CF measure AF. 
Since then, CF measures A£, and AE measures DF, 
therefore CF will also measure DF. 
But it also measures itself ; 
therefore it will also measure the whole C2. 
But CD measures BE ; 
therefore CF also measures BEL. 
But it also measures EA; 
therefore it will also measure the whole BA. 
But it also measures CD; 
therefore CF measures AB, CD. 
Therefore CF is a common measure of AB, CD. 
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I say next that it is also the greatest. 

For, if. CF is not the greatest common measure of AB, 
CD, some number which is greater than CF will measure the 
numbers AB, CD. 

Let such a number measure them, and let it be G. 

Now, since C measures CD, while CD measures ZZ, 
G also measures BE. 

But it also measures the whole BA ; 


therefore it will also measure the remainder AZ. 
But AE measures DF; 

therefore G will also measure DZ. 
But it also measures the whole DC ; 


therefore it will also measure the remainder CF, that is, the 
greater will measure the less: which is impossible. 


Therefore no number which is greater than CF will measure 
the numbers 48, CD; 


therefore CF is the greatest common measure of AB, CD. 


Portsm. From this it is manifest that, if a number 
measure two numbers, it will also measure their greatest 
common measure. Q. E. D.. 


Here we have the exact method of finding the greatest common measure 
given in the text-books of algebra, including the reductio ad absurdum proof 
that the number arrived at is not only a common measure but the greatest 
common measure. The process of finding the greatest common measure 
is simply shown thus : 


b)a(p 
pb 
e)b(9 
ge 
d)e(r 


rd 


We shall arrive, says Euclid, at some number, say d, which measures the one 
before it, ie. such that c=7d. Otherwise the process would go on until we 
arrived at unity. This is impossible because in that case a, 6 would be prime 
to one another, which is contrary to the hypothesis. 

Next, like the text-books of algebra, he goes on to show that d will be some 
common measure of a, b. For d measures c; 
therefore it measures gc + d, that is, 4, 
and hence it measures fd + ¢, that is, a. 

Lastly, he proves that d is the greatest common measure of a, h as follows. 

Suppose that e is a common measure greater than d. 

Then e, measuring a, b, must measure a - pb, or c. 
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Similarly e must measure 2 - gc, that is, 2: which is impossible, since e is 
by hypothesis greater than 4. 

Therefore etc. 

Euclid's proposition is thus iZen/ica/ with the algebraical proposition as 
generally given, e.g. in Todhunter's algebra, except that of course Euclid's 
numbers are integers. 

Nicomachus gives the same rule (though without proving it) when he 
shows how to determine whether two given odd numbers are prime or not 
prime to one another, and, if they are not prime to one another, what is their 
common measure. We are, he says, to compare the numbers in turn by 
continually taking the less from the greater as many times as possible, 
then taking the remainder as many times as possible from the less of the 
original numbers, and so on; this process “will finish either at an unit or at 
some one and the same number,” by which it is implied that the division of a 
greater number by a less is done by separate subtractions of the less. Thus, 
with regard to 21 and 49, Nicomachus says, ‘‘I subtract the less from the 
greater; 28 is left; then again I subtract from this the same 21 (for this is 
possible); 7 is left; I subtract this from 21, 14 is left; from which I again 
subtract 7 (for this is possible); 7 will be left, but 7 cannot be subtracted from 
7." The last phrase is curious, but the meaning of it is obvious enough, as 
also the meaning of the phrase about ending " at one and the same number." 

The proof of the Porism is of course contained in that part of the propo- 
sition which proves that G, a common measure different from C7, must 
measure CF. The supposition, thereby proved to be false, that G is greater 
than CF does not affect the validity of the proof that G measures CF in any 
case. 


PROPOSITION 3. 


Given three numbers not prime to one another, to find their 
greatest common measure. 

Let A, B, C be the three given numbers not prime to 
one another ; 


thus it is required to find the greatest 
common measure of A, B, C. 


Forletthegreatest common measure, 
D, of the two numbers 4, P be taken ; c 
(vil. 2] 


then D either measures, or does not 
measure, C. 


First, let it measure it. 
But it measures 4, B also; 


therefore D measures A, B, C; 
therefore D is a common measure of A, B, C. 
I say that it is also the greatest. 





e| El F| 
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For, if D is not the greatest common measure of A, B, C, 
some number which is greater than D will measure the numbers 
A,B,C. 

Let such a number measure them, and let it be Z. 

Since then & measures A, B, C, 
it will also measure 4, B; 
therefore it will also measure the greatest common measure 
of A, B. (vit. 2, Por.] 

But the greatest common measure of A, B is D; 
therefore Æ measures D, the greater the less: which is 
impossible. 

Therefore no number which is greater than D will measure 
the numbers A, Z, C ; 


therefore D is the greatest common measure of A, B, C. 


Next, let D not measure C; 
I say first that C, D are not prime to one another. 


For, since A, B, C are not prime to one another, some 
number will measure them. 
Now that which measures 4, B, C will also measure A, 
Z, and will measure D, the greatest common measure of A, B. 
[vit. 2, Por.] 
But it measures C also; 


therefore some number will measure the numbers D, C; 
therefore D, C are not prime to one another. 


Let then their greatest common measure & be taken. 
(vu. 2] 
Then, since E measures D, 


and D measures 4, 2, 
therefore £ also measures 4, 2. 
But it measures C also ; 
therefore £ measures 4, B, C; 
therefore Æ is a common measure of A, Z, C. 
I say next that it is also the greatest. 
For, if E is not the greatest common measure of 4, B, C, 
some number which is greater than Æ will measure the 


numbers 4, P, C. 
Let such a number measure them, and let it be Z. 
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Now, since F measures 4, B, C, 
it also measures 4, B; 


therefore it will also measure the greatest common measure 
of A, B. [vir. 2, Por.] 


But the greatest common measure of A, B is D; 
therefore F measures D. 

And it measures C also ; 
therefore F measures D, C ; 
therefore it will also measure the greatest common measure 


of D, C. (vu. 2, Por.] 


But the greatest common measure of D, C is £ ; 
therefore FÆ measures Æ, the greater the less: which is 
impossible. 

Therefore no number which is greater than Æ will measure 
the numbers 4, B, C; 


therefore Æ is the greatest common measure of 4, B,C. 
Q. E. D. 


Euclid's proof is here longer than we should make it because he 
distinguishes two cases, the simpler of which is really included in the other. 

Having taken the greatest common measure, say d, of a, b, two of the 
three given numbers a, 4, c, he distinguishes the cases 


(1) in which Z measures <, 
(2) in which Z does not measure <. 


In the first case the greatest common measure of d, c is d itself; in the 
second case it has to be found by a repetition of the process of vit. 2. In 
either case the greatest common measure of a, b, c is the greatest common 
measure of d, c. 

But, after disposing of the simpler case, Euclid thinks it necessary to 
prove that, if Z does not measure c, d and « must necessarily Aave a greatest 
common measure. This he does by means of the original hypothesis that 
a, b, c are not prime to one another. Since they are not prime to one another, 
they must have a common measure; any common measure of a, ^ is a measure 
of d, and therefore any common measure of a, b, c is a common measure of 
d, c; hence d, c must have a common measure, and are therefore not prime to 
one another. 

The proofs of cases (1) and (2) repeat exactly the same argument as we 
saw in Vil. 2, and it is proved separately for Z in case (1) and e in case (2), 
where e is the greatest common measure of d, v, 


(a) that it is a common measure of a, À, c 
(8) that it is the greatest common measure. 


Heron remarks (an-Nairizi, ed. Curtze, p. 191) that the method does 
not only enable us to find the greatest common measure of sree numbers ; 
it can be used to find the greatest common measure of as many numbers 
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as we please. This is because any number measuring two numbers also 
measures their greatest common measure ; and hence we can find the c.c.M. 
of pairs, then the G.c.M. of pairs of these, and so on, until only two numbers 
are left and we find the c.c.M. of these. Euclid tacitly assumes this extension 
in vil. 33, where he takes the greatest common measure of as many numbers 
as we please. 


PROPOSITION 4. 


Any number is either a part or parts of any number, the 
less of the greater. 

Let 4, BC be two numbers, and let BC be the less; 
I say that BC is either a part, or parts, of A. 

For A, BC are either prime to one another 
or not. 

First, let 4, BC be prime to one another. 

Then, if BC be divided into the units in it, 
each unit of those in BC will be some part of A; 
so that BC is parts of A. 

Next let 4, BC not be prime to one another; 
then ZC either measures, or does not measure, A. 

If now BC measures 4, BC isa part of A. 

But, if not, let the greatest common measure D of 4, BC 
be taken ; [vir. 2] 
and let BC be divided into the numbers equal to D, namely 
BE, EF, FC. 


Now, since D measures A, D is a part of A. 
But D is equal to each of the numbers BE, EF, FC; 


therefore each of the numbers BE, £F, FC is also a part of 4; 
so that BC is parts of A. 
Therefore etc. 


O m m om 


Q. E. D. 


The meaning of the enunciation is of course that, if a, be two numbers 
of which / is the less, then is either a submutltiple or some proper fraction of a. 


(1) If a,b are prime to one another, divide each into its units; then 2 
contains $ of the same parts of which a contains a. Therefore 4 is “parts” or 
a proper fraction of a. 

(2) If a, ? be not prime to one another, either 6 measures a, in which 
case 4 is a submultiple or “part” of a, or, if g be the greatest common 
measure of a, b, we may put a= mg and b= ng, and 4 will contain ” of the 
same parts (g) of which a contains m, so that 4 is again “parts,” or a proper 
fraction, of a. 
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PROPOSITION 5. 


Jf a number be a part of a number, and another be the 
same part of another, the sum will also be the same part of the 
sum that the one ts of the one. 


For let the number 4 be a part of BC, 
and another, D, the same part of another ZF that A is of BC; 
I say that the sum of 4, D is also the same 





part of the sum of BC, AF that A is of BC. 8 : 
For since, whatever part 4 is of BC, D 
is also the same part of EF, ale Jo H 
therefore, as many numbers as there are in l 
F 


BC equal to 4, so many numbers are there 
also in EF equal to D. 


Let BC be divided into the numbers equal to 4, namely 
BG, GC, 
and EF into the numbers equal to D, namely EH, HF; 


then the multitude of BG, GC will be equal to the multitude 
of EH, HF. 

And, since BG is equal to A, and EH to D, 
therefore BG, EH are also equal to A, D. 

For the same reason 
GC, HF are also equal to A, D. 

Therefore, as many numbers as there are in BC equal to 
A, so many are there also in BC, EF equal to A, D. 

Therefore, whatever multiple BC is of A, the same multiple 
also is the sum of BC, £F of the sum of A, D. 

Therefore, whatever part 4 is of BC, the same part also 
is the sum of 4, D of the sum of BC, EF. 

Q. E. D. 


If a=}b, and ez id, then 
A n 
I 
atta. (b+ d). 
The proposition is of course true for any quantity of pairs of numbers 


similarly related, as is the next proposition also; and both propositions are 
used in the extended form in vil. 9, 10. 
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PROPOSITION 6. 


Jf a number be parts of a number, and another be the same 
parts of another, the sum will also be the same parts of the sum 
that the one is of the one. 


For let the number 42 be parts of the number C, 
and another, DZ, the same parts of another, 
F, that AZ is of C ; 
I say that the sum of AB, DE is also the 
same parts of the sum of C, F that AP is ^ c 
of C. 

For since, whatever parts AB is of C, d 
DE is also the same parts of F, 


therefore, as many parts of C as there are 
in AB, so many parts of F are there also in DE. 
Let AB be divided into the parts of C, namely AG, GB, 
and DE into the parts of F, namely DH, HE; 
thus the multitude of 4G, GZ will be equal to the multitude 
of DH, HE. 
And since, whatever part AG is of C, the same part is 
DA of F also, 
therefore, whatever part AG is of C, the same part also is the 
sum of 4G, DH of the sum of C, F. (vit. 5] 
For the same reason, 
whatever part GB is of C, the same part also is the sum of 
GB, HE of the sum of C, F. 


Therefore, whatever parts 42 is of C, the same parts also 
is the sum of AB, DE of the sum of C, F. 





Q. E. D. 
If a=” |, ana c- 7. g, 
n n 


then acc- Ted) 
More generally, if 


then (aeetengu)- T edefehe..) 
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In Euclid's proposition » « z, but the generality of the result is of course 
not affected. This proposition and the last are complementary to v. 1, which 
proves the corresponding result with multiple substituted for “part” or 
“parts.” 


ProposITION 7. 


Lf a number be that part of a number, which a number 
subtracted is of a number subtracted, the remainder will also 
be the same part of the remainder thal the whole is of the 
whole. 


For let the number 4B be that part of the number CD 
which AE subtracted is of CF subtracted ; 


I say that the remainder EB is also the same part of the 
remainder FD that the whole AB is of the whole CD. 





A E B 
G c F D 





For, whatever part AZ is of CF, the same part also let 
EB be of CG. 

Now since, whatever part AZ is of CF, the same part 
also is EB of CG, 


therefore, whatever part AZ is of CF, the same part also is 
AB of GF. (vi. 5] 


But, whatever part AZ is of CF, the same part also, by 
hypothesis, is 4B of CD; 


therefore, whatever part AZ is of GF, the same part is it of 
CD also ; 


therefore GF is equal to CD. 
Let CF be subtracted from each ; 
therefore the remainder GC is equal to the remainder FD, 


Now since, whatever part AZ is of CF, the same part 
also is ZB of GC, 


while GC is equal to AD, 


therefore, whatever part AE is of CF, the same part also is 
EB of FD. 


But, whatever part 74 Z is of C£, the same part also is 4B 
of CD; 
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therefore also the remainder EZ is the same part of the 
remainder FD that the whole AZ is of the whole CD. 


Q. E. D. 
If a=*) and ¢= : d, we are to prove that 
I 
acp (^- 4), 
a result differing from that of vir. 5 in that zzus is substituted for p/us. 


Euclid's inethod is as follows. 
Suppose that e is taken such that 


I 
Q-6£mu eeestis (1) 
Now cz id, 
n 
Therefore a => (4 * e), (vit. 5] 


whence, from the hypothesis, d+e=), 


so that e=b-4, 
and, substituting this value of ¢ in (1), we have 
I 
-¢t= a (6 = d). 


Proposition 8. 


Jf a number be the same parts of a number that a number 
subtracted is of a number subtracted, the remainder will also 
be the same parts of the remainder that the whole ts of the 
whole. 


For let the number 4B be the same parts of the number 
CD that AZ subtracted is of CF 
subtracted ; c F D 
I say that the remainder EZ is o mK wu 
also the same parts of the re- 
mainder FD that the whole 4B  4—t— t 
is of the whole CD. 

For let GH be made equal to AZ. 

Therefore, whatever parts GH is of CD, the same parts 
also is AE of CF. 

Let GH be divided into the parts of CD, namely GX, KA, 
and AZ into the parts of CF, namely AL, LE; 
thus the multitude of GX, AA will be equal to the multitude 
of AL, LE. 








308 BOOK VII (vii. 8 


Now since, whatever part GX is of CD, the same part 
also is AL of CF, 


while. CD is greater than CF, 
therefore GX is also greater than AL. 
Let GM be made equal to AZ. 


Therefore, whatever part GX is of CD, the same part also 
is GM of CF. 
therefore also the remainder MK is the same part of the 
remainder FD that the whole GØ is of the whole CD. [vu. 7] 


Again, since, whatever part XÆ is of CD, the same part 
also is EL of CF, 
while CD is greater than CF, 
therefore Æ is also greater than ZL. 


Let KN be made equal to ZZ. 
Therefore, whatever part K77 is of CD, the same part 
also is KN of CF; 


therefore also the remainder V// is the same part of the 
remainder FD that the whole AA is of the whole CD. 
(vii. 7] 
But the remainder MK was also proved to be the same 
part of the remainder FD that the whole GX is of the whole 
CD; 
therefore also the sum of MK, NH is the same parts of DF 
that the whole ÆG is of the whole CD. 
But the sum of MK, NH is equal to £B, 
and ÆG is equal to BA ; 


therefore the remainder £Z is the same parts of the remainder 
FD that the whole 4B is of the whole CD. 
Q. E. D. 


If a=" and es Td, (m « n) 


then a-c="(b-d). 
Euclid’s proof amounts to the following. 
Take e equal to E b, and f equal to : d. 


Then since, by hypothesis, > d, 
e» f, 


and, by vil. 7, e-f=* (6-4). 
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Repeat this for all the parts equal to e and f that there are in a, 4 respec- 
tively, and we have, by addition (a, 6 containing ™ of such parts respectively), 
m(e-f)- = (^ - a). 

But m(e—f)-a-c. 
Therefore a-cez- 7 (^ - 4). 


The propositions vit. 7, 8 are complementary to v. 5 which gives the 
corresponding result with mu/tip/e in the place of “part” or “parts.” 


PROPOSITION 9. 


Jf a number be a part of a number, and another be the 
same part of another, alternately also, whatever part or parts 
the first is of the third, the same part, or the same parts, will 
the second also be of the fourth. 


For let the number A be a part of the number BC, 
and another, D, the same part of another, EF, 


that 4 is of BC; E 
I say that, alternately also, whatever part or g 

parts 4 is of D, the same part or parts is BC Gt Jo H 
of EF also. a| c | F 


For since, whatever part A is of BC, the 
same part also is D of EF, 
therefore, as many numbers as there are in BC equal to A, 
so many also are there in £F equal to D. 

Let BC be divided into the numbers equal to A, namely 
BG, GC, 
and EF into those equal to D, namely EH, HF; 
thus the multitude of BG, GC will be equal to the multitude 
of EH, HF. 

Now, since the numbers ZG, GC are equal to one another, 
and the numbers £H, H/F are also equal to one another, 
while the multitude of BG, GC is equal to the multitude of 
EH, HF, 
therefore, whatever part or parts BG is of EZ the same 
part or the same parts is GC of HF also; 
so that, in addition, whatever part or parts BG is of EH, 


the same part also, or the same parts, is the sum BC of the 
sum BF (vu. s, 6] 
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But BG is equal to 4, and EA to D; 


therefore, whatever part or parts A is of D, the same part or 
the same parts is BC of EF also. 


Q. E. D. 


If a =< ^ and eL d, then, whatever fraction (“ part” or “ parts”) a is of 


¢, the same fraction will 4 be of d. 

Dividing ^ into each of its parts equal to a, and Z into each of its parts 
equal to e, it is clear that, whatever fraction one of the parts a is of one of the 
parts c, the same fraction is any other of the parts a of any other of the parts c. 

And the number of the parts a is equal to the number of the parts <, viz. n. 

Therefore, by vit. 5, 6, za is the same fraction of zc that a is of c, i.e. b is 
the same fraction of d that a is of c. 


PROPOSITION to. 


Lf a number be parts of a number, and another be the 
same parts of another, alternately also, whatever parts or part 
the first ts of the third, the same parts or the same part will 
the second also be of the fourth. 


For let the number AZ be parts of the number C, 
and another, D, the same parts of another, 


I say that, alternately also, whatever parts or 


part AB is of DE, the same parts or the 4 D 
same part is C of F also. c F 
For since, whatever parts AB is of C, 9 n 

the same parts also is DE of F, B E 


therefore, as many parts of C as there are 
in AB, so many parts also of Æ are there in DE. 


Let AB be divided into the parts of C, namely AG, GB, 
and DE into the parts of F, namely DH, HE; 


thus the multitude of AG, GB will be equal to the multitude 
of DH, HE. 


Now since, whatever part AG is of C, the same part also 
is DH of F, 


alternately also, whatever part or parts AG is of DH, 
the same part or the same parts is C of F also. [vit. 9] 
For the same reason also, 


whatever part or parts GB is of HE, the same part or the 
same parts is C of F also; 
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so that, in addition, whatever parts or part AB is of DE, 
the same parts also, or the same part, is C of F. [vi 5, 6] 
Q. E. D. 


m m . : : 
If a- x b and c= 29^ then, whatever fraction a is of c, the same fraction 


is 2 of d. 

To prove this, a is divided into its s parts equal to bfz, and c into its 
m parts equal to djn. 

Then, by vit. 9, whatever fraction one of the m parts of a is of one of the 
m parts of c, the same fraction is ? of d. 

And, by vu. 5, 6, whatever fraction one of the m parts of a is of one of 
the m parts of c, the same fraction is the sum of the parts of a (that is, a) of 
the sum of the parts ol c (that is, c). 

Whence the result follows. 

In the Greek text, after the words "so that, in addition” in the last line 
but one, is an additional explanation making the reference to vit. 5, 6 clearer, 
as follows: “whatever part or parts .4G is of DH, the same part or the 
same parts is GB of HE also; 


therefore also, whatever part or parts AG is of DH, the same part or the same 
parts is AB of DE also. [vit 5, 6] 


But it was proved that, whatever part or parts AG is of DH, the same 
part or the same parts is C of / also; 


therefore also” etc. as in the last two lines of the text. 


Heiberg concludes, on the authority of P, which only has the words in 
the margin in a later hand, that they may be attributed to Theon. 


PROPOSITION 11. 


Jf, as whole is to whole, so is a number subtracted to a 
number subtracted, the remainder will also be to the remainder 
as whole to whole. 

As the whole AB is to the whole CD, so iet A E subtracted 
be to CF subtracted; 

I say that the remainder EZ is also to the remainder a 
FD as the whole AB to the whole CD. s 

Since, as AB is to CD, so is AE to CF, Er 
whatever part or parts 4B is of CD, the same part 
or the same parts is 4E of CF also; — (vn. Def.29] œ! o 

Therefore also the remainder EP is the same 


part or parts of FD that AB is of CD. (vi. 7, 8] 
Therefore, as EB is to FD, so is AB to CD. [vu. Def. 20] 
Q. E. D. 


It will be observed that, in dealing with the proportions in Props. 11—13, 
Euclid only contemplates the case where the first number is “a part” or 
“parts” of the second, while in Prop. 13 he assumes the first to be "a part" 
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or "parts" of the third also; that is, the first number is in all three propositions 
assumed to be less than the second, and in Prop. 13 less than the third also. 
Yet the figures in Props. 11 and 13 are inconsistent with these assumptions. 
If the facts are taken to correspond to the figures in these propositions, it is 
necessary to take account of the other possibilities involved in the definition 
of proportion (vi. Def. 20), that the first number may also be a multiple, or 
a multiple p/ws “a part” or “parts” (including once as a multiple in this case), 
of each number with which it is compared. Thus a number of different cases 
would have to be considered. The remedy is to make the ratio which is in 
the lower terms the first ratio, and to invert the ratios, if necessary, in order 
to make “a part” or “parts” literally apply. 

If a:b=¢:4, (a» 65» d) 
then (a-c): (b-d)=a:b. 

This proposition for numbers corresponds to v. 19 for magnitudes. The 
enunciation is the same except that the masculine (agreeing with apiĝpós) 
takes the place of the neuter (agreeing with péyeOos). 

The proof is no more than a combination of the arithmetical definition of 
proportion (vri. Def. 20) with the results of vit. 7, 8. The language of propor- 
tions is turned into the language of fractions by Def. 20; the results of vit. 7, 8 
are then used and the language retransformed by Def. zo into the language of 
proportions. 


PRoPOSITION 12. 


Jf there be as many numbers as we please in proportion, 
then, as one of the antecedents is to one of (he consequents, so 
ave all the antecedents to all the consequents. 

Let A, B, C, D be as many numbers as we please in 
proportion, so that, 


as A isto Z, so is C to D; 
I say that, as A is to A, so are A, C to B, D. 
For since, as 74 is to Z, so is C to D, A el c 


whatever part or parts 4 is of B, the same part 
or parts is C of D also. [vu. Def. 20] 


Therefore also the sum of 4, C is the same 
part or the same parts of the sum of Z, D that A is of B. 


[vir 5, 6] 
Therefore, as A is to Ø, so are A, C to B, D. (vu. Def. 20] 


If a:a -bilzceic m.s, 
then each ratio is equal to (a & 2 * c ...) : (a +h +2 +...), 

The proposition corresponds to v. 12, and the enunciation is word for word 
the same with that of v. 12 except that dpióuós takes the place of peyeBos. 

Again the proof merely connects the arithmetical definition of proportion 
(vit. Def. 20) with the results of vir. 5, 6, which are quoted as true for any 


number of numbers, and not merely for two numbers as in the enunciations of 
VII. 5, 6. 


D 
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PROPOSITION 13. 

Jf four numbers be proportional, they will also be propor- 
tional alternately. 

Let the four numbers A, B, C, D be proportional, so that, 

as A is to B, so is Cto D; 
I say that they will also be proportional alternately, so that, 
as A is to C, so will P be to D. 
For since, as 4 is to P, so is C to D, 


therefore, whatever part or parts 4 is of B, 
the same part or the same parts is C of D also. 
(vit. Def. 20] 

Therefore, alternately, whatever part or 
parts 4 is of C, the same part or the same 


parts is B of D also. [vir. 10] 
Therefore, as A is to C, so is Z to D. [vh. Def. 20] 
Q. E. D. 
If a:b=c:d, 
then, alternately, a:c=b:d. 


The proposition corresponds to v. 16 for magnitudes, and the proof 
consists in connecting vit. Def. 20 with the result of vit. ro. 


PROPOSITION 14. 


Lf there be as many numbers as we please, and others equal 
to them in multitude, which taken two and two are in the same 
ratto, they will also be in the same vatio ex aequali. 

Let there be as many numbers as we please 4, B, C, 
and others equal to them in multitude Ø, Æ, F, which taken 
two and two are in the same ratio, so that, 

as 4 is to B, so is D to £, 
and, as B is to C, so is £ to F; 
I say that, ex aeguals, 
as A is to C, so also is D to F. 


— — =p 
— — — — — 
— — 


For, since, as Æ is to Z, so is D to £, 
therefore, alternately, 
as A is to Ø, so is P to £. [vu 13] 
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Again, since, as Z is to C, so is E to F, 
therefore, alternately, 
as Z is to Æ, so is C to F. (vit. 13] 
But, as B is to £, so is 4 to D; 
therefore also, as 4 is to D, so is C to F. 
Therefore, alternately, 


as A is to C, so is D to £F. [2] 
If a:b=d:e, 
and b:c=e:f, 
then, ex aequali, a:c=d:f; 


and the same is true however many successive numbers are so related. 
The proof is simplicity itself. 


By vil. 13, alternately, a:dzb:e 
and b:e-cif. 
Therefore a:d=c:f, 
and, again alternately, a:c=d:f. 


Observe that this simple method cannot be used to prove the corresponding 
proposition for magnitudes, v. 22, although v. 22 has been preceded by the 
two propositions in that Book corresponding to the propositions used here, 
viz. V. 16 and v. t1. The reason of this is that this method would only prove 
v. 22 for six magnitudes a// of te same kind, whereas the magnitudes in v. 22 
are not subject to this limitation. 

Heiberg remarks in a note on vit. 19 that, while Euclid has proved 
several propositions of Book v. over again, by a separate proof, for numbers, 
he has neglected to do so in certain cases; e.g., he often uses v. rr in these pro- 
positions of Book vit. v. g in vit. 19, V. 7 in the same proposition, and so on. 
Thus Heiberg would apparently suppose Euclid *o use v. rı in the last step 
of the present proof (Ratios which are the same with the same ratio are also the 
same with one another). { think it preferable to suppose that Euclid regarded 
the last step as axiomatic; since, by the definition of proportion, the first 
number is the same multiple ur the same part or the same parts of the second 
that the third is of the fourth: the assumption is no more than an assumption 
that the numbers or proper fractions which are respectively equal to the same 
number or proper fraction are equal to one another. 

Though the proposition is only proved of six nuinbers, the extension to as 
many as we please (as expressed in the enunciation) is obvious. 


PROPOSITION 15. 


Jf an unit measure any number, and another number measure 
any other number the same number of times, alternately also, 
the unit will measure the third number the same number of 
times that the second measures the fourth. 


vi. 15] PROPOSITIONS 14, 15 315 


For let the unit 4 measure any number BC, 
and let another number D 
measure any other number EF A ese ee 
the same number of times ; — — 
I say that, alternately also, the * K t F 
unit A measures the number 
D the same number of times that BC measures EF. 

For, since the unit Æ measures the number ZC the same 
number of times that D measures ZZ, 
therefore, as many units as there are in BC, so many numbers 
equal to D are there in ZF also. 


Let BC be divided into the units in it, BG, GH, AC, 
and EF into the numbers EK, KL, LF equal to D. 

Thus the multitude of BG, GH, AC will be equal to the 
multitude of EK, KL, LF. 

And, since the units 8G, GH, HC are equal to one another, 
and the numbers EX, KL, LF are also equal to one another, 
while the multitude of the units BG, GH, HC is equal to the 
multitude of the numbers EK, KL, LF, 


therefore, as the unit ZG is to the number ZK, so will the 
unit G/7 be to the number KZ, and the unit 77C to the 
number LF. 

Therefore also, as one of the antecedents is to one of 
the consequents, so will all the antecedents be to all the 
consequents ; [vit. 12] 
therefore, as the unit BG is to the number EK, so is BC to 
EF. 

But the unit BG is equal io the unit 4, 
and the number EK to the number D. 

Therefore, as the unit 4 is to the number D, so is BC to 
EF. 

Therefore the unit A measures the number 7 the same 
number of times that BC measures EF. Q. E. D. 








If there be four numbers 1, m, a, ma (such that 1 measures m the same 
number of times that a measures ma), 1 measures a the same number of 
times that » measures ma. 

Except that the first number is unity and the numbers are said to measure 
instead of being a fart of others, this proposition and its proof do not differ 
from vit. 9; in fact this proposition is a particular case of the other. 
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PnorosiTION 16. 


Lf two numbers by multiplying one another make certain 
numbers, the numbers so produced will be equal to one another. 


Let A, B be two numbers, and let 4 by multiplying B 
make C, and 2 by multiplying 








A make D; A 
I say that C is equal to D. — — 
For, since 4 by multiply- c — 
ing Z has made C, D 
therefore B measures C ac- —E 


cording to the units in 4. 


But the unit & also measures the number 4 according to 
the units in it; 

therefore the unit Z measures 4 the same number of times 
that B measures C. 


Therefore, alternately, the unit Æ measures the number Z 
the same number of times that 4 measures C. [vn. 15] 
Again, since Z by multiplying 4 has made D, 
therefore A measures D according to the units in 2. 


But the unit Æ also measures 8 according to the units 
in it; 

therefore the unit Æ measures the number Z the same 
number of times that 4 measures D. 


But the unit Z measured the number Z the same number 
of times that 44 measures C ; 


therefore A measures each of the numbers C, D the same 
number of times. 


Therefore C is equal to D. Q. E. b. 


‘2, The numbers so produced. The Greek has ol yevduevor €& avrav, “the (numbers) 
produced from them.” By ‘from them” Euclid means *'from the original numbers,” though 
this is not very clear even in the Greek. I think ambiguity is best avoided by leaving out 
the words. 


This proposition proves that, ¿f any numbers be multiplied together, the order 
of multiplication ts indifferent, or ab = ba. 

It is important to get a clear understanding of what Euclid means when 
he speaks of one number multiplying another. vu. Def. 15 states that the 
effect of ‘‘a multiplying 4” is taking @ times 6. We shall always represent 
“a times 6” by aé and “4 times a” by da. This being premised, the proof 
that ab = a may be represented as follows in the language of proportions. 


vit. 16, 17] PROPOSITIONS 16, 17 317 


By vir. Def. 20, 1r:a=6: ab. 
Therefore, alternately, 1:b=a: ab. (vir. 13) 
Again, by vui. Def. 20, t:b=a: ba. 

Therefore a:ab=a: ba, 

or ab = ba. 


Euclid does not use the language of proportions but that of fractions or 
their equivalent measures, quoting vil. 15, a particular case of vi. r3 
differently expressed, instead of vil. 13 itself. 


PROPOSITION 17. 
Zf a number by multiplying two numbers make certain 


numbers, the numbers so produced will have the same ratio 
as the numbers multiplied. 

For let the number 4 by multiplying the two numbers B, 
C make D, E ; 
I say that, as Z is to C, so is D to £. 

For, since A by multiplying B has made 2, 
therefore Z measures D according to the units in A. 


A 
8—————— c 
D [3 
—F 
But the unit F also measures the number 74 according to 
the units in it ; 
therefore the unit F£ measures the number 4 the same number 
of times that B measures D. 
Therefore, as the unit Æ is to the number A, so is B to D. 
(vit. Def. 20] 
For the same reason, 
as the unit F is to the number Z, so also is C to £; 
therefore also, as B is to D, so is C to Æ. 
Therefore, alternately, as Z is to C, so is D to Æ. (vi. 13] 
Q. E. D. 
b:¢=ab: ae. 


In this case Euclid translates the language of measures into that of 
proportions, and the proof is exactly like that set out in the last note. 


By vu. Def. 20, 1:a=6: ab, 
and I:@=¢: 46. 
Therefore b:ab=c: at, 


and, alternately, b:¢=ab: ae. [vit. 13] 
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ProposiTion 18. 


Lf two numbers by multiplying any number make certain 
nunibers, the numbers so produced will have the same ratio as 
the multipliers. 


For let two numbers 4, B by multiplying any number C 
make 2D, £ ; 


I say that, as Æ is to Z, so is D © s 
to £. 5 
For, since A by multiplying E 
C has made 2, 
therefore also C by multiplying 4 has made 2D. (vu. 16] 


For the same reason also 
C by multiplying Z has made Æ. 

Therefore the number C by muluplying the two numbers 
A, B has made D, £. 


Therefore, as A is to Z, s» is D to £. (vit. 17] 
It is here proved that a:b=ac: be. 
The argument is as follows. 
ac = ca. (vit. 16] 
Similarly bc = 0b. 
And a:b=ca: cb; (vat. 17] 
therefore a:b=ac: be. 


PROPOSITION 19. 


Lf four numbers be proportional, the number produced from 
the first and fourth will be equal to the number produced from 
the second and third, and, uf the number produced from the 
first and fourth be equal to that produced from the second and 
third, the four numbers will be proportional. 


Let A, B, C, D be four numbers in proportion, so that, 
as A is to Z, so is C to D; 
and let A by multiplying D make Æ, and let Z by multiply- 
ing C make F; 
I say that Æ is equal to F. 
For let A by multiplying C make G. 
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Since, then, A by multiplying C has made G, and by 
multiplying D has made Æ, 


the number 4 by multiplying the two 
numbers C, D has made G, £. 


Therefore, as C is to D, so is G to £. 
(vu. 17] ^|8|e| 9| E| F| 8 


But, as C is to D, so is A to B; 
therefore also, as 4 is to B, so is G 


to E 
Again, since 74 by multiplying C | 
has made G, 
but, further, Z has also by multiplying 
C made F;, 


the two numbers A, B by multiplying a certain number C 
have made G, F. 


Therefore, as A is to B, so is G to F. (vii. 18] 
But further, as 4 is to Z, so is G to E also; 


therefore also, as G is to EZ, so is G to F. 
Therefore G has to each of the numbers Æ, F the same 
ratio ; 
therefore Æ is equal to F. [cf. v. 9] 
Again, let E be equal to F; 
I say that, as 4 is to Z, so is C to D. 
For, with the same construction, 
since Æ is equal to Æ, 


therefore, as G is to Æ, so is G to F. (cf. v. 7] 
But, as G is to Æ, so is C to D, [vn. 17] 
and, as G is to F, so is 4 to B. (vi. 18] 
Therefore also, as 4 is to B, so is C to D. 

Q. E. D. 
If a:b=¢:d, 
then ad= lc; and conversely. 
The proof is equivalent to the following. 
(1) ac : ad -c:d (vi. 17) 
=a:b, 
But a:b=ac: be. (vu. 18) 
Therefore ac:ad=ac: be, 


or ad = be. 
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(2) Since ad = be, 
ac: ad=ac: be. 
But ac : ad c :d, [vu 17] 
and ac: be=a: b. (vi. 18] 
Therefore a:bz-c:d. 


As indicated in the note on vii. 14 above, Heiberg regards Euclid as 
basing the inferences contained in the last step of part (1) of this proof and 
in the first step of part (2) on the propositions v. 9 and v. 7 respectively, 
since he has not proved those propositions separately for numbers in this 
Book. I prefer to suppose that he regarded the inferences as obvious and 
not needing proof, in view of the definition of numbers which are in pro- 
portion. E.g., if ac is the same fraction ('' part" or * parts") of ad that ac is 
of dc, it is obvious that a must be equal to éc. 

Heiberg omits from his text here, and relegates to an Appendix, a 
proposition appearing in the manuscripts V, p, $ to the effect that, if three 
numbers be proportional, the product of the extremes is equal to the square 
of the mean, and conversely. It does not appear in P in. the first hand, B has 
it in the margin only, and Campanus omits it, remarking that Euclid does 
not give the proposition about /Aree proportionals as he does in vi. 17, since 
it is easily proved by the proposition just given. Moreover an-Nairizi quotes 
the proposition about three proportionals as an observation on vit. 19 probably 
due to Heron (who is mentioned by name in the preceding paragraph). 


PROPOSITION 20. 


The least numbers of those which have the same vatio with 
them measure those which have the same ratio the same number 
of times, the greater the greater and the less the less. 


For let CD, EF be the least numbers of those which have 
the same ratio with 4, 2; 


I say that CD measures A the same number 
of times that EF measures Z. 


Now CD is not parts of A. 


For, if possible, let it be so; AaB o E 
therefore EF is also the same parts of B ol |" 
that CD is of A. (vir. 13 and Def. 20] F 

Therefore, as many parts of A as there D 
are in CD, so many parts of Z are there also 
in EF. 


Let CD be divided into the parts of 4, namely CG, GD, 
and EF into the parts of Z, namely EH, AF; 
thus the multitude of CG, GD will be equal to the multitude 
of EZ, HF. 
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Now, since the numbers CG, GD are equal to one another, 
and the numbers EH, HF are also equal to one another, 
while the multitude of CG, GD is equal to the multitude of 
EH, HF, 
therefore, as CG is to EH, so is GD to HF. 

Therefore also, as one of the antecedents is to one of 
the consequents, so will all the antecedents be to all the 
consequents. [vu. 12] 

Therefore, as CG is to EH, so is CD to EF. 

Therefore CG, EH are in the same ratio with CD, EF, 


being less than they : 

which is impossible, for by hypothesis CD, EF are the least 

numbers of those which have the same ratio with them. 
Therefore CD is not parts of A ; 

therefore it is a part of it. [vii 4] 


And EF is the same part of B that CD is of A; 
[vir. 13 and Def. 20] 


therefore CD measures 74 the same number of times that EF 


measures Z. 
Q. E. D. 


If a, 5 are the least numbers among those which have the same ratio 
(i.e. if ajb is a fraction in its lowest terms), and e, Z are any others in the same 


ratio,.i.e. if 
a:b-c:d, 


I I ; ; 
then a Pu and 5 - Md, where 7 is some integer. 


The proof is by reductio ad absurdum, thus. 
Since a <<, a is some proper fraction (“ part” or ‘parts ”) of c, by vit. 4. 
pa P y 4 


Now a cannot be equal to Ta where » is an integer less than » but 

greater than 1. 
: m m 
For, if a= 2^ b= = d also. (vit. 13 and Def. 20] 
Take each of the m parts of 2 with each of the m parts of 4, two and two; 
. NE . I 

the ratio of the members of all pairs is the same ratio mo L4 

Therefore 

I I 


meme nti [vi. 12] 


I I : i 
But ai and = b are respectively less than a, J and they are in the same 


ratio: which contradicts the hypothesis. 
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Hence a can only be “a part” of ¢, or 


; I 
à is of the form PLZ 


and therefore à is of the form Ld. 


Here also Heiberg omits a proposition which was no doubt interpolated 
by Theon (B, V, p, $ have it as vit. 22, but P only has it in the margin 
and in a later hand; Campanus also omits it) proving for numbers the ex 
aequali proposition when “the proportion is perturbed,” i.e. (cf. enunciation 
of v. 22) if 


aa (1) 
and b ctm t eve ere res (2) 
then a:czd:f. 
The proof (see Heiberg's Appendix) depends on vir. 19. 
From (1) we have af = be, 
and from (2) be = cd. [vir. 19] 
Therefore af - «d, 
and accordingly a:c=d:f. (vit. 19] 


PROPOSITION 21. 


Numbers prime to one another are the least of those which 
have the same ratio with them. 


Let A, B be numbers prime to one another ; 
I say that 4, B are the least of 
those which have the same ratio É 
with them. J | 

For, if not, there will be some | 
numbers less than 4, B which are 
in the same ratio with 4, B. 

Let them be C, D. 

Since, then, the least numbers of those which have the 
same ratio measure those which have the same ratio the 
same number of times, the greater the greater and the less 
the less, that is, the antecedent the antecedent and the 
consequent the consequent, (vu. 29] 


therefore C measures 4 the same number of times that D 
measures Z. 


Now, as many times as C measures A, so many units let 
there be in Æ. 


Therefore D also measures B according to the units in Æ. 
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And, since C measures 4 according to the units in Æ, 
therefore Z also measures A according to the units in C. 


(vi. 16] 

For the same reason 
£ also measures Z according to the units in D. [vir. 16] 
Therefore £ measures 4, Z which are prime to one 
another: which is impossible. (vir. Def. 12] 


Therefore there will be no numbers less than 4, B which 
are in the same ratio with 4, B. 
Therefore A, B are the least of those which have the same 
ratio with them. 
Q. E. D. 


In other words, if a, b are prime to one another, the ratio a : b is * in its 
lowest terms." 

The proof is equivalent to the following. 

If not, suppose that ¢, @ are the /east numbers for which 

a:b=e:d. 
[Euclid only supposes some numbers c, d in the ratio of a to b such that 
€ «a, and (consequently) <b. It is however necessary to suppose that 
& d are the /east numbers in that ratio in order to enable vit. 20 to be 
used in the proof. 

Then (vir. 20] à — ze, and 6 = md, where m is some integer. 

Therefore a=cm, b=dm, [vn. 16] 
and m is a common measure of a, 4, though these are prime to one another . 
which is impossible. (vir. Def. E 

Thus the least numbers in the ratio of a to b cannot be less than a, 
themselves. 

Where I have quoted vit. 16 Heiberg regards the reference as being to 
vii. ^5. I think the phraseology of the text combined with that of Def. 15 
suggests the former rather than the latter. 


PROPOSITION 22. 


The least numbers of those which have the same ratio with 
them are prime to one another. 


Let A, B be the least numbers of those which have the 
same ratio with them ; 
I say that A, B are prime to one 
another. 

; ; c 

For, if they are not prime to one p 
another, some number will measure œ 
them. 

Let some number measure them, and let it be C. 


A — ———— — 
8 
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And, as many times as C measures A, so many units 
let there be in D, 


and, as many times as C measures Z, so many units let there 
be in Æ 
Since C measures 4 according to the units in D, 
therefore C by multiplying D has made A. [vir. Def. 15] 
For the same reason also 
C by multiplying Æ has made 2. 


Thus the number C by multiplying the two numbers D, 
E has made 4, Z ; 
therefore, as D is to Æ, so is A to B; [vit 17] 
therefore D, £ are in the same ratio with 4, B, being less 
than they : which is impossible. 
Therefore no number will measure the numbers 4, B. 
Therefore 4, B are prime to one another. 
Q. E. D. 
If a : b is “in its lowest terins,” a, are prime to one another. 
Again the proof is indirect. 
a a, 6 are not prime to one another, they have some common measute ¢, 
an 
a=m, b=ne. 
Therefore m:n=a:b. [vir. 17 or 18] 


But m, n are less than a, 4 respectively, so that @ : 2 is not in its lowest 
terms : which is contrary to the hypothesis. 
Therefore etc. 


PROPOSITION 23. 


Lf two numbers be prime to one another, the number which 
measures the one of them will be prime to the remaining 
number. 

Let A, B be two numbers prime to one another, and let 
any number C measure 4 ; 

I say that C, Z are also prime to one another. 

For, if C, B are not prime to one another, 
some number will measure C, Z. 

Let a number measure them, and let it be D. 


Since D measures C, and C measures 4, 
therefore D also measures A. ABO 


But it also measures B; 
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therefore D measures A, B which are prime to one another : 
which is impossible. [vir. Def. 12] 


Therefore no number will measure the numbers C, Z. 
Therefore C, B are prime to one another. 
Q. E. D. 


If 2, mó are prime to one another, 4 is prime to a. For, if not, some 
number æd will measure both a and 4, and therefore both a and md: which is 
contrary to the hypothesis. 

Therefore etc. 


PROPOSITION 24. 


Jf two numbers be prime to any number, their product also 
will be prime to the same. 


For let the two numbers 4, P be prime to any number C, 
and let 4 by multiplying Z make D ; 
I say that C, D are prime to one another. 

For, if C, D are not prime to one another, 
some number will measure C, D. 


Let a number measure them, and let it B gT 
A 
be £. 
Now, since C, Æ are prime to one e 
another, D 
and a certain number & measures C, 
therefore 4, Æ are prime to one another. [va 23] 


As many times, then, as Æ measures D, so many units let 
there be in F; 


therefore F also measures D according to the units in Æ. 
[vir. 16) 


Therefore Æ by multiplying F has made D. [vu Def. 15] 
But, further, 4 by multiplying Z has also made 2D ; 
therefore the product of Æ, F is equal to the product of A, B. 


But, if the product of the extremes be equal to that of the 
means, the four numbers are proportional ; (vir. 19) 


therefore, as Æ is to A, so is B to F. 

But A, Æ are prime to one another, 
numbers which are prime to one another are also the least of 
those which have the same ratio, [var 21] 
and the least numbers of those which have the same ratio 
with them measure those which have the same ratio the same 
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number of times, the greater the greater and the less the less, 
that is, the antecedent the antecedent and the consequent the 
consequent ; [vit. 20] 
therefore £ measures Z. 

But it also measures C ; 


therefore Æ measures Z, C which are prime to one another: 
which is impossible. [vir. Def. 12] 


Therefore no number will measure the numbers C, D. 
Therefore C, D are prime to one another. 
Q. E. D. 


1. thelr product. à & aóró» yevóuevos, literally " the (number) produced from them,” 
will henceforth be translated as ‘their product.” 


If a, b are both prime to c, then a4, c are prime to one another. 

The proof is again by reductio ad absurdum. 

If ab, c are not prime to one another, let them be measured by a and be 
equal to md, nd, say, respectively. 

Now, since a, c are prime to one another and Z measures 4 


a, d are prime to one another. [vu. 23] 
But, since ab = md, 
d:azb:m. [vit. 19] 
Therefore [vii. 20] d@ measures 3, 
or b = pd, say. 
But c=nd. 


Therefore Z measures both b and c, which are therefore not prime to one 
another: which is impossible. 
Therefore etc. 


PROPOSITION 25. 


Jf two numbers be prime to one another, the product of one 
of them into itself will be prime to the remaining one. 
Let 4, B be two numbers prime to one another, 
and let 4 by multiplying itself make C: 
I say that Z, C are prime to one another. 
For let D be made equal to /. | 
Since A, B are prime to one another, 
and 44 is equal to D, 
therefore D, B are also prime to one another. 
Therefore each of the two numbers D, A is 
prime to B; 
therefore the product of D, A will also be prime to Z. (vir. 24] 
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But the number which is the product of D, A is C. 
Therefore C, Z are prime to one another. Q. E. D. 


1. the product of one of them into itself. The Greek, à éx ro) évàs avv yevóuevos, 
literally “the number produced from the one of them,” leaves ' multiplied into itself" to be 
understood. 

If a, b are prime to one another, 

a? is prime to £. 
Euclid takes Z equal to a, so that d, a are both prime to Ż. 
Hence, by vit. 24, da, i.e. a3, is prime to 4. 

The proposition is a particular case of the preceding proposition ; and the 
method of proof is by substitution of different numbers in the result of that 
proposition. 


PROPOSITION 26. 


Jf two numbers be prime to two numbers, both to each, their. 
products also will be prime to one another. 

For let the two numbers 4, B be prime to the two 
numbers C, D, both to each, 
and let A by multiplying B 
make £, and let C by multi- 
plying D make F; 

I say that Æ, F are prime to 
one another. 

For, since each of the numbers A, Z is prime to C, 
therefore the product of 4, B will also be prime to C. (vir. 24] 

But the product of A, B is £; 
therefore Z, C are prime to one another. 

For the same reason 
£, D are also prime to one another. 


Therefore each of the numbers C, D is prime to &. 
Therefore the product of C, D will also be prime to Æ. 


(vit. 24] 
But the product of C, D is F. 
Therefore E, Fare prime to one another. Q. E. D. 
If both a and ? are prime to each of two numbers e, d, then a, cd will be 


prime to one another. 
Since a, b are both prime to <, 


c 
D 


"mm om» 


ab, ¢ are prime to one another. [vir. 24] 
Similarly ab, d are prime to one another. 
Therefore c. d are both prime to a2, 


and so therefore is cd. [vit. 24] 
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PROPOSITION 27. 


Jf two numbers be prime to one another, and cach by 
multiplying itself make a certain number, the products will be 
prime to one another ; and, if the original numbers by multi- 
plying the products make certain numbers, the latter will also 
be prime to one another [and this is always the case with the 
extremes], 


Let 44, P be two numbers prime to one another, 


let 4 by multiplying itself make C, and by 
multiplying C make 2, 





and let Z by multiplying itself make Æ, and ^ 
by multiplying £ make F; 
I say that both C, £ and D, F are prime E t 


to one another. | c 
For, since 4, Bare prime to one another, 

and A by multiplying itself has made C, 

therefore C, Z are prime to one another. [vir. 25] 
Since then C, Z are prime to one another, 

and Z by multiplying itself has made Æ, 

therefore C, Z are prime to one another. CA 
Again, since 4, B are prime to one another, 

and Z by multiplying itself has made Æ, 

therefore 4, Z are prime to one another. [i2] 


Since then the two numbers 4, C are prime to the two 
numbers Z, Æ, both to each, 


therefore also the product of A, C is prime to the product of 
B, E. (vir. 26] 
And the product of A, C is D, and the product of B, £ 
is F 
Therefore D, F are prime to one another. 
Q. E. D. 


If a, b are prime to one another, so are a’, /? and so are c, 2; and, 
generally, a^, /^ are prime to one another. 

The words in the enunciation which assert the truth of the proposition for 
any powers are suspected and bracketed by Heiberg because (1) in wepi rois 
@xpous the use of axpor is peculiar, for it can only mean “the last products,” 
and (2) the words have nothing corresponding to them in the proof, much 
less is the generalisation proved. Campanus omits the words in the enuncia- 
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tion, though he adds to the proof a remark that the proposition is true of any, 
the same or different, powers of a, 6. Heiberg concludes that the words are 
an interpolation of date earlier than Theon. 

Euclid’s proof amounts to this. 

Since a, 4 are prime to one another, so are a’, 6 [vil. 25), and therefore 
also a’, 2. (vir. 25] 

Similarly (vit. 25] 2, 7? are prime to one another. : 

Therefore a, a^ and 4, & satisfy the description in the enunciation of 
vit. 26. 

Hence e, P are prime to one another. 


ProrosITION 28. 


Lf two numbers be prime to one another, the sum will also 
be prime to each of them, and, if the sum of two numbers be 
prime to any one of them, the original numbers will also be 
prime to one another. 


For let two numbers 48, BC prime to one another be 
added ; 


I say that the sum AC is also prime 4——— — —$ —& 
to each of the numbers AB, BC. 


For, if CA, AB are not prime to 
one another, 


some number will measure C4, AB. 


Let a number measure them, and let it be D. 
Since then D measures CA, AB, 


therefore it will also measure the remainder BC. 
But it also measures BA ; 


therefore D measures AB, BC which are prime to one another: 
which is impossible. [vi. Def. 12] 


Therefore no number will measure the numbers CA, AB; 
therefore CA, AB are prime to one another. 
For the same reason 


AC, CB are also prime to one another. 
Therefore CA is prime to each of the numbers 4B, BC. 
Again, let CA, AB be prime to one another ; 

I say that 48, BC are also prime to one another. 
For, if AB, BC are not prime to one another, 

some number will measure 48, BC. 
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Let a number measure them, and let it be D. 

Now, since D measures each of the numbers 4B, BC, it 
will also measure the whole CA. 

But it also measures 447 ; 
therefore D measures CA, AB which are prime to one another: 
which is impossible. [vit. Def. 12] 

Therefore no number will measure the numbers 4B, BC. 


Therefore AZ, BC are prime to one another. 
Q. E. D. 


If a, b are prime to one another, æ + b will be prime to both a and 4; and 
conversely. 

For suppose (a +b), a are not prime to one another. They must then 
have some common measure d. 

Therefore d also divides the difference (a + 4) - a, or 4, as well as a; and 
therefore a, 4 are not prime to one another: which is contrary to the 


hypothesis. 
Therefore a + b is prime to a. 
Similarly a +b is prime to £. 


The converse is proved in the same way. 

Heiberg remarks on Euclid’s assumption that, if ¢ measures both a and 4, 
it also measures a+. But it has already (vit. 1, 2) been assumed, more 
generally, as an axiom that, in the case supposed, ¢ measures a + fd. 


PROPOSITION 29. 


Any prime number is prime to any number which it does 
not measure. 


Let A be a prime number, and let it not measure Z ; 
I say that Z, A are prime to one another. 

For, if B, ;4 are not prime to one — ——————4 
another, — — 48 
some number will measure them. 

Let C measure them. 

Since C measures Z, 
and 4 does not measure 2, 
therefore C is not the same with 4. 

Now, since C measures A, A, 
therefore it also measures 4 which is prime, though it is not 
the same with it : 
which is impossible. 
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Therefore no number will measure Z, A. 
Therefore A, B are prime to one another. 
Q. E. D. 


If a is prime and does not measure 4, then a, 6 are prime lo one another. 
The proof is self-evident. 


PROPOSITION 30. 


If two numbers by multiplying one another make some 
number, and any prime number measure the product, tt will 
also measure one of the original numbers. 


For let the two numbers A, B by multiplying one another 
make C, and let any prime number 
D measure C ; 


I say that D measures one of the 4 —— —— 





numbers 44, B. danir 
For let it not measure A. D 
Now 2 is prime ; € 

therefore A, D are prime to one 

another. [vu. 29] 


And, as many times as D measures C, so many units let 
there be in Æ. 


Since then D measures C according to the units in Æ, 
therefore D by multiplying Æ has made C. [vtt. Def. 15] 
Further, 4 by multiplying Z has also made C`; 


therefore the product of D, Æ is equal to the product of 
A, B. 


Therefore, as D is to 4, so is Z to £. [vie 19] 
But D, A are prime to one another, 
primes are also least, [vii 21] 


and the least measure the numbers which have the same 
ratio the same number of times, the greater the greater and 
the less the less, that is, the antecedent the antecedent and 
the consequent the consequent ; [vir 20] 
therefore D measures 7. 

Similarly we can also show that, if D do not measure Z, 
it will measure A. 

Therefore D measures one of the numbers A, 2. 

Q. E. D. 
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If c, a prime number, measure ab, c will measure either a or b. 
Suppose c does not measure a. 


Therefore c, a are prime to one another. [vu 29] 
Suppose ab = mce. 

Therefore c:a=b:m. [vu. 19] 
Hence (vit. 20, 21] c measures 6. 


Similarly, if ¢ does not measure /, it measures c. 
Therefore it measures one or other of the two numbers a, 6. 


PROVOSITION 31. 
Any composite number is measured by some prime number. 


Let A be a composite number ; 
I say that A is measured by some prime number. 
For, since 4 is composite, 





s some number will measure it. A 
Let a number measure it, and let it & 
be B. Cc 


Now, if B is prime, what was en- 
joined will have been done. 
10 But if it is composite, some number will measure it. 
Let a number measure it, and let it be C. 
Then, since C measures Z, 


and Z measures A, 
therefore C also measures A. 


1s And, if C is prime, what was enjoined will have been 
done. 

But if it is composite, some number will measure it. 

Thus, if the investigation be continued in this way, some 
prime number will be found which will measure the number 

20 before it, which will also measure 4. 

For, if it is not found, an infinite series of numbers will 
measure the number A, each of which is less than the other: 
which is impossible in numbers. 

Therefore some prime number will be found which will 

25 measure the one before it, which will also measure 4. 

Therefore any composite number is measured by some 

prime number. 
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8. if B is prime, what was enjoined will have been done, i.e. the implied 
problem of finding a prime number which measures A. 

18. aome prime number will be found which will measure. In the Greek the 
sentence stops here, but it is necessary to add the words ‘the number before it, which will 
also measure 4," which are found a few lines further down. It is possible that the words 
may have fallen out of P here by a simple mistake due to duotoréAevrov (Heiberg). 


Heiberg relegates to the Appendix an alternative proof of this proposition, 
to the following effect. Since A is composite, some number will measure it. 
Let B be the /east such number. I say that Z is prime. For, if not, Z is 
composite, and some number will measure it, say C; so that C is less than Z. 
But, since C measures B, and B measures A, C must measure A. And C is 
less than Z: which is contrary to the hypothesis. 


PROPOSITION 32. 


Any number either i$ prime or is measured by some prime 
number. 


Let 4 be a number; 


I say that A either is prime or is measured by some prime 
number. 

If now A is prime, that which was a 
enjoined will have been done. 

But if it is composite, some prime number will measure it. 

[vu. 31) 

Therefore any number either is prime or is measured by 

some prime number. 
Q. E. D. 


PROPOSITION 33. 


Given as many numbers as we please, to find the least of 
those which have the same ratto with them. 


Let A, B, C be the given numbers, as many as we please ; 
thus it is required to find the least of 
s those which have the same ratio with | 
A, B, C. A| B| c| ò 
A, B, C are either prime to one 
another or not. | 
Now, if A, B, C are prime to one | | 
10 another, they are the least of those 
which have the same ratio with them. 
[vui 21] 
But, if not, let D the greatest common measure of A, B, C 
be taken, [vu. 3] 





K F 
L 
M 4 
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and, as many times as D measures the numbers 4, B, C 
1s respectively, so many units let there be in the numbers 
E, F, G respectively. 
Therefore the numbers £, F, G measure the numbers 4, 
B, C respectively according to the units in D. [vi. 16] 
Therefore Æ, F, G measure A, B, C the same number of 
20 times ; 
therefore E, F, G are in the same ratio with A, B, C. 
[vi1. Def. 20] 
I say next that they are the least that are in that ratio. 
For, if £, F, G are not the least of those which have the 
same ratio with A, B, C, 
25 there will be numbers less than £, Æ G which are in the 
same ratio with 4, B, C. 
Let them be ZZ K, L; 
therefore Z7 measures A the same number of times that the 
numbers X, Z measure the numbers Z, C respectively. 
3o Now, as many times as Æ measures A, so many units let 
there be in M; 
therefore the numbers A, Z also measure the numbers B, C 
respectively according to the units in JZ. 
And, since 77 measures 74 according to the units in 77, 
3s therefore 77 also measures A according to the units in Æ. 
(vu. 16] 
For the same reason 
4M also measures the numbers Z, C according to the units in 
the numbers K, Z respectively ; 
Therefore M measures 4, B, C. 
40 Now, since Æ measures 4 according to the units in M, 
therefore 77 by muluplyitg M has made A. [vu. Def. 15) 
For the same reason also 
E by multiplying D has made A. 
Therefore the product of E, D is equal to the product of 
45 H, M. 
Therefore, as £ is to H, so is M to D. [vi. 19] 
But Z is greater than 77; 
therefore M is also greater than D. 
And it measures 4, B, C: 
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so which is impossible, for by hypothesis D is the greatest 
common measure of A, B, C. 
Therefore there cannot be any numbers less than Æ, F, G 
which are in the same ratio with 4, B, C. 
Therefore £, F, G are the least of those which have the 


ss same ratio with 4, B, C. 
Q. E. D. 


1j. the numbers E, F, G measure the numbers A, B, C respectively, 
literally (as usual) “each of ihe numbers Æ, ^. C measures each of the numbers 4, 
c^ 


, 


Given any numbers a, /, c, ..., to find the least numbers that are in the 
same ratio. 

Euclid’s method is the obvious one, and the result is verified by reductio 
ad absurdum. 

We will, like Euclid, take three numbers only, a, 4, c. 

Let g, their greatest common measure, be found (vit. 3), and suppose that 


a = mg, ke. gn, (vi. 16] 
ó-ng, ke. gn, 
c-2fg, ie. gf. 


It follows, by vu. Def. 2o, that 
m:n:p-a:b:e. 
m,n, p shall be the numbers required. 
For, if not, let x, y, z be the least numbers in the same ratio as 4, 4, ¢, 
being less than 74, 5, f. 

Therefore a — kx (or x£, vit. 16), 

b= hy (or yh), 

€ — &z (or 2h), 


where £ is some integer. [vir. 20] 
Thus mg-a-xk. 
Therefore m:x-&k:g. [vu. 19] 


And si> x; therefore $> g. 

Since then & measures a, /, c, it follows that g is not the greatest common 
measure: which contradicts the hypothesis. 

Therefore etc. 


It is to be observed that Euclid merely supposes that x, y, z are smaller 
numbers than m, z, ? in the ratio of a, b, c; but, in order to justify the next 
inference, which apparently can only depend on vri. 20, x, y, z must also be 
assumed to be the /eas¢ numbers in the ratio of a, 4, ¢. 

The inference from the last proportion that, since m > x, k >g is supposed 
by Heiberg to depend upon vii. 13 and v. r4 together. I prefer to regard 
Euclid as making the inference quite independently of Book v. E.g. the 
proportion could just as well be written 

x:m=g: k, 
when the definition of proportion in Book vii. (Def. 20) gives all that we want, 
since, whatever proper fraction x is of m, the same proper fraction is g of A. 
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PROPOSITION 34. 


Given two numbers, to find the least number which they 
measure. 

Let A, B be the two given numbers ; 
thus it is required to find the least number which they 
measure. 

Now 4, Z are either prime to one A 
another or not. 

First, let 4, B be prime to one o 
another, and let 4 by multiplying 2 
make C; Be 
therefore also Z by multiplying 4 has 
made C. [vi. 16] 

Therefore 4, B measure C 

I say next that it is also the least number they measure. 

For, if not, A, B will measure some number which is less 
than C. 

Let them measure D. 

Then, as many times as 4 measures D, so many units let 
there be in Æ, 
and, as many times as B measures D, so many units let there 
be in F; 
therefore A by multiplying Æ has made D, 








and Z by multiplying PF has made 2 ; [vir. Def. 15] 

therefore the product of 4, E is equal to the product of B, F. 
Therefore, as 4 is to B, so is F to £. (vir. 19] 
But A, B are prime, 

primes are also least, (vir. 21) 


and the least measure the numbers which have the same ratio 
the same number of times, the greater the greater and the less 
the less ; (vu. 20] 
therefore B measures Æ, as consequent consequent. 
And, since A by multiplying Z, Æ has made C, D, 
therefore, as Æ is to Æ, so is C to D. [vu. 17] 
But Z measures £; 
therefore C also measures D, the greater the less : 
which is impossible. 
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Therefore A, B do not measure any number less than C ; 
therefore C is the least that is measured by 4, B. 

Next, let 4, B not be prime to one another, 
and let F, Æ, the least numbers of those which have the same 








ratio with 44, B, be taken ; [vii. 33] 
therefore the product of A, E is equal to the product of B, F. 
VIL I 
And let 4 by multiplying Æ ree 
make C; A —— 
therefore also B by multiplying P  — e E 
has made C; 
therefore 4, B measure C. eae 
I say next that it is also the least —aq  — M 


number that they measure. 

For, if not, A, B will measure some number which is less 
than C. 

Let them measure D. 

And, as many times as 4 measures D, so many units let 
there be in G, 
and, as many times as 7 measures Ø, so many units let there 
be in Æ. 

Therefore A by multiplying G has made D, 
and Z by multiplying Æ has made D. 

Therefore the product of 4, G is equal to the product of 
BH; 
therefore, as A is to Z, so is H to G. [vtt. 19] 

But, as 4 is to B, so is F to Æ. 

Therefore also, as F is to £, so is & to G. 

But Æ, Æ are least, 


and the least measure the numbers which have the same ratio 
the same number of times, the greater the greater and the 
less the less ; [vir. 20] 


therefore E measures G. 
And, since 4 by multiplying Æ, G has made C, D, 
therefore, as Æ is to G, so is C to D. (vir. 17] 
But £ measures G ; 
therefore C also measures Ø, the greater the less : 
which is impossible. 
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Therefore A, B will not measure any number which is less 
than C. 
Therefore C is the least that is measured by 4, 2. 
Q. E. D. 


This is the problem of finding the /east common multiple of two numbers, 
as a, b. 


I. Ifa, ) be prime to one another, the L.C.M. is ab. 


For, if not, let it be d, some number less than a£. 


Then d= ma = nb, where m, n are integers. 
Therefore a:b=n:m, [vu. 19) 
and hence, a, 4 being prime to one another, 
b measures s. (vit. 20, 21] 
But b:mz-ab:am (var. 17] 
- ab :d. 


Therefore ad measures d: which is impossible. 


II. If a,b be not prime to one another, find the numbers which are the 


least of those having the ratio of a to b, say m, 5; [vi. 33) 
then a:b=m:n, 
and an — óm (- c, say); [vit. 19] 


c is then the L.C.M. 
For, if not, let it be d (< ¢), so that 
ap = bq — d, where 2, g are integers. 


Then a:5-24:5, (vu. 19] 
whence m:n=q:p, 
so that n measures f. [vu 26, 21] 
And n:p-an:ap-c:d, 
so that c measures d: 


which is impossible. 


Therefore etc. 


By vit. 33, 


3 
i 


I$ ONIS 


, where y is the c.c.M. of a, b. 


x 
! 


18. oy 


. à 
Hence the L.c.M. is 


oy 
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PROPOSITION 35. 
Jf two numbers measure any number, the least number 
measured by them will also measure the same. 


For let the two numbers 4, B measure any number CD, 
and let E be the least that they 


measure ; 
I say that Æ also measures CD. 


For, if Æ does not measure E 
CD, let £, measuring DF, leave CF less than itself. 
Now, since A, J measure £, 


and £ measures DF, 
therefore 4, B will also measure DF. 
But they also measure the whole CD ; 


therefore they will also measure the remainder CF which is 
less than £: 


which is impossible. 
Therefore E cannot fail to measure CD ; 
therefore it measures it. 





B 
c 





Q. E. D. 


The /eas/ common multiple of any two numbers must measure any other 
common multiple. 

The proof is obvious, depending on the fact that, if any number divides 2 
and 4, it also divides a — 94. 


PROPOSITION 36. 


Given three numbers, to find the least number which they 
measure, 


Let A, B, C be the three given numbers ; 
thus it is required to find the least 
number which they measure. 

Let D, the least number mea- 
sured by the two numbers 4, B, 
be taken. (vir. 34] 

Then C either measures, or 
does not measure, D. 

First, let it measure it, 








moog > 
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But A, B also measure D ; 
therefore 4, B, C measure D. 


I say next that it is also the least that they measure. 

For, if not, 4, B, C will measure some number which is 
less than 2. 

Let them measure Z. 

Since A, B, C measure £, 


therefore also A, B measure Æ. 


Therefore the leasc number measured by A, 2 will also 
measure Æ. [vu. 35] 
But D is the least number measured by 4, B; 


therefore D will measure Æ, the greater the less : 
which is impossible. 

Therefore 4, B, C will not measure any number which is 
less than D; 

therefore D is the least that 74, B, C measure. 

Again, let C not measure 2, 


and let £, the least number measured by 
C, D, be taken. (vii. 34] 


Since 4, B measure D, 
and D measures £, 
therefore also 44, B measure Æ. — — 

But C also measures Æ ; — — 
therefore also 4, B, C measure Æ. 

I say next that it is also the least that they measure. 

For, if not, 4, B, C will measure some number which 
is less than Æ. 

Let them measure 7. 

Since A, Z, C measure F, 
therefore also A, B measure F; 
therefore the least number measured by 4, B will also 
measure F. (vir. 35] 

But 2 is the least number measured by 4,°8; 
therefore D measures Z7. 

But C also measures F;; 
therefore D, C measure 7, 
so that the least number measured by D, C will also measure Z. 





A 
B 
c 
D 
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But Æ is the least number measured by C, D; 
therefore £ measures Æ, the greater the less : 
which is impossible. 

Therefore A, B, C will not measure any number which is 
less than Æ. 


Therefore Æ is the least that is measured by 4, B, C. 
Q. E. D. 


Euclid's rule for finding the L.C.M. of Aree numbers a, 2, c is the rule with 
which we are familiar. The L.c.M. of a, 6 is first found, say Z, and then the 
L.C.M. of d and c is found. 

Euclid distinguishes the cases (1) in which c measures Z, (2) in which c 
does not measure Z. We need only reproduce the proof of the general case 
(2). The method is that of reductio ad absurdum. 

Let e be the L.C.M. of d, c. 

Since a, 6 both measure d, and 4 measures e, 

a, b both measure e. 

So does v. 

Therefore e is some common multiple of a, b, c. 

If it is not the Zas/, let f be the L.C.M. 

Now a, b both measure f; 


therefore d, their L.C.M., also measures f. [vu. 35] 
Thus 2, ¢ both measure /; 
therefore ¢, their L.c.M., measures /: [vu. 35] 


which is impossible, since f < e. 
Therefore etc. 


The process can be continued ad libitum, so that we can find the L.C.M., 
not only of three, but of as many numbers as we please. 


PROPOSITION 37. 


Jf a number be measured by any number, the number which 
is measured will have a part called by the same name as the 
measuring number. 

For let the number 4 be measured by any number 2; 

I say that A has a part called by the same 
name as B. A 

For, as many times as B measures 4, B-— 
so many units let there be in C. c 

Since B measures A according to the 9. 
units in C, 
and the unit D also measures the number C according to the 
units in it, 
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therefore the unit D measures the number C the same number 
of times as 8 measures A. 

Therefore, alternately, the unit D measures the number Z 
the same number of times as C measures 4 ; [vit. 15] 
therefore, whatever part the unit D is of the number A, the 
same part is C of A also. 

But the unit D is a part of the number Z called by the 
same name as it; 
therefore C is also a part of A called by the same name as Z, 
so that A has a part C which is called by the same name as Z. 

Q. E. D. 


If b measures a, then jh of a is a whole number. 


Let a-m.b, 
Now m-m.rt. 
Thus 1, m, 4, a satisfy the enunciation of vir. 15 ; 
therefore m measures a the same number of times that 1 measures 4. 


But 1is zth part of 4; 
therefore m is 5 th part of a. 


PnorosiTION 38. 


Jf a number have any part whatever, it will be measured 
by a number called by the same name as the part. 


For let the number 4 have any part whatever, B, 


and let C be a number called by the same 
name as the part Z ; 


I say that C measures A. A 


For, since Z is a part of A called by 
the same name as C, 


and the unit 2 is also a part of C called 
by the same name as it, 


therefore, whatever part the unit D is of the number C, 
the same part is B of A also; 


therefore the unit D measures the number C the same number 
of times that Z measures 4. 





—D 
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Therefore, alternately, the unit D measures the number B 
the same number of times that C measures 4. (vir. 15] 
Therefore C measures 4. 
Q. E. D. 
This proposition is practically a restatement of the preceding proposition. 
It asserts that, if 4 is = th part of a, 


I 


ie., if b=—a, 
, m , 
then m measures a. 
1 
We have b--a, 
m 
1 
and 1=— ™. 
m 


Therefore 1, m, 5, a, satisfy the enunciation of vu. 15, and therefore m 
measures a the same number of times as 1 measures 4, or 
I 
m-«4ad. 


b 


PROPOSITION 39. 


To find the number which ts the least that will have given 
parts. 
Let A, B, C be the given parts ; 
thus it is required to find the number which is the least thar 
will have the parts 4, B, C. 
A B c 


D 








E 


H 


Let D, £, F be numbers called by the same name as the 
parts 4, B, C, 

and let G, the least number measured by D, Æ, F, be taken. 

[vit. 36] 

Therefore G has parts called by the same name as D, £, F. 


[vi. 37) 
But A, B, C are parts called by the same name as D, Æ, F; 


therefore G has the parts 4, B, C. 
I say next that it is also the least number that has. 
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For, if not, there will be some number less than G which 
will have the parts A, B, C. 

Let it be H. 

Since 77 has the parts 4, B, C, 
therefore 77 will be measured by numbers called by the same 
name as the parts 4, B, C. [vu. 38] 

But D, £, F are numbers called by the same name as the 
parts 44, B, C; 
therefore Æ is measured by D, Æ, F. 

And it is less than G: which is impossible. 

Therefore there will be no number less than G that will 
have the parts 44, B, C. 

Q. E. D. 


This again is practically a restatement in another form of the problem of 
finding the L.C.M. 


To find a number which has zt 
Let d be the L.C.M. of a, b, c. 


I 


I 
3 th and z th parts. 


Thus d has = th, HL and Hi parts. (vii. 37] 


If it is not the least number which has, let the least such number be c. 
Then, since e has those parts, 


€ is measured by a, &, c; and e« d: 
which is impossible. 


BOOK VIII. 


PROPOSITION 1. 


Jf there be as many numbers as we please in continued 
proportion, and the extremes of them be prime to one another, 
the numbers are the least of those which have the same ratio 
with them. 


Let there be as many numbers as we please, 4, B, C, D, 
in continued proportion, 
and let the extremes of them A E— 
A, D be prime to one another; | 8————— F—— 
I say that 4, B, C, D are the 9— — — G 
least of those which have the 0——————- H 
same ratio with them. 

For, if not, let E, F, G, H be less than 4, P, C, D, and 
in the same ratio with them. 

Now, since A, B, C, D are in the same ratio with £, F, 
G, H, 
and the multitude of the numbers 4, B, C, D is equal to the 
multitude of the numbers £, F, G, H, 


therefore, ex aequat, 











as A is to D, so is E to H. (vir. 14] 
But A, D are prime, 
primes are also least, (vir. 21] 


and the least numbers measure those which have the same 
ratio the same number of times, the greater the greater and 
the less the less, that is, the antecedent the antecedent and 
the consequent the consequent. (vir. 20] 
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Therefore A measures £, the greater the less : 
which is impossible. 


Therefore Æ, F, G, H which are less than A, B, C, D 
are not in the same ratio with them. 
Therefore 4, B, C, D are the least of those which have 
the same ratio with them. 
Q. E. D. 


What we call a geometrical progression is with Euclid a series of terms “in 
continued proportion” (é9s dvadoyov). 

This proposition proves that, if a, 5, c, ... & are a series of numbers in 
geometrical progression, and if a, & are prime to one another, the series is in 
the lowest terms possible with the same common ratio. 

The proof is in form by reductio ad absurdum. We should no doubt 
desert this form while retaining the substance. Ifa’, 4’, c’, ... &' be any other 
series of numbers in c.P. with the same common ratio as before, we have, 
ex aequali, 


a:k=a':k, [vit. 14] 
whence, since a, are prime to one another, a, £ measure a', £' respectively, so 
that a’, 4’ are yreater than a, & respectively. 


PROPOSITION 2. 
To find numbers in continued proportion, as many as may 
be prescribed, and the least that are in a given ratio. 


Let the ratio of A to B be the given ratio in least 
numbers ; 
thus it is required to find numbers in continued proportion, 


as many as may be prescribed, and the least that are in the 
ratio of 4 to Z. 


=A 





c 





B ————D 


Let four be prescribed ; 


let A by multiplying itself make C, and by multiplying Z let 
it make D; 


let B by multiplying itself make £ ; 
further, let 4 by multiplying C, D, E make F, G, 77, 
and let Z by multiplying £ make X. 
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Now, since A by multiplying itself has made C, 
and by multiplying Z has made D, 
therefore, as Æ is to P, so is C to D. [vni 17] 
Again, since A by multiplying B has made 2, 
and ZB by multiplying itself has made Æ, 
therefore the numbers 4, B by multiplying Z have made the 
numbers D, Æ respectively. 
Therefore, as 4 is to B, so is D to Æ. [vir. 18) 
But, as 4 is to P, sois Cto D; 
therefore also, as C is to D, so is D to Æ. 
And, since 4 by multiplying C, D has made F, G, 
therefore, as C is to D, so is F to G. (vu. 17] 
But, as C is to D, so was A to B; 
therefore also, as 4 is to B, so is F to G. 
Again, since 4 by multiplying D, £ has made G, H, 
therefore, as D is to £, so is G to 77. [vi. 17] 
But, as D is to Æ, so is A to B. 
Therefore also, as 4 is to B, so is G to 77. 
And, since 4, B by multiplying £ have made H, K, 
therefore, as 4 is to B, so is H to K. [vi. 18] 
But, as 4 is to B, so is F to G, and G to H. 
Therefore also, as F is to G, so is G to 7Z, and H to K; 
therefore C, D, E, and F, G, H, K are proportional in the 
ratio of A to B. 


I say next that they are the least numbers that are so. 
For, since A, B are the least of those which have the 
same ratio with them, 
and the least of those which have the same ratio are prime 
to one another, (vit. 22] 


therefore A, B are prime to one another. 

And the numbers 4, B by multiplying themselves re- 
spectively have made the numbers C, Æ, and by multiplying 
the numbers C, Æ respectively have made the numbers 7, K; 
therefore C, E and , K are prime to one another respectively. 


[vit. 27] 
But, if there be as many numbers as we please in continued 
proportion, and the extremes of them be prime to one another, 
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they are the least of those which have the same ratio with 


them. (vin. 1] 
Therefore C, D, E and Æ, G, H, K are the least of those 
which have the same ratio with 4, B. Q. E. D. 


Porısm. From this it is manifest that, if three numbers 
in continued proportion be the least of those which have the 
same ratio with them, the extremes of them are squares, and, 
if four numbers, cubes. 


To find a series of numbers in geometrical progression and in the least 
terms which have a given common ratio (understanding by that term ‘he ratio 
of one term to the next). 

Reduce the given ratio to its lowest terms, say, a : b. (This can be done 
by vil. 33.) 

Then a”, a™™’b, a*i, ... a2b"-*, ab?-), b" 
is the required series of. numbers if (» 4 1) terms are required. 

That this is a series of terms with the given common ratio is clear from 
VII. 17, 18. 

That the c.r. is in the smallest terms possible is proved thus. 

a, b are prime to one another, since the ratio a : 2 is in its lowest terms. 


(vu. 22] 
Therefore a’, are prime to one another; so are a’, & and, generally, 
a^, j^. (vi. 27] 


Whence the G.». is in the smallest possible terms, by vii. r. 
The Porism observes that, if there are ^ terms in the series, the 
extremes are (a — r)th powers. 


PROPOSITION 3. 


Jf as many numbers as we please in continued proportion 
be the least of those which have the same ratio with them, the 
extremes of them are prime to one another. 


Let as many numbers as we please, 4, B, C, D, in con- 
tinued proportion be the least of those which have the same 
ratio with them ; 
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I say that the extremes of them A, D are prime to one 
another. 


For let two numbers Æ, F, the least that are in the ratio 
of A, B, C, D, be taken, (vir. 33] 


then three others G, 77, K with the same property ; 
and others, more by one continually, [vur. 2] 


until the multitude taken becomes equal to the multitude of 
the numbers 4, Z, C, D. 


Let them be taken, and let them be Z, M, N, O. 
Now, since Æ, F are the least of those which have the 
same ratio with them, they are prime to one another. (vi. 22] 
And, since the numbers Æ, F by multiplying themselves 
respectively have made the numbers G, X, and by multiplying 
the numbers C, K respectively have made the numbers Z, O, 
[vin. 2, Por.] 


therefore both G, X and LZ, O are prime to one another. (vu. 27] 


And, since 4, B, C, D are the least of those which have 
the same ratio with them, 


while Z, M, N, O are the least that are in the same ratio with 
A, B, C, D, 


and the multitude of the numbers 44, Z, C, D is equal to the 
multitude of the numbers Z, M, N, O, 


therefore the numbers 4, B, C, D are equal to the numbers 
L, M, N, O respectively ; 


therefore 4 is equal to Z, and D to O. 


And Z, O are prime to cne another. 
Therefore A, D are also prime to one another. 
Q. E. D. 


The proof consists in merely equating the given numbers to the terms of 
a series found in the manner of vin. 2. 

If a, 4, ¢, ... & (a terms) be a geometrical progression in the lowest terms 
having a given common ratio, the terms must respectively be of te form 


a?-!, a^-?B, Los aß’, ap*-*, p" 
found by viri. 2, where a : f is the ratio a : b expressed in its lowest terms, so 
that a, B are prime to one another [vtt. 22], and hence a”, B"~' are prime 
to one another [vii 27]. 
But the two series must be the same, so that 


a-a" 2t. 
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PROPOSITION 4. 


Given as many ratios as we please in least numbers, to find 
numbers in continued proportion which are the least in the 
given ratios. 

Let the given ratios in least numbers be that of A to B, 
s that of C to D, and that of £ to F; 
thus it is required to find numbers in continued proportion 
which are the least that are in the ratio of A to B, in the 
ratio of C to D, and in the ratio of £ to £. 











A— B—— 
o— o—— 
E — F 
N— — — 
o H 

M 

P 





Let G, the least number measured by Z, C, be taken. 


[vn. 34] 
10 And, as many times as Z measures G, so many times also 


let 44 measure 2, 
and, as many tímes as C measures G, so many times also let 
D measure K. 
Now Æ either measures or does not measure X. 
15 First, let it measure it. 
And, as many times as £ measures K, so many times let 
£F measure ZL also. 
Now, since A measures H the same number of times that 


B measures G, 
zo therefore, as A is to B, so is Z7 to G. [vri. Def. 2o, vir. 13] 
For the same reason also, 
i as C is to D, so is G to K, 
and further, as Æ is to Æ, so is X to £L ; 
therefore ZZ, G, K, L are continuously proportional in the 
35 ratio of A to Ø, in the ratio of C to D, and in the ratio of E 
to F. 
I say next that they are also the least that have this 


property. 
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For, if H, G, K, L are not the least numbers continuously 
30 proportional in the ratios of 44 to Z, of C to D, and of £ 
to Z; let them be JV, O, M, P. 
Then since, as A is to B, so is N to O, 
while 44, P are least, 
and the least numbers measure those which have the same 
35 ratio the same number of times, the greater the greater and 
the less the less, that is, the antecedent the antecedent and the 
consequent the consequent ; 


therefore B measures O. [vit. 20] 
For the same reason 
4o C also measures O ; 
therefore B, C measure O; 


therefore the least number measured by Z2, C will also 
measure O. (vir. 35] 


But G is the least number measured by B, C; 
4s therefore G measures O, the greater the less : 
which is impossible. 


Therefore there will be no numbers less than Æ, G, K, Z 


which are continuously in the ratio of 4 to B, of C to D, and 
of E to F. 


50 Next, let £ not measure £. 














A—— c— E 
8——— o— F 
G H 
K — a 
M R 
o s 
N — T 
P 


Let M, the least number measured by £, K, be taken. 
And, as many times as Æ measures M, so many times let 
H, G measure N, O respectively, 


and, as many times as Æ measures M, so many times let Æ 
ss measure 2 also. 


Since HY measures V the same number of times that G 
measures O, 


therefore, as Æ is to G, so is N to O. [vir. 13 and Def. 20] 
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But, as Æ is to G, so is A to B; 
6o therefore also, as 4 is to B, so is N to O. 
For the same reason also, 
as C is to D, so is O to M. 
Again, since Æ measures M the same number of times that 
F measures P, 

65 therefore, as £ is to F, so is M to P; (vir. 13 and Def. 20] 
therefore N, O, M, P are continuously proportional in the 
ratios of A to B, of C to D, and of £ to F. 

I say next that they are also the least that are in the ratios 
A:B,C:D, E:F. 

70 For, if not, there will be some nunibers less than N, O, 
4M, P continuously proportional in the ratios 4:2, C:2, 
E:F. 

Let them be Q, R, S, T. 
Now since, as Q is to R, so is £ to B, 

75 while A, B arc least, 
and the least numbers measure those which have the same 
ratio with them the same number of times, the antecedent the 
antecedent and the consequent the consequent, (vit. 20] 
therefore B measures A. 

80 For the same reason C also measures A; 
therefore P, C measure FK. 

Therefore the least number measured by B, C will also 
measure K. (vn. 35] 
But G is the least number measured by B,C; 

8s therefore (7 measures K. 

And, as G is to &, so is K to S: [vir. 13] 
therefore K' also measures S. 

But Æ also measures $; 
therefore £, K measure S, 

9» Therefore the least number measured by Z, K will also 

measure S. [vu. 35] 
But M is the least number measured by £, K ; 

therefore M measures S, the greater the less : 

which is impossible. 

95 Therefore there will not be any numbers less than N, O, 
M, P continuously proportional in the ratios of A to B, of 
C to D, and of £ to E; 
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therefore N, O, M, P are the least numbers continuously 
proportional in the ratios 44 : Z, C: D, E: F. Q. E. D. 


69, 71, g9. the ratios A: B, C: D, E: F. This abbreviated expression is in the 
Greek ol AB, TA, EZ Abyo. 


The tern “in continued proportion” is here not used in its proper sense, 
since a geometrical progression is not meant, but a series of terms each of 
which bears to the succeeding term a given, but not the same, ratio. 

The proposition furnishes a good example of the cumbrousness of the 
Greek method of dealing with non-determinate numbers. The proof in fact 
is not easy to follow without the help of modern symbolical notation. If 
this be used, the reasoning can be made clear enough. 

Euclid takes ¢hree given ratios and therefore requires to find four numbers. 
We will leave out the simpler particular case which he puts first, that namely 
in which Æ accidentally measures X, the multiple of D found in the first few 
lines; and we will reproduce the general case with /Aree ratios. 

Let the ratios in their lowest terms be 


a:b, c:d, eif 
Take 4, the L.c.M. of 4, c, and suppose that 


1, = mb = ne. 
Form the numbers ma, mb p nd. 
=ne 


These are in the ratios of a to 4 and of ¢ to d respectively. 
Next, let /, be the L.c.M. of md, ¢, and let 
1, = pnd = ge. 
Now form the numbers 
pma, pmb p pnd |» f. 
= pne =ge 
and these are the four numbers required. 
If they are zo/ the least in the given ratios, let 
X, y, Lou 
be less numbers in the given ratios. 
Since a : / is in its lowest terms, and 
a:b=x:y, 
ù measures y. 
Similarly, since c:d=y:3, 
c measures y. 
Therefore 4, the L.c.M. of 4, ¢, measures y. 


But 4 :nd[-e:d]-y : z. 
Therefore nd measures z. 
And, since e:f=2:u, 


€ measures z. 

Therefore 4, the L.c.M. of nd, e, measures z: which is impossible, since 
z<l, or pnd. 

The step (line 86) inferring that G : R =K : S is of course alternando 
from G: K[=C:D]=R:S. 

It will be observed that virt. 4 corresponds to the portion of vi. 23 which 
shows how to compound two ratios between straight lines. 
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PROPOSITION 5. 


Plane numbers have to one another the ratio compounded 
of the ratios of their sides. 


Let A, B be plane numbers, and let the numbers C, D 
be the sides of 4, and Z, F of B; 

s I say that 4 has to Z the ratio com- 
pounded of the ratios of the sides. 

For, the ratios being given which C 
has to & and D to F, let the least 
numbers G, ZZ, K that are continuously 

10 in the ratios C: £, D: F be taken, so 
that, 








as C is to Æ, so is G to 7, 
and, as D is to Æ, so is H to K. [vi 4] 
And let D by multiplying Æ make Z. 


is Now, since D by multiplying C has made A, and by 
multiplying Æ has made Z, 
therefore, as C is to Æ, so is A to L. (vit. 17] 
But, as C is to Æ, so is G to H; 
therefore also, as G is to H, so is A to L. 


, 


2 Again, since Æ by multiplying D has made Z, and further 
by multiplying F has made Z, 


therefore, as D is to A, so is Z to Z. [vi. 17] 
But, as D is to £F, so is Z to K; 
therefore also, as Æ is to K, so is Z to Z. 
25 But it was also proved that, 
as G is to ZZ, sois A to L ; 
therefore, ex aeguali, 
as G is to K, so is 4 to Z. [vu. 14) 
But G has to Æ the ratio compounded of the ratios of the 
30 sides ; 
therefore 4 also has to Z the ratio compounded of the ratios 
of the sides. Q. E. D. 


I, 5, 29, 31. compounded of the ratios of their sides. As in vi. 23, the Greek 
has the less exact phrase, ‘‘ compounded of their sides,” 

If a=cd, b=eéf, 
then a has to 2 the ratio compounded of c : e and d Sf 

Take three numbers the least which are continuously in the given ratios. 
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If Zis the L.C.M. of e, d and Z= me = nd, the three numbers are 


me, me | » a [vir. 4) 
- nd 
Now dc :de- cie [vu. 17] 
—Ome : Ple —- PIC: nd. 
Also ed ef dif (vir. 17) 
=nd :nf. 
Therefore, ex aequa/t, cd: ef =m: nf : 


= (ratio compounded of c : e and Z : f). 


It will be seen that this proof follows exactly the method of vt. 23 for 
parallelograms. 


PROPOSITION 6. 


Zf there be as many numbers as we please in continued 
proportion, and the first do not measure the. second, neither 
will any other measure any other. 


Let there be as many numbers as we please, 4, B, C, D, E, 
in continued proportion, and let A not measure Z ; 


I say that neither will any other measure any other. 


A 








—F 





a 
H 


Now it is manifest that 4, B, C, D, E do not measure 
one another in order; for 4 does not even measure 2. 

I say, then, that neither will any other measure any other. 

For, if possible, let 4 measure C. 

And, however many A, B, C are, let as many numbers 
F, G, H, the least of those which have the same ratio with 
A, B, C, be taken. [vr. 33] 

Now, since Æ G, H are in the same ratio v ith 4, B, C, 
and the multitude of the numbers 4, B, C is equal to the 
multitude of the numbers 7, G, 77, 


therefore, ex aequali, as A is to C, so is F to Æ. [vir. 14] 
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And since, as 4 is to B, so is F to G, 
while A does not measure Z, 


therefore neither does F measure G ; [vri. Def. 29] 
therefore F is not an unit, for the unit measures any number. 
Now F, H are prime to one another. (vur. 3] 


And, as F is to H, so is 4 to C ; 
therefore neither does 4 measure C. 


Similarly we can prove that neither will any other measure 
any other. 


Q. E. D. 


Let a, b, c ... k be a geometrical progression in which a does not measure /. 
Suppose, if possible, that a measures some term of the series, as f. 
Take x, y, z, u, v, w the /east numbers in the ratio a, £, c, d, e, f. 


Since x:y=a:b, 

and a does not measure 4, 

x does not measuré y; therefore x cannot be unity. 
And, ex aequali, x:w=a:f. 

Now x, w are prime to one another. [viu 3) 
Therefore a does not measure f. 


We can of course prove that an intermediate term, as 4, does not measure 


a later term / by using the series 4, c, d, e, / and remembering that, since 
6:¢=a:6, 6 does not measure « 


PROPOSITION 7. 


Zf there be as many numbers as we please in continued 
proportion, and the first measure the last, it will measure the 
second also. 


Let there be as many numbers as we please, 4, B, C, D, 
in continued proportion ; and 
let A measure 2 ; A— 
I say that A also measures B. 8 
For, if A does not measure € 
B, neither will any other of the 25—— — — — — — — —— 
numbers measure any other. [vri 6] 
But A measures D. 
Therefore 4 also measures Z. 





An obvious proof by reductio ad absurdum from vu. 6. 
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Proposition 8. 


If between two numbers there fall numbers in continued 
proportion with them, then, however many numbers fall between 
them in continued proportion, so many will also fall in con- 
tinued proportion between the numbers which have the same 
ratio with the original numbers. 


Let the numbers C, D fall between the two numbers 4, 
B in continued proportion with them, and let Æ be made in 
the same ratio to F as A is to B; 


I say that, as many numbers as have fallen between 4, B in 


continued proportion, so many will also fall between Æ, F in 
continued proportion. 


A 
c 
D 
— — 
c— 

H— 

K 
L 





"22m 








For, as many as 4, P, C, D are in multitude, let so many 
numbers G, H, K, L, the least of those which have the same 
ratio with A, C, D, B, be taken ; [vit. 33] 
therefore the extremes of them G, Z are prime to one another. 

[vni. 3) 

Now, since A, C, D, B are in the same ratio with G, Æ, 
K, L, 
and the multitude of the numbers 4, C, D, B is equal to the 
multitude of the numbers G, H, K, L, 
therefore, ex aeguali, as A is to B, so is G to Z. [vir. 14] 

But, as 4 is to B, so is £ to F; 
therefore also, as G is to Z, so is & to F. 

But G, L are prime, 
primes are also least, [vir. 21] 


and the least numbers measure those which have the same 
ratio the same number of times, the greater the greater and 
the less the less, that is, the antecedent the antecedent and the 
consequent the consequent. [vir. 26] 
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Therefore G measures £ the same number of times as Z 
measures F, 

Next, as many times as G measures Æ, so many times let 
H, Ķ also measure M, N respectively ; 
therefore G, H, K, L measure £, M, N, F the same number 
of times. 

Therefore G, H, K, L are in the same ratio with Æ, M, 
N, F. [vi. Def. 29] 

But G, H, K, L are in the same ratio with A, C, D, B; 
therefore 4, C, D, B are also in the same ratio with £, M, 
N, F. 

But 4, C, D, B are in continued proportion ; 
therefore £, M, N, F are also in continued proportion. 

Therefore, as many numbers as have fallen between A, B 
in continued proportion with them, so many numbers have also 
fallen between Æ, F in continued proportion. 

Q. E. D. 
1. fall. The Greek word is éuwlwrew, “ fall in” =“ can be interpolated.” 


If a:5=e:f, and between a, b there are any number of geometric 
means <, d, there will be as ‘many such means between z, f. 


2n a, B, y,..., 9 be the least possible terms in the same ratio as a, 
6 d, ... 4. 
* Then a, ô are prime to one another, [vu. 3) 
and, ex aequali, a:3=a:5 
Leif 
Therefore ¢ = ma, f= 3, where m is some integer. (vir. 20] 
Take the numbers ma, mB, my,... mb. 


This is a series in the given ratio, and we have the same number of 
geometric means between ma, mò, or e, f, that there are between a, 6. 


PROPOSITION 9. 


Lf two numbers be prime to one another, and numbers fall 
between them in continued proportion, then, however many 
numbers fall between them in continued proportion, so many 
will also fall between each of them and an unit in continued 
proportion. 


Let A, B be two numbers prime to one another, and let 
C, D fall between them in continued proportion, 
and let the unit £ be set out ; 
I say that, as many numbers as fall between 4, B in con- 
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tinued proportion, so many will also fall between either of 
the numbers 4, B and the unit in continued proportion. 


For let two numbers Æ, G, the least that are in the ratio 
of A, C, D, B, be taken, 


three numbers ZZ, K, L with the same property, 
and others more by one continually, until their multitude is 





equal to the multitude of 44, C, D, B. [vu 2] 

A H—— 
[*] K—— 
o t 
B 

E- M 

F— N 

G— o 
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Let them be taken, and let them be M, N, O, P. 
It is now manifest that F£ by multiplying itself has made 
H and by multiplying Æ has made M, while G by multiplying 
itself has made Z and by multiplying Z has made P. 
[virr. 2, Por.] 


And, since M, V, O, P are the least of those which have 
the same ratio with 7, G, 


and A, C, D, P are also the least of those which have the 
same ratio with Æ, G, [vm. 1) 


while the multitude of the numbers M, N, O, P is equal to the 
multitude of the numbers 44, C, D, B, 


therefore M, N, O, P are equal to A, C, D, B respectively ; 
therefore M is equal to 4, and P to B. 

Now, since F by multiplying itself has made //, 
therefore F measures Æ according to the units in Z. 

But the unit Z also measures F according to the units in it; 


therefore the unit Æ measures the number F the same number 
of times as F measures H. 
Therefore, as the unit Æ is to the number Æ, so is F to A. 
[vir. Def. 20) 
Again, since F by multiplying Æ has made M, 


therefore Æ measures / according to the units in 7. 
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But the unit E also measures the number F according to 
the units in it; 
therefore the unit Æ measures the number Æ the same number 
of times as Æ measures M. 

Therefore, as the unit Æ is to the number Æ so is H to M. 

But it was also proved that, as the unit Æ is to the number 
F, sois Fto H; 
therefore also, as the unit Æ is to the number Æ, so is £ to Ẹ, 
and Hto M. 

But M is equal to 4 ; 
therefore, as the unit Æ is to the number F; so is F to H, 
and Æ to A. 

For the same reason also, 
as the unit Z is to the number G, so is G to Z and Z to Z. 

Therefore, as many numbers as have fallen between A, 
B in continued proportion, so many numbers also have fallen 
between each of the numbers 4. & and the unit Æ in continued 
proportion. 

Q. E. D. 


Suppose there are 2 geometric means between a, 5, two numbers prime to 
one another ; there are the same number (s) of geometric means between 1 
and a and between 1 and 6. 

If c, d... are the n means between a, 4, 

a & d...b 
are the least numbers in that ratio, since a, 5 are prime to one another. [vin. 1] 
The terms are therefore respectively identical with 


a", a", af... aff, p, 


where a, f is the common ratio in its lowest terms. (viri. 2, Por.] 
Thus a-a"!, zn, 
Now I:a-—a:a!- a? : a*.., c a" : a**!, 
and 1: 8-B:p-pm:pg...-gepmn; 


whence there are » geometric means between 1, a, and between 1, 4. 


PROPOSITION 10. 


Jf numbers fall between each of two numbers and an unit 
in continued proportion, however many numbers fall between 
each of them and an unit in continued proportion, so many 
also will fall between the numbers themselves in continued 
proportion. 
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For let the numbers D, E and F, G respectively fall 

between the two numbers 4, B and the unit C in continued 
proportion ; 
I say that, as many numbers as have fallen between each of 
the numbers 4, Z and the unit C in continued proportion, so 
many numbers will also fall between 4, B in continued pro- 
portion. 


For let D by multiplying FJ make ZZ, and let the numbers 
D, F by multiplying Æ make X, L respectively. 








c— A 

B 
o— 
E — M 
— 
G L 





Now, since, as the unit C is to the number 2, sois D to £, 


therefore the unit C measures the number 2 the same number 
of times as D measures £. [vir. Def. 29] 


But the unit C measures the number 2 according to the 
units in D ; 


therefore the number D also measures Æ according to the units 
in D; 
therefore D by multiplying itself has made Æ. 

Again, since, as C is to the number Ø, so is Æ to A, 


therefore the unit C measures the number D the same number 
of times as E measures A. 


But the unit C measures the number 2 according to the 
units in D; 
therefore Æ also measures 4 according to the units in D ; 
therefore D by multiplying Æ has made 4. 

For the same reason also 


F by multiplying itself has made G, and by multiplying G has 
made Z. 


And, since D by multiplying itself has made Æ and by 
multiplying F has made Æ, 


therefore, as D is to Æ, so is E to Æ. [vni 17] 
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For the same reason also, 
as D is to F, so is 77 to G. [vn 18] 
Therefore also, as Æ is to H, so is H to G. 
Again, since D by multiplying the numbers Æ, H has 
made 4, K respectively, 
therefore, as Æ is to Æ, so is A to K. (vu. 17] 
But, as Æ is to Æ, so is D to F; 
therefore also, as D is to F, so is A to K. 
Again, since the numbers D, F by multiplying Æ have 
made X, L respectively, 
therefore, as D is to F, so is K to £L. (vir. 18] 
But, as D is to Æ, so is A to K; 
therefore also, as 4 is to K, so is K to L. 
Further, since Æ by multiplying the numbers Æ, G has 
made ZL, & respectively, 
therefore, as Æ is to G, so is Z to Z. [vu. 17] 
But, as Z is to G, so is D to F; 
therefore also, as D is to F, so is L to B. 
But it was also proved that, 
as D is to Æ, so is A to Kand K to L; 
therefore also, as 4 is to X, so is X to L and Z to Z. 
Therefore A, KX, L, B are in continued proportion. 
Therefore, as many numbers as fall between each of the 
numbers A, PB and the unit C in continued proportion, so 
many also will fall between 4, 2 in continued proportion. 
Q. E. D. 


If there be 7 geometric means between 1 and a, and also between t and 
4, there will be » geometric means between a and 7. 

The proposition is the converse of the preceding. 

The z means with the extremes form two geometric series of the form 


I, a, a?...a", a't, 
n B B. Bg, 
where a =a, B =b. 


By multiplying the last term in the first line by the first in the second, 
the last but one in the first line by the second in the second, and so on, we 


get the series 
a^*! a^ fj, a" fg CES a? "-!, af", pr 
and we have the z means between a and 4. 


It will be observed that, when Euclid says '' For the same reason also, as 
D is to £F, so is Z to G," the reference is really to vit. 18 instead of vit. 17. 
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He infers namely that Dx F: Fx F- D: F. But since, by vn. 16, the 
order of multiplication is indifferent, he is practically justified in saying “for 
the same reason.” ‘The same thing occurs in later propositions. 


PRoposITION II. 


Between two square numbers there is one mean proportional 
number, and the square has to the square the ratio duplicate 
of that which the side has to the side. 

Let A, B be square numbers, 
and let C be the side of A, and D of B; 

I say that between 4, B there is one mean proportional 
number, and 4 has to Z the ratio 
duplicate of that which C has to D. 


For let C by multiplying D make Æ. & 





> 





Now, since 4 is a square and Cis c— D 
its side, 
therefore C by multiplying itself has 
made 4. 


For the same reason also 
D by multiplying itself has made Z. 


Since then C by multiplying the numbers C, D has made 
A, E respectively, 


therefore, as C is to D, so is A to £F. (vi. 17] 
For the same reason also, 
as C is to D, so is E to P. (vit. 18] 


Therefore also, as A is to Æ, so is Æ to Z. 
Therefore between A, B there is one mean proportional 
number. 


I say next that 4 also has to & the ratio duplicate of 
that which C has to D. 


For, since A, £, B are three numbers in proportion, 


therefore A has to & the ratio duplicate of that which 4 has 
to Æ. [v. Def. 9] 
But, as A is to Æ, so is C to D. 
Therefore A has to B the ratio duplicate of that which 
the side C has to D. Q. E. D. 


According to Nicomachus the theorems in this proposition and the next, 
that two squares have one geometric mean, and two cubes /wo geometric 
means, between them are Platonic. Cf. Timaeus, 32 4 sqq. and the note 
thereon, p. 294 above. 
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a’, P being two squares, it is only necessary to form the product ab and 
to prove that 
a’, ab, P 
are in geometrical progression. Euclid proves that 
a’: ab=ab:P 
by means of vir. 17, 18, as usual. 

In assuming that, since a? is to $° in the duplicate ratio of a’ to ad, a’ is 
to 4 in the duplicate ratio of a to b, Euclid assumes that ratios which are 
the duplicates of equal ratios are equal. This, an obvious inference from 
v. 22, can be inferred just as easily for numbers from vit. 14. 


PROPOSITION 12. 


Between two cube numbers there are two mean proportional 
numbers, and the cube has to the cube the ratio triplicate of that 
which the side has to the side. 

Let A, B be cube numbers, 
and let C be the side of A, and D of B; 

I say that between 4, B there are two mean proportional 


numbers, and J has to B the ratio triplicate of that which C 
has to D. 











A———_ E= 
B F 
c— — N ç G 
D—— K 


For let C by multiplying itself make Æ, and by multiplying 
D let it make &; 
let D by multiplying itself make G, 
and let the numbers C, D by multiplying F make 77, K 
respectively. 

Now, since 4 is a cube, and C its side, 
and C by multiplying itself has made Æ, 
therefore C by multiplying itself has made Æ and by multiply- 
ing Æ has made A. 

For the same reason also 
D by multiplying itself has made G and by multiplying G has 
made Z. 

And, since C by multiplying the numbers C, D has made 
E, F respectively, 
therefore, as C is to D, so is Æ to F. [vin 17] 
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For the same reason also, 
as C is to D, so is F to G. [vn. 18] 

Again, since C by multiplying the numbers Æ, F has 
made A, H respectively, 
therefore, as Æ is to Æ, so is A to H. [vu. 17] 

But, as Z is to F, so is C to D. 

Therefore also, as C is to D, so is A to H. 

Again, since the numbers C, D by multiplying Æ have 
made 77, K respectively, 
therefore, as C is to D, so is H to K. [vu. 18] 

Again, since D by multiplying each of the numbers F, G 
has made Ķ, Z respectively, 
therefore, as F is to G, so is K to 2. (vir. 17) 

But, as F is to G, so is C to D; 
therefore also, as C is to D, so is A to H, H to K,and K to B. 

Therefore 7, K are two mean proportionals between A, &. 

I say next that 4 also has to Ø the ratio triplicate of that 
which C has to D. 

For, since 4, H, K, B are four numbers in proportion, 
therefore 4 has to Z the ratio triplicate of that which 4 has 
to H. [v. Def. 1o] 

But, as A is to Æ, so is Ç to D; 
therefore 4 also has to Z the ratio triplicate of that which C 
has to D. 

Q. E. D. 
The cube numbers a’, J being given, Euclid forms the products a’, ab? 
and then proves, as usual, by: means of vir. 17, 18 that 
d, ab, ab’, PF 
are in continued proportion. 


He assumes that, since a’ has to X the ratio triplicate of a: a%, the 
ratio a? : is triplicate of the ratio a: 4 which is equal to a’: a'h. This 
is again an obvious inference from vu. 14. 


PROPOSITION 13. 


Jf there be as many numbers as we please in continued 
proportion, and each by multiplying itself make some number, 
the products will be proportional, and, uf the original numbers 
by multiplying the products make certain numbers, the latter 
will also be proportional. 
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Let there be as many numbers as we please, 4, B, C, in 
continued proportion, so that, as 4 is to B, so is B to C; 


let 4, B, C by multiplying themselves make D, £, F, and by 
multiplying D, £, F let them make G, H, K; 


I say that D, £, F and G, H, K are in continued proportion. 











A G 
B H 
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For let A by multiplying B make Z, 


and let the numbers A, B by multiplying Z make M. N 
respectively. 


And again let Z by multiplying C make O, 
and let the numbers B, C by multiplying O make P, Q 


respectively. 


Then, in manner similar to the foregoing, we can prove 
that 


D, L, E and G, M, N, H are continuously proportional in the 
ratio of A to B, 


and further Æ, O, F and H, P, Q, K are continuously propor- 
tional in the ratio of B to C. 


Now, as A is to Z, so is B to C; 
therefore D, L, Æ are also in the same ratio with £, O, F, 
and further G, M, N, H in the same ratio with ZZ, P, Q, K. 

And the multitude of D, Z, £ is equal to the multitude of 
E, O, F, and that of G, M, N, H to that of H, P,Q, K; 
therefore, ex acgualz, 

as D is to Æ, so is £ to F, 

and, as Gis to H, so is H to K. (vit. 14] 


VIII. 13, 14] PROPOSITIONS 13, 14 367 


If a, 6, ¢... be a series in geometrical progression, then 
a, PP eg... s f 7 
aad P, P, e.. } are also in geometrical progression. 
Heiberg brackets the words added to the enunciation which extend the 
theorem to any powers. The words are ‘‘and this always occurs with the 
extremes " (xai dei wepi rovs dxpous rovro avu[daive). — 'l'hey scem to be rightly 
suspected on the same grounds as the same words added to the enunciation 


of vit. 27. There is no allusion to them in the proof, much less any proof 
of the extension. 

Euclid forms, besides the squares and cubes of the given numbers, the 
Products ad, a*), al’, be, Hc, bc, When he says that “we prove in manner 
similar to the foregoing,” he indicates successive uscs of vit. 17, 18 as 
in vni. 12. 


With our notation the proof is as easy to sce for any powers as for squares 
and cubes. 


To prove that a", /^, c^... are in geometrical progression. 
Form all the means between a”, /", and set out the series 


a^ a", a"). ab v 
The common ratio of one term to the next is a : 4. 
Next take the geometrical progression 
Pty, e eeu doy A, 
the common ratio of which is 2 : c. 
Proceed thus for all pairs of consecutivc terms. 
Now a:b-b:icz... 
Therefore any pair of succeeding terms in onc scries are in the same ratio as 
any pair of succeeding terms in any other of the series. 


And the number of terms in each is the same, namely (x + 1). 
‘Therefore, ex aeguali, 


a”: b=: ddn, 


PROPOSITION 14. 


Jf a square measure a square, the side will also measure 
the side ; and, if the side measure the side, the square will also 
measure the square. 

Let A, B be square numbers, let C, D be their sides, and 
let 44 measure Z ; 


I say that C also measures ØD. A—— 

For let C by multiplying D make E£; œ 
therefore 4, £, B are continuously pro- — — 0 
portional in the ratio of C to D.  [vur. 11] E 


And, since A, E, P are continuously 
proportional, and 4 measures 2, 


therefore 4 also measures £. (vin. 7] 


368 BOOK VIII (vini. 14, 15 


And, as 4 is to Æ, so is Cto D; 
therefore also C measures D. (vir. Def. 20] 


Again, let C measure D ; 
I say that 74 also measures Z. 


For, with the same construction, we can in a similar 
manner prove that 4, E, B are continuously proportional in 
the ratio of C to D. 

And since, as C is to D, so is A to £, 


and C measures 2, 
therefore 4 also measures Æ. [vii. Def. 20] 
And 4, Æ, & are continuously proportional ; 
therefore A also measures ZB. 
Therefore etc. 
Q. E. D. 
If a* measures /?, a measures ù; and, if a measures $, a? measures $. 


1) a5, ab, & are in continued proportion in the ratio of a to 4. 
, propo 


Therefore, since a? measures 6°, 

@ measures ad. (vin. 7) 
But a: ab=a:b. 
Therefore a measures 4, 


(2) Since a measures 4, a? measures ad. 
And a’, ab, b are continuously proportional. 


Thus ab measures %?, 
And a? measures aù. 
Therefore a? measures 6°. 


It will be seen that Euclid puts the last step shortly, saying that, since 
a’ measures ab, and a°, ab, b are in continued proportion, a? measures b’. 
The same thing happens in vri. r5, where the series of terms is one more 
than here. 


PROPOSITION 15. 


Jf a cube number measure a cube number, the side will also 
measure the side; and, tf the side measure the side, the cube 
will also measure the cube. 

For let the cube number 4 measure the cube B, 
and let C be the side of A and D of B; 


I say that C measures D. 
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For let C by multiplying itself make Æ, 
and let D by multiplying itself make G ; 
further, let C by multiplying D make F, 
and let C, D by multiplying F£ make H, K respectively. 

A— 

B 

c- H 
0— K 
E — 

a 

F — 

Now it is manifest that E, F, G and A, H, K, B are 
continuously proportional in the ratio of C to D. — [vin. 11, 12] 
And, since 4, ZZ, K, P are continuously proportional, 

and 44 measures Z, 


therefore it also measures Æ. [vm. 7) 
And, as 4 is to ZZ, sois C to D; 
therefore C also measures D. [vti. Def. 20] 


Next, let C measure D; 

I say that 4 will also measure Z. 

For, with the same construction, we can prove in a similar 
manner that 4, 77, K, B are continuously proportional in the 
ratio of C to D. 

And, since C measures 2, 
and, as C is to D, so is A to ZZ, 
therefore A also measures Æ, [vri. Def. 29] 
so that Æ measures Z also. 

Q. E. D. 

If a? measures 4, a measures 4; and vice versa, The proof is, mutatis 
mutandis, the same as for squares. 

(1). 2^, 2%), ab’, P are continuously proportional in the ratio of @ to 4; 
and a’ measures J. 

Therefore æ’ measures a% ; (va. 7] 
and hence a measures 4. 

(2) Since a measures b, a’ measures a°}. 

And, a’, a’b, ab’, 7 being continuously proportional, each term measures the 
succeeding term ; 
therefore a* measures 7". 
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PROPOSITION 16. 


Jf a square number do not measure a square number, neither 
will the side measure the side; and, if the side do not measure 
the side, neither will the square measure the square. 


Let A, B be square numbers, and let C, D be their sides; 
and let 44 not measure Z ; 








I say that neither does C measure 2. A 
For, if C measures D, A will also 8 
measure Z. [vu 14] | c0— 

But 4 does not measure Z ; o—— 


therefore neither will C measure 2. 


Again, let C not measure D ; 
I say that neither will A measure Z. 
For, if A measures B, C will also measure D. [vir 14] 
But C does not measure 2 ; 
therefore neither will 44 measure Z. 
Q. E. D. 


If a? does not measure / a will not measure 4; and, if a does not 
measure 2, a? will not measure 7^. 
The proof is a mere reductio ad absurdum using vii. 14. 


PROPOSITION 17. 

Lf a cube number do not measure a cube number, neither 
will the side measure the side; and, if the side do not measure 
the side, neither will the cube measure the cube. 

For let the cube number A not measure the cube 
number Z2, 
and let C be the side of 4, and D A 
of 5; 8 
I say that C will not measure D. 

For if C measures D, A will 
also measure Z. [vim. 15] 

But A does not measure Z ; 
therefore neither does C measure D. 





Again, let C not measure D ; 
I say that neither will 44 measure Z. 
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For, if A measures Z, C will also measure D. [vin. 15] 
But C does not measure D ; 
therefore neither will 4 measure A. 
Q. E. D. 


If a’ does not measure 7, a will not measure 2; and vice versa. 
Proved by reductio ad absurdum employing vi. 15. 


Proposition 18. 


Between two similar plane numbers there is one mean 
proportional number ; and the plane number has to the plane 
number the ratio duplicate of that which the corresponding 
side has to the corresponding side. 


Let 4, B be two similar plane numbers, and let the numbers 
C, D be the sides of A, and Æ, F of B. 








A c— 

 —————— — 
E 

9 F 


Now, since similar plane numbers are those which have 
their sides proportional, [vir. Def. 21] 
therefore, as C is to D, so is E to F. 

I say then that between 4, B there is one mean propor- 
tional number, and A has to Z the ratio duplicate of that 
which C has to Æ, or D to Æ, that is, of that which the corre- 
sponding side has to the corresponding side. 

Now since, as C is to D, so is Æ to Æ, 
therefore, alternately, as C is to Æ, so is D to F. [vu. 13] 

And, since Æ is plane, and C, D are its sides, 
therefore D by multiplying C has made 4. 

For the same reason also 
E by multiplying F has made Z. 

Now let D by multiplying £ make G. 

Then, since D by multiplying C has made 4, and by 
multiplying Æ has made G, 
therefore, as C is to Æ, so is A to G. (vic. 17] 


372 BOOK VIII (vin. 18 


But, as C is to £, sois Dto Z; 
therefore also, as D is to Æ so is ÆA to G. 


Again, since Æ by multiplying D has made G, and by 
multiplying Æ has made 2, 


therefore, as D is to F, so is G to B. (vu. 17] 


But it was also proved that, 
as D is to F, so is A to G; 
therefore also, as 4 is to G, so is G to B. 
Therefore A, G, B are in continued proportion. 


Therefore between A, B there is one mean proportional 
number. 


I say next that A also has to Z the ratio duplicate of 
that which the corresponding side has to the corresponding 
side, that is, of that which C has to £ or D to F. 

For, since 44, G, P are in continued proportion, 

4 has to Z the ratio duplicate of that which it has to G. 
[v. Def. 9] 

And, as A is to G, so is C to Æ, and so is D to F. 

Therefore A also has to Z the ratio duplicate of that which 
C has to £ or D to F. 


Q. E. D. 


If ab, cd be “similar plane numbers,” i.e. products of factors such that 
a:b-c:d, 


there is one mean proportional between a? and cd; and ad is to cd in the 
duplicate ratio of a to c or of b to d. 


Form the product c (or ad, which is equal to it, by vir. 19). 


Then ab, a} , ed 
=ad 
is a series of terms in geometrical progression. 
For a:b-c:d. i 
Therefore a:c=b:d. [vu. 13] 
Therefore ab : be = be: ed. (vir. 17 and 16] 


Thus & (or ad) is a geometric mean between a4, c4. 


And ab is to cd in the duplicate ratio of ab to bc or of bc to cd, that is, of 
a tocor of bto d. 
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PRoposITION 19. 


Between two similar solid numbers there fall two mean 
proportional numbers; and the solid number has to the similar 
solid number the ratio triplicate of that which the corresponding 
side has to the corresponding side. 


Let A, B be two similar solid numbers, and let C, D, £ 
be the sides of 4, and F, G, H of B. 

Now, since similar solid numbers are those which have 
their sides proportional, [vi. Def. 21] 
therefore, as C is to D, so is F to G, 

and, as D is to Æ, so is G to H. 

I say that between 4, Z there fall two mean proportional 


numbers, and 4 has to Z the ratio triplicate of that which C 
has to F, D to G, and also & to Z. 








A—— 
B 
c- F— N 
D— G— o 
£— H—— 

K— 

L 

M—— 


For let C by multiplying D make X, and let F by 
multiplying G make Z 

Now, since C, D are in the same ratio with Æ G, 
and K is the product of C, D, and Z the product of F, G, 
K, L are similar plane numbers ; [vu. Def. 21] 


therefore between X, Z there is one mean proportional number. 
[vur. 18] 


Let it be 77 
Therefore 77 is the product of D, F, as was proved in the 
theorem preceding this. [vin 18] 


Now, since D by multiplying C has made X, and by 
multiplying FÆ has made 77, 
therefore, as C is to F, so is X to M. (vu. 17] 

But, as Æ is to M, so is M to L. 

Therefore K, M, L are continuously proportional in the 
ratio of C to F. 
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And since, as C is to D, so is F to G, 
alternately therefore, as C is to F, so is D to G. [vu. 13] 

For the same reason also, 

as D is to G, so is £ to H. 

Therefore X, M, L are continuously proportional in the 
ratio of C to F, in the ratio of D to G, and also in the ratio 
of E to H. 

Next, let Æ, H by multiplying M make XV, O respectively. 

Now, since 4 is a solid number, and C, 2, Z are its sides, 
therefore E by multiplying the product of C, D has made A. 

But the product of C, D is K; 
therefore £ by multiplying K has made 44. 

For the same reason also 

H by multiplying Z has made 2. 

Now, since £ by multiplying Æ has made 4, and further 
also by multiplying M has made JV, 
therefore, as K is to M, so is A to N. [vu. 17] 

But, as X is to %, so is C to F, D to G, and also £ to Æ; 
therefore also, as C is to F, D to G, and £ to 77, so is 4 to N. 

Again, since Æ, Æ by multiplying M have made V, O 
respectively, 
therefore, as Æ is to Æ, so is N to O. [vu. 18] 

But, as £ is to Z7, so is C to Fand D to G; 
therefore also, as C is to F, D to G, and £ to 77, so is A to 
N and N to O. 

Again, since Æ by multiplying M has made O, and further 
also by multiplying Z has made 2, 
therefore, as 17 is to Z, so is O to Z. (vu. 17] 

But, as M is to L, so is C to F, D to G, and £ to H. 

Therefore also, as C is to F, D to G, and E to H, so not 
only is O to B, but also A to V and N to O. 

Therefore A, N, O, B are continuously proportional in the 
aforesaid ratios of the sides. 


I say that A also has to Z the ratio triplicate of that which 
the corresponding side has to the corresponding side, that is, 
of the ratio which the number C has to F, or D to G, and 
also £ to 77. 
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For, since A, M, O, B are four numbers in continued 


proportion, 
therefore A has to B the ratio triplicate of that which 4 has 
to N. [v. Def. 1o] 


But, as Æ is to V, so it was proved that C is to Z; D to G, 
and also E to H. 

Therefore A also has to Z the ratio triplicate of that which 
the corresponding side has to the corresponding side, that is, 
of the ratio which the number C has to F, D to G, and also 
E to H. Q. E. D. 


In other words, if a : b :c=d : e : f, then there are two geometric means 
between adv, def; and abc is to def in the triplicate ratio of a to d, or à to e, 
or c to f. 

Badia first takes the plane numbers aô, de (leaving out c, f) and forms 
the product 4d. Thus, as in vin. 18, 

ab, bd\, de 
=eaf 
are three terms in geometrical progression in the ratio of a to d, or of b to e. 
He next forms the products of c, / respectively into the mean éd. 


Then ab, cbd, fid, def 
are in geometrical progression in the ratio of a to d etc. 
For abc : còd = ab : bd =a : d 
bd : fd -c:f | (vu. 17] 
fld : def - bd : de bie 
And a:d-zb:iezce:f. 


The ratio of adc to def is the ratio triplicate of that of abc to cbd, i.e. of 
that of a to d etc. 


PROPOSITION 20, 
Lf one mean proportional number fall between two numbers, 
the numbers will be similar plane numbers. 
For let one mean proportional number C fall between the 
two numbers 4, B; 
5 I say that 4, B are similar plane numbers. 
Let D, Z, the least numbers of those which have the same 


ratio with 4, C, be taken; (vit. 33] 
therefore D measures A the same number of times that £ 
measures C. [vir. 20) 


1 Now, as many times as D measures A, so many units let 
there be in F; 


therefore F by multiplying D has made A, 
so that 4 is plane, and D, F are its sides. 
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Again, since Ø, Æ are the least of the numbers which have 
15 the same ratio with C, B, 


therefore D measures C the same number of times that E 


measures Z. [vit. 20] 
A—— — ib 
8 ——_—_—_—____—_————__ E 
—— 
fF 
a 


As many times, then, as Æ measures Z, so many units let 
there be in G; 


20 therefore Æ measures & according to the units in G ; 
therefore G by multiplying Æ has made 2. 


Therefore Z is plane, and Æ, G are its sides. 
Therefore 4, B are plane numbers. 


I say next that they are also similar. 
a5 For, fsince F by multiplying D has made 4, and by 
multiplying Æ has made C, 
therefore, as D is to Z, so is A to C, that is, C to B. [vir 17] 
Again,t since Æ by multiplying F, G has made C, B 
respectively, 
30 therefore, as F is to G, so is C to Z. (vir. 17] 
But, as C is to B, sois D to £; 
therefore also, as D is to £, so is F to G. 


And alternately, as D is to F, so is Æ to G. [vn. 13) 
Therefore A, B are similar plane numbers; for their sides 
3s are proportional. Q. E. D. 


235. For, since F...... 37. Cto B. The text has clearly suffered corruption here. It 
is not necessary to ofer from other facts that, as D is to Æ, so is 4 to C; for this is part of 
the hypotheses (Il. 6, 7). Again, there is no explanation of the statement (l. 35) that F by 
multiplying Æ has made C. Ít is the statement and explanation of this latter fact which are 
alone wanted ; after which the proof proceeds as in |. 38. We might therefore substitute for 
ll. 25—28 the following. 

“For, since Æ measures C the same number of times that D measures A (1. 8), that is, 
according to the units in F[l. to), therefore £ by multiplying Æ has made C. 

And, since Æ by multiplying A, G,” etc. etc. 


This proposition is the converse of vill. 18. If a, ¢, 6 are in geometrical 
i E 6 Eg 
progression, a, ? are "similar plane numbers." 


Let a : B be the ratio a : c (and therefore also the ratio c : 4) in its lowest 
terms. 


Then (vtt. 20] 
a-ma, c— mpl, where m is some integer, 
c=na, b=nß, where n is some integer. 
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Thus a, 4 are both products of two factors, i.e. plane. 


Again, a:B=a:c=e:b 
=m:n. [vir. 18] 
Therefore, alternately, a:m=B:n, [vir. 13] 


and hence ma, nf are similar plane numbers. 
(Our notation makes the second part still more obvious, for c= mB = na. | 


PROPOSITION 21. 
Lf two mean proportional numbers fall between two numbers, 
the numbers are similar solid numbers. 


For let two mean proportional numbers C, 2 fall between 
the two numbers 4, 2; 


I say that 4, ZB are similar solid numbers. 








A — E— 
B F— 
CSS A q 
D ———— H- 
N— k— 
o— t- 
M— 


For let three numbers Æ, F, G, the least of those which 
have the same ratio with 4, C, D, be taken; [vu. 33 or vin. 2] 
therefore the extremes of them Æ, G are prime to one another. 

[vir. 3] 

Now, since one mean proportional number Z has fallen 
between £, G, 
therefore Æ, G are similar plane numbers. [vi 29] 

Let, then, Æ, K be the sides of Æ, and Z, M of G. 

Therefore it is manifest from the theorem before this that 
E, F, G are continuously proportional in the ratio of Æ to Z 
and that of X to M. 

Now, since Æ, F, G are the least of the numbers which 
have the same ratio with 74, C, D, 
and the multitude of the numbers Æ, F, G is equal to the 
multitude of the numbers 4, C, D, 


therefore, ex aeguali, as E is to G, so is A to D. [vit. 14] 
But Æ, G are prime, 
primes are also least, [vir. 21] 


and the least measure those which have the same ratio with 


378 BOOK VIII (vin. 21 


them the same number of times, the greater the greater and 
the less the less, that is, the antecedent the antecedent and the 
consequent the consequent ; (vir. 20] 
therefore Æ measures A the same number of times that G 
measures D. 


Now, as many times as £ measures 4, so many units let 
there be in A. 

Therefore N by multiplying Æ has made A. 

But Æ is the product of H, K ; 
therefore V by multiplying the product of ZZ, K has made 4. 

Therefore 4 is solid, and ZZ, Æ, Y are its sides. 


Again, since Æ, F, G are the least of the numbers which 
have the same ratio as C, D, B, 
therefore Æ measures C the same number of times that G 
measures Z. 


Now, as many times as Æ measures C, so many units let 
there be in O. 

Therefore G measures B according to the units in O; 
therefore O by multiplying G has made Z. 

But G is the product of Z, M ; 
therefore O by multiplying the product of Z, M has made B. 

Therefore B is solid, and Z, M, O are its sides ; 
therefore A, B are solid. 


I say that they are also similar. 

For since W, O by multiplying Æ have made 4, C, 
therefore, as Æ is to O, so is A to C, that is, Æ to FÆ. [vu. 18] 

But, as £ is to F, so is Z to L and K to 77; 
therefore also, as Æ is to L, so is Æ to M and N to O. 

And H, K, N are the sides of A, and O, L, M the sides 
of B. 

Therefore A, P are similar solid numbers. Q. E. D. 

The converse of virt. 19. If a, c, d, b are in geometrical progression, a, b 
are “similar solid numbers.” 

Let a, f, y be the least numbers in the ratio of a, c, (and therefore also 


of «, d, b). ' vIn. 33 Or VUL. 2 
Therefore a, y are prime to one another. (vit. 3 
They are also “similar plane numbers.” (vin. 20 
Let a-mn, y-f$, 


where m:n-piq. 
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Then, by the proof of viit. 20, 
a:B=m:p=niy. 
Now, ex aeguali, a:d=a:y, [vu 04] 
and, since a, y are prime to one another, 
a=yra, d=ry, where z is an integer. 


But a=mn: 
therefore a = ymn, and therefore a is “solid.” 
Again, ex aequali, c:b=a:y, 
and therefore c=sa, b6=sy, where s is an integer. 
Thus 4 = sfg, and å is therefore “solid.” 
Now a:B=a:c=ra: sa 
=r:s. [vir. 18] 
And, from above, a: -m:pz-n:gq. 
Therefore ri$-m:p-n:g, 


and hence a, £ are similar solid numbers. 


PROPOSITION 22. 
Jf three numbers be in continued proportion, and the first 
be square, the third will also be square. 


Let A, B, C be three numbers in continued proportion, 
and let A the first be square ; 
I say that C the third is also square. 


For, since between 44, C there is one 

mean proportional number, B, 

therefore A, C are similar plane numbers. [vii 20] 
But A is square ; 

therefore C is also square. Q. E. D. 


A 





A mere application of viri. 20 to the particular case where one of the 
“similar plane numbers” is square. 


PROPOSITION 23. 
Lf four numbers be in continued proportion, and the first be 
cube, the fourth will also be cube. 
Let A, P, C, D be four numbers in continued proportion, 
and let 4 be cube; 
I say that D is also cube. 


A 
. B 
For, since between 4, D there ¢ 
are two mean proportional numbers p 
B, C, 


therefore 44, D are similar solid numbers. [viu. 21] 
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But 4 is cube; 
therefore D is also cube. 
Q. E. D. 


A mere application of viti. 2t to the case where one of the "similar solid 
numbers " is a cube. 


PROPOSITION 24. 


Jf two numbers have to one another the ratio which a square 
number has to a square number, and the first be square, the 
second will also be square. 


For let the two numbers 4, B have to one another the 
ratio which the square number C has 
to the square number D, and let 4 be A 
square ; B 
; c 
I say that Z is also square. D 
For, since C, D are square, 
C, D are similar plane numbers. 


Therefore one mean proportional number falls between 
C, D. [vir. 18] 


And, as C is to D, so is A to B; 
therefore one mean proportional number falls between 4, B 





also. (vin. 8) 
And 4 is square ; 

therefore Z is also square. [vin. 22] 

Q. E. D. 
If a : 4 — c? : *, and a is a square, then 2 is also a square. 
For c?, 4? have one mean proportional ed. (viii. 18] 
Therefore a, 4, which are in the same ratio, have one mean proportional. 
(vin. 8 

And, since a is square, ^ must also be a square. (vin. 22 


PROPOSITION 25. 


Jf two numbers have to one another the ratio which a cube 
number has to a cube number, and the first be cube, the second 
will also be cube. 


For let the two numbers 74, Z have to one another the 
ratio which the cube number C has to the cube number 2, 
and let 4 be cube; 


I say that Z is also cube. 
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For, since C, D are cube, 
C, D are similar solid numbers. 
Therefore two mean proportional numbers fall between 


C, D. (vi. 19] 
A— E 
a—_——_- F 
c 
D 


And, as many numbers as fall between C, 2 in continued 
proportion, so many will also fall between those which have 
the same ratio with them ; [virr. 8] 


so that two mean proportional numbers fall between 4, B 
also. 


Let £, F so fall. 
Since, then, the four numbers 4, Z, F, B are in continued 


proportion, 

and A is cube, 

therefore Z is also cube. [vur. 23] 

Q. E. D. 

If a: 5 — c* : d*, and a is a cube, then 2 is also a cube. 
For «*, 4! have two mean proportional. [viri. 19 
Therefore a, à also have two mean proportionals. (vin. 8 
And a is a cube: 

therefore 4 is a cube. (vin. 23] 


PROPOSITION 26. 
Similar plane numbers have to one another the ratio which 
a square number has to a square number. 
Let A, B be similar plane numbers ; 
I say that 4 has to B the ratio which a square number has 
to a square number. 
A——— 8 


c 
o—— E—— F 


For, since A, B are similar plane numbers, 


therefore one mean proportional number falls between 4, Z. 
[vini 18] 
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Let it so fall, and let it be C ; 
and let D, £, F, the least numbers of those which have the 
same ratio with A, C, B, be taken; (vit. 33 or vri. 2) 
therefore the extremes of them D, F are square. — [vi 2, Por.] 
And since, as D is to Æ, so is 4 to B, 
and D, F are square, 
therefore 4 has to Z the ratio which a square number has to 


a square number. 
Q. E. D. 


If a, b are similar “plane numbers,” let c be the mean proportional 

between them. Pai 18 
Take a, £, y the smallest numbers in the ratio of a, c, 4. [vi1. 33 or vi. 2 
Then a, y are squares. [viu 2, Por. 
Therefore a, 4 are in the ratio of a square to a square. 


PROPOSITION 27. 
Similar solid numbers have to one another the ratio which 
a cube number has to a cube number. 


Let 4, & be similar solid numbers ; 


I say that 4 has to Z the ratio which a cube number has to 
a cube number. 





E— | F— Q— —— H 
For, since 4, B are similar solid numbers, 
therefore two mean proportional numbers fall between 44, Z. 


(vii. 19] 
Let C, 2 so fall, 
and let Æ, F, G, H, the least numbers of those which have 
the same ratio with 4, C, D, B, and equal with them in 
multitude, be taken ; [vit. 33 or vii. 2] 
therefore the extremes of them Æ, H are cube. (vitt. 2, Por.] 
And, as Æ is to H, so is A to B; 
therefore A also has to & the ratio which a cube number has 


to a cube number. 
Q. E. D. 
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The same thing as vili. 26 with cubes. It is proved in the same way 
except that viii. 19 is used instead of vin. 18. 

The last note of an-Nairizi in which the name of Heron is mentioned is 
on this proposition. Heron is there stated (p. 194— 5, ed. Curtze) to have 
added the two propositions that, 


1. Lf two numbers have to one another the ratio of a square fo a square, the 
numbers are similar plane numbers ; 


2. If two numbers have to one another the ratio of a cube to a cube, the numbers 
are similar solid numbers. 

The propositions are of course the converses of vill. 26, 27 respectively. 
They are easily proved. 
(1) If a:b=c:; da’, 
then, since there is one mean proportional (cd) between c?, 2?, 

(vir. rr or 18] 

there is also one mean proportional between a, b. (vit. 8] 

Therefore a, 4 are similar plane numbers. (vit. 20] 


(2) is similarly proved by the use of viti. 12 or ry, viri. 8, virt. 21. 


The insertion by Heron of the first of the two propositions, the converse 
of viii. 26, is perhaps an argument in favour of the correctness of the text of 
IX. 16, though (as remarked in the-note on that proposition) it does not give 
the easiest proof Cf. Heron’s extension of vit. 3 tacitly assumed by Euclid 
in VII. 33. 
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PROPOSITION 1. 


Jf two similar plane numbers by multiplying one another 
make some number, the product will be square. 


Let A, B be two similar plane numbers, and let A by 
multiplying B make C; 
I say that C is square. 

For let 4 by multiplying itself 
make 2. 

Therefore D is square. 

Since then A by multiplying itself has made D, and by 
multiplying Z has made C, 
therefore, as 4 is to B, so is D to C. (vu. 17] 

And, since A, B are similar plane numbers, 


therefore one mean proportional number falls between A, B. 
(vur. 18] 
But, if numbers fall between two numbers in continued 
proportion, as many as fall between them, so many also fall 
between those which have the same ratio ; (vin. 8] 
so that one mean proportional number falls between 2, C also. 
And 2 is square ; 
therefore C is also square. [vun 22] 
Q. E. D. 


ooops 


The product of two similar plane numbers is a square. 
Let a, ? be two similar plane numbers. 


Now @:b=a'; ab. (vir. 17) 
And between a, 4 there is one mean proportional. [vii 18 
Therefore between a? : ad there is one mean proportional. (vii. 8 


And a’ is square ; 
therefore a? is square. (vin. 22] 
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PROPOSITION 2. 
Lf two numbers by multiplying one another make a square 
number, they are similar plane numbers. 


Let A, B be two numbers, and let 4 by multiplying 2 
make the square number C; 


I say that 4, ZB are similar plane ^ 
numbers. B 

For let A by multiplying itself © — 
make D; D 


therefore D is square. 


Now, since A by multiplying itself has made D, and by 
multiplying B has made C, 


therefore, as A is to B, so is D to C. [vn. 17] 
And, since D is square, and C is so also, 
therefore D, C are similar plane numbers. 


Therefore one mean proportional number falls between 
D, C. [vm. 18] 
And, as D is to C, so is A to B; 


therefore one mean proportional number falls between 4, B 


also. [viu. 8] 
But, if one mean proportional number fall between two 
numbers, they are similar plane numbers ; [vin 20] 


therefore 4, P are similar plane numbers. 
Q. E. D. 


If ab is a square number, a, b are similar plane numbers. (The converse 
of 1x. 1.) 


For a:b=a’:av. (vi. 17] 
And a’, ab being square numbers, and therefore similar plane numbers, 
they have one mean proportional. [viu. 18) 
Therefore a, b also have one mean proportional. [vm. 8) 
whence a, ? are similar plane numbers. [vu 20] 


PROPOSITION 3. 


Jf a cube number by multiplying itself make some number, 
the product will be cube. 


For let the cube number 4 by multiplying itself make Z ; 
I say that Z is cube. 
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For let C, the side of A, be taken, and let C by multiplying 
itself make 2. 
It is then manifest that C by multiplying | A— 
D has made 4. B 
Now, since C by multiplying itself has c- p— 
made D, 
therefore C measures D according to the units in itself, 
But further the unit also measures C according to the units 
in it; 
therefore, as the unit is to C, so is C to D. [vir. Def. 20] 
Again, since C by multiplying D has made 4A, 
therefore measures A according to the units in C. 
But the unit also measures C according to the units in it ; 
therefore, as the unit is to C, so is D to A. 
But, as the unit is to C, so is C to D; 
therefore also, as the unit is to C, so is C to D, and D to A. 


Therefore between the unit and the number 4 two mean 
proportional numbers C, D have fallen in continued proportion. 


Again, since A by multiplying itself has made B, 
therefore A measures Z according to the units in itself. 

But the unit also measures 4 according to the units in it; 
therefore, as the unit is to A, so is A to B. (vit. Def. 20] 

But between the unit and 4 two mean proportional numbers 
have fallen; 
therefore two mean proportional numbers will also fall between 
A, B. (vn. 8] 

But, if two mean proportional numbers fall between two 
numbers, and the first be cube, the second will also be cube. 





(vin. 23] 
And A is cube; 
therefore B is also cube. Q. E. D, 
The product of a’ into itself, or a? . a?, is a cube. 
For 1:a=a:@ =æ: a. 
Therefore between 1 and a’ there are two mean proportionals. 
Also 1:@=a:a@,a', 
Therefore two mean proportionals fall between a* and a* . æ, [viu. 8) 


(It is true that viri. 8 is only enunciated of two pairs of numbers, but the 
proof is equally valid if one number of one pair is unity.) 
And e? is a cube number: 


therefore a? . 2? is also cube. (vit. 23] 
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PROPOSITION 4. 


Lf a cube number by multiplying a cube number make some 
number, the product will be cube. 


For let the cube number 4 by multiplying the cube number 
B make C; 








I say that C is cube. A — 

For let A by multiplying — — 
itself make 2 ; €— — 
therefore D is cube. (1x. 3] D — — 


And, since 4 by multiply- 
ing itself has made D, and by multiplying Z has made C 
therefore, as A is to B, so is D to C. [vu. 17] 
And, since A, B are cube numbers, 
A, B are similar solid numbers. 
Therefore two mean proportional numbers fall between 


A, B; (viri. 19] 
so that two mean proportional numbers will fall betweer. 2, 
C also. [vi 8] 
And 2 is cabe ; 
therefore C is also cube [vm 23] 
Q. E. D. 
The product of two cubes, say a’. b’, is a cube. 
For a: P=@.a:a.6. [vir 17] 
And two mean proportionals fall between a?*, 4° which are similar solid 
numbers. [viii 19 
Therefore two mean proportionals fall between a’. a’, à? . ^? [viii 8 
But a’. a’ is a cube: (ix. 3 
therefore a°. 6 is a cube. [vin. 23) 


PROPOSITION 5. 


Lf a cube number by multiplying any number make a cube 
number, the multiplied number will also be cube. 


For let the cube number A by multiplying any number B 
make the cube number C; 
I say that 2 is cube. A 
For let A by multiplying 4 
itself make D; c 
therefore D is cube. [ix. 3] D 





388 BOOK IX (1x. 5, 6 


Now, since 4 by multiplying itself has made D, and by 
multiplying Z has made C, 
therefore, as Æ is to B, so is D to C. [vn. 17) 
And since Ø, C are cube, 
they are similar solid numbers. 


Therefore two mean proportional numbers fall between 
D, C. [vui. 19] 
And, as D is to C, so is A to Z; 


therefore two mean proportional numbers fall between 4, B 


also. [viu 8] 
And 4 is cube ; 
therefore Z is also cube. [vin. 23] 


If the product a'b is a cube number, 4 is cube. 
By ix. 3, the product a.a? is a cube. 


And a.a :gdó-a b. (vit. 17] 
The first two terms are cubes, and therefore “similar solids”; therefore 
there are two mean proportionals between them. [vur 19 
Therefore there are two mean proportionals between a’, b. [viu. 8 
And e? is a cube: 
therefore 4 is a cube number. (vit. 23] 


PROPOSITION 6. 


Tf a number by multiplying itself make a cube number, it 
will itself also be cube. 

For let the number 4 by multiplying itself make the cube 
number &; 

I say that 4 is also cube. A— 
For let A by multiplying Z make C. B 
Since, then, Æ by multiplying itself c 

has made Ø, and by multiplying Z has 

made C, 

therefore C is cube. 

And, since 4 by multiplying itself has made Z, 

therefore A measures Z according to the units in itself. 

But the unit also measures 4 according to the units in it. 
Therefore, as the unit is to Æ, so is A to B.  [vu. Def. 20) 
And, since 4 by multiplying Z has made C, 

therefore B measures C according to the units in A. 

But the unit also measures A according to the units in it. 
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Therefore, as the unit is to Æ, so is B to C. (vu. Def. 29] 
But, as the unit is to 4, so is A to B; 
therefore also, as 4 is to B, so is B to C. 
And, since Z, C are cube, 
they are similar solid numbers. 
Therefore there are two mean proportional numbers 
between Z, C. [viu 19] 
And, as Z is to C, so is £ to Z. 


Therefore there are two mean proportional numbers 


between 4, B also. [vin 8] 
And Z is cube ; 
therefore A is also cube. [cf. vin. 23] 
Q. E. D. 
If a* is a cube number, a is also a cube. 
For 1:a=a:@=a: a. 
Now a’, a’ are both cubes, and therefore “similar solids”; therefore there 
ure two mean proportionals between them. (vit. 19 
Therefore there are two mean proportionals between a, a’. (vit. 8 
And a? is a cube : 
therefore a is also a cube number. (vui. 23] 


It will be noticed that the last step is not an exact quotation of the result 
of viti. 23, because it is there the /ízs/ of four terms which is known to be a 
cube, and the /as/ which is proved to be a cube; here the case is reversed. 
But there is no difficulty. Without inverting the proportions, we have only 
to refer to vil. 21 which proves that a, 2?, having two mean proportionals 
between them, are two similar solid numbers ; whence, since a^ is a cube, 
a is also a cube. 


PROPOSITION 7. 


Lf a composite number by multiplying any number make 
some number, the product will be solid. 


For let the composite number A by multiplying any number 
B make C; 





I say that C is solid. : 
Far, since Ais composite, c 
it will be measured by some p e 


number. [vri. Def. 13] 

Let it be measured by D; 
and, as many times as D measures A, so many units let there 
be in Æ. 
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Since then.D measures 4 according to the units in Æ, 
therefore Æ by multiplying D has made A. [vi Def. 15) 
And, since A by multiplying B has made C, 
and 4 is the product of D, £, 
therefore the product of D, £ by multiplying Z has made C. 
Therefore C is solid, and D, £, Z are its sides. 
Q. E. D. 
Since a composite number is the product of two factors, the result of 


multiplying it by another number is to produce a "number which is the 
product of three factors, ie. a “solid number.” 


Proposition 8. 


Jf as many numbers as we please beginning from an unit be 
in continued proportion, the third from the unit will be square, 
as will also those which successively leave out one; the fourth 
will be cube, as will also all those which leave out two; and the 
seventh will be at once cube and square, as will also those which 
leave out five. 


Let there be as many numbers as we please, 4, B, C, D, 
E, F, beginning from an unit and in con- 
tinued proportion ; — 





I say that BZ, the third from the unit, is s 
square, as are also all those which leave p 
out one; C, the fourth, is cube, as are E 
also all those which leave out two ; and F 


F, the seventh, is at once cube and 
square, as are also all those which leave out five. 
For since, as the unit is to 4, so is A to B, 


therefore the unit measures the number 74 the same number 
of times that 74 measures. Z. [vit. Def. 20] 


But the unit measures the number 74 according to the 
units in it; 
therefore 4 also measures 7 according to the units in 4. 
Therefore A by multiplying itself has made Z ; 
therefore Z is square. 


And, since Z, C, D are in continued proportion, and Z is 
square, 


therefore D is also square. [vitt. 22) 
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For the same reason 
F is also square. 


Similarly we can prove that all those which leave out one 
are square. 


I say next that C, the fourth from the unit, is cube, as are 
also all those which leave out two. 
For since, as the unit is to 4, so is B to C, 


therefore the unit measures the number 4 the same number 
of times that Z measures C, 


But the unit measures the number A according to the units 
in 4; 
therefore Z also measures C according to the units in 4. 


Therefore 4 by multiplying Z has made C. 
Since then A by multiplying itself has made B, and by 
multiplying Z has made C, 


therefore C is cube. 


And, since C, D, £, F are in continued proportion, and C 
is cube, 


therefore F is also cube. ſviu. 23] 
But it was also proved square ; 
therefore the seventh from the unit is both cube and square. 


Similarly we can prove that all the numbers which leave 
out five are also both cube and square. 


Q. E. D. 
If 1, @, @, 43, ... be a geometrical progression, then @,, 44, a, ... are 
Squares ; 
11, ts, 4, ... are cubes; 
4,4, 4j; ... are both squares and cubes. 
Since 1:4-24:4, 
a, = a. 
And, since d,, 2,, @, are in geometrical progression and a, (= a’) is a square, 
4, is a square. (vin. 22] 
Similarly a,, a,, ... are squares. 
Next, I: @=4,: uy 
2a :4d, 


whence a, =a’, a cube number. 
And, since a, d4, 4, 2 are in geometrical progression, and a, is a cube, 
a, is a cube, [vin 23] 
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Similarly a,, 2, ... are cubes. 

Clearly then a,, 2,;, a, ... are both squares and cubes. 

The whole result is of course obvious if the geometrical progression is 
written, with our notation, as 


1, a, a’, a’, a*, ... a^, 


PROPOSITION 9. 


Jf as many numbers as we please beginning from an unit be 
in continued proportion, and the number after the unit bc square, 
all the rest will also be square. And, if the number after the 
unit be cube, all the rest will also be cube. 


Let there be as many numbers as we please, 4, B, C, D, 
E, F, beginning from an unit and in con- 
tinued proportion, and let 4, the number A 
after the unit, be square ; 8 


I say that all the rest will also be square. 








D — — 
Now it has been proved that B, the —— — 
third from the unit, is square, as are also ———— 
all those which leave out one ; [ix. 8] 


I say that all the rest are also square. 
For, since A, B, C are in continued proportion, 

and 4 is square, 

therefore C is also square. [vi. 22] 
Again, since Z, C, D are in continued proportion, 

and Z is square, 

D is also square. (vin. 22] 
Similarly we can prove that all the rest are also square. 


Next, let 4 be cube; 
I say that all the rest are also cube. 


Now it has been proved that C, the fourth from the unit, 
is cube, as also are all those which leave out two; fix. 8] 


I say that all the rest are also cube. 
For, since, as the unit is to 4, so is 4 to B, 


therefore the unit measures 4 the same number of times as 4 
measures Z7. 


But the unit measures 4 according to the units in it; 
therefore 4 also measures B according to the units in itself; 
therefore 4 by multiplying itself has made 7. 
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And 4 is cube. 
But, if a cube number by multiplying itself make some 
number, the product is cube. [1x. 3] 
Therefore B is also cube. 
And, since the four numbers 4, B, C, D are in continued 
proportion, 
and 4 is cube, 
D also is cube. [vin. 23] 
For the same reason 
£ is also cube, and similarly all the rest are cube. 


Q. E. D. 
If 1, 2?, a, a5, a, ... are in geometrical progression, 4,, 45, 4,, ... are all 
squares ; 
and, if 1, 2°, a), ay, ,, ... are in geometrical progression, a,, a;, ... are all cubes. 
(1) By 1x. 8, @, a, ag, ... are all squares. 
And, a’, a,, a, being in geometrical progression, and a? being a square, 
a, is a square. [vin. 22] 
For the same reason 4;, a;, ... are all squares. 
(2) By tx. 8, a5, a9, a, ... are all cubes. 
Now 1:@=@ : a). 
Therefore a, = a° . a, which is a cube, by ix. 3. 
And, 2, a;, a,, a, being in geometrical progression, and a? being cube, 
4, is cube. (viu. 23] 


Similarly we prove that a, is cube, and so on. 
The results are of course obvious in our notation, the series being 
(1) 1, a’, a, a, ... a™, 


(2 1, a’, aè, a", ... a. 


PROPOSITION 10. 


Jf as many numbers as we please beginning from an unit be 
in continued proportion, and the number after the unit be not 
square, neither will any other be square except the third from 
the unit and all those which leave out one. And, if the number 
after the unit be not cube, neither will any other be cube except 
the fourth from the unit and all those which leave out two. 


Let there be as many numbers as we please, 4, B, C, D. 
£, F, beginning from an unit and in continued proportion, 


and let 4, the number after the unit, not be square ; 
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I say that neither will any other be square except the third 
from the unit <and those which 





leave out one>. — 
For, if possible, let C be square. 8 
But B is also square ; [1x. 8] c 

[therefore B, C have to one another D 

the ratio which a square number 


has to a square number]. 
And, as Z is to C, so is A to B ; 


therefore 4, B have to one another the ratio which a square 
number has to a square number ; 
[so that 4, B are similar plane numbers]. [vitt. 26, converse] 
And Z is square ; 
therelore A is also square : 
which is contrary to the hypothesis. 
Therefore C is not square. 
Similarly we can prove that neither is any other of the 


numbers square except the third from the unit and those which 
leave out one. 


Next, let 4 not be cube. 

I say that neither will any other be cube except the fourth 
from the unit and those which leave out two. 

For, if possible, let D be cube. 

Now C is also cube ; for it is fourth from the unit, [1x. 8] 

And, as C is to D, so is P to C; 


therefore Z also has to C the ratio which a cube has to a cube. 
And C is cube; 

therefore Z is also cube. (vir. 25] 
And since, as the unit is to A, so is A to B, 

and the unit measures 4 according to the units in it, 

therefore 4 also measures Z according to the units in itself ; 

therefore 74 by multiplying itself has made the cube number Z. 


But, if a number by multiplying itself make a cube number, 
it is also itself cube. [ix. 6) 
Therefore 4 is also cube: 


which is contrary to the hypothesis. 
Therefore D is not cube. 
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Similarly we can prove that neither is any other of the 
numbers cube except the fourth from the unit and those which 
leave out two. 

Q. E. D. 


If 1, a, 2;, 24, a, ... be a geometrical progression, then (1), if a is nota 
square, none of the terms will be square except a, a4, dg, ...; 


and (2), if æ is not a cube, none of the terms will be cube except a5, a, a, ...- 

With reference to the first part of the proof, viz. that which proves that, if 
4, is a square, a must be a square, Heiberg remarks that the words which 
I have bracketed are perhaps spurious ; for it is easier to use vill. 24 than 
the converse of vil. 26, and a use of vil. 24 would correspond better to the 
use of vill. 25 in the second part relating to cubes. I agree in this view and 
have bracketed the words accordingly. (See however note, p. 383, on 
converses of vill. 26, 27 given by Heron.) It this change be made, the 
proof runs as follows. 

(1) If possible, let a; be square. 

Now a, : 44 =4 : a}. 

But a, is a square. (rx. 8] 

Therefore a is to a, in the ratio of a square to a square. 

And «, is square ; 


therefore a is square [viil. 24]: which is impossible. 
(2) If possible, let a, be a cube. 
Now 44:047 45 : 0s. 
And a, is a cube. (1x. 8] 
Therefore a, is to a, in the ratio of a cube to a cube. 
And a, is a cube: 
therefore a, is a cube. [vin. 25] 
But, since 1:2-4:4, 
4; - a*. 
And, since a? is a cube, 
a must be a cube [1x. 6]: which is impossible. 


The propositions viti. 24, 25 are here not quoted in their exact form in 
that the first and second squares, or cubes, change places. But there is no 
difficulty, since the method by which the theorems are proved shows that 
either inference is equally correct. 


PROPOSITION II. 


Jf as many numbers as we please beginning from an unit be 
in continued proportion, the less measures the greater according 
to some one of the numbers which have place among the propor- 
tional numbers. 
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Let there be as many numbers as we please, Z, C, D, E, 
beginning from the unit 4 and in con- 








tinued proportion ; — 

I say that A, the least of the numbers Z, 8 

C, D, E, measures £ according to some c 

one of the numbers C, D. D 
For since, as the unit 4 is to B, so E 

is D to &, 


therefore the unit 44 measures the number Z the same number 
of times as D measures £ ; 


therefore, alternately, the unit 4 measures D the same number 
of times as Z measures Æ. [vu. 15) 


But the unit 4 measures D according to the units in it; 
therefore 7 also measures £ according to the units in D; 


so that Z the less measures Æ the greater according to some 
number of those which have place among the proportional 
numbers.— 


Porism. And it is manifest that, whatever place the 
measuring number has, reckoned from the unit, the same 
place also has the number according to which it measures, 
reckoned from the number measured, in the direction of the 
number before it.— 

Q. E. D. 


The proposition and the porism together assert that, i 1,2, 2,, ... a, bea 
geometrical progression, a, measures a, and gives the quotient a,_, (7 <2). 
Euclid only proves that a, — a . a, ,, as follows. 
I: @=@,_, : dy. 
Therefore 1 measures 2 the same number of times as a, ., measures a,. 
Hence 1. measures a,., the same number of times as a measures 4, 


(vir. 15] 
that is, an=. Aan: 
We can supply the proof of the porism as follows. 
I:4-4,:0,4, 
8:04—7 0544 : Q4 45, 
: Opp ida, — Hy Ld, 
whence, ex aequali, 
1:44.74, : qu. (vu. 14] 


It follows, by the same argument as before, that 
ds — p. dp. 

With our notation, we have the theorem of indices that 
qm*^ — qm. gn. 
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PROPOSITION 12. 


Jf as many numbers as we please beginning from an unit be 
tn continued proportion, by however many prime numbers the 
last is measured, the next to the unit will also be measured by 
the same. 


Let there be as many numbers as we please, 4, B, C, D, 
beginning from an unit, and in continued proportion ; 


I say that, by however many prime numbers D is measured, 
A will also be measured by the same. 








A—— F 
B G 
——g H 
D 

E— 


For let D be measured by any prime number £ ; 
I say that E measures 4. 
For suppose it does not ; 


now Æ is prime, and any prime number is prime to any which 
it does not measure ; [vir. 29] 


therefore Æ, A are prime to one another. 
And, since £ measures Ø, let it measure it according to 7, 
therefore £ by multiplying Z has made D. 


Again, since 4 measures D according to the units in C, 
[1x. 11 and Por.] 


therefore A by multiplying C has made 7. 
But, further, £ has also by multiplying A made D; 
therefore the product of 4, C is equal to the product of £, F. 


Therefore, as A is to Æ, so is F to C. (vit. 19] 
But 4, Æ are prime, 
primes are also least, [vu. 21] 


and the least measure those which have the same ratio the 
same number of times, the antecedent the antecedent and the 
consequent the consequent ; (vu. 20] 
therefore £ measures C. 

Let it measure it according to G ; 
therefore Æ by multiplying G has made C. 

But, further, by the theorem before this, 
A has also by multiplying Z made C. [ix. 11 and Por.] 


398 BOOK IX: (ix. 12 


Therefore the product of A, B is equal to the product of 
E, G. 


Therefore, as A is to Æ, so is G to 2. [vit. 19] 
But 4, Æ are prime, 
primes are also least, [vn 21] 


and the least numbers measure those which have the same 
ratio with them the same number of times, the antecedent the 
antecedent and the consequent the consequent : [vit. 29] 


therefore Æ measures Z. 
Let it measure it according to 77 ; 
therefore £ by multiplying Æ has made Z. 
But further 4 has also by multiplying itself made Z ; 


(1x. 8] 
therefore the product of Æ, H/ is equal to the square on A. 
Therefore, as Æ is to A, so is A to H. (vii. 19] 
But 4, Æ are prime, 
primes are also least, (vri. 21) 


and the least measure those which have the same ratio the 
same number of times, the antecedent the antecedent and the 
consequent the consequent ; [vu. 20] 
therefore Z measures A, as antecedent antecedent. 

But, again, it also does not measure it : 
which is impossible. 

Therefore Æ, A are not prime to one another, 

Therefore they are composite to one another. 

But numbers composite to one another are measured by 
some number. ivi. Def. 14) 

And, since Æ is by hypothesis prime, 
and the prime is not measured by any number other than itself, 
therefore £ measures 44, Æ, 
sa that £ measures 4. 


[But it also measures 2D ; 
therefore Z measures A, D.] 
Similarly we can prove that, by however many prime 
numbers D is measured, A will also be measured by the same. 
Q. E. D. 


If 1, a, a3, ... à, be a geometrical progression, and a, be measured by any 
prime number 2, a will also be measured by 2. 
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For, if possible, suppose that > does not measure a} then, 2 E prime, 
v 


Pp, @ are prime to one another. 11. 29) 
Suppose a, =n. p. 
Now an =a. ap; [x. 11] 
Therefore a.d, =M. P, 
and a: P=: ayy. (vil. 19] 
Hence, a, being prime to one another, 
f measures a, .,. (vit. 20, 21] 


By a repetition of the same process, we can prove that ? measures a,., 
and therefore 2, ;, and so on, and finally that # measures a. 
But, by hypothesis, ? does not measure a: which is impossible. 
Hence 2, a are not prime to one another : 
therefore they have some common factor. [vii. Def. 14] 
But 2 is the only number which measures 2; 
therefore ? measures a. 


Heiberg remarks that, as, in the éx0«cs, Euclid sets himself to prove that 
E measures 4, the words bracketed above are unnecessary and therefore 
perhaps interpolated. 


PROPOSITION 13. 


Jf as many numbers as we please beginning from an unit be 
zn continued proportion, and the number after the unit be prime, 
the greatest will not be measured by any except those which, have 
a place among the proportional numbers. 


Let there be as many numbers as we please, A, B, C, D, 
beginning from an unit and in continued proportion, and let 4, 
the number after the unit, be prime ; 

I say that D, the greatest of them, will not be measured by any 
other number except 4, B, C. 


A ——— E—— 
B F 

c ——___—_—_ a— 
D H- 


For, if possible, let it be measured by Æ, and let Æ not be 
the same with any of the numbers 4, P, C. 

It is then manifest that Æ is not prime. 

For, if Æ is prime and measures P, 
it will also measure A [ix. 12], which is prime, though it is not 
the same with it: 
which is impossible. 
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Therefore E is not prime. 

Therefore it is composite. 

But any composite number is measured by some prime 
number ; (vu. 31] 
therefore Æ is measured by some prime number. 

I say next that it will not be measured by any other prime 
except 4. 

For, if E is measured by another, 


and Æ measures D, 
that other will also measure 2 ; 


so that it will also measure 74 [1x. 12], which is prime, though 
it is not the same with it : 
which is impossible. 

Therefore A measures Æ. 

And, since Æ measures D, let it measure it according to F. 

I say that Æ is not the same with any of the numbers 
A, B, C. 

For, if F is the same with one of the numbers 4, Z, C, 
and measures D according to Æ, 
therefore one of the numbers 4, Z, C also measures D according 
to Æ. 

But one of the numbers 4, B, C measures D according to 
some one of the numbers 4, B, C; [tx. rr] 
therefore Æ is also the same with one of the numbers 4, B,C: 
which is contrary to the hypothesis. 

Therefore F is not the same as any one of the numbers 
A. B, C. 

Similarly we can prove that F is measured by A, by 
proving again that F is not prime. 

For, if it is, and measures Ø, 
it will also measure 74 (1x. 12], which is prime, though it is not 
the same with it: 
which is impossible ; 
therefore Æ is not prime. 


Therefore it is composite. 
But any composite number is measured by some prime 
number ; [vu. 31) 


therefore F is measured by some prime number. 
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I say next that it will not be measured by any other prime 
except A. 

For, if any other prime number measures F, 
and F measures D, 


that other will also measure D ; 


so that it will also measure 4 [1x. 17], which is prime, though it 
is not the same with it: 


which is impossible. 

Therefore A measures 7. 

And, since £ measures D according to F, 
therefore £ by multiplying F has made D. 

But, further, 4 has also by multiplying C made Ø ; [ıx. 11] 
therefore the product of A, C is equal to the product of £, F. 


Therefore, proportionally, as 4 is to Æ, so is F to C. 


(vii. 19] 
But A measures £; 


therefore F also measures C. 


Let it measure it according to G. 

Similarly, then, we can prove that G is not the same with 
any of the numbers 4, Z, and that it is measured by 4. 

And, since F measures C according to G 


therefore F by multiplying G has made C. 
But, further, 4 has also by multiplying B made C; [ix. 11] 
therefore the product of .4, B is equal to the product of Æ, G. 


Therefore, proportionally, as Æ is to Æ, so is G to B. 
(vit. 19) 
But A measures F; 


therefore G also measures Z. 


Let it measure it according to 77. 

Similarly then we can prove that Æ is not the same 
with A. 

And, since G measures Z according to 77, 


therefore G by multiplying Æ has made Z. 


But further 4 has also by multiplying itself made é i 
ix. 8 


therefore the product of H, G is equal to the square on A. 
Therefore, as Æ is to A, so is A to G. (vn. 19] 
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But 44 measures G ; 


therefore 77 also measures A, which is prime, though it is not 
the same with it : 


which is absurd. 


Therefore D the greatest will not be measured by any 
other number except 4, B, C. 
Q. E. D. 


If 1, @, ay, ... @, be a geometrical progression, and if a is prime, a, will not 
be measured by any numbers except the preceding terms of the series. 

If possible, let 2, be measured by 4, a number different from all the 
preceding terms. 

Now 4 cannot be prime, for, if it were, it would measure a. (ix. 12] 

Therefore 4 is composite, and hence will be measured by some prime 
number (vri. 31], say 7. 

"Thus ? must measure a, and therefore a (1x. 12]; so that ? cannot be 
different from a, and 4 is not measured by any prime number except a. 


Suppose that ad, — b.c. 
Now c cannot be identical with any of the terms a, a;, ... @,-,; for, if it 
were, ? would be identical with another of them: (1x. 11] 


which is contrary to the hypothesis. 
We can now prove (just as for 4) that ¢ cannot be prime and cannot be 
measured by any prime number except a. 
Since b.¢=a,=a.a,-4, [1x. 11] 
a:ó-6:4.., 
whence, since a measures 4, 
¢ measures ay). 


Let 44.17 €. d. 
We now prove in the same way that Z is not identical with any of the terms 
4, 4, ... Gs. 3, is not prime, and is not measured by any prime except a, and 
also that 


d measures dq, .,. 


Proceeding in this way, we get a last factor, say 4, which measures a 
though different from it: 


which is absurd, since a is prime. 


Thus the original supposition that a, can be measured by a number b 
different from all the terms a, a, ... a,_, must be incorrect. 
Therefore etc. 


PROPOSITION 14. 


Lf a number be the least that is measured by prime numbers, 
wt will not be measured by any other prime number except those 
originally measuring tt. 

For let the number 4 be the least that is measured by the 
prime numbers Z, C, D; 
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I say that 4 will not be measured by any other prime number 
except Z, C, D. 

For, if possible, let it be measured by the prime number 
Æ, and let E not be the same with any one of the numbers 
B, C, D. 


— — a— 
E——— c—— 
D 





Now, since E measures A, let it measure it according 
to F; 

therefore £ by multiplying 7 has made 4. 

And A is measured by the prime numbers Z, C, D. 

But, if two numbers by multiplying one another make some 
number, and any prime number measure the product, it will 
also measure one of the original numbers ; [vit. 39] 
therefore P, C, D will measure one of the numbers Æ, F. 


Now they will not measure £ ; 
for E is prime and not the same with any one of the numbers 
Z, C, D. 

Therefore they will measure F, which is less than 4 : 


which is impossible, for 4 is by hypothesis the least number 
measured by Z, C, D. 
Therefore no prime number will measure A except 


B,C, D. 
Q. E. D. 


In other words, a number can be resolved into prime factors in only 


onc way. : 
Let a be the least number measured by each of the prime numbers 


2, c d, ... k. 
If possible, suppose that a has a prime factor 2 different from /, c, d, ... k. 


Let a-p.m. 


Now /, c, d, ... k, measuring g, must measure one of the two — Ê zi 
Vi. 3o 


They do not, by hypothesis, measure 2 ; 
therefore they must measure m, a number less than a : 
which is contrary to the hypothesis. 

Therefore a has no prime factors except 4, e, 2, ... A. 
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PROPOSITION 15. 


Jf three numbers in continued proportion be (he least of 
those which have the same ratio with them, any two whatever 
added together will be prime to the remaining number. 


Let A, B, C, three numbers in continued proportion, be 
the least of those which have the same 





ratio with them ; A— 8 
I say that any two of the numbers c 
A, B, C whatever added together are o- F 


prime to the remainingnumber, namely 
4, Bto C; B, Cto A; and further A, C to B. 
For let two numbers DE, EF, the least of those which 
have the same ratio with 4, Z, C, be taken. [vin. 2] 
It is then manifest that DZ by multiplying itself has made 
A, and by multiplying ZF has made BZ, and, further, EF by 


multiplying itself has made C. (vun. 2] 
Now, since DE, EF are least, 

they are prime to one another. (vir. 22] 
But, if two numbers be prime to one another, 

their sum is also prime to each ; [vu. 28] 


therefore DF is also prime to each of the numbers DE, £F. 
But further DZ is also prime to EF; 
therefore DF, DE are prime to EF. 
But, if two numbers be prime to any number, 
their product is also prime to the other ; [vu. 24] 
so that the product of FD, DE is prime to EF; 
hence the product of FD, DE is also prime to the square 


on £F. (vat. 25] 
But the product of FD, DE is the square on DE together 
with the product of DE, EF; [n. 3] 


therefore the square on DE together with the product of DE, 
EF is prime to the square on EF. 


And the square on DE is A, 
the product of DZ, EF is B, 
and the square on £F is C; 
therefore A, B added together are prime to C. 
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Similarly we can prove that B, C added together are 
prime to A. 


I say next that 4, C added together are also prime to Z. 
For, since DF is prime to each of the numbers DE, EF. 


the square on DF is also prime to the product of DE, EF. 


[vir. 24, 25] 
But the squares on DE, EF together with twice the pro- 
duct of DE, EF are equal to the square on DF; [1 4] 


therefore the squares on DE, EF together with twice the 
product of DE, EF are prime to the product of DE, EF. 
Separando, the squares on DE, EF together with once 
the product of DZ, EF are prime to the product of DE, EF. 
Therefore, separando again, the squares on DE, EF are 
prime to the product of DE, EF. 
And the square on DE is A, 
the product of DZ, EF is P, 
and the square on EZ is C. 


Therefore A, C added together are prime to Z. 
Q. E. D. 
If a, ), c be a geometrical progression in the least terms which have a 
given common ratio, (b + c), (c+ a), (a + b) are respectively prime to a, 4, c. 
Let a : B be the common ratio in its lowest terms, so that the geometrical 
progression is 


o a, f. (vin. 2] 
Now, a, B being prime to one another, 
a + B is prime to both a and fj. (vit. 28] 
Therefore (a + B), a are both prime to B. 
Hence (a + B) a is prime to £, (vu. 24] 
and therefore to 8*; [vu 25] 
ie. a? 4 afl is prime to /j?, 
or a + b is prime to c. 
Similarly, af + B is prime to a’, 
or b+c is prime to a. 
Lastly, a + fj being prime to both a and f, 
(a+ B’ is prime to af, [vir. 24, 25] 
or a! + R’ + 208 is prime to af: 
whence a! 4 f? is prime to af. 


The latter inference, made in two steps, may be proved by reductio ad 
absurdum as Commandinus proves it. 

If a? + B* is not prime to af, let x measure them ; 
therefore x measures a’ + $? + 2a as well as af ; 
hence a « f? * 2afj and af$ are not prime to one another, which is contrary 
to the hypothesis. 
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PROPOSITION 16. 


Jf two numbers be prime to one another, the second will not 
be to any other number as the first ts to the second. 


For let the two numbers A, B be prime to one another ; 
I say that Z is not to any other number as 





A isto B. A = 
For, if possible, as 4 is to B, so let B be Bock 
to C. c 
Now 4, B are prime, 
primes are also least, [vi 21] 


and the least numbers measure those which have the same 
ratio the same number of times, the antecedent the antecedent 
and the consequent the consequent ; [vi 20] 
therefore 4 measures Z as antecedent antecedent. 

But it also measures itself ; 
therefore A measures 4, B which are prime to one another : 
which is absurd. 

Therefore Z will not be to C, as 4 is to B. 

Q. E. D. 

If a, 5 are prime to one another, they can have no integral third 
proportional. 

If possible, let a:bz-b:x. 


Therefore (vit. 20, 21] a measures ^; and a. b have the common measure 
a, which is contrary to the hypothesis. 


PROPOSITION 17. 


Jf there be as many numbers as we please in continued 
proportion, and the extremes of them be prime to one another, 
the last will not be to any other number as the first to the 
second. 


For let there be as many numbers as we please, 4, B,C, D, 
in continued proportion, 








and let the extremes of them, 4, S d 
D, be prime to one another ; 
I say that D is not to any other E 





number as A is to Z. 
For, if possible, as 4 is to B, so let D be to £ ; 
therefore, alternately, as 4 is to D, so is B to £. (vu. 13] 
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But 4, D are prime, 
primes are also least, [vir. 21] 
and the least numbers measure those which have the same 
ratio the same number of times, the antecedent the antecedent 
and the consequent the consequent. (vu. 20] 


Therefore A measures B. 
And, as 4 is to B, so is Z to C. 
Therefore & also measures C ; 


so that 4 also measures C. 
And since, as B is to C, so is C to D, 
and B measures C, 
therefore C also measures D. 
But 44 measured C ; 
so that 44 also measures D. 
But it also measures itself ; 
therefore A measures A, D which are prime to one another : 
which is impossible. 


Therefore D will not be to any other number as J is to B. 
Q. E. D. 


If a, a4, a, ... a, be a geometrical progression, and a, a, are prime to one 
another, then a, a,, a, can have no integral fourth proportional. 


For, if possible, let @:Q,=a,:%. 
Therefore a: a, =a: X, 
and hence (vit. 20, 21] a measures a,. 
Therefore a, measures ay, (vit. Def. 20] 


and hence a measures a,, and therefore also ultimately a,. 
Thus a, a, are both measured by a: which is contrary to the hypothesis. 


PRoposITION 18. 


Given two numbers, to investigate whether it is possible to 
Jind a third proportional to them. 


Let A, B be the given two numbers, and let it be required 
to investigate whether it is possible to find a third proportional 
to them. 

Now A, B are either prime to one another or not. 

And, if they are prime to one another, it has been proved 
that it is impossible to find a third proportional to them. 

(1x. 16) 
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Next, let 4, B not be prime to one another, 
and let B by multiplying itself make C. 
Then A either measures C or does not measure it. 





A 
B 


D 





c 


First, let it measure it according to D; 
therefore 4 by multiplying D has made C. 

But, further, Z has also by multiplying itself made C ; 
therefore the product of A, D is equal to the square on Z. 

Therefore, as A is to B, so is B to D; (vit. 19] 
therefore a third proportional number D has been found to 


A, B. 


Next, let A not measure C ; 


I say that it is impossible to find a third proportional number 
to A, B. pe 
For, if possible, let D, such third proportional, have been 
found. 
Therefore the product of 4, D is equal to the square on Z. 
But the square on Z is C; 
therefore the product of 4, D is equal to C. 
Hence 4 by multiplying D has made C; 
therefore 4 measures C according to D. 
But, by hypothesis, it also does not measure it : 
which is absurd. 
Therefore it is not possible to find a third proportional 
number to A, B when 4 does not measure C. Q. E. D. 
Given two numbers a, b, to find the condition that they may have an 
integral third proportional. 
(1) a, b must not be prime to one another. [1x. 16] 
(2) a must measure Z7". 
For, if a, b, c be in continued proportion, 
ac = 6. 
Therefore a measures 3’. 
Condition (1) is included in condition (2) since, if 4 = ma, a and b cannot 
be prime to one another. 
The result is of course easily seen if the three terms in continued 
proportion be written 
ESO! 
e, a-, a(-). 
a a 
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PROPOSITION 19. 


Given three numbers, to investigate when it is possible to 
find a fourth proportional to them. 


Let 4, B, C be the given three numbers, and let it be 





required to investigate when it is 4 
possible to find a fourth proportional , 
to them. é 

Now either they are not in con- 5 
tinued proportion, and the extremes E 


of them are prime to one another ; 
or they are in continued proportion, and the extremes of them 
are not prime to one another ; 
or they are not in continued proportion, nor are the extremes 
of them prime to one another ; 
or they are in continued proportion, and the extremes of them 
are prime to one another. 

If then 44, B, C are in continued proportion, and the 
extremes of them 44, C are prime to one another, 
it has been proved that it is impossible to find a fourth pro- 
portional number to them. (ix. 17] 

tNext, let 4, B, C not be in continued proportion, the 
extremes being again prime to one another; 
I say that in this case also it is impossible to find a fourth 
proportional to them. 

For, if possible, let D have been found, so that, 

as A is to B, so is C to D, 

and let it be contrived that, as B is to C, so is D to £. 

Now, since, as 4 is to B, so is C to D, 
and, as B is to C, so is D to Æ, 


therefore, ex aequal:, as A is to C, so is C to £. (vit. 14] 
But A, C are prime, 
primes are also least, ſvn. 21) 


and the least numbers measure those which have the same 

ratio, the antecedent the antecedent and the consequent the 

consequent. [vi1. 20] 
Therefore A measures C as antecedent antecedent. 
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But it also measures itself ; 
therefore A measures A, C which are prime to one another : 
which is impossible. 

Therefore it is not possible to find a fourth proportional 
to 4, B, Ct 

Next, let 4, B, C be again in continued proportion, 
but let 4, C not be prime to one another. 

à I say that it is possible to find a fourth proportional to 
them. 

For let 7 by multiplying C make D ; 
therefore A either measures D or does not measure it. 

First, let it measure it according to £ ; 
therefore 4 by multiplying Æ has made D. 

But, further, P has also by multiplying C made D ; 
therefore the product of Æ, Æ is equal to the product of 
therefore, proportionally, as Æ is to B, so is C to E; (vu. xg] 
therefore Æ has been found a fourth proportional to A, B, C. 

Next, let 4 not measure D; 

I say that it is impossible to find a fourth proportiona! number 
to A, B, C. 

For, if possible, let Æ have been found ; 

therefore the product of 4, Æ is equal to the product of B, C. 


(vii. 19) 

But the product of B, Cis D; 
therefore the product of A, Æ is also equal to D. 

Therefore A by multiplying £ has made 2 ; 
therefore A measures D according to £, 
so that 4 measures D. 

But it also does not measure it: 
which is absurd. 

Therefore it is not possible to find a fourth proportional 
number to 4, B, C when 4 does not measure D. 

Next, let 4, B, C not be in continued proportion, nor the 
extremes prime to one another. 

And let Z by multiplying C make 2. 

Similarly then it can be proved that, if A measures D, 
it is possible to find a fourth proportional to them, but, if it 
does not measure it, impossible. Q. E. D. 
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Given three numbers a, 4, c, to find the condition that they may have an 
integral fourth proportional. 

The Greek text of part of this proposition is hopelessly corrupt. Accord- 
ing to it Euclid takes four cases. 


(1) a, 4, ¢ not in continued proportion, and a, c prime to one another. 
(2) a, 6, c in continued proportion, and a, c not prime to one another. 
(3) a, b, c not in continued proportion, and a, c not prime to one another. 
(4) a, 6, ¢ in continued proportion, and a, c prime to one another. 
(4) is the case dealt with in ix. 17, where it is shown that on hypothesis 
(4) a fourth proportional cannot be found. 


The text now takes case (r) and asserts that a. fourth proportional cannot 
be found in this case either. We have only to think of 4, 6, 9 in order to see 
that there is something wrong here. The supposed proof is also wrong. If 
possible, says the text, let Z be a fourth proportional to a, b, c, and lel € 
be laken such that 

b:c=d:e 

Then, ex aequali, a:c=c:e, 
whence a2 measures c : [vu. 20, 21] 
which is impossible, since a, ¢ are prime to one another. 

But this does not prove that a fourth proportional @ cannot be found ; it 
only proves that, if £ is a fourth proportional, no integer ¢ can be found to 
satisfy the equation 


b:c=d:e. 
Indeed it is obvious from 1x. 16 that in the equation 
a:c=c:e 


e cannot be integral. 


The cases (2) and (3) are correctly given, the first in full, and the other as 
a case to be proved ‘‘similarly” to it. 

These two cases really give all that is necessary. 

Let the product 4c be taken. 

Then, if a measures Ze, suppose bc = ad; 


therefore a:b=c:d, 
and d is a fourth proportional. 


But, if a does nof measure bc, no fourth proportional can be found. 
For, if x were a fourth proportional, ex would be equal to 4c, and a would 
measure bc. 

The sufficient condition in any case for the possibility of finding a fourth 
proportional to a, b, c is that a should measure £c. 

Theon appears to have corrected the proof by leaving out the incorrect 
portion which I have included between daggers and the last case (3) dealt 
with in the last lines. Also, in accordance with this arrangement, he does not 
distinguish four cases at the beginning but only two. “Either 4, B, C are 
in continued proportion and the extremes of them A, C are prime to one 
another; or not.” Then, instead of introducing case (2) by the words 
“Next let 4, B, C...to find a fourth proportional to them,” immediately 
following the second dagger above, Theon merely says “But, if not,” (i.e. 
if it is not the case that a, 4, ¢ are in G.P. and a, ¢ prime to one another] “let 
B by multiplying C make D,” and so on. 
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August adopts Theon's form of the proof. Heiberg does not feel able to 
do this, in view of the superiority of the authority for the text as given above 
(P); he therefore retains the latter without any attempt to emend it. 


PROPOSITION 20. 
Prime numbers are more than any assigned multitude of 
prime numbers. 


Let A, B, C be the assigned prime numbers ; 


I say that there are more 
prime numbers than 4, B,C. A— 


For let the least number 8— a 
measured by 4, B, C be ¢— g 
taken, Eem e 


and let it be DE; 
let the unit DF be added to DE. 
Then E is either prime or not. 
First, let it be prime; 
then the prime numbers 4, B, C, EF have been found which 
are more than Z, B, C. 
Next, let EF not be prime; 
therefore it is measured by some prime number. (vir. 31] 
Let it be measured by the prime number C. 
I say that G is not the same with any of the numbers 
A, B,C. 
For, if possible, let it be so. 
Now A, B, C measure DE ; 
therefore G also will measure DZ. 


But it also measures ZF. 
Therefore G, being a number, will measure the remainder, 


the unit DF: 
which is absurd. 


Therefore G is not the same with any one of the numbers 
A, B,C. 
And by hypothesis it is prime. 
Therefore the prime numbers 4, B, C, G have been found 
which are more than the assigned multitude of 4, B, C. 
Q. E. D. 
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We have here the important proposition that the number of prime numbers 
i5 infinite. 

The proof will be seen to be the same as that given in our algebraical 
text-books. Let a, 4, c, ... 4 be any prime numbers. 

Take the product a& ... A and add unity. 

Then (adc... & + 1) is either a prime number or not a prime number. 

(1) If it es, we have added another prime number to those given. 

(2) If it is of, it must be measured by some prime number [vu 31], say 2. 

Now P? cannot be identical with any of the prime numbers a, 4, ¢, ... 4. 

For, if it is, it will divide aZc ... A. 
Therefore, since it divides (abc... * 1) also, it will measure the difference, 
or unity : 
which is impossible. 

Therefore in any case we have obtained one fresh prime number. 

And the process can be carried on to any extent. 


PROPOSITION 21. 


Jf as many even numbers as we please be added together, 
the whole is even. 


For let as many even numbers as we please, 44, BC, CD, 
DE, be added together ; 





I say that the whole AE ^A $ c ọ E 
is even. 

For, since each of the uumbers 48, BC, CD, DE is even, 
it has a half part ; (vu. Def. 6] 


so that the whole 74 £ also has a half part. 

But an even number is that which is divisible into two 
equal parts ; lid.] 
therefore AZ is even. 

Q. E. D. 


In this and the following propositions up to 1x. 34 inclusive we have a 
number of theorems about odd, even, “even-times even” and “ even-times 
odd” numbers respectively. They are all simple and require no explanation 
in order to enable them to be followed easily. 


PROPOSITION 22. 
Jf as many odd numbers as we please be added together, and 
their multitude be even, the whole will be even. 
For let as many odd numbers as we please, 42, BC, CD, 
DE, even in multitude, be added together ; 
I say that the whole 4 Æ is even. 
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For, since each of the numbers 4B, BC, CD, DE is odd, 
if an unit be subtracted from each, each of the remainders will 


be even ; [vii. Def. 7] 
so that the sum of them will be even. [x. 21] 
A B o o € 
— t ee ae 


But the multitude of the units is also even. 
Therefore the whole AZ is also even. [\x. 21] 


PROPOSITION 23. 


Jf as many odd numbers as we please be added together, 
and their multitude be odd, the whole will also be odd. 


For let as many odd numbers as we please, AB, BC, CD, 
the multitude of which is odd, 
be added together ; . x 5 et 
I say that the whole AD is ——— — — 
also odd. 

Let the unit DZ be subtracted from CD; 


therefore the remainder CZ is even. (vit. Def. 7] 
But CA is also even; [1x. 22] 
therefore the whole 4 Æ is also even. [ix. 21] 
And DE is an unit. 
Therefore AD is odd. (vit. Def. 7] 
Q. E. D. 


3. Literally *'let there be as many numbers as we please, of which /ef the multitude de 
odd." This form, natural in Greek, is awkward in English. 


PROPOSITION 24. 


Lf from an even number an even number be subtracted, the 
remainder will be even. 

For from the even number AB let the even number BC 
be subtracted : 
I say that the remainder CA is even. A c 8 


For, since AZ is even, it has a half 
part. (vit. Def. 6] 
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For the same reason BC also has a half part ; 


so that the remainder [CA also has a half part, and] AC is 
therefore even. 


Q. E. D. 


PROPOSITION 25. 


If from an even number an odd number be subtracted, the 
remainder will be odd. 


For from the even number AB let the odd number BC be 
subtracted ; 
I say that the remainder CA isodd. 4 cD B 


For let the unit CD be sub- 
tracted from BC; 





therefore DB is even. [vir. Def. 7] 
But 4B is also even; . 
therefore the remainder 442 is also even. (1x. 24] 
And CD is an unit ; 
therefore CA is odd. (vir. Def. 7] 
Q. E. D. 


PROPOSITION 26. 


Jf from an odd number an odd number be subtracted, the 
remainder will be even. 


For from the odd number 4B let the odd number BC be 
subtracted ; 
I say that the remainder CA is even. A c DB 


For, since AB is odd, let the unit 
BD be subtracted ; 





therefore the remainder 4D is even. [vir. Def. 7] 
For the same reason C2 is also even ; (vu. Def. 7] 
so that the remainder CA is also even. [1x. 24] 


Q. E. D. 
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PROPOSITION 27. 
Jf from an odd number an even number be subtracted, the 
remainder will be odd. 
For from the odd number AZ let the even number AC be 
subtracted ; 
I say that the remainder CA is odd. 





Let the unit AD be subtracted ; Ap ç a 
therefore DP is even. (vir. Def. 7] 
But BC is also even; 
therefore the remainder CD is even. [tx. 24] 
Therefore CA is odd. (vu. Def. 7) 
Q. E. D. 


PROPOSITION 28. 
Tf an odd number by multiplying an even number make 
some number, the product will be even. 
For let the odd number 4 by multiplying the even number 
B make C; 
I say that C is even. : 
For, since A by multiplying B has c 


A — 


made C, 
therefore C is made up of as many numbers equal to Z as 
there are units in A. (vit. Def. 15] 


And B is even; 
therefore C is made up of even numbers. 
But, if as many even numbers as we please be added 
together, the whole is even. [1x. 21) 
Therefore C is even. 
Q. E. D. 
PROPOSITION 29. 


Jf an odd number by multiplying an odd number make 
some number, the product will be odd. 

For let the odd number 4 by multiplying the odd number 
B make C; 
I say that C is odd. e 

For, since 4 by multiplying Z has | 
made C, 


A— 
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therefore C is made up of as many numbers equal to B as 
there are units in 4. (vit. Def. 15) 
And each of the numbers 4, Z is odd ; 


therefore C is made up of odd numbers the multitude of which 
is odd. 


Thus C is odd. [1x. 23] 
Q. E. D. 
PROPOSITION 30, 


Jf an odd number measure an even number, it will also 
measure the half of it. 


For let the odd number 4 measure the even number Z ; 
I say that it will also measure the half 


of it. Xam 
For, since A measures Z, B 
let it measure it according to C ; c 





I say that C is not odd. 

For, if possible, let it be so. 

Then, since A measures Z according to C, 
therefore A by multiplying C has made 2. 

Therefore B is made up of odd numbers the multitude 
of which is odd. 

Therefore Z is odd: [1x. 23] 
which is absurd, for by hypothesis it is even. 

Therefore C is not odd ; 
therefore C is even. 

Thus A measures Z an even number of times. 

For this reason then it also measures the half of it. 

Q. E. D. 


PROPOSITION 31. 


Jf an odd number be prime to any number, it will also be 
prime to the double of it. 


For let the odd number A be prime to any number Z, 
and let C be double of B; 








I say that 4 is prime to C. A 
For, if they are not prime ® i 
to one another, some number 7 


will measure them. 
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Let a number measure them, and let it be D. 
Now A is odd; 


therefore D is also odd. 
And since D which is odd measures C, 
and C is even, 
therefore [D] will measure the half of C also. [1x. 30] 
But B is half of C; 
therefore D measures Z. 
But it also measures A ; 
therefore D measures 4, B which are prime to one another: 
which is impossible. 
Therefore A cannot but be prime to C. 
Therefore A, C are prime to one another. 


PROPOSITION 32. 


Each of the numbers which are continually doubled beginning 
from a dyad 1s even-times even only. 


For let as many numbers as we please, Z, C, D, have been 
continually doubled beginning 
from the dyad 4 ; 

I say that B, C, D are even- 
times even only. 

Now that each of the 


numbers Z, C, D is even-times even is manifest; for it is 
doubled from a dyad. 


I say that it is also even-times even only. 
For let an unit be set out. 
Since then as many numbers as we please beginning from 
an unit are in continued proportion, 
and the number A after the unit is prime, 
therefore D, the greatest of the numbers 44, Z, C, D, will not 
be measured by any other number except A, B, C. (tx. 13] 
And each of the numbers 4, B, C is even; 
therefore D is even-times even only. [vi. Def. 8] 


Similarly we can prove that each of the numbers Z, C is 
even-times even only. 





coo» 


Q. E. D. 


IX. 32—34] PROPOSITIONS 31—34 419 


See the notes on vii. Deff. 8 to 11 for a discussion of the difficulties 
shown by Iamblichus to be involved by the Euclidean definitions of *'even- 
times even," "even-times odd” and “odd-times even.” 


PROPOSITION 33. 


If a number have its half odd, tt is even-times odd only. 
For let the number 4 have its half odd ; 
I say that 4 is even-times odd only. 


Now that it is even-times odd is — — 
manifest; for the half of it, being odd, 
measures it an even number of times. (vn. Def. 9] 


I say next that it is also even-times odd only. 
For, if A is even-times even also, 


it will be measured by an even number according to an even 
number ; [vu. Def. 8) 


so that the half of it will also be measured by an even number 
though it is odd : 


which is absurd. 
Therefore A is even-times odd only. Q. E. D. 


PROPOSITION 34. 


If a number neither be one of those which are continually 
doubled from a dyad, nor have tts half odd, it is both even- 
times even and even-times odd. 

For let the number 4 neither be one of those doubled 
from a dyad, nor have its half odd; 

I say that 4 is both even-times even A 
and even-times odd. 

Now that A is even-times even is manifest ; 
for it has not its half odd. [vi. Def. 8] 

I say next that it is also even-times odd. 

For, if we bisect 4, then bisect its half, and do this con- 
tinually, we shall come upon some odd number which will 
measure 4 according to an even number. 

For, if not, we shall come upon a dyad, 
and A will be among those which are doubled from a dyad : 
which is contrary to the hypothesis. 
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Thus 4 is even-times odd. 

But it was also proved even-times even. 

Therefore A is bcth even-times even and even-times odd. 
Q. E. D. 


PROPOSITION 35. 


Jf as many numbers as we please be in continued proportion, 
and there be subtracted from the second and the last numbers 
equal to the first, then, as the excess of the second ts to the 
first, so will the excess of the last be to all those before it. 


Let there be as many numbers as we please in continued 


proportion, 44, BC, D, EF, 


beginning from A as least, A= 
and let there be subtracted B-a-C 
from JC and EF the numbers o- 


F 





BG, FH, each equal to 4 ; E 
I say that, as GC is to A, so 
is EH to A, BC, D. 
For let FK be made equal to BC, and FL equal to D. 
Then, since FK is equal to BC, 
and of these the part FH is equal to the part BG, 
therefore the remainder 7X is equal to the remainder GC. 
And since, as EF is to D, so is D to BC, and BC to A, 
while D is equal to FL, BC to FK, and A to FH, 
therefore, as EF is to FL, so is LF to FK, and FK to FH. 
Separando, as EL is to LF, so is LK to FK, and KH 
to FH. [vu. 11, 13] 
Therefore also, as one of the antecedents is to one of the 
consequents, so are all the antecedents to all the consequents; 
[vn 12] 
therefore, as KH is to FH, so are EL, LK. KH to LF, 
FK, HF. 
But KZ is equal to CG, FH to A, and LF, FK, HF to 
D, BC, A; 
therefore, as CG is to A, so is EH to D, BC, A. 
Therefore, as the excess of the second is to the first, so is 
the excess of the last to all those before it. 


L K H 


Q. E. D. 
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This proposition is perhaps the most interesting in the arithmetical Books, 
since it gives a method, and a very elegant une. of summing any series of 
terms in geometrical progression. 


Let a,, aj, 2,,... 44, Gy, be a series of terms in geometrical progression. 
Then Euclid’s proposition proves that 
(anı — a) : (a + Gg +... + an) = (22 — 4) :4 
For clearness’ sake we will on this occasion use the fractional notation of 


algebra to represent proportions. 
Euclid's method then comes to this. 


. a a a 
Since CAI AN umo 
a, an-ı a, 
we have, separando, 
Anti — An _ an— ina 235—409) 44-4 
— OS Le Fe A, 
a, any a, a 


whence, since, as one of the antecedents is to one of the consequens, SO is 
the sum of all the antecedents to the sum of all the consequents, (vu. 12] 
dae — 01 29174 
antan, +.. +a d 
which gives 2, + aa + ... +@,, or Sy. 
If, to compare the result with that arrived at in algebraical text-books, we 
write the series in the form 
a, ar, ar,...ar™' (n terms), 
ar -a ar-a 
S. a^ 
a (7^ — 1) 
Cue 








, 


we have 





or S n 





PROPOSITION 36. 


If as many numbers as we please beginning from an unit 
be set out continuously in double proportion, until the sum of all 
becomes prime, and if the sum multiplied into the last make 
some number, the product will be perfect. 

For let as many numbers as we please, A, B, C, D, 
beginning from an unit be set out in double proportion, until 
the sum of all becomes prime, 
let Æ be equal to the sum, and let Æ by multiplying D 
make FG; 

I say that FG is perfect. 

For, however many A, B, C, D are in multitude, let so 
many Æ, HK, L, M be taken in double proportion beginning 
from £ ; 
therefore, ex aeguali, as A is to D, so is £ to M. (vu. 14] 
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Therefore the product of Æ, D is equal to the product of 
A, M. [vi. 19] 


And the product of £, D is FG; 
therefore the product of 4, M is also FG. 
Therefore A by multiplying 17 has made FG ; 
therefore M measures FG according to the units in A. 
And 4 is a dyad; 
therefore FG is double of M. 














P— a 


But M, L, HK, E are continuously double of each other; 
therefore £, HK, L, M, FG are continuously proportional in 
double proportion. 

Now let there be subtracted from the second 4X and the 
last FG the numbers HAN, FO, each equal to the first £ ; 
therefore, as the excess of the second is to the first, so is the 
excess of the last to all those before it. (ix. 35] 

Therefore, as VØ is to Æ, so is OG to M, L, KH, E. 

And AK is equal to £ ; 
therefore OG is also equal to M, L, HK, E. 

But FO is also equal to Æ, 
and Æ is equal to 4, B, C, D and the unit. 

Therefore the whole FG is equal to Z, HK, L, M and 
4, B,C, D and the unit; 
and it is measured by them. 


I say also that FG will not be measured by any other 
number except 4, B, C, D, E, HK, L, M and the unit. 

For, if possible, let some number P measure FG, 
and let P not be the same with any of the numbers 4, Z, C, 
D, E, HK, L, M. 

And, as many times as P measures FG, so many units let 
there be in Q; 
therefore Q by multiplying P has made FG. 
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But, further, & has also by multiplying D made FC ; 
therefore, as Æ is to Q, so is P to D. [vn. 19] 
And, since A, B, C, D are continuously proportional 
beginning from an unit, 
therefore D will not be measured by any other number except 
A, B, C. (1x. 13] 
And, by hypothesis, P is not the same with any of the 
numbers A, Z, C; 
therefore P will not measure D. 
But, as P is to D, so is E to Q; 
therefore neither does Æ measure Q. [vii. Def. 29] 
And Z is prime ; 
and any prime number is prime to any number which it does 


not measure. [vit. 29] 
Therefore Æ, Q are prime to one another. 
But primes are also least, [vit. 21] 


and the least numbers measure those which have the same 
ratio the same number of times, the antecedent the antecedent 
and the consequent the consequent ; [vir. 29] 
and, as Æ is to Q, so is P to D; 

therefore Æ measures P the same number of times that Q 
measures D. 


But D is not measured by any other number except 
A, B, C; 
therefore Q is the same with one of the numbers 4, B, C. 

Let it be the same with Z. 

And, however many Z, C, D are in multitude, let so many 
E, HK, L be taken beginning from £. 

Now Æ, HK, L are in the same ratio with Z, C, D; 


therefore, ex aegualt, as B is to D, so is E to L. (vit. 14] 
Therefore the product of B, ZL is equal to the product of 
D, E. (vir. 19] 


But the product of D, £ is equal to the product of Q, P ; 
therefore the product of Q, P is also equal to the product of 
B, L. 

Therefore, as Q is to Z, so is L to P. [vi 19] 

And Q is the same with Z ; 


therefore Z is also the same with 7: 
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which is impossible, for by hypothesis P is not the same with 
any of the numbers set out. 


Therefore no number will measure FG except A, B, C, 
D, E, HK, L, M and the unit. 

And FG was proved equal to A, B, C, D, E, HK, L, M 
and the unit; 
and a perfect number is that which is equal to its own parts ; 

(vn. Def. 22] 
therefore FG is perfect. 
Q. E. D. 


If the sum of any number of terms of the series 
142, 255...,2^*! 
be prime, and the said sum t.c multiplied by the last term, the product will be 
a "perfect" number, i.e. equal to the sum of all its factors. 
Let 1+ 2+ 27+... + 2"-' (=S,) be prime; 
then shall .5, . 2^7! be “ perfect.” 
Take (7 — 1) terms of the series 
S3, 25$,, 225,, ... 27-98,. 
These are then terras proportional to the terms 
2, 27, 23, ... 2^7, 
Therefore, ex aegua/i, 


2:2" !2$,: 271, (vu. 14] 
or 2.2" 3$,—-2"1, S. [vii. 19] 
(This is of course obvious algebraically, but Euclid's notation requires him to 


prove it.) 

Now, by 1x. 35, we can sum the series §, + 2.5, 4...  2"7*$,, 
and (25, — Sp) : Sy = (2°7'S, — Sp) : (Sp + 2Sa +... + 277S). 

Therefore Sat 2S, + 27S, 4 0.04 2"-72S, = 2978, - Sns 
or 2°18, = S, + 2S, + 27S, +... + 2-78, + Sy 

= Sn + 25, +... + 2" 7S, + (E+ 2+ 27+... +4 2%), 

and 2^-! S, is measured by every term of the right hand expression. 

It is now necessary to prove that 2775, cannot have any factor except 
those terms. 

Suppose, if possible, that it has a factor x different from all of them, 


and let 2S -x.m 
Therefore S. :im-xiz" [vi. 19] 
Now 2"'' can only be measured by the preceding terms of the series 
n 2,25:..2'55 [1x. 13] 


and x is different from all of these ; 
therefore x does not measure 2^7, 
so that S, does not measure m. (vn. Def. 20] 
And S, is prime; therefore it is prime to m. (vir. 29) 
It follows [vit. 2o, 21] that 
71 measures 2" !, 
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Suppose that m= 2". 
Now, ex aequali, 20 v2"-1e 4$, : 29707 MSS... 
Therefore 27.2" 2" S, [vni 19] 


=x. m, from above. 

And m = 2"; 
therefore x = 2"-'-' S,, one of the terms of the series S,,, 2S,, 27S, -..2"77Sy: 
which contradicts the hypothesis. 

There 2*-! S, has no factors except 

$,, 25,, 23 $,, ... 27735,, 1, 2, 25... 277, 

Theon of Smyrna and Nicomachus both define a “perfect” number and 
give the law of its formation. Nicomachus gives four perfect numbers and no 
more, namely 6, 28, 496, 8128. He says they are formed in “ ordered” 
fashion, there being one among the units (i.e. less than 10), one among the 
tens (less than 100), one among the hundreds (less than 1000) and one among 
the thousands (less than roo00); he adds that they terminate in 6 or 8 
alternately. They do all terminate in 6 or 8, as can easily be proved by 
means of the formula (2^— r) 2"! (cf. Loria, Ze seiemze esatte nell’ antica 
Grecia, pp. 840— 1), but not alternately, for the fifth and sixth perfect numbers 
both end in 6, and the seventh and eighth both end in 8. lamblichus adds 
a tentative suggestion that perhaps there may be, in like manner, one perfect 
number among the “first myriads” (less than 10900”), one among the “second 
myriads " (less than 10000"), and so on. This is, as we shall see, incorrect. 

It is natural that the subject of perfect numbers should, ever since Euclid's 
time, have had a fascination for mathematicians. Fermat (1601—-1655), in a 
letter to Mersenne (Œuvres de Fermat, ed. Tannery and Henry, Vol. 1., 
1894, pp. 197 —9), enunciated three propositions which much facilitate the 
investigation whether a given number of the form 2"- t is prime or not. If 
we write in one line the exponents 1, 2, 3, 4, etc. of the successive powers of 
2 and underneath them respectively the numbers representing the correspond- 
ing powers of 2 diminished by r, thus, 

123 4 5 6 7 8 9 10 Ir wat 

1 3 7 15 3I 63 127 255 SII 1023 2047..2"—1!, 
the following relations are found to subsist between the numbers in the frst 
line and those directly below them in the second line. 

1. lf the exponent is not a prime number, the corresponding number is 
not a prime number either (since a”? — r is always divisible by a^ — 1 as well 
as by aî - 1). 

2. If the exponent is a prime number, the corresponding number dimi- 
nished by 1 is divisible by twice the exponent. [(2"— 2)/27 = (2""'—1)/; so 
that this is a special case of “ Fermat’s theorem” that, if f is a prime number 
and a is prime to f, then a?^' is divisible by 2.) 

3. If the exponent » is a prime number, the corresponding number is 
only divisible by numbers of the form (2mn+1). If therefore the corre- 
sponding number in the second line has no factors of this form, it has no 
integral factor. 

The first and third of these propositions are those which are specially 
useful for the purpose in question. As usual, Fermat does not give his proofs 
but merely adds: ''Voilà trois fort belles propositions que j'ay trouvées et 


prouvées non sans peine. Je les puis appeller les fondements de l'invention 
des nombres parfaits.” 
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I append a few details of discoveries of further perfect numbers after the 
first four. The next are as follows : 
fifth, — 2 (2^ — 1) 2 33 $50 336 
sixth, — 21^ (27 — 1) 2 8 589 869 0o56 
seventh, 2 (2* — 1) 2 137 438 691 328 
eighth, 2*(2" — r) 2 2 3o5 843 008 139 952 128 
ninth, 2* (2" — 1) 2 2 658 455 991 569 831 744 654 692 615 953 842 176 
tenth, — 2* (2* — 1). 

It has further been proved that 2!"— t is prime, and so is 2'7- t. Hence 
2!* (217 — 1) and 2/7 (217 — t) are two more perfect numbers. 

The fifth perfect number may have been known to Izmblichus, though he 
does not give it; it was however known, with all its factors, in the fifteenth 
century, as appears from a tract written in German which was discovered by 
Curtze (Cod. lat. Monac. 14908). The first eight perfect numbers were 
calculated by Jean Prestet (d. 1670). Fermat had stated, and Euler proved, 
that 2"-1 is prime. The ninth perfect number was found by P. Seelhoff 
(Zeitschrift für Math. u. Physik, xxxi., 1886, pp. 174—8) and verified by 
E. Lucas (AMatAésis, vi, 1887, pp. 45—6). The tenth was discovered by 
R. E. Powers (see Bulletin of the American Mathematical Society, XVIIL, 1912, 
p. 162). 2'"—1 was proved to be prime by E. Fauquembergue and R. E. 
Powers (1914), while Fauquembergue proved that 2!”—1 is prime. 

There have been attempts, so far unsuccessful, to solve the question 
whether there exist other '' perfect numbers" than those of Euclid, and, in 
particular, perfect numbers which are odd. (Cf. several notes by Sylvester in 
Comptes rendus, cv1., 1888 ; Catalan, “ Mélanges mathématiques ” in Mém. de 
la Soc. de Litge, 2° Série, xv., 1888, pp. 205—7 ; C. Servais in Mathésis, vu1., 
pp. 228—30 and vil, pp. 92—93, 135; E. Cesaro in Mathésts, VIL, 
PP. 245—6 ; E. Lucas in MatAésis, X., pp. 74—6). 

For the detailed history of the whole subject see L. E. Dickson, History 
of the Theory of Numbers, Vol. 1., 1919, pp. iii—iv, 3—33- 
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BOOK X. 


INTRODUCTORY NOTE. 


We have seen (Vol. r., p. 351 etc.) that the discovery of the irrational is 
due to the Pythagoreans. The first scholium on Book x. of the E/ements 
states that the Pythagoreans were the first to address themselves to the in- 
vestigation of commensurability, having discovered it by means of their obser- 
vation of numbers. They discovered, the scholium continues, that not all 
magnitudes have a common measure. “They called all magnitudes measure- 
able by the same measure commensurable, but those which are not subject to 
the same measure incommensurable, and again such of these as are measured 
by some other common measure commensurable with one another, and such 
as are not, incommensurable with the others. And thus by assuming their 
measures they referred everything to diferent commensurabilities, but, though 
they were different, even so (they proved that) not all magnitudes are com- 
mensurable with any. (hey showed that) all magnitudes can be rational 
(6nra) and all irrational (4Aoya) in a relative sense (ws mpós te); hence the 
commensurable and the incommensurable would be for them natural (kinds) 
(¢vc«), while the rational and irrational would rest on assumption or con- 
vention (6éa«)." 'The scholium quotes further the legend according to which 
“the first of the Pythagoreans who made public the investigation of these 
matters perished in a shipwreck,” conjecturing that the authors of this story 
“perhaps spoke allegorically, hinting that everything irrational and formless 
is properly concealed, and, if any soul should rashly invade this region of life 
and lay it open, it would be carried away into the sea of becoming and be over- 
whelmed by its unresting currents." There would be a reason also for keeping 
the discovery of irrationals secret for the time in the fact that it rendered un- 
stable so much of the groundwork of geometry as the Pythagoreans had based 
upon the imperfect theory of proportions which applied only to numbers. We 
have already, after Tannery, referred to the probability that the discovery 
of incommensurability must have necessitated a great recasting of the whole 
fabric of elementary geometry, pending the discovery of the general theory 
of proportion applicable to incommensurable as well as to commensurable 
magnitudes. 

It seems certain that it was with reference to the length of the diagonal of 
a square or the hypotenuse of an isosceles right-angled triangle that the irra- 
tional was discovered. Plato (Zheaetetus, 147D) tells us that Theodorus of 
Cyrene wrote about square roots (dvvdpets), proving that the square roots of 
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three square feet and five square feet are not commensurable with that of one 
square foot, and so on, selecting each such square root up to that of 17 square 
feet, at which for some reason he stopped. No mention is here made of 2, 
doubtless for the reason that its incommensurability had been proved before. 
Now we are told that Pythagoras invented a formula for finding right-angled 
triangles in rational numbers, and in connexion with this it was inevitable that 
the Pythagoreans should investigate the relations between sides and hypo- 
tenuse in other right-angled triangles. They would naturally give special 
attention to the isosceles right-angled triangle ; they would try to measure the 
diagonal, would arrive at successive approximations, in rational fractions, to 
the value of ,/2, and would find that successive efforts to obtain an exact 
expression for it failed. It was however an enormous step to conclude that 
such exact expression was zmpossib/e, and it was this step which the Pytha- 
goreans made. We now know that the formation of the side- and diagonal- 
numbers explained by Theon of Smyrna and others was Pythagorean, and 
also that the theorems of Eucl. 11. 9, 10 were used by the Pythagoreans in 
direct connexion with this method of approximating to the value of ,/2. The 
very method by which Euclid proves these propositions is itself an indication 
of their connexion with the investigation of ,/2, since he uses a figure made 
up of two isosceles right-angled triangles. 

The actual method by which the Pythagoreans proved the irnicommensura- 
bility of /2 with unity was no doubt that referred to by Aristotle (Anal. prior. 
I. 23, 41a 26— 3), a reductio ad absurdum by which it is proved that, if the 
diagonal is commensurable with the side, it will follow that the same number 
is both odd and even. The proof formerly appeared in the texts of Euclid as 
X. 117, but it is undoubtedly an interpolation, and August and Heiberg 
accordingly relegate it to an Appendix. It is in substance as follows. 

Suppose AC, the diagonal of a square, to be commen- A 8 
surable with 45, its side. Let a : B be their ratio expressed 
in the smallest numbers. 

Then a> B and therefore necessarily > 1. 


Now ACH : AB*=a?: fff, 
and, since AC =24AP, [Eucl. 1. 47) 
g = 2f. o c 


Therefore a? is even, and therefore a is even. 
Since a : B is in its lowest terms, it follows that 8 must be odd. 


Put a-2y; 
therefore 47 = 2, 
or e = 2y’, 


so that 8’, and therefore 8, must be ever. 
But B was also odd: 
which is impossible. 


This proof only enables us to prove the incommensurability of the 
diagonal of a square with its side, or of ,/2 with unity. In order to prove 
the incommensurability of the sides of squares, one of which has /A*ee times 
the area of another, an entirely different procedure is necessary ; and we find 
in fact that, even a century after Pythagoras’ time, it was still necessary to use 
separate proofs (as the passage of the Zheaefefus shows that Theodorus did) 
to establish the incommensurability with unity of /3, J/5,... up to 4/17. 
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This fact indicates clearly that the general theorem in Eucl. x. 9 that squares 
which have not to one another the ratio of a square number to a square number 
have their sides incommensurable in length was not arrived at all at once, but 
was, in the manner of the time, developed out of the separate consideration 
of special cases (Hankel, p. 103). 

The proposition x. 9 of Euclid is definitely ascribed by the scholiast to 
Theaetetus. Theaetetus was a pupil of Theodorus, and it would seem clear 
that the theorem was not known to Theodorus. Moreover the Platonic 
passage itself ( 7žcaet. 147 D sqq.) represents the young Theaetetus as striving 
after a general conception of what we call a surd. “The idea occurred to 
me, seeing that square roots (Svwapes) appeared to be unlimited in multitude, 
to try to arrive at one collective term by which we could designate all these 
square roots....I divided number in general into two classes. The number 
which can be expressed as equal multiplied by equal (ivov iodxis) I likened 
to a square in form, and I called it square and equilateral.... The intermediate 
number, such as three, five, and any number which cannot be expressed as 
equal multiplied by equal, but is either less times more or more times less, so 
that it is always contained by a greater and less side, I likened to an oblong 
figure and called an oblong number. ... Such straight lines then as square the 
equilateral and plane number I defined as length (u7xos), and such as square 
the oblong square roots (Svvapes), as not being commensurable with the 
others in length but only in the plane areas to which their squares are 
equal.” 

There is further evidence of the contributions of Theaetetus to the theory 
of incommensurables in a commentary on Eucl. x. discovered, in an Arabic 
translation, by Woepcke (Mémoires présentés à l Académie des Sciences, XIV., 
1856, pp. 658—720). It is certain that this commentary is of Greek origin. 
Woepcke conjectures that it was by Vettius Valens, an astronomer, apparently 
of Antioch, and a contemporary of Claudius Ptolemy (znd cent. a.p.). 
Heiberg, with greater probability, thinks that we have here a fragment of the 
commentary of Pappus (Euklid-studien, pp. 169—71), and this is rendered 
practically certain by Suter (Die Mathematiker und Astronomen der Araber 
und thre Werke, pp. 49 and 211). This commentary states that the theory 
of irrational magnitudes “had its origin in the school of Pythagoras. It was 
considerably developed by Theaetetus the Athenian, who gave proof, in this 
part of mathematics, as in others, of ability which has been justly admired. 
He was one of the most happily endowed of men, and gave himself up, with a 
fine enthusiasm, to the investigation of the truths contained in these sciences, 
as Plato bears witness for him in the work which he called after his name. As 
for the exact distinctions of the above-named magnitudes and the rigorous 
demonstrations of the propositions to which this theory gives rise, I believe 
that they were chiefly established by this mathematician; and, later, the 
great Apollonius, whose genius touched the highest point of excellence in 
mathematics, added to these discoveries a number of remarkable theories 
after many efforts and much labour. 

“For Theaetetus had distinguished square roots (puissances must be the 
Swvdpes of the Platonic passage) commensurable in length from those which 
are incommensurable, and had divided the well-known species of irrational 
lines after the different means, assigning the medial to geometry, the binomial 
to arithmetic, and the afo/ome to harmony, as is stated by Eudemus the 
Peripatetic. 

* As for Euclid, he set himself to give rigorous rules, which he established, 
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relative to commensurability and incommensurability in general; he made 
precise the definitions and the distinctions between rational and irrational 
magnitudes, he set out a great number of orders of irrational magnitudes, and 
finally he clearly showed their whole extent.” 

The allusion in the last words must apparently be to x. 115, where it is 
proved that from the media/ straight line an unlimited number of other 
irrationals can be derived, all different from it and from one another. 

The connexion between the media/ straight line and the geometric mean 
is obvious, because it is in fact the mean proportional between two rational 
straight lines “commensurable in square only.” Since $(x + y) is the arithmetic 
mean between x, y, the reference to it of the binomial can be understood. 
The connexion between the apotome and the harmonic mean is explained by 
some propositions in the second book of the Arabic commentary. ‘The 


; 3 2A Y 
harmonic mean between x, y is — and propositions of which Woepcke 


quotes the enunciations prove that, if a rational or a medial area has for one 
of its sides a binomial straight line, the other side will be an ago/ome of corre- 
sponding order (these propositions are generalised from Eucl. x. t r1—4); the 
2xXy 2xy 

Xy rA y) 

One other predecessor of Euclid appears to have written on irrationals, 
though we know no more of the work than its title as handed down by 
Diogenes Laertius'. According to this tradition, Democritus wrote mepi 
dÀóyov ypaudv kal vaarüv B', two Books on irrational straight lines and 
solids (or atoms). Hultsch (Neue Jahrbücher für Philologie und Pädagogik, 
1881, pp. 578—9) conjectures that the true reading may be m«pi dAóyov 
yeapuav xAacróv, "on irrational broken lines"  Hultsch seems to have 
in mind straight lines divided into two parts one of which is rational 
and the other irrational (“ Aus einer Art von Umkehr des Pythagoreischen 
Lehrsatzes über das rechtwinklige Dreieck gieng zunachst mit Leichtigkeit 
hervor, dass man eine Linie construiren kónne, welche als irrational zu 
bezeichnen ist, aber durch Brechung sich darstellem lässt als die Summe 
einer rationalen und einer irrationalen Linie"). But I doubt the use of xAacrós 
in the sense of breaking one straight line into parts; it should properly mean 
à bent line, i.e. two straight lines forming an angle or broken short off at their 
point of meeting. It is also to be observed that vaeróv is quoted as a 
Democritean word (opposite to xevév) in a fragment of Aristotle (202). I see 
therefore no reason for questioning the correctness of the title of Democritus’ 
book as above quoted". 

I will here quote a valuable remark of Zeuthen's relating to the classifi- 
cation of irrationals. He says (Geschichte der. Mathematik im Altertum und 
Mittelalter, p. 56) “Since such roots of equations of the second degree as are 
incommensurable with the given magnitudes caanot be expressed by means 
of the latter and of numbers, it is conceivable that the Greeks, in exact 
investigations, introduced no approximate values but worked on with tiie 
magnitudes they had found, which were represented by straight lines obtained 
by the construction corresponding to the solution of the equation. That is 
exactly the same thing which happens when we do not evaluate roots but content 
ourselves with expressing them by radical signs and other algebraical symbols. 
But, inasmuch as one straight line looks like another, the Greeks did not get 


fact is that 


1 Diog. Laert. 1x. 47, p- 239 (ed. Cobet). 
2 CE. ante, Vol. 1., p. 413. 
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the same clear view of what they denoted (ie. by simple inspection) as our 
system of symbols assures to us. For this reason it was necessary to under- 
take a classification of the irrational magnitudes which had been arrived at by 
successive solution of equations of the second degree." To much the same 
effect Tannery wrote in 1882 (De la solution yéométrique des problèmes du 
secound degré avant Euclide in Mémoires de la Société des sciences physiques et 
naturelles de Bordeaux, 2° Série, tv. pp. 395—416). Accordingly Book x. 
formed a repository of results to which could be referred problems which 
depended on the solution of certain types of equations, quadratic and biquad- 
ratic but reducible to quadratics. 
Consider the quadratic equations 
x t2ax.p+ßB.pP=0, 

where p is a rational straight line, and a, fj are coefficients. Our quadratic 
equations in algebra leave out the p; but I put it in, because it has always to 
be remembered that Euclid's x is a straight line, not an algebraical quantity, 
and is therefore to be found in terms of, or in relation to, a certain assumed 
rational straight line, and also because with Euclid p may be not only of the 


à. n 
form a, where a represents a units of length, but also of the form m . d, 


which represents a length “commensurable in square only” with the unit of 
length, or A where A represents a number (not square) of units of area. 
The use therefore of p in our equations makes it unnecessary to multiply 
different cases according to the relation of p to the unit of length, and has the 
further advantage that, e.g., the expression p+ ./&.p is just as general as the 
expression /&.p+./A.p, since p covers the form /&.p, both expressions 
covering a length either commensurable in length, or “commensurable in 
square only,” with the unit of length. 
Now the positive roots of the quadratic equations 


*'+ 2ax.p+B.p?=0 
can only have the following forms 
x, =p(at Wa! - B), x,-7p(a- Va? - B) } 
X= p(Va'+ B+a), x, =p (Va? + B -a) 

The negative roots do not come in, since x must be a straight line. The 
omission however to bring in negative roots constitutes no loss of generality, 
since the Greeks would write the equation leading to negative roots in another 
form so as to make them positive, i.e. they would change the sign of x in the 
equation. 

Now the positive roots x,, x, x,, x, may be classified according to the 
character of the coefticents a, 9 and their relation to one another. 


I. Suppose that a, B do not contain any surds, i.e. are either integers or 
of the form m/n, where m, n are integers. 
Now in the expressions for x;, x;' it may be that 


2 
(1) B is of the form ao 


Euclid expresses this by saying that the square on ap exceeds the square 
on pa’ — 8 by the square on a straight line commensurable in length with ap. 
In this case x, is, in Euclid’s terminology, a first binomial straight line, 

and x, a first apotome. 
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2 
(2) In general, B not being of the form «t 


x, is a fourth binomial, 
xy a fourth apotome. 


Next, in the expressions for x,, x,’ it may be that 


2 
(1) B is equal to ^ (a? + B), where m, n are integers, i.e. B is of the form 
m 
m- mg 
Euclid expresses this by saying that the square on pla! « B exceeds the 
square on ap by the square on a straight line commensurable in length with 
p a? 4 B. : . 
In this case x, is, in Euclid’s terminology, a second binomial, 
x, a second apotome. 








(2) In general, B not being of the form a’, 
x4 is a fifth binomial, 


x, a fifth apotome. 


m-m 


; m i 
II. Now suppose that a is of the form af x where m, ” are integers, and 


let us denote it by JA. 
Then in this case 
mm p (JA JA B) xi =p( JA- VATP), 
xa=p (VFB + JA), xx =p (VAF B- J). 
Thus x,, x,’ are of the same form as x,, x,.. 
If Vd — B in x,, x,' is not surd but of the form m/n, and if VA+B in a4, x, 
is not surd but of the form »/», the roots are comprised among the forms 
already shown, the first, second, fourth and fifth binomials and apotomes. 


If JA-B in x,, %,' is surd, then 








3 
(1) we may have f of the form 5 ^, and in this case 


x, is a third binomial straight line, 
xy a third apotome; 


2 
(2) in general, B not being of the form A 


X, is a sixth binomial straight line, 
2»! a sixth apotome. 


. With the expressions for x;, x, the distinction between the third and sixth 
binomials and apotomes is of course the distinction between the cases 


2 2 
(1) in which B= A (^ * B), or B is of the form a m^ 


and (2) in which f is not of this form. 


, Tf we take the square root of the product of p and each of the six 
binomials and six apotomes just classified, i.e. 


pP (at Ja*— B), p' (Ja! « Ba), 
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in the six different forms that each may take, we find six new irrationals with 
a positive sign separating the two terms, and six corresponding irrationals with 
a negative sign. These are of course roots of the equations 
x'*2ax'. p! * B. p* - o. 
These irrationals really come before the others in Euclid's order (x. 36—— 


41 for the positive sign and x. 73— 78 for the negative sign). As we shall 
see in due course, the straight lines actually found by Euclid are 


I. p * [4 . p, the binomial (4 éx dv0 dvopdruv) 
and the afotome (droropy), 
which are the positive roots of the biquadratic (reducible to a quadratic) 
x4—2(1 +h) p?. x? + (1 — &) pt=o.- 
2. ktp +4 , the frst bimedial (èx bio nérwv mpurr) 
and the first apotome of a medial (péons anotou mpærn), 
which are the positive roots of 
x*—- 2E (1 &) P. x? e &(1- A) o. 


3 kłp+ ri p, the second bimedial (éx bio péowv Sevrépa) 


and the second apotome of a medial (uéons droropy Sevrépa), 
which are the positive roots of the equation 
iic A +À n , a PY ge 


— 





=0, 


P 

J2 * re” t 2 IZ Am D. 

the major (irrational straight line) (met{wv) 
and the ménor (irrational straight line) (€Aacowv), 
which are the positive roots of the equation 


4 2 2 t- 
x 2p 2 — =o. 


5. Vals VV +ht — j VEE- k, 
the “side” of a rational plus a medial (area) — xai uég ov Bwapévy) 


and the “side” of a medial minus a rational area (in the Greek sj pera pro? 
prov ro óÀov motoUca), 


which are the positive roots of the equation 
2 
at MAL pate 
Virk 1+ 


Mp 
6. À dou 
J2 — 


the “side” of the sum of two — areas (4 S00 péca Óvvauévq) 
and the “side” of a medial minus a medial area (in the Greek y uera uéaov 
pádov 70 odov mrotoUca), 
which are the positive roots of the equation 


xt- au fA. ape Ac = 





Pp 4 
— =$, 





pP =o. 
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The above facts and formulae admit of being stated in a great variety of 
ways according to the notation and the particular letters used. Consequently 
the summaries which have been given of Eucl. x. by various writers differ 
much in appearance while expressing the same thing in substance. The first 
summary in algebraical form (and a very elaborate one) seems to have been 
that of Cossali (Origine, trasporto in Italia, primi progressi in essa del- 
L Algebra, Vol. 11., pp. 242—65) who takes credit accordingly (p. 265). In 
1794 Meier Hirsch published at Berlin an A/pebraischer Commentar über das 
zehente Buch der Elemente des Euklides which gives the contents in algebraical 
form but fails to give any indication of Euclid’s methods, using modern forms 
of proof only. In 1834 Poselger wrote a paper, Ueber das zehnte Buch der 
Elemente des Euklides, in which he pointed out the defects of Hirsch's repro- 
duction and gave a summary of his own, which however, though nearer to 
Euclid’s form, is difficult to follow in consequence of an elaborate system of 
abbreviations, and is open to the objection that it is not algebraical enough 
to enable the character of Euclid’s irrationals to be seen at a glance. Other 
summaries will be found (1) in Nesselmann, Drie Algebra der Griechen, 
pp. 165—84; (2) in Loria, Le sctenze esatte nell’ antica. Grecia, 1914, 
pp- 221—34; (3) in Christensen’s article “Ueber Gleichungen vierten Grades 
im zehnten Buch der Elemente Euklids” in the Zeitschrift fir Math. u. 
Physik (Historisch-litterarische Abtheilung), xxxiv. (1889), pp. 201—17. The 
only summary in English that I know is that in the Penny Cyclopaedia, under 
“Irrational quantity,” by De Morgan, who yielded to none in his admiration of 
Book x. “Euclid investigates,” says De Morgan, “every possible variety of 
lines which can be represented by ,/(,/a+./6), @ and b representing two 
commensurable lines....This book has a completeness which none of the 
others (not even the fifth) can boast of: and we could almost suspect that 
Euclid, having arranged his materials in his own mind, and having completely 
elaborated the roth Book, wrote the preceding books after it and did not live 
to revise them thoroughly.” 

Much attention was given to Book x. by the early algebraists. Thus 
Leonardo of Pisa (fl. about 1200 A.D.) wrote in the 14th section of his ZiZer 
Abaci on the theory of irrationalities (de ¢ractatu binomiorum et recisorum), 
without however (except in treating of irrational trinomials and cubic irra- 
tionalities) adding much to the substance of Book x.; and, in investigating 
the equation 

Xx! 2x74 10x = 20, 


propounded by Johannes of Palermo, he proved that none of the irrationals 
in Eucl. x. would satisfy it (Hankel, pp. 344—6, Cantor, 1, Pp. 43). Luca 
Paciuolo (about 1445— 1514 A.D.) in his algebra based himself largely, as he 
himself expressly says, on Euclid x. (Cantor, 14, p. 293). Michael Stifel 
(1486 or 1487 to 1567) wrote on irrational numbers in the second Book of 
his Arithmetica integra, which Book may be regarded, says Cantor (1, p. 402), 
as an elucidation of Eucl. x. The works of Cardano (1501—76) abound in 
speculations regarding the irrationals of Euclid, as may be seen by reference to 
Cossali (Vol. 11., especially pp. 268—78 and 382—99); the character of 
the various odd and even powers of the binomials and apotomes is therein 
investigated, and Cardano considers in detail of what particular forms of equa- 
tions, quadratic, cubic, and biquadratic, each class of Euclidean irrationals can 
be roots. Simon Stevin (1548—1620) gave an Appendice des incommensurables 
grandeurs en laquelle est sommairement déclaré le contenu du Dixiesme Livre 
d' Euclide (Oeuvres mathtmatigues, Leyde, 1634, pp. 218-22); he speaks thus 
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of the book: "La difficulté du dixiesme Livre d'Euclide est à plusieurs 
devenue en horreur, voire jusque à l'appeler la croix des mathématiciens, 
matiére trop dure à digérer, et en la quelle n'apercoivent aucune utilité," a 
passage quoted by Loria (p. cit., p. 222). 

lt will naturally be asked, what use did the Greek geometers actually 
make of the theory of irrationals developed at such length in Book x.? The 
answer is that Euclid himself, in Book xnr., makes considerable use of the 
second portion of Book x. dealing with the irrationals affected with a negative 
sign, the apotomes etc. One object of Book xit. is to investigate the relation 
of the sides of a pentagon inscribed in a circle and of an icosahedron and 
dodecahedron inscribed in a sphere to the diameter of the circle or sphere 
respectively, supposed rational. The connexion with the regular pentagon of 
a straight line cut in extreme and mean ratio is well known, and Euclid first 
proves (xii. 6) that, if a va/ona/ straight line is so divided, the parts are the 
irrationals called apotomes, the lesser part being a first apotume. Then, on 
the assumption that the diameters of a circle and sphere respectively are 
rational, he proves (xi. 11) that the side of the inscribed regular pentagon is 
the irrational straight line called minor, as is also the side of the inscribed 
icosahedron (x11. 16), while the side of the inscribed dodecahedron is the 
irrational called an afotome (xi. 17). 

Of course the investigation in Book x. would not have been complete if 
it had dealt only with the irrationals affected with a negative sign. Those 
affected with the positive sign, the binomials etc., had also to be discussed, 
and we find both portions of Book x., with its nomenclature, made use of by 
Pappus in two propositions, of which it may be of interest to give the enun- 
ciations here. 

If, says Pappus (1v. p. 178), AB be the rational diameter of a semicircle, and 
if 4 B be produced to C so that BC is equal to the radius, if CD be a tangent, 


D 


A F B [*] 


if Æ be the middle point of the arc BD, and if CE be joined, then CZ is the 
irrational straight line called nov. As a matter of fact, if p is the radius, 


CE! - p? (s - 24/3) and cg - f $t ts - of 
2 


If, again (p. 182), CD be equal to the radius of a semicircle supposed 
B 





H D 


F 
— 
c 
rational, and if the tangent DB be drawn and the angle ADB be bisected by 
DF meeting the circumference in A, then DF is the excess by which the 
binomial exceeds the straight line which produces with a rational area a medial 
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whole (see Eucl. x. 77). (In the figure DK is the binomial and KF the other 
irrational straight line.) As a matter of fact, if p be the radius, 


KD - p. 3 and KF-p. | Js - 17 —— Spe) 


Proclus tells us that Euclid left out, as alien to a selection of e/ements, the 
discussion of the more complicated irrationals, “the unordered irrationals which 
Apollonius worked out more fully” (Proclus, p. 74, 23), while the scholiast 
to Book x. remarks that Euclid does not deal with all rationals and irrationals 
but only the simplest kinds by the combination of which an infinite number 
of irrationals are obtained, of which Apollonius also gave some. The author 
of the commentary on Book x. found by Woepcke in an Arabic translation, 
and above alluded to, also says that “it was Apollonius who, beside the 
ordered irrational magnitudes, showed the existence of the unordered and by 
accurate methods set forth a great number of them.” It can only be vaguely 
gathered, from such hints as the commentator proceeds to give, what the 
Character of the extension of the subject given by Apollonius may have been. 
See note at end of Book. 


DEFINITIONS. 


1. Those magnitudes are said to be commensurable 
which are measured by the same measure, and those incom- 
mensurable which cannot have any common measure. 


2. Straight lines are commensurable in square when 
the squares on them are measured by the same area, and 
incommensurable in square when the squares on them 
cannot possibly have any area as a common measure. 


3. With these hypotheses, it is proved that there exist 
straight lines infinite in multitude which are commensurable 
and incommensurable respectively, some in length only, and 
others in square also, with an assigned straight line. Let 
then the assigned straight line be called rational, and those 
straight lines which are commensurable with it, whether in 
length and in square or in square only, rational, but those 
which are incommensurable with it irrational. 


4. And let the square on the assigned straight line be 
called rational and those areas which are commensurable 
with it rational, but those which are incommensurable with 
it irrational, and the straight lines which produce them 
irrational, that is, in case the areas are squares, the sides 
themselves, but in case they are any other rectilineal figures, 
the straight lines on which are described squares equal to 
them. 


X. DEFF. 1— 3] DEFINITIONS AND NOTES 11 


DEFINITION I. 


Xóuperpa qeyéÓn Aéyerac rà. rà avrà nérpo perpovpeva, dovpperpa dé, dv 
pdtv évdexerar Kowov pérpov yevérOas 


DEFINITION 2. 


z A x — 

—XR Suvdper oupperpot dow, orav Tà àr airov Tetrpáywva 7% abro xupiy 
perpijrat, dovpperpor Ó€, órav Tois år aŭrûv TeTpaywvois univ évdéxnrat xupiov 
xowov pérpov yevéo@at. 


Commensurable in square is in the Greek duvaper ovpperpos. In earlier 
translations (e.g. Williamson’s) dvrazec has been translated “in power,” but, 
as the particular power represented by vvas in Greek geometry is sguare, 
I have thought it best to use the latter word throughout. It will be observed 
that Euclid’s expression commensurable in square only (used in Def. 3 and 
constantly) corresponds to what Plato makes Theaetetus call a square root 
(8vvau«s) in the sense of a surd. f a is any straight line, a and a Jm, or 
u |m and a,/n (where m, n are integers or arithmetical fractions in their 
lowest terms, proper or improper, but not square) are commensurable in square 
only. Of course (as explained in the Porism to x. ro) all straight lines 
commensurable tn length (unxe), in. Euclid's phrase, are commensurable in 
square also; but not all straight lines which are commensurable in square are 
commensurable in /ength as well. On the other hand, straight lines incom- 
mensuvable in square are necessarily incommensurable in length also; but not 
all straight lines which are incommensurable in length are incommensurable 
in square. In fact, straight lines which are commensurable in square only are 
incommensurable tx /ength, but obviously not incommensurable in square. 


DEFINITION 3. 


Tovrwy troxepévwr deixvrvrai, ꝰ ón Tfj mporeBeion «i8 cio. rápxovaw «UO ciac 
mAh d áreipot ovpper pot T€ xai dovpperpor ai piv phre póvov, ai à Kai Suváper. 
xaAciaÜu ov rv) uiv mporeBeioa cia p pnm, xai ai Tavry TÝppeTpot eiTe piket kal 
Swáy.e «ire Suvdper povov prai, ai 58 ruvty dovpperpor ddoyor kaXciaÜucav. 


The first sentence of the definition is decidedly elliptical. It should, 
strictly speaking, assert that “with a given straight line there are an infinite 
number of straight lines which are (1) commensurable either (a) in square 
only or (/) in square and in length also, and (2) incommensurable, either 
(a) in length only or (/) in length and in square also." 

The relativity of the terms rational and irrational is well brought out in 
this definition. We may set out any straight line and call it rational, and it 
is then with reference to this assumed rational straight line that others are 
called rational or irrational. 

We should carefully note that the signification of rational in Euclid is wider 
than in our terminology. With him, not only is a straight line commensurable /z 
length with a rational straight line rational, but a straight line is rational which 
is commensurable with a rational SARR line in square only. That is, if p isa 


rational straight line, not only is 7 p rational, where m, » are integers and 
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F m. ; 
mjn in its lowest terms is not square, but 72 . p As rational also. We should 


in this case call — irrational. It would appear that Euclid's termino- 


logy here difſered as much from that of his predecessors as it does from 
ours. We are familiar with the phrase dppyros didperpos tis meumabos by 
which Plato (evidently after the Pythagoreans) describes the diagonal of a 
square on a straight line containing 5 units of length. This "inexpressible 
diameter of five (squared)" means 4/5o, in contrast to the pyrh Sidperpos, the 
“expressible diameter" of the same square, by which is meant the approxi- 


— m 
mation Jso- r, or 7. Thus for Euclid's predecessors a: P would 


apparently not have been rational but appyros, “ inexpressible,” i.e. irrational. 

I shall throughout my notes on tbis Book denote a rational straight line in 
Euclid’s sense by p, and by p and ø when two different rational straight lines are 
required. Wherever then I use p or c, it must be remembered that p, « may 
have either of the forms a, 4. a, where a represents a units of length, a being 
either an integer or of the form m/n, where ™, # are both integers, and 4 is an 
integer or of the form m/n (where both m, n are integers) but not square. In 
other words, p, 7 may have either of the forms a or /A, where A represents 
A units of area and A is integral or of the form m/n, where m, n are both 
integers. It has been the habit of writers to give a and Ja as the alternative 
forms of p, but I shall always use /A for the second in order to keep the 
dimensions right, because it must be borne in mind throughout that p is an 
irrational straight line. 

As Euclid extends the signification of rational (pyros, literally expressible), 
so he limits the scope of the term dAoyos (literally Aaving no ratio) as applied 
to straight lines. That this limitation was started by himself may perhaps be 
inferred from the form of words “ /ef straight lines incommensurable with it 
be called irrational.” Irrational straight lines then are with Euclid straight lines 
commensurable neither in length nor in sguare with the assumed rational 
straight line. /&.a@ where & is not square is not irrational; 4/&. a is irrational, 
and so (as we shall see later on) is (/4+ ./A) a. 


DEFINITION 4. 


Kai 1d piv amd rûs vpor«Üc(ans eUÜeías rerpdyovov pryróv, xai à rovro 
cvuppuerpa prrd, rà Ó& roro doavpperpa dÀoya kaA«iaÜw, Kai ai duvapevar adra 
dAoyo, €i uéy. rerpdyuva ein, avrai ai mAcupat, «i è &repa. rwa. evOVypaypa, ai 
iga avrois retpaywva dvaypdgpovea. 


As applied to areas, the terms rational and irrational have, on the other 
hand, the same sense with Euclid as we should attach to them. According 
to Euclid, if p is a rational straight line in A/s sense, p? is rational and any 
area commensurable with it, i.e. of the form 4p* (where £ is an integer, or of 
the form m/n, where m, a are integers), is rational ; but any area of the form 
vR. P is irrational.  Euclid's rational area thus contains A units of area, 
where A is an integer or of the form m/n, where m, n are integers ; and his 
irrational area is of the form J£. A4. His irrational area is then connected 
with his irrational s/vaiyht line by making the latter the square root of the 


X. DEF. 4] NOTES ON DEFINITIONS 5, 4 13 


former. This would give us for the irrational straight line 4/k. JA, which of 
course includes //&. a. 

ai duvdpevac avra are the straight lines the squares on which are equal to 
the areas, in accordance’ with the regular meaning of dvvacBa. It is scarcely 
possible, in a book written in geometrical language, to translate duvayévy as 
the square root (of an area) and dvvacBar as lo be the square root (of an area), 
although I can use the term “square root” when in my notes I am using an 
algebraical expression to represent an area ; I shall therefore hereafter use the 
word “side” for Svvayevn and “to be the side of” for dvvac8a, so that 
“side” will in such expressions be a short way of expressing the “side of 
a sguare equal to (an area).” In this particular passage it is not quite practi- 
cable to use the words “side of” or “ straight line the square on which is equal 
to,” for these expressions occur just afterwards for two alternatives which the 
word duvayzevm covers. I have therefore exceptionally translated “the straight 
lines which produce them " (i.e. if squares are described upon them as sides). 

ai ica. avrvis rerpayova. avaypádovoa:, literally '' the (straight lines) which 
describe squares equal to them": a peculiar use of the active of dvaypd$«w, 
the meaning being of course “the straight lines on which ave described the 
squares " which are equal to the rectilineal figures. 


BOOK X. PROPOSITIONS. 


PROPOSITION I. 


Two unequal magnitudes being set out, if from the greater 
there be subtracted a magnitude greater than its half, and from 
that which ts left a magnitude greater than its half, and if 
this process be repeated continually, there will be left some 
magnitude which will be less than the lesser magnitude set out. 


Let AB, C be two unequal magnitudes of which AB is 





the greater : EN 

à c 
I say that, if from AB there be — — — 
subtracted a magnitude greater o—— p E 


than its half, and from that which 

is left a magnitude greater than its half, and if this process be 
repeated continually, there will be left some magnitude which 
will be less than the magnitude C. 


For C if multiplied will sometime be greater than 42. 
(cf. v. Def. 4) 


Let it be multiplied, and let DZ be a multiple of C, and 
greater than. 4B; 
let DE be divided into the parts DF, FG, GE equal to C, 
from AB let there be subtracted BA greater than its half. 
and, from AH, HK greater than its half, 
and let this process be repeated continually until the divisions 
in AB are equal in multitude with the divisions in DZ. 

Let, then, AK, KH, HB be divisions which are equal in 
multitude with DF, FG, GE. 

Now, since DZ is greater than AB, 
and from DE there has been subtracted ÆG less than its 
half, 
and, from AB, BAH greater than its half, 


therefore the remainder G is greater than the remainder HA. 
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And, since GD is greater than HA, 

and there has been subtracted, from G2, the half GF, 

and, from HA, HK greater than its half, 

therefore the remainder DF is greater than the remainder AX. 
But DF is equal to C; 

therefore C is also greater than AK. 


Therefore AX is less than C. 
Therefore there is left of the magnitude AZ the magnitude 
AK which is less than the lesser magnitude set out, namely C. 
Q. E. D. 


And the theorem can be similarly proved even if the parts 
subtracted be halves. 


This proposition will be remembered because it is the lemma required in 
Euclid’s proof of xu. 2 to the effect that circles are to one another as the 
squares on their diameters. Some writers appear to be under the impression 
that xit. 2 and the other propositions in Book xit. in which the method of 
exhaustion is used are the only places where Euclid makes use of X. 1 ; and it 
is commonly remarked that x. 1 might just as well have been deferred till the 
beginning of Book xm. Even Cantor (Gesch. d. Math. is, p. 269) remarks 
that “ Euclid draws no inference from it (x. t], not even that which we should 
more than anything else expect, namely that, if two magnitudes are incom- 
mensurable, we can always form a magnitude commensurable with the first 
which shall differ from the second magnitude by as little as we please." But, 
so far from making no use of x. 1 before xu. 2, Euclid actually uses it in the 
very next proposition, X. 2. This béing so, as the next note will show, it 
follows that, since X. 2 gives the criterion for the incommensurability of two 
magnitudes (a very necessary preliminary to the study of incommensurables), 
X: I comes exactly where it should be. 

Euclid uses X. 1 to prove not only xii. 2 but xit. 5 (that pyramids with the 
same height and triangular bases are to one another as their bases), by means 
of which he proves (x11. 7 and Por.) that any pyramid is a third part of the 
prism which has the same base and equal height, and xir. 1o (that any cone 
is a third part of the cylinder which has the same base and equal height), 
besides other similar propositions. Now xu. 7 Por. and xit. ro are theorems 
specifically attributed to Eudoxus by Archimedes (On the Sphere and Cylinder, 
Preface), who says in another place (Quadrature of the Parabola, Preface) that 
the first of the two, and the theorem that circles are to one another as the 
squares on their diameters, were proved by means of a certain lemma which 
he states as follows: ‘Of unequal lines, unequal surfaces, or unequal solids, 
the greater exceeds the less by such a magnitude as is capable, if added 
[continually] to itself, of exceeding any magnitude of those which are 
comparable with one another," i.e. of magnitudes of the same kind as the 
original magnitudes. Archimedes also says (/oc. cit.) that the second of 
the two theorems which he attributes to Eudoxus (Eucl xit ro) was 
proved by means of ‘‘a lemma similar to the aforesaid.” The lemma 
stated thus by Archimedes is decidedly different from x. 1, which, however, 
Archimedes himself uses several times, while he refers to the use of it 
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in xu, 2 (On the Sphere and Cylinder, \. 6). As I have before suggested 
(The Works of Archimedes, p. xlviii), the apparent difficulty caused by the 
mention of /:»? lemmas in connexion with the theorem of Eucl. xit. 2 may be 
explained by reference to the proof of x. r. Euclid there takes the lesser 
magnitude and says that it is possible, by multiplying it, to make it some time 
exceed the greater, and this statement he clearly bases on the 4th definition of 
Book v., to the effect that “magnitudes are said to bear a ratio to one another 
which can, if multiplied, exceed one another.” Since then the smaller 
magnitude in X. 1 may be regarded as the difference between some two 
unequal magnitudes, it is clear that the lemma stated by Archimedes is in 
substance used to prove the lemma in x. 1, which appears to play so much 
larger a part in the investigations of quadrature and cubature which have come 
down to us. 

Besides being employed in Eucl. x. t, the “Axiom of Archimedes” appears 
in Aristotle, who also practically quotes the result of x. 1 itself. Thus he 
says, Physics vill. 10, 266 b 2, “ By continually adding to a finite (magnitude) 
I shall exceed any definite (magnitude), and similarly by ‘continually subtract- 
ing from it I shall arrive at something less than it," and ¢éid. 11. 7, 207 b 10 
“For bisections of a magnitude are endless.” It is thus somewhat misleading 
to use the term ‘Archimedes’ Axiom” for the “lemma” quoted by him, 
since he makes no claim to be the discoverer of it, and it was obviously much 
earlier. 

Stolz (see G. Vitali in Questioni riguardanti le matematiche elementari, \., 
pp. 129—30) showed how to prove the so-called Axiom or Postulate of Archi- 
medes by means of the Postulate of Dedekind, thus. Suppose the two magni- 
tudes to be straight lines. It is required to prove that, given two straight lines, 
there always exists a multiple of the smaller which ts greater than the other. 

Let the straight lines be so placed that they have a common extremity and 
the smaller lies along the other on the same side of the common extremity. 

If AC be the greater and AB the smaller, we have to prove that there 
exists an integral number # such that 7. AB> AC. 

Suppose that this is not true but that there are some points, like Z, not 
coincident with the extremity 4, and such that, x being any integer however 
great, 27. AB< AC; and we have to prove that this assumption leads to an 
absurdity. 


A X Y B c 


The points of AC may be regarded as distributed into two “parts,” namely 
(1) points H for which there exists no integer z such that zt. 477 » AC, 

(2) points K for which an integer 7 does exist such that 2. AK > AC. 

This division into parts satisfies the conditions for the application of 
Dedekind’s Postulate, and therefore there exists a point AZ such that the 
points of AM belong to the first part and those of MC to the second part. 

Take now a point Yon MC such that MY < AM. The middle point (X) 
of A Y will fall between 4 and 77 and will therefore belong to the first part ; 
but, since there exists an integer such that z. 4Y » AC, it follows that 
2n. AX » AC: which is contrary to the hypothesis. 
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PROPOSITION 2. 


Lf, when the less of two unequal magnitudes is continually 
subtracted in turn from the greater, that which is left never 
measures the one before it, the magnitudes will be incom- 
mensurable. 


For, there being two unequal magnitudes AB, CD, and 
AB being the less, when the less is continually subtracted 
in turn from the greater, let that which is left over never 
measure the one before it; 

I say that the magnitudes 42, CD are incommensurable. 


E "E. B 


— — — — — 
c É o 








For, if they are commensurable, some magnitude will 
measure them. 
Let a magnitude measure them, if possible, and let it be Z; 


let AB, measuring FD, leave CF less than itself, 
let CF measuring BG, leave AG less than itself, 
and let this process be repeated continually, until there is left 
some magnitude which is less than Æ. 
Suppose this done, and let there be left AG less than Æ. 
Then, since Æ measures AB, 
while AB measures DF, 
therefore £ will also measure FD. 
But it measures the whole C2 also ; 
therefore it will also measure the remainder CF. 
But CF measures BG ; 
therefore E also measures BG. 
But it measures the whole AZ also; 
therefore it will also measure the remainder AG, the greater 
the less : 
which is impossible. 
Therefore no magnitude will measure the magnitudes 4 B, 
CD; 
therefore the magnitudes 4B, CD are incommensurable. 
[x. Def. 1] 


Therefore etc. 
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This proposition states the test for incommensurable magnitudes, founded 
on the usual operation for finding the greatest common measure. The sign 
of the incommensurability of two magnitudes is that this operation never 
comes to an end, while the successive remainders become smaller and smaller 
until they are less than any assigned magnitude. 

Observe that Euclid says “let this process be repeated continually until 
there is left some magnitude which is less than Æ.” Here he evidently 
assumes that the process w// some time produce a remainder less than any 
assigned magnitude Æ. Now this is by no means self-evident, and yet 
Heiberg (though so careful to supply references) and Lorenz do not refer to 
the basis of the assumption, which is in reality x. 1, as Billingsley and 
Williamson were shrewd enough to see. The fact is that, if we set off a 
smaller magnitude once or oftener along a greater which it does not exactly 
measure, until the remainder is less than the smaller magnitude, we take away 
from the greater more than tts half. Thus, in the figure, ED is more than the 
half of CD, and BG more than the half of 4B. If we continued the process, 
AG marked off along CF as many times as possible would cut off more than 
its half; next, more than half 4G would be cut off, and so on. Hence along 
CD, AB alternately the process would cut off more than half, then more than 
half the remainder and so on, so that on dof lines we should ultimately 
arrive at a remainder less than any assigned length. 

The method of finding the greatest common measure exhibited in this 
proposition and the next is of course again the same as that which we use and 
which may be shown thus: 


The proof too is the same as ours, taking just the same form, as shown in the 
notes to the similar propositions vil. 1, 2 above. In the present case the 
hypothesis is that the process never stops, and it is required to prove that a, b 
cannot in that case have any common measure, as f. For suppose that / is a 
common measure, and suppose the process to be continued until the remainder 
e, say, is less than f. 

Then, since f measures a, 4, it measures a — 24, or c. 

Since f measures 4, c, it measures $- gc, or 4; and, since f measures c, d, 
it measures c — zd, or e: which is impossible, since e « f. 

Euclid assumes as axiomatic that, if f measures a, 4, it measures ma + nb, 

In practice, of course, it is often unnecessary to carry the process far in 
order to see that it will never stop, and consequently that the magnitudes are 
incommensurable. A good instance is pointed out by Allman (Greek Geometry 
from Thales to Euclid, pp. 42, 137—8). Euclid proves in xiu. 5 that, if AB 
be cut in extreme and mean ratio at C, and if 
DA equal to AC be added, then DZ is also cut D A c 8 
in extreme and mean ratio at Æ. This is indeed 
obvious from the proof of 1. 11. It follows conversely that, if BD is cut into 
extreme and mean ratio at 4, and AC, equal to the lesser segment 4D, be 
subtracted from the greater AB, AB is similarly divided at C. We can then 
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mark off from AC a portion equal to CB, and AC will then be similarly 
divided, and so on. Now the greater segment in a line thus divided is greater 
than half the line, but it follows from xin. 3 that it is less than twice the 
lesser segment, i.e. the lesser segment can never be marked off more than 
once from the greater. Our process of marking off the lesser segment from the 
greater continually is thus exactly that of finding the greatest common measure. 
If, therefore, the segments were commensurable, the process would stop. But 
it clearly does not ; therefore the segments are incommensurable. 

Allman expresses the opinion that it was rather in connexion with the line 
cut in extreme and mean ratio than with reference to the diagonal and side 
of a square that the Pythagoreans discovered the incommensurable. But the 
evidence seems to put it beyond doubt that the Pythagoreans did discover 
the incommensurability of. ,/2 and devoted much attention to this particular 
case. The view of Allman does not therefore commend itself to me, though 
it is likely enough that the Pythagoreans were aware of the incommensura- 
bility of the segments of a line cut in extreme and mean ratio. At all events 
the Pythagoreans could hardly have carried their investigations into the in- 
commensurability of the segments of this line very far, since Theaetetus is 
said to have made the first classification of irrationals, and to him is also, with 
reasonable probability, attributed the substance of the first part of Eucl. x11, 
in the sixth proposition of which occurs the proof that the segments of a 
rational straight line cut in extreme and mean ratio are afotomes. 

Again, the incommensurability of ./2 can be proved by a method 
practically equivalent to that of x. 2, and without carrying the process very 
far. This method is given in Chrystal’s Zzxt- 
book of Algebra (1. p. 270). Let d, a be the B 


diagonal and side respectively of a square * T 

ABCD. Mark off AF along AC equal to a. 

bs FE at right angles to 4C meeting BC 

in Æ. 

It is easily proved that “ 
BE = EF= FC, a à 
CF=AC-AB=d-a......... (1). ^ 
CE - CB - CF-a-(d- a) D 
=2a-d......... (2) 


Suppose, if possible, that d, a are commensurable. If d, a are both 
commensurably expressible in terms of any finite unit, each must be an 
integral multiple of a certain finite unit 

But from (1) it follows that CZ, and from (2) it follows that CZ, is an 
integral multiple of the same unit. 

And CF, CE are the side and diagonal of a square CFEG, the side of 
which is /ess than half the side of the original square. Uf a,, d, are the side and 
diagonal of this square, 


a,-d-a } 
d-22-d]' 
Similarly we can form a square with side a, and diagonal d, which are less 


than half a,, d, respectively, and a,, d, must be integral multiples of the same 
unit, where 


4,-d,-4, 
d,-2a,—d,; 
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and this process may be continued indefinitely until (x. 1) we have a square 
as small as we please, the side and diagonal of which are integral multiples of 
a finite unit: which is absurd. 

Therefore a, d are incommensurable. 

It will be observed that this method is the opposite of that shown in the 
Pythagorean series of side- and diagonal-numbers, the squares being 
successively smaller instead of larger. 


PROPOSITION 3. 


Given two commensurable magnitudes, to find their greatest 
common measure. 


Let the two given commensurable magnitudes be 48, CD 
of which AZ is the less ; 
thus it is required to find the greatest common measure of 
AB, CD. 

Now the magnitude AZ either measures CD or it does 
not. 
If then it measures it—and it measures itself also—A B is 
a common measure of AB, CD. 

And it is manifest that it is also the greatest ; 
for a greater magnitude than the magnitude AP will not 
measure 4B. 


G A F 





B 
D 





c 





E 


Next, let AB not measure CD. 

Then, if the less be continually subtracted in turn from 
the greater, that which is left over will sometime measure 
the one before it, because A B, CD are not incommensurable ; 

[cf. x. 2] 
let AB, measuring £D, leave EC less than itself, 


let EC, measuring FZ, leave AF less than itself, 
and let AF measure CZ. 
Since, then, 4F measures CZ, 
while CE measures FB, 
therefore AF will also measure FZ. 
But it measures itself also ; 
therefore AF will also measure the whole 42. 
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But AB measures DE; 
therefore AF will also measure £D. 
But it measures CE also ; 
therefore it also measures the whole CD. 
Therefore AF is a common measure of AB, CD. 


I say next that it is also the greatest. 
For, if not, there will be some magnitude greater than AF 
which will measure 4B, CD. 


Let it be G. 
Since then G measures AB, 


while AB measures £D, 
therefore G will also measure £D. 
But it measures the whole CD also; 
therefore G will also measure the remainder CZ. 
But CE measures FB ; 
therefore G will also measure FB. 
But it measures the whole 42 also, 


and it will therefore measure the remainder 4F, the greater 
the less : 
which is impossible. 

Therefore no magnitude greater than AF will measure 
AB, CD; 
therefore AF is the greatest common measure of AB, CD. 


Therefore the greatest common measure of the two given 
commensurable magnitudes 4B, CD has been found. 
Q. E. D. 


Porism. From this it is manifest that, if a magnitude 
measure two magnitudes, it will also measure their greatest 
common measure. 


This proposition for two commensurable magnitudes is, mutatis mutandis, 
exactly the same as vil. 2 for numbers. We have the process 


b)a(p 
pb 


bg 


where ¢ is equal to rd and therefore there is no remainder, 
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It is then proved that d is a common measure of s, b; and next, by a 
reductio ad absurdum, that it is the greatest common measure, since any 
common measure must measure d, and no magnitude greater than d can 
measure d. The reductio ad absurdum is of course one of form only. 

The Porism corresponds exactly to the Porism to vil. 2. 

The process of finding the greatest common measure is probably given in 
this Book, not only for the sake of completeness, but because in x. 5 a 
common measure of two magnitudes 4, B is assumed and used, and therefore 
it is important to show that such a measure can be found if not already 
known. 


PROPOSITION 4. 
Given three commensurable magnitudes, to find their greatest 
common measure. 


Let A, B, C be the three given commensurable magnitudes; 
thus it is required to find the greatest 
common measure of A, B, C. 

Let the greatest common measure 
of the two magnitudes 4, B be taken, c———— 
and let it be D; (x. 3] D 
then D either measures C, or does 
not measure it. 

First, let it measure it. 

Since then D measures C, 
while it also measures 4, B, 
therefore D is a common measure of A, B, C. 

And it is manifest that it is also the greatest ; 
for a greater magnitude than the magnitude D does not 
measure 4, B. 


o > 


— 





Next, let D not measure C. 
I say first that C, D are commensurable. 
For, since 4, B, C are commensurable, 


some magnitude will measure them, 

and this will of course measure 4, B also ; 

so that it will also measure the greatest common measure of 

A, B, namely 2. [x. 3, Por.] 
But it also measures C; 

so that the said magnitude will measure C, D; 

therefore C, D are commensurable. 
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Now let their greatest common measure be taken, and let 
it be Æ. [x. 3] 
Since then measures D, 


while D measures A, B, 
therefore E will also measure 4, B. 
But it measures C also ; 
therefore £ measures 4, B, C; 
therefore Æ is a common measure of A, B, C. 


I say next that it is also the greatest. 

For, if possible, let there be some magnitude F greater than 
E, and let it measure A, B, C. 

Now, since F measures 4, B,C, 


it will also measure 4, B, 


and will measure the greatest common measure of A, B. 
[x. 3, Por.] 
But the greatest common measure of 4, B is D; 


therefore F measures D. 
But it measures C also ; 
therefore F measures C, D; 
therefore F will also measure the greatest common measure 
of C, D. [x. 3, Por.] 
But that is £; 
therefore F will measure Z, the greater the less : 
which is impossible. 
Therefore no magnitude greater than the magnitude E 
will measure 4, B, C; 
therefore Æ is the greatest common measure of 4, B, C if D 
do not measure C, 
and, if it measure it, D is itself the greatest common measure. 


Therefore the greatest common measure of the three given 
commensurable magnitudes has been found. 


Porism. From this it is manifest that, if a magnitude 
measure three magnitudes, it will also measure their greatest 
common measure. 

Similarly too, with more magnitudes, the greatest common 
measure can be found, and the porism can be extended. 

Q. E. D. 
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This proposition again corresponds exactly to vit. 3 for numbers. As 
there Euclid thinks it necessary to prove that, a, b, c not being prime to one 
another, @ and ¢ are also not prime to one another, so here he thinks it 
necessary to prove that d, c are commensurable, as they must be since any 
common measure of a, 5 must be a measure of their greatest common 
measure @ (x. 3, Por.). 

The argument in the proof that e, the greatest common measure of d, c, is 
the greatest common measure of a, b, c is the same as that in vir. 3 and X. 3. 

The Porism contains the extension of the process to the case of four 
or more magnitudes, corresponding to Heron's remark with regard to the 
similar extension of vil. 3 to the case of four or more numbers. 


PROPOSITION 5. 


Commensurable magnitudes have to one another the ratio 
which a number has to a number. 


Let A, B be commensurable magnitudes ; 


I say that 4 has to Z the ratio which a number has to a 
number. 

For, since 4, B are commensurable, some magnitude will 
measure them. 

Let it measure them, and let it be C. 


A B c 


D 
E 


And, as many times as C measures 4, so many units let 
there be in D; 


and, as many times as C measures B, so many units let there 


be in Æ. 


Since then C measures 4 according to the units in D, 
while the unit also measures D according to the units in it, 


therefore the unit measures the number D the same number 
of times as the magnitude C measures A ; 


therefore, as C is to A, so is the unit to D; [vir. Def. 20] 
therefore, inversely, as A is to C, so is D to the unit. 
(cf. v. 7, Por.] 


Again, since C measures B according to the units in Æ, 
while the unit also measures Æ according to the units in it, 
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therefore the unit measures E the same number of times as C 
measures B ; 


therefore, as C is to B, so is the unit to Æ. 
But it was also proved that, 
as A is to C, so is D to the unit ; 
therefore, ex aeguali, 
as A is to B, so is the number 2 to £. [v. 22] 


Therefore the commensurable magnitudes 4, Z have to 
one another the ratio which the number D has to the number Æ. 
Q. E. D. 


The argument is as follows. If a, ^ be commensurable magnitudes, they 
have some common measure c, and 


a=me, 
b = ne 
where 7, a are integers. 
It follows that CLD SII iis hehe eo einai ets (1), 
or, inversely, a:c=m: 1i; 
and also that c:b=1:aA, 
so that, ex acguali, a:b=m:n. 


It will be observed that, in stating the proportion (1), Euclid is merely 
expressing the fact that a is the same multiple of c that » is of 1. In other 
words, he rests the statement on the definition of proportion in vit. Def. 2o. 
This, however, is applicable only to four numbers, and c, a are not numbers but 
magnitudes. Hence the statement of the proportion is not legitimate unless 
it is proved that it is true in the sense of v. Det. 5 with regard to magnitudes 
in general, the numbers 1, m being magnitudes. Similarly with regard to the 
other proportions in the proposition. 

There is, therefore, a hiatus. Euclid ought to have proved that magnitudes 
which are proportional in the sense of vil. Def. 20 are also proportional in the 
sense of v. Def. 5, or that the proportion of numbers is included in the 
proportion of magnitudes as a particular case. Simson has proved this in his 
Proposition C inserted in Book v. (see Vol. 11. pp. 126—8). The portion of 
that proposition which is required here is the proof that, 


if a= mb 
c=md } k 
then a:b=c:d, in the sense of v. Def. 5. 
Take any equimultiples 2a, 2c of a, c and any equimultiples gb, gd of b, d. 
Now 44 = pmb 
pe =pmd } f 


But, according as pmb > = < gb, pmd > = < gd. 
Therefore, according as Ja >= < gb, fa > = < gd. 

And fa, £c are any equimultiples of a, c, and gb, gd any equimultiples 
of 4, d. 

Therefore a:b=¢:d. [v. Def. 5.] 
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PROPOSITION 6. 
Jf two magnitudes have to one another the ratio which a 
number has to a number, the magnitudes will be commensurable. 


For let the two magnitudes 4, B have to one another the 
ratio which the number Ø has to the number Z' ; 
s I say that the magnitudes 4, B are commensurable. 











A + B ————— c 
o 
E F 
For let A be divided into as many equal parts as there 
are units in 2, 
and let C be equal to one of them ; 
and let F be made up of as many magnitudes equal to C as 
10 there are units in Æ. 
Since then there are in 4 as many magnitudes equal to C 
as there are units in D, 
whatever part the unit is of D, the same part is C of A also; 
therefore, as C is to A, so is the unit to D. [vtt. Def. 20] 
15 But the unit measures the number 2 ; 
therefore C also measures A. 
And since, as C is to A, so is the unit to D, 
therefore, inversely, as 4 is to C, so is the number D to the 
unit. [cf. v. 7, Por.] 
2 Again, since there are in F as many magnitudes equal 
to C as there are units in Æ, 
therefore, as Cis to F, so is the unit to Æ. [Vir. Def. 20] 
But it was also proved that, 
as Á is to C, so is D to the unit ; 





25 therefore, ex aequali, as A is to F, so is D to £. [v. 22] 
But, as D is to Æ, so is A to B; 
therefore also, as A is to B, so is it to F also. [v. 11] 


Therefore A has the same ratio to each of the magnitudes 
B, F; 
jo therefore B is equal to F. [v. 9] 
But C measures F^; 
therefore it measures B also. 
Further it measures 4 also; 
therefore C measures 4, B. 


x. 6] PROPOSITION 6 27 


35 Therefore A is commensurable with 2. 
Therefore etc. 


Portsm. From this it is manifest that, if there be two 
numbers, as D, Z, and a straight line, as 4, it is possible to 
make a straight line [F] such that the given straight line is to 

4o it as the number J is to the number Z. 

And, if a mean proportional be also taken between 4, F, 
as B, 

as A is to F, so will the square on 4 be to the square on B, 
that is, as the first is to the third, so is the figure on the first 

4s to that which is similar and similarly described on the second. 
[vt. 19, Por.] 
But, as 4 is to , so is the number D to the number Æ; 


therefore it has been contrived that, as the number Ø is to 
the number Z, so also is the figure on the straight line 4 to 
the figure on the straight line M. Q. E. D. 


r5. But the unit measures the number D; therefore C also measures A. 
These words are redundant, though they are apparently found in all the Mss. 


The same link to connect the proportion of numbers with the proportion 
of magnitudes as was necessary in the last proposition is necessary here. This 
being premised, the argument is as follows. 


Suppose a:b=m:n, 
where m, are (integral) numbers. 
Divide a into m parts, each equal to ç, say, 


so that a= m. 
Now take d such that d - nc. 
Therefore we have a:c-mit, 

and cid-i:nm, 

so that, ex aequali, a:d=m:n 


=a: 6, by hypothesis. 
Therefore b =d = na 
so that c measures 4 z times, and a, 6 are commensurable. 
The Porism is often used in the later propositions. It follows (1) that, if 
a be a given straight line, and m, n any numbers, a straight line x can be 
found such that 
Q:ix-—m:nm. 
(2) We can find a straight line y such that 
@:y =m:n. 
For we have only to take y, a mean proportional between a and x, as 
reviously found, in which case a, y, x are in continued proportion and 
k. Def. 9] 
diy-a:x 
=min. 
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PROPOSITION 7. 
ZIncommensurable magnitudes have not to one another the 
ratio which a number has to a number. 
Let 4, B be incommensurable magnitudes ; 


I say that 4 has not to Z the ratio which a number has to a 
number. 


For, if A has to Æ the ratio which a number has to a 


number, 4 will be commensurable with 2. [x. 6] 
But it is not; i 
therefore 4 has not to Æ the ratio which a — 





number has to a number. 
Therefore etc. 


PnRoPosiTION 8. 


Lf two magnitudes have not to one another the ratio which 
a number has to a number, the magnitudes will be incom- 
mensurable. 


For let the two magnitudes 4, Z not have to one another 
the ratio which a number has to a number ; 
I say that the magnitudes 4, B are incom- 
mensurable. 
For, if they are commensurable, 4 will have to B the 
ratio which a number has to a number. [x. 5] 
But it has not ; 
therefore the magnitudes 4, Z are incommensurable. 
Therefore etc. 


A 
8 





PROPOSITION 9. 


The squares on straight lines commensurable in length have 
to one another the ratio which a square number has to a square 
number; and squares which have to one another the ratio 
which a square number has to a square number will also have 
their sides commensurable in length. But the squares on 
straight lines incommensurable in length have not to one 
another the ratio which a square number has to a square 
number ; and squares which have not to one another the ratio 
whith a square number has to a square number will not have 
their sides commensurable in length either, 


x. 9] PROPOSITIONS 7—9 29 


For let 4, B be commensurable in length ; 
I say that the square on 4 
has to the square on B the 
ratio which a square number 
has to a square number. 

For, since 4 is commensurable in length with 2, 
therefore 4 has to B the ratio which a number has to a 
number. [x. 5 

Let it have to it the ratio which C has to D. 

Since then, as 4 is to B, so is C to D, 
while the ratio of the square on 4 to the square on B is 
duplicate of the ratio of A to B, 
for similar figures are in the duplicate ratio of their corre- 
sponding sides ; [vi. 20, Por.] 
and the ratio of the square on C to the square on Ø is duplicate 
of the ratio of C to D, 
for between two square numbers there is one mean proportional 
number, and the square number has to the square number the 
ratio duplicate of that which the side has to the side ; [vir 11] 
therefore also, as the Square on J is to the square on B, so 
is the square on C to the square on D. 





Next, as the square on 44 is to the square on Z, so let 
the square on C be to the square on D; 
I say that A is commensurable in length with 2. 

For since, as the square on 4 is to the square on Z, so is 
the square on C to the square on D, 
while the ratio of the square on A to the square on B is 
duplicate of the ratio of A to B, 
and the ratio of the square on C to the square on D is duplicate 
of the ratio of C to D, 
therefore also, as 4 is to B, so is C to D. 

Therefore 4 has to Z the ratio which the number C has 
to the number D; 
therefore 4 is commensurable in length with 2. [x. 6] 


Next, let 4 be incommensurable in length with Z ; 
I say that the square on 4 has not to the square on Z the 
ratio which a square number has to a square number. 

For, if the square on 74 has to the square on Z the ratio 
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which a square number has to a square number, 4 will be 
commensurable with Z. 

But it is not ; 
therefore the square on A has not to the square on Z the 
ratio which a square number has to a square number. 


Again, let the square on A not have to the square on B 
the ratio which a square number has to a square number ; 


I say that 4 is incommensurable in length with 2. 


For, if Æ is commensurable with Z, the square on 71 will 
have to the square on Z the ratio which a square number has 
to a square number. 

But it has not ; 


therefore 44 is not commensurable in length with Z. 
Therefore etc. 


Porism. And it is manifest from what has been proved 
that straight lines commensurable in length are always com- 
mensurable in square also, but those commensurable in square 
are not always commensurable in length also. 


[Lemma. It has been proved in the arithmetical books 
that similar plane numbers have to one another the ratio 
which a square number has to a square number, [vur. 26] 
and that, if two numbers have to one another the ratio which 
a square number has to a square number, they are similar 
plane numbers. [Converse of vui. 26] 


And it is manifest from these propositions that numbers 
which are not similar plane numbers, that is, those which 
have not their sides proportional, have not to one another 
the ratio which a square number has to a square number. 

For, if they have, they will be similar plane numbers: 
which is contrary to the hypothesis. 

Therefore numbers which are not similar plane numbers 
have not to one another the ratio which a square number has 
to a square number. | 

A scholium to this proposition (Schol. x. No. 62) says categorically that 
the theorem proved in it was the discovery of Theaetetus. 

If a, b be straight lines, and 

a:b=m:n, 
where m, n are numbers, 
then a’: B= m:n’; 
and conversely. 
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This inference, which looks so easy when thus symbolically expressed, was 
by no means so easy for Euclid owing to the fact that a, b are straight lines, 
and m, 2 numbers. He has to pass from a : / to a: 6? by means of vi. 20, Por. 
through the duplicate ratio; the square on a is to the square on in the 
duplicate ratio of the corresponding sides a, ^. On the other hand, m, n 
being numbers, it is vinn. 11 which has to be used to show that zs! : z? is the 
ratio duplicate of m:n. 

Then, in order to establish his result, Euclid assumes that, tf two ratios are 
equal, the ratios which are their duplicates are also equal. This is nowhere 
proved in Euclid, but it is an easy inference from v. 22, as shown in my note 
on VI. 22. 

The converse has to be established in the same careful way, and Euclid 
assumes that ratios the duplicates of which are equal are themselves equal. 
This is much more troublesome to prove than the converse; for proofs I refer 
to the same note on VI. 22. 

The second part of the theorem, deduced by reZuctio ad absurdum from 
the first, requires no remark. 

In the Greek text there is an addition to the Porism which Heiberg 
brackets as superfluous and not in Euclid's manner. It consists (1) of a sort 
of proof, or rather explanation, of the Porism and (2) of a statement and 
explanation to the effect that straight lines incommensurable in length are 
not necessarily incommensurable in square also, and that straight lines 
incommensurable in square are, on the other hand, always incommensurable 
in length also. 


The Lemma gives expressions for two numbers which have to one another 
the ratio of a square number to a square number. Similar plane numbers 
are of the form pm . pn and gm . gn, or mnp’ and mng’, the ratio of which is 
of course the ratio of 7? to g*. 

The converse theorem that, if two numbers have to one another the ratio 
of a square number to a square number, the numbers are similar plane 
numbers is not, as a matter of fact, proved in the arithmetical Books. It is 
the converse of viri. 26 and is used in 1x. 1o. Heron gave it (see note on 
vin. 27 above). 

Heiberg however gives strong reason for supposing the Lemma to be an 
interpolation. It has reference to the next proposition, X. ro, and, as we shall 
see, there are so many objections to X. to that it can hardly be accepted as 
genuine. Moreover there is no reason why, in the Lemma itself, numbers 
which are vof similar plane numbers should be brought in as they are. 


[PRoposITION 10. 


To find two straight lines incommensurable, the one in 
length only, and the other in square also, with an assigned 
straight line. 

Let A be the assigned straight line; 


thus it is required to find two straight lines incommensurable, 
the one in length only, and the other in square also, with 4. 


Let two numbers Z, C be set out which have not to one 
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another the ratio which a square number has to a square 
number, that is, which are not similar plane 
numbers ; 





and let it be contrived that, D 
as B is to C, so is the square on 4 to : 
the square on D d 
—for we have learnt how to do this— 
(x. 6, Por.] 
therefore the square on A is commensurable with the square 
on D. [x. 6] 


And, since Z has not to C the ratio which a square number 
has to a square number, 


therefore neither has the square on A to the square on D the 
ratio which a square number has to a square number ; 


therefore A is incommensurable in length with D. [x. 9] 
Let £ be taken a mean proportional between 4, D; 


therefore, as A is to D, so is the square on 4 to the square 
on Æ. [v. Def. 9] 


But A is incommensurable in length with D ; 


therefore the square on 44 is also incommensurable with the 
square on £; [x. 11] 
therefore A is incommensurable in square with Æ. 


Therefore two straight lines D, E have been found in- 
commensurable, D in length only, and Æ in square and of 
course in length also, with the assigned straight line A. | 


It would appear as though this proposition was intended to supply a 
justification for the statement in x. Def. 3 that sis proved that there are an 
infinite number of straight lines (2) incommensurable in length only, or 
commensurable in square only, and (4) incommensurable in square, with any 
given straight line. 

But in truth the proposition could well be dispensed with; and the 
positive objections to its genuineness are considerable. 

In the first place, it depends on the following proposition, x. 11; for the 
last step concludes that, since 

dà:yza:x, 
and a, x are incommensurable in length, therefore a’, y* are incommensurable. 
But Euclid never commits the irregularity of proving a theorem by means of 
a later one. Gregory sought to get over the difficulty by putting x. ro after 
X. 11; but of course, if the order were so inverted, the Lemma would still be 
in the wrong place. 

Further, the expression ¢ud0opev yap, “for we have learnt (how to do this),” 
is not in Euclid’s manner and betrays the hand of a learner (though the same 
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expression is found in the Sectio Canonis of Euclid, where the reference is 
to the Elements). 

Lastly the manuscript P has the number :o, in the first hand, at the top 
of x. 11, from which it may perhaps be concluded that x. ro had at first no 
number. 

It seems best therefore to reject as spurious both the Lemma and x. ro. 

The argument of x. ro is simple. If a be a given straight line and m, n 
numbers which have not to one another the ratio of square to square, take x 
such that 


a!':x'zm:n, [x. 6, Por.] 
whence a, x are incommensurable in length. [x. 9] 
Then take y a mean proportional between a, x, whence 
a*:y'-a:x [v. Def. 9] 
[= ym : ya], 


and x is incommensurable in length only, while y is incommensurable in 
square as well as in length, with a. 


PROPOSITION 11. 


If four magnitudes be proportional, and the first be com- 
mensurable with the second, the third will also be commensurable 
with the fourth ; and, if the first be incommensurable with the 
second, the third will also be incommensurable with the fourth. 


Let A, B, C, D be four magnitudes in proportion, so 
that, as A is to B, so is C 





to D, Acum eu SH 
and let 4 be commensurable — — D 
with Z; 


I say that C will also be commensurable with D. 
For, since 4 is commensurable with B, 
therefore A has to B the ratio which a number has to a 
number. ; [x. 5] 
And, as A is to P, so is C to D; 
therefore C also has to D the ratio which a number has to a 
number ; 
therefore C is commensurable with D. [x. 6] 


Next, let 4 be incommensurable with Z ; 
I say that C will also be incommensurable with D. 

For, since A is incommensurable with B, 
therefore A has not to P the ratio which a number has to a 
number. (x. 7] 
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And, as A is to B, sois Cto D; 


therefore neither has C to Ø the ratio which a number has to 
a number ; 


therefore C is incommensurable with D. [x. 8] 
Therefore etc. 


I shall henceforth, for the sake of brevity, use symbols for the terms 
“ commensurable (with)” and “incommensurable (with)” according to the 
varieties described in x. Def. 1—4. The symbols are taken from Lorenz 
and seem convenient. 

Commensurable and commensurable with, in relation to areas, and com- 
mensurable in length and commensurable in length with, in relation to straight 
lines, will be denoted by ^. 

Commensurable in square only or commensurable in square only with (terms 
applicable only to straight lines) will be denoted by ~. 

Incommensurable (with), of areas, and incommensurable (with), of straight 
lines will be denoted by v. 

Jncommensurable in square (with) (a term applicable to straight lines only) 
will be denoted by —. 

Suppose a, b, & d to be four magnitudes such that 


a:b=c:d, 
Then (1), if a ^ 2, a:b=m:n, where m,n are integers, [x. 5] 

whence c:d=m:n, 
and therefore c^ d. (x. 6] 
(2) Ifavb, a:b#m:n, [x. 7) 

so that : c:d$m:n, 
whence € v d. (x. 8) 


PROPOSITION 12. 


Magnitudes commensurable with the same magnitude are 
commensurable with one another also. 


For let each of the magnitudes 4, 7 be commensurable 
with C ; 


I say that 4 is also commensurable with Z. 


A——— _ c-——_——_. p 
D 

————E 

——F ————K 
——G 











For, since A is commensurable with C, 


therefore 4 has to C the ratio which a number has to a 
number. [x. 5] 
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Let it have the ratio which D has to Æ. 
Again, since C is commensurable with B, 


therefore C has to Z the ratio which a number has to a 
number. [x. 5) 


Let it have the ratio which Æ has to G. 


And, given any number of ratios we please, namely the 
ratio which D has to Æ and that which Æ has to G, 


let the numbers Æ, KX, Z be taken continuously in the given 
ratios ; [cf. vu. 4] 


so that, as D is to Æ, so is H to K, 
and, as F' is to G, so is K to ZL. 
Since, then, as Æ is to C, so is D to £, 
while, as D is to Æ, so is 77 to K, 
therefore also, as 4 is to C, so is H to K. , [v. 11] 
Again, since, as C is to Z, so is F to G, 
while, as F is to G, so is X to Z, 


therefore also, as C is to Z, so is K to Z. [v. 11) 
But also, as 4 is to C, so is Z7 to K ; 
therefore, ex aeguali, as A isto B, so is H to L. [v. 22] 


Therefore A has to Z the ratio which a number has to a 
number ; 


therefore 4 is commensurable with Z. [x. 6] 


Therefore etc. 
Q. E. D. 


We have merely to go through the process of compounding two ratios in 
numbers. 


Suppose a, à each ^ c. 
Therefore a:c=m:n, Say, [x. 5] 
c:b=p:4, say. 
Now mM: n= mp: np, 
and B:q7np:nq. 
Therefore a:c- mp : np, 
ció- np : nq, 
whence, ex aequali, a:b=mp: ny, 


so that and. [x. 6] 


36 BOOK X [x. 13, Lemma 


PROPOSITION 13. 


If two magnitudes be commensurable, and the one of them 
be incommensurable with any magnitude, the remaining one 
will also be incommensurable with the same. 


Let 44, B be two commensurable magnitudes, and let one 
of them, 4, be incommensurable with 


any other magnitude C; A 
I say that the remaining one, Z, will c 
also be incommensurable with C. B 


For, if B is commensurable with C, 
while A is also commensurable with Ø, 
A is also commensurable with C. [x. 12) 
But it is also incommensurable with it: 
which is impossible. 
Therefore B is not commensurable with C; 
therefore it is incommensurable with it. 
Therefore etc. 


LEMMA. 
Given two unequal straight lines, to find by what square the 
square on the greater ts greater than the square on the less. 


Let AB, C be the given two unequal straight lines, and 
let AB be the greater of them ; 


thus it is required to find by what D 
square the square on AB is greater 
than the square on C. 





c 
Let the semicircle ADB be de- A B 
scribed on AB, 
and let AD be fitted into it equal to C; (v. 1) 


let DB be joined. 
It is then manifest that the angle ADB is right, — [ur. 31] 


and that the square on AZ is greater than the square on 
AD, that is, C, by the square on DB. [1 47] 

Similarly also, if two straight lines be given, the straight 
line the square on which is equal to the sum of the squares 
on them is found in this manner. 
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Let AD, DB be the given two straight lines, and let it be 
required to find the straight line the square on which is equal 
to the sum of the squares on them. 

Let them be placed so as to contain a right angle, that 
formed by AD, DB; 
and let AB be joined. 


It is again manifest that the straight line the square on 
which is equal to the sum of the squares on AD, DB is AB. 
(1. 47) 

Q. E. D. 


The lemma gives an obvious method of finding a straight line (c) equal to 
Ma? s P, where a, b are given straight lines of which a is the greater. 





PROPOSITION 14. 


If four straight lines be proportional, and the square on 
the first be greater than the square on the second by the square 
on a straight line commensurable with the first, the square on 
the third will also be greater than the square on the fourth by 

5 the square on a straight line commensurable with the third. 

And, tf the square on the first be greater than the square 
on the second by the square on a straight line incommensurable 
with the first, the square on the third will also be greater than 
the square on the fourth by the square on a straight line in- 

10 commensurable with the third. 

Let A, B, C, D be four straight lines in proportion, so 
that, as Æ is to B, so is C to D; 
and let the square on A be greater than 
the square on Z by the square on Æ, and 

ıs let the square on C be greater than the 
square on D by the square on F; E F 
I say that, if A is commensurable with Æ, 
C is also commensurable with Æ, 


and, if Æ is incommensurable with Æ, C is 
2 also incommensurable with £F. 


For since, as A is to B, so is C to D, 
therefore also, as the square on A is to the square on Z, so is 
the square on C to the square on D. [vi. 22] 


But the squares on Æ, B are equal to the square on 4, 
25 and the squares on D, F are equal to the square on C. 


A 8 C 0 
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Therefore, as the squares on Æ, Z are to the square on 
B, so are the squares on D, F to the square on D; 


therefore, separando, as the square on Æ is to the square on 
B, so is the square on F to the square on D; [v. 17] 


3o therefore also, as Æ is to B, so is F to D; (vi. 22] 
therefore, inversely, as B is to Æ, so is D to F. 
But, as 4 is to B, so also is C to D; 
therefore, ex aegualz, as A is to Æ, so is C to £F. [v. 22] 


Therefore, if A is commensurable with Æ, C is also com- 
35 mensurable with 7, 


and, if Æ is incommensurable with Æ, C is also incommen- 
surable with Z. [x. 11] 


Therefore etc. 


3, 5,8, 10. Euclid speaks of the square on the first (third) being greater than the square 
on the second (fourth) by the square on a straight line commensurable (incommensurable) 
“ with itself (éavrp),” and similarly in all like phrases throughout the Book. For clearness' 
sake I substitute *' the first," “ the third,” or whatever it may be, for *' itself" in these cases. 


Suppose a, b, c, d to be straight lines such that 
arba TM eoa eb RA (1). 
It follows [vi. 22] that au PTOVgUe eluted (2). 
In order to prove that, convertendo, 
a’: (a — 6’) =c? : (c?- a?) 

Euclid has to use a somewhat roundabout method owing to the absence of a 
convertendo proposition in his Book v. (which omission Simson supplied by 
his Prop. E). 

It follows from (2) that 


(gà - P) «P :P- (2-4) « 5) ias 


whence, separando, (a 8): P=(c?-a’): a’, [v. 17] 
and, inversely, P (at — ))-d' : (e -d?). 
From this and (2), ex aeguali, 
a! : (a3 )P)-e:(2-42)). (v. 22] 
Hence a : Na! - Fc; Ne! — dt (vi. 22] 
According therefore as a^orv Ja- t, 
cnore J-E. [x. 11] 


If a ^ 4a! — ?, we may put Va -= ka, where & is of the form m/n 
and m, n are integers. And if 4a*- / - £a, it follows in. this case that 


Je! -d? = ke. 
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PROPOSITION 15. 


Jf two commensurable magnitudes be added together, the 
whole will also be commensurable with each of them, and, if 
the whole be commensurable with one of them, the original 
magnitudes will also be commensurable. 


For let the two commensurable magnitudes 48, BC be 
added together ; 
I say that the whole 4C is also ^ 
commensurable with each of the 
magnitudes 4B, BC. 

For, since 48, BC are commensurable, some magnitude 
will measure them. 

Let it measure them, and let it be D. 

Since then D measures AB, BC, it will also measure the 
whole AC. 

But it measures 48, BC also; 


therefore D measures AB, BC, AC; 
therefore AC is commensurable with each of the magnitudes 
AB, BC. [x. Def. 1] 
Next, let AC be commensurable with AZ; 
I say that 4B, BC are also commensurable. 
For, since AC, AB are commensurable, some magnitude 
will measure them. 
Let it measure them, and let it be D. 
Since then D measures CA, AB, it will also measure the 
remainder BC. 
But it measures 4 also ; 
therefore D will measure 42, BC; 
therefore AB, BC are commensurable. [x. Def. 1] 


B 
c 





D 





Therefore etc. 


(1) If a, b be any two commensurable magnitudes, they are of the form 
me, nc, where c is a common measure of a, b and m, n some integers. 

It follows that a+b=(m+n)c; 
therefore (a + b), being measured by c, is commensurable with both a and 4. 

(2) If a+b is commensurable with either a or /, say a, we may put 
a b - mc a — nc, where c is a common measure of (a * 2), a, and », n» are 


integers. 
Subtracting, we have ^ - (m—n)e 
whence } ^ a: 
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PROPOSITION 16. 


Jf two incommensurable magnitudes be added together, the 
whole will also be incommensurable with each of them ; and, 1f 
the whole be incommensurable with one of them, the original 
magnitudes will also be incommensurable. 

For let the two incommensurable magnitudes AB, BC be 
added together ; 

I say that the whole AC is also incommensurable a 
with each of the magnitudes 4B, BC. 

For, if CA, AB are not incommensurable, some 
magnitude will measure them. 

Let it measure them, if possible, and let it be D. B 

Since then D measures CA, AP, 
therefore it will also measure the remainder BC. 

But it measures AB also; c 
therefore D measures AB, BC. 

Therefore AB, BC are commensurable ; 
but they were also, by hypothesis, incommensurable : 
which is impossible. 

Therefore no magnitude will measure CA, AB; 
therefore CA, AB are incommensurable. [x. Def. 1] 

Similarly we can prove that AC, CB are also incom- 
mensurable. 


Therefore AC is incommensurable with each of the magni- 
tudes AB, BC. 


Next, let 4C be incommensurable with one of the magni- 
tudes AB, BC. 
First, let it be incommensurable with 4B; 


I say that AB, BC are also incommensurable. 

For, if they are commensurable, some magnitude will 
measure them. 

Let it measure them, and let it be D. 

Since then D measures 4B, BC, 
therefore it will also measure the whole 4C. 

But it measures AB also; 


therefore D measures CA, AB, 
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Therefore CA, AB are commensurable ; 
but they were also, by hypothesis, incommensurable : 
which is impossible. 
Therefore no magnitude will measure AB, BC; 
therefore AB, BC are incommensurable. [x. Def. 1) 
Therefore etc. 
Lemma. 


If to any straight line there be applied a parallelogram 
deficient by a square figure, the applied parallelogram is equal 
to the rectangle contained by the segments of the straight line 
resulting from the application. 


For let there be applied to the straight line 42 the 
parallelogram AD deficient by the " 


square figure DB; 
I say that AD is equal to the rectangle 
contained by AC, CB. k c 


This is indeed at once manifest ; 
for, since DB is a square, 
DC is equal to CB; 
s AD is the rectangle AC, CD, that is, the rectangle AC, 


Therefore etc. 


If a be the given straight line, and x the side of the square by which the 
applied rectangle is to be deficient, the rectangle is equal to ax — x*, which is 
of course equal to x(a— x). The rectangle may be written xy, where 
x+y=a. Given the area x(a- x), or xy (where x « y - a), two different 
applications will give rectangles equal to this area, the sides of the defect 
being x or a — x (x or y) respectively; but the second mode of expression 
shows that the rectangles do not differ in form but only in position. 


PROPOSITION 17. 


If there be two unequal straight lines, and to the greater 
there be applied a parallelogram equal to the fourth part of 
the square on the less and deficient by a square figure, and uf 
it divide it into parts which are commensurable in length, then 

s the square on the greater will be greater than the square on 
the less by the square on a straight line commensurable with 
the greater. 

And, if the square on the greater be greater than the square 
on the less by the square on a straight line commensurable with 
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10 the greater, and 1f there be applied to the greater a parallelogram 
equal to the fourth part of the square on the less and deficient 
by a square figure, it will divide it into parts which are com- 
mensurable in length. 

Let A, BC be two unequal Straight lines, of which BC is 

15 the greater, 
and let there be applied to BC a parallel- A 
ogram equal to the fourth part of the 
square on the less, 74, that is, equal to r5 
the square on the half of A, and deficient : 

zo by a square figure. Let this be the § + € o c 
rectangle BD, DC, [cf Lemma] 
and let BD be commensurable in length with DC; 

I say that the square on BC is greater than the square on A 
by the square on a straight line commensurable with BC. 

25 For let BC be bisected at the point Æ, 
and let EF be made equal to DZ. 

Therefore the remainder DC is equal to BF. 
And, since the straight line BC has been cut into equal 
parts at Æ, and into unequal parts at D, 
go therefore the rectangle contained by BD, DC, together with 
the square on £D, is equal to the square on EC; [u. 5] 
And the same is true of their quadruples ; 
therefore four times the rectangle BD, DC, together with 
four times the square on DZ, is equal to four times the square 
3s on EC, 
But the square on 4 is equal to four times the rectangle 
BD, DC; 
and the square on DF is equal to four times the square on 
DE, for DF is double of DE. 

4 And the square on BC is equal to four times the square 

on EC, for again BC is double of CZ. 
Therefore the squares on A, DF are equal to the square 
on AC, 
so that the square on AC is greater than the square on 4 by 
4s the square on DF. 
It is to be proved that BC is also commensurable with DF. 
Since BD is commensurable in length with DC, 
therefore BC is also commensurable in length with C2. [x. 15] 
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But CD is commensurable in length with CD, BF, for 
so CD is equal to BF. [x. 6] 


Therefore BC is also commensurable in length with BF, 
CD, [x. 12] 


so that BC is also commensurable in length with the remainder 
FD; [x. 15] 

ss therefore the square on BC is greater than the square on A 
by the square on a straight line commensurable with BC. 


Next, let the square on BC be greater than the square on 
A by the square on a straight line commensurable with BC, 
let a parallelogram be applied to BC equal to the fourth part 
60 of the square on A and deficient by a square figure, and let 
it be the rectangle BD, DC. 
It is to be proved that BD is commensurable in length 
with DC, 
With the same construction, we can prove similarly that 
és the square on BC is greater than the square on A by the 
square on FD. 
But the square on ZC is greater than the square on A 
by the square on a straight line commensurable with BC. 
Therefore BC is commensurable in length with FD, 
70 so that BC is also commensurable in length with the remainder, 
the sum of BF, DC. (x. 15] 
Bat the sum of BF, DC is commensurable with DC, [x. 6] 
so that AC is also commensurable in length with CD; [x. 12] 
and therefore, separando, BD is commensurable in length 
75s with DC. (x. 15] 
Therefore etc. 


45. After saying literally that ‘‘the square on AC is greater than the square on 4 by the 
square on DF," Euclid adds the equivalent expression with &/vara« in its technical sense, 
h BT dpa ras A weitov Sivarac rg AZ. As this is untranslatable in English except by a 
paraphrase in practically the. same words as have preceded, I have not attempted to 
reproduce it. 


This proposition gives the condition that the roots of the equation in x, 
b 
ax- x = p (= p say), 
are commensurable with a, or that x is expressible in terms of a and integral 


——— m 
numbers, i.e. is of the form at No better proof can be found for the fact 


that Euclid and the Greeks used their solutions of quadratic equations for 
numerical problems. On no other assumption could an elaborate discussion 
of the conditions of incommensurability of the roots with given lengths o 
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with a given number of units of length be explained. Ina purely geometrical 
solution the distinction between commensurable and incommensurable roots 
has no point, because each can equally easily be represented by straight lines. 
On the other hand, on the assumption that the umeriza/ solution of quadratic 
equations was an important part of the system of the Greek geometers, 
the distinction between the cases where the roots are commensurable and 
incommensurable respectively with a given length or unit becomes of great 
importance. Since the Greeks had no means of expressing what we call an 
irrational number, the case of an equation with incommensurable roots could 
only be represented by them geometrically; and the geometrical representations 
had to serve instead of what we can express by formulae involving surds. 

Euclid proves in this proposition and the next that, x being determined 
from the equation 


x, (a - x) are commensurable in length when Ja?— 2, @ are so, and incom- 
mensurable in length when Ja’ — 2. a are incommensurable ; and conversely. 
Observe the similarity of his proof to our algebraical method of solving 
the equation. a being represented in the figure by BC, and x by CD, 
EF-ED-*-x 


2 





a 2 @ 
and + (a-x)+(2-2) re by Eucl. it. 5. 
If we multiply throughout by 4, 


4x (a-x)*4 (¢-+)'=«, 


whence, by (1), P+ (a— 2x)? =a’, 
or a! — f - (a - 2xy*, 
and Ja! - P - a — 2x. 


We have to prove in this proposition 
(1) that, if x, (2 — x) are commensurable in length, so are a, Ja’ — #, 


(2) that, if a, Ja" — # are commensurable in length, so are x, (a — x). 


(1) To prove that a, a — 2x are commensurable in length Euclid employs 
several successive steps, thus. 


Since (a — x) ^ x, a^ x. (x. 15] 
But XO 2x. [x. 6) 
Therefore a ^ 2x (x. 12] 
^ (a - 2x). [x. 15] 
That is, a ^ Ma! - &. 
(2) Sincea ^ Jai — 5, a^a-ax, 
whence a ^ ax. (x. 15] 
But 2x ^ X j [x. 6] 
therefore 4^2, [x. 12] 


and hence (a - x) ^ x. [x. 15] 
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_ It is often more convenient to use the symmetrical form of equation’ in 
this and similar cases, viz. 


yee 
4 
x+y=a 


The result with this mode of expression is that 
(1) if x ^ y, then a ~ Ja- 8; and 
(2) if a ^ Ja! — P, then x ny. 


The truth of the proposition is even easier to see in this case, since 
(s 9 - (e - P) 


Proposition 18. 


Lf there be two unequal straight lines, and to the greater 
there be applied a parallelogram equal to the fourth part of 
the square on the less and deficient by a square figure, and 
tf it divide it into parts which are incommensurable, the sguare 
on lhe greater will be greater than (he square on the less by 
Ihe square on a straight line incommensurable with the greater. 

And, tf the square on the greater be greater than the square 
on the less by the square on a straight line tncommensurable 
with the greater, and if there be applied to the greater a 
parallelogram equal to the fourth part of the square on the 
less and deficient by a square figure, wt divides it into parts 
which are incommensurable. 


Let A, BC be two unequal straight lines, of which BC is 
the greater, 
and to BC let there be applied a parallelogram equal 
to the fourth part of the square on the less, 4, and 
deficient by a square figure. Let this be the rect- 
angle BD, DC, [cf. Lemma before x. 17] 
and let ZD be incommensurable in length with DC; 
I say that the square on AC is greater than the 
square on A by the square on a straight line incom- 
mensurable with BC. 


For, with the same construction as before, we can prove 
similarly that the square on AC is greater than the square on 
A by the square on FD. 


It is to be proved that BC is incommensurable in length 
with DF. 
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Since BD is incommensurable in length with DC, 


therefore BC is also incommensurable in length with CD. 
[x. 16] 


But DC is commensurable with the sum of BF, DC; [x. 6] 
therefore BC is also incommensurable with the sum of BF, 


C; (x. 13] 
so that BC is also incommensurable in length with the remainder 
[x. 16] 


And the square on SC is greater than the square on A 
by the square on FD; 
therefore the square on AC is greater than the square on A 
by the square on a straight line incommensurable with AC. 


Again, let the square on AC be greater than the square on 
A by the square on a straight line incommensurable with BC, 
and let there be applied to BC a parallelogram equal to the 
fourth part of the square on 4 and deficient by a square figure. 
Let this be the rectangle BD, DC. 

It is to be proved that BD is incommensurable in length 
with DC. 

For, with the same construction, we can prove similarly 
that the square on AC is greater than the square on A by 
the square on FD. 

But the square on AC is greater than the square on A by 
the square on a straight line incommensurable with BC; 


therefore BC is incommensurable in length with FD, 


so that BC is also incommensurable with the remainder, the 

sum of BF, DC. [x. 16] 

But the sum of ZF, DC is commensurable in length with 

> (x. 6] 
therefore BC is also incommensurable in length with DC, 

[x. 13] 

so that, separando, BD is also incommensurable in length with 

C. (x. 16] 

Therefore etc. 


With the same notation as before, we have to prove in this proposition that 
(1) if (a — x), x are incommensurable in length, so are a, A/a* — 7^, and 
(2) if a, Va*— & are incommensurable in length, so are (a - x), x. 

Or, with the equations 








it 
4[» 
xty=a 
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(1) if x v y, then a v Ja? — &, and 
(2) if a v Jat- i, then < v y. 

The steps are exactly the same as shown under (1) and (2) of the last 
note, with v instead of ^, except only in the lines “x ^ 2x” and “2x ^ x" 
which are unaltered, while, in the references, X. 13, 16 take the place of x. 
12, 15 respectively. 


[Lemma. 


Since it has been proved that straight lines commen- 
surable in length are always commensurable in square also, 
while those commensurable in square are not always com- 
mensurable in length also, but can of course be either 
commensurable or incommensurable in length, it is manifest 
that, if any straight line be commensurable in length with a 
given rational straight line, it is called rational and commen- 
surable with the other not only in length but in square also, 
since straight lines commensurable in length are always 
commensurable in square also. 

But, if any straight line be commensurable in square with 
a given rational straight line, then, if it is also commensurable 
in length with it, it is called in this case also rational and 
commensurable with it both in length and in square; but, if 
again any straight line, being commensurable in square with a 
given rational straight line, be incommensurable in length 
with it, it is called in this case also rational but commensurable 
in square only.) 


PROPOSITION 19. 
The rectangle contained by rational straight lines commen- 
surable 1n. length is rational. 


For let the rectangle AC be contained by the rational 
straight lines 48, BC commensurable in 
length ; D 
I say that AC is rational. 


For on AB let the square AD be de- E 
scribed ; 
therefore 4D is rational. [x. Def. 4] 

And, since AB is commensurable in a 8 


length with BC, 
while 4B is equal to BD, 
therefore BD is commensurable in length with BC. 
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And, as BD is to BC, so is DA to AC. [vi. 1] 
Therefore DA is commensurable with AC. [x. 11] 
But DA is rational ; 

therefore AC is also rational. [x. Def. 4] 


Therefore etc. 


There is a difficulty in the text of the enunciation of this proposition. 
The Greek runs ró vró Dyrov pyre ouppérpw xard Twa rov Tpotprévav 
vpómuv evOeuy mepiexopevov spOoyuviov pyrov éarw, where the rectangle is 
said to be contained by “rational straight lines commensurable in length i» 
any of the aforesaid ways.” Now straight lines can only be commensurable 
in length in one way, the degrees of commensurability being commensurability 
in length and commensurability in square only. But a straight line may be 
rational in two ways in relation to a given rational straight line, since it may 
be either commensurable in length, or commensurable £z square only, with the 
latter. Hence Billingsley takes xara rwa rav mpoeprp.évov pórov with pyrav, 
translating “straight lines commensurable in length and rational in any of the 
aforesaid ways,” and this agrees with the expression in the next proposition 
“a straight line once more rational in any of the aforesaid ways”; but the 
order of words in the Greek seems to be fatal to this way of translating 
the passage. 

The best solution of the difficulty seems to be to reject the words “in 
any of the aforesaid ways” altogether. They have reference to the Lemma 
which immediately precedes and which is itself open to the gravest suspicion. 
It is very prolix, and cannot be called necessary; it appears moreover in 
connexion with an addition clearly spurious and therefore relegated by 
Heiberg to the Appendix. The addition does not even pretend to be Euclid’s, 
for it begins with the words “for Ae calls rational straight lines those....” 
Hence we should no doubt relegate the Lemma itself to the Appendix. 
August does so and leaves out the suspected words in the enunciation, as I 
have done. 

Exactly the same arguments apply to the Lemma added (without the 
heading “ Lemma”) to x. 23 and the same words “in any of the aforesaid 
ways" used with ''raedial straight lines commensurable in length” in the 
enunciation of x. 24. The said Lemma must stand or fall with that now in 
question, since it refers to it in terms: “And in the same way as was explained 
in the case of rationals....” 

Hence I have bracketed the Lemma added to x. 23 and left out the 
objectionable words in the enunciation of x. 24. 


If p be one of the given rational straight lines (rational of course in the 
sense of x. Def. 3), the other can be denoted by 4p, where & is, as usual, of 
the form m/n (where m, n are integers). Thus the rectangle is p°, which is 
obviously rational since it is commensurable with p’. [x. Def. 4.] 

A rational rectangle may have any of the forms ab, ka’, kA or A, where 
a, b are commensurable with the unit of length, and 4 with the unit of area. 

Since Euclid is not able to use 4p as a symbol for a straight line 
commensurable in length with p, he has to put his proof in a form corre- 
sponding to ; 

P: kè =p: kp, 
whence, p, Åp being commensurable, p°, p” are so also. [x. 11] 
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PROPOSITION 20. 


Lf a rational area be applied to a rational straight line, it 
produces as breadth a straight line rational and commensurable 
in length with the straight line to which it is applied. 


For let the rational area AC be applied to AZ, a straight 
line once more rational in any of the aforesaid 
ways, producing BC as breadth ; 
I say that BC is rational and commensurable in 
length with BA. 
For on AB let the square 74 D be described ; Bee A 
therefore AD is rational. [x. Def. 4] 

But AC is also rational ; 
therefore DA is commensurable with AC. 

And, as DA is to AC, so is DB to BC. S 

vi. t 

Therefore DB is also commensurable with he. [x. 11] 
and D7 is equal to BA ; 
therefore AB is also commensurable with ZC. 

But A is rational ; 
therefore BC is also rational and commensurable in length 
with A B. 


Therefore etc. 


The converse of the last. If p is a rational straight line, any rational area 
is of the form p°. If this be "applied" to p, the breadth is £p commensurable 
in length with p and therefore rational. We should reach the same result if 
we applied the area to another rational straight line o. The breadth is then 
k kp 


2° 


m 
a=—k.o or kg, say. 
y g n 


PROPOSITION 21. 


The rectangle contained by rational straight lines commen- 
surable in square only vs irrational, and the side of the square 
equal to it is irrational. Let the latter be called medial. 


For let the rectangle AC be contained by the rational 
straight lines 48, BC commensurable in square only ; 
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I say that AC is irrational, and the side of the square equal 
to it is irrational ; 


and let the latter be called medial. D 
For on AB let the square 44 D be described ; 
therefore 4D is rational. [x. Def. 4] œ A 


And, since 42 is incommensurable in length 
with BC, 
for by hypothesis they are commensurable in œ 
square only, 
while AZ is equal to BD, 
therefore DZ is also incommensurable in length with ZC. 
And, as DB is to BC, so is AD to AC; [vi. 1] 
therefore DA is incommensurable with AC. [x. 11] 
But DA is rational ; 
therefore AC is irrational, 
so that the side of the square equal to AC is also irrational. 
[x. Def. 4] 
Ana let the latter be called medial. 
Q. E. D. 
A media! straight line, now defined for the first time, is so called because 


it is a mean proportional between two rational straight lines commensurable 
in square only. Such straight lines can be denoted by p, p/k. A medial 


straight line is therefore of the form Jp? /k or ktp. Euclid's proof that this is 
E p 


irrational is equivalent to the following. Take p, p/k éommensurable in 
square only, so that they are incommensurable in length. 
Now pipu/& — p: p fh, 


whence [x. 11] p/k is incommensurable with p? and therefore irrational 
[x. Def. 4], so that ./p?,/& is also irrational 7A! 

A medial straight line may evidently take either of the forms Ja JB or 
V AB, where of course Z is not of the form £'4. 


LEMMA. 


If there be two straight lines, then, as the first is to the 
second, so is the square on the first F 3 á 


to the rectangle contained by the 
two straight lines. 3 
Let FE, EG be two straight i 


lines. 
I say that, as FE is to EG, so is the square on FE to 
_the rectangle FE, EG. 
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For on FE let the square DF be described, 
and let GD be completed. 

Since then, as FZ is to EG, so is FD to DG, (vi. 1] 
and FD is the square on FE, 
and DG the rectangle DZ, EG, that is, the rectangle FZ, EG, 
therefore, as FE is to EG, so is the square on FE to the 
rectangle FZ, EG. 

Similarly also, as the rectangle GZ, EF is to the square 
on £F, that is, as GD is to FD, so is GE to EF. 

Q. E. D. 


If a, à be two straight lines, 
a:b=a':ab, 


PROPOSITION 22. 


The square on a medial straight line, if applied to a 
rational straight line, produces as breadth a straight line 
rational and incommensurable in length with that to which tt 
ts applied. 

Let A be medial and CB rational, 


and let a rectangular area BD equal to the square on A be 
applied to BC, producing CD as 
breadth ; 8 
I say that CØ is rational and incom- 
mensurable in length with CZ. G 

For, since 4 is medial, the square 
on it is equal to a rectangular area 
contained by rational straight lines 
ccmmensurable in square only. 

X. 2I 

Let the square on it be equal to GF. 

But the square on it is also equal to BD ; 
therefore BD is equal to GF. : 

But it is also equiangular with it ; 
and in equal and equiangular parallelograms the sides about 
the equal angles are reciprocally proportional ; (vi. 14] 
therefore, -opcrtionally, as BC is to EG, so is EF to CD. 


Therefore also, as the square on AC is to the square on 
EG, so is the square on ZF to the square on CD. [v. 22] 


$2 BOOK X [x. 22 


But the square on CB is commensurable with the square 
on EG, for each of these straight lines is rational ; 


therefore the square on EF is also commensurable with the 


square on CD. [x. 1r] 
But the square on EF is rational ; 
therefore the square on C2 is also rational ; [x. Def. 4] 


therefore CD is rational. 

And, since EF is incommensurable in length with EG, 
for they are commensurable in square only, 
and, as EF is to EG, so is the square on ZF to the rectangle 


FE, EG, [Lemma] 
therefore the square on EF is incommensurable with the 
rectangle FE, EG. [x. 11] 


But the square on C2 is commensurable with the square 
on £F, for the straight lines are rational in square ; 


and the rectangle DC, CB is commensurable with the rect- 
angle FE, ZG, for they are equal to the square on 4 ; 


therefore the square on CD is also incommensurable with the 


rectangle DC, CB. [x. 13] 
But, as the square on CD is to the rectangle DC, CB, so 
is DC to CB; [Lemma] 


therefore DC is incommensurable in length with CB. [x. 11] 


Therefore CD is rational and incommensurable in length 
with CZ. 
Q. E. D. 


Our algebraical notation makes the result of this proposition almost self- 
evident. We have seen that the square of a medial Straight line is of the form 
Jk. p?. If we “apply” this area to another rational Straight line o, the 

a 


breadth is ~ E pP 
Jk. p? 
o ` 


straight line, which we may express, if we please, in the form Jk. ø, is clearly 
commensurable with o in square only, and therefore rational but incom- 
mensurable in length with ø. 

Euclid’s proof, necessarily tonger, is in two parts. 

Suppose that the rectangle /é. p? =o. x. 

Then (1) o:p=Jk.p:x, (vi. 14] 
whence a? : p? = kp: x. (vi. 22] 

But o° ^ p’, and therefore 4p! ^ x*. [x. 11] 


— m ; 
This is equal to o= JA. a” where m, # are integers. The latter 
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And Aj? is rational , 


therefore x?, and therefore x, is rational. (x. Def. 4] 
(2) Since J£. p ~p, JA.p» p. 
But (Lemma] JA. p:p- Eph: JA. p, 

whence Ap! o Jk. p. [x. 11] 
But JA. p? 2 ax, and £p! ^ x? (from above) ; 

therefore x'ox; [x. 13] 

and, since x?:0% =x:0, [Lemma] 

X3. 


PROPOSITION 23. 
A straight line commensurable with a medial straight line 
is medial. 
Let A be medial, and Jet B be commensurable with A ; 


[ say that B is also medial. 
For let a rational straight line CD 





be set out, A 2 
and to CØ let the rectangular area CE S 
equal to the square on A be applied, 
producing £D as breadth ; 
therefore E D is rational and incommen- 
surable in length with CD. [x. 22] 

And let the rectangular area CF E o F 


equal to the square on B be applied to 
CD, producing DF as breadth. 
Since then A is commensurable with B, 
the square on 4 is also commensurable with the square on 2. 
But ÆC is equal to the square on 4, 2 
and CF is equal to the square on B; 
therefore EC is commensurable with CF. 
And, as £C is to CF, sois ED to DF; [vi. 1] 
therefore ED is commensurable in length with DA. [x ::] 
But ED is rational and incommensurable in length with 
DC; 
therefore DF is also rational (x. Def. 3] and incommensurable 
in length with DC. (x. 13] 


Therefore CD, DF are rational and commensurable in 
square only. 
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But the straight line the square on which is equal to the 
rectangle contained by rational straight lines commensurable 
in square only is medial ; [x. 21] 


therefore the side of the square equal to the rectangle CD, 
DF is medial. 


And Z is the side of the square equal to the rectangle 
CD, DF; 
therefore Z is medial. 


Porism. From this it is manifest that an area commen- 
surable with a medial area is medial. 


[And in the same way as was explained in the case of 
rationals [Lemma following x. 18] it follows, as regards medials, 
that a straight line commensurable in length with a medial 
straight line is called medial and commensurable with it not 
only in length but in square also, since, in general, straight 
lines commensurable in length are always commensurable in 
square alsc. 

But, if any straight line be commensurablę in square with 
a medial straight line, then, if it is also commensurable in 
length with it, the straight lines are called, in this case too, 
medial and commensurable in length and in square, but, if in 
square only, they are called medial straight lines commen- 
surable in square onby.] 


As explained in the bracketed passage following this proposition, a straight 
line commensurable with a medial straight line in sguare only, as well as a 
straight line commensurable with it in length, is medial. 

Algebraical notation shdws this easily. 


If 4p be the given straight line, Ado is a straight line commensurable 


in length with it and yA. kp a straight line commensurable with it in square 
only. 
But Ap and ,/A.p are both rational [x. Def. 3] and therefore can be 


expressed by p’, and we thus arrive at Bp, which is clearly medial. 

Euclid's proof amounts to the following. 

Apply both the areas /&.p? and A*/k.p? (or Ak. p”) to a rational 
straight line c. 


: 2 a 
The breadths J£. ^. and w/e.” (or Ak. ©) are in the ratio of the 
g ` g o 


areas J/£. p and A*/4. p? (or A,/&. p") themselves and are therefore com- 
mensurable. i 


a 
Now [x. 22] Jk E is rational but incommensurable with o. 
2 
Therefore A’ JÈ. E 


g 


2 
(or A Jk. £) is so also; 
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whence the area A? JÈ. p? (or AA. p?) is contained by two rational straight 


lines commensurable in square only, so that Alp (or Ja. Rp) is a medial 
straight line. 

It is in the Porism that we have the first mention of a medial avea. It is 
the area which is equal to the square on a medial straight line, an area, there- 


fore, of the form Ay, which is, as a matter of fact, arrived at, though not 
named, before the medial straights line itself (x. 21). 


The Porism states that Abg? is a medial area, which is indeed obvious. 


PROPOSITION 24. 


The rectangle contained by medial straight lines commen- 
surable in length is medial. 


For let the rectangle AC be contained by the medial 
straight lines 48, BC which are commensurable 
in length ; o 
I say that AC is medial. 
For on AB let the square AD be described ; 
therefore AD is medial. À 8 
And, since 4B is commensurable in length 
with BC, 
while AZ is equal to BD, D 


therefore DB is also commensurable in length 


with BC; 


so that DA is also commensurable with AC. [vi. 1, x. 11] 
But DA is medial ; 
therefore AC is also medial. (x. 23, Por.] 
Q. E. D. 


There is the same difficulty in the text of this enunciation as in that of 
X. 19. The Greek says “medial straight lines commensurable in length in 
any of the aforesaid ways”; but straight lines can only be commensurable in 
length in one way, though they can be medial in two ways, as explained in the 
addition to the preceding proposition, i.e. they can be either commensurable 
in length or commensarable in square only with a given medial straight line. 
For the same reason as that explained in the note on x. 19 I have omitted 
“in any of the aforesaid ways” in the enunciation and bracketed the addition 
to x. 23 to which it refers. 


kp and Alp are medial straight lines commensurable in length. The 


rectangle contained by them is xp, which may be written n and is there- 
fore clearly medial. 

Euclid’s proof proceeds thus. Let x, àx be the two medial straight lines 
commensurable in length. 

Therefore X:x.Àx-xiÀx 
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But x ^ Ax, so that x? ^ x. Àx. (x. 11] 
Now x? is medial [x. 21]; 
therefore x | Ax is also medial. [x. 23, Por.] 


We may of course write two medial straight lines commensurable in length 
in the forms mkåp, nko ; and these may either be m/a/B, nJa./&, or 
m/AB, n\ AB. 


PRoposiTION 25. 


The rectangle contained by medtal straight lines commen- 
surable in square only ts either rational or medial. 


For let the rectangle AC be contained by the medial 
straight lines 48, BC which are 
commensurable in square only ; 
I say that AC is either rational 


F G 


or medial. 

For on AS, BC let the b 5 c 
squares AD, BE be described ; 
therefore each of the squares o E 


AD, BE is medial. 

Let a rational straight line 
FG be set out, 
to FG let there be applied the rectangular parallelogram GĦ 
equal to 4D, producing FH as breadth, 


to 7M let there be applied the rectangular parallelogram MK 
equal to AC, producing HK as breadth, 


and further to KW let there be similarly applied MZ equal to 
BE, producing KL as breadth ; 


therefore FH, HK, KL areina straight line. 
Since then each of the squares 4D, BE is medial, 
and AD is equal to GH, and BE to NL, 
therefore each of the rectangles GH, NZ is also medial. 
And they are applied to the rational straight line FG ; 


therefore each of the straight lines FH’, KL is rational and 
incommensurable in length with FG. [x. 22] 


And, since AD is commensurable with BE, 
therefore GAH is also commensurable with VZ. 

And, as GH is to NL, so is FH to KL ; [vi 1] 
therefore F/7 is commensurable in length with KZ. — (x ii] 
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Therefore FH, KL are rational straight lines commen- 
surable in length ; 


therefore the rectangle FH, KL is rational. [x. 19] 

And, since DB is equal to BA, and OB to BC, 
therefore, as DB is to BC, so is AB to BO. 

But, as DB is to BC, so is DA to AC, [vi. 1] 
and, as AZ is to BO, so is AC to CO ; [id.] 
therefore, as DA is to AC, so is AC to CO. 

But AD is equal to G¥, AC to .VK and CO to NL; 
therefore, as GĦ is to MK, so is MK to NL; 
therefore also, as FH is to HK, so is HK to KL ; [vi 1, v. 11] 
therefore the rectangle FH, KZL is equal to the square on HK. 

VI. I 

But the rectangle FH, KZ is rational ; ee 
therefore the square on 77K is also rational. 

Therefore HK is rational. 

And, if it is commensurable in length with 7C, 

HN is rational ; [x. r9] 
but, if it is incommensurable in length with FG, 


KH, HM are rational straight lines commensurable in square 
only, and therefore ÆN is medial. [x. 21] 


Therefore AM is either rational or medial. 
But ÆN is equal to AC; 

therefore AC is either rational or medial. 
Therefore etc. 


Two medial straight lines commensurable in square only are of the form 
Ap, Jd : Bp 

The rectangle contained by them is NW Now this is in general 
medial; but, if JA =k Jk, the rectangle is &&'p?, which is rational. 


Euclid’s argument is as follows. Let us, for convenience, put x for Ap, sc 
that the medial straight lines are x, JA. x. 
Form the areas x?, x . /A . x, Ax? 


and let these be respectively equal to cw, av, ow, where o is a rational 
straight line. 


Since x*, Ax? are medial areas, 
SO are vu, ow), 
whence u, w are respectively rational and ~ ø. 
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But x? Ax? 

so that > ou ^ aw, 

or DER RP a ia (1). 
Therefore, u, w being both rational, uw is rational .. .................. (2). 
Now x3; A. a*m AA. A: N 

or 94:00 — 07:010, 

so that u:U-UV:, 

and uw - v. 
Hence, by (2), z?, and therefore v, is rational ............... sss. (3). 


Now (a) ifv ^, ov or JA. x? is rational; 
(B) ifv v ø, so that v ~ g, ov or JA. x? is medial. 


PROPOSITION 26. 


4 medial area does not exceed a medial area by a rational 
area. 


For, if possible, let the medial area 4B exceed the medial 
area AC by the rational area 
DB, A F E 
and let a rational straight line 
EF be set out ; 


o 
to EF let there be applied the B K G 
rectangular parallelogram FH B 
equal to 44 Z, producing £77 as H 


breadth, 
and let the rectangle FG «ual to /4 C be subtracted ; 
therefore the remainder 8’/ is equal to the remainder KH. 

But DZ is rational ; 
therefore XH is also rational. 

Since, then, each of the rectangles 4B, AC is medial, 
and 212 is equal to FH, and 4C to FG, 
therefore each of the rectangles FH, FG is also medial. 

And they are applied to the rational straight line EF; 
therefore each of the straight lines HZ, EG is rational and 
incommensurable in length with EZ. [x. 22] 

And, since [DZ is rational and is equal to KH, 
therefore] AZ is [also] rational ; 
and it is applied to the rational straight line EF; 
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therefore G/7 is rational and commensurable in length with 

EF. [x. 20]: 
But ÆG is also rational, and is incommensurable in length 

with EF; 

therefore ÆG is incommensurable in length with GÆ. [x. 13] 


And, as EG is to GH, so is the square on EG to the 
rectangle EG, GH; 


therefore the square on EG is incommensurable with the 
rectangle EG, GH. (x. 11] 


But the squares on EG, GH are commensurable with the 
square on ZG, for both are rational ; 


and twice the rectangle EG, GH is commensurable with the 


rectangle EG, GAH, for it is double of it; [x. 6] 
therefore the squares on EG, GA are incommensurable with 
twice the rectangle EG, GH; [x. 13] 


therefore also the sum of the squares on EG, GA and twice 
the rectangle EG, GH, that is, the square on EA (n. 4), is 


incommensurable with the squares on £G, GH. [x. 16] 
But the squares on. EG, G7 are rational ; 
therefore the square on ZA is irrational. [x. Def. 4] 


Therefore £H is irrational. 
But it is also rational : 
which is impossible. 
Therefore etc. 
Q. E. D. 


* Apply " the two given medial areas to one and the same rational straight 
line p. They can then be written in the form p. Bp, p- dp. 

The difference is then (./4 — JA) p°; and the proposition asserts that this 
cannot be rational, i.e. (4/4 — „/À) cannot be equal to A. Cf. the proposition 
corresponding to this in algebraical text-books. 

‘To make Euclid’s proof clear we will put x for bp and y for Mp. 


Suppose p(x- Y) = pz, 


and, if possible, let pz be rational, so that z must be rational and ~ p ...(r). 
Since px, py are medial, 


x and y are respectively rational and v p ............... (2). 
From (1) and (2), yz. 
Now Jyiz-y:ys, 


so that y v yz. 
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But yxg^4y 
and 2y2 ^ yz. 
Therefore 9 * zi v ays, 
whence (ytz o (P zb, 
or Xu (P +z). 


And ( ? 4 z?) is rational ; 

therefore x’, and consequently x, is irrational. 
But, by (2), x is rational : 

which is impossible. 
Therefore pz is of rational. 


PROPOSITION 27. 


To find medial straight lines commensurable in sguare only 
which contain a rational rectangle. 


Let two rational straight lines 4, B commensurable in 
square only be set out ; 
let C be taken a mean proportional between 
A, B, (vi. 13] D 
and let it he contrived that, s 
as A is to Ø, so is C to D. (vi. 12] B 


Then, since 4, B are rational and com- 
mensurable in square only, | 


the rectangle 4, B, that is, the square on C 
(v1 17], is medial. (x. 21] 


Therefore C is medial. (x. 21] 
And since, as A is to Z, so is C to D, 


and A, B are commensurable in square only, 

therefore C, D are also commensurable in square only. [x. 11] 
And C is medial ; 

therefore D is also medial. [x. 23, addition] 


Therefore C, D are medial and commensurable in square 
only. 





I say that they also contain a rational rectangle. 
For since, as 4 is to B, so is C to D, 


therefore, alternately, as 4 is to C, so is Z to D. [v. 16] 
But, as 4 is to C, so is Cto B; 

therefore also, as C is to B, so is Z to D; 

therefore the rectangle C, D is equal to the square on B. 
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But the square on Z is rational ; 
therefore the rectangle C, D is also rational. 


Therefore medial straight lines commensurable in square 
only have been found which contain a rational rectangle. 


Q. E. D. 
Euclid takes two rational straight lines commensurable in square only, say 
Py kp. 
Find the mean proportional, i.e. kp. 
Take x such that p: k?p = kp (3). 


This gives x = kp, 
and the lines required are kp, Rp. 
For (a) ktp is medial. 
And (f), by (1), since p ^— Ap, 
Bp ~ kp, 
whence [addition to x. 23], since ktp is medial, 


kip is also medial. 
The medial straight lines thus found may take either of the forms 


(1) VaJB, gee or (2) VAZ, V 


PnoposrrioN 28. 


To find medial straight lines commensurable in square only 
which contain a medial rectangle. 


Let the rational straight lines 4, B, C commensurable in 
square only be set out ; 


let D be taken a mean proportional between 4, B, [vi- 13] 
and let it be contrived that, 
as P is to C, so is D to Æ. [vi. 12] 
8— —— —— —— 5 
c E 


Since A, B are rational straight lines commensurable in 
square only, 
therefore the rectangle 44, Z, that is, the square on 2 (vr. 17], 
is medial. [x. 21] 
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Therefore D is medial. (x. 21) 
And since Z, C are commensurable in square only, 

and, as Z is to C, so is D to £, 

therefore D, £ are also commensurable in square only. [x. 1] 
But 2 is medial ; 

therefore Æ is also medial. [x. 23, addition] 


Therefore D, Æ are medial straight lines commensurable 
in square only. 


I say next that they also contain a medial rectangle. 
For since, as Z is to C, so is D to £, 

therefore, alternately, as B is to D, so is C to £. [v. 16] 
But, as Z is to D, sois Dto A; 

therefore also, as D is to A, so is C to £; 

therefore the rectangle 4, C is equal to the rectangle D, Æ. 


[vi. 16] 
But the rectangle 4, C is medial ; [x. 21] 


therefore the rectangle D, Æ is also medial. 
Therefore medial straight lines commensurable in square 


only have been found which contain a medial rectangle. 
Q. E. D. 


Euclid takes three straight lines commensurable in square only, i.e. of the 
form p, Bp, aa , and proceeds as follows. 


Take the mean proportional to p, Ap, i.e. Bp. 
Then take x such that 


Bhp: Nhe = pix esse (r), 
so that x = Xp| i. 
Hp, ato are the required medial straight lines. 
For kp is medial. 
Now, by (1), since kp ~ M, 
p~ x, 


whence « is also medial [x. 23, addition], while ~ kp, 


Next, by (1), Abo: 2 =hhp : btp 
=p :p, 
whence X 4p =a a, which is medial. 


The straight lines Rp, dbp ee of course take different forms according as 
the original straight lines are of the forms (1) a, /B, /C, (2) JA, JB, JC, 
(3) JA, 4, /C, and (4) JA, JB, «c. 
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E.g. in case (1) they are Ja JB, Js. 
in case (2) they are VAB, E ; 
and so on. 
Lemma 1. 


To find two square numbers such that their sum is also 
square. 


Let two numbers 4B, BC be set out, and let them be 
either both even or both odd. 

Then since, whether an even 4————$ ——e6 —& 
number is subtracted from an 
even number, or an odd number from an odd number, the 
remainder is even, [1x. 24, 26] 
therefore the remainder AC is even. 


Let AC be bisected at D. 

Let AB, BC also be either similar plan. numbers, or 
square numbers, which are themselves also similar plane 
numbers. 


Now the product of 48, AC together with the square on 
CD is equal to the square on BD. [u. 6] 


And the product of 42, BC is square, inasmuch as it 
was proved that, if two similar plane numbers by multiplying 
one another make some number the product is squarc. (ix. 1] 


Therefore two square numbers, the product of AB, BC, 
and the square on CD, have been found which, when added 
together, make the square on BD. 


And it is manifest that two square numbers, the square 
on BD and the square on CD, have again been found such 
that their difference, the product of AB, BC, is a square, 
whenever AB, BC are similar plane numbers. 

But when they are not similar plane numbers, two square 
numbers, the square on BD and the square on DC, have been 
found such that their difference, the product of AB, BC, is 
not square. 

Q. E. D. 

Euclid’s method of forming right-angled triangles in integral numbers, 
already alluded to in the note on 1. 47, is as follows. 


Take two similar plane numbers, e.g. mp’, mng’, which are either both even 
or both odd, so that their difference is divisible by 2. 
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Now the product of the two numbers, or m’n’pg’, is square, [ix. 1] 
and, by ri. 6, 
mnp. mng s (Ë mmy - unti me y. 


2 
so that the numbers mpg, $ (mnp? — mng") satisfy the condition that the sum 
of their squares is also a square number. 

It is also clear that 4 (mnp*+ may’), mnpg are numbers such that the 
difference of their squares is also square. 


LEMMA 2. 


To find two square numbers such that ther sum ts not 
square. 
For let the product of AB, BC, as we said, be square, 
and CA even, 
and let CA be bisected by D. 
E 


A 6 Mb F ẽ B 


It is then manifest that the square product of AB, BC 
together with the square on C2 is equal to the square on BD. 
[See Lemma 1] 


Let the unit DZ be subtracted ; 
therefore the product of 48, BC together with the square on 
CE is less than the square on BD. 

I say then that the square product of AB, AC together 
with the square on CZ will not be square. 

For, if it is square, it is either equal to the square on BE, 
or less than the square on ZZ, but cannot any more be 
greater, lest the unit be divided. 

First, if possible, let the product of AB, BC together 
with the square on CE be equal to the square on ZZ, 
and let GA be double of the unit DZ. 

Since then the whole AC is double of the whole CD, 
and in them 4G is double of DZ, 
therefore the remainder GC is also double of the remainder EC; 
therefore GC is bisected by Æ. 

Therefore the product of GB, BC together with the square 
on CE is equal to the square on BE. [1. 6] 

But the product of AB, BC together with the square on 
CE is also, by hypothesis, equal to the square on BE ; 
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therefore the product of GB, BC together with the square on 
CE is equal to the product of 4B, BC together with the 
square on CZ. 

And, if the common square on CZ be subtracted, 
it follows that AZ is equal to GB: 
which is absurd. 

Therefore the product of 48, BC together with the square 
on CE is not equal to the square on BE. 


I say next that neither is it less than the square on BE. 

For, if possible, let it be equal to the square on BF, 
and let HA be double of DF. 

Now it will again follow that ÆC is double of CF; 
so that CH has also been bisected at Æ, 
and for this reason the product of /7Z2, BC together with the 
square on FC is equal to the square on BF. (u. 6] 

But, by hypothesis, the product of AB, BC together with 
the square on CZ is also equal to the square on ZF. 

Thus the product of 772, BC together with the square 
on CF will also be equal to the product of AB, BC together 
with the square on CE: 
which is absurd. 

Therefore the product of A&B, BC together with the square 
on CE is not less than the square on BE. 

And it was proved that neither is it equal to the square 
on BE. 

Therefore the product of AB, BC together with the square 
on CE is not square. 

Q. E. D. 


We can, of course, write the identity in the note on Lemma 1 above (p. 64) 
in the simpler form 


a a 2 
mi mp (MEMO - (nime 
2 2 
where, as before, mp’, mg’ are both odd or both even. 


Now, says Euclid, 
mp =, mg’ n jy 
2 


mp”. mg? + (” is not a square number. 


This is proved by reductio ad absurdum. 
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= a4 9 
The number is clearly less than mp’. mq? + (een) , ke. less than 


(= + "y 
F : 
If then the number is square, its side must be greater than, equal to, or 


4+ mg mf? + mg?’ 
less than (ur - 1) the number next less than n E 
2 


? 2 
But (1) the side canna be > (Hoe - ) 


without being equal to 


—. —.3., since they are consecutive numbers. 


(2) (mp? — 2) mg? + (Ae r) = (reum - j. [u. 6] 


2 
2— 2 2 2 ? 2 
If then mp? . mg? + ("m - J is also equal to (ur = ) 
we must have (mp? — 2) mq? = mp . mg’, 
or mp-a-mp: 
which is impossible. 


(3) If | mp.me** (rr - 1) < (rt - 5 


2 


J 2 2 2 
suppose it equal to (E — ) : 


? 0 40? à 2 
But [n. 6) (np? - 27) m2? * (ue = ) = (“Fe = r) ] 
Therefore 
2 L mg? 2 ?0 ^0 
(mp’ — 2r) mg’ + (epe - r) = mf. mg? + (m - iJ: 


2 
which is impossible. 


Hence all three hypotheses are false, and the sum of the squares 
à mp! — m4* B 
mp’. mg? and (em - 1) is "of square. 


PROPOSITION 29. 


To find two rational straight lines commensurable in square 
only and. such that the square on the greater is greater than 
the square on the less by the square on a straight [ine commen- 
surable in length with the greater. 


For let there be set out any rational straight line 4, 
and two square numbers CD, DE such that their difference 
CE is not square ; [Lemma 1] 


let there be described on AB the semicircle AFB, 
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and let it be contrived that, 
as DC is to CE, so is the square on BA to the square 
on AF. [x. 6, Por.] 


Let FB be joined. F 
Since, as the square on BA is to 
the square on AF, so is DC to CZ, 


therefore the square on BA has to 





the square on AF the ratio which the 4 B 

number 2C has to the number CZ ; 6 e~o 

therefore the square on BA is com- 

mensurable with the square on AF [x. 6] 
But the square on AB is rational ; [x. Def. 4] 

therefore the square on AF is also rational ; [i2] 


therefore 74 F is also rational. 

And, since DC has not to CE the ratio which a square 
number has to a square number, 
neither has the square on BA to the square on AF the ratio 
which a square number has to a square number ; 
therefore 4B is incommensurable in length with AF. — [x 9] 

Therefore BA, AF are rational straight lines commen- 
surable in square only. 

And since, as DC is to CZ, so is the square on BA to 
the square on AF, 
therefore, convertendo, as CD is to DE, so is the square on 
AB to the square on BF, [V. 19, Por., t. 31, 1. 47] 

But CD has to DE the ratio which a square number has 
to a square number : 
therefore also the square on AB has to the square on BF 
the ratio which a square number has to a square number ; 
therefore AB is commensurable in length with BF. [x. 9] 

And the square on AZ is equal to the squares on AF, FB; 
therefore the square on AZ is greater than the square on AF 
by the square on BF commensurable with 42. 

Therefore there have been found two rational straight 
lines BA, AF commensurable in square only and such that 
the square on the greater 4Z is greater than the square on 
the less AF by the square on BF commensurable in length 
with AB. 
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Take a rational straight line p and two numbers m, n° such that (;s* — 7°) 
is not a square. 
Take a straight line x such that 





m*':mi-n -pgixeeugssssseseeeen (1), 
m-n’ 

whence x= P P 
and x-pvNi-£, where k= Z. 

Ther: p, pN 1 — 2? are the straight lines required. 

It follows from (1) that Anp, 
and x is rational, but Xp. 

By (1), convertendo, m:n? =p): p? — x, 


so that Vp’ — x ^ p, and in fact = kp. 
According as p is of the form a or yA, the straight lines are (1) a, J/a^ — 7 
ot (2) JA, JA- PA. 


PROPOSITION 30. 


To find two rational straight lines commensurable in square 
only and such that the square on the greater is greater than 
the square on the less by the square on a straight line incom- 
mensurable in length with the greater. 


Let there be set out a rational straight line AB, 
and two square numbers CE, £D 
such that their sum CD is not 


square ; [Lemma 2] f 

let there be described on 4B the 

semicircle AFB, 

let it be contrived that, 

as DC is to C£, so is the square B 
on BA to the square on AF, e t oD 


[x. 6, Por.] 
and let FB be joined. 

Then, in a similar manner to the preceding, we can prove 
that BA, AF are rational straight lines commensurable in 
square only. 

And since, as DC is to CE, so is the square on BA to 
the square on AF, 
therefore, convertendo, as CD is to DE, so is the square on 
AB to the square on BF. V. 19, Por., m. 31, 1. 47] 

But CD has not to DE the ratio which a square number 
has to a square number ; 
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therefore neither has the square on AZ to the square on BF 
the ratio which a square number has to a square number ; 


therefore 4B is incommensurable in length with BF. [x. 9] 


And the square on AB is greater than the square on AF 
by the square on FB incommensurable with 42. 

Therefore AB, AF are rational straight lines commen- 
surable in square only, and the square on AZ is greater than 
the square on AF by the square on FB incommensurable in 
length with AB. 


Q. E. D. 
In this case we take m’, 2? such that m?+ n® is not square. 
Find x such that m+n): m= p?: x, 
m 
whence 


ao d. cg 
XS mrt.’ 














or x= ; where £ - ^. 
Jr E "n 
"Then p, P satisfy the condition. 
n Jite , 


The proof is after the manner of the proof of the preceding proposition 
and need not be repeated. 
According as p is of the form a or ,/4, the straight lines take the 





2 — 
form (1) a, — that is, a, Va — B, or (2) JA, VA—B and 
J4, JTF. 


PROPOSITION 31. 


To find two medial straight lines commensurable in square 
only, containing a rational rectangle, and such that the square 
on the greater is greater than the square on the less by the 
square on a straight line commensurable in length with the 
greater. 


Let there be set out two rational straight lines 4, B 
commensurable in square only and such that the 
square on A, being the greater, is greater than 
the square on Z the less by the square on a 
straight line commensurable in length with A. 

X. 29 

And let the square on C be equal al die 
rectangle 4, B. 

Now the rectangle 4, B is medial; [x 21i] 


therefore the square on C is also medial ; 
therefore C is also medial. [x. 21] 


ABCD 
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Let the rectangle C, D be equal to the square on 2. 
Now the square on Z is rational ; 
therefore the rectangle C, 2 is also rational. 
And since, as 4 is to B, so is the rectangle 4, B to the 
square on B, 
while the square on C is equal to the rectangle 4, B, 
and the rectangle C, D is equal to the square on Z, 
therefore, as A is to B, so is the square on C to the rectangle 
C, D. 
But, as the square on C is to the rectangle C, D, so is C 
to D; 
therefore also, as 4 is to B, so is C to D. 
But A is commensurable with Z in square only ; 
therefore C is also commensurable with D in square only. [x. 11] 
And C is medial ; 
therefore D is also medial. [x. 23, addition] 
And since, as A is to B, so is C to D, 
and the square on 4 is greater than the square on B by the 
square on a straight line commensurable with 4, 
therefore also the square on C is greater than the square on 
D by the square on a straight line commensurable with C. 
[x. 14) 
Therefore two medial straight lines C, D, commensurable 
in square only and containing a rational rectangle, have been 
found, and the square on C is greater than the square on D 


by the square on a straight line commensurable in length 
with C. 


Similarly also it can be proved that the square on C 
exceeds the square on D by the square on a straight line 
incommensurable with C, when the square on J is greater 
than the square on Z by the square on a straight line incom- 
mensurable with 74. [x. 30] 


I. Take the rational straight lines commensurable in square only found 
in X. 29, ie. p, p V 1 — £. 
Take the mean proportional p (1 — py and x such that 
p(t - Rt pvi- pN1- Ei x, 


Then p (1—- ejt, x, Or p(t - y, phi- ey are straight lines satisfying the 
given conditions. 
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For (a) p* 1 — £ is a medial area, and therefore p (1 - pf is a medial 
straight. line: «3 ede e Io etd ete e MNT aeaa (1); 


and x. p(1—- py - p! (1 — $°) and is therefore a rational area. 

(8) p,p (1 - py, p V 1 — £^, x are straight lines in continued proportion, by 
construction. 
Therefore ..................... (2). 
(This Euclid has to prove in a somewhat roundabout way by means of the 
lemma after x. 21 to the effect that a : b = ab : b.) 

From (2) it follows [x. tr] that « ~ p (1 ~ #)*; whence, since p (1 - ef is 
medial, x or p(1 — eps is medial also. 

(y) From (2), since p, p 1 — satisfy the remaining condition of the 


problem, p(t - pyi, p (a -pj do so also [X. 14]. 
According as p is of the form a or /A, the straight lines take the forms 








I Java, — 
) d VNa 
— — A-RA 
or (2) VA (A — FA), JAA FA 


IL To find medial straight lines commens irable in square only contain- 
ing a rational rectangle, and such that the square on one exceeds the square 
on the other by the square on a straight line /ncommensurable with the former, 
we simply begin with the rational straight lines having the corresponding 


property (x. 30], viz. p, JE 


— — 
Gem (rey 

According as p is of the form a or JA, these (if we use the same 
transformation as at the end of the note on x. 3o) may take any of the forms 








; and we arrive at the straight lines 


v 








VaJa- B. Z2 

e — va 
(SS A-B 

or (2) VA(A - B), — 
A-#B 


or VA (A - 6"), UA - By 


PROPOSITION 32. 


To find two medial straight lines commensurable in square 
only, containing a medial rectangle, and such that the square 
on the greater is greater than the square on the less by the 
square on a straight line commensurable with the greater. 
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Let there be set out three rational straight lines 44, Z, C 
commensurable in square only, and such that the square on A 
is greater than the square on C by the square on a straight 
line commensurable with 4, [x. 29) 


and let the square on D be equal to the rectangle 4, B. 


A 

D 
B 

E 
c 


Therefore the square on D is medial ; 
therefore D is also medial. [x. 21] 
Let the rectangle D, £ be equal to the rectangle B, C. 


Then since, as the rectangle A, B is to the rectangle B, C, 
so is 4 to C, 


while the square on D is equal to the rectangle A, B, 
and the rectangle D, £ is equal to the rectangle Z, C, 
therefore, as 4 is to C, so is the square on D to the rectangle 
D, E 
But, as the square on Ø is to the rectangle D, Æ, so is D 
to E; 
therefore also, as Æ is to C, so is D to £. 
But 44 is commensurable with C in square only ; 
therefore D is also commensurable with Æ in square only. (x.:1] 
But 2 is medial ; 
therefore Æ is also medial. [x. 23, addition] 
And, since, as Æ is to C, so is D to £, 
while the square on 4 is greater than the square on C by 
the square on a straight line commensurable with 4, 


therefore also the square on D will be greater than the square 
on Æ by the square on a straight line commensurable with D. 


[x- 14] 
I say next that the rectangle D, Æ is also medial. 


For, since the rectangle B, C is equal to the rectangle D, £, 
while the rectangle Z, C is medial, [x 21] 
therefore the rectangle D, Æ is also medial. 

Therefore two medial straight lines D, Z, commensurable 
in square only, and containing a medial rectangle, have been 
found such that the square on the greater is greater than the 
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square on the less by the square on a straight line commen- 
surable with the greater. 


Similarly again it can be proved that the square on D 
is greater than the square on E by the square on a straight 
line incommensurable with D, when the square on A is 
greater than the square on C by the square on a straight line 


incommensurable with 4. [x. 30] 
I. Euclid takes three straight lines of the form p, p JA, p 1 — £, 
takes the mean proportional pat between the first two . .................... (1), 
and then finds x such that 
p ip Lp iT Pix eire s SORT (2), 


whence x = pat J1- £, 
and the straight lines pA, pat Ji-E satisfy the given conditions. 

Now (a) pat is medial. 

(B) We have, from (1) and (2), 

pip - Bm pA ix eese (3) 

whence x ~ pat ; and x is therefore medial and ~ pat. 

(y) x. pt=p J pI- P. 

But the latter is medial ; [x. 21] 
therefore ax. prt or pat. pat A1 - &, is medial. 

Lastly (8) p, p A1 — 2 have the remaining property in the enunciation ; 
therefore pM, pat /1—# have it also. [x. 14] 


(Euclid has not the assistance of symbols to prove the proportion (3) above. 
He therefore uses the lemmas ad: b¢=a:¢ and d? : Ze - d e to deduce from 
the relations 


ab-q? 
and dn 
that a:c=d:e.) 


The straight lines pM, pM J 1 — 7 may take any of the following forms 
according as the straight lines first taken are 


(1) a, JB, JZ, (2) JA, JB, JA-PÀ, (3) JA, 5, JA- FA. 


— 4B(a-eé 
(1) Va JB, — 

— WB(A-FPA 
(2) AB, AA, 
pam a P4 
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II. If the other conditions are the same, but the square on the first 
medial straight line is to exceed the square on the second by the square on a 
straight line ¢zcommensurable with the first, we begin with the three straight 


lines p, p J^, JE re and the medial straight lines are 


= prt 
Jr £c 
The possible forms are even more various in this case owing to the more 
various forms that the original lines may take, e.g. 
(9) a, JB, Vae—C; 
(2) JA, b, JA- ce; 
( J4 & VA-C; 
() JA, JB, JA-c 


(5) JA, JB, VA-C; 
the medial straight lines corresponding to these being 


pM, 


(1) Va JÀ, —— 
(y: NEJA, p 
(3) Vb JA, ‘fe 
(4) YAB, n 
(9) 442, — 
LEMMA. 


, Let ABC be a right-angled triangle having the angle 4 
right, and let the perpendicular 4D be 


drawn ; ^ 

I say that the rectangle CB, BD is 

equal to the square on BA, 

the rectangle BC, CD equal to the ~o — 


square on CA, 
the rectangle BD, DC equal to the square on AD, 


and, further, the rectangle BC, AD equal to the rectangle 
BA, AC. 


Lemma, x. 33) PROPOSITIONS 32, 33 75 


And first that the rectangle CB, BD is equal to the square 
on BA. 

For, since in a right-angled triangle 4D has been drawn 
from the right angle perpendicular to the base, 
therefore the triangles 4BD, ADC are similar both to the 
whole ABC and to one another. [vr. 8] 

And since the triangle A BC is similar to the triangle 4 BD, 
therefore, as CZ is to BA, sco is BA to BD; [vi 4] 
therefore the rectangle CB, BD is equal to the square on AB. 

(vi. 17] 

For the same reason the rectangle BC, CD is also equal 

to the square on AC. 


And since, if in a right-angled triangle a perpendicular 
be drawn from the right angle to the base, the perpendicular 
so drawn is a mean proportional between the segments of the 
base, [vi. 8, Por.] 
therefore, as BD is to DA, so is AD to DC; 
therefore the rectangle BD, DC is equal to the square on AD. 

[vi. 17] 

I say that the rectangle BC, AD is also equal to the rect- 


angle BA, AC. 
For since, as we said, AAC is similar to 442 D, 
therefore, as BC is to CA, so is BA to AD. (vi. 4] 
Therefore the rectangle BC, AD is equal to the rectangle 
BA, AC. [vi. 16] 


Q. E. D. 


PROPOSITION 33. 


To find two straight lines incommensurable in square which 
make the sum of the squaves on them rational but the rectangle 
contained by them medial. 


Let there be set out two rational straight lines 4B, BC 
commensurable in square only 
and such that the square on the 
greater AB is greater than the F 
square on the less BC by the 
square on a straight line in- 
commensurable with 4B, 

[x. 30] 
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let BC be bisected at D, 


let there be applied to 4 a parallelogram equal to the square 
on either of the straight lines BL, DC and deficient by a 
square figure, and let it be the rectangle AE, EZ; (vi. 28] 


let the semicircle AFB be described on AB, 
let EF be drawn at right angles to AB, 
and let AF, FB be joined. 
Then, since AB, BC are unequal straight lines, 


and the square on AB is greater than the square on BC by 
the square on a straight line incommensurable with 4B, 


while there has been applied to 42 a parallelogram equal to 

the fourth part of the square on BC, that is, to the square on 

half of it, and deficient by a square figure, making the rect- 

angle AZ, EB, 

therefore A Æ is incommensurable with £B. (x. 18] 
And, as AZ is to ZB, so is the rectangle BA, AE to the 

rectangle 42, BE, 

while the rectangle BA, AE is equal to the square on AF, 

and the rectangle AB, BE to the square on BF; 


therefore the square on AF is incommensurable with the 
square on FB; 


therefore AF, FB are incommensurable in square. 
And, since AB is rational, 
therefore the square on AB is also rational ; 


so that the sum of the squares on AF, FB is also rational. 
(t. 47) 
And since, again, the rectangle AZ, EB is equal to the 
square on EF, 


and, by hypothesis, the rectangle 44 E, £7 is also equal to the 
square on BD, 


therefore FZ is equal to BD ; 
therefore AC is double of FZ, 


so that the rectangle 4B, BC is also commensurable with the 
rectangle AB, EF. 


But the rectangle 48, BC is medial ; [x. 21] 
therefore the rectangle AB, £F is also medial. (x. 23, Por.] 
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But the rectangle 42, ZF is equal to the rectangle AF, 
FB; [Lemma] 


therefore the rectangle AF, FB is also medial. 


But it was also proved that the sum of the squares on these 
straight lines is rational. 

Therefore two straight lines AF, FB incommensurable 
in square have been found which make the sum of the 
squares on them rational, but the rectangle contained by them 
medial. 

Q. E. D. 


Euclid takes the straight lines found in X. 30, viz. p, 
I+ 


He then solves geometrically the equations 

















xt+y=p 
Le x Be. E eSASS SE davor iut Ne uota dus (1). 
97a E) | 
If x, y are the values found, he takes x, v such that 
w’ = px 
ye 2. ) (2), 
and y, v are straight lines satisfying the conditions of the problem. 
Solving algebraically, we get (if x » y) 
Era aP 
x=- + =-(1 — 
2\" Jr AC 773 Jre E 
n] k 
whence u=-7 I+ 
Ja — (3) 
v= — 
A2 Jr £ 


Euclid's proof that these straight lines fulfil the requirements is as follows. 


(a) The constants in the equations (1) satisfy the conditions of x. 13; 


therefore XJ. 
But xiycu:igv. 
Therefore v oy, 


and z, v are thus incommensurable in square. 


(B) wv -p, which is rafrona/. 





— 
W) 5yQ) J3- 
By (2), “v=p. Vay 
p? 








Ca 1e BO 
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2 
But 


(o4 P 


therefore zv is medial. 


is a medial area, 








Since p, may have any of the three forms 








P 
Jr 
(1) a, J&- 2, (2) JA, NA- B, (3) JA, VATP, 

u, v may have any of the forms 


(1) — — 





PROPOSITION 34. 


To find two straight lines incommensurable in sguare which 
make the sum of the squares on them medial but the rectangle 
contained by them rational. 


Let there be set out two medial straight lines 4B, BC, 
commensurable in square only, such that the rectangle which 
they contain is rational, and the square on AB is greater than 
the square on BC by the square on a straight line incom- 
mensurable with 48; (x. 31, ad fin. 





A F B X c 


let the semicircle 4DB be described on AB, 

let BC be bisected at Æ, 

let there be applied to AB a parallelogram equal to the square 

on BE and deficient by a square figure, namely the rectangle 

AF, FB; [vr. 28] 

therefore AF is incommensurable in length with FB.  [x. 18] 
Let FD be drawn from F at right angles to AB, 


and iet AD, DB be joined. 
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Since AF is incommensurable in length with 77, 
therefore the rectangle BA, AF is also incommensurable with 
the rectangle AB, BF. [x. 11] 

But the rectangle BA, AF is equal to the square on AD, 
and the rectangle 4B, BF to the square on DB; 
therefore the square on 44 is also incommensurable with the 
square on DBZ. 

And, since the square on AB is medial, 
therefore the sum of the squares on AD, DB is also medial. 

[m. 31, 1. 47] 

And, since BC is double of DF, 
therefore the rectangle AB, BC is also double of the rectangle 
AB, FD. 

But the rectangle AB, BC is rational ; 


therefore the rectangle 442, FD is also rational. [x. 6] 
But the rectangle 48, FD is equal to the rectangle AD, 
DB; [Lemma] 


so that the rectangle AD, DB is also rational. 

Therefore two straight lines 4D, DB incommensurable 
in square have been found which make the sum of the squares 
on them medial, but the rectangle contained by them rational. 

Q. E. D. 

In this case we take [x. 31, 2nd part] the medial straight lines 

P P 
Qe aet 





Solve the equations 
+y= £ 
(1 « ey 
p 
rye — 
4 (1 « yl 
Take v, v such that, if x, y be the result of the solution, 
u? — P (X 
(c ey 
p 
v= 
( «ejt 
and z, v are straight lines satisfying the given conditions. 
Euclid's proof is similar to the preceding. 
(a) From (1) it follows (x. 18] that 
xy, 


whence wv, 
and s, v are thus incommensurable in square. 





>] 
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a 
(8 w-v- I= , which is a medial area. 
I 
(y) uv= —°— . Vay 
(1 «£j 7 


I ? — 
=-, — which is a rational area. 
a 1+ 
Therefore zv is rational. 
To find the actual form of «, v, we have, by solving the equations (1) 


(if x» y), 








x= — 6 +k +k), 

2(1 £l 
p LES 

fa Peretti 

are! 

and hence —— RP +k, 
2 (1+4) 

v=- JJ + P-k. 
2(1+%) 

p p 





Bearing in mind the forms which may take (see note 


(1+ PÈ ey 
on X. 31), we shall find that x, v may have any of the forms 


d —— —— 
(2) — — UG qnn 


yg Oe faz nda 


PROPOSITION 35. 


To find two straight lines incommensurable in square which 
make the sum of the squares on them medial and the rectangle 
contained by them medial and moreover incommensurable with 
the sum of the squares on them. 


Let there be set out two medial straight lines 4B, BC 
commensurable in square only, containing a medial rectangle, 
and such that the square on AZ is greater than the square on 
BC by the square on a straight line incommensurable with 

B; (x. 32, ad fin.] 
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let the semicircle ADB be described oa AB, 
and let the rest of the construction be as above. 


A FB E c 


Then, since AF is incommensurable in length with FB, 
[x. 18] 
AD is also incommensurable in square with DZ. [x. 11] 
And, since the square on 74 Z is medial, 


therefore the sum of the squares on AD, DB is also medial. 
(ut. 31, 1. 47] 
And, since the rectangle AF, FB is equal to the square 
on each of the straight lines BE, DF, 


therefore BE is equal to DF; 
therefore BC is double of FD, 


so that the rectangle 428, BC is also double of the rectangle 
AB, FD. 


But the rectangle AB, BC is medial ; 
therefore the rectangle 48, FD is also medial. [x. 32, Por.] 
And it is equal to the rectangle 4D, DB; 


[Lemma after x. 32] 
therefore the rectangle 4D, DB is also medial. 
And, since AB is incommensurable in length with BC, 
while CB is commensurable with BE, 
therefore AB is also incommensurable in length with BZ, 


[x- 13] 
so that the square on AB is also incommensurable with the 
rectangle 4B, BE. [x. 11] 

But the squares on 4D, DB& are equal to the square on 
B, (1. 47) 


and the rectangle 48, FD, that is, the rectangle AD, DB, is 
equal to the rectangle 42, BE; 


therefore the sum of the squares on AD, DB is incommen- 
surable with the rectangle AD, DB. 
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Therefore two straight lines 4D, DB incommensurable 
in square have been found which make the sum of the squares 
on them medial and the rectangle contained by them medial 
and moreover incommensurable with the sum of the squares 
on them. 

Q. E. D. 
Take the medial straight lines found in x. 32 (2nd part), viz. 


prt, prt ra E. 
Solve the equations 

















xt+y= pat 
A p^ Dr n teeter et eeneeee ( 1), 
— 4 1+) 
and then put 2- pA, «| (2) 
v= prty | 
where x, y are the ascertained values of x, y. 
Then u, v.are straight lines satisfying the given conditions. 
Euclid proves this as follows. 
(a) From (1) it follows [x. 18] that x v y. 
Therefore uw vv, 
and “rv 
(B) v e =p? /d, which is a medial area .................. (3). 
à) uv = pr, xy 
3 AA 
= : eet which is a medial area ............ (4); 
therefore «v is medial. 
i 
à Age ee 
(è) 5 2/1+h 
| p? JA 
whence 2 c f 
PV Tp 


That is, by (3) and (4), 
(uw? + 1°) v uv. 
The actual values are found thus. Solving the equations (1), we have 








i 
=. ee * Jag) 
i 
— 7 (ae 
whence — 


ee Ji A 
AT 
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According as p is of the form a or ./4, we have a variety of forms for 
u, v, arrived at by using the same transformations as in the notes on x. 30 


and x. 32 (second part), e.g. 
(a+ JC) JB (@- JC) JB 
« feels, fave. 


(2) —— JB — 45. 
(3) jf oe —— 


2 
and the expressions in (2), (3) with in place of JB. 





PROPOSITION 36. 


Jf two rational straight lines commensurable in square 
only be added together, the whole is irrational, and let it be 
called binomial. 

For let two rational straight lines 4B, BC commen- 

s surable in square only be added 
together ; 
I say that the whole AC is ir- 4 8 e 
rational. 

For, since AZ is incommensurable in length with BC— 

10 for they are commensurable in square only— 
and, as AB is to BC, so is the rectangle 42, BC to the 
square on BC, 
therefore the rectangle AB, BC is incommensurable with the 
square on BC, [x. 11] 
ıs But twice the rectangle AB, BC is commensurable with 
the rectangle 4B, AC [x. 6), and the squares on AB, BC are 
co:nmensurable with the square on BC—for AB, BC are 
rational straight lines commensurable in square only— (x. 15] 
therefore twice the rectangle AB, BC is incommensurable 
20 with the squares on AB, BC. [x. 13] 

And, componendo, twice the rectangle AB, BC together 
wich the squares on AB, BC, that is, the square on AC (n. 4], 
is incommensurable with the sum of the squares on AB, BC. 

X. 16 
But the sum of the squares on AB, BC is rational ; s 
as therefore the square on AC is irrational, 
so that AC is also irrational. [x. Def. 4] 
And let it be called binomial. 
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Here begins the first hexad of propositions relating to compound irrational 
straight lines. The six compound irrational straight lines are formed by 
adding two parts, as the corresponding six in Props. 73—78 are formed by 
subtraction. The relation between the six irrational straight lines in this and 
the next five propositions with those described in Definitions 1t. and the 
Props. 48—53 following thereon (the first, second, third, fourth, fifth and 
sixth binomials) will be seen when we come to Props. 54—59 ; but it may be 
stated here that the six compound irrationals in Props. 36—41 can be found 
by means of the equivalent of extracting the square root of the compound 
irrationals in x. 48—53 (the process being, strictly speaking, the finding of the 
sides of the squares equal to the rectangles contained by the latter irrationals 
respectively and a rational straight line as the other side), and it is therefore 
the further removed compound irrational, so to speak, which is treated first. 

In reproducing the proofs of the propositions, I shall for the sake of 
simplicity call the two parts of the compound irrational straight line x, y, 
explaining at the outset the forms which z, y really have in each case ; x will 
always be supposed to be the greater segment. 

In this proposition x, y are of the form p, /&.p, and (x +) is proved to 
be irrational thus. 

x ~y, so that x v y. 


Now x iya=x: XY, 
so that x* v xy. 
But x? ^ (x? * ?), and xy ^ 2xy; 
therefore (x? + »*) » 2xy, 
and hence (2 +y + 2xy) » (x! * y^). 


But (x? + y?) is rational ; 
therefore (x + y}, and therefore (x ^ y), is irrational. 


This irrational straight line, p+ /. p, is called a d¢nomial/ straight line. 
This and the corresponding afotome (p— /k.p) found in x. 73 are the 
positive roots of the equation 


x4 —2(1 +h) p?. x? + (1 — hk) pl=o. 


PROPOSITION 37. 


Lf two medial straight lines commensurable in square only 
and containing a rational rectangle be added together, the 
whole is irrational ; and let it be called a first bimedial 
straight line. 


For let two medial straight lines 48, BC commensurable 
in square only and containing 
a rational rectangle be added «4 ó c 
together ; 
I say that the whole AC is irrational. 

For, since AB is incommensurable in length with BC, 


therefore the squares on AB, BC are also incommensurable 
with twice the rectangle 4B, BC; [cf. x. 36, I. g—20] 
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and, componendo, the squares on 4B, BC together with twice 
the rectangle 4B, BC, that is, the square on AC (rn. 4], is 
incommensurable with the rectangle 42, BC: [x. 16] 

But the rectangle 42, BC is rational, for, by hypothesis, 
AB, BC are straight lines containing a rational rectangle ; 
therefore the square on AC is irrational ; 


therefore AC is irrational. [x. Def. 4] 
And let it be called a first bimedial straight line. 
Q. E. D. 


Here x, y have the forms kp, kip respectively, as found in x. 27. 
Exactly as in the last case we prove that 
x+y o 2xy, 
whence (x * y) » 2xy. 
But xy is rational ; 
therefore (x + y)", and consequently (x + y), is irrational. 


The irrational straight line ktp + k?p is called a frs? bimedial straight line. 


This and the corresponding first apotome of a medial (p - Ap) found in 
X. 74 are the positive roots of the equation 
a5-2JE(1* A) p. x* « &(1— E) o. 


Proposition 38. 


Jf two medial straight lines commensurable in square only 
and containing a medial rectangle be added together, the whole 
15 irrational; and (et rt be called a second bimedial straight 
line. 

5 For let two medial straight lines 4B, BC commensurable 
in square only and containing 
a medial rectangle be added A B c 
together ; 5 H a 
I say that AC is irrational. 

so For let a rational straight 
line DE be set out, and let the 





parallelogram DF equal to the € F 

square on AC be applied to DE, 

producing DG as breadth. [t. 44] 
1s Then, since the square on AC is equal to the squares on 

AB, BC and twice the rectangle 4B, BC, [u. 4] 


let EH, equal to the squares on AB, BC, be applied to DE; 
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therefore the remainder A/F is equal to twice the rectangle 
AB, BC. 


20 And, since each of the straight lines 4B, BC is medial, 
therefore the squares on AB, BC are also medial. 


But, by hypothesis, twice the rectangle 48, BC is also 
medial. 
And EZ is equal to the squares on AB, BC, 


25 while F7 is equal to twice the rectangle 42, BC; 
therefore each of the rectangles EH, HF is medial. 
And they are applied to the rational straight line DE ; 


therefore each of the straight lines DH, HG is rational and 
incommensurable in length with DZ. [x. 22] 


30 Since then AB is incommensurable in length with ZC, 


and, as AB is to BC, so is the square on AB to the rectangle 
AB, BC, 


therefore the square on AZ is incommensurable with the rect- 


angle AB, BC. (x. 11] 
35 But the sum of the squares on AB, BC is commensurable 
with the square on AB, (x. 15] 
and twice the rectangle AB, BC is commensurable with the 
rectangle 48, BC. [x. 6] 
Therefore the sum of the squares on AB, BC is incom- 

4o mensurable with twice the rectangle 48, BC. [x. 13] 


But £77 is equal to the squares on 447, BC, 
and //F is equal to twice the rectangle 4B, BC. 
Therefore EH is incommensurable with HF, 


so that DH is also incommensurable in length with HG. 
(vi. 1, x. 11] 


45 Therefore DH, HG are rational straight lines commen- 
surable in square only ; 


so that DG is irrational. [x. 36] 
But DE is rational ; | 


and the rectangle contained by an irrational and a rational 
so straight line is irrational ; [cf. x. 20] 


therefore the area DF is irrational, 
and the side of the square equal to it is irrational. — [x. Def. 4] 
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But AC is the side of the square equal to DF; 
therefore AC is irrational. 


$$ And let it be called a second bimedial straight line. 
Q. E. D. 
After proving (l. 21) that each of the squares on AB, BC is medial, Euclid 
States (Il. 24, 26) that EH, which is equal to the sum of the squares, is a 
media] area, but does not explain why. It is because, by hypothesis, the 
squares on AZ, BC are commensurable, so that the sum of the squares is 
commensurable with either [x. 15] and is therefore a medial area [x. 23, Por.]. 


In this case [x. 28, note] x, y are of the forms ko, adp/kt respectively. 
Apply each of the areas (x? « ?) and 2xy to a rational straight line ø, i.e. 
suppose 
x+y = on, 
2xy = ov. 
Now it follows from the hypothesis, x. 15 and x. 23, Por. that (x? + y?) is 
a medial area ; and so is 2xy, by hypothesis ; 
therefore ou, ov are medial areas. 


Therefore each of the straight lines x, v is rational and vø ........ (1). 
Again Ky; 

therefore x? xy. 
But X^ x! « y! and xy ^ 2xy; 

therefore x? y!v xy, 

or cu ov, 

whence — deese a e (2). 


Therefore, by (t), (2), , v are rational and ^—. 

It follows, by x. 36, that (u 4 v) is irrational. 

Therefore (u « v) « is an irrational area [this can be deduced from x. 20 
by reductio ad absurdum], 


whence (x + y)’, and consequently (x + y), is irrational. 


4 
The irrational straight line kāp + d is called a second bimedtal straight 





line. 
: J^ 
This and the corresponding second afotome of a medial G - Te) 
found in x. 75 are the positive roots of the equation 
RAN a, a (RAP .. 
x* PUE P Rx j "79 


PROPOSITION 39. 


Jf two straight lines incommensurable in square which 
make the sum of the squares on them rational, but the rectangle 
contained by them medial, be added together, the whole straight 
line 7s irvational: and let it be called major. 
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For let two straight lines 48, BC incommensurable in 
square, and fulfilling the given con- 
ditions [x. 33], be added together ; A 6 c 


I say that AC is irrational. 
For, since the rectangle 42, BC is medial, 
twice the rectangle 48, BC is also medial. _[x. 6 and 23, Por.] 
But the sum of the squares on AB, BC is rational ; 
therefore twice the rectangle 42, BC is incommensurable 
with the sum of the squares on AB, BC, 
so that the squares on AB, BC together with twice the rect- 
angle AB, BC, that is, the square on AC, is also incommen- 





surable with the sum of the squares on AB, BC; [x. 16] 
therefore the square on AC is irrational, 
so that AC is also irrational. [x. Def. 4] 


And let it be called major. 
Q. E. D. 


Here x, y are of the form found in x. 33, viz. 


By hypothesis, the rectangle xy is medial ; 
therefore 2xy is medial. 

Also (x? + 5?) is a rational area. 

Therefore x! y!2xy, 
whence (x+y) vu (x7 +5"), 
so that (x + y}, and therefore (x +y), is irrational. 





ide aM : : k Bes 
The irrational straight line -^- A + — —* Zelo n 
j V2 1+% X2 : Jie P ai 
called a mayor (irrational) straight line. 


This and the corresponding minor irrational found in x. 76 are the 
positive roots of the equation 








e 
— 29). x? t- 
xt 2p". x" + ph 9. 


PROPOSITION 40. 


Jf two straight lines incommensurable in square which 
make the sum of the squares on them medial, but the rectangle 
contained by them rational, be added together, the whole straight 
line 1s irrational, and let 1t be called the side of a rational 
plus a medial area. 
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For let two straight lines 4B, BC incommensurable in 
square, and fulflling the given con- 
ditions [x. 34), be added together ; A e o 
I say that 4C is irrational. 
For, since the sum of the squares on AB, BC is medial, 
while twice the rectangle 48, BC is rational, 
therefore the sum of the squares on AB, BC is incommen- 
surable with twice the rectangle AB, BC; 
so that the square on AC is also incommensurable with twice 
the rectangle AB, BC. [x. 16] 
But twice the rectangle AB, BC is rational ; 
therefore the square on AC is irrational. 


Therefore AC is irrational. [x. Def. 4] 
And let it be called the side of a rational plus a 
medial area. 





Q. E. D. 


Here x, y have [x. 34] the forms 
-F JJ e JSPR. 
V2 (1+) 1 V2 (1 - £) 
In this case (x? * ?) is a medial, and 2xy a rational, area; thus 
x! e y! o 2xy. 
Therefore (x+y) » 2xy, 
whence, since 2xy is rational, 
(x + yy, and consequently (x ^ y), is irrational. 
The irrational straight line 
EN Nr P B rf na 
2 (1 P) J2 (1 +) 


is called (for an obvious reason) the “ side” of a rational plus a medial (area). 
This and the corresponding irrational with a minus sign found in x. 77 
are the positive roots of the equation 





2 2 


4 PS e t= 
xt— p. J— 





2 
Jr £P 
PROPOSITION 41. 


Jf two straight lines incommensurable in square which 
make the sum of the squares on them medial, and the rectangle 
contained by lhem medial and also incommensurable with the 
sum of the sguares on them, be added together, the whole straight 
/rne is irrational ; and let it be called the side of the sum 
of two medial areas. 
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For let two straight lines 447, BC incommensurable in 
square and satisfying the given conditions 
[x. 35] be added together ; 

I say that AC is irrational. 

Let a rational straight line DZ be set out, 
and let there be applied to DE the rectangle 
DF equal to the squares on AB, BC, and G F 
the rectangle GH equal to twice the rectangle 
AB, BC; 
therefore the whole DH is equal to the square 
on AC. (ut. 4] 
jee since oe sum of the squares on Ü E 

i is medial, 
and is equal to DF, A 8 © 
therefore DF is also medial. 

And it is applied to the rational straight line DZ ; 
therefore DG is rational and incommensurable in length with 


DE. [x. 22] 
For the same reason GX is also rational and incommen- 
surable in length with G/, that is, DZ. 
And, since the squares on AB, BC are incommensurable 
with twice the rectangle 48, BC, 


DF is incommensurable with GĦ ; 

so that DG is also incommensurable with GX. (vi. 1, x. 11] 
And they are rational ; 

therefore DG, GK are rational straight lines commensurable 

in square only ; 

therefore DA is irrational and what is called binomial. [x. 36] 
But DE is rational ; 

therefore DH is irrational, and the side of the square which 

is equal to it is irrational. [x. Def. 4] 
But AC is the side of the square equal to HD; 

therefore AC is irrational. 
And let it be called the side of the sum of two medial 

areas. 


K H 


Q. E. D. 
In this case x, y are of the form 


B ces T NU 
J2 A AZ 
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By hypothesis, (x? « y?) and 2xy are medial areas, and 


OHI SREY ooossese ———— (1). 
‘Apply’ these areas respectively to a rational straight line e, and suppose 
cd — (2). 
2xy - ev 
Since then oz and ov are both medial areas, u, v are rational and both 
ATecv- 0T cori xeruaseciseteeost ese i eee deep e M Rte te pe t EDU eed (3). 
Now, by (1) and (2), 
Tu aU, 
so that u v v. 


By this and (5), z, v are rational and ^—. 

Therefore [x. 36] (u + v) is irrational. 

Hence c (» + 2) is irrational [deduction from x. 20]. 
Thus (x + y), and therefore (x + y), is irrational. 
The irrational straight line 


pat J k part f k 

—— r+ -—— + D-— ———— 

J2 Jie Po Ja Jr P 
is called (again for an obvious reason) the “side” of the sum of two medials 
(medial areas). 


This and the corresponding irrational with a minus sign found in x. 78 
are the positive roots of the equation 





x*—2 JA. xp € p*- o. 


* 
14 40 
LEMMA. 

And that the aforesaid irrational straight lines are divided 
only in one way into the straight lines of which they are the 
sum and which produce the types in question, we will now 
prove after premising the following lemma. 

Let the straight line 4B be set out, let the whole be cut 
into unequal parts at each of 
the points C, D, 
and let 4 C be supposed greater 
than DZ ; 


I say that the squares on AC, CB are greater than the squares 
on AD, DB. 


For let AB be bisected at Æ. 
Then, since AC is greater than DB, 
let DC be subtracted from each ; 


therefore the remainder 4D is greater than the remainder CZ. 
But AZ is equal to ZB; 


therefore DZ is less than EC; 





A D E c B 
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therefore the points C, D are not equidistant from the point 
of bisection. 


And, since the rectangle 4C, CZ together with the square 


on ÆC is equal to the square on ZB, (n. 5) 
and, further, the rectangle 44D, DP together with the square 
on DE is equal to the square on ZB, A 


therefore the rectangle 4C, CZ together with the square on 
EC is equal to the rectangle AD, DB together with the 
square on DE. 

And of these the square on DE is less than the square 
on EC; 


therefore the remainder, the rectangle AC, CB, is also less 
than the rectangle 4D, DÐ, 
so that twice the rectangle AC, CB is also less than twice 
the rectangle 4D, DB. 
Therefore also the remainder, the sum of the squares on 
AC, CB, is greater than the sum of the squares on AD, DB. 
Q. E. D. 
and which produce the types in question. The Greek is rovovedv 7d mpoxelueva 


e(5n, and I have taken ef5y to mean ‘types (of irrational straight lines),” though (he expression 
might perhaps mean '' satisfying the conditions in question." 


This proves that, if x * y - 4 * 9, and if :4 v are more nearly equal than 
x, y (Le. if the straight line is divided in the second case nearer to the point 
of bisection), then 

(x? + y?) > (u* + v7). 

It is first proved by means of 11. 5 that 

2xy « 2uv, 


whence, since (x + y)?’ = (u +v}, the required result follows. 


PROPOSITION 42. 


A binomial straight line is divided into its terms at one 
poet cnly. 


Let AB be a binomial straight line divided into its terms 
at C; 





therefore AC, CB are rational 4 — B 
straight lines commensurable in 
square only. [x. 36] 


I say that 4B is not divided at another point into two 
rational straight lines commensurable in square only. 
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For, if possible, let it be divided at D also, so that 4D, 
DB are also rational straight lines commensurable in square 
only. 

It is then manifest that AC is not the same with DZ. 

For, if possible, let it be so. 

Then AD will also be the same as CB, 


and, as AC is to CB, so will BD be to DA; 
thus 48 will be divided at D also in the same way as by the 


division at C: 
which is contrary to the hypothesis. 


Therefore AC is not the same with DZ. 

For this reason also the points C, D are not equidistant 
from the point of bisection. 

Therefore that by which the squares on AC, CB differ 
from the squares on AD, DB is also that by which twice 
the rectangle 4D, DB differs from twice the rectangle 
AC, CB, 
because both the squares on AC, CB together with twice the 
rectangle AC, C&, and the squares on AD, DB together 
with twice the rectangle AD, DB, are equal to the square 
on AB. [u. 4] 


But the squares on AC, CB differ from the squares on 
AD, DB by a rational area, 


for both are rational ; 


therefore twice the rectangle 4D, DB also differs from twice 

the rectangle AC, CB by a rational area, though they are 

medial [x. 21]: 

which is absurd, for a medial area does not exceed a medial 

by a rational area. [x. 26] 
Therefore a binomial straight line is not divided at different 

points ; 

therefore it is divided at one point only. 


Q. E. D. 
This proposition proves the equivalent of the well-known theorem in 
surds that, 
if a € J^ - x Jy, 
then a-x b=y, 
and if Ja * M5 2 x * My, 


then a=x, b=y (ora=y, b=x), 


94 BOOK X [x. 42, 43 


The proposition states that a binomial straight line cannot be split up into 
terms (évopara) in two ways. For, if possible, let 
xty-Xx cy, 
where x, y, and also x’, y', are the ferms of a binomial straight line, x’, y 
being different from x, y (or y, x). 


One pair is necessarily more nearly equal than the other. Let x’, y’ be 
more nearly equal than x, y. 


Tben (x? + y?) - (x° + y’) z 2x'y' — 2xy. 
Now by hypothesis (x? 4 y?), (x" & 7?) are rational areas, being of the form 
p’ + kp’; 
but 2x'y', 2xy are medial areas, being of the form ,/2. p’; 
therefore the difference of two medial areas is rational : 
which is impossible. [x. 26] 
Therefore x’, y' cannot be different from x, y (or'y, x). 


PROPOSITION 43. 


A first bimedial straight line 1s divided at one pornt only. 


Let AB be a first bimedial straight line divided at C, so 
that AC, CB are medial straight 
lines commensurable in square — 
only and containing a rational 
rectangle; [x. 37] 





D C B 


I say that 4B is not so divided at another point. 

For, if possible, let it be divided at D also, so that 4D, 
DB are also medial straight lines commensurable in square 
only and containing a rational rectangle, 

Since, then, that by which twice the rectangle AD, DB 
differs from twice the rectangle 4C, CB is that by which the 
squares on AC, CB differ from the squares on AD, DB, 
while twice the rectangle AD, DB differs from twice the 
rectangle AC, CB by a rational area—for both are rational— 


therefore the squares on AC, CB also differ from the squares 
on AD, DB by a rational area, though they are medial : 


which is absurd. [x. 26] 


Therefore a first bimedial straight line is not divided into 
its terms at different points ; 


therefore it is so divided at one point only. 
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In this case, with the same hypothesis, viz. that 
x4ycxXx y, 
and x', y' are more nearly equal than x, y, 
we have as before (x? + y?) - (x? & y?) 2 2x!y' — oxy. 
But, from the given properties of x, y, and +’, y’, it follows that 2xy, 2x'y' 
are raftonal, and. (x* * y?), (3^? * y?) medial, areas. 
Therefore the difference between two medial areas is rational: 


which is impossible. (x. 26] 


PROPOSITION 44. 
A second bimedial straight line is divided at one point only. 


Let AB be a second bimedial straight line divided at C, 
so that AC, CB are medial straight lines commensurable in 
square only and containing a medial rectangle ; (x. 38] 
it is then manifest that C is not at the point of bisection, 
because the segments are not commensurable in length. 

I say that AZ is not so divided at another point. 





A D C B 
Uc e em 
E M H N 
F L a K 





For, if possible, let it be divided at D also, so that AC is 
not the same with DB, but AC is supposed greater ; 
it is then clear that the squares on AD, DB are also, as we 
proved above [Lemma], less than the squares on AC, CB; 
and suppose that 4D, DB are medial straight lines commen- 
surable in square only and containing a medial rectangle. 
Now let a rational straight line EZ be set out, 
let there be applied to EF the rectangular parallelogram EK 
equal to the square on AB, 
and let EG equal to the squares on AC, CB be subtracted ; 
therefore the remainder /7K is equal to twice the rectangle 
AC, CB. [n. 4] 
Again, let there be subtracted EZ, equal to the squares 
on AD, DB, which were proved less than the squares on 
AC, CB [Lemma]; 
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therefore the remainder 77K is also equal to twice the rect- 
angle AD, DB. 

Now, since the squares on AC, CB are medial, 
therefore ÆG is medial. 

And it is applied to the rational straight line EZ; 
therefore ZZ is rational and incommensurable in length with 
EF. (x. 22] 

For the same reason 
HN is also rational and incommensurable in length with EZ. 

And, since AC, CA are medial straight lines commen- 
surable in square only, 
therefore AC is incommensurable in length with CB. 

But, as AC is to CB, so is the square on AC to the rect- 
angle AC, CB; 
therefore the square on AC is incommensurable with the rect- 
angle AC, CB. [x. 11] 

But the squares on AC, CB are commensurable with the 
square on AC; for AC, CB are commensurable in square. 


[x. 15] 

And twice the rectangle AC, CB is commensurable with 
the rectangle AC, CB. [x. 6] 
Therefore the squares on AC, CB are also incommen- 
surable with twice the rectangle 4C, CB. (x. 13] 


But EG is equal to the squares on AC, CB, 
and 77K is equal to twice the rectangle AC, CB; 
therefore EG is incommensurable with 77K, 
so that £Z is also incommensurable in length with ZZN. 

VI. I, X. I7 

And they are rational ; l l 
therefore EH, HN are rational straight lines commensurable 
in square only. 

But, if two rational straight lines commensurable in square 
only be added together, the whole is the irrational which is 
called binomial. [x. 36] 

Therefore E is a binomial straight line divided at 77. 

In the same way EM, MN will also be proved to be 
rational straight lines commensurable in square only ; 
and EN will be a binomial straight line divided at different 
points, Æ and M. 
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And EH is not the same with MN., 

For the squares on AC, CB are greater than the squares 
on AD, DB. 

But the squares on AD, DB are greater than twice the 
rectangle AD, DB; 


therefore also the squares on AC, CB, that is, EG, are much 
greater than twice the rectangle 4D, D&B, that is, MK, 


so that ZH is also greater than MN. 


Therefore EH is not the same with MAN. nog 
As the irrationality of the second b:medéal straight line [x. 38] is proved by 
means of the irrationality of the binomial straight line (x. 36], so the present 
theorem is reduced to that of x. 42. 
Suppose, if possible, that the second bimedial straight line can be divided 
into its terms as such in two ways, i.e. that 
xty-2x ty, 
where x’, y’ are nearer equality than x, y. 
Apply x’ +’, 2xy to a rational straight line c, i.e. let 
x+y" = gu, 
2xy - ov. 
Then, as in x. 38, the areas a? y^, 2xy are medial, so that øu, ov are 
medial ; 
therefore u, v are both rational and v Ø ..................................... (1). 
Again, by hypothesis, x, y are medial straight lines commensurable in 
square only; 


therefore X vy. 
Hence x! xy. 
And a*^(x'45?, while xy ^ 2xy; 
therefore (x? & y?) » 2xy, 
or Ou v TV, 
and hence Me EIEE I EAER (2). 


Therefore, by (1) and (2), z, v are rational straight lines commensurable 
in square only ; 
therefore u +v is a binomial straight line. 

Similarly, if x? « y? -ew' and 2x'y' - ov, 
u'+v' will be proved to be a binomial straight line. 

And, since (x + y)’ = (x' +’), and therefore (uw * v) = (u' +’), it follows that 
a binomial straight line is divided as such in two ways : 
which is impossible. [x. 42] 

Therefore x+y, the given second bimedial straight line, can only be so 
divided in one way. 

In order to prove that u +z, v * v' represent a. different division of the 
same straight line, Euclid assumes that x? * ^» 2xy. This is of course an 
easy inference from 11. 7; but the assumption of it here renders it probable 
that the Lemma after x. 59 is interpolated. 
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PROPOSITION 45. 


A major straight line is divided at one and the same point 
only. 


Let AB be a major straight line divided at C, so that 
AC, CB are incommensurable in Doig 
square and make the sum of the — , — — ——— — 
squares on AC, CB rational, but the 
rectangle AC, CB medial ; (x. 39] 
I say that 42 is not so divided at another point. 

For, if possible, let it be divided at D also, so that AD, 
DB are also incommensurable in square and make the sum 
of the squares on AD, DB rational, but the rectangle con- 
tained by them medial. 

Then, since that by which the squares on AC, CB differ 
from the squares on 4D, DB is also that by which twice the 
rectangle AD, DB differs from twice the rectangle AC, CB, 
while the squares on AC, CB exceed the squares on AD, 
DB by a rational area—for both are rational— 


therefore twice the rectangle 4D, DB also exceeds twice the 
rectangle AC, CB by a rational area, though they are medial : 


which is impossible. [x. 26] 
Therefore a major straight line is not divided at different 

points ; 

therefore it is only divided at one and the same point. 


Q. E. D. 


If possible, let the mayor irrational straight line be divided into terms in 
two ways, viz. as (x * y) and (x' * y), where x', ' are supposed to be nearer 
equality than x, y. 

We have then, as in x. 42, 43, 

(x? & y?) — (x? + y?) 2 2x'y' — 2xy. 

But, by hypothesis, (x? * ?), (x * y?) are both rafrona/, so that their 
difference is rational. 

Also, by hypothesis, 2x'y', 2xy are both sedia/ areas ; 
therefore the difference of two medial areas is a rational area : 
which is impossible. [x. 26] 

Therefore etc. 
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PROPOSITION 46. 
The side of a rational plus a medial area is divided at one 
point only. 


Let AB be the side of a rational plus a medial area 
divided at C, so that AC, CBA are 


incommensurable in square and make 4^5 c 8 
the sum of the squares on AC, CB 
medial, but twice the rectangle 4C, C7 rational ; (x. 40] 


I say that AZ is not so divided at another point. 

For, if possible, let it be divided at D also, so that AD, 
DB are also incommensurable in square and make the sum 
of the squares on 74D, D medial, but twice the rectangle 
AD, DB rational. 

Since then that by which twice the rectangle AC, CB 
differs from twice the rectangle 4D, DZ is also that by 
which the squares on AD, DB differ from the squares on 
AC, CB, 
while twice the rectangle AC, CB exceeds twice the rectangle 
AD, DB by a rational area, 
therefore the squares on AD, DB also exceed the squares 
on AC, CB by a rational area, though they are medial : 
which is impossible. [x. 26] 

Therefore the side of a rational plus a medial area is not 
divided at different points ; 
therefore it is divided at one point only. 


Here, as before, if we use the same notation, 
(3*9 y!) — (x7 +") = ax'y'— axy, 
and the areas on the left side are, by hypothesis, both medial, while the areas 
on the right side are both rational. 
Thus the result of x. 26 is contradicted, as before. 
Therefore etc. 


PROPOSITION 47. 
The side of the sum of two medial areas is divided at one 
point only. 


Let AB be divided at C, so that AC, CB are incommen- 
surable in square and make the sum of the squares on AC, 
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CB medial, and the rectangle AC, CB medial and also in- 
commensurable with the sum of the squares on them ; 


I say that AZ is not divided at another point so as to fulfil 
the given conditions. 


— MH x 
c 

F L G K 
8 


For, if possible, let it be divided at 2, so that again AC 
is of course not the same as BD, but AC is supposed greater; 
let a rational straight line EF be set out, 
and let there be applied to EF the rectangle EG equal to the 
squares on AC, CB, 
and the rectangle /7K equal to twice the rectangle AC, CB; 
therefore the whole EX is equal to the square on AB. |n. 4] 

Again, let EZ, equal to the squares on AD, DB, be applied 
to EF; 
therefore the remainder, twice the rectangle AD, DB, is equal 
to the remainder 77K. 

And since, by hypothesis, the sum of the squares on AC, 
CB is medial, 
therefore EG is also medial. 

And it is applied to the rational straight line EF; 


therefore /7E is rational and incommensurable in length with 
i (x. 22] 


For the same reason 
FIN is also rational and incommensurable in length with EF. 


And, since the sum of the squares on AC, CB is incom- 
mensurable with twice the rectangle AC, CB, 


therefore ÆG is also incommensurable with GW, 
so that E77 is also incommensurable with ÆN. — (vi. 1, x. 11] 
And they are rational ; 
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therefore EH, HN are rational straight lines commensurable 
in square only ; 
therefore EM is a binomial straight line divided at 77. [x. 36] 
Similarly we can prove that it is also divided at M. 
And £Z is not the same with MN ; 
therefore a binomial has been divided at different points : 
which is absurd. [x- 42] 


Therefore a side of the sum of two medial areas is not 
divided at different points ; 


therefore it is divided at one point only. 


Using the same notation as in the note on X. 44, we suppose that, if 
possible, 


aty=x' ty, 
and we put 
Se) and CDI . 
2xy =ov 2x'y' = ov 
Then, since x’ +y’, zxy are medial areas, and c rational, 
u, v are both rational and v o oseese (1). 
Also, by hypothesis, x! y! v 2xy, 
whence P ERECTAE (2). 
Therefore, by (1) and (2), v, v are rational and ^—. 
Hence u +v is a binomial straight line. (x. 36) 
Similarly w’ +v is a binomial straight line. 
But u+v=u +v; 
therefore a binomial straight line is divided into terms in two ways : 
which is impossible. [x. 42] 


Therefore etc. 


DEFINITIONS II. 


t. Given a rational straight line and a binomial, divided 
into its terms, such that the square on the greater term is 
greater than the square on the lesser by the square on a 
straight line commensurable in length with the greater, then, 
if the greater term be commensurable in length with the 
rational straight line set out, let the whole be called a first 
binomial straight line; 


2. but if the lesser term be commensurable in Enn 
with the rational straight line set out, let the whole be called 
a second binomial ; 
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and if neither of the terms be commensurabie in length 
with the rational straight line set out, let the whole be called 
a third binomial. 


4. Again, if the square on the greater term be greater 
than the square on the lesser by the square on a straight line 
incommensurable in length with the greater, then, if the 
greater term be commensurable in length with the rational 
straight line set out, let the whole be called a fourth 
binomial ; 

5. if the lesser, a fifth binomial ; 

6. and if neither, a sixth binomial. 


Proposition 48. 


To find the first binomial straight line. 


Let two numbers AC, CB be set out such that the sum 
of them AB has to BC the ratio 
which a square number has to a 


square number, but has not to CA ee 


the ratio which a square number 
has to a square number ; A cB 
[Lemma 1 after x. 28] 


let any rational straight line D be set out, and let EF be 
commensurable in length with D. 
Therefore EF is also rational. 
Let it be contrived that, 
as the number BA is to AC, so is the square on EF to the 
square on FG, (x. 6, Por.] 
But AB has to AC the ratio which a number has to a 
number ; 
therefore the square on E also has to the square on FG 
the ratio which a number has to 4 number, 
so that the square on EF is commensurable with the square 
on FG. (x. 6] 
And £F is rational ; 
therefore FG is also rational. 
And, since BA has not to AC the ratio which a square 
number has to a square number. 





— —— — H 
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neither, therefore, has the square on EF to the square on FG 

the ratio which a square number has to a square number ; 

therefore ZF is incommensurable in length with FG. _[x. 9] 
Therefore EF, FG are rational straight lines commen- 

surable in square only ; 

therefore ZG is binomial. [x. 36] 


I say that it is also a first binomial straight line. 
For since, as the number BA is to AC, so is the square 
on £F to the square on FG, 
while BA is greater than AC, 
therefore the square on EZ is also greater than the square 
on FG. 
E Let then the squares on FG, H be equal to the square on 
F. 
Now since, as BA is to AC, so is the square on EF to the 
square on FG, 
therefore, convertendo, 
as AB is to BC, so is the square on EF to the square on H. 
[v. 19, Por.] 
But ABZ has to BC the ratio which a square number has 
to a square number ; 
therefore the square on ZF also has to the square on Æ the 
ratio which a square number has to a square number. 
Therefore EF is commensurable in length with Æ; [x. 9] 
therefore the square on E is greater than the square on FG 
by the square on a straight line commensurable with EZ. 
And EF, FG are rational, and EF is commensurable in 
length with D. 
Therefore EF is a first binomial straight line. 
Q. E. D. 
Let &p be a straight line commensurable in length with p, a given rational 
straight line. 
The two numbers taken mày be written 2 (m? — 7è), pn”, where (m° -— n?) is 
not a square. 
Take x such that 
Pm: p (m n) ERPE sss (1), 
Jm! — n 
xA 





whence : x= kp 


3 4 
Then p+ x, or kp + kp a , is a first binomial straight line ...... (2). 
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To prove this we have, from (1), 
xn Bp’, 

and x is rational, but x v $p; 
that is, x is rational and ^— 4p, 
so that p + x is a binomial straight line. 

Also, 4’p? being greater than x’, suppose $p’ - x? = y’. 

Then, from (1), pm pn p iy. 
whence y is rational and ^ 4p. |: 

Therefore kp + x is a frst binomial straight line [x. Deff. i. 1]. 

This binomial straight line may be written thus, 

Ep * Rp N 1 — X. 

When we come to x. 85, we shall find that the corresponding straight line 

with a negative sign is the first apotome, 


kp — kp N 1 = N. 
Consider now the equation of which these two expressions are the roots. 
The equation is 
x — 2kp. x + Mp? = 0. 
In other words, the first binomial and the first apotome correspond to the 
roots of the equation 


x! — 20x + Na? =0, 
where a = 4p. 


PROPOSITION 49. 


To find the second binomial straight line. 


Let two numbers AC, CB be set out such that the sum 
of them AB has to BC the ratio which 
a square number has to a square number, 
but has not to AC the ratio which a ^ 
square number has to a square number ; 


let a rational straight line D be set out, F 

and let EF be commensurable in length © 

with D ; 

therefore E is rational. a 
Let it be contrived then that, 

as the number CA is to AB, so also is the square on EF to 








the square on FG ; [x. 6, Por.] 
therefore the square on EZ is commensurable with the square 
on FG. [x 6] 


Therefore FG is also rational. 
Now, since the number CA has not to AB the ratio which 
a square number has to a square number, neither has the 
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square on ZF to the square on FG the ratio which a square 
number has to a square number. 
Therefore EF is incommensurable ín length with FG ; 
[x. 9] 
therefore EF, FG are rational straight lines commensurable 
in square only ; 


therefore EG is binomial. [x. 36] 


It is next to be proved that it is also a second binomial 
straight line. 


For since, inversely, as the number BA is to AC, so is 
the square on GF to the square on FEZ, 
while BA is greater than AC, 
therefore the square on GF is greater than the square on FE. 
Let the squares on EF, HZ be equal to the square on GF; 
therefore, convertendo, as AB is to BC, so is the square on 
FG to the square on H. [v. 19, Por.] 
But AB has to BC the ratio which a square number has 
to a square number ; 
therefore the square on FG also has to the square on 77 the 
ratio which a square number has to a square number. 
Therefore FG is commensurable in length with Æ ; [x. 9] 
so that the square on FG is greater than the square on FE 
by the square on a straight line commensurable with FG. 


And FG, FE are rational straight lines commensurable 
in square only, and ZF, the lesser term, is commensurable in 
length with the rational straight line D set out. 

Therefore EG is a second binomial straight line. 


Q. E. D. 


Taking a rational straight line 49 commensurable in length with p, and 
selecting numbers of the same form as before, viz. p (m?— n’), pn’, we put 








b (mà — n) : pm a Eph ix eee trees (1), 
m 
so that ned — 
I 
=k ,SAy eee eene E 2). 
"QU (2) 


Just as before, x is rational and ~ 4p, 
whence kp + x is a binomial straight line. 
By (1), x!» Ep. 
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Let x? — Rip? = y?, 
whence, from (1), pm’: prr=x: y’, 
and y is therefore rational and ^ x. 

The greater term of the binomial straight line is x and the lesser 4p, and 

k 
I 2 t + kp 

satisfies the definition of the second binomial straight line. 

The corresponding second apotome (x. 86] is 


kp 
-L——L - Áp. 
J1-X R 
The equation of which the two expressions are the roots is 
2kp X ap 
x — tac rtr =0, 
or X! — 2ax 4 Aa? — o, 
— 
J1-X 














where 


PRoPOSITION 50. 


To find the third binomial straight line. 


Let two numbers AC, CB be set out such that the sum 
of them AB has to BC the ratio which a square number has 
to a square number, but has not to AC the ratio which a square 
number has to a square number. 


K A Cc 8 








E 


E a 


H 





Let any other number 2, not square, be set out also, and 
let it not have to either of the numbers BA. AC the ratio 
which a square number has to a square number. 

Let any rational straight line Æ be set out, 


and let it be contrived that, as D is to AB, so is the square 


on Æ to the square on FG ; [x. 6, Por.] 
therefore the square on Æ is commensurable with the square 
on FG. [x. 6] 


And Z is rational ; 
therefore FG is also rational. 
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And, since D has not to AB the ratio which a square 
number has to a square number, 
neither has the square on E to the square on FG the ratio 
which a square number has to a square number ; 
therefore £ is incommensurable in length with FG. [x- 9] 


Next let it be contrived that, as the number B24 is to AC, 


so is the square on FG to the square on GH; [x. 6, Por.] 
therefore the square on FG is commensurable with the square 
on GH. (x. 6] 


But FG is rational ; 
therefore GH is also rational. 
And, since BA has not to AC the ratio which a square 
number has to a square number, 
neither has the square on FG to the square on HG the ratio 
which a square number has to a square number ; 
therefore FG is incommensurable in length with GĦ. — (x. 9] 
Therefore FG, GH are rational straight lines commen- 
surable in square only ; 
therefore FH is binomial. [x. 36] 


I say next that it is also a third binomial straight line. 
For since, as D is to AB, so is the square on & to the 
square on FG, 
and, as BA is to AC, so is the square on FG to the square 
on GH, 
therefore, ex aegualt, as D is to AC, so is the square on £ to 
the square on GH. [v. 22] 
But D has not to AC the ratio which a square number 
has to a square number ; 
therefore neither has the square on Æ to the square on GĦ 
the ratio which a square number has to a square number ; 
therefore Æ is incommensurable in length with GH. [x. 9] 
And since, as BA is to AC, so is the square on FG to 
the square on GH, 
therefore the square on FG is greater than the square on GH. 


Let then the squares on GH, K be equal to the square 
on FG; 
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therefore, convertendo, as AB is to BC, so is the square on FG 
to the square on X. [v. 19, Por.] 
But ABZ has to BC the ratio which a square number has 
to a square number ; 
therefore the square on FG also has to the square on A the 
ratio which a square number has to a square number ; 
therefore FG is commensurable in length with X. [x. 9] 
Therefore the square on FG is greater than the square on 
GH by the square on a straight line commensurable with FG. 
And FG, G are rational straight lines commensurable 
in square only, and neither of them is commensurable in length 
with Æ. 
Therefore FH is a third binomial straight line. 
Q. E. D. 


Let p be a rational straight line. 

Take the numbers g (m — 7°), gm, 
and let ? be a third number which is not a square and which has not to gm? 
or g (m? — n’) the ratio of square to square. 


Take x such that Bgm mp at donis eph ted (1). 
Thus x is rational and v p o (2). 
Next suppose that gm':g(m —-n)zxX:y .eesssee ss (3). 
It follows that y is rational and ~ 8... eee ceeeeees —— (4). 


Thus (x+y) is a binomial straight line. 
Again, from (1) and (3), ex aeguatt, 


B:g(mh—m)mp:iy sess cee eeee ee (5), 
whence Jw HH ener (6). 
Suppose that -y =z. 


Then, from (3), convertendo, 
gm' qni ax iz, 
whence 2^. 
Thus ~J. xi — y? ^2, 
and x, y are both v p; 
therefore x+y is a third binomial straight line. 





Now, from (1), T, 
and, by (s), y-p. SM. 


Thus the /Aird binomial is 


[E pm e JE 


which we may write in the form 
mA .p* m Jh. p —X. 
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The corresponding third apotome (x. 87] is 
mJk.p—m Jk. pN1—& 
The two expressions are accordingly the roots of the equation 
x? - 2m Jk. px + Mm'kp’ = 0, 
or x3 — 2ax + Na? =0, 
where a=m Jk. p. 
See also note on x. 53 (ad fin.). 


PROPOSITION 51. 


To find the fourth binomial straight line. 


Let two numbers AC, CB be set out such that AB 
neither has to BC, nor yet to AC, the ratio 
which a square number has to a square number. 

Let a rational straight line be set out, A E 
and let EF be commensurable in length with D; D 
therefore EF is also rational. 

Let it be contrived that, as the number BA € 


is to AC, so is the square on EF to the square F 
on FG; [x. 6, Por.) 8 nw 
therefore the square on EF is commensurable 

with the square on FG; [x. 6] a 


therefore FG is also rational. 
Now, since BA has not to AC the ratio which a square 
number has to a square number, 
neither has the square on E to the square on FG the ratio 
which a square number has to a square number ; 
therefore EF is incommensurable in length with FG. _[x. 9] 
Therefore EF, FG are rational straight lines commen- 
surable in square only ; 
so that EG is binomial. 


I say next that it is also a fourth binomial straight line. 
For since, as BA is to AC, so is the square on EF to the 
square on FG, 
therefore the square on ZF is greater than the square on FG. 


Let then the squares on FG, H be equal to the square 
on EF; 
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therefore, convertendo, as the number AB is to BC, so is the 
square on EF to the square on Æ. [v. 19, Por.] 
But AZ has not to BC the ratio which a square number 
has to a square number ; 
therefore neither has the square on EF to the square on Æ 
the ratio which a square number has to a square number. 
Therefore EF is incommensurable in length with Z ; [x. 9] 
therefore the square on E is greater than the square on GF 
by the square on a straight line incommensurable with EF. 
And £F, FG are rational straight lines commensurable in 
square only, and ZF is commensurable in length with D. 
Therefore ÆG is a fourth binomial straight line. 
Q. E. D. 


Take numbers m, æ such that (m + 7) has not to either m or » the ratio of 
square to square. 





Take x such that (m+n): m= k'p?: 27, 
whence x= kp — m 
m+n 
kp 
"uat e 





^ ] vas Se : ] 
Then $p + x, or kp + A , 18 a fourth binomial straight line. 


For JEP- —x* is incommensurable in length with 4p, and 4p is com- 
mensurable in length with p. 
The corresponding fourth apotome [x. 88) is 
Ap 
VIFA 
The equation of which the two expressions are the roots is 





Kp — 


A 
-— — kp = 
xt 2kp. x+- kp o, 





or x’ — 2ax + a! — o, 
I 


FEY 
where a= kp. 


PROPOSITION 52. 


To find the fifth binomial straight line. 
Let two numbers AC, CB be set out such that AB has 


not to either of them the ratio which a square number has 
to a square number ; 


let any rational straight line D be set out, 
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and let ZF be commensurable with 2 ; 
therefore EF is rational. 
Let it be contrived that, as CA is to AB, so is the 
square on EF to the square on FG.  [x. 6, Por.] 
But CA has not to AF the ratio which a 4 


E 
square number has to a square number ; b 
therefore neither has the square on. EF to the 
square on FG the ratio which a square number 2 F 
has to a square number. 

Therefore EF, FG are rational straight œ 

lines commensurable in square only ; [x. 9] Ha 
therefore EG is binomial. [x. 36] 





I say next that it is also a fifth binomial straight line. 
For since, as CA is to AB, so is the square on EF tc 
the square on FG, 


inversely, as BA is to AC, so is the square on FG to the 

square on FE ; 

therefore the square on GF is greater than the square on FE. 
Let then the squares on E, H be equal to the square 

on GF; 


therefore, convextendo, as the number AB is to BC, so is the 


, 
square on GF to the square on 77. [v. 19, Por.] 
But AZ has not to BC the ratio which a square number 
has to a square number ; 


therefore neither has the square on FG to the square on Æ 
the ratio which a square number has to a square number. 

Therefore FG is incommensurable in length with Z ; (x. 9] 
so that the square on FG is greater than the square on FE 
by the square on a straight line incommensurable with FG. 

And GF, FE are rational straight lines commensurable 
in square only, and the lesser term E is commensurable in 
length with the rational straight line D set out. 

Therefore EG is a fifth binomial straight line. 


Q. E. D. 
If m, » be numbers of the kind taken in the last proposition, take x such 


that 
m :(m*n)z £p : x. 
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In this case NE 
m 
- lp 1 *À, say, 
and x > $p. 


Then kp V1 +A + fp is a fifth binomial straight line. 
For Nr or A. 4p, is incommensurable in length with Ap 1 *À, 
or x; 
and Åp, but not kp 1 + A, is commensurable in length with p. 
The corresponding fi/th apotome [x. 89] is 
Ap N 1 * À— kp. 


The equation of which the fifth binomial and the fifth apotome are the 
roots is 


x!— 2p 1 X. x Api — o, 





A o 
14A^ 9 
where a- Ap 14 X 


or x — zax + 


PROPOSITION 53. 
To find the sixth binomial straight line. 


Let two numbers 4C, CB be set out such that AB has 
not to either of them the ratio which a 
square number has to a square number ; A F 
and let there also be another number D o) |e 
which is not square and which has not to 
either of the numbers BA, AC the ratio c 


which a square number has to a square G 
number, B K 

Let any rational straight line Æ be set 
out, H 
and let it be contrived that, as D is to AB, 
so is the square on Æ to the square on FG; (x. 6, Por.] 
therefore the square on Æ is commensurable with the square 
on FG, (x. 6] 


And & is rational ; 
therefore FG is also rational. 


Now, since D has not to AB the ratio which a square 
number has to a square number, 
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neither has the square on E to the square on FG the ratio 
which a square number has to a square number ; 
therefore Æ is incommensurable in length with FG. [x- 9] 
Again, let it be contrived that, as BA is to AC, so is the 
square on FG to the square on GH. [x. 6, Por.] 
Therefore the square on FG is commensurable with the 
square on ÆG. [x. 6] 
Therefore the square on A/G is rational ; 
therefore HG is rational. 
And, since BA has not to AC the ratio which a square 
number has to a square number, 
neither has the square on FG to the square on GH the ratio 
which a square number has to a square number ; 
therefore FG is incommensurable in length with GH. — [x. 9) 
Therefore FG, GH are rational straight lines commen- 
surable in square only ; 
therefore FH is binomial. [x. 36] 


It is next to be proved that it is also a sixth binomial 
straight line. 
For since, as D is to AB, so is the square on Æ to the 
square on FG, 
and also, as 3A is to AC, so is the square on FG to the 
square on GH, 
therefore, ex aeguali, as D is to AC, so is the square on E 
to the square on GĦ. [v. 22] 
But D has not to AC the ratio which a square number 
has to a square number ; 
therefore neither has the square on Æ to the square on GH! 
the ratio which a square number has to a square number ; 
therefore Æ is incommensurable in length with GH. (x. 9] 
But it was also proved incommensurable with FG; 
therefore each of the straight lines FG, G/7 is incommen- 
surable in length with Æ. 
And, since, as BA is to AC, so is the square on FG to 
the square on GÆ, 
therefore the square on FG is greater than the square on GH. 
Let then the squares on GH, K be equal to the square 
on FG; 
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therefore, convertendo, as AB is to BC, so is the square on FG 
to the square on K. [v. 19, Por.] 


But ABZ has not to BC the ratio which a square number 
has to a square number ; 


so that neither has the square on FG to the square on K the 
ratio which a square number has to a square number. 


Therefore FG is incommensurable in length with X ; [x. 9] 


therefore the square on FG is greater than the square on GH 
by the square on a straight line incommensurable with FG. 


And FG, GH are rational straight lines commensurable in 
square only, and neither of them is commensurable in length 
with the rational straight line Æ set out. 

Therefore FH is a sixth binomial straight line. 


Q. E. D. 


Take numbers m, # such that (m+ n) has not to either of the numbers 
m, n the ratio of square to square; take also a third number 2, which is not 
square, and which has not to either of the numbers (» « n), m the ratio of 
square to square. 

Let DEMEN EP (1) 
and Ga) (2). 

Then shall (x + y) be a sixth binomial straight line. 

For, by (1), x is rational and v p. 
By (2), since x is rational, 

J is rational and v x. 

Hence x, y are rational and commensurable in square only, so that (x +y) 
is a binomial straight line. 

Again, ex aequali, from (1) and (2), 


whence y v p. 


Thus x, y are both incommensurable in length with p. 
Lastly, from (2), convertendo, 


(m+n): n= x7: (x? - y’), 
so that J/x! — y? v, x. 
Therefore (x + y) is a sixth binomial straight line. 
Now, from (1) and (3), 
pop: m+n 





= p/k, say, 


P 
yeu T np say, 


and the sixth binomial straight line may be written 


AA . p * JA. p. 
The corresponding sixth apotome is [x. go] 


VA. p— Jd. p; 
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and the equation of which the two expressions are the roots is 
ax —24k.px *(k—X)p'-o, 
k-d 
* 





or x? — 20x + a! — o, 


where a= JA. p. 

Tannery remarks (“De la solution géométrique des problèmes du second 
degré avant Euclide” in Mémoires de la Société des sciences physiques et naturelles 
de Bordeaux, 2° Série, T. 1v.) that Euclid admits as binomials and apotomes 
the /Aird and síxrh binomials and apotomes which are the square roots of first 
binomials and apotomes respectively. Hence the third and sixth binomials 
and apotomes are the positive roots of diguadratic equations of the same form 
as the quadratics which give as roots the first and fourth binomials and 
apotomes. But this remark seems to be of no value because (as was pointed 
out a hundred years ago by Cossali, 11. p. 260) the squares of all the six 
binomials and apotomes (including the first and fourth) give 7st binomials 
and apotomes respectively. Hence we may equally well regard them all as 
roots of biquadratics reducible to quadratics, or generally as roots of equations 
of the form 

x + 20,2" +9=0; 
and nothing is gained by raising the degree of the equations in this way. 

It is, of course, easy to see that the most general form of binomial and 
apotome, viz. 

p JA tp. J^ 
give first binomials and apotomes when squared. 


For the square is p{(&+A)p+2 VAX. p}; and the expression within the 
bracket is a first binomial or apotome, because 


(1) A+A>2 JAA, 
(2) V(&+A)?— 4A =h-A, which is ^ (4 +A), 
(3) (A+A)p~p. 


LEMMA. 


Let there be two squares 4B, BC, and let them be placed 
so that DZ is in a straight line with BE ; 
therefore FZ is also in a straight line with — a c 
sč — 

Let the parallelogram AC be completed; © E 
I say that AC is a square, that DG is a 
mean proportional between AB, BC, and 
further that DC is a mean proportional A FH 
between AC, CB. 

For, since DB is equal to BF, and BE to BG, 
therefore the whole DZ is equal to the whole FG. 

But D is equal to each of the straight lines 477, KC, 
and FG is equal to each of the straight lines 44K, ZZC ; [r. 34] 
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therefore each of the straight lines AZ, XC is also equal to 
each of the straight lines 4K, HC. 


Therefore the parallelogram AC is equilateral. 
And it is also rectangular ; 


therefore AC is a square. 
And since, as FB is to BG, so is DB to BE, 
while, as FB is to BG, so is AB to DG, 
and, as DB is to BE, so is DG to BC, (vi. 1] 
therefore also, as AB is to DG, so is DG to BC. [v. 11] 


Therefore DG is a mean proportional between AB, BC. 


I say next that DC is also a mean proportional between 
AC, CB 

For since, as AD is to DK, so is KG to GC— 
for they are equal respectively — 
and, componendo, as AK is to KD, so is KC to CG, (v. 18] 
while, as 4X is to KD, so is AC to CD, 
and, as KC is to CG, so is DC to CB, [vi 1] 
therefore also, as AC is to DC, so is DC to BC. [v. 11] 

Therefore DC is a mean proportional between AC, CB. 

Being what it was proposed to prove. 
It is here proved that 
X: LY = Y Y, 

and (= +y): (x+y)y = (x+ y)y : p. 

The first of the two results is proved in the course of x. 25 (lines 6—8 on 


P. 57 above). This fact may, I think, suggest doubt as to the genuineness 
of this Lemma. 


PROPOSITION 54. 


Jf an area be contained by a rational straight line and the 
first binomial, the “side” of the area is the irrational straight 
line which is called binomial. 

For let the area 4C be contained by the rational straight 
line AZ and the first binomial 4D ; 

I say that the “side” of the area 4C is the irrational straight 
line which is called binomial. 

For, since AD is a first binomial straight line, let it be 
divided into its terms at Æ, 
and let AZ be the greater term. 
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[t is then manifest that AE, £D are rational straight lines 
commensurable in square only, 


the square on AE is greater than the square on ÆD by the 
square on a straight line commensurable with A Æ, 
and 4 £ is commensurable in length with the rational straight 


line AB set out. [x. Deff. n. 1] 
Let ED be bisected at the point F. 
A GE F D 





Then, since the square on AE is greater than the square 
on £D by the square on a straight line commensurable with 
AE, 
therefore, if there be applied to the greater 4£ a parallelogram 
equal to the fourth part of the square on the less, that is, to 
the square on ZF, and deficient by a square figure, it divides 
it into commensurable parts. [x. 17] 

Let then the rectangle AG, GE equal to the square on 
EF be applied to AE ; 
therefore AG is commensurable in length with ÆG. 

Let GH, EK, FL be drawn from G, Æ, F parallel to 
either of the straight lines 42, CD; 
let the square SN be constructed equal to the parallelogram 
AH, and the square VQ equal to GK, (14) 
and let them be placed so that MA is in a straight line with 
NO; 
therefore RM is also in a straight line with VP. 

And let the parallelogram SQ be completed ; 
therefore SQ is a square. [Lemma] 

Now, since the rectangle 4G, GE is equal to the square 
on EF, 
therefore, as AG is to EF, so is FE to EG; (vi. 17] 
therefore also, as 4477 is to EL, so is EL to KG; [v. 1] 
therefore EZ is a mean proportional between 4H, GK. 

But AA is equal to SN, and GØ to NQ; 
therefore EZ is a mean proportional between SV, NVQ. 
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But MR is also a mean proportional between the same 
SN, NQ; [Lemma] 
therefore ZZ is equal to MR, 
so that it is also equal to PO. 

But AH, GK are also equal to SV, NO; 
therefore the whole AC is equal to the whole SQ, that is, to 
the square on 770 ; 
therefore MO is the “side” of AC. 


I say next that MO is binomial. 

For, since AG is commensurable with GZ, 
therefore AZ is also commensurable with each of the straight 
lines 4G, GE. (x. 15] 

But AZ is also, by hypothesis, commensurable with 4B; 
therefore AG, GE are also commensurable with 4 B. (x. 12] 

And AB is rational ; 
therefore each of the straight lines 4G, GE is also rational ; 
therefore each of the rectangles 4H, G is rational, [x. 19] 
and AH is commensurable with GØ. 

But AH is equal to SW, and GÆ to NQ; 
therefore SN, NQ, that is, the squares on MN, NO, are 
rational and commensurable. 

And, since 4Z£ is incommensurable in length with £2, 
while AZ is commensurable with 4 G, and DE is commen- 
surable with £F, 
therefore AG is also incommensurable with EF, (x. 13] 
so that AF is also incommensurable with EZ. [vr. 1, x. 11] 

But AF is equal to SN, and EL to MR; 
therefore SW is also incommensurable with MR. 

But, as SM is to MR, so is PN to NR; (vi. 1] 
therefore PN is incommensurable with VR. [x. 11] 

But PN is equal to MN, and NR to NO; 
therefore MN is incommensurable with VO. 

And the square on MN is commensurable with the square 
on NO, 
and each is rational ; 
therefore MN, NO are rational straight lines commensurable 
in square only. 
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Therefore MO is binomial [x. 36] and the “side” of AC. 
Q. E. D. 

2. “eide.” I use the word “side” in the sense explained in the note on x. Def. 4 
(p. 13 above), i.e. as short for ''side of a square equal to." The Greek is 4 7d xwplov 
Suvapévy. 

A first binomial straight line being, as we have seen in x. 48, of the form 

kp + kp Ji- X, 
the problem solved in this proposition is the equivalent of finding the square 
root of this expression multiplied by p, or of 
p (kp + kp Ji = M), 
and of proving that the said square root represents a dinomial straight line 
as defined in x. 36. 


The geometrical method corresponds sufficiently closely to the algebraical 
one which we should use. 
First solve the equations 


w+u=kp 
uo M (cM } hice ke deta eG (1). 
Then, if u, v represent the straight lines so found, put 
x? = pu . 
— d ces ia: (2); 


and the straight line (x * y) is the square root required. 
The actual algebraical solution of (1) gives 


u—v=kp.d, 
so that u — b Ap(t € X), 
v= }kp(1—A), 


and therefore X-p. [eo +A), 
rv 
»- ouf — -À) 

and xey- ouf GM) oa E-A. 


This is clearly a binomial straight line as defined in X. 36. 

Since Euclid has to express his results by straight lines in his figure, and 
has no syinbols to make the result obvious by inspection, he is obliged to 
prove (1) that (x * y) is the square root of p(&p* £p M1 — À?), and (2) that 
(x + y) is a binomial straight line, in the following manner. 

First, he proves, by means of the preceding Lemma, that 


aya! pt JT sitet (3); 


therefore (x e yo x ey t axy 
= p (u + v) *2xy 
= hp? + kp! f 1 — X, by (1) and (3), 


so that x+y=Vplkp + kpvit — A’). 


120 BOOK X [X- 54. 55 


Secondly, it results from (1), [by x. 17], that 
u^ v, 
so that v, v are both ^ (u +v), and therefore ^ J dd (4); 
thus x, v are rational, 
whence pu, pv are both rational, and 
pu ^ pv. 

Therefore x’, y? are rational and commensurable ........................ (5). 

Next, kp v £p 1. — X, 
and 4p ^ u, while £p /1—X ^ 1p J1-X; 


therefore uv ikp Ji- N, 
whence pur Ap J1— MN, 
or xe ay, 
so that X v y. 
By this and (s), x, y are rational and ^—, so that (x4 y) is a binomial 
straight line. x. 36] 


X. 91 will prove in like manner that a like theorem holds for apotomes, 


viz. that x Dt 
—— +r) -p,/ É la-a) = Volp- dp 41 - X). 


Since the first binon:ial straight line and the first apotome are the roots of 
the equation 





x’ — 2kp . x + Mhp =o, 
this proposition and x. 91 give us the solution of the biquadratic equation 
x — 2Àph . x3 e fp = 0, 


PROPOSITION 55. 


Lf an area be contained by a rational straight line and the 
second binomial, the “side” of the area is the irrational straight 
line which ts called a first bimedial. 


For let the area ABCD be contained by the rational 
s straight line 42 and the second binomial 4D; 
I say that the “side” of the area 4C is a first bimedial straight 
line. 

For, since 4D is a second binomial straight line, let it be 
divided into its terms at Z, so that AZ is the greater term; 
10 therefore AZ, ED are rational straight lines commensurable 

in square only, 

the square on AZ is greater than the square on ED by the 
square on a straight line commensurable with AE, 

and the lesser term E is commensurable in length with 42. 


[x. Def. n. 2] 
15 Let £2 be bisected at F, 
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and let there be applied to AZ the rectangle AG, GE equal 
to the square on ZF and deficient by a square figure ; 
therefore AG is commensurable in length with GZ. [x. 17] 
Through G, Æ, F let GĦ, EK, FL be drawn parallel to 
2 AB, CD, 
let the square SM be constructed equal to the parallelogram 
AH, and the square VQ equal to GK, 
and let them be placed so that AZM is in a straight line with 
NO; 
35 therefore AN is also in a straight line with VP. 


R Q 
A GE F D w o 
8 HK L C 
S * 


Let the square SQ be completed. 

It is then manifest from what was proved before that MR 
is a mean proportional between SN, WQ and is equal to EZ, 
and that MO is the “side” of the area AC. 

jo — Itisnowto be proved that MO is a first bimedial straight line. 

Since A Æ is incommensurable in length with £2, 
while ED is commensurable with AB, 
therefore 744 E is incommensurable with 74 Z. [x. 13] 

And, since AG is commensurable with £G, 

3s AE is also commensurable with each of the straight lines 


AG, GE. [x. 15] 
But AE is incommensurable in length with 42 ; 
therefore AG, GE are also incommensurable with AZ. [x. 13] 


Therefore BA, AG and BA, GE are pairs of rational 
«o straight lines commensurable in square only ; 


so that each of the rectangles 4477, GK is mediai. [x. 21] 
Hence each of the squares SV, VQ is medial. 
Therefore MN, NO are also medial. 
And, since AG is commensurable in length with GZ, 
4s AH is also commensurable with GX, [v 1, x. 1r) 
that is, SN is commensurable with VQ, 
that is, the square on MAN with the square on VO. 
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And, since AZ is incommensurable in length with £2, 
while AZ is commensurable with 4G, 
so and ED is commensurable with EF, 
therefore AG is incommensurable with EZ; [x. 13] 
so that AA is also incommensurable with £Z, 
that is, SM is incommensurable with MR, 
that is, PV with VR, [vi 1, x. 11] 
ss that is, MA is incommensurable in length with WO. 


But MN, NO were proved to be both medial and com- 
mensurable in square ; 


therefore MN, NO are medial straight lires commensuradle 
in square only. 


é I say next that they also contain a rational rectangle. 
For, since DÆ is, by hypothesis, commensurable with each 
of the straight lines 4B, EF, 
therefore EF is also commensurable with ZX. 'x. 12] 
And each of them is rational ; 
65 therefore E, that is, /7R is rational, |X- 19] 
and MR is the rectangle MN, NO. 


But, if two medial straight lines commensurable in square 
only and containing a rational rectangle be added together, the 
whole is irrational and is called a first bimedial straight line. 

[x. 37] 
Jo Therefore MO is a first bimedial straight line. 
Q. E. D. 


Therefore BA, AG and BA, GE are pairs of rational straight lines com- 
mensurable in square only. The text has ‘‘ Therefore BA, AG, GE are rational straight 
lines commensurable in square only,” which I have altered because it would naturally convey 
the impression that any fwo of the three straight lines are commensurable in square only, 
whereas AG, GE are commensurable in length (l. 18), and it is only the other two pairs 
which are commensurable in square only. 


A second binomial straight line being [x. 49) of the form 


kp 
v1-AM 


the present proposition is equivalent to finding the sguare root of the expression 


e(t). 





+ hp, 
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As in the last proposition, Euclid finds v, v from the equations 


uv = th) 
then finds x, y from the equations 
x? = pu 
PE 2 ANA (2), 


and then proves (a) that 


rays ye (gth): 


and (B) that (x + y) is a first bimedial — line [x. 37]. 


The steps in the proof are as follows. 
For (a) reference to the corresponding part of the previous proposition 
suffices. 


(B) By (1) and x. 17, 











unv; 
therefore v, v are both rational and ~ (w+), and therefore ~ p [by (1)]...(3). 
Hence pu, pv, or x’, y*, are medial areas, 
so that x, y are also medial ............. sse ee (4). 
But, since u ^v, 


xh ucc docct se edito ded (s) 
Again (u +v), or LM A 
» Nr X , Ps 
so that uv lp, 
whence pu o ip, 
or x5 v xy, 
and (6). 


Thus [(4), (5), (6)] x, y are medial and ~. 
Lastly, xy = 14p*, which is rational. 

Therefore (x + y) is a first bimedial straight line. 
The actual straight lines obtained from (1) are 


r+2 


u=} —— k 
1 X P 

, 
— 








— 
so that x+y=p ( EE (3) 


The corresponding first s S) a medial straight line found in x. 92 
being the same thing with a menus sign between the terms, the two expressions 
are the roots of the biquadratic 


gi 2kp? 
NJI- A? 


being the equation in x* corresponding to that in x in X. 49. 





+, x He = % 
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PROPOSITION 56. 


Jf an area be contained by a rational straight line and the 
third binomial, the “side” of the area ts the irrational straight 
line called a second bimedial. 

For let the area ABCD be contained by the rational 
straight line 4B and the third binomial 4D divided into its 
terms at Æ, of which terms 4 Z is the greater ; 

I say that the ‘‘side” of the area AC is the irrational straight 
line called a second bimedial. 

For let the same construction be made as before. 


R Q 
A GE F D 
B HK t C 
8 


Now, since AD is a third binomial straight line, 
therefore AE, ED are rational straight lines commensurable 
in square only, 
the square on A Æ is greater than the square on ED by the 
square on a straight line commensurable with 4 E, 
and neither of the terms AZ, ED is commensurable in length 
with AB. (x. Deff. «1. 3] 

Then, in manner similar to the foregoing, we shall prove 
that MO is the “side” of the area AC, 
and MN, NO are medial straight lines commensurable in 
square only ; 
so that MO is bimedial. 


It is next to be proved that it is also a second bimedial 
straight line. 
Since DÆ is incommensurable in length with 42, that is, 
with EK, 
and DE is commensurable with EF, 
therefore EF is incommensurable in length with EX. (x. 13] 
And they are rational ; 
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therefore FE, EK are rational straight lines commensurable 
in square only. 


Therefore EZ, that is, MR, is medial. [x. 21] 
And it is contained by MN, NO; 
therefore the rectangle WN, NO is medial. 


Therefore MO is a second bimedial straight line. — [x. 38] 
Q. E. D. 


This proposition in like manner is the equivalent of finding the square 
190t of the product of p and the third binomial (x. 5o], i.e. of the expression 


p (JA. pt JA. p Jt —A?). 


u+v= k.p 
uv = 4p? (1 - A?) } 


As before, put 


Next, v, v being found, let 


x? = pu, 
Y= pv; 
then (x * y) is the square root required and is a second bimedial straight line. 


[x- 38] 
For, as in the last proposition, it is proved that (x +) is the square root, 
and x, y are medial and ~. 


Again, xy = 3 Jk. p Ji- A, which is medial. 
Hence (x + y) is a second bimedial straight line. 
By solving equations (1), we find 
u=z( k. p+A Jk. p) 
— (Jk. pd Jap), 


and ssyep fees e/a 


The corresponding second apotome of a medial found in x. 93 is the same 
thing with a minus sign between the terms, and the two are the roots (cf. note 
on X. §0) of the biquadratic equation 


xo —2 Sk. pix? + hpi =o, 


PROPOSITION 57. 


Jf an area be contained by a rational straight line and the 
fourth binomial, the “side” of the area is the irrational straight 
line called major. 


For let the area AC be contained by the rational straight 


line AB and the fourth binomial AD divided into its terms 
at Æ, of which terms let AZ be the greater ; 


I say that the “side” of the area AC is the irrational straight 
line called major. 
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For, since AD is a fourth binomial straight line, 
therefore 4Z, ED are rational straight lines commensurable 
in square only, 
the square on AZ is greater than the square on ED by the 
square on a straight line incommensurable with AZ, 
and AZ is commensurable in length with AB. — [x.Deff. i. 4] 

Let DE be bisected at F, 
and let there be applied to AZ a parallelogram, the rectangle 
AG, GE, equal to the square on EF; 
therefore AG is incommensurable in length with GE. [x. 18] 

Let GH, EK, FL be drawn parallel to AB, 
and let the rest of the construction be as before ; 
it is then manifest that MO is the “side” of the area 4C. 


R Q 
A GE F D 
EX a 
8 KL c 
8 P 
It is next to be proved that MO is the irrational straight 
line called major. 


Since AG is incommensurable with ZG, 
AH is also incommensurable with GØ, that is, SV with VQ; 


(vi. 1, x. 11) 
therefore MN, NO are incommensurable in square. 
And, since AZ is commensurable with 42, 
AK is rational ; (x. 19] 
and it is equal to the squares on MN, NO; 
therefore the sum of the squares on MN, NO is also rational. 
And, since DE is incommensurable in length with AB, 
that is, with EK, 
while DE is commensurable with £F, 
therefore EF is incommensurable in length with ZA. (x. 13] 
Therefore EX, EF are rational straight lines commen- 
surable in square only ; 
therefore LÆ, that is, MR, is medial. [x. 21] 
And it is contained by MN, NO; 
therefore the rectangle MN, NO is medial. 


x. 57] PROPOSITION 57 127 


And the [sum] of the squares on MN, NO is rational, 
and MN, NO are incommensurable in square. 


But, if two straight lines incommensurable in square and 
making the sum of the squares on them rational, but the 
rectangle contained by them medial, be added together, the 


whole is irrational and is called major. [x. 39] 
Therefore MO is the irrational straight line called major 
and is the “side” of the area AC. Q. E. D. 


The problem here is to find the square root of the expression (cf. x. 51] 


kp 
hp + M) 
P ( s VI+A 
The procedure is the same. 
Find s, v from the equations 








u +v = kp | 
bus (1), 
I+A 
and, if x’ = pu 
ae e. (2), 


(x+y) is the required square root. 


To prove that (x+y) is the mayor irrational straight line Euclid argues 
thus. 








By x. 18, Mv, 
therefore pu v po, 
or xv, 
so that Ny tu cer dee E epa (3). 
Now, since (u +v) ^p, 
(u +v) p, or (x + y?), is a rational area.................. (4). 
Lastly, zy =} M , which is a medial area... eese (s). 
VIFA 
Thus [(3), (4), (5)] (x * ») is a mayor irrational straight line. [x. 39] 


Actual solution gives 


u = Mp (s +/ 3). 
v= pp (1 ia, =). 
b sone re c) e (Ia) 


The corresponding square root found in x. 94 is the minor irrational 
straight line, the terms being separated by a minus sign, and the two straight 
lines are the roots (cf. note on x. 51) of the biquadratic equation 


xt- kp. $a ye - o. 
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PRoPosiTION 58. 


Jf an area be contained by a rational straight line and the 
Sifth binomial, the “side” of the area is the irrational straight 
line called the side of a rational plus a medial area. 


For let the area AC be contained by the rational straight 
line AB and the fifth binomial AD divided into its terms at 
£, so that AZ is the greater term ; 

I say that the “side” of the area AC is the irrational straight 
line called the side of a rational plus a medial area. 

For let the same construction be made as before shown; 
it is then manifest that MO is the “side” of the area AC. 


A GE F 0 R Q 
E d M N o 
B HK L c 

| 

S P 


It is then to be proved that MO is the side of a rational 


plus a medial area. 
For, since AG is incommensurable with SÆ, [x. 18] 


therefore 4A is also commensurable with HZ, — (vi t, x. 11) 
that is, the square on MAN with the square on NO ; 
therefore MN, NO are incommensurable in square. 

And, since 4D is a fifth binomial straight line, and ED 
the lesser segment, 


therefore ED is commensurable in length with 42. 
[x. Def. 11. 5) 


But A £ is incommensurable with £2 ; 
therefore AB is also incommensurable in length with AZ. 


[x. 13] 
Therefore AX, that is, the sum of the squares on MN, 
NO, is medial. [x. 21] 


And, since DÆ is commensurable in length with 42, that 
is, with EX, 
while DE is commensurable with EZ, 
therefore EF is also commensurable with EX. [x. 12] 
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And £4 is rational ; 
therefore EZ, that is, MR, that is, the rectangle WN, NO, is 
also rational. [x. 19] 

Therefore MN, NO are straight lines incommensurable 
in square which make the sum of the squares on them medial, 
but the rectangle contained by them rational. 

Therefore MO is the side of a rational plus a medial area 
[x. 40] and is the ‘‘side” of the area AC. 

Q. E. D. 


We have here to find the square root of the expression [cf. x. 52] 


p (p J/ 1 * A * &p). 
As usual, we put 


u+rv=kp 14A 
esq } ET M e (1). 
Then, v, v being found, we take 
2 — 
y = ex ) ous (2), 
and (x * y), so fouuu, 1s our required square root. 
Euclid's proof of the cass of (x * y) is as follows : 
By x. 18, uvv; 
therefore pu v p, 
so that xy, 
and DEI Yb ais ped Sais A HE ao Badal ence alts (3). 
Next ut+uckp 
“P 
whence p (u * v), or (x* & y?), isa medial area .................. (4). 
Lastly, xy = bhp’, which is a rational area ........... usus (s). 
Hence [(3), (4), (5)] (x * y) is the side of a rational plus a m — 
X. 40 


If we solve algebraically, we obtain 


w= Jian JN), 


v= ÉP (JTFÀ- JA), 


and x+y=p a CURES. 


The corresponding “side” found in x. 95 is a straight line which produces 
with a rational area a medial whole, being of the form (x — y), where x, y 
have the same values as above. 

The two square roots are (cf. note on x. 52) the roots of the biquadratic 
equation 


x4 — 2hp? Jr +d. 27+ dot =o. 
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PROPOSITION 59. 


Jf an arcea be contained by a rational straight line and the 
sixth binomial, the “side” of the area is the irrational straight 
line called the side of the sum of two medial areas. 


For let the area ABCD be contained by the rational 
straight line AZ and the sixth binomial AD, divided into its 
terms at Z, so that AZ is the greater term ; 


I say that the “side” of AC is the side of the sum of two 
medial areas. 


Let the same construction be made as before shown. 
A GE F D R aQ 


S P 


lt is then manifest that MO is the "side" of AC, and 
that MN is incommensurable in square with VO. 

Now, since £A is incommensurable in length with 42, 
therefore £4, AB are rational straight lines commensurable 
in square only ; 
therefore AA, that is, the sum of the squares on MN, NO, 


is medial. (x. 21] 
Again, since £D is incommensurable in length with 42, 
therefore ZZ is also incommensurable with EX; [x. 13] 


therefore FE, ZX are rational straight lines commensurable 
in square only ; 


therefore EZ, that is, MAR, that is, the rectangle MN, NO, is 


medial. [x. 21] 
And, since 7] E is incommeusurable with EZ, 
AK is also incommensurable with ZZ. [vi. c, x. 11] 


But AK is the sum of the squares on MN, NO, 
and ZZ is the rectangle 77N, NO ; 
therefore the sum of the squares on MN, NO is incommen- 
surable with the rectangle MN, VO. 

And each of them is medial, and MAN, NO are incom- 
mensurable in square. 
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Therefore MO is the side of the sum of two medial areas 
[x. 41], and is the “side” of AC. 
Q. E. D. 


Euclid here finds the square root of the expression (cf. x. 53] 


P (JA p JA. p). 


As usual, we solve the equations 


u+v= Jk.p ` 
ur pe ) (1); 
then, v, v being found, we put 
x= pu 
y — ) (2), 


and (x * y) is the square root required. 

Euclid proves that (x + y) is the side of (the sum of) two medial areas, as 
follows. 
_ As in the last two propositions, x, y are proved to be incommensurable 
in square. 

Now /&. p, p are commensurable in square only ; 


therefore p (« * v), or (x* * y), is a medial area Lise (3). 
Next, xy =} JA. p, which is again a medial area 0.0... (4). 
Lastly, Jk. pv i JA.p, 

so that JE. p ol A. p 

that is, (x? y) v xy sss MM es (5). 


Hence ((3), (4), (s)] (x + y) is the side of the sum of two medial areas. 
Solving the equations algebraically, we have 


u =Ê (J+ JE- A), 
v =Ê (Jk-Jk-N), 
and xey-pVi(Jh * VE-À) « pM A (J&— JA - X). 


The corresponding square root found in x. 96 is x — y, where x, y are the 


same as here. 
The two square roots are (cf. note on X. 53) the roots of the biquadratic 


equation 





x'—2 Jk. pix? + (k- A) pt=o. 


[ Lemma. 


If a straight line be cut into unequal parts, the squares 
on the unequal parts are greater 
than twice the rectangle con- fo 
tained by the unequal parts. 

Let ABZ be a straight line, and let it be cut into unequal 
parts at C, and lct AC be the greater ; 
I say that the squares on AC, CB are greater than twice the 
rectangle AC, CB. 


132 BOOK X (Lemma, x. 60 


For let AB be bisected at D. 

Since then a straight line has been cut into equal parts 
at D, and into unequal parts at C, 
therefore the rectangle AC, CB together with the square on 
CD is equal to the square on 4D, [u. 5] 
so that the rectangle AC, CB is less than the square on 4D; 
therefore twice the rectangle AC, CB is less than double of 
the square on AD. 

But the squares on AC, CB are double of the squares on 
AD, DC; [11. 9] 
therefore the squares on AC, CB# are greater than twice the 
rectangle 4C, CB. 

Q. E. D.] 


We have already remarked (note on x. 44) that the Lemma here proving 
that 
x54 y!» 2xy 
can hardly be genuine, since the result is used in x. 44. 


PnoPosiTIoN 60. 


The square on the binomial straight line applied to a 
rational straight line produces as breadth the first binomial. 

Let AB be a binomial straight line divided into its terms 
at C, so that AC is the greater term; 
let a rational straight line DE be 
set out, 
and let DEFG equal to the square 
on AB be applied to DE producing 
DG as its breadth ; 

I say that DG is a first binomial 
straight line. 

For let there be applied to DE the rectangle DH equal 
to the square on AC, and AZ equal to the square on BC; 
therefore the remainder, twice the rectangle AC, CB, is equal 
to MF. 

Let MG be bisected at A, and let VO be drawn parallel 
[to ML or GF]. 

Therefore each of the rectangles MO, NF is equal to 
once the rectangle AC, CB. 

Now, since 48 is a binomial divided into its terms at C, 


D K M N G 
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therefore 4C, CB are rational straight lines commensurable 
in square only ; [x. 36] 
therefore the squares on 4C, CB are rational and commen- 
surable with one another, 

so that the sum of the squares or 4C, CB is also rational. 


dre [x. 15] 
And it is equal to DZ ; 


therefore DZ is rational. 

And it is applied to the rational straight line DZ ; 
therefore DM is rational and commensurabie in length with 
DE. (x. 20] 

Again, since ÆC, CB are rational straight lines commen- 
surable in square only, 
therefore twice the rectangle 4C, CB, that is MA, is medial. 


[x. 21] 
And it is applied to the rational straight line MZ ; 


therefore MG is also rational and incommensurable in length 

with ML, that is, DE. [x. 22] 
But MD is also rational and is commensurable in length 

with DE ; 

therefore DM is incommensurable in length with 7G. [x. 13] 
And they are rational ; 

therefore DM, MG are rational straight lines commensurable 

in square only ; 

therefore DG is binomial. [x. 36] 


It is next to be proved that it is also a first binomial 
straight line. 

Since the rectangle 4C, CB is a mean proportional between 
the squares on AC, CB, [cf. Lemma after x. 53] 
therefore MO is also a mean proportional between DH, KL. 

Therefore, as DH is to MO, so is MO to KL, 


that is, as DK is to MN, so is MN to MK; [vi. 1] 
therefore the rectangle DX, KM is equal to the square 
on MN. (vi. 17] 


And, since the square on AC is commensurable with the 


square on CZ, 
DH is also commensurable with KZ, 
so that DØ is also commensurable with KM. [ve 1, x. 11] 
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And, since the squares on AC, CB are greater than twice 


the rectangle AC, CB, [Lemma] 
therefore DZ is also greater than MA, 
so that DM is also greater than MG. (vi. 1] 


And the rectangle DX, KM is equal to the square on 
MN, that is, to the fourth part of the square on MG, 


and DX is commensurable with XM. 


But, if there be two unequal straight lines, and to the greater 
there be applied a parallelogram equal to the fourth part of 
the square on the less and deficient by a square figure, and 
if it divide it into commensurable parts, the square on the 
greater is greater than the square on the less by the square 
on a straight line commensurable with the greater ; [x. 17] 


therefore the square on DM is greater than the square on 
MG by the square on a straight line commensurable with DM. 


And DM, MG are rational, 


and DM, which is the greater term, is commensurable in length 
with the rational straight line DZ set out. 


Therefore DG is a first binomial straight line. (x. Def. u. 1] 
Q. E. D. 


In the hexad of propositions beginning with this we have the solution of 
the converse problem to that of x. 54—59. We find the sguares of the 
irrational straight lines of x. 36—41 and prove that they are respectively equal 
to the rectangles contained by a rational straight line and the first, second, 
third, fourth, fifth and sixth binomials. 

In x. 60 we prove that, p + J£. p being a binomial straight line (x. 36], 

(e * JA. py 
Cc 
is a first binomial straight line, and we find it geometrically. 
The procedure may be represented thus. 
Take x, y, z such that 
ox = p 
oy = Ap 
o.22=2/k. p’, 
p°, kp’ being of course the squares on the terms of the original binomial, 
and 2 J4 . p! twice the rectangle contained by them. 


Then (**y)*2z- EFE 


and we have to prove that (x + y) + 22 is a first binomial straight line of which 
(x +y), 2z are the terms and (x+ y) the greater. 

Euclid divides the proof into two parts, showing first that (x + y) + 22 is 
some binomial, and secondly that it is the 47s/ binomial. 
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(a) pœ J.p, so that p°, &p* are rational and commensurable ; 

therefore p*- kp’, or g (x +y), is a rational area, 

whence (x +y) is rational and ^ € 0... sss (7). 
Next, 2p. J£. p is a medial area, 

so that ø . 27 is a medial area, 


whence 22 is rational but Va sss se (2). 
Hence [(1), (2)) (* * »), 22 are rational and commensurable in square 

Dl xp E TAS (3); 

thus (x + y) + 22 is a binomial straight line. [x. 36] 

(6) Pri Jk. p= Jk. ps hp’, 

so that OX :02=02 : oy, 

and Nig=2:y, 

or yee (22) Ga So Tm (4). 


Now p?, £p? are commensurable, so that «x, ry are commensurable, and 
thereforc 


Ae RE eet (5) 
And, since [Lemma] p? + kP > 2 Jk. ø, 
X ya 
2 * 
But (x + y) is given, being equal to (6). 
o 
Therefore [(4), (5), (6), and x. «7] J(x * y) - (zz ^ (x + y). 


And (x +y) 2 22 2 rational and ~ [(3)], 


while (x +y) ^ « ((1)]. 
Hence (x + y) + 2z is a first binomial. 
The actual value of (x + y) + 2z is, of course, 


P A * 2 JA). 


PnoposiTION 61. 


The square on the first bimedial straight line applied to a 
rational straight line produces as breadth the second binomial. 


Let AB be a first bimedial straight line divided into its 
medials at C, of which medials AC 
is the greater ; 


é . x D. KM N G 
let a rational straight line DÆ be set 
out, 
and let there be applied to VE the 
parallelogram DF equal to the square 
on AB, producing DG as its breadth; € HL O F 


I say that DG is a second binomial A c B 
straight line. 


For let the same construction as before be made. 
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Then, since AF is a first bimedial divided at C, 
therefore AC, CB are medial straight lines commensurable in 


square only, and containing a rational rectangle, (x. 37] 
so that the squares on AC, CB are also medial. [x. 21] 
Therefore DZ is medial. (x. 15 and 23, Por.] 


And it has been applied to the rational straight line DE ; 
therefore MD is rational and incommensurable in length 
with DE. [x. 22] 

Again, since twice the rectangle AC, CB is rational, M/F is 
also rational. 

And it is applied to the rational straight line AZZ ; 
therefore MG is also rational and commensurable in length 
with 77L, that is, DE ; [x. 29] 
therefore DM is incommensurable in length with MG. (x. 13] 

And they are rational ; 
therefore DM, MG are rational straight lines commensurable 
in square only ; 
therefore DG is binomial. [x. 36] 


It is next to be proved that it is also a second binomial 
straight line. 
For, since the squares on 4C, CB are greater than twice 
the rectangle AC, CB, 
therefore DZ is also greater than MF, 
so that DM is also greater than MG. [vi. 1 
And, since the square on AC is commensurable with the 
square on CB, 
DH is also commensurable with XZ, 
so that DØ is also commensurable with XM. [vi. 1, x. 11] 
And the rectangle DX, XM is equal to the square on MAN; 
therefore the square on DM is greater than the square on 
MG by the square on a straight line commensurable with DM. 


X. 
And MG is commensurable in length with DÆ. — 


Therefore DG is a second binomial straight line. (x. Def. 1. 2] 


In this case we have to prove that, (Ap + Ap) being a first bimedial 
straight line, as found in x. 37, 
(£p « py 
g 
is a second binomial straight line. 
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The form of the proposition and the figure being similar to those of x. 6o, 
I can somewhat abbreviate the reproduction of the proof. 


Take x, y, 2 such that 
ox = ki 5 
oy = Aig’, 
@.2z= 2kp’. 
Then shall (x + y) * 2z be a second binomial. 
(a) hp, Alp. are medial straight lines commensurable in square only and 
containing a rational rectangle. [x. 37] 
The squares Ap, hip! are medial ; 
thus the sum, or c (x + y), is medial. (x. 23, Por.) 
Therefore (x + y) is rational and v c. 
And ec . 22 is rational ; 


therefore 2z is rational and ........... suus (T) 
Therefore (x * y), 2z are rational and ^— .......... sse (2), 
so that (x * y) * 2z is a Óinomial. 
(B) As before, (x +y) > 22. 
Now, kip, dp being commensurable, 
X ^y. 
And xy =z, 
$424 big? 
while sey PERPE. 
Hence (x. 17] J(x *»y - (2zn ^ (x y) «sm (3). 


But 2z ^ c, by (r1). 
Therefore ((1), (2), (3)] (x * y) * 22 is a second binomial straight line. 


Of course (x + y) + a= a(t +h) + 2k}. 


PROPOSITION 62. 

The square on the second bimedial straight line applied to 
a rational straight line produces as breadth the third binomial. 

Let AB be a second bimedial straight line divided into 
its medials at C, so that AC is the 
greater segment ; D KoM — 
let DE be any rational straight line, 
and to DE let there be applied the 
parallelogram DF equal to the square 
on AB and producing DG as its ¢ Wi o F 
breadth ; —— 
I say that DG is a third binomial 
straight line. 

Let the same construction be made as before shown. 
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Then, since 74 Z is a second bimedial divided at C, 
therefore 4C, CB are medial straight lines commensurable in 
square only and containing a medial rectangle, [x. 38) 


so that the sum of the squares on 4C, CB is also medial. 


[x. 15 and 23 Por.] 
And it is equal to 2Z ; 


therefore DZ is also medial. 

And it is applied to the rational straight line DE ; 
therefore 772 is also rational and incommensurable in length 
with DE. (x. 22] 

For the same reason, 

MG is also rational and incommensurable in length with ML, 
that is, with DE; 

therefore each of the straight lines DZ, MG is rational and 
incommensurable in length with DZ. 

And, since AC is incommensurable in length with CP, 
and, as 4C is to CB, so is the square on AC to the rectangle 
AC, CB, 


therefore the square on AC is also incommensurable with the 


rectangle AC, CB. [x. 11] 
Hence the sum of the squares on AC, CB is incommen- 
surable with twice the rectangle A4C,' CZ, (x. 12, 13] 


that is DZ is incommensurable with MF, 

so that DM is also incommensurable with MG. — [vi. 1, x. 11] 
And they are rational ; 

therefore DG is binomial. [x. 36] 


Itis to be proved that it is also a third binomial straight line. 

In manner similar to the foregoing we may conclude that 
DM is greater than MG, 
and that DX is commensurable with XM. 

And the rectangle DX, XM is equal to the square on 
MN; 
therefore the square on DM is greater than the square on 
MG by the square on a straight line commensurable with 
DM. 

And neither of the straight lines DM, MG is commen- 
surable in length with DA. 

Therefore DG is a third binomial straight line. [x. Deff. i. 3] 

Q. E. D. 
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We have to prove that [cf. x. 38] 


: des ey 
c At 
is a third binomial straight line. 
Take x, y, z such that 
ox = kip, 
Ap 
y = p , 


c .22- 2 JA. p. 


4 
(a) Now At, `? are medial straight lines commensurable in square only 
k 


and containing a medial rectangle. [x. 38] 
The sum of the squares on them, or ø (x + y), is medial ; 
therefore (x + y) is rational and v o osse . (0). 
And e . 2z being medial also, 
22 is rational and o 6 sss (2). 
ad M 
N kto: CP (kto): kp. P 
ov P H (&*p) P B 
= 0x: 02, 


whence ox v cz. 


) 
But (py ^ Goy * C» or ex ^a (x * y), and ez^ oc .2z; 


therefore o(x+y)va. 22, 
or (x (3). 
Hence [(t), (2), (3)] (x +.y) + 22 is a binomial straight line............ (4). 
(8) As before, (x + y) > 22, 
and X ^y. 
Also xy = 2, 


Therefore [x. 17] V(x +)? — (22)! ^ (x + y). 
And [(1), (2)] neither (x 4 y) nor zz is ^ ov. 
Therefore (a + y) + 22 is a third binomial straight line. 


p p k+ 
Obviously (x+y) +22= s Ux *2 ^) 


PROPOSITION 63. 
The square on the major straight line applied to a rational 
straight line produces as breadth the fourth binomial. 
Let AB be a major straight line divided at C, so that AC 
is greater than CZ ; 
let DE be a rational straight line, 
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and to DE let there be applied the parallelogram DF equal 
to the square on 4B and producing DG as its breadth ; 
I say that DG is a fourth binomial 
straight line. D KM N Q 
Let the same construction be 
made as before shown. 
Then, since AB is a major 
straight line divided at C, 
AC, CB are straight lines incom- a 
mensurable in nue which make ^ ce 
the sum of the squares on them 
rational, but the rectangle contained by them medial. — (x. 39] 
Since then the sum of the squares on AC, CB is rational, 
therefore DZ is rational ; 
therefore DM is also rational and commensurable in length 
with DE. fx. 20] 
Again, since twice the rectangle AC, CB, that is, M/F, is 
medial, 
and it is applied to the rational straight line MZ, 
therefore MG is also rational and incommensurable in length 
with DE; (x. 22] 
therefore DM is also incommensurable in length with MG. 
[x. 13] 
Therefore DM, MG are rational straight lines commen- 
surable in square only ; 
therefore DG is binomial. [x. 36] 


Itis to beproved that itis also a fourth binomial straight line. 
In manner similar to the foregoing we can prove that 
DM is greater than MG, 
and that the rectangle DX, KM is equal to the square on MN. 
Since then the square on AC is incommensurable with the 
square on CB, 
therefore DH is also incommensurable with XZ, 
so that DX is also incommensurable with XM. [vi 1, x. 11] 
But, if there be two unequal straight lines, and to the 
greater there be applied a parallelogram equal to the fourth 
part of the square on the less and deficient by a square 
figure, and if it divide it into incommensurable parts, then the 
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square on the greater will be greater than the square on the 
less by the square on a straight line incommensurable in 
length with the greater ; [x. 18] 
therefore the square on DM is greater than the square on 
MG by the square on a Straight line incommensurable with 


DM. 


And DM, MG are rational straight lines commensurable 
in square only, 


and DM is commensurable with the rational straight line DE 
set out. 


Therefore DG is a fourth binomial straight line. [x. Deff. 11. 4] 


Q. E. D. 
We Fave to prove that [cf. x. 39] 


Lm eue) 


is a fourth binomial straight line. 
For brevity we must call this expression 


I 
z (u + vy. 
Take x, y, z such that 
ox =u? 
oy =1° | r 
T. 272= 24v 


wherein it has to be remembered [x. 39] that z, v are incommensurable in 
square, (x? + v?) is rational, and wy ts medial. 


(a) (uw? +), and therefore ø (x + y), is rational ; 


therefore (x + y) is rational and 0 € ...... sss (1). 
2uv, and therefore ø. 2z, is medial ; 

therefore 2z is rational and v 0 c (2). 
Thus (x * y), 22 are rational and ^. sss (3), 

so that (x + y) + 2z is a binomial straight line. 

(B) As before, : Xxty22, 

and xy =z. 


Now, since # vu 0, 
ex » Gy, or X v y. 
Hence [x. 18] N (x * yy - (2z)! v (x y). en (4). 
And (x * y) ^ e, by (1). 
Therefore ((3), (4)] (x * ») * 22 is a fourth binomial straight line. 





co 


x p 1 
It is of course = {x + a: 
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PROPOSITION 64. 


The square on the side of a rational plus a medial area 
applied to a rational straight line produces as breadth the fifth 
binomial. 

Let AB be the side of a rational plus a medial area, 
divided into its straight lines at C, 
so that AC is the greater ; D KM N Q 
let a rational straight line D be set 
out, 
and let there be applied to DE the 
parallelogram DF equal to the square 
on AB, producing DG as its breadth; E a 
I say that DG is a fifth binomial 
straight line. 

Let the same construction as before be made. 

Since then AB is the side of a rational plus a medial 
area, divided at C, 
therefore AC, CZ are straight lines incommensurable in square 
_ which make the sum of the squares on them medial, but the 

rectangle contained by them rational. [x. 40] 

Since then the sum of the squares on AC, CB is medial, 
therefore DZ is medial, 
so that DM is rational and incommensurable in length with 
DE. [x. 22] 

Again, since twice the rectangle AC, CB, that is MAF, is 
rational, 
therefore MG is rational and commensurable with DÆ. [x. 20] 

Therefore DM is incommensurable with MG ; [x. 13) 
therefore DM, MG are rational straight lines commensurable 
in square only ; 
therefore DG is binomial. [x. 36] 


I say next that it is also a fifth binomial straight line. 

For it can be proved similarly that the rectangle DK, KAZ 
is equal to the square on MN, 
and that DX is incommensurable in length with KM ; 
therefore the square on DM is greater than the square on MG 


by the square on a straight line incommensurable with DM. 
[x. 18] 
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And DA, MG are commensurable in square only, and the 
less, MG, is commensurable in length with DZ. 
Therefore DG is a fifth binomial. 


To prove that [cf. x. 40] 
wp ge Vee eke e P p Vea 
ZEE drive n 
is a fifth binomial straight line. 
For brevity denote it by - (u + vý, and put 


ox =: 10, 
cy - 7) 
T. 22 = 2up. 
Remembering that (x. 40] z' » 7, (s? +1?) is medial, and 2uv is rational, 
we proceed thus. 


(a) c(x*y)is medial ; 


therefore (x +) is rational and Ua... ee (1). 
Next, o . 2z is rational ; 
therefore 22 is rational and 2 G. .. ... ........ .. .... ..... (2). 
Thus (x +), 22 are rational and ~ 00.0... ee. (3), 
so that (x + y) + 2z is a binomial straight line. 
(B) As before, Xy 22, 
xy = 2°, 
and Ruy. 
Therefore [x. 18] J(x *»y - (22 o (x y) ce (4). 
Hence ((2), (3), (4)] (« +) + 22 is a fifth binomial straight line. 


c 
ola +k 


It is of course 


PROPOSITION 65. 


The square on the side of the sum of two medial areas 
applied to a rational straight line produces as breadth the 
sixth binomial. 


Let AB be the side of the sum of two medial areas, 
divided at C, 


let DE be a rational straight line, 


and let there be applied to D the parallelogram DF equal 
to the square on AB, producing DG as its breadth ; 
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I say that DG is a sixth binomial straight line. 


For let the same construction be made as before. 
Then, since AB is the side of 
the sum of two medial areas, divided A 

at C, 


therefore 4C, CZ are straight lines 
incommensurable in square which 
make the sum of the squares on 


them medial, the rectangle contained € HL F 
by them medial, and moreover the A C 8 
sum of the squares on them incom- 

mensurable with the rectangle contained by them, (x. 41] 


so that, in accordance with what was before proved, each of 
the rectangles DL, MF is medial. 


And they are applied to the rational straight line DE ; 


therefore each of the straight lines DMZ, MG is rational and 

incommensurable in length with DÆ. [x. 22] 
And, since the sum of the squares on 4C, CB is incom- 

mensurable with twice the rectangle AC, CB, 

therefore DZ is incommensurable with MEF. 


Therefore OM is also incommensurable with MG ; 
[vi. 1, x. 11] 
therefore DM, MG are rational straight lines commensurable 
in square only ; 


therefore DG is binomial. [x. 36] 


I say next that it is also a sixth binomial straight line. 
Similarly again we can prove that the rectangle DK, KM 
is equal to the square on MA, 


and that DØ is incommensurable in length with KM; 
and, for the same reason, the square on DM is greater than 


the square on MG by the square on a straight line incom- 
mensurable in length with DM. - 


And neither of the straight lines DM, MG is commen- 
surable in length with the rational straight line DE set out. 
Therefore DG is a sixth binomial straight line. 


Q. E. D. 
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To prove that [cf. x. 41] 


1 os f. me [st 
— 


is a sixth binomial M line. 





Denote it by = (u + v`’, and put 


ox = uw, 
ay =v, 
"c .22- 2KV. 


Now, by X. 4r, :$? o v (iP * w) is medial, 24» is medial, and 
(W +1) v zuv. 


(a) In this case ø (x * y) is medial ; 





therefore (x +y) is rational and v © i (1). 
In like manner, 2z is rational and v o .. .... ..................... (2). 
And, since ø (x + y) [v ø. 2z, 

(Xt y): rin ea i ans (3). 
Therefore (x + y) + 2z is a binomial straight line. 
(B) As before, x+y > 22, 
ay = 27, 
EV; 

therefore [x. 18] N(x €» - (22? o (x &y) cR (4). 

Hence [(1), (2), (3), (4)) (x + y) + 22 is a sixth binomial straight line. 
x : P JA 
It is obviously m (^ + s d 


PnorosiTIoN 66. 


A straight line commensurable in length with a binomial 
straight line is itself also binomial and the same in order. 


Let AB be binomial, and let CD be commensurable in 
length with 4B; 





c 





D 


I say that CD is binomial and the same in order with 42. 
For, since AZ is binomial, 

let it be divided into its terms at Æ, 

and let AZ be the greater term ; 
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therefore Af, EB are rational straight lines commensurable 


in square only. (x. 36] 
Let it be contrived that, 

as AB is to CD, so is AE to CF; [vi. 12] 

therefore also the remainder EZ is to the remainder FD as 

AB is to CD. (v. 19] 


But AZ is commensurable in length with CD; 

therefore 4£ is also commensurable with CF, and EB with 
] [x. 11] 
And AZ, EB are rational ; 

therefore CF, FD are also rational. 


And, as AE£ is to CF, so is EB to FD. [v. 11] 
Therefore, alternately, as AZ is to EB, so is CF to FD. 
[v. 16] 


But AZ, EB are commensurable in square only ; 
therefore CF, FD are also commensurable in square only. 


[x. 11] 


And they are rational ; 
therefore CD is binomial. [x. 36] 


I say next that it is the same in order with AB. 

For the square on AZ is greater than the square on LB 
either by the square on a straight line commensurable with 
AE or by the square on a straight line incommensurable 
with it. 

If then the square on 4& is greater than the square on 
£E B by the square on a straight line commensurable with 4 Æ, 
the square on CF will also be greater than the square on FD 
by the square on a straight line commensurable with CF. 

[x. 14] 

And, if AZ is commensurable with the rational straight 
line set out, CF will also be commensurable with it, [x. 12] 
and for this reason each of the straight lines AB, CD is a 
first binomial, that is, the same in order. [x. Deff. u. 1] 

But, if EZ is commensurable with the rational straight line 
set out, FD is also commensurable with it, [x. 12] 
and for this reason again C2 will be the same in order with 
AB, 
for each of them will be a second binomial. (x. Deff. u. 2] 
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But, if neither of the straight lines 4Z, EB is commen- 
surable with the rational straight line set out, neither of the 
straight lines CF, FD will be commensurable with it, (x. :3] 
and each of the straight lines 42, CD is a third binomial. 

[x. Deff. 1. 3] 

But, if the square on AZ is greater than the square on 
EB by the square on a straight line incommensurable with 
the square on CF is also greater than the square on FD by 
the square on a straight line incommensurable with CF. [x. 14] 

And, if AZ is commensurable with the rational straight 
line set out, CF is also commensurable with it, 
and each of the straight lines 48, CD is a fourth binomial. 

[x. Deff. 11. 4] 

But, if EZ is so commensurable, so is FD also, 

and each of the straight lines 42, CD will be a fifth binomial. 
(x. Deff. 1. 5] 

But, if neither of the straight lines AZ, EB is so com- 
mensurable, neither of the straight lines CF, FD is commen- 
surable with the rational straight line set out, 
and each of the straight lines 4 Z, CD will be a sixth binomial. 

[x. Def. ui. 6] 

Hence a straight line commensurable in length with a 

binomial straight line is binomial and the same in order. 
Q. E. D. 


The proofs of this and the following propositions up to x. 70 inclusive are 
easy and require no elucidation. They are equivalent to saying that, if in each 


sre tu ts ; me . : x 
of the preceding irrational straight lines PLE substituted for p, the resulting 


irrational is of the same kind as that from which it is altered. 


PRoPosiTION 67. 
A straight line commensurable in length with a bimedial 
straight line ts itself also btmedial and the same in order. 


Let ABZ be bimedial, and let CD be commensurable in 
length with AB; 


I say that CD is bimedial and the same — — 
in order with AZ. \ | f 0 


For, since AB is bimedial, 
let it be divided into its medials at £ ; 
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therefore AZ, EB are medial straight lines commensurable 

in square only. [x- 37, 38] 
And let it be contrived that, 

as AB is to CD, so is AE to CF; 


therefore also the remainder EA is to the remainder FD as 
AB is to CD. [v. 19] 


But AB is commensurable in length with CD ; 
therefore AZ, £7 are also commensurable with CF, FD 


respectively. [x- 11] 
But AZ, EP are medial ; 

therefore CF, FD are also medial. [x. 23] 
And since, as AZ is to EB, so is CF to FD, [v. 11] 

and AZ, EB are commensurable in square only, 

CF, FD are also commensurable in square only. [x. 11] 


But they were also proved medial ; 
therefore C2 is bimedial. 


I say next that it is also the same in order with AB. 
For since, as AZ is to EB, so is CF to FD, 


therefore also, as the square on AZ is to the rectangle AZ, 
EB, so is the square on CF to the rectangle CF, FD ; 


therefore, alternately, 


as the square on AZ is to the square on CF, so is the rect- 
angle AZ, EB to the rectangle CF, FD. [v. 16] 


But the square on AZ is commensurable with the square 
on CF; 


therefore the rectangle 4Z, ÆB is also commensurable with 
the rectangle CF, FD. 


If therefore the rectangle 44, £7 is rational, 
the rectangle CF, FD is also rational, 


[and for this reason CD is a first bimedial] ; [x. 37] 
but if medial, medial, [x. 23, Por.] 
and each of the straight lines 42, CD is a second — 

X. 38 


And for this reason CD will be the same in order with AZ. 
Q. E. D. 
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Proposition 68. 


A straight line commensurable with a major straight 
line is itself also major. 

Let AB be major, and let CD be commensurable with A B; 
I say that CD is major. 

Let AB be divided at £; A 
therefore AZ, EB are straight lines incommensur- c 
able in square which make the sum of the squares œ 
on them rational, but the rectangle contained by 
them medial. [x. 39] eo 

Let the same construction be made as before. 

Then since, as AB is to CD, so is AE to CF, and EB 
to FD, 
therefore also, as A Æ is to CF, so is EB to FD. (v. 11] 

But A B is commensurable with CD ; 


therefore AE, EB are also commensurable with CF, FD 
respectively. [x. 11] 


And since, as AZ is to CF, so is EB to FD, 
alternately also, 


as AE is to EB, so is CF to FD; [v. 16] 
therefore also, componendo, 

as AB isto BE, so is CD to DF; [v. 18] 
therefore also, as the square on AZ is to the square on BE, 
so is the square on CD to the square on DF, [vi. 20] 


Similarly we can prove that, as the square on AB is to 
the square on AZ, so also is the square on CD to the square 
on CF. 

Therefore also, as the square on AZ is to the squares on 
AE, EB, so is the square on CD to the squares on CF. FD ; 
therefore also, alternately, 
as the square on AB is to the square on CZ, so are the 
squares on AZ, £P to the squares on CF, FD. [v. 16] 

But the square on 4B is commensurable with the square 
on CD; 
therefore the squares on AZ, EB are also commensurable 
with the squares on CF, FD. 
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And the squares on AZ, EB together are rational ; 
therefore the squares on CF, FD together are rational. 
“ Similarly also twice the rectangle AZ, EB is commen- 
surable with twice the rectangle CF, FD. 
And twice the rectangle AZ, ZZ is medial ; 


therefore twice the rectangle CF, FD is also medial. 
[x. 23, Por.] 


Therefore CF, FD are straight lines incommensurable in 
square which make, at the same time, the sum of the squares 
on them rational, but the rectangle contained by them medial; 
therefore the whole C2 is the irrational straight line called 
major. [x- 39] 

Therefore a straight line commensurable with the major 


straight line is major. 
Q. E. D. 


PRorosiTION 69. 

A straight line commensurable with the side of a rational 
plus a medial area is itself also the side of a rational plus a 
medial area. 

Let AB be the side of a rational plus a medial area, 
and let CD be commensurable with 42; 
it is to be proved that CD is also the side of a a 
rational plus a medial area. 


Let AZ be divided into its straight lines at Æ; a 
therefore AE, EB are straight lines incommensur- 
able in square which make the sum of the squares € 
on them medial, but the rectangle contained by them f 
B! D 


rational. [x. 40] 
Let the same construction be made as before. 
We can then prove similarly that 

CF, FD are incommensurable in square, 

and the sum of the squares on AZ, EB is commensurable 

with the sum of the squares on CF, FD, 

and the rectangle 44 £, £7 with the rectangle CF, FD; 

so that the sum of the squares on CF, FD is also medial, and 

the rectangle CF, FD rational. 


Therefore CD is the side of a rational plus a medial area. 
Q. E. D. 
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PROPOSITION 70. 


A straight line commensurable with the side of the sum 
of two medial areas ts the side of the sum of two medial areas. 
Let AB be the side of the sum of two medial areas, and 
CD commensurable with 4B; 
it is to be proved that C2 is also the side of the A 
sum of two medial areas. 
For, since AB is the side of the sum of two 
medial areas, 
let it be divided into its straight lines at Æ ; 
therefore AZ, EZ are straight lines incommensur- Ü 
able in square which make the sum of the squares  & 
on them medial, the rectangle contained by them 
medial, and furthermore the sum of the squares on AZ, EB 
incommensurable with the rectangle A&E, £B. [x. 41] 
Let the same construction be made as before. 
We can then prove similarly that 
CF, FD are also incommensurable in square, 
the sum of the squares on AE, EB is commensurable with 
the sum of the squares on CF, FD, 
and the rectangle A E, EP with the rectangle CF, FD; 
so that the sum of the squares on CZ, FD is also medial, 
the rectangle CF, FD is medial, 
and moreover the sum of the squares on CF, FD is incom- 
mensurable with the rectangle CF, FD. 
Therefore CD is the side of the sum of two medial areas. 
Q. E. D. 


o 


PROPOSITION 71. 


Jf a rational and a medial area be added together, four 
irrational straight lines arise, namely a binomial or a first 
bimedial or a major or a side of a rational plus a medial 
area. 

Let. AB be rational, and CD medial ; 

I say that the “side” of the area 4D is a binomial or a first 
bimedial or a major or a side of a rational plus a medial 
area. 
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For 1Z is either greater or less than CZ. 

First, let it be greater ; 
let a rational straight line E be set out, 
let there be applied to EF the rectangle EG equal to AB, 
producing £77 as breadth, 
and let 77/, equal to DC, be applied to EF, producing HK 
as breadth, 

A c 


r 


B 


Then, since AZ is rational and is equal to EG, 
therefore EG is also rational. 

And it has been applied to EF, producing £77 as breadth; 
therefore £77 is rational and commensurable in length with 
EF. [x. 20] 

Again, since CD is medial and is equal to 777, 
thercfore 77/ is also medial. 


And it is applied to the rational straight line EZ, pro- 
ducing /ZK as breadth ; 


therefore 77A is rational and incommensurable in length 
with EF [x. 22] 


And, since CD is medial, 
while AZ is rational, 
therefore AB is incommensurable with CD, 
so that ÆG is also incommensurable with 777. 
But, as ÆG is to H/, sois EH to HK; [v 1) 
therefore ÆH is also incommensurable in length with 77K. 


(x. 11] 
And both are rational ; 


therefore EH, HK are rational straight lines commensurable 
in square only ; 


therefore EX is a binomial straight line, divided at A. [x. 36] 
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And, since AB is greater than CD, 
while 47 is equal to EG and C2 to 777, 
therefore ÆG is also greater than HZ; 
therefore EF is also greater than HX. 


The square, then, on ÆÆ is greater than the square on 
HK either by the square on a straight line commensurable 
in length with EH or by the square on a straight line in- 
commensurable with it. 

First, let the square on it be greater by the square on a 
straight line commensurable with itself. 

Now the greater straight line ZÆ is commensurable in 
length with the rational straight line EF sct out ; 
therefore EX is a first binomial. (x. Deff. ir. 1] 

But £F is rational ; 
and, if an area be contained by a rational straight line and the 
first binomial, the side of the square equal to the area is 
binomial. [x. 54] 

Therefore the "side" of Æ/ is binomial ; 
so that the ‘‘side” of AD is also binomial. 


Next, let the square on EH be greater than the square 
on /7K by the square on a straight line incommensurable 
with £7. 

Now the greater straight line E77 is commensurable in 
length with the rational straight line EF set out; 
therefore EX is a fourth binomial. [x. Def. 1. 4] 

But EF is rational ; 
and, if an area be contained by a rational straight line and the 
fourth binomial, the "side" of the area is the irrational straight 
line called major. (x. 57] 

Therefore the "side" of the area £7 is major ; 
so that the “side” of the area 4D is also major. 


Next, let 42 be less than CD; 
therefore EG is also less than 777, 
so that E77 is also less than 77K. 

Now the square on /7X is greater than the square on EH 
either by the square on a straight line commensurable with 
HK or by the square on a straight line incommensurable 
with it. 
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First, let the square on it be greater by the square on a 
straight line commensurable in length with itself. 
Now the lesser straight line ÆH is commensurable in 
length with the rational straight line EF set out ; 
therefore ZX is a second binomial. [x. Def. it. 2] 
But E is rational , 
and, if an area be contained by a rational straight line and 
the second binomial, the side of the square equal to it is a 
first bimedial ; [x. 55] 
therefore the “side” of the area £7 is a first bimedial, 
so that the “side” of AD is also a first bimedial. 


Next, let the square on 77K be greater than the square 
on HE by the square on a straight line incommensurable 
with AK. 

Now the lesser straight line ZÆ is commensurable with 
the rational straight line ZF set out ; 
therefore EK is a fifth binomial. [x. Deff. 11. 5] 

But £F is rational ; 
and, if an area be contained by a rational straight line and the 
fifth binomial, the side of the square equal to the area is a 
side of a rational plus a medial area. [x. 58] 

Therefore the “side” of the area £7 is a side of a rational 
plus a medial area, 
so that the "side" of the area 4D is also a side of a rational 
plus a medial area. 

Therefore etc. Q. E. D. 


A rational area being of the form $p’, and a medial area of the form 
JA. è, the problem is to classify 


JRP + JX. p* 
according to the different possible relations between &, A. 
Put on = kp’, 
a? - JA. p*. 


Then, since the former rectangle is rational, the latter medial, 
u is rational and ^ c, 
v is rational and v c. 
Also the rectangles are incommensurable ; 
so that M v v. 
Hence x, v are rational and ~; 
whence (u + v) is a binomial straight line. 
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The possibilities now are as follows : 
L wv. 
Then either 
(1) Jui — y ^ [A 
or (2) Ju -9.u, 
while in both cases u ^ ø. 
In case (1) (u + v) is a first binomial straight line, 
and in case (2) (wu 4 v) is a fourth hinomial straight line. 
Thus [Vø (u + v) is either (1) a binomial straight line [x. 54] or (2) a major 
irrational straight line [x. 57]. 
IL v>u. 
Then either 
G) VP-2 a», 
or (2) V- v, 
while in both cases v v e, but ^c. 
Hence, in case (1), (v + u) is a second binomial straight line, 
and, in case (2), (v + u) is a fifth binomial straight line. 


Thus Vo (7 + x) is either (1) a first bimedial straight line [x. 55], or (2) a 
side of a rational plus a medial arca [x. 58]. 


PROPOSITION 72. 


Jf two medial areas incommensurable with one another be 
added together, the remaining two irrational straight lines 
arise, namely either a second bimedial or a side of the sum of 
lwo medial areas. 


For let two medial areas 4B, CD incommensurable with 
one another be added together ; 
I say that the “side” of the area AD is either a second 
bimedial or a side of the sum of two medial areas. 





A c 
E F 
— 
B D K ' 


For AB is either greater or less than CD. 
First, if it so chance, let 42 be greater than CD. 
Let the rational straight line EF be set out, 


and to £F let there be applied the rectangle EG equal to 
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AB and producing EAH as breadth, and the rectangle 777 
equal to CD and producing 77K as breadth. 

Now, since each of the areas AB, CD is medial, 
therefore each of the areas EG, HZ is also medial. 

And they are applied to the rational straight line FZ, 
producing ZH, HK as breadth ; 
therefore each of the straight lines EH, AX is rational and 
'ncommensurable in length with EF. [x. 22] 

And, since ABZ is incommensurable with CD, 
and AB is equal to EG, and CD to 777, 
therefore EG is also incommensurable with 777. 

But, as EG is to H/, sois EH to HK; (vi. 1] 
therefore £77 is incommensurable in length with 7K. [x. 11] 

Therefore £H, HK are rational straight lines commen- 
surable in square only ; 
therefore EX is binomial. [x. 36] 

But the square on EZ is greater than the square on HK 
either by the square on a straight line commensurable with 
EH or by the square on a straight line incommensurable 
with it. 

First, let the square on it be greater by the square on a 
straight line commensurable in length with itself. 

Now neither of the straight lines E77, 7K is commen- 
surable in length with the rational straight line EF set out ; 
therefore EX is a third binomial. (x. Deff. ir. 3] 

But EF is rational ; 
and, if an area be contained by a rational straight line and the 
third binomial, the “side” of the area is a second bimedial ; 

x. 56 
therefore the "side" of £7, that is, of A D, is a second m 


Next, let the square on £77 be greater than the square 
on HK by the square on a straight line incommensurable in 
length with EH. 

Now each of the straight lines EH, HX is incommen- 
surable in length with EZ; 
therefore EX is a sixth binomial. [x. Deff. n. 6] 

But, if an area be contained by a rational straight line and 
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the sixth binomial, the “side” of the area is the side of the 
sum of two medial areas; [x. 59] 
so that the "side" of the area AD is also the side of the 
sum of two medial areas. 
Therefore etc. 
Q. E. D. 


We have to classify, according to the different possible relations between 
k, À, the straight line 
J JA. ph JA. p^ 
where JA. p! and JA. p? are incommensurable. 
Suppose that eu - JE. p), 
av= JÀ. p. 


It is immaterial whether /%.p? or JA. p? is the greater. Suppose, eg., 
that the former is. 


Now, Jk. P, JA. p being both medial areas, and ø rational, 


uz, v are both rational and uo... eee (1). 
Again, by hypothesis, ou v ov, 
or C E EE (2). 


Hence [(1), (2)] (4 + v) is a binomial straight line. 
Next, J^ - is either commensurable or incommensurable in length 
with «v. 
(a) Suppose VP =1° ^ u. 
In this case (u 4 v) is a third binomial straight line, 
and therefore (x. 56] 
No (u +) is a second bimedial straight line. 


(B) If Ji - v uv, 
(u + v) is a sixth binomial straight line, 
and therefore (x. 59] 
vø (u + v) is a side of the sum of two medial areas. 


The binomial straight line and the irrational straight lines 
after it are neither the same with the medial nor with one 
another. 

For the square on a medial, if applied to a rational straight 
line, produces as breadth a straight line rational and incom- 
mensurable in length with that to which it is applied. — [x. 22] 

But the square on the binomial, if applied to a rational 
straight line, produces as breadth the first binomial. (x. 60] 

The square on the first bimedial, if applied to a rational 
straight line, produces as breadth the second binomial. [x. 61] 
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The square on the second bimedial, if applied to a rational 
straight line, produces as breadth the third binomial. _[x. 62] 
The square on the major, if applied to a rational straight 
line, produces as breadth the fourth binomial. [x. 63] 
The square on the side of a rational plus a medial area, if 
applied to a rational straight line, produces as breadth the fifth 
. binomial. (x. 64] 
The square on the side of the sum of two medial areas, if 
applied to a rational straight line, produces as breadth the 
sixth binomial. [x. 65] 
And the said breadths differ both from the first and from 
one another: from the first because it is rational, and from 
one another because they are not the same in order ; 


so that the irrational straight lines themselves also differ from 
one another. 


The explanation after x. 72 is for the purpose of showing that all the 
irrational straight lines treated hitherto are different from one another, viz. the 
medial, the six irrational straight lines beginning with the binomial, and the 
six consisting of the first, second, third, fourth, fifth and sixth binomials. 


PROPOSITION 73. 


Jf from a rational straight line there be subtracted a 
rational straight line commensuvable with the whole in square 
only, the remainder. is irrational ; and let tt be called an 
apotome. 


For from the rational straight line 4 let the rational 
straight line BC, commensurable with 
the whole in square only, be sub- A 6  — 8 
tracted ; 
I say that the remainder AC is the irrational straight line 
called apotome. 

For, since AZ is incommensurable in length with BC, 
and, as AB is to BC, so is the square on ABZ to the rectangle 
AB, BC, 


therefore the square on 4B is incommensurable with the 


rectangle 4B, BC. [x. 11] 
But the squares on AB, BC are commensurable with the 
square on AB, (x. 15] 


and twice the rectangle AB, BC is commensurable with the 
rectangle AB, BC. [x. 6] 


X. 73, 74] PROPOSITIONS 72—74 159 


And, inasmuch as the squares on AB, BC are equal to 
twice the rectangle AB, BC together with the square on CA, 


[u. 7] 
therefore the squares on AB, BC are also incommensurable 
with the remainder, the square on AC, (x. 13, 16] 

But the squares on AB, BC are rational ; 
therefore AC is irrational. [x Def. 4] 


And let it be called an apotome. 
Q. E. D. 


Euclid now passes to the irrational straight lines which are the difference 
and not, as before, the sum of two straight lines. Apofome (“portion cut off”) 
accordingly takes the place of binomial and the other terms follow mutatis 
mutandis. The first hexad of propositions (73 to 78) exhibit the six irrational 
straight lines which are really the result of extracting the sguare root of the six 
irrationals in the later propositions 85 tc 9o (or, strictly speaking, of finding 
the sides of squares equal to the rectangles formed by each of those six 
irrational straight lines respectively with a rational straight line). Thus, just 
as in the corresponding propositions about the irrational straight lines formed 
by addition, the further removed irrationals, so to speak, come first. 

We shall denote the afotume etc. by (x —y), which is formed by subtracting 
a certain lesser straight line y from a greater x. In x. 79 and later propositions 
J is called by Euclid the annex (7 mpocappolovea), being the straight line which, 
when added to the apotome or other irrational formed by subtraction, makes 
up the greater x. 

The methods of proof are exactly the same as in the preceding propositions 
about the irrational straight lines formed by addition. 

In this proposition x, y are rational straight lines commensurable in square 
only, and we have to prove that (x — y), the afo/oe, is irrational. 


X ^— y, so that x v y: 


therefore, since X: yY =X: XY, e 
x! xy. 
But x? ^ (x* * y), and zy ^ 2xy; 
therefore e+ yo 2xy, 
whence (x - yy » (xt e y). 


But (x° + y?) is rational , 
therefore (x — y), and consequently (x — y), is irrational. 


The afotome (x — y) is of the form p ~ J/A . p, just as the binomial straight 
line is of the form p+ /&. p. 


PROPOSITION 74. 


Lf from a medial straight line there be subtracted a medial 
straight line which 1s commensurable with the whole in square 
only, and which contains with the whole a rational rectangle, 
the remainder. is irrational. And let it be called a first 
apotome of a medial straight Line. 
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For from the medial straight line 4Z let there be sub- 
tracted the medial straight line BC 
which is commensurable with 4B in ^ c 8 
square only and with 48 makes the 
rectangle 48, BC rational ; 


I say that the remainder AC is irrational; and let it be 
called a first apotome of a medial straight line. 


For, since AB, BC are medial, 
the squares on AB, BC are also medial. 
But twice the rectangle 48, BC is rational ; 


therefore the squares on 4B, BC are incommensurable with 
twice the rectangle 48, BC; 


therefore twice the rectangle 48, BC is also incommensurable 
with the remainder, the square on AC, [cf. u. 7] 





since, if the whole is incommensurable with one of the magni- 
tudes, the original magnitudes will also be incommensurable. 
. [x. 16] 

But twice the rectangle 42, BC is rational ; 


therefore the square on AC is irrational ; 

therefore AC is irrational. [x. Def. 4] 
And let it be called a first apotome of a medial straight 

line. 


The first apotome of a medial straight line is the difference between straight 


lines of the form eo, k , which are medial straight lines commensurable in 
square only and forming a rational rectangle. 


By hypothesis, x’, y’ are medial areas. 


And, since xy is rational, (x? + y?) v xy 
v 2Xy, 
whence (x — yy v» zxy. 


But 2xy is rational ; 
therefore (x — y)", and consequently (x — y), is irrational. 
This irrational, which is of the form (ktp ~ kp), is the first apotome of a 


medial straight line; the term corresponding of course to first bimedial, which 
applies where the sign is posilive. 
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PROPOSITION 75. 


Jf from a medial straight line there be subtracted a medial 
straight line which is commensurable with the whole in square 
only, and which contains with the whole a medial rectangle, 
lhe remainder is irrational; and let it be called a second 
apotome of a medial straight dine. 


For from the medial straight line AZ let there be sub- 
tracted the medial straight line CB which is commensurable 
with the whole 4 Z in square only and such that the rectangle 
AB, BC, which it contains with the whole 48, is medial; [x. 28] 
I say that the remainder AC is irrational; and let it be called 
a second apotome of a medial straight line. 


A C B 





I HE 


For let a rational straight line DZ be set out, 


let DE equal to the squares on AB, BC be applied to D/, 
producing DG as breadth, 


and let D// equal to twice the rectangle AB, BC be applied 
to DZ, producing DF as breadth ; 


therefore the remainder FZ is equal to the square on AC. 
(1. 7) 
Now, since the squares on AB, BC are medial and 
commensurable, 


therefore D is also medial. [x. 15 and 23, Por.] 


And it is applied to the rational straight line D/, producing 
DG as breadth ; 


therefore DG is rational and incommensurable in length 
with DZ. (x. 22] 


Again, since the rectangle 4B, BC is medial, 


therefore twice the rectangle 42, BC is also medial. 
[x. 23, Por.) 
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And it is equal to DH; 
therefore DA is also medial. 


And it has been applied to the rational straight line DI, 
producing DF as breadth ; 


therefore DF is rational and incommensurable in length 
with DJ. [x. 22] 


And, since AB, BC are commensurable in square only, 
therefore AZ is incommensurable in length with BC; 
therefore the square on AB is also incommensurable with the 


rectangle 4.2, BC. (x. rx] 

But the squares on AB, BC are commensurable with the 
square on AB, (x. 15] 
and twice the rectangle 4B, BC is commensurable with the 
rectangle AB, BC; [x. 6] 
therefore twice the rectangle A B, BC is incommensurable with 
the squares on AB, BC. [x. 13] 


But D& is equal to the squares on AB, BC, 
and DH to twice the rectangle 4A, BC; 
therefore DE is incommensurable with DÆ. 
But, as DE is to DH, so is GD to DF; (vi. x] 
therefore GD is incommensurable with DF. [x. rr] 
And both are rational ; 
therefore GD, DF are rational straight lines commensurable 
in square only ; 
therefore FG is an apotome. [x. 73] 
But 27 is rational, 
and the rectangle contained by a rational and an irrational 
straight line is irrational, [deduction from x. 2o] 
and its "side" is irrational. 
And AC is the “side” of FEZ; 
therefore AC is irrational. 
And let it be called a second apotome of a medial 
straight line. 
Q. E. D. 


We have here the difference between Alp, J^. p| E, two medial straight 
lines commensurable in square only and containing a medial rectangle. 


Apply each of the areas (x*-- y?), 2xy to a rational straight line c, i.e. 
suppose that 


X +y =ou, 
2Xy — a7. 
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Then ow, ov are medial areas, 


so that w, v are both rational and ..... ..................................... (1). 
Again, x-Jj 

therefore x! xy, 

and consequently x*cy!vooxy 

or Tu a, 

and BGO essi vete oa S eee ERREUR (2). 


Thus ((1), (2)] », v are rational and ~; 
therefore [x. 73) (x — v) is an apotome, 
and, (« — v) being thus irrational, 
(4 — v)ce is an irrational area. 
Hence (x — y), and consequently (x — y), is irrational. 





The irrational straight line Bp ~ yu is called a second apotome of a 


medial straight line. 


Proposition 76. 


Jf from a straight line there be subtracted a straight line 
which is incommensurable in square with the whole and which 
with the whole makes the squares on them added together 
rational, but the rectangle contained by them medial, the 
remainder is irrational ; and let it be called minor. 


For from the straight line 4Z let there be subtracted the 
straight line BC which is incom- 


mensurable in square with the whole =A é B 


and fulfils the given conditions. [x. 33] 


I say that the remainder AC is the irrational straight line 
called minor. 


For, since the sum of the squares on AB, AC is rational, 
while twice the rectangle 48, BC is medial, 


therefore the squares on AB, BC are incommensurable with 
twice the rectangle 4B, BC; 


and, convertendo, the squares on AB, BC are incommensurable 
with the remainder, the square on AC. [u. 7, x. 16] 


But the squares on AB, BC are rational ; 
therefore the square on AC is irrational ; 
therefore AC is irrational. 

And let it be called minor. 
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x, y are here of the form found in x. 33, viz. 


LUE PEE — 
J2 { VI+ X2 Jr. 


By hypothesis (x? 4 5?) is a rational, xy a medial, area. 
Therefore (x! € y?) » 2xy, 

whence (x —y)? o (xt + 9’). 
Therefore (+ —_y)*, and consequently (x —), is irrational. 
The minor (irrational) straight line is thus of the form 


fh 5-7 
J2 JieBo V2 "EV 
Observe the use of convertendo (dvaarpéjavr:) for the inference that, since 


(x? € y?) v 2xy, (x° +3?) v (x — y). The use of the word corresponds exactly 
to its use in proportions. 


PROPOSITION 77. 


Lf from a straight line there be subtracted a straight line 
which 1s incommensurable in square with the whole, and which 
with the whole makes the sum of the squares on them medial, 
but twice the rectangle contained by them rational, the remainder 
zs wrrational: and let it be called that which produces with 
a rational area a medial whole. 


For from the straight line 4Z let there be subtracted the 
straight line BC which is incommensurable in square 
with ABZ and fulfils the given conditions ; [x. 34] A 
I say that the remainder AC is the irrational straight 
line aforesaid. 

For, since the sum of the squares on AB, BC is 
medial, 
while twice the rectangle 48, BC is rational, 
therefore the squares on 48, BC are incommensurable 8 
with twice the rectangle 4B, BC; 
therefore the remainder also, the square on AC, is incom- 
mensurable with twice the rectangle AB, BC. (u. 7, x. 16] 

And twice the rectangle 48, BC is rational ; 
therefore the square on AC is irrational ; 
therefore AC is irrational. 

And let it be called that which produces with a 


rational area a medial whole. 
Q. E. D. 
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Here x, y are of the form [cf. x. 34] 


E VS RU ce IER de 


V2 (1 + A) J2(1 +k) 
By hypothesis, (x? + y’) is a medial, xy a rational, area ; 
thus (x7 + y?) » 2xy, 
and therefore (x - y » 2xy, 


whence (x — y)', and consequently (x — y), is irrational. 
The irrational straight line 


€ Tr RE RAN Arar ah 

J2(1 +4) V2 (1 + 4%) 
is called that which produces with a rational area a medial whole or more 
literally hat which with a rational area makes the whole medial (74 pera pyrod 
#évov 16 GAov movota). Here “produces” means “produces when a square 
is described on it.” A clearer way of expressing the meaning would be to call 
this straight line the “side” of a medial minus a rational area corresponding 
to the “side” of a rational plus a medial area [x. 40]. 





PROPOSITION 78. 


Jf from a straight line there be subtracted a straight line 
which is incommensurable in square with the whole and which 
with the whole makes the sum of the squares on them medial, 
twice the rectangle contained by them medtal, and further the 
squares on lhem incommensurable with twice the rectangle 
contained by them, the remainder is irrational ; and let it be 
called that which produces with a medial area a 
medial whole. 


For from the straight line 4Z let there be subtracted the 
straight line BC incommensurable in 
square with AZ and fulfilling the o FG 
given conditions ; [x. 35] 
I say that the remainder AC is the 
irrational straight line called that 
which produces with a medial 


area a medial whole. ! HE 
. . . — — 
For let a rational straight line D/ A- -Q P 
be set out, 


to DZ let there be applied DZ equal to the squares on AB, 
BC, producing DG as breadth, 


and let DH equal to twice the rectangle AB, BC be 
subtracted. 
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Therefore the remainder FZ is equal to the square 
on AC, (u. 7] 
so that AC is the “side” of FZ. 


Now, since the sum of the squares on AB, BC is medial 
and is equal to DZ, 


therefore D£ is medial. 


And it is applied to the rational straight line D/, producing 
DG as breadth ; 


therefore DG is rational and incommensurable ín length 


with D/Z. [x. 22] 


Again, since twice the rectangle 48, BC is medial and is 
equal to DA, 


therefore DH is medial. 


And it is applied to the rational straight line D/, producing 
DF as breadth; 


therefore DF is also rational and incommensurable in length 


with DZ. [x. 22] 


And, since the squares on AB, BC are incommensurable 
with twice the rectangle AB, BC, 


therefore DÆ is also incommensurable with DÆ. 
But, as DE is to DH, so also is DG to DF; [v. 1] 
therefore DG is incommensurable with DF. [x. rr] 
And both are rational ; 


therefore GD, DF are rational straight lines commensurable 
in square only. 


Therefore FG is an apotome. [x. 73] 
And FH is rational ; 


but the rectangle contained by a rational straight line and an 
apotome is irrational, [deduction from x. 2o] 


and its ‘‘side” is irrational. 
And AC is the “side” of FE; 
therefore AC is irrational. 


And let it be called that which produces with a 
medial area a medial whole. 


Q. E. D. 
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In this case x, y have respectively the forms (cf. x. 35] 


pat ABO pat k 
A 1t tRA/Y3--- 
J2 1+% J2 Ji +f 





Suppose that X + y’ =ou, 
2Xy - av. 
By hypothesis, the areas oz, ov are medial ; 
therefore x, v are both rational and x ©... sss teres (1). 
Further ou v ov, 
so that DEUX E — eana (2). 


Hence [(1), (2)] 4, v are rational and ~, 

so that (u — v) is the irrational straight line called apolome [x. 73]. 
Thus «a (uw — v) is an irrational area, 

so that (x - y)", and consequently (x — y), is irrational. 
The irrational straight line 


pat k pat k 
— I —— -—— 1--——. 
J2 rË J2 Jr E 


is called that which produces [i.e. when a square is described on it] with a 
medial area a medial whole, more literally that which with a medial area makes 
the whole medial (4 pera pécov pécov 75 ddov mowtca). A clearer phrase (to 
us) would be the ‘‘ side” of the difference between two medial areas, correspond- 
ing to the “ side ”- of (the sum of) two medial areas [x. 41]. 





PROPOSITION 79. 


To an apotome only one rational straight line can be 
annexed which is commensurable with the whole in square only. 


Let AB be an apotome, and SC an annex to it; 


therefore AC, CB are rational 
straight lines commensurable in A B c o 
square only. (x. 73] ee ee 


I say that no other rational 
straight line can be annexed to 42 which is commensurable 
with the whole in square only. 

For, if possible, let ZD be so annexed ; 
therefore 4D, DB are also rational straight lines commen- 
surable in square only. [x. 73] 

Now, since the excess of the squares on AD, DB over 
twice the rectangle 4D, DB is also the excess of the squares 
on AC, CB over twice the rectangle AC, CB, 


for both exceed by the same, the square on AB, [u. 7] 
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therefore, alternately, the excess of the squares on AD, DB 
over the squares on AC, CB is the excess of twice the rect- 


angle 4D, DB over twice the rectangle AC, CB. 


But the squares on 44 D, DB exceed the squares on AC, 
CB by a rational area, 


for both are rational ; 

therefore twice the rectangle 4D, DB also exceeds twice the 
rectangle AC, CB by a rational area: 

which is impossible, 

for both are medial [x. 21], and a medial area does not exceed 
a medial by a rational area. [x. 26] 


Therefore no other rational straight line can be annexed 
to AB which is commensurable with the whole in square only. 
Therefore only one rational straight line can be annexed 
to an apotome which is commensurable with the whole in 
Square only. 
Q. E. D. 
à This proposition proves the equivalent of the well-known theorem of surds 
that, 
if a — Jb = x — Jy, then a =x, b=y; 
and, if Ja — Jb = Jx - Jy, then a =x, b=y. 
The method of proof corresponds to that of x. 42 for positive signs. 


Suppose, if possible, that an ago/ome can be expressed as (x — y) and also 
as (x' — y"), where x, y are rational straight lines commensurable in square only, 
and x’, y' are so also. 


Of x, x’, let x be the greater. 
Now, since x-y-2x-y, 
x. y! — (x° + y?) z 2xy 2 ax'y'. 
But (x! * y, (x? y?) are both rational, so that their difference is a 
rational area. 
Ji On the other hand, 2xy, 2x'y' are both medial areas, being of the form 
P; : 
therefore the difference between two medial areas is rational : 
which is impossible [x. 26]. 
Therefore etc. 


PRoPosiTION 80. 


To a first apotome of a medial straight line only one 
medial straight line can be annexed which is commensurable 
with the whole in square only and which contains with the 
whole a rational rectangle. 
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For let AB be a first apotome of a medial straight line, 
and let BC be an annex to AB; 


therefore AC, CB are medial A ee 
straight lines commensurable in 

square only and such that the rectangle 4C, CB which they 
contain is rational ; [x. 74] 
I say that no other medial straight line can be annexed to 
AB which is commensurable with the whole in square only 
and which contains with the whole a rational area. 


For, if possible, let DB also be so annexed ; 


therefore 4D, DB are medial straight lines commensurable 
in square only and such that the rectangle 4D, DB which 
they contain is rational. (x. 74] 


Now, since the excess of the squares on AD, DB over 
twice the rectangle 4D, DB is also the excess of the squares 
on AC, CB over twice the rectangle AC, CB, 


for they exceed by the same, the square on 4B, (ur. 7] 


therefore, alternately, the excess of the squares on 4D, DB 
over the squares on AC, CB is also the excess of twice the 
rectangle AD, DB over twice the rectangle AC, CB. 


But twice the rectangle 4D, DB exceeds twice the rect- 
angle AC, CB by a rational area, 


for both are rational. 


Therefore the squares on 4D, DB also exceed the squares 
on AC, CP by a rational area : 


which is impossible, 


for both are medial [x. 15 and 23, Por.], and a medial area does 
not exceed a medial by a rational area, [x. 26] 


Therefore etc. 
Q. E. D. 


Suppose, if possible, that the same first apotome of a medial straight line 

can be expressed in terms of the required character in two ways, so that 
x-y- x =y 5 

and suppose that x > x’. 

In this case x? + y’, (x° +y”) are both medial areas, and 2xy, 2x'y' are both 
rational areas ; 
and x+y? (x? + y”) = oxy —2x'y’. 

Hence x. 26 is contradicted again ; 
therefore etc. 
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PnRorosiTION 81. 


To a second apotome of a medial straight line only one 
medial straight line can be annexed which is commensurable 
with the whole in square only and which contains with the 
whole a medial rectangle. 


Let AB be a second apotome of a medial straight line 
and &C an annex to AB; 
therefore AC, CB are medial straight ^ 8 ¢ © 
lines commensurable in square only and , 
such that the rectangle 4C, CB which  , 
they contain is medial. [x. 75] 

I say that no other medial straight line 
can be annexed to AB which is commen- 
surable with the whole in square only and 
which contains with the whole a medial 
rectangle. 

For, if possible, let BD also be so 
annexed ; 
therefore AD, DB are also medial straight 
lines commensurable in square only and 
such that the rectangle 4D, DB which 
they contain is medial. [x. 75] 

Let a rational straight line EF be set out, 


let EG equal to the squares on AC, CB be applied to EF, 
producing ZV as breadth, 


and let ÆG equal to twice the rectangle AC, CB be sub- 
tracted, producing ÆM as breadth ; 


therefore the remainder ZZ is equal to the square on AB, 


(i. 7] 
so that AB is the "side" of EZ. 


Again, let ÆZ equal to the squares on AD, DB be applied 
to EF, producing E as breadth. 
But £Z is also equal to the square on 48; 


therefore the remainder /7/ is equal to twice the rectangle 
AD, DB. [u. 7] 


o 


Im 


| N 


Now, since AC, CB are medial straight lines, 
therefore the squares on AC, CBZ are also medial. 
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And they are equal to EG ; 
therefore EG is also medial. [x. 15 and 23, Por.] 


And it is applied to the rational straight line £F, producing 
EM as breadth ; 


therefore EM is rational and incommensurable in length 
with EF. [x. 22] 


Again, since the rectangle AC, CB is medial, 

twice the rectangle AC, CB is also medial. [x. 23, Por.] 
And it is equal to WG; 

therefore HG is also medial. 


And it is applied to the rational straight line £F, producing 
HIM as breadth; 


therefore AM is also rational and incommensurable in length 
with EF. [x. 22] 


And, since AC, CB are commensurable in square only, 
therefore AC is incommensurable in length with CZ. 


But, as AC is to C8, so is the square on AC to the rect- 
angle AC, CB; 


therefore the square on AC is incommensurable with the 
rectangle 4C, CB. [x. 11] 


But the squares on AC, CB are commensurable with the 
square on AC, 


while twice the rectangle 4C, CB is commensurable with the 


rectangle AC, CB; [x. 6] 
therefore the squares on 4C, CB are incommensurable with 
twice the rectangle 4C, CB. [x. 13] 


And £G is equal to the squares on AC, CZ, 
while GH is equal to twice the rectangle 4C, CZ ; 
therefore ÆG is incommensurable with ÆG. 
But, as EG is to HG, sois EM to HM; [vr. 1] 
therefore EM is incommensurable in length with 774. [x. 11] 
And both are rational ; 


therefore EM, MH are rational straight lines commensurable 
in square only ; 


therefore ZH is an apotome, and /7//7 an annex to it. [x. 73] 
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Similarly we can prove that AM is also an annex to it; 


therefore to an apotome different straight lines are annexed 
which are commensurable with the wholes in square only : 


which is impossible. (x. 79] 
Therefore etc. 
Q. E. D. 


As the irrationality of the second apotome of a medial straight line was 
deduced [x. 75] from the irrationality of an apotome, so the present theorem 
is reduced to x. 79. 


Suppose, if possible, that (x — y), (x' —y') are the same second apotome of 
a medial straight line ; 
and let (say) x be greater than x’. 

Apply (x7 +9"), 2xy and also (x^ « y?), 2x'y' to a rational straight line c, 
i.e. put 

à ce ind SE 

2xy — oU 2X'y —2 oV 

Dealing with (x — y) first, we have: 

(x? +y*) is a medial area, and 2xy is also a medial area. 


Therefore t, v are both rational and tte (1). 
Also, since x ~ y, X95 

so that x xy, 

whence, as usual, x*y!voaxy, 

that is, ou v ov, 

and therefore VETE EEEE EE E E EE (2). 


Thus [(1) and (2)] «, v are rational and ~, 

so that («4— v) is an agofome. 
Similarly (4 — v) is proved to be the same apotome. 
Hence this apotome is formed in two ways: 

which contradicts x. 79. 


Therefore the original hypothesis is false, and a second apotome of a 
medial straight line is uniquely formed. 


PRoposITION 82. 


To a minor straight line only one straight line can be 
annexed which is incommensurable in square with the whole 
and which makes, with the whole, the sum of the squares on 
them rational but twice the rectangle contained by them medial. 


Let AB be the minor straight line, and let BC be an 
annex to ABZ; 


therefore AC, CB are straight A 8  «» À ^G^p 
lines incommensurable in square 
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which make the sum of the squares on them rational, but 
twice the rectangle contained by them medial. [x. 76] 
I say that no other straight line can be annexed to AB 
fulfilling the same conditions. 
For, if possible, let BD be so annexed ; 
therefore AD, DB are also straight lines incommensurable 
in square which fulfil the aforesaid conditions. [x. 76] 
Now, since the excess of the squares on AD, DB over 
the squares on AC, CB is also the excess of twice the rect- 
angle AD, DB over twice the rectangle AC, CB, 
while the squares on AD, DB exceed the squares on AC, 
CB by a rational area, 
for both are rational, 
therefore twice the rectangle AD, DB also exceeds twice 
the rectangle 4C, CB by a rational area: 
which is impossible, for both are medial. [x. 26] 
Therefore to a minor straight line only one straight 
line can be annexed which is incommensurable in square with 
the whole and which makes the squares on them added 
together rational, but twice the rectangle contained by them 
medial. 
Q. E. D. 


Suppose, if possible, that, with the usual notation, 
x-y-xX-y; 

and let x (say) be greater than x. 

In this case (x? + 5?), (x°? +”) are both rational areas, 
and 2zxy, 2x'y' are both medial areas. 

But, as before, — (xà y) - (x^ y?) 2 oxy - 2x'y', 
so that the difference between two medial areas is rational : 
which is impossible [x. 26]. 

Therefore etc. 


ProrosITION 83. 


To a. straight line which produces with a rational area a 
medial whole only one straight line can be annexed whtch is 
incommensurable in square with the whole straight line and 
which with the whole straight line makes the sum of the squares 
on them medial, but twice the rectangle contained by them 
rational. 
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Let AB be the straight line which produces with a rational 
area a medial whole, 
and let BC be an annex to AB; A B € 0 
therefore AC, CB are straight lines 
incommensurable in square which fulfil the given conditions. 

. [x- 77] 

I say that no other straight line can be annexed to AB 
which fulfils the same conditions. 

For, if possible, let BD be so annexed; 
therefore AD, DB are also straight lines incommensurable in 
square which fulfil the given conditions. (x. 77] 

Since then, as in the preceding cases, 
the excess of the squares on 44D, D over the squares on 
AC, CB is also the excess of twice the rectangle AD, DB 
over twice the rectangle AC, CZ, 
while twice the rectangle 4D, D B exceeds twice the rectangle 
AC, CB by a rational area, 
for both are rational, 
therefore the squares on AD, DB also exceed the squares 
on AC, CB by a rational area: 
which is impossible, for both are medial. [x. 26] 

Therefore no other straight line can be annexed to AB 
which is incommensurable in square with the whole and which 
with the whole fulfils the aforesaid conditions ; 
therefore only one straight line can be so annexed. 

Q. E. D. 





Suppose, with the same notation, that 
x-y-za-y. (x» x) 
Here, (x° +y°), (x? y?) being both medial areas, and 2xy, zx'y' both 
rational areas, 
while (x? + y?) - (x? y?) 2 2xy - 2x'y,, 
X. 26 is contradicted again. 
Therefore etc. 


PROPOSITION 84. 


To a straight line which produces with a medial area a 
medial whole only one straight line can be annexed which is 
incommensurable in square with the whole straight line and 
which with the whole straight line makes the sum of the squares 
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on them medial and twice the rectangle contained by them both 
nedwal and also incommensurable with the sum of the squares 
on them. 


Let AB be the straight line which produces with a medial 
area a medial. whole, 


and BC an annex to it; 
therefore AC, CZ are straight lines incommensurable in square 


which fulfil the aforesaid conditions. [x. 78] 
A B c 0 
Eu M N 
FL G i 


I say that no other straight line can be annexed to 4B 
which fulfils the aforesaid conditions. 

For, if possible, let BD be so annexed, 
so that AD, DB are also straight lines incommensurable in 
square which make the squares on AD, DB added together 
medial, twice the rectangle 4D, DB medial, and also the 
squares on 4 D, DB incommensurable with twice the rectangle 
AD, DB. l [x. 78] 

Let a rational straight line EF be set out, 


let EG equal to the squares on AC, CB be applied to ZF, 
producing £/4 as breadth, 


and let ÆG equal to twice the rectangle AC, CB be applied 
to EF, producing 77/7 as breadth ; 


therefore the remainder, the square on AB [u. 7], is equal 
to Es; 


therefore AB is the “side” of EL. 


Again, let £/ equal to the squares on AD, DB be applied 
to EF, producing E as breadth. 

But the square on AB is also equal to EL ; 
therefore the remainder, twice the rectangle 4D, DB [n. 7], 
is equal to 777. 
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Now, since the sum of the squares on AC, CB is medial 
and is equal to EG, 
therefore EG is also medial. 

And it is applied to the rational straight line EF, pro- 
ducing EM as breadth ; 
therefore ÆM is rational and incommensurable in length 
with EF. [x. 22] 


Again, since twice the rectangle 4C, CB is medial and is 
equal to HG, 


therefore A/G is also medial. 

And it is applied to the rationa! straight line ZF, pro- 
ducing HM as breadth ; 
therefore 77/7 is rational and incommensurable in length 
with EF. (x. 22] 


And, since the squares on AC, CB are incommensurable 
with twice the rectangle AC, CB, 
ÆG is also incommensurable with HG ; 
therefore EM is also incommensurable in length with MÆ. 


(vi. 1, x. 11] 
And both are rational ; 


therefore EZ, MAH are rational straight lines commensurable 
in square only ; 


therefore E /7 is an apotome, and HM an annex to it. [x. 73] 


Similarly we can prove that £7 is again an apotome and 
HIN an annex to it. 

Therefore to an apotome different rational straight lines 
are annexed which are commensurable with the wholes in 
square only: 


which was proved impossible. [x. 79] 


Therefore no other straight line can be so annexed to AZ. 

Therefore to AB only one straight line can be annexed 
which is incommensurable in square with the whole and which 
with the whole makes the squares on them added together 
medial, twice the rectangle contained by them medial, and 
also the squares on them incommensurable with twice the 
rectangle contained by them. 

Q. E. D. 
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With the usual notation, suppose that 


x-yzx-y. (x» x) 

Let E "4 y! -cwu' 
x+y ~ and * 1 s 

2xy = ov 2x'y — gv 


Consider (x — y) first ; 
it follows, since (x? + y*), 2xy are both medial areas, that 


u, v are both rational and v & .......................................... (1). 
But x4! v 2xy, 

that is, ou oO, 

and therefore (2). 


Therefore [(1) and (2)] w, v are rational and ^- ; 
hence (u — v) is an apotome. 
Similarly (u' — 2’) is proved to be the same apotome. 
Thus the same apotome is formed as such in two ways: 
which is impossible [x. 79]. 
Therefore, etc. 
DEFINITIONS III. 


1. Giver a rational straight line and an apotome, if the 
square on the whole be greater than the square on the annex 
by the square on a straight line commensurable in length with 
the whole, and the whole be commensurable in length with 
the rational straight line set out, let the apotome be called a 
first apotome, 


2. But if the annex be commensurable in length with 
the rational straight line set out, and the square on the whole 
be greater than that on the annex by the square on a straight 
line commensurable with the whole, let the apotome be called 
a second apotome. 


3. But if neither be commensurable in length with the 
rational straight line set out, and the square on the whole be 
greater than the square on the annex by the square on a 
straight line commensurable with the whole, let the apotome 
be called a third apotome. 


4. Again, if the square on the whole be greater than 
the square on the annex by the square on a straight line 
incommensurable with the whole, then, if the whole be com- 
mensurable in length with the rational straight line set out, 
let the apotome be called a fourth apotome ; 


5. if the annex be so commensurable, a fifth ; 
6. and, if neither, a sixth. 
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Proposition 85, 


To find the first apotome. 

Let a rational straight line 4 be set out, 
and let BG be commensurable in length with 4 ; 
therefore BG is also rational. 


B c G 








E E F D 


Let two square numbers D, EF be set out, and let their 
difference FD not be square ; 
therefore neither has ED to DF the ratio which a square 
number has to a square number. 

Let it be contrived that, 
as ED is to DF, so is the square on ZG to the square on GC; 


[x. 6, Por.] 
therefore the square on BG is commensurable with the square 
on GC. [x. 6] 


But the square on BG is rational ; 
therefore the square on GC is also rational ; 
therefore GC is also rational. 
And, since ED has not to DF the ratio which a square 
number has to a square number, 
therefore neither has the square on BG to the square on GC 
the ratio which a square number has to a square number ; 
therefore ZG is incommensurable in length with GC. (x. 9] 
And both are rational ; 
therefore BG, GC are rational straight lines commensurable 
in square only ; 
therefore AC is an apotouic. [x. 73] 


I say next that it is also a first apotome. 

For let the square on H be that by which the square on 
BG is greater than the square on GC. 

Now since. as ED is to FD, so is the square on BG to 
the square on GC, 
therefore also, convertendo, [v. 19, Por.] 
as DE is to EF, so is the square on G7 to the square on H. 
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But DE has to EF the ratio which a square number has 
to a square number, 


for each is square ; 


therefore the square on GB also has to the square on Æ the 
ratio which a square number has to a square number ; 


therefore BG is commensurable in length with Æ. [x. 9] 
And the square on ZG is greater than the square on GC 
by the square on 7; 


therefore the square on BG is greater than the square on GC 
by the square on a straight line commensurable in length 
with BG. 


And the whole BG is commensurable in length with the 
rational straight line 4 set out. 
Therefore BC is a first apotome. [x. Deff. n. 1] 
Therefore the first apotome BC has been found. 
(Being) that which it was required to find. 


Take 4p commensurable in length with p, the given rational straight line. 
Let s, n? be square numbers such that (m?— 2?) is not square. 
Take x such that m'i:(m-m)-Ep:ixt osse] (1), 
so that x= kp mit = n 
m 
= kp A1 - X, say. 
Then shall kp- x, or kp -kp A/1 — X», be a first apotome. 
For (a) it follows rrom (1) that x is rational but incommensurable with 4p, 
whence èp, x are rational and ~, 
so that (p — x) is an apotome. 
(B) If y* = #p?- 2°, then, by (1), convertendo, 
m: n= RP: S, 
whence y, that is, Æp? — x°, is commensurable in length with 4p. 
And p. ^p; 
therefore kp — x is a first apotome. 
As explained in the note to x. 48, the first apotome 
kp- kpi- N 
is one of the roots of the equation 
æ -— akp. x + Nkp =o. 


180 BOOK X (x. 86 


Proposition 86, 
To find the second apotome. 


Let a rational straight line A be set out, and GC com- 
mensurable in length with 4 ; 
therefore GC is rational. — — 

Let two square numbers DE, 8B ẹ cG 
EF be set out, and let their H 
difference DF not be square. 

Now let it be contrived that, ff 
as FD is to DE, so is the square 
on CG to the square on GZ. [x. 6, Por.] 

Therefore the square on CG is commensurable with the 
square on GB. [x. 6] 

But the square on CG is rational ; 
therefore the square on GB is also rational ; 
therefore BG is rational. 

And, since the square on GC has not to the square on GB 
the ratio which a square number has to a square number, 

CG is incommensurable in length with GB. [x- 9] 

And both are rational ; 
therefore CG, GB are rational straight lines commensurable 
in square only ; 
therefore BC is an apotome. [x. 73] 


A 


I say next that it is also a second apotome. 
For let the square on Æ be that by which the square on 
BG is greater than the square on GC. 
Since then, as the square on BG is to the square on GC, 
so is the number ÆÐ to the number DF, 
therefore, convertendo, i 
as the square on BG is to the square on H, so is DE to EF. 
v. 19, Por. 
And each of the numbers DE, ZF is square ; dan 
therefore the square on BG has to the square on H the ratio 
which a square number has to a Square number ; 
therefore BG is commensurable in length with Z7. (x. 9] 
And the square on ZG is greater than the square on GC 
by the square on Æ ; 


therefore the square on ZG is greater than the square on GC 
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by the square on a straight line commensurable in length 
with BG. 


And CG, the annex, is commensurable with the rational 
straight line 4 set out. 


Therefore BC is a second apotome. (x. Deff. ur. 2] 
Therefore the second apotome BC has been found. 
Q. E. D. 


Take, as before, 4p commensurable in length with p. 
Let m’, n be again square numbers, but Ton not square. 








Take x such that (m* -n):m'zEp ix sues es a) 
whence x = kp —— 
E — 
-A 
Jre’ xd 


Thus x is greater 7? kp. 
Then x - Åp, or A — kp, is a second apotome. 


For (a), as before, x is rational and ~ Ap. 
(B) 1( x? - £p! - y", we have, from (t), 
nm: n= = x?: y. 
Thus y, or 4x? — £p), is commensurable in length with x. 
And 4p is ^ p. 
Therefore x — kp is a second apotome. 
As explained in the note on x. 49, the second apotome 


ke — k 
NI- A? R 
is the lesser root of the equation 
2kp 


X 
— * 








x - 


kp =o. 


PRoposiTIon 87. 
To find the third apotome. 


Let a rational straight line 4 be set out, 
let three numbers £, ZC, CD be 
set out which have not to one 
another the ratio which a square FH 1 a 
number has to a square number, k 
but let CB have to BD the ratio — — 
which a square number has to a — 
square number. 

Let it be contrived that, as £ B D e 
is to BC, so is the square on 4 to the square on FG, 
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and, as BC is to CD, so is the square on FG to the square 
on GH. [x. 6, Por.] 


Since then, as Æ is to ZC, so is the square on A to the 
square on FG, 


therefore the square on A is commensurable with the square 
on FG. [x 6] 


But the square on J is rational ; 
therefore the square on FG is also rational ; 
therefore FG is rational. 


And, since E has not to BC the ratio which a square 
number has to a square number, 


therefore neither has the square on A to the square on FG 
the ratio which a square number has to a square number ; 
therefore 4 is incommensurable in length with FG. (x. 9] 
Again, since, as BC is to CD, so is the square on FG to 
the square on GH, 
therefore the square on FG is commensurable with the square 
on GH. [x. 6) 
But the square on FG is rational ; 
therefore the square on GZZ is also rational ; 
therefore GA is rational. 
And, since BC has not to CD the ratio which a square 
number has to a square number, 
therefore neither has the square on FG to the square on GH 
the ratio which a square number has to a square number ; 
therefore FG is incommensurable in length with GZZ. — [x. 5] 
And both are rational ; 
therefore FG, GH are rational straight lines commensurable 
in square only ; 
therefore FH is an apotome. (x. 73] 


I say next that it is also a third apotome. 
For since, as E is to BC, so is the Square on JA to the 
square on FG, 


and, as BC is to CD, so is the square on FG to the square 
on HG, 


therefore, ex aequali, as E is to CD, so is the Square on A 
to the square on HG. [v. 22] 
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But Æ has not to CD the ratio which a square number 
has to a square number ; 
therefore neither has the square on 4 to the squate on GH 
the ratio which a square number has to a square number ; 
therefore 4 is incommensurable in length with GH. [x. 9] 

Therefore neither of the straight lines FG, GH is 
commensurable in length with the rational straight line 4 
set out. 

Now let the square on K be that by which the square on 
FG is greater than the square on GH. 

Since then, as BC is to CD, so is the square on FC to 
the square on GH, 
therefore, convertendo, as BC is to BD, so is the square on 
FG to the square on K. [v. 19, Por.] 

But BC has to BD the ratio which a square number has 
to a square number ; 
therefore the square on FG also has to the square on & the 
ratio which a square number has to a square number. 


Therefore FG is cotamensurable in length with Æ,  [x. 9] 


and the square on FG is greater than the square on GĦ by 
the square on a straight line commensurable with FG. 


And neither of the straight lines FG, GH is commen- 
surable in length with the rational straight line 4 set out ; 


therefore FH is a third apotome. (x. Deff. 111. 3] 
Therefore the third apotome 777 has been found. 
Q. E. D. 


Let p be a rational straight line. 

Take numbers , gm’, g (m? — n?) which have not to one another the ratio 
of square to square. 

Now let x, y be such that 


Bugm*-ep xt ees (1) 
and gm! : g(m* m) 2 33 Pae (2). 


Then shall (x — y) be a third apotome. 
For (a), from (1), 


x is rational but Up... mene rennen (3). 


And, from (2), y is rational but v x. 
Therefore x, y are rational and ~, 


so that (x — y) is an apotome. 
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(8) By (1), (2), ex aequali, 
Pig(m-n)zp:y, 
whence y v p. 


Thus, by this and (3), x, y are both .................................. (4). 
Lastly, let 2? = x? — y?, so that, from (2), convertendo, 


qne : gn =x": 2; 
therefore z, or V =y, AE ieee meris (5). 


Thus ((4) and (5)) (x-y) is a third apotome. 
To find its form, we have, from (1) and (2), 


so that z-y= q 1.p(m- JET 
This may be written in the form 
mfk.p—mJk.pN1—. 
As explained in the note on x. so, this is the lesser root of the equation 
2? — 2m Jk. px + Nmko = o. 


Proposition 88. 
To find the fourth apotome. 


Let a rational straight line 4 be set out, and BG com- 
mensurable in length with it ; 
therefore BG is also rational. 


A—————— — — 


H 





D F E 


Let two numbers DF, FE be set out such that the whole 
DE has not to either of the numbers DF, EF the ratio 
which a square number has to a square number. 

Let it be contrived that, as DZ is to EF, so is the square 


on BG to the square on GC; [x. 6, Por.] 
therefore the square on BG is commensurable with the square 
on GC. [x. 6] 


But the square on BG is rational ; 
therefore the square on GC is also rational ; 
therefore GC is rational. 
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Now, since DE has not to EF the ratio which a square 
number has to a square number, 
therefore neither has the square on ZG to the square on GC 
the ratio which a square number has to a square number ; 
therefore BG is incommensurable in length with GC. — [x 9] 
And both are rational ; 
therefore BG, GC are rational straight lines commensurable 
in square only ; 
therefore BC is an apotome. , [x. 73] 


Now let the square on 77 be that by which the square on 
BG is greater than the square on GC. 

Since then, as DE is to EF, so is the square on BG to 
the square on GC, 
therefore also, convertendo, as ED is to DF, so is the square 
on GB to the square on Æ. [V. 19, Por.] 

But £2 has not to DF the ratio which a square number 
has to a square number ; 
therefore neither has the square on GZ to the square on Æ 
the ratio which a square number has to a square number ; 
therefore ZG is incommensurable in length with Æ. (x. 9) 

And the square on ZG is greater than the square on GC 
by the square on Æ; 
therefore the square on AG is greater than the square on GC 
by the square on a straight line incommensurable with BG. 

And the whole BG is commensurable in length with the 
rational straight line 4 set out. 

Therefore BC is a fourth apotome. (x. Def. ut. 4] 

Therefore the fourth apotome has been found. 

Q. E. D. 


Beginning with p, Åp, as in X. 85, 86, we take numbers m, n such that 
(m +n) has not to either of the numbers m, s the ratio of a square number to 
a square nuniber. 











Take x such that (m+n) ns RP: eus (1), 
whence x= ton = 
m+n 
—— 
NAIAN’ » 
Then shall (&p — x), or (te = — be a fourth apotome. 
Jr*À 
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For, by (1), x is rational and ~ &p. 
Also 4/Pp? — x? is incommensurable with $p, since 
(m * n) : mz £p! : (Pp! — x?), 
and the ratio (m + 5) : m is not that of a square number to a square number. 
And p ^ p. 
As explained in the note on x. 51, the fourth apotome 
hp 
kez 
a I+A 
is the lesser root of the quadratic equation 





a a 
X 2hp. x + — kp =0. 


Proposition 89. 
To find the fifth apotome. 


Let a rational straight line 4 be set out, 
and let CG be commensurable in length 


with 4; ge, | 
therefore CG is rational. 

Let two numbers DF, FE be set out c 
such that DE again has not to either of the |^ ü 
numbers DF, FE the ratio which a square 
number has to a square number ; oal ]|F 
and let it be contrived that, as FZ is to ED, 
so is the square on CG to the square on GB. E 

Therefore the square on G7 is also 
rational ; [x. 6] 


therefore BG is also rational. 
Now since, as DE is to EF, so is the square on BG to 
the square on GC, 
while DE has not to EF the ratio which a square number 
has to a square number, 
therefore neither has the square on BG to the square on GC 
the ratio which a square uumber has to a square number ; 
therefore BG is incommensurable in length with GC. — [x 9) 
And both are rational ; 
therefore BG, GC are rational straight lines commensurable 
in square only ; 
therefore BC is an apotome. (x. 73] 
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I say next that it is also a fifth apotome. 

For let the square on Æ be that by which the square on 
BG is greater than the square on GC. 

Since then, as the square on ZG is to the square on GC, 
so is DE to EF, 


therefore, convertendo, as ED is to DF, so is the square on 
BG to the square on ZZ. [v. 19, Por.] 


But £D has not to DF the ratio which a square number 
has to a square number ; 
therefore neither has the square on BG to the square on 77 
the ratio which a square number has to a square number ; 
therefore BG is incommensurable in length with Æ. [x. 9] 


And the square on ZG is greater than the square on GC 
by the square on ZZ; 


therefore the square on GB is greater than the square on GC 
by the square on a straight line incommensurable in length 


with GB. 


And the annex CG is commensurable in length with the 
rational straight line A set out ; 





therefore BC is a fifth apotome. [x. Deff. 111. 5] 
Therefore the fifth apotome BC has been found. 
Q. E. D. 
Let p, 4p and the numbers m, # of the last proposition be taken. 
Take x such that n:(men)-2&phix usse (1). 
In this case x > p, and x-4p TI 
=hApJ/1 +X, say. 


Then shall (x — 4p), or (&p + A— hp), be a fifth apotome. 
For, by (1), x is rational and ~ 4p. 
And since, by (1), (m & n) : m a3 : (x3 — Kp’), 

Mx- P> is incommensurable with x. 


Also kp ^ p. 
As explained in the note on x. 52, the ff/fh apotome 


Ap/1 * À - hp 
is the lesser root of the quadratic 
x5 — akpJ/1 +X. x + Ap = o. 
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PROPOSITION go. 


To find the sixth apotome. 


Let a rational straight line 4 be set out, and three 
numbers £, BC, CD not having 


to one another the ratio which n 
a square number has to a square a — 
number ; 


and further let CA also not have 

to BD the ratio which a square 

number has to a square number. a6 o 
Let it be contrived that, as 

E is to BC, so is the square on A to the square on FG, 


and, as BC is to CD, so is the square on FG to the square 
on GH. (x. 6, Por.] 


Now since, as E is to JC, so is the square on A to the 
square on FG, 


therefore the square on A is commensurable with the square 
on FG. [x. 6] 


But the square on 4 is rational ; 
therefore the square on FG is also rational ; 
therefore FG is also rational. 


And, since Æ has not to BC the ratio which a square 
number has to a square number, 


therefore neither has the square on 4 to the square on FG 
the ratio which a square number has to a square number ; 


therefore 4 is incommensurable in length with FG. (x. 9] 


Again, since, as BC is to CD, so is the square on FG to 
the square on GH, 


therefore the square on FG is commensurable with the square 
on GH. [x 6] 


But the square on FG is rational ; 
therefore the square on GZ is also rational ; 
therefore GÆ is also rational. 


And, since ZC has not to CD the ratio which a square 
number has to a square number, 
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therefore neither has the square on FG to the square on GH 

the ratio which a square number has to a square number ; 

therefore FG is incommensurable in length with GĦ. (x. 9] 
And both are rational ; 

therefore FG, GH are rational straight lines commensurable 

in square only ; 

therefore F77 is an apotome. [x. 73] 


I say next that it is also a sixth apotome. 
For since, as E is to DC, so is the square on 4 to the 
square on FG, 
and, as BC is to CD, so is the square on FG to the square 
on GH, 
therefore, ex aeguali, as E is to CD, so is the square on A to 
the square on GH. [v. 22] 
But Æ has not to CØ the ratio which a square number 
has to a square number ; 
therefore neither has the square on A to the square on GH 
the ratio which a square number has to a square number ; 


therefore A is incommensurable in length with GH; (x. 9] 


therefore neither of the straight lines FG, GH is commen- 
surable in length with the rational straight line 74. 


Now let the square on K be that by which the square on 
FG is greater than the square on GH. 

Since then, as BC is to CD, so is the square on FG to 
the square on GH, 
therefore, convertendo, as CB is to BD, so is the square on 
FG to the square on K. (v. 19, Por.] 

But CZ has not to Ø the ratio which a square number 
has to a square number ; 
therefore neither has the square on FG to the square on K 
the ratio which a square number has to a square number ; 


therefore FG is incommensurable in length with Æ. [x. 9) 


And the square on FG is greater than the square on GH 
by the square on KX; 
therefore the square on FG is greater than the square on GH 


by the square on a straight line incommensurable in length 
with FG. 
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And neither of the straight lines FG, GH is commen- 
surable with the rational straight line 4 set out. 


Therefore F7Z is a sixth apotome. [x. Deff. 111. 6] 
Therefore the sixth apotome FH has been found. 
Q. E. D. 


Let p be the given rational straight line. 

Take numbers 2, (m * »), » which have not to one another the ratio of a 
square number to a square nurnber, », ^ being also chosen such that the 
ratio (m + n): m is not that of square to square. 


Take x, y such that Bi(men)spat.s sss (1), 
(m*n):noxiyhs sess (2). 

Then shall (x — y) be a sixth apotome. 
For, by (1), x is rationaland v p. eeeeecceeeece tees scene eeeaes (3). 
By (2), since x is rational, 

J is rational and v x . ..... .................. (4). 
Thus [(3), (4)] (x — ») is an apotome. 
Again, ex aequali, pin=p:y, 

whence y v p. 


Thus x, y are both v p. 
Lastly, convertendo from (2), 


(m * n:m3':(x$-y) 
whence 4/x -5» zx. 
Therefore (x—y) is a sixth apotome. 


From (1) and (2) we have 
n [m+n 
=p P i: 
y^^. 


so that the sixth apfotome may be written 


Vet uf 
Pp ? P p 


or, more simply, NVR. p- J.p 
As explained in the note on x. 53, the sixth apotome is the lesser root of 
the equation 











x? -2,/k. pxt+(k—-A)p=o. 


PROPOSITION 91. 
Jf an area be contained by a rational straight line and a 
first apotome, the "side" of the area is an apotome. 


For let the area 47 be contained by the rational straight 
line AC and the first apotome 42 ; 


I say that the ‘‘side” of the area 42 is an apotome. 
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For, since AD is a first apotome, let DG be its annex ; 
therefore AG, GD are rational straight lines commensurable 
in square only, [x. 73] 

And the whole AG is commensurable with the rational 
straight line AC set out, 
and the square on AG is greater than the square on GD 
by the square on a straight line commensurable in length 
with AG; [x. Deff. in. 1] 
if therefore there be applied to 4G a parallelogram equal to 
the fourth part of the square on DG and deficient by a square 


figure, it divides it into commensurable parts. (x. 17] 
A D E F o 
c K 





Let DG be bisected at Æ, 


let there be applied to 4G a parallelogram equal to the square 
on ÆG and deficient by a square figure, 


and let it be the rectangle 44F, FG ; 
therefore AF is commensurable with FG. 


And through the points £, F, G let EH, FI, GK be drawn 
parallel to AC. 


Now, since AF is commensurable in length with FG, 


therefore AG is also commensurable in length with each of 
the straight lines AF, FG. [x. 15] 


But AG is commensurable with AC; 


therefore each of the straight lines AF, FG is commensurable 
in length with 4C. [x. 12] 
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And AC is rational ; 
therefore each of the straight lines AF, FG is also rational, 
so that each of the rectangles 47, FK is also rational. [x. 19) 
Now, since DE is commensurable in length with ÆG, 
therefore DG is also commensurable in length with each of 
the straight lines DE, EG. (x. 15) 
But DG is rational and incommensurable in length 
with AC; 
therefore each of the straight lines DÆ, ÆG is also rational 
and incommensurable in length with 4C; [x. 13] 
therefore each of the rectangles DH, EK is medial. (x. 21) 


Now let the square LZ be made equal to 74/7, and let 
there be subtracted the square MO having a common angle 
with it, the angle LPM, and equal to FK ; 
therefore the squares LM, NO are about the same diameter. 

(vi. 26) 

Let PR be their diameter, and let the figure be drawn. 

Since then the rectangle contained by 4F, FG is equal to 
the square on EG, 


therefore, as AF is to EG, so is EG to FG. (vr. 17] 
But, as 4F is to EG, so is A/ to EK, 
and, as EG is to FG, so is EK to KF; [vi. 1) 


therefore ZX is a mean proportional between 4/, KF. [v. 11] 
But MN is also a mean proportional between ZL M, NO, 
as was before proved, [Lemma after x. 53] 
and 447 is equal to the square LM, and KF to NO; 
therefore WN is also equal to EK. 
But ZX is equal to DH, and MN to LO; 
therefore DK is equal to the gnomon UVW and NO. 
But AK is also equal to the squares LM, NO; 
therefore the remainder 4 Z is equal to S7. 
But S7 is the square on LN ; 
therefore the square on LW is equal to 42; 
therefore LN is the “side” of AB. 
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I say next that LW is an apotome. 
For, since each of the rectangles 4/, FK is rational, 


and they are equal to LM, NO, 


therefore each of the squares LM, VO, that is, the squares on 
LP, PN respectively, is also rational ; 


therefore each of the straight lines LP, PN is also rational. 
Again, since DÆ is medial and is equal to ZO, 

therefore ZO is also medial. 
Since then ZO is medial, 

while AO is rational, 

therefore ZO is incommensurable with VO. 
But, as ZO is to NO, so is LP to PN; (vi. 1] 

therefore ZP is incommensurable in length with PA. ‘x. 11] 
And both are rational ; 

therefore LP, PN are rational straight lines commensurable 

in square only ; 

therefore LV is an apotome. (x. 73] 
And it is the “side” of the area 42; 

therefore the "side" of the area 4Z is an apotome. 
Therefore etc. i 
This proposition corresponds to X. 54, and the prablem solved in it is to 


find and to classify the side of a sguare egual to the rectangle contained by a 
At apotome and p, or (algebraically) to find 


Vp (Ap — kp V1 — 2’). 
First find «v, v from the equations 
: u+v=kp 
ioc pes] DOMINE ONT (1). 
If u, v represent the values so found, put 
x? = pu } 
eres Spa (2), 
and (x-y) shall be the square root required. 
To prove this Euclid argues thus. 


By (1), u: bhp i -M= hko i-i : 2, 
whence pu : Mp? /1 - M - Mp! | 1- X : pu, 
or xs bhp? J1- N= Shp? J1- X yh 

But [Lemma after x. 53] 

x ixy-2xyiy, 


so that xy - Mp! JY- X esses eee (3). 
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Therefore (x yy» x! * y! - 2xy 
=p(u+v)- kp Si- 
= k — kp Ni = X. 
Thus (x — y) is equal to Vp (Ap — kp MJ 1 — X). 


It has next to be proved that (x — y) is an afotome. 
From (1) it follows, by x. 17, that 


unv; 

thus z, v are both commensurable with (x +v) and therefore with p...... (4). 
Hence z, v are both rational, 

so that pu, pv are rational areas ; 

therefore, by (2), x?, ? are rational and commensurable .................. (5), 

whence also x, y are rational straight lines ........ sese (6). 


Next, 4p A/1 — À' is rational and v p ; 


therefore À&p? / 1 — X is a medial area. 
That is, by (3), xy is a medial area. 
But ((5)] 5” is a rational area ; 
therefore sey’, 
or X vy. 
But [(6)) x, y are both rational. 
Therefore x, y are rational and ~ ; 
so that (x — y) is an apotome. 
To find the form of (x — y) algebraically, we have, by solving (1), 


u - 3p (1 « X), 
v -Map(1—), 
whence, from (2), x=p Ua (1 +A), 





Y* — 
and — f G7» I 6-9. 


As explained in the note on X. 54, (x — y) is the lesser positive root of the 
biquadratic equation 
x*— 2Àp! . x5 4 X kpt = o. 


PROPOSITION 92. 


If an area be contained by a rational straight line and a 
second apotome, the "side" of the area is a first apotome of a 
medial straight line. 


For let the area 4B be contained by the rational straight 
line AC and the second apotome AD ; 
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I say that the “side” of the area 4 is a first apotome of a 
medial straight line. 








For let DG be the annex to AD; 
therefore AG, GD are rational straight lines commensurable 
in square only, [x. 73] 
and the annex DG is commensurable with the rational straight 
line AC set out, 
while the square on the whole 4G is greater than the square 
on the annex GD by the square on a straight line commen- 
surable in length with AG. (x. Deff. in. 2] 
Since then the square on AG is greater than the square 
on GD by the square on a straight line commensurable 
with AG, 
therefore, if there be applied to 4G a parallelogram equal to 
the fourth part of the square on GD and deficient by a square 
figure, it divides it into commensurable parts. [x. 17] 
Let then DG be bisected at Æ, 
let there be applied to 4G a parallelogram equal to the square 
on ÆG and deficient by a square figure, 
and let it be the rectangle 47, FG; 
therefore AF is commensurable in length with FG. 
Therefore AG is also commensurable in length with each 


of the straight lines AF, FG. [x- 15] 
But AG is rational and incommensurable in length 


with AC; 
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therefore each of the straight lines AF, FG is also rational 
and incommensurable in length with AC; [x. 13] 
therefore each of the rectangles 447, FK is medial. [x. 21] 
Again, since DE is commensurable with £G, 
therefore DG is also commensurable with each of the straight 
lines DE, EG. [x. 15] 
But DG is commensurable in length with AC. 
Therefore each of the rectangles DH, EK is rational. 
[x 19] 
Let then the square LW be constructed equal to 4/, 
and let there be subtracted MO equal to FX and being about 
the same angle with Z7, namely the angle LPM; 
therefore the squares ZZ, NO are about the same diameter. 
[vt. 26] 
Let PR be their diameter, and let the figure be drawn. 
Since then 447, FK are medial and are equal to the squares 
on LP, PN, 
the squares on LP, PN are also medial ; 
therefore LP, PN are also medial straight lines commen- 
surable in square only. 


And, since the rectangle AF, FG is equal to the square 
on EG, 


therefore, as AF is to EG, so is EG to FG, (vi. 17] 
while, as 4F is to ÆG, so is A/Z to EK, 
and, as EG is to FG, so is EK to FK; [vr. 1] 


therefore EK is a mean proportional between AZ, FK. v. 11] 


But MN is also a mean proportional between the squares 
LM, NO, 


and A/ is equal to LM, and FK to NO; 
therefore MN is also equal to EK. 
But D/ is equal to EX, and ZO equal to MN; 


therefore the whole DX is equal to the gnomon UVW 
and VO. 


Since then the whole AX is equal to LY, NO, 
and, in these, DK is equal to the gnomon UVW and NO, 
therefore the remainder AB is equal to 7S. 
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But ZS is the square on LN; 
therefore the square on ZA is equal to the area 48; 
therefore ZA is the "side" of the area AB. 


I say that ZA is a first apotome of a medial straight line. 
For, since E K is rational and is equal to £O, 


therefore ZO, that is, the rectangle ZP, PN, is rational. 

But NO was proved medial ; 
therefore ZO is incommensurable with VO. 

But, as LO is to NO, so is LP to PN; [vi. 1] 
therefore LP, PN are incommensurable in length. [x. 11) 


Therefore LP, PN are medial straight lines commen- 
surable in square only which contain a rational rectangle ; 


therefore ZA is a first apotome of a medial straight line. 
[x. 74] 
And it is the “side” of the area 4B. 
Therefore the “side” of the area AB is a first apotome 


of a medial straight line. 
Q. E. D. 


There is an evident flaw in the text in the place (Heiberg, p. 282, 
ll. 17—20: translation p. 196 above) where it is said that "since then 47, FK 
dre medial and are equal to the squares on £P, P, the squares on LP, PV 
are also medial; /Aerefore LP, PN are also medial straight lines commensurable 
in square only.” It is not till the last lines of the proposition (Heiberg, p. 284, 
ll. 17, 18) that it is proved that ZP, PN ate incommensurable in length. What 
should have been proved in the former passage is that the sguazes on LP, PV 
are commensurable, so that ZP, PN are commensurable in square (not 
commensurable in square only). I have supplied the step in the note below : 
“ Also x? ^ y’, since unv.” Theon seems to have observed the omission and 
to have put "and commensurable with one another” after ‘ medial” in the 
passage quoted, though even this does not show why the squares on LP, PV 
are commensurable. One ms. (V) also has “only” (povov) erased after 
“ commensurable in square.” 





This proposition amounts to finding and classifying 





The method is that of the last proposition. Euclid solves, first, the 
equations 
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Then, using the values of v, v so found, he puts 
X = pu 
yeso } E E (2), 
and (x — y) is the square root required. 


That (7 M P (re) 


is proved in the same way as is the corresponding fact in x. gt. 





From (1) u:Mpz-Mp:v, 
so that pu : $ kp = 3} ke : pv. 
But i xy=xy:y’, 
whence, by (2), LYS FRO as Borges (3). 
Therefore: (x - y) 2 xi e y!— axy 
=p (u + v) — kp? 


kp ) 
= —— - p). 
P (y tx e 
Next, we have to prove that (x — y) is a first apotome of a medial straight 
line. 
From (1) it follows, by x. 17, that 
UOU eur aa e n doe dpud (4) 





therefore u, v are both ^ (u + v). 
But [(1)] (x + v) is rational and v p; 


therefore », v are both rational and v p... sees (5). 
Therefore pu, pv, or x°, y’, are both medial areas, and x, y are medial 

Straight lines 3:5 ecoute de rd CONSE NOUIS (6). 
Also x ^ y^ since u a v [(4)) sss (7). 
Now xy, or hp’, is a rational area ; 

therefore Xy v y 

and X v y. 


Hence ((6), (7), (3) x, » are medial straight lines commensurable in square 
only and containing a rational rectangle ; 
therefore (x — y) is a first agotome of a medial straight line. 
Algebraical solution of the equations gives 
u=} I+ À 


HAA 
FEN P5 
1-AÀ 
24j-LL. L5, 
^ EM ? 
Eft — Seve 
sre F(A oy s(t) 


As explained in the note on x. 55, this is the lesser Positive root of the 
equation 


No. 
Po Teo aee 
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PROPOSITION 93. 


If an area be contained by a rational straight line and a 
third apotome, the ‘‘stde” of the area ts a second apotome of a 
medial straight line. 

For let the area AB be contained by the rational straight 
line AC and the third apotome 4D; 

I say that the “side” of the area AB is a second apotome of 
a medial straight line. 


For let DG be the annex to 4D; 
therefore 4G, GD are rational straight lines commensurable 
in square only, 
and neither of the straight lines 4G, GD is commensurable 
in length with the rational straight line AC set out, 
while the square on the whole AG is greater than the square 


on the annex DG by the square on a straight line commen- 
surable with 4G. [x. Deff. ur. 3] 





Since then the square on AG is greater than the square 
on GD by the square on a straight line commensurable 
with AG, 
therefore, if there be applied to AG a parallelogram equal to 
the fourth part of the square on DG and deficient by a square 
figure, it will divide it into commensurable parts. [x. 17] 

Let then DG be bisected at Æ, 


let there be applied to AG a parallelogram equal to the 
square on EG and deficient by a square figure, 
and let it be the rectangle AF, FG. 
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Let EH, F/, GK be drawn through the points £, F, G 
parallel to AC. 
Therefore AF, FG are commensurable ; 


therefore 4/ is also commensurable with FX. [vi. 1, x. 11] 
And, since 4 F, FG are commensurable in length, 
therefore AG is also commensurable in length with each of 


the straight lines AF, FG. (x. 15] 


But AG is rational and incommensurable in length 
with 4C; 


so that AF, FG are so also. [x. 13] 
Therefore each of the rectangles 4/, FK is medial. [x. 21] 


Again, since DÆ is commensurable in length with EG, 


therefore DG is also commensurable in length with each of 
the straight lines DE, EG. [x. 15] 


But GD is rational and incommensurable in length 
with AC; 


therefore each of the straight lines DE, EG is also rational 
and incommensurable in length with 4C; [x. 13] 


therefore each of the rectangles DH, EX is medial. [x. 21] 
And, since 4G, GD are commensurable in square only; 
therefore AG is incommensurable in length with GD. 


But AG is commensurable in length with AF, and DG 
with EG; 


therefore AF is incommensurable in length with EG. [x. 13] 
But, as AF is to EG, so is AJ to EK; [vi 1] 
therefore 4/ is incommensurable with EK. [x. 11] 


Now let the square ZZ be constructed equal to 4/, 


and let there be subtracted VO equal to FK and being about 
the same angle with £47; 


therefore LM, NO are about the same diameter. [vi. 26] 


Let PR be their diameter, and let the figure be drawn. 
Now, since the rectangle AF, FG is equal to the square 
on EC, 


therefore, as AF is to EG, so is EG to FG. (vt. 17) 
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But, as AF is to EG, so is A/ to EK, 
and, as EG is to FG, so is EK to FK; [v 1] 
therefore also, as 447 is to EK, so is EK to FK ; [v. 11] 
therefore EK is a mean proportional between 47, FK. 

But WN is also a mean proportional between the squares 
LM, NO, 
and A/ is equal to LM, and FK to NO; 
therefore EX is also equal to WN. 

But MN is equal to ZO, and ZX equal to DH; 
therefore the whole DK is also equal to the gnomon UY W 
and VO. 

But AK is also equal to LM, NO; 
therefore the remainder AB is equal to S7, that is, to the 
square on LN; 
therefore LX is the “side” of the area 4B. 


I say that LN is a second apotome of a medial straight 
ine. 

For, since AZ, FK were proved medial, and are equal to the 
squares on LP, PN, 
therefore each of the squares on LP, PN is also medial ; 
therefore each of the straight lines LP, PAN is medial. 

And, since AZ is commensurable with FĶ, [vi. 1, x. 11] 
therefore the square on ZP is also commensurable with the 
square on PN. 

Again, since 447 was proved incommensurable with EK, 
therefore LM is also incommensurable with MN, 
that is, the square on £P with the rectangle LP, PN ; 


so that £P is also incommensurable in length with PV; 

(vi. 1, x. 11] 
therefore LP, PN are medial straight lines commensurable in 
square only. 


I say next that they also contain a medial rectangle. 

For, since EK was proved medial, and is equal to the 
rectangle LP, PN, 
therefore the rectangle LP, PN is also medial, 
so that LP, PN are medial straight lines commensurable in 
square only which contain a medial rectangle. 
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Therefore LM is a second apotome of a medial straight 
line ; [x- 75] 


and it is the “side” of the area AZ. 


Therefore the ‘‘side” of the area 4B is a second apotome 
of a medial straight line. 
Q. E. D. 


Here we are to find and classify the irrational straight line 


nt. JEn -k.p J1- X). 
Following the same method, we put 
u+U= Jk -P 
uv = } kp (1 — M) } NEA ETT (1). 
Next, z, v being found, let 
2 
F = a } Reale utc (2); 
then (x — y) is the square root required and is a second apotome of a medial 
straight line. 


That (x — y) is the square root required and that xë, ? are medial areas, so 
that x, y are medial straight lines, is proved exactly as in the last proposition. 


The rectangle xy, being equal to 3 ,/4 . p! / 1 — X», is also medial. 


Now, from (r), by x. 17, unr, 
whence utur iu. 

But (u+v), or JE. p, v 3 Je. p 1-5; 
therefore uo b JA. p 1—X, 
and consequently pu v $ Jk. p JEN, 
or x! xy, 
whence X v y. 

And, since z ^ 72, pu^ pv, 
or x ^y 


Thus x, y are medial straight lines commensurable in square only. 
And xy is a medial area. 
Therefore (x — y) is a second apotome of a medial straight line. 
Its actual form is found by solving equations (1), (2) ; 
thus u=}(Sk.ptrASk.p), 


ONE OO on 
and x-y-o af 3G x) c f A oa) 


As explained in the note on x. 56, this is the lesser positive root of the 
equation 
x! - 2 JR. p'x? - Np! — o. 
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PROPOSITION 94. 


Jf an area be contained by a rational straight line and a 
fourth apotome, the ‘‘sidé’ of the area 1s minor. 

For let the area 4 be contained by the rational straight 
line AC and the fourth apotome 4D ; 
I say that the “side” of the area AZ is minor. 

For let DG be the annex to AD; 
therefore AG, GD are rational straight lines commensurable 
in square only, 
AG is commensurable in length with the rational straight line 
AC set out, 
and the square on the whole AG is greater than the square 


on the annex DG by the square on a straight line incommen- 
surable in length with 4G, [x. Deff. ut. 4] 














Since then the square on AG is greater than the square 
on GD by the square on a straight line incommensurable 
in length with AG, 
therefore, if there be applied to AG a parallelogram equal to 
the fourth part of the square on DG and deficient by a square 
figure, it will divide it into incommensurable parts. [x. 18] 

Let then DG be bisected at Æ, 
let there be applied te 4G a parallelogram equal to the square 
on ÆG and deficient by a square figure, 


and let it be the rectangle AF, FG ; 
therefore AF is incommensurable in length with FG. 
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Let EH, FI, GK be drawn through Æ, F, G parallel to 
AC, BD. 


Since then 4G is rational and commensurable in length 
with AC, 
therefore the whole 4X is rational. [x. 19] 
Again, since DG is incommensurable in length with AC, 
and both are rational, 
therefore DX is medial. [x. 21] 
Again, since AF is incommensurable in length with FG, 
therefore A/ is also incommensurable with FA. — (vt. 1, x. i1] 
Now let the square LM be constructed equal to A/, 
and let there be subtracted MO equal to FA and about the 
same angle, the angle LP. 


Therefore the squares LM, NO are about the same 
diameter. [vi. 26] 
Let PR be their diameter, and let the figure be drawn. 


Since then the rectangle AF, FG is equal to the square 
on EG, 
therefore, proportionally, as AF is to EG, so is EG to FG. 


(vt. 17] 
But, as AF is to EG, so is A/ to EK, 


and, as EG is to FG, so is EK to FK; [vr. 1] 

therefore EX is a mean proportional between 47, FK. (v. 11] 
But MN is also a mean proportional between the squares 

LM, NO, 

and 747 is equal to LZ, and FK to NO; 

therefore EK is also equal to MN. 

But D is equal to EX, and LO is equal to MN; 
therefore the whole DX is equal to the gnomon VVW 
and WO. 

Since, then, the whole AX is equal to the squares 
LM, NO, 
and, in these, DX is equal to the gnomon UVW and the 
square WO, 
therefore the remainder AP is equal to S7, that is, to the 
square on LXV; 
therefore £N is the "side" of the area 42. 
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I say that £V is the irrational straight line called minor. 


For, since AX is rational and is equal to the squares on 
LP, PN, 


therefore the sum of the squares on £P, PN is rational. 
Again, since DK is medial, 
and DK is equal to twice the rectangle LP, PN, 
therefore twice the rectangle LP, PN is medial. 
And, since A/ was proved incommensurable with FK, 


therefore the square on Z P is also incommensurable with the 
square on PN. 


Therefore LP, PN are straight lines incommensurable in 
square which make the sum of the squares on them rational, 
but twice the rectangle contained by them medial. 

Therefore LM is the irrational straight line called minor; 








1b 7 , n (x. 76] 
and it is the "side" of the area 74 7. 
Therefore the “side” of the area AZ is minor. 
Q. E. D. 
We have here to find dnd classify the straight line 
aec HE) 
kp- 5—==). 
ve (i 
As usual, we find v, v from the equations 
u+u=kp | 
B MUI NN (1), 
w=} 1+) 
and then, giving 2, v their values, we put 
x? = pu 
yis } siesta sean dake toe (2). 


Then (x — y) is the required square root. 
This is proved in the same way as before, and, as before, it is proved that 





hp? 
xy =} Jir 
Now, from (1), by x. 18, uvv; 
therefore pH v pU, 
or xy. 


so that x, y are incommensurable in square. 
And æ + y^, or p (u + v), is a rational area (kp*). 





a 
But 2xy - T » which is a medial area. 


Hence (x. 76] (x - y) is the irrational straight line called minor. 
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Algebraical solution gives 


eer ri) 
mae sazaa Vrai Vra 


As explained in the note on x. 57, this is the lesser positive root of the 
equation 





À 
a ? xy? 20 -- O. 
xt — 2kp? x tra. o 


PROPOSITION 95. 


Lf an area be contained by a rational straight line and a 
Sith apotome, the “ side” of the area is a straight line which 
produces with a rational area a medial whole. 


For let the area AZ be contained by the rational straight 
line AC and the fifth apotome AD; 
I say that the “side” of the area AB is a straight line which 
produces with a rational area a medial whole. 

For let DG be the annex to 4D; 


therefore AG, GD are rational straight lines commensurable 
in square only, 





the annex GD is commensurable in length with the rational 
straight line AC set out, 


and the square on the whole AG is greater than the square 
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on the annex DG by the square on a straight line incommen- 
surable with 4G. [x. Deff. ur. 5] 
Therefore, if there be applied to AG a parallelogram 
equal to the fourth part of the square on DG and deficient 
by a square figure, it will divide it into incommensurable 
parts. [x. 18] 
Let then DG be bisected at the point Æ, 
let there be applied to AG a parallelogram equal to the 
square on EG and deficient by a square figure, and let it be 
the rectangle AF, FG ; 
therefore AF is incommensurable in length with FG. 
Now, since 4G is incommensurable in length with CA, 
and both are rational, 


therefore A is medial. [x. 21] 
Again, since DG is rational and commensurable in length 

with AC, 

DK is rational. [x. 19] 


Now let the square LM be constructed equal to 4/, and 
let the square AO equal to FK and about the same angle, the 
angle LPM, be subtracted ; 
therefore the squares LM, NO are about the same diameter. 

(vi. 26] 


Let PR be their diameter, and let the figure be drawn. 
Similarly then we can prove that LV is the "side" of the 
area AB. 


I say that ZN is the straight line which produces with a 
rational area a medial whole. 

For, since 44K was proved medial and is equal to the 
squares on LP, PN, 


therefore the sum of the squares on LP, PN is medial. 
Again, since DX is rational and is equal to twice the 


rectangle LP, PN, 
the latter is itself also rational. 
And, since AZ is incommensurable with FĶ, 


therefore the square on Z2 is also incommensurable with the 
square on PN ; 


therefore LP, PX are straight lines incommensurable in 
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square which make the sum of the squares on them medial 
but twice the rectangle contained by them rational. 


Therefore the remainder LM is the irrational straight line 
called that which produces with a rational area a medial 
whole ; ; (x. 77] 


and it is the “side” of the area AB. 


Therefore the "side" of the area AB is a straight line 
which produces with a rational area a medial whole. 
Q. E. D. 


Here the problem is to find and classify 


lp (kp Vt + — kp). 


u+v=kpNita (1) 
eae) | 


x? = pu } £24. eher epi uen dolest (2). 


y= pv 
Then (x - y) so found is our required square root. 
This fact is proved as before, and, as before, we see that 


As usual, we put 


and, z, v being found, we take 


xy = bhp". 
Now from (1), by x. *8, “vt, 
whence pu v p, 
or xy, 


and z, y are incommensurable in square. 


Next (x! 4 y?) = p (u + v) = kp? sT +A, which is a medial area. 

And 2xy = &p’, which is a rational area. 

Hence (x — y) is the “side” of a medial, minus a rational, area. [x. 77] 
Algebraical solution gives 


u =P (STER + JA), 


v= (STFA JA), 


and therefore 


which is, as explained in the note to x. 58, the lesser positive root of the 
equation — 
x4— 2hpt V1 +A. x2 + Apt = o. 
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PROPOSITION 96. 


. Jf an area be contained by a rational straight line and a 
sixth apotome, the “side” of the area is a straight line which 
produces with a medial area a medial whole. 


For let the area AB be contained by the rational straight 
line AC and the sixth apotome 4D ; 


I say that the “side” of the area 4 is a straight line which 
produces with a medial area a medial whole. 


A D E F G 
c B N H i K 
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For let DG be the annex to AD; 


therefore AG, GD are rational straight lines commensurable 
in square only, 


neither of them is commensurable in length with the rational 
straight line AC set out, 


and the square on the whole AG is greater than the square 
on the annex DG by the square on a straight line incommen- 
surable in length with 4G. [x. Deff. 1. 6] 
Since then the square on AG is greater than the square 
on GD by the square on a straight line incommensurable in 
length with AG, 
therefore, if there be applied to AG a parallelogram equal to 
the fourth part of the square on DG and deficient by a square 
figure, it will divide it into incommensurable parts. [x. 18 
Let then DG be bisected at Æ, 


let there be applied to AG a parallelogram equal to the square 
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on £G and deficient by a square figure, and let it be the 
rectangle AF, FG; 
therefore AF is incommensurable in length with FG. 
But, as AF is to FG, so is AZ to FK; [vi .1] 
therefore A/ is incommensurable with FX. [x. 11] 
And, since AG, AC are rational straight lines commensur- 
able in square only, 
AK is medial. (x. 21] 
Again, since AC, DG are rational straight lines and 
incommensurable in length, 
DK is also medial. [x. 21] 
Now, since 4G, GD are commensurable in square only, 
therefore 4G is incommensurable in length with G2. 
But, as AG isto GD, so is AK to KD; (vi. 1] 
therefore 4X is incommensurable with KD. [x. 11] 


Now let the square ZM be constructed equal to 4/, 
and let VO equal to FĶ, and about the same angle, be 
subtracted ; 
therefore the squares ZLM, WO are about the same diameter. 
(vi. 26] 
Let PA be their diameter, and let the figure be drawn. 


Then in manner similar to the above we can prove that 
LN is the “side” of the area 4B. 


I say that LV. is a straight line which produces with a 
medial area a medial whole. 

For, since AK was proved medial and is equal to the 
squares on LP, PN, 
therefore the sum of the squares on LP, PN is medial. 


Again, since DK was proved medial and is equal to twice 
the rectangle LP, PV, 


twice the rectangle LP, PN is also medial. 
And, since 4X was proved incommensurable with DÆ, 


the squares on ZP, PN are also incommensurable with twice 
the rectangle LP, PN. 


And, since A/ is incommensurable with FX, 


therefore the square on Z2 is also incommensurable with the 
square on PN; 
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therefore LP, P are straight lines incommensurable in 
square which make the sum of the squares on them medial, 
twice the rectangle contained by them medial, and further the 
squares on them incommensurable with twice the rectangle 
contained by them. 

Therefore LM is the irrational straight line called that 
which produces with a medial area a medial whole; [x. 78] 


and it is the “side” of the area 42. 


Therefore the “side” of the area is a straight line which 
produces with a medial area a medial whole. 


Q. E. D 
We have to find and classify 
Np (J& p— J^. p). 
Put, as usual, J 
u+v= k.p 
uv = Ap) } e aeui (1), 
and, u, v being thus found, let 
x? = pu 
pia go } sens ois (2). 
Then, as before, (x — y) is the square root required. 
For, from (1), by x. 18, urd, 
whence pu v pv, 
or xy, 


and x, y are incommensurable in square. 
Next, x? « y! - p (u € v) 2 JA. p), which is a medial area. 
Also 2xy = JA. p®, which is again a medial area. 
Lastly, /&.p, /A. p are by hypothesis ~-, so that 


Jk ps JA e 
whence JA. p? o JA. p, 
or (x? y?) » 2xy. 


Thus (x — y) is the “side” of a medial, minus a medial, area [x. 78]. 
Algebraical solution gives 


u - P (e M E- X), 
v - P (Jk - JE- X) 


whence x -y- pd A (JE * JE- X) - pd A (Jk — JE - À). 
This, as explained in the note on X. 59, is the lesser positive root of the 


equation 
at- 2A. px e (&- X) p* - o. 
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PROPOSITION 97. 

The square on an apotome applied to a rational straight 
line produces as breadth a first apotome. 

Let AB be an apotome, and CD rational, 


and to CD let there be applied CE equal to the square on 
AB and producing CF as breadth ; 


I say that CF is a first apotome. 


f 
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For let BG be the annex to AB; 
therefore AG, GBZ are rational straight lines commensurable 
in square only. [x. 73] 
To CD let there be applied CH equal to the square on 
AG, and KL equal to the square on BG. 
Therefore the whole CZ is equal to the squares on AG, GB, 
and, in these, CZ is equal to the square on AB; 
therefore the remainder FZ is equal to twice the rectangle 
AG, GB. [u. 7] 
Let FM be bisected at the point N, 
and let VO be drawn through M parallel to CD; 


therefore each of the rectangles FO, LN is equal to the 
rectangle AG, GB. 
Now, since the squares on AG, GB are rational, 
and DM is equal to the squares on AG, GB, . 
therefore DM is rational. 
And it has been applied to the rational straight line CD, 
producing C77 as breadth ; 
therefore CM is rational and commensurable in length with 
[x. 20] 
Again, since twice the rectangle AG, GB is medial, and 
FL is equal to twice the rectangle AG, GB, 
therefore FZ is medial. 
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And it is applied to the rational straight line CD, producing 
FM as breadth; 


therefore FM is rational and incommensurable in length with 


CD. [x. 22] 
And, since the squares on 4G, GB are rational, 
while twice the rectangle 4G, GB is medial, 


therefore the squares on 4G, GB are incommensurable with 
twice the rectangle 4G, GB. 


And CZ is equal to the squares on 4G, GB, 
and FZ to twice the rectangle 4C, GB; 
therefore DM is incommensurable with FL. 
But, as DM is to FL, sois CM to FM; [vi. 1] 
therefore CM is incommensurable in length with FM. [x. ::] 
And both are rational ; 


therefore CM, MF are rational straight lines commensurable 
in square only ; 


therefore CF is an apotome. [x. 73] 


I say next that it is also a first apotome. 
For, since the rectangle 4G, GB is a mean proportional 
between the squares on AG, GB, 


and CH is equal to the square on AG, 
KL equal to the square on BG, 
and NZ equal to the rectangle AG, GB, 
therefore XZ is also a mean proportional between CH, KL ; 
therefore, as CH is to NL, so is NL to KL. 
But, as CH is to NL, so is CK to NM, 
and, as MZ is to KL, so is NM to KM; (vi. 1] 


therefore the rectangle CX, KM is equal to the square on 
NM [vı 17), that is, to the fourth part of the square on FM. 


And, since the square on 4G is commensurable with the 
square on GB, 


CH is also commensurable with AZ. 
But, as CH isto KL, sois CK to KM ; (vi. 1] 
theretore CK is commensurable with K77. [x 11] 
Since then CM, MF are two unequal straight lines, 
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and to CM there has been applied the rectangle CK, KM 
equal to the fourth part of the square on FM and deficient by 
a square figure, 

while CĂ is commensurable with XM, 


therefore the square on CM is greater than the square on MF 
by the square on a straight line commensurable in length 
with CM. [x. 17] 
And CM is commensurable in length with the rational 
straight line CD set out; 
therefore CF is a first apotome. (x. Deff. ui. 1] 
Therefore etc. 
Q. E. D. 
Here begins the hexad of propositions solving the problems which are the 
converse of those in the hexad just concluded. Props. 97 to 102 correspond 


of course to Props. 6o to 65 relating to the binomials etc. 
We have in x. 97 to prove that, (p — /&. p) being an afotome, 


(e ~ VR. p? 


is a first apotome, and we have to find it geometrically. 


Euclid's procedure may be represented thus. 
Take x, y, z such that 


ox =p’? 
oy = kp? | DPA (1). 
o.2z=2/k.p' 
? 
Thus (ty) az= COVEY, 


and we have to prove that (x + y) — 2z is a first apotome. 


(a) Now p? + kp, or ø (x + y), is rational ; 


therefore (x + y) is rational and ...... ...................................... (2). 
And 2 JA. p^, or c . 27, is medial : 
therefore 22 is rational and v o... meis (3). 


But, ø (x + y) being rational, and ø . 22 meal, 
o(x+y) Ua. 22, 
whence (x * y) © 22. 
Therefore, since (x + y), 2z are both rational [(2). (3)). 
(x +y), 2z are rational and . ........................ . . . . . . . . . (4). 
Hence (x + y) — zz is an apotome. 


(8) Since J£. p? is a mean proportional between P, ko, 
92 is a mean proportional between ox, ey [by (1)]. 

That is, . OX : 02 = 02 : Oy, 
or X:222:), 


and xy z 25 or daz) sese esses (s). 
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And, since P? ^ ke, ex ^y, 
or ENP. e eieiei as hale Uioes (6). 
Hence [(s), (6)], by x. 17, 
SETITE ^ (x 43). 
And ((4)] (x * y), 2z are rational and ~, 
while ((2)] (x * ») ^o; 
therefore (x + y) — 2z is a first apotome. 
The actual value of (x 4 y) - 22 is of course 


eq * A) - 2 J 4). 


PRoPosiTION 98. 

The square on a first apotome of a medial straight line 
applied to a rational straight line produces as breadth a second 
apotome. 

Let ABZ bea first apotome of a medial straight line and 
CD a rational straight line, 
and to CØ let there be applied ÇE equal to the square on 
AB, producing CF as breadth ; 

I say that CF is a second apotome. 

For let BG be the annex to AP ;. 

therefore AG, GB are medial straight lines commensurable in 


square only which contain a rational rectangle. [x. 74] 
A a G 
c F N K M 
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To CD let there be applied CH equal to the square on 
AG, producing CX as breadth, and AZ equal to the square 
on GB, producing XM as breadth ; 
therefore the whole CZ is equal to the squares on 4G, GB; 
therefore CZ is also medial. [x- 15 and 23, Por.] 

And it is applied to the rational straight line CD, pro- 
ducing CM as breadth ; 
therefore CM is rational and incommensurable in length with 
CD. [x. 22] 
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Now, since CZ is equal to the squares on AG, GB, 
and, in these, the square on AZ is equal to CZ, 
therefore the remainder, twice the rectangle 4G, GB, is equal 
to FL. (u. 7] 
But twice the rectangle 4G, GB is rational ; 
therefore FZ is rational. 
And it is applied to the rational straight line FZ, producing 
FM as breadth ; 
therefore FM is also rational and commensurable in length 
with CD. [x. 20] 
Now, since the sum of the squares on AG, GB, that is, 
CL, is medial, while twice the rectangle 4G, G7, that is, FZ, 
is rational, 
therefore CZ is incommensurable with FZ. 
But, as CZ is to FL, so is CM to FM; [vi. 1] 
therefore CM is incommensurable in length with FM. [x. 11] 
And both are rational ; 
therelore CM, MEF are rational straight lines commensurable 
in square only ; 
therefore CF is an apotome. [x. 73] 


I say next that it is also a second apotome. 
For let FM be bisected at N, 


and let WO be drawn through A parallel to CD ; 


therefore each of the rectangles FO, NZ is equal to the 
rectangle AG, GB. 

Now, since the rectangle 4G, GB is a mean proportional 
between the squares on AG, GB, 
and the square on AG is equal to CH, 
the rectangle 4G, GB to NL, 
and the square on ZG to KL, 
therefore VZ is also a mean proportional between CH, KL; 
therefore, as CH is to ML, so is NL to KL. 

But, as CH is to NL, so is CK to NM, 
and, as VZ is to KL, so is VM to MK; (vi. 1] 
therefore, as CK isto VM, so is NM to KM; [v. 11] 


therefore the rectangle CX, KM is equal to the square on 
NM (vi. 17), that is, to the fourth part of the square on FV. 
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Since then CM, MF are two unequal straight lines, and 
the rectangle CA’, KM equal to the fourth part of the square 
on MF and deficient by a square figure has been applied to 
the greater, CM, and divides it into commensurable parts, 
therefore the square on CM is greater than the square on MEF 
by the square on a straight line commensurable in length with 

(x. 17] 

And the annex FM is commensurable in length with the 
rational straight line C2 set out ; 
therefore CF is a second apotome. [x. Deff. in. 2] 


Therefore etc. 


Q. E. D. 
In this case we have to find and classify 
(p ~ ko) 
g 
Take x, y, z such that 
ox = dp 
Oy = Bip pee (1). 
o. 22 = 2hkp? 
(a) Now Abg", Rip? are medial areas ; 
therefore ø (x + y) is medial, 
whence (x + y) is rational and v øo ..... a E aE EE Ty E ee Pepe Sas (2). 
But 24p*, and therefore o . 22, is rational, 
whence 2z is rational and ^ Go oo... eH (3). 


And, ø (x + y) being medial, and a . zz rational, 
o(x+y) vo. 2z, 
or (x * y) v 22. 
Hence (x * y), 2z are rational straight lines commensurable in square only, 
and therefore (x * y) — 22 is an apotome. 


(8) We prove, as before, that 
ay s bez) Lusit Re (4). 
Also 4?p? « kip, or ex ^ ay, 
so that QN, susere su Ces eee ON VS RA ME ERES ES (5). 
(This step is omitted in P, and Heiberg accordingly brackets it. The 


result is, however, assumed.) 
Therefore [(4), (5)], by x. 17, 


A (x * y - (22)! ^ (x * y). 
And 22 ^ c. 
Therefore (x + y) — 22 is a second apotome. 


2 
Obviously (x y) - a2 2  (J& (1 4) - 24). 


g 
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PROPOSITION 99. 


The square on a second apotome of a medial straight line 
applied toa rational straight line produces as breadth a third 
apotome. 


Let AB be a second apotome of a medial straight line, 
and CD rational, 


and to CD let there be applied CZ equal to the square on 
AB, producing CF as breadth ; 


I say that CF is a third apotome. 


eS n 
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For let AG be the annex to AB; 
therefore AG, GB are medial straight lines commensurable 
in square only which contain a medial rectangle. (x. 75] 


Let CH equal to the square on AG be applied to CD, 
producing CK as breadth, 


and let AZ equal to the square on BG be applied to KH, 
producing XM as breadth ; 


therefore the whole CZ is equal to the squares on AG, GB; 
therefore CZ is also medial. [x. 15 and 23, Por.] 


And it is applied to the rational straight line CD, producing 
CM as breadth ; 


therefore CM is rational and incommensurable in length with 
[x. 22] 


Now, since the whole CZ is equal to the squares on AG, 
G B, and, in these, CZ is equal to the square on AB, 
therefore the remainder ZF is equal to twice the rectangle 
AG, GB. (1. 7] 
Let then FM be bisected at the point X, 
and let VO be drawn parallel to CD; 


therefore each of the rectangles FO, NZ is equal to the rect- 
angle AG, GB. 
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But the rectangle AG, GB is medial ; 
therefore FZ is also medial. 


And it is applied to the rational straight line ZF, producing 
FM as breadth ; 


therefore FM is also rational and incommensurable in length 


with CD. [x. 22] 
And, since 4G, GB are commensurable in square only, 
therefore AG is incommensurable in length with GB; 


therefore the square on AG is also incommensurable with the 
rectangle AG, GB. [vi 1, x. 11] 


But the squares on 4G, GB are commensurable with the 
square on AG, 


and twice the rectangle 4G, GB with the rectangle AG, GB; 


therefore the squares on 4G, GB are incommensurable with 
twice the rectangle AG, GB. [x. 13] 


But CZ is equal to the squares on AG, GB, 
and FZ is equal to twice the rectangle AG, GB; 
therefore CZ is also incommensurable with FL. 
But, as CZ is to FL, so is CM to FM; (v. 1] 
therefore CM is incommensurable in length with EM. [x. 11] 
And both are rational ; 


therefore CM, MF are rational straight lines commensurable 
in square only ; 


therefore CF is an apotome. Lx. 73] 


I say next that it is also a third apotome. 
For, since the square on AG is commensurable with the 
square on GB, 


therefore CH is also commensurable with KL, 
so that CX is also commensurable with KM. (vi. 7, x. 11] 


And, since the rectangle 4G, GB is a mean proportional 
between the squares on AG, GB, 


and CZ is equal to the square on AG, 

KL equal to the square on GB, 

and VZ equal to the rectangle 4G, GB, 

therefore XZ is also a mean proportional between CH, KZ; 
therefore, as CH is to NL, so is NL to KL. 
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But, as CZ is to NL, so is CK to NM, 
and, as MZ is to XL, so is VM to KM; [vi. 1] 
therefore, as CK is to WN, so is MN to KM; [v. 11] 


therefore the rectangle CX, KM is equal to (the square on 
MN, that is, to] the fourth part of the square on FM. 


Since then CM, MF are two unequal straight lines, and 
a parallelogram equal to the fourth part of the square on FM 
and deficient by a square figure has been applied to CM, and 
divides it into commensurable parts, 
therefore the square on CM is greater than the square on 
MF by the square on a straight line commensurable with 
CM. [x. v7] 

And neither of the straight lines CM, MF is commensur- 
able in length with the rational straight line C2 set out ; 
therefore CF is a third apotome. [x. Deff. in. 3] 


Therefore etc. 
Q. E. D. 


We have to find and classify 
r (d ~ — 
c At 


Take x, y, z such that 
ox= JR. p 


À 2 
=P 
c.22- 24/A. p! 


(a) Then e (x * y) is a medial area, 

whence (x * y) is rational and v à... eee eect (1). 
Also ø . 2z is medial, 

whence 2z is rational and v &. ............... (2). 


Again kp v NA. p 
whence Jk. pty JA. p?. 

And Jeg (Jk. Tot), ' 
while J^. p o 24A. ph; 
therefore (ve. pt AP) v 24A. p 


or a(x +y)v o. 2z, 
and (x y)v 22. irin e e e (3). 
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Thus [(1), (2), (3)] (x * »), 22 are rational and ^, 
so that (x + y) — 22 is an afotome. 
(B) ex^oy, so that x ^ y. 
And, as before, xy - 1(zzy. 
Therefore (x. 17] N (x € yy - (22)? ^ (x * y). 
And neither (x * y) nor 22 is ^ c. 
Therefore (x + y) - 22 is a third apotome. 


It is of course equal to 
EJEN. 
= { Jk 2 4^ ; 


PROPOSITION 100. 


The square on a minor straight line applied to a rational 
straight line produces as breadth a fourth apotome. 


Let AB be a minor and CD a rational straight line, and 
to the rational straight line CD let CE be applied equal to the 
square on AB and producing C¥ as breadth ; 


I say that CF is a fourth apotome. 


A B a 
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For let BG be the annex to AB; 


therefore AG, GB are straight lines incommensurable in 
square which make the sum of the squares on 4G, GB 
rational, but twice the rectangle AG, GB medial. [x. 76] 


To CD let there be applied CH equal to the square on 
AG and producing CK as breadth, 


and KZ equal to the square on BG, producing KW as breadth; 
therefore the whole CZ is equal to the squares on AG, GB. 

And the sum of the squares on AG, GB is rational ; 
therefore CZ is also rational. 


And it is applied to the rational straight line CD, producing 
CM as breadth ; 


therefore CM is also rational and commensurable in length 
with C2. [x. 20] 
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And, since the whole CZ is equal to the squares on AG, 
GB, and, in these, CZ is equal to the square on AB, 


therefore the remainder FZ is equal to twice the rectangle 
AG, GB. (n. 7] 
Let then FM be bisected at the point JV, 
and let MO be drawn through V parallel to either of the 
straight lines CD, ML ; 
therefore each of the rectangles FO, VL is equal to the rect- 
angle AG, GB. 
And, since twice the rectangle AG, GB is medial and is 
equal to FL, 
therefore FZ is also medial. 
And it is applied to the rational straight line FZ, producing 
FM as breadth ; 
therefore FM is rational and incommensurable in length with 
CD. [x. 22] 
And, since the sum of the squares on AG, GB is rational, 
while twice the rectangle AG, GB is medial, 
the squares on 4G, GB are incommensurable with twice the 
rectangle 4G, GB. 
But CZ is equal to the squares on AG, GB, 
and FL equal to twice the rectangle AG, GB; 
therefore CZ is incommensurable with FZ. 
But, as CZ is to FL, so is CM to ME; (vi. 1] 
therefore CM is incommensurable in length with MF. [x. 11] 
And both are rational ; 
therefore CM, MF are rational straight lines commensurable 
in square only ; 
therefore CF is an apotome. (x. 73] 


I say that it is also a fourth apotome. 
For, since AG, GB are incommensurable in square, 


therefore the square on AG is also incommensurable with the 
square on GB, 
And CH is equal to the square on AG, 
and KZ equal to the square on GB; 
therefore CH is incommensurable with KZ. 
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But, as CH! is to KZ, so is CK to KM; [vi 1] 
therefore CX is incommensurable in length with XM. [x. 11] 


And, since the rectangle 4G, G7 is a mean proportional 
between the squares on AG, GB, 


and the square on AG is equal to CH, 
the square on GB to KL, 
and the rectangle 4G, GB to NL, 
therefore VZ is a mean proportional between CH, KL; 
therefore, as CH is to VL, so is VL to KL. 
But, as CH is to NL, so is CK to NM, 
and, as NZ is to XL, so is NM to KM; [vi. 1] 
therefore, as CK is to MN, so is MN to KM ; [v. rr] 


therefore the rectangle CK, KM is equal to the square on 
MN [vi. 17), that is, to the fourth part of the square on FM. 
Since then CM, MF are two unequal straight lines, and 
the rectangle CK, KM equal to the fourth part of the square 
on WF and deficient by a square figure has been applied to 
CM and divides it into incommensurable parts, 
therefore the square on CM is greater than the square on 
MF by the square on a straight line incommensurable with 
CM. [x. 18] 
And the whole CM is commensurable in length with the 
rational straight line CD set out ; 
therefore CF is a fourth apotome. [x. Def. 11. 4) 
Therefore etc. 
Q. E. D. 


We have to find and classify 








Ife k p /__ k P 
LE V^ y JANI Viel. 


We will call this, for brevity, 








I, 9 
> (u - v’. 
Take x, y, z such that 
ox =u? 
oy=v ; 
o.22=2uy 


where it has to be remembered that :?, 2? are incommensurable, (u? +°) is 
rational, and 2uv medial. 
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It follows that c (x + y) is rational and o . 2z medial, 


so that (x + y) is rational and ^ a... c ence eee etree eet eeeee es (1), 
while 2z is rational and v à. ..... sss cece nen ee etn teeter e es (2), 
and o(x+y) va. 22, 

so that (x X y) as. dat eee ete get (3). 


Thus [(1), (2), (3)] (x &»), zz are rational and ^, 
so that (x +y)— 22 is an apotome. 

Next, since v v, 

Tx v oy, 

or XJ. 

And it is proved, as usual, that 

xy - zt - l(azy. 

Therefore (x. 18] M(x +9) — (22)? v (x * y). 

But (x *y) ^ v, 
therefore x * y — 2z is a fourth apotome. 


p 1 
Its value is of course — (« ) i 
g 


p Ji E 


PROPOSITION 101. 


The square on the straight line which produces with a 
rational area a medial whole, if applied to a rational straight 
line, produces as breadth a fifth apotome. 


Let AB be the straight line which produces with a 
rational arca a medial whole, and CD a rational straight line, 
and to CD let CE be applied equal to the square on AB and 
producing CF as breadth ; 


I say that CF is a fifth apotome. 


A [5] G 
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For let BG be the annex to AB; 
therefore AG, GB are straight lines incommensurable in 
square which make the sum of the squares on them medial 
but twice the rectangle contained by them rational. [x. 77] 
To CD let there be applied CH equal to the square on 
AG, and KZ equal to the square on GB; 


therefore the whole CZ is equal to the squares on AG, GB. 
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But the sum of the squares on AG, GA together is 
medial ; 


therefore CZ is medial. 
And it is applied to the rational straight line CD, producing 
CM as breadth ; 
therefore C/ is rational and incommensurable with CD. [x. 22] 
And, since the whole CZ is equal to the squares on AG, GB, 
and, in these, CZ is equal to the square on AB, 
therefore the remainder FZ is equal to twice the rectangle 


AG, GB. (1. 7] 
Let then FM be bisected at JV, 


and through V let NO be drawn parallel to either of the 
straight lines CD, WL; 


therefore each of the rectangles FO, NZ is equal to the rect- 
angle 4G, GB. 


And, since twice the rectangle AG, GB is rational and 
equal to FL, 


therefore FZ is rational. 


And it is applied to the rational straight line EZ, producing 
FM as breadth ; 


therefore FM is rational and commensurable in length with 
[x. 20] 


Now, since CL is medial, and EZ rational, 
therefore CZ is incommensurable with FZ. 
But, as CZ is to FZ, sois CM to MF; TES 
therefore CM is incommensurable in length with MF. [x. 11] 
And both are rational ; 
therefore CM, MF are rational straight lines commensurable 
in square only ; 
therefore CF is an apotome. [x. 73] 


I say next that it is also a fifth apotome. 

For we can prove similarly that the rectangle CX, KM 
is equal to the square on WM, that is, to the fourth part of the 
square on FM. 

And, since the square on AG is incommensurable with the 
square on GB, 
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while the square on 4G is equal to CH, 
and the square on GZ to KL, 
therefore CH is incommensurable with KZ. 
But, as CZ is to XL, so is CK to KM ; [v. 1] 
therefore CX is incommensurable in length with KM. (x. 11) 
Since then CM, MF are two unequal straight lines, 
and a parallelogram equal to the fourth part of the square 
on FM and deficient by a square figure has been applied to 
CM, and divides it into incommensurable parts, 
therefore the square on CM is greater than the square on 
MEF by the square on a straight line incommensurable with 
CM. (x. 18] 
And the annex FM is commensurable with the rational 
straight line C2 set out ; 
therefore C7 is a fifth apotome. Ix. Deff. i. 5) 
Q. E. D. 
We have to find and classify 





L [a VIr TES =a}. 
a (211+) v2 (1 +#) 
Call this = (» — v, and take x, y, z such that 
ox-w 
gy - v . 
c. 22—2uU 


In this case z^. v? are incommensurable, (4? + 1°) is a medial area and 2wv 
a rational area. 
Since ø (x + y) is medial and ø . 2z rational, 
(x+ y) is rational and v c, 
22 is rational and ^ o, 
while (x+y) v 2z. 
It follows that (x+y), 22 are rational and ~, 
so that (x 4 y) - zz is an apotome. 


Again, as before, xy2z-l(ezy, 
and, since «? v 2’, ox v ay, 
or xuy. 
Hence [x. 18]: V(x +)? — (22)? u (x+y). 
And 22 ^ c. 


Therefore (x + y) — 2z is a fifth apotome. 
It is of course equal to 


"ue oe 
v Wis 1+) 
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PRoPOSITION 102. 


The square on the straight line which produces with a 
medial area a medial whole, f applied to a rational straight 
line, produces as breadth a sixth apotome. 


Let AB be the straight line which produces with a medial 
area a medial whole, and CD a rational straight line, 


and to CD let CE be applied equal to the square on AB and 
producing CF as breadth; 


I say that CF is a sixth apotome. 


A B a 
c F N K M 
D E [*] H L 


For let BG be the annex to 4B; 


therefore AG, GB are straight lines incommensurable in 
square which make the sum of the squares on them medial, 
twice the rectangle AG, GB medial, and the squares on 4G, 
GB incommensurable with twice the rectangle 4G, GB. [x. 78] 


Now to CD let there be applied CH equal to the square 
on AG and producing CK as breadth, 


and AZ equal to the square on BG; 
therefore the whole CZ is equal to the squares on AG, GB; 
therefore CZ is also medial. 


And it is applied to the rational straight line CD, produc- 
ing CM as breadth ; 


therefore CM is rational and incommensurable in length 
with CD. [x. 22] 


Since now CZ is equal to the squares on AG, GB, 
and, in these, CZ is equal to the square on AB, 


therefore the remainder FZ is equal to twice the rectangle 
AG, GB. [n. 7] 


And twice the rectangle AG, GB is medial ; 
therefore FZ is also medial. 
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And it is applied to the rational straight line FÆ, pro- 
ducing FM as breadth ; 


therefore FM is rational and incommensurable in length 
with CD. [x. 22] 


And, since the squares on 4G, GB are incommensurable 
with twice the rectangle 4G, GB, 


and CZ is equal to the squares on AG, GB, 
and FZ equal to twice the rectangle AG, GB, 
therefore CZ is incommensurable with FZ. 
But, as CZ is to FL, so is CM to MF; (vi. 1] 
therefore CM is incommensurable in length with MEF. (x. 11] 


And both are rational. 
Therefore CM, MF are rational straight lines commen- 
surable in square only ; 


therefore CF is an apotome. [x. 73] 


I say next that it is also a sixth apotome. 
For, since FL is equal to twice the rectangle AG, GB, 
let FM be bisected at N, 


and let VO be drawn through A parallel to CD; 


therefore each of the rectangles FO, WZ is equal to the rect- 
angle AG, GB. 


And, since AG, GB are incommensurable in square, 


therefore the square on AG is incommensurable with the 
square on GB. 


But CH is equal to the square on AG, 
and KL is equal to the square on GB; 
therefore CH is incommensurable with KZ. 

But, as CH isto KL, sois CK to KM; [vi. 1] 
therefore CX is incommensurable with KM. [x. 11] 


And, since the rectangle 4G, GP is a mean proportional 
between the squares on 4G, GB, 


and CZ is equal to the square on AG, 

KL equal to the square on G7, 

and AL equal to the rectangle 4G, GB, 

therefore MZ is also a mean proportional between CZZ, KL ; 
therefore, as CH is to NL, so is NL to KL. 
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And for the same reason as before the square on CM is 
greater than the square on MA by the square on a straight 
line incommensurable with CM. (x. 18] 

And neither of them is commensurable with the rational 
straight line C2 set out ; 
therefore CF is a sixth apotome. [x. Deff. u1. 6] 


Q. E. D. 
We have to find and classify 


1 fed A pt [ke 
elaNI VR JM! Au 


Call this = (u-v), and put 











ox = uw, 
oy=?, 
c .22- 2uv. 
Here ^, v are incommensurable, 
(1? + 1°), 2uv are both medial areas, 
and (wW +P) v zuv. 
Since ø (x + y), ø . 2z are medial and incommensurable, 
(x + y) is rational and v ø, 
2z is rational and v ø, 
and (x * y) » 2z. 
Hence (x+ y), 22 are rational and ~, 
so that (x * y) — 2z is an apotome. 
Again, since s, ?*, or ex, ay, are incommensurable, 
X v y. 
And, as before, xy = 2 = $ (2z). 
Therefore [x. 18] (x * yy - (22)? v (x+y). 
And neither (x 4 y) nor zz is ^ z ; 
therefore (x 4 y) — 2z is a stx/A apotome. 


2 ^ 
It is of course P ( AR J ) 
s ~ Ji+h 








PROPOSITION 103. 

A straight line commensurable in length with an apotome 
is an apotome and the same in order. 

Let ABZ be an apotome, 
and let CD be commensurable in A B t 
length with 4B; 
I say that CD is also an apotome and 
the same in order with AZ, 
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For, since AB is an apotome, let BZ be the annex to it ; 
therefore AZ, ZB are rational straight lines commensurable 


in square only. [x. 73] 

Let it be contrived that the ratio of BZ to DF is the same 
as the ratio of AB to CD; [vi. 12] 
therefore also, as one is to one, so are all to all ; [v. 12] 


therefore also, as the whole 4Z is to the whole CF, so is AB 
to CD. 


But AB is commensurable in length with CD. 
Therefore AZ is also commensurable with CF, and BE 
with DF. [x. 11] 


And AE, EP are rational straight lines commensurable in 
square only ; 


therefore CF, FD are also rational straight lines commensur- 
able in square only. [x. 13] 


Now since, as AF is to CF, so is BE to DF, 
alternately therefore, as A Æ is to 2B, so is CF to FD. [v. 16] 


And the square on AZ is greater than the square on EB 
either by the square on a straight line commensurable with 
AE or by the square on a straight line incommensurable 
with it. 

If then the square on AZ is greater than the square on 
EB by the square on a straight line commensurable with AZ, 
the square on CF will also be greater than the square on FD 
by the square on a straight line commensurable with CF. 

[x. 14] 

And, if AZ is commensurable in length with the rational 

straight line set out, 


CF is so also, [x. 12] 
if BE, then DF also, [iz] 
and, if neither of the straight lines 44, £2, then neither of 
the straight lines CF, FD. [x. 13] 


But, if the square on AZ is greater than the square on EB 
by the square on a straight line incommensurable with AZ, 
the square on C will also be greater than the square on FD 
by the square on a straight line incommensurable with CF. 

[x- 14] 
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And, if AZ is commensurable in length with the rational 
straight line set out, 


CF is so also, 

if BE, then DF also, [x. 12] 
and, if neither of the straight lines 44, EB, then neither of 
the straight lines CF, FD. [x. 13] 


Therefore CD is an apotome and the same in order 
with AB. 
Q. E. D. 
This and the following propositions to 107 inclusive (like the correspond- 


ing theorems x. 66 to 70) are easy and require no elucidation. They are 
equivalent to saying that, if in any of the preceding irrational straight lines 


nels substituted for p, the resulting irrational is of the same kind and order 


as that from which it is altered. 


PROPOSITION 104. 


A straight line commensurable with an apotome of a 
medial straight line is an apotome of a medial straight line 
and (he same in order. 


Let AZ be an apotome of a medial straight line, 
and let CD be commensurable in 
length with AB; A B EÈ 
I say that CD is also an apotome ofa œ D F 
medial straight line and the same in 
order with AB. 

For, since AB is an apotome of a medial straight line, let 
EB be the annex to it. 

Therefore AZ, EB are medial straight lines commensur- 





able in square only. : [x. 74, 75] 
Let it be contrived that, as 4B isto CD, so is BE to DF; 

(vt. 12] 

therefore AZ is also commensurable with CF, and BE 
with DF. (v. 12, x. 11] 


But AZ, EB are medial straight lines commensurable in 
square only ; 


therefore CF, FD are also medial straight lines (x. 23] com- 
mensurable in square only ; [x. 13] 


therefore CD is an apotome of a medial straight line. [x. 74, 75] 
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I say next that it is also the same in order with AZ. 
Since, as AE is to EB, so is CF to FD, 


therefore also, as the square on AZ is to the rectangle AZ, 
£ B, so is the square on CF to the rectangle CF, FD. 


But the square on AZ is commensurable with the square 
on CF; 


therefore the rectangle 4Z, ZB is also commensurable with 


the rectangle CF, FD. v. 16, x. 11] 
Therefore, if the rectangle AZ, EZ is rational, the rect. 
angle CF, FD will also be rational, [x. Def. 47 
and if the rectangle AZ, EB is medial, the rectangle CF, FD 
is also medial. (x. 23, Por.] 
Therefore CD is an apotome of a medial straight line and 
the same in order with 42. [x. 74, 75] 
Q. E. D. 


PROPOSITION 105. 
A straight line commensurable with a minor straight line 
is minor, 
Let 4B be a minor straight line, and CD commensurable 
with AZ ; 
I say that C2 is also minor. 





Let the same construction be made ^ p E 
as before ; p ——— rp. cf 
then, since AE, EZ are incommensur- 
able in square, (x. 76] 


therefore CF, FD are also incommensurable in square. [x. 13] 
Now since, as AE is to EB, so is CF to FD, (v. 15, v. 16] 
therefore also, as the square on AZ is to the square on EB, 
so is the square on CF to the square on FD. [vi. 22] 
Therefore, componendo, as the squares on AE, EB are to 
the square on EZ, so are the squares on CF, FD to the 
square on FD. [v. 18] 
But the square on BE is commensurable with the square 
on DF; 
therefore the sum of the squares on 74 £, EZ is also commen- 
surable with the sum of the squares on CF, FD.  [v. 16, x. 11] 
But the sum of the squares on AZ, EB is rational; [x. 76] 


therefore the sum of the squares on CF, FD is also rational. 
(x. Def. 4] 
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Again, since, as the square on AE is to the rectangle 44 Z, 
EB, so is the square on CF to the rectangle CF, FD, 


while the square on AZ is commensurable with the square 
on CF, 

therefore the rectangle 4£, EP is also commensurable with 
the rectangle CF, FD. 

But the rectangle AZ, EB is medial ; (x. 76] 
therefore the rectangle CF, FD is also medial; [x. 23, Por.] 
therefore CF, FD are straight lines incommensurable in square 
which make the sum of the squares on them rational, but the 
rectangle contained by them medial. 


Therefore C2 is minor. [x. 76] 
Q. E. D. 


Proposition 106. 


A straight line commensurable with that which produces 
with a rational area a medial whole is a straight line which 
produces with a rational area a medial whole. 


Let AB be a straight line which produces with a rational 
area a medial whole, 


and CD commensurable with 42; A B E 
I say that CØ is also a straight line 5 E 
which produces with a rational area a Se UE MERLO: 


medial whole. 
For let BE be the annex to 4B; 
therefore AZ, EB are straight lines incommensurable in 
square which make the sum of the squares on AZ, EB 
medial, but the rectangle contained by them rational. — (x. 77] 
Let the same construction be made. 
Then we can prove, in manner similar to the foregoing, 
that CF, FD are in the same ratio as AZ, EB, 
the sum of the squares on AZ, EB is commensurable with 
the sum of the squares on CF, FD, 
and the rectangle AE, EZ with the rectangle CF, FD; 
so that CF, FD are also straight lines incommensurable in 
square which make the sum of the squares on CF, FD medial, 
but the rectangle contained by them rational. 
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Therefore CD is a straight line which produces with a 
rational area a medial whole. (x. 77] 
Q. E. D. 


PROPOSITION 107. 


A straight line commensurable with that which produces 
with a medial area a medial whole is itself also a straight line 
which produces with a medial area a medial whole. 


Let AB be a straight line which produces with a medial 
area a medial whole, 


and let CD be commensurable with 447; 


I say that CD is also a straight line E 
which produces with a medial area a — ⸗ 
medial whole. 


For let BE be the annex to AB, 
and let the same construction be made ; 


therefore AZ, EB are straight lines incommensurable in 
square which make the sum of the squares on them medial, 
the rectangle contained by them medial, and further the sum 
of the squares on them incommensurable with the rectangle 
contained by them. (x. 78] 


Now, as was proved, AE, EHh are commensurable with 
CF, FD, 


the sum of the squares on AZ, EB with the sum of the 
squares on CF, FD, 


and the rectangle 4Z, EB with the rectangle CF, FD; 


therefore CF, FD are also straight lines incommensurable in 
square which make the sum of the squares on them medial, 
the rectangle contained by them medial, and further the sum 
of the squares on them incommensurable with the rectangle 
contained by them. 


Therefore CD is a straight line which produces with a 
medial area a medial whole. (x. 78] 
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PROPOSITION 108. 


If from a rational area a medial area be subtracted, the 
“side” of the remaining area becomes one of two irrational 
straight lines, either an apotome or a minor straight line. 


For from the rational area BC let the medial area BD be 
subtracted ; 
I say that the “side” of the A E B 
remainder EC becomes one 
of two irrational straight lines, 
either an apotome or a minor 
straight line. 

For let a rational straight c D 


line FG be set out, E G 
to FG let there be applied the o [ù | 
rectangular parallelogram GĦ 4 K F 


equal to BC, 
and let GK equal to DB be subtracted ; 
therefore the remainder ÆC is equal to ZÆ. 
Since then BC is rational, and BD medial, 
while BC is equal to GH, and BD to GK, 
therefore GH is rational, and GK medial. 
And they are applied to the rational straight line FG ; 
therefore FA is rational and commensurable in length with 


FG, [x. 20] 
while FK is rational and incommensurable in length with FG; 
[x. 22] 


therefore FH is incommensurable in length with FÆ. [x. 13] 
Therefore FH, FK are rational straight lines commen- 
surable in square only ; 
therefore KH is an apotome (x. 73], and KF the annex to it. 
Now the square on ZZ is greater than the square on FK 
by the square on a straight line either commensurable with 
HF or not commensurable. 
First, let the square on it be greater by the square on a 
straight line commensurable with it. 
Now the whole ÆF is commensurable in length with the 
rational straight line FG set out ; 
therefore XH is a first apotome. [x. Deff. in. 1] 
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But the “side” of the rectangle contained by a rational 
straight line and a first apotome is an apotome. [x. 91] 

Therefore the '* side" of LZ, that is, of EC, is an apotome. 

But, if the square on //F is greater than the square on 
FK by the square on a straight line incommensurable 
with AF, 


while the whole FH is commensurable in length with the 
rational straight line FG set out, 


KH is a fourth apotome. [x. Def. ur. 4] 

But the “side” of the rectangle contained by a rational 

straight line and a fourth apotome is minor. [x. 94] 
Q. E. D. 


A rational area being of the form 4p', and a medial area of the form 
JA. p, the problem is to classify 


NRE = JA. p? 
according to the different possible relations between 4, À. 
Suppose that ou = kp’, 
ov= JA . p. 


Since oz is rational and ov medial, 
u is rational and ^ ø, 
while v is rational and ~ ø. 
Therefore DEVE 
thus 2, v are rational and ~, 
whence (u — v) is an apotome. 
The possibilities are now as follows. 
(1) Na- an u, 
(2) Við- v u. 
In both cases x ^ ø, 
so that (u — v) is either (1) a first apotome, 
or (2) a fourth apotome. 
In case (1) Je (u — v) is an agofeme [x. 91], 
but in case (2) Ae (u — v) is a minor irrational straight line [x. 94]. 


PROPOSITION 109. 


Jf from a medial area a rational urea be subtracted, there 
arise two other irrational straight lines, either a first apotome 
of a medial straight line or a straight line which produces with 
a rational area a medial whole. 


For from the medial area BC let the rational area BD be 
subtracted. 
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I say that the "side" of the remainder EC becomes one 
of two irrational straight lines, either a first apotome of a 
medial straight line or a straight line which produces with a 
rational area a medial whole. 


F KH 


G L 


For let a rational straight line FG be set out, 
and let the areas be similarly applied. 

It follows then that FH is rational and incommensurable 
in length with FG, 
while AF is rational and commensurable in length with FG; 
therefore FH, FX are rational straight lines commensurable 
in square only ; [x. 13] 
therefore K/7 is an apotome, and FK the annex to it. (x. 73] 

Now the square on //F is greater than the square on FK 
either by the square on a straight line commensurable with 
HF or by the square on a straight line incommensurable 
with it. 

If then the square on H/F is greater than the square on 
FK by the square on a straight line commensurable with HF, 
while the annex FĶ is commensurable in length with the 
rational straight line FG set out, 

KH is a second apotome. [x. Def. tu. 2] 

But FG is rational ; 
so that the “side” of LH, that is, of EC, is a first apotome of 
a medial straight line. (x. 92] 

But, if the square on A/F is greater than the square on 
FK by the square on a straight line incommensurable with H/F, 
while the annex FĶ is commensurable in length with the 
rational straight line AG set out, 

KH is a fifth apotome ; [x. Def. m. 5] 
so that the “side” of ÆC is a straight line which produces 
with a rational area a medial whole. [x. 95] 
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In this case we have to classify 


J Jk. p? — Ap’. 
Suppose that ou= Sk. p’, 
ov = Xp’. 


Thus, ow being medial and ov rational, 
v is rational and v a, 
while v is rational and ^ c. 
Thus, as before, w, v are rational and ~, 
so that (4 — v) is an apotome. 
Now either 
Q) Vita au, 
or (2) 4w-wuu, 
while in both cases v is commensurable with ø. 
Therefore (u — v) is either (1) a second apotome, 
or (2) a fifth apotome, 


and hence in case (1) vø (u — v) is the frst apotome of a medial straight line, 


[x. 92] 
and in case (2) ~o (u — v) is the “ side” of a medial, minus a rational, area. 
[x. 95] 


PROPOSITION 110. 


If from a medial area there be subtracted a medial area 
incommensurable with the whole, the two remaining irrational 
straight lines arise, either a second apotome of a medial straight 
line or a straight line which produces with a medial area a 
medial whole. 

For, as in the foregoing figures, let there be subtracted 
from the medial area BC the medial area BD incommensur- 
able with the whole ; 


E 


K H 


G L 


I say that the “side” of EC is one of two irrational straight 
lines, either a second apotome of a medial straight line or a 
straight line which produces with a medial area a medial whole. 
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For, since each of the rectangles BC, BD is medial, 
and JC is incommensurable with 52, 


it follows that each of the straight lines FH, FK will be 
rational and incommensurable in length with FG. (x. 22] 


And, since BC is incommensurable with ZD, 
that is, GH with GK, 
HF is also incommensurable with FK ; (vi. 1, x. 11] 
therefore FH, FK are rational straight lines commensurable 
in square only ; 
therefore &'77 is an apotome. Lx. 73] 


If then the square on EZ is greater than the square on 
FK by the square on a straight line commensurable with FH, 


while neither of the straight lines FH, FK is commensurable 
in length with the rational straight line FG set out, 
K H is a third apotome. [x. Def. 11. 3] 

But KZ is rational, 
and the rectangle contained by a rational straight line and a 
third apotome is irrational, 
and the “side” of it is irrational, and is called a second 
apotome of a medial straight line ; [x. 93] 
so that the “side” of LH, that is, of EC, is a second apotome 
of a medial straight line. 

But, if the square on FH is greater than the square on 
FK by the square on a straight line incommensurable with FØ, 
while neither of the straight lines ZZF, FK is commensurable 
in length with AG, 

KH is a sixth apotome. [x. Deff. 11. 6] 

But the ''side" of the rectangle contained by a rational 
straight line and a sixth apotome is a straight line which 
produces with a medial area a medial whole. [x. 96] 

Therefore the “side” of LA, that is, of EC, is a straight 
line which produces with a medial area a medial whole. 


Q. E. D. 
We have to classify J JR. pte JA. pi, 
where ,/&. p? is incommensurable with ,/A . p*. 
Put ou = Jk P 


on = AA. p. 
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Then v is rational and v v, 
v is rational and v ø, 
and uou. 
Therefore x, v are rational and ~. 
so that (4 — v) is an apotome. 
Now either 
(1) Jut - vy ^ u, 
or (2) Aut — v v u, 
while in both cases both «x and v are v c. 
In case (1) (4-7) is a third apotome, 
and in case (2) (w — v) is a sixth apotome, 


sc that V (4 — v) is cither (1) a seond agotome of a medial straight line (x. 93], 
or (2) a “ side” of the difference between two medial areas (x. 96]. 


PROPOSITION III. 
The apotome ts not the same with the binomial straight line. 


Let ABZ be an apotome ; 


I say that AZ is not the same with the 
binomial straight line. 

For, if possible, let it be so; D G E F 
let a rational straight line DC be set out, 
and tc CD let there be applied the 


rectangle CE equal to the square on 
AB and producing DE as breadth. 


Then, since 4B is an apotome, 
DE is a first apotome. [x. 97] 
Let ZF be the annex to it; 
therefore DF, FE are rational straight 
lines commensurable in square only, 
the square on DF is greater than the square on FE by the 
square on a straight line commensurable with DF, 


and DF is commensurable in length with the rational straight 


line DC set out. (x. Deff. ur. 1) 
Again, since ABZ is binomial, 
therefore DZ is a first binomial straight line. (x. 60] 


Let it be divided into its terms at G, 
and let DG be the greater term ; 


therefore DG, GE are rational straight lines commensurable 
in square only, 
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the square on DG is greater than the square on GE by the 
square on a straight line commensurable with DG, and the 
greater term DG is commensurable in length with the rational 
straight line DC set out. [x. Def. 1. 1] 


Therefore DF is also commensurable in length with DG ; 


[x. 12] 


therefore the remainder GF is also commensurable in length 


with DF. [x. 15] 
But DF is incommensurable in length with EZ; 
therefore FG is also incommensurable in length with ZF. [x. 13] 


Therefore GF, FE are rational straight lines commensur- 
able in square only ; 


therefore EG is an apotome. [x. 73] 
But it is also rational : 
which is impossible. 


Therefore the apotome is not the same with the binomial 
straight line. 


Q. E. D. 


This proposition proves the equivalent of the fact that 
~x + Jy cannot be equal to J/x' - /y’, and 
x + ,/y cannot be equal to x’ — Jy. 


We should prove these results by squaring the respective expressions; and 
Euclid’s procedure corresponds to this exactly. 
He has to prove that 
p+ k.p cannot be equal to p’— /A.p’. 
For, if possible, let this be so. 
Take the straight lines e+ Jf pF ; (9 - EE 


these must be equal, and therefore 
2 n 
P (1+k+a sk) =E (14-2) eae (1). 
pe p? 
Now a (1 +k), > (1 +À) are rational and ^; 
a p p^ 
therefore t (143) - — (1 n). (1 4 À) 
g 9 g 
P 
v c .2 J . 
And, since both sides are rational, it follows that 


p e p” : 
E (143) - "iL «à)- v? JA is an afotome. 
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2 
But, by (1), this expression is equal to - . 2 Jk, which is rational. 


Hence an afotome, which is irrational, is also rational : 
which is impossible. 

This proposition is the connecting link which enables Euclid to prove that 
all the compound irrationals with positive signs above discussed are different 
from all the corresponding compound irrationals with negative signs, while the 
two sets are all different from one another and from the medial straight line. 
The recapitulation following makes this clear. 





The apotome and the irrational straight lines following it 
are neither the same with the medial straight line nor with one 
another. 

For the square on a medial straight line, if applied to a 
rational straight line, produces as breadth a straight line 
rational and incommensurable in length with that to which it 


is applied, [x. 22] 
while the square on an apotome, if applied to a rational 
straight line, produces as breadth a first apotome, [x. 97] 


the square on a first apotome of a medial straight line, if 
applied to a rational straight line, produces as breadth a 
second apotome, [x. 98] 
the square on a second apotome of a medial straight line, if 
applied to a rational straight line, produces as breadth a third 
apotome, [x. 99] 
the square on a minor straight line, if applied to a rational 
straight line, produces as breadth a fourth apotome, _[x. 100] 
the square on the straight line which produces with a rational 
area a medial whole, if applied to a rational straight line, 
produces as breadth a fifth apotome, [x. 101) 
and the square on the straight line which produces with a 
medial area a medial whole, if applied to a rational straight 
line, produces as breadth a sixth apotome. [x. 102] 

Since then the said breadths differ froin the first and from 
one another, from the first because it is rational, and from one 
another since they are not the same in order, 
it is clear that the irrational straight lines themselves also 
differ from one another. 

And, since the apotome has been proved not to be the 
same as the binomial straight line, : [x- 111] 


but, if applied to a rational straight line, the straight lines 
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following the apotome produce, as breadths, each according 
to its own order, apotomes, and those following the binomial 
straight line themselves also, according to their order, produce 
the binomials as breadths, 
therefore those following the apotome are different, and those 
following the binomial straight line are different, so that there 
are, in order, thirteen irrational straight lines in all, 

Medial, 

Binomial, 

First bimedial, 

Second bimedial, 

Major, 

“Side” of a rational plus a medial area, 

“Side” of the sum of two medial areas, 

Apotome, 

First apotome of a medial straight line, 

Second apotome of a medial straight line, 

Minor, 

Producing with a rational area a media] whole, 

Producing with a medial area a medial whole. 


PROPOSITION 112. 


The square on a rational straight line applied to the 
binomial straight line produces as breadth an apotome the 
terms of which are commensurable with the terms of the bi- 
nomial and moreover in the same ratio; and further the 
apotome so arising will have the same order as the binomial 
straight line. 


Let A be a rational straight line, 
let ZC be a binomial, and let DC be its greater term ; 
let the rectangle BC, EF be equal to the square on A ; 


A 
D c G 








eo 


I say that EF is an apotome the terms of which are commen- 
surable with CD, DB, and in the same ratio, and further EF 
will have the same order as ZC. 
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For again let the rectangle BD, G be equal to the square 
on A. 

Since then the rectangle BC, EF is equal to the rectangle 
BD, G, 


therefore, as CB is to BD, so is G to EF. (vi. 16] 
But CZ is greater than BD ; 
therefore G is also greater than £7. (v. 16, v. 14] 


Let EH be equal to G; 
therefore, as CZ is to BD, so is ZZE to EF; 
therefore, separando, as CD is to BD, so is ZZF to FE. |v. 17] 


Let it be contrived that, as HF is to FE, so is FK 
to KE; 


therefore also the whole HX is to the whole KF as FK 
isto KE; 


for, as one of the antecedents is to one of the consequents, so 


are all the antecedents to all the consequents. [v. 12] 

But, as FX is to KZ, so is CD to DB; [v. 11] 
therefore also, as HX is to KF, so is CD to DB. [id] 

But the square on CD is commensurable with the square 
on DB; [x- 36] 
therefore the square on ZZK is also commensurable with the 
square on KF, (vi. 22, x. 11) 


And, as the square on //K is to the square on KF, so is 
HK to KE, since the three straight lines HK, KF, KE are 
proportional. [v. Def. 9] 

Therefore ZZX is commensurable in length with KZ, 


so that ZTE is also commensurable in length with EX. (x. 15] 
Now, since the square on 74 is equal to the rectangle 


EH, BD, 
while the square on 4 is rational, 
therefore the rectangle EH, BD is also rational. 
And it is applied to the rational straight line BD; 


therefore EH is rational and commensurable in length 
with BD; [x. 20] 


so that EK, being commensurable with it, is also rational and 
commensurable in length with BD. 
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Since, then, as CD is to DP, so is FK to KE, 


while CD, DB are straight lines commensurable in square 
only, 


therefore FK, KE are also commensurable in square only. 
[x. 11] 


But K& is rational ; 
therefore FK is also rational. 


Therefore FK, KE are rational straight lines commen- 
surable in square only ; 


therefore EF is an apotome. [x. 73] 


Now the square on C2 is greater than the square on DB 
either by the square on a straight line commensurable with 
CD or by the square on a straight line incommensurable 
with it. 

If then the square on C2 is greater than the square on 
DB by the square on a straight line commensurable with CD, 
the square on FX is also greater than the square on KE by 
the square on a straight line commensurable with FX. [x. 14] 

And, if CD is commensurable in length with the rational 
straight line set out, 


so also is FK ; [x. 11, 12] 
if BD is so commensurable, 
so also is KE ; [x. 12] 


but, if neither of the straight lines CD, DB is so commensur- 
able, 
neither of the straight lines FK, KE is so. 

But, if the square on CD is greater than the square on 


DB by the square on a straight line incommensurable 
with CD, 


the square on FX is also greater than the square on KE by 
the square on a straight line incommensurable with FK. [x. 14) 


And, if CD is commensurable with the rational straight 
line set out, 
so also is FX; 
if BD is so commensurable, 
so also is KZ ; 
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but, if neither of the straight lines CD, DB is so commensur- 
able, 


neither of the straight lines FK, KE is so; 


so that FZ is an apotome, the terms of which FK, KE are 
commensurable with the terms CD, DB of the binomial 
straight line and in the same ratio, and it has the same order 
as BC. 


Q. E. D. 


Heiberg considers that this proposition and the succeeding ones are inter- 
polated, though the interpolation must have taken place before Theon's time. 
His argument is that x. 112—115 are nowhere used, but that x. 111 rounds 
off the complete discussion of the r3 irrationals (as indicated in the recapitu- 
lation), thereby giving what was necessary for use in connexion with the 
investigation of the five regular solids. For besides x. 73 (used in xtti. 6, 11) 
X. 94 and 97 are used in xiu. 11, 6 respectively; and Euclid could not have 
stopped at x. 97 without leaving the discussion of irrationals imperfect, for 
X. 98— 102 are closely connected with x. 97,and x. 103—111 add, as it were, 
the coping-stone to the whole doctrine. On the other hand, x. 112—115 are 
not connected with the rest of the treatise on the 13 irrationals and are not 
used in the stereometric books. They are rather the germ of a new study and 
a more abstruse investigation of irrationals in themselves. Prop. 115 in 
particular extends the number of the different kinds of irrationals. As 
however x. 112—t15 are old and serviceable theorems, Heiberg thinks that, 
though Euclid did not give them, they may have been taken from Apollonius. 

I will only point out what seems to me open to doubt in the above, namely 
that x. 112—114 (excluding 115) are not connected with the rest of the 
exposition of the 13 irrationals. It seems tc me that they are so connected. 
x. r11 has shown us that a binomial straight line cannot also be an apotome. 
But x. 112—114 show us Aow either of them can be used to rationalise the other, 
thus giving what is surely an important relation between them. 


x 112 is the equivalent of rationalising the denominators of the fractions 
a e 
VA+ JB’? a+ JB’ 
by multiplying numerator and denominator by JA — JB and a- JB 
respectively. 


2 
Euclid proves that — —AÀp- JA. Ap (& « 1), and his method enables 


Jk 
us to see that A = 07/(p? — 4p’). 

The proof is a remarkable instance of the dexterity of the Greeks in using 
geometry as the equivalent of our algebra. Like so many proofs in Archimedes 
and Apollonius, it leaves us completely in the dark as to how it was evolved. 
That the Greeks must have had some analytical method which suggested the 
steps of such proofs seems certain; but waaf it was must remain apparently 
an insoluble mystery. 

I will reproduce by means of algebraical symbols the exact course of 
Euclid’s proof. 


o? : : ] 
He has to prove that ——_— is an apotome related in a certain way to 
pt k.p 
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the binomial straight line p+ /&.p. If u be the straight line required, 
(u+ w)-w is shown to be an apotome of the kind described, where t» is 
determined in the following manner. 


We have (p+ Jk. p) u=o'°= Jk. p. x, say, 
whence x. | V bres v2 sias (1). 
Let x=u+U. 
Then (p+ Jk.p): Jk.p=(u+v): u, 
and hence Bi Re PEU U E (2). 
"Let w be taken such that 
V: u= (Uu +W): W (3). 
Thus V: u=(u +V +w): (u +W) (4), 
and therefore p : Jk.p= (u +v + w) : (u +w). 


From the last proportion, 
(utv+wy(utw)’, 


and, from the two preceding, («+ w) is a mean proportional between 
(u+u+w), w, so that 


(utvt+w)y:(u+wyP=(u+u+w):w. 


Therefore (u * v * w) ^w, 
whence (u +v) ^ w. 
Now ~k. p(u+v)= 0, which is rational ; 
therefore (u + v) is rational and > /k.p; 
hence w is also rational and ^ JŘ. Pp sees (5). 


Next, by (2), (3), since p, /&.p are ~, 


(u+ w) ~w, 
and w is rational ; 


therefore (u + w) is rational, 
and (u + w), w are rational and ~. 
Hence (u + w)-w is an apotome. 
Now either (I) Jp! - &p! ^ p, 
or (II) Jp! &p* » p. 
In case (I) A (u wy — u? ^ (uw), [(2), (3) and x. 14] 
and in case (II) J(u + wy - u? v (u+ w). al 
Then, since [(5)] w^ Jk.p, 
by x. 11: and (2), (3) («-w)^p esee Mae (6). 


(This step is omitted in Euclid, but the result is assumed.] 

If therefore p^ o, (u+w)^s; 
if Jk.pro, wre; [(5)] 
and, if neither p nor ,/4 . p is ^ a, neither (w+ w) nor w will be ^ c. 


Thus the order of the apotome (x w) — z is the same as th3t of the 
binomial straight line p & ,/£. p; while ((2), (3)] the terms are proportional 
and [(5), (6)] commensurable respectively. 
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We find (u + w), w algebraically thus. 


c? 








By (1), Mr E 
wtwo p 
and, by (2), (3), B CJ. p 
Ws 

whence w= Se 
s. Jh. p 
zd P- kP 2 

Pe nD 

Thus MUU TE E E ka 

p- k.p 

Therefore (ur mo) w = o, E St. 


PROPOSITION 113. 


The square on a rational straight line, if applied to an 
apotome, produces as: breadth the binomial straight line the 
terms of which are commensurable with the terms of the 
apolome and in the same ratio; and further the binomal 
so arising has the same order as the apotome. 


Let A be a rational straight line and ÆD an apotome, 
and let the rectangle BD, KH be equal to 
the square on J, so that the square on the c K 
rational straight line 4 when applied to the 
apotome BD produces KH as breadth ; A 
I say that AA is a binomial straight line the 
terms of which are commensurable with the D F 
terms of AD and in the same ratio; and 
further XH has the same order as BD. H 
For let DC be the annex to BD; B 


therefore BC, CD are rational straight lines commensurable 
in square only. [x. 73] 


Let the rectangle BC, G be also equal to the square on 4. 
But the square on 4 is rational ; 


therefore the rectangle BC, G is also rational. 
And it has been applied to the rational straight line BC ; 


therefore G is rational and commensurable in length with BC. 
[x. 20] 
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Since now the rectangle BC, G is equal to the rectangle 
BD, KH, 


therefore, proportionally, as CB is to BD, so is KH to G. 
[vi. 16] 
But AC is greater than BD; 


therefore XH is also greater than G. [v. 16, v. 14] 
Let KE be made equal to G; 

therefore KE is commensurable in length with BC. 
And since, as CB is to BD, so is HK to KE, 


therefore, convertendo, as BC is to CD, so is KH to HE. 
(v. 19, Por.] 


Let it be contrived that, as KH is to HE, so is HF 
to FE; 
therefore also the remainder AF is to FH as KA is to HE, 
that is, as BC is to CD. [v. 19] 
But BC, CD are commensurable in square only ; 
therefore KF, FH are also commensurable in square only. 


X. II 

And since, as KH is to HE, so is KF to FH, 
while, as KH is to HE, so is HF to FE, 

therefore also, as AF is to FH, so is HF to FE, [v. 11] 

so that also, as the first is to the third, so is the square on the 

first to the square on the second ; [v. Def. 9] 


therefore also, as AF is to FÆ, so is the square on KF to the 
square on FH. 


But the square on AF is commensurable with the square 
on FA, 


for KF, FH are commensurable in square ; 

therefore AF is also commensurable in length with FE, (x. 11] 

so that K is also commensurable in length with XZ. [x. 15] 
But XÆ is rational and commensurable in length with BC; 

therefore AF is also rational and commensurable in length 


with BC, [x. 12] 
And, since, as BC is to CD, so is KF to FH, 
alternately, as BC is to KF, so is DC to FH. [v. 16] 


But BC is commensurable with AF; 
therefore FH is also commensurable in length with CD. [x. 11] 
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But BC, CD are rational straight lines commensurable in 
square only ; 
therefore KF, FH are also rational straight lines (x. Def. 3] 
commensurable in square only ; 
therefore XH is binomial. [x. 36] 


If now the square on AC is greater than the square on CD 
by the square on a straight line commensurable with BC, 
the square on XF will also be greater than the square on FH 
by the square on a straight line commensurable with AF. [x 14] 


And, if BC is commensurable in length with the rational 
straight line set out, 


so also is KF; 

if CD is commensurable in length with the rational straight 
line set out, 

so also is FA, 

but, if neither of the straight lines BC, CD, 

then neither of the straight lines KZ, FH. 


But, if the square on AC is greater than the square on CD 
by the square on a straight line incommensurable with BC, 
the square on K is also greater than the square on FH by 
the square on a straight line incommensurable with AF. [x. 14] 


And, if BC is commensurable with the rational straight 
line set out, 


so also is KF; 

if CD is so commensurable, 

30 also is FA ; 

but, if neither of the straight lines BC, CD, 
then neither of the straight lines KF, FH. 


Therefore KÆ is a binomial straight line, .he terms of 
which XF, FH are commensurable with the terms BC, CD of 
the apotome and in the same ratio, 
and further XÆ has the same order as BD. 

Q. E. D. 

This proposition, which is companion to the preceding, gives us the equiva- 

lent of the rationalisation of the denominator of 
e e 


JAJA " oa-qE 
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Euclid (or the writer) proves that 


a? 


——7— =Apt+A Sk. p, k«1 
p- J.p Ap JA. p ( ) 
and his method enables us to see that À — c?/(p? — &p?). 
L 7 
et — = 4; 
p- k.p 


and it is proved that x is the binomial straight line (u — w) + w, where w is 
determined as shown below. 


u (p= „k . p) = 0° = px, say, 


whence AA A I E E EE EE (1), 
so that x <u. 
Let then x=u-— v. 
Since (u-v)p =°, a rational area, 
(4 — 9) is rational and ^ p......... sse (2). 
And ((1)] p: (p-k. p) =u: (u-v), 
so that, convertendo, pi J/k.p=uin. 
Suppose that “uiv=w:(v-w), 
so that [v. r9] (u—w):w-2u:v-2w:(v-w). 


Thus, w being a mean proportional between (u — w), (v - w), 
(wu — wy : uw - (u—w):(v—w) 


But (u — w’ : w? = u? : 1P 
Spa Rp tiis dO Re (3), 
so that (n — wy ^ u’. 
Therefore (u - w) ^ (v - w) 
> {(u- w)~ (v= w)} 
^a (u-v). 
Therefore [(2)] (u- w) is rational and ^p ..................... (4)- 
And, since P: JR. p= (u- w): w, 
w is rational and ^ JE. p. isses (5). 
Hence [(4), (5)] («-w), w are rational and ~, 
so that (u—w)+w is a binomial straight line. 
Now either (I) N p! — Kp! ^ p, 
or (11) X p* — kp? o p. 
In case (I) (u — w) -= u’ ^ (u - w), 
and in case (II) v (u — w} - u? v (u — w). [(3) and x. 14] 
And, if p ^ c, («—w)^oc; ((4)] 
if /k. pa, wre; [5] 


while, if neither p nor J/£.p is ^ c, neither (w— 2) nor wis ^ c. 
Hence (uw — :w) * : is a binomial straight line of the same order as the 


apotome p— ,/&.p, its terms are proportional to those of the »notome [(3)], 
and commensurable with them respectively [(4), (5)]. 
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To find (u — w), w algebraically we have 





p- k. p' 
u-w_ p 
w — JRÀ.p 
u. Jk.p 
From the latte we SiN 
] pk. p 
20 . Jk.p 
7 P- kp 
2 1 p 
Thus u-w=w. T= ako 
p+ J/k.p 
Therefore (u-—w)+we=o". tz "t 


PROPOSITION 114. 


Jf an area be contained by an apotome and the binomial 
straight line the terms of which are commensurable with the 
terms of the apotome and in the same ratio, the side” of the 
area ts rational. 


For let an area, the rectangle 4B, CD, be contained by 
the apotome 4 and the binomial 
straight line CD, 
and let CZ be the greater term of 
the latter; c — — D 
let the terms CE, ED of the 
binomial straight line be commen- 


surable with the terms 4/7, FB of 











the apotome and in the same ratio; K ELM 
and let the “side” of the rectangle 
AB, CD be G; 


I say that G is rational. 

For let a rational straight line Æ be set out, 
and to CØ let there be applied a rectangle equal to the square 
on A and producing AZ as breadth, 

Therefore AZ is an apotome. 

Let its terms be KM, ML commensurable with the terms 


CE, ED of the binomial straight line and in the same ratio. 
[x. 112] 
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But C£, ED are also commensurable with AF, FB and in 

the same ratio ; 

therefore, as AF is to FB, so is KM to ML. 


Therefore, alternately, as AF is to KM, so is BF to LM; 
therefore also the remainder 4B is to the remainder XZL as 


AF is to K M. v. 19] 

But AF is commensurable with XM ; [x. 12] 
therefore 4 B is also commensurable with KZ. [x. 11] 

And, as AB is to KL, so is the rectangle CD, AB to the 
rectangle CD, KL ; (vi. 1] 
therefore the rectangle CD, AB is also commensurable with 
the rectangle CD, KL. [x. 11] 


But the rectangle CD, KZ is equal to the square on 77; 


therefore the rectangle CD, AB is commensurable with the 
square on 77. 


But the square on G is equal to the rectangle CD, AB; 
therefore the square on G is commensurable with the square 


on 77. 

But the square on Æ is rational ; 
therefore the square on G is also rational ; 
therefore G is rational. 


And it is the “side” of the rectangle CD, AB. 
Therefore etc. 


Porism. And it is made manifest to us by this also that 
it is possible for a rational area to be contained by irrational 
straight lines. 


Q. E. D. 
This theorem is equivalent to the proof of the fact that 
JA - JB) 6 JA *A JB) - JA(A- B), 
and J (a - JB) (a * À JB) » /X (à - B). 
The result of the theorem x. 112 is used for the purpose thus. 
We have to prove that 


JG — JE o Qo * JE.) 








is rational. 
By x. 112 we have, if a is a rational straight line, 


o? ^ ‘ 
rk JE S7 N07 (1). 
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Now  p:Xp- Jk. p:X JR. p (p- J&.p) (Np - N JA. p), 
so that (p- J&.p) ^ (Np- X SR. p). 
Multiplying each by (Ap * À JA. p), we have 
(p— JB. p) Qo * & JA. p) ^ Qu &À JA. p) p — X AA. p) 


^ c, by (1). 
That is, (p —- Jk. p) Apt A JA. p) is a rational area, 
and therefore A (p— JA. p) (Ap * JÈ. p) is rational. 


PROPOSITION 115. 


From a medial straight line there arise irrationel straight 
lines infinite in number, and none of them is the same as any 
of the preceding. 

Let A be a medial straight line ; 

I say that from 4 there arise 
irrational straight lines infinite in 
number, and none of them is the 
same as any of the preceding. 

Let a rational straight line B 
be set out, 
and let the square on C be equal 
to the rectangle Z, 4 ; 
therefore C is irrational ; [x. Def. 4] 
for that which is contained by an irrational and a rational 
straight line is irrational. [deduction from x. 2o] 

And it is not the same with any of the preceding ; 
for the square on none of the preceding, if applied to a rational 
straight line produces as breadth a medial straight line. 

Again, let the square on D be equal to the rectangle B, C; 
therefore the square on 2 is irrational. [deduction from x. 20] 

Therefore D is irrational ; (x. Def. 4] 
and it is not the same with any of the preceding, for the 
square on none of the preceding, if applied to a rational 
straight line, produces C as breadth. 

Similarly, if this arrangement proceeds ad infinitum, it 
is manifest that from the medial straight line there arise 
irrational straight lines infinite in number, and none is the 
same with any of the preceding. 


o 0o o > 


Q. E. D. 
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Heiberg is clearly right in holding that this proposition, at all events, is 
alien to the general scope of Book x, and is therefore probably an interpola- 
tion, made however before Theon’s time. It is of the same character as a 
scholium at the end of the Book, which is (along with the interpolated proposi- 
tion proving, in two ways, the incommensurability of the diagonal of a square 
with its side) relegated by August as well as Heiberg to an Appendix. 


The proposition amounts to this. 


The straight line kp being medial, if « be a rational straight line, N Kpa 
is a new irrational straight line. So is the mean proportional between this 
and another rational straight line ø’, and so on indefinitely. 


ANCIENT EXTENSIONS OF THE THEORY OF Book X. 


From the hints given by the author of the commentary found in Arabic 
by Woepcke (cf. pp. 3—4 above) it would seem probable that Apollonius’ 
extensions of the theory of irrationals took two directions : (1) generalising 
the medial straight line of Euclid, and (2) forming compound irrationals by the 
addition and subtraction of more than two terms of the sort composing the 
binomials, apotomes, etc The commentator writes (Woepcke’s article, pp. 694 
sqq.) : 
“Tt is also necessary that we should know that, not only when we join 
together two straight lines rational and commensurable in square do we obtain 
the binomial straight line, but three or four lines produce in an analogous 
manner the same thing. In the first case, we obtain the trinomial straight 
line, since the whole line is irrational ; and in the second case we obtain the 
quadrinomial, and so on ad infinitum. The proof of the (irrationality of the) 
line composed of three lines rational and commensurable in square is exactly 
the same as the proof relating to the combination of two lines. 

“ But we must start afresh and remark that not only can we take one sole 
medial line between two lines commensurable in square, but we can take three 
or four of them and so on ad infinitum, since we can take, between any two 
given straight lines, as many lines as we wish in continued proportion. 

“ Likewise, in the lines formed by addition not only can we construct the 
binomial straight line, but we can also construct the trinomial, as well as the 
first and second trimedial ; and, further, the line composed of three straight 
lines incommensurable in square and such that the one of them gives with 
each of the two others a sum of squares (which is) rational, while the rectangle 
contained by the two lines is medial, so that there results a mayor (irrational) 
composed of three lines. 

" And, in an analogous manner, we obtain the straight line which is the 
‘side’ of a rational plus a medial area, composed of three straight lines, and, 
likewise, that which is the ‘side’ of (the sum of) two medials.” 

The generalisation of the medial is apparently after the following manner. 
Let x, y be two straight lines rational and commensurable in square only and 
suppose that m means are interposed, so that 


Kh, = Ey Hy = Hy Hy =. HK qi i Xm 7 Xg y- 


3 2 x x\r 
We easily derive herefrom > = x)? 
r 
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and hence Xu mue, cxt 
xj =y. a, 
so that (agrar )M t= (yxy, 
and therefore DELENE 
1 
or Ra (xT th yet, 


which is the generalised medial. 


We now pass to the trinomial etc., with the commentator’s further remarks 
about them. 


(1) The trinomial. “Suppose three rational straight lines commensurable in 
square only. The line composed of two of these lines, that is, the binomial 
straight line, is irrational, and, in consequence, the area contained by this line 
and the remaining line is irrational, and, likewise, the double of the area 
contained by these two lines will be irrational. Thus the square on the 
whole line composed of three lines is irrational and consequently the line is 
irrational, and it is called a trinomial straight line.” 

It is easy to see that this “proof” is not conclusive as stated. Nor does 
Woepcke seem to show how the proposition can be proved on Euclidean 
lines. But I think it would be somewhat as follows. 


Suppose x, y, z to be rational and ~. 

Then x’, y?, z? are rational, and 2yz, 2zx, 2xy are all medial. 

First, (2yz + 2zx * 2xy) cannot be rational. 

For suppose this sum equal to a rational area, say o°. 

Since 2y2 + 22% + 2%} = P, 

22x - 2xy — d? — 2yz, 
or the sum of two medial areas incommensurable with one another is equal to 
the difference between a rational area and a medial area. 

But the “side” of the sum of the two medial areas must (x. 72] be one of 
two irrationals with a positive sign; and the “side” of the difference between a 
rational area and a medial area must [x. 108] be one of two irrationa!s with a 
negative sign. 

And the first “side” cannot be the same as the second (x. 111 and ex- 
planation following]. 


Therefore 22X * 2xy * a? — 2y2, 
and 2yz + 2z% + 2xy is consequently trrational. 
Therefore (X3 e y!  z*) o (zyz * 22x * 2xy), 
whence (x *ytzy vu (x7 +9" + 2’), 


so that (x + y +z), and therefore also (x + y + 2), is irrational. 


The commentator goes on: 


“ And, if we have four lines commensurable in square, as we have said, the 
procedure will be exactly the same ; and we shall treat the succeeding lines in 
an analogous manner.” 

Without speculating further as to how the extension was made to the 
quadrinomtal etc., we may suppose with Woepcke that Apollonius probably 
investigated the multinomial 


prilk.ptJrA.ptJ/p.pt... 
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(2) The first trimedial straight line. 


The commentator here says: “Suppose we nave three medial lines com- 
mensurable in square [only], one of which contains with each of the two others 
a rational rectangle; then the straight line composed of the two lines is 
irrational and is called the first bimedial ; the remaining line is medial, and 
the area contained by these two lines is irrational. Consequently the square 
on the whole line is irrational." 

To begin with, the conditions here given are incompatible. If x, y, z be 
medial straight lines such that xy, xz are both rational, 


Yi Z=AYIXL= Min, 


and y, z are commensurable in length and not in sguare only. 

Hence it seems that we must, with Woepcke, understand “three medial 
straight lines such that one is commensurable with each of the other two in 
square only and makes with it a rational rectangle.” 

If x, y, z be the three medial straight lines, 


(x? + y? 2) ^x, 


so that (x? + y? + 2’) is medial. 

Also we have 2xy, 2xz both rational and 2yz medial. 

Now (x° + y’ + 27) + 2yz + 2xy + 2xz cannot be rational, for, if it were, the 
sum of two medial areas, (x? +’ +z’), 2yz, would be rational: which is im- 
possible. (Cf. x. 72.] 


Hence (x * y *z) is irrational. 


(3) The second trimedial straight line. 


Suppose x, y, z to be medial straight lines commensurable in square only 
and containing with each other medial rectangles. 

Then (x? + y+ 2”) ^ x, and is medial. 

Also 2y2, 22x, 2xy are all medial areas. 


To prove the irrationality in this case I presume that the metnod would 
be like that of x. 38 about the second bimedia/. 
Suppose c to be a rational straight line and let 


(x? + y’ + 2") =of 


2yz=ou 
22% = 07 
2Xy = ow 
Here, since, e.g., XZ: XY =V: W, 
or Z: yY =V: W, 
and similarly X:Z=W:U, 
u, v, w are commensurable in sguare only. 
Also, since (x? + y? +27) 0 x? 
v» X), 


fis incommensurable with w. 
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Similarly £ is incommensurable with à, v. 
But £, u, v, w are all rational and ~ ø. 
Therefore (/ + u +v + w) is a quadrinomial and therefore irrational. 
Therefore o(¢+u+u+w), or (x + y+ z), is irrational, 
whence (x * y *2) is irrational. 


(4) The major made up of three straight lines. 


The commentator describes this as “the line composed of three straight 
lines incommensurable in square and.such that one of them gives with each 
of the other two a sum of squares (which is) rational, while the rectangle 
contained by the two lines is medial." 

If x, y, z are the three straight lines, tbis would indicate 


(x? + y?) rational, 
(x? + 2”) rational, 
2yz medial. 


Woepcke points out (pp. 696—8, note) the difficulties connected with this 
supposition or the supposition of 
(x° +y’) rational, 
(x° + z?) rational, 
2xy (or 2xz) medial, 
and concludes that what is meant is the supposition 
(x? + y") rational 
xy medial 
xz medial 
(though the text is against this). 

The assumption of (a*- 5") and (x?-z!) being concurrently rational is 
certainly further removed from Euclid, for x. 33 only enables us to find one 
pair of lines having the property, as x, y. 

But we will not pursue these speculations further. 


As regards further irrationals formed by subtraction the commentator 
writes as follows. 

“ Again, it is not necessary that, in the irrational straight lines formed by 
means of subtraction, we should confine ourselves to making one subtraction 
only, so as to obtain the apotome, or the first apotome of the medial, or the 
second apotome of the medial, or the minor, or the straight line which 
produces with a rational area a medial whole, or that which produces with a 
medial area a medial whole; but we shall be able here to make two or three 
or four subtractions. 

* When we do that, we show in manner analogous to the foregoing that 
the lines which remain are irrational and that each of them is one of the lines 
formed by subtraction. That is to say that, if from a rational line we cut off 
another rational line commensurable with the whole line in square, we obtain, 
for remainder, an apotome; and, if we subtract from this line (which is) 
cut off and rational—that which Euclid calls the anzex (rpocapuó(ovaa)— 
another rational line which is commensurable with it in square, we obtain, as 
the remainder, an apotome ; likewise, if we cut off from the rational line cut 
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off from this line (i.e. the annex of the apotome last arrived at) another line 
which is commensurable with it in square, the remainder is an apotome. The 
same thing occurs in the subtraction of the other lines." 

As Woepcke remarks, the idea is the formation of the successive apotomes 
Va- Jb, Jb- Ja Jc — Jd, etc. We should naturally have expected to see 
the writer form and discuss the following expressions 


(Ja - Jb) - Je 
(Ja — J5) - Jc) - Jd, etc. 


BOOK XI. 


DEFINITIONS. 
1. A solid is that which has length, breadth, and depth. 
2. An extremity of a solid is a surface. 


3. A straight line is at right angles to a plane, 
when it makes right angles with all the straight lines which 
meet it and are in the plane. 


4. A plane is at right angles to a plane when the 
straight lines drawn, in one of the planes, at right angles to 
the common section of the planes are at right angles to the 
remaining plane. 


5. The inclination of a straight line to a plane 
is, assuming a perpendicular drawn from the extremity of 
the straight line which is elevated above the plane to the 
plane, and a straight line joined from the point thus arising 
to the extremity of the straight line which is in the plane, 
the angle contained by the straight line so drawn and the 
straight line standing up. 


6. The inclination of a plane to a plane is the acute 
angle contained by the straight lines drawn at right angles 
to the common section at the same point, one in each of the 
planes. 


7. A plane is said to be similarly inclined to a plane 
as another is to another when the said angles of the inclina- 
tions are equal to one another. 


8. Parallel planes are those which do not meet. 
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9. Similar solid figures are those contained by similar 
planes equal in multitude. 


10. Equal and similar solid figures are those con- 
tained by similar planes equal in multitude and in magnitude. 


11. A solid angle is the inclination constituted by more 
than two lines which meet one another and are not in the 
same surface, towards all the lines. 

Otherwise: A solid angle is that which is contained by 
more than two plane angles which are not in the same plane 
and are constructed to one point. 


12. ÅA pyramid is a solid figure, contained by planes, 
which is constructed from one plane to one point. 


13. A prism is a solid figure contained by planes two 
of which, namely those which are opposite, are equal, similar 
and parallel, while the rest are parallelograms. 


14. When, the diameter of a semicircle remaining fixed, 
the semicircle is carried round and restored again to the same 
position from which it began to be moved, the figure so 
comprehended is a sphere. 


15. The axis of the sphere is the straight line which 
remains fixed and about which the semicircle is turned. 


16. The centre of the sphere is the same as that 
of the semicircle. 


17. A diameter of the sphere is any straight line 
drawn through the centre and terminated in both directions 
by the surface of the sphere. 


18. When, one side of those about the right angle in a 
right-angled triangle remaining fixed, the triangle is carried 
round and restored again to the same position from which it 
began to be moved, the figure so comprehended is a cone. 

And, if the straight line which remains fixed be equal to 
the remaining side about the right angle which is carried 
round, the cone will be right-angled; if less, obtuse-angled ; 
and if greater, acute-angled. 


19. The axis of the cone is the straight line which 
remains fixed and about which the triangle is turned. 
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20. And the base is the circle described by the straight 
line which is carried round. 


21. When, one side of those about the right angle in a 
rectangular parallelogram remaining fixed, the parallelogram 
is carried round and restored again to the same position from 
which it began to be moved, the figure so comprehended is a 
cylinder. 


22. The axis of the cylinder is the straight line which 
remains fixed and about which the parallelogram is turned. 


23. And the bases are the circles described by the two 
sides opposite to one another which are carried round. 


24. Similar cones and cylinders are those in which 
the axes and the diameters of the bases are proportional. 


25. A cube is a solid figure contained by six equal 
squares. 


26. An octahedron is a solid figure contained by eight 
equal and equilateral triangles. 


27. An icosahedron is a solid figure contained by 
twenty equal and equilateral triangles. 


28. A dodecahedron is a solid figure contained by 
twelve equal, equilateral, and equiangular pentagons. 


DEFINITION t. 


P x a s , ' , » 
Srepeov €oTt TO pyKOS Kat mÀdros kat Bábos €xov. 


This definition was evidently traditional, as may be inferred from a number 
of passages in Plato and Aristotle. Thus Plato speaks (Sophist, 235 D) of 
making an imitation of a model (wapddeyya) “in length and breadth and 
depth " and (Zaws, 817 E) of "the art of measuring length, surface and depth" 
as one of three 4a0nuara. — Depth, the third dimension, is used alone as a 
description of ** body " by Aristotle, the term being regarded as connoting the 
other two dimensions ; thus (Metaph. 10204 13, 11) “length is a fine, breadth a 
surface, and depth body” ; “that which is continuous in one direction is length, 
in two directions breadth, and in three depth." Similarly Plato (Ke. $28 B, D), 
when reconsidering his classification of astronomy as next to (plane) geometry: 
“although the science dealing with the additional dimension of depth is next in 
order, yet, owing to the fact that it is studied absurdly, I passed it over and 
put next to geometry astronomy, the motion of (bodies having) depth.” In 
Aristotle ( Zopics vi. 5, 142 b 24) we find “the definition of body, that which 
has three dimensions (Saerac«s) " ; elsewhere he speaks of it as "that which 
has all the dimensions " (De caelo 1. 1, 268 5 6), "that which has dimension 
every way ” (tò mavt &uíaragw. &xov, Metaph. 1066 b 32)etc. In the Physics 
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(1v. 1, 208 b 13 sqq.) he speaks of the “ dimensions” as six, dividing each of 
the three into two opposites, up and down, before and behind, right and left," 
though of course, as he explains, these terms are relative. 

Heron, as might be expected, combines the two forms of the definition. 
“A solid body is that which has length, breadth, and depth: or that which 
possesses the three dimensions.” (Def. 11.) 

Similarly Theon of Smyrna (p. 1 i1, r9, ed. Hiller): “that which is extended 
(8avrardv) and divisible in three directions is solid, having length, breadth 
and depth." 

DEFINITION 2. 

XrepeoU &È mépas imıpávea. 

In like manner Aristotle says (Metaph. 1066 b 23) that the notion (Aóyos) 
of body is “that which is bounded by surfaces " (érurédo:s in this case) and 
(Metaph. 1060 b 15) "surfaces (éri$ávea:) are divisions of bodies." 

So Heron (Def. 11): *' Every solid is bounded (meparo?ra:) by surfaces, and 
is produced when a surface is moved from a forward position in a backward 
direction." 

DEFINITION 3. 


EvÓ«ia. pos. irín«Bov ópÓrj derw, Órav mpós mrácas ràs ámrouévas abrijs eüÜcías 
kat ovoas év ro émmédw ópÜàs moi yovías. 

This definition and the next are given almost word for word by Heron 
(Def. 115). 

That a straight line can be so related to a plane as described in Def. 3 is 
established in Xi. 4. The fact has been made the basis of a definition of a 
plane which is attributed by Crelle to Fourier, and is as follows. ‘A plane is 
formed by the totality of all the straight lines which, passing through one and 
the same point of a straight line in space, stand perpendicular to it.” Stated 
in this form, the definition is open to the objection that the conception of a 
right angle, involving the measurement of angles, presupposes a plane, inasmuch 
as the measurement of angles depends ultimately upon the superposition of two 
planes and their coincidence throughout when two lines in one coincide with 
two lines in the other respectively. Cf. my note on r. Def. 7, Vol. t. pp. 173— 5. 


DEFINITION 4. 


"Erireboy mpós émírebov ópÜóv éaw, órav ai rjj kowfj roujj TOv émerébov ps 
ópBàs a yóp.«vac eüÉctac dy &vi räv éemimédwv TH AoiTY émimédw mpds SpOas Sow. 

Both this definition and Def. 6 use the common section of two planes, 
though it is not till xr. 3 that this common section is proved to be a straight 
line. The definition however, just like Def. 3, is legitimate, because the object 
is to explain the meaning of terms, not to prove anything 

The definition of perpendicular planes is made by Legendre a particular 
case of Def. 6, the limiting case, namely, where the angle representing the 
“inclination of a plane to a plane” is a right angle. 


DEFINITION 5. 


EiOcias mpòs éwine8ov xriows éariv, Srav dnd tov perewpov méparos THs 
3 , V c X B , , ^ LE SO ^ * i LE ^on ^ 
cibeias émi rà émírehov kdÜeros dxÜp, xai drò rot yevopévov onpeiov émi rd ey TG 
éminédw mépas TIS ebeias edOeia ériLevxG7, 1) mepcexomevn ywvia brs Tis dyGei 
éminéby wépas 7H XOT, *) repvexouévi y rijs dxÓeions 
xai Tryjs é$earumys. 
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In other words, the inclination of a straight line to a plane is the angle 
between the straight line and its pvojection on the plane. This angle is of 
course less than the angle between the straight line and any other straight line 
in the plane through the intersection of the straight line and plane ; and the 
fact is sometimes made the subject of a proposition in modern text-books. It 
is easily proved by means of the propositions XI. 4, I. 19 and 18. 


DEFINITION 6, 


"Emurédou mpos énímeBoy kMaws éaiv v) meptexouévg ó£eia. yovía rà ràv mpós 
9pÜàs rjj xowjj rouij dyouévov mpós rà abrQ cupio &v éxarépo rv émaréDov. 

When two planes meet in a straight line, they form what is called in 
modern text-books a dihedral angle, which is defined as the opening or angular 
opening between the two planes. This dihedral angle is an “angle” altogether 
different in kind from a plane angle, as again it is different from a solid angle 
as defined by Euclid (i.e. a trihedral, tetrahedral, etc. angle). Adopting for 
the moment Apollonius’ conception of an angle as the “bringing together of a 
surface or solid towards one point under a broken line or surface ” (Proclus, 
p. 123, 16), we may regard a dihedral angle as the bringing together of the 
broken surface formed by two intersecting planes not to a point but to a straight 
Zine, namely the intersection of the planes. Legendre, in a proposition on the 
subject, applied provisionally the term corner to describe the dihedral angle 
between two planes; and this would be a better word, I think, than opening 
to use in the definition. 

The distinct species of “angle” which we call dihedral is, however, 
measured by a certain plane angle, namely that which Euclid describes in the 
present definition and calls the inclination of a plane to a plane, and which in 
some modern text-books is called the plane angle of the dihedral angle. 

It is necessary to show that this plane angle is a proper measure of the 
dihedral angle, and accordingly Legendre has a proposition to this effect. In 
order to prove it, it is necessary to show that, given two planes meeting in a 
straight line, 

(1) the plane angle in question. is the same at all points of the straight line 
forming the common section ; 

(2) if the dihedral angle between two planes increases or diminishes in a 
certain ratio, the plane angle in question will increase or diminish in the same 
ratio. 

(1) If MAN, MAP be two planes intersecting in MA, and if AN, AP 
be drawn in the planes respectively and at right angles to 
MA, the angle NAP is the inclination of the plane to the 
plane or the plane angle of the dihedral angle. M c 


Let MC, MB be also drawn in the respective planes Sa) 
at right angles to 774. 


Then since, in the plane MAN, MC and AN are 
drawn at right angles to the same straight line MA, 


MC, AN are parallel. 


For the same reason, MB, AP are parallel. A N 
Therefore [xi. 10] the angle 8/7C is equal to the 
angle PAN. 6 


And M may be any point on MA. Therefore the 
plane angle described in the definition is the same at all 
points of AM. 
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(2) In the plane WAP draw the arc VD of any circle with centre A, 
and draw the radius 42. 
Now the planes VAP, CAB, being both at right angles to the straight 


line ACA, are parallel ; [xi. 14] 
therefore the intersections 4D, ME of these planes with the plane MAD are 
parallel, [xt 16] 
and consequently the angles BME, PAD are equal. [xr. 10] 


If now the plane angle VAD were equal to the plane angle DAP, the 
dihedral angle VAMP would be equal to the dihedral angle DAMP; 
for, if the angle PAD were applied to the angle DAN, AM remaining the 
same, the corresponding dihedral angles would coincide. 

Successive applications of this result show that, if the angles VAD, DAP 
each contain a certain angle a certain number of times, the dihedral angles 
NAMD, DAMP will contain the corresponding dihedral angle the same 
number of times respectively. 

Hence, where the angles VAD, DAP are commensurable, the dihedral 
angles corresponding to them are in the same ratio. 

Legendre then extends the proof to the case where the plane angles are 
incommensurable by reference to an exactly similar extension in his proposition 
corresponding to Euclid vi. 1, for which see the note on that proposition. 

Modern text-books make the extension by an appeal to /izuifs. 


DEFINITION 7. 


*» ^ A .* ^ * , ^ mJ ^ * q 
Entnedov mpos émimedov ópoíus «exAiaÜac Xéyerat xai črepov ms Érepov, óray 
^ *. > 
ai eipnpévai Tüv kMacuv yoviac (rac áÀAjAass dow. 


DEFINITION 8. 
IlapáAAgÀa émímebd ore tà dovurtwra. 
Heron has the same definition of parallel planes (Def. 115). The Greek 


word which is translated “which do not meet” is dovuarwra, the term which 
has been adopted for the asymftotes of a curve. 


DEFINITION 9. 


« ` , ^ S ORON OC , > s 1 * ` 
Opoa OTe€pe«a. OmXypara eot. Ta VTO opotwy émurédwv T€puexoutva irwy TO 


mÀBos. 


DEFINITION 10. 

"Ica Ài «ai ópota. orepeà. oxrjgard. dari rà. Um Ópoíoy éruréduy Tepiexóp.eva 
(cov tH wAWOE xai r9 peyébe. 

These definitions, the second of which practically only substitutes the 
words '' equal and similar " for the word “similar ” in the first, have been the 
mark of much criticism. 

Simson holds that the equality of solid figures is a thing which ought to be 
proved, by the method of superposition, or otherwise, and hence that Def. 1o 
is not a definition but a ¢hevrem which ought not to have been placed among 
the definitions. Secondly, he gives an example to show that the definition or 
theorem is not universally true. He takes a pyramid and then erects on the 
base, on opposite sides of it, two equal pyramids smaller than the first. The 
addition and subtraction of these pyramids respectively from the first give two 
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solid figures which satisfy the definition but are clearly not equal (the smaller 
having a re-entrant angle); whence it also appears that two unequal solid 
angles may be contained by the same number of equal plane angles. 

Maintaining then that Def. 10 is an interpolation by “an unskilful hand,” 
Simson transfers to a place before Def. 9 the definition of a solid angle, and 
then defines similar solid figures as follows : 

Similar solid figures are such as have all their solid angles equal, each to each, 
and which are contained by the same number of similar planes. 

Legendre has an invaluable discussion of the whole subject of these 
definitions (Note xit., pp. 323—336, of the 14th edition of his Éléments de 
Géométrie). He remarks in the first place that, as Simson said, Def. 10 is not 
properly a definition, but a theorem which it is necessary to prove ; for it is 
not evident that two solids are equal for the sole reason that they have an 
equal number of equal faces, and, if true, the fact should be proved by super- 
position or otherwise. "The fault of Def. 10 is also common to Def. 9. For, 
if Def. 10 is not proved, one might suppose that there exist two unequal and 
dissimilar solids with equal faces ; but, in that case, according to Definition 9, 
a solid having faces similar to those of the two first would be similar to both 
of them, i.e. to two solids of different form: a conclusion implying a con- 
tradiction or at least not according with the natural meaning of the word 
“similar.” 

What then is to be said in defence of the two definitions as given by 
Euclid? It is to be observed that the figures which Euclid actually proves 
equal or similar by reference to Deff. 9, 10 are such that their solid angles do 
not consist of more than //*ee plane angles ; and he proves sufficiently clearly 
that, if three plane angles forming one solid angle be respectively equal to 
three plane angles forming another solid angle, the two solid angles are equal. 
If now two polyhedra have their faces equal respectively, the corresponding 
solid angles will be made up of the same number of plane angles, and the 
plane angles forming each solid angle in one polyhedron will be respectively 
equal to the plane angles forming the corresponding solid angle in the other. 
Therefore, if the plane angles in each solid angle are not more than three in 
number, the corresponding solid angles will be equal. But if the correspond- 
ing faces are equal, and the corresponding solid angles equal, the solids must 
be equal; for they can be superposed, or at least they will be symmetrical 
with one another. Hence the statement of Deff. 9, 10 is true and admissible 
at all events in the case of figures with trihedral angles, which is the only case 
taken by Euclid. 

Again, the example given by Simson to prove the incorrectness of Def. 1o 
introduces a solid with a re-entrant angle. But it is more than probable that 
Euclid deliberately intended to exclude such solids and to take cognizance of 
convex polyhedra only ; hence Simson's example is not conclusive against the 
definition. 

Legendre observes that Simson's own definition, though true, has the 
disadvantage that it contains a number of superfluous conditions. To get 
over the difficulties, Legendre himself divides the definition of similar solids 
into two, the first of which defines similar ¢riangular pyramids only, and the 
second (which defines similar polyhedra in general) is based on the first. 

Two triangular pyramids are similar when they have pairs of faces respectively 
similar, similarly placed and equally inclined to one another. 

Then, having formed a triangle with the vertices of three angles taken on 
the same face or base of a polyhedron, we may imagine the vertices of the 
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different solid angles of the polyhedron situated outside of the plane of this 
base to be the vertices of as many triangular pyramids which have the triangle 
for common base, and each of these pyramids will determine the position of 
one solid angle of the polyhedron. This being so, 


Two polyhedra are similar when they have similar bases, and the vertices of 
their corresponding solid angles outside the bases are determined by triangular 
pyramids similar each to each. 

As a matter of fact, Cauchy proved that two convex solid figures are equal 
if they are contained by equal plane figures similarly arranged. Legendre 
gives a proof which, he says, is nearly the same as Cauchy’s, depending on two 
lemmas which lead to the theorem that, Given a convex polyhedron in which all 
the solid angles are made up of more than three plane angles, tt is impossible to 
vary the inclinations of the planes of this solid so us to produce a second polyhe- 
dron formed by the same planes arranged in the same manner as in the given 
polyhedron. The convex polyhedron in which all the solid angles are made up 
of more than three plane angles is obtained by cutting off from any given 
polyhedron all the triangular pyramids forming trihedral angles (if one and the 
same edge is common to ¢wo trihedral angles, only one of these angles is 
suppressed in the first operation). This is legitimate because trihedral angles 
are invariable from their nature. 

Hence it would appear that Heron’s definition of equal solid figures, which 
adds “similarly situated " to Euclid’s ** similar " is correct, if it be understood to 
apply to convex polyhedra only: Equal solid figures are those which are 
contained by equal and similarly situated planes, equal in number and magnitude: 
where, however, the words “equal and” before “similarly situated” might be 
dispensed with. 

Heron (Def. 118) defines similar solid figures as those which are contained 
by planes similar and similarly situated. If understood of convex polyhedra, 
there would not appear to be any objection to this, in view of the truth of 
Cauchy’s proposition about equal solid figures, 


DEFINITION t1. 


Xd yuvia éoriv 1 Vr mXeóvov 7j Svo  ypappüv Arropévoy adAnAwv xai Hi 
êv Tj airy émepaveig obo av mpos Tágas Tais ypappats eMas. "AM os: orepea 
yovia éoriy rj brs wreovwv Ù q pr yovv émiméðwv mepiexopéry ui] otav &y r9 
avrà émuréBo. mpòs evi onpely ovvicrapevury. 


Heiberg conjectures that the first of these two definitions, which is not in 
Euclid’s manner, was perhaps taken by him from some earlier Elements. 

The phraseology of the second definition is exactly that of Plato when he 
is speaking of solid angles in the Zimaeus (p. 55). Thus he speaks (1) of four 
equilateral triangles so put together (vvcoraueva) that each set of three plane 
angles makes one solid angle, (2) of eight equilateral triangles put together so 
that each set of four plane angles makes one solid angle, and (3) of six squares 
making eight solid angles, each composed of three plane right angles. 

As we know, Apollonius defined an angle as the “ bringing together of a 
surface or solid to one point under a broken line or surface.” Heron (Def. 22) 
even omits the word “broken” and says that A solid angle is in general (xowws) 
the bringing together of a surface which has tts concavity in one and the same 
direction to one point. It is clear from an allusion in Proclus (p. 123, 1—6) to 
the half of a cone cut off by a triangle through the axis, and from a scholium to 
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this definition, that there was controversy as to the correctness of describing as a 
solid angle the “angle” enclosed by fewer than three surfaces (including curved 
surfaces). Thus the scholiast says that Euclid’s definition of a solid angle as 
made up of three or more plane angles is deficient because it does not e.g. cover 
the case of the angle of a “ fourth part of a sphere,” which is contained by more 
than two surfaces, though not all plane. But he declines to admit that the 
half-cone forms a solid angle at the vertex, for in that case the vertex of the 
cone would itself be an angle, and a solid angle would then be formed both 
by two surfaces and by one surface: “which is not true.” Heron on the 
other hand (Def. 22) distinctly speaks of solid angles which are not contained 
by plane rectilineal angles, ‘e.g. the angles of cones.” The conception of the 
latter * angles" as the /rgi/ of solid angles with an infinite number of infinitely 
small constituent plane angles does not appear in the Greek geometers so far 
as I know. 

In modern text-books a polyhedral angle is usually spoken of as formed 
(or bounded) by three or more planes meeting at a point, or it is the angular 
opening between such planes at the point where they meet. 


DEFINITION 12. 


4 > a ^ », , , » Non S J ^ ^ an 
Tupapis core oyna orepeov émimédars meprexopevov dró évós érurébov mpós éyi 
one cvvertus. 


This definition is by no means too clear, nor is the slightly amplified 
definition added to it by Heron (Def. 99). A pyramid is the figure brought 
together to one point, by putting together triangles, from a triangular, quadri- 
lateral or polygonal, that ts, any rectilineal, base. 

As we might expect, there is great variety in the definitions given in 
modern text-books. Legendre says a pyramid 1s the solid formed when several 
triangular planes start from one point and are terminated at the different sides 
of one polygonal plane. 

Mr H. M. Taylor and Smith and Bryant cal! it a polyhedron all but one of 
whose faces meet in a point. 

Mehler reverses Legendre’s form and gives the content of Euclid's in 
clearer language. “An n-sided pyramid is bounded by an n-sided polygon as base 
and n triangles which connect its sides with one and the same point outside it.” 

Rausenberger points out that a pyramid is the figure crt off from a solid 
angle formed of any number of plane angles by a plane which intersects the 
solid angle. 


DEFINITION 13. 


, * ^ ^ ^ 3 a , e ^ ^05 , . 
Mpicpa ¿ori ox5pa crepeóv. émiréBows mepiexópnevov, àv vo rà ám«vavriov ica 
uM 
re xai opotd gore Kai mapadAyAa, 7a dé Aovrà mrapaAAsAóypanpa. 


Mr H. M. Taylor, followed by Smith and Bryant, defines a prism as a 
polyhedron all but two of the faces of which are parallel to one straight line. 

Mehler calls an z-sided prism a Zody contained between two parallel planes 
and enclosed by n other planes with parallel lines of intersection. 

Heron’s definition of a prism is much wider (Def. 105). Prisms are those 
figures which are connected (awadrrovra) from a rectilineal base to a rectilineal 
area by rectilineal collocation (xat’ eOvypaypov avvOeow). By this Heron must 
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apparently mean any convex solid formed by connecting the sides and angles 
of two polygons in different planes, and 
each having any number of sides, by F 


straight lines forming triangular faces G 
(where of course two adjacent triangles 
may be in one plane and so form one 


quadrilateral face) in the manner shown 
in the annexed figure, where ABCD, 
EFG represent the base and its 
opposite. 

Heron goes on to explain that, if 5 


the face opposite to the base reduces to c 
a straight line, and a solid is formed by 
connecting the base to its extremities by 


straight lines, as in the other case, the A B 
resulting figure is neither a pyramid nor 
a prism. 


Further, he defines parallelogrammic (in the body of the definition parallel- 
sided) prisms as being those prisms which have six faces and have their 
opposite planes parallel. 


DEFINITION 14. 


Xéaipá dor, Grav ypixvedfov pevovons THs Siaperpou TepuvexÜiv rd 
mexvxAcov eis TO abd wdAw droxatacraby, SOev ypkaro PépecOar, 7d meprndbiv 
oxqua. 

The scholiast observes that this definition is not properly a definition ot a 
sphere but a description of the mode of generating it. But it will be seen, in 
the last propositions of Book xii., why, Euclid put the definition in this form. 
It is because it is this particular view of a sphere which he uses to prove that 
the vertices of the regular solids which he wishes to '* comprehend " in certain 
spheres do lie on the surfaces of those spheres. He proves in fact that the 
said vertices lie on semicircles described on certain diameters of the spheres. For 
the real definition the scholiast refers to Theodosius’ Sphaerica. But of course 
the proper definition was given much earlier. In Aristotle the characteristic 
of a sphere is that sts extremity is equally distant from its centre (16 laov améxew 
00 pérov tò čoxarov, De caelo 11. 14, 297 a 24). Heron (Def. 76) uses the 
same form as that in which Euclid defines the circle: 4 sphere is a solid 
figure bounded by one surface, such that all the straight lines falling on tt from 
one point of those which lie within the figure are equal to one another. So the 
usual definition in the text-books: A sphere is a closed surface such that all 
points of it are equidistant from a fixed point within it. 


DEFINITION 15. 
"A£ov &è rhs a aípas lcriv x) pévovoa eùbda, mept Ñv Tò 7]juksxMov arpéera:. 


That azy diameter of a sphere may be called an axis is made clear by 
Heron (Def. 78). Zhe diameter of the sphere is called an axis, and is any 
straight line drawn through the centre and bounded in both directions by the 
sphere, immovable, about which the sphere ts moved and turned. Cf. Euclid's 
Def. 17. 
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DEFINITION 16. 
Kévrpov 9i rj« a aípas éari TÓ aŭro, Ó xai roU. hpixvràíov. 


Heron, Def. 77. The middle ( point) of the sphere is called tts centre ; and 
this same point is also the centre of the hemisphere. 


DEFINITION 17. 


, — E E A T EE — vd , 
Aiánerpos Óà rijs a aípas igriv ebed ris Sid TOU Kévrpou Typevy Kai Tepa- 
Tovpévņ èp’ ¿rátepa Ta pepy vro rijs emipavelas rijs aaípas. 


DEFINITION 18. 


Kôvós éorww, órav ópÜoyuvíov tpryuivov pevovons uis mÀevpás Tov mept THY 
opÜsjv yuvíav srepuevexÜiv TO rpiyuvov eis TO avrà máAw ároxaracra], ó0«v npgaro 
$épeaÜas, 7d weprypOey oxjpa. Kav uiv *j pévovoa «Uca tov) h Ti Aoi [ri] 
epi tHv opOnv mepipepopery, cpOoywrios Exrat & Kavos, dày. 56 éAárrov, áp[BAv- 
yarns, av Se peilwr, o€vyuinios. 


This definition, or rather description of the genesis, of a (right) cone is 
interesting on account of the second sentence distinguishing between right- 
angled, obtuse-angled and acute-angled cones. This distinction is quite 
unnecessary for Euclid’s purpose and is not used by him in Book xu.; it is no 
doubt a relic of the method, still in use in Euclid’s time, by which the earlier 
Greek geometers produced conic sections, namely, by cutting right cones only 
by sections always perpendicular to an edge. With this system the parabola 
was a section of a right-angled cone, the hyperbola a section of an obtuse-angled 
cone, and the ellipse a section of an acute-angled cone. The conic sections were 
so called by Archimedes, and generally until Apollonius, who was the first to 
give the complete theory of their generation by means of sections not perpen- 
dicular to an edge, and from cones which are in general obligue circular cones. 
Thus Apollonius begins his Conscs with the more scientific definition of a cone. 
If, he says, a straight line infinite in length, and passing always through a fixed 
point, be made to move round the circumference of a circle which is not in the 
same plane with the point, so as to pass successively through every point of 
that circumterence, the moving straight line will trace out the surface of a double 
cone, or two similar cones lying in opposite directions and meeting in the fixed 
point, which is the afex of each cone. The circle about which the straight line 
moves is called the dase of the cone lying between the said circle and the fixed 
point, and the axis is defined as the straight line drawn from the fixed point, 
or the apex, to the centre of the circle forming the base. Apollonius goes on 
to say that the cone is a scalene or obligue cone except in the particular case 
where the axis is perpendicular to the base. In this latter case it is a right 
cone. 

Archimedes called the right cone an ssosceles cone. This fact, coupled 
with the appearance in his treatise On Conoids and Spheroids (7, 8, 9) of 
sections of acute-angled cones (ellipses) as sections of conical surfaces which are 
proved to be oblique circular cones by finding their circular sections, makes it 
sufficiently clear that Archimedes, if he had defined a cone, would have 
defined it in the same way as Apollonius does. 
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DEFINITION 19. 


“AE 8 ^ a 2 N . , v0. ^ CJ ^ * , 
wy 0€ TOV kuvov écriw 1) j&vovaa evU«ia, Tepi 7v TÓ rpcyavoy arpédera.. 


DEFINITION 20. 
Báais 82 à kixXos b td rijs mepipepopevys edbeias ypaddpevos. 


DEFINITION 21. 

Kvdwdpes éorev, Srav dpfoywviov mapaddyhoypdppov pevovons pias mAevpas 
Tów mepi THY ópÜT]v yavíay mepivexÜtv 7d mapadAnAcypapypov eis rÓ abró mddw 
ároxaracra0 jj, óÓ«v 7pfaro dépeaÜat tò mepAndOey oxñpa. 

DEFINITION 22. 


“Akay 8i roi kvAvÓpov deriv s) pévovoa «iÓeia, wept fy rd mapaAAyAóypaupov 
orpépera. 


DEFINITION 23. 


Bdoas 5i ob kíxNow ol Ümà ry dmevavríov mepiayouévay Dío ^ mAevpáy 
; 
ypadopevas. 


DEFINITION 24. 


“Oporor kàvot. kai. xiAwàpo( eia, dv ol r« d£oves xai al Siduerpor trav Bdoewv 


ávdXoyóv ela. 


DEFINITION 25. 


^ » N ^ ^ €. S , y , 
Kvfos écri oxfjpa arepeóv vr ££ rerpayavov lawv mepuexópevov. 


DEFINITION 26. 


, ARS ^ t5 fA ua. , * Yo , 
Oxrdébpóv iari oyna arepedv ind oxtd Tptywvey (cov «ai igomrAevpav 
, 
Tepiexopevov. 


DEFINITION 27. 


* ⸗ , . nua A ao. ' , X Noe ^ 
Eixocd«Bpóv icr. oxiuàd orepedv jmà «koci rpvyóvuv Iowy kai lomAeipov 
Tepiexopevov. 


DEFINITION 28. 


, y n. ^ 
Audexdedpov art oxnpa orepedv id Sudexa mevraywvwv lowv Kai ivoThevpwv 
xai ivoywriwy mepreyopevov. 


BOOK XI. PROPOSITIONS. 


PROPOSITION I. 


A part of a straight line cannot be in the plane of reference 
and a part in a plane more elevated. 


For, if possible, let a part AZ of the straight line 4 BC 
be in the plane of reference, and a part 
BC in a plane more elevated. 

There will then be in the plane of 
reference some straight line continuous 
with AZ in a straight line. 

Let it be BD; 
therefore 48 is a common segment of the 
two straight lines ABC, ABD: 


which is impossible, inasmuch as, if we 
describe a circle with centre Z and distance 
AB, the diameters will cut off unequal circumferences of the 
circle. 

Therefore a part of a straight line cannot be in the plane 
of reference, and a part in a plane more elevated. 


c 





Q. E. D. 


1. the plane of reference, 13 (roxeinevov éwlwedov, the plane laid down or assumed, 
a. more elevated, pe7ewpordpy. 


There is no doubt that the proofs of the first three propositions are 
unsatisfactory owing to the fact that Euclid is not able to make any use of his 
definition of a plane for the purpose of these proofs, and they really depend 
upon truths which can only be assumed as axiomatic. The definition of a plane 
as that surface which lies evenly with the straight lines on itself, whatever its 
exact meaning may be, is nowhere appealed to as a criterion to show whether 
a particular surface is or is not a plane. If the meaning of it is what I conjec- 
ture in the note on Book r., Def. 7 (Vol. 1. p. 171), if, namely, it only tries to 
express without an appeal to sight what Plato meant by the “ middle covering 
the extremities " (i.e. apparently, in the case of a plane, the fact that a plane 
looked at edgewise takes the form of a straight line), then it is perhaps 
possible to connect the definition with a method of generating a plane which 
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has commended itself to many writers as giving a better definition. Thus, if 
we conceive a straight line in space and a point outside it placed so that, in 
Plato’s words, the line “covers” the point as we look at them, the line will 
also “cover” every straight line which passes through the given point and 
some one point on the given straight line. Hence, if a straight line passing 
always through a fixed point moves in such a way as to pass successively 
through every point of a given straight line which does not contain the given 
point, the moving straight line describes a surface which satisfies the Euclidean 
definition of a plane as I have interpreted it. But if we adopt the definition 
of a plane as the surface described by a straight line which, passing through a 
given point, turns about tt in such a way as always to intersect a given straight 
line not passing through the given point, this definition, though it would help us 
to prove Eucl.-xt. 2, does not give us the fundamental properties of a plane; 
some postulate is necessary in addition. The same is true even if we take a 
definition which gives more than is required to determine a plane, the defini- 
tion known as Simson’s, though it is at least as early as the time of Theon of 
Smyrna, who says (p. 112, 5) that a plane is a surface such that, if a straight line 
meel it in tuo points, the straight line lies wholly in tt (ody aire épappolera). 
This is also called the axiom of the plane. (For some attempts to prove this on 
the basis of other definitions of a plane see my note on the definition of a plane 
surface, 1. Def. 7.) If this definition or axiom be assumed, Prop. 1 becomes 
evident, for, as Legendre says, ‘1n accordance with the definition of the plane, 
when a straight line has two points common with a plane, it lies wholly in the 
plane.” 

Euclid practically assumes the axiom when he says in this proposition 
“there will be in the plane of reference some straight line continuous with 
AB.” Clavius tries, unsuccessfully, to deduce this from Euclid’s own 
definition of a plane; and he seems to admit his 
failure, because he proceeds to try another tack. 
Draw, he says, in the plane DZ, the straight line 
CG at right angles to AC, and, again in the plane 
DE, CF at right angles to CG [1. 11]. Then AC, 
CF make right angles with CG in the same plane ; 
therefore (1. 14) ACF is a straight line. But this 
does not really help, because Euclid assumes tacitly, 
in Book 1. as well as Book xı., that a straight line joining two points in a 
plane lies wholly in that plane. 

A curious point in Euclid's proof is the reason given why two straight lines 
cannot have a common segment. The argument is precisely that of the 
“proof” of the same thing given by Proclus on 1. 1 (see note on Book t. 
Post. 2, Vol. 1. p. 197) and is of course inconclusive. The fact that two 
straight lines cannot have a common segment must be taken to be involved 
in the definition of, and the postulates relating to, the straight line; and the 
“proof” given here can hardly, I should say, be Euclid’s, though the interpo- 
lation, if it be such, must have been made very early. 

The proof assumes too that a circle can be described so as to cut BA, BC 
and BD, or, in other words, it assumes that AD, AC are in one plane ; that 
is, Prop. 1 as we have it really assumes the result of Prop. 2. There is there- 
fore ground for Simson’s alteration of the proof (after the point where BD has 
been taken in the given plane in a straight line with 42) to the following : 


“Let any plane pass through the straight line AD and be turned about it 
until it pass through the point C. 
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And, because the points B, C are in this plane, the straight line BC is 
in it. [Simson's def.) 
Therefore there are two straight lines ABC, ABD in the same plane that 
have a common segment AB: 
which is impossible.” 

Simson, of course, justifies the last inference by reference to his Corollary 
to 1. 11, which, however, as we have seen, is not a valid proof of the assump- 
tion, which is really implied in 1. Post. 2. 

An alternative reading, perhaps due to Theon, says, after the words 
“which is impossible” in the Greek text, “for a straight line does not meet a 
straight line in more points than one; otherwise the straight lines will 
coincide.” Simson (who however does not seem to have had the second 
clause beginning '* otherwise" in the text which he used) attacks this alterna- 
tive reading in a rather confused note chiefly directed against a criticism by 
Thomas Simpson, without (as it seems to me) sufficient reason. It contains 
surely a legitimate argument. The supposed straight lines ABC, ABD meet 
in more than two points, namely in all the points between 4 and Z. But two 
straight lines cannot have two points common without coinciding altogether ; 
therefore ABC must coincide with 4 BD. 


PROPOSITION 2. 

Jf two straight lines cut one another, they are in one plane, 
and every triangle is in one plane. 

For let the two straight lines AB, CD cut one another at 
the point Æ ; 

I say that 4B, CD are in one plane, 
and every triangle is in one plane. 

For let points F, G be taken at 
random on EC, £B, 
let CB, FG be joined, 
and let FA’, GX be drawn across ; 

I say first that the triangle ECB is 
in one plane. 

For, if part of the-triangle ECB, 
either FHC or GBK, is in the plane of reference, and the rest 
in another, 

a part also of one of the straight lines EC, EZ will be in the 
plane of reference, and a part in another. 

But, if the part CAG of the triangle ECB be in the 
plane of reference, and the rest in another, 

a part also of both the straight lines EC, EB will be in the 
plane of reference and a part in another : 
which was proved absurd. (xt. 1] 
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Therefore the triangle ECB is in one plane. 
But, in whatever plane the triangle ECB is, in that plane 
also is each of the straight lines EC, EB, 


and, in whatever plane each of the straight lines EC, EZ is, 
in that plane are AB, CD also. [xi. 1] 


Therefore the straight lines AB, CD are in one plane, 


and every triangle is in one plane. 
Q. E. D. 


It must be admitted that the “proof” of this proposition is not of any 
value. For one thing, Euclid only takes certain triangles and a certain 
quadrilateral respectively forming part of the original triangle, and argues 
about these. But, for anything we are supposed to know, there may be some 
part of ‘he triangle bounded (let us say) by some curve which is not in the 
same plane with the triangle. 

We may agree with Simson that it would be preferable to enunciate the 
proposition as follows. 

Two straight lines which intersect ave in one plane, and three straight lines 
which intersect two and two are in one plane. 

Adopting Smith and Bryant’s figure in preference to Simson’s, we suppose 
three straight lines PQ, RS, XY to intersect 
two and two in A, B, C. R 

Then Simson's proof (adopted by Legen- 
dre also) proceeds thus. 

Let any plane pass through the straight 
line PQ, and let this plane be turned about 
PQ (produced indefinitely) as axis until it 
passes through the point C. 

Then, since the points A, C are in this 
plane, the straight line ÆC (and therefore 
the straight line RS produced indefinitely) 
lies wholly in the plane. [Simson’s def.] 

For the same reason, since the points B, C are in the plane, the straight 
line X Y lies wholly in the plane. 

Hence all three straight lines PQ, RS, XY (and of course any pair of 
them) lie in one plane. 

But it has still to be proved that there is on/y one plane passing through 
the three straight lines. 

This may be done, as in Mr Taylor's Euclid, thus. 

Suppose, if possible, that there are /:wo different planes through 4, B, C. 

The straight lines BC, CA, AB then lie wholly in each of the two planes. 

Now any straight line in one of the two planes must intersect at least two 
of the straight lines (produced if necessary) ; 





let it intersect two of them in &, Z. 


Then, since X, Z are also in the second plane; the line XZ lies wholly in 
that plane. 

Hence every straight line in either of the planes lies wholly in the other 
also ; and therefore the planes are coincident throughout their whole surface. 
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It follows from the above that 
A plane is determined (i.e. uniquely determined) by any of the following data: 
(1) dy three straight lines meeting one another two and two, 
(2) by three points not in a straight line, 
(3) by two straight lines meeting one another, 
(4) by a straight line and a point without it. 


PROPOSITION 3. 


Lf two planes cut one another, their common section is a 
straight line. 


For let the two planes 48, BC cut one another, 
and let the line DA be their common 
section ; 
I say that the line D is a straight line. B 


For, if not, from D to & let the straight 

line DEB be joined in the plane 42, and 

in the plane AC the straight line DEB. D ^ 
Then the two straight lines DEB, DFB 

will have the same extremities, and will é 

clearly enclose an area: 


which is absurd. 


Therefore DEB, DFB are not straight lines. 

Similarly we can prove that neither will there be any 
other straight line joined from D to Z except DB the common 
section of the planes 4B, BC. 

Therefore etc. 

Q. E. D. 


I think Simson is right in objecting to the words after “ which is absurd,” 
to the effect that DEB, DF are not straight lines, and that neither can there 
be any other straight line joined from D to B except DB, as being unneces- 
sary. It is right to conclude at once from the absurdity that BD cannot but 
be a straight line. 

Legendre makes his proof depend on Prop. 2. “For, if, among the points 
common to the two planes, three should be found which are not in a straight 
line, the two planes in question, each passing through three points, would only 
amount to one and the same plane.” (This of course assumes that three 
points determine one and only one plane, which, strictly speaking, involves 
more than Prop. 2 itself, as shown in the last note. } 

A favourite proposition in modern text-books is the following. The proof 
seems to be due to von Staudt (Killing, Grundlagen der. Geometrie, Vol. in. 


P. 43). 
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Tf two planes meet in a point, they meet in a straight line, 
Let ABC, ADE be two given planes meeting 

at A. B c 
Take any points B, C lying on the plane ABC, 

and not on the plane ADE but on the same side 

of it. D 
Join AB, AC, and produce BA to F 
Join CF. 
Then, since B, Fare on opposite sides of the 


plane ADE, E 
C, F are also on opposite sides of it. \/ 
F 


Therefore CF must meet the plane ADE in 
some point, say G. 

Then, since A, G are both in each of the planes ABC, ADE, the straight 
line AG is in both planes. [Simsor's def.] 


This is also the place to insert the proposition that, Jf three planes intersect 
two and two, their lines of intersection either meet in a point or are parallel two 
and two. 

Let there be three planes intersecting in the straight lines AB, CD, EF. 


..8 A 





E 


Now 4B, EF are in a plane ; therefore they either meet in a point or are 
parallel. 
(1) Let them meet in O. 

Then O, being a point in AZ, lies in the plane 4D, and, being also a 
point in ZF, lies also in the plane £D. 

Therefore O, being common to the planes 4D, DE, must lie on CD, the 
line of their intersection ; 
ie. CD, if produced, passes through O. 
(2) Let AB, ZF not meet, but let them be parallel. 

Then CD cannot meet AB; for, if it did, it must necessarily meet EF, 
by the first case. 

Therefore CD, AB, being in one plane, are parallel. 

Similarly CD, ZF are parallel. 


PROPOSITION 4. 


Jf a straight line be set up at right angles to two straight 
lines which cut one another, at their common Joint of section, 
wt will also be at right angles to the plane through them. 
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For let a straight line £F be set up at right angles to the 
two straight lines AB, CD, which 
cut one another at the point Æ, 
from Æ; 


I say that EF is also at right 


F 


angles to the plane through AZ, 2 E 
CD. S H 
For let AE, EB, CE, ED be D 7 


cut off equal to one another, 

and let any straight line GEH be drawn across through Æ, 
at random ; 

let AD, CB be joined, 

and further let FA, FG, FD, FC, FH, FB be joined from 
the point F taken at random <on ÆF>. 

Now, since the two straight lines AZ, EZ are equal to 
the two straight lines CZ, £P, and contain equal angles, (t. 15] 
therefore the base 4D is equal to the base CB, 
and the triangle 4 ED will be equal to the triangle CEB; [1. 4) 
so that the angle DAE is also equal to the angle EBC. 

But the angle 4&G is also equal to the angle BEF | [1. 15) 
therefore AGE, BEH are two triangles which have two 
angles equal to two angles respectively, and one side equal 


to one side, namely that adjacent to the equal angles, that 
is to say, AE to EB; 

therefore they will also have the remaining sides equal to the 
remaining sides. [. 26] 


Therefore GZ is equal to EH, and AG to B77. 
And, since A£ is equal to E, 


while FZ is common and at right angles, 
therefore the base FA is equal to the base FB. [1 4] 
For the same reason 
FC is also equal to FD. 
And, since 4D is equal to CB, 
and FA is also equal to FB, 
the two sides FA, AD are equal to the two sides FB, BC 
respectively ; 
and the base FD was proved equal to the base FC; 
therefore the angle FA D is also equal to the angle FBC. [1. 8) 
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And since, again, 4G was proved equal to BH, 
and further FA also equal to FB, 
the two sides FA, AG are equal to the two sides FB8 BH. 
And the angle FAG was proved equal to the angle FBH; 
therefore the base FG is equal to the base FH. [r 4] 


Now since, again, GE was proved equal to £77, 
and EF is common, 
the two sides GZ, EF are equal to the two sides HE, EF; 
and the base FG is equal to the base F7; 
therefore the angle GEF is equal to the angle HES. (1. 8] 
Therefore each of the angles GEF, HEF is right. 
Therefore FEZ is at right angles to GH drawn at random 
through Æ. 


Similarly we can prove that FE will also make right 
angles with all the straight lines which meet it and are in the 
plane of reference. 

But a straight line is at right angles to a plane when it 
makes right angles with all the straight lines which meet it 
and are in that same plane ; xi. Def. 3] 
therefore FE is at right angles to the plane of reference. 


But the plane of reference is the plane through the straight 
lines AB, CD. 
Therefore FE is at right angles to the plane through 
AB, CD. 
Therefore etc. 
Q. E. D. 


The steps to be successively proved in order to establish this proposition 
by Euclid's method are 


(1) triangles AED, BEC equal in all respects, (by 1. 4] 
(2) triangles AEG, BEA equal in all respects, (by 1. 26] 
so that AG is equal to BH, and GE to EX, 

(3) triangles AZ F, BEF equal in all respects, [1. 4] 


so that AF is equal to BF, 
(4) likewise triangles CE F, DEF, 
so that CF is equal to DF, 


(5) triangles FAD, FBC equal in all respects, [1. 8] 
so that the angles FAG, FBA are equal, 
(6) triangles “4G, FBA equal in all respects, [by (2), (3), (5) and 1. 4] 


so that FG is equal to FH, 
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(7) triangles FEG, FEA equal in all respects, [by (2), (6) and 1. 8] 
so that the angles FEG, FE are equal, 
and therefore FZ is at right angles to GH. 

In consequence of the length of the above proof others have been 
suggested, and the proof which now finds most general acceptance is that of 
Cauchy, which is as follows. 

Let AB be perpendicular to two straight lines BC, BD in the plane AN 
at their point of intersection B. 

In the plane MN draw BE, any straight line 
through Z. 

Join CD, and let CD meet BE in £. 

Produce 47 to F' so that ZZ is equal to 47. 

Join 4C, AE, AD, CF, EF, DF. 

Since BC is perpendicular to AF at its 
middle point Ø, 

AC is equal to CF 

Similarly AD is equal to DF. 

Since in the triangles ACD, FCD the two 
sides 4C, CD are respectively equal to the two 
sides FC, CD, and the third sides AD, FD are 
also equal, 





the angles ACD, FCD are equal. (1. 8] 
The triangles ACE, FCE thus have two sides and the included angle 
equal, whence 


EA is equal to EF. [1. 4] 
The triangles ABE, FBE have now all their sides equal respectively ; 
therefore the angles ABZ, FBE are equal, (1. 8] 


and AZ is perpendicular to BE. 
And BE is in any straight line through Z in the plane MN. 


Legendre’s proof is not so easy, but it is interesting. We are first required 
to draw through any point Æ within the angle 
CBD a straight line CD bisected at Æ. B D 

To do this we draw EX parallel to DB 
meeting BC in X, and then mark off KC equal K 
to BK. E 

CE is then joined and produced to D; and c 
CD is the straight line required. 

Now, joining AC, AZ, AD in the figure 
above, we have, since CD is bisected at Æ, 
(1) in the triangle ACD, 

AC+ADP=2AE*+2ED, 
and also (2) in the triangle BCD, 
BC'« BI Z2BE € 2ELDX. 

Subtracting, and remembering that the triangles ABC, ABD are right- 

angled, so that 
AC?— BC’ = AB, 

and AP-BD= AB, 
we have 2ABP=2A4F'-2BE, 
or AP =-AB + BE, 
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whence [1. 48] the angle 425 is a right angle, and AZ is perpendicular 
to BE. 


It follows of course from this proposition that the perpendicular AB is the 
shortest distance from A to the plane MN. 
And it can readily be proved that, 


Jf from a point without a plane oblique straight lines be drawn to the plane, 


(1) those meeting the plane at equal distances from the foot of the perpendicular 
are equal, and 


(2) of two straight lines meeting the plane at unequal distances from the foot of 
the perpendicular, the more remote is (he greater. 


Lastly, it is easily seen that 


From a point outside a plane only one perpendicular can ve drawn to that 
plane. 


For, if possible, let there be two perpendiculars. Then a plane can be 
drawn through them, and this will cut the original plane in a straight line. 

This straight line and the two perpendiculars will form a plane triangle 
which has two right angles: which is impossible. 


PROPOSITION 5. 


f a straight line be set up at right angles lo three straight 
lines which meet one another, at their common point of section, 
the three straight lines are in one plane. 


For let a straight line 4B be set up at right angles to the 
three straight lines BC, BD, BE, at 
their point of meeting at Z; 

I say that BC, BD, BE are in one plane. 

For suppose they are not, but, if 
possible, let BD, BE be in the plane of 
reference and BC in one more elevated ; 
let the plane through AB, BC be 
produced ; 
it will thus make, as common section in the plane of reference, 
a straight line. (x1. 3] 

Let it make £F. 

Therefore the three straight lines 42, BC, BF are in one 
plane, namely that drawn through 4B, BC. 





Now, since AB is at right angles to each of the straight 
lines BD, BE, 


therefore AZ is also at right angles to the piane through 
BD, BE. (xt. 4] 
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But the plane through BD, BE is the plane of reference ; 
therefore AB is at right angles to the plane of reference. 


Thus 4B will also make right angles with all the straight 
lines which meet it and are in the plane of reference. 
[xt. Def. 3] 
But BF which is in the plane of reference meets it ; 


therefore the angle ABF is right. 
But, by hypothesis, the angle AZC is also right ; 
therefore the angle ABF is equal to the angle ABC. 
And they are in one plane : 
which is impossible. 
i Therefore the straight line BC is not in a more elevated 
plane ; 


therefore the three straight lines BC, BD, BE are in one 
plane. 


Therefore, if a straight line be set up at right angles to 
three straight lines, at their point of meeting, the three straight 
lines are in one plane. Q. E. D. 


It follows that, if a right angle be turned about one of the straight lines 
containing tt the other will describe a plane. 

At any point in a straight line it is possible to draw only one plane which 
is at right angles to the straight line. 

One such plane can be found by taking any two planes through the given 
straight line, drawing perpendiculars to the straight 
line in the respective planes, e.g. BO, CO in the 
planes AOB, AOC, each perpendicular to AQ, 
and then drawing a plane (BOC) through the 
perpendiculars. 

If there were another plane through O per- 
pendicular to 44 O, it must meet the plane through 
AO and some perpendicular to it as OC in a 
straight line OC' different from OC. 

Then, by xt. 4, AOC’ is a right angle, and in 
the same plane with the right angle AOC: which is impossible. 





Next, one plane and only one can be drawn through a point outside a straight 
line at right angles lo that line. 

Let P be the given point, AB the given straight 
line. 

In the plane through P and 48, draw PO per- 
pendicular to 4B, and through O draw another straight 
line OQ at right angles to AB. 

Then the plane through O2, OQ is perpendicular 
to AB. 

If there were another plane through P perpendicular 
to AB, either 
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(1) it would intersect 4B at O but not pass through OQ, or 
(2) it would intersect 4 B at a point different from O. 
In either case, an absurdity would result. 


PROPOSITION 6. 


Jf two straight lines be at right angles to the same plane, 
the straight lines will be parallel. 


For let the two straight lines 42, CD be at right angles 
to the plane of reference ; 
I say that AB is parallel to CD. 


For let them meet the plane of 
reference at the points Z, D, 
let the straight Jine BD be joined, 
let DE be drawn, in the plane of 
reference, at right angles to BD, 
let DE be made equal to 44 7, 
and let BE, AE, AD be joined. 





Now, since 48 is at right angles to the plane of reference, 
it will also make right angles with all the straight lines which 
meet it and are in the plane of reference. [xt. Def. 3] 

But each of the straight lines BD, BZ is in the plane of 
reference and meets 4B; 


therefore each of the angles 45D, ABE is right. 
For the satne reason 


each of the angles CDB, CDE is also right. 


And, since 4B is equal to DZ, 
and AD is common, 
the two sides 48, BD are equal to the two sides ED, DB; 
and they include right angles ; 
therefore the base 4D is equal to the base BZ. (1. 4] 


And, since 42 is equal to DE, 
while 4D is also equal to BZ, 
the two sides 48, BE are equal to the two sides ED, DA ; 
and AZ is their common base ; 
therefore the angle 4 ZZ is equal to the angle EDA. — [r8] 
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But the angle ABE is right; 
therefore the angle EDA is also right ; 
therefore ED is at right angles to DA. 
But it is also at right angles to each of the straight lines 
BD, DC; 
therefore ED is set up at right angles to the three straight 
lines BD, DA, DC at their point of meeting ; 
therefore the three straight lines BD, DA, DC are in one 
plane. [xı 5] 
i But, in whatever plane DB, DA are, in that plane is 4B 
also, 
for every triangle is in one plane ; [x1. 2] 
therefore the straight lines 42, BD, DC are in one plane. 
And each of the angles ABD, BDC is right ; 
therefore AB is parallel to CD. [r. 28] 
Therefore etc. Q. E. D. 


If anyone wishes to convince himself of the real necessity for some 
general agreement as to the order in which propositions in elementary 
geometry should be taken, let him contemplate the hopeless result of too 
much independence on the part of editors in the matter of this proposition 
and its converse, x1. 8. 

Legendre adopts a different, and elegant, method of proof ; but he applies 
it to x1. 8, which he gives first, and then deduces x1. 6 from it by reductio ad 
absurdum. Dr Mehler uses Legendre’s method of proof but applies it to 
xt. 6, and then gives x1. 8 as a deduction from it. Lardner follows Legendre. 
Holgate, the editor of a recent American book, gives Euclid’s proof of x1. 6 
and deduces x1. 8 by reductio ad absurdum. His countrymen, Schultze and 
Sevenoak, give x1. 8 first, but put it after, and deduce it from, Eucl. x1. 10; 
they then give x1. 6, practically as a deduction from x1. 8 by reductio ad 
absurdum, after a proposition corresponding to Eucl. xt. 11 and 12, and a 
corollary to the effect that through a given point one and only one perpen- 
dicular can be drawn to a given plane. 

We will now give the proof of xi. 6 by Legendre's method (adopted by 
Smith and Bryant as well as by Mehler). 

Let AB, CD be both perpendicular to the 
same plane MN. 

Join BD. 

Now, since BD meets AB, CD, both of 
which are perpendicular to the plane MAN in 
which ZD is, 


the angles ABD, CDB are right angles. 


AB, CD will therefore be parallel provided 
that they are in the same plane. 

Through D draw EDF, in the plane MAN, 
at right angles to BD, and make ZD equal to DF. 


A c 
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Join BE, BF, AE, AD, AF. 
Then the triangles BDZ, BDF are equal in all respects (by 1. 4), so that 
BE is equal to BF. 


It follows, since the angles ABE, ABF are right, that the triangles A BE, 
ABF are equal in all respects, and 
AE is equal to AF. 
(Mehler now argues elegantly thus. If CE, CF be also joined, it is clear 


that 
CE is equal to CF. 


Hence each of the four points 4, B, C, D is equidistant from the two 
points Æ, F. 
Therefore the points A, B, C, D are in one plane, so that AB, CD are 
rallel. 
p If, however, we do not use the locus of points equidistant from two fixed 
points, we proceed as follows.] 
The triangles AED, AFD have their sides equal respectively ; 


hence [1. 8] the angles ADE, ADF are equal, 
so that E2 is at right angles to 4D. 
Thus £2 is at right angles to BD, AD, CD; 
therefore CD is in the plane through 4D, BD. [xi. 5] 
But A47 is in that same plane ; (xt. 2] 
therefore 4B, CD are in the same plane. 
And the angles ABD, CDB are right ; 
therefore AZ, CD are parallel. 


PROPOSITION 7. 


Jf two straight lines be parallel and points be taken at 
random on each of them, the straight line joining the points is 
in the same plane with the parallel straight lines. 


Let AB, CD be two parallel straight lines, 
and let points Æ, F be taken at random 
on them respectively ; E 
I say that the straight line joining the 
points Æ, F is in the same plane with a 
the parallel straight lines. 
For suppose it is not, but, if possible, € F D 
‘let it be in a more elevated plane as 
_ EGF, 
and let a plane be drawn through EGF; 
it will then make, as section in the plane of reference, a 
: straight line. (x1. 3] 
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Let it make it, as EF; 


therefore the two straight lines EGF, ZF will enclose an 
area : 
which is impossible. 

Therefore the straight line joined from Æ to Æ is not in a 
plane more elevated ; 


therefore the straight line joined from Æ to Æ is in the plane 
through the parallel straight lines 48, CD. 


Therefore etc. 
Q. E. D. 


It is true that this proposition, in the form in which Euclid enunciates it, 
is hardly necessary if the plane is defined as a surface such that, if any two 
points be taken in it, the straight line joining them lies wholly in the surface. 
But Euclid did not give this definition ; and, moreover, Prop. 2 would be 
usefully supplemented by a proposition which should prove that /wo parallel 
straight ines. determine a plane (i.e. one plane and one only) which also 
contains all the straight lines which join a point on one of the parallels to a point 
on the other. That there cannot be ‘wo planes through a pair of parallels 
would be proved in the same way as we prove that two or three intersecting 
straight lines cannot be in two different planes, inasmuch as each transversal 
lying in one of the two supposed planes through the parallels would lie wholly 
in the other also, so that the two supposed planes must coincide throughout 
(cf. note on Prop. 2 above). 

But, whatever be'the value of the proposition as it is, Simson seems to 
have spoilt it completely. He leaves out the construction of a plane through 
EGF, which, as Euclid says, must cut the plane containing the parallels in 
a straight line; and, instead, he says, “In the plane ABCD in which the 
parallels are draw the straight line ÆHF from Æ to £” Now, although we 
can easily draw a straight line from Æ to Æ to claim that we can draw it in 
the plane in which the parallels are is surely to assume the very result which is 
to be proved. All that we could properly say is that the straight line joining 
E to F is in some plane which contains the parallels; we do not know that 
there is no more than one such plane, or that the parallels determine a plane 
uniquely, without some such argument as that which Euclid gives. 

Nor can I subscribe to the remarks in Simson's noté on the proposition. 
He says (1) “This proposition has been put into this book by some unskilful 
editor, as is evident from this, that straight lines which are drawn from one 
point to another in a plane are, in the preceding books, supposed to be in that 
plane ; and if they were not, some demonstrations in which one straight line 
is supposed to meet another would not be conclusive. For instance, in 
Prop. 30, Book 1, the straight line GX would not meet ZF, if GX were not in 
the plane in which are the parallels 4B, CD, and in which, by hypothesis, the 
straight line ZF is.” But the subject-matter of Book 1. and Book xt. is quite 
different ; in Book r. everything is in one plane, and when Euclid, in defining 
parallels, says they are straight lines iz the same plane etc., he only does so 
because he must, in order to exclude non-intersecting straight lines which are 
not parallel. Thus in 1. 30 there is nothing wrong in assuming that there may 
be three parallels in one plane, and that the straight line GZZK cuts all three. 
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But in Book x1. it becomes a question whether there can be more than one 
plane through parallel straight lines. 

Simson goes on to say (2) ‘“ Resides, this 7th Proposition is demonstrated 
by the preceding 3rd; in which the very same thing which is proposed to be 
demonstrated in the 7th is twice assumed, viz., that the straight line drawn 
from one point to another in a plane is in that plane.” But there is nothing 
in Prop. 3 about a plane in which two parallel straight lines are; therefore 
there is no assumption of the result of Prop. 7. What is assumed is that, 
given two points in a plane, they can be joined by a straight line in the plane: 
a legitimate assumption. 

Lastly, says Simson, '' And the same thing is assumed in the preceding 
6th Prop. in which the straight line which joins the points Z, 7) that arc in 
the plane to which AB and CD are at right angles is supposed to be in that 
plane.” Here again there is no question of a plane in which two parallels are ; 
so that the criticism here, as with reference to Prop. 3, appears to rest on a 
misapprehension. 


Proposition 8. 


If two straight lines be parallel, and one of them be at 
right angles to any plane, the remaining one will also be at 
right angles to the same plane. 

Let AB, CD be two parallel straight lines, 
and let one of them, AA, be at right 
angles to the plane of reference ; 

I say that the remaining one, CD, will 
also be at right angles to the same 
plane. 

For let AB, CD meet the plane of 
reference at the points B, D, 
and let BD be joined ; 
therefore 48, CD, BD are in one plane. (xi. 7] 

Let DE be drawn, in the plane of reference, at right angles 
to BD, 
let DE be made equal to 42, 
and let BZ, AZ, AD be joined. 


A 





Now, since AZ is at right angles to the plane of reference, 
therefore AZ is also at right angles to all the straight lines 
which meet it and are in the plane of reference ; [xt. Def. 3] 
therefore each of the angles ABD, ABE is right. 

And, since the straight line BD has fallen on the parallels 
AB, CD, 
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therefore the angles ABD, CDB are equal to two right 
angles. [1. 29) 


But the angle ABD is right; 
therefore the angle CDB is also right ; 
therefore C2 is at right angles to BD. 


And, since AB is equal to DZ, 
and BD is common, 
the two sides AB, BD are equal to the two sides ED, DB; 
and the angle ABD is equal to the angle EDB, 
for each is right ; 
therefore the base AD is equal to the base BE. 


And, since AB is equal to DE, 
and BE to AD, 


the two sides AZ, BE are equal to the two sides ED, DA 
respectively, 


and AZ is their common base ; 

therefore the angle ABZ is equal to the angle EDA. 
But the angle ABE is right; 

therefore the angle EDA is also right ; 

therefore E is at right angles to AD. 


But it is also at right angles to DB; 
therefore ED is also at right angles to the plane through 
BD, DA. (x1. 4] 

Therefore ZD will also make right angles with all the 
straight lines which meet it and are in the plane through 
BD, DA. 

But DC is in the plane through BD, DA, inasmuch as 
AB, BD are in the plane through BD, DA, (xt. 2] 
and DC is also in the plane in which AB, BD are. 

Therefore EP is at right angles to DC, 
so that CD is also at right angles to DE. 


But CD is also at right angles to BD. 
Therefore C2 is set up at right angles to the two straight 


lines DE, DB which cut one another, from the point of section 
at D; 
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so that CD is also at right angles to the plane through 
DE, DB. (xi. 4] 


But the plane through DZ, DZ is the plane of reference ; 
therefore CD is at right angles to the plane of reference. 


Therefore etc. 
Q. E. D. 


Simson objects to the words which explain why DC is in the plane through 
BD, DA, viz. “inasmuch as AB, BD are in the plane through BD, DA, and 
DC is also in the plane in which 4B, BD are,” as being too roundabout. 
He concludes that they are corrupt or interpolated, and that we ought only to 
have the words “because all three are in the plane in which are the parallels 
AB, CD” (by Prop. 7 preceding). But I think Euclid's words can be 
defended. Prop. 7 says nothing of a plane determined by ^o transversals as 
BD, DA are. Hence it is natural to say that DC is in the same plane in 
which AB, BD are [Prop. 7) and AB, BD are in the same plane as BD, 
DA Prop. 2], so that DC is in the plane through BD, DA. 

Legendre s alternative proof is split by him into two propositions. 


(1) Let AB be a perpendicular to the plane MN and EF a fine situated in that 
plane ; tf from B, the foot of the perpendicular, BD be drawn perpendicular to 
EF, and AD be joined, I say that AD will be perpendicular to EF. 


(2) Zf AB is perpendicular to the plane MN, every straight line CD parallel to 
AB will be perpendicular to the same plane. 


To prove both propositions together we suppose CD given, join BD, 
and draw EF perpendicular to AD in the 
plane MN. 

(1) As before, we make DE equal to DF and 
join BE, BF, AE, AF. 

Then, since the angles BDE, BDF are 
right, and DZ, DF equal, 

BE is equal to BF. (1. 4] 

And, since AB is perpendicular to the 
plane, 





the angles ABE, ABF are both right. 
Therefore, in the triangles ABE, ABE, 
AE is equal to AF (1. 4] 
Lastly, in the triangles ADE, ADF, since AE is equal to AF, and DE 
to DF, while AD is common, 
the angle 4DEZ is equal to the angle ADF, [1. 8} 
so that AD is perpendicular to EF. 


(2) ÆD heing thus perpendicular to DA, and also (by construction) 
perpendicular to DB, 
ED is perpendicular to the plane ADB. (xt. 4] 
But CD, being parallel to AZ, is in the plane 422; 
therefore ED is perpendicular to CD. (x1. Def. 3] 
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Also, since AB, CD are parallel, 
and ABD is a right angle, 
CDB is also a right angle. 


Thus CD is perpendicular to both DE and DB, and therefore to the 
plane MN through DE, DB. 


PROPOSITION 9. 


Straight lines which are parallel to the same straight line 
and are not in the same plane with it are also parallel to one 
another. 


For let each of the straight lines 4B, CD be parallel to 
EF, not being in the same plane 


with it; B H A 
I say that 4Z is parallel to CD. 

For let a point G be takenat F a E 
random on ZF, x 
and from it let there be drawn D K © 


GH, in the plane through £F, 
AB, at right angles to EF, and GK in the plane through 
FE, CD again at right angles to EF. 


Now, since EF is at right angles to each of the straight 
lines GH, GK, 


therefore EZ is also at right angles to the plane through 
GH, GK. [xi. 4) 


And EF is parallel to 4B; 


therefore AZ is also at right angles to the plane through 
HG, GK. [x1. 8] 


For the same reason 
CD is also at right angles to the plane through HG, GK; 


therefore each of the straight lines 42, CD is at right angles 
to the plane through HG,.GK. 


But, if two straight lines be at right angles to the same 
plane, the straight lines are parallel ; (x1. 6] 


therefore 42 is parallel to CD. 
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PROPOSITION 10. 


Zf two straight lines meeting one another be parallel to 
two straight lines meeting one another not in the same plane, 
they will contain egual angles. 


For let the two straight lines 4B, BC meeting one 
another be parallel to the two straight lines DE, EF meeting 
one another, not in the same plane ; 


I say that the angle 4AC is equal to the angle DEF. 


— 


D, 


For let BA, BC, ED, EF be cut off equal to one another, 
and let AD, CF, BE, AC, DF be joined. 


Now, since BA is equal and parallel to ED, 
therefore AD is also equal and parallel to BZ. (1. 33] 

For the same reason 
CF is also equal and parallel to BE. 

Therefore each of the straight lines 4D, CF is equal and 
parallel to BZ. 

But straight lines which are parallel to the same straight 
line and are not in the same plane with it are parallel to one 
another ; [x1. 9] 
therefore 4D is parallel and equal to CF. 

And AC, DF join them ; 
therefore AC is also equal and_parallel to DF. [1 33] 

Now, since the cwo sides 48, BC are equal to the two 
sides DE, EF, 
and the base AC is equal to the base DF, 
therefore the angle ABC is equal to the angle DEF. [1. 8] 

Therefore etc. 
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The result of this proposition does not appear to be quoted in Euclid until 
xi 3; but Euclid no doubt inserted it here advisedly, because it has the 
effect of incidentally proving that the "inclination of two planes to one 
another," as defined in xi. Def. 6, is one and the same angle at whatever 
point of the common section the plane angle measuring it is drawn. 


PROPOSITION II. 


From a given elevated point to draw a straight line perpen- 
dicular to a given plane. 


Let A be the given elevated point, and the plane of 
reference the given plane; 
thus it is required to draw from the 
point 4 a straight line perpendicular to 
the plane of reference. 

Let any straight line BC be drawn, 
at random, in the plane of reference, 
and let 4D be drawn from the point 4 
perpendicular to BC. (r. 12] 

If then AD is also perpendicular to 
the plane of reference, that which was 
enjoined will have been done. 





But, if not, let DE be drawn from the point D at right 


angles to BC and in the plane of reference, < [ker 
let AF be drawn from A perpendicular to DE, (i. 12] 
and let GH be drawn through the point F parallel to ZC. 

. [L 31) 


Now, since BC is at right angles to each of the straight 
lines DA, DE, 


therefore BC is also at right angles to the plane through 

ED, DA. (xt. 4] 
And G// is parallel to it ; 

but, if two straight lines be parallel, and one of them be at 

right angles to any plane, the remaining one will also be at 

right angles to the same plane ; [xi. 8] 


therefore GH is also at right angles to the plane through 
ED, DA. 
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Therefore GH is also at right angles to all the straight 
lines which meet it and are in the plane through ED, DA, 
[xr. Def. 3] 
But AF meets it and is in the plane through ED, DA; 
therefore GA is at right angles to FA, 
so that F is also at right angles to GH. 
But AF is also at right angles to DE ; 


therefore AF is at right angles to each of the straight lines 
GH, DE. 


But, if a straight line be set up at right angles to two 
straight lines which cut one another, at the point of section, 
it will also be at right angles to the plane through them ; [x1. 4] 
therefore FA is at right angles to the plane through ED, GH. 

But the plane through ED, GH is the plane of reference ; 
therefore AF is at right angles to the plane of reference. 


Therefore from the given elevated point A the straight 
line AF has been drawn perpendicular to the plane of 
reference. 


Q. E. F. 


The text-books differ in the form which they give to this proposition rather 
than in substance. They commonly assume the construction of a plane 
through the point 4 at right angles to any straight line BC in the given plane 
(the construction being effected in the manner shown at the end of the note 
on Xi s above) The advantage of this method is that it enables a 
perpendicular to be drawn from a point 1# the plane also, by the same 
construction. (Where the letters for the two figures differ, those referring to 
the second figure are put in brackets.) 





We can include the construction of the plane through 4 perpendicular to 
BC, and make the whole into one proposition, thus. 

BC being any straight line in the given plane MN, draw AD perpendicu- 
lar to BC. 

In any plane passing through BC but not through 4 draw DE at right 
angles to BC. 

Through DA, DE draw a plane; this will intersect the given plane MN 
in a straight line, as FD (AD). 

In the plane AG draw AF perpendicular to FG (AD). 

Then AZ is the perpendicular required. 
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In the plane MAN, through H in the first figure and A in the second, draw 
KL parallel to BC. 

Now, since BC is perpendicular to both DA and DZ, BC is perpendicular 
to the plane 4G. [x1. 4] 

Therefore KZ, being parallel to BC, is also perpendicular to the plane 
AG [x1..8], and therefore to 4H which meets it and is in that plane. 

Therefore 4 is perpendicular to both FD (AD) and XZ at their point 
of intersection. 

Therefore AA is perpendicular to the plane MN. 


Thus we have solved the problem in xi. r2 as well as that in XI. 11 ; and 
this direct method of drawing a perpendicular to a plane from a point iz it is 
obviously preferable to Euclid’s method by which the construction of a 
p-rpendicular to a plane from a point without it is assumed, and a line is 
merely drawn from a point in the plane parallel to the perpendicular obtained 
in XI. 11. 


PROPOSITION 12. 
To set up a straight line at right angles to a given plane 
JSrom a given point tn it. 
Let the plane of reference be the given plane, 
and 4 the point in it; 


thus it is required to set up from the point 
A a straight line at right angles to the 
plane of reference. 


Let any elevated point Z be conceived, 
from B let BC be drawn perpendicular to 


the plane of reference, [xt. 11] 
and through the point 4 let 4D be drawn 
parallel to BC. [t. 31] 


Then, since AD, CB are two parallel straight lines, 
while one of them, BC, is at right angles to the plane of 
reference, 


therefore the remaining one, AD, is also at right angles to 
the plane of reference. (x1. 8] 


Therefore 4D has been set up at right angles to the given 
plane from the point A in ‘t. 
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PROPOSITION 13. 


From the same point two straight lines cannot be sei up at 
right angles to the same plane on the same side. 


For, if possible, from the same point A let the two straight 
lines AB, AC be set up at right 
angles to the plane of reference and on 
the same side, 


and let a plane be drawn through BA, 
AC; 


it will then make, as section through 4 
in the plane of reference, a straight line. 
[xt. 3] 





Let it make DAE; 
therefore the straight lines AB, AC, DAE are in one plane. 


And, since CA is at right angles to the plane of reference, 
it will also make right angles with all the straight lines which 
meet it and are in the plane of reference. [xt. Def. 3) 

But DAE meets it and is in the plane of reference ; 


therefore the angle CAE is right. 


For the same reason 
the angle BAZ is also right; 
therefore the angle CA Æ is equal to the angle BA E. 
And they are in one plane : 
which is impossible. 
Therefore etc. 


Simson added words to this as follows : 


“ Also, from a point above a plane there can be but one perpendicular to 
that plane ; for, if there could be two, they would be parallel to one another 
[x1. 6], which is absurd.” 


Euclid does not give this result, but we have already had it in the note 
above to x1. 4 (ad fíz.). 
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PROPOSITION 14. 


Planes to which the same straight line ts at right angles 
will be parallel. 


For let any straight line AZ be at right angles to each of 
the planes CD, EF; 


I say that the planes are 
parallel. 


For, if not, they will meet 
when produced. 
Let them meet ; 





they will then make, as 
common section, a straight line. [xr. 3) 


Let them make GH; 
let a point A be taken at random on GH, 
and let AX, BK be joined. 
Now, since AZ is at right angles to the plane ZF, 


therefore AZ is also at right angles to BA which is a straight 
line in the plane EF produced : (xi. Def. 3] 


therefore the angle ABK is right. 


For the same reason 
the angle BAK is also right. 


Thus, in the triangle ABX, the two angles ABK, BAK 


are equal to two right angles : 
which is impossible. [r. 17] 
Therefore the planes CD, ZF will not meet when 
produced ; 
therefore the planes CD, EF are parallel. (x1. Def. 8] 
Therefore planes to which the same straight line is at right 
angles are parallel. 
Q. E. D. 
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PROPOSITION I5. 


If two straight lines meeting one another be parallel to two 
straight [ines meeting one another, not being 1n the same plane, 
the planes through them are parallel. 


For let the two straight lines 4 B, BC meeting one another 
be parallel to the two straight lines 
DE, EF meeting one another, not 
being in the same plane ; 

I say that the planes produced A S 
through AB, BC and DE, EF will 
not meet one another. 

For let BG be drawn from the 
point B perpendicular to the plane 
through DZ, ZF [xt 11), and let it 
meet the plane at the point G ; 
through G let GH be drawn 
parallel to ED, and GK parallel to EF. (1. 31] 

Now, since BG is at right angles to the plane through 
DE, EF, 
therefore it will also make right angles with all the straight 
lines which meet it and are in the plane through DZ, EF. 

[x1. Def. 3] 

But each of the straight lines GĦ, GK meets it and is in 
the plane through DZ, EF; 
therefore each of the angles BGH, BGK is right. 


And, since BA is parallel to GH, [xt. 9] 
therefore the angles GBA, BGH are equal to two right angles. 
[1. 29] 


But the angle BG/ is right ; 
therefore the angle GBA is also right ; 
therefore GZ is at right angles to BA. 


For the same reason 
GB is also at right angles to BC. 


Since then the straight line G7 is set up at right angles 
to the two straight lines BA, BC which cut one another, 
therefore GB is also at right angles to the plane through 
BA, BC. (x1. 4] 
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But planes to which the same straight line is at right 
angles are parallel ; [x1. 14] 


therefore the plane through AZ, BC is parallel to the plane 
through DZ, EF. 


Therefore, if two straight lines meeting one another be 
parallel to two straight lines meeting one another, not in the 
same plane, the planes through them are parallel. 

Q. E. D. 


This result is arrived at in the American text-books already quoted by 
starting from the relation between a plane and a straight line parallel to it. 
The series of propositions is worth giving. A straight line and a plane being 
parallel if they do not meet however far they may be produced, we have the 
following propositions. 


1. Any plane containing one, and only one, of two parallel straight lines is 
parallel to the other. 

For suppose AB, CD to be parallel and CD to lie in the plane WW. 

Then AB, CD determine a plane intersecting M/Z in the straight line CD 

Thus, if AB meets MN, it must meet 
it at some point in CD. 

But this is impossible, since AB is 
parallel to CD. 

Therefore 48 will not meet the plane 
MN, and is therefore parallel to it. 

[This proposition and the proof are in 
Bendi 

The following theorems follow as corollaries. 





A 


2. Through a given straight line a plane can be drawn parallel to any other 
given straight line; and, if the lines are not parallel, only one such plane can be 
drawn. 

We have simply to draw through any point on the first line a straight line 
parallel to the second line and then pass a plane through these two intersecting 
lines. "This plane is then, by the above proposition, parallel to the second 
given straight line. 


3. Through a given point a plane can be drawn parallel to any two straight 
lines in space; and, if the latter are not parallel, only one such plane can be 
drawn. 

Here we draw through the point straight lines parallel respectively to the 
given straight lines and then draw a plane through the lines so drawn. 

Next we have the partial converse of the first proposition above. 

4. Lf a straight line is parallel to a plane, it is also parallel to the inter- 
section of any plane through st with the given plane. 


8 
Let AB be parallel to the plane AZM, and let 
any plane through 42 intersect MN in CD. 


Now AB and CD cannot meet, because, if A N 
they did, 4B would meet the plane MN. 

And AS, CD are in one plane. 

Therefore AB, CD are parallel. 


From this follows as a corollary : 
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$. 4f each of two intersecting straight lines is parallel to a given plane, 
the plane containing them ts parallel to the given 
plane. 


Let AB, AC be parallel to the plane 
MN. 


B 
— 
Then, if the plane ABC were to meet the " 
plane MM, the intersection would be parallel 
both to AB and to AC: which is impossible. 
M 


Lastly, we have Euclid's proposition. 


6. Lf two straight lines forming an angle are respectively parallel to two 
other straight lines forming an angle, the plane of 
the first angle ts parallel to the plane of the second. 


Let ABC, DEF be the angles formed by 
straight lines parallel to one another respectively. 


Then, since AB is parallel to DE, 


the plane of DEF is parallel to 42 [(1) above]. 
Similarly the plane of DEF is parallel to 
BC. 


Hence the plane of DEF is parallel to the 
plane of ABC [(5)} 


Legendre arrives at the result by yet another method. He first proves 
Eucl. xt. 16 to the effect that, ¢f wo parallel planes are cut by a third, the lines 
of intersection are parallel, and then deduces from this that, if two parallel 
straight lines are terminated by two parallel planes, the straight lines are equal 
tn length. 

(The latter inference is obvious because the plane through the parallels 
cuts the parallel planes in parallel lines; which 
therefore, with the given parallel lines, form a 
parallelogram.) 

Legendre is now in a position to prove 
Euclid’s proposition XI. 15. 

If ABC, DEF be the angles, make 48 
equal to DE, and BC equal to £F, and join 
CA, FD, BE, CF, AD. 

Then, as in Eucl. xi. ro, the triangles 
ABC, DEF are equal in all respects ; 


and AD, BE, CF are all equal. 


It is now proved that the planes are 
parallel by reductio ad absurdum from the 
last preceding result. For, if the plane ABC 
is not parallel to the plane DEA let the plane drawn through Z parallel to the 
plane DEF meet CF, AD in H, G respectively. 

Then, by the last result BE, HF, GD will all be equal. 

But BE, CF, AD are all equal: 


which is impossible. 
Therefore etc. 
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PROPOSITION 16. 


Jf two parallel planes be cut by any plane, their common 
sections are parallel. 


For let the two parallel planes 42, CD be cut by the 
plane EFGH, 
and let EF, GH be their common sections ; 
I say that ZF is parallel to GH. 





For, if not, EF, GA will, when produced, meet either in 
the direction of F, H or of E, G. 

Let them be produced, as in the direction of F, 77, and 
let them, first, meet at K. 


Now, since Z FX is in the plane AB, 
therefore all the points on EFX are also in the plane AB. 


(xr. 1] 
But K is one of the points on the straight line EFK ; 


therefore K is in the plane AZ. 

For the same reason 
K is also in the plane CD; 
therefore the planes 48, CD will meet when produced. 

But they do not meet, because they are, by hypothesis, 
parallel ; 
therefore the straight lines EF, GH will not meet when 
produced in the direction of F, H. 

Similarly we can prove that neither will the straight lines 
EF, GH meet when produced in the direction of Æ, G. 

But straight lines which do not meet in either direction 
are parallel. [1. Def. 23] 

Therefore EZ is parallel to GH. 

Therefore etc. Q. E. D. 
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Simson points out that, in here quoting 1. Def. 23, Euclid should have 

said “ But straight lines i» onc plane which do not mect in either direction are 
arallel.” 

E From this proposition is deduced the converse of xt. 14. 

Jf a straight line is perpendicular to one of two parallel planes, it is 
perpendicular to the other also. 

For suppose that AZ, PQ are two parallel planes, and that 4B is perpen- 
dicular to MN. 

Through AZ draw any plane, and let it intersect 
the planes MN, PQ in AC, BD respectively. 

Therefore 4C, BD are parallel. [xt 16] 

But AC is perpendicular to 4B; 
therefore AZ is also perpendicular to BD. 

That is, Æ is perpendicular to any line in PQ 
passing through B; 
therefore AB is perpendicular to PQ. 

It follows as a corollary that 

Through a given point one plane, and only one, can be drawn parallel to a 
given plane. 

In the above figure let 4 be the given point and PQ the given plane. 

Draw AB perpendicular to PQ. 

‘Through A draw a plane MA at right angles to 42 (see note on xı. 5 
above). 

Then MN is parallel to PQ. [xi. 14] 

If there could pass through A a second plane parallel to PQ, AB would 
also be perpendicular to it. 

That is, 4B would be perpendicular to two different planes through 4 : 
which is impossible (see the same note). 

Also it is readily proved that, 

Df tio planes ave parallel to a third plane, they are parallel to one another. 





PROPOSITION 17. 
Jf two straight lines be cut by parallel planes, they will be 


cut in the same ratios. 


For let the two straight 
lines AB, CD be cut by the 
parallel planes GH, KL, MN 
at the points 4, £, B and C, 
I say that, as the straight line 
AE isto EB, so is CF to FD. 

For let AC, BD, AD be 
joined, 
let AD meet the plane KL 
at the point O, 
and let ZO, OF be joined. 
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Now, since the two parallel planes KZ, MN are cut by 
the plane FADO, 
their common sections ZO, BD are parallel. (xt. 16] 


For the same reason, since the two parallel planes GH, 
KL are cut by the plane 4 OFC, 
their common sections 4 C, OF are parallel. [/2-) 


And, since the straight line £O has been drawn parallel to 
BD, one of the sides of the triangle ABD, 
therefore, proportionally, as 4 £ is to EB, so is AO to OD. 
[vi. 2] 
Again, since the straight line OF has been drawn parallel 
to AC, one of the sides of the triangle ADC, 
proportionally, as 4O is to OD, so is CF to FD. [id.] 


But it was also proved that, as 4O is to OD, so is AE 
to EZ; 
therefore also, as AE is to EB, so is CF to FD. [v. 11] 


Therefore etc. 
Q. E. D. 


PRoPosITION 18. 


Jf a straight line be at right angles to any plane, all the 
planes through it will also be at right angles to the same plane. 


For let any straight line 42 be at right angles to the 
plane of reference; 
I say that all the planes through 
AB are also at right angles to the 
plane of reference. 

For let the plane DE be drawn 
through AB, 
let CZ be the common section of 
the plane DZ and the plane of 
reference, 
let a point F ‘be taken at random on CZ, 
and from Z let FG be drawn in the plane DE at right 
angles to C£. [r. 11] 





Now, since 42 is at right angles to the plane of reference, 


x1. 18] PROPOSITIONS 17, 18 303 


AB is also at right angles to all the straight lines which meet 
it and are in the plane of reference ; [xi. Def. 3] 


so that it is also at right angles to CE ; 

therefore the angle ABF is right. 
But the angle GFB is also right; 

therefore AB is parallel to FG. [1. 28] 
But AZ is at right angles to the plane of reference ; 


therefore FG is also at right angles to the plane of reference. 

(xr. 8] 

Now a plane is at right angles to a plane, when the 

straight lines drawn, in one of the planes, at right angles to 

the common section of the planes are at right angles to the 

remaining plane. [x1. Def. 4] 

And FG, drawn in one of the planes DZ at right angles 

to C£, the common section of the planes, was proved to be 
at right angles to the plane of reference ; 


therefore the plane DZ is at right angles to the plane of 
reference. 


Similarly also it can be proved that all the planes through 
AB are at right angles to the plane of reference. 
Therefore etc. 


Q. E. D. 


Starting as Euclid does from the definition of perpendicular planes as 
planes such that all straight lines drawn in one of the planes at right angles to 
the common section are at right angles to the other plane, it is necessary for 
him to show that, if F be aay point in CZ, and FG be drawn in the plane 
DE at right angles to CZ, FG will be perpendicular to the plane to which 
AB is perpendicular. 

It is perhaps more scientific to make the definition, as Legendre makes it, 
a particular case of the definition of the éncétnation of planes. Perpendicular 
planes would thus be planes such that the angle which (when it is acute) 
Euclid calls the inclination of a plane to a plane is a right angle. When to this 
is added the fact incidentally proved in x1. 10 that the “inclination of a plane to 
a plane” is the same at whatever point in their common section it is drawn, it 
is sufficient to prove the perpendicularity of two planes if one straight line 
drawn, in one of them, perpendicular to their common section is perpendicular 
to the other. 

If this point of view is taken, Props. 18, 19 are much simplified (cf. 
Legendre, H. M. Taylor, Smith and Bryant, Rausenberger, Schultze and 
Sevenoak, Holgate). The alternative proof is as follows. 

Let AB be perpendicular to the plane MN, and CE any plane through 
AB, meeting the plane MA in the straight line CD. 

In the plane MN draw BF at right angles to CØ. 
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Then 4B is the angle which Euclid calls (in the case where it is acute) 
the "inclination of the plane to the plane." 


But, since 4B is perpendicular to the plane AN, it is perpendicular to 
BF in it. 

Therefore the angle ABF is a right angle ; 
whence the plane CE is perpendicular to the plane MAN. 


PROPOSITION 19. 


If two planes which cut one another be at right angles to 
any plane, their common section will also be at right angles to 


the same plane. 


For let the two planes 4B, BC be at right angles to the 
plane of reference, 
and let BD be their common section ; 
I say that BD is at right angles to the 8 
plane of reference. 
For suppose it is not, and from the 
point D let DE be drawn in the plane 
AB at right angles to the straight line 
AD, and DF in the plane AC at right 
angles to CD. 


Now, since the plane 4B is at right 
angles to the plane of reference, 
and DE has been drawn in the plane AZ at right angles to 
AD, their common section, 


therefore DZ is at right angles to the plane of reference. 
(x1. Def. 4] 
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Similarly we can prove that 
DF is also at right angles to the plane of reference. 


Therefore from the same point D two straight lines have 
been set up at right angles to the plane of reference on the 
same side : 


which is impossible. [xt. 13] 


Therefore no straight line except the common section DB 
of the planes 4B, BC can be set up from the point D at right 
angles to the plane of reference. 

Therefore etc. 

Q. E. D. 


Legendre, followed by other writers already quoted, uses a preliminary 
proposition equivalent to Eu:lid’s definition of planes at right angles to one 
another. 


Jf two planes are perpendicular to one another, a straight line drawn in one 
of them perpendicular to their common section will be perpendicular to the other. 


Let the perpendicular planes CZ, MA (figure of last note) intersect in 
CD, and let AB be drawn in CE perpendicular to CD. 

In the plane WM draw AF at right angles to CD. 

Then, since the planes are perpendicular, the angle 4 BF (their inclination) 
is a right angle. 

Therefore AB is perpendicular to both CD and BA; and therefore to the 
plane MN. 

We are now in a position to prove x1. 19, viz. Lf two planes he perpendicular 
lo a third, their intersection is also perpen- 
dicular to that third plane. 

Let each of the two planes AC, AD 
intersecting in 4B be perpendicular to the 
plane AZ V. 

Let AC, AD intersect MN in BC, BD 
respectively. 

In the plne MN draw BE at right 
angles to AC and BF at right angles to 
BD. 

Now, since the planes AC, WM are at 
right angles, and BZ is drawn in the latter perpendicular to BC, BE is 
perpendicular to the plane AC. 

Hence AB is perpendicular to BE. [x1. 4] 

Similarly AZ is perpendicular to BF. 

Therefore AB is perpendicular to the plane through BE, BA, i.e. to the 
plane MN. 


An useful problem is that of drawing a common perpendicular to two 
straight lines not in one plane, and in connexion with this the following 
proposition may be given. 
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Given a plane and a straight line not perpendicular to it, one plane, and only 
one, can be drawn through the straight line perpen- 
dicular to the plane. A 


Let AB be the given straight line, MA the 
given plane. 

From any point C in AB draw CD perpen- 
dicular to the plane MN. 

Through AZ and CD draw a plane AE. 

Then the plane AZ is perpendicular to the 
plane MN. (xt. 18] 

If any other plane could be drawn through 
AB perpendicular to ACM, the intersection AB of 
the two planes perpendicular to MN would itself 
be perpendicular to MN: (x1. 19] 
which contradicts the hypothesis. 

To draw a common perpendicular to two straight lines nol in the same plane. 

Let AB, CP be the given straight lines. 

Through CP draw the plane MM parallel to AB (Prop. 2 in note 
to XL. 15). 

Through 48 draw the plane 4¥ perpendicular to the plane AZ (see the 
last preceding proposition). 








Let the planes AF, MN intersect in ÆA, and let EF meet CD in G. 

From G, in the plane AF, draw GH at right angles to EF, meeting AZ in H. 

GA is then the required perpendicular. 

For AB is parallel to EF (Prop. 4 in note to x1. 15); therefore GH, 
being perpendicular to ÆA; is also perpendicular to AB. 

But, the plane 4 being perpendicular to the plane MN, and GH being 
perpendicular to ZF, their intersection, 

GH is perpendicular to the plane MN, and therefore to CD. 

Therefore GH is perpendicular to both AB and CD. 


Only one common perpendicular can be drawn to two Straight lines not in 
one plane. 

For, if possible, let XZ also be perpendicular to both AB and CD. 

Let the plane through KZ, AB meet the plane MN in ZQ. 

Then AB is parallel to ZQ (Prop. 4 in note to xt. 15), so that XZ, being 
perpendicular to 4B, is also perpendicular to ZQ. 

Therefore XZ is perpendicular to both CZ'and ZQ, and consequently to 
the plane MN. 

But, if XP be drawn in the plane A4 perpendicular to EF, KP is also 
perpendicular to the plane MAN. 
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Thus there are two perpendiculars from the point Æ to the plane MN : 
which is impossible. 


Rausenberger’s construction for the same problem is more elegant. Draw, 
he says, through each straight line a plane parallel 
to the other. Then draw through each straight line 
a plane perpendicular to the plane through the 
other. The two planes last drawn will intersect 
in a straight line, and this straight line is the 
common perpendicular required. 


The form of the construction best suited for 
examination purposes, because the most self- 
contained, is doubtless that given by Smith and 
Bryant. 

Let AB, CD be the two given straight lines. 

Through any point Z in CD draw EF parallel to AB. 

From any point G in AB draw GA perpendicular to the plane CDF, 
meeting the plane in ZZ. 

Through Z in the plane CDF draw B 
HK parallel to FE or AB, to cut CD 
in K. 

Then, since 4, HK are parallel, 
AGHK is a plane. 

Complete the parallelogram GAKZL. 

Now, since LX, G/# are parallel, and 
GH is perpendicular to the plane CDF, 

LK is perpendicular to the plane 
CDF. 

Therefore LX is perpendicular to CD and XZ, and therefore to AB which 
is parallel to KH. 








PROPOSITION 20. 


If a solid angle be contained by three plane angles, any two, 
taken together in any manner, ave greater than the remaining 
one. 


For let the solid angle at Æ be contained by the three 
plane angles BAC, CAD, DAB; 
I say that any two of the angles 
BAC, CAD, DAB, taken to- 
gether in any manner, are greater 
than the remaining one. 

If now the angles BAC, CAD, 
DAB are equal to one another, 
it is manifest that any two are greater than the remaining one. 

But, if not, let BAC be greater, 


and on the straight line 744 Z, and at the point 4 on it, let the 


E 
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angle BAE be constructed, in the plane through BA, AC, 
equal to the angle DAB; 


let AE be made equal to AD, 


and let BEC, drawn across through the point E, cut the 
straight lines 48, AC at the points P, C 


let DB, DC be joined. 


Now, since DA is equal to AZ, 
and AB is common, 
two sides are equal to two sides ; 
and the angle DAB is equal to the angle BAEZ; 
therefore the base DZ is equal to the base BE. [r. 4] 


And, since the two sides BD, DC are greater than BC, 


[1. 20] 
and of these DZ was proved equal to BE, 
therefore the remainder DC is greater than the remainder EC. 


Now, since DA is equal to AZ, 
and AC is common, 
and the base DC is greater than the base EC, 
therefore the angle DAC is greater than the angle EAC. 
[1. 25] 


But the angle DAB was also proved equal to the angle 
BAE; 


therefore the angles DAB, DAC are greater than the angle 
BAC. 


Similarly we can prove that the remaining angles also, 
taken together two and two, are greater than the remaining 
one. 


Therefore etc. 
Q. E. D. 


After excluding the obvious case in which all three angles are equal, 
Euclid goes on to say “If not, let the angle BAC be greater,” without adding 
greater than what. Heiberg is clearly right in saying that he means greater 
than BAD, i.e. greater than one of the adjacent angles. This is proved by 
the words at the end “Similarly we can prove,” etc. Euclid thus excludes 
as obvious the case where one of the three angles is not greater than either of 
the other two, but proves the remaining cases. This is scientific, but he might 
further have excluded as obvious the case in which one angle is greater than 
one of the others but equal to or less than the remaining one. 
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Simson remarks that the angle BAC may happen to be egual to one of 
the other two and writes accordingly “If they [all three angles] are not [equal], 
let BAC be that angle which is not less than either of the other two, and is 
greater than one of them DAB.” He then proves, in the saine way as Euclid 
does, that the angles DAB, DAC are greater than the angle BAC, adding 
finally : “But BAC is not less than either of the angles DAB, DAC; there- 
fore BAC, with either of them, is greater than the other.” 

It would be better, as indicated by Legendre and Rausenberger, to begin 
by saying that, “If one of the three angles is either equal to or less than either 
of the other two, it is evident that the sum of those two is greater than the 
first. It is therefore only necessary to prove, for the case in which one angle ts 
greater than each of the others, that the sum of the two latter is greater than 
the former. 

Accordingly let BAC be greater than each of the other angles.” We then 
proceed as in Euclid. 


PROPOSITION 21. 


Any solid angle is contained by plane angles less than four 
right angles. 


Let the angle at A be a solid angle contained by the plane 
angles BAC, CAD, DAB; 


I say that the angles BAC, CAD, 
DAB are less than four right angles. 

For let points Z, C, D be taken 
at random on the straight lines 42, 
AC, AD respectively. 


and let BL, CD, DB be joined. B 


c 


Now, since the solid angle at J is contained by the three 
plane angles CBA, ABD, CBD, 


any two are greater than the remaining one ; (x1. 20] 


therefore the angles CBA, ABD are greater than the angle 
CBD. 


For the same reason 
the angles BCA, ACD are also greater than the angle BCD, 
and the angles CDA, ADB are greater than the angle CDB ; 


therefore the six angles CBA, ABD, BCA, ACD, CDA, 
ADB are greater than the three angles CBD, BCD, CDB. 

But the three angles CBD, BDC, BCD are equal to two 
right angles ; (1. 32] 
therefore the six angles CBA, ABD, BCA, ACD, CDA, 
ADB are greater than two right angles. 


310 BOOK Xl [xt. 21 


And, since the three angles of each of the triangles ABC, 
ACD, ADB are equal to two right angles, 


therefore the nine angles of the three triangles, the angles 
CBA, ACB, BAC, ACD, CDA, CAD, ADB, DBA, BAD 
are equal to six right angles ; 

and of them the six angles ABC, BCA, ACD, CDA, ADB, 
DBA are greater than two right angles ; 


therefore the remaining three angles BAC, CAD, DAB 
containing the solid angle are less than four right angles. 


Therefore etc. 
Q. E. D. 


It will be observed that, although Euclid enunciates this proposition for 
any solid angle, he only proves it for the particular case of a /zi4edra/ angle. 
This is in accordance with his manner of proving one case and leaving the 
others to the reader. The omission of the convex polyhedral angle here 
corresponds to the omission, after 1. 32, of the proposition about the interior 
angles of a convex polygon given by Proclus and in most books. The proof 
of the present proposition for any convex polyhedral angle can of course be 
arranged so as not to assume the proposition that the interior angles of a 
convex polygon together with four right angles are equal to twice as many 
right angles as the figure has sides. 

Let there be any convex polyhedral angle with V as vertex, and let it be 
cut by any plane meeting its faces in, say, the 
polygon ABCDE. 

Take O any point within the polygon, and 
in its plane, and join OA, OB, OC, OD, OE. 

Then all the angles of the triangles with | 
vertex O are equal to twice as many right angles 
as the polygon has sides ; (1. 32] 


therefore the interior angles of the polygon to- g 
gether with all the angles round O are equal to ^ 

twice as many right angles as the polygon has á 

sides. C 


Also the sum of the angles of the triangles 
VAB, VBC, etc., with vertex V are equal to twice as many right angles as the 
polygon has sides ; 
and all the said angles are equal to the sum of (1) the plane angles at V 
forming the polyhedral angle and (2) the base angles of the triangles with 
vertex V. 

This latter sum is therefore equal to the sum of (3) all the angles 
round O and (4) all the interior angles of the polygon. 

Now, by Euclid’s proposition, of the three angles forming the solid angle at 
A, the angles VAE, VAB are together greater than the angle EAB. 

Similarly, at B, the angles VBA, VBC are together greater than the angle 
ABC. 

And so on. 

Therefore, by addition, the base angles of the triangles with vertex V 
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La above] are together greater than the sum of the angles of the polygon 
(4) above]. 
Hence, by way of compensation, the sum of the plane angles at V [(1) 
above] is less than the sum of the angles round O [(3) above]. 
But the latter sum is equal to four right angles; therefore the plane angles 
forming the polyhedral angle are together less than four right angles. 


The proposition is only true of convex polyhedral angles, i.e. those in 
which the plane of any face cannot, if produced, ever cut the solid angle. 

There are certain propositions relating to equal (and symmetrical) trihe- 
dral angles which are necessary to the consideration of the polyhedra dealt 
with by Euclid, all of which (as before remarked) have trihedral angles only. 


I. Zwo trihedral angles are equal tf two face angles and the included 
dihedral angle of the one are respectively equal to two face angles and the inciuded 
dihedral angle of the other, the equal parts being arranged in the same order. 


2. Two trihedral angles are equal if two dthedral angles and the included 
face angle of the one are respectively equal to two dihedral angles and the included 
face angle of the other, all equal parts being arranged in the same order. 


These propositions are proved immediately by superposition. 


3. Two trihedral angles are equal if the three face angles of the one are 
respectively equal to the three face angles of the other, and all are arranged in the 
same order. 


Let V—ABC and V'—A'B'C' be two trihedral angles such that the angle 
AVB is equal to the angle A4' V'B', the angle BVC to the angle B’V'C’, and 
the angle CVA to the angle C' V'A’. 





We first prove that corresponding phirs of face angles include equal dihedral 
angles. 

E.g, the dihedral angle formed by the plane angles CVA, AVB is equal 
to that formed by the plane angles C'/'A, AW. 

Take points A, B, C on VA, VB, VC and points 4’, B’, C’ on V'A’, 
V'B', V'C', such that 74, VB, VC. V'A', V'B', V'C are all cqual. 

Join BC, CA, AB, BC’, C'A', A'B'. 

Take any point D on AV, and measure A’D' along A’V’ equal to 4D. 

From D draw DE in the plane AVS, and DF in the plane CVA, 
perpendicular to AV. Then DE, DF will meet AB, AC respectively, the 
angles VAB, VAC, the base angles of two isosceles triangles, being icss than 
right angles. 

Join EF 

Draw the triangle D’Z’/" in the same way. 
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Now, by means of the hypothesis and construction, it appears that the 
triangles V4 B, V'A' B' are equal in all respects. 

So are the triangles VAC, V'A'C', and the triangles VBC, V'E'C'. 

Thus BC, CA, AB are respectively equal to &'C', C'4', A'E', and the 
triangles 4B C, A4'B'C' are equal in all respects. 


Now, in the triangles ADE, A'D'E', 
the angles ADZ, DAE are equal to the angles 4'D'E', D'A'E' respectively, 
and AD is equal to A’D’. 
Therefore the triangles ADE, A’D'E’ are equal in all respects. 
Similarly the triangles ADF, A'D’F are equal in all respects. 
Thus, in the triangles AEF, A'E’F’, 
EA, AF are respectively equal to E'A’, A'F', 
and the angle £4 7 is equal to the angle E'A4' F' (from above) ; 
therefore the triangles 4E, A'E'F' are equal in all respects. 
Lastly, in the triangles DEF, D'E'F, the three sides are respectively 
equal to the three sides ; 
therefore the triangles are equal in all respects. 
Therefore the angles EDF, E'D'F' are equal. 
But these angles are the measures of the dihedral angles formed by the 


planes CVA, AVB and by the planes C’V'A’, A'V'B’ cespectively. 
Therefore these dihedral angles are equal. 


Similarly for the other two dihedral angles. 


Hence the trihedral angles coincide if one is applied to the other ; 
that is, they are equal. 


To understand what is impiied by “taken in the same order" we may 
suppose ourselves to be placed at the vertices, and to take the faces in clock- 
wise direction, or the reverse, for doth angles. 

If the face angles and dihedral angles are taken in reverse directions, i.e. 
in clockwise direction in one and in counterclockwise direction in the other, 
then, if the other conditions in the above three propositions are fulfilled, the 
trihedral angles are not equal but symmetrical. 

If the faces of a trihedral angle be produced beyond the vertex, they form 
another trihedral angle. It is easily seen that these vertical trihedral angles 
are symmetrical. 


PROPOSITION 22. 


Lf there be three plane angles of which two, taken together 
in any manner, are greater than the remaining one, and they 
are contained by equal straight lines, it is possible to construct 
a triangle out of the straight lines joining the extremities of 
the equal straight lines. 


Let there be three piane angles 48C, DEF, GHK, of 


xı. 22] PROPOSITIONS 21, 22 313 


which two, taken together in any manner, are greater than 
the remaining one, namely 
the angles ABC, DEF greater than the angle GK, 
the angles DE +, GHK greater than the angle 4 BC, 
and, further, the angles GH, ABC greater than the angle 
DEF; 
let the straight lines 4B, BC, DE, EF, GH, HK be equal, 
and let 4C, DF, GK be joined ; 
I say that it is possible to construct a triangle out of straight 
lines equal to AC, DF, GK, that is, that any two of the 
straight lines AC, DF, GK are greater than the remaining 


one. 
H 





A 


Now, if the angles 4BC, DEF, GHK are equal to one 
another, it is manifest that, AC, DF, GK being equal also, 
it is possible to construct a triangle out of straight lines equal 


to AC, DF, GK. 


But, if not, let them be unequal, 


and on the straight line Æ, and at the point Æ on it, let 
the angle A//Z be constructed equal 


to the angle ABC; H 
let YL be made equal to one of the 
straight lines 4B, BC, DE, EF, GH, L 
HK, 
and let KZ, GZ be joined. 
Now, since the two sides 4B, BC 9 K 


are equal to the two sides KH, AHL, 
and the angle at Z is equal to the angle KAZ, 
therefore the base AC is equal to the base KZ. [1 4] 


And, since the angles ABC, GHK are greater than the 
angle DEF, 
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while the angle AAC is equal to the angle KAHL, 
therefore the angle G/7Z is greater than the angle DEF. 


And, since the two sides GH, YZ are equal to the two 
sides DE, EF, 


and the angle G//Z is greater than the angle DEF, 
therefore the base GZ is greater than the base DF. (1. 24] 


But GX, AL are greater than GL. 
Therefore GX, KZ are much greater than DF. 


But KZ is equal to AC; 


therefore AC, GX are greater than the remaining straight 
line DF. 


Similarly we can prove that 
AC, DF are greater than GK, 
and further DF, G& are greater than AC. 


Therefore it is possible to construct a triangle out of 
straight lines equal to AC, DF, GK. 
Q. E. D. 


The Greek text gives an alternative proof, which is rekegated by Heiberg 
to the Appendix. Simson selected the alternative proof in preference to that 
given above; he objected however to words near the beginning, “If not, let 
the angles at the points Z, Z, H be unequal and that at B greater than either 
of the angles at Z, Æ,” and altered the words so as to take account of the 
possibility that the angle at B might be equal to one of the other two. 

As will be seen, Euclid takes no account of the relative magnitude of the 
angles except as regards the case when all three are equal. Having proved 
that ove base is less than the sum of the two others, he says that “similarly 
we can prove” the same thing for the other two bases. 

If a distinction is to be made according to the relative magnitude of the 
three angles, we may say, as in the corresponding place in x1. 21, that, if one 
of the three angles is either equal to or less than esther of the other two, the 
bases subtending those two angles must obviously be together greater than the 
base subtending the first. Thus it is only necessary to prove, for the case in 
which one angle is greater than either of the others, that the surn of the bases 
subtending those others is greater than that subtending the first. This is 
practically the course taken in the interpolated alternative proof. 


PROPOSITION 23. 


To construct a solid angle out of three plane angles two of 
which, taken together in any manner, are greater than the 
remaining one: thus the three angles must be less than four 
right angles. 
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Let the angles ABC, DEF, GHK be the three given 
plane angles, and let two of these, taken together in any 
manner, be greater than the remaining one, while, further, 
the three are less than four right angles ; 


thus it is required to construct a solid angle out of angles 


equal to the angles ABC, DEF, GHK. 


B 
Let AB, BC, DE, EF, GH, HK be cut off equal to one 
another, 
and let 4C, DF, GK be joined ; 


it is therefore possible to construct a triangle out of straight 
lines equal to 4C, DF, GK. (xi. 22] 


Let LUN be so constructed that 
AC is equal to LM, DF to MN, and 
further GK to NL, 
let the circle LVN be described about 
the triangle LMN, 
let its centre be taken, and let it be O; 
let LO, MO, NO be joined ; 

I say that AB is greater than LO. 





For, if not, AZ is either equal to ZO, or less. 
First, let it be equal. 
Then, since 4B is equal to LO, 
while 4B is equal to BC, and OL to OM, 
the two sides AZ, BC are equal to the two sides LO, OM 
respectively ; 
and, by hypothesis, the base ÆC is equal to the base LM; 
therefore the angle ABC is equal to the angle LOM. lIu s] 
For the same reason 
the angle DEF is also equal to the angle MON, 
and further the angle GZZK to the angle NOL ; 
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therefore the three angles ABC, DEF, GHK are equal to 
the three angles LOM, MON, NOL. 


But the three angles LOM, MON, NOL are equal to 
four right angles ; 


therefore the angles 48C, DEF, GHK are equal to four 
right angles. 


But they are also, by hypothesis, less than four right angles: 
which is absurd. 


Therefore 447 is not equal to LO. 
I say next that neither is 47 less than LO. 
For, if possible, let it be so, 
and let OP be made equal to 4B, and OQ equal to BC, 
and let PQ be joined. 
Then, since AZ is equal to BC, 
OP is also equal to OQ, 
so that the remainder ZP is equal to QM. 


Therefore LM is parallel to PQ, [vi. 2] 
and ZMO is equiangular with PQO ; [1 29] 
therefore, as OL is to LM, so is OP to PQ; [v. 4] 


and alternately, as ZO is to OP, so is LM to PY. [v. 16] 
But ZO is greater than OP ; 
therefore LM is also greater than PQ. 
But LM was made equal to AC; 
therefore AC is also greater than PQ. 
Since, then, the two sides 4B, BC are equal to the two 
sides PO, OQ, 
and the base AC is greater than the base PQ, 
therefore the angle ABC is greater than the angle — 
1. 25 


Similarly we can prove that 
the angle DE is also greater than the angle MON, 
and the angle GH greater than the angle VOL. 

Therefore the three angles ABC, DEF, CHK are greater 
than the three angles LOM, MON, NOL. 

But, by hypothesis, the angles ABC, DEF, GHK are 
less than four right angles ; 
therefore the angles LOM, MON, NOL are much less than 
four right angles. 
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But they are also equal to four right angles: 
which is absurd. 


Therefore AB is not less than ZO. 
And it was proved that neither is it equal ; 


therefore AZ is greater than LO. 


Let then OR be set up from the point O at right angles 
to the plane of the circle L MN, [xr. 12] 


and let the square on OA be equal to that area by which 
the square on AB is greater than the square on LO; [Lemma] 


let RL, RM, RN be joined. 


Then, since AO is at right angles to the plane of the circle 
LMN, 


therefore RO is also at right angles to each of the straight 
lines ZO, MO, NO. 


And, since ZO is equal to OM, 
while OR is common and at right angles, 
therefore the base RZ is equal to the base RM. (t. 4] 


For the same reason 
AN is also equal to each of the straight lines RZ, RM ; 


therefore the three straight lines RL, RM, RN are equal to 
one another. 


Next, since by hypothesis the square on OR is equal to 
that area by which the square on AB is greater than the 
square on LO, 


therefore the square on 4B is equal to the squares on LO, OR. 

But the square on LA is equal to the squares on LO, OR, 
for the angle LOR is right ; [r. 47) 
therefore the square on AZ is equal to the square on RL ; 
therefore 4B is equal to RL. 


But each of the straight lines BC, DE, EF, GH, HK is 
equal to AB, 


while each of the straight lines RM, RN is equal to RL ; 


therefore each of the straight lines 42, BC, DE, EF, GH, 
HK is equal to each of the straight lines RL, RM, RN. 
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And, since the two sides LA, RM are equal to the two 
sides AB, BC, 
and the base LM is by hypothesis equal to the base AC, 
therefore the angle LRM is equal tothe angle ABC. — [r8] 


For the same reason 
the angle MRN is also equal to the angle DEF, 
and the angle LAN to the angle GHK. 


Therefore, out of the three plane angles LRM, MRN, 
LRN, which are equal to the three given angles 4 BC, DEF, 
GHK, the solid angle at Æ has been constructed, which is 
contained by the angles LRM, MRN, LRN. 

Q. E. F. 


LEMMA. 


But how it is possible to take the square on OF equal to 
that area by which the square on AB is 
greater than the square on LO, we can show c 


as follows. 
Let the straight lines AB, LO be 
set out, 


and let ABZ be the greater ; ; F 
let the semicircle ABC be described on 4B, 
and into the semicircle 4BC let AC be fitted equal to the 
straight line Z O, not being greater than the diameter 42; [iv. 1] 
let CB be joined 

Since then the angle ACB is an angle in the semicircle 
ACB, 


therefore the angle ACB is right. [1u. 31] 
Therefore the square on AB is equal to the squares on 
AC, CB. [r. 47] 


Hence the square on ABZ is greater than the square on 
AC by the square on CB. 

But AC is equal to ZO. 

Therefore the square on AZ is greater than the square on 
LO by the square on CB. 

If then we cut off OR equal to BC, the square on AB will 
be greater than the square on ZO by the square on OR. 

Q. E. F. 


The whole difficulty in this proposition is the proof of a fact which makes 
the construction possible, viz. the fact that, if ZMN be a triangle with sides 
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respectively equal to the bases of the isosceles triangles which have the 
given angles as vertical angles and the equal sides all of the same length, then 
one of these equal sides, as AB, is greater than the radius ZO of the circle 
circumscribing the triangle ZMN. 

Assuming that AJB is greater than ZO, we have only to draw from O a 
perpendicular OR to the plane of the triangle ZAM, to make OR of sucha 
length that the sum of the squares on LO, OR is equal to the square on AB, 
and to join RZ, RM, RN. (The manner of finding OZ such that the square 
on it is equal to the difference between the squares on AB and LO is shown 
in the Lemma at the end of the text of the proposition. We have already 
had the same construction in the Lemma after x. 13.) 

Then clearly RZ, RM, RN are equal to AB and to one another (1. 4 
and r. 47]. 

Tides the triangles LRM, MRN, NRL have their three sides 
respectively equal to those of the triangles ABC, DEF, GHK respectively. 

Hence their vertical angles are equal to the three given angles respectively; 
and the required solid angle is constructed. 


We return now to the proposition to be proved as a preliminary to the 
construction, viz. that, in the figures, AZ is greater than LO. 

It will be observed that Euclid, as his manner is, proves it for one case 
only, that, namely, in which O, the centre of the circle circumscribing the 
triangle ZMN, falls within the triangle, leaving the other cases for the reader 
to prove. As usual, however, the two other cases are found in the Greek text, 
after the formal conclusion of the proposition, as above, ending with the words 
rep Se moujoa, This position for the proofs itself suggests that they are not 
Euclid’s but are interpolated; and this is rendered certain by the fact that 
words distinguishing three cases at the point where the centre O of the 
circumscribing circle is found, ‘It [the centre] will then be either within the 
triangle LZMA or on one of its sides or without. First let it be within,” are 
found in the Mss. B and V only and are manifestly interpolated. Nevertheless 
the additional two cases must have been inserted very early, as they are found 
in all the best mss. 

In order to give a clear view ot the proof of all three cases as given in the 
text, we will reproduce all three (Euclid's as well as the others) with abbrevia- 
tions to make them catch the eye better. 

In all three cases the proof is by reductio ad cbsurdum, and it is proved 
first that AB cannot be egua/ to LO, and secondly that AB cannot be ess 
than ZO. 


Case I. 
(1) Suppose, if possible, that 4B = ZO. 

Then AB, BC are respectively equal to ZO, OM; 
and AC = LM (by construction). 

Therefore LABC=2 LOM. 

Similarly i DEF=2 MON, 

4 GHK= 1 NOL, 
Adding, we have 
LABC«*« L.DEF« . GHK-LLOM«*. MON * . NOL 


= four right angles : 
which contradicts the hypothesis. 
Therefore A B + ZO. 
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(2) Suppose that AB < ZO. 
Make OP, OQ (measured along OZ, OM) each equal to 4B. 
Thus, OZ, OM being equal also, it follows that 
PQ is || to LM. 
Hence ZM : PQ= L0 : OP; 
and, since ZO » OP, 
LM, i.e. AC, > PQ. 
Thus, in As POQ, ABC, two sides are equal to two sides, and base 
AC > hase PQ; 
therefore LABC>cPOQ, ie.c LOM. 
Similarly L DEF». MON, 
L GHK> NOL, 
and it follows by addition that 
4 ABC+2 DEF+2 GHK > (four right angles): 
which again contradicts the hypothesis. 


Case II. 
(1) Suppose, if possible, that 4B = ZO. L 
Then (42 * BC), or (DE * EF) - MO« OL 
=MN 
= DF: M N 
which contradicts the hypothesis. o 


(2) The supposition that 48 < ZO is even more 
impossible ; for in this case it would result that 


DE + EF< DF. 


Case III. 


(1) Suppose, if possible, that AB = ZO. 

Then, in the triangles ABC, LOM, two sides AB, BC are respectively 
equal to two sides ZO, OM, and the bases 
AC, LM are equal ; 
therefore LABC=L LOM. 

Similarly ©. GHK=c MOL. 

Therefore, by addition, 

L MON=L ABC+L GHK 
» L DEF (by hypothesis). 

But, in the triangles DEF, MON, which 

are equal in all respects, 
LMON- DEF. 

But it was proved that 4 MON > L DEF: 

which is impossible. 


(2) Suppose, if possible, that AB < ZO. 
Along OZ, OM measure OP, OQ each equal to AB. 
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Then LM, PQ are parallel, and 
LM: PQ=LO: OP, 
whence, since LO > OP, 
LM, or AC, > PQ. 
Thus, in the triangles ABC, POQ, 
L ABC> POQ, ie. l LOM. 
Similarly, by taking OR along ON equal to AB, we prove that 
LGHK>cLON. 
Now, at O, make L POS equal to © ABC, and L POT equal to 
l GAK. 
Make OS, OT each equal to OP, and join ST, SP, TP. 
Then, in the equal triangles ABC, POS, 


AC - PS, 
so that LM - PS. 
Similarly LN = PT. 


Therefore in the triangles MZN, SPT, since L MLN > 4 SPT (this is 
assumed, but should have been explained], 
MN > ST, 
or DF > ST. 
Lastly, in ^s DEF, SOT, which have two sides equal to two sides, since 
DF- ST, 
LDEF».SOT 
> L ABC +L GAK (by construction) : 
which contradicts the hypothesis. 


Simson gives rather different proofs for all three cases ; but the essence of 
them can be put, I think, a little more shortly than in his text, as well as more 
clearly 


Case I. (O within AZMN.) 
(1) Let AB be, if possible, equal to ZO. 


Then the 4s ABC, DEF, GHK must be identically equal to the As 
LOM, MON, NOL respectively. 


ZN ZN ZN 


Therefore the vertical angles at O in the 
latter triangles are equal respectively to the angles 
at B, E, H. 

The latter are therefore together equal to four 

night angles.: 
which is impossible. 
(2) If AB be less than £O, construct on the 
bases ZM, MN, NL triangles with vertices 
P, Q, R and identically equal to the As ABC, 
DEF, GAK respectively. 
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Then 2, Q, A will fall within the respective angles at O, since PZ - PM 
and « ZO, and similarly in the other cases. 


Thus [1. 21) the angles at P, Q, A are respectively greater than the angles 
at O in which they lie. 


Therefore the sum of the angles at P, Q, R, i.e. the sum of the angles at 
B, £, H, is greater than four right angles : 


which again contradicts the hypothesis. 


Case II. (O lying on MN.) 


In this case, whether (1) AB = ZO, or (2) AB < LO, a triangle cannot 
be formed with MA as base and each of the other sides equal to 48. In other 
words, the triangle DE either reduces to a straight line or is impossible. 


H 
B 


Case III. (O lying outside the A ZMN.) 
(1) Suppose, if possible, that 4B = ZO. 


Then the triangles LOM, MON, NOL are identically equal to the 
triangles ABC, DEF, GHK. 


Since L£LOM+LLON=c2 MON, 
4ABC+2LGHK=2 DEF: 
which contradicts the hypothesis. 
(2) Suppose that AB « OL. 


Draw, as before, on ZM, MN, NL as bases triangles with vertices P, Q, R 
and identically equal to the As ABC, DEF, GHK. 

Next, at M on the straight line VA, make 2 RMS equal to the angle 
PLM, cut off NS equal to ZM and join RS, LS. 

Then A WRS is identically equal to A ZPM or ^ ABC. 


Now (LNR +L RNS)<(L NLO + OLM), 
that is, LLNS < L NLM. 


Thus, in As ZWS, NLM, two sides are equal to two sides, and the included 
angle in the former is less than the included angle in the other. 


Therefore LS < MN. 
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Hence, in the triangles MQN, ZRS, two sides are equal to two sides, and 
MN> LS.. 
Therefore L MQN>L LRS 
>(LLRN +4 SRN) 
>(LLRN+ LPM). 
That is, LDEF>(LGHK+2 ABC): 
which is impossible. 





PROPOSITION 24. 


Lf a solid be contained by parallel planes, the opposite planes 


in it are equal and parallelogrammic. 


For let the solid CDHG be contained by the parallel planes 
AC, GF, AH, DF, BF, AE; 


I say that the opposite planes 8 H 
in it are equal and parallelo- NETT 
grammic. m 


For, since the two parallel 4 NC Lo ON 


planes BG, CE are cut by the a id 
plane AC, — V 
their common sections are D E 


parallel. [xr. 16] 
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Therefore AB is parallel to DC. 


Again, since the two parallel planes BF, AZ are cut by 
the plane AC, 
their common sections are parallel. (x1. 16] 
Therefore BC is parallel to AD. 
But AB was also proved parallel to DC; 
therefore AC is a parallelogram. 


Similarly we can prove that each of the planes DF, FG, 
GB, BF, AE isa parallelogram. 


Let 477, DF be joined. 

Then, since AZ is parallel to DC, and BH to CF, 
the two straight lines 482, BH which meet one another are 
parallel to the two straight lines DC, CF which meet one 
another, not in the same plane ; 
therefore they will contain equal angles ; [xi. 10] 
therefore the angle 4 BA is equal to the angle DCF. 

And, since the two sides 48, BH are equal to the two 
sides DC, CF, [r. 34] 
and the angle ABH is equal to the angle DCF, 
therefore the base 4H is equal to the base DF, 
and the triangle ABH is equal to the triangle DCF. [r 4] 

And the parallelogram ZG is double of the triangle 4277, 
and the parallelogram C£ double of the triangle DC; [r. 34] 


therefore the parallelogram BG is equal to the parallelo- 
gram CE. 


Similarly we can prove that 
AC is also equal to GF, 
and AE to BF. 


Therefore etc. 
Q. E. D. 


As Heiberg says, this proposition is carelessly enunciated. Euclid means 
a solid contained by six planes and not more, the planes are parallel two and 
two, and the opposite faces are equal in the sense of identically equal, or, as 
Simson puts it, equal and similar. The similarity is necessary in order to 
enable the equality of the parallelepipeds in the next proposition to be inferred 
from the roth definition of Book xi. Hence a better enunciation would be: 

Uf a solid be contained by six planes parallel two and two, the opposite faces 
respectively are equal and similar parallelograms. 

The proof is simple and iequires no elucidation. 
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PROPOSITION’ 25. 


Lf a parallelepipedal solid be cut by a plane which is 
parallel to the opposite planes, then, as the base is to the base, so 
will the solid be to the solid. 


For let the parallelepipedal solid ABCD be cut by the 
plane FG which is parallel to the opposite planes RA, DH; 
I say that, as the base 4 EFV is to the base ECF, so is the 
solid ABFU to the solid EGCD. 








HL 
py iy yyyy 





For let AH be produced in each direction, 


let any number of straight lines whatever, A X, KZ, be made 
equal to AE, 


and any number whatever, HM, MN, equal to E77; 


and let the parallelograms LP, KV, HW, MS and the solids 
LQ, KR, DM, MT be completed. 


Then, since the straight lines LX, KA, AE are equal to 
one another, 
the parallelograms LP, KV, AF are also equal to one another, 
KO, KB, AG are equal to one another, 


and further LX, KQ, AR are equal to one another, for they 
are opposite. [xt. 24] 


For the same reason 
the parallelograms EC, HW, MS are also equal to one another, 
HG, HI, IN are equal to one another, 
and further DH, MY, NT are equal to one another. 


Therefore in the solids LQ, KR, AU three planes are 
equal to three planes. 
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But the three planes are equal to the three opposite ; 


therefore the three solids LQ, KR, AU are equal to one 
another. 


For the same reason 
the three solids ED, DM, MT are also equal to one another. 


Therefore, whatever multiple the base ZF is of the base 
AF, the same multiple also is the solid Z U of the solid 4 U. 


For the same reason, 


whatever multiple the base VF is of the base FH, the same 
multiple also is the solid WU of the solid HU. 


And, if the base ZF is equal to the base VF, the solid ZU 
is also equal to the solid VU; 


if the base ZF exceeds the base VF, the solid ZU also 
exceeds the solid VU; 


and, if one falls short, the other falls short. 


Therefore, there being four magnitudes, the two bases 
AF, FH, and the two solids 4 U, UAH, 


equimultiples have been taken of the base 4F and the solid 
AU, namely the base ZF and the solid ZU, 


and equimultiples of the base YF and the solid HU, namely 
the base WF and the solid VU, 


and it has been proved that, if the base LF exceeds the base 
FN, the solid ZU also exceeds the solid VU, 


if the bases are equal, the solids are equal, 
and if the base falls short, the solid falls short. 


Therefore, as the base AF is to the base FH, so is the 
solid 4 U to the solid UH. [v. Def. 5] 


Q. E D. 


It is to be observed that, as the word farallelogrammic was used in Book 1. 
without any definition of its meaning, so wapaAAnAerinedos, parallelepipedal, is 
here used without explanation. While it means simply “with parallel planes,” 
i.e. “faces,” the term is appropriated to the particular solid which has six 
plane faces parallel two and two. The proper translation of orepedv 
mapadAnheniredov is parallelepipedal solid, not solid parallelepiped, as it is 
usually translated. Still less is the solid a parallelopiped, as the word is not 
uncommonly written, 

The opposite faces in each set of parallelepipedal solids in this proposition 
are not only equal but equal and similar. Euclid infers that the solids in each 
set are equal from Def. ro; but, as we have seen in the note on Deff. g, 10, 
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though it is true, where no solid angle in the figures is contained by more 
than three plane angles, that two solid figures are equal and similar which are 
contained by the same number of equal and similar faces, similarly arranged, 
the fact should have been proved. To do this, we have only to prove the 
proposition, given above in the note on XI. 21, that two trikedral angles are 
equal if the three face angles of the one are respectively equal to the three face 
angles in the other, and all ave arranged in the same order, and then to prove 
equality by applying one figure to the other as is done by Simson in his 
proposition C. 

Application will also, of course, establish what is assumed by Euclid of 
the solids formed by the multiples of the original solids, namely that, if 


LF NF, the solid LU 7 the solid NU. 


PROPOSITION 26. 


On a given straight line, and at a given point on it, to 
construct a solid angle equal to a given solid angle. 


Let AB be.the given straight line, 4 the given point on 
it, and the angle at D, contained by the angles EDC, EDF, 
FDC, the given solid angle ; 
thus it is required to construct on the straight line 48, and at 
the point Æ on it, a solid angle equal to the solid angle at D. 


H 








For let a point F be taken at random on DF, 

let FG be drawn from F perpendicular to the plane through 
ED, DC, and let it meet the plane at G, [xr. 11] 
let DG be joined, 

let there be constructed on the straight line 42 and at the 
point A on it the angle BAL equal to the angle EDC, and 
the angle BAK equal to the angle EDG, [. 23] 
let AK be made equal to DG, 
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let KH be set up from the point A at right angles to the 
plane through BA, AL, (x1. 12] 


let KH be made equal to GF, 
and let HA be joined ; 


I say that the solid angle at 4, contained by the angles BAL, 
BAH, HAL is equal to the solid angle at D contained by 
the angles EDC, EDF, FDC. 


For let 4B, DE be cut off equal to one another, 
and let ZZ, KB, FE, GE be joined. 


Then, since FG is at ey angles to the plane of reference, 
it will also make right angles with all the straight lines which 
meet it and are in the plane of reference ; [xi. Def. 3] 


therefore each of the angles FGD, FGE is right. 
For the same reason 
each of the angles HKA, HKB is also right. 


And, since the two sides KA, AB are equal to the two 
sides GD, DE respectively, 


and they contain equal angles, 

therefore the base KZ is equal to the base GZ. (1. 4] 
But KH is also equal to GF, 

and they contain right angles ; 

therefore 777 is also equal to FZ. (1. 4] 


Again, since the two sides AK, KH are equal to the two 
sides DG, GF, 


and they contain right angles, 
therefore the base 4 H is equal to the base FD. (1. 4] 
But AB is also equal to DE ; 


therefore the two sides HA, AB are equal to the two sides 
DF, DE. 


And the base 77Z is equal to the base FEZ ; 
therefore the angle BAH is equal tc the angle EDF. (i 8] 


For the same reason 
the angle HAZ is also equal to the angle FDC. 


And the angle BAZ is also equal to the angle EDC. 
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Therefore on the straight line /4Z, and at the point 4 on 
it, a solid angle has been constructed equal to the given solid 
angle at D. 

Q. E. F. 
This proposition again assumes the equality of two trihedral angles which 


have the three plane angles of the one respectively equal to the three plane 
angles of the other taken in the same order. 


PROPOSITION 27. 


On a given straight line to describe a parallelepipedal solid 
similar and similarly situated to a given parallelep:pedal solid. 


Let AB be the given straight line and CD the given 
parallelepipedal solid ; 
thus it is required to describe on the given straight iine AB 
a parallelepipedal solid similar and similarly situated to the 
given parallelepipedal solid CD. 


For on the straight line 42 and at the point 4 on it let 
the solid angle, contained by the angles BAH, HAK, KAB, 
be constructed equal to the solid angle at C, so that the angle 
BAH is equal to the angle ECF, the angle BAK equal to 
the angle ECG, and the angle KAA to the angle GCF; 


and let it be contrived that, 
as EC is to CG, so is BA to AK, 


and, as GC is to CF, so is KA to AH. (vi. 12] 
Therefore also, ex aeguali, 
as EC is to CF, so is BA to AH. [v. 22] 


Let the parallelogram AB and the solid AZ be completed. 


Now since, as EC is to CG, so is BA to AK, 
and the sides about the equal angles ECG, BAK are thus 
proportional, 
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therefore the parallelogram GÆ is similar to the parallelo- 
gram KZ. 


For the same reason 
the parallelogram XÆ is also similar to the parallelogram GF, 
and further FE to HB; 
therefore three parallelograms of the solid CD are similar to 
three parallelograms of the solid AZ. 

But the former three are both equal and similar to the 
three opposite parallelograms, 
and the latter three are both equal and similar to the three 
opposite parallelograms ; 
therefore the whole solid CD is similar to the whole solid 4 Z. 

[x1. Def. 9] 

Therefore on the given straight line AZ there has been 
described AZ similar and similarly situated to the given 
parallelepipedal solid CD. 

Q. E. F. 


PROPOSITION 28. 


Lf a parallelepipedal solid be cut by a plane through the 
diagonals of the opposite planes, the solid will be bisected by the 
plane. 


For let the parallelepipedal solid 4B be cut by the plane 
CDEF through the diagonals CF, DE of 


opposite planes ; B F 
I say that the solid 447 will be bisected by 
the plane CD EF. H 

For, since the triangle CGF is equal a 
to the triangle CFB, [r. 34] 
and ADE to DEH, A 


while the parallelogram CA is also equal 

to the parallelogram ÆÐ, for they are opposite, 

and GE to CH, 

therefore the prism contained by the two triangles CGF, 
ADE and the three parallelograms GZ, AC, CE is also equal 
to the prism contained by the two triangles CFB, DEH and 
the three parallelograms CZ, BE, CE; 
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for they are contained by planes equal both in multitude and 


in magnitude. [x1. Def. 10] 
Hence the whole solid AB is bisected by the plane CDEF. 
Q. E. D. 


Simson properly observes that it ought to be proved that the diagonals of 
two opposite faces ave in one plane, before we speak of drawing a plane 
through them. Clavius supplied the proof, which is of course simple enough. 

Since EF, CD are both parallel to 4G or BH, they are parallel to one 
another. 

Consequently a plane can be drawn through CD, EF and the diagonals 
DE, CF are in that plane [x1. 7]. Moreover CD, EF are equal as well as 
parallel; so that CF, DÆ are also equal and parallel. 


Simson does not, however, seem to have noticed a more serious difficulty. 
The two prisms are shown by Euclid to be contained by equal faces—the faces 
are in fact equal and similar—and Euclid then infers at once that the prisms 
are equal. But they are not equal in the only sense in which we have, at 
present, a right to speak of solids being equal, namely in the sense that they 
can be applied, the one to the other. They cannot be so applied because the 
faces, though equal respectively, are not similarly arranged ; consequently the 
prisms are symmetrical, and it ought to be proved that they are, though not 
equal and similar, equal in content, or eyuivalent, as Legendre has it. 

Legendre addressed himself to proving that the two prisms are equivalent, 
and his method has been adopted, though his 
name is not mentioned, by Schultze and Seven- 
oak and by Holgate. Certain preliminary pro- 
positions are necessary. 


1. Zhe sections of a prism made by parallel 
planes cutting all the lateral edges are equal 
polygons. 

Suppose a prism MAN cut by parallel planes 
which make sections A BCDE, A'B CDE’. 

Now 4B, BC, CD, ... arerespectively parallel 
to A'B’, B'C', C'D, xi. 16] 

Therefore the angles ABC, BCD,... are 
equal to the angles A4'Z' C', B'C'D^, ... re;pec- 





tively. [x1. 10] 
Also AB, BC, CD, ... are respectively equal 
to A'B, BC, CD,- (1. 34] 


Thus the polygons ABCDE, A'B'C'D'E' are equilateral and equiangular 
to one another. 


2. Two prisms are equal when they have a solid angle in each contained by 
three faces equal each to each and similarly arranged. 


Let the faces ABCDE, AG, AL be equal and similarly placed to the 
faces A'B'C'D'E', A'G', A'L'. 
Since the three plane angles at A, A’ are equal respectively and are 
similarly placed, the trihedral angle at 4 is equal to the trihedral angle at 4’. 
[(3) in note to x1. 21) 
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Place the trihedral angle at 4 on that at 4’. 

Then the face ABCDE coincides with the face A’B’C' DE’, the face AG 
with the face 4’G’, and the face AZ with the face A'Z’. 

The point C falls on C’ and D on D. 





Since the lateral edges of a prism are parallel, CH will fall an C'Z7, and 
DK on D'K', 

And the points Æ G, Z coincide respectively with F’, G’, Z’, so that 

the planes GK, G'K' coincide. 

Hence Æ, K coincide with Z/', X’ respectively. 

Thus the prisms coincide throughout and are equal. 

In the same way we can prove that two /rusated prisms with three faces 
forming a solid angle related to one another as in the above proposition are 
identically equal. 

In particular, 


Cor. Two right prisms having equal bases and equal heights are equal. 


3. 4n oblique prism is equivalent to a right prism whose base isa right 
section of the oblique prism and whose 
height ts equal to a. lateral edge of the 
oblique prism. 


Suppose GZ to be a right section of 
the oblique prism AZ’, and let GZ be 
a right prism on GZ as base and with 
height equal to a lateral edge of 4D’. 

Now the lateral edges of GZ’ are 
equal to the lateral edges of 4D’. 

Therefore AG = A’G'’, BH = BH", 
CK = C’K’, etc. 

Thus the faces AH, BK, CL are 
equal respectively to the faces A’H’, 
BK, CT. 

Therefore [by the proposition 
above] 


(truncated prism A Z) = (truncated 
prism 4' Z^). 
Subtracting each from the whole solid AZ’, we see that 

the prisms 4D', GZ' are equivalent. 
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Now suppose the parallelepiped of Euctid’s proposition to be cut by the 
plane through 4G, DF. 

Let KZ MN be a right section of the parallelepiped 
cutting the edges AD, BC, GF, HE. 

Then KZMN is a parallelogram; and, if the 
diagonal KM be drawn, 

AKLM-^MNK. 

Now the prism of which the As ABG, DCF are 
the bases is equal to the right prism on A ZM as 
base and of height 4D. 

Similarly the prism of which the As AGH, DFE 
are the bases is equal to the right prism on A MNK 





as base and with height 4D. [(3) above] 
And the right prisms on As KLM, MK as bases and of equal height 
AD are equal. [(2), Cor. above] 


Consequently the two prisms into which the parallelepiped is divided are 
equivalent, 


PROPOSITION 29. 


Parallelepipedal solids which are on the same base and of 
the same height, and in which the extremities of the sides which 
stand up are on the same straight lines, are equal to one 
another. 


Let CM, CN be parallelepipedal solids on the same base 
AB and of the same height, 
and let the extremities of their p E H K 
sides which stand up, namely 
AG, AF, LM, LN, CD, CE, 
BH, BK, be on the same straight 
lines FN, DK; 
I say that the solid CM is equal 
to the solid CN. 

For, since each of the figures A L 
CH, CK is a parallelogram, CB 
is equal to each of the straight lines DH, EK , [r. 34] 
hence DH is also equal to EX. 

Let EZ be subtracted from each ; 
therefore the remainder DÆ is equal to the remainder HK. 


Hence the triangle DCE is also equal to the triangle 
HBK, (t. 8, 4] 


and the parallelogram DG to the parallelogram HN. _ [t. 36) 


G M 
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For the same reason 
the triangle 4FG is also equal to the triangle LN. 

But the parallelogram CF is equal to the parallelogram BM, 
and CG to BN, for they are opposite ; 
therefore the prism contained by the two triangles AFG, DCE 
and the three parallelograms 4D, DG, CG is equal to the 
prism contained by the two triangles MLN, HBK and the 
three parallelograms BM, HN, BN. 

Let there be added to each the solid of which the 
parallelogram AB is the base and GE HM its opposite ; 
therefore the whole parallelepipedal solid C747 is equal to the 
whole parallelepipedal solid CA. 


Therefore etc. 
Q. E. D. 


As usual, Euclid takes one case only and leaves the reader to prove for 
himself the two other possible cases shown in the subjoined figures. Euclid’s 
proof holds with a very slight change in each case. With the first figure, the 





only difference is that the prism of which the As GAL, ECB are the bases 
takes the place of “the solid of which the parallelogram AB is the base and 
GEHM its opposite” ; while with the second figure we have to subtract the 
prisms which are proved equal successively from the solid of which the 
parallelogram AZ is the base and FDXN its opposite. 

Simson, as usual, suspects mutilation by “some unskilful editor,” but gives 
a curious reason why the case in which the two parallelograms opposite to 
AB have a side common ought not to have been omitted, namely that this 
case “is immediately deduced from the preceding 28th Prop which seems for 
this purpose to have been premised to the 29th.” But, apart from the fact that 
Euclid’s Prop. 28 does nof prove the theorem which it enunciates (as we have 
seen), that theorem is not in the least necessary for the proof of this case of 
Prop. 29, as Euclid’s proof applies to it perfectly well. 


PROPOSITION 30. 


Parallelepipedal solids which are on the same base and of 
the same height, and in which the extremities of the sides which 
stand up are not on the same straight lines, ave equal to one 
another. 
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Let CM, CN be parallelepipedal solids on the same base 
AB and of the same height, 
and let the extremities of their 
sides which stand up, namely 
AF, AG, LM, LN, CD, CE, 
BH, BK, not be on the same 
straight lines ; 

I say that the solid CM is 
equal to the solid CV. 

For let VX, DH be pro- 
duced and meet one another 
at AR, 
and further let FM, GE be 
produced to P, Q; 
let AO, LP, CQ, BR be joined. 

Then the solid CV, of which the parallelogram ACBL is 
the base, and “DAM its opposite, is equal to the solid CP, 
of which the parallelogram ACBL is the base, and OQRP its 
opposite ; 
for they are on the same base ACBL and of the same height, 
and the extremities of their sides which stand up, namely 4 F, 
AO, LM, LP, CD, CQ, BH, BR, are on the same straight 
lines FP, DR. [x1. 29] 

But the solid CP, of which the parallelogram ACBL is 
the base, and OQAP its opposite, is equal to the solid CN, 
of which the parallelogram ACBL is the base and GEKN its 
opposite ; 
for they are again on the same base ACBL and of the same 
height, and the extremities of their sides which stand up, 
namely 4G, AO, CE, CO, LN, LP, BK, BR, are on the 
same straight lines GQ, VA. 

Hence the solid CM is also equal to the solid CA. 

Therefore etc. 





Q. E. D. 
This proposition completes the proof of the theorem that 
Two parallelepipeds on the same base and of the same height are eguivalent. 
Legendre deduced the useful theorem that 
Every parallelepiped can be changed into an equivalent rectangular parallele- 
piped having the same height and an equivalent base. 


For suppose we have a parallelepiped on the base ABCD with EFGH for 
the opposite face. 
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Draw A/, BK, CL, DM perpendicular to the plane through EFGH and 
all equal to the height of the parallelépiped 4G. Then, on joining ZK, KZ, 
LM, MI, we have a parallelepiped equivalent to the original one and having 
its lateral faces AK, BL, CM, D/ rectangles. 





If ABCD is not a rectangle, draw 40, DN in the plane AC perpendicu- 
lar to BC, and ZP, MQ in the plane ZZ perpendicular to KZ. 

Joining OP, NVQ, we have a rectangular parallelepiped on AOND as base 
which is equivalent to the parallelepiped with ABCD as base and /KZM as 
opposite face, since we may regard these parallelepipeds as being on the same 
base ADM/ and of the same height (40). 

That is, a rectangular parallelepiped has been constructed which is 
equivalent to the given parallelepiped and has (1) the same height, (2) an 
equivalent base. 

The American text-books which I have quoted adopt a somewhat different 
construction shown in the subjoined figure. 








/ 
A B' , 


The edges AB, DC, EF, HG of the original parallelepiped are produced 
and cut at right angles by two parallel planes at a distance apart A'B equal 
to AB. 


Thus a parallelepiped is formed in which all the faces are rectangles except 
AH, BG. 
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Next produce D’4’, C’B’, G'F’, H'E’ and cut them perpendicularly by two 
parallel planes at a distance apart B“C” equal to B’C’. 

The points of section determine a rectangular parallelepiped. 

The equivalence of the three parallclepipeds is proved, not by Eucl. x1. 
29, 30, but by the proposition about a right section of a prism given above in 
the note to xi. 28 (3 in that note). 


PROPOSITION 31. 


Parallelepipedal solids which ave on equal bases and of the 
same height ave equal to one another. 

Let the parallelepipedal solids 4 Z, CF, of the same height, 
be on equal bases 4B, CD. 

I say that the solid AÆ is equal to the solid CF. 





First, let the sides which stand up, HK, BE, AG, LM, 
PQ, DF, CO, RS, be at right angles to the bases 4B, CD ; 
let the straight line RZ be produced in a straight line 
with CR; 
on the straight line AZ, and at the point Æ on it, let the 
angle TRU be constructed equal to the angle AZB, [u 23] 
let RZ be made equal to AZ, and RU equal to ZB, 
and let the base RW and the solid X U be completed. 


Now, since the two sides ZA, RU are equal to the two 
sides AL, L5, 


and they contain equal angles, 


therefore the parallelogram RW is equal and similar to the 
parallelogram 7ZZ. 


Since again AZ is equal to ÆT, and LM to RS, 
and they contain right angles, 
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therefore the parallelogram RX is equal and similar to the 
parallelogram 4 M. 


For the same reason 
LE is also equal and similar to SU; 
therefore three parallelograms of the solid 4E are equal and 
similar to three parallelograms of the solid X U. 

But the former three are equal and similar to the three 
opposite, and the latter three to the three opposite; —— (xi. 24] 
therefore the whole parallelepipedal solid AZ is equal to the 
whole parallelepipedal solid X U. (xi. Def. 19] 


Let DR, WU be drawn through and meet one another 
at Y, 
let 475 be drawn through T parallel to DY, 
let PD be produced to a, 
and let the solids YX, RZ be completed. 


Then the solid XY, of which the parallelogram RX is the 
base and Yc its opposite, is equal to the solid XU of which 
the parallelogram AX is the base and UV its opposite, 


for they are on the same base AX and of the same height, and 

the extremities of their sides which stand up, namely RY, RU, 

Tb, TW, Se, Sd, Xe, XV, are on the same straight lines 

YW, eV. [x1. 29] 
But the solid XU is equal to AE: 

therefore the solid XY is also equal to the solid A Æ. 


And, since the parallelogram RUWT is equal to the 
parallelogram YT 
for they are on the same base ÆT and in the same parallels 
RT, YW, [t 35] 
while RUWT is equal to CD, since it is also equal to AB, 
therefore the parallelogram YT is also equal to CD. 

But DT is another parallelogram ; 
therefore, as the base CD is to DT, so is YT to DT. [v. 7] 

And, since the parallelepipedal solid C/ has been cut by 
the plane RF which is parallel to opposite planes, 


as the base CD is to the base D7, so is the solid CF to the 
solid A7. [x1. 25] 


XI. 31) PROPOSITION 31 339 


For the same reason, 


since the parallelepipedal solid Y7 has been cut by the plane 
AX which is parallel to opposite planes, 


as the base YT is to the base ZZ, so is the solid VX to the 
solid A7. [xi. 25] 
But, as the base CD is to D7, so is V7 to D7; 


therefore also, as the solid CF is to the solid AZ, so is the 
solid VX to R/. [v. 11] 


Therefore each of the solids CF, YX has to A7 the same 
ratio ; 
therefore the solid CF is equal to the solid YX. [v. 9] 
But YX was proved equal to AZ ; 
therefore AZ is also equal to CF. 
Next, let the sides standing up, 4G, HK, BE, LM, CN, 
PQ, DF, RS, not be at right angles to the bases 4B, CD; 
I say again that the solid AZ is equal to the solid CF. 





For from the points X, £, G, M, Q, F, N, S let KO, ET, 
GU, MV, QW, FX, NY, SI be drawn perpendicular to the 
plane of reference, and let them meet the plane at the points 
OTZUV,WxY1 
and let OT, OU, UV, TV, WX, WY, YI, IX be joined. 

Then the solid AV is equal to the solid Q/, 
for they are on the equal bases XM, QS and of the same 
height, and their sides which stand up are at right angles to 


their bases. [First part of this Prop.] 
But the solid AV is equal to the solid AZ, 
and Q/ to CF; 


for they are on the same base and of the same height, while 
the extremities of their sides which stand up are not on the 
same straight lines. [x1. 30] 
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Therefore the solid AZ is also equal to the solid CF. 


Therefore etc. 
Q. E. D. 


It is interesting to observe that, in the figure of this proposition, the bases 
are represented as lying “in the plane of the paper," as it were, and the third 
dimension as "standing up” from that plane. The figure is that of the 
manuscript P slightly corrected as regards the solid AZ. 

Nothing could well be more ingenious than the proof of this proposition, 
which recalls the brilliant proposition 1. 44 and the proofs of vi. 14 and 23. 

As the proof occupies considerable space in the text, it will no doubt be 
well to give a summary. 


I. First, suppose that the edges terminating at the angular points of the 
bases are perpendicular to the bases. 

AB, CD being the bases, Euclid constructs a solid identically equal to 
AE (he might simply have moved A E itself), placing it so that A'S is the edge 
corresponding to HX (RS= HK because the heights are equal), and the face 
RX corresponding to HE is in the plane of CS. 

The faces CD, RW are in one plane because both are perpendicular to 
RS. Thus DR, WU meet, if produced, in Y say. 

Complete the parallelograms YZ, DTZ and the solids YX, FT. 


Then (solid YX) = (solid UX), 
because they are on the same base .$7' and of the same height. (x1. 29] 


Also, CZ, Y/ being parallelepipeds cut by planes £7, £X parallel to pairs 
of opposite faces respectively, 


(solid CF) : (solid R7) - C2 CD:£C2 DT, [x1. 25] 
and (solid YX) : (solid £7) 2 CZ YT:£2 DT. 

But [1. 35] O YT=0 UT 
=O AB 
= CD, by hypothesis. 

Therefore (solid CF) = (solid YX) 
= (solid UX) 
= (solid A£). 


II. If the edges terminating at the base are nof perpendicular to it, turn 
each solid into an equivalent one on the same base with edges perpendicular 
to it (by drawing four perpendiculars from the angular points of the base to 
the plane of the opposite face). (x1. 29, 30 prove the equivalence.) 

Then the equivalent solids are equal, by Part 1.; so that the orginal solids 
are also equal. 


Simson observes that Euclid has made no mention of the case in which 
the bases of the two solids are eguiangular, and he prefixes this case to Part 1. 
in the text. This is surely unnecessary, as Part 1. covers it well enough: the 
only difference in the figure is that UW would coincide with Yd and dV 
with ec. 

Simson further remarks that in the demonstration of Part 11. it is not 
proved that the new solids constructed in the manner described are parallele- 
pipeds. The proof is, however, so simple that it scarcely needed insertion 
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into the text. He is correct in his remark that the words “while the 
extremities of their sides which stand up are not on the same straight lines" 
just before the end of the proposition would be better absent, since they may 
be “on the same straight lines." 


PROPOSITION 32. 


Parallelepipedal solids which are of the same height are to 
one another as their bases. 
Let AB, CD be parallelepipedal solids of the same height; 


[ say that the parallelepipedal solids 4B, CD are to one 
another as their bases, that is, that, as the base AZ is to the 
base CF, so is the solid AZ to the solid CD. 


B D K 
V LIH 
A o G H 


For let FH equal to AE be applied to FG, (1. 45] 
and on FH as base, and with the same height as that of CD, 
let the parallelepipedal solid GA be completed. 

Then the solid AZ is equal to the solid GK; 
for they are on equal bases A£, FH and of the same height. 

[x1. 31] 

And, since the parallelepipedal solid CX is cut by the plane 
DG which is parallel to opposite planes, 
therefore, as the base CF is to the base FH, so is the solid 
CD to the solid DÆ. (xt. 25] 

But the base 777 is equal to the base AZ, 
and the solid GX to the solid 42; 
therefore also, as the base AF is to the base CF, so is the 
solid 4B to the solid CD. 

Therefore etc. 

Q. E. D. 


As Clavius observed, Euclid should have said, in applying the parallelo- 
gram FH to FG, that it should be applied “in the angle FGH equal to the 
angle LCG.” Simson is however, I think, hypercritical when he states as 
regards the completion of the solid GA that it ought to be said, “complete 
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the solid of which the base is FH, and one of tts insisting straight lines is FD." 
Surely, when we have two faces DG, FH meeting in an edge, to say “complete 
the solid” is quite sufficient, though the words “on FH as base” might 
perhaps as well be left out. The same “completion” of a parallelepipedal 
solid occurs in XI. 31 and 33. 


PROPOSITION 33. 
Similar parallelepipedal solids are to one another in the 
triplicate ratio of their corresponding. sides. 
Let AB, CD be similar parallelepipedal solids, 
and let AZ be the side corresponding to CF; 


I say that the solid 4Z has to the solid CD the ratio triplicate 
of that which 4Z has to CF. 





For let EX, EL, EM be produced in a straight line with 
AE, GE, HE, 
let EK be made equal to CF, EL equal to FN, and further 
EM equal to FR, 
and let the parallelogram KZ and the solid XP be completed. 


Now, since the two sides KZ, EL are equal to the two 
sides CF, FN, 
while the angle KZ is also equal to the angle CFM, 
inasmuch as the angle ÆG is also equal to the angle CFM 
because of the similarity of the solids 48, CD, 
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therefore the parallelogram KZ is equal < and similar > to the 
parallelogram CNV. 

For the same reason 
the parallelogram K'4 is also equal and similar to CX, 
and further EP to DF; 
therefore three parallelograms of the solid KP are equal and 
similar to three parallelograms of the solid CD. 


But the former three parallelograms are equal and similar 
to their opposites, and the latter three to their opposites; [x1. 24] 


therefore the whole solid AP is equal and similar to the whole 
solid CD. [x1. Def. 10] 


Let the parallelogram GX be completed, 


and on the parallelograms GA, KZ as bases, and with the 
same height as that of 4B, let the solids EO, LQ be 
completed. 


Then since; owing to the similarity of the solids 4B, CD, 
as AE is to CF, so is EG to FN, and EH to FR, 
while CF is equal to EK, FN to EL, and FR to EM, 
therefore, as AZ is to EK, so is GE to EL, and HE to EM. 


But, as AE is to EK, so is AG to the parallelogram GK, 
as GE is to EL, so is GK to KL, 
and, as HE isto £M, so is QE to KM; [vi. 1] 
therefore also, as the parallelogram AG is to GK, so is GK 
to KL, and QE to KM. 

But, as AG is to GK, so is the solid AZ to the solid. £O, 
as GK is to KZ, so is the solid O£ to the solid QZ, 
and, as QE is to KM, so is the solid QZ to the solid KP; 

(xt. 32] 
therefore also, as the solid 4A is to EO, so is EO to QL, and 
QL to KP. 

But, if four magnitudes be continuously proportional, the 
first has to the fourth the ratio triplicate of that which it has 
to the second; [v. Def. 1o] 
therefore the solid AZ has to XP the ratio triplicate of that 
which AB has to EO. 

But, as AB is to ZO, so is the parallelogram AG to GK, 
and the straight line 4E to EK [vi. 1); 
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hence the solid AZ has also to KP the ratio triplicate of that 
which AZ has to £K. 


But the solid A is equal to the solid CD, 
and the straight line EK to CF; 


therefore the solid AZ has also to the solid CD the ratio 
triplicate of that which the corresponding side of it, 4Z, has 
to the corresponding side CF. 


Therefore etc. 
Q. E. D. 


PortsM. From this it is manifest that, if four straight 
lines be <continuously > proportional, as the first is to the 
fourth, so will a parallelepipedal solid on the first be to the 
similar and similarly described parallelepipedal solid on the 
second, inasmuch as the first has to the fourth the ratio 
triplicate of that which it has to the second. 


The proof may be summarised as follows. 

The three edges AZ, GE, HE of the parallelepiped AB which meet at 
E, the vertex corresponding to £ in the other parallelepiped, are produced, 
and lengths EK, EZ, EM are marked off equal respectively to the edges CF, 
FN, FR of CD. 

The parallelograms and solids are then completed as shown in the figure. 

Euclid first shows that the solid CD and the new solid PK are equal and 
similar according to the criterion in x1. Def. ro, viz. that they are contained 
by the same number of equal and similar planes. (They are arranged in the 
same order, and it would be easy to prove equality by proving the equality of 
a pair of solid angles and then applying one solid to the other.) 

We have now, by hypothesis, 


AE: CF=EG: FN=EH: FR; 
that is, AE: EK- EG: EL- EH: EM. 
But AE : EK-(2 AG :£2 GK, [vi. 1] 
EG: EL-(2 GK :£2 KL, 
EH:EM-(2 HK :C KM. 
Again, by x1. 25 or 32, 
£7 AG :£3 GK -= (solid 42) : (solid £O), 
O GK: O KL -= (solid £O): (solid QZ), 
O HK :O KM = (solid QZ) : (solid KP). 
Therefore 
(solid 4B) : (solid £O) - (solid EO) : (solid QZ) - (solid QZ) : (solid KP), 
or the solid 4Z is to the solid KP (that. is, CD) in the ratio triplicate of that 


which the solid 42 has to the solid ZO, i.e. the ratio triplicate of that which 
AE has to EK (or CF). 


Heiberg doubts whether the Porism appended to this proposition is 
genuine. 
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Simson adds, as Prop. D, a useful theorem which we should have expected 
to find here, on the analogy of vi. 23 following vi. 19, 20, viz. that Solid 
parallelepipeds contained by parallelograms equiangular to one another, each to 
each, that is, of which the solid angles are equal, each to each, have to one another 
the ratio compounded of the ratios of their sides. 

The proof follows the method of the proposition XI. 33, and we can use 
the same figure. In order to obtain one ratio between lines to represent the 
ratio compounded of the ratios of the sides, after the manner of vi. 23, we 
take any straight line a, and then determine three other straight lines 4, c, d, 
such that 

AE: CF=a:b, 
EG:FNz-b:« 
EH: FR=c:d, 
whence a : Z represents the ratio compounded of the ratios of the sides. 
We obtain, in the same manner as above, 


(solid 4B) : (solid £O) - C7 AG:C2 GK - AE: EK - AE: CF 


=a:5, 
(solid £O) : (solid Q7) 2C2 GK:C2KL - GE: EL- GE: FN 

=b:6 
(solid QZ): (solid KP)=—T7 HK:C KM=EH:EM=EH: FR 

=e:d, 


whence, by composition [v. 22], 
(solid 48) : (solid XP) =a: d, 
or (solid 4B) : (solid CD) = a : d. 


PROPOSITION 34. 


In equal parallelepipedal solids the bases are reciprocally 
proportional to the heights; and those parallelepipedal solids in 
which the bases are reciprocally proportional to the heights are 
equat. 

Let AB, CD be equal parallelepipedal solids ; 

I say that in the parallelepipedal solids 42, CD the bases are 
reciprocally proportional to the heights, 


that is, as the base ZA is to the base VQ, so is the height 
of the solid CD to the height of the solid 42. 


First, let the sides which stand up, namely 4G, EF, LB, 
HK, CM, NO, PD, QR, be at right angles to their bases ; 


I say that, as the base ZA is to the base VQ, so is CM 
to AG. 
If now the base £77 is equal to the base VQ, 
while the solid 447 is also equal to the solid CD, 
CM will also be equal to AG. 
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For parallelepipedal solids of the same height are to 
one another as the bases ; [x1. 32] 


and, as the base Ef is to VQ, so will CM be to AG, 
and it is manifest that in the parallelepipedal solids 432, CD 
the bases are reciprocally proportional to the heights. 
Next, let the base ZÆ not be equal to the base VQ, 
but let £7 be greater. 


K B 





Now the solid 42 is equal to the solid CD ; 
therefore CJ/ is also greater than AG. 

Let then CT be made equal to AG, 
and let the parallelepipedal solid VC be completed on VQ as 
base and with C7 as height. 

Now, since the solid AZ is equal to the solid CD, 
and CV is outside them, 
while equals have to the same the same ratio, [v. 7] 
therefore, as the solid 4B is to the solid CV, so is the solid 
CD to the solid CV. 


But, as the solid AZ is to the solid CV, so is the base 
EF to the base VQ, 
for the solids AB, CV are of equal height ; [xr. 32] 
and, as the solid CD is to the solid CV, so is the base MQ to 
the base 7Q [xt. 25] and CM to CT [vt 1]; 
therefore also. as the base EH is to the base VQ, so is MC 
to CT. 


But CT is equal to AG; 
therefore also, as the base EA is to the base VQ, so is MC 
to AG. 


XL 34] PROPOSITION 54 347 


Therefore in the parallelepipedal solids 4B, CD the bases 
are reciprocally proportional to the heights. 


Again, in the parallelepipedal solids 4A CD let the bases 
be reciprocally proportional to the heights, chat is, as the base 
EH is to the base /VQ, so let the height of the solid CD be 
to the height of the solid 42; 

I say that the solid 42 is equal to the solid CD. 
Let the sides which stand up be again at ri: ‘it angles to 


the bases. 

Now, if the base ZH is equal to the base WỌ, 
and, as the base ZA is to the base WỌ, so is the height of 
the solid CD to the height of the solid 4B, 
therefore the height of the solid CD is also equal to the 
height of the solid 42. 

But parallelepipedal solids on equal bases and of the same 
height are equal to one another ; [x1. 31] 
therefore the solid AZ is equal to the solid CD. 

Next, let the base EZ not be equal to the base AQ, 
but let £77 be greater ; 
therefore the height of the solid CD is also greater than the 
height of the solid 4B, 
that is, CM is greater than 4G. 

Let CT be again made equal to 4G, 
and let the solid CV be similarly completed. 

Since, as the base EA is to the base VQ, so is MC 
to AG, 
while AG is equal to C7, 

— as the base EA is to the base VQ, so is CM 
to C7. 

But, as the base E77 is to the base /VQ, so is the solid 
AB to the solid CV, 


for the solids 47, CV are of equal height ; [x 32] 
and, as CM is to CT, so is the base MQ to the base QT {vi 1] 
and the solid CD to the solid CV. [xi- 25] 


Therefore also, as the solid AB is to the solid CV, so is 
the solid CD to the solid CV; 
therefore each of the solids 48, CD has to C’” the same 
ratio. 
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Therefore the solid 4B is equal to the solid CD. [v. 9] 


Now let the sides which stand up, FZ, BL, GA, HK, 
ON, DP, MC, RQ, not be at right angles to their bases ; 
let perpendiculars be drawn from the points F, G, B, K, O, 
M, D, R to the planes through E77, VQ, and let them meet 
the planes at S, T, U, V, W, X, Y,a, 
and let the solids FV, Oa be completed ; 
I say that, in this case too, if the solids AB, CD are equal, 
the bases are reciprocally proportional to the heights, that is, 
as the base Z/ is to the base VQ, so is the height of the 
solid CD to the height of the solid .4 2. 





Since the solid 4B is equal to the solid CD, 
while AB is equal to B7, 


for they are on the same base FĶ and of the same height; 
(x1. 29, 30] 
and the solid CD is equal to DX, 


for they are again on the same base AO and of the same 
height ; lid.] 
therefore the solid BT is also equal to the solid DX. 
Therefore, as the base FX is to the base OR, so is the 
height of the solid DX to the height of the solid BZ. 


(Part 1.] 
But the base FK is equal to the base EZ, 
and the base OR to the base VQ; 
therefore, as the base EZ is to the base VQ, so is the height 
of the solid DX to the height of the solid 57. 
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But the solids DX, BZ and the solids DC, BA have the 
same heights respectively ; 


therefore, as the base £7 is to the base VQ, so is the height 
of the solid DC to the height of the solid 42. 


Therefore in the parallelepipedal solids 42, CD the bases 
are reciprocally proportional to the heights. 


Again, in the parallelepipedal solids 48, CD let the bases 
be reciprocally proportional to the heights, 


that is, as the base E77 is to the base VQ, so let the height 
of the solid CD be to the height of the solid 42; 


I say that the solid 42 is equal to the solid CD. 
For, with the same construction, 


since, as the base £// is to the base VQ, so is the height of 
the solid CD to the height of the solid 42, 


while the base ZA is equal to the base FĶ, 
and VQ to OR, 


therefore, as the base FK is to the base OR, so is the height 
of the solid CD to the height of the solid 42. 


But the solids AB, CD and BZ, DX have the same 
heights respectively ; 


therefore, as the base FX is to the base OR, so is the height 
of the solid DX to the height of the solid ZT. 


Therefore in the parallelepipedal solids Z 7, DX the bases 
are reciprocally proportional to the heights ; 


therefore the solid BZ is equal to the solid DX. [Part 1.] 
But BZ is equal to BA, 
for they are on the same base FK and of the same height ; 


[x1. 29, 30] 
and the solid DX is equal to the solid DC. [/4.] 
Therefore the solid 4Z is also equal to the solid CD. 

Q. E. D. 


In this proposition Euclid makes two assumptions which require notice, 
(1) that, if two parallelepipeds are equal, and have equal bases, their heights 
are equal, and (2) that, if the bases of two equal parallelepipeds are unequal, 
that which has the lesser base has the greater height. In justification of the 
former statement Euclid says, according to what Heiberg holds to be the 
genuine reading, "for parallelepipedal solids of the same height are to one 
another as their bases" (xr. 32]. This apparently struck some very early 
editor as not being sufficient, and he added the explanation appearing in 
Simson's text, * For if, the bases E77, VQ being equal, the heights AG, CM 


350 BOOK XI (x1. 34 


were not equal, neither would the solid AB be equal to CD. But it is by 
hypothesis equal. Therefore the height CZ is not unequal to the height AG; 
therefore it is equal.” Then, it being perceived that there ought not to be two 
explanations, the genuine one was erased from the inferior mss. While the 
interpolated explanation dues not take us very far, the truth of the statement 
may be deduced with perhaps greater ease from x1. 31 than from XI. 32 
quoted by Euclid. For, assuming one height greater than the other, while the 
bases are equal, we have only to cut from the higher solid so much as will 
make its height equal to that of the other. Then this fart of the higher solid 
is equal to the whole of the other solid which is by hypothesis equal to the 
higher solid itself. That is, the whole is equal to its part: which is impossible. 

The genuine text contains no explanation of the second assumption that, 
if the base EH be greater than the base /VQ, while the solids are equal, the 
height CM is greater than the height 4G; for the added words “for, if not, 
neither again will the solids 48, CD be equal; but they are equal by 
hypothesis” are no doubt interpolated. In this case the truth of the assump- 
tion is easily deduced from xı. 32 by reductio ad absurdum. If the height CM 
were egual to the height AG, the solid AZ would be to the solid CD as the 
base EZ is to the base WQ, i.e. as a greater to a less, so that the solids would 
not be equal, as they are by hypothesis. Again, if the height CM were less 
than the height AG, we could increase the height of CD till it was equal to 
that of AZ, and it would then appear that AZ is greater than the heightened 
solid and a fortiori greater than CD: which contradicts the hypothesis. 

Clavius rather ingeniously puts the first assumption the other way, saying 
that, if the heights are equal in the equal parallelepipeds, the bases must be 
equal This follows d#7ectly from x1. 32, which proves that the parallelepipeds 
are to one another as their bases; though Clavius deduces it indirectly from 
XL 31. The advantage of Clavius' alternative is that it makes the second 
assumption unnecessary. He merely says, if the eights be not equal, let CM 
be the greater, and then proceeds with Euclid’s construction. 

It is also to be observed that, when Euclid comes to the corresponding 
proposition for cones and cylinders [x11. 15} he begins by supposing the 
heights equal, inferring by xu. 11 (corresponding to x1. 32) that, the solids 
being equal, the bases are also equal, and then proceeds to the case where the 
heights are unequal without making any preliminary inference about the 
bases. The analogy then of xi1. 15, and the fact that he quotes xt. 32 here 
(which directly proves that, if the solids are equal, and also their heights, their 
bases are also equal), make Clavius’ form the more convenient to adopt. 

The two assumptions being proved as above, the proposition can be put 
shortly as follows. 

I. Suppose the edges terminating at the corners of the base to be fer- 
pendicular to it. 

Then (a), if the base ZA be equal to the base VQ, the parallelepipeds 
being also equal, the heights must be equal (converse of xi. 31), so that the 
bases are reciprocally proportional to the heights, the ratio of the bases and 
the ratio of the heights being both ratios of equality. 

(f) If the base EZ be greater than the base VQ, and consequently (by 
deduction from x1. 32) the height CAf greater than the height AG, cut off 
CT from CM equal to 4G, and draw the plane 7V through 7’ parallel to the 
base VQ, making the parallelepiped CV, with CZ (= AG) for its height. 

Then, since the solids 42, CP are equal, 


(solid 4B) : (solid CV) = (solid CD) : (solid CV). (v. 7] 
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But (solid 4B) : (solid CV) = O HE : O NQ, (x1. 32] 
and (solid C2) : (solid CV) 77 MQ:cz TQ (x1. 25] 
=CM: CT. [vi. 1) 

Therefore O HE: NQ- CM:CT 

- CM: AG. 


Conversely (a), if the bases EZ7, VQ be equal and reciprocally proportional 
to the heights, the heights must be equal. 


Consequently (solid 4B) = (solid CD). [xr. 31] 
(^) If the bases EZ, VQ be unequal, if, e.g. 7 EZ » £7 NQ, 
then, since C)EH:CHNQ-CM:4AG, 
CM > AG. 
Make the same construction as before. 
Then C1 EH :£2 NQ- (solid 4B) : (solid CV), (x1. 32] 
and CM:AG=CM:CT 
=O M2:0 72 [vi. 1] 
- (solid CD) : (solid CV). (x1. 25] 
Therefore 
(solid AB) : (solid CV) =(solid CD) : (solid CV), 
whence (solid AZ) = solid CD. [v. 9] 


II. Suppose that the edges terminating at the corners of the bases are of 
perpendicular to it. 


Drop perpendiculars on the bases from the corners of the faces opposite 
to the bases. 

We thus have two parallelepipeds equal to AB, CD respectively, since 
they are on the same bases FK, KO and of the same height respectively. 


[x1. 29, 30] 
If then (1) the solid 42 is equal to the solid CD, 


(solid 87) - (solid DX), 
and, by the first part of this proposition, 
CKF:C20R - MX:GT, 


or C HE:CI NQ- MX:GT. 
(2) 1f C] HE:C12NQ- MX:GT, 
then OO KF: COR = MX: GT, 


so that, by the first half of the proposition, the solids BZ, DX are equal, and 
consequently 
(solid 4B) = (solid CD). 


The text of the second part of the proposition four times contains, after 
the words “of the same height,” the words “in which the sides which stand 
up are not on the same straight lines" As Simson. observed, they are inept, 
as the extremities of the edges may or may not be “on the same straight 
lines"; cf. the similar words incorrectly inserted at the end of xi. 3r. 

Words purporting to quote the result of the first part of the proposition 
are also twice inserted; but they are rejected as unnecessary and as containing 
an absurd expression— " (solids) in which the heights are at nght angles to their 
bases,” as if the Aerghts could be otherwise than perpendicular to the bases. 
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PROPOSITION 35. 


If there be two equal plane angles, and on their vertices 
there be set up elevated straight lines containing equal angles 
with the original straight lines respectively, if on the elevated 
straight lines points be laken at random and perpendiculars be 
drawn from them to the planes in which the original angles 
are, and if from the points so arising in the planes straight 
lines be joined to the vertices of the original angles, they will 
contain, with the elevated straight lines, equal angles. 


Let the angles BAC, EDF be two equal rectilineal angles, 
and from the points 4, D let the elevated straight lines AG, 
DM be set up containing, with the original straight lines, 
equal angles respectively, namely, the angle WDE to the 
angle GAB and the angle MDF to the angle GAC, 
let points G, 7 be taken at random on AG, DM, 
let GL, MN be drawn from the points G, M perpendicular to 
the planes through B4, AC and ED, DF, and let them meet 
the planes at Z, V, 
and let LA, ND be joined ; 

I say that the angle GAZ is equal to the angle “DN. 





Let AH be made equal to DM, 
and let HK be drawn through the point / parallel to GZ. 
But GZ is perpendicular to the plane through BA, AC; 
therefore ZZK is also perpendicular to the plane through. 
BA, AC. [xr. 8] 
From the points K, N let KC, NF, KB, NE be drawn 
perpendicular to the straight lines AC, DF, AB, DE, 
and let HC, CB, MF, FE be joined. 
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Since the square on //A is equal to the squares on AX, 

and the squares on KC, CA are equal to the square on KA, 

(1. 47] 
therefore the square on ÆA is also equal to the squares on 
HK, KC, CA. 

But the square on ÆC is equal to the squares on 
HK, KC; [r. 47] 
therefore the square on ÆA is equal to the squares on 
AC, CA. 

Therefore the angle HCA is right. . [r. 48] 


For the same reason 
the angle DFM is also right. 
Therefore the angle ACH is equal to the angle D Ff. 
But the angle 7AC is also equal to the angle MDF. 
Therefore MDF, HAC are two triangles which have two 
angles equal to two angles respectively, and one side equal to 
one side, namely, that subtending one of the equal angles, 
that is, 7A equal to MD; 
therefore they will also have the remaining sides equal to the 
remaining sides respectively. [t. 26] 
Therefore AC is equal to DF. 


Similarly we can prove that AZ is also equal to DE. 
Since then AC is equal to DF, and AB to DE, 
the two sides CA, AB are equal to the two sides FD, DE. 
But the angle CAZ is also equal to the angle FD£ ; 
therefore the base AC is equal to the base ZF, the triangle to 
the triangle, and the remaining angles to the remaining 
angles ; [t. 4] 
therefore the angle ACB is equal to the angle DFE. 
But the right angle ACK is also equal to the right angle 
N; 
therefore the remaining angle BCK is also equal to the 
remaining angle ZF. 


For the same reason 
the angle CBX is also equal to the angle FEV. 
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Therefore BCK, EFN are two triangles which have two 
angles equal to two angles respectively, and one side equal to 


one side, namely, that adjacent to the equal angles, that is, 
BC equal to EF; 


therefore they will also have the remaining sides equal to the 
remaining sides. (t. 26] 


Therefore CK is equal to EN. 
But AC is also equal to DF; 
therefore the twe sides AC, CK are equal to the two sides 
DF, FN; 
and they contain right angles. 
Therefore the base 4 is equal to the base DN. (1. 4] 
And, since AH is equal to DM, 
the square on 7477 is also equal to the square on DM. 


But the squares on AK, KH are equal to the square 
on AH, 


for the angle AKAH is right; [n 47) 


and the squares on DN, NM are equal to the square 
on DM, 


for the angle DNM is right ; [t. 47] 
therefore the squares on AX, AA are equal to the squares 
on DN, NM ; 

and of these the square on AK is equal to the square on DN; 
therefore the remaining square on AZ is equal to the square 
on NM, 

therefore ZZK is equal to MN. 

And, since the two sides HA, AK are equal to the two 
sides MD, DN respectively, 
and the base HX was proved equal to the base MN, 
therefore the angle WAX is equal to the angle MDN. (1. 8) 

Therefore etc. 

PortsmM. From this it is manifest that, if there be two 
equal plane angles, and if there be set up on them elevated 
straight lines which are equal and contain equal angles with 
the original straight lines respectively, the perpendiculars 
drawn from their extremities to the planes in which are 
the original angles are equal to one another. 

Q. E. D. 
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This proposition is required for the next, where it is necessary to know 
that, if in two equiangular parallelepipeds equal angles, one in each, be 
contained by three plane angles respectively, one of which is an angle of the 
parallelogram forming the dase in one parallelepiped, while its equal is likewise 
in the dase of the other, and the edges in which the two remaining angles 
forming the solid angles meet are egua/, the parallelepipeds are of the same 
height. 

Bearing in mind the definition of the inclination of a straight line loa 
plane, we might enunciate the proposition more shortly thus. 


Df there be two trihedral angles identically equal to one another, corresponding 
edges in each are equally inclined to the planes through the other two edges 
respectively, 

The proof, which is necessarily somewhat long, may be summarised thus. 

It is required to prove that the angles GAZ, MDN in the figure are equal, 
G, M being any points on AG, DM, and GZ, MN perpendicular to the 
planes BAC, EDF respectively. 

If AH is made equal to DM, and HÆK is drawn in the plane GAZ parallel 
to GZ, 

HK is also perpendicular to the plane BAC. (x1. 8] 

Draw KB, KC perpendicular to AB, AC respectively and VE, NF 
perpendicular to DE, DF respectively, and complete the figures. 


Now (1) HA’ = HK" + KA‘ 
= HK? + KC + CA? (t. 47] 
= HC’? + CA? 
Therefore L HCA =a right angle. 
Similarly L MFD =a tight angle. 
(2) Os HAC, MDF have therefore two angles equal and one side. 
Therefore AHAC = MDF, and 4C= DE: (t. 26] 


(3) Similarly AHAB = AMDE, and AB = DE. 
(4) Hence ^s ABC, DEF are equal in all respects, so that BC = EF, 
and LABC=L DEF, 
L ACB =- DFE. 
(5) Therefore the complements of these angles are equal, 
i.e. L KBC= L NEF, 
and L KCB =| NFE. 


(6) The As ABC, NEF have two angles equal and one side, and are 
therefore equal in all respects, so that 


KB = NE, 
KC= NF. 
(7) The rightangled triangles K4C, VDF are equal in all respects, since 
AC- DF [(2) above], KC = NF. 
Consequently AK - DN. 
(8) In As HAK, MDN, 
HK’ + KA = HA’ 
= MDF, by hypothesis, 
= MN? + ND. 
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Subtracting the equals K4?, VD’, 
we have HK’ = MN’, 
or HK = MN. 
(9) ^s HAK, MDN are now equal in all respects, by 1. 8 and 1. 4, and 
therefore 
L HAK =L MDN. 


The Porism is merely a statement of the result arrived at in (8). 


Legendre uses, practically, the construction and argument of this propo- 
sition to prove the theorem given under (3) of the note on xi. 21 above that 
In two equal trihedral angles, corresponding pairs of face angles include equal 
dihedral angles. This fact is readily deduced from the above proposition. 

Since [(1)] HC, KC are both perpendicular to AC, and MF, NF both 
perpendicular to DF, the angles HCKX, MFM are the measures of the 
dihedral angles between the planes HAC, BAC, and MDE, EDF respec- 


tively. [xt. Def. 6] 
By (6), KC- NF, 
and, by (8), HK - MN, 
while the angles ZZKC, MF, both being right, are equal. 
Consequently the As HCA’, MFN are equal in all respects, (t. 4] 
so that 4 HCK=24 MFN. 


Simson substituted a different proof of (1) in the above summary, as 
follows. 


Since HX is perpendicular to the plane BAC, the plane 7BK, passing 
through /74, is also perpendicular to the plane BAC. [xi. 18] 

And AB, being drawn in the plane BAC perpendicular to BX, the 
common section of the planes HBX, BAC, is perpendicular to the plane 
HBK (xt. Def. 4], and is therefore perpendicular to every straight line 
meeting it in that plane [x1. Def. 3). 

Hence the angle ABH is a right angle. 

I think Euclid's proof much preferable to this with its references to 
definitions which are more of the nature of theorems. 


PROPOSITION 36. 


Jf three straight lines be proportional, the parallelepipedal 
solid formed out of the three is equal to the parallelepipedal 
solid on the mean which 1s equilateral, but equiangular with 


the aforesaid solid. 


Let A, B, C be three straight lines in proportion, so that, 
as A isto B, sois Bto C; 
I say that the solid formed out of A, B, C is equal to the 
solid on Z which is equilateral, but equiangular with the 
aforesaid solid. 


Let there be set out the solid angle at E contained by the 
angles DEG, GEF, FED, 
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let each of the straight lines DE, GZ, EF be made equal to 
B, and let the parallelepipedal solid EA be completed, 


let ZZ be made equal to 4, 


and on the straight line ZV, and at the point Z on it, let there 
be constructed a solid angle equal to the solid angle at Æ, 


namely that contained by VZO, OLM, MLN , 
let LO be made equal to B, and LN equal to C. 


H 


ys. 


o9»s 


Now, since, as 4 is to B, so is B to C, 
while A is equal to LW, B to each of the straight lines ZO, 
ED, and C to LN, 
therefore, as LM is to EF, sois DE to LN. 

Thus the sides about the equal angles VZM, DEF are 
reciprocally proportional ; 
therefore the parallelogram AZM is equal to the parallelogram 

. VI. I 

And, since the angles DEF, NL M are two nad 
lineal angles, and on them the elevated straight lines LO, EG 
are set up which are equal to one another and contain equal 
angles with the original straight lines respectively, 
therefore the perpendiculars drawn from the points G, O to 
the planes through NZ, LM and DE, EF are equal to one 
another ; [xt. 35, Por.] 
hence the solids LÆ, £K are of the same height. 

But parallelepipedal solids on equal bases and of the same 
height are equal to one another ; (xi. 31] 
therefore the solid ÆZ is equal to the solid EX. 

And LZ is the solid formed out of A, B, C, and EK the 
solid on Z ; 
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therefore the parallelepipedal solid formed out of 4, B,-C is 
equal to the solid on B which is equilateral, but equiangular 
with the aforesaid solid. 

Q. E. D. 


The edges of the parallelepiped AZ being respectively equal to 4, B, C, 
and those of the equiangular parallelepiped KZ being all equal to Z, we 
regard MN (uot containing the edge OZ equal to J) as the base of the first 
parallelepiped, and consequently FD, equiangular to AZM, as the base of KE. 


Then the solids have the same height. [x1. 35, Por.] 
Hence (solid ZL) : (solid KE) - £7 MN: C2 FD. [xi. 32] 
But, since A, B, C are in continued proportion, 
4:B-B:C, 
or LM:EF- DE:LN. 


Thus the sides of the equiangular /7s MN, FD are reciprocally pro- 


portional, whence 
O MN=O0 FD, (vr. 14] 
and therefore (solid HZY = (solid XE). 


PROPOSITION 37. 


Jf four straight lines be proportional, the parallelepipedal 
solids on them which are similar and similarly described will 
also be proportional ; and, tf the parallelepipedal solids on them 
which are similar and similarly described be proportional, the 
straight lines will themselves also be proportional. 

Let AB, CD, EF, GH be four straight lines in proportion, 
so that, as AB is to CD, so is EF to GH; 
and let there be described on AB, CD, EF, GH the similar 
and similarly situated parallelepipedal solids KA, LC, ME, 
NG ; 

I say that, as KA is to LC, so is ME to NG. 


N 
i M 
A B c D E F H 
For, since the parallelepipedal solid KA is similar to LC, 


therefore KA has to LC the ratio triplicate of that which 4 8 
has to CD. [xi- 33] 


xt. 37] PROPOSITIONS 56, 37 359 


For the same reason 
ME also has to NG the ratio triplicate of that which EF has 
to GH. [id] 
And, as AB is to CD, so is EF to GH. 
Therefore also, as AK is to LC, so is ME to NG. 


Next, as the solid AK is to the solid ZC, so let the solid 
ME be to the solid VG ; 
I say that, as the straight line AZ is to CD, so is EF to GH. 
For since, again, XA has to LC the ratio triplicate of that 


which AZ has to CD, [xt. 33] 
and ME also has to NG the ratio triplicate of that which EF 
has to GH, Al 


and, as KA is to LC, so is WE to NG, 
therefore also, as AB is to CD, so is EF to GH. 


Therefore etc. 
Q. E. D. 


In this proposition it is assumed that, if two ratios be equal, the ratio 
triplicate of one is equal to the ratio triplicate of the other and, conversely, 
that, if ratios which are the triplicate of two other ratios are equal, those other 
ratios are themselves equal. 

To avoid the necessity for these assumptions Simson adopts the alternative 
proof found in the ms. which Heiberg calls b, and also adopted by Clavius, 
who, however, gives Euclid’s proof as well, attributing it to Theon. The 
alternative proof proceeds after the manner of vi. 22, thus. 

Make 4B, CD, O, P continuous proportionals, and also EF, GH, Q, £R. 


N 
i M 
K 
=r 
— 
A B C D E F G H 
ae ee eS a LL 


E TEES 
I. Then, since 
AB: CD=EF: GH, 
we have, ex aequali, 
AB:P-EF:K. | v. 22) 
But (solid 4K):(solid CZ) - AB : P, 
(xt. 33 and Por] $ 

and (solid EA) : (solid GW) - EF: R. 

Therefore 

(solid AX) : (solid CZ) = (solid ZM) : (solid GV) 
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II. Ifthe so/ids are proportional, take .$57' such that 
AB:CD- EF:S51, 
and on ST describe the parallelepiped SV similar and similarly situated to 
either of the parallelepipeds £47, GV. 

Then, by the first part, 

(solid 4) : (solid CZ) - (solid EA) : (solid SV), 
whence it follows that 
(solid GM) = (solid SV). 

But these solids are similar and similarly situated ; 
therefore their faces are similar and equal ; (xt. Def. 10] 
therefore the corresponding sides GH, STZ are equal. 

For this inference cf. note on vi. 22. The equality of GH, S7' may 
readily be proved by application of the two parallelepipeds to one another, 
since, being similar, they are equiangular. } 

Hence AB: CD=EF: GH. 


The text of the mss. has here a proposition which is as badly placed as it 
is unnecessary. Zf a plane be at right angles to a plane, and from any one of the 
points in one of the planes a perpendicular be drawn to the other plane, the 
perpendicular so drawn will fall on the common section of the planes. It is of 
the nature of a lemma to xit 17, where 
alone the fact is made use of. Heiberg ç 
observes that it is omitted in b and that the 
copyist of P knew other texts which did not o 
contain it. From these facts it is fairly con- A 
cluded that the proposition was interpolated. B 
The truth of it is of course immediately 
obvious by reductio ad absurdum. Let the plane CAD be perpendicular to 
the plane 4B, and let a perpendicular be drawn to the latter from any point 
E in the former. 

If it does not fall on AD, the common section, let it meet the plane 4B 
in FK 

Draw FG in AB perpendicular to 4D, and join EG. 

Then FG is perpendicular to the plane CA42 (xt. Def. 4], and therefore 
to GE (xt. Def. 3]. Therefore L EGF is right 

Also, since EZ is perpendicular to AB, 
the angle E FG is right. 

That is, the triangle EG has two right angles : 
which is impossible. 


PROPOSITION 38. 


Lf the sides of the opposite planes of a cube be bisected, and 
planes be carried through the points of section, the common 
section of the planes and the diameter of the cube bisect one 
another. 


For let the sides of the opposite planes CF, AH of the 
cube AF be bisected at the points K, L,.77, N, O, Q, P, R, 
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and through the points of section let the planes AN, OR be 
carried ; 


let US be the common section of the planes, and DG the 
diameter of the cube 4 F. 

I say that UT is equal to 7S, and DT to 7G. 

For lec DU, UE, BS, SG be joined. 

Then, since DO is parallel to PE, 
the alternate angles DOU, UPE are equal to one another. 


1.2 
And, since DO is equal to PE, and OU to UP, — 
and they contain equal angles, 
therefore the base DU is equal to the base UZ, 
the triangle DOU is equal to the triangle PUE, 
and the remaining angles are equal to the remaining angles ; 


[1 4] 
therefore the angle OUD is equal to the angle PUE. 





For this reason DUE is a straight line. [r. 14] 
For the same reason, BSG is also a straight line, 
and BS is equal to SG. 


Now, since CA is equal and parallel to DA, 
while CA is also equal and parallel to EG, 
therefore DB is also equal and parallel to ZG. (x1. 9] 
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And the straight lines DZ, BG join their extremities ; 


therefore DZ is parallel to BG. [1. 33] 
Therefore the angle ÆDT is equal to the angle BGT, 

for they are alternate ; [1. 29] 

and the angle DTU is equal to the angle GTS. [1. 15] 


Therefore D TU, GTS are two t iangles which have two 
angles equal to two angles, and one side equal to one side, 
namely that subtending one of the equal angles, that is, DU 
equal to GS, 


for they are the halves of DE, BG; 


therefore they will also have the remaining sides equal to the 
remaining sides. [t. 26] 


Therefore DT is equal to 7G, and UT to TE. 
Therefore etc. 
Q. E. D. 


Euclid enunciates this proposition of a ce only, though it is true of any 
parallelepiped, no doubt because its truth for a cube is all that was wanted for 
the only proposition where it is needed, viz. xi. 17. 

Simson remarks that it should be proved that the straight lines bísecting 
the corresponding opposite sides of opposite planes are in one plane. This is, 
however, clear because e.g. since DK, CZ are equal and parallel, KZ is equal 
and parallel to CD. And, since KZ, AB are both parallel to DC, KZ is 
parallel to 4B. And lastly, since KZ, MM are both parallel to 48, KZ is 
parallel to AZ and therefore in one plane with it. 

The essential thing to be proved is that the plane passing through the 
opposite edges DB, EG passes through the straight line US, since, only if 
this be the case, can US, DG intersect one another. 

To prove this we have only to prove that, if DU, UE and BS, SG be 
joined, DUE and BSG are both straight lines. 

Now, since DO is parallel to PE, 


L DOU-.EPU. 

Thus, in the ^s DUO, EUP, two sides DO, OU are equal to two sides 
EP, PU, and the included angles are equal. 

Therefore ADUOZAEUP, 

DU- UE, 
and | LDUO-.EUP, 
so that DUE is a straight line, bisected at U. Similarly BSG is a straight 
line, bisected at S. 

Thus the plane through DB, EG (DB, EG being equal and parallel) 
contains the straight lines DUZ, BSG (which are therefore equal and parallel 
also) and also [x1. 7) the straight lines US, DG (which accordingly intersect). 

In As DTU, GTS, the angles UDT, SGT are equal (being alternate), 
and the angles UTD, STG are also equal (being vertically opposite), while 
DU (half of DE) is equal to G.S (half of BG). 
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Therefore [1. 26] the triangles DZ'U, G Z'S are equal in all respects, so that 
DT= TG, 
UT= TS. 


PROPOSITION 39. 


Jf there be two prisms of egual height, and one have a 
parallelogram as base and the other a triangle, and if the 
parallelogram be double of the triangle, the prisms will be 
egual. 


Le ABCDEF, GHKLMN be two prisms of equal 
height, 
let one have the parallelogram AF as base, and the other the 
triangle GZK, 
and let the parallelogram AF be double of the triangle GHK; 


I say that the prism ABCDEF is equal to the prism 
GHKLMN. 





For let the solids 40, GP be completed. 

Since the parallelogram A F is double of the triangle GHK, 
while the parallelogram A7X is also double of the triangle 
GHK, [1. 34] 
therefore the parallelogram AF is equal to the parallelogram 
AK. 


But parallelepipedal solids which are on equal bases and 
of the same hcight are equal to one another ; [xi. 31] 


therefore the solid 4O is equal to the solid G7. 
And the prism ABCDEF is half of the solid 40, 
and the prism GZZKZL MN is half of the solid GP; [xi. 28] 


therefore the prism ABCDEF is equal to the prism 
GHKLMN. 


Therefore etc. 
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This proposition is made use of in xit. 3, 4. The phraseology is interest- 
ing because we find one of the parallelogrammic faces of one of the triangular 
prisms called its base, and the perpendicular on this plane from that vertex of 
either ¢riangular face which is not in this plane the AergAt. 

The proof is simple because we have only to complete parallelepipeds 
which are double the prisms respectively and then use xi. 31. It has to be 
borne in mind, however, that, if the parallelepipeds are not rectangular, the 
proof in xt. 28 is not sufficient to establish the fact that the parallelepipeds 
are double of the prisms, but has to be supplemented as shown in the note on 
that proposition. XIL 4 does, however, require the theorem in. its general 
form. 


BOOK XII. 


HISTORICAL NOTE. 


The predominant feature of Book xi. is the use of the method of 
exhaustion, which is applied in Propositions 2, 3— 5, 10, 11, t2, and (in a 
slightly different form) in Propositions 16—18. We conclude therefore that 
for the content of this Book Euclid was greatly indebted to Eudoxus, to whom 
the discovery of the method of exhaustion is attributed. The evidence for 
this attribution comes mainly from Archimedes. (1) In the preface to On 
the Sphere and Cylinder \., after stating the main results obtained by himself 
regarding the surface of a sphere or a segment thereof, and the volume and 
surface of a right cylinder with height equal to its diameter as compared with 
those of a sphere with the same diameter, Archimedes adds: * Having now 
discovered that the properties mentioned are true of these figures, I cannot 
feel any hesitation in setting them side by side both with my former investiga- 
tions and with those of the theorems of Eudoxus on solids which are held to be 
most irrefragably established, namely that any pyramid is one third part of the 
prism which has the same base with the pyramid and equal height (i.e. Eucl. 
xu. 7], and that any cone is one third part of the cylinder which has the same 
base with the cone and equal height (i.e. Eucl. xu. 10]. For, though these 
properties also were naturally inherent in the figures all along, yet they were 
in fact unknown to all the many able geometers who lived before Eudoxus 
and had not been observed by any one.” (2) In the preface to the treatise 
known as the Quadrature of the Parabola Archimedes states the “lemma” 
assumed by him and known as the ‘‘Axiom of Archimedes” (see note on x. 1 
above) and proceeds: ''Earlier geometers (oi mpórepov yeupérpa)) have also 
used this lemma; for it is by the use of this same lemma that they have 
shown that circles are to one another in the duplicate ratio of their diameters 
(Eucl. xu. 2], and that spheres are to one another in the triplicate ratio of their 
diameters (Eucl. xit. 18], and further that every pyramid is one third part of the 
prism which has the same base with the pyramid and equal height (Eucl. xu. 7]; 
also, that every cone is one third part of the cylinder which has the same base 
with the cone and equal height [Eucl. xit. 10] they proved by assuming a certain 
lemma similar to that aforesaid.” Thus in the first passage two theorems of 
Eucl. xu are definitely attributed to Eudoxus ; and, when Archimedes says, 
in the second passage, that “earlier geometers” proved these two theorems 
by means of the lemma known as the “Axiom of Archimedes” and of a 
lemma similar to it respectively, we can hardly suppose him to be alluding to 
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any other proof than that given by Eudoxus. As a matter of fact, the lemma 
used by Euclid to prove both propositions (x11. 3—5 and 7, and xir. 10) is the 
theorem of Eucl. x. 1. As regards the connexion between the two “lemmas” 
See note on x. I. 

We are not, however, to suppose that none of the results obtained by 
the method of exhaustion had been discovered before the time of Eudoxus 


(fl. about 368— s s.c.). Two at least are of earlier date, those of Eucl. x1. 2 
and X11. 7. 


(2) Simplicius (Comment. in Aristot. Phys. p. 61, ed. Diels) quotes 
Eudemus as saying, in his History of Geometry, that Hippucrates of Chios 
(fl. say 430 B.C.) first laid it down (ero) that similar segments of circles are 
in the ratio of the squares on their bases and that he proved this (éeixvvev) by 
proving (èx ro dei£ac) that the squares on the diameters have the same ratio 
as the (whole) circles. We know nothing of the method by which Hippo- 
crates proved this proposition; but, having regard to the evidence from 
Archimedes quoted above, it is not permissible to suppose that the method 
was the fully developed method of exhaustion as we know it. 


(5) As regards the two theorems about the volume of a pyramid and of 
a cone respectively, which Eudoxus was the first to prove, we now have 
authentic evidence in the short treatise by Archimedes discovered by Heiberg 
in a MS. at Constantinople in 1906 and published in Hermes the following 
year (see now Archimedis opera omnia, ed. Heiberg, 2. ed., Vol. 11., 1913, 
PP. 425—507; I. L. Heath, Zhe Method of Archimedes, Cambridge, 1912). 
The said treatise, complete in all essentials, bears the title "Apyyundous mepi rôv 
Myxavixdv Oewpnudrav mpds 'Eparozérqv &boSos. This “Method” (or “Plan of 
attack "), addressed to Eratosthenes, is none other than the é$óótov on which, 
according to Suidas, Theodosius wrote a commentary, and which is several 
times cited by Heron in his Metrica; its discovery adds a new and important 
chapter to the history of the integral calculus. In the preface to this work 
Archimedes alludes to the theorems which he first discovered by ineans of 
mechanical considerations, but proved afterwards by geometry, because the 
investigation by means of mechanics did not constitute a rigid proof; he 
observes, however, that the mechanical method is of great use for the discovery 
of theorems, and it is much easier to provide the rigid proof when the fact 
to be proved has once been discovered than it would be if nothing were 
known to begin with. He goes on: “Hence too, in the case of those 
theorems the proof of which was first discovered by Eudoxus, namely those 
relating to the cone and the pyramid, that the cone is one third part of the 
cylinder, and the pyramid one third part of the prism, having the same base 
and equal height, no small part of the credit will naturally be assigned to 
Democritus, who was the first to make the statement (of the fact) regarding 
the said figure [i.e. property], though without proving it." Hence the discovery 
of the two theorems must now be attributed to Democritus (fl. towards the 
end of sth cent. B.c.). The words “without proving it” (xwpis dro8efews) do 
not mean that Democritus gave no sort of proof, but only that he did not give 
a proof on the rigorous lines required latet; for the same words are used by 
Archimedes of his own investigations by means of mechanics, which, however, 
do constitute a reasoned argument. The character of Archimedes' mechanical 
arguments combined with a passage of Plutarch about a particular question in 
infinitesimals said to have been raised by Democritus may perhaps give a clue 
to the line of Democritus' argument as regards the pyramid. The essential 
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feature of Archimedes’ mechanical arguments in this tract is that he regards 
an area as the sum of an infinite number of straight lines parallel to one 
another and terminated by the boundary or boundaries of the closed figure 
the area of which is to be found, and a volume as the sum of an infinite 
number of /aze sections parallel to one another: which is of course the same 
thing as taking (as we do in the integral calculus) the sum of an infinite 
number of strips of breadth dx (say), when dx becomes indefinitely small, or 
the sum of an infinite number of parallel laminae of depth dz (say), when dz 
becomes indefinitely small. To give only one instance, we may take the 
case of the area of a segment of a parabola cut off by a chord. 

Let CBA be the parabolic segment, CE the tangent at C meeting the 





TG 


diameter EBD through the middle point of the chord CA in Æ, so that 
EB = BD. 

Draw AF parallel to ED meeting CE produced in Æ Produce CZ to 
H so that CK = KH, where X is the point in which CH meets AF; and 
suppose CZ to be a lever. 

Let any diameter MNPO be drawn meeting the curve in P and CA, CX, 
CA in M, N, O respectively. 

Archimedes then observes that 

CA.AO=MO: OP 
(“for this is proved in a lemma”), 
whence HK: KN= MO: OP, 
so that, if a straight line 7G equal to PO be placed with its middle point at 
H, the straight line MO with centre of gravity at JV, and the straight line ZG 
with centre of gravity at ZZ, will balance about K. 

Taking all other parts of diameters like PO intercepted between the curve 
and CA, and placing equal straight lines with their centres of gravity at Æ, 
these straight lines collected at 77 will balance (about A) all the lines like 
MO parallel to FA intercepted within the triangle CFA in the positions in 
which they severally lie in tne figure. 

Hence Archimedes infers that an area equal to that of the parabolic 
segment hung at A will balance (about Æ) the triangle CFA hung at its 
centre of gravity, the point X (a point on CX such that CK = 3X), and 
therefore that 

(area of triangle CFA) : (area of segment) = HK: KX 


=3:1, 
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from which it follows that 
area of parabolic segment = $4 ABC. 

The same sort of argument is used for solids, p/ane sections taking the 
place of straight lines. 

Archimedes is careful to state once more that this method of argument 
does not constitute a fvoof. Thus, at the end of the above proposition about 
the parabolic segment, he adds: “This property is of course not proved by 
what has just been said; but it has furnished a sort of indication ({ugaciv wa) 
that the conclusion is true.” 

Let us now turn to the passage of Plutarch (De Comm. Not. adv. Stoicos 
XXXIX 3) about Democritus abuve referred to. Plutarch speaks of Democritus 
as having raised the question in natural philosophy ($veuxéx): ''if a cone 
were cut by a plane parallel to the base [by which is clearly meant a plane 
indefinitely near to the base], what must we think of the surfaces of the 
sections, that they are equal or unequal? For, if they are unequal, they will 
make the cone irregular, as having many indentations, like steps, and uneven- 
nesses ; but, if they are equal, the sections will be equal, and the cone will 
appear to have the property of the cylinder and to be made up of equal, not 
unequal circles, which is very absurd.” The phrase ‘‘made up of equal...circles” 
(4€ tewv. evyxeipevos...kóxAov) shows that Democritus already had the idea of 
a solid being the sum of an infinite number of parallel planes, or indefinitely 
thin laminae, indefinitely near together: a most important anticipation of the 
same thought which led to such fruitful results in Archimedes. If then one 
may hazard a conjecture as to Democritus’ argument with regard to a pyramid, 
it seems probable that he would notice that, if two pyramids of the same 
height and equal triangular bases are respectively cut by planes parallel to the 
base and dividing the heights in the same ratio, the corresponding sections of 
the two pyramids are equal, whence he would infer that the pyramids are 
equal as being the sum of the same infinite number of equal plane sections 
or indefinitely thin laminae. (This would be a particular anticipation of 
Cavalieri’s proposition that the areal or solid contents of two figures are equal 
if two sections of them taken at the same height, whatever the height may be, 
always give equal straight lines or equal surfaces respectively.) And 
Democritus would of course see that the three pyramids into which 2 prism 
on the same base and of equal height with the original pyramid is divided (as 
in Eucl. x11. 7) satisfy this test of equality, so that the pyramid would be one 
third part of the prism. The extension to a pyramid with a polygonal base 
would be easy. And Democritus may have stated the proposition for the 
cone (of course without an absolute proof) as a natural inference from the 
result of increasing indefinitely the number of sides in a regular polygon 
forming the base of a pyramid. 
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PROPOSITION 1. 
Similar polygons inscribed in circles are to one another as 
the squares on the diameters. 
Let ABC, FGH be circles, 


let ABCDE, FGHKL be similar polygons inscribed in them, 
and let BM, GN be diameters of the circles ; 


I say that, as the square on BM is to the square on GV, so 
is the polygon ABCDE to the polygon FGAKL. 


A 


c 


For let BE, AM, GL, FN be joined. 


Now, since the polygon ABCDE is similar to the polygon 
FGHKL, 


the angle BAEZ is equal to the angle GFL, 
and, as BA is to AZ, so is GF to FL, (vt. Def. 1] 
Thus BAZ, GFL are two triangles which have one angie 


equal to one angle, namely the angle BAE to the angle 
GFL, and the sides about the equal angles proportional ; 


therefore the triangle ABE is equiangular with the triangle 
FGL. [vi. 6] 


Therefore the angle AZZ is equal to the angle FLG. 
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But the angle 4E is equal to the angle AMB, 
for they stand on the same circumference ; (m. 27] 
and the angle FLG to the angle FG ; 
therefore the angle AMB is also equal to the angle FNG. 
But the right angle BAM is also equal to the right angle 


GEN; [m. 31) 
therefore the remaining angle is equal to the remaining angle. 
(1. 32] 


Therefore the triangle ABM is equiangular with the 
triangle FGN. 

Therefore, proportionally, as BAZ is to GN, so is BA 
to GF. (v1. 4] 

But the ratio of the square on BM to the square on GW 
is duplicate of the ratio of BM to GN, 


and the ratio of the polygon ABCDE to the polygon FGHKL 
is duplicate of the ratio of BA to GF; (vi. 20] 


therefore also, as the square on BM is to the square on GV, 
so is the polygon ABCDE to the polygon FGHKL. 


Therefore etc. 
Q. E. D. 


As, from this point onward, the text of each proposition usually occupies 
considerable space, I shall generally give in the notes a summary of the 
argument, to enable it to be followed more easily. 

Here we have to prove that a pair of corresponding sides are in the ratio 
of the corresponding diameters. 

Since Ls BAE, GFL are equal, and the sides about those angles 
proportional, 

As ABE, FGL are equiangular, 


so that LAEB-.FLG 


Hence their equals in the same segments, ¿ s AMB, FNG, are equal. 
And the right angles BAM, GFN are equal. 
Therefore 4s ABM, FGN are equiangular, so that 


BM: GN=BA: GF. 
The duplicates of these ratios are therefore equal, 
whence (polygon ABCDE) : (polygon FGHKL) 
= duplicate ratio of BA to GF 
= duplicate ratio of BAZ to GN 
= BM’: GN’. 
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PROPOSITION 2. 


Circles are to one another as the squares on the diameters. 


Let ABCD, EFGH be circles, and BD, FH thei 


diameters ; 


I say that, as the circle ABCD is to the circle EFGH, so is 
the square on BD to the square on FH, 





For, if the square on BD is not to the square on FAH as 
the circle ABCD is to the circle EFGH, 
then, as the square on BD is to the square on FA, so will 
the circle 4 BCD be either to some less area than the circle 
E FG H, or to a greater. 

First, let it be in that ratio to a less area S. 

Let the square EFGH be inscribed in the circle EFGH ; 
then the inscribed square is greater than the half of the circle 
EFGH, inasmuch as, if through the points £, F, G, H we 
draw tangents to the circle, the square EFGA is half the 
square circumscribed about the circle, and the circle is less 
than the circumscribed square ; 
hence the inscribed square EFG/7 is greater than the half of 
the circle ZFGZ. 

Let the circumferences EF, FG, GH, HE be bisected at 
the points X, Z, M, N, 
and let EK, KF, FL, LG, GM, MH, HN, NE be joined ; 
therefore each of the triangles EKF, FLG, GM, ANE is 
also greater than the half of the segment of the circle about 
it, inasmuch as, if through the points X, L, M, N we draw 
tangents to the circle and complete the parallelograms on the 
straight lines EF, FG, GZ, HE, each of the triangles EK, 
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FLG, GMH, HNE will be half of the parallelogram 


about it, 
while the segment about it is less than the parallelogram ; 


hence each of the triangles EKF, FLG, GMH, HNE 
is greater than the half of the segment of the circle 
about it. 


Thus, by bisecting the remaining circumferences and 
joining straight lines, and by doing this continually, we shall 
leave some segments of the circle which will be less than the 
excess by which the circle EFGH exceeds the area S. 

For it was proved in the first theorem of the tenth book 
that, if two unequal magnitudes be set out, and if from the 
greater there be subtracted a magnitude greater than the half, 
and from that which is left a greater than the half, and if this 
be done continually, there will be left some magnitude which 
will be less than the lesser magnitude set out. 


Let segments be left such as described, and let the 
segments of the circle EFGH on EK, KF, FL, LG, GM, 
MH, HN, NE be less than the excess by which the circle 
EFGH exceeds the area S. 

Therefore the remainder, the polygon EXFLGMHN, is 
greater than the area S. 

Let there be inscribed, also, in the circle ABCD the poly- 
gon 4OBPCQDR similar to the polygon EXFLGMHN; 
therefore, as the square on BD is to the square on £77, so is 
the polygon AOLPCODR to the polygon EKFLGMHN. 

[xin 1] 

But, as the square on BD is to the square on FZ, so also 
is the circle ABCD to the area S ] 
therefore also, as the circle 4C is to the area S, so is the 
polygon AOBPCQODR to the polygon EXFLGMHN ; 

(v. 11] 
therefore, alternately, as the circle ABCD is to the polygon 
inscribed in it, so is the aren S to the polygon EKFLGMHN. 

[v. 16] 
But the circle ABCD is greater than the polygon inscribed 
In it; 
therefore the area S is also greater than the polygon 
EKFLGMHN. 
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But it is also less: 
which is impossible. 

Therefore, as the square on BD is to the square on FH, 
so is not the circle ABCD to any area less than the circle 
EFGH. 

Similarly we can prove that neither is the circle EFGH 
to any area less than the circle ABCD as the square on FH 
is to the square on BD. 


I say next that neither is the circle ABCD to any area 
greater than the circle E*GH as the square on BD is to the 
square on FH. 

For, if possible, let it be in that ratio {o a greater area S. 

Therefore, inversely, as the square on FH is to the square 
on DB, so is the area S to the circle ABCD. 

But, as the area S is to the circle ABCD, so is the circle 
E FG H to some area less than the circle ABCD; 
therefore also, as the square on FA is to the square on BD, 
so is the circle EFGH to some area less than the circle 
ABCD: [v. 11] 
which was proved impossible. 

Therefore, as the square on BD is to the square on FAH, 
so is not the circle ABCD to any area greater than the circle 
EFGH. 


And it was proved that neither is it in that ratio to any 
area less than the circle £FGZ; 


therefore, as the square on BD is to the square on FH, so is 
the circle ABCD to the circle EF GH. 


Therefore etc. 


Lemma. 


I say that, the area S being greater than the circle 
E FGH, as the area S is to the circle 4 BCD, so is the circle 
E FG H to some area less than the circle ABCD. 

For let it be contrived that, as the area S is to the circle 
ABCD, so is the circle E/GA to the area 7. 

I say that the area T is less than the circle ABCD. 

For since, as the area S is to the circle ABCD, so is the 
circle EFGH to the area 7, 
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therefore, alternately, as the area S is to the circle EFGH, so 
is the circle 4 BCD to the area 7. [v. 16] 


But the area S is greater than the circle EFGH ; 
therefore the circle 4 BCD is also greater than the area 7. 


Hence, as the area S is to the circle 48CD, so is the 
circle EF GA to some area less than the circle ABCD, 
Q. E. D. 


Though this theorem is said to have been proved by Hippocrates, we may 
with tolerable certainty attribute the proof of it given by Euclid to Eudoxus, 
to whom xit. 7 Tor. and xii. ro (which Euclid proves in exactly the same 
manner) are specifically attributed by Archimedes. As regards the lemma 
used herein (Eucl. x. 1) and the somewhat different lemma by means of which 
Archimedes says that the theorems of xit. 2, xii. 7 Por. and xii. 18 were 
proved, see my note on x. 1 above. 

The first essential in this proposition is to prove that we can exhaust a 
circle, in the sense of x. 1, by successively inscribing in it regular polygons, 
each of which has twice as many sides as the preceding one. We take first 
an inscribed square, then bisect the arcs subtended by the sides and so form 
an equilateral polygon of eight sides, then do the same with the latter, forming 
a polygon of 16 sides, and so on. And we have to prove that what is left 
over when any one of these polygons is taken away from the circle is more 
than half exhausted when the next polygon is made and subtracted from the 
circle. 

Euclid proves that the inscribed square is greater than half the circle and 
that the regular octagon when subtracted takes away more than half of what 
was left by the square. He then infers that the same 
thing will happen whenever the number of sides is o c E 
doubled. A 8 

This can be seen generally by taking aay arc of a 
circle cut off by a chord AB. Bisect the arc in C. 

Draw a tangent to the circle at C, and let AD, BE 
be drawn perpendicular to the tangent. Join AC, CB. 

Then DÆ is parallel to AZ, since 


& ECB - CAB, in alternate segment, (ui. 32] 
=4 CBA. [u1. 29, 1. 5] 
Thus 4BED isa (7; 
and it is greater than the segment 4 CB. 
Therefore its half, the ^ 4 CB, is greater than half the segment. 
Thus, by x. 1, Euclid’s construction of successive regular polygons in 
a circle, if continued far enough, will at length leave segments which are 
together less than any given area. 
Now let X, X’ be the areas of the circles, d, d’ their diameters, respectively. 
Then, if X: X *d* : q^, 
dudP-X:S: 
where S is some area either greater or less than X’. 
I. Suppose S « X'. 
Continue the construction of polygons in X’ until we arrive at one which 
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leaves over segments together less than the excess of X’ over S, i.e. a polygon 
such that 
X' » (polygon in X") » S. 
Inscribe in the circle X a polygon similar to that in X. 
Then (polygon in X) : (polygon in X’) = d’: d”? [xu. 1] 
=X: S, by hypothesis ; 
and, alternately, 
(polygon in X): X = (polygon in X’): S. 

But (polygon in X) < X; 
therefore (polygon in X’) < S. 

But, by construction. (polygon in X’)> S: 
which is impossible. 

Hence S cannot be /ess than X' as supposed. 


IL Suppose S> X’. 


Since d'':id"-X:S, 

we have, inversely, d^:g*-S:X. 
Suppose that S:X=X':T, 

whence, since S> X’, X>T. [v. 14] 
Consequently d^:d'-X':1, 

where 7 « X. 


This can be proved impossible in exactly the same way as shown in Part I. 
Hence S cannot be greater than X' as supposed. 
Since then S is neither greater nor less than X’, 


S= X', 
and therefore Pid"-X:X. 
With reference to the assumption that there is some space S such that 
d':d^-X:S, 


i.e. that there is a fourth proportional to the areas 4/*, 2^, X, Simson observes 
that it is sufficient, in this and the like cases, that a thing made use of in the 
reasoning can possibly exts?, though it cannot be exhibited by a geometrical 
construction. As regards the assumption see note on v. 18 above. 

There is grave reason for suspecting the genuineness of the Lemma at the 
end of the proposition ; though, if it be rejected, it will be necessary to delete 
the words ‘‘as was before proved” in corresponding places in xil. 5, 18. 

It will be observed that Euclid proves the impossibility in the second case 
by reducing it to the first. If it is desired to prove the second case indepen- 
dently, we must circumscribe successive polygons to the circles instead of 
inscribing them, in the way shown by Archimedes in his first proposition on 
the Measurement of a circle. Of course we require, as a preliminary, the 
proposition corresponding to XII. r, that A 
Similar polygons circumscribed about JAn 
circles are to one another as the squares A \ 


on the diameters. af \ | 
Let A B, A' B' be corresponding sides 

of the two similar polygons. Then cs 

OAB, O' A' B' are equal, since 40, A'O' 

bisect equal angles. 
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Similaly £480 -. A'E'O. 
Therefore As 407, A'O'B' are similar, so that their areas are in the 
duplicate ratio of AB to A'B’. 


The radii OC, O'C' drawn to the points of contact are perpendicular to 

AB, A'B', and it follows that 
AB: A'B'- CO: C'O.. 

Thus the polygons are to one another in the duplicate ratio of the radii, 
and therefore of the diameters. 

Now suppose a square ABCD described about A GK D 
a circle. 

Make an octagon described about the circle by 
drawing tangents at the points Z etc., where OA etc. 
meet the circle. 

Then shall the tangent at E cut off more than 
half of the area between 4X, AA and the arc 
HEK. 

For the angle 4ZG is right, and is therefore 
> LEAG. 





Therefore AG> EG 
> GK. 
Therefore AAGE > AEGK. 
Similarly AAFE > A EFH. 
Hence 4 AFG > $ (re-entrant quadrilateral A HEX), 


and a fortiori, AFG > | (area between AH, AK and the arc). 

Thus the octagon takes from the square more than half the space between 
the square and the circle. 

Similarly, if a figure of 16 equal sides be circumscribed by cutting off 
symmetrically the corners of the octagon, it will take away more than half of 
the space between the octagon and circle. 

Suppose now, with the original notation, that 

@:d°=X:S, 
where S is greater than X’. 

Continue the construction of circumscribed polygons about X’ until the 
total area between the polygon and the circle is less than the difference 
between .$ and X', ie. till 

S> (polygon about X’) > X’. 

Circumscribe a similar polygon about X. 

Then (polygon about X) : (polygon about X’) = d? : d” 


=X: S, by hypothesis, 
and, alternately, 


(polygon about X) : X = (polygon about X’) : S. 


But (polygon about X) > X. 
Therefore (polygon about X") » S. 
But S> (polygon about X’): [above] 


which is impossible. 
Hence SS cannot be greater than X’. 
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Legendre proves this proposition by a method equally rigorous but not, I 
think, possessing any advantages over Euclid’s. It depends on a lemma 
corresponding to Eucl. xit. 16, but with another part added to it. 

Two concentric circles being given, we can always inscribe in the greater a 
regular polygon such that its sides do not meet the circumference of the lesser, and 
we can also circumscribe about the lesser a regular 
polygon such that tts sides do not meet the circum- 8 
Serence of the greater. D 

Let CA, CB be the radii of the circles. 


I. At A on the inner circle draw the tangent 
DE meeting the outer circle in D, Z. 
Inscribe in the outer circle any of the regular 
polygons which we can inscribe, e.g. a square. 
Bisect the arc subtended by a side, bisect 
the half, bisect that again, and so on, until we 
arrive at an arc less than the arc DBE. 
Let this arc be MN, and suppose it so placed 
that Z is its middle point. 
Then the chord AZM is clearly more distant from the centre C than DE 
is; and the regular polygon, of which AZM is a side, does not anywhere meet 
the circumference of the inner circle. 


II. Join CM, CN, meeting DE in P, Q. 
Then PQ will be the side of a polygon circumscribed about the inner 
circle and similar to the polygon inscribed in the outer; 


and the circumscribed pulygon of which PQ is a side will not anywhere meet 
the outer circle. 


Ne 


Legendre now proves xit. 2 after tbe following manner. 
For brevity, let us denote the area of the circle with radius CA by 
(circ. CA). 
Then it is required to prove that, if OB be the radius of a second circle, 
(circ. CA) : (circ. OB) = CA?: OB". 


(TY 
XY 


Suppose, if possible, that this relation is not true. Then CA? will be to 
OF as (circ. CA) is to an area greater or less than (circ. OB). 
I. Suppose, first, that 
CA’: OB = (circ. CA) : (circ. OD), 
where OD is less than OZ. 
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Inscribe in the circle with radius OB a regular polygon such that its sides 
do not anywhere meet the circumference of the circle with centre OD; 


[Lemma] 
and inscribe a similar polygon in the other circle. 


The areas of the polygons will then be in the duplicate ratio of CA to OB, 


or [xu. 1] 
(polygon in circ. CA) : (polygon in circ. OB) 


=CA?:0F 
7 (circ. CA) : (circ. OD), by hypothesis. 
But this is impossible, because the polygon in (circ. CA) is /ess than (cic. 
CA), but the polygon in (circ. OB) is greater than (circ. OD). 
Therefore CA? cannot be to OZ as (circ. CA) is to a /ess circle than 
(circ. OB). 
Il. Suppose, if possible, that 
CA? : OB = (circ. CA) : (some circle > circ. OB). 
Then inversely 
OB : CA* = (circ. OB) : (some circle < circ. CA), 
and this is proved impossible exactly as in Part I. 
Therefore CA’; OB = (circ. CA) : (circ. OB). 


PROPOSITION 3. 


Any pyramid whith has a triangular base is divided into 
two pyramids equal and similar to one another, similar to the 
whole and having triangular bases, and into two equal prisms ; 
and the two prisms are greater than the half of the whole 
pyramid. 


Let there be a pyramid of which the triangle 4 BC is the 

base and the point Ø the vertex ; 
I say that the pyramid ABCD is 
divided into two pyramids equal to 
one another, having triangular bases 
and similar to the whole pyramid, 
and into two equal prisms; and the 
two prisms are greater than the half 
of the whole pyramid. 

For let AB, BC, CA, AD, DB, 
DC be bisected at the points Z, F, ^ - i 
G, A, K, L, and let HE, EG, GH, HK, KL, LH, KF, FG 
be joined. 

Since AE is equal to EB, and AXA to DH, 
therefore £77 is parallel to DZ. [vi. 2] 
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For the same reason 
HK is also parallel to 42. 
Therefore ZZEBK is a parallelogram ; 
therefore AX is equal to EB. (1. 34] 
But £Z is equal to £A; 
therefore AZ is also equal to HX. 
But 4A is also equal to HD ; 
therefore the two sides EA, AH are equal to the two sides 
KH, HD respectively , 
and the angle ZA’ is equal to the angle KHD ; 
therefore the base ÆÆH is equal to the base AD. (1. 4) 


Therefore the triangle 4£// is equal and similar to the 
triangle HKD. 


For the same reason 


the triangle AHG is also equal and similar to the triangle 
ALD. 


Now, since two straight lines EH, HG meeting one 
another are parallel to two straight lines KD, DL meeting 
one another, and are not in the same plane, they wil contain 
equal angles. [xr. 10] 

Therefore the angle EHG is equal to the angle KD. 

And, since the two straight lines EH, HG are equal to the 
two KD, DL respectively, 
and the angle EHG is equal to the angle KDLZ, 
therefore the base EG is equal to the base KZ ; [1 4] 
therefore the triangle EA’G is equal and similar to the 
triangle ADL. 


For the same reasun 


the triangle 44 EG is also equal and similar to the triangle 
HKL. 


Therefore the pyramid of which the triangie 44 EG is the 
base and the point 77 the vertex is equal and similar to the 
pyramid of which the triangle ZZK is the base and the point 
D the vertex. (x1. Def. 10) 


And, since 7X has been drawn parallel.to 48, one of the 
sides of the triangle ADB, 
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the triangle 4DZ is equiangular to the triangle D/A, [1. 29] 

and they have their sides proportional ; 

therefore the triangle ADB is similar to the triangle DAK. 
vi. Def. 1 

For the same reason 
the triangle DBC is also similar to the triangle DAZ, and 
the triangle ADC to the triangle DZ77. 

Now, since the two straight lines B4, AC meeting one 
another are parallel to the two straight lines XH, HL meeting 
one another, not in the same plane, they will contain equal 
angles. [xi. 10] 

Therefore the angle BAC is equal to the angle KHZ. 

And, as BA is to AC, so is KH to HL; 
therefore the triangle ABC is similar to the triangle AXZ. 

Therefore also the pyramid of which the triangle AAC is 
the base and the point D the vertex is similar to the pyramid 
of which the triangle /7'XZ is the base and the point D the 
vertex. 

But the pyramid of which the triangle /Z7K is the base 
and the point D the vertex was proved similar to the pyramid 
of which the triangle ÆG is the base and the point Æ the 
vertex. 

Therefore each of the pyramids AEGH, HKLD is 
similar to the whole pyramid ABCD. 


Next, since BF is equal to FC, 
the parallelogram EBFC is double of the triangle GFC. 

And since, if there be two prisms of equal height, and one 
have a parallelogram as base, and the other a triangle, and if 
the parallelogram be double of the triangle, the prisms are 
equal, [xt. 39] 
therefore the prism contained by the two triangles BKF, 
EHG, and the three parallelograms EBFG, EBKZ, HKFG 
is equal to the prism contained by the two triangles GFC, 
HL KL and the three parallelograms AFCL, LCGH, HKFG. 

And it is manifest that each of the prisms, namely that in 
which the parallelogram EBFG is the base and the straight 
line Æ is its opposite, and that in which the triangle GFC is 
the base and the triangle HAL its opposite, is greater than 
each of the pyramids of which the triangles AEG, HAL are 
the bases and the points ZZ, D the vertices, 
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inasmuch as, if we join the straight lines EZ, EK, the prism 
in which the parallelogram EFG is the base and the straight 
line ZZK its opposite is greater than the pyramid of which the 
triangle EB is the base and the point Æ the vertex. 


But the pyramid of which the triangle EZ is the base 
and the point K the vertex is equal to the pyramid of which 
the triangle A ÆG is the base and the point 77 the vertex ; 


for they are contained by equal and similar planes. 


Hence also the prism in which the parallelogram EBFG 
is the base and the straight line 77K its opposite is greater 
than the pyramid of which the triangle A ZG is the base and 
the point 77 the vertex. 

But the prism in which the parallelogram EBFG is the 
base and the straight line AA its opposite is equal to the 
prism in which the triangle GFC is the base and the triangle 
HKL its opposite, 
and the pyramid of which the triangle AZG is the base and 
the point Æ the vertex is equal to the pyramid of which the 
triangle ZZKL is the base and the point D the vertex. 


Therefore the said two prisms are greater than the said 
two pyramids of which the triangles AEG, HL are the 
bases and the points 77, D the vertices. 

Therefore the whole pyramid, of which the triangle ABC 
is the base and the point D the vertex, has been divided into 
two pyramids equal to one anothcr and into two equal prisms, 
and the two prisms are greater than the half of the whole 
pyramid. 

Q. E. D. 


We will denote a pyramid with vertex D and base ABC by D (ABC) or 
D-ABC and the triangular prism with triangles GCF, HZK for bases by 
(GCF, HLK). 

The following are the steps of the proof. 

I. To prove pyramid Æ (AEG) equal and similar to pyramid D (HAKL). 

Since sides of ^ DAP are bisected at 77, £, K, 

HE || DB, and HK || AB. 

Hence HK = EB= EA, 

HE = KB = DK. 

Therefore (1) As HAE, DHK are equal and similar. 

Similarly (2) As HAG, DHZ are equal and similar. 

Again, LH, HK are respectively || to GA, AZ in a different plane ; 
iherefore LGAE-.LHK. 
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And LH, HK are respectively equal to GA, AE. 

Therefore (3) As GAZ, LAK are equal and similar. 

Similarly (4) As HGE, DLK are equal and similar. 

Therefore [xi. Def. 10) the pyramids Æ (AEG) and D (HKL) are equal 
and similar. 


II. To prove the pyramid D(/7XZ) similar to the pyramid D (42C). 


(1) The As DAK, DAB are equiangular and therefore similar. 
Similarly (2) As DZLH, DCA are similar, as also (3) the As DLA, DCB. 
Again, BA, AC are respectively parallel to KH, HZ in a different plane ; 


therefore LBAC=L KHL. 
And BA: AC- KH : HL. 


Therefore (4) As BAC, KHL are similar. 
Consequently the pyramid D (ABC) is similar to the pyramid D (HKL), 
and therefore also to the pyramid HÆ (AEG). 


III. To prove prism (GCF, HLK) equal to prism (HGE, KFB). 

The prisms may be regarded as having the same Acight (the distance 
between the planes KZ, ABC) and having for bases (1) the 4 CGF and 
(2) the (7 EBFG, which is the double of the A CGF 

Therefore, by xt. 39, the prisms are equal. 


IV. To prove the prisms greater than the small pyramids. 
Prism (ZG £, KB) is clearly greater than pyramid X (EFB) and there- 
fore greater than pyramid H (AEG). 


Therefore each of the prisms is greater than each of the small pyramids ; 


and the sum of the two prisms is greater than the sum of the two small 
pyramids, which, with the two prisms, make up the whole pyramid. 


x PROPOSITION 4. 


Lf there be two pyramids of the same height which have 
triangular bases, and cach of them be divided into two pyramids 
equal to one another and similar (o the whole, and into two 
equal prisms, then, as the base of the one pyramid is to the 
base of the other pyramid, so will all the prisms in the one 
pyramid be to all the prisms, being equal in multitude, in the 
other pyramid. 


Let there be two pyramids of the same height which 
have the triangular bases ABC, DEF, and vertices the 
points G, Æ, 
and let each of them be divided into two pyramids equal to 
one another and similar to the whole and into two equal 
prisms ; [xu. 3] 
I say that, as the base AAC is to the base DEF, so are 
all the prisms in the pyramid ABCG to all the prisms, being 
equal in multitude, in the pyramid DE FA, 
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For, since BO is equal to OC, and AL to LC, 
therefore ZO is parallel to AB, 
and the triangle A BC is similar to the triangle LOC. 





For the same reason 
the triangle DE is also similar to the triangle AF. 
And, since BC is double of CO, and EF of FV, 
therefore, as BC is to CO, so is EF to FV. 


And on BC, CO are described the similar and similarly 
situated rectilineal figures 4 BC, LOC, 


and on EF, FV the similar and similarly situated figures 
DEF, RVF; 


therefore, as the triangle ABC is to the triangle ZOC, so is 
the triangle DEF to the triangle AF; [vi 22] 


therefore, alternately, as the triangle ABC is to the triangle 
DEF, so is the triangle LOC to the triangle RVF. [v. 16] 


But, as the triangle LOC is to the triangle AF, so is 
the prism in which the triangle ZOC is the base and PMA its 
opposite to the prism in which the triangle RVF is the base 
and STU its opposite ; [Lemma following] 


therefore also, as the triangle AAC is to the triangle DEF, 
so is the prism in which the triangle LOC is the base and 
PMN its opposite to the prism in which the triangle RVF 
is the base and STU its opposite. 

But, as the said prisms are to one another, so is the prism 
in which the parallelogram K BOL is the base and the straight 
line PM its opposite to the prism in which the parallelogram 
QEVR is the base and the straight line S7 its opposite. 

[xr. 39; cf. xu. 3] 
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Therefore also the two prisms, that in which the parallelo- 
gram KZOL is the base and P/ its opposite, and that in 
which the triangle LOC is the base and PMN its opposite, 
are to the prisms in which QE VR is the base and the straight 
line SZ its opposite and in which the triangle RVF is the 
base and STU its opposite in the same ratio (v. 12] 

Therefore also, as the base AAC is to the base DEF, so 
are the said two prisms to the said two prisms. 


And similarly, if the pyramids PM NG, STUH be divided 
into two prisms and two pyramids, 
as the base PMA is to the base STU, so will the two prisms 
in the pyramid PNG be to the two prisms in the pyramid 
STUH. 

But, as the base PMN is to the base STU, so is the base 
ABC to the base DEF; 
for the triangles P/N, STU are equal to the triangles LOC, 
RVF respectively. 

Therefore also, as the base AAC is to the base DEF, so 
are the four prisms to the four prisms. 


And similarly also, if we divide the remaining pyramids 
into two pyramids and into two prisms, then, as the base 
ABC is to the base DEF, so will all the prisms in the 
pyramid ABCG be to all the prisms, being equal in multitude, 
in the pyramid DE FH. 


Q. E. D. 


LEMMA. 


But that, as the triangle LOC is to the triangle RVF, 
so is the prism in which the triangle LOC is the base and 
PMN its opposite to the prism in which the triangle RVF is 
the base and STU its opposite, we must prove as follows. 

For in the same figure let perpendiculars be conceived 
drawn from G, ZZ to the planes ABC, DEF; these are of 
course equal because, by hypothesis, the pyramids are of equal 
height. 

Now, since the two straight lines GC and the perpendicular 
from G are cut by the parallel planes 4BC, PMN, 


they will be cut in the same ratios. (xt. 17] 
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And GC is bisected by the plane PVN at NV; 


therefore the perpendicular from GC to the plane ABC will 
also be bisected by the plane PMN. 


For the same reason 


the perpendicular from 77 to the plane DEF will also be 
bisected by the plane STU. 


And the perpendiculars from G, 77 to the planes ABC, 
DEF are equal ; 


therefore the perpendiculars from the triangles PMN, STU 
to the planes ABC, DEF are also equal. 


Therefore the prisms in which the triangles LOC, RVF 
are bases, and PMN, STU their opposites, are of equal 
height. 

Hence also the parallelepipedal solids described from the 
said prisms are of equal height and are to one another as their 
bases ; [xt. 32] 
therefore their halves, namely the said prisms, are to one another 
as the base LOC is to the base RF. 

Q. E. D. 
We can incorporate the lemma at the end of the proposition and sum- 


marise the proof thus. 
Since ZO is parallel to AB, 


As ABC, LOC are similar. 


In like manner As DEF, RVF are similar. 
And, since BC: CO=EF: FV, 
^ABC: ALOC- ^DEF; ^ RVF, (vi. 22] 


and, alternately, 
AABC:ADEF- ALOC:^ARVF. 
Now the prisms (ZOC, PMN) and (RVF, STU) are equal in height : 
for the perpendiculars from G, H on the bases ABC, DEF are divided by 
the planes PMN, STU (parallel to the bases) in the same proportion as GC, 
HF are divided by those planes [x1. 17], i.e. they are bisected ; 


hence the heights of the prisms, being half the equal heights of the pyramids, 
are equal. 


And the prisms are the halves respectively of parallelepipeds of the same 
height on parallelogrammic bases double of the As LOC, RVF respectively ; 
(x1. 28 and note] 


hence they are in the same ratio as those parallelepipeds, and therefore as 
their bases (x1. 32]. 
Therefore 
(prism LOC, PMN): (prism RVF, STU) =ALOC: ORVF 
-AA4BC:A DEF. 
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And since the other prisms in the pyramids are equal to these prisms 
respectively, 
(sum of prisms in GABC) : (sum of prisms in ZDEF)-^ABC:^DEF. 


Similarly, if the pyramids GPMN, HSTU be divided in like manner, and 
also the pyramids PAXZ, SDQR, we shall have e.g. 
(sum of prisms in GPA) : (sum of prisms in HSTU) =A PMN: QSTU 
=AABC:4 DEF, 
and similarly for the second pair of pyramids. 
The process may be continued indefinitely, and we shall always have 
(sum of prisms in GABC) : (sum of prisms in HDEF) =4 ABC: 4 DEF. 


PROPOSITION 5. 


Pyramids which are of the same height and have triangular 
bases are to one another as the bases. 

Let there be pyramids of the same height, of which the 
triangles 4 BC, DEF are the bases and the points G, Æ the 
vertices ; 

I say that, as the base ABC is to the base DEF, so is the 
pyramid ABCG to the pyramid DEFA. 


a 
/ — 
A c D 
o 
B 


For, if the pyramid ABCG is not to the pyramid DEFH 
as the base AAC is to the base DEF, 
then, as the base AAC is to the base DEF, so will the 
pyramid ABCG be either to some solid less than the pyramid 
DE FH or to a greater. 

Let it, first, be in that ratio to a less solid W, and let the 
pyramid DEF FZ be divided into two pyramids equal to one 
another and similar to the whole and into two equal prisms ; 
then the two prisms are greater than the half of the whole 
pyramid. (x. 3] 
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Again, let the pyramids arising from the division be 
similarly divided, 
and let this be done continually until there are left over from 
the pyramid DEF some pyramids which are less than the 
excess by which the pyramid DE FA exceeds the solid W. 
[x. 1) 
Let such be left, and let them be, for the sake of argument, 
DORS, STUH ; 
therefore the remainders, the prisms in the pyramid DEFA, 
are greater than the solid VV. 


Let the pyramid ABCG also be divided similarly, and a 
similar number of times, with the pyramid DE FA ; 
therefore, as the base ABC is to the base DEF, so are the 
prisms in the pyramid ABCG to the prisms in the pyramid 
DEFH. (xu. 4] 

But, as the base 447 C is to the base DEF, so also is the 
pyramid 44 BCG to the solid 77; 
therefore also, as the pyramid ABCG is to the solid W, so 
are the prisms in the pyramid AACG to the prisms in the 
pyramid DEFZ ; [v. 11] 
therefore, alternately, as the pyramid 44 CG is to the prisms 
in it, so is the solid W to the prisms in the pyramid DE FH. 

[v. 16] 

But the pyramid 4B CG is greater than the prisms in it; 
therefore the solid W is also greater than the prisms in the 
pyramid DEFH. 

But it is also less : 
which is impossible. 

Therefore the prism 44 CG is not to any solid less than 
the pyramid DEFH as the base ABC is to the base DEF. 

Similarly it can be proved that neither is the pyramid 
DE FH to any solid less than the pyramid ABCG as the base 
DEF is to the base ABC. 


I say next that neither is the pyramid 4447 CG to any 
solid greater than the pyramid DE FA as the base ABC is 
to the base DEF. 

For, if possible, let it be in that ratio to a greater solid W; 
therefore, inversely, as the base DEF is to the base ABC, 
so is the solid W to the pyramid ABCG. 
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But, as the solid W is to the solid ABCG, so is the 
pyramid D E77 to some solid less than the pyramid A BCG, 


as was before proved ; (xit. 2, Lemma] 


therefore also, as the base DEF is to the base ABC, so is 
the pyramid DEZ to some solid less than the pyramid 
ABCG: I [v. 11] 


which was proved absurd. 


Therefore the pyramid 74 Z CG is not to any solid greater 
than the pyramid DEFH as the base ABC is to the base 
DEF. 

But it was proved that neither is it in that ratio to a less 
solid. 

Therefore, as the base AAC is to the base DEF, so is 
the pyramid ABCG to the pyramid DEFH. 

Q. E. D. 


In the two preceding propositions it has been shown how we can divide a 
pyramid with a triangular base into (1) two equal prisms which are together 
greater than half the pyramid and (2) two equal pyramids similar to the 
original one, and that, if this process be continued with the two pyramids, 
then with the four resulting pyramids, and so on, and if, further, another 
pyramid of the same height as the original one be similarly divided, the sub- 
division being made the same number of times, the sum of all the prisms in 
one pyramid is to the sum of all the prisms in the other as the base of the 
first is to the base of the second. 

We can now prove in the manner of xit. 2 that the volumes of the 
pyramids themselves are as the bases. 

Let us call the pyramids P, P’ and their respective bases B, B’. 


If P:P+B:B, 
suppose that B:B=P:W. 
I. Let Whe < P. 
Divide P” into two prisms and two pyramids, subdivide the latter similarly, 


and so on, until the sum of the pyramids remaining is less than the difference 
between Z’ and W [x. r], so that 


P' » (prisms in P^) » W. 
Then divide P similarly, the same number of times. 
Now (prisms in P) : (prisms in P) 2 : Z (x1. 4] 
=P: W, by hypothesis, 
and, alternately, 
(prisms in P) : P= (prisms in P) : W. 

But (prisms in P) < P; 
therefore (prisms in Z’) < W. 

But, by construction, — (prisms in P^) » W. 

Hence W cannot be less than Z”. 
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II. Suppose, if possible, that. W» P". 
Then, inversely, B:B=W:P. 
=P':V, 
where V is some solid less than P. (Cf. xu. 2, Lemma, and note.] 
But this can be proved impossible exactly as in Part I. 
Therefore W is neither less nor greater than Z”, 
so that B:B'=P:P. 


Legendre, followed by the American editors already mentioned, and by 
others, approaches the subject by a different route, proving the following 
propositions. 


1. If a pyramid be cut by a plane parallel to the base, (a) the lateral edges 
and the height will be cut in the same proportion, (b) the section by the plane 
will be a polygon similar to the buse. 





(a) Since a lateral face VAB of the pyramid V(ABCDE) is cut by two 
parallel planes in 4B, ab, 
AB || ab; 
Similarly BC || 4c, and so on. 
Therefore VA: Va=VB:Vb=VC: We=.... 
And, if VO the height be cut in O, o, 
BO |i 40; and each of the above ratios is equal to VO: Vo. 


(4) Since BA || ba, and BC || bc, 
L ABC - L abc. [x1. ro] 

Similarly for all the other angles of the polygons, which are therefore 
equiangular. 

Also, by similar triangles, 

VA :Va=AB:ab, 

and so on. 

Therefore, by the ratios above, 

4B:ab- BCibcz.... 
Therefore the polygons are similar. 
2. If two pyramids of the same height be cut by planes which ave at the 


Same perpendicular distance from the vertices, the sections are as the respective 
bases. 
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For, if we place the pyramids so that the vertices coincide and the bases 
are in one plane, the planes of the sections will coincide. 
If, e.g., the base of the second pyramid be X YZ and the section xyz, we 
shall have, by the argument of the last proposition, 
VX : Vx - VY :Wy- VZ:iVs- VO:Vo-s VA:Vac..., 
and X YZ, xyz will be similar. 
Now (polygon ABCDE) : (polygon abcde) = AB’: ah 
= VA": Va’, 
and AXYZ : Axyz - XY? ; xy? 
= VX’: Vx 
= VA : Væ. 
Therefore 
(polygon ABCDE) : (polygon abcde) = AX YZ: A xyz. 
As a particular case, if the bases of the two pyramids are equivalent, the 
Sections are also equivalent, 


3. Two triangular pyramids which have equivalent bases and equal heights 
are equivalent. 

Let VABC, vabc be pyramids with equivalent bases ABC, adc, which for 
convenience we will suppose placed in one plane, and let Z4 be the common 
height. 





Then, if the pyramids are not equivalent, one must be greater than the other. 

Let VABC be the greater ; and let 4X be the height of a prisin on ABC 
as base which is equal in volume to the difference of the pyramids. 

Divide the height AZ into equal parts such that each is less than 4X, and 
let each part be equal to z. 

Through the points of division draw planes parallel to the bases cutting 
both pyramids in the sections DEF, GH7,... and def, gAi, .... 

The sections DEF, def will then be equivalent; so will the sections GHI, 
ghi, and so on. ((2) above] 

On the triangles ABC, DEF, GH/,... as bases draw exterior prisms 
having for edges the parts AD, DG, GK, ... of the edge AV; 
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and on the triangles def, ght, ...as bases draw interior prisms having for edges 
the parts ad, dg, ... of av. 


All the partial prisms will then have the same height z. 


Now the sum of the exterior prisms of the pyramid VABC is greater than 
that pyramid ; 
and the sum of the interior prisms in the pyramid vaéc is /ess than that 
pyramid. 

Consequently the difference between the sum of the first set of prisms and 


the sum of the second set of prisms is greater than the difference between the 
two pyramids. 


Again, if we start from the bases ABC, adc, the second exterior prism 
DEFG is equivalent to the first interior prism defa, since their bases are 
equivalent and they have the same height z. [xt. 28 and note ; xi. 32] 

Similarly the third exterior prism is equivalent to the second interior 
prism, and so on, until we arrive at the last of each. 

Therefore the prism ABCD, the first exterior prism, is the difference 
between the sums of the exterior and interior prisms respectively. 

Therefore the difference between the iwo pyramids is /ess than the prism 
ABCD, which should therefore be greater than the prism with base ABC 
and height AX. 

But the prism ABCD is, by hypothesis, less than the latter prism : 
which is impossible. 

Consequently the pyramid VABC cannot be greater than the pyramid 
vabe. 

Similarly it may be proved that vadc cannot be greater than VA BC. 

Therefore the pyramids are egutvadent. 


Legendre next establishes a proposition corresponding to Eucl. xu. 7, viz. 


4. Any triangular pyramid ts one third of the triangular prism on the same 
base and of the same height, 


and from this he deduces that 


Cor. The volume of a triangular pyramid is equal to a third of the product 
of its base by tts height. 

He has previously proved that the volume of a triangular prism is equal to 
the product of its base and height, since (1) the prism is half of a parallele- 
piped of the same height and with a parallelogram for base which is double of 
the base of the prism, and (2) this parallelepiped can be transformed into an 
equivalent rectangular parallelepiped with the same height and an equivalent 
base. 

The theorem (4) is then extended to any pyramid in the proposition 


. Any pyramid has for its measure the third part of the product of its base 
and tts height, from which follow 


Cor. I. Any pyramid is the third part of the prism on the same base and 
of the same height. 

Cor. II. Two pyramids of the same height are to one another as thar 
bases, and two pyramids on the same base are to one another as their heights. 


The first part of the second corollary corresponds to the present 
proposition as extended by the next, xit. 6, 
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PnorostiTION 6. 


Pyramids which ave of the same height and have polygonal 
bases are to one another as the bases. 


Let there be pyramids of the same height of which the 
polygons ABCDE, FGHKL are the bases and the points 
M, N the vertices ; 

I say that, as the base ABCDE is to the base FGHKL, 
so is the pyramid A4BCDEM to the pyramid FGZKLN. 


M N 


E F 


For let AC, AD, FH, FK be joined. 

Since then ABCM, ACDM are two pyramids which have 
triangular bases and equal height, 
they are to one another as the bases ; [xir. 5] 
therefore, as the base AAC is to the base ACD, so is the 
pyramid 4 BCM to the pyramid ACDM. 

And, componendo, as the base ABCD is to the base 4 CD, 
so is the pyramid ABCDM to the pyramid ACDM. _ [v. 18] 

But also, as the base 4CD is to the base ADE, so is the 
pyramid ACDM to the pyramid ADEM. (xi. 5] 

Therefore, ex aequa/t, as the base ABCD is to the base 
ADE, so is the pyramid ABCDM to the pyramid ADEM. 


[v. 22] 

And again componendo, as the base ABCDE is to the 
base ADE, so is the pyramid ABCDEM to the pyramid 
ADEM. [v. 18] 


Similarly also it can be proved that, as the base FGHKL 
is to the base FGH, so is the pyramid FGHKLAN to the 
pyramid FGAN. 
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And, since ADEM, FGHN are two pyramids which have 
triangular bases and equal height, 
therefore, as the base ADE is to the base FGH, so is the 
pyramid ADEM to the pyramid FGHN. [xu. 5] 

But, as the base ADE is to the base ABCDE, so was 
the pyramid ADEM to the pyramid ABCDEM. 

Therefore also, ex aegualz, as the base ABCDE is to the 
base FGH, so is the pyramid 4BCDEM to the pyramid 
FGHN. [v. 22] 

But further, as the base FGA is to the base FGHKL, so 
also was the pyramid FGZZN to the pyramid FGHKLN. 

Therefore also, ex aeguali, as the base ABCDE is to the 
base FG7KL, so is the pyramid ABCDEM to the pyramid 
FGHKLN. [v. 22] 

Q. E. D. 


It will be seen that, in order to obtain the proportion 
(base ABCDE) : AADE = (pyramid MABCDE) : (pyramid MADE), 


Euclid employs v. 18 (componendo) twice over, with an ex aequali step [v. 22] 
intervening. 


We might arrive at it more concisely by using v. 24 extended to any 
number of antecedents. 


Thus 
ABC :S ADE = (pyramid MABC) : (pyramid MADE), 
SACD :AADE = (pyramid MACD) : (pyramid MADE), 

and lastly 

SADE: SADE = (pyramid MADE) : (pyramid MADE). 

Therefore, adding the antecedents [v. 24], we have 

(polygon ABCDE) : 4 ADE = (pyramid M/A BCDE) : (pyramid MADE). 

Again, since the pyramids MADE, NFGH are of the same height, 

SADE : 4 FGH = (pyramid MADE) : (pyramid NFGH). 


Lastly, using the same argument for the pyramid JVFGZZKL as for 
MABCDE, and inverting, we have 


A FGH : (polygon FGHKL) = (pyramid NFG#H) : (pyramid NFGHKL). 
Thus from the three proportions, ¢x acguali, 
(polygon ABCDE) : (polygon FGHKL) 
= (pyramid 474 BCDE) : (pyramid VFGHKL). 
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PROPOSITION 7. 


Any prism which has a triangular base ts divided into three 
pyramids equal to one another which have triangular bases. 


Let there be a prism in which the triangle ABC is the 
base and DEF its opposite ; 
I say that the prism ABCDEF is x 
divided into three pyramids equal to 
one another, which have triangular P 
bases. \ 
For let BD, EC, CD be joined. 
Since ABED is a parallelogram, 
and BD is its diameter, 
therefore the triangle ABD is equal 9 A 
to the triangle EBD; [1. 34] 
therefore also the pyramid of which the triangle 4BD is the 
base and the point C the vertex is equal to the pyramid of 
which the triangle DEZ is the base and the point C the 
vertex. [xu. 5) 
But the pyramid of which the triangle DEB is the base 
and the point C the vertex is the same with the pyramid of 
which the triangle EBC is the base and the point D the 
vertex ; 
for they are contained by the same planes. 
Therefore the pyramid of which the triangle ABD is the 
base and the point C the vertex is also equal to the pyramid 
of which the triangle EBC is the base and the point D the 


vertex. 


Again, since FCBE is a parallelogram, 
and CE is its diameter, 
the triangle CE is equal to the triangle CBE. [. 34] 
Therefore also the pyramid of which the triangle BCE is 
the base and the point D the vertex is equal to the pyramid 
of which the triangle ECF is the base and the point D the 
vertex. fxn, 5] 
But the pyramid of which the triangle BCE is the base 
and the point D the vertex was proved equal to the pyramid 
of which the triangle 447 is the base and the point C the 
vertex ; 
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therefore also the pyramid of which the triangle CE is the 
base and the point D the vertex is equal to the pyramid of 
which the triangle ABD is the base and the point C the 
vertex ; 


therefore the prism ABCDEF has been divided into three 


pyramids equal to one another which have triangular bases. 


And, since the pyramid of which the triangle ABD is the 
base and the point C the vertex is the same with the pyramid 
of which the triangle CAB is the base and the point D the 
vertex, 
for they are contained by the same planes, 


while the pyramid of which the triangle 42D is the base and 
the point C the vertex was proved to be a third of the prism 
in which the triangle 4BC is the base and D£F its opposite, 


therefore also the pyramid of which the triangle ABC is the 
base and the point D the vertex is a third of the prism which 
has the same base, the triangle ABC, and DEF as its 


opposite. 


Porism. From this it is manifest that any pyramid is a 
third part of the prism which has the same base with it and 
equal height. 

Q. E. D. 


If we denote by C-4D a pyramid with vertex C and base 43D, Euclid's 
argument is easily followed thus. 

The £7 ABED being bisected by BD, 

(pyramid C-422) - (pyramid C-DEPB) (xu. 5] 
= (pyramid 2-EZC). 

And, the O EBCF being bisected by EC, 

(pyramid D-EZC) - (pyramid D-ECF). 

Thus (pyramid C-48D) = (pyramid D-£BC) = (pyramid D-ECF), and 
these three pyramids make up the whole prism, so that each is one-third of the 
prism. 

And, since (pyramid C-ABD) = (pyramid D-ABC), 

(pyramid D-ABC) = } (prism ABC, DEF). 


PROPOSITION 5. 


Similar pyramids which have triangular bases are in the 
triplicate ratio of their corresponding sides. 


Let there be similar and similarly situated pyramids of 
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which the triangles A&C, DEF are the bases and the points 
G, H the vertices ; 

I say that the pyramid ABCG has to the pyramid DEFH 
the ratio triplicate of that which BC has to EF. 





For let the parallelepipedal solids BGML, EHQP be 
completed. 

Now, since the pyramid ABCG is similar to the pyramid 
DEFH, 


therefore the angle ABC is equal to the angle DEF, 
the angle GAC to the angle HEF, 
and the angle 4AG to the angle DEH; 
and, as 4B is to DE, so is BC to EF, and BG to EH. 
And since, as AB is to DE, so is BC to EF, 
and the sides are proportional about equal angles, 
therefore the parallelogram BM is similar to the parallelo- 
gram £Q. 
For the same reason 
BN is also similar to ER, and BK to EO; 


therefore the three parallelograms WB, BK, BN are similar 
to the three EQ, ZO, ER. 
But the three parallelograms MB, BK, BN are equal and 
similar to their three opposites, 
and the three EQ, ZO, ER are equal and similar to their 
three opposites. [xi. 24] 
Therefore the solids BGML, EHQP are contained by 
similar planes equal in multitude. 
Therefore the solid BGML is similar to the solid FH QP. 
But similar parallelepipedal solids are in the triplicate ratio 
of their corresponding sides. [x- 33] 
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Therefore the solid /G/ZL has to the solid EZZQP the 
ratio triplicate of that which the corresponding side BC has to 
the corresponding side E. 

But, as the solid BGMZL is to the solid E77QP, so is the 
pyramid A BCG to the pyramid DE FH, 


inasmuch as the pyramid is a sixth part of the solid, because 

the prism which is half of the parallelepipedal solid (x1. 28] is 

also triple of the pyramid. [xu 7] 

Therefore the pyramid ABCG also has to the pyramid 
DEFH the ratio triplicate of that which BC has to EF. 
Q. E. D. 


PonisM. From this it is manifest that similar pyramids 
which have polygonal bases are also to one another in the 
triplicate ratio of their corresponding sides. 

For, if they are divided into the pyramids contained in 
them which have triangular bases, by virtue of the fact that 
the similar polygons forming their bases are also divided into 
similar triangles equal in multitude and corresponding to the 
wholes [v1. 20], 
then, as the one pyramid which has a triangular base in the 
one complete pyramid is to the one pyramid which has a 
triangular base in the other complete pyramid, so also will all 
the pyramids which have triangular bases contained in the 
one pyramid be to all the pyramids which have triangular 
bases contained in the other pyramid [v. 12], that is, the 
pyramid itself which has a polygonal base to the pyramid 
which has a polygonal base. 


But the pyramid which has a triangular base is to the 
pyramid which has a triangular base in the triplicate ratio of 
the corresponding sides ; 


therefore also the pyramid which has a polygonal base has to 
the pyramid which has a similar base the ratio triplicate of 
that which the side has to the side. 


It is at once proved that, the pyramids being similar, the parallelepipeds 
constructed as shown in the figure are also similar. 

Consequently, as these latter are in the triplicate ratio of their corre- 
sponding sides [xi. 33), so are the pyramids which are their sixth parts 
respectively (being one third of the respective prisms on the same bases, i.e. 
of the halves of the respective parallelepipeds, x1. 28). 

As the Porism is not used where Euclid might have been expected io use 
it (see note on xit. 12, p. 416), there is some reason to doubt its genuineness. 
P only has it in the margin, though in the first hand. 
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PROPOSITION 9. 


In equal pyramids which have triangular bases the bases 
are reciprocally proportional to the heights; and those pyramids 
in which the bases are reciprocally proportional to the heights 
are equal. 


For let there be equal pyramids which have the triangular 
bases ABC, DEF and vertices the points G, ZZ; 


I say that in the pyramids ABCG, DEFH the bases are 
reciprocally proportional to the heights, that is, as the base 
ABC is to the base DEF, so is the height of the pyramid 
DE FH to the height of the pyramid AACG. 


H o 


AD^ UN 
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For let the parallelepipedal solids BGML, EHQP be 
completed. 

Now, since the pyramid AACG is equal to the pyramid 
DEFH, 
and the solid BGMZ is six times the pyramid A BCG. 
and the solid E/7QP six times the pyramid DE FH, 
therefore the solid BGML is equal to the solid EHQP. 

But in equal parallelepipedal solids the bases are recipro- 
cally proportional to the heights ; [xi. 34] 
therefore, as the base BM is to the base £Q, so is the height 
of the solid E77QP to the height of the solid BGM L. 

But, as the base BM is to EQ, so is the triangle ABC to 
the triangle DEF, (1. 34] 

Therefore also, as the triangle AAC is to the triangle 
DEF, so is the height of the solid EZZQP to the height of 
the solid BGML. (v. 11] 
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But the height of the solid E/QP is the same with the 
height of the pyramid DE FH, 
and the height of the solid BGMZL is the same with the 
height of the pyramid A BCG, 
therefore, as the base AAC is to the base DEF, so is the 
height of the pyramid DEFH to the height of the pyramid 
ABCG. 

Therefore in the pyramids ABCG, DEFH the bases are 
reciprocally proportional to the heights. 


Next, in the pyramids ABCG, DEFH let the bases be 
reciprocally proportional to the heights ; 
that is, as the base 4 AC is to the base DEF, so let the height 
of the pyramid DEFH be to the height of the pyramid 
ABCG; 

I say that the pyramid ABCG is equal to the pyramid 
DEFH. 

For, with the same construction, 
since, as the base ABC is to the base DEF, so is the height 
of the pyramid DEF// to the height of the pyramid ABCG, 
while, as the base AAC is to the base DEF, so is the 
parallelogram BM to the parallelogram £Q, 
therefore also, as the parallelogram BM is to the parallelogram 
EQ, so is the height of the pyramid DEFH to the height of 
the pyramid ABCG, [v. 11) 

But the height of the pyramid DEFH is the same with 
the height of the parallelepiped E77QP, 
and the height of the pyramid 44BCG is the same with the 
height of the parallelepiped BGML ; 
therefore, as the base BM is to the base EQ, so is the height 
of the parallelepiped E/7QP to the height of the parallelepi- 
ped BGML. 

But those parallelepipedal solids in which the bases are 
reciprocally proportional to the heights are equal ; [x1. 34] 
therefore the parallelepipedal solid BGAWL is equal to the 
parallelepipedal solid ZHQP. 

And the pyramid AB&CG is a sixth part of BGML, and 
the pyramid DEFZ a sixth part of the parallelepiped 
EHQP ;: 
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therefore the pyramid 4 BCG is equal to the pyramid DEF. 
Therefore etc 
Q. E. D. 


The volumes of the pyramids are respectively one sixth part of the volumes 
of the parallelepipeds described, as in the figure, on double the bases and with 
the same heights as the pyramids. 


I Thus the parallelepipeds are equal ií the pyramids are equal. 


And, the parallelepipeds being equal, their bases are reciprocally propor- 
tional to their heights ; (xt. 34) 


hence the bases of the equal pyramids (which are the halves of the bases of 
the parallelepipeds) are proportional to their heights. 


II. If the bases of the pyramids are reciprocally proportional to their 
heights, so are the bases of the parallelepipeds to their heights (since the bases 
of the parallelepipeds are double of the bases of the pyramids respectively). 

Consequently the parallelepipeds are equal. (x1. 34] 

"Therefore their sixth parts, the pyramids, are also equal. 


PROPOSITION ro. 


Any cone is a third part of the cylinder which has the same 
base with il and egual height. 


For let a cone have the same base, namely the circle 
ABCD, with a cylinder and equal 
height ; 

I say that the cone is a third part 
of the cylinder, that is, that the 
cylinder is triple of the cone. 

For if the cylinder is not triple 
of the cone, the cylinder will be 
either greater than triple or less 
than triple of the cone. 

First let it be greater than 
triple, 
and let the square ABCD be 
inscribed in the circle ABCD; (tv. 6] 


then the square ABCD is greater than the half of the circle 
ABCD. 


From the square ABCD let there be set up a prism of 
equal height with the cylinder. 


Then the prism so set up is greater than the half of the 
cylinder, 
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inasmuch as, if we also circumscribe a square about the circle 
A BCD[v. 7], the square inscribed in the circle ABCD is half 
of that circumscribed about it, 


and the solids set up from them are parallelepipedal prisms of 
equal height, 
while parallelepipedal solids which are of the same height are 
to one another as their bases ; [xt. 32] 
therefore also the prism set up on the square 48CD is half 
of the prism set up from the square circumscribed about the 
circle ABCD; (cf. x1. 28, or xit. 6 and 7, Por.] 
and the cylinder is less than the prism set up from the square 
circumscribed about the circle ABCD, 
therefore the prism set up from the square ABCD and of 
equal height with the cylinder is greater than the half of the 
cylinder. 

Let the circumferences 42, BC, CD, DA be bisected at 
the points £, F, G, Ħ, 
and let AZ, EB, BF, FC, CG, GD, DH, HA be joined; 
then each of the triangles AEB, BFC, CGD, DHA is greater 
than the half of that segment of the circle ABCD which is 
about it, as we proved before. [xit. 2] 


On each of the triangles AEB, BFC, CGD, DHA let 
prisms be set up of equal height with the cylinder ; 


then each of the prisms so set up is greater than the half part 
of that segment of the cylinder which is about it, 


inasmuch as, if we draw through the points E, F, G, H 
parallels to AB, BC, CD, DA, complete the parallelograms 
on AB, BC, CD, DA, and set up from them parallelepipedal 
solids of equal height with the cylinder, the prisms on the 
triangles AEB, BFC, CGD, DHA are halves of the several 


solids set up; 
and the segments of the cylinder are less than the parallelepi- 
pedal solids set up ; 


hence also the prisms on the triangles AEB, BFC, CGD, 
DHA are greater than the half of the segments of the 
cylinder about them. 


Thus, bisecting the circumferences that are left, joining 
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straight lines, setting up on each of the triangles prisms of 

equal height with the cylinder, 

and doing this continually, 

we shall leave some segments of the cylinder which will be 

less than the excess by which the cylinder exceeds the triple 

of the cone. (x. 1] 
Let such segments be left, and let them be AE, EP, BF, 

FC, CG, GD, DA, HA; 


therefore the remainder, the prism of which the polygon 
AEBFCGDH is the base and the height is the same as that 
of the cylinder, is greater than triple of the cone. 


But the prism of which the polygon AE BFCGDA is the 
base and the height the same as that of the cylinder is triple 
of the pyramid of which the polygon AE BFCGDH is the 
base and the vertex is the same as that of the cone ; [xir. 7, Por.] 


therefore also the pyramid of which the polygon AEBFCGDH 
is the base and the vertex is the same as that of the cone is 
greater than the cone which has the circle 4 BCD as base. 


But it is also less, for it is enclosed by it: 
which is impossible. 
Therefore the cylinder is not greater than triple of the cone. 


I say next that neither is the cylinder less than triple of 
the cone, 


For, if possible, let the cylinder be less than triple of the 
cone, 


therefore, inversely, the cone is greater than a third part of 
the cylinder. 


Let the square 4 BCD be inscribed in the circle ABCD ; 


therefore the square ABCD is greater than the half of the 
circle 4 BCD. 


Now let there be set up from the square A BCD a pyramid 
having the same vertex with the cone ; 


therefore the pyramid so set up is greater than the half part 
of the cone, 


seeing that, as we proved before, if we circumscribe a square 
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about the circle, the square ABCD will be half of the square 
circumscribed about the circle, 

and if we set up from the squares parallelepipedal solids of 
equal height with the cone, which are also called prisms, the 
solid set up from the square ABCD will be half of that set up 


from the square circumscribed about the circle; 
for they are to one another as their bases. [xr. 32] 


Hence also the thirds of them are in that ratio ; 
therefore also the pyramid of which the square ABCD is the 
base is half of the pyramid set up from the square circum- 
scribed about the circle. 

And the pyramid set up from the square about the circle 
is greater than the cone, 
for it encloses it. 

Therefore the pyramid of which the square ABCD is the 
base and the vertex is the same with that of the cone is 
greater than the half of the cone. 

Let the circumferences 48, BC, CD, DA be bisected at 
the points E, F, G, 77, 
and let AZ, EB, BF, FC, CG, GD, DH, HA be joined; 
therefore also each of the triangles AEB, BFC, CGD, DHA 
is greater than the half part of that segment of the circle 
ABCD which is about it. 

Now, on each of the triangles AEB, BFC, CGD, DHA 
let pyramids be set up which have the same vertex as the 
cone ; 
therefore also each of the pyramids so set up is, in the same 
manner, greater than the half part of that segment of the cone 
which is about it, 

Thus, by bisecting the circumferences that are left, joining 
straight lines, setting up on each of the triangles a pyramid 
which has the same vertex as the cone, 
and doing this continually, 
we shell leave some segments of the cone which will be less 
than the excess by which the cone exceeds the third part of 
the cylinder. [x. 1] 

Let such be left, and let them be the segments on AZ, 
EB, BF, FC, CG, GD, DH, HA ; 
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therefore the remainder, the pyramid of which the polygon 
AEBFCGDH is the base and the vertex the same with that 
of the cone, is greater than a third part of the cylinder. 


But the pyramid of which the polygon 4EBAFCGDH is 
the base and the vertex the same with that of the cone is a 
third part of the prism of which the polygon AEBFCGDH 
is the base and the height is the same with that of the 
cylinder ; 
therefore the prism of which the polygon A4EBFCGDH is 
the base and the height is the same with that of the cylinder 
is greater than the cylinder of which the circle ABCD is the 
base. 


But it is also less, for it is enclosed by it: 
which is impossible. 
Therefore the cylinder is not less than triple of the cone. 


But it was proved that neither is it greater than triple ; 
therefore the cylinder is triple of the cone; 
hence the cone is a third part of the cylinder. 


Therefore etc. 
Q. E. D. 


We observe the use in this proposition of the term “ parallelepipedal 
prism," which recalls Heron's “ parallelogrammic” or “ parallel-sided prism.” 

The course of the proof is exactly the same as in x11. 2, except that an 
arithmetical fraction takes the place of a ratio which, being incommensurable, 
could only be expressed as a ratio. Consequently we do not need proportions 
in this proposition, as we did in x11. 2, and shall again in xii. 11, etc. 

Euclid exhausts the cylinder and cone respectively by setting up prisms 
and pyramids of the same height on the successive regular polygons inscribed 
in the circle which is the common base, viz. the square, the regular polygon 
of 8 sides, that of 16 sides, etc. 

If AB be the side of one polygon, we obtain two sides of the next by 
bisecting the arc ACB and joining AC, CB. Draw the 
tangent DE at C and complete the parallelogram 
ABED — 

A B 

Now suppose a prism erected on the polygon of 
which AZ is a side, and of the same height as that of 
the cylinder. 

To obtain the prism of the same height on the next 
polygon we add all the triangular prisms of the same 
height on the bases 4 C7 and the rest. 

Now the prism on ACA is half the prism of the 
same height on the (7 ABED as base. 

[cf. x1. 28] 
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And the prism on C7 ABED includes, and is greater than, the portion of 
the cylinder standing on the segment ACB of the circle. 

The same thing is true in regard to the other sides of the polygon of 
which AB is one side. 

_Thus the process begins with a prism on the square inscribed in the circle, 
which is more than half the cylinder, the next prism (with eight lateral faces) 
takes away more than half the remainder, and so on; 
hence (x. t], if we proceed far enough, we shall ultimately arrive at a prism 
leaving over portions of the cylinder together less than any assigned volume. 

The construction of pyramids on the successive polygons exhausts the cone 
in exactly the same way. 

Now, if the cone is not equal to one-third of the cylinder, it must be either 
greater or less. 


I. Suppose, if possible, that, V, O being their volumes respectively, 
O» 3V. 

Construct successive inscribed polygons in the bases and prisms on them 
until we arrive at a prism P leaving over portions of the cylinder together less 
than (O- 3V), i.e. such that 

O> P> 3V. 

But P is triple of the pyramid on the same base and of the same height ; 

and this pyramid is included by, and is therefore less than, V; 


therefore P «53V. 
But, by construction, P>3V: 
which is impossible. 
Therefore O > 3V. 
II. Suppose, if possible, that O < 3 V. 
Therefore V> 0. 


Construct successive pyramids in the cone in the manner described until 
we arrive at a pyramid Il leaving over portions oí the cone together less than 
(V — $O), ie. such that 

V »II-40O. 

Now Il is one-third of the prism on the same base and of the same height; 
and this prism is included by, and is therefore less than, the cylinder ; 
therefore Il « 1O. 

But, by construction, II »- 10: 
which is impossible. 

Therefore O is neither greater nor less than 3 V, so that 

O - 3. 

It will be observed that here, as in xir. 2, Euclid always ex/tawsts the solid 
by (as it were) building up to it from inside. Hence the solid to be exhausted 
must, with him, be supposed greater than the solid to which it is to be proved 
equal; and this is the reason why, in the second part, the initial supposition 
is turned round. 

In this case too Euclid might have approximated to the cone and cylinder 
by circumscribing successive pyramids and prisms in the way shown, after 
Archimedes, in the note on xii. 2. 
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PROPOSITION II. 


Cones and cylinders which are of the same height are to 
one another as their bases. 


Let there be cones and cylinders of the same height, 


let the circles ABCD, EFGH be their bases, KL, MAN their 
axes and AC, EG the diameters of their bases ; 


I say that, as the circle ABCD is to the circle EFGH, so is 
the cone AZL to the cone EN. 


D 
: T, "L 
A Ce 
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For, if not, then, as the circle ABCD is to the circle 
EFGH, so will the cone AZ be either to some solid less 
than the cone EM or to a greater. 

First, let it be in that ratio to a less solid O, and let the 
solid X be equal to that by which the solid O is less than the 
cone EN ; 
therefore the cone ÆN is equal to the solids O, X. 

Let the square EFG/ be inscribed in the circle EFGH ; 


therefore the square is greater than the half of the circle. 


Let there be set up from the square EFGH a pyramid of 
equal height with the cone ; 





therefore the pyramid so set up is greater than the half of the 
cone, 


inasmuch as, if we circumscribe a square about the circle, and 
set up from it a pyramid of equal height with the cone, the 
inscribed pyramid is half of the circumscribed pyramid, 


for they are to one another as their bases, [xn. 6] 
while the cone is iess than the circumscribed pyramid. 


xin. 11] PROPOSITION 1: 497 


Let the circumferences EF, FG, GH, HE be bisected at 
the points P, Q, R, S, 
and let HP, PE, EQ, OF, FR, RG, GS, SH be joined. 

Therefore each of the triangles HPE, EQF, FRG, GSH 
is greater than the half of that segment of the circle which is 
about it. 

On each of the triangles ZZP£, EQF, FRG, GSH let 
there be set up a pyramid of equal height with the cone ; 
therefore, also, each of the pyramids so set up is greater than 
the half of that segment of the cone which is about it. 

Thus, bisecting the circumferences which are left, joining 
straight lines, setting up on each of the triangles pyramids of 
equal height with the cone, 
and doing this continually, 
we shall leave some segments of the cone which will be less 
than the solid X. (x. 1] 

Let such be left, and let them be the segments on 77P, 
PE. EQ, QF, FR, RG, GS, SH; 
therefore the remainder, the pyramid of which the polygon 
HPEQFRGS is the base and the height the same with that 
of the cone, is greater than the solid O. 


Let there also be inscribed in the circle ABCD the 
polygon DTAUBVCW similar and similarly situated to the 
polygon ZZPEQFRGS, 
and on it let a pyramid be set up of equal height with the cone 
AL. 

Since then, as the square on AC is to the square on EG, so 
is the polygon D7A UBVC W to the polygon ee 

XM. I 
while, as the square on AC is to the square on ZG, so is the 
circle ABCD to the circle £FGZ, [xu 2] 
therefore also, as the circle ABCD is to the circle EFG, so 
is the polygon D7A UBVCW to the polygon HPEQFRGS. 

But, as the circle ABCD is to the circle EFGH, so is the 
cone AZ to the solid O, 
and, as the polygon DTAUBVCW is to the polygon 
HPEQFRGS, so is the pyramid of which the polygon 
DTAUBVCW is the base and the point Z the vertex to the 
pyramid of which the polygon HPEQFAGS is the base and 
the point V the vertex. (x11. 6] 
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Therefore also, as the cone AZ is to the solid O, so is the 
pyramid of which the polygon D774 UB VCW is the base and 
the point Z the vertex to the pyramid of which the polygon 
HPEQFRGS is the base and the point X the vertex ; |v. 11] 
therefore, alternately, as the cone AZ is to the pyramid in it, 
so is the solid O to the pyramid in the cone EN. (v. 16] 

But the cone AZ is greater than the pyramid in it ; 
therefore the solid O is also greater than the pyramid in the 
cone EN. 

But it is also less: 
which is absurd. 


Therefore the cone AZ is not to any solid less than the 
cone ZW as the circle 4 ABCD is to the circle EFGH. 


Similarly we can prove that neither is the cone EN to 
any solid less than the cone AZ as the circle E*GH is to the 
circle ABCD. 


I say next that neither is the cone AZ to any solid greater 
than the cone EN as the circle ABCD is to the circle 
EFGH. 

For, if possible, let it be in that ratio to a greater solid O; 
therefore, inversely, as the circle EFGH is to the circle 
ABCD, so is the solid O to the cone AL. 

But, as the solid O is to the cone AZ, so is the cone EN 
to some solid less than the cone AZ ; 
therefore also, as the circle EGA is to the circle Jd BCD, so 
is the cone EV to some solid less than the cone AZ : 
which was proved impossible. 

Therefore the cone AZ is not to any solid greater than 
the cone ÆN as the circle ABCD is to the circle EFGH. 

But it was proved that neither is it in this ratio to a less 
solid ; 
therefore, as the circle ABCD is to the circle EFGH. so is 
the cone AZ to the cone EW. 


But, as the cone is to the cone, so is the cylinder to the 
cylinder, 
for each is triple of each ; (xu. 10] 
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Therefore also, as the circle ABCD is to the circle 
EFGH, so are the cylinders on them which are of equal 
height. 

Therefore etc. 

Q. E. D. 


We need not again repeat the preliminary construction of successive 
pyramids and prisms exhausting the cones and cylinders. 
Let Z, Z' be the volumes of the two cones, £, f’ their respective bases. 


If B:B'*2Z:Z, 
then must B:B=Z:90, 
where O is either less or greater than Z’. 


I. Suppose, if possible, that O is %ss than Z’. 


Inscribe in Z' a pyramid (Il') leaving over portions of it together less than 
(Z' - O), i.e. such that 
Z> M> 0. 
Inscribe in Z a pyramid II on a polygon inscribed in the circular base of 
Z similar to the polygon which is the base of II'. 
Now, if d, Z' be the diameters of the bases, 


B:B =d?:d" [xi 2] 
= (polygon in f) : (polygon in 8) (xu. r] 
=: [xu. 6] 
Therefore Z:0-1:Ir, 
and, alternately, Z:N=0:1TW’. 
But Z> TI, since it includes it ; 
therefore 0> WU. 
But, by construction, QO«YI': 
which is impossible. 
Therefore O4 Z. 
II. Suppose, if possible, that 
B:Bg'-2:0, 
where O is greater than 7’. 
Therefore B:g-0:Z, 
where O is some solid less than Z 
That is, B:B=2':0, 


where O < Z. 


This is proved impossible exactly in the same way as the assumption in 
Part I. was proved impossible. 


Therefore Z has not either to a less solid than Z' or to a greater solid than 
Z the ratio of B to f'; 


therefore B:B=Z2:2. 
The same is true of the cylinders which are equal to 3Z, 3Z' respectively. 
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PROPOSITION !2. 


Similar cones and cylinders are to one another in the 
triplicate ratio of the diameters in. their. bases. 


Let there be similar cones and cylinders, 

let the circles ABCD, EFGH be their bases, BD, FH the 
diameters of the bases, and XZ, MN the axes of the cones 
and cylinders ; 

I say that the cone of which the circle 4 BCD is the base and 
the point Z the vertex has to the cone of which the circle 
EFGH is the base and the point AV the vertex the ratio 
triplicate of that which BD has to FH. 





For, if the cone A BCDZL has not to the cone EFGHN 
the ratio triplicate of that which BD has to FH, 
the cone ABCDL will have that triplicate ratio either to 
some solid less than the cone EFGHWN or to a greater. 

First, let it have that triplicate ratio to a less solid O. 

Let the square £ FG be inscribed in the circle EFGH ; 

(1v. 6] 

therefore the square E/GA/ is greater than the half of the 
circle EFGH. 

Now let there be set up on the square E¥GH/ a pyramid 
having the same vertex with the cone ; 
therefore the pyramid so set up is greater than the half part 
of the cone. 
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Let the circumferences EF, FG, GH, HE be bisected at 
the points P, Q, R, S, 
and let EP, PF, FO, OG, GR, RH, HS, SF be joined. 

Therefore each of the triangles EPF, - JG, GRH, HSE 
is also greater than the half part of that segment of the circle 
EFGH which is about it. 

Now on each of the triangles EPF, FOG, GRH, HSE 
let a pyramid be set up having the same vertex with the cone; 
therefore each of the pyramids so set up is also greater than 
the half part of that segment of the cone which is about it. 

Thus, bisecting the circumferences so left, joining straight 
lines, setting up on each of the triangle- pyramids having the 
same vertex with the cone, 
and doing this continually, 
we shall leave some segments of the cone which will be less 
than the excess by which the cone EFGHWN exceeds the 
solid O. (x. 1] 

Let such be left, and let them be the segmer. 3 on EP, 
PF, FQ, OG, GR, RH, HS, SE; 
therefore the remainder, the pyramid of which the polygon 
EPFQGRHS is the base and the point /V the vertex, is 
greater than the solid O. 


Let there be also inscribed in the circle ABCD the 
polygon 4 7BUCVDW similar and similarly situated to the 
polygon EPFQGRHS, 
and let there be set up on the polygon ATBL’'CVDW a 
pyramid having the same vertex with the cone; 
of the triangles containing the pyramid of which the polygon 
ATBUCVDW is the base ar" ^e point Z the vertex let 
LBT be one, 
and of the triangles containing the pyramid of which the 
polygon EPFQGRHS is the base and the point V the vertex 
let WFP be one; 


and let XT, MP be joined. 


Now, since the cone ABCDL is similar to the cone 
EFGHN, 


therefore, as BD is to FH,so is the axis AZ toth axis WN. 
[x1 Def. 24] 
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But, as BD is to FH, so is BK to FM; 
therefore also, as BK is to FM, so is KL to MN. 


And, alternately, as BX is to KZ, so is FM to MN. 
v. 16 
And the sides are proportional about equal angles, cameo 
the angles BKL, FMN; 
therefore the triangle ZK is similar to the triangle FMN. 
[vi. 6] 
Again, since, as BX is to K7, so is FM to MP, 
and they are about equal angles, namely the angles BAZ, 
FMP, 
inasmuch as, whatever part the angle BAT is of the four 
right angles af the centre X, the same part also is the angle 
FMP of the four right angles at the centre 17; 


since then the sides are proportional about equal angles, 
therefore the triangle BX 7 is similar to the triangle FMP. 
(vi. 6) 
Again, since it was proved that, as BX is to XL, so is EFM 
to MN, 
while BØ is equal to XT, and FM to PM, 
therefore, as TK is to KL, so is PM to MN ; 


and the sides are proportional about equal angles, namely 


the angles TAL, PMN, for they are right; 
therefore the triangle Z K is similar to the triangle VP. 
[vi. 6) 

And since, owing to the similarity of the triangles LKB, 

NMF, ; 

as LZ is to PK, so is NF to FM, 

and, owing to the similarity of the triangles BAT, FMP, 

as KB is to BT, so is ME to ZP, 

therefore, ex aeguali, as LB is to BT, so is ME to FP. [v. 22] 


Again since, owing to the similarity of the triangles Z 7K, 
NPM, 
as ZT is to TK, so is NP to PM, 
and, owing to the similarity of the triangles 7B, PMF, 
as ŠT is to TB, so is MP to PE, 
therefore, ex aeguali, as LT is to TB, so is NP to PF. [v. 22] 
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But it was also proved that, as 7B is to BL, so is PF 
to FN. 

Therefore, ex aegualt, as TL is to LB, so is PN to NF. 

[v. 22] 

Therefore in the triangles LTB, NPF the sides are 
proportional ; 
therefore the triangles £L Z7. NP are equiangular; — [vi. 5] 
hence they are also similar. [vi. Def. 1] 


Therefore the pyramid of which the triangle BÆT is the 
base and the point Z the vertex is also similar to the pyramid 
of which the triangle FMP is the base and the point N the 
vertex, 


for they are contained by similar planes equal in multitude. 
[xt. Def. 9] 

But similar pyramids which have triangular bases are to 

one another in the triplicate ratio of their corresponding sides. 
(xir. 8] 

Therefore the pyramid BK TZ has to the pyramid FM PN 
the ratio triplicate of that which BX has to FM. 

Similarly, by joining straight lines from 4, W, D, V, C, U 
to K, and from Æ, S, H, R, G, Q to M, anà setting up on 
each of the triangles pyramids which have the same vertex 
with the cones, 


we can prove that each of the similarly arranged pyramids 
will also have to each similarly arranged pyramid the ratio 
triplicate of that which the corresponding side BX has to the 
corresponding side FM, that is, which BD has to FH. 


And, as one of the antecedents is to one of the conse- 
quents, so are all the antecedents to all the consequents ; 

[v. 12] 
therefore also, as the pyramid BATZL is to the pyramid 
FMPN, so is the whole pyramid of which the polygon 
ATBUCVDW is the base and the point Z the vertex to the 
whole pyramid of which the polygon EPFQGRHS is the 
base and the point A the vertex ; 


hence also the pyramid of which 4 7BUCVDW is the base 
and the point Z the vertex has to the pyramid of which the 
polygon EPFQOGRHS is the base and the point V the 
vertex the ratio triplicate of that which BD has to FH. 


But, by hypothesis, the cone of which the circle ABCD 


414 BOOK XII [xit. 12 


is the base and the point Z the vertex has also to the solid 
O the ratio triplicate of that which ZD has to FH; 


therefore, as the cone of which the circle ABCD is the base 
and the point Z the vertex is to the solid O, so is the pyramid 
of which the polygon A TBUCVD W is the base and Z the 
vertex to the pyramid of which the polygon EPFQGRHS is 
the base and the point V the vertex ; 


therefore, alternately, as the cone of which the circle ABCD 
is the base and Z the vertex is to the pyramid contained in 
it of which the polygon 4 7BUCVDW is the base and Z 
the vertex, so is the solid O to the pyramid of which the 
polygon EPFQGRHS is the base and X the vertex. [v. 16] 


But the said cone is greater than the pyramid in it; 
for it encloses it. l 


Therefore the solid O is also greater than the pyramid of 
which the polygon EPFQGRHS is the base and V the 
vertex, 

But it is also less : 


which is impossible. 


Therefore the cone of which the circle ABCD is the base 
and Z the vertex has not to any solid less than the cone of 
which the circle EFGZ is the base and the point V the 
vertex the ratio triplicate of that which BD has to FH: 


Similarly we can prove that neither has the cone EFGHN 
to any solid less than the cone ABCDL the ratio triplicate 
of that which FH has to BD. 


I say next that neither has the cone ABCDL to any 
solid greater than the cone EFGZZN the ratio triplicate of 
that which BD has to FH. 

For, if possible, let it have that ratio to a greater solid O. 

Therefore, inversely, the solid O has to the cone ABCDL 
the ratio triplicate of that which FH has to AD. 

But, as the solid O is to the cone ABCDL, so is the 
cone EFGHN to some solid less than the cone ABCDL. 

Therefore the cone EFGHWN also has to some solid less 
than the cone ABCDL the ratio triplicate of that which F/7 
has to BD: 


which was proved impossible. 
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Therefore the cone ABCDL has not to any solid greater 
than the cone £FG/ZN the ratio triplicate of that which 2D 
has to FH. 

But it was proved that neither has it this ratio to a less 
solid than the cone EFGHN. 

Therefore the cone ABCDL has to the cone EFGHN 
the ratio triplicate of that which BD has to FH. 


But, as the cone is to the cone, so is the cylinder to the 
cylinder, 


for the cylinder which is on the same base as the cone and 
of equal height with it is triple of the cone; (xu. 19] 


therefore the cylinder also has to the cylinder the ratio 
triplicate of that which BD has to FAH. 
Therefore etc. 
Q. E. D. 


The method of proof is precisely that of the previous proposition. The 
only addition is caused by the necessity of proving that, if similar equilateral 
polygons be inscribed in the bases of two similar cones, and pyramids be 
erected on them with the same vertices as those of the cones, the pyramids 
(are similar and) are to one another in the triplicate ratio of corresponding 
edges. 

Let XZ, MN be the axes of the cones, Z, N the vertices, and let BZ, FP 
be sides of similar polygons inscribed in the bases. Join BK, TK, BL, TL, 
PM, FM, PN, FN. 


T N 


Now BKL, FMN are right-angled triangles, and, since the cones are 
similar, 

BK: KL= FM.: MN. (x1. Def. 24) 

Therefore (1) 4s BKL, FMN arte similar. [vi. 6] 

Similarly (2) As TKL, PMN are similar. 

Next, in As BXT, FMP, the angles BAT, FMP are equal, since each is 
the same fraction of four right angles ; and the sides about the equal angles are 
proportional ; 
therefore (3) As BKT, FMP are similar. 
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Again, since from the similar ^s BKZ, FMN, and the similar ^s BKT, 
FMP respectively, 

LB: BK = NF: FM, 
BK: BT=MEF: FP, 
ex aequali, LB:BT- NF: FF. 

Similarly LT: TB = NP: PF. 

Inverting the latter ratio and compounding it with the preceding one, we 
have, ex aequali, 

LB:LT= NE.: NP. 

Thus in Os L7B, MPF the sides are proportional in pairs ; 
therefore (4) ^s LTB, NPF are similar. 

Thus the partial pyramids Z-BX7, N-FMP are similar. 

In exactly the same way it is proved that all the other partial pyramids are 
similar. 

Now 

(pyramid Z-BX7) : (pyramid V-FAP) = ratio triplicate of (BK: FAM). 

The other partial pyramids are to one another in the same triplicate ratio. 

The sum of the antecedents is therefore to the sum of the consequents in 
the same triplicate ratio, 
ie. (pyramid Z-A TBU...) : (pyramid V-EPFQ...) 

= ratio triplicate of ratio (BK : FM) 
- ratio triplicate of ratio (BD: FF). 

(The fact that Euclid makes this transition from the partial pyramids to 
the whole pyramids in the body of this proposition seems to me to suggest 
grave doubts as to the genuineness of the Porism to xi. 8, which contains a 
similar but rather more general extension from the case of triangular pyramids 
to pyramids with polygonal bases. Were that Porism genuine, Euclid would 
have been more likely to refer to it than to repeat here the same arguments 
which it contains. } 

Now we are in a position to apply the method of exhaustion. 

If X, X' be the volumes of the cones, d, 7' the diameters of their bases, and if 

(ratio triplicate of d : 2) € X : X', 
then must (ratio triplicate of 2:4") - X : O, 
where O is either less or greater than X’. 

I. Suppose that O is ess than X”. 

Construct in the way described a pyramid (II') in X' leaving over portions 
of X' together less than (.X' — O), so that X' » II'» O, 
and construct in X a pyramid (N), with the same vertex as X has, on a 
polygon inscribed in its base similar to the base of N’. 

Then, by what has just been proved, 

II : 11’ = (ratio triplicate of d : 4") 
=X: O, by hypothesis, 


and, alternately, Dn:X-I':0O. 

But X includes, and is therefore greater than, Il ; 
therefore O0» W. 

But, by construction, O«II': 


which is impossible. . 
Therefore O cannot be less than X’. 
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II. Suppose, if possible, that 
(ratio triplicate of d : d') = X: O, 
where O is greater than X'; 
then (ratio triplicate of d : d') =Z: X', 
or, inversely, (ratio triplicate of d' : d) = X’ : Z, 
where Z is some solid less than X. 


This is proved impossible by the exact method of Part I. 
Hence O cannot be either greater or less than X’, 


and X : X' = (ratio triplicate of ratio d : d’). 


PROPOSITION 13. 


Lf a cylinder be cut by a plane which is parallel to its 
opposite planes, then, as the cylinder is to the cylinder, so will 
the axis be to the axis. 


For let the cylinder AD be cut by the plane GH which 
is parallel to the opposite planes 4B, CD, 
and let the plane GÆ meet the axis at the point X; 
I say that, as the cylinder BG is to the cylinder GD, so is 
the axis EK to the axis KF. 


P R A G C 


See atti 


Qa 





For let the axis EF be produced in both directions to the 
points Z, M, 
and let there be set out any number whatever of axes ENV, VL 
equal to the axis EK, 
and any number whatever FO, OM equal to FK ; 


and let the cylinder PW on the axis LM be conceived of 
which the circles PQ, V W are the bases. 


Let planes be carried through the points W, O parallel to 
A B, CD and to the bases of the cylinder PW, 
and let them produce the circles RS, TU about the centres 
N, O 


Then, since the axes ZN, NE, EK are equal to one 
another, 
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therefore the cylinders OR, RB, BG are to one another as 
their bases. (xu. 11] 
But the bases are equal ; 
therefore the cylinders QR, RB, BG are also equal to one 
another. 
Since then the axes LN, NE, EK are equal to one 
another, 
and the cylinders QR, RB, BG are also equal to one another, 
and the multitude of the former is equal to the multitude of 
the latter, 
therefore, whatever multiple the axis AZ is of the axis EK, 


the same multiple also will the cylinder QG be of the 
cylinder GB. 


For the same reason, whatever multiple the axis 77K is 
of the axis AF, the same multiple also is the cylinder WG 
of the cylinder GD. 

And, if the axis AZ is equal to the axis KW, the cylinder 
QG will also be equal to the cylinder GW, 
if the axis is greater than the axis, the cylinder will also be 
greater than the cylinder, 
and if less, less. 

Thus, there being four magnitudes, the axes EK, KF 
and the cylinders BG, GD, 
there have been taken equimultiples of the axis EK and of 
the cylinder ZG, namely the axis LÆ and the cylinder QG, 
and equimultiples of the axis AF and of the cylinder GD, 
namely the axis AM and the cylinder GW; 
and it has been proved that, 
if the axis AZ is in excess of the axis KM, the cylinder QG 
is also in excess of the cylinder GW, 
if equal, equal, 
and if less, less. 

Therefore, as the axis EX is to the axis AF, so is the 
cylinder BG to the cylinder GD. [v. Def. 5] 

Q. E. D. 


It is not necessary to reproduce the proof, as it follows exactly the method 
of vi. r and xt. 25. 
The fact that cylinders described about axes of equal length and having 
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equal bases are equal is inferred from xit. 11 to the effect that cylinders of 
equal height are to one another as their bases. 

That, of two cylinders with unequal axes but equal bases, the greater is 
that which has the longer axis is of course obvious either by application or by 
cutting off (rom the cylinder with the longer axis a cylinder with an axis of the 
same length as that of the other given cylinder. 


PROPOSITION 14. 
Cones and cylinders which are on equal bases are to one 
another as their heights. 


For let EB, FD be cylinders on equal bases, the circles 
AB, CD; 


I say that, as the cylinder ZZ is E 

to the cylinder F2, so is the axis 

GH to the axis KL. ECA c D 
For let the axis KZ be pro- T 

duced to the point JV, HN 

let LV be made equal to the axis — ACH )B M 

GH, 


and let the cylinder CM be conceived about ZA as axis. 
Since then the cylinders EB, CV are of the same height, 
they are to one another as their bases. par. 11] 
But the bases are equal to one another : 
therefore the cylinders EZ, C/ are also equal. 
And, since the cylinder FM has been cut by the plane 
CD which is parallel to its opposite planes, 
therefore, as the cylinder CM is to the cylinder FD, so is the 
axis LA to the axis KZ. [xir. 13] 
But the cylinder C/Z is equal to the cylinder EZ. 
and the axis LM to the axis GĦ ; 
therefore, as the cylinder ZZ is to the cylinder FD, so is the 
axis Gf to the axis KZ. 
But, as the cylinder ZB is to the cylinder FD, so is the 
cone ABG to the cone CDK. [xu 10] 
Therefore also, as the axis GAH is to the axis AZ, so is 
the coue ABG to the cone CDK and the cylinder £Z to the 
cylinder FD. Q. E. D. 
No separate proposition corresponding to this ıs necessary in the case of 


parallelepipeds, for xt. 25 really contains the property corresponding to that in 
this proposition as well as the property corresponding to that in XIL 13. 
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PROPOSITION 15. 


In equal cones and cylinders the bases are reciprocally 
proportional to the heights; and those cones and cylinders in 
which the bases are reciprocally proportional to the heights are 
equal, 

Let there be equal cones and cylinders of which the circles 
ABCD, EFGH are the bases; 
let 4C, EG be the diameters of the bases, 
and KL, MN the axes, which are also the heights of the 
cones or cylinders ; 
let the cylinders 40, EP be completed. 

I say that in the cylinders A40, EP the bases are re- 
ciprocally proportional to the heights, 
that is, as the base ABCD is to the base EFGH, so is the 
height MN to the height XZL. 


CAO 





For the height ZX is either equal to the height MN or 
not equal. 

First, let it be equal. 

Now the cylinder 40 is also equal to the cylinder EP. 


But cones and cylinders which are of the same height are 
to one another as their bases ; [xi 11] 
therefore the base ABCD is also equal to the base EFGH. 


Hence also, reciprocally, as the base 4 BCD is to the base 
EFGH, so is the height 77N to the height KZ. 


Next, let the height ZX not be equal to MN, 
but let MAN be greater ; 
from the height MN let QW be cut off equal to XZ, 


through the point Q let the cylinder EP be cut by the plane 
TUS parallel to the planes of the circles EFGH, RP, 
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and let the cylinder ZS be conceived erected from the circle 
EFGH as base and with height VQ. 

Now, since the cylinder AO is equal to the cylinder EP, 
therefore, as the cylinder 4O is to the cylinder ES, so is the 
cylinder EP to the cylinder ZS. [v. 7] 

But, as the cylinder AO is to the cylinder ZS, so is the 
base ABCD to the base EFGH, 
for the cylinders 40, ZS are of the same height ; [xu. 11] 
and, as the cylinder EP is to the cylinder ES, so is the height 
MN to the height QM, 


for the cylinder EP has been cut by a plane which is parallel 


to its opposite planes. [xu. 13] 
Therefore also, as the base 4 ACD is to the base EFGH, 
so is the height MA to the height QN. [v. 11] 


But the height QM is equal to the height AZ ; 


therefore, as the base 4 ACD is to the base E FG, so is the 
height MAN to the height KZ. 


Therefore in the cylinders AO, EP the bases are re- 
ciprocally proportional to the heights. 


Next, in the cylinders 40, ÆP let the bases be reciprocally 
proportional to the heights, 


that is, as the base ABCD is to the base EFGH, so let the 
height MN be to the height KZ ; 


I say that the cylinder 40 is equal to the cylinder EP. 
For, with the same construction, 


since, as the base ABCD is to the base EFGH, so is the 
height AZM to the height KZ, 


while the height KZ is equal to the height QM, 
therefore, as the base ABCD is to the base EFGH, so is the 
height MN to the height OV 

But, as the base 4 BCD is to the base EFGH, so is the 
cylinder AO to the cylinder ZS, 


for they are of the same height; (xu. 11] 
and, as the height MN is to QN, so is the cylinder EP to the 
cylinder ES; (xu. 13] 


therefore, as the cylinder AO is to the cylinder ES, so is the 
cylinder EP to the cylinder ZS. [v. 11] 
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Therefore the cylinder AO is equal to the cylinder f j 
v.9 


Q. E. D. 


And the same is true for the cones also. 


I. If the heights of the two cylinders are equal, and their volumes are 

equal, the bases are equal, since the latter are proportional to the E 
XI. II 

If the heights are of equal, cut off from the higher cylinder a cylinder of 
the same height as the lower. 

Then, if ZX, QM be the equal heights, 
we have, by xir. 11, 

(base ABCD) : (base EFGH) = (cylinder AO) : (cylinder ZS) 
= (cylinder EP) : (cylinder ES), 
by hypothesis, 
-MN:QN (xu. 13] 
=MN: KL. 

II. In the converse part of the proposition, Euclid omits the case where 
the cylinders have equal heights. In this case of course the reciprocal ratios 
are both ratios of equality; the bases are therefore equal, and consequently the 
cylmders. 

If the heights are mof equal, we have, with the same construction as before, 

(base ABCD) : (base EFGH) = MN: KL. 
But (xu. 11] 
(base ABCD) : (base EFGA) = (cylinder AO) : (cylinder ZS), 
and MN: KL=MN: QN 
- (cylinder EP):(cylinder ES). [xu. 13] 
Therefore 
(cylinder 40) : (cylinder ZS) = (cylinder EP) : (cylinder ZS), 
and consequently (cylinder 40) - (cylinder £P). 

Similarly for the cones, which are equal to one-third of the cylinders 

respectively. 


Legendre deduces these propositions about cones and cylinders from two 
others which he establishes by a method similar 


to that adopted by him for the theorem of xit. 2 A 
(see note on that proposition). PH 
The first (for the cylinder) is as follows. — 


The volume of a cylinder is equal to the 
product of its base by sts height. 

Suppose CA to be the radius of the base of 
the given cylinder, 4 its height. 

For brevity let us denote by (surf. CA) the 
area of the circle of which C4 is the radius. 

If (surf. CA) x A is not the measure of the 
given cylinder, it will be the measure of a 
cylinder greater or less than it. 


I. First let it be the measure of a less 


cylinder, that, for example, of which the circle with radius CD is the base. and 
h is the height. 


~S 


WV 


9 
NS 


— 
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Circumscribe about the circle with radius C2 a regular polygon GZZZ... 
such that its sides do not anywhere meet the circle with radius CA. [See note 
on xil. 2, p. 393 above, for Legendre's lemma relating to this construction. ] 

Imagine a prism erected on the polygon as base and with height 4. 


Then (volume of prism) = (polygon GHZ...) x A. 


[Legendre has previously proved this proposition, first for a parallelepiped 
(by transforming it into a rectangular one), then for a triangular prism (half of 
a parallelepiped of the same height), and lastly for a prism) with a polygonal 
base. 


But (polygon G Z7...) « (surf. CA). 
Therefore (volume of prism) < (surf. CA) x ^ 
< (cylinder on circle of rad. CD), 
by hypothesis. 
But the prism is greater than the latter cylinder, since it includes it: 
which is impossible. 


II. In order not to multiply figures let us, in this second case, suppose 
that CD is the radius of the base of the given cylinder, and that (surf. CD) x A 
is the measure of a cylinder greater than it, e.g. a cylinder on the circle with 
radius CA as base and of height 4. 

Then, with the same construction, 


(volume of prism) = (polygon GATZ...) x A. 
And (polygon GZ7...) » (surf. CD). 
Therefore (volume of prism) > (surf. CD) x A 
> (cylinder on surf. CA), by hypothesis. 

But the volume of the prism is also /ess than that cylinder, being included 
by it: 
which is impossible. 

Therefore (volume of cylinder) = (its base) x (its height). 

It follows as a corollary that 


Cylinders of the same height are to one another as their bases [xn. 13], and 
cylinders on the same base are to one another as their heights [xu. 14]. 

Also 

Similar cylinders are as the cubes of their heights, or as the cubes of the 
diameters of their bases [Eucl. xui. 12]. 

For the bases are as the squares on their diameters; and, since the 
cylinders are similar, the diameters of the bases are as their heights. 

Therefore the bases are as the squares on the heights, and the bases 
multiplied by the heights, or the cylinders themselves, are as the cubes of the 
heights. 

" need not reproduce Legendre's proofs of the corresponding propositions 
for the cone. 


PROPOSITION 16. 


Given two circles about the same centre, to inscribe in the 
greater circle an equilateral polygon with an even number of 
sides which does not touch the lesser circle. 
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Let ABCD, EFGH be the two given circles about the 
same centre K; 


thus it is required to inscribe in the 
greater circle A8CD an equilateral 
polygon with an even number of 
sides which does not touch the circle 


EFGH. 


For let the straight line BAD 
be drawn through the centre K, 


and from the point G let GA be 


drawn at right angles to the straight 
line BD and carried through to C ; 


therefore AC touches the circle EFGH. (ur. 16, Por.) 


Then, bisecting the circumference BAD, bisecting the 
half of it, and doing this continually, we shall leave a circum- 
ference less than 4D. [x. 1] 

Let such be left, and let it be Z2 ; 


from Z let ZLM be drawn perpendicular to ZD and carried 
through to JV, 


and let ZD, DN be joined ; 

therefore LD is equal to DN. [1 3, 1. 4] 
Now, since LM is parallel to AC, 

and AC touches the circle EFGH, 

therefore LN does not touch the circle EFGFH ; 

therefore LD, DWN are far from touching the circle EFGH. 





If then we fit into the circle ABCD straight lines equal 
to the straight line £D and placed continuously, there will 
be inscribed in the circle ABCD an equilateral polygon with 
an even number of sides which does not touch the lesser 
circle EFGH. Q. E. F. 


It must be carefully observed that the polygon inscribed in the outer circle 
in this proposition is such that not only do its own sides not touch the inncr 
circle, but also ¢he chords, as LN, joining angular points next but one to each 
other do not touch the inner circle either. In other words, the polygon is the 
second in order, not the first, which satisfies the condition of the enunciation. 
'This is important, because such a polygon is wanted in the next proposition ; 
hence in that proposition the exac/ construction here given must be followed. 
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PROPOSITION 17. 


Given two spheres about the same centre, to inscribe in the 
greater sphere a polyhedral solid which does not touch the 
lesser sphere at its surface. 


Let two spheres be conceived about the same centre A ; 


thus it is required to inscribe in the greater sphere a poly- 
hedral solid which does not touch the lesser sphere at its 
surface. 





Let the spheres be cut by any plane through the centre ; 
then the sections will be circles, 
inasmuch as the sphere was produced by the diameter 
remaining fixed and the semicircle being carried round it ; 

[x1. Def. 14] 
hence, in whatever position we conceive the semicircle to be, 
the plane carried through it will produce a circle on the 
circumference of the sphere. 


And it is manifest that this circle is the greatest possible, 
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inasmuch as the diameter of the sphere, which is of course 
the diameter both of the semicircle and of the circle, is greater 
than all the straight lines drawn across in the circle or the 
sphere. 

Let then BCDE be the circle in the greater sphere, 
and FGZ the circle in the lesser sphere ; 
let two diameters in them, BD, CZ. ve drawn at right angles 
to one another ; 
then, given the two circles BCDE, FGH about the same 
centre, let there be inscribed in the greater circle BCDE an 
equilateral polygon with an even number of sides which does 
not touch the lesser circle FGA, 
let BK, KL, LM, ME be its sides in the quadrant BE. 
let KA be joined and carried through to V, 
let AO be set up from the point A at right angles to the 
plane of the circle ACD, and let it meet the surface of the 
sphere at O, 
and through 4O and each of the straight lines BD, KN let 
planes be carried ; 
they will then make greatest circles on the surface of the 
sphere, for the reason stated. 

Let them make such, 
and in them let BOD, KON be the semicircles on BD, AN. 


Now, since OA is at right angles to the plane of the circle 
BCDE, 


therefore all the planes through OA are also at right angles 
to the plane of the circle BCDE ; [xi. 18] 
hence the semicircles BOD, KON are also at right angles to 
the plane of the circle BCDE. 

And, since the semicircles BED, BOD, KON are equal, 
for they are on the equal diameters BD, KN, 
therefore the quadrants BZ, BO, KO are also equal to one 
another. 

Therefore there are as many straight lines in the quadrants 


BO, KO equal to the straight lines BK, KL, LM, ME as 
there are sides of the polygon in the quadrant BZ. 

Let them be inscribed, and let them be BP, PQ, QR, RO 
and KS, S7, TU, UO, 
let SP, TQ, UR be joined, 
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and from P, S let perpendiculars be drawn to the plane of the 
circle BCDE ; [xi. 11] 
these will fall on BD, KN, the common sections of the planes, 


inasmuch as the planes of BOD, KON are also at right angles 
to the plane of the circle BCDE. [cf. x. Def. 4] 


Let them so fall, and let them be PV, SW, 
and let WV be joined. 


Now since, in the equal semicircles BOD, KON, equal 
straight lines BP, KS have been cut off, 


and the perpendiculars PV, SW have been drawn, 

therefore PV is equal to .S HW, and BV to KW. — [m. 27, v. 26] 
But the whole BA is also equal to the whole KA ; 

therefore the remainder VA is also equal to the remainder WA ; 

therefore, as BV is to VA, sois KWto WA; 

therefore WV is parallel to AZ. (vi. 2] 
And, since each of the straight lines PV, SW is at right 

angles to the plane of the circle BCDE, 


therefore PV is parallel to SW. [xi. 6] . 
But it was also proved equal to it ; 
therefore WV, SP are also equal and parallel. [t. 33] 


And, since WV is parallel to SP, 
while WV is parallel to KB, 
therefore SP is also parallel to KZ. [xi. 9] 
And ZP, KS join their extremities ; 
therefore the quadrilateral ABPS is in one plane, 
inasmuch as, if two straight lines be parallel, and points be 
taken at random on each of them, the straight line joining the 
points is in the same plane with the parallels. [xt. 7] 
For the same reason 
each of the quadrilaterals SPQ 7, 7QRU is also in one plane. 
But the triangle VRO is also in one plane. (x1. 2] 
If then we conceive straight lines joined from the points 
P, S, Q, T, R, U to A, there will be constructed a certain 
polyhedral solid figure between the circumferences BO, KO, 
consisting of pyramids of which the quadrilaterals KBPS, 
SPQT, TQRU and the triangle URO are the bases and the 
point 4 the vertex. 
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And, if we make the same construction in the case of each 
of the sides KZ, LM, ME as in the case of BA, and further 
in the case of the remaining three quadrants, 


there will be constructed a certain polyhedral figure in- 
scribed in the sphere and contained by pyramids, of which 
the said quadrilaterals and the triangle VRO, and the others 
corresponding to them, are the bases and the point 4 the 
vertex. 


I say that the said polyhedron will not touch the lesser 
sphere at the surface on which the circle FGH is. 

Let AX be drawn from the point A perpendicular to the 
plane of the quadrilateral KBPS, and let it meet the plane at 
the point X ; [xi. 11] 
let XB, XK be joined. 


Then, since AX is at right angles to the plane of the 
quadrilateral KBPS, 
therefore it is also at right angles to all the straight lines 
which meet it and are in the plane of the quadrilateral. 

[xi. Def. 3) 

Therefore AX is at right angles to each of the straight 
lines BX, XK. 

And, since AB is equal to AK, 


the square on AB is also equal to the square on AK. 


And the squares on AX, XB are equal to the square 
on AB, 
for the angle at X is right ; [i 47] 
and the squares on AX, XK are equal to the square on AK. 

[i4.] 

Therefore the squares on 44 X, XB are equal to the squares 
on AX, XK. 

Let the square on 4X be subtracted from each ; 
therefore the remainder, the square on £X, is equal to the 
remainder, the square on XX; 


therefore BX is equal to XK. 


Similarly we can prove that the straight lines joined 
from X to P, S are equal to each of the straight lines AX, 
XK. 
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Therefore the circle described with centre X and distance 
one of the straight lines XB, XK will pass through P, S also, 


and X&PS will be a quadrilateral in a circle. 


Now, since KZ is greater than WV, 
while WV is equal to SP, 
therefore AB is greater than SP. 
But KB is equal to each of the straight lines KS, BP; 
therefore each of the straight lines AS, AP is greater than SP. 
And, since KBPS is a quadrilateral in a circle, 
and KB, BP, KS are equal, and PS less, 
and BX is the radius of the circle, 
therefore the square on KZ is greater than double of the 
square on BX, 
Let KZ be drawn from X perpendicular to BV. 
Then, since BD is less than double of DZ, 
and, as BD is to DZ, so is the rectangle D&, BZ to the 
rectangle DZ, ZB, 
if a square be described upon BZ and the parallelogram on 
ZD be completed, 
then the rectangle DB, BZ is also less than double of the 
rectangle DZ, ZB. 
And, if AD be joined, 
the rectangle DB, BZ is equal to the square on BA, 


and the rectangle DZ, ZB equal to the square on KZ; 
[1t. 31, vi. 8 and Por.] 


therefore the square on KZ is less than double of the square 
on KZ. 

But the square on A is greater than double of the square 
on BX ; 
therefore the square on AZ is greater than the square on BX, 


And, since BA is equal to KA, 
the square on BA is equal to the square on AX. 
And the squares on BX, XA are equal to the square on BA, 
and the squares on KZ, ZA equal to the square on KA ; 
[1. 47) 
therefore the squares on BX, XA are equal to the squares on 
KZ. ZA, 
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and of these the square on AZ is greater than the square 
on BX; 


therefore the remainder, the square on ZA, is less than the 
square on XA. 


Therefore AX is greater than 4Z ; 
therefore AX is much greater than 4G. 


And AX is the perpendicular on one base of the poly- 
hedron, 


and AG on the surface of the lesser sphere ; 


hence the polyhedron will not touch the lesser sphere on its 
surface. 


Therefore, given two spheres about the same centre, a 
polyhedral solid has been inscribed in the greater sphere 
which does not touch the lesser sphere at its surface. 

Q. E. F. 


Porism. But if in another sphere also a polyhedral solid 
be inscribed similar to the solid in the sphere BCDE, 


the polyhedral solid in the sphere BCDE has to the poly- 
hedral solid in the other sphere the ratio triplicate of that 
which the diameter of the sphere BCDE has to the diameter 
of the other sphere. 


For, the solids being divided into their pyramids similar 
in multitude and arrangement, the pyramids will be similar. 

But similar pyramids are to one another in the triplicate 
ratio of their corresponding sides ; (xu. 8, Por.] 


therefore the pyramid of which the quadrilateral KBPS is 
the base, and the point 4 the vertex, has to the similarly 
arranged pyramid in the other sphere the ratio triplicate of 
that which the corresponding side has to the corresponding 
side, that is, of that which the radius AZ of the sphere about 
A as centre has to the radius of the other sphere. 


Similarly also each pyramid of those in the sphere about 
A as centre has to each similarly arranged pyramid of those 
in the other sphere the ratio triplicate of that which 42 has 
to the radius of the other sphere. 

And, as one of the antecedents is to one of the conse- 
quents, so are all the antecedents to all the consequents ; 


(v. 12] 
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hence the whole polyhedral solid in the sphere about 74 as 
centre has to the whole polyhedral solid in the other sphere 
the ratio triplicate of that which 4Z has to the radius of the 
other sphere, that is, of that which the diameter BD has to 
the diameter of the other sphere. 

Q. E. D. 


This proposition is of great length and therefore requires summarising in 
order to make it easier to grasp. Moreover there are some assumptions in it 
which require to be proved, and some omissions to be supplied. "The figure 
also is one of some complexity, and, in addition, the text and the figure treat 
two points Z and V, which are really one and the same, as different. 

The first thing needed is to know that all sections of a sphere by planes 
through the centre are circles and equal to one another (great circles or 
“greatest circles” as Euclid calls them, more appropriately). Euclid uses his 
definition of a sphere as the figure described by a semicircle revolving about 
its diameter. This of course establishes that all planes through the particular 
diameter make equal circular sections ; but it is also assumed that the same 
sphere is generated by azy other semicircle of the same size and with its 
centre at the same point. 





The construction and argument of the proposition may be shortly given 
as follows. 

A plane through the centre of two concentric spheres cuts them in great 
circles of which BZ, GF are quadrants. 

A regular polygon with an even number of sides is inscribed (exactly as in 
Prop. 16) to the outer circle such that its sides do not touch the inner circle. 
BK, KL, LM, ME are the sides in the quadrant BE. 
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AO is drawn at right angles to the plane ABE, and through AO are 
drawn planes passing through Z, X, Z, M, E, etc., cutting the sphere in great 
circles. 

OB, OK are quadrants of two of these great circles. 

As these quadrants are equal to the quadrant BÆ, they will be divisible 
into arcs equal in number and magnitude to the arcs BA, KZ, LM, ME. 

Dividing the other quadrants of these circles, and also all the quadrants of 
the other circles through O4, in this way we shall have in all the circles a 
polygon equal to that in the circle of which BE is a quadrant. 

BP, PQ, QR, RO and KS, ST, TU, UO are the sides of these polygons 
in the quadrants BO, KO. 

Joining PS, QT, RU, and making the same construction all round the 
circles through AO, we have a certain polyhedron inscribed in the outer 
sphere. 

Draw PV perpendicular to AB and therefore (since the planes OAB, 
BAE are at right angles) perpendicular to the plane BAEZ ; (xt. Def. 4] 
draw SW perpendicular to 4X and therefore (for a like reason) perpendicular 
to the plane BAL. 

Draw XZ perpendicular to BA. (Since BK = BP, and DB. BV- BP", 
DB .BZ= BR’, it follows that BV = BZ, and Z, V coincide.) 

Now, since Ls PAV, SA W, being angles subtended at the centre by 
equal arcs of equal circles, are equal, 


and since Ls PVA, SWA are right, 
while AS = AP, 
As PAV, SA W are equal in all respects, [1. 26] 
and AV- AW. 
Consequently AB:AV- AK: AW; 


and VW, BK are parallel. 

But PV, SW are parallel (being both perpendicular to one plane) and 
equal (by the equal As PAV, SAW), 
therefore VW, PS are equal and parallel. 

Therefore BX (being parallel to VW) is parallel to PS. 

Consequently (1) BPSK is a quadrilateral in one plane. 

Similarly the other quadrilaterals PQ7S, QRUT are in one plane; and 
the triangle ORU is in one plane. 

In order now lo prove that the plane BPSK does not anywhere touch the 
inner sphere we have to prove that the shortest distance from A to the plane 
ts greater than AZ, which by the construction in XM. 16 is greater than AG. 

Draw AX perpendicular to the plane BPSK. 

Then AX?+ XB? = AX?+ XK? =AX*+ XS*=AX'+ XP = AB, 
whence XB=XK=XS= XP, 
or (2) the quadrilateral BPSK is inscribable in a circle with X as centre and 
radius XB. 

Now BK> VW 

> PS; 
therefore in the quadrilateral BPSX three sides BX, BP, KS are equal, but 


PS is less. 
Consequently the angles about X are three equal angles and one smaller 


angle ; 
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therefore any one of the equal angles is greater than a right angle, ie. . BXK 
is obtuse. 


Therefore (3) BK? > 2BX.. [u. 12] 
Next, consider the semicircle BKD with £Z drawn perpendicular to BD. 
We have BD <2DZ, 

so that DB. BZ <2DZ.-ZB, 

or BK*<2K2’; 

therefore, a fortiori, [by (3) above] 
(4) BX: < KZ. 
Now AK'=-AP',; 

therefore AZ « ZK? - AX! - XB*. 
And ' BX? < KZ’; 

therefore AX’ > AZ, 

or (5) AX > AZ. 


But, by the construction in xm. 16, AZ>AG; therefore, a fortiori, 
AX> AG. 

And, since the perpendicular AX is the shortest distance from A to the 
plane BPSK, 


(6) the plane BPSK does not anywhere meet the inner sphere. 


Euclid omits to prove that, a fortiori, tne other quadrilaterals PQZ'S, 
QRUT, and the triangle KOU, do not anywhere meet the inner sphere. 

For this purpose it is only neeessary to show that the radii of the circles 
circumscribing BPSK, PQ7S, QRUT and ROU are in descending order of 
magnitude. 





We have therefore to prove that, if ABCD, A'B'C'D' are two quadrilaterals 

inscribable in circles, and 
AD=BC=AD=BC, 

while AZ is not greater than AD, A'B' - CD, and 4B» CD> C’D, 
then the radius OA of the circle circumscribing the first quadrilateral is greater 
than the radius O'A’ of the circle circumscribing the second. 

Clavius, and Simson after him, prove this by reductio ad absurdum. 

(1) If O4 - O'A', 
it follows that cs AOD, BOC, A'O'D', B'O' C' are all equal. 

Also LAOB>LA'OB, 

-COD>LCOD, 


whence the four angles about O are together greater than the four angles 
about O', i.e. greater than four right angles ; 


which is impossible. 
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(2 If O'4'» OA, 
cut off from O' A4', O E', O'C', O'D lengths equal to OA, and draw the inner 
quadrilateral as shown in the figure (X YZW ). 

Then AB>.A'B' > XY, 

CD> C'D > ZW, 
AD=A'D > WX, 
BC= B'C' > YZ. 
Consequently the same absurdity as in (1) follows a fortiori. 
Therefore, since OA is neither equal to nor less than O' A’, 
OA > OA’. 

Thé fact is also sufficiently clear if we draw AZO, NO bisecting DA, DC 
perpendicularly and therefore meeting in O, the centre of the circumscribed 
circle, and then suppose the side DA with the perpendicular MO to turn 
inwards about D as centre. Then the intersection of MO and WO, as P, will 
gradually move towards JV. 

Simson gives his proof as “Lemma u." immediately before xu. 17. 
He adds to the Porism some words explaining how we may construct a 
similar polyhedron in another sphere and how we may prove that the 
polyhedra are similar. 

The Porism is of course of the essence of the matter because it is the 
porism which as much as the construction is wanted in the next proposition. 
It would therefore not have been amiss to include the Porism in the enuncia- 
tion of x11. 17 so as to call attention to it 


PROPOSITION 18. 


Spheres are to one another in the triplicate ratio of their 
respective diameters. 


Let the spheres ABC, DEF be conceived, 
and let BC, EF be their diameters ; 
I say that the sphere 4 AC has to the sphere DEF the ratio 
triplicate of that which BC has to EF. 

For, if the sphere AAC has not to the sphere DEF the 
ratio triplicate of that which BC has to ZF, 
then the sphere AAC will have either to some less sphere 
than the sphere DEF, or to a greater, the ratio triplicate of 
that which JC has to EF. 

First, let it have that ratio to a less sphere GZZK, 
let DEF be conceived about the same centre with GHK, 
let there be inscribed in the greater sphere DEF a poly- 
hedral solid which does not touch the lesser sphere GZZK at 
its surface, (xu. 17] 
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and let there also be inscribed in the spnere ABC a poly- 
hedral solid similar to the polyhedral solid in the sphere DEZ ; 


therefore the polyhedral solid in ABC has to the polyhedral 
solid in DEF the ratio triplicate of that which BC has to ZF. 
(x. 17, Por.) 


A D 


But the sphere ABC also has to the sphere GZZK the 
ratio triplicate of that which BC has to EF; 


therefore, as the sphere ABC is to the sphere G77K, so is 
the polyhedral solid in the sphere AAC to the polyhedral 
solid in the sphere DEF; 

and, alternately, as the sphere AAC is to the polyhedron in 
it, so is the sphere GH to the polyhedral solid in the 
sphere DEF. [v. 16] 


But the sphere AAC is greater than the polyhedron in it ; 


therefore the sphere G//X is also greater than the polyhedron 
in the sphere DEF. 


But it is also less, 
for it is enclosed by it. 


Therefore the sphere 4 BC has not to a less sphere than 
the sphere DEF the ratio triplicate of that which the diameter 
BC has to £F. 
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Similarly we can prove that neither has the sphere DEF 
to a less sphere than the sphere ABC the ratio triplicate of 
that which EF has to BC. 


I say next that neither has the sphere ABC to any greater 
sphere than the sphere DEF the ratio triplicate of that which 
BC has to EF. 

For, if possible, let it have that ratio to a greater, LVN; 


therefore, inversely, the sphere LMN has to the sphere ABC 
the ratio triplicate of that which the diameter EF has to the 
diameter BC. 


But, inasmuch as LMN is greater than DEF, 


therefore, as the sphere Z WN is to the sphere ABC, so is the 
sphere DEF to some less sphere than the sphere ABC, as 
was before proved. [xn. 2, Lemma] 


Therefore the sphere DEF also has to some less sphere 
than the sphere ABC the ratio triplicate of that which EF 
has to BC: 


which was proved impossible. 


Therefore the sphere ABC has not to any sphere greater 
than the sphere DEF the ratio triplicate of that which BC 
has to EF. 

But it was proved that neither has it that ratio to a Jess 
sphere. 

Therefore the sphere AAC has to the sphere DEF the 
ratio triplicate of that which BC has to EF. 

Q. E. D. 


It is the method of this proposition which Legendre adopted for his proof 
of xri. 2 (see note on that proposition). 

The argument can be put very shortly. We will suppose S, S’ to be the 
volumes of the spheres, and 4, d’ to be their diameters; and we will for brevity 
express the triplicate ratio of d to d' by 2* : 2". 

If @:d%+S:S, 
then @:a°%=S:7, 
where T'is the volume of some sphere either greater or less than S’. 


I. Suppose, if pussible, that Z'« S". 


Let T be supposed concentric with S’. 
As in XII. 17, inscribe a polyhedron in .S’ such that its faces do not any- 
where touch Z; 


and inscribe in S a polyhedron similar to that in S’. 
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Then S:T-2d*:d^ 
= (polyhedron in S) : (polyhedron in S’); 
or, alternately, 
S : (polyhedron in S) = Z: (polyhedron in S’). 

And S> (polyhedron in S); 
therefore T > (polyhedron in S’). 

But, by construction, 7 < (polyhedron in S’): 
which is impossible. 


Therefore T«S. 

II. Suppose, if possible, that 7 S’. 

Now @:@°9=S:T7 

— 

where X is the volume of some sphere less than S, [xn. 2, Lemma] 
or, inversely, d:d'-S': X, 
where X < S. 

This is proved impossible exactly as in Part T. 

Therefore TS. 


Hence Z7, not being greater or less than S’, is equal to it, and 
d*'id"-S:S. 


BOOK XIII. 


HISTORICAL NOTE. 


I have already given, in the note to Iv. 10, the evidence upon which the 
construction of the five regular solids is attributed to the Pythagoreans. Some 
of them, the cube, the tetrahedron (which is nothing but a pyramid), and the 
octahedron (which is only a double pyramid with a square base), cannot but 
have been known to the Egyptians. And it appears that dodecahedra have 
been found, of bronze or other material, which may belong to periods earlier 
than Pythagoras’ time by some centuries (for references see Cantor’s Geschichte 
der Mathematik 1, pp. 175—6). 

It is true that the author of the scholium No. 1 to Eucl. xur. says that the 
Book is about “the five so-called Platonic figures, which however do not 
belong to Plato, three of the aforesaid five figures being due to the Pythagoreans, 
namely the cube, the pyramid and the dodecahedron, while the octahedron 
and the icosahed: on are due to Theaetetus.” This statement (taken probably 
from Geminus) may perhaps rest on the fact that Theaetetus was the first to 
write at any length about the two last-mentioned solids. We are told indeed 
by Suidas (s. v. &«aíryros) that Theaetetus “first wrote on the ‘five solids’ as 
they are called.” This no doubt means that Theaetetus was the first to write 
a complete and systematic treatise on all the regular solids; it does not 
exclude the possibility that Hippasus or others had already written on the 
dodecahedron. The fact that Theaetetus wrote upon the regular solids agrees 
very well with the evidence which we possess of his contributions to the 
theory of irrationals, the connexion between which and the investigation of 
the regular solids is seen in Euclid’s Book x11. 

Theaetetus flourished about 380 B.c., and his work on the regular solids 
was soon followed by another, that of Aristaeus, an elder contemporary of 
Euclid, who also wrote an important book on Solid Lod, i.e. on conics treated 
as loci. This Aristaeus (known as “the elder”) wrote in the period about 
320 B.c. We hear of his Comparison of the five regular solids from Hypsicles 
(2nd cent. B.c.), the writer of the short book commonly included in the editions 
of the E/ements as Book xiv. Hypsicles gives in this Book some six proposi- 
tions supplementing Eucl. xiu.; and he introduces the second of the 
propositions (Heiberg's Euclid, Vol. v. p. 6) as follows: 

“ The same circle circumscribes both the pentagon of the dodecahedron and the 
triangle of the icosahedron when both are inscribed in the same sphere. This is 
proved by Aristaeus in the book entitled Comparison of the five figures.” 
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Hypsicles proceeds (pp. 7 sqq.) to give a proof of this theorem. Allman 
pointed out (Greek Geometry from Thales to Euclid, 3889, pp. 201—2) that this 
proof depends on eight theorems, six of which appear in Euclid’s Book x1. 
(in Propositions 8, to, 12, 15, 16 with Por., 17); two other propositions not 
mentioned by Allman are also used, namely xt. 4 and 9. This seems, as 
Allman says, to confirm the inference of Bretschneider (p. 171) that, as 
Anstaeus’ work was the newest and latest in which, before Euclid’s time, this 
subject was treated, we have in Eucl. xin. at least a partial recapitulation of 
the contents of the treatise of Aristaeus. 

After Euclid, Apollonius wrote on the comparison of the dodecahedron 
and the icosahedron inscribed in one and the same sphere. This we also 
learn from Hypsicles, who says in the next words following those about 
Aristaeus above quoted: ‘But it is proved by Apollonius in the second 
edition of his Comparison of the dodecahedron with the icosahedron that, as the 
surface of the dodecahedron is to the surface of the icosahedron [inscribed 
in the same sphere], so is the dodecahedron itself [i.e. its volume] to the 
icosahedron, because the perpendicular is the same from the centre of the 
sphere to the pentagon of the dodecahedron and to the triangle of the 
icosahedron.” 
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PROPOSITION 1. 


If a straight line be cut in extreme and mean ratio, the 
square on the greater segment added to the half of the whole 


zs five times the square on the half. 


For let the straight line 48 be cut in extreme and mean 


ratio at the point C, 
and let AC be the greater segment; 
let the straight line 442 be pro- 
duced in a straight line with CA, 
and let AD be made half of AB; 
I say that the square on CD is 
five times the square on 4D. 

For let the squares AZ, DF 
be described on AB, DC, 
and let the figure in DF be drawn ; 
let FC be carried through to G. 

Now, since ABZ has been cut in 
extreme and mean ratio at C, 
therefore the rectangle 48, BC is 
equal to the square on AC. 

[vi. Def. 3, vi. 17] 





And CE is the rectangle 48, BC, and FH the square 


on AC; 
therefore C£ is equal to FH. 


And, since BA is double of 4D, 
while BA is equal to KA, and AD to AH, 


therefore KA is also double of AH. 


But, as KA is to AH, so is CK to CH; 


therefore CK is double of CH. 


But LZ, HC are also double of CZ. 
Therefore KC is equal to LH, HC. 


(vi. 1] 
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But C£ was also proved equal to HF; 
therefore the whole square AZ is equal to the gnomon MNO. 
And, since BA is double of AD, 
the square on BA is quadruple of the square on AD, 
that is, 4Z is quadruple of DH. 
But AZ is equal to the gnomon MNO ; 
therefore the gnomon MNO is also quadruple of AP; 
therefore the whole DF is five times 44 P. 
And DF is the square on DC, and AP the square on DA; 
therefore the square on CD is five times the square on DA. 


Therefore etc. 
Q. E. D. 


The first five propositions are in the nature of lemmas, which are required 
for later propositions but are not in themselves of much importance. 

It will be observed that, while the method of the propositions is that of 
Book 11., being strictly geometrical and not algebraical, none of the results of 
that Book are made use of (except indeed in the Lerma to xit. 2, which is 
probably not genuine). It would therefore appear as though these propositions 
were taken from an earlier treatise without being revised or rewritten in the 
light of Book 1. It will be remembered that, according to Proclus (p. 67, 6), 
Eudoxus “greatly added to the number of the theorems which originated with 
Plato regarding ‘he section” (i.e. presumably the “ go/den section”); and it is 
therefore probable that the five theorems are due to Eudoxus. 

That, if AB is divided at C in extreme and mean ratio, the rectangle 
AB, BC is equal to the square on AC is inferred from vi. 17. 

AD is made equal to half AB, and we have to prove that 

(sq. on CD) = 5 (sq. on 4D). 

The figure shows at once that 

OCH=0 HL, s 
sothat (7 CA * C72 HL-2(C7 CA) 
=O AG. 
Also sq. HF = (sq. on AC) 
=rect. AB, BC A 
= CE. | 
By addition, 
(gnomon MNO) = sq. on AB R 
- 4 (sq. on 4D); 
whence, adding the sq. on AD to each, we have 
(sq. on CD) = 5 (sq. on AD). 

The result here, and in the next propositions, K G € 
is really seen more readily by means of the figure 
of it. 11. 

In this figure S£ - 4C * 4 4B, by construction; 
and we have therefore to prove that 

(sq. on SR) = s (sq. on AR). 
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This is obvious, for 
(sq. on SR) = (sq. on RB) 
= sum of sqs. on AB, AR 
= §(sq. on AR). 


The Mss. contain a curious addition to xi. r—5 in the shape of analyses 
and syntheses for each proposition prefaced by the heading : 

* What is analysis and what is synthesis. 

* Analysis is the assumption of that which is sought as if it were admitted 
« and the arrival » by means of its consequences at something admitted to 
be true. 

* Synthesis is an assumption of that which is admitted «and the arrival» 
by means of its consequences at something admitted to be true." 

There must apparently be some corruption in the text ; it does not, in the 
case of synthesis, give what is wanted. B and V have, instead of “something 
admitted to be true,” the words “the end or attainment of what is sought.” 

The whole of this addition is evidently interpolated. To begin with, the 
analyses and syntheses of the five propositions are placed all together in four 
MSS. ; in P, q they come after an alternative proof of x1. 5 (which alternative 
proof P gives after xu. 6, while q gives it instead of xin. 6), in B (which has 
not the alternative proof of xin. 5) after xu. 6, and in b (in which x11. 6 is 
wanting, and the alternative proof of xu. 5 is in the margin, in the first hand) 
after x1. 5, while V has the analyses of 1—3 in the text after xm. 6 and 
those of 4—5 in the same place in the margin, by the second hand: Further, 
the addition is altogether alien from the plan and manner of the Z/ements. 
The interpolation took place before Theon's time, and the probability is that 
it was originally in the margin, whence it crept into the text of P after xiii. 5. 
Heiberg (after Bretschneider) suggested in his edition (Vol. v. p. Ixxxiv.) that 
it might be a relic of analytical investigations by Theaetetus or Eudoxus, and 
he cited the remark of Pappus (V. p. 410) at the beginning of his 
“comparisons of the five (regular solid] figures which have an equal surface,” 
to the effect that he will not use ‘the so-called analytical investigation by 
means of which some of the ancients effected their demonstrations.” More 
recently (Paralipomena zu Euklid in Hermes xxxviii., 1903) Heiberg con- 
jectures that the author is Heron, on the ground that the sort of analysis and 
synthesis recalls Heron's remarks on analysis and synthesis in his commentary 
on the beginning of Book 11. (quoted by an-Nairizi, ed. Curtze, p. 89) and his 
quasi-algebraical alternative proofs of propositions in that Book. 

To show the character of the interpolated matter I need only give the 
analysis and synthesis of one proposition. In the case of xul r it is in 
substance as follows. The figure is a mere 
straight line. 

Let AB be divided in extreme and mean pA ®t 
ratio at C, AC being the greater segment ; 


and let AD=}AB. 
I say that (sq. on CD) = 5 (sq. on AD). 
(Analysis. ) 
“For, since (sq. on CD) = 5 (sq. on AD),” 


and (sq. on CD) = (sq. on CA) + (sq. on AD) + 2 (rect. CA, AD), 
therefore (sq. on CA) + 2 (rect. CA, AD) = 4 (sq. on AD). 

But rect. BA. AC =2 (rect. CA. AD), 
and (sq. on CA) = (rect. AB, BC). 
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Therefore 
. (rect. BA, AC) + (rect. AB, BC) = 4 (sq. on 4D), 
or (sq. on AB) = 4(sq. on AD): 
and this is true, since AD=}AB. 
(Synthesis. ) 
Since (sq. on AB) = 4(sq. on AD), 
and (sq. on AB) = (rect. BA, AC) + (rect. AB, BC), 
therefore 4 (sq. on AD) = 2 (rect. DA, AC) * sq. on AC. 
Adding to each the square on AJ, we have 
(sq. on CD) = 5 (sq. on AD). 


PROPOSITION 2. 

If the square on a straight line be five times the square on 
a segment of 1t, then, when the double of the said segment is cut 
in extreme and mean ratio, the greater segment ts the remaining 
part of the original straight line. 

For let the square on the straight line 47 be five times 
the square on the segment AC 
of it, 
and let CD be double of AC; 
Isaythat, when CD is cut in extreme 
and mean ratio, the greater segment 
is CB. 

Let the squares 4F, CG be de- 
scribed on AB, CD respectively, 
let the figure in AF be drawn, 
and let BE be drawn through. 

Now, since the square on BA is 
five times the square on AC, 

AF is five times 74 77. 

Therefore the gnomon MNO is 
quadruple of 4 H. 

And, since DC is double of CA, 
therefore the square on DC is quadruple of the square on CA, 
that is, CG is quadruple of 4/7. 

But the gnomon MNO was also proved quadruple of 4/7; 
therefore the gnomon MNO is equal to CG. 

And, since DC is double of CA, 
while DC is equal to CK, and AC to CH, 
therefore KB is also double of BH. (vi. 1] 
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But LH, HB are also double of HA; 
therefore KB is equal to LH, HB. 
But the whole gnomon MNO was also proved equal to 
the whole CG; 
therefore the remainder ÆA is equal to BG. 
And ZG is the rectangle CD, DB, 
for CD is equal to DG ; 
and //F is the square on CB; 
therefore the rectangle CD, DB is equal to the square on CZ. 
Therefore, as DC is to CB, so is CB to BD. 
But DC is greater than CB; 
therefore CZ is also greater than BD. 
Therefore, when the straight line CD is cut in extreme and 


mean ratio, CB is the greater segment. 
Therefore etc. 


LEMMA. 


That the double of AC is greater than BC is to be proved 
thus. 

If not, let BC be, if possible, double of CA. 

Therefore the square on BC is quadruple of the square 
on CA ; 
therefore the squares on BC, CA are five times the square 
on CA. 

But, by hypothesis, the square on BA is also five times 
the square on CA ; 
therefore the square on BA is equal to the squares on BC, CA: 
which is impossible. (u. 4] 

Therefore CB is not double of AC. 

Similarly we can prove that neither is a straight line less 
than CB double of CA; 
for the absurdity is much greater. 

Therefore the double of AC is greater than CA. 

Q. E. D. 

This proposition is the converse of Prop. t. We have to prove that, if 

AB be so divided at C that 
(sq. on AB) = 5 (sq. on AC), 

and if CD = 2AC, 
then (rect. CD, DB) = (sq. on CB). 
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Subtract from each side the-sq. on AC; 
then (gnomon A/NO) = 4 (sq. on 4C) 
= (sq. on CD). 
Now, as in the last proposition, 
L2 CE-3(C2 BH) 
=O BH+ C2 HL. 
Subtracting these equals from the equals, the square on CD and the 
gnomon MNO respectively, we have 
£3 BG - (square HF), 
i.e. (rect. CD, DB) = (sq. on CB). 
Here again the proposition can readily be proved by means of a figure 
similar to that of ir. 11. 


Draw CA through C at right angles to CB and of length equal to CA in 
the original figure; make CD double of CA; 


produce AC to R so that C&R = CB. 


Complete the squares on CB and CD, and 
join 4D. 
Now we are given the fact that 
(sq. on AR) = 5 (sq. on CA). 


But (e 8 o 
5 (sq. on AC) = (sq. on AC) + (sq. on CD) 
=(sq. on AD). 
Therefore P 
(sq. on AA) - (sq. on 42D), 
or AR = AD. 
Now 
(rect. KR, RC) + (sq. on AC) = (sq. on AR) K E a 
= (sq. on AD) 
= (sq. on AC) + (sq. on CD). 
Therefore (rect. KR. RC) = (sq. on CD). 
That is, (rectangle RE) = (square CG). 
Subtract the common part CZ, 
and (rect. BG) = (sq. RB), 
or rect. CD, DB = (sq. on CB). 


Heiberg, with reason, doubts the genuineness of the Lemma following this 
Proposition. 


PROPOSITION 3. 


Lf a straight line be cut in extreme and mean ratio, the 
square on the lesser segment added to the half of the greater 
segment is five times (he square on the half of the greater 
Segment. 
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For let any straight line 4B be cut in extreme and mean 
ratio at the point C, 
let AC be the greater segment, 
and let AC be bisected at D; 

I say that the square on BD is 
five times the square on DC. 

For let the square AE be 
described on AB, 
and let the figure be drawn 
double. 

Since AC is double of DC, 
therefore the square on AC is 
quadruple of the square on DC, 
that is, RS is quadruple of FG. 

And, since the rectangle AB, BC is equal to the square 
on AC, 
and CZ is the rectangle 4B, BC, 
therefore CZ is equal to RS. 

But RS is quadruple of FG; 
therefore CZ is also quadruple of FG. 

Again, since AD is equal to DC, 

HK is also equal to KF. 

Hence the square GF is also equal to the square WZ. 

Therefore GK is equal to AZ, that is, WN to VE; 
hence M/F is also equal to FE. 

But MF is equal to CG; 
therefore CG is also equal to FE. 

Let CV be added to each ; 
therefore the gnomon OPQ is equal to CE. 

But C£ was proved quadruple of GF; 
therefore the gnomon OPQ is also quadruple of the square FG. 

Therefore the gnomon OPQ and the square FG are 
five times FG. 

But the gnomon OPQ and the square FG are the 
square DN. 

And DN is the square on DB, and GF the square on DC. 

Therefore the square on DB is five times the square 
on DC. Q. E. D. 
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In this case we have 
(sq. on BD) = (sq. FG) + (rect. CG) + (rect. CV) 
= (sq. FG) + (rect. FZ) + (rect. CV) 
= (sq. FG) + (rect. CZ) 
= (sq. FG) + (rect. AB, BC) 
= (sq. FG) + (sq. on AC), by hypothesis, 
- $ (sq. on DC). 
The theorem is still more obvious if the figure 
of 11. 11 be used. Let CF be divided in extreme 
and mean ratio at Æ, by the method of 11. 11. 
Then, since 
(rect. AB, BC) + (sq. on CD) c E F 
=sq. on BD 
- sqs. on CD, C£, 
(rect. AB, BC) = (sq. on CF) 


= (sq. on CA), 2 
and AB is divided at C in extreme and mean ratio. 
And (sq. on BD) = (sq. on DF) 
- $ (sq. on C2). A G 


PROPOSITION 4. 


Jf a straight line be cut in extreme and mean ratio, the 
square on the whole and the square on the lesser segment together 
are triple of the square on the greater segment. 

Let AB be a straight line, 
let it be cut in extreme and mean ratio at C, 
and let AC be the greater segment ; 

I say that the squares on AB, BC are 
triple of the square on CA. 


For let the square ADEB be de- 
scribed on AB, 


and let the figure be drawn. 
Since then AZ has been cut in extreme 
and mean ratio at C, 
and AC is the greater segment, 
therefore the rectangle 42, BC is equal to the square on AC. 
[vr. Def. 3, vi. 17] 


And AX is the rectangle 48, BC, and HG the square 
on AC; 


therefore AX is equal to HG. 
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And, since AF is equal to FEZ, 
let CK be added to each ; 
therefore the whole 4X is equal to the whole CZ ; 
therefore AX, CE are double of AK. 

But AX, CE are the gnomon LMN and the square CK; 
therefore the gnomon LMN and the square CX are double 
of AK. 

But, further, AX was also proved equal to HG; 
therefore the gnomon LMN and the squares CX, HG are 
triple of the square 77G. 

And the gnomon LMN and the squares CK, HG are 
the whole square AZ and CK, which are the squares on 
AB, DC, 
while ÆG is the square on AC. 

Therefore the squares on AB, BC are triple of the square 
on AC. 

Q. E. D. 


Here, as in the preceding propositions, the results are proved de novo by 
the method of Book t1., without reference to that Book. Otherwise the proof 
might have been shorter. 

For, by it. 7, 

(sq. on AB) + (sq. on BC) - 2 (rect. 42, BC) + (sq. on AC) 
= 3(sq. on AC). 


PROPOSITION 5. 


Jf a straight line be cut in extreme and mean ratio, and 
there be added to rt a straight line equal to the greater segment, 
the whole straight line has been cut in extreme and mean ratio, 
and the original straight line ts the greater segment. 


For let the straight line 4Z be cut in extreme and mean 
ratio at the point C, 


let AC be the greater segment, P Ñ 7 
and let AD be equal to AC. 

I say that the straight line 
DB has been cut in extreme and L K K 
mean ratio at A, and the original 
straight line AB is the greater E 


segment. 
For let the square AZ be described on AB, 
and let the figure be drawn. 
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Since AB has been cut in extreme and mean ratio at C, 


therefore the rectangle AB, BC is equal to the square on AC. 
[vi. Def. 5, vr. 17] 


And CE is the rectangle 48, BC. and CH the square 
on AC; 
therefore CZ is equal to ÆC. 
But HZ is equal to CZ, 
and DH is equal to HC; 
therefore DH is also equal to HE. 
Therefore the whole DK is equal to the whole AZ. 
And DK is the rectangle BD, DA, 
for AD is equal to DL; 
and AE is the square on AB ; 
therefore the rectangle BD, DA is equal to the square 
on AB. 
Therefore, as DB is to BA, so is BA to AD. (vi. 17] 
And DB is greater than BA ; 
therefore BA is also greater than AD. [v. 14] 
Therefore DZ has been cut in extreme and mean ratio at 
A, and AB is the greater segment. 


Q. E. D. 
We have (sq. DA) - (sq. AC) 
= (rect, CE), by hypothesis, 
= (rect. HE). 


Add to each side the rectangle AX, and 
(rect. DK) = (sq. AE), 
or (rect. BD, DA) = (sq. on AB). 
The result is of course obvious from ut. rr. 
There is an alternative proof given in P after xiii. 6, which depends on 
Book v. 


By hypothesis, BA: AC- AC: CB, 
or, inversely, AC: AB- CB: AC. 
Componendo, (4B* 4C): AB- AB : AC, 
or DB:BA- BA: AD. 


PROPOSITION 6. 


Zf a rational straight line be cut in extreme and mean ratio, 
each of the segments is the irrational straight line called 
apotome. 


450 BOOK XIII : (xin. 6 


Let AB be a rational straight line, 
let it be cut in extreme and mean 
ratio at C, D A o B 
and let AC be the greater segment ; 
I say that each of the straight lines AC, CB is the irrational 
straight line called apotome. 
For let BA be produced, and let 4D be made half of BA. 
Since then the straight line AB has been cut in extreme 
and mean ratio, 
and to the greater segment AC is added AD which is half 
of AB, 
therefore the square on CD is five times the square on DA. 
(xui. i] 


Therefore the square on CD has to the square on DA the 
ratio which a number has to a number ; 





therefore the square on CD is commensurable with the square 


on DA. [x. 6] 
But the square on D4 is rational, 

for DA is rational, being half of AZ which is rational ; 

therefore the square on C2 is also rational ; (x. Def. 4] 

therefore C2 is also rational. 


And, since the square on CD has not to the square on 
DA the ratio which a square number has to a square number, 


therefore CD is incommensurable in length with DA;  [x. 9] 
therefore CD, DA are rational straight lines commensurable 
in square only ; 

therefore AC is an apotome. (x. 73) 


Again, since 4B has been cut in extreme and mean ratio, 
and AC is the greater segment, 
therefore the rectangle 48, BC is equal to the square on AC. 
[vi. Def. 3, vi. 17] 
"Therefore the square on the apotome AC, if applied to 
the rational straight line 4Z, produces BC as breadth. 
But the square on an apotome, if applied to a rational 
straight line, produces as breadth a first apotome ; [x. 97] 
therefore CZ is a first apotome. 
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And CA was also proved to be an apotome. 
Therefore etc. 
Q. E. D 


It seems certain that this proposition is an interpolation. P has it, but the 
copyist (or rather the copyist of its archetype) says that "this theorem is not 
found in most copies of the new recension, but is found in those of the old." 
In the first. place, there is a scholium to xitr. 17 in P itself which proves the 
same thing as xiii. 6, and which would therefore have been useless if xur. 6 
had preceded. Hence, when the scholium was written, this proposition had 
not yet been interpolated. Secondly, P has it before the alternative proof of 
Xii. 5 ; this proof is considered, on general grounds, to be interpolated, and 
it would appear that it must have been a /afer interpolation (xin. 6) which 
divorced it from the proposition to which it belonged. Thirdly, there is cause 
for suspicion in the proposition itself, for, while the enunciation states that 
each segment of the straight line is an agofome, the proposition adds that the 
lesser segment is a firs/ apotome. The scholium in P referred to has not this 
blot. What is actually wanted in xiit. 17 is the fact that the grea/er segment 
is an apotome. It is probable that Euclid assumed this fact as evident enough 
from xui. 1 without further proof, and that he neither wrote xiii. 6 nor the 
quotation of its enunciation in XIII. 17. 


PROPOSITION 7. 


If three angles of an equilateral pentagon, taken either in 
order or nol in order, be equal, the pentagon will be eguzangular. 


For in the equilateral pentagon ABCDE let, first, three 
angles taken in order, those at 4, B,C, 
be equal to one another ; A 
I say that the pentagon ABCDE is 
equiangular. 
For let AC, BE, FD be joined. B E 
Now, since the two sides CB, BA 
are equal to the two sides BA, AE 
respectively, 
and the angle CBA is equa! to the c 0 
angle BAE, 
therefore the base AC is equal to the base BEL, 
the triangle 4 BC is equal to the triangle ABEL, 
and the remaining angles will be equal to the remaining angles, 
namely those which the equal sides subtend, [r. 4] 
that is, the angle BCA to the angle BEA, and the angle 
ABE to the angle CAB; 
hence the side 4F is also equal to the side BF- (1. 6] 
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But the whole AC was also proved equal to the whole AE; 
therefore the remainder FC is also equal to the remainder FZ, 
But C2 is also equal to DE. 
Therefore the two sides FC, CD are equal to the two 
sides FE, ED; 
and the base FD is common to them; 
therefore the angle FCD is equal to the angle FED. [1. 8] 


But the angle BCA was also proved equal to the angle 
AEB; 
therefore the whole angle BCD is also equal to the whole 
angle 4 ED. 

But, by hypothesis, the angle BCD is equal to the angles 
at 4, B; 
therefore the angle 4E is also equal to the angles at 4, Z. 


Similarly we can prove that the angle CDE is also equal 
to the angles at 4, B, C; 


therefore the pentagon ABCDE is equiangular, 


Next, let the given equal angles not be angles taken in 
order, but let the angles at the points 4, C, D be equal ; 
I say that in this case too the pentagon 4 BCDE is equiangular. 
For let BD be joined. 
Then, since the two sides BA, AE are equal to the two 
sides BC, CD, 
and they contain equal angles, 
therefore the base BE is equal to the base BD, 
the triangle ABE is equal to the triangle BCD, 


and the remaining angles will be equal to the remaining angles, 
namely those which the equal sides subtend ; (1. 4] 


therefore the angle 44 £ B is equal to the angle CDB. 
But the angle BED is also equal to the angle BDZ, 
since the side BZ is also equal to the side BD. [1 5] 
‘Therefore the whole angle 4£D is equal to the whole 
angle CDE. 
But the angle CDE is, by hypothesis, equal to the angles 
at A, C; 
therefore the angle 4 ÆD is also equal to the angles at 4, C. 
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For the same reason 
the angle AAC is also equal to the angles at 4, C, D. 
Therefore the pentagon ABCDE is equiangular. 
Q. E. D. 
This proposition is required in xui. 17. 
The steps of the proof may be shown thus. 
I. Suppose that the angles at A, Z, C are all equal. 
Then the isosceles triangles BAZ, ABC are equal in all respects ; 


thus BE=AC, ct BCA=L BEA, LCAB= L EBA. 
By the last equality, FA = FB, 
so that, since BE = AC, FC = FE. 
The As FED, FCD are now equal in all respects, (1. 8, 4] 
and l FCD =| FED. 
But L ACB = AEB, from above, 
whence, by addition, LBCD--AED. 


Similarly it may be proved that © CDE is also equal to any one of the 
angles at 4, B, C. 


II. Suppose the angles at 4, C, D to be equal. 
Then the isosceles triangles ABE, CZD are equal in all respects, and 
hence BE = BD (so that L BDE =- BED), 


and 4L CDB =. AEB. 
By addition of the equal angles, 
L CDE - - DEA. 


Similarly it may be proved that 2 AAC is also equal to each of the angles 
at A, C, D. 


PRorosiTION 8. 


Jf in an equilateral and equiangular pentagon straight 
lines subtend two angles taken in order, they cut one another 
in extreme and mean ralio, and their greater segments are egual 
to the side of the pentagon. 


For in the equilaterai and equiangular pentagon ABCDE 

let the straight lines 4C, BE, cutting 
one another at the point 77, subtend 
two angles taken in order, the angles 
at A, B; 
I say that each of them has been 
cut in extreme and mean ratio at 
the point Æ, and their greater seg- 
ments are equal to the side of the 
pentagon. Ü c 

For let the circle ABCDE be 
circumscribed about the pentagon ABCDE. (iv. 14] 


A 


454 BOOK XIII (xu 8 


Then, since the two straight lines EA, AB are equal to 
the two AB, BC, 


and they contain equal angles, 
therefore the base BZ is equal to the base AC, 
the triangle 4 BZ is equal to the triangle .4 BC, 


and the remaining angles will be equal to the remaining angles 
respectively, namely those which the equal sides subtend. (1. 4] 


Therefore the angle BAC is equal to the angle ABE ; 
therefore the angle 44 77£ is double of the angle 5.4 77. [1 32] 
But the angle ZAC is also double of the angle BAC, 
inasmuch as the circumference EDC is also double of the 
circumference CB; (ut. 28, vi. 33) 

therefore the angle WAZ is equal to the angle AHE ; 
hence the straight line ZZ£ is also equal to E A, that is, to 4 P. 


1.6 

And, since the straight line BA is equal to AZ, uS 

the angle ABE is also equal to the angle AEB. (1. 5] 

But the angle 4 BE was proved equal to the angle BAH; 
therefore the angle BZA is also equal to the angle BAH. 


And the angle ABE is common to the two triangles ABE 
and ABA, 
therefore the remaining angle BAZ is equal to the remaining 
angle 4777 ; [1. 32] 
therefore the triangle 4E is equiangular with the triangle 
ABH; 
therefore, proportionally, as EB is to BA, so is AB to BH. 


. (vi. 4] 
But BA is equal to £H ; 
therefore, as BE is to EH, so is EH to HB. 
And AZ is greater than £7; 
therefore EH is also greater than 777. [v. 14] 
Therefore BE has been cut in extreme and mean ratio at 


H, and the greater segment /7£ is equal to the side of the 
pentagon. 


Similarly we can prove that AC has also been cut in 
extreme and mean ratio at Æ, and its greater segment CH 
is equal to the side of the pentagon. 

Q. E. D. 
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In order to prove this theorem we have to show (1) that the As AEB, 
HAB are similar, and (2) that EH = EA (= AB). 
To prove (2) we have 
As AEB, BAC equal in all respects, 


whence EB= AC, 
and LBAC-L. ABE. 
Therefore LAHE-2. BAC 
=4 EAC, 
so that EH -= EA 
= ÁB. 


To prove (1) we have, in the As AEB, HAB, 
LBAH-LEBA 


=L AEB, 
and LABE is common, 
therefore the third ¿s AHB, EAB are equal, 
and As AEB, HAB are similar. 


Now, since these triangles are similar, 
EB:BA- BA: BH, 
or (rect. EB, BA) = (sq. on BA) 
- (sq. on £H), 
so that Æ is divided in extreme and mean ratio at Æ. 
Similarly its equal, CA, is divided in extreme and mean ratio at M. 


PROPOSITION 9. 


If the side of the hexagon and that of the decagon inscribed 
in the same circle be added together, the whole straight line 
has been cul in extreme and mean ralio, and its greater segment 
is the side of the hexagon. 

Let ABC be a circle ; 


of the figures inscribed in the circle ABC let BC be the side 
of a decagon, C2 that of a hexagon, 


and let them be in a straight line ; 
I say that the whole straight line 


BD has been cut in extreme and 
: — B A 
mean ratio, and CD is its greater 
segment. 
c 


For let the centre of the circle, 
the point Æ, be taken, 


let EZ, EC, ED be joined, 
and let BE be carried through to 74. D 
Since BC is the side of an equilateral decagon, 
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therefore the circumference ACB is five times the circum- 
ference BC; 


therefore the circumference AC is quadruple of CZ. 


But, as the circumference AC is to CB, so is the angle 
AEC to the angle CEB; [vi. 33] 


therefore the angle 4 EC is quadruple of the angle CEB. 
And, since the angle EBC is equal to the angle ECA, [1. 5) 
therefore the angle 4£ZC is double of the angle ECB. — (i. 32] 
And, since the straight line EC is equal to CD, 
for each of them is equal to the side of the hexagon inscribed 
in the circle ABC, [1v. rs, Por.] 
the angle CED is also equal to the angle CDE ; (1. 5] 
therefore the angle ECB is double of the angle EDC. [u 32] 
But the angle 4 EC was proved double of the angle ECB; 
therefore the angle AEC is quadruple of the angle EDC. 
But the angle AEC was also proved quadruple of the 
angle BEC; 
therefore the angle EDC is equal to the angle BEC. 
But the angle EBD is common to the two triangles BEC 
and BED; 
therefore the remaining angle BED is also equal to the 
remaining angle ECB; (1. 32] 
therefore the triangle EB is equiangular with the triangle 
EBC. 


Therefore, proportionally, as DB is to BE, so is EB to BC. 


(vi. 4] 
But ZB is equal to CD. 
Therefore, as BD is to DC, so is DC to CB. 
And D is greater than DC; 


therefore DC is also greater than CB. 


Therefore the straight line BD has been cut in extreme 
and mean ratio, and DC is its greater segment. 
Q. E. D. 


.. BC is the side of a regular decagon inscribed in the circle; C2 is the 
side of the inscribed regular hexagon, and is therefore equal to the radius BE 
or EC, 

Therefore, in order to prove our theorem, we have only to show that the 
triangles EBC, DBE ave similar. 
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Since BC is the side of a regular decagon, 
(arc BCA) = s (arc PC), 


so that (arc CFA) = 4(arc BC), 
whence 2 CEA =42 BEC. 
But . LCEA=2LECB. 
Thereture LECBsaLBEC issu (1). 


But, since CD = CE, 
4L CDE = 1 CED, 


so that L ECB =2 | CDE. 
It follows from (1) that 2 BEC =L CDE. 
Now, in the Os EBC, DBE, 
L BEC= | BDE, 


and L EBC is common, 
so that L ECB = DEB, 
and As EBC, DBE are similar. 
Hence DB : BE = EB.: BC, 
or (rect. DB, BC) - (sq. on £B) 
= (sq. on CD), 


and DB is divided at C in extreme and mean ratio. 


To find the side of the decagon algebraically in terms of the radius we 
have, if x be the side required, 
(r-xx-25, 


whence x -7 (Js 1). 


PROPOSITION 10. 


Lf an equilateral pentagon be inscribed in a circle, the 
square on the side of the pentagon is equal to the squares on 
the side of the hexagon and on that of the decagon inscribed in 
the same circle. 

Let ABCDE be a circle, 
and let the equilateral pentagon ABCDE be inscribed in the 
circle ABCDE. 

I say that the square on the side of the pentagon ABCDE 
is equal to the squares on the side of the hexagon and on 
that of the decagon inscribed in the circle ABCDE. 

For let the centre of the circle, the point F, be taken, 
let AF be joined and carried through to the point G, 
let FB be joined, 
let FH be drawn from F perpendicular to 4B and be carried 
through to X, 
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let AK, KB be joined, 
let FL be again drawn from Pond to AK, and be 
carried through to 77, 
and let KW be joined. 


Since the circumference k 
A BCG is equal to the circum- 
ference AEDG, 


and in them ASC is equal to 
AED, 


therefore the remainder, the 
circumference CG, is equal to 
the remainder G2. 


But C2 belongs to a pen- 
tagon ; c 0 
therefore CG belongs to a G 
decagon. 

And, since 774 is equal to FZ, 
and FH is perpendicular, 
therefore the angle A4 FK is also equal to the angle KFZ. 

[t. 5, 1. 26] 

Hence the circumference AX is also equal to KA; (iu. 26] 
aaa the circumference AB is double of the circumference 
therefore the straight line 4X is a side of a decagon. 


M A 


m 


For the same reason 
AK is also double of KM. 

Now, since the circumference 4B is double of the circum- 
ference BK, 
while the circumference CD is equal to the circumference AB, 


therefore the circumference CD is also double of the circum- 
ference BK. 


But the circumference CD is also double of CG; 
therefore the circumference CG is equal to the circumference 


BK. 
But BX is double of KAZ, since KA is so also; 
therefore CG is also double of KM. 
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But, further, the circumference CZ is also double of the 
circumference BK, 
for the circumference CZ is equal to BA. 

Therefore the whole circumference GB is also double 
of BM. 
hence the angle GF is also double of the angle BFW. [v1. 33] 

But the angle GFB is also double of the angle FA B, 
for the angle FAB is equal to the angle 4 BF. 

Therefore the angle BFN is also equal to the angle F4 B. 

But the angle ABF is common to the two triangles ABF 
and BEN ; 
therefore the remaining angle AFB is equal to the remaining 
angle BNE; li 32] 
therefore the triangle 4 BF is equiangular with the triangle 
BFN. 

Therefore, proportionally, as the straight line 447 is to BF, 
so is FB to BN; [vr. 4] 
therefore the rectangle AB, BN is equal to the square on BF. 

[vi. 17] 

Again, since AZ is equal to LK, 
while ZX is common and at right angles, 
therefore the base KW is equal to the base AV ; [1. 4] 
therefore the angle LAW is also equal to the angle LAN. 

But the angle LAN is equal to the angle KBN ; 
therefore the angle LÆ is also equal to the angle XZN. 

And the angle at 4 is common to the two triangles 4 KB 
and AKN. 

Therefore the remaining angle AKB is equal to the 
remaining angle KNA ; [1. 32] 
therefore the triangle ABA is equiangular with the triangle 
KNA. 

Therefore, proportionally, as the straight line BA is to 
AK, so is KA to AN; [vi 4] 
therefore the rectangle BA, AN is equal to the square on AK. 

(vi. 17] 

But the rectangle 48, BN was also proved equal to the 

square on BF; 
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therefore the rectangle 48, BN together with the rectangle 
BA, AN, that is, the square on BA [n. 2], is equal to the 
square on £F together with the square on AK, 


And BA is a side of the pentagon, BF of the hexagon 

[iv. 15, Por.], and AK of the decagon. 
Therefore etc. 

Q- E. D. 


ABCDE being a regular pentagon inscribed in a circle, and AG the 
diameter through 4, it follows that 
(arc CG) - (arc GD), 
and CG, GD are sides of an inscribed regular decagon. 


FHK being drawn perpendicular to AB, it follows, by 1. 26, that 
Ls AFK, BFK are equal, and BK, KA are sides of the regular decagon. 
Similarly it may be proved that, FLM being perpendicular to AK, 


AL-LK, 
and (arc AM) = (arc MK). 
The main facts to prove are that 


(1) the triangles ABF, FBN are similar, and (2) the triangles ABK, AKN 
are similar. 


(1) 2 (arc UG) = (arc CD) 
= (arc AB) 
- 2 (arc BX), 
or (arc CG) = (arc BX) = (arc AK) 
- 2 (arc KM). 
And (arc CB) - 2 (arc BK). 


Therefore, by addition, 
(atc BCG) - 2 (arc BKM). 


Therefore L BFG =2 L BEN. 
But L BFG =2 L FAB, 
so that L FAB =L BEN, 


Hence, in the As 4BF, FAN, 

l FAB=L BEN, 
and -ABF is common; 
therefore LAFB-LBNF, 
and As 4B F, FBN are similar. 

(2) Since AZ = LK, and the angles at Z are right, 
AN - NK, 
and l NKA = NAK 
=LKBA. 
Hence, in the As ABK, AKN, 

LABK-LAXKN, 
and L KAN is common, 
whence the third angles are equal ; 
therefore the triangles ABX, AKN are similar. 
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Now from the similarity of As ABF, FBN it follows that 
AB: BF= BF: BN, 
or (rect. AB, BN) = (sq. on BF). 
And, from the similarity of ABK, AKN, 
BA: AK- AK: AN, 
or (rect. BA, AN) = (sq. on AX). 
Therefore, by addition, 
(rect. AB, BN) + (rect. BA, AM) = (sq. on BF) + (sq. on AK), 


that is, (sy. on AB) = (sq. on BF) + (sq. on AK). 
If r be the radius of the circle, we have seen (xni. 9, note) that 
AK «^ (Js - 1). 
Therefore (side of pentagon)? = 7? + (6-2 J5) 
iion 
so that (side of pentagon) = : M10 - 2 J5. 


PROPOSITION II. 


Lf in a circle which has its diameter rational an equilateral 
pentagon be inscribed, the side of the pentagon is the irrational 
straight line called minor. 


For in the circle ABCDE which has its diameter rational 
let the equilateral pentagon ABCDE be inscribed ; 


I say that the side of the pentagon is the irrational straight 
line called minor. 


For let the centre of the circle, the point F, be taken, 
let AF, FB be joined and carried through to the points, G, 77, 
let AC be joined, 
and let AK be made a fourth part of AF. 
Now AF is rational ; 
therefore FK is also rational. 
But BF is also rational ; 
therefore the whole BK is rational. 
And, since the circumference ACG is equal to the circum- 


ference ADG, 
and in them ABC is equal to AED, 
therefore the remainder CG is equal to the remainder GD. 
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And, if we join AD, we conclude that the angles at Z 
are right, 


and C2 is double of CZ. 

For the same reason 
the angles at M are also right, 
and AC is double of CM. 





Since then the angle AZC is equal to the angle AMF, 


and the angle LAC is common to the two triangles ACL 
and AMF, 


therefore the remaining angle ACL is equal to the remaining 

angle MFA ; (1. 32] 

therefore the triangle ACZ is equiangular with the triangle 

AMF, 

therefore, proportionally, as LC is to CA, so is MF to FA. 
And the doubles of the antecedents may be taken; 


therefore, as the double of ZC is to CA, so is the double of 
MF to FA. 


But, as the double of WF is to FA, so is MF to the half 
of FA; 


therefore also, as the double of LC is to CA, so is MF to the 
half of FA. 


And the halves of the consequents may be taken ; 


therefore, as the double of ZC is to the half of CA, so is MF 
to the fourth of FA. 
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And DC is double of ZC, CM is half of CA, and Fk a 
fourth part of FA ; 


therefore, as DC is to CM, so is MF to FK. 


Componendo also, as the sum of DC, CM is to CM, so is 
MK to KF, [v. 18] 


therefore also, as the square on the sum of DC, CA is to the 
square on CM, so is the square on MK to the square on AF. 


And since, when the straight line subtending two sides of 
the pentagon, as AC, is cut in extreme and mean ratio, the 
greater segment is equal to the side of the pentagon, that is, 
to DC, : [xur 8] 


while the square on the greater segment added to the half 
of the whole is five times the square on the half of the 
whole, (xi. 1) 


and CM is half of the whole AC, 


therefore the square on DC, CM taken as one straight line is 
five times the square on CM. 


But it was proved that, as the square on DC, CM taken 
as one straight Jine is to the square on CM, so is the square 
on MK to the square on KZ; 


therefore the square on MK is five times the square on AF. 
But the square on KZ is rational, 

for the diameter is rational ; 

therefore the square on MØ is also rational ; 

therefore MK is rational 


And, since BF is quadruple of FK, 
therefore BK is five times KF; 


therefore the square on AX is twenty-five times the square 
on KF. 


But the square on MX is five times the square on KF; 
therefore the square on BA is five times the square on KM; 
therefore the square on BA has not to the square on KM 
the ratio which a square number has to a square number ; 
therefore BK is incommensurable in length with KM.  [x. 9) 

And each of them is rational, 


Therefore BX, KM are rational straight lines commen- 
surable in square only. 
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But, if from a rational straight line there be subtracted a 
rational straight line which is commensurable with the whole 
in square only, the remainder is irrational, nameiy an apotome; 


therefore MB is an apotome and 77K the annex to it. [x. 73] 


I say next that AZZ is also a fourth apotome. 

Let the square on W be equal to that by which the square 
on BK is greater than the square on KM; 
therefore the square on BX is greater than the square on KZ 
by the square on XV. 


And, since AF is commensurable with FB, 


componendo also, KB is commensurable with FB. [x. 15] 
But BF is commensurable with BA ; 
therefore BX is also commensurable with BÆ. [X- 12] 


And, since the square on ZK is five times the square 
on KM, 
therefore the square on BX has to the square on KM the 
ratio which 5 has to 1. 

Theretore, convertendo, the square on BX has to the square 
on V the ratio which 5 has to 4 [v. 19, Por.], and this is not the 
ratio which a square number has to a square number ; 
therefore BX is incommensurable with V ; (x. 9] 
therefore the square on BK is greater than the square on KM 
by the square on a straight line incommensurable with BX. 


Since then the square on the whole AX is greater than 
the square on the annex AM by the square on a straight line 
incommensurable with BX, 
and the whole BX is commensurable with the rational straight 
line, BH, set out, 
therefore 7B is a fourth apotome. (x. Deff. ui. 4] 

But the rectangle contained by a rational straight line and 
a fourth apotome is irrational, 
and its square root is irrational, and is called minor. [x. 94] 

But the square on AB is equal to the rectangle HB, BM, 
because, when 74 77 is joined, the triangle A BH is equiangular 
with the triangle ABM, and, as HB is to BA, so is AB 
to BM. 


xur. rr) PROPOSITION 11 465 


Therefore the side 42 of the pentagon is the irrational 
straight line called minor. 
Q. E. D. 


Here we require certain definitions and propositions of Book x. 

First we require the definition of an apotome |see x. 73], which is a straight 
line of the form (p ~ /4. p), where p is a “rational” straight line and 4 is any 
integer or numerical fraction, the square root of which is not integral or 
expressible in integers. The lesser of the straight lines p, J/4 p is the annex. 

Next we require the definition of the fourth apotome |x. Deff. 111. (after 
x. 84)], which is a straight line of the form (x-y), where x, y (being both 
rational and comme able in square only) are also such that Vx? —3* is 
incommensurable wit. x, while x is commensurable with a given rational 
straight line p. As shown on x. 88 (note), thy fourth apotome is of the form 


kp 
Age ue 
( P 1 3) i 

Lastly the minor (straight line) is the irrational straight line defincd in 
x. 76. It is of the form (x — y), where x, y are incommensurable in square, 
and (ax*-)?) is ‘rational,’ while xy is ‘medial’ As shown in the note on 
x. 76, the minor irrational straight line is of the form 

ay is M Ls 
J2 Jiepg X? Jr £ 

The proposition may be put as follows. ABCDE being a regular 
pentagon inscribed in a circle, AG, BH the diameters through 4, B meeting 
CD in Land AC in M respectively, FK is made equal to AF. 

Now, the radius A4 (7) being rational, so are FK, BK. 

The arcs CG, GD are equal ; 
hence 4 s at Z are right, and CD - 2CZ 

Similarly 4 s at M are right, and AC = 2CM. 

We have to prove 

(1) that BAZ is an apotome, 
(2) that ZA is a fourth apotome, 
(3) that BA is a minor irrational straight line. 

Remembering that, if CA is divided in extreme and mean ratio, the 
greater segment is equal to the side of the pentagon (x11, 8], and that accord 
ingly [xit. 1] (CD + $CAY - 5 (&CAY, we work towards a proportion con- 
taining the ratio (CD + CM)’: CAL, thus. 

The As ACL, AFM are equiangular and therefore similar. 


Therefore LC: CA= MEF: FA, 
and accordingly 2LC: CA- MF: MFA;j 
thus 2LC:4 CA - MF: £A, 
or DC: CM- MF: FK; 


whence, componendo, and squaring, 
(DC « CMyf : CM' - MK! : KP». 
But (DC + CM) = 5CM’; 
therefore MK = 5KF*. 
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(This means that MK? = 5,7, 
or MK= ys r.) 


It follows that, K being rational, MK?, and therefore MK, is rational. 
(1) To prove that BM is an apotome and MK its annex. 


We have BF=4FK; 
therefore B BK = 5FK, 
: BK’ = 25 FK? 


= 5 MK’, from above ; 


therefore BX? has not to MK? the ratio of a square number to a square 
number ; 


therefore BX, MK are incommensurable in length. 

They are therefore rational and commensurable in square only ; 
accordingly BM is an apotome. 

(BK? = 5 MK? = 287, and BK = $r. 


Consequently BK- MK= P r- 45,) .J 


(2) To prove that BM is a fourth apotome. 
First, since XA, FB are commensurable, 


BK, BF are commensurable, i.e. BX is commensurable with BÆ, a given 
rational straight line. 


Secondly, if N’ = BK? - KM’, 
since BR’: KM’ =5 : 1, 
it follows that BK’: N’=5:4, 


whence BX, N are incommensurable. 
Therefore BM is a fourth apotome. 
(3) To prove that BA is a minor irrational straight line. 


If a fourth apotome form a rectangle with a rational straight line, the side 
of the square equivalent to the rectangle is minor [x. 94]. 


Now BA’ = HB. BM, 
HTB is rational, and BM is a fourth apotome ; 
therefore BA is a minor irrational straight line. 


Baa=rj2.,/8-W-7 J - : 

[B4 - rJ2 A] $- 53 - 7 Joa Js 

If this is separated into the difference between two straight lines, we have 
r 


BA - Jg vs Js -L d $73 d$] 


2 


PROPOSITION 12. 


Lf an equilateral triangle be inscribed in a circle, the square 


on the side of the triangle ts triple of the square on the radius 
of the circle. 
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Let ABC be a circle, 
and let the equilateral triangle 4 BC be inscribed i in it; 
I say that the square on one side of 


the triangle ABC is triple of the square ^ 
on the radius of the circle. 
For let the centre D of the circle 
ABC be taken, 
let AD be joined and carried through 
to Æ, B b 
and let BE be joined. 
Then, since the triangle ABC is T 
equilateral, 


therefore the circumference BEC is a third part of the circum- 
ference of the circle 4 BC. 


Therefore the circumference BE is a sixth part of the 
circumference of the circle ; 
therefore the straight line BZ belongs to a hexagon ; 
therefore it is equal to the radius DE. (1v. 15; Por.] 
And, since AZ is double of DE, 
the square on AE is quadruple of the square on ZZ, that is, 
of the square on BE. 
But the square on AZ is equal to the squares on AB, BE; 


(uit. 31, 1 47] 
therefore the squares on 48, BE are quadruple of the square 
on BE. 


Therefore, separando, the square on AB is triple of the 
square on BE. 
But BE is equal to DE ; 


therefore the square on AZ is triple of the square on DZ. 


Therefore the square on the side of the triangle is triple 
of the square on the radius. 
Q. E. D. 


PROPOSITION 13. 


To construct a pyramid, to comprehend it in a given sphere, 
and to prove that the square on the diameter of the sphere is 
one and a half times the square on the side of the pyramid. 
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Let the diameter A47 of the given sphere be set out, 

and let it be cut at the point C so that AC is double of C7 ; 

let the semicircle ADB be described on AB, 

let CD be drawn from the point C at right angles to 4B, 

and let DA be joined ; 

let the circle EFG which has its radius equal to DC be 

set out, 

let the equilateral triangle EFG be inscribed in the circle — 
iv. 2 


let the centre of the circle, the point Æ, be taken, [m. 1] 
let EH, HF, HG be joined ; 

from the point Z7 let 7K be set up at right angles to the plane 
of the circle EFG, [xi. 12] 
let AK equal to the straight line AC be cut off from HK, 
and let KZ, KF, KG be joined. 


D 


Now, since AA is at right angles to the plane of the 
circle EFG, 


therefore it will also make right angles with all the straight 
lines which meet it and are in the plane of the circle EFG. 
(x1. Def. 3] 
But each of the straight lines HE, HF, HG meets it: 
therefore ZZK is at right angles to each of the straight lines 
HE, HF, HG. 
And, since AC is equal to HK, and CD to HE, 
and they contain right angles, 
therefore the base DA is equal to the base KE. (t. 4] 


xu. 13] PROPOSITION 13 469 


For the same reason 
each of the straight lines KF, KG is also equal to DA; 


therefore the three straight lines KE, KF, KG are equal to 
one another. 


And, since AC is double of CB, 
therefore AZ is triple of BC. 
But, as 4B is to BC, so is the square on 4D to the square 
on DC, as will be proved afterwards. 
Therefore the square on A D is triple of the square on DC. 
But the square on ZZ is also triple of the square on £7, 
[xii 12] 


and DC is equal to EH; 
therefore DA is also equal to EF. 

But DA was proved equal to each of the straight lines 
KE, KF, KG; 
therefore each of the straight lines EF, FG, GE is also equal 
to each of the straight lines KE, KF, KG; 
therefore the four triangles EG, KEF, KFG, KEG are 


equilateral. 


Therefore a pyramid has been constructed out of four 
equilateral triangles, the triangle EFG being its base and the 
point A its vertex. 


It is next required to comprehend it in the given sphere 
and to prove that the square on the diameter of the sphere 
is one and a half times the square on the side of the pyramid. 

For let the straight line ÆL be produced in a straight 
line with KH, 


and let ZL be made equal to CZ. 

Now, since, as AC is to CD, so is CD to CB, (vi. 8, Por.] 
while AC is equal to KH, CD to HE, and CB to HL, 
therefore, as KH is to HE, so is EH to HL; 


therefore the rectangle KH, HZ is equal to the square on 
EH. [vi. 17] 


And each of the angles KHZ. ZAL is right ; 


therefore the semicircle described on AZ will pass through 
E also. [cf. vi. 8, un. 31] 
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If then, KZ remaining fixed, the semicircle be carried round 
and restored to the same position from which it began to be 
moved, it will also pass through the points F, G, 
since, if FL, LG be joined, the angles at F, G similarly become 
right angles ; 
and the pyramid will be comprehended in the given sphere. 

For KL, the diameter of the sphere, is equal to the 


diameter AB of the given sphere, inasmuch as AH was 
made equal to AC, and HL to CB. 


I say next that the square on the diameter of the sphere 
is one and a half times the square on the side of the 
pyramid 

For, since AC is double of CZ, 
therefore AB is triple of BC; 
and, convertendo, BA is one and a half times AC. 

But, as BA is to AC, so is the square on BA to the square 
on AD. 

Therefore the square on BA is also one and a half times 
the square on 4D. 

And BA is the diameter of the given sphere, and 4D is 
equal to the side of the pyramid. 

Therefore the square on the diameter of the sphere is 
one and a half times the square on the side of the pyramid. 

Q. E. D. 
LEMMA. 

It is to be proved that, as AB is to BC, so is the square 
on AD to the square on DC. 

For let the figure of the semi- D 
circle be set out, 
let DB be joined, 
let the square EC be described 
on AC, 
and let the parallelogram FB be 
completed. 

Since then, because the tri- 
angle DAB is equiangular with 
the triangle DAC, 
as BA is to AD,s0 is DA to AC, E 

(vi. 8, vi. 4] 
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therefore the rectangle BA, AC is equal to the square on AD. 


[vi. 17] 
And since, as 4B is to BC, so is EB to BF, (vi. 1] 


and ZB is the rectangle BA, AC, for EA is equal to AC, 
and BF is the rectangle AC, CB, 


therefore, as AB is to BC, so is the rectangle BA, AC to the 
rectangle AC, CB. 


And the rectangle BA, AC is equal to the square on 4D, 
and the rectangle AC, CB to the square on DC, 


for the perpendicular DC is a mean proportional between the 
segments AC, CB of the base, because the angle ADB is 
right. (vi. 8, Por.] 


Therefore, as AB is to BC, so is the square on AD to 
the square on DC. 


Q. E, D. 


The Lemma is with reason suspected. Euclid commonly takes more 
difficult theorems for granted in the stereometrical Books. It is also clumsy 
in itself, while, from a gloss in the proposition rejected as an interpolation, it 
is clear that the interpolator of the gloss had not the Lemma. With the 
Lemma should disappear the words “as will be proved afterwards ” (p. 469). 


In the figure of the proposition, the semicircle really represents half of 
a section of the sphere through its centre and one edge of the inscribed 
tetrahedron (AD being the length of that edge). 

The proof is in three parts, the object of which is to prove 
(1) that XEFG is a tetrahedron with all its edges equal to AD, 


(2) that it is inscribable in a sphere of diameter equal to 4B, 


(3) that AB'z3AD* 
To prove (1) we have to show 
(a) that KE = KF= KG = AD, 
(b) that AD= EF. 
(a) Since HE- HF- HG- CD, 
KH = AC, 
and Ls ACD, KHE, KHF, KHG arte right, 
As ACD, KHE, KHF, KHG are equal in all respects ; 
therefore KE = KF= KG = AD. 
(b) Since AB= 3BC, 
and AB: BC=AB.AC:AC.CB 
=AD': CD’, 
it follows that AD*=3CD*. 
But [xur. 12) EF’ = 3EfF ; 


and ZH = CD, by construction 
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Therefore AD= EF. 
Thus EFGK is a regular tetrahedron. 


(2) We now observe the usefulness of Euclid's description of a sphere 
(in xi. Def. 14]. 

Producing XÆ (= 4C) to Z so that ZZ - CB, 
we have AZ equal to AB; 
thus AZ is a diameter of the sphere which should circumscribe our tetra- 
hedron, 
and we have only to prove that £, F, G lie on semicircles described on ‘KZ 
as diameter. 

E.g. for the point Æ, 


since AC: CD- CD:CB, 
while AC- KH, CD- HE, CD - HL, 
we have KH:HE-HE:HL, 

or KH. HL= HE’, 


whence, the angles KHE, EHL being right, 
EKZ is a triangle right-angled at Æ [cf. vı. 8]. 

Hence Æ lies on a semicircle on K'Z as diameter. 

Similarly for Æ G. 

Thus a semicircle on AZ as diameter revolving round KZ passes 
successively through Æ, Æ G. 


(3) AB = 3BC; 
therefore BA =}3AC. 
And BA:AC=BA': BA.AC 
= BA’: AD". 
Therefore BA =3AD 
If z be the radius of the circumscribed sphere, 
(edge of tetrahedron) = a .£-$46.r. 


It will be observed that, although in these cases Euclid's construction is 
equivalent to inscribing the particular regular solid in a given sphere, he does 
not actually construct the solid sm the sphere but constructs a solid which a 
sphere egua/ to the given sphere will circumscribe. Pappus, on the other 
hand, in dealing with the same problems, actually constructs the respective 
solids in the given spheres. His method is to find circular sections in the 
given spheres containing a certain number of the angular points of the given 
solids. His solutions are interesting, although they require a knowledge of 
some properties of a sphere which are of course not found in the Elements 
but belonged to treatises such as the Sphaerica of Theodosius. 


Pappus' solution of the problem of Eucl. XIII. 13. 


In order to inscribe a regular pyramid or tetrahedron in a given sphere, 
Pappus (111. pp. 142—144) finds two circular sections equal and parallel to one 
another, each of which contains one of two opposite edges as its diameter. In 
this and the other similar problems he proceeds in the orthodox manner by 


xit. 13] PROPOSITION 13 473 


analysis and synthesis. The following is a reproduction of his solution of 
this case. 


Analysis. 


Suppose the problem solved, 4, B, C, D being the angular points of the 
required pyramid. ; 

Through A draw EF parallel to CD; this will make equal angles with 
AC, AD; and, since AB does so too, EF 
is perpendicular to 47 (Pappus has a lemma 
for this, p. 140, 12—24], and is therefore a 
tangent to the sphere (for ZF is parallel to 
CD, the base of the triangle ACD, and 
therefore touches the circle circumscribing 
it, while it also touches the circular section 
AB made by the plane passing through 47 
and £F perpendicular to it). 

Similarly GÆ drawn through Ø parallel 
to AB touches the sphere. 

And the plane through GĦ, CD makes 
a circular section equal and parallel to 4B. 

Through the centre K of that circular 
section, and in the plane of the section, draw LM perpendicular to CD and 
therefore parallel to AB. Join BL, BM. 

BM is then perpendicular to AB, LM, and ZB isa diameter of the sphere. 

Join MC. 





Then LM = 2MC%, 
and BC-AB-LM, 
so that BC'-2MC*. 


And BM, being perpendicular to the plane of the circle ZM, is perpen- 
dicular to CM, 


whence BC - BM « MC, 
so that BM - MC. 

But BC-LM,; 
therefore LM?*-2BM"*. 


And, since the angle ZMB is right, 

BL? = LM? + MB?=} LM". 

Synthesis. 

Draw two parallel circular sections of the sphere with diameter d’, 
such that 

4" - $4, 
where d is the diameter of the sphere. 

[This is easily done by dividing AZ, any diameter of the sphere, at P, so 
that. ZP - 2PB, and then drawing PM at right angles to LB meeting the 
great circle LMB of the sphere in M. Then LM? : LP - LP: LB 2:3] 

Draw sections through M, B perpendicular to MB, and in these sections 
respectively draw the parallel diameters LM, AB. 


Lastly, in the section LM draw CØ through the centre A perpendicular 
to LM. 


ABCD is then the required regular pyramid or tetrahedron. 
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PROPOSITION 14. 


To construct an octahedron and comprehend it in a sphere, 
as in the preceding case; and lo prove that the square on the 
diameter of the sphere is double of the square on the side of the 
octahedron. 

Let the diameter 48 of the given sphere be set out, 
and let it be bisected at C; 
let the semicircle 4 DB be described on AB, 
let CD be drawn from C at right angles to AB, 
let DB be joined ; 


let the square EFGH, having each of its sides equal to DB, 
be set out, 


let HF, EG be joined, 


from the point A let the straight line AZ be set up at riguz 
angles to the plane of the square EFGA// [x:. 12], and let it be 
carried through to the other side of the plane, as KW; 


from the straight lines AL, KM let KL, KM be respectively 
cut off equal to one of the straight lines EX, FK, GK, HK, 


and let LE, LF, LG, LH, ME, MF, MG, MA be joined. 


L 


F G 


Then, since KE is equal to KH, 
and the angle EKA is right, 
therefore the square on /7E is double of the square on ZK. 


(1. 47) 
Again, since LK is equal to KZ, 


and the angle LXE is right, 


therefore the square on EZ is double of the square on £X. 
(rz) 
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But the square on /7£ was also proved double of the 
square on EK; 


therefore the square on ££ is equal to the square on EH; 
therefore LZ is equal to £H. 


For the same reason 
LH is also equal to ZZ ; 
therefore the triangle ZEH is equilateral. 
Similarly we can prove that each of the remaining tri- 


angles of which the sides of the square EFGA are the bases, 
and the points Z, M the vertices, is equilateral ; 


therefore an octahedron has been constructed which is con- 
tained by eight equilateral triangles. 


It is next required to comprehend it in the given sphere, 
and to prove that the square on the diameter of the sphere is 
double of the square on the side of the octahedron. 

For, since the three straight lines LK, KM, KE are equal 
to one another, 


therefore the semicircle described on L/W will also pass 


through £. 
And for the same reason, 


if, LM remaining fixed, the semicircle be carried round and 
restored to the same position from which it began to be 
moved, 

it will also pass through the points Æ, G, ZZ, 

and the octahedron will have been comprehended in a sphere. 


I say next that it is also comprehended in the given sphere. 
For, since LF is equal to XM, 
while KE is common, 
and they contain right angles, 
therefore the base LZ is equal to the base E M. [t. 4] 
And, since the angle LZ is right, for it is in a semicircle, 
(ut. 31] 
therefore the square on LM is double of the square on LZ. 
(t. 47] 
Again, since AC is equal to CZ, 
AB is double of AC. 
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But, as AB is to BC, so is the square on AB to the square 
on BD; 
therefore the square on AZ is double of the square on BD. 

But the square on LM was also proved double of the 
square on LE. 

And the square on DB is equal to the square on ZZ, for 
EH was made equal to DA. 


Therefore the square on AB is also equal to the square 
on LM; 


therefore AB is equal to LM. 
And AB is the diameter of the given sphere ; 
therefore LM is equal to the diameter of the given sphere. 


Therefore the octahedron has been comprehended in the 
given sphere, and it has been demonstrated at the same time 
that the square on the diameter of the sphere is double of the 
square on the side of the octahedron. 

Q. E. D. 


I think the accompanying figure will perhaps be clearer than that in 
Euclid's text. 

EFGH being a square with side equal to BV, it follows that XZ, KF, 
KG, KH are all equal to CZ. 


RN. 
NW 
X 
So are KZ, KM, by construction ; 


hence LE, LF, LG, LH and ME, MF, MG, MH are all equal to EF or BD. 
Thus (1) the figure is made up of eight equilateral triangles and is therefore 
a regular octahedron. 
(2) Since KE = KL= KM, 
the semicircle on ZM in the plane LXE passes through Æ. 
Similarly Æ G, A lie on semicircles on LM as diameter. 
Thus all the vertices of the tetrahedron lie on the sphere of which LM is 
a diameter. 


(3) LE- EM - BD; 
therefore LM?'-a2ED -2BD! 
= AB’, 


ot IM = AB, 
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(4) AB’? =2BD* 
-2EF! 
If » be the radius of the circumscribed sphere, 
(edge of octahedron) = //2.7. 


Pappus’ method. 


Pappus (111. pp. 148—150) finds the two equal and parallel sections of the 
sphere which circumscribe two opposite faces of the octahedron thus. 


making the circular sections ABC, DEF. 
to AC. NI 
them are equal. 
(Pappus has a lemma for this, pp. 136—138]. 
Therefore, if Z be the diameter of the sphere, 
Synthesis. 
Inscribe an equilateral triangle ABC in either circle (4 BC). 
It will be observed that, whereas in the problem of xii. 13 Euclid first 


Analysis. 
Suppose the octahedron inscribed, 4, B, C; D, £, F being the vertices. 
Since the straight lines DA, DZ, DE, DF je er 

are equal, the points 4, £, Æ B lie on a circle Ca o 

of which 2 is the pole. — P 
Therefore the circles through D, £, Fand q 

A, B, Care parallel; and they are also equal A 
Now, ABC, DEF being equal and parallel circular sections, and AB, £F 

equal and parallel chords “not on the same side of the centres,” 

And AE = EF, so that AF? = 2 FE”. 
But, if d' be the diameter of the circle DEF, 
d*:d^-3:2. 
Now d is given, and therefore 4' is given; hence the circles DEF, ABC 
Draw two equal and parallel circular sections with diameter d’, such that 
g^ - $4", 
In the other circle draw AF equal and parallel to A B but on the opposite 
side of the centre, and complete the inscribed equilateral triangle DEF. 

finds the circle circumscribing a face and Pappus first finds an edge, in this 

problem Euclid finds the edge first and Pappus the circle circumscribing 


Through ABC, DEF describe planes 

Again, since AB, BF, FE, EA are equal, 
A BFE isa square inscribed in the said circle, 
and AB, EF are parallel. 

Similarly DZ is parallel to BC, and DF 

ZN 
because the equilateral triangles inscribed in 
AF is a diameter of the sphere. 
d? =$ EF". (cf. xin. 12] 

are given. 
where d is the diameter of the sphere. 

ABCDEF is the octahedron required. 
a face. 
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PROPOSITION 15. 


To construct a cube and comprehend ut in a sphere, like the 
pyramid ; and to prove that the square on the diameter of the 
sphere ws triple of the square on the side of the cube. 

Let the diameter 4Z of the given sphere be set out, 
and let it be cut at C so that AC is double of CB; 
let the semicircle ADB be described on AB, 
let CD be drawn from C at right angles to AB, 
and let DB be joined ; 
let the square EFG having its side equal to DZ be set out, 
from £, F, G, H let EK, FL, GM, HN be drawn at right 
angles to the plane of the square EFG/, 
from EK, FL, GM, HN lex EK, FL, GM, HN respectively 
be cut off equal to one of the straight lines EF, FG, 
GH, HE, 
and let XL, LM, MN, NK be joined ; 
therefore the cube FY has been constructed which is contained 
by six equal squares. 


It is then required to comprehend it in the given sphere, 
and to prove that the square on the diameter of the sphere is 
triple of the square on the side of the cube. 

For let AG, EG be joined. 

Then, since the angle KEG is right, because KE is also 
at right angles to the plane ZG and of course to the straight 
line EG also, [xi. Def. 3] 
therefore the semicircle described on XG will also pass through 
the point Æ. 

Again, since GF is at right angles to each of the straight 
lines FZ, FE, 

GF is also at right angles to the plane FX ; 
hence also, if we join FK, GF will be at right angles to FK; 
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and for this reason again the semicircle described on GX will 
also pass through Æ. 

Similarly it will also pass through the remaining angular 
points of the cube. 

If then, KG remaining fixed, the semicircle be carried 
round and restored to the same position from which it began 
to be moved, 


the cube will be comprehended in a sphere. 


| say next that it is also comprehended in the given 
sphere. 

For, since GF is equal to FZ, 
and the angle at Æ is right, 
therefore the square on ÆG is double of the square on EF. 

But ZF is equal to EK ; 
therefore the square on EG is double of the square on EK; 
hence the squares on GZ, EK, that is the square on GK (i. 47], 
is triple of the square on EK. 

And, since AZ is triple of BC, 
while, as AB is to BC, so is the square on AB to the square 
on BD, 
therefore the square on AB is triple of the square on BD. 

But the square on GX was also proved triple of the square 
on KE. 

And KZ was made equal to 27; 
therefore KG is also equal to AZ. 

And AB is the diameter of the given sphere ; 
therefore KG is also equal to the diameter of the given 
sphere. 

Therefore the cube has been comprehended in the given 
sphere ; and it has been demonstrated at the same time that 
the square on the diameter of the sphere is triple of the square 
on the side of the cube. 

Q. E. D. 
AB is divided so that 4C - 2CB ; CD is drawn at right angles to AB, 
and BD is joined. 
KG is, by construction, a cube of side equal to BD. 
To prove (1) that it is inscribable in a sphere. 
Since KZ is perpendicular to EH, EF, 
KE is perpendicular to EG. 
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Thus, KEG being a right angle, E lies on a semicircle with diameter KG. 

The same thing is proved in the same way of the other vertices 
F, A, L, M, N. 

Thus the cube is inscribed in the sphere of which KG is a diameter. 


(2) KG’ = KE’ + EG’ 
= KE’ + ZIEM 
-3£K. 
Also AB -3BC, 
while AB:BC- AB*': AB. BC 
=AB’: BD’; 
therefore AB’ = 3BD". 
But BD-EK; 
therefore KG-AB. 
(3) AB? = 3BD* 
=3KE’. 


If 7 be the radius of the circumscribed sphere, 
2 
edge of cube) = — .r=3./3-7. 


Pappus' solution. 

In this case too Pappus (ut. pp. 144—148) gives the full analysis and 
synthesis. 

Analysis. 

Suppose the problem solved, and let the vertices of the cube be 
4, B, C, D, £, F, G, H. 

Draw planes through 4, B, C, D and 
E, F, G, H respectively; these will produce 
parallel circular sections, which are also equal 
since the inscribed squares are equal. 

And CE will be a diameter of the sphere. 

Join ZG. 

Now, since EG* - 2E H* - 2GC*, 
and the angle CGE is right, 

CE'-GC*'« EG' - 3EG*. 

But CZ? is given ; 
therefore EG? is given, so that the circles 
EFGH, ABCD, and the squares inscribed in them, are given. 

Synthesis. 

Draw two parallel circular sections with equal diameters d’, such that 

a? = 30", 

where Z is the diameter of the given sphere. 

Inscribe a square in one of the circles, as ABCD. 

In the other circle draw AG equal and parallel to AC, and complete the 
square on FG inscribed in the circle EFG A. 

The eight vertices of the required cube are thus determined. 
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PROPOSITION 16. 


To construct an icosahedron and comprehend it in a sphere, 
like the aforesaid figures; and to prove that the side of the 
zcosahedron 1s the irrational straight line called minor. 


Let the diameter 42 of the given sphere be set out, 
and let it be cut at C so that AC is quadruple of CZ, 
let the semicircle 4 DA be described on AB, 


let the straight line CD be drawn from C at right angles 
to AB, 


and let DB be joined ; 





let the circle EFGAHK be set out and let its radius be equal 
to DB, 


let the equilateral and equiangular pentagon EFGHK be 
inscribed in the circle EFGZ7K, 


let the circumferences EF, FG, GH, HK, KE be bisected at 
the points Z, M, N, O, P, 


and let LM, MN, NO, OP, PL, EP be joined. 
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Therefore the pentagon L/NOP is also equilateral, 
and the straight line EP belongs to a decagon. 

Now from the points Æ, F, G, H, K let the straight lines 
EQ, FR, GS, HT, KU be set up at right angles to the plane 
of the circle, and let them be equal to the radius of the circle 
EFGHK, 
let QR, RS, ST, TU, UQ, QL, LR, KM, MS, SN, NT, 
TO, OU, UP, PQ be joined. 

Now, since each of the straight lines EQ, KU is at right 
angles to the same plane, 
therefore ZQ is parallel to XU. (xi. 6] 

But it is also equal to it ; 
and the straight lines joining those extremities of equal and 
parallel straight lines which are in the same direction are equal 
and parallel. (. 33] 


Therefore QU is equal and parallel to EK. 
But ZX belongs to an equilateral pentagon ; 


therefore Q U also belongs to the equilateral pentagon inscribed 
in the circle £FGZK. 
For the same reason 


each of the straight lines QR, RS, ST, TU also belongs to 
the equilateral pentagon inscribed in the circle EFGHK ; 


therefore the pentagon QRSTU is equilateral. 


And, since QE belongs to a hexagon, 
and ÆP to a decagon, 
and the angle QP is right, 
therefore QP belongs to a pentagon ; 
for the square on the side of the pentagon is equal to the 
square on the side of the hexagon and the square on the side 
of the decagon inscribed in the same circle. [xun. 10] 


For the same reason 
PU is also a side of a pentagon. 

But QU also belongs to a pentagon ; 
therefore the triangle QPU is equilateral. 


For the same reason 
each of the triangles QLR, RMS, SNT, TOU is also equi- 


lateral. 
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And, since each of the straight lines QZ, QP was proved 
to belong to a pentagon, 
and ZP also belongs to a pentagon, 
therefore the triangle QZP is equilateral. 


For the same reason 
each of the triangles LRM, MSN, NTO, OUP is also equi- 
lateral. 


é Let the centre of the circle EFGZZK. the point , be 
taken ; 

from V let VZ be set up at right angles to the plane of the 
circle, 

let it be produced in the other direction, as VX, 

let there be cut off VW, the side of a hexagon, and each of 
the straight lines VX, WZ, being sides of a decagon, 

and let QZ, QW, UZ, EV, LV, LX, XM be joined. 


Now, since each of the straight lines VW, ee is at right 
angles to the plane of the circle, 


therefore VW is parallel to QZ. [xi. 6] 
But they are also equal ; 
therefore EV, QW are also equal and parallel. [t. 33] 


But ZV belongs to a hexagon ; 
therefore QW also belongs to a hexagon. 
And, since QW belongs to a hexagon, 
and WZ to a decagon, 
and the angle Q WZ is right, 
therefore QZ belongs to a pentagon. [xni. 10] 


For the same reason 
UZ also belongs to a pentagon, 
inasmuch as, if we join VK, WU, they will be equal and 
opposite, and VX, being a radius, belongs to a hexagon ; 
[1v. 15, Por.] 
therefore WU also belongs to a hexagon. 
But WZ belongs to a decagon, 
and the angle U WZ is right ; 
therefore UZ belongs to a pentagon. [xin 10] 
But QU also belongs to a pentagon ; 
therefore the triangle QUZ is equilateral. 
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For the same reason 
each of the remaining triangles of which the straight lines 
QR, RS, ST, TU are the bases, and the point Z the vertex, 
is also equilateral. 


Again, since VZ belongs to a hexagon, 
and VX to a decagon, 
and the angle Z VX is right, 
therefore LX belongs to a pentagon. © [xm to] 


For the same reason, 
if we join MV, which belongs to a hexagon, 
MX is also inferred to belong to a pentagon. 
But LM also belongs to a pentagon ; 
therefore the triangle LMX is equilateral. 


Similarly it can be proved that each of the remaining 
triangles of which MN, NO, OP, PL are the bases, and the 
point X the vertex, is also equilateral. 

Therefore an icosahedron has been constructed which is 


contained by twenty equilateral triangles. 


It is next required to comprehend it in the given sphere, 
and to prove that the side of the icosahedron is the irrational 
straight line called minor. 

For, since VW belongs to a hexagon, 
and WZ to a decagon, 
therefore VZ has been cut in extreme and mean ratio at W, 
and VW is its greater segment ; [xu 9] 
therefore, as ZV is to VW, so is VW to WZ. 

But VW is equal to VE, and WZ to VX; 
therefore, as ZV is to VE, sois EV to VX. 

And the angles ZVE, EVX are right ; 
therefore, if we join the straight line EZ, the angle XEZ 
will be right because of the similarity of the triangles X EZ, 
VEZ. 

For the same reason, 
since, as ZV is to VW, so is VW to WZ, 
and ZV is equal to X W, and VW to WỌ, 
therefore, as XW is to WQ, so is QW to WZ. 
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And for this reason again, 


if we join QX, the angle at Q will be right ; [vi. 8] 
therefore the semicircle described on XZ will also pass 
through Q. (m. 31] 


And if, XZ remaining fixed, the semicircle be carried 
round and restored to the same position from which it began 
to be moved, it will also pass through Q and the remaining 
angular points of the icosahedron, 
and the icosahedron will have been comprehended in a 
sphere. 


I say next that it is also comprehended in the given sphere. 
For let VW be bisected at A’. 
Then, since the straight line VZ has been cut in extreme 


and mean ratio at W, 

and ZW is its lesser segment, 

therefore the square on ZW added to the half of the greater 
segment, that is WA’, is five times the square on the half 
of the greater segment ; (xu. 3] 
therefore the square on ZA’ is five times the square on 
A'W. 

And ZX is double of ZA’, and VW double of A'W; 
therefore the square on ZX is five times the square on 
WV. 

And, since AC is quadruple of CA, 
therefore AZ is five times BC. 

But, as A B is to BC, so is the square on AZ to the square 
on BD; [vi. 8, v. Def. 9] 
therefore the square on AB is five times the square on BD. 

But the square on ZX was also proved to be five times 


the square on VW. 
And DB is equal to VW, 


for each of them is equal to the radius of the circle £FGZ7K'; 
therefore AZ is also equal to XZ. 
And AB is the diameter of the given sphere ; 
therefore XZ is also equal to the diameter of the given sphere. 
Therefore the icosahedron has been comprehended in the 
given sphere 
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I say next that the side of the icosahedron is the irrational 
straight line called minor. 

For, since the diameter of the sphere is rational, 
and the square on it is five times the square on the radius 
of the circle EFGHK, 
therefore the radius of the circle £FGZZK is also rational ; 
hence its diameter is also rational. 

But, if an equilateral pentagon be inscribed in a circle 
which has its diameter rational, the side of the pentagon is 
the irrational straight line called minor. [xin 11] 

And the side of the pentagon EFGZZK is the side of the 
icosahedron. 

Therefore the side of the icosabedron is the irrational 
straight line called minor. 


PortsM. From this it is manifest that the square on the 
diameter of the sphere is five times the square on the radius 
of the circle from which the icosahedron has been described, 
and that the diameter of the sphere is composed of the side 
of the hexagon and two of the sides of the decagon inscribed 
in the same circle. 

Q. E. D. 


Euclid's method is 
(1) to find the pentagons in the two parallel circular sections of the sphere, 
the sides of which form ten (five in each circle) of the edges of the icosahedron, 
(2) to find the two points which are the poles of the two circular sections, 

(3) to prove that the triangles formed by joining the angular points of the 
pentagons which are nearest to one another two and two are equilateral, 

(4) to prove that the triangles of which the poles are the vertices and the 
sides of the pentagons the bases are also equilateral, 

(5) that all the angular points other than the poles lie on a sphere the 
diameter of which is the straight line joining the poles, 

(6) that this sphere is of the same size as the given sphere, 

(7) that, if the diameter of the sphere is rational, the edge of the icosahedron 
is the mnor irrational straight line. 

I have drawn another figure which will perhaps show the pentagons, and 
the position of the poles with regard to them, more clearly than does Euclid’s 
figure. 

(1) If AB is the diameter of the given sphere, divide AB at C so that 
AC=4CB; 
draw CD at right angles to 4B meeting the semicircle on AB in D. 
Join BD. 
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BD ts the radius of the circular sections containing the pentagons. 
[If 7 is the radius of the sphere, 


since AB:BC-AB':AB.BC 
= AB’: BD’, 
while AB=58C, 
it follows that AB‘ =s5BD", 
or (radius of section)? - $7*. 
Thus [Xt 10, note] (side of pentagon)? = : (10 - 24/5).] 
A 
c D 
B 





Inscribe the regular pentagon E¥G AK in the circle EFGHK of radius 
equal to BD. 

Bisect the arcs EF, FG, ..., so forming a decagon in the circle. 

Joining successive points of bisection, we obtain another regular pentagon 
LMNOP. 

LMNOP is one of the pentagons containing five edges of the icosahedron. 

The other circle and inscribed pentagon are obtained by drawing perpen- 
diculars from £, A G, H, K to the plane of the circle, as EQ, FA, GS, 
HT, KU, and making each of these perpendiculars equal to the radius of the 
circle, or, as Euclid says, the side of the regular hexagon in it. 

QRSTU #5 the second pentagon (of course equal to the first) containing five. 
edges of the icosahedron. 

Joining each angular point of one of the two pentagons to the two nearest 
angular points in the other pentagon, we complete ten triangles each of which 
has for one side a side of one or other of the two pentagons. 

V, W are the centres of the two circles, and VW is of course perpen- 
dicular to the planes of both. 

(2) Produce VW in both directions, making VX and WZ both equal to 
a side of the regular decagon in the circle (as EL). 
Joining X, Z to the angular points of the corresponding pentagons, we 
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have five more triangles formed with the sides of each pentagon as bases, ten 
more triangles in all. 


Now we come to the proof. 
(3) Taking two adjacent perpendiculars, £Q, KU, to the plane of the circle 
EFGHK, we se? that they are parallel as well as equal; 
therefore QU, EK are equal and parallel. 

Similarly for QA, EF etc. 

Thus the pentagons have their sides equal. 

To prove that the triangles QPZ etc., are equilateral, we have, e.g. 

QL? =LE*+ EQ? 
= (side of decagon}? + (side of hexagon)? 


= (side of pentagon)’, (xa. 10] 
i.e. QL - «side of pentagon in circle) 
-LP. 
Similarly QP-LP, 
and 4 QPL is equilateral, 


So for the other triangles between the two pentagons. 
(4) Since VW, EQ are equal and parallel, 
VE, WQ are equal and parallel. 
Thus WQ is equal to the side of a regular hexagon in the circies. 
Now the angle ZWQ is right ; 
therefore ZQ'-ZW' «wo 
= (side of decagon}? + (side of hexagon)? 
= (side of pentagon)’. [xiu. 10) 
Thus ZQ, ZR, ZS, ZT, ZU are all equal to QR, RS etc.; and the 
triangles with Z as vertex and bases QX, RS etc. are equilateral. 


Similarly for the triangles with X as vertex and ZM, MN etc. as bases. 

Hence the figure is an icosahedron, being contained by twenty equal 
equilateral triangles. 

(s) To prove that all the vertices of the icosahedron lie on the sphere 
which has XZ for diameter. 


VW being equal to the side of a regular hexagon, and WZ to the side of 
a regular decagon inscribed in the same circle, 


VZ is divided at W in extreme and mean ratio. [xni. 9] 
Therefore ZV: VW = VW : WZ, 
or, since VW - VE, WZ- Vx, 
ZV:VE-VE:VX. 
Thus Æ lies on the semicircle on ZX as diameter. [vi. 8) 


Similarly for all the other vertices of the icosahedron. 
Hence the sphere with diameter XZ circumscribes it. 
(6) To prove XZ- áB. 


Since VZ is divided in extreme and mean ratio at W, and VW is 
bisected at 4’, 


AZ= 5A’ W^. [xiii. 3] 
Taking the doubles of A'Z, A'W, we have 
XZ? = 5 VW: 
=58D 


-AB. [see under (1) above] 
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That is, XZ = AB. 
[1f 7 is the radius of the sphere, 


VW-BD-- 


Js^ 
VX = (side of decagon in circle of radius B2) 
= PP (us — 1) [x1u. 9, note] 


"Ws 


Consequently XZ- VW «2VX 
2 2 


== r+ r -1 
Jte NS 
- 2r.] 
(6) The radius of the circle EFGHK is equal to — 


"E 
* rational" in Euclid's sense. . ] 
Hence the side of the inscribed pentagon is the irrational straight linc 


z, and is therefore 


called minor. (xui. rrj 
[The side of this pentagon is the edge of the icosahedron, and its value is 
(note on xni. ro) 
BD ,— — 
XM J10 — 2/5 
— — 
gms 


r — — 
7g Jre(s- Js)] 
Pappus' solution. 


This solution (Pappus, 111. pp. 150— 6) differs considerably from that of 
Euclid. Whereas Euclid uses £o circular sections of the sphere (those. 
circumscribing the pentagons of his construction), Pappus finds four parallel 
circular sections each passing through ‘Aree of the vertices of the icosahedron ; 
two of the circles are small circles circumscribing two opposite triangular 
faces respectively, and the other two circles are between these two circles, 
parallel to them and equal to one another. 


Analysis. 

Suppose the problem solved, the vertices of the icosahedron being 4, 2, C; 
D, £, F; G, A, K; L, M, N. 

Since the straight lines BA, BC, BF, BG, BE drawn from Z to the 
surface of the sphere are equal, 


A, C, F, G, E are in one plane. 
And AC, CF, FG, GE, EA are equal; 
therefore ACFGE is an equilateral and equiangular pentagon. 


So are the figures KEBCD, DHFBA, AKLGB, AKNHC, and 
CHMGB. 
Join EF, KH. 
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Now AC will be parallel to EZ (in the pentagon ACFGE) and to KH 
(in the pentagon AK VAC), so that ZF, KH are also parallel ; 


and further AZ is parallet to ZA (in the pentagon ZKDZM). 








e 





Similarly 8C, ED, GH, LN are all parallel ; 
and likewise BA, FD, GX, MM are all parallel. 


Since BC is equal and parallel to ZN, and BA to MN, the circles ABC, 
ZMN are equal and parallel. 

Similarly the circles DEF, KG are equal and parallel ; for the triangles 
inscribed in them are equal (since each of the sides in both is the chord 
subtending an angle of equal pentagons), and their sides are parallel re- 
spectively. 

Now in the equal and parallel circles DEZ, KG the chords ZZ, KE 
are equal and parallel, and on opposite sides of the centres ; 


therefore FK is a diameter of the sphere [Pappus' lemma, pp. 136 —8], and the 
angle FEK is right [Pappus' lemma, p. 138, 20—26]. 


[The diameter FX is not actually drawn in the figure.] 
In the pentagon GEACA, if EF be divided in extreme and mean ratio, 


the greater segment is equal to AC. [Eucl. xiu. 8] 

"Therefore EF : AC = (side of hexagon) : (side of decagon in same circle). 
XII. 

And EF + AC =EF + EK* =a’, l 9] 


where Z is the diameter of the sphere. 


Thus FK, EF, AC are as the sides of the pentagon, hexagon and decagon 
respectively inscribed in the same circle. (x11. 10] 
But FK, the diameter of the sphere, is given ; 
therefore EF, AC are given respectively ; 
thus the radii of the circles EFD, ACB are given (if r, 7 are their radii, 
P=LEF, r?=4AC). 
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Hence the circles are given: 


and so are the circles KHG, LMWN which are equal and parallel to them 
respectively. 


Synthesis. 


If d be the diameter of the sphere, set out two straight lines x, y, such 
that Z, x, y are in the ratio of the sides of the pentagon, hexagon and decagon 
respectively inscribed in one and the same circle. 

Draw (1) two equal and parallel circular sections in the sphere, with radii 
equal to r, where 7 - 4:3, as DEF, KG H, 
and (2) two equal and parallel circular sections as ABC, LMM, with radius r 
such that 7°? = 3 5*. 

In the circles (1) draw EF, K as sides of inscribed equilateral triangles, 
parallel to one another, and on opposite sides of the centres ; 
and in the circles (2) draw AC, LM as sides of inscribed equilateral triangles 
parallel to one another and to EZ, KZ, and so that 4C, E are on opposite 
sides of the centres, and likewise AH, LA. 

Complete the figure. 

The correctness of the construction is proved as in the analysis. 

It follows also (says Pappus) that 

(diam. of sphere)? = 3 (side of pentagon in DEF)’. 

For, by construction, KF: FE=)p:h, 
where 2, # are the sides of the pentagon and hexagon inscribed in the same 
circle DEF. 

And ZZ : 4 - the ratio of the side of an equilateral triangle to that of a 
hexagon inscribed in the same circle ; 


that is, FE :h=J3:%, 
whence KF: p=J3:%u 
or KF’ = 39”. 


Another construction. 


Mr H. M. Taylor has a neat construction for an icosahedron of edge a. 
Let / be the length of the diagonal of a regular pentagon with side equal 
to a. 
Then (figure of xt. 8), by Ptolemy’s theorem, 
L = la + æ. 
Construct a cube with edge equal to 7. 
Let O be the centre of the cube. 
From O draw OL, OM, ON perpendicular to three adjacent faces, and in 
these draw PP’, QQ', RR parallel to AB, AD, AE respectively. 
Make LP, L/P’, MQ, MQ’, NR, NR’ all equal to $a. 
Let f, 2^, g, 4, 7, 7 be the reflexes of P, P', Q, Q', &, R’ respectively. 
Then will P, P", Q, Q', R, E', 2, ', q, d, 7, r be the vertices of a regular 
icosahedron. 
The projections of PQ on AB, AD, AE are equal to à(/- a), 3a, $ 
respectively. 
Therefore PÆ =}(1-a} +4 +}? 
=} (P-al+a’) 
=a’. 
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Therefore PQ=a. 


Similarly it may be proved that every other edge is equal to a. 
All the angular points lie on a sphere with radius OP, and 


OF? =} (a+). 





Each solid pentahedral angle is composed of five equal plane angles, each 
of which is the angle of an equilateral triangle. 
Therefore the icosahedron is regular. 


[a? = 40P?— 1. 
And, from the equation /? = /a + a’, we derive 


a 
12345 * 1 
Therefore, if 7-be the radius of the sphere, 
a {r+ (Isti) zs 
4 
whence a - ar[ | 10 € 2 Js 
= 4r N10— 2/5/80 
= k 4/10 — 2/5 
FS ———ÀÀ 
=o Mees) 
as above. ] 
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PROPOSITION 17. 


To construct a dodecahedron and comprehend it in a sphere, 
like the aforesaid figures, and to prove that the side of the 
dodecahedron 1s the irrational straight line called apotome. 


Let ABCD, CBEF, two planes of the aforesaid cube at 
right angles to one another, be set out, 
let the sides 48, BC, CD, DA, EF. EB, FC be bisected at 
G, H, K, L, M, N, O respectively, 
let GK, HL, MH, NO be joined, 
let the straight lines WP, PO, HQ be cut in extreme and 
mean ratio at the points Æ, S, T respectively, 
and let AP, PS, 7'Q be their greater segments ; 


from the points A, S, T let RU, SV, TW be set up at right 
angles to the planes of the cube towards the outside of the 
cube, 


let them be made equal to AP, PS, 7Q, 
and let UZ, BW, WC, CV, VU be joined. 





I say that the pentagon UBWCYV is equilateral, and in 
one plane, and is further equiangular. 


For let RB, SB, VB be joined. 
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Then, since the straight lime WP has been cut in extreme 
and mean ratio at 2, 
and AP is the greater segment, 
therefore the squares on PN, MR are triple of the square 
on RP. [xim 4J 

But PN is equal to AZ, and PA to RU; 
therefore the squares on BN, NVR are triple of the square 
on RU. 

But the square on BA is equal to the squares on BN, NR; 

L 47 
therefore the square on ZA is triple of the square on RU; 
hence the squares on BR, RU are quadruple of the square 
on RU. 

But the square on BU is equal to the squares on BR, RU; 
therefore the square on BU is quadruple of the square on RU; 
therefore BU is double of RU. 

But VU is also double of UR, 
inasmuch as SR is also double of PA, that is, of RU; 
therefore BU is equal to UV. 

Similarly it can be proved that each of the straight lines 
BW, WC, CV is also equal to each of the straight lines 
BU, UV. 

Therefore the pentagon BUVCW is equilateral. 


I say next that it is also in one plane. 

For let PX be drawn from P parallel to each of the 
straight lines RU, SV and towards the outside of the cube, 
and let XH, HW be joined ; 

I say that XA W is a straight line. 

For, since HQ has been cut in extreme and mean ratio at 
T, and QT is its greater segment, 
therefore, as HQ is to QT, so is QT to TH. 

But ÆQ is equal to ÆP, and QT to each of the straight 
lines TW, PX; 
therefore, as HP is to PX, so is WT to TH. 

And ÆP is parallel to ZZ, 
for each of them is at right angles to the plane BD; [xı 6] 
and 777 is parallel to PX, 
for each of them is at right angles to the plane BF. [/2.) 
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But if two triangles, as XPH, HTW, which have two 
sides proportional to two sides be placed together at one 
angle so that their corresponding sides are also parallel, 


the remaining straight lines will be in a straight line;  [vr. 32] 
therefore XÆ is in a straight line with HW. 

But every straight line is in one plane ; [xi. 1] 
therefore the pentagon UB WCV is in one plane. 


I say next that it is also equiangular. 
For, since the straight line MP has been cut in extreme 
and mean ratio at A, and PR is the greater segment, 


while PR is equal to AS, 


therefore MS has also been cut in extreme and mean ratio 
at P, 


and NP is the greater segment ; (xu. 5] 
therefore the squares on MS, SP are triple of the square 
on NP. [xur. 4] 


But VP is equal to WB, and PS to SV; 


therefore the squares on MVS, SV are triple of the square 
on VB; 


hence the squares on VS, SN, NB are quadruple of the square 
on VB. 


But the square on SZ is equal to the squares on SN, VB; 


therefore the squares on BS, SV, that is, the square on BV 
—for the angle VSB is right—is quadruple of the square 
on NB; 


therefore VB is double of BX. 
But AC is also double of AN ; 
therefore BV is equal to BC. 


And, since the two sides BU, UV are equal to the two 
sides BW, WC, 


and the base BV is equal to the base BC, 
therefore che angle AU is equal to the angle BWC. [1.8] 


Similarly we can prove that the angle UVC is also equal 
to the angle BWC ; 


therefore the three angles BWC, BUV, UVC are equal to 
one another. 
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But if in an equilateral pentagon three angles are equal to 
one another, the pentagon will be equiangular, [xur. 7] 
therefore the pentagon BUVCW is equiangular. 

And it was also proved equilateral ; 
therefore the pentagon BUVCW is equilateral and equi- 
angular, and it is on one side BC of the cube. 

Therefore, if we make the same construction in the case 
of each of the twelve sides of the cube, 

a solid figure will have been constructed which is contained 
by twelve equilateral and equiangular pentagons, and which is 
called a dodecahedron. 


It is then required to comprehend it in the given sphere, 
and to prove that the side of the dodecahedron is the irrational 
straight line called apotome. 

For let XP be produced, and let the produced straight 
line be XZ; 
therefore PZ meets the diameter of the cube, and they bisect 
one another, 
for this has been proved in the last theorem but one of the 
eleventh book. (x1. 38] 

Let them cut at Z; 
therefore Z is the centre of the sphere which comprehends 
the cube, 
and ZP is half of the side of the cube. 

Let UZ be joined. 

Now, since the straight line MS has been cut in extreme 
and mean ratio at P, 
and AP is its greater segment, 
therefore the squares on WS, SP are triple of the square 
on MP. [xur. 4] 

But VS is equal to XZ, 
inasmuch as VP is also equal to PZ, and XP to PS. 

But further PS is also equal to X U, 
since it is also equal to RP; 
therefore the squares on ZX, XU are triple of the square 
on NP. 

But the square on UZ is equal to the squares on ZX, XU; 
therefore the square on UZ is triple of the square on VP. 
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But the square on the radius of the sphere which compre- 
hends the cube is also triple of the square on the half of the 
side of the cube, 


for it has previously been shown how to construct a cube and 
comprehend it in a sphere, and to prove that the square on 
the diameter of the sphere is triple of the square on the side 
of the cube. [xu 15] 


But, if whole is so related to whole, so is half to half also; 
and AP is half of the side of the cube ; 


therefore UZ is equal to the radius of the sphere which com- 
prehends the cube. 


And Z is the centre of the sphere which comprehends the 
cube ; 


therefore the point U is on the surface of the sphere. 


Similarly we can prove that each of the remaining angles 
of the dodecahedron is also on the surface of the sphere ; 


therefore the dodecahedron has been comprehended in the 
given sphere. 


I say next that the side of the dodecahedron is the irrational 
straight line called apotome. 

For since, when VP has been cut in extreme and mean 
ratio, AP is the greater segment, 


and, when PO has been cut in extreme and mean ratio, PS 
is the greater segment, 


therefore, when the whole AO is cut in extreme and mean 
ratio, AS is the greater segment. 


( Thus, since, as NP is to PR, so is PR to RN, 
the same is true of the doubles also, 
for parts have the same ratio as their equimultiples; — [v. 15) 
therefore as VO is to AS, so is RS to the sum of VR, SO. 
But VO is greater than RS; 
therefore AS is also greater than the sum of VR, SO; 
therefore VO has been cut in extreme and mean ratio, 
and AS is its greater segment.] 
But RS is equal to UV; 
therefore, when AO is cut in extreme and mean ratio, UV is 
the greater segment. 
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And, since the diameter of the sphere is rational, 


and the square on it is triple of the square on the side of the 
cube, 


therefore VO, being a side of the cube, is rational. 


[But if a rational line be cut in extreme and mean ratio, 
each of the segments is an irrational apotome. ] 

Therefore UV, being a side of the dodecahedron, is an 
irrational apotome. (xt. 6] 


PorisM. From this it is manifest that, when the side of 
the cube is cut in extreme and mean ratio, the greater segment 
is the side of the dodecahedron. 

Q. E. D. 


In this proposition we find Euclid using two propositions which precede 
but are used nowhere else, notably vi. 32, which some authors, in consequence 
of their having overlooked its use here, have been hard put to it to explain. 

Euclid's construction in this case is really identical with that given by 
Mr H. M. Taylor, and also referred to by Henrici and Treutlein under “ crystal- 
formation.” 

Euclid starts from the cube inscribed in a sphere, as in x1. r5, and then 
finds the side of the regular pentagon in which the side of the cube is a 
diagonal. 

Mr Taylor takes / to be the diagonal of a regular pentagon of side a, 
so that, by Ptolemy's theorem, 

P-al « d, 
constructs a cube of wnich / is the edge, and gets the side of the pentagon 
by drawing ZX from Z, the centre of the cube, perpendicular to the face BF 
and equal to 1 (/* a), then drawing UV through X parallel to BC, and 
making UX, XV both equal to ja. 

Euclid finds UV thus. 

Draw VO, MH bisecting pairs of opposite sides in the square BF and 
meeting in P. 

Draw GK, HL bisecting pairs of opposite sides in the square BD and 
meeting in Q. 

Divide PN, PO, QH respectively in extreme and mean ratio at AST 
(PR, PS, QT being the greater segments); draw RU, SV, TW outwards 
perpendicular to the respective faces of the cube, and all equal in length 
to PR, PS, 7Q. : 

Join BU, UV, VC, CW, WB. 

Then BUVCW ts one of the pentagonal faces of the dodecahedron ; 
and the others can be constructed in the same way. 


Euclid now proves 

(1) that the pentagon BUVC W is equilateral, 
(2) that it is in one plane, 

(3) that it is equiangular, 
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(4) that the vertex U is on the sphere which circumscribes the cube, and 
hence 


(5) that all the other vertices lie on the same sphere, 
and (6) that the side of the dodecahedron is an afotome. 


(1) To prove that the pentagon BUVCW is equilateral. 
We have BU’= BR + RU’ 
= (BN? + NR) + RP 
=(PN>+ NR) + RP? . 
=3KP?+ RP? (xin. 4) 
=4RP? 
= UV”. 
Therefore BU = UV. 





Similarly it may be proved that BW, WC, CV are all equal to UV 
or BU. 

[Mr Taylor proceeds in this way. With his notation, the projections of 
BU on BA, BC, BE are respectively 3a, 3 (/ — a), 44. 


Therefore BU =}a2+4(/—a)?+4P 
=$(P—al+ a’) 
=a’. 


Similarly for BW, WC etc.] 


(2) To prove that the pentagon BUVCW is in one plane. 


Draw PX parallel to RU or SV meeting UV in X. 
Join XH, HW. 
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Then we have to prove that XH, HW are in one straight line. 

Now HP, WT, being both perpendicular to the face 2, are parallel. 
For the same reason XP, HT are parallel. 

Also, since Q/ is divided at 7 in extreme and mean ratio, 


QZ:QT-QT: TH. 
And QH- HP, QT- WT - PX. 
Therefore HAP: PX =WT:TH. 


Consequently the triangles HPX, WTH satisfy the conditions of vi. 32; 
hence XZZW is a straight line. 
[Mr Taylor proves this as follows : 


The projections of WH, WX on BE are $a and 4 (a + J), 
and the projections of WH, WX on BA are $ (l-a) and }/; 
and a :(a*/)-(/-a):4, 
since a/- P -a*. 

Therefore WAX is a straight line.] 


(3) To prove that the pentagon BUVCW is eguiangular. 
We have Bv*= BS? + SV? 

=(BN*+ NS) + SP? 

= PN’ + (NS + SP?) 


= PN*+3 PN’, 
since AS is divided in extreme and mean ratio at P [xu 5], so that 
NS? + SP? = 3PN* [xur. 4] 
Consequently BV*-4.pw* 
-BC, 

or BV - BC. 

The As UBV, WBC are therefore equal in all respects, 
and LBUV=cBWwe. 

Similarly L CVU = L BWC. 

Therefore the pentagon is eguiangular. [xur. 7] 


(4) To prove that the sphere which circumscribes the cube also circum- 
scribes the dodecahedron we have only to prove that, if Z be the centre of 
the sphere, ZU = ZB, for example. 

Now, by x1. 38, XP produced meets the diagonal of the cube, and the 
portion of XP produced which is within the cube and the diagonal bisect 
one another. 


And ‘ZU? =ZX*+ XU? 
= NS + PS’ 
=3 PNS, 
as before. 
Also (cf. xii. 15) 
Zm-Zp.pp 
=ZP + PN?’ + NPE 
=3 PN". 
Hence ZU- ZB. 


(5) Similarly for ZV, ZW etc. 
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(6) Since PW is divided in extreme and mean ratio at R, 
NP: PR- PR; RN. 
Doubling the terms, we have 
NO: RS= RS: (NR + SO), 

so that, if WO is divided in extreme and mean ratio, the greater segment 
is equal to RS. 

Now, since the diameter of the sphere is rational, 
and (diam. of sphere)? = 3 (edge of cube)’, 
the edge of the cube (i.e. /VO) is rational. 


Consequently AS is an apotome. 
(This is proved in the spurious xit. 6 above; Euclid assumes it, and the 
words purporting to quote the theorem are probably interpolated, like xitt. 6 


itself.) 
As a matter of fact, with Mr Taylor's notation, 
P - [jaa 
and a- s Z 


Since, if 7 is the radius of the circumscribing sphere, = ./3. A 


a- W5- 9 =F T5- v3). 
Pappus' solution. 


Here too Pappus (Iti. pp. 156—162) finds four circular sections of the 
sphere all parallel to one another and all passing through five of the vertices 
of the dodecahedron. 

Analysis. 

Suppose (he says) the problem solved, and let the vertices of the 
dodecahedron be 4, B, C, D, E; F G, H, K, L; M, N, O, P, Q; 
R, S, T, U, V. 

Then, as before, ZD is parallel to FZ, and AE to FG; therefore the 
planes 4BCDE, FGHKL are parallel. 

But, since PA is parallel to BH, and BH to OC, PA is parallel to OC ; 
and they are equal; therefore PO, AC are parallel, so that SZ, ZED are also 

Nel. 

Pim similarly RS, DC are parallel, and likewise the pairs (ZU, £A), 
(UV, AB), (VR, BC). 

Therefore the planes ABCDE, RSTUV are parallel; and the circles 
ABCDE, RSTUV are equal, since the inscribed pentagons are equal. 

Similarly the circles FGHKL, MNOPQ are equal, since the pentagons 
inscribed in them are equal. 

Now CL, OU are parallel because each is parallel to KV; 
therefore Z, C, O, U are in one plane. 

And ZC, CO, OU, UL are all equal, since they subtend angles of equal 
pentagons. 

Also Z, C, O, U are on a plane section, i.e. a circle ; 
therefore ZCOU is a square. 

Therefore OP -2LC?*-a2LF* 

(for LC, LF subtend angles of equal pentagons). 
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And the angle OZF is right; for PO, ZF are equal and parallel chords 
in two equal and parallel circular sections of a.sphere [Pappus’ lemma, p. 138, 
20— 26]. 

Therefore OF? = OL) + FD = 3FL’. [from above] 

And OF is a diameter of the sphere; for PO, FZ are on opposite sides 
of the centres of the circles in which they are [Pappus’ lemma, pp. 136—8]. 





Now suppose P, /, A to be the sides of an equilateral pentagon, triangle 
and hexagon in the circle FG AKL, d the diameter of the sphere. 


Then @:FL=,/3:1 (from above] 
=t:h; [Eucl. xin. 12] 
and it follows alternando (since FL = f) that 
d:l=p:h. 


Now let Z', 2', k be the sides of a regular decagon, pentagon and hexagon 
respectively inscribed in azy one circle. 
Since, if FZ be divided in extreme and mean ratio, the greater segment is 
equal to E, [xui 8) 
FL: ED=h':¢'. [vr. Def. 3, xui. 9] 
And FL : ED is the ratio of the sides of the regular pentagons inscribed 
in the circles FGZZKZ, ABCDE, and is therefore equal to the ratio of the 
sides of the equilateral triangles inscribed in the same circles. 


Therefore t : (side of A in ABCDE) =x : d'. 
But d:t-p:À 
=p ik; 


therefore, ex aequali, d : (side of A in ABCDE) = p': 2’. 
Now d is given; 
therefore the sides of the equilateral triangles inscribed in the circles ABCDE, 


FGHKL respectively are given, whence the radii of those circles are also 
given. 


xin, 17, 18] PROPOSITIONS 17, 18 $03 


Thus the two circles are given, and so accordingly are the equal and 
parallel circular sections. 
Synthesis. 


Set out two straight lines x, y such that 4, x, y are in the ratio of the sides 
of a regular pentagon, hexagon and decagon respectively inscribed in one and 
the same circle. 

Find two circular sections of the sphere with radii 7, 7’, where 

Pahx, rrahy. 

Let these be the circles FGHKL, ABCDE respectively, and draw the 
equal and parallel circles on the other side of the centre, namely 4£VOPQ, 
RSTUV. 

In the first two circles inscribe regular pentagons with their sides respec- 
tively parallel, ED being parallel to FZ. 

Draw equal and parallel chords (on the other sides of the centres) in the 
other two circles, namely S7 equal and parallel to ED, and PO equal and 
parallel to FZ; and complete the regular pentagons on S7, PO inscribed in 
the circles. 

Thus all the vertices of the dodecahedron are determined. 

The proof of the correctness of the construction is clear from the analysis. 

Pappus adds that the construction shows that the circles containing five 
vertices of the dodecahedron are the same respectively as those containing 
three vertices of the icosahedron, and that the same circle circumscribes the 
triangle of the icosahedron and the pentagonal face of the dodecahedron in 
the same sphere. 


Proposition 18. 


To set out the sides of the five figures and to compare them 
with one another. 


Let AB, the diameter of the given sphere, be set out, 


and let it be cut at C so that 
AC is equal to CZ, and at D 
so that AD is double of D&; 


let the semicircle 4ZB be de- 
scribed on AB, 


from C, D let CE, DF be drawn 
at right angles to AB, 


and let AF, FB, EB be joined. 


Then, since AD is double 
of DB, 


therefore 48 is triple of BD. A K cC DL B 
Convertendo, therefore, BA is one and a half times 4D. 


G 
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But, as BA is to AD, so is the square on BA to the 
square on AF, [v. Def. 9, vi. 8] 
for the triangle AFB is equiangular with the triangle AFD; 
therefore the square on BA is one and a half times the square 
on AF. 

But the square on the diameter of the sphere is also one 
and a half times the square on the side of the pyramid. 


(xur. 13] 
And AB is the diameter of the sphere ; 
therefore AF is equal to the side of the pyramid. 


Again, since 4D is double of DB, 
therefore AZ is triple of BD. 
But, as AB is to BD, so is the square on AB to the square 
on BF; [v1. 8, v. Def. 9] 
therefore the square on AZ is triple of the square on BF. 
But the square on the diameter of the sphere is also triple 
of the square on the side of the cube. [xm. 15) 
And AB is the diameter of the sphere ; 
therefore BF is the side of the cube. 


And, since AC is equal to CR, 
therefore AB is double of AC. 

But, as AB is to BC, so is the square on AB to the square 
on BE; 
therefore the square on AZ is double of the square on BE. 


But the square on the diameter of the sphere is also double 
of the square on the side of the octahedron. (xm. 14) 


And AB is the diameter of the given sphere; 
therefore BE is the side of the octahedron. 


Next, let 4G be drawn from the point A at right angles 
to the straight line 42, 


let AG be made equal to AB, 

let GC be joined, 

and from 77 let HK be drawn perpendicular to AB. 
Then, since GA is double of 4C, 

for GA is equal to AB, 

and, as GA is to AC, so is HK to KC, 

therefore /7K is also double of KC. 
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Therefore the square on ZZK is quadruple of the square 
on KC; 


therefore the squares on HK, KC, that is, the square on //C, 
is five times the square on KC. 


But AC is equal to CB; 
therefore the square on BC is five times the square on CK. 
And, since AB is double of CB, 
and, in them, 4D is double of DB, 
therefore the remainder BD is double of the remainder DC. 
Therefore BC is triple of CD ; 
therefore the square on BC is nine times the square on CD. 
But the square on BC is five times the square on CK ; 
therefore the square on CX is greater than the square on CD; 
therefore CX is greater than CD. 
Let CZ be made equal to CK, 
from Z let LM be drawn at right angles to AB, 
and let MB be joined. 
Now, since the square on BC is five times the square 
on CK, 
and AB is double of BC, and KL double of CK, 
therefore the square on AB is five times the square on KZ. 
But the square on the diameter of the sphere is also five 
times the square on the radius of the circle from which the 
icosahedron has been described. [xirr. 16, Por.] 
And AB is the diameter of the sphere ; 
therefore AZ is the radius of the circle from which the icosa- 
hedron has been described ; 
therefore KZ is a side of the hexagon in the said circle. 
(1v. r5, Por.] 
And, since the diameter of the sphere is made up of the 
side of the hexagon and two of the sides of the decagon 
inscribed in the same circle, [xur. 16, Por.] 
and AB is the diameter of the sphere, 
while AZ is a side of the hexagon, 
and AK is equal to ZB, 
therefore each of the straight lines AX, LZ is a side of the 


decagon inscribed in the circle from which the icosahedron 
has been described. 
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And, since ZB belongs to a decagon, and ML to a 
hexagon,, 
for ML is equal to KL, since it is also equal to HA, being 
the same distance from the centre, and each of the straight 


lines HX, KZ is double of KC, 


therefore MB belongs to a pentagon. (xin. 10] 
But the side of the pentagon is the side of the icosa- 
hedron; [xt 16] 


therefore MB belongs to the icosahedron. 


Now, since FBZ is a side of the cube, 
let it be cut in extreme and mean ratio at /V, 
and let /VZ be the greater segment ; 
therefore VB is a side of the dodecahedron. [xu 17, Por.] 

And, since the square on the diameter of the sphere was 
proved to be one and a half times the square on the side AF 
of the pyramid, double of the square on the side BE of the 
octahedron and triple of the side FB of the cube, 
therefore, of parts of which the square on the diameter of the 
sphere contains six, the square on the side of the pyramid 
contains four, the square on the side of the octahedron three, 
and the square on the side of the cube two. 

Therefore the square on the side of the pyramid is four- 
thirds of the square on the side of the octahedron, and double 
of the square on the side of the cube ; 
and the square on the side of the octahedron is one and a half 
times the square on the side of the cube. 

The said sides, therefore, of the three figures, I mean the 
pyramid, the octahedron and the cube, are to one another in 
rational ratios. 

But the remaining two, I mean the side of the icosa- 
hedron and the side of the dodecahedron, are not in rational 
ratios either to one another or to the aforesaid sides ; 
for they are irrational, the one being minor (xut. 16] and the. 
other an apotome [xi 17]. 

That the side MB of the icosahedron is greater than the 
side VB of the dodecahedron we can prove thus. 

For, since the triangle FDB is equiangular with the 
triangle FAB, [v1. 8] 
proportionally, as DZ is to &F, so is BF to BA. [vi. 4] 
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And, since the three straight lines are proportional, 
as the first is to the third, so is the square on the first to the 
square on the second ; [v. Def. o, vi. 2o, Por.] 
therefore, as DB is to BA, so is the square on DZ to the 
square on BF; 
therefore, inversely, as 4B is to BD, so is the square on FB 
to the square on BD. - 
But AB is triple of BD ; 
therefore the square on ZZ is triple of the square on BD. 
But the square on AD is also quadruple of the square 
on DB, 
for AD is double of D&; 
therefore the square on AD is greater than the square on FB; 
therefore AD is greater than FB; 
therefore AZ is by far greater than FB. 
And, when AZ is cut in extreme and mean ratio, 
KL is the greater segment, 
inasmuch as LX belongs toa hexagon, and KA toa decagon; 
(xu. 9] 
and, when ZB is cut in extreme and mean ratio, VB is the 
greater segment ; 
therefore AZ is greater than VB. 
But KZ is equal to LM; 
therefore LM is greater than VB. 
Therefore MB, which is a side of the icosahedron, is by 


far greater than MB which is a side of the dodecahedron. 
Q. E. D 


I say next that o other figure, besides the said five figures, 
can be constructed which 1s contained by equilateral and egui- 
angular figures equal to one another. 

For a solid angle cannot be constructed with two triangles, 
or indeed planes. 

With three triangles the angle of the pyramid is constructed, 
with four the angle of the octahedron, and with five the angle 
of the icosahedron ; 


but a solid angle cannot be formed by six equilateral and equi- 
angular triangles placed together at one point, 
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for, the angle of the equilateral triangle being two-thirds of a 

right angle, the six will be equal to four right angles : 

which is impossible, for any solid angle is contained by angles 

less than four right angles. (xt. 21] 
For the same reason, neither can a solid angle be con- 

structed by more than six plane angles. 


By three squares the angle of the cube is contained, but 
by four it is impossible for a solid angle to be contained, 
for they will again be four right angles. 

By three equilateral and equiangular pentagons the angle 
of the dodecahedron is contained ; 
but by four such it is impossible for any solid angle to be 
contained, 
for, the angle of the equilateral pentagon being a right angle 
and a fifth, the four angles will be greater than four right 
angles : 
which is impossible. 


Neither again will a solid angle be contained by other 
polygonal figures by reason of the same absurdity. 
Therefore etc. 
Q. E. D. 


LEMMA. 


But that the angle of the equilateral and equiangular 
Pentagon ıs a right angle and a fifth we must prove thus. 


Let ABCDE be an equilateral and  equiangular 
pentagon, È 
let the circle ABCDE be cir- 
cumscribed about it, 
let its centre F be taken, E 
and let FA, FB, FC, FD, FE 
be joined. 8 
Therefore they bisect the 
angles of the pentagon at 4, 
B, C, D, E. 
And, since the angles at F D 
are equal to four right angles 
and are equal, 
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therefore one of them, as the angle AFB, is one right angle 
less a fifth ; 
therefore the remaining angles FAB, ABF consist of one 
right angle and a fifth. 

But the angle FAB is equal to the angle FBC ; 
therefore the whole angle ABC of the pentagon consists of 
one right angle and a fifth. 

Q. E. D. 


We have seen in the preceding notes that, if 7 be the radius of the sphere 
circumscribing the five solid figures, 


(edge of tetrahedron) = $ 6 . r, 
(edge of octahedron) = ,/2. 7, 
(edge of cube) = § 3. 7, 


(edge of icosahedron) — A! 1o (5 — J5), 
(edge of dodecahedron) = ry 15 - J3) 


Euclid here exhibits the edges of all the five regular solids in one figure. 
(1) Make A42 equal to 227. 


Thus BA=3AD, 
and BA :AD=BA': AF’; 
therefore BA‘ =3AF* 
Thus AF= J3.. 27 =2,/6. 7 = (edge of tetrahedron). 
(2) AB: BF*°=AB: BD 
=3:1. 
Therefore BF* =tAB, 
2 2 
or : BF=—.r=- .7 = (edge of cube). 
Jy 7g N37 = (e of ) 
(3) AB = 2BE* 
Therefore BE = J2. v - (edge of octahedron). 


(4) Draw AG perpendicular and equal to AB. Join GC, meeting the 
semicircle in ZZ, and draw 77K perpendicular to AB. 


Then GA -24C; 
therefore, by similar triangles, XK = 2XKC. 
Hence HK? - ,KC, 
and therefore SKC*- HK? « KC*? 
= HC’ 
= CB. 
Again, since 4B = 2CB, and AD=2DB, 
by subtraction, BD=2DC, 


or BC=3DC. 
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Therefore 9DC' = BC? 
= 5KC. 
Hence XC> CD. 
Make CZ equal to KC, draw ZM at right angles to. 42, and join 
AM, MB. 


Since CP'-sKC, 
AB. -5KLD. 
It follows that KZ (= 4/£.7) is the radius of, or the side of the regular 
hexagon in, the circle containing the pentagonal sections of the icosahedron. 
(xi. 16) 
And, since 


zr = (side of hexagon) + 2 (side of decagon in same circle) 
(xi. 16, Por.] 


AK = LB = (side of decagon in the said circle). 
But LM = HK = KL = (side of hexagon in circle). 
Therefore LM? + LB (= BM") = (side of pentagon in circle)? [xui 10] 
= (edge of icosahedron)’, 


and BM = (edge of icosahedron). 
[More shortly, HK =72KC, 
whence HK? -4KC, 
and sKC'- HC* - p. 
Also AK-r- CK - r(3- 7.) 
V5 
Thus BM = HK'*+ AK? 
=tren(s --7.) 
5 v5 
=p e i =.) 
5 45 
P 
=- (10-245), 
5 
and BM= : A1o (s — A5) = (edge of icosahedron).| 
(s) Cut BF (the edge of the cube) in extreme and mean ratio at N. 


) 
Then, if BN be the greater segment, 
BN = (edge of dodecahedron). (xi. 17) 
(Solving, we obtain 


BN- NS, gp 





WSF Oss 
2 'J/3 
Fin a 

=3 (v15 -= /3) 


= (edge of dodecaAedron).] 
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(6) If £ o, ¢ are the edges of the tetrahedron, octahedron and cube 
respectively, 
47 = 30) = 20° = 3e. 
If each of these equals is put equal to X, 


4n - X, 
£f-i.X, 
o-b.X, 
e=}.X, 

whence ari: 10:C=6:4:3:2, 


and the ratios between 27, 4, 0, ¢ are all rational (in Euclid’s sense). 

The ratios between these and the edges of the icosahedron and the 
dodecahedron are irrational. 

(7) To prove that 

(edge of icosahedron) » (edge of dodecahedron), 

Le. that MB > NB. 

By similar As FDB, AFB, 

DB:BF- BF: BA, 


or DB: BA=DB: BF’. 
But 3DB = BA; 
therefore BF? = 3DB*. 
By hypothesis, AD =4DB'; 
therefore AD> BF, 
and, a fortiori, AL > BF. 


Now ZK is the side of a hexagon, and AX the side of a decagon in the 
same circle ; 
therefore, when AZ is divided in extreme and mean ratio, XZ is the greater 
segment. 


And, when ZZ is divided in extreme and mean ratio, BW is the greater 
segment. 
Therefore, since AL> BF, 


I KL> BN, 
or LM»BN. 
And therefore, a fortiori, MB > BN. 


APPENDIX. 


I. THE CONTENTS OF THE SO-CALLED BOOK XIV. 
BY HYPSICLES. 


This supplement to Euclid's Book xiri. is worth reproducing for the sake 
not only of the additional theorems proved in it but of the historical notices 
contained in the preface and in one or two later passages. Where I translate 
literally from the Greek text, I shall use inverted commas; except in such 
passages I reproduce the contents in briefer form. 

I have already quoted from the Preface (Vol. 1. pp. 5+ 6), but I will 
repeat it here. 


* Basilides of Tyre, O Protarchus, when he came to Alexandria and met 
my father, spent the greater part of his sojourn with him on account of the 
bond between them due to their common interest in mathematics. And on 
one occasion, when looking into the tract written by Apollonius about the 
comparison of the dodecahedron and icosahedron inscribed in one and the 
same sphere, that is to say, on the question what ratio they bear to one 
another, they came to the conclusion that Apollonius' treatment of it in this 
book was not correct; accordingly, as I understood from my father, they 
proceeded to amend and rewrite it. But I myself afterwards came across 
another book published by Apollonius, containing a demonstration of the 
matter in question, and I was greatly attracted by his investigation of the 
problem. Now the book published by Apollonius is accessible to all; for it 
has a large circulation in a form which seems to have been the result of later 
careful elaboration. 

“For my part. I determined to dedicate to you what I deem to be 
necessary by way of commentary, partly because you will be able, by reason 
of your proficiency in all mathematics and particularly in geometry, to pass an 
expert judgment upon what I am about to write, and partly because, on 
account of your intimacy with my father and your friendly feeling towards 
myself, you will lend a kindly ear to my disquisition. But it is time to have 
done with the preamble and to begin rny treatise itself. 


[Prop. 1.] “ Zhe perpendicular drawn from the centre of any circle to the 
side of the pentagon inscribed in the same circle is half the sum of the side of the 
hexagon and of the side of the decagon inscribed in the same circle.” 
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Let ABC be a circle, and BC the side of the inscribed regular pentagon. 

Take D the centre of the circle, draw DÆ from D perpendicular to BC, 
and produce DE both ways to meet the circle in F, A. 

I say that DZ is half the sum of the side of the hexagon and of the side 
of the decagon inscribed in the same circle. 

Let DC, CF be joined; make GE equal to ZF, and join GC. 

Since the circumference of the circle is five 


times the arc BFC, A 
and half the circumference of the circle is the arc 
ACF, 


while the arc FC is half the arc BFC, 
therefore (arc ACF) = 5 (arc FC) 


or (arc AC) = 4 (arc CF). 
Hence LADC=4LCDF, 
and therefore LAFC=2 |L CDF. 
Thus £L CGF-. AFC-2 | CDF; à < 
therefore [1. 32] 4 CDG =4 DCG, F 
so that DG=GC=CF. 
And GE = EF; 
therefore DE = EF + FC. 
Add DE to each ; 
therefore aDE = DF + FC. 


And DF is the side of the regular hexagon, and FC the side of the regular 
decagon, inscribed in the same circle. 
Therefore etc. 





“Next it is manifest from the theorem [12] in Book x11. that the perpen- 
dicular drawn from the centre of the circle to the side of the equilateral triangle 
{inscribed in it] és half of the radius of the circle. 


(Prop. 2.] “The same circle circumscribes both the pentagon of the dodeca- 
hedron and the triangle of the icosahedron inscribed in the same sphere. 


“This is proved by Aristaeus in his work entitled Comparison of the five 
figures. But Apollonius proves in the second edition of his comparison of the 
dodecahedron with the icosahedron that, as the surface of the dodecahedron 
is to the surface of the icosahedron, so also is the dodecahedron itself to the 
icosahedron, because the perpendicular from the centre of the sphere to the 
pentagon of the dodecahedron and to the triangle of the icosahedron is the 
same. 

* But it is right that I too should prove that 


[Prop. 2] The same circle circumscribes both the pentagon of the dodecahedron 
and the triangle of the icosahedron inscribed in the same sphere. 


“For this I need the following 
Lemma. 


“ Tf an equilateral and equiangular pentagon be inscribed in a circle, the sum 
of the squares on the straight line sublending two sides and on the side of the 
pentagon is five times the square on (he radius." 
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Let ABC be a circle, AC the side of the pentagon, D the centre ; 
draw DF perpendicular to AC and produce it to 
BE; B 
join AB, AE. 
I say that 
BA + AC? DE. 
For, since BE = 2ED, 


BE - ED. 
And BE-BA' «AE; 
therefore 4^ « A4E* « ED? - SEL. 
But AC*= DE’+ EA’; 
[Eua. xim. 10] ^ — 


therefore BA! AC!  SDE*. 


* This being proved, it is required to prove that the same circle circum- 
scribes both the pentagon of the dodecahedron and the triangle of the 
icosahedron inscribed in the same sphere.” 

Let AB be the diameter of the sphere, and let a dodecahedron and an 
icosahedron be inscribed. 


ò A B K 
—— 
M O N 
D a 
L H 


E 


Let CDEFG be one pentagon of the dodecahedron, and KZZ one 
triangle of the icosahedron. 
I say that the radii of the circles circumscribing them are equal. 
Join DG; then DG is the side of a cube inscribed in the sphere. 
. [Eucl. xir. 17] 
Take a straight line MA such that AP’ = s MN.. 
Now the square on the diameter of the sphere is five times the square on 
the radius of the cir‘le from which the icosahedron is described. 
(xin. 16, Por.] 
Therefore AMZN is equal to the radius of the circle passing through the five 
vertices of the icosahedron which form a pentagon. 
Cut MN in extreme and mean ratio at O, MO being the greater segment. 
Therefore MO is the side of the decagon in the circle with radius MN. 
[x111. 9 and 5, converse] 
Now 5MN'- AP - 4DG*. (xui. 15] 
But 3DG':3CG - MN? : 5MO* 
(since, if DG is cut in extreme and mean ratio, the greater segment is equal 
to CG, and, if two straight lines are cut- in extreme and mean ratio, their 
segments are in the same ratio: see lemma later, pp. 518—9). 


I. THE SO-CALLED “BOOK XIV” $15 


And sMO + S MN? - s KL. 
[This follows from xu. 10, since KZ is, by the construction of x1. 16, the 
side of the regular pentagon in the circle with radius equal to AZM, that is, the 
circle in which MA is the side of the inscribed hexagon and AZO the side of 
the inscribed decagon. ] 


Therefore 5KL? = 3CG? + 3DE. 
But 5 KL? = 15 (radius of circle about KZA)’, [xin. 12] 
and 3DG + 3CG = 15 (radius of circle about CDE FG)’. 
(Lemma above] 
Therefore the radii of the two circles are equal. 
Q. E. D. 


[Prop. 3.] ‘Jf there be an equilateral and equiangular pentagon and a 
circle circumscribed about (t, and if a. perpendicular be drawn from the centre to 
one side, then 

30 times the rectangle contained by the side and the perpendicular is equal fo 
the surface of the dodecahedron.” 


Let ABCDE be the pentagon, F the centre of the circle, FG the 
perpendicular on a side CD. 


I say that A 

3oCD . FG = 12 (area of pentagon). 
Let CF, FD be joined. B E 
Then, since 


CD . FG =2 (A CDF), 
5CD. FG = 10(A CDF), 
whence 30CD. FG = 12 (area of pentagon). G 0 
Similarly we can prove that, 
(Prop. 4] Z/ ABC ^e an equilateral triangle in a A 
circle, D the centre, and DE perpendicular to BC, 
30BC . DE = (surface of icosahedron). 
For DE.BC-2(^DBC); 
therefore 3DE.BC-6(^DBC) 


-2(^ABC), A SAFN 
Nt 


whence 39DE . BC 2 39 (A ABC). c 


It follows that [Prop. 5] 


(surface of dodecahedron) : (surface of icosahedron) 
= (side of pentagon) . (its perpendicular) : (side of triangle) . (its perp.). 


* This being clear, we have next to prove that, 


(Prop. 6] As the surface of the dodecahedron ts to the surface of the icosahedron, 
so is the side of the cube to the side of the icosahedron.” 
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Let ABC be the circle circumscribing the pentagon of the dodecahedron 
and the triangle of the icosahedron, and let CD 
be the side of the triangle, AC that of the 
pentagon. 

Let E be the centre, and EF, EG perpen- 


diculars to CD, AC. n 

Produce ÆG to meet the circle in B and 
join BC. o c 

Set out Æ equal to the side of the cube in- 
scribed in the same sphere. 8 

I say that A 

(surface of dodecahedron) : (surface of icosahedron) 
=A: CD. 

For, since the sum of EB, BC is divided at B in extreme and mean ratio, 
and BE is the greater segment, (xt. 9] 
and EG =} (EB + BC), [Prop. 1] 
while EF = 3 BE, [see p. 513 above] 


therefore, if EG is divided in extreme and mean ratio, the greater segment is 
equal to ZF [that is to say, since EB is the greater segment of EB + BC 
divided in extreme and mean ratio, }EB is the greater segment of 
$ (EB + BC) similarly divided]. 

But, if Æ is also divided in extreme and mean ratio, the greater segment 


is equal to CA. . [xur. 17, Por.] 
Therefore H:CA- EG: EF, 
or FE.H-CA.EG. 
And, since H:CD- FE. H: FE.CD, 
and FE.H-CA.EG, 
therefore H:CD-CA.EG: FE.CD 
= (surface of dodecahedron) : (surf. of icos.). 
[Prop. 5] 


Another proof of the same theorem. 

Preliminary. 

Let ABC be a circle and AB, AC sides of an inscribed regular pentagon. 

Join BC; take D the centre of the circle, join AD inl produce it to 
meet the circle at Æ. Join BD. 


Let DF be made equal to 142, and CZ equal A 
to 1CG. 
rect AF, BH = (area of pentagon). — | 
For, since AD = 2DF, 
AF=3AD. 
And, since GC = 3HC, L^ 
GC =3GH. E 
Therefore FA:AD=CG: GH, 
so that AF.GH=AD.CG 
=AD. BG 


= 2(AABD). 
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Thercfore 
sAF. GH = 10(S ABD) = 2 (area of pentagon). 
And GZ- 2HC; 
therefore $AF. HC - (area of pentagon), 
or AF. BH = (area of pentagon). 


Proof of theorem. 

This being clear, let the circle be set out which circumscribes the pentagon 
of the dodecahedron and the triangle of the icosahe- 
dron inscribed in the same sphere. 

Let ABC be the circle, and AB, AC two sides of 
the pentagon ; join BC. 

Take £ the centre of the circle, join AZ and &g 
produce it to F 

Let AE - 2EG, KC - 3CH. 

Through G draw DM at right angles to AF p 
meeting the circle at D, M; 

DM is then the side of the inscribed equilateral 
triangle. 

Join AD, AM, which are equal to DM, 





Now, since AG. BH = (area of pentagon), 
and AG . CD - (area of triangle), 
therefore BH : GD = (area of pentagon) : (area of triangle), 
and 128 H : 20G D - (surface of dod.) : (surface of icos.). 


But 1224 - 10BC, since 2/7 - 5HC, and BC=6HC; 
and 20GD - 10DAM ; 
therefore (surface of dodecahedron) : (surface of icosahedron) 
= (side of cube) : (side of icosahedron). 


“ Next we have to prove that, 


| Prop. 7] Uf any straight line whatever he cut in extreme aud mean ratio, then, 
as is (1) the straight line the square on which is equal to the sum of the squares 
on the whole line and on the greater segment to (2) the straight line the square on 
which is equal to the sum of the squares on the whole and on the lesser segment, 
50 ts (3) the side of the cube to (4) the side of the icosahedron.” 


Let AHB be the circle circumscribing both the pentagon of the dodeca- 
hedron and the triangle of the icosahedron inscribed 
in the same sphere, C the centre of the circle, and A 
CB any radius divided at D in extreme and mean 
ratio, CD being the greater segment. 

CD is then the side of the decagon inscribed in 
the circle. [xu 9 and s, converse] B 

Let Æ be the side of the icosahedron, Æ that of 
the dodecahedron, and G that of the cnbe, inscribed 
in the sphere. 

Then Æ, Fare the sides of the equilateral triangle 
and pentagon inscribed in the circle, and, if G is 
divided in extreme and mean ratio, the greater 
segment is equal to Æ [xi 17, Por.) G- 


F———— 
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Thus E’ = 38C', (xa. 12] 
and CB + BD = 3CD". (xin. 4] 
Therefore BE’: CB =(CB+ BI): CP, 
or E : (CP + BD") = CB: CD? 
=G: F*. 


Therefore, alternately and inversely, 
C : P= EF : (CE + BD"). 
But F° = BC?+ CD’; for the square on the side of the pentagon is equal 


to the sum of the squares on the sides of the hexagon and decagon inscribed 
in the same circle. (xii. 10] 


Therefore G : E'-(BC  CD):(CP * BD), 
which is the result required. 


It has now to be proved that 
[Prop. 8] (Side of cube) : (side of icosahedron) 
= (content of dodecahedron) : (content of tcosahedron). 


Since equal circles circumscribe the pentagon of the dodecahedron and 
the triangle of the icosahedron inscribed in the same sphere, 


and in a sphere equal circular sections are equally distant from the centre, 


the perpendiculars from the centre of the sphere to the faces of the two solids 
are equal ; 


in other words, the pyramids with the centre as vertex and the pentagons of 
the dodecahedron and the triangles of the icosahedron respectively as bases 
are of equal height. 


Therefore the pyramids are to one another as their bases. 
Thus (12 pentagons) : (20 triangles) 
= (12 pyramids on pentagons) : (20 pyramids on triangles), 
or (surface of dodecahedron) : (surface of icosahedron) 


7 (content of dod.) : (content of icos.). 
Therefore 


(content of dodecahedron) : (content of icosahedron) 
= (side of cube) : (side of icosahedron). [Prop. 6] 
Lemma. 


Jf two straight lines be cut in extreme and mean ratio, the segments of both 
are in one and the same ratio. 


Let AB be cut in extreme and mean ratio at C, AC being the greater 
segment ; 


and let DE be cut in extreme and mean ratio at Æ DF being the greater 
segment. 





I say that 48: AC- DE: DF. A c B 
Since AB.BC=A4AČ, b — 
and DE. EF= DF, — — 


AB. BC: AC! DE. EF: DF, 
and 44B. BC: AC*?=4DE. EF: DF". 
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Componendo, 
(44B. BC+ AC’): AC*=(4DE. £F+ DF’): DF’, 

or (AB+ BC): AC =(DE+EF): DF’; [n. 8] 
therefore (AB + BC): AC=(DE+ EF): DF. 

Componendo, 

(AB+ BC+ AC): AC=(DE+ EF + DF): DF, 

or 24B:AC=2DE: DF; 
that is, AB: AC=DE: DF. 


Summary of results. 


_If AB be any straight line divided at C in extreme and mean ratio, 4C 
being the greater segment, and if we have a cube, a dodecahedron and an 
icosahedron inscribed in one and the same sphere, then: 


(1) (side of cube) : (side of icosahedron) = ,/ (AB + AC’): y (4B + BC); 


(2) (surface of dod.) : (surface of icos.) 
= (side of cube) : (side of icosahedron) ; 
(3) (content of dod.) : (content of icos.) 


= (surface of dod.) : (surface of icos.) ; 
and (4) (content of dodecahedron) : (content of icos.) 
2 (AB « AC!) : J (AB + BC). 


IL NOTE ON THE SO-CALLED “BOOK XV.” 


The second of the two Books added to the genuine thirteen is also 
supplementary to the discussion of the regular solids, but is much inferior 
to the first, ‘‘ Book xiv.” Its contents are of less interest and the exposition 
leaves much to be desired, being in some places obscure and in others 
actually inaccurate. It consists of three portions unequal in length. The 
first (Heiberg, Vol. v. pp. 40--48) shows how to inscribe certain of the 
regular solids in certain others, (a) a tetrahedron (“pyramid”) in a cube, 
(b) an octahedron in a tetrahedron (“ pyramid ”), (c) an octahedron in a cube, 
(d) a cube in an octahedron and (¢) a dodecahedron in an icosahedron. 
The second portion (pp. 48—50) explains how to calculate the number of 
edges and the number of solid angles in the five solids respectively. The 
third (pp. 50—66) shows how to determine the angle of inclination between 
faces meeting in an edge of any one of the solids. The method is to con- 
struct an isosceles triangle with vertical angle equal to the said angle of 
inclination ; from the middle point of any edge two perpendiculars are drawn 
to it, one in each of the two faces intersecting in that edge; these perpen- 
diculars (forming an angle which is the inclination of the two faces to one 
another) are used to determine the two equal sides of an isosceles triangle, 
and the base of the triangle is easily found from the known properties of the 
particular solid. The rules for drawing the respective isosceles triangles are 
first given all together in general terms (pp. 59—52); and the special interest 
of the passage consists in the fact that the rules are attributed to “ Isidorus 


520 APPENDIX 


our great teacher." This Isidorus is no doubt Isidorus of Miletus, the 
architect of the Church of St Sophia at Constantinople (about 532 A.D.), 
whose pupil Eutocius also was; he is often referred to by Eutocius (Comm. 
on Archimedes) as 6 Mrqovos pyyxavixds “ladwpos jucrepos Sidacxados. Thus 
the third portion of the Book at all events was written by a pupil of Isidorus 
in the sixth century. Kluge (De Euclidis elementorum libris qui feruntur XIV 
et XV, Leipzig, 1891) has closely examined the language and style of the 
three portions and conjectures that they may be the work of different authors; 
the first portion may, he thinks, date from the end of the third century (the 
time of Pappus), and the second portion too may be older than the third. 
Hultsch however (art. “ Eukleides ” in Pauly-Wissowa's Aea/-Encyclopádie der 
classischen Altertumswissenschaft, 1907) does not think his arguments con- 
vincing. 

It may be worth while to set out the particulars of Isidorus' rules for 
constructing isosceles triangles with vertical angles equal respectively to 
the angles of inclination between faces meeting in an edge of the several 
regular solids. A certain base is taken, and then with its extremities as 
centres and a certain other straight line as radius two circles are drawn; 
their point of intersection determines the vertex of the particular isosceles 
triangle. In the case of the cube the triangle is of course right-angled ; in 
the other cases the bases and the equal sides are as shown below. 


Equal sides of 


Base of isosceles triangle tsosceles triangle 





the perpendicular from the 


the side of a triangular face 
vertex of a triangular face 


For the tetrahedron 


to its base 
For the octahedron the diagonal of the square ditto 
on one side of a triangular 
face 
For the icosahedron the chord joining two non- ditto 


consecutive angular points 
of the regular pentagon on 
an edge (the “pentagon of 
the icosahedron") 


For the dodecahedron 





the chord joining two non- 
conseculive angular points 
of a pentagonal face (BC 
in the figure of Eucl. xiu. 


17] 





the perpendicular from the 
middle point of the chord 
joining two non-consecu- 
tive angular points of a 
face to the parallel side of 
that face [77X in the figure 
of Eucl. xit. 17) 


